A NEW PROOF OF HALASZ’S THEOREM, AND ITS CONSEQUENCES
ANDREW GRANVILLE, ADAM J HARPER, AND K. SOUNDARARAJAN

ABSTRACT. Haldsz’s Theorem gives an upper bound for the mean value of a multiplicative
function f. The bound is sharp for general such f, and, in particular, it implies that a
multiplicative function with |f(n)| < 1 has either mean value 0, or is “close to” n' for some
fixed t. The proofs in the current literature have certain features that are difficult to motivate
and which are not particularly flexible. In this article we supply a different, more flexible,
proof, which indicates how one might obtain asymptotics, and can be modified to treat short
intervals and arithmetic progressions. We use these results to obtain new, arguably simpler,
proofs that there are always primes in short intervals (Hoheisel’s Theorem), and that there
are always primes near to the start of an arithmetic progression (Linnik’s Theorem).

1. INTRODUCTION

Throughout this paper, f will denote a multiplicative function. We let

o= 518, 2 S -5 M

n=2 n=

and assume that all three Dirichlet series are absolutely convergent in Re(s) > 1. Here the
middle relation above should be viewed as defining the numbers Af(n). We will restrict
attention to the class C(k) of multiplicative functions f for which

|Af(n)] < kA(n) forall n>1,

where k is some fixed positive constant. If f € C(k) then it follows that |f(n)| < d.(n) for
all n, where d,; denotes the x-divisor function (the coefficient of n=* in ((s)"). The class
C(k) includes many of the most useful multiplicative functions. For example, when £ < 1,
the class C(k) includes all completely multiplicative functions with |f(p)| < & for all primes
p. If f1 € C(k1) and fo € C(k2) then the convolution f; * fy is in C(k1 + ko). Therefore if
x € N then C(r) includes any Dirichlet convolution of x functions each belonging to C(1).
Thus our framework includes the Mobius and Liouville functions, k-divisor functions, Hecke
eigenvalues of automorphic forms (provided they satisfy the Ramanujan conjecture), and
finitely many convolutions of such functions. One could weaken the assumptions further if
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needed (for example, using a weak Ramanujan hypothesis instead, as in [19]), but we restrict
ourselves to C(k) for simplicity.

1.1. A generalization of Halasz’s Theorem. We begin by generalizing the classical ver-
sion of Haldsz’s Theorem to the class C(k).

Theorem 1.1 (Haldsz’s Theorem). Let k be a fized positive number, and let x be large.
Then, uniformly for all f € C(k),

! F(1 it) |\ d
Zf(n) <y i/ ( max (+—0+,2)D—0 (loglog x)".
— logz Ji/10g2 \t<(oga) | 140+t o logx
The following corollary may be easier to work with in practice.
Corollary 1.2. For given f € C(k), define M = M (x) by
F(1+4+1/1 it
U+l ogm—l—‘z) = e M(logz)".
t<(loga)s | 1+ 1/logx + it
Then
-M k—1 z K
Zf Lx (14 M)e M z(logz)™ + 5 x(loglogx) :

n<x

Notice M > —o(1), as |F(1+1/logz+it)| < {(1+1/logz)" < (1+logz)”. Therefore at
worst Corollary 1.2 matches the trivial bound |} .. f(n)| < >, .. du(n) <, z(logz)
This lossless quality of the analytic bound is one of the key features of Haldsz’s Theorem.
On the other hand, from Lemma 2.7 below it follows that e~ (log x)* is always > 1, so that
at best Corollary 1.2 produces a bound of < x(loglog z)™x(®1) /log z..

Existing proofs of Haldsz’s Theorem [11, 13, 14, 16, 17, 20] establish an inequality like
Theorem 1.1, and then a consequence like Corollary 1.2 (usually with £ = 1, sometimes less
sharply). These proofs are all built on the original fundamental arguments of Haldsz, and
employ “average of averages” type arguments, whereas our proof uses a more direct and hope-
fully more intuitive “triple convolution” application of Perron’s formula, which generalises
naturally to diverse other situations (such as short intervals and arithmetic progressions).
The reader may also consult [7] where the argument is presented in the simpler context of
function fields, and [8] where an even simpler approach is presented in the case k = 1.

This new proof can help us to identify the “main term(s)” for the mean value of f up to
x. Indeed, the following result will be proved in [9]: Fix ¢ > 0. For f € C(k), there are
intervals I;, 1< j </, with ¢ < 1, each of length 1/(log x)“(9 such that

(1.1) > f(n) Z / Fleo +it) Tzdt+0(ﬁ>

n<x o

for co = 1+ 1/logz. These integrals can be determined under appropriate assumptions, to
provide asymptotics for various interesting examples (see section 9, which cites asymptotics
determined in [9]).

Theorem 1.1 and Corollary 1.2 are established in Section 2 below.
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1.2. Multiplicative functions in short intervals. We are interested in the mean value
of a multiplicative function in a short interval [z, z + z) with z as small as possible.

Theorem 1.3 (Haldsz’s Theorem for intervals). Given f € C(k), real x and 0 < 6 < *, we

47
have
10

>t <<n@<

r<n<g+al—9s

1
d

/ < max F(l—l—a—l—it)’)—g+(5logx+loglogx)“>.
1 o

/logx |t|§%%5(10535)"i

A simplified version of this theorem is given in the following corollary.

Corollary 1.4. Given f € C(k), real x and 0 < § < %l, we have

-5
Z f(n) <, L <(1 + Ms)e s (log )" + (6 log = + log log x)“),

log x
r<n<z4al—9 8

where

max |F(141/logz +it)| =: e M (logz)".

[t|<@? (log x)~

Theorem 1.3 and Corollary 1.4 are established in Section 3. We remark that several aspects
of Corollary 1.4 are in general best possible. For instance, taking f(n) = n® for any given
[t| < 2° then f(n) will be almost constant on the interval (z,z + 2'7%], so there will be no
cancellation in the mean value. This shows that the increased range of ¢ in the definition of
Ms, as well as the lack of a denominator 1 + 1/logz + it (as compared with the definition
of M in Corollary 1.2), are both necessary here.

The term (dlogz)® in Corollary 1.4 is also necessary, in view of the following example:
Suppose that we are given values of f(p*) for all p < 2'79, consistent with f € C(k). We are
interested in extending the definition of f to large primes in such a way that certain sums
over the corresponding f(n) are maximized. Since any prime p > '~ divides at most one
integer in (x,z + 2'7°], one can choose f(p) in such a way that for all such multiples the
corresponding values f(mp) all point in the same direction. Therefore, maximizing over all
ways to extend f € C(k) (given the values at primes below z!7%), we have

D SO DI SR GO SEFICO D DN

r<n<z+zl—9d p>xl—0 x<mp<ztzl—9 m<x® z/m<p<z/m+zl=9/m

Hence, using the prime number theorem,

kX170 m
max max) Z f(n)’ > K Z |f(m)| X ° Z 1> lj;X Z m

X<z<2X  f
r<n<z+zl—9o m< X8 X/m<p<2X/m

If, for example, each |f(p)| =  for p < X?° then this is >, fg;—_;(cﬂog X)"r.

1.3. Slow variation of mean-values of multiplicative functions. We are also inter-
ested in bounding how much the mean value of a multiplicative function can vary in short
multiplicative intervals; a general version of this principle forms the main input in [19]. The
example f(n) = n'® shows that the mean value 2 %" _ f(n) (which is ~ z'*/(1 +ic)) might
rotate with x; but here we may consider the “renormalized” mean-values zl% Y ones f(1),
which now varies slowly with . The following result (which will be established in Section
4) establishes a general result of this flavor. It extends the earlier work of Granville and
Soundararajan [11] (improving on Elliott [3]) obtained in the special case k = 1.
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Theorem 1.5 (Lipschitz Theorem). Let f € C(k) be given, and let x be large. Let t; = t,(x)
be a point in [—(logx)", (log x)"] where the mazimum of |F(1 + 1/logx + it)| (for t in this
interval) is attained. For all 1 < w < x3 we have

’xl—l-zh Zf ZC w 1+’Lt1 Z f ’
/

n<z n<z/w
1 log 1 2\ min(k(1-2),1) 1
< < og w + (loglog x) > (logx)n_110g< og T )
log x log ew

If f € C(k) is always non-negative, then the estimate above holds with the improved exponent
min(r(1 —1),1).

In Examples 2 and 3 of Section 9, we show that when x = 1 there are examples of functions
in C(1) where the exponent 1 — 2/7 that appears above is attained, and there are examples
where the exponent 1 — 1/7 for non-negative functions is attained. In [11] it was suggested
that the right Lipschitz exponent for x = 1 might be as large as 1; we now see that this is
not the case.

1.4. Multiplicative functions in arithmetic progressions. We now establish analogues
of Halasz’s Theorem 1.1 and Corollary 1.2 for multiplicative functions in arithmetic progres-
sions. There is a strong analogy with the situation in short intervals, with Dirichlet characters
x modulo ¢ being introduced here and playing a similar role as the “continuous characters”
(n'")4<4s in the short interval theorems.

Theorem 1.6 (Haldsz’s Theorem for arithmetic progressions). Given f € C(k), if v > ¢*
and (a,q) =1 then

r ([ Fy(1+ 0 +it) [\ do

max - — + (log(glog x >
2 Jms= o(q >1°g33</1/1og:c<;<|<<gmdq)> 140 +it D 5 1 (og(glogz))”
<(logx)"

n<lx
n=a (modq)

where F\(s) :==>_"", f(n)x(n)/n® denotes the twisted Dirichlet series.
For each character x (modq) we define M, = M, (z) as follows:

F\(1+1/logx + it)
14+ 1/logx + it

The following corollary gives a simplified version of Theorem 1.6.

Corollary 1.7. Given f € C(k) let M, := min, M, (z). Then

Y. fm< ¢()logx((1+Mq>e‘Mq<1ogas>“+<log<qlogx>>”).

n<lx
n=a (mod q)

—M K
=: ¢ “"X(logx)".
[t|<(log z)" ) (log z)

Theorem 1.6 and Corollary 1.7 will be proved in Section 3.

1.5. Isolating characters that correlate with a multiplicative function, and the
pretentious large sieve. Given a multiplicative function f € C(x) we shall show in Section
5 that there cannot be many characters x (mod ¢q) that correlate with f. For instance, there
cannot be many characters x (mod g) for which the quantity M, (z) is small. By extracting
the few characters x that correlate with f, one can obtain a more refined understanding
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of the distribution of f in arithmetic progressions. For a given f € C(k) and a character
X (mod q) define

Splz,x) =Y f(n)x(n).

n<x

Theorem 1.8. Let f € C(k), let X be large, and q be a natural number with q < Xi. Put

Q = qlog X. For any natural number J > 1, there are at most J characters x (modgq) for
which

logQ)H(l—f?)l (logX)
—— 0 :
log X & log @

If X; denotes the set of at most J characters for which (1.2) holds, then for all x in the
range VX <2< X2 and all reduced residue classes a (mod q) we have

x(a) x 1/ log Q\*(=5) log X
‘ Z fn) = _qu@’X)) S @(log 7) 1(logX> o log (logQ>'

Sy(z,
(1.2) nax w >, (log X)“_1<

n=a (modq)

In the statement of this theorem, we mean that there exists an implicit constant (depending
only on &, J) such that (1.2) can only hold for at most J characters. The same remark applies
to Theorem 1.11 below.

