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1 Kikuchi and Oden’s Model for Coulomb’s law of Static

Friction

In this chapter we present a numerical code for an example of Kikuchi and Oden’s [6] model for
Coulomb’s law of static friction in curvilinear coordinates (see section 2.6 of Jayawardana [4]) im-
plemented in Matlab, i.e. odenProb1.m. Note that to find numerical solutions we employ Newton’s

method for nonlinear systems (see chapter 10 of Burden et al. [3]).

To find a numerical solution consider the map of a rigid semi-prism (z*, a sin(z?), b cos(z?))g, where
2% € [—im, in], ais the horizontal radius and b is the vertical radius. Now, assume that an elastic

body is over this prism and one is applying a traction 7 at 2> = — 17 and a traction 7max at 2% = 3.

Also, assume that the cylinder is rough and the coefficient of friction between the prism and the
body in question is % Assume further that the body in question is of thickness 4, infinitely long
and in contact with an infinitely long semi-prism. This leads to the following map of the unstrained

configuration,
X (2, 2%, 2%) = (2!, asin(z?), beos(x?))g + 2° (p(2*)) 71 (0, bsin(z?), a cos(z?))g ,

where o(22) = (b2 sin?(22) + a2 cos?(22)) 2, 2! € (—o0, ), 22 € (—ir, im) and 2* € (0,h). With
some calculations, one finds that the covariant metric tensor is (g;;) = diag(1, (¢»2)2, 1) and Christof-

fel symbols of the second kind are

I3, = (P2) 1022,
L35 = (Y2) 039
where 1, = p(2?) +23ab(p(22?)) 2. Now, let v = (0, v?(22, 23), v3 (22, 23)) be the displacement field

of the elastic body and let v = (0, 0v?(2?, 22), v3 (22, 23)) be a perturbation of the displacement

field. Thus, with some calculations, one finds that covariant derivatives are
Vov? = 00?4+ T 4+ THo?
Vov? = o0 — (9)°TH0? |
V50?2 = 950 +I‘23v
ngg = ag’US .

Now, with relative ease, one can express the governing equations as

(A + p)d* (Viv') + pAv? =0, (1)
A+ ) (Viv') + pdv® =0, 2)
A+ )& (Viov') + pAdv® =0, (3)
(A +p)0* (V;60") + pAdv® = 0. 4)

Eliminating »! dependency one can express the remaining boundaries as

——=New New

OO = 90fe U 0N U Iy, U,



where
20N = {(~3m, 3m) x {0}
aﬂ?%{(—;m o) x ()}
e {{—lw} x (0.}
20N = ({5} x (0.1)}

Thus, the boundary conditions reduce to

v \dQNeW = 0 (zero-Dirichlet) , 5)

[(A+2) (020® + T30 + T50°) + A030°) Fae = To (traction) , 6)

[\ +20) (9202 + T3 + Tipv®) + Ad30°] aaer = Tmax (traction) , (7)

[(¥2)2050% + 920 loanevoateruaoye = 0 (zero-Robin) | 8)

[A (020 + THv” + T550°) + (A + 21) 0307 aater = 0 (zero-Robin) , 9)
5”2‘m§ewuanggvvuas2§;gx =0,

6U3‘89New =0.

Now, with some more calculations, one can find the fiction laws governing the boundary conditions

at the boundary GTZEEW, which are:

If 'llz_)2|'l)2‘|aﬂyew Z €, then
[m/;2831)2 + I/FSigIl(U2>T§(’U)] logen =05 (10)
If ’I)ZQ|U2HQQ(I\)ISW < €, then

[11020560% 4+ vpe™ "1hov? T3 (6v) + vpe " hadv?T5 (v)
+ h2030% + vpe hov* T (v)] loaper =0, (11)

where T35 (v) = M(020% + THv? + THv3) + (A + 2u)050°.

Now, we use the second-order-accurate finite-difference method in conjunction with Newton’s method
for nonlinear systems, i.e. given that v,, and dv,,, are m!" iterative solutions of the problem obtained
by the finite-difference method, we assert that v,, 1 = v,,, + dv,, is the updated solution, and we
follow this iterative scheme such that jv,, converges to zero in the limit m — oo. Another issue
we must tackle is the discretisation of the (reduced two-dimensional) domain. As we are dealing
with curvilinear coordinates, there is an inherit grid dependence. To be precise, it is approximately
YoAz? < Az®, Vg € {a(a?,2%) | 22 € [-im, 7] and 2* € [0,A]}, where Az is a small incre-
ment in 27 direction. For our purposes we use Az? = 2~ and ¢y = ¥2(im, k), where N = 250.
Finally, we must define a terminating condition. For this we terminate our iterating process given
that the condition |1 — (||vm|lez + |[0Vm|e2) " ([|vms1llez + ||6Vm1]le2)| < 10710 is satisfied, where

[v]g2 = ([norm(v2,2)]? + [norm(v?,2)]2)2 and norm(-, 2) is Matlab 2-norm of matrix [8].



Finally, let ui= v?, u2= v, dul= 6v?, du2= 6v3, a= b, b= a, Thicknessl= h, Stressl= Tg,

Stress2= Tmax, Youngsl= F, Poissonl= v, NN= N, Mu= v and epsi= . Thus, we find:

function OdenProbl
format long

%% Kikuchi and Oden's Model

o

% Overlying elastic body on an elastic prism with a variable elliptical cross section

o

% Contact angle is [0,pi]

o

% Static friction case

%% INITIAL PARIMITERS

a = 1; % Radius at \theta = 0.5xpi
b = 1; % Radius at \theta = 0

Thicknessl = 0.5; % Thickness of the overlying body

Stressl = 1; % Applied stress at \theta = 0

Stress2 = 1; % Applied stress at \theta = pi

Youngsl = 1000; % Young's modulus of the overlying body

o

Poissonl = 0.25; % Poisson's ratio of the overlying body

NN = 250; % Azimuthal grid points

error = 107 (-10); % Terminating error
Mu = 0.5; % Coefficient of friction
epsi = 107 (-5); % Regularisation parameter

%% DO NOT CHANGE!

qgl = sgrt((a”2+b"2)/2) + 2+axbxThicknessl/(a"2+b"2);

gl = Thicknessl/ (qqlx*pi);

m = NN; % Azimuthal grid points

nl = round(glx*NN-gl+l); % Radial grid points of the overlying body

L1 = PoissonlxYoungsl/ ((l+Poissonl)* (1-2xPoissonl));

M1 = 0.5*Youngsl/ (1+Poissonl);

NNN = NN"2;
errr = errorxNNN;
p = 2;

dxl = pi/(m-1);
dx2 = Thicknessl/ (nl-1);

Idx1l = 1/dx1;
Idx2

1/dx2;

Iepsi = 1/epsi;



Id1l
Idll

Id2
Id22

Idiz

aa =

uz =

dul
du?2

X =

IX =

L111
L112

JM11
JM12
JM21
JM22

Jls1
Jlsl
Jls2
Jls2

JmS1
JmS1
JmS2
JmS2

JBB1
JBB1
JBB2
JBB2

Ald2
Aldl
Ald2
A2d1

Bldl
B2d1
B2d2
Bldl

V4

1
2
1
2

1
2
1
2

1
2
1
2

2

2
1
2

0.5+Idx1;
= Idx172;

0.5xIdx2;

Idx2°2;

= Id1*Id2;

zeros (2,2);

zeros (m,nl); %

zeros (m,nl); %

zeros (m,nl); % Perturbed azimuthal displacement of the overlying body

zeros (m,nl); % Perturbed radial displacement of the overlying body

eros (m,nl);

zeros (m,nl);

= zeros (m,nl);

= zeros(m,nl);

= zeros (m,nl);
= zeros (m,nl);
= zeros (m,nl);

= zeros (m,nl);

= zeros(l,nl);
= zeros(l,nl);
= zeros(l,nl);

= zeros(l,nl);

= zeros(l,nl);
= zeros(l,nl);
= zeros(l,nl);

= zeros(l,nl);

= zeros(m,1);
= zeros(m,1);
= zeros(m,1);

= zeros(m,1);

= zeros (m,nl);
= zeros (m,nl);
= zeros (m,nl);

= zeros (m,nl);

= zeros (m,nl);
= zeros (m,nl);
= zeros (m,nl);

= zeros (m,nl);

Azimuthal displacement of the overlying body

Radial displacement of the overlying body



Bld2 = zeros(m,nl);

B2dl = zeros (m,nl);
B2d2 = zeros(m,nl);
Slip = zeros(m,1);

Tl = Stressl;

T2 = Stress2;

Aldll = (L1+2xM1);

A2d12 = (L1+M1);

%% Curvature terms of the overlying body

for i = 1:m

x1 = (i-1)»dx1;

for j = 1:nl

x2 = (j-1)*dx2;

alpha2 = (bxsin(xl)) "2 + (a*xcos(xl))"2;

alpha = sqgrt (alpha2);

Ialpha = 1/alpha;

Talpha2 = 1/alpha2;

alphadl = 0.5%(b"2-a"2)*sin(2%x1) xIalpha;

alphadll = ((b"2-a"2)+*cos(2+xx1) - alphadl”2)xIalpha;
X(i,J) = alpha + axbxIalpha2#x2;
IX(i,3) = 1/X(i,73);

Xdl = alphadlx (l-2*xaxb*x2xIalphaxIalpha2);

Xdll = alphadllx (l-2+axb*x2xIalphaxIalpha2) + 6xaxbxx2x (alphadl+Ialpha2) " 2;
Xd2 = axbxIalpha2;

Xd1l2 = -2xaxbxalphadl*IalphaxIalpha2;

L111(i,9) = XdL«IX(i,3);

L112(i,§) = Xd2+IX(i,d);

L1111 = Xd11+IX(i,3)-L111(i,3)"2;

L1112 = Xd12+IX(i,3)-L111(i,3)*L112(4i,3);
L1122

-L112(i,3)"2;

A1d22 (i,3) = MI«X(i, )" 2;

A1d1(i, ) = (L1+2%M1)+L111(i,3);
Ald2 (i,3) = 3«ML*L112(i,3)*X(i,3) " 2;
A2d1(i,3) = (L1+3%M1)*L112(i,);

Al = (L1+2+M1)+L1111;

A2 = (L1+2#M1)#L1112;

B1d12 (i, 3)

(L1+M1) *X (i, 3);
B2d11 (i, Jj) = MLI+IX(1i,3);
B2d22 (i, j) = (L1+2xM1)«*X(i,J);



B1dl(i,9) = - 2#ML#L112(i,9)*X(i,3);

Bld2(i,j) = (L1+M1)«L111(i,]J)*X(1i,73);
B2dl (i, J) = — MI«L111(4i,3J)*IX(i,3);
B2d2 (i, 3) = (L1+2«M1)*L112(1i,J)*X(1i,7]);
Bl = LI1%L1112%X(i,J) - 2xM1xL111(i,J)*L112(i,3)*X(1i,73);
B2 = L1%L1122%X(1i,3) - 2+«MI1«L112(i,J)*L112(1i,3)*X(i,7);
aa(l,1) = 2xA1d11xIdl1l + 2%Ald22 (i, j)*Id22 - Al;
aa(l,2) = - A2;
aa(2,1) = - Bl;
aa(2,2) = 2+xB2d11(i,j)*Idll + 2xB2d22(i,Jj)*Id22 - B2;
J = inv(aa);
JM11(i,3) = J(1,1);
JM12(i,3) = J(1,2);
JM21(i,3) = J(2,1);
IM22(1,3) = J(2,2);
end
end
for i = 1:m
aa(l,1) = -3xId2;
aa(l,2) = 0;
aa(2,1) = - L1%L111(i,nl);
aa(2,2) = - L1*L112(i,nl) - 3%xId2x (L1+2*M1);
J = inv (aa);
JBB11 (i) = J(1,1);
JBB12 (i) = J(1,2);
JBB21 (i) = J(2,1);
JBB22 (i) = J(2,2);
end
for j = 1:nl
aa(l,1l) = 3xIdl*(L1+2«M1) - (L1+2xM1)*L111(1,7J);
aa(l,2) = - (L1+2«M1)«*L112(1,3);
aa(2,1) = 0;
aa(2,2) = 3xIdl;
J = inv (aa);
J1S11(j) = J(1,1);
J1S12(3) = J(1,2);
J1S21(3) = J(2,1);
J1S22(3) = J(2,2);



aa(l,1)

— 3%Idl* (L1+2%M1) - (L14+2*M1)+*L111 (m, j);

aa(l,2) = - (L1+2+M1)*L112(m, J);
aa(2,1) = 0;

aa(2,2) = - 3%xIdl;

J = inv (aa);

JmsS1l (j) = J(1,1);

JmS12 (J) = J(1,2);

JmS21(3) = J(2,1);

JmS22(3) = J(2,2);

end

J11BBB11 = 1/( 3%Idlx (L1+2xM1) - (L1+2%M1)xL111(1,1));
JmlBBB11l = 1/ (-3%Idlx (L1+2xM1) - (L1+2%M1)*L111(m,1));

aa(l,1l) = 3xIdl*(L1+2+«M1) - (L1+2«M1)*L111(1,nl);
aa(l,2) = -3%xId2xL1 - (L1+2%M1)xL112(1,nl);
aa(2,1) = 3xIdl+«Ll - L1%L111(1,nl);

aa(2,2) = - 3% (L1+2+«M1)*Id2 - L1xL112(1,nl);

J = inv(aa);

J1InBB11l = J(1,1);
J1lnBBl12 = J(1,2);
J1lnBB21 = J(2,1);
J1nBB22 = J(2,2);

aa(l,1) = - 3%xIdl*(L1+2%M1) - (L1+2%MI1)*L111(m,nl);
aa(l,2) = - 3xId2+L1 - (L1+2xM1)«*L112(m,nl);
aa(2,1) = - 3%Idl*«L1 - L1%xL111(m,nl);

aa(2,2) = - 3% (L1+2*M1)*Id2 - L1xL112 (m,nl);

J = inv (aa);

JmnBB11 = J(1,1);
JmnBB12 = J(1,2);
JmnBB21 = J(2,1);
JmnBB22 = J(2,2);

%% Main code

while errr < p

pp = norm(ul,2) + norm(u2,2) + norm(dul,2) + norm(du2,2);

for k = 1:NNN

%% Corners

uldl = (4%ul(2,1)-ul(3,1))*Idl;



uz2d2 =

Xul =

ul (1,1

uldl =
u2d2 =

Xul =

ul (m, 1

uldl =
u2d2 =

Xul =

Xu2 =

ul(l,n
uz(l,n

uldl =
uzd2 =

Xul

Xu2 =

ul (m, n

u2 (m, n

for i

2o
)

du

(4«u2(1,2)-u2(1,3))*Id2;

(L1+2%M1) »uldl + Ll%u2d2 - T1l; % equation (6)

) = J11BBB1l1*Xul; % equation (8)

- (4xul (m-1,1)-ul (m-2,1))~Idl;
(4+«u2(m,2)-u2(m,3))*«Id2;

(L1+2%M1) »uldl + Llxu2d2 - T2; % equation (7)

) = JmlBBB1l1l*Xul; % equation (8)

(4+xul (2,nl)-ul (3,nl))*Idl;
—(4%xu2(1l,nl-1)-u2(1,nl-2))*Id2;

(L1+2%M1) xuldl + Llxu2d2 - T1l; % equation (6)

Llxuldl + (L1+2%M1l)~*u2d2; % equation

1) = JlnBB1llxXul + JInBBl2xXu2;

1) = JInBB21xXul + JInBB22xXu2;

- (4»ul (m-1,nl)-ul (m-2,nl))*Idl;
- (4%u2 (m,nl-1)-u2 (m,nl-2))*Id2;

(8)

(L1+2%M1) »uldl + Ll%u2d2 - T2; % equation (7)

Ll*xuldl + (L1+2%M1l)*u2d2; % equation

1) = JmnBB11*Xul + JmnBB12xXu2;

1) = JmnBB21*Xul + JmnBB22xXu2;

= 2:m-1

o

(8)

Contact region % equation (5) and (9

dl = (ul(i+1,1)-ul(i-1,1))+Idl;
dl = (u2(i+1,1)-u2(i-1,1))«Idl;
d2 = (4%ul(i,2)-ul(i,3))*Id2;
d2 = (4%u2(i,2)-u2(i,3))*I1d2;

1d1l = (dul (i+1,1)-dul (i-1,1))+Idl;

du2dl = (du2(i+l,1)-du2(i-1,1))*Idl;

duld2 = (4%dul(i,2)-dul (i, 3))*Id2;

du2d2 = (4*du2(i,2)-du2(i,3))*I1d2;

Xul = M1+ (X(i,1)*uld2 + IX(i,1)=u2dl);

Tl
T2

T2

2u = Xul - 3#«M1#X(1i,1)*ul(i,1)+Id2;

2u = Ll (uldl+L112(i,1)*u2(i, 1))

+ (L1+2xM1)*u2d2 - 3% (L1+2xM1)xu2 (i,

2 = T22u + L1xL111(i,1)=*ul(i,1);

1) *Id2;

Xdul = M1+ (X(i,1)+duld2 + IX(i,1)*du2dl);

T2

2du = Llsduldl + (L1+2xM1)*du2d2;



delta = X(i,1)*ul(i,1);
absdelta = abs(delta);

%% Limiting-equilibrium boundary

if ~(absdelta < epsi)

XXul = (Xul + Muxsign(delta)*T22u); % equation (10)
Blul = 1/(3%*X(i,1)*M1l*Id2-Muxsign(delta)*L1+L111(i,1));

ul (i, 1) = XXulxBlul;
dul(i,1) = 0;

%% Bounded boundary

if absdelta < epsi

Idul = 1/(3%*X(i,1)*M1*Id2 - Iepsi*MuxX(i,1)*T22
- IepsixMuxdeltaxL1+L111(i,1));
Xdul = Xdul + IepsixMuxdeltaxT22du

+ Tl2u + IepsixMuxdeltaxT22; % equation (11)

dul (i, 1) = XdulxIdul;

%% Stress—free boundary of the overlying body
uldl = (ul(i+l,nl)-ul(i-1,nl))*Idl;

uld2 = —(4»ul(i,nl-1)-ul(i,nl-2))+*Id2;

u2dl = (u2(i+l,nl)-u2(i-1,nl))+Idl;

u2d2 = —-(4*«u2(i,nl-1)-u2(i,nl-2))«*I1d2;

Xul = uld2 + (IX(i,nl)"2)=xu2dl; % equation (8)

Xu2 = Llxuldl + (L1+2%M1l)=xu2d2; % equation (9)

ul (i,nl) JBB11 (i) +*Xul + JBB12 (1) *Xu2;

u2(i,nl) = JBB21(i)*Xul + JBB22 (i)*Xu2;

end

%% Stressed boundaries

for j = 2:nl-1

uldl = (4%ul(2,79)-ul(3,75))*Idl;
uld2 = (ul(l,3+1)-ul(l,3-1))«Id2;
u2dl = (4xu2(2,3)-u2(3,3))«I1dl;
u2d2 = (u2(1,3+1)-u2(1,3-1)) »1d2;

Xul = (L1+2%M1)*uldl + Llxu2d2 - T1l; % equation (6
Xuz2 = u2dl + (X(1,7)"2)*uld2; % equation (8)



ul (1
u2 (1

uldl
uld2
uzdl
uzd2

Xul
Xuz

,J) =
/1 3) =

J

J

1811 (§) *Xul + J1S12(§) *Xu2;
1821 (§) *Xul + JL1S22 (j) *Xu2;

= —(4%ul (m-1,j)-ul (m-2,3))~Idl;

= (ul(m, j+1)-ul (m, j-1))*Id2;

= —(4%u2(m-1,3j)-u2(m-2,3))*1dl;

(u2 (m, §+1) ~u2 (m, §-1) ) *Td2;

= (L1+2xM1)*«uldl + Llxu2d2 - T2; % equation (7)

= u2dl + (X(m,Jj)"2)xuld2; % equation (8)

ul (m, j) =

uz2(m, j) =

end

JmS11 () *Xul + JmS12 (j)+xXu2;

JmS21 (3) *Xul + JmS22 (J) »Xu2;

%% Governing equations of the foundation

for 1 =

for

2:m-1

j = 2:nl-1

uldll = (ul(i+1,3j)+ul(i-1,3))*I1d1l1;

uld22 = (ul (i, j+1)+ul (i, j-1))«*Id22;

uldl2 = (ul(i+1,j+1)-ul(i+1,J-1)-ul(i-1,3j+1)+ul(i-1,3-1))~*I1d1l2;
uldl = (ul(i+1,3j)-ul(i-1,3))~Idl;

uld2 = (ul (i, j+1)-ul(i, j-1))~*Id2;

u2dll = (u2(i+l,3j)+u2(i-1,3))*1d11;

u2d22 = (u2 (i, j+1l)+u2(i, j-1))*1d22;

u2dl2 = (u2(i+1, j+1)-u2(i+1, j-1)-u2(i-1, j+1)+u2(i-1,3j-1))~*1d12;
u2dl = (u2(i+l,3j)-u2(i-1, 7)) +1dl;

uz2d2 = (u2(i, j+1)-u2(i, j-1))*1d2;

Xul = Aldllxuldll + Ald22 (i, j)*uld22 + A2dl2%u2dl2

+ Aldl (i, j)*uldl + Ald2(i,j)*uld2 + A2dl (i, J)=*u2dl; % equation (1)

Xuz2 =

B

2d11 (i, j) »u2d1ll + B2d22 (i, j)*u2d22 + B1ldl2(i, j)*uldl2

+ B1ldl (i, j)*uldl + B1ld2 (i, j)~*uld2

+ B2d1l (i, j)~u2dl + B2d2 (i, j)*u2d2; % equation (2)

ul (i,

u2 (i,

duldll
duld22
duldl2
duldl
duld2

du2dll
du2d22
duzdlz
du2dl

)
)

JM1L(i,3) *Xul + JML2(i,q)*Xu2;

= JM21(i,9)*Xul + JIM22(i,§)*Xu2;

= (dul (i+1, j)+dul (i-1, §))+Idll;

= (dul (i, 3+1)+dul (i, §-1)) *Id22;

= (dul (i+1, 3+1)-dul (i+1, -1) -dul (i-1, §+1) +dul (i-1, -1)) «Id12;
(dul (i+1,9) -dul (i-1,3)) «Id1;
(dul (i, §+1)-dul (i, 3-1)) «I1d2;

= (du2(i+1, 3)+du2 (i-1,j))+Id1ll;

= (du2 (i, 3+1)+du2 (i, j-1)) *Id22;

= (du2 (i+1, §+1)-du2 (i+1, §-1) -du2 (i-1, 3+1) +du2 (i-1, §-1)) «Id12;
(du2 (i+1,§) -du2 (i-1, 3)) «Id1;

10



du2d2 = (du2(i, j+1)-du2(i, j-1))~*Id2;

Xdul = Aldllxduldll + Ald22 (i, j)*duld22 + A2dl2xdu2dl2

+ Aldl (i, j)~duldl + Ald2(i, j)+duld2 + A2d1l (i, j)*du2dl; % equation (3)
Xdu2 = B2d11(i, j)xdu2dll + B2d22 (i, j)*~du2d22 + B1ldl2(i, j)*duldl2

+ B1dl (i, j) *duldl + B1d2 (i, j)+duld2

+ B2d1l (i, j)xdu2dl + B2d2 (i, j)*du2d2; % equation (4)

dul (i, j) = JM11(i,Jj)*Xdul + JM12 (i, ) «Xdu2;
du2 (i, ) = JM21 (i, j)*Xdul + JM22 (i, J)«Xdu2;

end

end
%% Newton's method
ul(:,:) = dul(:,:) + ul(:,:);

u2(:,:) = du2(:,:) + u2(:,:);

end

o

% Terminating condition
ppp = norm(ul,2) + norm(u2,2) + norm(dul,2) + norm(du2,2);

p = abs(1l- ppp/pp);
end

%% Stick and slip region
for 1 = 1:m
delta = X(i,1)=*ul(i,1);
absdelta = abs(delta);

if ~(absdelta < epsi)
Slip(i) = sign(delta);
end
end

slip = sum(Slip)/NN; % Slip
%% Save data file

filename = 'OdenProbl.mat';

save (filename)

1.1 Benchmark Model

In this section we present a benchmark numerical code for the model that we introduced in this
chapter, i.e. cu2.m. To do so we consider the special case a« = b = 2, i.e. we consider polar

coordinates.

