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Abstract

We prove existence and uniqueness of strong solutions for a class of second-
order stochastic PDEs with multiplicative Wiener noise and drift of the form
divy(V-), where v is a maximal monotone graph in R x R™ obtained as the
subdifferential of a convex function satisfying very mild assumptions on its be-
havior at infinity. The well-posedness result complements the corresponding
one in our recent work larXiv:1612.08260 where, under the additional assump-
tion that vy is single-valued, a solution with better integrability and regularity
properties is constructed. The proof given here, however, is self-contained.

1 Introduction and main result
Let us consider the stochastic partial differential equation
du(t) — divy(Vu(t)) dt > B(t, u(t)) dW (t), u(0) = uo, (1)

posed on L?(D), with D a bounded domain of R” with smooth boundary. The
following assumptions will be in force: (a) v is the subdifferential of a lower
semicontinuous convex function k : R™ — R with £(0) = 0 and such that

. . k(—x)
lim —= = 400, lim sup

< 400

(in particular, 7 is a maximal monotone graph in R"™ x R” whose domain coincides
with R™); (b) W is a cylindrical Wiener process on a separable Hilbert space H,
supported by a filtered probability space (2, 7, (F)ic[o,17, P) satisfying the “usual
conditions”; (c) B is a map from Q x [0, T] x L?(D) to .£*(H, L*(D)), the space of
Hilbert-Schmidt operators from H to L?(D), that is Lipschitz-continuous and has
linear growth with respect to its third argument, uniformly with respect to the
other two, and is such that B(-,-,a) is measurable and adapted for all a € L?(D).


http://arxiv.org/abs/1701.08326v1
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Under the additional assumption that v is a (single-valued) continuous func-
tion, we proved in [7] that (1) admits a strong solution u, which is unique within
a set of processes satisfying mild integrability conditions. The solution of [7] is
constructed pathwise, i.e. for each w € €1, so that, as is natural to expect, mea-
surability problems arise with respect to the usual o-algebras on € x [0, 7] used in
the theory of stochastic processes. Precisely because of such an issue we needed
to assume v to be single-valued.

The purpose of this note is to provide an alternative approach to establish the
well-posedness of (I]) that, avoiding pathwise constructions, is simpler than that
of [7] and does not need any extra assumption on . The price to pay is that the
solution we obtain here is less regular than that of [7]. We also refer to [9] for a
related result obtained by analogous methods.

Let us define the concept of solution to (Il) we shall be working with.

Definition 1.1. Let ug be an L*(D)-valued Fo-measurable random variable. A
strong solution to equation (1) is a couple (u,n) satisfying the following properties:

(i) u is a measurable and adapted L*(D)-valued process such that

ue LN0,T; Wy (D)) and  B(,u) € L*0,T; Z2*(U,L*(D))) P-a.s.;

(ii) n is a measurable and adapted L'(D)"-valued process such that

ne LYo, T;LY(D)") P-a.s., ne€y(Vu) a.e inQx(0,T) x D;

(i4i) one has, as an equality in L*(D),
t t
u(t) —/ divn(s)ds = ug —|—/ B(s,u(s))dW(s) P-a.s. Vte[0,T]. (2)
0 0

Note that (2) has to be intended in the sense of distributions. In particular,
since n € L'(D)", the integrand in the second term of (Z) does not, in general,
take values in L?(D). However, the conditions on B imply that the stochastic
integral in (Z) is an L?(D)-valued local martingale, hence the term involving the
divergence of 1 turns out to be L?(D)-valued by comparison.

We can now state our main result. Here and in the following £* : R® — R, is
the convex conjugate of k, defined as k*(y) := sup,cpn (z -y — k().



Theorem 1.2. Let ug € L*(Q, %y; L?(D)). Then equation (I)) admits a unique
strong solution (u,n) such that

T
2
2gmmmmﬂm+EA\wmmmqmw<ax
T
E [ 10Ol oy dt < .