Theorem 1.8 gives non-trivial bounds once X > ¢# for a sufficiently large constant A.
Precursors to this result may be found in the work of Elliott [4], where the effect of the
principal character was removed and the difference estimated. Theorem 1.8 together with
related variants will be established in Section 6.

We next describe one of these variants, which we call “the pretentious large sieve.” For
any sequence of complex numbers a,, with n < x, the orthogonality relation for characters
gives

1 2

mx Z ‘Zanx<n)

(modg) n<z (aq)=1 _ n<e

and, using the Cauchy—Schwarz inequality, this is

(a,q)=1 n<w n<z n<z
n=a (mod q) n=a (mod q) (n,g)=1

This simple large sieve inequality is, in general, the best one can do. For a multiplicative
function f € C(k) this becomes, when x > ¢,

Z ’Zf(n)%(n)r < 9(q) Z < Z d,{(n)>2 <, (z(logz)" )2,
)

x (modq) n<z (a,g)=1 n<x
n=a (mod q)

using Lemma 2.3 below. Our work shows that if a handful of characters are removed, then
the above large sieve estimate can be improved in the range x > ¢ for a suitably large A.

Theorem 1.9 (The pretentious large sieve). Suppose that f € C(k). Let X, q and @ be
as in Theorem 1.8. Let J > 1 be a natural number, and let Xj consist of the at most J
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characters x for which (1.2) holds. Then for all VX <2< X2 we have

X (mz) 1S5(2 )2 < (xaogx)ﬂ—l)g((llffg f)““wlﬁ) log (llgggg))?

XEXy

1.6. Primes in short intervals and arithmetic progressions. We now give some ap-
plications of our work to counting primes in short intervals and arithmetic progressions. We
shall obtain qualitative versions of Hoheisel’s theorem that there are many primes in inter-
vals [z, x + 2'79] for some § > 0, and Linnik’s theorem that the least prime p = a (mod q)
is below ¢” for an absolute constant L. In both situations, more precise results are known,
but our work is perhaps simpler in comparison with other approaches, avoiding the use of
log-free zero-density estimates and refined zero-free regions. In the case of Linnik’s theorem,
our work bears several features in common with Elliott’s proof in [5].

Corollary 1.10. Let 6 > 0 be small, and x be a large real number. Then, with implied
constants being absolute,

(1.3) Y Am) = x1—5(1 + 0(5% + ;)))

r<n<ztal—9 (lOg x

Now we turn to primes in arithmetic progressions, where the story is more complicated
because of the possibility of exceptional characters that might pretend to be the Mo6bius
function.

Theorem 1.11. Let q be a natural number, and v > ¢'° be large. Put Q = qlogx and let
J > 1 be a natural number. Let X; denote the set of non-principal characters x (mod q)
such that

1 _1
mas [ ‘1_gqu )U_(ng)\nn
<G8 o<pea' P log @
Then Xj has at most J elements, and for any non-principal character ¢» € X; we have
log Q\ 1~ 777
1.4 A ( ) .
(14) > A < (7

Further for any reduced residue class a (mod q) we have

15 X A - g 3 W) A = s 0, (L (REQ) ),

o) = = (q ¢(q) \logz

n<x
n=a (modq)

Corollary 1.12. Let ¢ be a natural number and x > ¢*° be large. Set Q = qlogx. Then,
for any reduced residue class a (mod q),

(1.6) 3 A(n)=%+o(@(bg(f§§g))l),

n<zx
n=a (mod q)

unless there is a non-principal quadratic character x (modq) such that

1+ x(p) log x
1.7 —=—2> < 30loglo + O(1).
(1.7) Q§6$ p g g(ng> (1)
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If this exceptional character exists, then

_ Xy 1 o (s @y v
(1.8) > Am) = g g AN + O () ),

n<x n<x

n=a (mod q)

Theorem 1.11 also leads to an improvement of the large sieve estimate for primes, once
one removes the effect of a few characters.

Corollary 1.13 (The pretentious large sieve for the primes). Let g, x and Q be as in
Theorem 1.11, and let X; denote the set Xj of Theorem 1.11 extended to include the principal

character. Then
2 1 2(1———A—)—¢
3| S Al a2 (EL) T

XgX; nST log

Theorem 1.11 and Corollaries 1.12 and 1.13 will be established in Section 7. Finally in
Section 8 we shall deduce the following qualitative form of Linnik’s theorem.

Corollary 1.14 (Linnik’s Theorem). There exists a constant L such that if (a,q) = 1 then
there is a prime p = a (mod q) with p < q.

2. HALASZ’S THEOREM FOR THE CLASS C(x): PROOFS OF THEOREM 1.1 AND
COROLLARY 1.2

In this section, we establish Theorem 1.1. The strategy of the proof also generalizes readily
to give variants of Haldsz’s theorem in short intervals and arithmetic progressions, and we
shall give these versions in the next section.

Let p(n) and P(n) denote (respectively) the smallest and largest prime factors of n. Given
a parameter y > 10, define the multiplicative functions s(-) (supported on small primes) and
¢(-) (supported on large primes) by

w ) f0") e o ifp<y, k>1
s(P)—{O and ((p®) = {f(pk) £p>y k> 1

so that f is the convolution of s and ¢. Therefore setting (for s with Re(s) > 1)

S(s) = Z @ and L(s) = Z 67(1—7:), we have F(s) = S(s)L(s).

n
n>1 n>1

We define A and A, analogously. Note that s, ¢, S and £ all depend on the parameter
y. We also remark that since S is defined by a finite Euler product, S(s) converges and is
analytic for Re(s) > 0. The following proposition, and variants of it, will play a key role in
our proof of Haldsz’s theorem.

Proposition 2.1. Let 10 < y < \/x, letn = 1/logy so that 0 < n < 1/2. Setcqg = 1+1/logx.
Then, for any 1 < T < 2919,

n n co+iT m n xs—a—ﬁ
(2.1) /0/0%/ Sts—a-PLs+6) Y. Ad(m) Ad(n) ds df do

o—iT y<m<z/y ﬂ
y<n<z/y
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equals

(2.2) > fn (

n<x

]
(Ogy) +—

z(log x)”)

The crucial point here is the presence of multiple Dirichlet polynomials inside the integral
(visibly four, but really three since the factors S and £ go together). To understand why
this is useful one may think of the circle method for ternary problems (for example, sums of
three primes). In such situations, three generating functions are involved, and a satisfactory
bound is obtained by using an L> estimate for one of the generating functions and then
using L? estimates (Parseval’s identity) to bound the remaining two. Proposition 2.1 allows
us to employ a similar strategy here, bounding S(s —a — 5)L(s+ ) in magnitude, and then
using a Plancherel bound (see Lemma 2.6) for the remaining two sums.

We also remark on the introduction of the extra integrals over « and 3, which (as the
reader will see below) is a technical device for (essentially) introducing logarithmic factors
into some of our Dirichlet polynomials. It is possible to run our arguments without these
extra integrals, just including the relevant logarithms explicitly, and indeed this is what we
do in the short note [8] where we present our simplest proof of Haldsz’s Theorem, restricted
to the case k = 1. But when we go on to generalise our arguments to short intervals and
arithmetic progressions, the calculations are nicer with the extra integrals than with the
explicit “contaminating” logarithms.

2.1. Introducing many convolutions. The kernel of Proposition 2.1 is contained in the
following slightly simpler identity, which we will tailor (see Lemma 2.2) to obtain a more
flexible variant. (Thus Lemma 2.1 itself is not actually needed, strictly speaking, for our
subsequent work.)

Lemma 2.1. For any x > 2 with x not an integer, and any ¢ > 1, we have

Z (f(n) logn / / o /CCHOO r s+oz)F’(s—|—oz+B) ds dB do.

2<n<zx

Proof. We give two proofs. In the first proof, we interchange the integrals over a and 3, and
s. First perform the integral over 3. Since fﬂoio F'(s+a+p)ds=1—F(s+ a) we are left
with

c+1i00 s
/ s—i-a F’(s—l—oz))—dads,
s

27m e—ioo

and now performing the integral over « this is

1 c+ioo s
— < —log F'(s) + F(s) — 1) T ds.
s

2mi c—100

Perron’s formula now shows that the above matches the left hand side of the stated identity.
For the second (of course closely related) proof, Perron’s formula gives that

1 [t B x® As(0) f(m)logm

i | F(s+a) (s+a—|—ﬁ)5ds Z 7o e

c—100 2<0,m
Im<zx
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Integrating now over a and [ gives

Z Alfog €m Z (f log(;n)>

2<tl,m 2<n<zx
Im<zx

where we use that >, _ A¢(¢)f(m) = f(n)logn (which follows upon comparing coefficients
n (—F'/F)(s) - F(s) = —F'(s)). 0

Lemma 2.2. Let F', S, L, v and y be as above. Letn > 0 and c > 1 be real numbers. Then

c—Hoo ’ ,
/a 0/5 027m/c 5+0‘+5>%(8+a)%(s+a+5) dsdBda

(2.4) => fn / > s( n;ﬁ)a da.

n<z mn<z mkn<x

Proof. First we perform the integral over ( in (2.3), obtaining

C-Hoo »
/a , 2mi /C s+04) (E(S+oz—|—2n) —E(s%—a))?dsda_

The term arising from L(s + « + 277) above gives the third term in (2.4), using Perron’s
formula. The term arising from L(s + «) gives

c+zoo ) 1 c+100 JZS
—/ 5 /c s)L'(s + a) ds da = i | S(s)(L(s) — L(s+ n))gds,

upon evaluating the integral over a. Perron’s formula now matches the two terms above
with the first two terms in (2.4). This establishes our identity. O

To bound the contributions of the second and third terms in (2.4), as well as other related
quantities, we use a well known result of Shiu establishing a Brun—Titchmarsh inequality for
non-negative multiplicative functions.

