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Abstract—1In this paper, a decentralised control strategy
based on sliding mode techniques is proposed for a class
of nonlinear interconnected systems in regular form. All the
isolated subsystems and interconnections are fully nonlinear.
It is not required that the nominal isolated subsystems are
either linearizable or partially linearizable. The uncertainties
are nonlinear and bounded by nonlinear functions. Specifically,
uncertainties in the input distribution and interconnections are
considered. Under mild conditions, sliding mode controllers
for each subsystem are designed by only employing local
information. Sufficient conditions are developed under which
information on the interconnections is employed for decen-
tralised controller design to reduce conservatism. The bounds
on the uncertainties have more general forms compared with
previous work. A simulation example is used to demonstrate
the effectiveness of the proposed method.

I. INTRODUCTION

In engineering, large scale systems are often modelled as
a collection of subsystems with interconnections, e.g. multi-
machine power systems (e.g. see [1], [2]), power networks
and energy systems (e.g. see [3]). Due to the complex
dynamics caused by nonlinearity in the interconnections and
subsystems, it is difficult to control such systems using
classical methods. Such class of systems may also be usually
distributed in space, and a centralised strategy can be difficult
to motivate [4], [5] as the control for each subsystem requires
all the information on the other subsystems and the control
performance is highly dependent on efficient and reliable
information exchange between subsystems. The reliability
of information transfer among subsystems can be greatly
affected by problems such as network failure or blockage
of communication channels. Besides, time delay due to
the transfer process in the network may also reduce the
system performance even if the communication channels
are unimpeded. Therefore, the development of decentralised
control strategies in which each subsystem is controlled
independently is of interest. With a decentralised strategy, the
control of each subsystem only requires local information,
which not only enhances system reliability but also reduces
the costs of communication networks and their maintenance.

For nonlinear systems, it is well known that uncertainties
or modelling errors may seriously affect the control system
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performance. In nonlinear interconnected systems, the effect
of uncertainties on the whole system is even more challeng-
ing. To be specific, uncertainties experienced by a subsystem
will affect not only its own performance but also the other
subsystems’ through the interactions between subsystems.
Designing a decentralised control scheme to reject or reduce
the effect of uncertainties in the interconnection terms is
challenging. Sliding mode control has been recognised as
a powerful approach in dealing with nonlinear systems with
uncertainties [6] owing to its special structure and complete
robustness against matched uncertainties [7], [6]. In [8], it
is shown that the sliding mode approach can be used to
deal with systems in the presence of unmatched uncertainty.
Methods proposed by Niu in [9] and [10] also show the
strong robustness of sliding mode control for uncertain
systems. Therefore, many researchers have tried to develop
a decentralised sliding mode control strategy for large scale
systems in the presence of uncertainties and interconnections.
However, as the information available to the controllers of
each subsystem is limited in a decentralised strategy, it is
difficult to reject the uncertainties within the interconnections
even if they are matched [11].

For robust decentralised controller design problems, many
results have been obtained using various methods. In [12],
[13], [14], [15], a robust control strategy is used for the
interconnected system. However, only matched uncertainties
are considered and the bounds on the matched uncertainties
are assumed to be linear or polynomial. In [8], mismatched
uncertainties are considered with centralised dynamical feed-
back controllers which need more resources to exchange
information between subsystems. In [16], a decentralised
state feedback controller is proposed for systems with a class
of constraints called integral quadratic constraints to limit
the structure of the original system. In some cases, adaptive
techniques are applied to estimate an upper bound on the
mismatched uncertainty, and this is used to counteract the
effects of uncertainty [17]. This approach is powerful for the
case where the uncertainty satisfies a linear growth condition.
In terms of mismatched uncertainties, it is necessary to im-
pose limitations in order to achieve asymptotic stability. After
transforming the system into a special triangular structure,
the uncertainties of the system in [18] have more general
forms when compared with previous work. For uncertainties
in the input distribution, the existing research is limited. In
[9] and [10], sliding mode control design is proposed for
systems with uncertainties in the control matrix. However,
the uncertainties in [9], [10] are assumed to have a particular
structure, for example, the uncertainty is required to lie in the



range of the control input distribution matrix. In most previ-
ous work, the nominal part of the system is usually assumed
to be linear, which limits the application of the obtained
results. In [19], a decentralised quantitative feedback control
is proposed for a class of large-scale systems in the presence
of uncertainties in the state-space matrices, and the work has
also been implemented on a SCARA robot system. However,
both the nominal part of the system and the interconnections
between the subsystems are assumed to be linear.