T
B [ (T 130 + I8 01 0y) e <

Moreover, the solution map ug +— u is Lipschitz-continuous from L*(Q; L2(D)) to
L>(0,T; L2(Q; L2(D))), and u is weakly continuous as a function on [0,T] with
values in L*(Q; L?(D)).

Under the extra assumption of v being single-valued, the solution obtained
in [7] is more regular in the sense that Esup,p|lu(t)]7. (py 1 finite, the solution
map is Lipschitz-continuous from L%(Q; L?(D)) to L%(Q; L°°(0,T; L?(D))), and
u(w, ) is weakly continuous as a function on [0, 7] with values in L?(D) for P-a.a.
w € .
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2 Well-posedness of an auxiliary equation

The goal of this section is to prove well-posedness of a version of (1) with additive
noise. Namely, we consider the initial value problem

du(t) — divy(Vu(t)) dt 5 G(t) dW (1), u(0) = up, (3)
where G € L?(Q x [0, T); £?(H, L?(D))) is a measurable and adapted process.

Proposition 2.1. Equation [B) admits a unique strong solution (u,n) satisfying
the same integrability and weak continuity conditions of Theorem [1.2.

We introduce the regularized equation
du)\(t) — diV’y)\(VU)\(t)) dt — )\AU)\(t) dt = G(t) dW(t), U)\(O) = Uup,

where vy : R" — R", vy = +(I — (I + Ay)~1), for any A > 0, is the Yosida
approximation of v, and A : H}(D) — H~Y(D) is the (variational) Dirichlet
Laplacian. Since ) is monotone and Lipschitz-continuous, the classical variational



approach (see [4], 8] as well as [5]) yields the existence of a unique predictable
process uy with values in Hg (D) such that

T
ElluallE(o,ry;12(py) + E/o Hu}\(t)”?{%(D) dt < oo

and

ux(t) _/0 div v (Vun(s)) ds — )\/O Auy(s)ds = ug —i—/o G(s) dW (s) (4)

P-a.s. in H=Y(D) for all ¢ € [0,T.

We are now going to prove a priori estimates and weak compactness in suitable
topologies for u) and related processes. These will allow us to pass to the limit as
A — 0in ().

For notational parsimony, we shall often write, for any p > 0, L, L¥, and L%
in place of LP(Q2), LP(0,T), and LP(D), respectively, and C; to denote C([0,T]).
Other similar abbreviations are self-explanatory. The L?(D)-norm will be denoted
simply by [|-]|. If a function f : D — R™ is such that each component f/, j =
1,...,n, belongs to LP(D), we shall just write f € LP(D) rather than f € LP(D)".
The notation a < b means that a < Nb for a positive constant N.

Lemma 2.2. There exists a constant N such that

luallzzcorz + A2 1Varllzz  + (V) - Vsl

< N(lluollrz, + Gl Lz 22(1.12))-
Proof. Tt&’s formula for the square of the norm in L2 yields
t t
a1 +2 [ [ +(Fur(s)) - Vur(s) dods + 22 [ [Fun(s)|P s
0JD 0
t t
— ol + 2/0 un()G(s) AW (s) +/O 1G22 1,12 s,
hence, taking the supremum in time and expectation,
T
Blualtiz +E [ [ n(Tur(s)) - Vua(s)do ds + AE|Tun 2
0 JD @

t
SElwl? + BIGIs 22 + B sup | [ ua(s)G(5) W (s)].

t€[0,T

where, by Davis’ inequality (see, e.g., [6]), the ideal property of Hilbert-Schmidt
operators (see, e.g., [I, p. V.52]), and the elementary inequality ab < ca® + b?/e



VYa,b>0,e >0,

t T 1/2
£ sup | [ 6166 (o) SE( [ 1ur(6)66) B @)
te[0, 7] 1J0 0
2 g 2
< cBluall s + NEOE [ 166)Brag iz ds
for any € > 0. To conclude it suffices to choose ¢ small enough. O

Lemma 2.3. The families (Vuy) and (yA(Vuy)) are relatively weakly compact in
LY (Q x (0,T) x D).