Lemma 2.3. Let k and € be fixed positive real numbers. Let x be large, and suppose x¢ <
2 <ax and q < z'7¢. Then uniformly for all f € C( ) we have

S0 e (Z'f ),

r—z<n<zx
n=a (modgq)

where a (mod q) is any reduced residue class.
Proof. This follows from Theorem 1 of Shiu [18]. O
Lemma 2.4. Keep notations as above. Forn = 1/logy, we have

[ AdR)] 1) e
S tstml s [0S s P e < o

mn<z mkn<x

Proof. Applying Lemma 2.3 (with z =x and ¢ = 1 there) we find that

> ls(m <<n (Z ol > ‘fm) n%(bgy)“-

mn<z y<p<lz
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As Yok IMK)|/k* < K'=* by the Chebyshev bound ¢(z) := 3, A(k) < z, we have

[AK)] [€(n o« N Is(m)]16(n)]
/ Z | | a 2r]+ad <x 1 Z ml a n1+2n Oé

mkn<x mn<zx
which is

1 fe

1 \—" x .
) H (1 o p1+2n> da <k logx(logy) )

p<y y<p<wz

as desired. O

2.2. Tailoring the integral. Now we turn to the task of bounding the integrals in (2.3),
with a view to proving Proposition 2.1 and ultimately Haldsz’s Theorem 1.1. Fix o, €
0,2n]. If we write the terms in the Dirichlet series in (2.3) as a, b, ¢, d respectively, then by
Perron’s formula the integral over s equals a sum of the shape Y, ... (bcd)~*(bd)~?. Both
c and d are > y, by the definition of £, and so a, b, ¢, and d must all be < x/y. Hence in
(2.3) we may replace

Forw=- 3 M w - >

p(n)>y y<n<z/y

and similarly for (£'/L)(s+ a+ ). Moreover, with these Dirichlet series truncated to finite
sums we may move the line of integration a little to the left.

Choose ¢, 3 = ¢g — a — /2, so that (after a change of variables) the inner integral over s
n (2.3) is

(2.5)
1 [eotico Ay(m) Ay(n) xs——B/2
= Ss—a=82)( Y —55)( X ns+5/2)£(s+ﬁ/2)mds

y<m<ez/y y<n<z/y

We now show that the integral in (2.5) may be truncated at 7" with an error term that
is at most the second error term in Proposition 2.1. To do this, we shall find useful the
following consequence of the Chebyshev bound ¢ (x) < x: for all 0 < |A| < 1

26) > A () i (&

ml-A Y

o 1ogx>

y<m<z/y

Lemma 2.5. For 2°/1° > T > 1, the part of the integral in (2.5) with |t| > T, integrated
over 0 < a, < 2/logy, is bounded by O(x(logx)"/T).

Proof. The error introduced in truncating the integral in (2.5) at T is, by the quantitative
Perron formula (see Chapter 17 of Davenport [2]),

AAGR) )l & \are-sr i
SO Ol (klk?mn> mm<1’T|1og(x/k1k2mn)|>'

m,n y<ki,ka<z/y
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We bound this error term by splitting the values of k1komn = N into various ranges. The
terms with N < /2 or N > 3x/2 are bounded by

.’El_a_ﬁ/2 A(k’l)A(kQ)
< T Z k1—5/2k1+5/2 Z ml a— ,8/2 Z nco-l-ﬁ/Q
y<k ka<z/y 2
-«

<

1 2
T (min (B,logx>) (logy)"®
by (2.6). Integrating over a and [ leads to a bound < z(logy)*/T < x(logx)"/T.

Now we turn to the terms with kikemn =: N where 2/2 < N < 3x/2. Note that m is the
largest divisor of N free of prime factors > y, so that (m, N/m) = 1. Integrating over o and

5, we find that
2 A (kA e(n)| ;& \co—a=b/2
Z / / kaka'w | (m)| na+s (k‘1k2mn) dfBdo

k1,k2,mm
k’lkzmn N

20 A (ks)|¢(n)
< Y / k:a / kna+ﬁdﬂda

k1,ka,mmn
klk’gmn N

A(ky A(ks)dg(n
k1r:}V/m e

where 7 only has prime factors > y. Using )
that the above is

A(a)d,(b) = 1d,.(c) log c twice, we deduce

ab=c

< d(m) _Z/ % < do(m)d.(N/m) = d.(N).

Hence these terms contribute
1 T
d,.(N)mi (1,—) — (1 Al T,
< Z (V) min T[log(z/N)| < T<ng) 0g
z/2<N<3z/2

splitting the sum over N into intervals (z(1+ ), z(1 + Z2)] for —=T/2 < j < T, proving the
lemma. The final inequality here requires an upper bound for the sum of d,.(N) in intervals
of length /T around x, which follows from Lemma 2.3. O

Proof of Proposition 2.1. We begin with the identity in Lemma 2.2, replacing the inner in-
tegral in (2.3) by (2.5). We truncate the inner integral obtaining the error in Lemma 2.5.
The terms in (2.4) are bounded by Lemma 2.4. Finally we replace 3 by 2. U

2.3. Proof of Theorem 1.1. With Proposition 2.1 in hand, we may proceed to the proof of
Halasz’s theorem 1.1. We will bound the integral in Proposition 2.1 by a suitable application
of Cauchy—-Schwarz and the following simple mean value theorem for Dirichlet polynomials.

Lemma 2.6. For any complex numbers {a(n)},>1 and any T > 1 we have

/ > wrdt<< S nlam)PAn).

T 2cp<y T2<n<z
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Proof. Let ® be an even non-negative function with ®(¢) > 1 for —1 <t < 1, for which CT>,

the Fourier transform of @, is compactly supported. For example, take ®(z) = (sinll)Q (Si;”)2

and note that Cﬁ(x) is supported in [—1,1]. We may then bound our integral by

</ “f") o(p)a

o0 T2<n<m

< Y Am)A(n) la(m)a(n)| |T &(T log(n/m))|.

T2<mn<zx

Since 2|a(m)a(n)| < |a(m)|? 4 |a(n)|* and by symmetry, the above is

< Z la( Z A(n)|T®(T log(n/m))|.

T2<m<zx T2<n<zx

Since ® is compactly supported we know that @(t)\ < 1 for all t, and that for a given m, our
sum over n is only supported on those values of n for which |n—m| < m/T. Therefore, using
the Brun—Titchmarsh theorem, the sum over n is seen to be < m. The lemma follows. [

Proof of Theorem 1.1. Let z be large, and take T' = (log z)**! and y = T2 in our work above.
The error terms in Proposition 2.1 are < x(loglogz)”/logz, and it remains to handle the
integral in (2.1). For given o and f in [0, 1], the integral there is (since n = 1/logy is small)

<<x1aﬁ(Hszwv—a—5+”ﬂ£@0+5+”ﬂU
lt|<T lco + B + it]

7 [N A s

y<m<z/y y<n<z/y

dt.

Since a, 3, ¢g — 1 are all at most 1/logy,

S(co—a— B +it) 1 1
‘ S(co + 5 +1it) ‘ < exp (/@% <p60—a—ﬂ B pC0+ﬂ)> <ol

and so

|S(co — o — B+ it)L(co + 5+ it)] ‘F(c0+ﬁ+z't)‘
: < —|.
lco + B + it] co+ B+t

Using Cauchy—Schwarz, Lemma 2.6 (noting that y = T?), and then (2.6), the integral in
(2.7) is

(2.8) <p < Z %)% Z ﬁg@;)é < (x/y)” min <logx, %)

y<m<zx/y y<n<z/y

Combining the last two estimates, we find that the quantity in (2.7) is

‘F(co—l—ﬁ—i—z't)"

1
< ' %min <log x, —> max _
co+ B+t

B/ <t
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Writing o = 8+ 1/log x so that min (log T, %) = L, the integral in (2.1) is

} 2/1°gy F(L+0+it)|\do
< |Fto i)y,
a:O |t\<T 14+0+1t o

1/logx
2/logy F(1 i) |\ d
(2.9) <2 / (max’—( tote )D_”.
logz Jij10gs NlI<T ! 140+t o
Since |[F(14+ o+ it)| < {(1+0)" < (1/0)",
F(1 it F(1 't 1
max‘ ( +0’+'Z)‘_ .- ( -|—0+.1) +O< >’
t<r | 140+t lt|<(ogz)~ | 14+ o +it (olog )~
and so the quantity in (2.9) may be bounded by
x /ngy F(l14 o0 +it)|\ do x
< < max |————— )— + )
logz Ji/10g2 \tl<(oga)s | 1+ 0+t log
completing the proof of Theorem 1.1. O

The following simple lemma establishes limits on the quality of bounds that can be deduced
from Halész’s theorem, and will be useful in deducing Corollary 1.2.

Lemma 2.7. Let f € C(k). Suppose 0 < o <1, and T is such that T > 4¢(1 + o). Then
|F(1+4 0 +it)|

> 1.
i<r 11+ o+ it

Proof. For any ¢ > 0, a simple contour shift argument gives

1 et 2y° p (1—-1/y)? ify>1
- s =
270 Jorino S(s+1)(s+2) 0 if0<y<1.
Therefore ot
1 T F(s) 2¢
— )(1 —n/2)?
T Jirgioo S (s+1)(s+ 2 Z fn n/2) T4

The portion of the integral with |¢| > T' contributes an amount that is bounded in magnitude
by

1 dt 4 1
- 21+U 1 K < 1 -
T A‘/>T (1+o) |1+ dt]? — 7rT2C( +o)s 10’
and the lemma follows. O

Proof of Corollary 1.2. We use the maximum modulus principle in the region
{u+iv: 1+1/logx <u <2, |v] < (logz)"}

to bound maxy<(oga)~ |F(1 + o + it)/(1 + o + it)|. By the definition of M = M(z), the
maximum of this quantity along the vertical line segment u = 141/ log z is e * (log )", and
by Lemma 2.7 this is > 1 . On the horizontal segments |v| = (log z)", |F(u + iv)/(u + iv)|
may be bounded by < ((1 + 1/logz)"/(logz)® = O(1), and the same bound holds on the
vertical line segment v = 2. Thus
P(l+o+it)] _

-M K —-M K
m 1 0.(1) < 1 )
|t\§(1?g§6)” l+o+it | — (log )" + Ox(1) ¢ (logx)
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Moreover, bounding |F(1 + o + it)| by ((1 4 0)" we also have

o= Grow)

Inserting these bounds into Halész’s Theorem 1.1 the integral there is

max
[t|<(log z)"

eM/N/logJ: d 1 d M
<y / e M(log x)”—g + / :H < e Mlogx)"— + e M(logz)”,
1/logz o eM/x/loga O K
and the corollary follows. O

In some applications it may happen that even though the function f belongs a priori to
some class C(k) the average size of |f(p)| might be smaller. For example, if f(n) is the
indicator function of sums of two squares then f lies in C(1), whereas the average size of
f(p) is % Another example comes from the normalized Fourier coefficients of holomorphic
eigenforms. These lie naturally in C(2), but the average size of these coefficients at primes
is smaller than 1 in absolute value. In such situations, one would like refined versions of our
results taking the average behavior of |f(p)| into account. We give a sample result of this
sort in the context of Corollary 1.2, and it would be desirable to flesh out similar variants

for our other results.