Now, let wwi= U2,ww2= Ug,dwwlz 5@2 dww2= 5@% h= h, El= E, Nul= v, NN= N, Mu= vp,

epsi= ¢, TO= 79 and Tmax= Tmax. I hus, we find:
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func
form
%% B
% Ov

% Co

tion CH2

at long

enchmark Model

erlying elastic body on an rigid cylinder: friction case

ntact angle is [0,pi]

%% INITIAL PARIMITERS

NN =

erro

El =

Nul

oy
Il

Tmax

%% D

=t
[
I I

NNN

errr

ah =
Iah
Ia =

Ieps

a2

nz2 =

dx1l
dx2

Idx1

Idxl

wwl

wWw2

dwwl
dww2

Slip

250; % Azimuthal grid points

r = 107 (-10); % Terminating error

1000; % Young's modulus of the overlying body

= 0.25; % Poisson's ratio of the overlying bod

0.5; % Thickness of the overlying body

1; % Outer radius

0.5; % Coefficient of friction

10" (-5); % Regularisation parameter

1; % Applied stress at \theta = 0

o

= 1; % Applied stress at \theta = pi

O NOT CHANGE!
Nul+E1/ ((1+Nul)+ (1-2xNul)) ;
0.5+E1/ (1+Nul) ;

= NN"2;

= NNNxerror;

ath;
= 1/ah;
1/a;

i = 1/epsi;

NN; % Azimuthal grid points
h/ (ahxpi);
round (g2*NN-g2+1); % Radial grid points of the overlying body

o

= pi/(m-1); % Azimuthal grid spacing

o

= h/(n2-1); % Radial grid spacing of the overlying body

= 1/ (2%dx1);

1 = (1/dx1)"2;

= zeros(m,n2); % Azimuthal displacement of the overlying body
= zeros(m,n2); % Radial displacement of the overlying body

o

= zeros(m,n2); % Perturbed azimuthal displacement of the overlying body

o

= zeros(m,n2); % Perturbed radial displacement of the overlying body

= zeros(m,1);
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aa = zeros(2,2);

rr zeros (1,n2);

Irr = zeros(l,n2);

aaldll = zeros(1l,n2);
aald22 = zeros(1l,n2);
aald2 = zeros(1l,n2);
aazdl2 = zeros(1l,n2);

aa2dl = zeros(1l,n2);

bbldl2 = zeros(1l,n2);
bbldl = zeros(1l,n2);
bb2dll = zeros(1l,n2);
bb2d22 = zeros(1l,n2);
bb2d2 = zeros(1l,n2);

Iwl = zeros(1,n2);

Iw2 = zeros(1l,n2);

Blwll = zeros(1l,n2);
Blwl2 = zeros(l,n2);
Blw2l = zeros(l,n2);

Blw22 = zeros(l,n2);

Bmwll = zeros(1l,n2);
Bmwl2 = zeros(1l,n2);
Bmw2l = zeros(1l,n2);
Bmw22 = zeros(1l,n2);

%% Curvature terms
Idx2 = 1/ (2%dX2);
IdX22 = (1/dx2)"2;

IdX12 = Idx1+IdX2;

Bn2wwl = 1/ (-3xIdX2*ah”2);

Bn2ww2 = 1/ (-3% (L1+2xM1) «*IdX2 - Ll=*Iah);

Blwwl = 1/ (3xaxM1xIdX2);

aa(l,1) 3% (L1+2+M1) »Idx1;
aa(l,2) = - (L1+2+M1l)+*Iah - 3*L1xIdX2;

aa(2,1) = 3xL1xIdx1;

aa(2,2) = - LlxIah - 3% (L1+2«M1)*IdX2;
Bln2ww = inv (aa);
aa(l,1l) = - 3% (L1+2xM1)*Idx1;

aa(l,2) = - (L1+2%M1l)=*Iah - 3*L1xIdX2;
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aa(2,1) = - 3*L1xIdxl;
aa(2,2) = - LlxIah - 3% (L14+2xM1)*IdX2;

Bmn2ww = inv(aa);

Bllww = 1/ (3% (L1+2%M1) *Idx1);

Bmlww = 1/ (- 3% (L1+2xM1)*Idxl);

for j = 1:n2

rr(j) = a + (j-1)*dX2;

Irr(j) = 1/rr(3);

aaldll(j) = (L1+2+M1);
aald22(j) = Ml*rr(j) 2;
aald2(j) = 3xMlxrr(j);
aaz2dl2(j) = (L1+M1);

aa2dl (j) = (L14+3xM1)*Irr(3);
bbldl2 (j) = (L1+M1)~*rr(j);
bbldl (j) = -2+M1;

bb2d11(j) = MlxIrr(j);
bb2d22 (3) = (L1+2«M1)*rr(j);
bb2d2 (j) = (L1+2%M1);

bb2 = - (L1+2+M1)+Irr (]);
Iwl(j) = 1/(2%aaldll(j)*Idx1l + 2%aald22(j)*IdX22);
Iw2 (J) = 1/(2xbb2d11 (7J)*Idx1ll + 2%bb2d22 (j)*IdX22 - bb2);
aa(l,1) = 3xIdxlx(L1+2*M1);
aa(l,2) = - (L142+M1)«*Irr(j);
aa(2,1) = 0;

aa(2,2) = 3xIdxl;

J = inv(aa);

Blwll(j) = J(1,1);

Blwl2 (3) = J(1,2);

Blw2l (j) = J(2,1);

Blw22 (3) = J(2,2);

aa(l,l) = - 3%Idx1l*(L1+2+M1);
aa(l,2) = - (L1+2+M1)«*Irr(j);
aa(2,1) = 0;

aa(2,2) = - 3%xIdxl;

J = inv (aa);

Bmwll (j) = J(1,1);

Bmwl2 () = J(1,2);
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Bmw2l (3) = J(2,1);

Bmw22 (§)

J(2,2);

end

p=2;

%% Main code

while errr < p

pp = norm(wwl,2) + norm(ww2,2) + norm(dwwl,2) + norm(dww2,2);

for k = 1:NNN

%% Corners

wwldl = (4»wwl(2,n2)-wwl (3,n2))*«Idxl;

ww2d2 = —(4xww2 (1l,n2-1)-ww2 (1,n2-2))«IdX2;

Xwwl = (L1+2%M1)*wwldl + Ll*ww2d2 - TO;

Xww2 = Ll*wwldl + (L1+2+M1)+rww2d2;

wwl (1l,n2) = Bln2ww(l,1)*Xwwl + Bln2ww (1, 2) *Xww2;
ww2 (1,n2) = Bln2ww (2, 1) *Xwwl + Bln2ww (2, 2) *Xww2;

wwldl = —(4*wwl (m-1,n2)-wwl (m-2,n2))«Idx1;
ww2d2 = - (4*ww2 (m,n2-1)-ww2 (m,n2-2) ) «IdX2;

Xwwl = (L14+2+M1)*wwldl + Llxww2d2 - Tmax;

Xww2 = Ll*wwldl + (L1+2+M1l)*xww2d2;
wwl (m,n2) = Bmn2ww (1, 1) *Xwwl + Bmn2ww (1, 2) *Xww2;
ww2 (m,n2) = Bmn2ww (2, 1) *Xwwl + Bmn2ww (2, 2) *Xww2;

wwldl = (4xwwl(2,1)-wwl (3,1))*Idx1;
ww2d2 = (4xww2(1l,2)-ww2 (1,3))*IdX2;

Xwwl = (L14+2+M1)+wwldl + Llxww2d2 - TO;

wwl(1l,1) = BllwwxXwwl;

wwldl = = (4*wwl (m-1,1)-wwl (m-2,1))~Idx1;
ww2d2 = (4*xww2 (m,2)-ww2 (m, 3)) *IdX2;

Xwwl = (L1+2+M1)+wwldl + Llxww2d2 - Tmax;

wwl (m,1) = BmlwwxXwwl;

for 1 = 2:m-1

%% Stress—free boundary of the overlying body

wwldl = (wwl(i+1l,n2)-wwl (i-1,n2))*Idx1l;
ww2dl = (ww2 (i+1,n2)-ww2 (i-1,n2))«Idx1;
wwld2 = —(4+wwl (i, n2-1)-wwl (i,n2-2))«IdX2;
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ww2d2 = = (4*ww2 (1i,n2-1)-ww2 (i,n2-2))*IdX2;

Xwwl = wwld2+ah"2 + ww2dl;
Xww2 = Llxwwldl + (L1+2+M1) *ww2d2;

wwl (i,n2) = Bn2wwlxXwwl;

ww2 (1,n2) = Bn2ww2*Xww2;

o

%% Friction boundary

wwldl = (wwl(i+1,1)-wwl(i-1,1))*Idx1l;
ww2dl = (ww2 (i+1,1)-ww2 (i-1,1))*«Idx1l;
wwld2 = (4»wwl(i,2)-wwl (i, 3))*IdX2;
ww2d2 = (4dxww2 (i,2)-ww2 (i,3))*IdX2;
dwwldl = (dwwl (i+1,1)-dwwl (i-1,1))*Idx1l;
dww2dl = (dww2 (i+1,1)-dww2 (i-1,1))*Idx1l;
dwwld2 = (4*dwwl (i,2)-dwwl (i,3))+IdX2;
dww2d2 = (4*dww2 (i,2)-dww2 (i,3))+IdX2;

Xwwl = Mlx (axwwld2 + Iaxww2dl);

T12 = Xwwl - 3*axMlxwwl (i, 1) *IdX2;
T22 = Ll*wwldl + (L1+2+M1)*xww2d2;

Xdwwl = Mlx (axdwwld2 + Taxdww2dl);
T22dw = Llxdwwldl + (L1+2xM1)xdww2d2;

delta = a*wwl(i,1);

absdelta = abs(delta);

%% Limiting-equilibrium boundary

if ~(absdelta < epsi)

wwl (i,1) = (Xwwl + Muxsign(delta) *T22) *Blwwl;

dwwl (i, 1) = 0;

%% Bounded boundary

if absdelta < epsi

Idwwl = 1/ (3%xa*M1+IdX2 - IepsixMuxaxT22);

Xdwwl = Xdwwl + IepsixMuxdelta*T22dw + T1l2 + IepsixMuxdeltaxT22;

dwwl (i, 1) = Xdwwl*Idwwl;

end

end

%% Stressed boundary of the overlying body

for j = 2:n2-1

16



wwldl = (4»wwl (2, J)-wwl (3, 7)) ~Idx1l;

ww2dl = (4»ww2 (2, J)-ww2 (3, 7)) ~Idx1l;
wwld2 = (wwl (1, 3+1)-wwl (1, J-1))+IdX2;
ww2d2 = (ww2 (1, 3+1)-ww2 (1, J-1))*IdX2;

Xwwl = (L1+2%M1)*+wwldl + Ll*ww2d2 - TO;

Xww2 = ww2dl + (rr(j) ~2)*wwld2;

wwl (1l,J) = Blwll(j)*Xwwl + Blwl2(3) *Xww2;

ww2 (1, 3) = Blw2l(j)*Xwwl + Blw22 (J) *Xww2;

wwldl = —(4*wwl(m-1,])-wwl(m-2,7))~Idxl;
ww2dl = —(4*ww2 (m-1, ) -ww2 (m-2, j)) »Idxl;
wwld2 = (wwl (m, j+1)-wwl (m, j—1))*xIdX2;
ww2d2 = (ww2 (m, j+1)-ww2 (m, j—1)) xIdX2;

Xwwl = (L1+2%M1)*wwldl + Llxww2d2 - Tmax;
Xww2 = ww2dl + (rr(j) 2)*wwld2;

wwl(m, j) = Bmwll (j)*Xwwl + Bmwl2 (j) *Xww2;

ww2 (m, j) = Bmw2l (j)*Xwwl + Bmw22 () *Xww2;

end

%% Governing equations of the overlying body

for 1 = 2:m-1

for j = 2:n2-1

wwldl = (wwl (i+1,J)-wwl (i-1, j))~Idx1l;

wwld2 = (wwl (i, j+1)-wwl (i, j—-1))~IdX2;

ww2dl = (ww2 (i+1,J)-ww2 (i-1, J)) »Idx1l;

ww2d2 = (ww2 (i, j+1)-ww2 (i, j-1))+»IdX2;

wwldll = (wwl(i+1,3j)+wwl (i-1,3J))~Idx1l;

wwld22 = (wwl (i, j+1)+wwl (i, j-1))~IdX22;

ww2dll = (ww2 (i+1, J)+ww2 (i-1, j))»Idx11;

ww2d22 = (ww2 (i, j+1)+ww2 (i, j-1))~IdX22;

wwldl2 = (wwl(i+1, j+1)-wwl(i-1,J+1)-wwl (i+1,3-1)+wwl (i-1,j-1))«IdX12;
ww2dl2 = (ww2 (i+1, j+1)-ww2 (i-1, J+1)-ww2 (i+1, j-1)+ww2 (i-1, j-1))~IdX12;

Xwwl = aaldll (j)*wwldll + aald22(j)*wwld22 + aald2(j) wwld2
+ aa2dl2 (j)»ww2dl2 + aa2dl (j)rww2dl;

Xww2 = bbldl2 (j)+wwldl2 + bbldl (j)*wwldl + bb2dll (j)~ww2dll
+ bb2d22 (j) »ww2d22 + bb2d2 (J) *ww2d2;

wwl (i, J) = XwwlxIwl(3);

ww2 (1, 3) = Xww2xIw2 (J);
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dwwldl = (dwwl (i+1, j)-dwwl (i-1, 7)) *xIdx1l;

dwwld2 = (dwwl (i, j+1)-dwwl (i, j-1))*IdX2;
dww2dl = (dww2 (i+1, j)-dww2 (i-1, 7)) *xIdx1l;
dww2d2 = (dww2 (i, j+1)-dww2 (i, j-1))*IdX2;

dwwldll = (dwwl (i+1, Jj)+dwwl (i-1,3J))*Idx11;
dwwld22 = (dwwl (i, j+1)+dwwl (i, j-1))*IdX22;
dww2dll = (dww?2 (i+1,3)+dww2 (i-1,3J)) *Idx11l;
dww2d22 = (dww2 (i, j+1)+dww2 (i, j-1))*xIdX22;

dwwldl2 = (dwwl (i+1, j+1)-dwwl (i-1,j+1)-dwwl (i+1, j-1)+dwwl (i-1,j-1))*IdX12;
dww2dl2 = (dww2 (i+1, j+1)-dww2 (i-1,j+1)-dww2 (i+1, j-1)+dww2 (i-1,j-1))«IdX12;

Xdwwl = aaldll(j)+dwwldll + aald22(j)*xdwwld22 + aald2(j)+dwwld2
+ aa2dl2 (j) xdww2dl2 + aa2dl (j)»dww2dl;

Xdww2 = bbldl2 (j)+*dwwldl2 + bbldl (j)*dwwldl + bb2dll (j)~dww2dll
+ bb2d22 (j) xdww2d22 + bb2d2 (j) xdww2d2;

dwwl (i, j) = XdwwlxIwl (7);
dww2 (i, J) = Xdww2*Iw2 (J);

end

%% Newton's method
wwl(:,:) = dwwl(:,:) + wwl(:,:);

ww2 (:,:) = dww2 (:,:) + ww2(:,:);

end

%% Terminating condition
ppp = norm(wwl,2) + norm(ww2,2) + norm(dwwl,2) + norm(dww2,2);

p = abs (1-ppp/pp);

end

%% Stick and slip region
for i = 1:m
delta = a*wwl (i, 1);

absdelta = abs(delta);

if ~(absdelta < epsi)
Slip(i) = sign(delta);
end
end

slip = sum(Slip)/NN; % Slip

%% Save data file

filename = 'CH2.mat';

save (filename)
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2 Shells Supported by Elastic foundations: Bonded Case

In this chapter we present a numerical code for calculating the relative error of our bonded shell
model and Baldelli and Bourdin’s [2] model with respect to the elastic two-body contact problem

(see chapter 3 of Jayawardana [4]) implemented in Matlab, i.e. Bondedcode .m.

To proceed with this investigation we calculate the error in the energy-norm (see Jayawardana et
al. [9]) as

[N

. (Z{Aaﬁ} [[ugnen(A2?,0) = Upyo pody (A7, O)HQ)
Erry(u') = (12)

(a0} Mo pocy (B2, 0)12)

) (E{Aﬁ} Hwéaldem(AxQ) - utiwo-body(AxQ’ 0)||2)
Erry(w') = T ) (13)

(3 (007) INiobogy (A2, 0)| )

to calculate the relative error between bonded two-body’s displacement field and the approximated

N|=

displacement fields at the contact region.

NOML|etShellErrorUl::EﬁTgﬁﬂ),ShellErrorU2::EﬁTgﬁfﬁ,BaldelliErrorlezEﬁTg@Uz)and

BaldelliErrorw2= Erry(w?). Thus, we find:

function BondedCode
%% Shells Supported by Elastic foundations: Bonded Case

% Contact angle is [0,pi]

%% Input

ar = 2; % Radius at \theta = 0.5xpi

br = 2; % Radius at \theta = 0

Thl = 0.125; % Thickness of the overlying body

Th2 = 1; % Thickness of the foundation

EE1 = 8000; % Young's modulus of the overlying body
EE2 = 1000; % Young's modulus of the foundation

PPl = 0.25; % Poisson's ratio of the overlying body
PP2 = 0.25; % Poisson's ratio of the foundation

N = 250; % Azimuthal grid points

%% Output

[Wl] = BaldelliProb(ar,br,Thl,Th2,EEl,EE2,PP1l,PP2,N);
[U1,U2] = BondedShell (ar,br,Thl,Th2,EEl,EE2,PP1,PP2,N);
[V1,V2] = TwoBody(ar,br,Thl,Th2,EEl,EE2,PP1l,PP2,N);
NN = N;

wwl = zeros (NN, 1);

ww2 = zeros (NN, 1);

uul = zeros (NN,1);

uu2 = zeros (NN,1);
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wwl(:) = Wl(:)-V1(:);

ww2 (:) = -V2(:);
uul (:) = Ul (:)-V1(:);
uu2(:) = U2(:)-V2(:);

%% Error

BaldelliErrorWl = norm(wwl,2)/norm(V1l,2); % Baldelli azimuthal error % equation (13)
ShellErrorUl = norm(uul,2)/norm(V1l,2); % Shell azimuthal error % equation (12)
BaldelliErrorW2 = norm(ww2,2)/norm(vV2,2); % Baldelli radial error % equation (13)
ShellErrorU2 = norm(uu2,2)/norm(vV2,2); % Baldelli radial error % equation (12)

%% Save data file
filename = 'BondedCode.mat';

save (filename)

2.1 Bonded Shell Model

In this section we present a numerical code for an example of our bonded shell model (see section

3.5 of Jayawardana [4]) implemented in Matlab, i.e. Bondedshell.m.

To conduct numerical experiments assume that one is dealing with overlying shell with a thick-
ness h that is bonded to an elastic foundation, where the unstrained configuration of the foundation
is an infinitely long annular semi-prism characterised by the diffeomorphism X (2!, 22, 23) = (2!,

asin(z?), beos(z?))g+23(p(z%)) 71 (0, bsin(x?), a cos(z?))g, where p(z?) = (b? sin?(2?)+a? cos? (:cQ))% ,

a! € (—o00,00), 2? € (—3m, 37), 2® € (—H,0), and a is the horizontal radius and b is the ver-

tical radius of the upper surface. With some calculations, one finds that the metric tensor is

g = diag(1, (¢2)2,1), where ¢y = p(x?) + 23ab(v(2?))~2, and Christoffel symbols are
I3, = (Y2) 10212,
I3 = (2) "' 0312 .
With few more calculations one finds
Vou? = Oou? 4+ Thu? + THu? |
?2u3 = 82u3 — (77[7}2)2]?‘223162 s
%uQ = (931&2 + f223U2 s
6311,3 = (9311,3 y

where u = (0,u?(2?, 23),u3 (22, 2%)) is the displacement field. Armed with this knowledge, one can

express the governing equations of the foundation as

(A+R)0* (Vu') + pAu® =0, (14)

=

A+ ) (Viu') + pAu® =0 . (15)

=

Now, eliminating ! dependency one can express the remaining boundaries as

aQNew _ wNew U 6Q(I;lew U 8Q]'>lew 7
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Mo = (=3, 5m) x {0}
8dew _ {(_%777 %W) x {—-H}},
oONew = {{—%w} x (—H,0)} U {{%w} x (—H,0)} .

Thus, the boundary conditions one imposes on the foundation reduce to

u \fNeW = 0 (zero-Dirichlet) ,
u \mNeW = 0 (zero-Dirichlet) ,
[(1p2)?03u” + Dou?] |aen = 0 (zero-Robin) ,

N+ 20)02u? + X (050> + T2 u? + T2u? new = 0 (zero-Robin) .
22 23 BQf

(16)

(17)

Now, consider overlying shell’'s unstrained configuration, which is described by the injective immer-

sion o(z',2?) = (2!, asin(x?), beos(x?))g, Where z! € (—o0,00) and 2? € (—3m, i7). With some

calculations one finds that the first fundamental form tensor is Fy; = diag(1, (¢2)?), the second

fundamental form tensor is Fy; = diag(0, —ab(¢(z?))~*) and only nonzero Christoffel symbol is

T2, = 95 ' 021p2, Where 1, = o(22). With few more calculations one further finds
YVou? = Oyu? + F222u2 ,
6%(") = Vou? — }f”]§u3 )

p3(u) = Au® — F[H]S}TH]SU3 + Q}TH]SVWZ + ‘92F[||]22U2 )

where u|nes = (0,u2(22,0),u(z2,0)) is the displacement field of the shell. Thus, one may express

the governing equations of the shell as

1
hAde3(w) + S h° A(2Fy3 0205 (w) + 02 Fyz p5 () — Te(T5 (u)) = 0,
3

1
—hAFyp3es(u) + §h3A(Ap§(u) — Ky Fuga o3 (w)) + Te(T5 (u) = 0,

where
Tr(Tg(u)) =0 ((1/_)2)283u2 + 82u3) | oNew
Tr(T5 (w)) = [A (O2u® + Topu” + T55u°) + (A + 2/2)950®] | wew
and
A+
A= .
Y +2p

Now, eliminating ! dependency one can express the remaining boundaries as

awNew 6 New U dw New

Tmax )
New _ {O}
N
T:ZZ ={r}.

Thus, the boundary conditions of the shell reduce to

2 .
[Ae3(u) + Zh* A3 p5(w)] | new = 7o (traction)
3 To
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2 .
[Ae3(u) + §h2 AFy3p3(u)]| pulev = Tmax (traction) , (21)

max

Dapa(u)|gnen = 0 (zero-pressure) , (22)

Oou®| gnen = 0 (zero-Neumann) . (23)

Now, we use the second-order-accurate finite-difference method, but one issue we must tackle
prior is the discretisation of the (reduced two-dimensional) domain. As we are dealing with curvi-
linear coordinates, there is an inherit grid dependence, and it is approximately yyAz? < Ax3,
V4o € {th2(2%,2%) | 2% € [-4m, i7] and 23 € [~ H, 0]}, where Az’ is a small increment in 27 direc-
tion. For our purposes we use Az? = 1~ and ¢y = ¥2(17,0), where N = 250. Finally, we choose
to terminate our iterating process once the condition |1 — ||y, || ;2" |[wm1]le2] < 10710 is satisfied,

where wu,, is the m!" iterative solution.

Finally, let vi= u?, v2= u3, a= b, b= a, Thicknessl= h, Thickness2= H, Stressl= Ty, Stress2=

Tmax, Youngsl= F, Youngs2= F, Poissonl= v, Poissonl= v and NN= N. Thus, we find:

function [Ul1,U2] = BondedShell (ar,br,Thl,Th2,EEl,EE2,PP1,PP2,N)
format long

%% Bonded Shell Model

o

Shell on an elastic prism with a variable elliptical cross section: bonded case

% Contact angle is [0,pi]
%% INITIAL PARIMITERS
a = ar; % Radius at \theta = 0.5xpi

b = br; % Radius at \theta = 0

Thicknessl = Thl; % Thickness of the overlying body

Thickness2 = Th2; % Thickness of the foundation

Stressl = SS1; % Applied stress at \theta = 0

Stress2 = SS2; % Applied stress at \theta = pi

Youngsl = EEl; % Young's modulus of the overlying body

Poissonl = PP1l; % Poisson's ratio of the overlying body
Youngs2 = EE2; % Young's modulus of the foundation
Poisson2 = PP2; % Poisson's ratio of the foundation

o

NN = N; % Azimuthal grid points

error = 107(-10); % Terminating error

%% DO NOT CHANGE!
qq = sqrt((a”2+b"2)/2);
g = Thickness2/ (qgx*pi);

m = NN; % Azimuthal grid points

n = round(gxNN-g+1); % Radial grid points of the foundation
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Ll
M1l =

L =

L2
M2 =

NNN

errr

dx1l

dx2

Idx1l
Idx2

Idl
Idll

Id2
Id22

Id12

uz =

Ul =

U2 =

vl =

v2 =

IX =

K1l =
K2 =
K11
K21

Y =

IY =

LL11

LL11

JF11
Jrl2
Jr21
JF22

Poissonl*Youngsl/ ((1+Poissonl) x (1-2+xPoissonl));

0.5%Youngsl/ (1+Poissonl) ;

4xM1% (L1+M1) / (L1+2%M1) ;

2 .