In this paper, a nonlinear decentralised control strategy
for a class of nonlinear interconnected systems is proposed
based on a sliding mode control paradigm. Compared with
previous work in [20], the interconnected system is assumed
to be fully nonlinear with unknown interconnections and
uncertainties in the input distribution term. Moreover, the
uncertainties are assumed to be bounded by known functions
which are employed in the control design to counteract the
effects of the uncertainties on the controlled interconnected
system. The bounds on the uncertainties take more general
forms when compared with existing work. A set of sufficient
conditions is developed such that the corresponding sliding
motion is asymptotically stable when the system is restricted
to the designed sliding surface. Then, a decentralised sliding
mode control is designed to drive the interconnected system
to the sliding surface in the presence of uncertainties. It is
also shown that if the uncertainties/interconnections possess
a superposition property, a decentralised control scheme may
be designed to counteract the effect of the uncertainty. A
numerical example is presented with simulation results to
show the effectiveness of the approach proposed.

II. SYSTEM DESCRIPTION

Consider a class of nonlinear large-scale interconnected
systems composed of N subsystems where the i-th subsys-
tem can be transformed or described by

iy =fitaf, al) + (L, x) ¢))
i =f2(t, i) + (g5t ) + @ity 2))ws + 2 (tz)  (2)

where the state variables of the i-th subsystem are repre-
sented by z; := col(z¢,2b) C Q; € R™ where z¢ €
R x? € R™i and « = col(x1,x2,...,zN). u; € R™
denote inputs of the ¢-th subsystem respectively for ¢ =
1,2,...,N. The function f&(-), f?(-) with f&(¢,0,0) = 0
and fP(t,0) = 0 and the function matrix g;(-) are contin-
uous with appropriate dimensions. Uncertainty in the input
distribution is denoted by ¢; (¢, x;). The nonlinear functions
Ya(t,x) € R™~™ and P(t,x) € R™ represent the
uncertain interconnection. It is assumed that all the nonlinear
functions are sufficiently smooth such that the unforced
system has a unique continuous solution.

In this paper, the focus is to design a decentralised control
scheme to stabilise the system (1)-(2) under the assumptions
that the isolated nominal system has desired performance.
The following basic assumptions are imposed on the uncer-
tainties of the system (1)-(2).

Assumption 1. There exist known continuous functions
6%5(-), 62(-) and p;(-) in RY with 6%(¢,0) = 0 such that

n

@) [[vf (t, @) Z (ll511) 3)
(ii) H¢ tx)] < f x) 4)
(id) || s (¢, z1)|| < pi(t, x;) (5)

forallt € RT, z; € Q.

Assumption 2. The function matrix g;(¢, z;) is nonsingular
for any (t,z;) € RT x €, and the uncertainty ¢;(¢,x;) in
system (2) satisfies

Gi(t,zi)g; (i) + (977!
forallt € RT, z; € Q.

(t,z:))" o7 (t,x) >0 (6)

Remark 1. Assumption 2 is made on the uncertainties in
the input distribution term. It will be shown that a class
of uncertainties in the input distribution can be rejected by
designing an appropriate control. Compared with existing
work, e.g. see [9], [10], [19], the uncertainties in the input
distribution are nonlinear instead of linear. It is emphasised
that the uncertainties ¢;(-) are not required to be matched,
and only ¢%(-) is required to be nonsingular for t € R™,
r; € Q.

Since ¢;(t,x;) are the uncertainties in the input dis-
tribution, their effects are closely related to the control
signal u; for ¢+ = 1,2,..., N. This can be seen from the
terms ¢; (¢, x;)u; in system (2). Therefore, the uncertainties
existing in the input distribution make the control design
much more difficult. This paper will present an approach
to deal with nonlinear uncertainties in the input distribution
when the input distribution is nonlinear.