Corollary 2.8. Let f € C(k) and put G(s) =Y >~ |f(n)[n~°. Suppose that 0 < X\ < k is
such that G(1 + o) < 1/0* for all o > 0. Then

Z f(n) Y (1 + M)eiMx(log x))‘*l +

n<x

X
—~_(loglog x)*
1Oggc(og og )",

where

F(1+1/logx +it)
1+ 1/logx + it

Proof. We proceed as in the proof of Corollary 1.2 but now note that |F(1 + o + it)| <

|IG(1+0)] < (1/0)*, and so

F(1+0+it) Y 2%
ot | oz (7))
1+o+it ’<< mm(e (log2)™

Inserting this into Halész’s Theorem 1.1 we obtain this corollary. 0

-M A
=:e log 2)".
[t|<(log z)* ’ (log 2)

X
[t|<(log z)"

3. HALASZ’S THEOREM IN SHORT INTERVALS AND PROGRESSIONS: PROOFS OF
THEOREMS 1.3 AND 1.6

3.1. Short intervals.

Proof of Theorem 1.3. Since |f(n)| < d.(n) and
Z de(n) <, ' (log )",

r<n<g+tal—9

we may assume that J is small in the theorem (else the term (§logx)* in the stated bound
dominates). We may also assume that 6 > 1/log x else the result follows from Theorem 1.1.
We follow the strategy of the proof of Theorem 1.1 with suitable modifications. We choose
T = 2°(log v)"*2, and y = T2, and define s, £, S and £ as in Section 2. We apply Lemma 2.2
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twice, at # + 2'7% and at x, and subtract. Deferring the treatment of the secondary terms
in (2.4) for a moment, we first explain how to bound the difference of contour integrals.
The difference of contour integrals mentioned above is (in place of (2.3))

c+zoo / , Lsve s
/ao/gom/c 5+a+5)£(8+a)%(s+a+ﬁ)(x+xS) ~ dsdBda.

As described in section 2.2, we change variables and truncate this integral at height T, the
error term in Lemma 2.5 being acceptable since T' = z°(log x)**2. Then we proceed as in
the proof of Halasz’s Theorem 1.1 in Section 2.3, with the only difference being that our
integral here (in the step analogous to (2.7)) is multiplied through by a factor

|(1+27°)F — 1| < min{|s]z~°, 1}.
Thus, in place of (2.9), we have the bound

pl=9  [2/lesy do
(3.1) < / (maX|F(1+a+zt)|m1n{ })
lOg T J1/logz t<T | ’
The contribution of those o for which the maximum of |F(1+ o +it)| occurs with T > || >
L2°(log )", is (since |F(1+ o +it)| < 1/a%)
1= r2/lo8y (1/5VF do p1-0
[ or e

0g 2 Ji/10g. (logz)~ o loga’

This is acceptable for the estimate stated in Theorem 1.3.
It remains to deal with the terms corresponding to (2.4), which here are bounded by

Ly D N

r<mn<z+xl—9 r<mkn<x+xzl—9

<

Using Lemma 2.3, the first term is

(z i 5o 0 2 o

y<p<z

<<n

To bound the second term, we distinguish the cases when mn < 2y/x and when mn > 2/x
so that k& < 24/x. In the first case, we use the Brun—Titchmarsh inequality to estimate the

sum over k, and thus such terms contribute
If |f(p)]
oo (U2 5 L))

/ Z n2’7+0|< :jrm (ﬂ;n)

mn<2\/z y<p<z

which is <, 2'°(logy)"/log z. In the second case, we sum over mn first using Lemma 2.3
and then sum over k; thus, we obtain

“a o [E(n)]
/ Z Ak Z |s(m)|m Wdoz
k:<2f a:/lc<mn<(a:+x1*5)/k
1-6

<</ h Z loga: <Z| Z Zl;)‘)d <<1xgx(10gy)ﬁ~

E<2y/z <y y<p<z

This completes our proof of Theorem 1.3. 0J
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To deduce Corollary 1.4 (and also in the proof of Theorem 1.5), we will find useful the
following variant of the maximum modulus principle, which may be found as Lemma 2.2 of
[11].

Lemma 3.1. Let a,, be a sequence of complex numbers such that A(s) = > 7 a,n™° is
absolutely convergent for Re(s) > 1. For all real numbers T > 1 and all 0 < a < 1 we have

max [A(1 + o +1y)| < WEsty A +1y)| +O<TZ%)’

<T
ly|< w1

and for any w > 1

max |A(1 + o+ iy)(1 —w * %) < max |A(1 +Z’y)(1_wiy)|+0<%2%>-

ly|<T ly|<2T

Proof of Corollary 1.4. Take a, = f(n)/n'/1°8% and T = %x‘;(log x)" in Lemma 3.1, so that
for 1/logz <o <1
(3.2) H§>T<|F(1+a+zt)| < max |F(co +it)| + O(1),
t
where ¢g = 1+ 1/logx as before. Combining this with the upper bound |F(1 + o +it)| <

((14+0)" < 1/0" in appropriate ranges of o, we deduce Corollary 1.4 from Theorem 1.3 (in
much the same way as we deduced Corollary 1.2 from Theorem 1.1). U

3.2. Arithmetic progressions. In this section we begin our study of the mean value of f in
an arithmetic progression a (mod ¢) with (a,q) = 1. Our starting point is the orthogonality
relation of characters

(3.3) S m=— 3 @Y f)xm)
?(q) (

n<x x (mod q) n<x
n=a (modq)
and now we may invoke our earlier work in understanding the mean-values of the multiplica-
tive functions f(n)x(n).

Proof of Theorem 1.6. Starting with (3.3), we take T = ¢*(log z)"*? and y = T2, and apply
Lemma 2.2 to each sum ) _. f(n)x(n). After summing over y mod g, the second and third

terms in (2.4) contribute
[Ae(R)| [€(n)]
s = Y el 1S s S
mn<z mkn<x
mn=a (mod q) mkn=a (mod q)

We bound these terms in a similar manner to the argument in the previous section. Thus,
by Lemma 2.3, the first term in (3.4) is

|/ (p f(p .
< (X5 2 ) < it

y<p<x

To bound the second term in (3.4), we distinguish the cases when mn < y/x and when
mn > /x so that k& < /z. In the first case, we use the Brun—Titchmarsh inequality to
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estimate the sum over k (noting that k£ must lie in a fixed progression modulo ¢), and obtain

< / Z n277+a (%)Pa@da < S@) gz o(q 10 x (Z | Z %)’

mn<./z y<p<z

which is <, z(logy)"/(¢(¢)log x). Finally in the second case when mn > +/z, we first bound
the sum over mn using Lemma 2.3 and then perform the sum over £ (which is now at most
v/z). Thus such terms contribute (multiplying through by (mn//x)* since mn > /)

<</ _a/QZ k‘a Z |8(m)|mo‘@da

k<\/z mn<z/k
mnk=a (mod q)

" e 3 AR 1£(p)l ()] v )
<</0 xe/ Z k ¢(q) logx (Z Z p1+2n)d <m(logy)-

k<Jz Py y<p<w

These bounds are all acceptable for Theorem 1.6.

Now we turn to the corresponding contour integrals in (2.3). Arguing as in Section 2.2,
we may truncate the corresponding integrals at height 7', incurring an error term in the
analogue of Lemma 2.5 of

z(log )" x
< )
T ¢(q)logx

which again is acceptable for Theorem 1.6. After summing over x mod ¢, we are left with a
main term (analogously to Proposition 2.1) of

i, 5L [ 5 s

(modq)
£y(3 +6) Z ( ) ( ) Z Ag(n)y(n) xsaﬁﬁdsdﬁda,

ms~ nsth s —a—
y<m<z/y y<n<z/y

<

where Sy and Ly are appropriate twists of S and £ respectively. To bound this we need the
following extension of Lemma 2.6.

Lemma 3.2. Let T > ¢'*< be given. Then for any complex numbers a(n) we have

a(n)x(n)A(n) |2 1 9
o) [ o X | X AR« LS A

X (modgq) T2<n<z T2<n<z

Proof. Arguing as in Lemma 2.6, the left side of (3.5) may be bounded by

<T Y famPAm) Y Aw),

T?2<m<zx n: |[n—m|<m/T
n=m (mod q)

and the lemma follows upon using the Brun—Titchmarsh theorem to bound the number of
primes in an interval that are also in a given arithmetic progression. U
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We can now proceed much as in the proof of Haldsz’s Theorem 1.1 (replacing Y by x for
convenience). The contribution from any «, J fixed is (arguing as in (2.7))

< xl—a—6< i |F\(co+ B+ zt)|>

X (modq) ‘Co + ﬁ + Zt‘
[t|I<T

. [T AP S AR

x (modq) -T y<n<z/y y<m<z/y

Using Cauchy—Schwarz and (3.5) (which is permissible since y = T? and T = ¢*(log z)"*?),
the second factor above is bounded by

m)\ z n)\z o
(3.6) <<ﬁ( Z %) ( Z %) <<wmm<log:c,%>.

y<m<z/y y<n<z/y

by (2.6). Integrating over «, 3 € [0, 7], and taking o = 8+ 1/logz with ¢g = 1+ 1/logz so
that ¢ + 8 = 1 + o, we obtain a bound of

1 = /1 F,(1+ 0 +it)|\do
B LKA R T
¢(q) logx 1/logx x (mod q) l+o+it o
[t|<q?(log x)"+2

for our main term. Now |F) (140 +it)| < 1/0" and so the contribution to the integral from
any |t| > (logx)" is < 1, which is an acceptable error, so we may restrict the maximum to
the range |t| < (logz)". The result follows. O

Proof of Corollary 1.7. This follows from Theorem 1.6, just as Corollary 1.2 follows from
Theorem 1.1. ]

4. A LIPSCHITZ ESTIMATE FOR MEAN-VALUES: PROOF OF THEOREM 1.5

Let = be large, and ¢y = 1+ 1/logx. Recall that ¢; = t;(z) is chosen such that |F(cq + it1)|
is a maximum in the range |t;| < (log z)*. Given 1 < w < x3, our goal in Theorem 1.5 is to

bound

(4.1) $1+zt1 Zf x/w )Lt Z f(n

n<x n<z/w

We apply Lemma 2.2 twice, with z and x/w, and divide through by x'*t and (z/w)'*
respectively. The terms arising from the second and third sums in (2.4) may be bounded (as
in Lemma 2.4) by O((logy)*/logx). The integral arising from (2.3) is

n 2n 1 c+zoo ! / s—1—t1 __ s—1—t1
/ / / s+0z+5)£ (s+a)£(s+a+ﬁ)x (z/w) dsdfda.
o Jo 2mi ), L 5

We now tailor this integral as in Section 2.2, taking there T = (logx)"!, as before, and

setting y = max(ew, T?). Then, up to an error term O((logy)*/(logx)) which is acceptable
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for Theorem 1.5, we may bound the magnitude of (4.1) by

norn
<
0 JO

[ sts—a-piis+s)

o—iT
Ag(m) Ag(n) === P=1=0 — (g fw)s—o—F=1=ih
(42) x Z ds|dBdo.
s—B pstB o
y<m<z/y m n S e B
y<n<z/y

From here on we follow the argument in Section 2.3, making suitable modifications.
Thus, arguing as in (2.7) and (2.8), we may bound (for given «, ) the inner integral in
(4.2) by

1 F i) (1 — qotBHititi—co—it
(4.3) <<x’amin<logg,;’_> max‘ (co+ B +it)( w . )|'
B7 1<t |co + B + it

Using the triangle inequality and since o and  are below n < 1/log(ew), we may bound
the maximum in (4.3) by

< max |F(co+ B +.Z‘t)| <|1 B Bt wa+6+1—co+it1—it|)
l<T |co + B+ it|

F t 1_ —B+ity—it
< e [P0 B+ it) (1 —w )|
lt|<T lco + B + it]

+ (a + 8+ @)(logwwﬁ + IO;T)H.