Poisson2xYoungs2/ ( (1+Poisson2) = (1-2«Poisson2));

0.5xYoungs2/ (1+Poisson2);

NN"2;

’

P

error*NNN;

i/(m-1); % Azimuthal grid spacing

Thickness2/(n-1); % Radial grid points of the foundation

0

0

ze

ze

ze

ze

ze

ze

1/dx1;
1/dx2;

.5%xIdx1;
Idx172;

.5xIdx2;
Idx272;

IdlxId2;

ros(m,1);
ros(m,1);
ros(m,1);
ros(m,1);

o

ros(m,n); %

o

ros(m,n); %

zeros (m, 1) ;

ze

ze

ze

ros(m,1);

ros(m,1);

ros(m,1);

zeros (m, 1) ;

zeros (m, 1) ;

zeros (m, n) ;

1
2

ze

ros (m,n);

zeros (m,n) ;

zeros (m,n) ;

zeros (m,n) ;
zeros (m, n) ;
zeros (m, n) ;

zeros (m, n) ;

Azimuthal displacement of the foundation

Radial displacement of the foundation

23



J1B11l = zeros(l,n);
J1B1l2 = zeros(l,n);
J1B21 = zeros(l,n);
J1B22 = zeros(l,n);

JmB1ll = zeros(l,n);
JmB1l2 = zeros(l,n);
JmB21 = zeros(l,n);

JmB22 = zeros(l,n);

Aldll = zeros(m,1l);

Aldl = zeros(m,1l);

Ald2 = zeros(m,1);

A2d111 = zeros(m,1);
A2d1l1 = zeros(m,1);

A2dl = zeros(m,1l);

B1d1l1ll = zeros(m,1);
B1dll = zeros(m,1);

Bldl = zeros(m,1);

B2d1111 = zeros(m,1);
B2dl1ll = zeros(m,1);
B2dll = zeros(m,1);
B2dl = zeros(m,1);

B2d2 = zeros(m,1);

JM11 = zeros(m,1);
JM12 = zeros(m,1);
JM21 = zeros(m,1);

JM22 = zeros(m,1);

JIM11 = zeros(m,1);
JIM12 = zeros(m,1);
JIM13 = zeros(m,1);
J1M21 = zeros(m,1);
J1M22 = zeros(m,1l);
JIM23 = zeros(m,1);
JIM31 = zeros(m,1);
JIM32 = zeros(m,1);

J1M33 = zeros(m,1);

JmM11l = zeros(m,1);
JmM12 = zeros(m,1l);
JmM13 = zeros(m,1);
JmM21 = zeros(m,1);
JmM22 = zeros(m,1l);
JmM23 = zeros(m,1);

JmM31 = zeros (m,1);



JmM

JmM

aa

aaa

Cld
Ccld
Cld
c2d

D1ld
D2d
D2d
D1d
D1d
D2d
D2d

XX

IXY

T1
T2

ald
dal

Cld
cz2d
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for

32 = zeros(m,1);
33 = zeros(m,1);
= zeros(2,2);

= zeros(3,3);
22 = zeros(m,n);
1 = zeros(m,n);
2 = zeros (m,n);
1 = zeros(m,n);
12 = zeros(m,n);
11 = zeros(m,n);
22 = zeros(m,n);
1 = zeros(m,n);
2 = zeros (m,n);
1l = zeros(m,n);
2 = zeros (m,n);
= (Thicknessl1"2)/3;
= 1/ (LxThicknessl);
= Stressl/L;

= Stress2/L;

1 =1;

dil = 1;

11 = (L2+2xM2);
12 = (L2+M2);

Curvature terms of the shell

i=1:mm

x1l = (i-1)«*dxl;

alpha2 = (bxsin(x1l))"2 + (axcos(xl))"2;

alpha = sqgrt (alpha2);

Ialpha = 1/alpha;

alphadl = 0.5%x(b"2-a"2)*sin(2+x1)+Ialpha;

alphadll = ((b"2-a”2)+*cos(2+«x1l) - alphadl”2)«*Ialpha;

alphadlll = - (2% (b"2-a"2)*cos(2*x1l) + 3xalphadlxalphadll) *Ialpha;

X (i) = alpha;

IX(1) = 1/X(1);

IX2 = IX(1)"2;

Xdl = alphadl;

Xdll = alphadll;

Xd1l1ll = alphadlll;

Xd2 = axbxIalpha”2;

Xdl2 = -2xaxbxalphadl+Ialpha”3;
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Xdl1l2 = -2+axbwxalphadllxIalpha”3 + 6xa*bx (alphadl”2)« (Ialpha”4);
Xd1l11l2 = -2xaxbxalphadlllxIalpha”3 + 1l8xaxbxalphadl*alphadllx (Ialpha”4)
- 24xaxb* (alphadl”3) « (Ialpha”b);

K1 (i) = Xdl1+IX(1i);
K2 (i) = Xd2+IX(1i);
K11 (i) = Xd11+IX(i)-K1(1i)"2;

K21 (1) = Xd12*IX(i)-K1(1i)=*K2(1);

K111l = Xd111#IX(i) - 3xXdll#IX(i)=*KI1 (i) + 2+K1l(1i)"3;
K211 = Xd112+IX(i) - 2%Xdl2+IX (i) %K1 (i) - XdL11+IX(1i)«*K2(i) + 2xK2(i)*K1l(1i)"2;
K2111 = Xd1112+IX (1) - 3#Xd112+IX(i)=*K1 (i) - 3%Xd12xXdl11+IX(i)"2

+ 6%Xd12+IX(1)*K1 (1) 2 - Xd111xIX(1)~*K2 (1)

+ 6*Xd11+IX (i) +*K1 (i) *K2 (i) — 6%K2(i)+*K1(i)"3;

al = K1(1i);
a2 = K2 (i);

daldl = K1(i);
dal = K11 (i);
da2dl = K2(i);
da2 = K21 (i);

cld2

- M2 (X (1) "2) *IXY;
c2dl = - M2+IXY;

cldl = L2%IXY;
cl = L2*K1 (1) *IXY;
c2d2 = (L2+2xM2) «IXY;

c2 = L2%K2 (1) «IXY;

bldl = - 2+K2(i);
bl = — K21 (i) - 2Kl (1)+*K2(i);
b2dll = IX2;

b2dl = - IX2xK1(i);

b2 = - K2(i)"2;

dbldll = - 2%K2(i);

dbldl = - 3%K21 (i) — 2xK1(i)*K2(i);

dbl = - K211 - 2+K11(i)=*K2(i) - 2xK1(i)+K21(i);
db2d111 = 1IX2;

db2dll = - 3%«IX2#K1(i);

db2dl = - K2(i)" 2 - IX2*K11 (i) + 2*IX2«K1(i)"2;

db2 = - 2xK21 (i)*K2(i);

ddb1d11l = - 2xK2(1i);

ddb1dll = - 5%K21 (i) - 2*K1(i)+*K2(i);

ddbldl = - 4%K211 — 4%K11(i)*K2(i) — 4%K21(i)=*K1(1i);
ddbl = - K2111 - 2+KI111xK2(i) - 4xK11(i)*K21 (i) - 2%K211%K1(i);

ddb2d1111l = IX2;
ddb2d111 = - 5#IX2+K1(i);

26



ddb2dll = - K2(i) "2 - 4%IX2xK11 (i) + 8xIX2xK1l(i)"2;

ddb2dl = - IX2xK111l + 6xIX2+KI11 (1)Kl (1) - 4%IX2xK1(1i) "3 - 4%K21(1i)+*K2(1);
ddb2 = - 2xK211+xK2 (i) - 2+K21(1i)"2;

Al1dl11 (i) = daldll - 2xK2 (i) *XXxdbldll;

Aldl (i) = daldl - 2%K2 (i) *XX*dbldl - K21 (i) *XXxbldl;

Ald2 (i) = cld2;

Al = dal - 2xK2(1)*XXxdbl - K21 (i) *XXxbl + 3%Id2xcld2;

A2d111 (i) = - 2xK2(1)*XXxdb2d11l1l;
A2d11 (1) = - 2%K2 (i) *XXxdb2dll - K21 (i) *XX*b2dl1l;
A2d1 (i) = da2dl - 2xK2 (i) *XXxdb2dl - K21 (i) *XXxb2dl + c2dl;

A2 = da2 - 2%K2 (1) *XXxdb2 - K21 (i) *XXxb2;

B1d111l (i) = IX2+xXXxddbldlll;
B1d1ll (i) = IX2xXXxddbldll - IX2xKI1 (i) *XXxdbldll;
B1ldl (i) = K2 (i)*aldl + IX2xXX*xddbldl - IX2%KI1 (i) *xXX*dbldl

- (K2(1)"2)*XXxbldl + cl1dl;

Bl = K2 (i) *al + IX2xXX*ddbl - IX2%K1 (i)*XXxdbl - (K2 (1) 2)*XXxbl + cl;

B2d1111 (i) = IX2%XXxddb2d11l1l1l;

B2d111 (i) = IX2+*XXxddb2dl1ll - IX2xKI1 (i) *xXXxdb2d1l1l1l;

B2d11 (i) = IX2xXXxddb2dll - IX2xK1 (1) *XXxdb2dll - (K2 (1) "2)*XXxb2dll;
B2dl (i) = IX2xXX*ddb2dl - IX2%KI1 (i) *XX*db2dl - (K2 (1) "2)*XXxb2dl;
B2d2 (i) = c2d2;

B2 = K2 (1)*a2 + IX2xXXxddb2 - IX2*K1l (1) *xXX*xdb2 - (K2 (1) "2)*XX*b2

+ c2 + 3xId2*xc2d2;

aa(l,1) = 2xAl1dl1l(i)*Idll - Al;

aa(l,2) = 2+*A2d11(1i)*Idll - AZ2;

aa(2,1) = 2xB1d11(i)*Idll - B1;

aa(2,2) = 2xB2d11(i)*Idll - B2 - 4%B2d1111(i)~*Id1172;
J = inv (aa);

JM11 (1) = J(1,1);

JM12 (1) = J(1,2);

JM21 (1) = J(2,1);

JM22 (1) = J(2,2);

aaa(l,1) = 3xIdlxaldl - al;

aaa(l,2) = - a2;

aaa(l,3) = 0;

aaa(2,1) = 0;

aaa(2,2) = 3xIdl;

aaa(2,3) = 0;

aaa(3,1) = - 2xIdllxdbldll + 3xIdl*dbldl - dbl;
aaa(3,2) = - 2xIdllxdb2dll - db2;

aaa(3,3) = 3xIdlxdb2dlll;

J = inv(aaa);
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JIM11 (i) = J(1,1);

JIM12 (i) = J(1,2);

JIM13 (i) = J(1,3);

JIM21 (i) = J(2,1);

JIM22 (i) = J(2,2);

JIM23 (i) = J(2,3);

JIM31 (1) = J(3,1);

JIM32 (i) = J(3,2);

JIM33 (i) = J(3,3);

aaa(l,1) = - 3%Idlxaldl - al;
aaa(l,2) = - a2;

aaa(1,3) = 0;

aaa(2,1) = 0;

aaa(2,2) = - 3%Idl;

aaa(2,3) = 0;

aaa(3,1) = - 2+xIdllxdbldll - 3%Idlxdbldl - dbl;
aaa(3,2) = - 2%xIdl1xdb2dll - db2;
aaa(3,3) = - 3%Idl*xdb2d111;

J = inv (aaa);

JnM11 (i) = J(1,1);

JmM12 (i) = J(1,2);

JuM13 (i) = J(1,3);

JmM21 (1) = J(2,1);

JmM22 (1) = J(2,2);

JmM23 (i) = J(2,3);

JmM31 (i) = J(3,1);

JmM32 (1) = J(3,2);

JmM33 (1) = J(3,3);

end

%% Curvature terms of the foundation

for i = 1:m

x2 = (j-1)*dx2 - Thickness2;

alpha2 = (bxsin(xl)) "2 + (a*xcos(xl))"2;

alpha = sqgrt (alpha2);

Talpha = 1/alpha;

Ialpha2 = 1/alpha2;

alphadl = 0.5x(b"2-a"2) *sin(2xx1) *Ialpha;

alphadll = ((b"2-a”2)*cos(2+«x1l) - alphadl”2)=*Ialpha;
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end

for

Y(i,j) = alpha + axbxIalpha2xx2;

IY(i,3) = 1/Y(i,3);

Ydl = alphadlx (1-2xaxb*x2+xIalphaxIalpha?2);
Ydll = alphadllx* (1-2xaxb*x2xIalphaxIalpha2)
Yd2 = axbxIalpha2;

Ydl2 = -2xaxbxalphadl*IalphaxIalpha2;

LL111(i,3J) = Ydl«IY(i,3);

LL112(i,3) = Yd2*IY(i,]);

LL1111 = Yd11#IY(i,3)-LL111(i,])"2;

LL1112 = Yd12+IY (i, J)-LL111(i,J)+*LL112(i,J);
LL1122 = -LL112(i,9)"2;

C1d22 (i, §) = M2xY (i, ) 2;

C1dl(i,3) = (L2+2+M2)*LL111(i,);
C1d2(i,3) = 3+«M2+LL112(i,3)*Y(i,3) 2;
€2d1(i,3) = (L2+3%M2)*LL112(i,7);

Cl = (L2+2+M2)*LL1111;

C2 = (L2+2+M2)*LL1112;

D1d12(i,3) = (L2+M2)«Y(i,7);
D2d11(i,9) = M2+IY(i,]);

+ 6xaxb*x2x (alphadlxIalpha2) "2;

D2d22 (i, J) = (L2+2xM2)*Y (i, 3);

D1d1 (i, J) = - 2*M2xLL112(i,73)*Y(i,73);

D1d2 (i, j) = (L2+M2)*LL111 (i, ) *Y(i,]);

D2d1(i,J) = - M2%LL111(4i,3)*IY(i,]);

D2d2 (i, 3j) = (L2+2xM2)*LL112 (i, 3)*Y(i,]);

D1 = L2xLL1112%Y(i,Jj) - 2+«M2xLL111 (i, J)«LL112(1i,J)*Y(i,3);
D2 = L2xLL1122%Y(i,3J) - 2xM2%LL112(i,3j)*LL112(i,J)*Y(i,3);
aa(l,1) = 2xCldl11lxId1ll + 2xC1d22 (i, j)xId22 - C1;
aa(l,2) = - C2;

aa(2,1) = - D1;

aa(2,2) = 2xD2d11(i,J)*Idll + 2xD2d22(i,j)*Id22 - D2;

J = inv(aa);

JF11(i,3) = J(1,1);
JF12(1i,3J) = J(1,2);
Jr21(1i,3) = J(2,1);
JF22(1,3) = J(2,2);

end

j=1:n

aa(l,1l) = 3xIdl«(L2+2xM2) - (L2+2xM2)*LL111(1,7)
aa(l,2) = - (L2+2%M2)«LL112(1,3);

aa(2,1) = 0;

aa(2,2) = 3xIdl;
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J = inv (aa);

J1B11(3) = J(1,1);

J1B12(3) = J(1,2);

JIB21(3j) = J(2,1);

J1B22(j) = J(2,2);

aa(l,1l) = - 3%Idlx(L2+2xM2) - (L2+2xM2)«LL111 (m, J);
aa(l,2) = - (L2+2xM2)*LL112 (m, J);
aa(2,1) = 0;

aa(2,2) = - 3%xIdl;

J = inv (aa);

JmB11(J) = J(1,1);

JmB12 (3) = J(1,2);

JmB21(3) = J(2,1);

JmB22 (j) = J(2,2);

end

%% Main code

while errr < p

pp = norm(vl,2)+norm(v2,2);

for k = 1:NNN

%% Corners

ul(l) = (2»v1(1l,n)-5%xv1(2,n)+4%xv1(3,n)-v1l(4,n))~Idll;

v1ldl = (4xv1(2,n)-v1(3,n))*Idl;
v2dl = (4xv2(2,n)-v2(3,n))Idl;
u2dl = (4*u2(2)-u2(3))*Idl;

v1ldll = (-5xv1(2,n)+4%v1(3,n)-v1(4,n))~Idll;
v2dll = (=5*v2(2,n)+4%v2(3,n)-v2(4,n))~Idll;

Xvl = v1dl - Tl; % equation (21)
Xv2 = v2dl; % equation (23)
Xu2 = — 2xK2(1)*v1ldll — (3+«K21 (1)+2%K1 (1) +*K2(1l))~*vldl
+ (IX(1)"2)xu2dl - 3% (IX(1l)"2)*K1(1l)*v2dll; % equation (22)

v1i(l,n) = JIMI11(1)+*Xvl + JIMI12(1)*Xv2 + JIM1I3(1l)*Xu2;
v2(1l,n) = JIM21 (1) *Xvl + JIM22 (1) *Xv2 + JIM23 (1) *Xu2;

u2 (1) = JIM31 (1) *Xvl + JIM32(1l)=*Xv2 + JIM33(1l)*Xu2;

ul (m) = (2%vl(m,n)-5xvl(m-1,n)+4*«vl(m-2,n)-vl(m-3,n))~Idll;
vldl = = (4»vl(m-1,n)-v1l(m-2,n))*Idl;

v2dl = = (4*xv2(m-1,n)-v2 (m-2,n))=Idl;
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u2dl = - (4+u2 (m-1)-u2(m-2))«Idl;
v1ldll = (-5xvl(m-1,n)+4%vl(m-2,n)-vl(m-3,n))=*Idll;
v2dll = (-5xv2(m-1,n)+4%v2 (m-2,n)-v2(m-3,n))*Idll;

Xvl = v1dl - T2; % equation (21)
Xv2 = v2dl; % equation (23)
Xu2 = — 2*K2(m)*v1dll — (3*K21 (m)+2*K1 (m)*K2 (m))*vldl

+

(IX(m) "2)*u2dl - 3% (IX(m) "2)*K1l(m)*v2dll; % equation (22)

vl(m,n) = JmM11l (m)*Xvl + JmM12 (m) *Xv2 + JmM13 (m)*Xu2;
v2(m,n) = JmM21 (m)*Xvl + JmM22 (m) *Xv2 + JmM23 (m)*Xu2;
u2 (m) = JmM31 (m) *Xv1l + JmM32 (m) *Xv2 + JmM33 (m) *Xu2;

%% Gouerning equations of the shell

for i = 2:m-1

ul (i) = (vl(i+l,n)-2xv1l(i,n)+v1(i-1,n))Id1l1;
u2 (i) = (v2(i+1l,n)-2+v2(i,n)+v2(i-1,n))*I1d11;

v1dll = (vl (i+1,n)+vl(i-1,n))+Id1l;
v2dll = (v2(i+1,n)+v2(i-1,n))«Idll;

vldl = (vl1(i+l,n)-v1(i-1,n))*Idl;
v2dl = (v2(i+l,n)-v2(i-1,n))*Idl;

uz2dll = (u2(i+l)+u2(i-1))*Idll;

uldl = (ul (i+1)-ul(i-1))*Idl;
u2dl = (u2(i+l)-u2(i-1))=*1dl;

v1ld2 = —(4+vl(i,n-1)-vl(i,n-2))*Id2;
v2d2 = —(4*v2(i,n-1)-v2(i,n-2))*I1d2;

Xvl = Aldll(i)~*v1dll + Aldl(i)=xvldl + Ald2 (i) «v1d2
+ A2d111 (i) *~u2dl + A2d11 (i) xv2dll + A2d1l(1i)+v2dl; % equation (18)
Xv2 = B1d111l(i)suldl + B1dll(i)«*v1dll + B1ldl(i)=+vldl + B2d1111 (i) *u2dll
+ B2d111(i)*u2dl + (B2d11l(i)-2xB2d1111 (i)=*Id1ll)xv2dll
+ B2dl (i) xv2dl + B2d2(i)*v2d2; % equation (19

vl(i,n) = JM11(1i)*Xvl + JM1I2 (1) *xXv2;
v2(i,n) = JM21(1i)*Xvl + JM22 (1) *Xv2;

end

%% Stress—free boundary of the foundation

for j = 2:n-1

vldl = (4xv1(2,3)-v1(3,3))~Idl;
vld2 = (v1(1,3J+1)-v1(1l,3j-1))+Id2;
v2dl = (4xv2(2,73)-v2(3,73))*Idl;
v2d2 = (v2(1,3+1)-v2(1,3j-1))«Id2;
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Xvl = (L2+2%M2)*v1dl + L2xv2d2; % equation (17)

Xv2 = v2dl + (Y(1,3)"2)*vld2; % equation (16)

v1(1l,3) = JIB11(j)+*Xvl + JIB12(7)*Xv2;

v2(1,9) = JIB21(3)*Xvl + J1B22(3)*Xv2;

vldl = - (4%vl(m-1,3)-vl(m-2,3))~Idl;
vld2 = (v1l(m, j+1)-v1l(m, j-1))*Id2;
v2dl = —(4%v2(m-1,3)-v2(m-2,3))~Idl;

v2d2 (v2 (m, j+1) -v2 (m, 3-1) ) xId2;

Xvl = (L2+2xM2)xv1dl + L2xv2d2; % equation (17)

Xv2 = v2dl + (Y(m,J) 2)xvld2; % equation (16)

v1(m,j) = JmB1ll(j)+*Xvl + JmB12 (j)*Xv2;

v2(m, j) JmB21 (J) *Xvl + JmB22 (J) *Xv2;

%% Gouerning equations of the foundation

for i = 2:m-1

for j = 2:n-1

v1dll = (v1(i+1,3)+vli(i-1,3))*Id1ll;

v1ld22 = (v1(i,J+1)+v1l(i,j-1))~*Id22;

vldl2 = (v1(i+1,3J+1)-v1(i+1,3-1)-v1(i-1,3j+1)+vi(i-1,3-1))«Id1l2;
vldl = (v1(i+1,3)-v1(i-1,3))*Idl;

v1ld2 = (v1(i,j+1)-v1(i,Jj-1))*Id2;

v2dll = (v2(i+1,3j)+v2(i-1,3))*Id1l1;

v2d22 = (v2(i,Jj+1)+v2(i,J-1))*1d22;

v2d1l2 = (v2(i+1,Jj+1)-v2(i+1l,J-1)-v2(i-1,3+1)+v2(i-1,3-1))~*Idl2;
v2dl = (v2(i+l,3)-v2(i-1,7))*Idl;

v2d2 = (v2(i,J+1)-v2(i,j-1))~*Id2;

Xvl = Cldllxvldll + Cld22 (i, j)*vld22 + C2dl2xv2dl2

+ Cldl (i, j)*vldl + C1d2 (i, j)*v1ld2 + C2dl(i,j)*v2dl; % equation (14)
Xv2 = D2d11 (i, j) *v2dll + D2d22 (i, j)*v2d22 + D1dl2(i, J)*vlidl2

+ D1d1 (i, j)*v1ldl + D1d2 (i, j)~*vld2

+ D2d1 (i, j)»v2dl + D2d2 (i, j)*v2d2; % equation (15)

v1(i,j) = JF11(i, ) *Xvl + JF12(4i, ) *Xv2;
v2(i,9) = JF21 (i, ) *Xvl + JF22 (i, ) *Xv2;

end
end

end

%% Terminating condition
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ppp = norm(vl,2)+norm(v2);

p = abs(1- ppp/pp);
end

%% Contact region
Ul(:) = vl(:,n);
U2(:) = v2(:,n);

2.2 Baldelli and Bourdin’s Model

In this section we present a numerical code for an example of Baldelli and Bourdin’s [2] model
for membranes bonded to elastic pseudo-foundations (see section 3.6 of Jayawardana [4]) imple-

mented in Matlab, i.e. BaldelliProb.m.

To conduct numerical experiments we remain with the framework that we introduced in Section 2.1
Thus, given that w = (0,w?(x?),0) is the displacement field of extended Baldelli and Bourdin's
model for a membrane supported by an elastic foundation, one finds

YVow? = dhw? + F222w2 ,

e3(w) = Vow? .
Thus, one can express the governing equations as
Adre(w)s — (hH) ™ (¥2)*w? =0,
and the boundary conditions as
Aé2(w)] puen = 7o (traction) ,
Afg(w”@w% = Tmax (traction) .

With a little more effort, one can solve this problem explicitly. Thus, given that 7y, Tmax = 1, the
explicit solution is

sinh (aaE(2?, €))

w?(z?) =
alp(x?) cosh (aaE(e)) ’

(24)

where E(2?,e) = fo””2(1 — ¢2sin?(0))2 df is the incomplete elliptic integral of the second kind,
E(e) = E(3m,e) is the complete elliptic integral of the second kind, e = (1 — (b/a)?)z is the elliptical
modulus (see chapter 17 of Abramowitz et al. [1]) and « = (n/(hHA))%.

Finally, let vi= w?, a= b, b= a, Thicknessl= h, Thickness2= H, Stressl= 1, Stress2= 1,

Youngsl= E, Youngs2= F, Poissonl= v, Poissonl=  and Nn= N. Thus, we find:

function [W1l] = BaldelliProb (ar,br,Thl,Th2,EEl,EE2,PP1l,PP2,N)
format long

%% Baldelli and and Bourdin's Model
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% Membrane bonded to an elastic prism with a variable elliptical cross section

[

% Contact angle is [0,pi]
%$% INITIAL PARIMITERS
a = ar; % Radius at \theta = 0.5xpi

b = br; % Radius at \theta = 0

Thicknessl = Thl; % Thickness of the foundation

Thickness2 = Th2; % Thickness of the overlying body

Il
o

% Stressl = 1; % Applied stress at \theta

% Stress2 = 1; % Applied stress at \theta = pi

Youngsl = EEl; % Young's modulus of the overlying body

Poissonl = PPl; % Poisson's ratio of the overlying body

o

Youngs2 = EE2; % Young's modulus of the foundation

Poisson2 = PP2; % Poisson's ratio of the foundation

NN = N; % Azimuthal grid points

%% DO NOT CHANGE!

m = NN; % Azimuthal grid points

L1 = PoissonlxYoungsl/ ((l+Poissonl)* (1-2xPoissonl));

M1 = 0.5xYoungsl/ (1+Poissonl);

|l
Il

4%M1* (L1+4M1) / (L1+2%M1);

M2 = 0.5%xYoungs2/ (1+Poisson?2);

dxl = pi/(m-1);

vl = zeros(m,1); %% Azimuthal displacement at the boundary

LM = M2/ (L*Thicknessl*Thickness?2);

IMI2 = LM" (0.5);

alb = a/b;
e = (l-aIb”2);
xv = LMI2xLxcosh(LMI2+bxellipticE(e));

Iv = 1/xv;

%% Main code

for i = 1:m
x1l = (i-1)*dxl - 0.5xpi;
alpha2 = (axsin(x1l))"2 + (bxcos(x1l))"2;

alpha = sqgrt (alpha?);
Ialpha = 1/alpha;

vl (i) = sinh(bxLMI2xellipticE(x1l,e))*xIvxIalpha; % equation (24)
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end

%% Contact region

Wl(:) = v1(:);

2.3 Two-Body Model

In this section we present a numerical code for an example of the two-body model for two bonded

elastic bodies (see section 3.6 of Jayawardana [4]) implemented in Matlab, i.e. TwoBody .m.

To conduct numerical experiments we numerically model the overlying body as a three-dimensional
body and we do not approximate this body as a shell or otherwise. Thus, the displacement at the
contact region with this approach is the displacement field at the contact region of the bonded two-
body elastic problem, whose solution is obtained by the use of the stranded equilibrium equations

in the liner elasticity theory.

In accordance with the framework that is introduced in Section the overlying body is restricted

to the region z3 € (0, k). Thus, with some calculations one finds
Vov? = 090”4 Tiv? 4+ Tv? |
Vou? = 09v® — (102)*T0?
Viv? = 9502 + f‘223v2 ,
Vs0? = 9503 |

where v = (0,v?(22, 2%),v3 (22, 2%)) is the displacement field of the overlying body. With relative

ease, one can express the governing equations of the overlying body as

(A+p)0* (V') + pAv® =0, (25)

(A+p)0* (V;o') + pAv® =0, (26)

and the boundary conditions of the overlying body as

[(A +20)020° + X (050° + THo” + T550°) | |{6w¥f)w><[0,h]} = 7 (traction) , (27)
[(A +21)020° + X (050° + THo” + T550°) | \{&#ﬁﬁx «[0,n]} = Tmax (traction) , (28)
(A (02v® + T + T550°) + (A +20)030° l((~1x,1m)x{n}y = 0 (zero-Robin) , (29)
[(1p2)?030° + 020?] | {owhen x 0,81} U{ (- 17, 1) x {1}y = O (zero-Robin) , (30)

with following equations characterising the bonding of the overlying body to the foundation

[u® — v?]| new = 0 (continuous azimuthal displacement) , (31)

[u® — v*]| new = 0 (continuous radial displacement) , (32)
Tr(T5 (w) — p ((1h2)?050% 4 020%) | e = O (continuous azimuthal stress) , (33)

Tr(T5 (w)) — [A (020® 4+ T3v” + T350°) + (A + 20)950° ]| nvew = O (continuous radial stress) .  (34)
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Note that the grid dependence of the overlying body is approximately yoAz? < Axz3, V ¢y €
{2(2?,2%) | 22 € [—3m, 37 and 2® € [0, h]}, where Az7 is a small increment in 27 direction. For our
purposes, we use Az? = 1 and ¢y = 12 (37, h), where N = 250. Furthermore, we choose to ter-
minate our iterating process once the condition |1 — (||w.||ez + | |vm||e2) 7 (||t ]|ez + [|Vm1llez)] <

10~10 is satisfied, where u,,, and v,, are the m!" iterative solutions of the bonded two-body model.