III. STABILITY ANALYSIS OF THE SLIDING MODE

Choose a local sliding surface for the ith subsystem of the
large-scale interconnected system (1)-(2) as follows:

oi(x;) =2t =0, i=1,2,...,N. (7

Then, the composite sliding surface for the interconnected
system (1)-(2) is chosen as

o(x)=0 ®)

where o(z) =: col (z},25,...,2%). During sliding motion,
2t =0fori=1,2,..., N. Then, the sliding mode dynamics
for the system (1)-(2) associated with the designed sliding
surface (8) can be described by

¢ = ft xd,0) + 7 (¢t 25, 25, .., xy) 9)

where

wf(tvx(ll’xga""x(;\f) (e (t x)'(zl,% Lx%)=0 (10)

with ¢ (¢, ) defined in (1).



Lemma 1. For terms {7 (¢, z{,x5,...,x%) in system (9), if
inequality (3) in Assumption 1 holds, then

) < 25 (51D

, &%) and 6;;(-) satisfy (3).
Proof. From the definition of v{(-) in (10), it follows that

|7 (t, 2%, 25, ..., 2% (an

where % = col(z§, 2%, ...

it af,xg, .. x%) =it 28, 0,25,0,...,2%,0) (12)
From (3) in Assumption 1,
N
g (¢, ) Z (1) (13)

From (12) and (13), it follows that

|‘w5(t>$(117xg7"7x?\7)” = ||wa(t m170 .’172,07...,1'7\/',0)”

Z (=31

(14)

Hence the result follows. |

Assumption 3. There exist continuous C' function V; :
RT x R™~™i — RT and functions ;1 (-), si2(+), si3(-) and
Gia(+) of class K such that for all z; € ; and t € R

) sa(ll=F]]) < Vit #7) < cia([[2F])

. OVi(t, x}) aV(M) afs a

(ii) 5 Dad [t zF,0)
< —ci(llf1)

Vi(t,x u

(>iii) H%H Sia(l=7]])

where

OVi(t,z3) _ (OVi(t,af) OVi(t,af)  OVi(t,xf)

oxe oz oxy T 0x8

Theorem 1. Under assumptions 1-3, the sliding mode (9) of
the system (1)-(2) associated with the sliding surface in (8)
is asymptotically stable if there exists a domain  a of the
origin in x® € REY (i=mi) such that

M(t,z)"

in domain Qu\{0} with M(t,z) = (m;;(t,zi, ;) NN
and for i,j =1,2,...,N

+M(t,z) >0

oy = 101D =l st i =5
R = paa ([l D)z (12511, iF ]
where p;3(-), wia(-) and ~;;(-) are defined respectively by
L 06z (1)
piz () —/0 TdT (15)
! 9gia(7)
! 35%(377)(1 7
ij () 7/0 —5 07 (17)

Proof. From (15)-(17), it can be observed that

(127 11) =pas(llF D112 | (18)
<z4(|\ffa||) =paa([lf D]l (19)
0 ([l 1) =g (Nl 1Dl (20)

From the analysis above, it is seen that the system (9)
represents the sliding mode dynamics of the system (1)-(2)
corresponding to the sliding surface (8).

For system (9), consider the Lyapunov function candidate

N
= Z Vri(ta m?)
i=1

where V;(¢,z¢) is given by Assumption 3. Then, the time
derivative of V (¢, z¢) along equation (9) is given by

2n

V= Z{@Vta: 8V(t,xl)fa(, 2%,0)
5V(l‘7%) a
g Vit 7)}
N

<> {-d

i=1

=- Zu?g(HHC?II)IIw?H2
i=1
N N
+ > > aalllzd Dy Qs Dl 15

N
2 (l2211) + sia(ll21) Z g}

i=1 j=1
[
! 4]

= — 5l sl ol (M7 +2) |,
2% |

Since the matrix function M7 + M in €,.\{0} is positive

definite, it follows that V' is a negative definite function in

the Domain 2,.. Hence, the results follow. |
IV. DECENTRALISED CONTROL DESIGN

For the nonlinear interconnected system (1)-(2), the cor-
responding reachability condition is described by (e.g. see

[21], [11]) v
Z ol (zi)oi(;) <0
i ()]

=1

(22)

where o;(x;) is defined by (7). In order to reduce the
effects of the unknown interconnection 1?(-), consider the
expression

N

Znu (t,x;) +vilt, x)