Proof. Recall that, for any y, r € R™, ones has k(y) + k*(r) = r - y if and only if
r € 0k(y) = v(y). Therefore, since

(x) € Ok((I +Ay) ) =~v((I + Ay) 'z) Vo e R",
we deduce by the definition of v, that

(I + X)) + K (@) = (@) - (T + M) "
= (@) -z = A @))? < mz) - o VxeR"t |
)

(See, e.g., [3] for all necessary facts from convex analysis used in this note.) Hence,
taking Lemma into account, there exists a constant N > 0, independent of A,

such that - -
E/ / E (7 (Vuy)) < E/ / YA (Vuy) - Vuy < N.
o Jp oJp

The assumptions on k£ imply that its convex conjugate k* is also convex, lower
semicontinuous and such that lim, |, £*(y)/|y| = +oo. Therefore a simple mod-
ification of the criterion by de la Vallée Poussin implies that (7, (Vuy)) is uniformly
integrable on © x (0,7") x D, hence that it is relatively weakly compact in L%,w,x
by the Dunford-Pettis theorem. A completely analogous argument shows that

E/OT/D E((I+ M)~ 'Vuy) gE/OT/D'y,\(Vu,\)-VuA <N,

hence that (I + \y)~'Vu, is relatively weakly compact in Ltl’w,x. Moreover, since

Vuy = (I 4+ X))~ Vuy + Mya(Vuy), it also follows that (Vuy) is relatively weakly

compact in L}, .. O



Thanks to Lemmata and 23] there exists a subsequence of A, denoted by
the same symbol, and processes u € LfOLE),x N L;WI/VOI’1 and n € L%,w,x such that

uy — u weakly* in L{°L? ,,
Uy — u weakly in Lt{wWOl’l,
M(Vuy) —n weakly in L%,w,x,
Auy — 0 weakly in L?’wHé.

as A — 0. Let ¢t € [0,T] be arbitrary but fixed. The fourth convergence above
implies

t
)\/ Auy(s)ds — 0 in L2H !,
0

while the third yields, for any ¢ € LWL
t t
IE// (Vur(s)) - Vodrds — IE// n(s) - Vedxds,
0JD 0JD
t

t
hence E/ (divya(Vux(s)), p) ds — E/ (divn(s), ) ds. Therefore, recalling
0 0
@), by difference we deduce that

Eux(t), ) — E(u(t), ¢)-

Consequently, since uy(t) is bounded in L2 L2, we also have that uy(t) — u(t)

w T

weakly in L2 L2. Taking the limit as A — 0 in (@) thus yields

t t
u(t) — / divn(s)ds = ug +/ G(s)dW(s) in L1V,
0 0

where V is the (topological) dual of a separable Hilbert space V; embedded con-
tinuously and densely in H{, and continuously in W1, The identity immediately
implies that v € C;LLV{. Since u € L{°L2 L2, it follows by a result of Strauss
(see [10, Theorem 2.1]) that w is a weakly continuous function on [0, 7| with values
in L2L12.

By Mazur’s lemma there exist sequences of convex combinations of v)(Vuy)
that converge 7 in (the norm topology of) Ltl’w,x, thus also, passing to a sub-
sequence, P ® dt-almost everywhere in Ll. Similarly, since uy — u weakly* in
LfOLE,,x implies that uy — u weakly in L%Mm, there exist sequences of convex
combinations of uy that converge to u P ® dt-almost everywhere in L2. Since con-
vex combinations of (uy) and of (y,(Vuy)) are (at least) predictable and adapted,
respectively, it follows that w is predictable and 7 is measurable and adapted.

Moreover, thanks to the weak lower semicontinuity of convex integrals, one has
T
E/ / (K(Vu) + k(1)) < oo.
0 JD
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In order to show that n € y(Vu) for a.a. (w,t,x), we need the following “energy
identity”.