Hna”%|etvl::u?,v2::u3,u1::v2,u2::vg,a::b,b::a,ThicknessL: h, Thickness2= H

Stressl= Ty, Stress2= Tmax, Youngsl= F, Youngs2= F, Poissonl= v, Poissonl= v and NN= N

Thus, we find:

function [V1,V2] = TwoBody (ar,br,Thl,Th2,EEl,EE2,PP1l,PP2,N)
format long
%% Two—-Body Model

[

% Overlying elastic body on an elastic prism with a variable elliptical cross section

% Contact angle is [0,pi]

% Bonded case

%% INITIAL PARAMETERS

a = ar; % Radius at \theta = 0.5xpi

Il
o

b = br; % Radius at \theta

Thicknessl = Thl; % Thickness of the overlying body

Thickness2 = Th2; % Thickness of the foundation

Stressl = 1; % Applied stress at \theta = 0
Stress2 = 1; % Applied stress at \theta = pi

Youngsl = EEl; % Young's modulus of the overlying body

Poissonl = PP1l; % Poisson's ratio of the overlying body
Youngs2 = EE2; % Young's modulus of the foundation
Poisson2 = PP2; % Poisson's ratio of the foundation

NN = N; % Azimuthal grid points

error = 107 (-10); % Terminating error
%% DO NOT CHANGE!
qgl = sqgrt((a”2+b"2)/2) + 2xa*bxThicknessl/ (a"2+b"2);

qg2 = sqgrt((a”2+b"2)/2);

gl = Thicknessl/ (qql«*pi);
g2 = Thickness2/ (qg2+pi);

m = NN; % Azimuthal grid points
nl = round(glxNN-gl+l); % Radial grid points of the overlying body

n2 = round (g2xNN-g2+1); % Radial grid points of the foundation

L1 = PoissonlxYoungsl/ ((l1+Poissonl) (1-2xPoissonl));
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M1

L2
M2

NNN

err

dx1l
dx2
dx2

Idx
Idx
IdX

Idl
Idl

Id2
Id2

Idl

ID2
ID2

ID1

aa

ul
uz

V1
V2

vl
v2

X
IX

L11
L1l

Y
IY

r

1
2
2

1

2

2

2

2

1
2

2

V4

z

LL111

0.5*Youngsl/ (1+Poissonl);

Poisson2xYoungs2/ ( (1+Poisson2) = (1-2«Poisson?2));

0.5+Youngs2/ (1+Poisson2) ;

NN"2;

error*NNN;

2

pi/(m-1); %

Thicknessl/ (nl-1); %
Thickness2/(n2-1); %

1/dx1;
1/dx2;
1/dX2;

0.5xIdx1;

Idx172;

0.5%Idx2;

Idx2°2;

IdlxId2;

0.5xIdX2;

IdX2°2;

Id1+ID2;

zeros (2,2);

zeros (m,nl); %

zeros(m,nl); %

zeros (m, 1) ;

zeros (m, 1) ;

zeros (m,n2); %

zeros (m,n2); %

eros (m,nl);

zeros (m,nl);

zeros (m,nl);

zeros (m,nl);

eros (m,n2);

zeros (m,n2) ;

zeros (m,n2) ;

Azimuthal grid spacing

Azimuthal displacement

Radial displacement of

Azimuthal displacement

Radial displacement of

Radial grid spacing

of the overlying body

Radial grid spacing of the foundation

of the overlying body

the overlying body

of the foundation

the foundation

37



LL112 = zeros(m,n2);

JM11 = zeros(m,nl);
JM12 = zeros (m,nl);
JM21 = zeros (m,nl);
JM22 = zeros (m,nl);
JF1l = zeros(m,n2);
JF12 = zeros(m,n2);
JF21 = zeros(m,n2);
JF22 = zeros (m,n2);

J1s1ll = zeros(l,nl);
J1812 = zeros(l,nl);
J1821 = zeros(1l,nl);
J1822 = zeros(1l,nl);

JmS1l = zeros(1l,nl);
JmS12 = zeros(1l,nl);
JmS21 = zeros(l,nl);

JmS22 = zeros(l,nl);

J1B11l = zeros(l,n2);
J1B12 = zeros(l,n2);
J1B21 = zeros(l,n2);

J1B22 = zeros(1l,n2);

JmBll = zeros(l,n2);
JmB12 = zeros(l,n2);
JmB21 = zeros(l,n2);

JmB22 = zeros(1l,n2);

JnBl1l = zeros(m,1);
JnBl2 = zeros(m,1l);
JnB21 = zeros(m,1l);

JnB22 = zeros(m,1l);

JBB1ll = zeros(m,1);
JBB12 = zeros(m,1);
JBB21 = zeros(m,1);

JBB22 = zeros(m,1l);

JBBB11l = zeros(m,1);
JBBB12 = zeros(m,1);
JBBB21 = zeros(m,1);

JBBB22 = zeros(m,1);

Ald22 = zeros(m,nl);

Aldl = zeros(m,nl);
Ald2 = zeros(m,nl);
A2dl = zeros(m,nl);
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B1d12
B2d1l1
B2d22
Bldl
Bld2
B2d1
B2d2

Cld22
Ccldl
Ccld2
c2d1l

D1d12
D2d11
D2d22
D1ldl
D1ld2
D2d1
D2d2

T2 =

Aldll
A2dl12

Cldill
Cc2d12

%% Cu

for i

X

£

= zeros(m,nl);
= zeros(m,nl);
= zeros (m,nl);
= zeros (m,nl);
= zeros (m,nl);
= zeros (m,nl);

= zeros (m,nl);

= zeros (m,n2);
= zeros (m,n2);
= zeros (m,n2);

= zeros (m,n2);

= zeros (m,n2);
= zeros (m,n2);
= zeros (m,n2);
= zeros (m,n2);
= zeros (m,n2);
= zeros (m,n2);

= zeros (m,n2);

Stressl;

Stress?2;

= (L1+2+M1);

= (L1+M1);

= (L2+2+M2);
= (L2+M2);

rvature terms of the overlying body

= 1l:m

1 = (i-1)»dx1;

or j = 1l:nl

x2 = (j-1)*dx2;

alpha2 = (bxsin(xl)) "2 + (a*xcos(xl))"2;

alpha = sqgrt (alpha2);
Ialpha = 1/alpha;
Ialpha2 = 1/alpha2;

alphadl = 0.5x(b"2-a"2) *xsin(2xx1) *Ialpha;

alphadll = ((b"2-a”2)+*cos (2xx1)

X(i,J) = alpha + axbxIalpha2xx2;
IX(i,3) = 1/X(1,3);

Xdl = alphadlx (l1-2*axbxx2xIalpha*Ialpha2);
Xd1ll = alphadllx (l-2xaxb*x2xIalpha*xIalpha2)

- alphadl”2)*Ialpha;
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end

for

Xd2 =
Xd1l2

L111(
L112(
L1111
L1112
L1122

axbxIalpha2;
= —-2xaxbralphadlxIalphaxIalpha?2;

i,3) = Xd1*IX(i,3);
i,3) = Xd2%IX(i,3);
= Xd11+IX(i,3)-L111(4i,3)"2;

= Xd12+IX(i,3)-L111(i,3)*L112(i,3);

-L112(i,3)"°2;

A1d22 (i, 9)
Aldl (i, 9)
A1d2 (i, 9)
A2d1 (i, 9)

= MLxX(1i,3)"2;

= (L1+2%M1)«L111(i,J);

= 3xML1xL112(1i, J)*X(i,3) "2;
= (L1+3xM1)=L112(1i,3);

Al = (L1+42%M1)=*L1111;

A2 = (L142+M1)=*L1112;

B1d12 (i, 3)
B2d11 (i, 3)
B2d22 (i, 9)

(L1+M1) X (i, 3);
= MI1+IX(i,7);

= (L1+2*M1)*X (i, 7);

+ 3%ID2x (L2+2xM2) ;

B1dl (i, j) = - 2*M1«L112 (i, ) *X(i,7);
Bld2(i,j) = (L1+M1)=L111(i,J)*X(1i,73);
B2dl (i, ) = - M1+L111(i,3)*IX(i,73);
B2d2 (i, 3) = (L1+2xM1)+L112 (i, 3)*X(i,73);
Bl = L1+L1112%X(i,3) - 2+«M1xL111 (i, 3j)*L112(i,3)*X(i,7);
B2 = L1%L1122%X(i,3) - 2xM1xL112(i,J)*L112(i,3)*X(1i,3);
aa(l,1) = 2xA1d11xIdl1l + 2%Ald22 (i, j)*Id22 - Al;
aa(l,2) = - A2;
aa(2,1) = - Bl;
aa(2,2) = 2+xB2d11(i,3j)*Id1ll + 2xB2d22(i,Jj)*Id22 - B2;
J = inv(aa);
JM11(i,9) = J(1,1);
IM12(i,3) = J(1,2);
JM21(i,3) = J(2,1);
JM22(i,3) = J(2,2);
end
i=1:mm
aa(l,1) = 3xId2xM1 + 3%ID2*M2;
aa(l,2) = 0;
aa(2,1) = — L1xL111(i, 1) + L2+L111(i,1);
aa(2,2) = - L1xL112(i,1) + L2%L112(i,1) + 3%Id2x(L1+2xM1)
J = inv(aa);
JBBB11 (i) = J(1,1);
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JBBB12 (i) = J(1,2);

JBBB21 (i) = J(2,1);
JBBB22 (i) = J(2,2);
aa(l,1l) = -3xId2;
aa(l,2) = 0;
aa(2,1) = - L1%L111(i,nl);
aa(2,2) = - L1*L112(i,nl) = 3%xId2x (L1+2*M1);
J = inv(aa);
JBB11 (i) = J(1,1);
JBB12 (i) = J(1,2);
JBB21 (i) = J(2,1);
JBB22 (1) = J(2,2);
end
for j = 1l:nl
aa(l,1l) = 3xIdl*(L1+2«M1) - (L1+2+M1)*L111(1,73);
aa(l,2) = - (L1+2«M1)=*L112(1,3);
aa(2,1) = 0;
aa(2,2) = 3%Idl;
J = inv(aa);
J1S11(3) = J(1,1);
J1S12(3) = J(1,2);
J1S21(3) = J(2,1);
J1S22(3) = J(2,2);
aa(l,1) = - 3%xIdlx(L1+2xM1) - (L142+M1)«*L111 (m, J);
aa(l,2) = - (L1+42xM1)xL112(m, J);
aa(2,1) = 0;
aa(2,2) = - 3%Idl;
J = inv (aa);
JmS11(3) = J(1,1);
JmS12(3) = J(1,2);
JmS21(J) = J(2,1);
JmS22(3) = J(2,2);

end

o

% Curvature terms of the foundation

for i = 1:m

x1l = (i-1)~dx1;
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for 3 = 1:n2

x2 = (j-1)%dX2 - Thickness?2;

alpha2 = (bxsin(xl)) "2 + (a*xcos(xl))"2;
alpha = sqgrt (alpha2);

Ialpha = 1/alpha;

Talpha2 = 1/alpha2;

alphadl = 0.5x(b"2-a"2) *sin(2xx1) *Ialpha;

alphadll = ((b"2-a”2)*cos(2+«x1l) - alphadl”2)=*Ialpha;
Y(i,j) = alpha + axbxIalpha2#x2;
IY (i, 3) = 1/Y(i,73);

Ydl = alphadlx (1-2xaxb*x2+xIalphaxIalpha?2);

Ydll = alphadll«* (l1-2xaxbxx2+Ialpha*xIalpha2) + 6xaxb*x2x (alphadl+Ialpha2)"2;

Yd2 = axbxIalpha2;
Ydl2 = -2xaxbralphadl+IalphaxIalpha2;

LL111(i,3) = Yd1*IY (i, 3);

LL112(i,3) = Yd2*IY(i,]);

LL1111 = Yd11*IY(i,3)-LL111(i,3) " 2;

LL1112 = Yd12+IY (i, 3)-LL111(i,3)+*LL112(i,J);
LL1122 = -LL112(i,7) "2;

Cld22 (i, 3J) = M2xY(i,])"2;

Ccldl (i, j) = (L2+2%M2)*LL111 (i, 3);
Cld2 (i, J) = 3xM2xLL112(i,3J)=*Y(i,3) " 2;
c2d1(i,j) = (L2+3xM2)*LL112(i,7]);

Cl = (L2+2%M2)*LL1111;

C2 = (L2+2%M2)*LL1112;

D1d12 (i, 3) = (L2+M2)«*Y(i,73);
D2d11 (i, ) = M2*IY (i, J);

D2d22 (i, 3) = (L2+2xM2)*Y (i,3);

D1dl(i,J) = — 2#M2+LL112(i,3)*Y(i,7);

D1d2 (i, J) = (L2+M2)«LL111(i, J)*Y(i,7);

D2d1 (i, J) = - M2+«LL111(i,3)*IY(i,7);

D2d2 (i, 3) = (L2+2%M2)«LL112 (i, 3)*Y(i,3);

D1 = L2+LL1112#Y(i,3) - 2%M2+LL111(i,3)*LL112(i,3)*Y(i,3);
D2 = L2xLL1122%Y(i,Jj) - 2+«M2xLL112 (i, J)*LL112(1i,J)*Y(i,3);
aa(l,1) = 2%C1dll+Idll + 2%C1d22 (i, ) *ID22 - C1;
aa(l,2) = - C2;

aa(2,1) = - D1;

aa(2,2) = 2%D2d11 (i, j)*Idll + 2+D2d22 (i, j)*ID22 - D2;

J = inv(aa);

JF11(i,J) = J(1,1);

JF12(i,3) = J(1,2);
JF21(i,3) = J(2,1);
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JF22(1i,3) = J3(2,2);

end

end

for j = 1:n2

aa(l,1) = 3xIdl«*(L2+2%M2) - (L2+42*M2)+*LL111(1,7);
aa(l,2) = - (L2+2*M2)*LL112(1,7);
aa(2,1) = 0;
aa(2,2) = 3%Idl;
J = inv (aa);
JIB11(§) = J(1,1);
J1B12(j) = J(1,2);
J1B21(3) = J(2,1);
J1B22(j) = J(2,2);
aa(l,1) = - 3xIdl«*(L2+2%M2) - (L2+2%M2)*LL111(m,J);
aa(l,2) = - (L2+2xM2)xLL112(m, J);
aa(2,1) = 0;
aa(2,2) = - 3%I1dl;
J = inv(aa);
JmB11(j) = J(1,1);
JmB12 (j) = J(1,2);
JmB21 (j) = J(2,1);
JmB22 (J) = J(2,2);
end
for 1 = 1:m
aa(l,1) = -3xI1d2;
aa(l,2) = 0;
aa(2,1) = - L2%LL111(i,n2);
aa(2,2) = - L2xLL112(i,n2) - 3% (L2+2%M2)*ID2;
J = inv(aa);
JnBl1l (i) = J(1,1);
JnB12 (i) = J(1,2);
JnB21 (i) = J(2,1);
JnB22 (1) = J(2,2);
end
aa(l,1) = 3xIdl*(L1+2%M1) - (L1+2xM1)*L111(1,1);
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aa(l,2) = 3xId2xL1 - (L1+2*M1)*L112(1,1);

aa(2,1) = 3xIdl*(L2+2«M2) - (L2+2xM2)*L111(1,1);
aa(2,2) = - 3%ID2%L2 - (L2+2xM2)«L112(1,1);
J = inv(aa);

J11BBB11 = J(1,1);
J11BBB12 = J(1,2);
J11BBB21 = J(2,1);
J11BBB22 = J(2,2);

aa(l,1) = - 3%xIdl*(L1+2%M1) - (L1+2+MI1)*L111(m,1);
aa(l,2) = 3xId2*L1 - (L1+2%M1)*L112(m,1);

aa(2,1) = - 3%Idl*(L2+2xM2) - (L2+2+*M2)*L111(m,1);
aa(2,2) = — 3*%*ID2*L2 - (L242xM2)+*L112(m,1);

J = inv(aa);

JmlBBB11l = J(1,1);
Jm1BBB12 = J(1,2);
JmlBBB21 = J(2,1);
JmlBBB22 = J(2,2);

aa(l,1) = 3#Idlx(L1+2#M1) - (L1+2+M1)*L111(1,nl);
aa(l,2) = -3%Id2+L1 - (L1+2+M1)*L112(1,nl);
aa(2,1) = 3+Idl+Ll - L1+L111(1,nl);

aa(2,2) = - 3% (L1+2xM1)+Id2 - L1xL112(1,nl);

J = inv (aa);

J1lnBB11 = J(1,1);
J1lnBB12 = J(1,2);
J1lnBB21 = J(2,1);

JInBB22 = J(2,2);

aa(l,1) = - 3%Idl*(L1+2+«M1) - (L1+2%M1)=*L111(m,nl);
aa(l,2) = - 3%Id2+«L1 - (L1+2+M1)%L112 (m,nl);
aa(2,1) = - 3%xIdl+Ll - L1xL111(m,nl);

aa(2,2) = - 3%x(L1+42xM1)*Id2 - L1+L112(m,nl);

J = inv (aa);

JmnBB11 = J(1,1);
JmnBB12 = J(1,2);
JmnBB21 = J(2,1);

JmnBB22 = J(2,2);

%% Main code

while errr < p

pp = norm(vl,2) + norm(v2,2);
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for k =

1

:NNN

%% Corners

uldl
uzd2
v1ldl
v2d2

Xul

Xu2

ul (1
u2 (1

vl1(1l
v2 (1

uldl
uz2d2
v1ldl
v2d2

Xul
Xu2

’

’

’

’

ul (m,

u2 (m,

vl (m,

v2 (m,

uldl
u2d2

Xul

Xu2

ul (1
u2 (1

uldl
u2d2

Xul

Xu2

’

’

= (4%ul(2,1)-ul(3,1))*Idl;

= (4»u2(1,2)-u2(1,3))*I1d2;

= (4»v1(2,n2)-v1(3,n2))*Idl;

= —(4*v2(1,n2-1)-v2(1,n2-2))*ID2;

(L1+2%M1) »uldl + Ll%u2d2 - T1l; % equation

(L2+2%M2) xv1ldl + L2+%v2d2; % equation (27)

1) = J11BBBl1lxXul + J11BBB12xXu2;

1)

J11BBB21xXul + J11BBB22%Xu2;

n2) = ul(l,1);
n2) = u2(1,1);

= —(4+ul (m-1,1)-ul(m-2,1))*Idl;

= (4»u2(m,2)-u2(m,3))*Id2;

= —(4*vl (m-1,n2)-vl (m-2,n2))*Idl;
= —(4%v2(m,n2-1)-v2(m,n2-2))+ID2;

(L1+2%M1) xuldl + Ll%u2d2 - T2; % equation
(L2+2+M2) »v1dl + L2xv2d2; % equation (27)

1) = JmlBBBll*Xul + JmlBBB12x*Xu2;

1) Jm1BBB21xXul + JmlBBB22*Xu2;

n2) = ul(m,1);
n2)

u2(m,1);

= (4%ul(2,nl)-ul(3,nl))*Idl;
= —(4»u2(1,nl-1)-u2(1,nl-2))*Id2;

(L1+2%M1) »uldl + Ll%u2d2 - T1l; % equation

Llxuldl + (L1+2+M1l)~*u2d2; % equation (27)

nl) = JlnBBl1l%Xul + JlnBBl2xXu2;

nl) JInBB21+Xul + JInBB22xXu2;

= —(4xul(m-1,nl)-ul (m-2,nl))*Idl;

—(4%u2 (m,nl-1)-u2 (m,nl-2))Id2;

(L1+2+«M1) »uldl + Llxu2d2 - T2; % equation
Llxuldl + (L1+2+M1)=xu2d2; % equation (27)

ul (m,nl) = JmnBBl1l+xXul + JmnBBl2xXu2;

u2 (m,nl) = JmnBB21xXul + JmnBB22xXu2;

%% Bonded boundary
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for i = 2:m-1 $ equation (31), (32), (33) and (34)

uldl = (ul(i+1,1)-ul(i-1,1))Idl;
u2dl = (u2(i+l,1)-u2(i-1,1))*xIdl;
uld2 = (4»ul(i,2)-ul(i,3))*~Id2;
u2d2 (4«u2(i,2)-u2(i,3))*1d2;

vldl = (v1(i+1,n2)-v1(i-1,n2))*Idl;
v2dl = (v2(i+1,n2)-v2(i-1,n2))*Idl;
v1ld2 = —(4*xv1l(i,n2-1)-v1l(i,n2-2))«*ID2;
v2d2 = —(4*v2(i,n2-1)-v2(i,n2-2))*ID2;

Xul = Ml*(uld2 + (IX(i,1)"2)=*u2dl);
Xuz

Llxuldl + (L1+42%M1l)*u2d2;

Xvl M2 (v1d2 + (IX(i,1)72)xv2dl);

Xv2 = L2+v1dl + (L2+2xM2)*xv2d2;

ul(i,1l) = JBBB11l(i)x* (Xul-Xvl) + JBBB12(1)x* (Xu2-Xv2);

u2 (i, 1) = JBBB21 (i) x (Xul-Xv1l) + JBBB22 (i) % (Xu2-Xv2);

vl(i,n2) = ul(i,1);
v2(i,n2) = u2(i,1);

uldl = (ul(i+l,nl)-ul(i-1,nl))*Idl;
uld2 = —(4*ul(i,nl-1)-ul (i, nl-2))+Id2;
u2dl (u2 (i+1,nl)-u2(i-1,nl)) «Id1l;

u2d2

—(4«u2(i,nl-1)-u2(i,nl-2))*Id2;

Xul = uld2 + (IX(i,nl)"2)=u2dl;
Xu2 = Llxuldl + (L1+2+M1)*u2d2;

ul (i,nl) = JBB11 (i)*Xul + JBB12 (i)+*Xu2;

u2(i,nl) = JBB21(i)+*Xul + JBB22 (i) *Xu2;

end

%% Stressed boundaries of the overlying body
for 3 = 2:nl1-1

uldl (4«ul(2,3)-ul(3,3))*1dl;
uld2 = (ul(l,j+1)-ul(l,j-1))~*Id2;
u2dl = (4%u2(2,3)-u2(3,3))~I1dl;
uz2d2 = (u2(1l,j+1)-u2(1,j-1))*I1d2;

Xul = (L1+2+M1)xuldl + Llxu2d2 - T1l; % equation (27)

Xu2 = u2dl + (X(1,73)"2)xuld2; % equation (30)

ul(l,3) = J1S11(j)*Xul + J1S12 () xXu2;
u2 (1, 3)

J1S21(3) *Xul + J1S22 (j) +»Xu2;

uldl = - (4%ul (m-1,j)-ul(m-2,7j))*Idl;
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uld2 = (ul(m, j+1)-ul(m, j-1))*Id2;

uz2dl = - (4%u2(m-1,3j)-u2(m-2,3j))~Idl;

uz2d2 = (u2(m, j+1)-u2(m, j-1))«Id2;

Xul = (L1+2%M1)*uldl + Llxu2d2 - T2; % equation (28)

Xu2 = u2dl +

ul (m, j) =
u2(m, 3j) =

end

(X(m, j) "2)*uld2; % equation (30)

JmS11 () *Xul + JmS12 (J) *Xu2;

JmS21 (3) *Xul + JmS22 (j) »Xu2;

%% Stress—free boundary of the overlying body

for j = 2:n2-

1

vldl = (4xv1(2,3)-v1(3,3))*Idl;

v2dl

v1d2

(4xv2(2,3)-v2(3,3))*1dl;
(v1(1l, 3+1)-v1(1l,3-1))*ID2;

v2d2 = (v2(1,3+1)-v2(1,3-1))«ID2;

Xvl

Xv2 = v2dl +

(L2+2%M2) »v1dl + L2xv2d2; $ equation (29)

(Y(1,3J) 2)*vld2; % equation (30)

v1(1l,J) = JIB1l1(j)+*Xvl + JIB12 (j)*Xv2;
v2(1l,3) = JLIB21(j)*Xvl + JLB22(j)*Xv2;
vldl = —(4%vl(m-1,3)-vl(m-2,3))~Idl;
v2dl = —(4%v2(m-1,3)-v2(m-2,3))~Idl;
vld2 = (v1l(m, j+1)-v1l(m, j-1))*ID2;

v2d2 = (v2(m, j+1)-v2(m, j-1))*«ID2;

Xvl = (L2+2%M2)*vldl + L2xv2d2; % equation (29)

Xv2 = v2dl +

vl(m,J) =

v2(m, j)

end

(Y (m, Jj)"2)*v1ld2; % equation (30)

JmB11 (j) #Xvl + JmB12 (j) *Xv2;

JnB21 (3) *Xv1l + JmB22 (j) xXv2;

%% Governing equations of the overlying body

for i = 2:m-1

for j = 2:nl-1

uldll
uld22
uldl2
uldl
uld2

u2dll
u2d22

(ul (i+1,9)+ul (i-1,9))+Idll;
(ul (i, 3+1)+ul (i, 3-1))+Id22;
(ul (i+1, 9+1)-ul (i+1,9-1)-ul (i-1, +1)+ul (i-1,9-1))*«Id12;

(ul (i+1,9)-ul (i-1, 7)) *»Id1;
(ul (i, §+1)-ul (i, §-1)) *Id2;

(u2 (1+1, ) +u2 (i-1, j)) +Id1l;
(U2 (i, 3+1)+u2 (i, 3-1)) «1d22;
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u2d12 = (u2 (i+1, 3+1)-u2 (i+1, -1)-u2 (i-1, §+1)+u2 (i-1,9-1)) «Id12;

uz2dl = (u2(i+l,j)-u2(i-1,7j))*I1dl;
uz2d2 = (u2(i, j+1)-u2(i, j-1))*1d2;
Xul = Aldll%uldll + Ald22 (i, j)*uld22 + A2d12%u2dl2

+ Aldl (i, j)*uldl + Ald2(i,j)*uld2 + A2dl(i,]j)~*u2dl; % equation (25)
Xu2 = B2d11 (i, j)*u2dll + B2d22 (i, j)~*u2d22 + B1ldl2(i, j)*uldl2

+ B1dl (i, j)*uldl + B1d2 (i, j)~*uld2

+ B2d1l (i, j)*u2dl + B2d2 (i, j)*u2d2; % equation (26)

ul (i, J) JM11 (i, J) *Xul + JM12 (i, ) *Xu2;

u2 (i, j) = JIM21 (i, J)*Xul + JM22 (i, ) *Xu2;

end

end

%% Governing equations of the foundation

for i = 2:m-1

for j = 2:n2-1

v1ldll = (v1(i+1,3j)+v1(i-1,3))*Idl1l;

v1ld22 = (v1 (i, j+1)+v1l(i,j-1))+*ID22;

vldl2 = (v1(i+1,3j+1)-v1(i+1,3j-1)-v1(i-1,Jj+1)+vi(i-1,3-1))«ID12;
vldl = (v1(i+1,3)-vl(i-1,3))*Idl;

v1ld2 = (v1(i,j+1)-v1(i,Jj-1))*ID2;

v2dll = (v2(i+1,3j)+v2(i-1,73))*Idl1l;

v2d22 = (v2 (i, j+1)+v2(i,j-1))«*ID22;

v2dl2 = (v2(i+1,3j+1)-v2(i+1, j-1)-v2(i-1,Jj+1)+v2(i-1,3-1))«ID12;
v2dl = (v2(i+1,3j)-v2(i-1,3))~Idl;

v2d2 = (v2(i, j+1)-v2(i,3j-1))*ID2;

Xvl = Cldllxvldll + Cl1ld22 (i, j)*v1ld22 + C2dl2*v2dl2

+ C1d1l(i, j)*vldl + C1ld2(i,j)*v1ld2 + C2d1l (i, J)*vadl;
Xv2 = D2d11 (i, j)*v2dll + D2d22 (i, j)*v2d22 + D1dl2(i, j)=*vlidl2
+ D1d1l (i, j)+vldl + D1d2 (i, j)*v1ld2 + D2d1l (i, j)*v2dl + D2d2 (i, j)*v2d2;

v1(i,3) = JFLL(i,3)+Xvl + JF12(i,7)*xv2;

v2(i,3) = JF21(4i,J)*Xvl + JF22 (i, j) «Xv2;
end
end
end
%% Terminating condition
ppp = norm(vl,2) + norm(v2,2);

p = abs(1- ppp/ppP);

end
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%% Contact region
V1i(:) = vl(:,n2);
V2(:) = v2(:,n2);

2.4 Benchmark Model

In this section we present a benchmark numerical code for the model that we introduced in this
chapter, i.e. cu3.m. To do so we consider the special case a = b = 2 (and = 79 = Tax = 1), i.€. we

consider polar coordinates.