Insert this bound in (4.3), and then into (4.2); we conclude that the quantity in (4.2) is
bounded by

(4.4)
oo 1 |F(co + B+ it)|1 — wPit+in] 1 —r+l
log z, — log w( —— )d .
log:zc/O mm(ogz,ﬁ)(ﬁga%{ lco + B + it] * ng<10g$+6> g

A small calculation allows us to bound the contribution of the second term above by

1 1
(4.5) < =Y (log x)"! log( 08T )
log x log ew

(The log(2%% ) term can be replaced by 1 except when x = 1.)

log ew
It remains to handle the first term in (4.4), for which we require the following lemma.

Lemma 4.1. Let f € C(k). Select a real number t, with |t1| < (logx)* which maximizes
|F(1+1/logx +ity)|. Then for |t| < (logx)" we have

log x
1+ |t —t1]logx

K K(1-2)
|F(141/logz + it)| <, (log x)27< + (loglog x)2> :

If f(n) >0 for all n then we obtain the analogous result with 1/7 in place of 2/m.

Proof. If |t — t;] < 1/logx then the stated estimate is immediate, and we suppose below
that (logx)® > |t — t;| > 1/logx. By the maximality of ¢;, we have |F(1+ 1/logx + it)| <
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|F(1+1/logx +ity)], and so, setting 7 = |t; — t|/2, we obtain

|
mgu«1+1/mgm+wo|gE(kguwl+1/mgm+¢oy+bguw1+1/ng+ihﬂ)

Ay(n) i(t4t1)/2 n'T 4+ n"
- Re(Z Rt/ loge [og A 5 )

n>2

A(n)
S Ii; m| COS(TIOgn)|

=K Z M|Cos(7'logn)| +O(1).

nlogn
2<n<zx

We may now estimate the sum above using the prime number theorem (in the strong form
Y(z) = x + O(zexp(—cy/logz))) and partial summation. For a suitably large constant
C = C,, put Y = max(exp(C(loglogr)?),exp(1/7)). For n <Y we use |cos(rlogn)| <1,
while for larger n we can exploit the fact that fol | cos(2my)|dy = 2/m. In this way, we obtain
(and the reader may consult the proof of Lemma 2.3 of [11] for further details if needed)

A
2<nz< nlc() n) | cos(Tlogn)| < —loglogx—i- (1——) loglogY + O(1),

from which the first assertion of the lemma follows.
If f(n) > 0 for all n, then using F(co + it) = F(co — it) we find

1 1 , .
log |[F(1+1/logx +it)| = 5 E Re (Ag(n)(n™" +n'))
n>

. n1+1/10g:c log n

log p max{0, cos(tlog p) }
< Z 1+1/logxlogp +O(]‘)
p>2
Now we argue as above, exploiting here that fol max{0, cos(2my) }dy = 1/m. O

Before applying the lemma, we comment that the estimates given there are in general
the best possible. Suppose k = 1. Given t; with |t;| < logx consider f € C(1) defined by
f(p) = sign(cos(t; logp)). Here the bound of the lemma is attained for ¢ = —¢;. Similarly
for the non-negative case, consider the function defined by f(p) = (14 sign(cos(t;logp)))/2.
For more discussion on these examples, see section 9 below.

Now we return to the first term in (4.4), seeking a bound for

|F(co+ B+ it)(1 — w Pttt
X .
tl<T |co + B + it]

(4.6)

Note that if |t| > (log2)”/10 then the quantity in (4.6) may be bounded trivially by < 1.
Now restrict to the range |t| < (logx)”/10, and distinguish the cases |t;| < (logx)"/4 and
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|t1] > (logx)*/4. In the second case |t;| > (logz)”/4, we have

F ) (1 — —B—it+ity
max [Fleo + 8 +it)( v ) < max |F(co+ p+it)|
|t|<(log z) /10 lco + B + it] |t|<(log z) /10

|F(1+1/logx +it)| + 7

max
[t|<(log z)"/5
< (logz) = (loglog )1~ %),
upon using Lemma 3.1 with a, = f(n)/n'/'°¢* and Lemma 4.1. In the first case when
[t1] < (logx)*/4, put A(1 +it) = F(co+ i(t + t1)), so that using the second part of Lemma
3.1

F ) (1 — —B—it+ity ]
max [Fleo + 8 +it)( v ) < max |A(1 4 B 4 it)(1 — w7
|t|<(log )< /10 lco + B + it| |t/<(7/20) (log z)"

< max A1 +it)(1 — w ™) + 1.
It\§(7/10)(1ogx)~| ( )< )’ n

Appealing now to Lemma 4.1 where A(1 + it) = F(cy + i(t + t1)), the above is bounded by

. 2 log = K(1-2)
max mml,tlowloxr(——i—lo lo x2> )
s (min(L i log w)(ogx) * (- + (oglog o)

logw ) min(1,k(1-2))

< (logz) = (loglog 2)*(=%) + (log 2)" <

Y

log
after a little calculation. Thus in all cases we may bound the quantity in (4.6) by

|F(co+ B+ it)(1 — w Pttt
max .
t<T lco + B + it

logw + (loglog z)? ) min(1k(1-2))

< (log x)“( Tog e

Using this estimate in (4.4), we conclude that the first term there contributes
(log )"
The bound in Theorem 1.5 for general f € C(x) follows upon combining this estimate with

(4.5). The bound for non-negative functions f follows similarly, using now the stronger input
of Lemma 4.1 for that situation.

<

log w + (log log x)2>min(1,ﬂ(lfr)) | ( log x )
0 .

log x log x log ew

5. REPULSION RESULTS

We first show that |F'(co + it)| can only be large for ¢ lying in a few rare intervals; in other
words, that large values “repel” one another. Such results are useful in many contexts (see
for example Lemma 5.1 of [19] which formulates a similar result in a slightly more general
setting); while we will not use Proposition 5.1 directly in this paper, it will be useful in [9]
in extracting asymptotic formulae (such as the examples given in Section 9).

Proposition 5.1. Let 0 < p < 1. Ifty,...,t, € R satisfy |t;| < (logz)®, and |t; — ti] >
1/(logx)? for all j # k, and 01,...,0, > 0 then

¢
Zlog |F(141/logx 4 6; +it;)| < k(£ 4 £(¢ —1)p)**loglog x + Oy . (loglog log z).

J=1
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Proof of Proposition 5.1. The proof uses a simple but powerful “duality” idea that is fun-
damental in large values theory for Dirichlet polynomials. Since each |Af(n)| < xkA(n), we
have

14

V4
, 1 s
E lOg‘F(l—Fl/lOgﬂf‘F(S]"‘Zt])’: E mRG(A]@(n) E n % tJ)
j=1 n>2 j=1

A e
6t
SK’Z n1+1/10ga:10gn)zn Y
n>2 j=1

By Cauchy—Schwarz the square of this sum is

¢
A(n) A(n) ) -
< L [ S VA
> HZZ; n1+1/logxlogn Z nlJrl/logxlOgn ;n

n>2

The first factor above is loglog x + O(1). Expanding out the sum over j, the second factor
on the right hand side is

¢
Z log |¢(141/log z+8;+ 0k +i(t;—t1))| < Lloglog z+¢({—1)ploglog z+O(¢* logloglog ),
Gk=1

where the first term comes from the j = k terms, and the second term from the bound
log|C(1+1/logx + 6; 4+ 0 + i(t; — ti))| < ploglogz + O, (logloglog x)

whenever j # k, since 2(log x)"® > |t; —t;| > 1/(log ). (This bound follows because we have
|C(s)| < 1/|s — 1| when s is in a neighbourhood of the pole at s = 1, while if s is uniformly
bounded away from 1 we have |((s)| < log(2 + |s|) when Re(s) > 1.) The proposition
follows. 0

Of greater use in the present paper is Proposition 5.2 below, which generalizes Proposition
5.1 to Dirichlet characters. To prove that we require the following lemma.

Lemma 5.1. Let x (modq) be a non-principal character. Let x > 10, and suppose that
t| < (log x)? for some constant A, and y > qlogx. Then for all o > 1+ 1/logx we have

|Ly(a + Zta X)| <4 17
where (for Re(s) > 1)

L,(s,x):=L(s,x) H (1 — %) = IE (1 _ %)_1.

p<y

Proof. This follows from Lemma 4.1 of Koukoulopoulos [15], where an elementary proof
based on a sieve argument is given.