Lemma 2.4. Assume that
t t t
y(t) + Oé/ y(s)ds —/ div{(s)ds = yo +/ C(s)dW (s)
0 0 0

in L2 P-a.s. for allt € [0,T], where a € R, yg € L2 , is Fo-measurable, and

,r

yeL¥PL2 ,nLL, W',  Cell,,  CelL}, Z%HL2)
are measurable and adapted processes such that k(cVy) + k*(cC) € L}

constant ¢ > 0. Then

t,w,x fOT' a

t t
E||y(t)||2+2aIE/ ||y(s)||2d8—|—2IE// ¢ -Vydxzds
0 0JD
t
— Efjyo|? + E /0 1Nz ds V€ [0,T)

Proof. Let m € N be such that such that (I —§A)™™ maps L. into H} N W1,
and use the notation h% := (I — §A)~™h for any h taking values in L. One has

) ! ) ! . ) .0 ! 58 s
y<t>+a/0y(s)ds—/odw<<s>ds—yo+/oc<>dW<> (6)

P-a.s. for all ¢ € [0, 7], as an equality in L2, for which It&’s formula yields

Hy H2+2a/\|y ||2d8+2// C‘S Vy dx ds

Sy /||c5 Neoqapz2) ds + / 5(5)C3 (5)dW (s).

It is evident from (@) that y? is a continuous L2-valued process, hence the stochas-
tic integral (y°C®)- W on the right-hand side of the above identity is a continuous
local martingale. Let (7)) be a localizing sequence, and multiply the previous
identity by 1j 1], to obtain, thanks to E(y°C%) - W (- ATp) =0,

AT}, AT},
EHy‘S(t/\Tn)HQ—i—QaE/ 15 (s)]|? ds+2E/ / ¢° - Vy dads
0 0 D

519 tATy 5 9
=E%H+EA 1C% ()2 ar,12) ds-



Letting n tend to oo, the dominated convergence theorem yields
t t
By ()| + 2aE [ o(s)|?ds +2E [ [ 79y dads
0 0JD

t
—Elgdl® + E /0 1C%() 12112, ds

for all t € [0,7]. We are now going to pass to the limit as 6 — 0: the first and
second terms on the left-hand side and the first on the right-hand side clearly
converge to E||y(t)|?, QQEf(ny(S)HQ ds and E|ly||?, respectively. Properties of
Hilbert-Schmidt operators and the dominated convergence theorem also yield

t t
i [ 1C% s ds = E [ 1CE g

for all t € [0,T]. To conclude it then suffices to show that Vy°-¢® — Vy-( in Lngﬂr'
Since Vy® — Vy and ¢% — ¢ in measure in  x (0,t) x D, Vitali’s theorem implies
strong convergence in L;Mm if the sequence (Vy° - ¢°) is uniformly integrable in
Q x (0,t) x D. In turn, the latter is certainly true if (]Vy° - ¢%|) is dominated
by a sequence that converges strongly in L%,w,x. Indeed, using the assumptions
on the behavior of k at infinity as well as the generalized Jensen inequality for

sub-Markovian operators (see [2]), one has
£ VY S 14 R(EVyY’) + K(eC) <1+ (1= 0A)7" (k(eVy) + k*(eC))

where the sequence on the right-hand side converges in L%,w,x as 0 — 0 because,
by assumption, k(cVy) + k*(cC) € L} O

tw,r*

1to’s formula yields

t t
Ellu(t)]? + 2E / /D A(Vup) - Vuy + 2AE / TN
0 0
t
— Elluo|? + E /0 1G(3) e 12, ds

and, by Lemma [Z4],

t t
Bl +28 | [ n-Vu=Blwl? +E [ 1G6) s ds



One then has

T
ZIimsupE/ / M (Vup(s)) - Vuy(s) dx ds
A—=0 0 JD

T
<Elul* +E [ 16()]%a 12 ds - i inf Bl (D)
0 . A—0

T
<Ejjuol? +E /0 1G ()% 1,12, ds — Ellu(T)|P

= E/OT/D n(s) - Vu(s) dz ds.