Now, let vi= U;w,VZZ»u;dpvvl:¢ua&mw,vv2: ua&mw,wwlZTQ,WWZZQﬁ,hz h, i= H,

El= E, E2= E, Nul= v, Nu2= 7 and NN= N. Thus, we find:

function CH3

format long

%% Benchmark Model

% Overlying elastic body on an elastic cylinder: bonded case

% Contact angle is [0,pi]

%% INITIAL PARIMITERS
NN = 250; % Azimuthal grid points

error = 107 (-10); % Terminating error

E1l = 8000; % Young's modulus of the overlying body

E2 = 1000; % Young's modulus of the foundation

Nul = 0.25; % Poisson's ratio of the overlying body

Nu2 = 0.25; % Poisson's ratio of the foundation

h = 0.125; % Thickness of the overlying body

a = 2; % Outer radius

b =1; % Inner radius
H = a-b; % Thickness of the foundation
%% DO NOT CHANGE!

Ll = NulxE1/((1+Nul)* (1-2xNul));
L2 = Nu2+E2/ ((1+Nu2) % (1-2%Nu2));

Ml = 0.5%«E1/(1+Nul);

M2 = 0.5%E2/ (1+Nu2);

LL = 4xM1* (M1+L1)/ (L1+2xM1);
IL = 1/LL;

NNN = NN"2;

errr = NNNxerror;

ah = a+h;
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Tah = 1/ah;

m = NN; % Azimuthal grid points

gl = H/ (axpi);

g2 = h/ (ahxpi);

nl = round(glxNN-gl+l); % Radial grid points of the foundation

n2 = round (g2xNN-g2+1); % Radial grid points of the overlying body
dxl = pi/(m-1); % Azimuthal grid spacing

dx2 = H/(nl-1); % Radial grid spacing of the foundation

dX2 = h/(n2-1); % Radial grid spacing of the overlying body

Ia = 1/a;

Idxl = 1/ (2xdxl);

Idx11 = (1/dx1)"2;

Idx2 = 1/ (2xdx2);

Idx22 = (1/dx2)"2;

Idx12 = Idx1*Idx2;

ww = zeros(m,l); % Azimuthal displacement at the boundary (BALDELLTI)
wl = zeros(m,1);

w2 = zeros(m,1);

vl = zeros(m,nl); % Azimuthal displacement of the foundation (SHELL)
v2 = zeros(m,nl); % Radial displacement of the foundation (SHELL)
vvl = zeros(m,nl); % Azimuthal displacement of the foundation (TwoBody)
vv2 = zeros(m,nl); % Radial displacement of the foundation (TwoBody)
wwl = zeros(m,n2); % Azimuthal displacement of the overlying body (TwoBody)
ww2 = zeros(m,n2); % Radial displacement of the overlying body (TwoBody)
aa = zeros(2,2);

aaa = zeros(3,3);

r = zeros(l,nl);

Ir = zeros(l,nl);

aldll = zeros(l,nl);

ald22 = zeros(1l,nl);

ald2 = zeros(l,nl);

a2dl2 = zeros(1l,nl);

a2dl = zeros(l,nl);

bldl2 = zeros(l,nl);

bldl = zeros(l,nl);

b2d11l = zeros(1l,nl);
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b2d22 = zeros(l,nl);
b2d2 = zeros(1l,nl);

Ivl = zeros(l,nl);

Iv2 = zeros(1l,nl);

Blvll = zeros(l,nl);
Blvl2 = zeros(l,nl);
Blv21l = zeros(l,nl);

Blv22 = zeros(l,nl);

Bmvll = zeros(l,nl);
Bmvl2 = zeros(l,nl);
Bmv2l = zeros(1l,nl);
Bmv22 = zeros(1l,nl);
rr = zeros(l,n2);
Irr = zeros(l,n2);

aaldll = zeros(1l,n2);
aald22 = zeros(1l,n2);
aald2 = zeros(1l,n2);
aazdl2 = zeros(l,n2);

aa2dl = zeros(1l,n2);

bbldl2 = zeros(l,n2);
bbldl = zeros(1l,n2);
bb2dll = zeros(l,n2);

bb2d22 zeros (1,n2);

bb2d2 = zeros(l,n2);

Iwl = zeros(1l,n2);

Iw2 = zeros(1l,n2);

Blwll = zeros(l,n2);
Blwl2 = zeros(l,n2);
Blw2l = zeros(l,n2);

Blw22 = zeros(l,n2);

Bmwll = zeros(1l,n2);
Bmwl2 = zeros(1l,n2);
Bmw2l = zeros(1l,n2);
Bmw22 = zeros(1l,n2);

Baldellil = zeros(m,1);
Baldelli2 = zeros(m,1l);
Shelll = zeros(m,1);

Shell2 = zeros(m,1);

%% Baldelli and and Bourdin's Model

alpha2 = M2x(a”"2)/ (LL*H*h);



alpha = (alpha2)”~(0.5);
C = 1/ (LL*xalpha*cosh(0.5+alphaxpi));

for i = 1:m
x1l = - 0.5%pi + dxlx(i-1);
ww (i) = Cxsinh(alphaxxl);
end

%% Bonded Shell Model
Aldll = 1+(4/3)«(h/a)"2;

Ald2 = - M2+IL*(a"2)/h;

A2d111 = - (2/3)x(h"2)*a” (=3);

A2d1 = (1/a) + (2/3)*(h"2)*a” (-3) - M2xIL/h;
B2d1111 = (1/3)x(h"2)*a”(-3);

B2d1ll = - (2/3)*(h"2)xa” (-3);

B2 = (1/a) + (1/3)*(h"2)*a”(-3) + L2*IL/h;
B2d2 = (L2+2«M2)*ILx(a/h);

B1dl11ll = -(2/3)«(h/a) "2;

Bldl = 1 + (2/3)*(h/a)”2 + L2xILx(a/h);

Tul 1/ (2*A1d11+Idx11 - 3xAld2xIdx2);

Iu2 = 1/ (2% (B2d11-2*xB2d1111xIdx11) *Idx1l - B2 - 3xB2d2xIdx2);

%% Curvature terms of the foundation

for j = 1l:nl

r(j) = b + (J-1)*dx2;
Ir(3) = 1/r(3);

aldll(j) = (L2+2xM2);

ald22 (j) = M2xr(j) "2;

ald2(j) = 3«M2xr(j);

az2dl2(j) = (L2+M2);

a2dl (j) = (L2+3+M2)*Ir(]);

b1d1l2(j) = (L2+M2)*r (]);

bldl (§) = -2xM2;

b2d11(j) = M2xIr(Jj);

b2d22 (j) = (L2+2+M2)*r(J);

b2d2 (j) = (L2+2xM2);

b2 = —(L2+2xM2) xIr (3J);

Ivl(j) = 1/(2xaldll (j)*Idx11l + 2xald22(j)*Idx22);
Iv2(j) = 1/(2+b2d11(j)*Idx1ll + 2xb2d22(j)*Idx22 - Db2);
aa(l,l) = 3%xIdxl«(L2+2%M2);

aa(l,2) = — (L2+2+M2)*Ir(3);

aa(2,1) = 0;

aa(2,2) = 3%Idx1l;
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J = inv (aa);

Blvll(3) = J(1,1);

Blv12 (3) = J(1,2);

Blv21(j) = J(2,1);

Blv22(3) = J(2,2);

aa(l,l) = - 3%Idxl*(L2+2xM2);
aa(l,2) = - (L2+2xM2)*Ir(3);
aa(2,1) = 0;

aa(2,2) = - 3%xIdxl;

J = inv (aa);

Bmv1l(j) = J(1,1);

Bmvl12 () = J(1,2);

Bmv21 () = J(2,1);

Bmv22 (J) = J(2,2);

end

aaa(l,l) = 3%Idxl;
aaa(l,2) = - Ia;
aaa(l,3) = 0;
aaa(2,1) = 0;
aaa(2,2) = 3xIdxl;
aaa(2,3)

0;
aaa(3,1) = 4%Idx11l;
aaa(3,2) = 0;
aaa(3,3) = 3xIaxIdxl;

JSB1 = inv (aaa);
aaa(l,1l) = -3*Idxl;
aaa(l,2) = - Ia;
aaa(l,3) = 0;
aaa(2,1) = 0;
aaa(2,2) = -3%Idxl;

aaa(2,3) = 0;
aaa(3,1) = 4xIdx11;
aaa(3,2) = 0;

aaa(3,3) = -3*«IaxIdxl;
JSBm = inv (aaa) ;
p = 2;

%% Main code

while errr < p

53



pp = norm(vl,2) + norm(v2,2);

for k = 1:NNN

%% Boundary conditions of the shell

wl(l) = (2*v1(1l,nl)-5xv1(2,nl)+4%v1(3,nl)-v1(4,nl))*Idx11;

vldl = (4»v1(2,nl)-v1(3,nl))*Idx1;
v2dl = (4xv2(2,nl)-v2(3,nl))*«Idxl;
w2dl = (4»w2(2)-w2(3))*Idx1l;

Xvl = v1dl - IL;
Xv2 = v2dl;

Xw2

— 2% (=5*xv1(2,nl)+4%v1(3,nl)-v1(4,nl))*Idx11l + Taxw2dl;

v1(l,nl) = Xv1xJSB1(1l,1) + Xv2%xJSB1(1l,2) + Xw2+JSB1l(1,3);

v2(1l,nl) = Xv1xJSB1(2,1) + Xv2%xJSB1(2,2) + Xw2*«JSB1l (2, 3);

w2 (1) = Xv1*«JSB1(3,1) + Xv2+xJSB1(3,2) + Xw2xJSB1(3,3);

vldl = —(4*vl(m-1,nl)-vl(m-2,nl))*Idx1;

v2dl = = (4*v2(m-1,nl)-v2(m-2,nl))+»Idx1;

w2dl = —(4xw2 (m-1)-w2 (m-2)) *Idx1l;

wl(m) = (2+vl(m,nl)-5%v1l (m-1,nl)+4+vl(m-2,nl)-vl(m-3,nl))*Idx11l;

Xvl = v1dl - IL;
Xv2 = v2dl;
Xw2

- 2% (=5*v1(m-1,nl)+4xvl (m-2,nl)-vl (m-3,nl))*Idx11l + Ia*w2dl;
vl(m,nl) = Xv1xJSBm(1l,1) + Xv2+«JSBm(1l,2) + Xw2+xJSBm (1, 3);
v2(m,nl) = Xv1xJSBm(2,1) + Xv2+«JSBm(2,2) + Xw2xJSBm (2, 3);

w2 (m) = Xv1l+xJSBm(3,1) + Xv2+«JSBm(3,2) + Xw2+JSBm (3, 3);

%% Governing equations of the shell

for i = 2:m-1
wl(i) = (vl(i+1l,nl)-2xv1(i,nl)+v1(i-1,nl))~Idx11;
w2 (1) = (v2(i+1l,nl)-2xv2(i,nl)+v2(i-1,nl))+Idx11;

vldl = (v1(i+l,nl)-v1(i-1,nl))*Idx1;
v2dl = (v2(i+1l,nl)-v2(i-1,nl))»Idx1;

v1ldll = (vl1(i+1l,nl)+v1(i-1,nl))*Idx11;
v2dll = (v2(i+l,nl)+v2(i-1,nl))*Idx11;

wldl = (wl(i+1)-wl(i-1))*Idx1;
w2dl = (w2 (i+4+1)-w2 (i-1)) *Idx1;

w2dll = (w2 (i+1)+w2 (i-1))*Idx11l;

v1ld2 = —(4xvl(i,nl-1)-v1(i,nl-2))*Idx2;
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v2d2 = —(4%v2(i,nl-1)-v2(i,nl-2))*«Idx2;

Xvl = Aldllxv1ldll + Ald2xv1d2 + A2d111xw2dl + A2dlxv2dl;
Xv2 = B2d1111xw2dll + (B2d11-2%B2d1111xIdx11l)x*v2dll + B2d2*v2d2
+ B1d1l1lxwldl + Bldl*vl1ldl;

vl(i,nl) = XvlxIul;

v2(i,nl) = Xv2xIu2;

end

%% Stress—-free boundary of the foundation

for j = 2:nl1-1

v1ldl = (4xv1(2,3)-v1(3,7))~Idxl;
v2dl = (4xv2(2,3)-v2(3,7))~Idx1l;
v1d2

(v1(1l, 3+1)-v1(1,3-1))+Idx2;

v2d2 (v2 (1, 3+1)-v2 (1, §-1)) «Idx2;

Xvl = (L2+2%M2) *xv1dl + L2%xv2d2;
Xv2 = v2dl + (r(j)"2)*v1ld2;

v1(1l,J) = Blv1ll(j)+*Xvl + Blv12(j)*Xv2;
v2(1l,3) = Blv21l(j)*Xvl + Blv22 (j)*Xv2;

vldl = - (4»vl(m-1,3j)-vl(m-2,3))+xIdxl;
v2dl = —(4%v2(m-1,3j)-v2(m-2, 7)) ~xIdxl;

vld2 = (vl (m, j+1)-v1l(m, j-1))*«Idx2;

v2d2 (v2 (m, j+1) -v2 (m, j—-1) ) »Idx2;

Xvl = (L2+2+M2)*v1dl + L2%xv2d2;
Xv2 = v2dl + (r(j)"2)*vld2;

v1l(m,j) = Bmvll (j)*«Xvl + Bmvl2 (]j)*Xv2;
v2(m,Jj) = Bmv2l(j)*Xvl + Bmv22 (j)*Xv2;

%% Governing equations of the foundation

for i = 2:m-1

for j = 2:nl-1

vldl = (v1(i+1,3)-v1(i-1,3))~Idxl;
v1ld2 = (v1(i,J+1)-v1(i,j-1))+Idx2;
v2dl = (v2(i+1,3J)-v2(i-1,3)) +»Idxl;
v2d2 = (v2 (i, Jj+1)-v2 (i, j-1))+Idx2;
v1dll = (v1(i+1,3J)+vl(i-1,]))*Idx1ll;
v1ld22 = (v1 (i, j+1)+vl(i,j-1))*Idx22;
v2dll = (v2(i+1,3J)+v2(i-1,]))~Idx1ll;
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v2d22 = (v2(i,J+1)+v2(i,j-1))~Idx22;

v1dl2 = (vl (i+1,3+1)-vl(i-1, 3+1)-v1 (i+1,j-1)+vl(i-1,j-1))+Idx1l2;
v2dl2 = (V2 (i+1, 3+1)-v2(i-1, §+1)-v2 (i+1, J-1)+v2(i-1, j-1)) +Idx12;

Xvl = aldll(§)+v1ldll + ald22(j)*v1d22 + ald2(3j)«vld2
+ a2d12 (j) *v2dl2 + a2dl (j)+vadl;

Xv2 = bldl2(j)+v1dl2 + bldl(j)*vldl + b2dll (j)«v2dll
+ b2d22 (§) *v2d22 + b2d2 (J) xv2d2;

vl(i, J) Xv1lixIvl(]);

v2(i,3) = Xv2+xIv2(]);

end
end

end
%% Terminating condition
ppp = norm(vl,2) + norm(vz,2);
p = abs (l-ppp/pp) ;
end
%% Two-Body Model
Idx2 = 1/ (2%dX2);
IdX22 = (1/dX2)"2;

IdX12 = Idx1*IdX2;

Bn2wwl = 1/ (-3xIdX2*xah"2);
Bn2ww2 = 1/ (-3% (L1+2+M1) *IdX2 - Ll=*Iah);

Blwwl = 1/ (3xM1xIdX2xa”2 + 3xM2xIdx2%a”2);

Blww2 = 1/ (3% (L142%M1) *IdX2 + 3% (L2+2xM2) *xIdx2 - Ll*Ia + L2xIa);

aa(l,1l) = 3% (L1+2+M1)*Idx1;

aa(l,2) = - (L1+2+Ml)*Iah - 3xL1+IdX2;
aa(2,1) = 3xL1xIdx1;

aa(2,2) = - LlxIah - 3% (L1+2xM1)*IdX2;
Bln2ww = inv (aa);

aa(l,l) = - 3% (L1+2+«M1)+Idx1;

aa(l,2) = - (L1+2+M1l)=*Iah - 3*L1xIdX2;
aa(2,1) = - 3%L1xIdx1;

aa(2,2) = - LlxIah - 3% (L1+2xM1)*IdX2;
Bmn2ww = inv (aa);

aa(l,1l) = 3% (L1+2+M1)*Idx1;
aa(l,2) = - (L1+2+«Ml)*Ia + 3xL1xIdX2;

56



aa(2,1) 3% (L2+2%M2) »Idx1;

aa(2,2) = - (L2+2*M2)+*Ia - 3*xL2xIdx2;
Bllww = inv(aa);

aa(l,1l) = - 3% (L1+2+M1)+Idx1;

aa(l,2) = - (L142xM1)+*TIa + 3xL1+xIdX2;
aa(2,1) = - 3% (L2+2+M2) xIdx1;

aa(2,2) = - (L2+2+M2)+Ia — 3xL2+Idx2;
Bmlww = inv(aa);

%% Curvature terms of the overlying body

for j = 1:n2

rr(j) = a + (j-1)*dX2;

Irr(j) = 1/rr(j);

aaldll(j) = (L1+2+M1);
aald22(j) = Mlsrr(j)"2;

aald2 (j) = 3xMlxrr(j);
aa2dl2(j) = (L1+M1);

aa2dl (j) = (L14+3*M1)«*Irr(J);
bbldl2 (j) = (L1+M1)«rr(j);
bbldl (j) = —2«Ml;

bb2d11 (j) = Ml*Irr(j);
bb2d22 (j) = (L1+2+MLl)xrr(j);
bb2d2(j) = (L1+2x+M1);

bb2 = —(L1+2«M1)*Irr (J);
Iwl(j) = 1/(2%aaldll(j)+Idx1ll + 2%aald22(j)*Idx22);
Iw2(3) = 1/(2+bb2d11(j)*Idx1ll + 2+bb2d22 (j) *IdX22 - bb2);
aa(l,1l) = 3%xIdx1l«* (L1+2%M1);
aa(l,2) = - (L1+2xM1)+*Irr(j);
aa(2,1) = 0;

aa(2,2) = 3xIdxl;

J = inv (aa);

Blwll(j) = J(1,1);

Blwl2(j) = J(1,2);

Blw2l(j) = J(2,1);

Blw22 (j) = J(2,2);

aa(l,1) = - 3%xIdxl=*(L1+2xM1);
aa(l,2) = - (L1+2xM1)«*Irr(j);
aa(2,1) = 0;

aa(2,2) = - 3%Idx1l;
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end

2o
)

J = inv (aa);

Bmwll (j) = J(1,1);
Bmwl2 (§) = J(1,2);
Bmw2l (§) = J(2,1);
Bmw22 (j) = J(2,2);

2;

Main code

while errr < p

Pp

norm(vvl,2) + norm(vv2,2);

for k = 1:NNN

%% Corners
wwldl = (4xwwl (2,n2)-wwl(3,n2))*Idx1;
ww2d2 = = (4*ww2 (1,n2-1)-ww2 (1,n2-2))«IdX2;

Xwwl = (L1+2%M1)+wwldl + Llxww2d2 - 1;

Xww2 = Ll*wwldl + (L1+2+M1)*xww2d2;

wwl (1,n2) = Bln2ww(1l,1)*Xwwl + BIn2ww(1l,2) *Xww2;

ww2 (1,n2) = Bln2ww (2,1)*Xwwl + Bln2ww (2, 2) *Xww2;

wwldl = —(4»wwl (m-1,n2)-wwl (m-2,n2))~Idx1;
ww2d2 = —(4xww2 (m,n2-1)-ww2 (m,n2-2)) xIdX2;

Xwwl = (L1+2+M1)xwwldl + Ll*ww2d2 - 1;

Xww2 = Ll*wwldl + (L1+2+M1)+rww2d2;

wwl (m,n2) = Bmn2ww (1, 1) *Xwwl + Bmn2ww (1, 2) *Xww2;

ww2 (m,n2) = Bmn2ww (2, 1) *Xwwl + Bmn2ww (2, 2) *Xww2;

wwldl = (4xwwl(2,1)-wwl(3,1))Idx1;

ww2d2 = (4xww2 (1,2)-ww2 (1,3))*IdX2;

vvldl = (4xvvl(2,nl)-vvl(3,nl))*Idx1;
vv2d2 = —(4*vv2(1l,nl-1)-vv2(1l,nl-2))*«Idx2;

Xwwl = (L1+2+M1)*+wwldl + Llxww2d2 - 1;
Xww2 = (L2+2xM2)*xvvldl + L2xvv2d2;

wwl(l,1) = Bllww(l,1)*Xwwl + Bllww(l,2)*Xww2;

ww2 (1,1) = Bllww(2,1)*Xwwl + Bllww(2,2) *Xww2;

vvl(l,nl) = wwl(1l,1);
vv2(1l,nl) = ww2(1l,1);
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wwldl = = (4*wwl (m-1,1)-wwl (m-2,1))~Idx1;
ww2d2 = (4xww2 (m,2)-ww2 (m, 3))*IdX2;

vvldl = —(4xvvl(m-1,nl)-vvl (m-2,nl))~Idx1;
vv2d2 = —(4xvv2(m,nl-1)-vv2 (m,nl-2))+Idx2;
Xwwl = (L1+2+M1)*wwldl + Ll*xww2d2 - 1;

Xww2 = (L2+2%M2) xvv1ldl + L2xvv2d2;

wwl(m,1l) = Bmlww(l,1)*Xwwl + Bmlww(l,2)*Xww2;
ww2 (m,1) = Bmlww(2,1)*Xwwl + Bmlww (2,2) *Xww2;

vvl (m,nl)

vv2 (m,nl)

for i 2
%% St
wwldl
ww2dl
wwld2
ww2d2

Xwwl

Xww2

wwl (1
ww2 (1
%% Bo
wwldl
ww2dl
wwld2
ww2d2

Xwwl

Xww2

vvldl
vvadl
vv1ld2
vv2d2

Xvvl

Xvv2

wwl (1

ww2 (1

vvl (1

vv2 (1

wwl (m,1);

ww2 (m, 1) ;

tm-1

ress—free boundary of the overlying body

(wwl (i4+1,n2)-wwl (i-1,n2)) *Idx1;

(ww2 (14+1,n2) —ww2 (i-1,n2) ) *Idx1;

- (4xwwl (i,n2-1)-wwl (i,n2-2)) +xIdX2;

- (4*ww2 (i,n2-1)-ww2 (i, n2-2)) xIdX2;

wwld2+xah"2 + ww2dl;

Ll*xwwldl + (L1+2+M1)*xww2d2;

,N2) Bn2wwl*Xwwl;

,N2) Bn2ww2 *Xww2;

nded boundary

= (wwl (i+1,1)-wwl(i-1,1))+Idx1;
(ww2 (1+1,1) -ww2 (i-1,1)) »Idx1;
(4~wwl (1,2)-wwl(i,3))*IdX2;
(4ww2 (1,2)-ww2 (1,3))*IdX2;