Jj=1

80(t, x) (23)

where 6% is defined in (4) and v;(t,x) represents all the
cot}\Pllng terms which cannot be included in the term
>~ j=1 Mij(t, ;) Consider the decentralised control

u; = u + ui (24)



where

[EACED I RS ACED]I|

ul = — g; H(t, @) (¢, ) <llullpi(t, ) €2
—g; L(t, x;)sgn(x {Znﬂ (t,2;) + Gi(t, CL’Z)} (25)  and from Assumption 2,
Jj=1
ub = — g7 (t, z)sgn(a?) ||ud|| ps(t, z; 26 byT
7 9; , Li)sgn Iz)Huz”pl(vml) ( ) (33) ¢(t$) (tx)||u Hp (tx)sgn( )
where the p;(t,x;) are defined in Assumption 1, and B
nji(t, z;) satisfy (23). The term (;(t,2;) is a reachability _(ivb)T”ua” (t,1)
function which can be considered as a design parameter to || bH pi !
be defined. (Pt wi)g; (8, w) + (g7 ()77 (1 30))
Theorem 2. Consider the nonlinear interconnected system 2
(1)-(2). Under Assumptions 1-3, the closed-loop system (1)- -sgn(z?) >0 (32)
(2) with the decentralised control (24) converges to the
composite sliding surface (8) and a sliding motion is main- Substituting inequalities (30), (31) and (32) into (29),
tained on it thereafter if in the considered domain ) =
Oy X Qo+ x Qp, the functions (;(t, x;) in (25) satisfy N oTo N
Z (33)

27

N N
D Gt m) > vilt,x)
i=1 i=1
in Q for all t > 0 with v;(t, ) defined in (23).
Proof. From (7), for: =1,2,..., N
Gi(i) =f7(t ) + (g7 (b, x0) + dilt, @) (uf + uf)

IIUzII

< — ZQ (t, —i-zyi(t,x) <0
i=1

Then the reachability condition (22) is satisfied. Hence, the
result follows.

From sliding mode control theory, Theorems 1 and 2
together guarantee that the system (1)-(2) is stabilized by the

+ wf(t ) (28)  designed decentralised control (24) with uj and ulj defined
in (25) and (26).
Substituting (25)-(26) into (28), 25) (26)
o~ (@:)5i(:)
ZW V. NUMERICAL SIMULATION
i=1 e
_Z { { 8o (t, ) + ¢i(t, z:i)u } Consider the following nonlinear interconnected systems
||z b|| e composed of the three subsystems described by
(Ig)T b 1 a b
- b Gi(t, ;) (gi (t, l’z)) l|lug||pi(t, zs)sgn(xy) .a  _ T11T12 — 411 cos(213) a
12 13
- Zuﬂ (t i) = Gt i) — uf pilt, @) } i)
5 # = [ M8 et
1 - 1:0%12 1\
Z pi(t, zi)ug || +Z ||6b t,x) sl
. = )
( )" b WL yag ) b
2 bH di(t, i) (99(t,2:))  [luf ps(t, x:)sgn(a?) :
1= x
- N + [ 01 } +ou(t ) | w (35)
; ”uz sz t xz ;]Zlﬂjz t l'z - ;Ci(t7xi) 91 (tar)
(29) P9 = T21X22 — 6.25£L’21 COS(SCQQ) +1/}a(t 1’) (36)
2 - 2\Y
From Assumption 1, 1+0.1a3,
N N N N f3(t,25,25)
> llov(t, T )| SZZ pij(t ) + Y vilt,x) i = 1.3wo1m0n +U5(t, x)
= == = et
N N N f3(tzs,x3)
=22 mailtw) + ) viltx
i=1 j=1 i=1 + | sin®(2za2) + 1 +¢a(t, x2) | us 37
————

(30)

g2(t,z2)



I3 — 3.61:1;‘32 COS(.’L’33)

T3 = —x31 + (235 — 4)x30 st z) (G8)
fg(txg.z8)
1.6x
-b 32 b
= t
fé’(t,xg,zg)
+ | cos®(zs1233) + 0.8 +d3(t,23) | us (39)

g3(t,x3)

— i b — b
where 11 := x{, col(z12, T13) = 23, To1 = ¥, Tag := X3,
col(x31,x32) := x§ and x33 := xg Assume the uncertainties
satisfy