The following alternative argument, which uses some basic analytic properties of L-
functions, may also be illuminating. Suppose, for simplicity, that x is primitive, and put
a = 0 or 1 depending on whether x is even or odd. The completed L-function A(s,x) =
(q/7)**T'((s + a)/2)L(s, x) extends to an entire function of the complex plane of order 1
(see Chapter 9 of [2]). We claim that for fixed ¢ € R, the size of the completed L-function
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|A(0 + it, x)| is monotone increasing in ¢ > 1. To see this, suppose o1 > gy > 1, and note
that by Hadamard’s factorization formula (see (16) and (18) of Chapter 12 of [2])

[A(oy +it, )| H‘l_ (o1 +it)/p H’P—Ul

|A(o2 +it, x)| L— (o2 +it)/p — 0y —
where the product is over all non-trivial zeros p of L(s, x), which satisfy 0 < Re(p) < 1.
Since 0 < Re(p) < 1 and oy > 09 > 1, each individual term in our product above is > 1,

and our claim follows.
Now if ¢ > 1+ 1/logy then

1
Lo+l <] (1-7) <1,

P>y
so that the lemma follows in this case. If 1+1/logz < o < 1+41/logy, then using Stirling’s
formula and the monotonicity observation above we find that
L(o +1it, x) ‘ _ ‘ Ao +it, x)
L(1+1/logy +it,x)| ~ 1Al +1/logy +it, x)

|Ly(o +it, x)| =

This completes the lemma for primitive y, and it is a simple matter to extend to the general
case. U

Before stating our proposition, let us recall some notation used previously in Section 3.2.
If f € C(k) is given, and y is a real parameter, and x (mod q) a Dirichlet character, then
(with the sum being over all n with prime factors all larger than y)

L) =Ly = Y 1)

p(nT)L>y

Proposition 5.2. Let f € C(k). Suppose that x1, ..., x; are distinct Dirichlet characters
(mod q), and that t, ..., t; are real numbers with |t;] < (logx)®. Let 61, ..., d; be non-
negative real numbers. For x > 10 and y in the range qlogz <y < \/x we have

. K log
. V| < —— :
min log Ly, (1 +1/logx 4 §; +it;)| < \/7<log <logy) +ON(J))

1<5<5J

Proof. The proof is similar to that of Proposition 5.1. We start with

J J
, 1 o
E log |‘CX](1 + 1/10gl’ + 5j + Zt]’)l = E mRG(Af(H) E X](n)n % tj)
Jj=1 J=1

p(n)>y

An) |y
—6;—it;
g Z n1+1/1ogx10gn’ZXj(n)n '

p(n)>y

By Cauchy—Schwarz the square of the sum here is

A(n) A(n) : o |2
(51) - Z nl-i-l/log:clogn Z nl-l—l/logxlogn‘ ZXJ(n)n T
j=1

n>y p(n)>y
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The first factor is log(log

‘T) + O(1). Expanding out the sum over j, the second factor is

J
> log|Ly(1+1/logx + & + 6, +i(t; — L), X;Xk)|.
7,k=1

The terms j = k contribute < Jlog(
contribute O, (J?). We conclude that

=) 4+ O(J), while by Lemma 5.1 the terms j # k

logy

J

1
Zlog 1Ly, (1+1/logx +d; +it;)| < Kﬁ(log (Ing> + O,.;(J)),
° 0gY
7=1
and the proposition follows. O

6. MULTIPLICATIVE FUNCTIONS IN ARITHMETIC PROGRESSIONS AND THE PRETENTIOUS
LARGE SIEVE

Given f € C(k) and a Dirichlet character x (mod q) recall that we defined
Sz, x) Z f(n
n<z

The proof of Haldsz’s theorem in arithmetic progressions presented in Section 3.2 may be
refined to take into account the contribution of a given set of characters. Recall that for a
character x (mod q) we defined M, = M, (x) by the relation

Bt 1/loge +it)| _

= 1
|t|gn(}?g}§c)~ 1+1/logx + it 0g )",

Proposition 6.1. Let X be a set of characters (modq) and put
M = My(z) = min Mx(z).

Then, with
1
Erx(wigia):= Y f(n)— o0 > x(@)S¢ (@, x),
n<lx q XEX
n=a (modq)
we have

Erx(x;q;a) < + M)e_M(log x)" + | X|(log(qlog x))”)

1 =z
T (1
Halog
Proof. We start with the orthogonality relation (3.3), omitting the characters in X', so that

Ejo(w; qa) = @ x(@) S Fm)x(n)
(

x (mod q) n<z
XEX

and then apply Lemma 2.2 to each of the inner sums taking 7" = ¢*(logx)"*™ and y = T2
Consider the contribution of the second term arising from (2 4) which is

X X s W = 3 sm) U o(7 S st

X (modq) mn<z mn<z mn<x
XEX mn=a (modq)




A NEW PROOF OF HALASZ’S THEOREM, AND ITS CONSEQUENCES 25

A similar decomposition holds for the third term arising from (2.4). The first term above
together with its counterpart arising from the third term in (2.4) contribute the expression
in (3.4), and may be bounded as before by < z(logy)*/(¢(q)logx). Similarly, the second
term above together with its counterpart may be handled by Lemma 2.4, and is bounded
by |X|z(logy)®/(¢(q)log x). From here on, we may follow the argument of Section 3.2, and
making small modifications to that argument yields the proposition. 0

The following result contains Theorem 1.8.

Theorem 6.1. Let q be a natural number, and let J > 1 be a given integer. Let X be large
with X > ¢'°, and set Q = qlog X. Consider the following three definitions of a set of J
exceptional characters:

(i) The set Xj consists of the characters x corresponding to the J largest values of
max,x,<x |57 (2, x)|/z.

(ii) The set X? consists of the characters x corresponding to the J smallest values of
Mx(X).

(iii) The set X3 consists of the characters x corresponding to the J largest values of
max|y|<(log x)~ |Lx(1 + 1/log X + it)|; here take y = ¢*(log X)**** in the definition of L.
In all of the cases ¢ =1, 2, or 3 one has, uniformly for all z in the range VX < x < X2,

(log )" 1.

log Q\ #(1—7=) log x x
) T ee(5a) @
logx log @/ ¢(q)

Further, for any character ¢ ¢ X3 N X? N X% one has, uniformly for all x in the range
VX <2< X2

log Q\ #(1— =) log x .
(6.2) 1S 5(2, )| € (logg <) T g (1oggQ> 2(log )",

Proof. By Proposition 5.2, there are at most J characters y with

. K log X
1 (1 4+1/log X +it — 1 .
‘t|§r(rl1§1g>§()ﬂ og |Lx(1+1/log X + it)| > \/J——l—l( Og(logy> +O(J))

For v X <2 < X2, it is easy to check that the difference between log |Ly(1 + 1/log x + it)|
and log |L(141/log X +it)| is O(1). Therefore, we have that there are at most J characters

X with
<log (1°§X> + 0(J)>.

(6.1) Ef,xg(fﬂ; g a) Lp g (

max max log|Ly(1+1/logx + it)| >
VX <z<X?2 |t|<(log X)* gl X( / 2 )| \/J——l—l

For a character ¢ different from these J characters, one has

Fy(1+1/logx +it)

1 " L7(14+1/log X + it
VX Sasx? i< llog X)~ 1+1/logx + it ‘<<<Ogy) |t\§1<11108§§<>ﬁ’ w1 +1/log X +it)
logX k/VJ+1
6.3 o (108 Q) (o) .
(63 <o (08Q)" (o3
In other words, for such a character i) one has
1 log X
min  M-(x ZIi(l— )10 (—)—1—0,.i 1).
A M 1) o) T OV



26 A. GRANVILLE, ADAM J HARPER, AND K. SOUNDARARAJAN

In particular, we have this lower bound for all ¢ € X? N X%. The estimate (6.1) for £ = 2 and
3 (that is, cases (ii) and (iii)) follows now from Proposition 6.1, noting that the contribution
from the (log Q)" error term in Proposition 6.1 is smaller than the upper bound in (6.1).

If & X2 N X3, then applying Corollary 1.2 (the first corollary of Haldsz’s Theorem 1.1)
to fy yields (6.2). By the maximality in the definition of X}, we deduce that the estimate
(6.2) must also hold for any character ¢ & X}.

Now we handle (6.1) in case (i). We have already shown the result for the set X'?. Taking
the difference between the sums defining E}, Xl(:c' q,a) and Ey ys(x;q, a) yields that

|Ey a1 (54, 0) — Epas(x:¢,a \_¢ ( >+ > )ISf:vx

xexhad yexi\xl
Using (6.2), this yields a bound on the difference that is acceptable, and so the theorem
follows in case (i) also. ]

Proof of Theorem 1.9. Let X be a set of characters (modgq), (for Theorem 1.9 we will be
interested in the set X; of at most J characters x for which (1.2) holds), and consider

> |Eatag.a) =(a§:1\@;x<a>sf<x,x>f.

(a,q9)=1

Expanding out the inner sum, we obtain

1 S - 1 )
S 2o S1@Sied) 3 x(a)pla) = 25 > ISi(@ 0P,

X PEX a (mod q) XEX
Thus

1
(6.4) @%W(% Z |Efx(w;0,a)]*.

(a,9)=

Taking X to be the set X} of Theorem 6.1, and inserting (6.1) into (6.4), we obtain the
bound claimed in Theorem 1.9. The set X'} may contain more characters than the set X,
but if it does then (trivially by definition of X;) the contribution from any extra characters
in X}\X; is acceptably small. O

7. COUNTING PRIMES IN SHORT INTERVALS AND ARITHMETIC PROGRESSIONS

Here and in the next section, we wish to understand (given f € C(k))

(7.1) W! > Asn

neN

where A is either a short interval near z, or an arithmetic progression up to x (with uni-
formity in the modulus ¢). One can relate the prime sums in (7.1) to multiplicative func-
tions as follows. Set G(s) = 1/F(s), and let g(n) denote the corresponding multiplica-
tive function (so that g(p) = —f(p) for all primes p). Note that G'/G = —F'/F and so
Ay(n) = —Af(n), whence g also belongs to C(x). Comparing Dirichlet series coefficients in
the identity —F'/F = (1/F) - (—F') = G - (—F"), we obtain

Ap(n) =" g(k)f(0)logt.

kl=n
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We can try to understand averages of the RHS over n € AN using the hyperbola method,
noting that the sums over k£ and ¢ now involve multiplicative functions. However, this
approach is doomed to failure because the Haldsz type results allow us to save at most one
logarithm (at least when x = 1), whereas the trivial bound obtained by taking absolute
values in our expression above for A¢(n) with f € C(1) is, (in the particular case that f =1
and g = p, for simplicity),

Z |1(k)log (| < (log x)>.

kéeN
To overcome this hurdle, we perform a “pre-sieving” to eliminate integers with prime factors
below y for a suitable y, and reprove several of our earlier results, though now restricted to
multiplicative functions supported only on large prime factors.

7.1. Multiplicative functions supported only on the primes > y. Suppose f € C(k)
with f(p*) =0 for all p <y and k > 1. Thus S(s) = 1 and L(s) = F(s), and making small
modifications to the proof of Proposition 2.1 (specifically in the analogues of Lemmas 2.4
and 2.5), we arrive at the following result.