= Ml* (wwld2*xa”"2 + ww2dl);
Llxwwldl + (L1+2+M1)*ww2d2;

(vvl (i4+1,nl)-vvl(i-1,nl)) *Idx1;
(vv2 (i+1,nl)-vv2 (i-1,nl)) »Idx1;

- (4*vvl(i,nl-1)-vvl(i,nl-2))+Idx2;
—(4*vv2(i,nl-1)-vv2(i,nl-2))+Idx2;

M2+ (vvld2+a™2 + vv2dl);

= L2*vvldl + (L2+2xM2)*xvv2d2;
,1) = Blwwlx (Xwwl - Xvvl);

, 1) = Blww2x (Xww2 - Xvv2);
,nl) = wwl(i,1);

,nl) = ww2 (i, 1);
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end

%% Stressed boundary of the overlying body
for j = 2:n2-1

wwldl = (4»wwl (2, J)-wwl(3,7))~Idxl;

ww2dl (4xww2 (2, J) —ww2 (3, J) ) »Idx1l;
wwld2 = (wwl (1, j+1)-wwl (1, j-1))*IdX2;

ww2d2 = (ww2 (1, 3+1)-ww2 (1, j-1))*xIdX2;

Xwwl (L1+2+M1) »wwldl + Llxww2d2 - 1;

Xww2 = ww2dl + (rr(j) " ~2)*wwld2;

wwl (1l,J) = Blwll(j)*Xwwl + Blwl2(j) *Xww2;
ww2 (1,3) = Blw2l(j)*Xwwl + Blw22 (J) *Xww2;

wwldl = - (4*wwl(m-1,J)-wwl(m-2, 7)) ~Idxl;
ww2dl = - (4*ww2 (m-1,J)-ww2 (m-2, j)) »Idx1l;
wwld2 = (wwl(m, j+1)-wwl (m, j—-1)) *xIdX2;
ww2d2 = (ww2 (m, j+1)-ww2 (m, j—1)) xIdX2;

Xwwl = (L1+2+M1)+wwldl + Llxww2d2 - 1;

Xww2 = ww2dl + (rr(j) " ~2)+*wwld2;

wwl(m, j) = Bmwll (j)*Xwwl + Bmwl2 () *Xww2;

ww2 (m, j) = Bmw2l (j)*Xwwl + Bmw22 (Jj) *Xww2;

end

%% Stress—-free boundary of the foundation

for j = 2:nl-1

vvldl = (4*vvl(2,3)-vvl(3,]))*Idx1l;
vv2dl = (4%vv2(2,3)-vv2(3,]))~Idxl;
vvld2 = (vvl1l(1l,3+1)-vvl(1l,J-1))*Idx2;
vv2d2 = (vv2(1l,3+1)-vv2(1l,J-1))+Idx2;

Xvvl = (L2+2%M2)*vvldl + L2xvv2d2;

Xvv2 = vv2dl + (r(j) 2)xvvld2;

vvl(1l,3j) = Blvll(j)*Xvvl + Blvl2(3j)*Xvv2;
vv2(1l,3) = Blv21l(j)*Xvvl + B1lv22(3)*Xvv2;

vvldl = - (4%vvl(m-1,])-vvl(m-2, 7)) Idxl;
vv2dl = —(4*vv2(m-1,])-vv2(m-2, 7)) ~Idx]l;
vvld2 = (vvl(m, j+1)-vvl (m, j-1))*xIdx2;
vv2d2 = (vv2(m, j+1)-vv2 (m, j-1)) +xIdx2;

Xvvl = (L2+2xM2)xvvldl + L2xvv2d2;

Xvv2 = vv2dl + (r(j)"2)=*vvld2;
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vvl(m, j) = Bmvll(j)*Xvvl + Bmvl2(j) *Xvv2;

vv2(m, j) = Bmv2l(j)*Xvvl + Bmv22 (j) *Xvv2;

end

%% Governing equations of the overlying body

for 1 = 2:m-1

for j = 2:n2-1

wwldl = (wwl (i+1,J)-wwl (i-1, j))~Idx1l;

wwld2 = (wwl (i, j+1)-wwl (i, j-1))+IdX2;

ww2dl = (ww2 (i+1,J)-ww2 (i-1, J)) +»Idx1l;

ww2d2 = (ww2 (i, J+1)-ww2 (i, j-1))+xIdX2;

wwldll = (wwl (i+1,3)+wwl (i-1, 7)) ~Idx11;

wwld22 = (wwl (i, j+1)+wwl (i, j-1))~IdX22;

ww2dll = (ww2 (i+1, ) +ww2 (i-1,j))»Idx11;

ww2d22 = (ww2 (i, j+1)+ww2 (i, j-1))~IdX22;

wwldl2 = (wwl (i+1, j+1)-wwl (i-1,3j+1)-wwl (i+1,3-1)+wwl (i-1,j-1))«IdX12;
ww2dl2 = (ww2 (i+1, j+1)-ww2 (i-1, j+1)-ww2 (i+1, j-1)+ww2 (i-1, j-1))«IdX12;

Xwwl = aaldll (j)wwldll + aald22(j)*wwld22 + aald2(j)~wwld2
+ aa2dl2 (j)»ww2dl2 + aa2dl (j)rww2dl;

Xww2 = bbldl2 (j)+wwldl2 + bbldl (j)*wwldl + bb2dll (j)~ww2dll
+ bb2d22 (j) »ww2d22 + bb2d2 () *ww2d2;

wwl (i, J) = XwwlxIwl(J);

ww2 (1, 3) = Xww2xIw2(J);

%% Governing equations of the foundation

for j = 2:nl-1

vvldl = (vvl(i+1,3J)-vvl(i-1,3J))~Idx1l;

vvld2 = (vvl (i, j+1)-vvl (i, j-1))+Idx2;

vvadl = (vv2(i+l,3J)-vv2(i-1,3J))~»Idxl;

vv2d2 = (vv2 (i, j+1)-vv2 (i, j-1))+Idx2;

vvldll = (vvl(i+1,3)+vvl(i-1,7))~Idx1ll;

vv1ld22 = (vvl(i, j+1)+vvl(i, j-1))~Idx22;

vv2dll = (vv2(i+1,])+vv2(i-1, 7)) ~Idx1l;

vv2d22 = (vv2 (i, j+1)+vv2 (i, j-1))~Idx22;

vvldl2 = (vvl(i+1,j+1)-vvl(i-1,3+1)-vvl(i+1l,3j-1)+vvl(i-1,Jj-1))*Idx12;
vv2dl2 = (vv2(i+l,j+1)-vv2(i-1,3+1)-vv2(i+l,3j-1)+vv2(i-1,j-1))«Idx12;

Xvvl = aldll (j)*vv1ldll + ald22(j)*vvld22 + ald2(j)*vvlid2
+ a2dl2 (j) xvv2dl2 + a2dl (j)=*vv2dl;
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Xvv2 = bldl2(j) *xvvldl2 + bldl (j)*vvlidl + b2dll(3)*vv2dll

+ b2d22 (J) *xvv2d22 + b2d2(J) xvv2d2;

vvl(i,j) = XvvlxIvl(3);

vv2(i,73) = Xvv2*xIv2(J);
end
end
end
%% Terminating condition
ppp = norm(vvl,2) + norm(vvz,2);
p = abs (l1-ppp/pp);

end

%% Error

normvvl = norm(vvl(:,nl),2);
normvv2 = norm(vv2(:,nl),2);
Baldellil(:) = abs(ww(:)-vvl(:,nl));
Baldelli2 (:) = abs(-vv2(:,nl));

Shelll(:) = abs(vl(:,nl)-vvl(:,nl));
Shell2(:) = abs(v2(:,nl)-vv2(:,nl));

wlNorm = norm(Baldellil,2)/normvvl; % Baldelli azimuthal error

vliNorm = norm(Shelll,?2)/normvvl; % Shell azimuthal error

w2Norm = norm(Baldelli2,2)/normvv2; % Baldelli radial error

v2Norm = norm(Shell2,2)/normvv2; % Shell radial error
%% Save data file

filename = 'CH3.mat';

save (filename)
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3 Shells Supported by Elastic Foundations: Friction Case

In this chapter we present a numerical code for calculating the relative error of our shell model with

friction with respect to Kikuchi and Oden’s [6] (see chapter 4 of Jayawardana [4]) implemented in

Matlab, i.e. FrictionCode.m.

We calculate the relative error between the displacement field of the foundation predicted by shell

model with friction and extended Kikuchi and Oden’s model by

Nl

, (Zmz,ma |ugnen(Az?, Az®) — tijgyoni (A2, Aff?’)||2)
Relative Error(u') = .

(5 s 0 N (A2, A29) 4 g (A2, A [2)

Now, let shellErrorul= Relative Error(u?) and shellErroru2= Relative Error(u?).
find:

function FrictionCode
%% Shells Supported by Elastic Foundations: Friction Case

% Contact angle is [0,pi]

%% Input

ar = 2; % Radius at \theta = 0.5xpi

br = 2; % Radius at \theta = 0

Thl = 0.125; % Thickness of the overlying body

Th2 = 1; % Thickness of the foundation

EE1 = 8000; % Young's modulus of the overlying body
EE2 = 1000; % Young's modulus of the foundation

PPl = 0.25; % Poisson's ratio of the overlying body
PP2 = 0.25; % Poisson's ratio of the foundation

N = 250; % Azimuthal grid points

SS1 = 1; % Applied stress at \theta = 0

SS2 = 1.5; % Applied stress at \theta = pi

%% Output
[U1,U2] = FrictionShell (ar,br,Thl,Th2,EEl,EE2,PP1l,PP2,N,SS1,SS52);

[Vl1l,V2] = OdenProb2(ar,br,Thl,Th2,EEl,EE2,PP1,PP2,N,SS1,SS2);

%% Error
ShellErrorUl = norm(Ul(:,:)-V1(:,:),2)/norm(Ul(:,:)+V1(:,:),2); % Azimuthal error

ShellErrorU2 = norm(U2(:, :)-V2(:,:),2)/norm(U2(:, :)+V2(:,:),2); % Radial error %

o\

% Save data file
filename = 'FrictionCode.mat';

save (filename)
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Thus, we

o

equation

3 equation (35)

(35)



3.1 Shell Model with Friction

In this section we present a numerical code for an example of our shell model with friction (see

section 4.5 of Jayawardana [4]) implemented in Matlab, i.e. FrictionShell.m.

To conduct numerical experiments we remain with the framework that we introduced in Chapter 2

(see Section[2.7). Thus, we may express the governing equations of the shell as:

If [21/FU3 + T/)2|u2|]|wNew < O, then

1
hAdoe3(u) + gh?’A(QF[”]S@p% (u) + Oa K3 p3(w)) — Tr(T5 (u) =0, (36)
1
—hAF[”]%eg(u) + ghsA(A/’%(u) - Eu]%}fu]gﬂg(u)) + Te(T5 (w) = 0; (37)

If [2VFU3 + ’(/)2|u2|]|wNew = O, then

—_

vehAdyea(w) — 7hA¢2sign(u2)F['”]§eg (w)

[l A

+ gVthA(QF[u]gawg (@) + 82 K3 p3(w))

+ W Asien(u) (Apd(8) — Fud R (@)

—vpTe(T3(w)) + %wgsign(uQ)Tr(Tg’(ﬁ)) =0, (38)
where @ new = (0,u%, — 1z o u?[) | vew @and (0, 05u2, 9343) | mew = (0, O3u?, 93u?)|, new. Note that

Tr(T5 (w) = i ((¢2)*03u® + 9au®) [ ew

Tr(T5 (w)) = [A (O2u® + Topu® + T55u®) + (A + 2/2)95u°] | new .

Note that to conduct numerical experiments we use the second-order-accurate finite-difference

method.

Hna"%|etvl::u2,v2::u3,a::b,b::a,Thicknessl::h,ThicknessZIrff,Stresslzﬂm,Stress2:

Tmax, Youngsl= F, Youngs2= F, Poissonl= v, Poissonl= I, NN= N and Mu= vg. Thus, we find:

function [Ul,U2] = FrictionShell (ar,br,Thl,Th2,EEl,EE2,PP1l,PP2,N,SS1,SS2)

format long

%% Shell Model with Friction

% Shell on an elastic prism with a variable elliptical cross section: friction case

% Contact angle is [0,pi]

%% INITIAL PARIMITERS

a = ar; % Radius at \theta = 0.5xpi

b = br; % Radius at \theta = 0

Thicknessl = Thl; % Thickness of the overlying body

Thickness2 = Th2; % Thickness of the foundation

Stressl = SS1; % Applied stress at \theta = 0

Stress2 = SS2; % Applied stress at \theta = pi
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Youngsl = EEl; % Young's modulus of the overlying body

Poissonl = PP1l; % Poisson's ratio of the overlying body
Youngs2 = EE2; % Young's modulus of the foundation
Poisson2 = PP2; % Poisson's ratio of the foundation

NN = N; % Azimuthal grid points
error = 107 (-10); % Terminating error

o

Mu = 0.5; % Coefficient of friction

%% DO NOT CHANGE!
aqq = sqrt((a”2+b"2)/2);

g = Thickness2/ (qg*pi);

IMu = 1/ (2%Mu);

m = NN; % Azimuthal grid points

o

n = round(gxNN-g+1); % Radial grid points of the foundation

L1 = PoissonlxYoungsl/ ((l+Poissonl)x (1-2«xPoissonl));
M1 = 0.5%«Youngsl/ (1+Poissonl);

L = 4xM1% (L1+M1)/ (L1+2xM1);

L2 = Poisson2xYoungs2/ ((l+Poisson2)* (1-2xPoisson2));

M2 = 0.5xYoungs2/ (1+Poisson2) ;

NNN = NN"2;
errr = errorxNNN;
p = 2;

dxl = pi/(m-1); % Azimuthal grid spacing

dx2 = Thickness2/(n-1); % Radial grid spacing of the foundation

Idx1 1/dx1;

Idx2 = 1/dx2;

Idl = 0.5%xIdx1;
Idll = Idx172;

Id2 = 0.5%Idx2;
Id22

Idx2"2;

Id12 = Idl+Id2;

ul = zeros(m,1);
u2 = zeros(m,1);
Ul = zeros(m,n);
U2 = zeros (m,n);
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zeros(m,n); %

Azimuthal displacement of the foundation

Radial displacement of the foundation

v2 = zeros(m,n); %
X = zeros(m,1);

IX = zeros(m,1);

K1 = zeros(m,1);

K2 = zeros(m,1);

K11l = zeros(m,1);
K21 = zeros(m,1);

Y = zeros(m,n);

IY = zeros(m,n);
LL111 = zeros(m,n);
LL112 = zeros(m,n);
JF1l = zeros(m,n);
JF12 = zeros(m,n);
JF21 = zeros(m,n);
JF22 = zeros(m,n);
J1B11 = zeros(1l,n);
J1B12 = zeros(l,n);
J1B21 = zeros(l,n);
J1B22 = zeros(l,n);
JmBll = zeros(l,n);
JmB12 = zeros(l,n);
JmB21 = zeros(l,n);
JmB22 = zeros(1l,n);
Aldll = zeros(m,1l);
Aldl = zeros(m,1);
Ald2 = zeros(m,1);
A2d111 = zeros(m,1);
A2d11 = zeros(m,1l);
A2dl = zeros(m,1l);
B1d1l1ll = zeros(m,1);
B1ldll = zeros(m,1);
Bldl = zeros(m,1);
B2d1111 = zeros(m,1);
B2d111 = zeros(m,1);
B2dll = zeros(m,1);
B2dl = zeros(m,1);
B2d2 = zeros(m,1);
JM11 = zeros(m,1);
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JM12 = zeros(m,1);

JgM21 = zeros(m,1l);

JgM22 = zeros(m,1l);

JIM11 = zeros(m,1);
J1IM12 = zeros(m,1l);
J1IM13 = zeros(m,1);
JIM21 = zeros(m,1);
JIM22 = zeros(m,1);
JIM23 = zeros(m,1);
JIM31 = zeros(m,1);
J1IM32 = zeros(m,1);

J1IM33 = zeros(m,1);

JmM11l = zeros(m,1);
JmM12 = zeros(m,1);
JmM13 = zeros(m,1);
JmM21 = zeros(m,1l);
JmM22 = zeros(m,1l);
JmM23 = zeros(m,1l);
JmM31 = zeros(m,1);
JmM32 = zeros(m,1);

JmM33 = zeros(m,1l);

aa = zeros(2,2);

aaa = zeros(3,3);

Cld22 = zeros(m,n);

Cldl = zeros(m,n);
Cld2 = zeros (m,n);
C2dl = zeros(m,n);

D1d12 = zeros(m,n);
D2d1l1l = zeros(m,n);

D2d22 = zeros (m,n);

D1dl = zeros(m,n);
D1d2 = zeros (m,n);
D2dl = zeros(m,n);
D2d2 = zeros(m,n);
SX11 = zeros(m,1);

SX12 = zeros(m,1);

SX21

zeros (m,1);

SX22 = zeros(m,1l);

XX = (Thicknessl”2)/3;

IXY = 1/ (L*Thicknessl);

Tl = Stressl/L;

T2 = Stress2/L;



aldl = 1;

daldll = 1;
Cldll = (L2+2#M2);
C2d12 = (L2+M2);

%% Curvature terms of the shell

for i = 1:m

x1 = (i-1)*~dx1;

alpha2 = (bxsin(x1)) "2 + (axcos(xl))"2;

alpha = sqgrt (alpha2);

Ialpha = 1/alpha;

alphadl = 0.5+« (b"2-a"2)*sin(2+x1)«Ialpha;

alphadll = ((b"2-a”2)*cos(2+%x1l) - alphadl”2)«*Ialpha;

alphadlll = - (2% (b"2-a"2)*cos (2«x1l) + 3xalphadlxalphadll) *Ialpha;

X (i) = alpha;

IX(1) = 1/X(1);

IX2 = IX(1)"2;

Xdl = alphadl;

Xdll = alphadll;
Xdlll = alphadlll;
Xd2 = axbxIalpha”2;

Xdl2 = -2xaxbxalphadl+Ialpha”3;
Xdl1l2 = -2+axbxalphadllxIalpha”3 + 6xa*bx (alphadl”2)« (Ialpha”4);
Xd1l1l1l2 = -2xaxbxalphadlllxIalpha”3 + 1l8xaxbxalphadl*alphadllx (Ialpha”4)

- 24xaxb+* (alphadl”3) « (Ialpha”b);

K1 (i) = Xd1*IX(i);
K2 (i) = Xd2+IX(1i);

K11 (i) = Xdl11l+IX(i)-K1(i)"2;

K21 (1) = Xd12*IX(i)-K1(1i)=*K2(1i);

K111l = Xd111#IX(i) - 3*Xdl1l#IX(i)=*K1 (i) + 2+K1l(1i)"3;
K211 = Xd112+IX(1i) - 2%Xdl2+IX(i)+*KI1 (i) - XdL11+IX(1i)«*K2(i) + 2xK2(i)*K1l(1i)"2;
K2111 = Xd1112+IX (1) - 3#Xd112+IX (i) +*K1 (i) - 3%Xd12xXdl11+IX(i)"2

+ 64Xd12+IX(1)*K1 (1) "2 - Xd111xIX(1)~*K2 (1)

+ 6%Xd1l1+IX (i) *K1(1)+*K2 (i) - 6%K2 (1)Kl (i) 3;

al = K1(1i);
a2 = K2 (i);

daldl = K1(i);
dal = K11 (i);
da2dl = K2(i);
da2 = K21 (i);

cld2 = — M2« (X (1) "2)*IXY;
c2dl = - M2+IXY;
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cldl = L2%IXY;

cl = L2%K1 (1) *IXY;
c2d2 = (L2+2xM2) *xIXY;
c2 = L2%K2 (i) ~IXY;

bldl = - 2xK2(1i);
bl = - K21 (i) — 2%K1(1i)=*K2(1);
b2dll = IX2;

b2dl = - IX2K1(i);
b2 = - K2(i)"2;

dbldll = - 2+K2(i);

dbldl = — 3«K21(i) - 2xK1(i)*K2(i);

dol = — K211 - 2+K11(i)#K2 (1) — 2#K1(1)+K21(i);

db2d11l = IxX2;

db2d1l = - 3#IX2+K1(i);

db2dl = - K2(i)°2 - IX2%K11 (i) + 2+IX2#K1(i)"2;

db2 = — 2xK21(i)*K2(i);

ddbldlll = - 2xK2(i);

ddbldll = - 5xK21 (1) - 2K (i)+K2(i);

ddbldl = - 4%K211 - 4xK11 (i)*K2 (i) - 4#*K21(i)+K1(i);

ddbl = - K2111 — 2%K111+K2 (i) - 4+K11(i)*K21 (i) — 2*K211+K1(i);

ddb2d1111 = IX2;

ddb2dl11ll = - 5xIX2xK1(1);

ddb2dll = - K2(i) "2 - 4*xIX2%K11(i) + 8+IX2«K1(i)"2;

ddb2dl = - IX2xK111l + 6xIX2+K11(1)*K1 (i) - 4*IX2xK1(1i) "3 - 4%K21(1i)=*K2(1);
ddb2 = - 2%xK211%K2 (1) - 2xK21(1i)"2;

Aldll (i) = daldll - 2xK2(i)*XXxdbldll;

Aldl (i) = daldl - 2%K2 (i) *XXxdbldl - K21 (i) *XXxbldl;

Ald2 (i) = cld2;

Al = dal - 2xK2(1)*XXxdbl - K21 (i) *XXxbl + 3%xId2xcld2;

A2d111 (i) = - 2xK2(1)*XXxdb2d1l1l1l;
A2d11 (i) = - 2%K2 (i) *XXxdb2dll - K21 (i) *«XX*b2dl1l;
A2d1 (i) = da2dl - 2xK2 (i) *XXxdb2dl - K21 (i) *XXxb2dl + c2dl;

A2 = da2 - 2%K2 (1) *XXxdb2 - K21 (i) *XXxb2;

B1d111l (i) = IX2+xXXxddbldlll;
B1d1ll (i) = IX2xXXxddbldll - IX2xK1 (i) *XXxdbldll;
Bldl (i) = K2 (i)*aldl + IX2xXX*xddbldl - IX2%KI1 (i) *xXX*dbldl

- (K2(1)"2)*XX*bldl + cl1dil;
Bl = K2(i)*al + IX2xXXxddbl — IX2xKI1 (i)*XXxdbl - (K2 (i) "2)*XXxbl + cl;

B2d1111 (i) = IX2%XXxddb2d11l1l1l;

B2d111 (i) = IX2+xXXxddb2dl1ll - IX2xKI1 (i) *xXXxdb2d1l1l1l;

B2d11 (i) = IX2xXXxddb2dll - IX2xK1 (1) *XXxdb2dll - (K2 (1) "2)*XXxb2dll;
B2dl (i) = IX2xXX*ddb2dl - IX2%KI1 (i) *XX*db2dl - (K2 (1) "2)*XXxb2dl;
B2d2 (i) = c2d2;
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B2 = K2(1i)=*a2 + IX2%xXXxddb2

- IX2xK1 (i) *XXxdb2 -

(K2 (1) "2) *XX*b2 + c2 + 3%xId2*c2d2;

aa(l,1l) = 2xA1dl1(i)~*Idll - Al;
aa(l,2) = 2+xA2d11(1i)*Idll - AZ2;
aa(2,1) = 2xB1d11(i)~*Idll - B1;
aa(2,2) = 2xB2d11(i)*Idll - B2 - 4xB2d1111(1i)=*Id11"2;
SX11 (i) = aa(l,1);

SX12 (i) = aa(l,2);

SX21 (i) = aa(2,1);

SX22 (i) = aa(2,2);

J = inv(aa);

JM11 (i) = J(1,1);

JM12 (1) = J(1,2);

JM21 (1) = J(2,1);

JM22 (1) = J(2,2);

aaa(1l,1) 3xIdlxaldl - al;
aaa(l,2) - az;

aaa(l, 3) 0;

aaa(2,1) 0;

aaa(2,2) 3x1Id1;

aaa(2,3) 0;

aaa(3,1) - 2%xId11%dbldll + 3%Idl*dbldl - dbl;
aaa(3,2) - 2xIdllxdb2dll - db2;
aaa (3, 3) 3xIdl+xdb2d111;

J = inv(aaa);

JIMI1 (1) J(l,1);

JIM12 (1) J(1,2);

JIM13 (1) J(1,3);

J1M21 (1) J(z,1);

J1IM22 (1) J(2,2);

JIM23 (1) J(2,3);

JIM31 (1) J(3,1);

J1M32 (1) J(3,2);

JIM33 (1) J(3,3);

aaa(l, 1) - 3xIdl+xaldl - al;
aaa(l,2) - az2;

aaa(1l,3) 0;

aaa(2,1) 0;

aaa(2,2) - 3xIdl;

aaa(2,3) 0;

aaa(3,1) — 2%xIdllxdbldll - 3%Idlxdbldl - dbl;
aaa(3,2) - 2%Idl1lxdb2dll - db2;
aaa (3, 3) — 3xIdlxdb2d111;
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J = inv (aaa);

JmM11 (i) = J(1,1);
JmM12 (i) = J(1,2);
JmM13 (i) = J(1,3);
JmM21 (i) = J(2,1);
JnM22 (i) = J(2,2);
JmM23 (1) = J(2,3);
JmM31 (1) = J(3,1);
JmM32 (1) = J(3,2);
JmM33 (1) = J(3,3);

end

%% Curvature terms of the foundation

for i = 1:m

x1 = (i-1)*~dx1;

for j = 1:n

x2 = (j-1)+dx2 - Thickness?2;

alpha2 = (bxsin(xl)) "2 + (axcos(xl))"2;

alpha = sqgrt (alpha2);

Ialpha = 1/alpha;

Ialpha2 = 1/alpha2;
alphadl = 0.5x(b"2-a"2)*xsin(2xx1) *Ialpha;

alphadll = ((b"2-a”2)*cos(2+«x1l) - alphadl”2)=*Ialpha;
Y(i,j) = alpha + axbxIalpha2#x2;
IY (i, 3) = 1/Y(i,73);