Since Vuy — Vu and y5(Vuy) — n weakly in L, ., this implies that n € 7(Vu)
a.e. in  x (0,7) x D. We have thus proved the existence and weak continuity
statements of Proposition 2.1

In order to show that the solution is unique, we are going to prove that any
solution depends continuously on (ug, G). Let (u;,n;), i = 1,2, satisfy

ul-(t)—/Otdivm(s)ds:uo+/OtGi(s)ds

in the sense of Definition [[T] as well as the integrability conditions (on u and n) of
Theorem [[2l Setting y := w1 —us, yo := ug1 — o2, ¢ := 11 —1n2, and F := G1 —Go,
one has

y(t) — /0 div ((s)ds = yo —i—/o F(s)dW(s)

P-a.s. in L?(D) for all t € [0,T]. For any process h, let us use the notation
h(t) := e~ “'h(t). For any a > 0, the integration-by-parts formula yields

Yo (1) + /0 (— div C*(s) + ay®(s)) ds = yo + /0 Fo(s) dW(s),

hence also, thanks to Lemma 2.4]
t t
By (1)) + 20E [ |y (0)[Pds+ 28 [ [ () Ty (s)dwds
0 0JD

¢
< Bl +E [ 1P (6)ng iz .
where (“ - Vy® > 0 by monotonicity. Therefore, taking the L$® norm,

1y leerz, + Valy®|

t,w,r

Slvollzz, + 1F N2, 2m,12),
that is, using the notation L?(«) := LP([0,T],e~*dt) for any p > 0,
lur = uallpgeoyrz , + Velur = vall 2z,

S lluor —wozlizz , + 1G1 — Gall L2 (a2 22(,22)-

9



Taking o = 0 and G; = G immediately yields the uniqueness of solutions (as well
as Lipschitz-continuous dependence on the initial datum). The proof of Proposi-
tion 2.1]is thus complete.

3 Proof of Theorem

For any v € L?w,x measurable and adapted, and any .#j-measurable random

variable ug € Lg ., the process B(-,v) is measurable, adapted, and belongs to
L7, %?(H,L2), hence the equation

du(t) — divy(Vu(t)) dt 5 B(t,v(t)) dW (1), u(0) = up,

is well-posed in the sense of Proposition 2.1l Moreover, for any v1, vo and ugz, ug2
satisfying the same hypotheses on v and wg, respectively, () yields

lur — w2l pgeoyrz , + Velu —uall 2z,

w,

S llwor —wozllzz, + 1B, v1) — B v2)ll22(0) L2 22 (1, 12) -

It hence follows by the Lipschitz-continuity of B that

1
lur = wall 2ayrz . S ﬁ(HU(n —unllza, + Ior = vlzzz, ), (8)

where the implicit constant does not depend on «. In particular, denoting by I' the
map (ug,v) — u, one has that v — I'(ug,v) is a strict contraction of L%(Q)Li’x for
« large enough. Therefore, by equivalence of norms, v — I'(ug, v) admits a unique
fixed point in L%’w,x, which solves (1) and satisfies all integrability conditions. Such
solution is unique as any solution is a fixed point of v — I'(ug,v).

Let us show that the solution map ug — w is Lipschitz-continuous: (8) yields,

choosing « large enough,
lur = w2l 2oz, < Nilluor — wozllzz , + Nallur — uellp2(yzz
with constants N7 > 0 and 0 < N» < 1, hence, by equivalence of norms,

lur —uollr2r2 S |luor — uO?HLi,z‘

t - w,x
This in turn implies, in view of (7)) (with o = 0) and the Lipschitz-continuity of
B,
lur —uzllzperz , S lluor = wozllzz , + 1B(u1) = B( ug)llrz o212

S lwor —woallrz , + llur —wallzzre | < lluor — wozllrz ,

tHw,T

which completes the proof.

10



Remark. A priori estimates entirely analogous to those of Lemma 2.2l as well
as weak compactness results exactly as in Lemma 23] can be proved for the
regularized equation obtained by replacing v with v\ + AV directly in (D). It is
however not immediately clear how to pass to the limit as A — 0 in the stochastic
integrals appearing in such regularized equations with multiplicative noise, i.e. to
show that B(uy) - W converges to B(u) - W in a suitable sense.
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