[p2(t, 22)[| <0.3|21222] (41)
llps(t, x3)|| <0.5]x31 cos(zz2)| + 0.2 42)
[0t )] <04l
1 - Sin(l‘lg)z +1
e
0.2 |l‘31|
0.3 2 —2 43
+ |221 + @o2| cos®(xa1) + T2, (43)
3¢ (llz2 )
S 52 (llasl)
|2 (¢, 2)[| <0.7[[x1]| + |w21 cos(zar)| + 0.1f|z3]|  (44)
—_—— —
5%, (lz1 1) 855 (lz2 1) 885 (lzs 1)
||77[}§(t, .T)H < 1.2 ‘ZEH sin(x11)| +0.8 ‘1«'21 + $22|
e 3% (llz=2|1)
+ |£L’31 COS({E32!E33)| 45)
—_—
353 (lwsll)
[7 (¢, )| < 0.1 (46)
~——
vy (t,x)
0.2]|z2||
ot )| <04z | + ——= 47)
na1(t,wy) TV
va(t,x)
(48)

[95(t, )| <0.4[|zs]| + 0.1]|2 ][]z
—_——  N———
N33 (t,23) v3(t,x)

Now define the sliding function as

o(x;) =

i1=1,2,3
Then, from Lemma 1, when the sliding motion takes place,

[lof (¢, 11, 221, 31)]| < 0.4 |27 sin(zq1)]
—_—

3%y (=11
+ 0.3 |$21| COSQ(.rQl) +0.2 |JZ31|
———
3t (lzs 1) 3t (l=5 1)

(49)

105 (t, 211, 221, z31) || < 0.7|z11| + |21 COS(221)|
—_—— N———

651 (Il 1) 65, (llz5 1)
~——
685 (x5 1D)
105 (t, 211, 221, x31) || <1.2|211 sin(x11)] + 0.8 [221]
851 ([l=$ 1D 35 (=3 1)
+ |z 51
~—~—~
853 (Ilzg 1)
Choose the Lyapunov function candidate
1
Vi= 5 (@) al, i=1,2,3 (52)
Then,
0.4]l7||* < Vi(t,zf) < 0.6 |27
Sil Si2
Define ¢;3(-) for i =1,2,3 as
G13(r) =2r, <a3(r) =2.5r, ¢3(r) = 1.9r
and G;q(-) as
Ga(r)=r, i=1,2,3

Then, from direct computation, it is straightforward to verify
that the conditions of Theorem 1 are satisfied. Thus the
designed sliding mode is asymptotically stable.

From (25) and (26), the controller u; for ¢ = 1,2,3 are
well defined with (; = 0.2||z1]], ¢z = 0.4]|z2| and (5 =
0.1]|x3|| which guarantee the condition (27) in Theorem 2 is
satisfied for x; € R3, i = 1,2, 3. Therefore system (34)-(39)
can be stabilised by the designed control.

The time response of the system states is shown in Fig.1,
and the time response of the control signal is shown in Fig.
2. The simulation results show that the proposed approach is
effective. It should be noted that in the simulation a boundary
layer is used to reduce the chattering of the controller.
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Fig. 1. Time response of the state variables
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Fig. 2. Time response of the control signal

Remark 2. To illustrate the results, the uncertainties in the
input distribution are chosen to satisfy (6) in Assumption 2,
e.g. the term ¢ (¢, 1) is described by

a—f arp ]

—Br12 ¢ 63

d)l(tvxl) = |:
where «, [ and ¢ are unknown parameters with 0 < 8 <
a < 0.8 and || < 1.

VI. CONCLUSION

This paper has proposed a robust decentralised control
design approach for a class of nonlinear systems with uncer-
tainties in the input distribution and in the interconnection.
The bounds on the uncertainties are assumed to be known
functions which have been used to enhance robustness to
uncertainties. A sliding mode control is designed to guar-
antee reachability. The developed results can be applied to
all interconnected systems which can be transformed to the
regular form in (1)-(2). A numerical example is given to show
how to use the sliding mode technique to stabilise a system
with uncertainties in the input distributions. Simulations
have been presented to demonstrate the effectiveness of the
approach.
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