Ydl = alphadlx (l-2*xaxbxx2xIalpha*xIalpha2);

Ydll = alphadll«* (1-2xaxb*x2+«IalphaxIalpha2) + 6xa*xb*x2* (alphadl+«Ialpha2) "2;
Yd2 = axbxIalpha2;

Ydl2 = -2xaxbxalphadl*IalphaxIalpha2;

LL111 (1, 3)

YA1+IY (i,9);
LL112(i,3) = Yd2+IY(i,3);
LL1111 = Yd11IY(i,3)-LL111(4i, )" 2;

LL1112 = Yd12+IY(i,J)-LL111(i,d)+*LL112(i,]);
LL1122 = -LL112(i,3)"2;

C1d22 (i,9) = M2xY(i,3) "2;

C1dl(i,3) = (L2+2%M2)*LL111(i, ) ;
C1d2 (i, 3) = 3*M2+LL112(i,3)*Y (i, ) 2;
€2d1(i,3) = (L2+3%M2)*LL112(i,7);

Cl (L242%M2) *LL1111;

C2 = (L2+2%M2)*LL1112;

D1d12(i,3) = (L2+M2) Y (i,3);
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D2d11 (i, 3j) = M2*IY(i,]);

D2d22 (i, J) = (L2+2xM2)xY(i,3);

D1d1 (i, J) = - 2*M2xLL112(i,73)*Y(i,73);

D1d2 (i, j) = (L2+M2)*LL111 (i, 3)*Y(i,]);

D2d1(i,J) = - M2%LL111(i,3)*IY(i,]);

D2d2 (i, 3J) = (L2+2xM2)*LL112 (i, 3)*Y(i,7);

D1 = L2xLL1112xY(i,3) - 2*M2xLL111 (i, j)*LL112 (i, J)*Y(i,73);
D2 = L2xLL1122%Y(i,Jj) - 2+«M2xLL112 (i, J)*LL112(1i,J)*Y(i,3);
aa(l,1l) = 2%xCldl1xIdl1l + 2%Cld22 (i, j)*«Id22 - C1;
aa(l,2) = - C2;

aa(2,1) = - DI1;

aa(2,2) = 2+xD2d11(i,J)*Idll + 2%D2d22(i,j)*Id22 - D2;

J = inv (aa);

JF11(i,3) = J(1,1);
Jrl2(i,3) = J(1,2);
JF21(i,3) = J(2,1);
JE22(1,3) = J(2,2);

end
end
for j = 1:n
aa(l,1l) = 3xIdl«(L2+2xM2) - (L2+2xM2)*LL111(1,73);
aa(l,2) = - (L2+2%M2)«LL112(1,7);
aa(2,1) = 0;
aa(2,2) = 3%Idl;
J = inv (aa);
J1B11(j) = J(1,1);
J1B12(j) = J(1,2);
J1B21(3) = J(2,1);
J1IB22(3) = J(2,2);
aa(l,1) = - 3%Idl*(L2+2%M2) - (L2+2xM2)*LL111 (m, J);
aa(l,2) = - (L2+2xM2)«LL112 (m, Jj);
aa(2,1) = 0;
aa(2,2) = - 3%Idl;
J = inv (aa);
JnBl1(j) = J(1,1);
JmB12 (J) = J(1,2);
JnB21(j) = J(2,1);
JmB22 (J) = J(2,2);
end
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%% Main code

while errr <

P

pp = norm(vl,2) + norm(v2,2);

ul (1) = (2+«v1(l,n)-5xv1(2,n)+4xv1(3,n)-v1(4,n))*Idll;

vldl = (4xv1(2,n)-v1(3,n))~Idl;

v2dl = (4xv2(2,n)-v2(3,n))~Idl;

uzdl = (4%u2(2)-u2(3))*I1dl;

v1dll = (=5%v1(2,n)+4xv1(3,n)-v1(4,n))~Idll;

v2dll = (=5xv2(2,n)+4%v2(3,n)-v2(4,n))~Idll;

Xvl = v1ldl - T1;

Xv2 = v2dl;

Xu2 = — 2%K2(1)*v1dll - (3*K21(1)+2+K1(1)*K2(1l))=*vldl
+ (IX(1)"2)xu2dl - 3% (IX(1l)"2)*K1l(1l)=*v2dll;

vl(l,n) = JIM11(1l)=*Xvl + JIMI12(1)*Xv2 + JIM13(1l)=*Xu2;

v2(1l,n) = JIM21(1l)*Xvl + JIM22 (1) *Xv2 + JIM23(1)*Xu2;

uz2 (1) = JIM31 (1) *Xvl + JIM32(1)*Xv2 + JIM33 (1) *Xu2;

ul (m) = (2*vl(m,n)-5+v]1 (m-1,n)+4*xvl (m-2,n)-vl(m-3,n))*«Idll;

vldl = - (4»vl(m-1,n)-v1l(m-2,n))*Idl;

v2dl = —(4»v2(m-1,n)-v2 (m-2,n))*«Idl;

u2dl = —(4*xu2 (m-1)-u2 (m-2))~Idl;

v1ldll = (=5%v1(m-1,n)+4*vl (m-2,n)-vl(m-3,n))*Idll;

v2dll = (=5%v2 (m-1,n)+4*v2 (m-2,n)-v2 (m-3,n))*Idll;

Xvl = v1dl - T2;

Xv2 = v2dl;

Xu2 = - 2%K2(m)*vldll - (3+xK21 (m)+2%K1 (m)*K2 (m))*vldl
+ (IX(m)"2)*u2dl - 3% (IX(m) " 2)«*K1l (m)=*v2dll;

vl (m,n) = JmM11l (m)*Xvl + JmMI12 (m)*Xv2 + JmM13 (m)*Xu2;

v2 (m,n) = JmM21 (m)*Xvl + JmM22 (m) *Xv2 + JmM23 (m) *Xu2;

u?2 (m) = JmM31 (m) *Xvl + JmM32 (m) *Xv2 + JmM33 (m) *Xu2;

%% Gouerning equations of the shell

for 1 = 2:m-1
ul (i) = (vl (i+1l,n)-2xvl(i,n)+vi(i-1,n))=Idll;
u2 (i) = (v2(i+l,n)-2+v2(i,n)+v2(i-1,n))Idll;
v1ldll = (vl1(i+l,n)+vl(i-1,n))*Idll;
v2dll = (v2(i+1l,n)+v2(i-1,n))*Id11;
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vldl = (v1(i+l,n)-v1(i-1,n))*Idl;
v2dl

(v2 (i+1,n)-v2(i-1,n))*Idl;

u2dll = (u2(i+l)+u2(i-1))*Idll;

uldl = (ul (i+1l)-ul(i-1))*Idl;
u2dl = (u2(i+l)-u2(i-1))*I1dl;

v1ld2 = —(4»vl(i,n-1)-vl(i,n-2))*Id2;
v2d2 = —(4*v2(i,n-1)-v2(i,n-2))*Id2;

%% Bounded boundary

Xvl = Aldl1l (i) *v1dll + Aldl(i)=*vldl + Ald2(i)=xv1d2 + A2d111 (i) =xu2dl
+ A2d11 (i) *v2dll + A2d1l(i)+*v2dl; % equation (36)

Xv2 = B1d111l(i)*uldl + B1dll(i)=xvldll + B1ldl(i)=*vldl + B2d1111(i)=*u2dll
+ B2d111(i)*u2dl + (B2d11l(i)-2xB2d1111 (i)=*Id1ll)xv2dll
+ B2d1 (i) *v2dl + B2d2(i)*v2d2; % equation (37)

v1(i,n) = JMI1(i)*Xvl + JML2 (i)+*Xv2;

v2(i,n) = JM21 (i) *Xvl + JM22 (1) *Xv2;

delta = 2+«Mu*v2(i,n) + X (i)xabs(vl(i,n));

%% Limiting-equilibrium boundary

if ~(delta < 0)

v2(i,n) = — IMuxX(i)=*abs(vl(i,n));

XXvl = Xv1+IMu*X(i)*sign(vl(i,n))*Xv2; % equation (38)

IXvl = 1/(SX11(i) + IMuxX(i)=*sign(vl(i,n))* (-SX12(i)+SX21(i))

- SX22 (1) *(X(i)*IMu) " 2);

vl(i,n) = XXv1xIXvl;

end

%% Stress—-free Boundary of the foundation

for j = 2:n-1

vlidl = (4xv1(2,73)-v1(3,3))~Idl;

v1ld2 = (v1(1,3+1)-vl(l,3-1))*Id2;

v2dl = (4%v2(2,3)-v2(3,73))*Idl;

v2d2 = (v2(1,3+1)-v2 (1, j-1))*Id2;

Xvl = (L2+2xM2)*v1dl + L2xv2d2;

Xv2 = v2dl + (Y (1,73)"2)%vld2;

v1l(1,3) J1IB11(3)*Xvl + J1B12 (j) *xXv2;

v2(1,3) = JIB21(j)*Xvl + JIB22(7)*Xv2;
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vldl = - (4%vl(m-1,3)-vl(m-2,3))~Idl;
v1ld2 = (vl1(m, j+1)-vl(m, j-1))*Id2;
v2dl = - (4%v2(m-1,7)-v2(m-2,7))~Idl;
v2d2 = (v2(m, j+1)-v2(m, j-1))+Id2;

Xvl = (L2+2+M2)*xv1dl + L2%xv2d2;

Xv2 = v2dl + (Y(m,J) 2)xvld2;

vl (m, j) JnB11 (j) #Xvl + JmB12 (j) xXv2;

v2(m, j) JmB21 (§) *Xvl + JmB22 (J) *Xv2;

end

%% Gouerning equations of the foundation

for i = 2:m-1

for j = 2:n-1

v1dll = (v1(i+1,3j)+vi(i-1,3))*Id1l1;

v1ld22 = (v1(i,J+1)+vl(i,j-1))~*Id22;

vldl2 = (v1(i+1,J+1)-v1(i+1,3-1)-v1(i-1,3j+1)+vi(i-1,3-1))«Id1l2;
vldl = (v1(i+1,3)-v1l(i-1,3))*Idl;

v1ld2 = (v1(i, j+1)-v1(i,J-1))*Id2;

v2dll = (v2(i+1,3j)+v2(i-1,3))*Id1l1;

v2d22 = (v2(i,J+1)+v2(i,j-1))~*Id22;

v2dl2 = (v2(i+1,j+1)-v2(i+1,3-1)-v2(i-1,Jj+1)+v2(i-1,3-1))«*Id1l2;
v2dl = (v2(i+l,3)-v2(i-1,7))*Idl;

v2d2 = (v2(i,J+1)-v2(i,j-1))~*Id2;

Xvl = Cldllxvldll + Cld22 (i, j)*vld22 + C2dl2%v2dl2

+ C1dl (i, 9)+vldl + Cld2(i,3)*v1ld2 + C2dl(i, ) *v2dl;
Xv2 = D2d11 (i, j)*v2dll + D2d22 (i, J)*v2d22 + D1d12 (i, ) *v1ldl2
+ D1dl (i, j) *»vldl + D1d2 (i, j)+v1d2 + D2dl (i, J)*v2dl + D2d2 (i, j)*v2d2;

v1l(i,j) = JF11(i,3)*Xvl + JF12(i, ) *Xv2;

v2 (i, J) JF21 (i, ) *Xvl + JF22 (i, J) *Xv2;

end
end
end
%% Terminating condition
ppp = norm(vl,2) + norm(v2);
p = abs(1- ppp/pp);
end
%% Foundation

Ul(:,:) = vl(:,1:);
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U2(:,:) = v2(:,1:);

3.2 Two-Body Kikuchi and Oden’s Model

In this section we present a numerical code for an example of Kikuchi and Oden’s [6] model
for two-body friction problems (see section 4.6 of Jayawardana [4]) implemented in Matlab, i.e.
odenProb2.m. Note that to find numerical solutions we employ the Newton’s method for nonlinear

systems (see chapter 10 of Burden et al. [3]).

To conduct numerical experiments consider the following. In accordance with the framework that is
introduced in section the overlying body is restricted to the region 3 € (0, h). Thus, with some
calculations, one finds that the perturbed governing equations of the overlying body are
(X + p)0? (?i&}i) + ulAdv? =0, (39
A+ ) (Vidv') + pAdv® =0, (40)
where
Vodv? = 09602 + Ty 0v? + T300%
Vobv? = 0200° — (1) T 007
Vsov? = 95602 + f2235v2 ,
V300 = 9500° |
and dv = (0, 6v2 (22, 23), 5v3 (22, 23)) is a small perturbation of the displacement field of the overlying
body. With relative ease, one finds that the perturbed governing equations of the foundation are
A+ )9 (Vidu') + pAsu® =0, 41)
A+ 1)0? (?,»51/) + aAsu® =0, (42)
where du = (0, 6u?(z?, 23), du(2?, 23)) is the perturbation of the displacement field of the founda-

tion. With some more calculations, one finds the following boundary conditions to the displacement

fields,

[v* — u3]| new = 0 (continuous radial displacement) , (43)

[T3(v) — T3 (w)]| new = 0 (continuous radial stress) , (44)
and the boundary conditions for the perturbations

5112\8%,6%@:;% =0,
5U3|@New =0,
5U2|{8wNeWX(0=h)}U{[—%m%W]X{h}} =0,
0U% w0, 1)U [~ 3 bl x (A} = O -
Thus, the equations characterising the frictionally coupling of the overlying body to the foundation

can be expressed as:
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If '(LQ|U2 - u2||wNew Z €, then
(11 (Y2030° + (1h2) ' 020°) + vpsign(v? — u®)T5 (V)] new = 0,
[ﬂ (1/_1283u2 + (1/;2)_132113) + vpsign(v? — u2)T33(u)] | new =0 ;
If '(LQ|1)2 - U2||wNew < €, then
(1 (¥20360%) + vpe by (v¥ — u?)T5 (6v) + vpe "o (Sv* — Su®)T5 (v)
—l—,u (’1/126311 + ’(ﬁg 182’[) ) + Z/FE_l’l/JQ(U? ) ( ):I |wNeW =0 s
[ﬂ (1/7283§u2) + VF€71”(/_)2(’U ) ( u) + I/F€71”(/}2(5’U2 du? )T3( )
)

+ [ (¢283u + () " r0ou?) + vpe tho(v? —u )T3( )] | onew =0,
where

T3 (v) = X (020 + Tiho? + T550%) + (A + 2p) 050

T3 (u) = A (0ou® + Tu® + Tiu®) + (X + 21)05u®

(45)
(46)

(47)

(48)

We choose to terminate our iterating process once the condition |1 — (||wm||e2 + ||V ||e2 +|[0wm ]| 2 +

H(s’vagz)il(H’ueral + ||’Um+1||g2 + ||(5um+1”g2 + H(s’Uerngz)‘ <107 10js SatiSﬁed, where Uy Um,

Su,, and dv,, are the m!" iterative solutions of extended Kikuchi and Oden’s model model.

Finally, let vi= u?, v2= vu?, dvi= du?, dv2= 6u?, ul= v?, u2= 03, dul= 6v?, du2= 6v>, a= b, b= a,

Thicknessl= h, Thickness2= H, Stressl= Ty, Stress2= Tmax, Youngsl= FE, Youngs2= F,

Poissonl= v, Poissonl= 7, NN= N and Mu= vr. Thus, we find:

function [V1,V2] = OdenProb2(ar,br,Thl,Th2,EEl,EE2,PP1l,PP2,N,SS1,SS2)
format long
%% Two-Body Kikuchi and Oden's Model

°

% Overlying elastic body on an elastic prism with a variable elliptical cross section

°

% Contact angle is [0,pi]

o

% Static friction case

%% INITIAL PARIMITERS

a = ar; % Radius at \theta = 0.5xpi

b = br; % Radius at \theta = 0

Thicknessl = Thl; % Thickness of the overlying body

Thickness2 = Th2; % Thickness of the foundation

Stressl = SS1; % Applied stress at \theta = 0

Stress2 = SS2; % Applied stress at \theta = pi

Youngsl = EEl; % Young's modulus of the overlying body

Poissonl = PPl; % Poisson's ratio of the overlying body
Youngs2 = EE2; % Young's modulus of the foundation
Poisson2 = PP2; % Poisson's ratio of the foundation
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N; % Azimuthal grid points

= 107 (-10); % Terminating error

0.5; % Coefficient of friction

= 10" (-10); % Regularisation parameter

%% DO NOT CHANGE!

qgl = sqgrt((a”2+b"2)/2) + 2+axbxThicknessl/(a"2+b"2);

qg2 = sqrt((a"2+b"2)/2);

m = N

nl

L1 =

L2 =

NNN =

errr

p =2

dxl =

dx2 =
ax2 =

Idx1

Idx2

IdX2

Iepsi

Idl =
Idl1l

Id2 =
Id22

Idiz

ID2

ID22

ID12

aa =

Thicknessl/ (ggl*pi);
Thickness2/ (gg2+*pi) ;

N; % Azimuthal grid points

round (gl*NN-gl+1l); % Radial grid points of the overlying body

round (g2+«NN-g2+1); % Radial grid points of the foundation

PoissonlxYoungsl/ ((1+Poissonl) x (1-2+«Poissonl));

0.5xYoungsl/ (1+Poissonl);

Poisson2*Youngs2/ ( (1+Poisson2) x (1-2+xPoisson2));

0.5%Youngs2/ (1+Poisson2) ;

NN"2;
= errorx=NNN;

’

o

pi/(m-1); % Azimuthal grid spacing

Thicknessl/ (nl-1); % Radial grid spacing of the overlying body

Thickness2/(n2-1); % Radial grid spacing of the foundation

1/dx1;
= 1/dx2;

= 1/dx2;

= 1/epsi;

0.5+«Idx1;
= Idx172;

0.5%Idx2;

Idx272;

= Idl*Id2;

0.5%IdX2;

IdX272;

= Id1«ID2;

zeros (2,2);
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ul =

uz =
dul
du2

vl =

v2 =
dvl
dv2

vVl =
V2 =

IX =

L111
L112

Y =

Iy =

LL11
LL11

JM11
JM12
JM21
JM22

JF11
JF12
JF21
JF22

Jlsl
Jlsl
Jls2
Jls2

JmS1
JmS1
JmS2
JmS2

J1B1
J1B1
J1B2
J1B2

zeros(m,nl); %

zeros(m,nl); %

zeros (m,n2); %

zeros (m,nl); %

zeros (m,nl); %

o

o

o

zeros (m,n2); %

zeros (m,n2); %

zeros (m,n2); %

zeros (m,n2) ;

zeros (m,n2) ;

zeros (m,nl);

zeros (m,nl);

zeros (m,nl);

zeros (m,nl);

zeros (m,n2) ;

1
2

1
2
1
2

1
2
1
2

1
2
1
2

zeros (m,n2) ;

zeros (m,n2) ;

zeros (m,n2);

zeros (m,nl);
zeros (m,nl);
zeros (m,nl);

zeros (m,nl);

zeros (m,n2);
zeros (m,n2);
zeros (m,n2) ;

zeros (m,n2) ;

zeros (1,nl);
zeros (1,nl);
zeros (1,nl);

zeros (1,nl);

zeros (1l,nl);
zeros (1,nl);
zeros (1,nl);

zeros (1,nl);

zeros (1,n2);
zeros (1,n2);
zeros (1,n2);

zeros (1,n2);

Azimuthal displacement of the overlying body
Radial displacement of the overlying body
Perturbed azimuthal displacement of the overlying body

Perturbed radial displacement of the overlying body

Azimuthal displacement of the foundation
Radial displacement of the foundation
Perturbed azimuthal displacement of the foundation

Perturbed radial displacement of the foundation
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JmB11
JmB12
JmB21

JmB22

JnB11
JnB12
JnB21
JnB22

JBB11
JBB12
JBB21

JBB22

JBBB1

JBBB2

Ald22
Aldl
Ald2
A2dl

B1dl2
B2d11
B2d22
Bldl
Bld2
B2d1
B2d2

Cld22
Cldl
Cld2
c2d1l

D1dl12
D2d11
D2d22
D1d1
D1d2
D2d1
D2d2

T2 =

Aldll
A2d12

Cldll

1
2

zeros (1,n2);
zeros (1,n2);
zeros (1,n2);

zeros (1,n2);

zeros (m, 1) ;
zeros (m,1);
zeros (m, 1) ;

zeros (m, 1) ;

zeros (m, 1) ;
zeros (m, 1) ;
zeros (m, 1) ;

zeros (m,1);

= zeros(m,1);

= zeros(m,1);

zeros (m,nl);
zeros (m,nl);
zeros (m,nl);

zeros (m,nl) ;

zeros (m,nl);
zeros (m,nl);
zeros (m,nl);
zeros (m,nl);
zeros (m,nl);
zeros (m,nl);

zeros (m,nl);

zeros (m,n2);
zeros (m,n2);
zeros (m,n2);

zeros (m,n2) ;

zeros (m,n2) ;
zeros (m,n2);
zeros (m,n2);
zeros (m,n2);
zeros (m,n2) ;
zeros (m,n2) ;

zeros (m,n2) ;

Stressl;

Stress2;

(L1+2+M1) ;

(L1+M1) ;

(L2+2+M2) ;



Cc2d12 = (L2+M2);

%% Curvature terms of the overlying body

for i = 1:m

x1 = (i-1)*dx1;

for 3 = 1:nl

x2 = (j-1)*dx2;

alpha2 = (bxsin(xl)) "2 + (a*xcos(xl))"2;

alpha = sqgrt (alpha2);

Ialpha = 1/alpha;

Ialpha2 = 1/alpha2;

alphadl = 0.5x(b"2-a"2) *xsin(2xx1) *Ialpha;

alphadll = ((b"2-a”2)*cos(2+«x1l) - alphadl”2)=*Ialpha;

X(i,3j) = alpha + axbxIalpha2xx2;
IX(1i,3) = 1/X(1i,73);

Xdl = alphadlx (1-2xaxb*x2+xIalphaxIalpha?2);

Xd1ll = alphadll« (1-2xa*xbxx2+«Ialpha*xIalpha2) + 6xaxb*x2x (alphadl+Ialpha2)"2;

Xd2 = axbxIalpha2;
Xdl2 = -2xaxbralphadl«IalphaxIalpha2;

L111(i,d) = Xd1+IX(i,);
L112(i,3) = Xd2*IX(i,J);

L1111 = Xd11#IX(i,3)-L111(i,3)"2;

L1112 = Xd12+IX(i,3)-L111(i,3)*«L112(i,7);

L1122 = -L112(i,3) "2;

Ald22 (i,3) = ML*X(i,3)"2;

Aldl(i,3) = (L1+2%M1)#L111(i,7);
Ald2(i,3) = 3#MI1*L112(i,3)*X(i,7)"2;
A2d1 (i, ) = (L1+3*M1)*L112(i,3);

Al = (L1+2+M1)«L1111;

A2 (L1+2%M1) *L1112;

B1d12 (i, 3) = (L1+M1)«*X(i,73);
B2d11 (i, J) = M1xIX(i,3);

B2d22 (i, J) = (L1+2xM1)x*X(i,3);

B1dl(i,j) = — 2+M1*L112(1i,3)*X(1i,7);

B1d2 (i, j) = (L1+M1)*L111(i,3J)*X(1i,3);

B2d1l(i,j) = - MI1«L111(i,3J)+IX(i,3);

B2d2 (i, J) = (L1+2+M1)*L112(1i,3J)*X(1i,73);

Bl = L1xL1112%X(i,3) — 2*M1*L111(i,3)*L112(i,3)*X(i,7);
B2 = L1xL1122*X(i,]J) - 2*M1«L112 (i, J)*L112(i,3)*X(1i,73);
aa(l,1) = 2xAldl11lxId1l1l + 2%xAld22 (i, j)*Id22 - Al;
aa(l,2) = - A2;

aa(2,1) = - Bl;
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aa(2,2) = 2xB2d11(i,J)*Idll + 2%B2d22(i,J)*Id22 - B2;

J = inv(aa);

JM11 (1, 3)

J(1,1);
JM12(i,3) = J(1,2);

JM21(i,3) = J(2,1);
JM22(1,73) = J(2,2);
end
end
for i = 1:m
JBBB11 (i) = 1/(3%xX(1i,1)*M1+Id2 + 3%X(i,1)*M2+ID2);
JBBB22 (i) = 1/ (- L1*L112(i,1) + L2%L112(i,1) + 3xId2%(L1+2xM1) + 3xID2x (L24+2xM2));
aa(l,1l) = -3%Id2;
aa(l,2) = 0;
aa(2,1) = - L1xL111(i,nl);
aa(2,2) = - L1*L112(i,nl) - 3%xId2x (L1+2%M1);
J = inv(aa);
JBB11 (i) = J(1,1);
JBB12 (i) = J(1,2);
JBB21 (1) = J(2,1);
JBB22 (i) = J(2,2);
end
for j = 1l:nl
aa(l,1) = 3%Idlx(L1+2xM1) — (L1+2%M1)*L111(1,3);
aa(l,2) = - (L1+2«M1)=*L112(1,3);
aa(2,1) = 0;
aa(2,2) = 3xIdl;
J = inv(aa);
J1S11(3) = J(1,1);
J1S12(3) = J(1,2);
J1S21(3) = J(2,1);
J1S22(3) = J(2,2);
aa(l,1) = - 3%Idl*(L1+42+M1) - (L1+2%M1)=*L111 (m,3);
aa(l,2) = - (L142+M1)*L112(m,J);
aa(2,1) = 0;
aa(2,2) = - 3%Idl;
J = inv (aa);
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JmS11(3) = J(1,1);

JmS12(j) = J(1,2);
JmS21(3) = J(2,1);
JmS22 (J) = J(2,2);

end

%% Curvature terms of the foundation

for i = 1:m

x1 = (i-1)*dx1;

for 3 = 1:n2

x2 = (j-1)%dX2 - Thickness?2;

alpha2 = (bxsin(xl)) "2 + (a*cos(xl))"2;

alpha = sqgrt (alpha2);

Talpha = 1/alpha;

Ialpha2 = 1/alpha2;

alphadl = 0.5x(b"2-a"2) *xsin(2xx1) *Ialpha;

alphadll = ((b"2-a”2)*cos(2+«xl) - alphadl”2)*Ialpha;