Proposition 7.1. Given \/z >y > 10, let 3 > n = logy >0 andcy=1+ log:E Let f € C(k)
wz’th f(") =0 for all primes p <y and k > 1. Then, for any 1 < T < 2%/,
(
Am) g~ Aglm) | _aes
f f
n<x / / /co iT Fls+h)- Z ms—8 Z msth s —a—f3 s o da

y<m<z/y y<m<z/y

+O< 42 (logx)H)
logx T \logy
In fact, the proofs here simplify a little because in bounding some error terms there is no
sum over smooth numbers. For instance, in the proof of Lemma 2.4 we only have the terms
with m = 1, so that there is no Euler product over primes p < y, and hence no (logy)" term.
We can obtain analogues of our previous results for multiplicative functions supported on
large primes, by following the earlier proofs, using S(s) = 1 and replacing applications of
Proposition 2.1 with Proposition 7.1 above. Thus if f € C(k), with f(n) = 0 if n has a prime
factor < y, where (log )?*+?) <y < \/z, then the argument of Haldsz’s Theorem 1.1 with
T=logx- (logx) yields

2/logy
Z fln </ ( max
"logz \ J, <12

n<x /log

F(1+4o0+it)|\ do
e rrry D—+1>.
14+ o0+t

o
We may now follow the proof of Corollary 1.2 using the bound (for 0 < o < 2/logy)

F(1+ o0 +it) Z 1 Z 1 1 "
N < —
‘ 1+o0+1it ) S« eXp{K p1+0} - eXp{E p} S (ology)

y<p<el/s y<p<el/s

in place of the bound |F(1 + o +it)/(1 + o +it)] < {(1+0)" < 1/0". Thus we obtain that

(7.3) Y rn) < —((1 + M)e—M(%)” + 1),

n<x
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where

max
1
< (lzz )

F(1+1/logx+it)‘ M(logx)ﬂ
=. e — .
1+1/logx + it log y

Next we turn to the analogue of T heorem 1.3 in this setting We obtain, assuming that
22 (log )22 < y < \/z and 0 < § < 1, and taking 7' = 2°log® x - (1),

logy
mlfé 2/logy
Z f(n) < </ ( max
log x

1
r<n<g4azl-9 1/logx lt]<z*( Oiz)

F(1+a+z’t)‘>%a+1>

1-6 1 P
(7.4) < ((1 + My)e Mo (ﬂ) + 1)
log x logy
where
1
max (1—|—1/logx+zt)‘ ’M‘S(ng) :
|t]<a? (1252 )~ logy

Similarly, we may formulate an analogue for arithmetic progressions. Thus, if (a,q) = 1
and ¢*(log z)2"+?) < ¢ < \/z, then (for f € C(k) with f(p¥) =0 for p < y)

2/logy
Z fn) < gb()lozx(/l (Xr(ﬂlao?@

FX(1+a+z't)Dd_a+1>

/logx ; 1 + o0+ it ag
n=a (modq) [t<(1oeg)"
1 =z log x\*
7.5 <« —— <1+M e*Mq< ) +1),
(7:5) ¢(q) logx ( 2 log y
where
A Fx(l—l—l/log:vv%t)‘ . qu<logx>n
X (modq) 1—|—1/10g$+2t ' lOg’y '
t<(lesz )

—‘logy
For our work on primes in arithmetic progressions what will be useful are analogues of

Theorem 1.8. Using Proposition 5.2, we find that if ¢logz < y </ then for any natural
number J there are at most J characters x (mod ¢) with

10gw)m

max Fy(l—l—l/log:c—i—it)’ max  |Ly(l + 1/ logx + it)| ns (1
0gyY

1 1
jt<(log ) H<(lozz )

If X; denotes the set of at most J characters for which the above holds, then for all ¢ € X;
by (7.3) we have

(7.6 1760 0)] €t o (i) ™ o (22

Moreover, arguing as in Section 6, we find that

10 | X 10— 5 Y @i 0] € 5 () o (1 ).

o oa) = ¢(q) logz \logy logy

n=a (mod q)
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7.2. Primes in short intervals: Proof of Corollary 1.10. Let 6 > 0 be small, and set

y = max{ (2’ log® x)?, exp{(log )*/*} }.
Let 1, be the indicator function of those numbers with all prime factors > y, and p, be the

Mobius function restricted to numbers with all prime factors > y. Our interest is in counting
primes in the interval [z, z + z'™°] and for n in this interval we may write A (n), which is

usually A(n), as
Zp,y 1og€—<z Z)uy ?)log,

ké=n
k<K Z<L

E>K

where K and L are parameters to be chosen later with KL = o+ 2'7°, y?> < K, L < z/3?
and L < /x. Thus

Yo A + Oy = Y AL

r<n<gtal—9 r<n<zg4al—9

(7.8) = Z iy () Z 1,(£)log ¢ + Z 1,(£)log ¢ Z py(F).

]CSK %<£§ I+a7k175 ZSL %<k‘§z+z;75
k>K
We begin by analyzing the first term in (7.8). Temporarily setting v = (log L)/(2logy),
a weak form of the fundamental lemma from sieve theory (see for example Corollary 6.10 of
6]) gives

> 0= a0,

z/k<l<(z+z'-9)/k Py

> @ost="—(tg 7+ 06" ] (1- %)(1 +0(e™).

z/k<t<(z+21%)/k p<y
Thus the first term in (7.8) is

L0 5) B e o(( e ) S )

<y k<K

and so
1-5

Using the sieve again, the above equals

_ _., (logz o5 logx
7.9 z'™0 (1 ) Hy(h) +O< =0¢ “( ) + 2t 25—).
(79) g Z log y (logy)?

Setting this aside for the moment, we turn to the second term in (7.8). Applying (7.4) to
f = p, (and with kK = 1) we obtain

1-6 | ,
Z :uy(k) < mxw <(1 + M&Z)e—MMM + 1)
w/t<kS(atal=0)/e o8\ 0gy

k>K
where log(z/0)
1 . log(z
_ —. 5,0
‘t|<1£l%§1/z> H (1 p1+1/10g(x/€)+it>‘ - € logy :

log y P>y
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To estimate the above quantity, we invoke the following proposition, whose proof is postponed
for a few paragraphs.

Proposition 7.2. Let x > y > 2, and suppose t € R. Then
log x\3/4 rlog(y + [t])\ 1/4
‘H< 1+1/10%x+“5>‘ < (logy) ( logy ) '

In our application of Proposition 7.2 we have |t| < x‘S% < 2%logz < y'/? so that

log(y + |t|) < logy. Therefore Proposition 7.2 implies that e~ Ms¢ < ((logy)/log(x /€))%,
so that

1-0

Z Hy(k) < Z{ogy (lo?(i?f)) Z log <%>'

z/l<k<(z+x1 %) /¢
k>K

Performing now the sum over ¢, and using the sieve once again, the second term in (7.8) is

(7.10) S (LY (I8 ) g (1B

logy/ \log(xz/L logy

We now choose u = 310g(1°§"3) so that e™ = (iggg)?’, and L = y** < y/z. Then, combining
(7.9) and (7.10), we conclude that

> am = L) 3 s o (55 (s (15) )

r<n<ztxl—9o p<y
(7.11) - x1—5H<1——) Zuy—logz—l—O(xl_‘s(éé%—;)).
<y Iy k k (log z)20

It remains to simplify the main term in (7.11). We may finesse this issue as follows.
Summing up (7.11) over all intervals of length 217% between z and 2z we find

H(l—%) 'uy]iki)logzzi Z A(n)+0(5é+m>.

p<y k<K z<n<2z

The prime number theorem (which, incidentally, may be deduced from Haldsz’s theorem)
now allows us to evaluate the right hand side above. We conclude that

(7.12) Y Am) = x1—5(1 v 0(5% + ;»

s<namyai=t (log z)20
which establishes Corollary 1.10. It remains lastly to prove Proposition 7.2.

Proof of Proposition 7.2. Set ¢g = 1+ 1/logx. If |t| < 1/logy then the product in the
proposition may be estimated trivially as

1 Nt o
<L - By
[Clco+it)] o\ p logy
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We may therefore assume that |t| > 1/logy. The elementary inequality 344 cos §+4cos 26 > 0
yields (as in usual proofs of the zero-free region, see e.g. Chapter 13 of Davenport [2])

I (- )| < [T (- 3) I - ) | < ()

Now Lemma 2.4 of Koukoulopoulos [15] implies that! for all 2 >y > 2

o0

nco +21t

n=1

‘ L 1-2it 1 o 1—c/log(y+[t])

o = 2 () o By
; Y 1 — 24t E P logy
Partial summation gives

=1 | .
> ny(f?t =1+ /y %d<21y(n)n—2n>

n=1 n<z

and we now input the asymptotic formula above. This leads to the main term

1+/m1d<zl_%n(1 1)) 1+/OO ! H(1 )d <1t -1«
— , ——)) = — -~ ]dz ,
y 2z \1—2it o D y oot o D |t| logy

as [t| > 1/logy. Moreover the error term contributes (after integrating by parts)

/Oo 1 Zl—c/log(y-i-\tl)d log(y + |t])
2 S
zotl logy logy

logy ’
which completes the proof. .

Alternatively, we may upper bound [, [1—1/p®***|~! by using the monotonicity prin-
ciple described in Lemma 5.1. If |t| < 1/logy, or if y + |t| > 2 then Proposition 7.2 is
immediate, so we may assume that |[t| > 1/logy and y + |t| < z. Next observe that

1 1
H‘ ] < 11 (1—];) 11 ‘1_W

P>y y<p<(y+lt)) p>(y+[t])

log(y + [t]) C(co + 2it)|
< ( log y ) IC(1+ 1/1og(y + [t]) + 2it)|

-1

Next in the range |t| > 1/logy, using Stirling’s formula we obtain

€ (co + 2it))| _ € (co + 2it)] <
[C(1+1/Tog(y + [t]) + 2it)] " |&(1+ 1/ log(y + [¢]) + 2it)| ~

where £(s) = s(s —1)7*/?I'(s/2)((s) denotes Riemann’s (-function, and the final inequality
holds because y + |t| < = and |{(o + 2it)| is monotone increasing for o > 1. O

!Actually Lemma 2.4 of [15] provides a much better dependence on |t, as it uses the Vinogradov-Korobov
estimate for sums >, n*. This would improve log(y + |t|) to logy + (log 3 + [¢])?/3+°(1) in the statement of
Proposition 7.2, but it has no effect on the strength of (7.12).
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7.3. Primes in progressions: Theorem 1.11 and Corollaries 1.12 and 1.13. Set
y = ¢*(logz)®, and let 1, and p, be as in the previous section. Recall that @ = glogz, so
that logy =< log Q. Let X; be the set of non-principal characters x (mod ¢q) for which

X(p) log x\ 7757
e JT - 7 (logy)
=BT Q<p<a p &Y

By Proposition 5.2 applied to the function j,, we know that X; contains no more than J

x(p)
1+1/ log z+it

= ma ‘1 —
|t\<10gx

elements. Let X; denote the set X; extended to include the principal character.
As before, let K and L be parameters with y* < K, L < z/y?, and with KL = x and
L < \/z. Using the decomposition of Ay (n), as in (7.8), we obtain that

Z A(n)—¢ Z ZA ( logx)

lo
nEan(SnTod q) XEXJ nst oY
equals
1
> w2 LOlel— oo STX(@/R) Y 1,00 logl)
k<K 1<z /k q YEX, <z /k
(k,q)=1 {=a/k (modgq)
1 _
(113) o+ 30 LObgl( D )= g SN YD mxk).
(<L K<k<z/¢ q XG/\N’J K<k<x/t

(¢,9)=1 k=a/¢ (modq)

We now follow the argument in the previous section to handle the two sums above, starting
with the first sum. Set v = (logL)/(2logy), as in the previous section. Using partial
summation and the fundamental lemma from sieve theory (Corollary 6.10 of [6]) we obtain
(for any reduced residue class b (mod ¢q))

(7.14) Y L(0)lgl = W 11 (1 - 1) log % (1 + O(e’“)).

