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Caracciolo et al. Reply: As Patrascioiu and Seiler [1]  Of course, since our Monte Carlo data féip(x)
note, there are tweery differentimits that can be takenin at x = 0.7 do in fact agree closely with the two-loop
a two-dimensionat- model: ()8 — « atfixedL < «,or  perturbative formula (to within about 1%), and our data
(b) 8 — @ andL — « such that theratie = &£(B8,L)/L  for O(B, L) also agree well with the fixed-perturbation
is held fixed. Limit (b) is the one relevant to finite-size expansion (to within a few percent), it is then inevitable
scaling, while perturbation theory is clearly valid in limit that our extrapolated values.(3) at the largest values
(a). The deep question is whether the perturbation theorgf 8 will be consistent with asymptotic scaling, in the
derived from the study of limit (a) islso correct in the sense that..(8)/[¢*™#/N =2 g=1/(N=2] will be roughly
double limit obtained by first taking limit (b) and then tak- constant. However, it is by no means inevitable that this
ing x — . The conventional wisdom saygs indeed, constant value will agree with the Hasenfratz-Maggiore-
this or a similar interchange of limits underlies the con-Niedermayer prediction to within 4%. It seems to us that
ventional derivations of asymptotic freedom. Patrascioitthis apparent coincidence is significant evidence in favor
and Seiler sayo. they suspect that asymptotic freedom of the asymptotic-freedom picture.
is false [2]. At present, no rigorous proof is available to Finally, Patrascioiu and Seiler [7] have found an
settle this question one way or the other. unusual boundary condition for which tlie— oo limit of

Our analysis [3] of our Monte Carlo data is basedthe perturbative coefficientlisagreeswith those obtained
on finite-size scaling [4-6], i.e., limit (b). Thus, at from the same limit in periodic boundary conditions.
each fixed x = £(B,L)/L, we ask whether the ratios Since the two boundary conditions should agree in the
O(B,2L)/0O(B, L) have a good limit ag. — «, and we limit L — o at anyfixed 8 < , it follows that for at
attempt to evaluate this limit numerically in the usual way:least one of the two boundary conditiottiee L — oo limit
namely, we evaluate the ratios over a wide range ffom  fails to commute with perturbation expansion in powers of
32 to 256), and we ask whether these ratios appear to bg/8. This is troubling, but it does not tell wghichof the
converging to a limit ad grows. We find, in fact, that two boundary conditions is at fault. It is quite possible
the ratios areconstantwithin error bars forL = 64-128  that the two limitsdo commute in periodic boundary
(depending on the value ®). Of course, itisconceivable conditions—as the conventional wisdom asserts—but
that this apparent limiting value is a deception—i.e., anot in Patrascioiu-Seiler's unusual boundary condition.
“false plateau”—and that at much larger valueslothe = Nevertheless, this example shows that the justification of
ratio will change dramatically. We acknowledge as muchthe conventional wisdom—if indeed it is true—will be
in the penultimate paragraph of our Letter. This caveat igonsiderably more subtle than was heretofore believed.
not special to our work, but is inherent any numerical
work which attempts to evaluate a limit (heke— «) by ~ Sergio Caracciold, Robert G. Edward3,Andrea Pelissettd,
taking the relevant parametamostto the limit (here, ~ and Alan D. Sokal o
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scenario in fact occurs. The corrections to scaling in our 4Department of Physics, New York University
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are perfectly consistent with a behavior of the form PACS numbers: 11.10.Hi, 05.70.Jk, 11.15.B+, 11.15.Ha
O(B,2L)/0O(B,L) = Fo(x) + Go()/L* + ---, (1)

where the correction terdp is negative for0.3 <x =< [1] A. Patrascioiu and E. Seiler, preceding Comment, Phys.

0.7 and is perhaps slightly positive for=0.7. If all Rev. Lett.76, 1178 (1996).

hell breaks loose for |argdt_as the Patrascioiu-Seiler [2] A. Patrascioiu and E. Seiler, Max-Planck-Institut Report

scenario would require—we certainly see no hint of it at ~ NO. MPI-Ph/91-88 (1991); Nucl. Phys. B (Proc. Suppl)
L =256. 30, 184 (1993).
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at x.2.0.7 agree well with the tWO.'IOO.p perturbative [4] M. Luscher, P. Weisz, and U. Wolff, Nucl. PhyB359,
prediction, shown as a dotted curve in Fig. 2 of [3]. But 221 (1991).

this does not mean that we a@ssumingasymptotic scaling (5] j.-k. Kim, Phys. Rev. Lett70, 1735 (1993):; Nucl. Phys.

(whether explicitly or implicitly). Quite the contrary: our B (Proc. Suppl.)34, 702 (1994); Phys. Rev. B0, 4663
data atx = 0.7 constitute a (weak}est of asymptotic (1994); Europhys. Let28, 211 (1994); Phys. Lett. B45,
scaling. The same poir{{3, L) may well lie within the 469 (1995).

range of validity (to some given accuracy) of two distinct [6] S. Caracciolo, R.G. Edwards, S.J. Ferreira, A. Pelissetto,
expansions. The fact that our data points at largare and A.D. Sokal, Phys. Rev. Leff4, 2969 (1995).
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