<z/k p<y p
£=b (modq) g
If x € X, is a non-principal character, then using (7.14)

> LOx(Dlogl= Y x(b) Y 1y<e>1oge:o(e—u$i<9>n<1_l)log%)

(<z/k b (modq) L<z/k, q Py
¢=b (mod q) plg

For the principal character, we obtain similarly that

@ 3 1, (O)vo(f) log ¢ = kﬁq I1(1- 1) log - (1+0(e™)).

1<z /k p<y p
pla

Putting these results together for the inner sums over ¢ in the first term of (7.13), we may
bound that term by

(7.15) <y Z |1y (K) (e e H (1 — %) log %) < €_u$<log:ﬁ>2.

k<K p<y ]'Ogy
piq
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Now we turn to the second term in (7.13). By (7.7) (with z there replaced by z/¢ and
then K here), we obtain

> k)= i SN/ 3 ()

K<k<z/t XEX; K<k<z/t
k=a/¢ (mod q)

<

x <logx>¢}T110 (logx>
{d(q)log x \logy logy /"
Therefore the second term in (7.13) may be bounded by

x log 2\ 77 log = 1,(0)
< < ) +log< ); Y2 Jog ¢

¢(q) log z \logy logy ¢
(qu_)zl
< (logL>2(logy)1—¢}—+llo (logw)j
¢(q) \logy/ \logz logy
upon using the sieve once again. Recall that L = y?* and choose once again u = 3 10g(i$§§ ,

(so that in particular L < y/z, provided }22; is large). Then combining the above with (7.13)
and (7.15) we conclude that

‘ nZS; A(n) — @ Z Y(a);/\(n)x(n)‘ < %(izii)l—\/ﬁOog GZ?;))?)
n=a (mod q) XEX s <

This establishes (1.5) of Theorem 1.11, using the prime number theorem to account for the
contribution of the principal character.
Now if ¢ is a non-principal character mod ¢, with ¥ ¢ X; then

S Amum =Y e X A - 55 3 X Y Awm)

n<x n<x XefJ n<x

n=a (mod q)
1 - 1 3
<o(ioge) (e (i)
log x logy

by the last displayed equation. This implies (1.4), completing the proof of Theorem 1.11.
Alternatively, arguing as in our proof of (1.5) (with the same parameters, but replacing the
use of (7.7) by (7.3) applied to f = p,x), we obtain that for any non-principal character

X (mod g)
) (e (o5,))

log y x(p)
(7.16) ZA(n)X(n) <L ( max H ‘1 i
This again proves (1.4), and moreover (7.16) will be used in the proof of Corollary 1.12. [

log x [t|<

O,
n<w logy y<p<

Proof of Corollary 1.13. Corollary 1.13 follows from Theorem 1.11 in much the same way
that Theorem 1.9 was deduced from Theorem 1.8, in section 6. O

Proof of Corollary 1.12. Apply our work above with J = 1. If X} is empty, then there is
no exceptional character and a stronger form of (1.6) follows from Theorem 1.11. If A} is
non-empty, then the unique character that it contains must be real (else its conjugate would
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also belong to the set). Now (1.8) follows at once from Theorem 1.11. Using (7.16) and (1.8)
we see that if (1.6) fails, then we must have

1 1 —
max H ’1 = Xl(f.)t > o8t (log (ﬂ)) .
piees ool P logy logy

If the maximum above occurs at a point ty, then taking logarithms we have

(7.17) 3 1+ x(p) C;)S(to log p) ) L oq).

1
< 4loglog (fﬂ
ogy

Q<p<z

It remains to deduce (1.7) from (7.17). From (7.17) it follows that

5 L~ Jcosttologp)l _ 10100 (@) +0(1).
Q<p<z b : o8

Using the prime number theorem and partial summation (as in our proof of Lemma 4.1, and
recalling that fol | cos(2mu)|du = 2/m) we find that for |ty < (logz)/logy,

1 — | cos(tg log p)| 1 — | cos(tg log p)|
2. =)

Q<p<z p max{Q,el/Itol}<p<z p
2 1
> (1 - —+ 0(1)) log min <|t0| log z, og$>'
7 logy
Comparing the above two estimates, provided % is large enough we obtain (since 7/(m —
2) < 3)
log x\ \ 12
|to] log x < <log < 8 )) :
logy
Hence

3 L+ x() _ 3 <1+X(p)COS(tologp)+|1—COS(tologp)|>.
— =

p p

Q<p<z Q<p<z

Bounding the first sum using (7.17) and the second sum by

2 1
o)+ Y =< 2log(|te|logx) + O(1) < 24loglog (l‘gii) +0(1),

el/lto\gpgm

we deduce (1.7). O

8. LINNIK’S THEOREM: PROOF OF COROLLARY 1.14

Let L be a sufficiently large fixed constant; what “sufficiently large” means will evolve
from satisfying certain inequalities in the proof. Suppose that (a,q) = 1 and every prime
p = a (modgq) is > ¢q~. We appeal to Corollary 1.12 with z = ¢*, where L is chosen large
enough that the error terms in in Corollary 1.12 are all much smaller than the main terms.

Clearly (1.6) does not hold, and therefore we must have an exceptional real character
X (mod ¢) for which (1.7) and (1.8) hold. In particular, (1.7) gives

S L0 gh10g10g L 1 0(1).

q<p<q*
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Now put Ly = exp(+/log L), and apply Theorem 1.11 with J = 1 for z in the range
glo < x < ¢*. The set X; consists precisely of one character, namely the exceptional
character y: indeed

D log © 1+ x(p
max ‘1— 1+2€ > H ‘1 ‘>> Qexp<— Z ())
|t‘<logQ Q<p<z QR<plzx Q<p<z p
log x
g L)~
> e e L)

Theorem 1.11, equation (1.5), now tells us that (since there are no primes p = a (modq)
below ¢F) for all ¢lo < x < ¢* we have

a) ZA(n)X(n) =r+ O(x(iiii)i)

n<x

Partial summation, using this relation, yields

L _1
S ) log = + O(Ly "),
0

LO <p<q
so that

14 x(p) L =t
> T:u— ())logL—0+0( 0')

qlo<p<qt

We proved above that the left hand side is < 30loglog L 4+ O(1), and so x(a) must be 1,
implying that

(8.1) S LX) oy,

p

qlo<p<qt

At this stage, we invoke a sieve estimate from Friedlander and Iwaniec [6] (see Proposition
24.1, and the preceding discussion). Put

= x(d) =[]0+ x) + -+ x(»)*)

dn pelin

This is a natural object in number theory: If x is the quadratic character that corresponds
to a fundamental discriminant D, then a(n) counts (after accounting for automorphisms)
the number of representations of n by binary quadratic forms of discriminant D. Friedlander
and Iwaniec consider the sequence a(n) over n < ¢* and n = a (modgq) (with x(a) = 1),
and sieve this sequence to extract the primes. (Note that if x(a) = 1 then for a prime
p = a (modq) one has a(p) = 1+ x(p) = 2.) They establish that if z > ¢°1), and » < 2'/8
then

(8.2) w(x;q,a):L(LX)EH@—l) (1—X§f)>(1+o(iz§;+%+ 3 %))

7 p<z p zZ<psT

plq x(p)=1
The idea behind this result is that one can usually sieve (as in the fundamental lemma) up
to z being a small power of x, and if there are few large primes p for which x(p) = 1 then one
has a sifting problem of low dimension so that it becomes possible to estimate accurately
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the number of primes left after sieving. The estimate (8.2) is useful only if > .<p<; 1/p is
x(p)=1
very small, but thanks to (8.1) this is precisely the situation we are in!

We therefore apply (8.2) taking z = ¢ and z = ¢*°, so that

m(x;q,a) = L(l,X)g H <1 — %) (1 — %) (1 —I—O(LS%)).

p<q*o
plq

If L is suitably large, it then follows that

w(aig) = 32007 I (1-1))

p<qFo

say. And we have L(1,x) > 1/,/q (sce e.g. Chapter 6 of Davenport [2]), so we have shown

that the least prime p = a (mod gq) is below ¢~. Note that we do not need Siegel’s theorem
here; the effective lower bound L(1,x) > 1/,/q suffices.

9. EXAMPLES OF ASYMPTOTICS

We will prove (1.1) in [9], and that will allow us to find asymptotics for the mean values of
certain interesting f. Here we discuss three important examples given in [9].

Example 1: If F(s) = ((s)? so that f(n) = dg(n), then

Zf = {—) —i—O(l)}x(logx)B’l.

This is a well known result of Selberg and Delange.

Example 2: f(p) = g(logp) where g(t) = sign(cos(2xt)). Here g(t) =1 if —3 <t < : mod
1, and g(t) = —1 otherwise. The Fourier coefficients of g are given by
5 1 ifm=1(mod4)
gm)=—-¢—-1 ifm=-1(mod4)
™

0 if m otherwise,

and one can prove that F(cy + 2imm) ~ cp,(logx)9'™ for certain non-zero constants c,,,
where c_,, = ¢,,. Thus t; can be taken to be either 27 or —2x, and one can show that

Zf (Re(cz®™) + o(1)) « (logz)* ™!

n<lz
for some constant ¢ # 0. Taking y = e'/* with, say ¢t; = —27, we deduce that
I o (Alogy\ "
(01) pltity ;f(n) (x/y )it ; fn ' < log x ) '
nx n<z/y

Hence the Lipschitz exponent for f is at most 1 — 2/7.

For any given y in the range 1+ ¢ < y < /= we can let f(p) = g(Tlogp) for a carefully
selected real number T' = T'(y) to obtain a lower bound on the difference that is of the same



A NEW PROOF OF HALASZ’S THEOREM, AND ITS CONSEQUENCES 37

size, up to a constant, as the difference in (9.1):

‘xl"rltl Zf x/y )ity Z fn ‘ (log:v>

n<x n<z/y

This gives examples, when x = 1, showing that the exponent 1 — % in Theorem 1.5 cannot
be made larger.

Example 3:  f(p) = g4 (logp) where g, (¢) = (1+g(t))/2. Here g (t) = 1if —3 < ¢ <

1
4

and g4 (t) = 0 otherwise, so that f (n) > 0 for all n > 1. One can show that

Z fn log x)l/z + (Re(cx™™) + o(1)) a(log 2)"/ ™

n<x

and one can develop this example to show that, when x = 1, the exponent 1 — 1 /7 for real,
non-negative f in Theorem 1.5 cannot be made larger.
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