Y(i,Jj) = alpha + axbxIalpha2xx2;

IY(i,3) = 1/Y(i,3);

Ydl = alphadlx (1-2xaxb*x2+xIalphaxIalpha?2);

Ydll = alphadll«* (1-2xaxbxx2+Ialpha*xIalpha2) + 6xaxb*x2x (alphadl+Ialpha2)"2;
Yd2 = axbxIalpha2;

Ydl2 = -2xaxbralphadl+IalphaxIalpha2;

LL111(i,3) = Ydl«IY(i,3);

LL112(i,9) = Yd2+IY(i,3);

LL1111 = Yd11+IY(i,3)-LL111(i,7)"2;
LL1112 = Yd12%IY(i,J)-LL111(1i,Jj)~LL112(i,]);
LL1122 = -LL112(i,7)"2;

C1d22 (i, §) = M2xY (i, ) 2;

Cldl (i, J) = (L2+2#M2)*LL111(i,7);
C1d2(i,3) = 3%«M2+LL112 (i, 7)Y (i,3) 2;
c2d1(i,3) = (L2+3%M2)*LL112(i,7);

c1

(L2+2+*M2) xLL1111;

C2 = (L2+2%M2)*LL1112;

D1d12 (i, 3) = (L2+M2)«Y (i, J);

D2d11(i,§) = M2xIY (i, 3);

D2d22 (i,9) = (L2+2%M2)+Y (i, 3);

D1dl (i, ) = — 2+«M2*LL112(i,3)*Y (i, 3);
D1d2 (i, ) = (L2+4M2)*LL111(i,9)*Y(i,3);
D2d1 (i, ) = — M2+LL111(i,3)*IY(i,9);
D2d2 (i, ) = (L2+2+M2)+LL112(i,3)*Y (i, 3);
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D1 = L2xLL1112%Y(i,Jj) - 2+«M2xLL111(i,J)+LL112(i,J)*Y(i,3);
D2 = L2xLL1122%Y(i,Jj) - 2+«M2xLL112 (i, J)«LL112(i,J)*Y(i,3);
aa(l,1l) = 2xCldllxIdll + 2%xC1ld22 (i, j)*ID22 - C1;
aa(l,2) = - C2;

aa(2,1) = - DI1;

aa(2,2) = 2xD2d11(i,3j)*Idll + 2xD2d22(i,Jj)*ID22 - D2;

J = inv (aa);

JF11(i,3) = J(1,1);
JF12(i,3) = J(1,2);

JE21(i,3) = J(2,1);

JF22(1i,3) = J(2,2);
end
end
for j = 1:n2
aa(l,1) = 3%Idl«(L2+2%M2) - (L2+2%M2)+LL111(1,73);
aa(l,2) = - (L2+2*M2)*LL112(1,7);
aa(2,1) = 0;
aa(2,2) = 3%I1dl;
J = inv (aa);
J1B11(3) = J(1,1);
J1B12(j) = J(1,2);
J1B21(3) = J(2,1);
J1B22 (3) = J(2,2);
aa(l,1) = - 3xIdl«*(L2+2%M2) - (L2+2%M2)*LL111 (m,J);
aa(l,2) = - (L2+2xM2)xLL112(m, J);
aa(2,1) = 0;
aa(2,2) = - 3%I1dl;
J = inv(aa);
JmB11(j) = J(1,1);
JmB1l2 (3) = J(1,2);
JmB21 (J) = J(2,1);
JmB22 (3) = J(2,2);
end
for i = 1:m
aa(l,1) = -3xId2;
aa(l,2) = 0;
aa(2,1) = - L2%LL111(i,n2);
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aa(2,2) = - L2*LL112(i,n2) - 3% (L2+2xM2)*ID2;

J = inv(aa);

JnBl1l (i) = J(1,1);

JnB12 (i) = J(1,2);

JnB21 (i) = J(2,1);

JnB22 (1) = J(2,2);
end
aaa(l,1) = 3xIdl*(L1+2+M1) - (L1+2xM1)*L111(1,1);
aaa(l,2) = 3%xId2%L1 - (L1+2%M1)*L112(1,1);

aaa(l,3) = 0;

aaa(2,1) = 3%xIdl+«Ll1 - L1xL111(1,1);

aaa(2,2) = 3%Id2*(L1+2xM1) + 3xID2x (L2+2xM2) - (L1+2+xM1)*L112(1,1) + (L2+2%M2)*L112(1,1);
aaa(2,3) = - 3%Idl+L2 + L2+«L111(1,1);

aaa(3,1) = 0;

aaa(3,2) = - 3%ID2xL2 - (L2+2xM2)*L112(1,1);
aaa(3,3) = 3%Idl*(L24+42«M2) - (L2+42xM2)«*L111(1,1);
Jd = inv (aaa);

J11BBB11l = J(1,1);
J11BBB12 = J(1,2);
J11BBB13 = J(1,3);
J11BBB21 = J(2,1);
J11BBB22 = J(2,2);
J11BBB23 = J(2,3);
J11BBB31 = J(3,1);
J11BBB32 = J(3,2);
J11BBB33 = J(3,3);

aaa(l,1l) = - 3*Idl*(L14+2xM1) - (L1+42+M1)*L111(m,1);

aaa(l,2) = 3%Id2+«L1 - (L1+2xM1)%L112 (m,1);

aaa(l,3) = 0;

aaa(2,1) = - 3%Idl+L1 - L1+L111(m,1);

aaa(2,2) = 3%Id2x(L1+2xM1) + 3xID2% (L2+2%M2) - (L1+2xM1)*L112(m,1) + (L2+2+M2)%L112(m,1);
aaa(2,3) = 3%xIdlxL2 + L2xL111(m,1);

aaa(3,1) = 0;

aaa(3,2) = - 3%ID2*L2 - (L24+42%M2)*L112(m,1);
aaa(3,3) = - 3%Idl*(L2+2xM2) - (L2+2%M2)*L111(m,1);
J = inv(aaa);

JmlBBB1l = J(1,1);
Jm1BBB12 = J(1,2);
JmlBBB13 = J(1,3);
Jm1BBB21 = J(2,1);
Jm1BBB22 = J(2,2);
Jm1BBB23 = J(2,3);
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Jm1lBBB31
Jm1BBB32
Jm1lBBB33

aa(l,1)
aa(l,2)
aa(2,1)
aa(2,2)

J = inv(

J1lnBB11
J1lnBB12
J1lnBB21
J1nBB22

aa(l,1)
aa(l,2)
aa(2,1)
aa(2,2)

J = inv(

JmnBB11

JmnBB12

JmnBB21

JmnBB22

%% Main

while er

pp =

= J(3,1)

= J(3,2)
= J(3,3)

’

’

’

= 3%Idlx (L1+2xM1) - (L1+2+xM1)=xL111(1,nl);

= —3%Id2+L1 - (L1+2+M1)*L112(1,nl);

= 3%Idl+L1 - L1xL111(1,nl);

= - 3x(L1+2xM1)*Id2 - L1%L112(1,nl);

aa);

= J(1,1);
= J(1,2);
=J(2,1);
= J(2,2);

= — 3%Idl*(L1+2+«M1) - (L1+2+M1)=L111 (m,nl);

= - 3%Id2+L1 - (L1+2+M1)*L112 (m,nl);

= - 3%Idl+L1 - L1+L111(m,nl);

= — 3% (L14+2+M1)*Id2 - L1xL112 (m,nl);

aa);

= J(1,1);
= J(1,2);
=J(2,1);
= J(2,2);

code

rr < p

norm(ul, 2)

+ norm(u2,2) + norm(vl,2) + norm(v2,2)

+ norm(dul,2) + norm(du2,2) + norm(dvl,2) + norm(dv2,2);

uldl = (4%ul(2,1)-ul(3,1))*Idl;

u2d2 = (4%u2(1,2)-u2(1,3))*Id2;

v1ldl = (4xv1(2,n2)-v1(3,n2))*Idl;

v2d2 = —(4*v2(l,n2-1)-v2(1,n2-2))*ID2;

Xul = (L1+2%M1)*uldl + Llxu2d2 - T1;

Xu2 = Llxuldl + (L1+2xM1)*u2d2;

Xvl = (L2+2+M2)*v1dl + L2xv2d2;

Xv2

ul (1,1)
u2(1,1)
v1(1l,n2)

L2*xv1dl + (L2+2xM2)*v2d2;

J11BBB1l1xXul + J11BBB12x* (Xu2-Xv2)
J11BBB21xXul + J11BBB22x* (Xu2-Xv2)

J11BBB31xXul + J11BBB32x* (Xu2-Xv2)
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v2 (1

uldl
uz2d2
vldl
v2d2

Xul
Xu2
Xv1l

Xv2

,n2) =

u2(1,1);

= —(4%ul (m-1,1)-ul (m-2,1))+Idl;

= (4%u2(m,2)-u2(m,3))*Id2;

= —(4%vl (m-1,n2)-vl(m-2,n2))*xIdl;

= —(4*v2 (m,n2-1)-v2 (m,n2-2) ) *ID2;

= (L1+2%M1)*uldl + Llsu2d2 - T2;

= Llxuldl + (L1+2+M1)=*u2d2;

= (L2+2+M2) *v1dl + L2xv2d2;

ul (m, 1)

u2 (m, 1)

vl (m, n2)

v2 (m,n2)

uldl
u2d2

Xul
Xu2

ul (1
u2 (1

uldl
u2d2

Xul

Xu?2

L2xv1dl + (L2+2+M2)*v2d2;

Jm1BBBl11xXul + JmlBBB12x* (Xu2-Xv2)
JmlBBB21+Xul + JmlBBB22x (Xu2-Xv2)
JmlBBB31+Xul + JmlBBB32x (Xu2-Xv2)

u2(m, 1) ;

= (4%ul (2,nl)-ul(3,nl))=*Idl;

= —(4»u2(1,nl-1)-u2(1l,nl-2))*Id2;

= (L1+2+M1)+uldl + Ll*u2d2 - T1;

= Llxuldl + (L1+2+M1l)+u2d2;

,nl)
,nl)

J1InBB1l1lxXul + JInBB12*Xu2;

J1InBB21xXul + JInBB22*Xu2;

= —(4%ul (m-1,nl)-ul (m-2,nl))*Idl;

= —(4%u2 (m,nl-1)-u2(m,nl-2))+Id2;

(L1+2xM1) »uldl + Llxu2d2 - T2;

= Llxuldl + (L1+2+M1)=+u2d2;

ul (m, nl)

u2 (m,nl)

for

i=2

JmnBB11+Xul + JmnBB12xXu2;

JmnBB21+Xul + JmnBB22x*Xu2;

:m-1

o

%% Contact region % equations (43) and

v1ldl
vadl
vld2
v2d2

duldl
du2dl

(ul (i+1,1)-ul(i-1,1))*Idl;
(u2 (i+1,1)-u2(i-1,1))*Idl;
(4+ul (i, 2)-ul(i,3))*xId2;
(4%u2(i,2)-u2 (i, 3))*1d2;

(vl (i+1,n2)-v1(i-1,n2))*Idl;
(v2 (i+1,n2)-v2(i-1,n2)) «Id1l;
—(4*v1l(i,n2-1)-v1(i,n2-2))*ID2;
—(4xv2(i,n2-1)-v2(i,n2-2))*ID2;

= (dul (i+1,1)-dul (i-1,1))«Idl;
= (du2 (i+1,1)-du2(i-1,1))«Idl;
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duld2 = (4%dul(i,2)-dul (i, 3))*Id2;

du2d2 = (4*du2(i,2)-du2(i,3))*Id2;

dvldl = (dvl(i+1,n2)-dvl(i-1,n2))«Idl;
dv2dl = (dv2(i+1,n2)-dv2(i-1,n2))*Idl;
dvld2 = —(4*dvl(i,n2-1)-dvl(i,n2-2))«*ID2;
dv2d2 = - (4xdv2(i,n2-1)-dv2(i,n2-2))*1ID2;

Xul = M1+ (X(i,1)»uld2 + IX(i,1)=u2dl);
Xu2 = L1 (uldl+L111(i,1)=*ul(i,1)) + (L1+2+M1) *u2d2;

Xvl = M2+ (X (i,1)*v1d2 + IX(i,1)=v2dl);
Xv2 = L2%(v1d1+L111(i,1)*v1(i,n2)) + (L2+2xM2)*v2d2;

uz2 (i, 1) = JBBB22 (1) * (Xu2-Xv2);
v2(i,n2) = u2(i,1);

T1l2u

Xul — 3+«M1#X(i,1)+ul(i,1)=Id2;
T22u = Ll*(uldl+L112(i,1)*u2(i, 1)) + (L1+42+M1)*u2d2 - 3% (L14+2+M1)*u2(i,1)~Id2;

Tl2v = Xvl + 3*M2*X(i,1)*v1(i,n2)*ID2;

T22v = L2% (v1d1+L112(i,1)*v2(i,n2)) + (L2+2%M2)*v2d2 + 3% (L2+2xM2) *v2 (1i,n2)+«ID2;

T22

T22u + L1%L111(i,1)ul(i,1);

Xdul = Ml«(X(i,1)*duld2 + IX(i,1)xdu2dl);
Xdvl = M2+ (X (i,1)xdvld2 + IX(i,1)xdv2dl);

T22du = Llxduldl + (L1+2xM1)+du2d2;
T22dv = L2%dvldl + (L2+2xM2)xdv2d2;
delta = X(i,1)*(ul(i,1)-vl(i,n2));
absdelta abs (delta);

%% Limiting-equilibrium boundary

if ~(absdelta < epsi)

XXul = (Xul + Muxsign(delta)*T22u); % equation (45)

XXv1l (Xvl + Muxsign(delta)*T22v); % equation (46)

Blul = 1/( 3%X(i,1)*M1*xId2-Mu*sign(delta)*L1*L111(i,1));
Blvl = 1/(-3%X(1i,1)*M2%xID2-Mu*sign(delta)«L2+«L111(i,1));
ul (i, 1) = XXul*Blul;

vl (i,n2) = XXv1xBlvl;

dul(i,1) = 0;

dvl(i,n2) = 0;

end
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%% Bounded boundary

if absdelta < epsi

ul (i, 1) = (Xul - Xvl)*xJBBB11l(i); % Initial guess: FOR LARGE epsi COMMENT THIS LINE
vl(i,n2) = ul(i,1l); % Initial guess: FOR LARGE epsi COMMENT THIS LINE
aa(l,1) = 34X (1i,1)*M1xId2 - IepsixMuxX(i,1)*T22

- IepsixMuxdeltaxL1+L111(i,1);

aa(l,2) = TepsixMuxX (i, 1) *T22;
aa(2,1) = - IepsixMuxX(i,1)=*T22;
aa(2,2) = — 3xX(i,1)*M2%ID2 + IepsixMuxX(i,1)*T22

- IepsixMuxdeltaxL2xL111(i,1);

J = inv (aa);

Xdul = Xdul + IepsixMuxdelta*T22du + Tl2u + IepsixMuxdeltaxT22; % equation (47)

Xdvl = Xdvl + IepsixMuxdeltaxT22dv + T1l2v + IepsixMuxdeltaxT22; % equation (48)

dul(i,1) = XdulxJ(1,1) + XdvlxJ(1,2);

dvl (i, n2) = XdulxJ(2,1) + Xdvl*xJ(2,2);

end

%% Stress—free boundary of the overlying body
uldl = (ul(i+l,nl)-ul(i-1,nl))=Id1;

uld2 = —(4*ul (i, nl-1)-ul(i,nl-2))*Id2;

u2dl = (u2(i+l,nl)-u2(i-1,nl))»Idl;

u2d2 = —(4«u2(i,nl-1)-u2(i,nl-2))*I1d2;

Xul = uld2 + (IX(i,nl)"2)=u2dl;
Xu2

Llxuldl + (L1+2%M1)*u2d2;

ul (i, nl) = JBB1l1(i)+*Xul + JBB12 (1) *Xu2;

u2(i,nl) = JBB21(i)=*Xul + JBB22 (1) *xXu2;

end

%% Stressed boundaries of the overlying body

for 7 = 2:nl1-1

uldl = (4xul(2,3)-ul(3,3))~Idl;
uld2 = (ul(l, Jj+1)-ul(1l,3j-1))*Id2;
uz2dl = (4xu2(2,73)-u2(3,73))*1dl;
u2d2 = (u2(1l,j+1)-u2(1,j-1))=*Id2;

Xul = (L1+2%M1)*uldl + Llxu2d2 - T1;
Xu2 = u2dl + (X(1,3)"2)*uld2;

ul(1,3)

J1S11(3)*Xul + J1S12 (j)+Xu2;

u2(1,3) J1S21 (j) *Xul + J1S22 () *Xu2;
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uldl = - (4»ul (m-1,3j)-ul(m-2,7))~*Idl;
uld2 = (ul(m, j+1)-ul(m, j-1)) +Id2;
u2dl = - (4%u2(m-1,3j)-u2(m-2,3j))~Idl;
u2d2 = (u2(m, j+1)-u2(m, j-1))«Id2;

Xul = (L1+2%M1)+*uldl + Llxu2d2 - T2;
Xu2 = u2dl + (X(m,J) 2)xuld2;

ul(m, j) = JmS1ll(j)+*Xul + JmS12 (Jj)*Xu2;

u2 (m, j) JmS21 (3) *Xul + JmS22 (j) xXu2;

%% Stress—free boundary of the foundation

for j = 2:n2-1

vldl

(4%v1(2,3)-v1(3,3J))~1dl;

v2dl (4%v2(2,9)-v2(3,3)) «Idl;
vld2 = (v1(1,3+1)-v1(1,3-1))«ID2;

v2d2 = (v2(1l,J+1)-v2(1,j-1))~*ID2;

Xvl (L2+2+M2) »v1dl + L2xv2d2;

Xv2 = v2dl + (Y (1,73)"2)xvld2;

v1(1,3) = JIB11(j)+*Xvl + JIB12(7)*Xv2;
v2(1l,3) = JLIB21(j)*Xvl + JLB22(j)*Xv2;
vldl = —(4%vl(m-1,3)-vl(m-2,3))~Idl;
v2dl = —(4%v2(m-1,3)-v2(m-2,3))~Idl;
v1ld2 = (vl (m, j+1)-v1l(m, j-1))*ID2;

v2d2 = (v2(m, j+1)-v2(m, j-1))*ID2;

Xvl = (L2+2%M2)*xv1dl + L2%xv2d2;

Xv2 = v2dl + (Y(m,J) 2)xv1ld2;

vl (m, j) JnB11 (j) #Xvl + JmB12 (j) xXv2;

v2(m,j) = JmB21 (j)*Xvl + JmB22 () *Xv2;

end

%% Governing equations of the overlying body

for i = 2:m-1

for j = 2:nl-1

uldll = (ul (i+1, 3)+ul (i-1,3))+Idll;
uld22 = (ul(i, j+1)+ul (i, j-1))*I1d22;

uldl2 = (ul(i+1,3+1)-ul (i+1,3-1)-ul (i-1,3+1)+ul (i1, §-1))*Id12;
uldl = (ul (i+1,3)-ul(i-1,3))*Idl;

uld2 = (ul(i, j+1)-ul(i, j-1))~*Id2;
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u2dll = (u2(i+1,3j)+u2(i-1,3))*1dl1l;

u2d22 = (u2 (i, j+1)+u2 (i, j-1))*I1d22;

u2dl2 = (u2 (i+1, 3+1)-u2 (i+1, §-1)-u2 (i-1, j+1)+u2 (i1, j-1))+Id12;
u2dl = (u2(i+1,3)-u2(i-1,7))+Id1;

u2d2 = (u2(i,j+1)-u2(i, 3-1))«I1d2;

xul = Aldll+uldll + A1d22 (i, 3) »uld22 + A2d12+u2dl12

+ Aldl (i, j)*»uldl + Ald2(i,j)+uld2 + A2d1 (i, J)*u2dl;
Xu2 = B2dll (i, j)*u2dll + B2d22 (i, J)*u2d22 + Bldl2 (i, j)*uldl2
+ B1dl (i, ) »uldl + B1d2 (i, j)*uld2 + B2dl (i, J)*u2dl + B2d2 (i, j)*u2d2;

ul(i,j) = JIMI1(i,J)*Xul + JM12 (i, ) *Xu2;

U2 (i,9) = JM21(i,9)*Xul + JM22(i,§)*Xu2;

duldll = (dul (i+1,3)+dul(i-1,73))+*Id11;

duld22 = (dul (i, 3+1)+dul (i, j-1))+*Id22;

duldl2 = (dul (i+1, 3+1)-dul (i+1,§-1)-dul (i-1, §+1)+dul (i-1,3-1))+I1d12;
duldl = (dul (i+1,§)-dul (i-1,7))«Idl;

duld2 = (dul (i, 3+1)-dul (i, j-1)) *»Id2;

du2dll = (du2(i+1,3)+du2(i-1,73))+*Id11;

du2d22 = (du2 (i, +1)+du2 (i, 3-1))*I1d22;

du2dl2 = (du2(i+1, 3+1)-du2 (i+1,§-1)-du2 (i-1, +1)+du2 (i-1, j-1))+I1d12;
du2dl = (du2(i+1,§)-du2(i-1,7))«Idl;

du2d2 = (du2 (i, 3+1)-du2 (i, j-1)) »Id2;

Xdul = Aldllxduldll + A1d22 (i, ) «duld22 + A2d12+du2dl2

+ Aldl (i, j)+«duldl + Ald2(i,j)=duld2 + A2dl(i,J)*du2dl; % equation (39

Xdu2 = B2d11 (i, j)*du2dll + B2d22 (i, j)*du2d22 + B1dl2 (i, j)*duldl2
+ B1dl (i, j)*duldl + B1d2 (i, j) *duld2
+ B2d1l (i, j)~du2dl + B2d2 (i, j)+du2d2; % equation (40)

dul(i,3) = JMIL(i,3)*Xdul + JIML2 (i, 7)+Xdu2;

du2 (i, 9) = JM21 (i, ) *Xdul + JM22(i,3)*xdu2;

end

%% Governing equations of the foundation

for 1 = 2:m-1

for j = 2:n2-1

v1dll = (v1(i+1,3j)+vl(i-1,3))+Idl1;

v1ld22 = (v1(i,j+1)+vl(i,Jj-1))+*ID22;

vldl2 = (v1(i+1,3j+1)-v1(i+1,3-1)-v1l(i-1,3j+1)+vi(i-1,3-1))«*ID12;
vldl = (v1(i+1,3)-v1(i-1,3))*Idl;

vld2 = (v1(i,j+1)-v1l(i,j-1))~*ID2;

v2dll = (v2(i+1,3j)+v2(i-1,3))+Idll;

v2d22 = (v2(i,Jj+1)+v2(i,Jj-1))*ID22;
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v2d12 = (v2(i+1,3+1)-v2 (i+1,3-1)-v2 (i1, §+1)+v2 (i-1,9-1))*ID12;

v2dl = (v2(i+l,3)-v2(i-1,7))*Idl;
v2d2 = (v2(i,J+1)-v2(i,j-1))~*ID2;
Xvl = Cldllxv1dll + C1ld22 (1, j)*vld22 + C2dl2*v2dl2

+ Cldl (i, §)*vldl + C1d2(i,§)*vld2 + c2d1 (i, ) *vadl;

Xv2

D2d11 (i, j)*v2dll + D2d22 (i, j)*v2d22 + D1d1l2 (i, j)*vldl2

+

D1d1l (i, j)*xv1ldl + D1d2 (i, J)*v1ld2 + D2d1 (i, j)*v2dl + D2d2 (i, J)*v2d2;

v1l(i,j) = JF11(i,J)*Xvl + JF12 (i, J)*Xv2;
v2(i,3) = JF21(i,3)*Xvl + JF22(i, ) *Xv2;

dvldll = (dvl(i+1,3J)+dvl(i-1,7))*Id1ll;

dv1ld22 = (dvl (i, Jj+1)+dvl(i, J-1))«ID22;

dvldl2 = (dvl(i+1, j+1)-dvl(i+1,j-1)-dvl(i-1, j+1)+dvl(i-1,3-1))«ID12;
dvldl = (dvl(i+1,3)-dvl(i-1,3))=Idl;

dvld2 = (dvl (i, j+1)-dvl(i,j-1))~*ID2;

dv2dll = (dv2(i+1,3J)+dv2(i-1,7))*Idll;

dv2d22 = (dv2 (i, j+1)+dv2(i,j-1))~*ID22;

dv2dl2z = (dv2(i+1, j+1)-dv2(i+1, j-1)-dv2(i-1, j+1)+dv2(i-1, j-1))*ID12;
dv2dl = (dv2(i+1,3)-dv2(i-1,3))*Idl;

dv2d2 = (dv2 (i, j+1)-dv2(i, j-1))*ID2;

Xdvl = Cldllxdvldll + C1d22 (i, j) xdvld22 + C2dl2xdv2dl2

+ C1dl (i, j)*dvldl + C1ld2 (i, J)+dvlid2 + C2dl(i,j)*dv2dl; % equation (41)
Xdv2 = D2d11 (i, j)xdv2dll + D2d22(i,J)*dv2d22 + D1d1l2(i, j)*dvlidl2

+ D1d1 (i, j)*dvldl + D1d2 (i, J) +xdv1lid2

+ D2d1 (i, j)+dv2dl + D2d2 (i, j)*dv2d2; % equation (42)

dvl (i, J)

JF11 (i, 3) *Xdvl + JF12 (i, q)*Xdv2;

dv2 (i, 3) = JF21(i,3)«Xdvl + JF22(i,3)«Xdv2;

end

end

%% Newton's method

ul(:,:) = dul(:,:) + ul(:,:);
u2(:,:) = du2(:,:) + u2(:,:);
vli(:,:) = dvl(:,:) + v1i(:,:);
V2(:,1) = dv2(:, 1) + v2(:, )5

end
%% Terminating condition
ppp = norm(ul,2) + norm(u2,2) + norm(vl,2) + norm(v2,2)

+ norm(dul,2) + norm(du2,2) + norm(dvl,2) + norm(dv2,2);

p = abs(1- ppp/ppP);

end
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%% Foundation
V1(:,:) = vi(:,:);
V2 (:,1)

v2(:,1);

3.3 Benchmark Model

In this section we present a benchmark numerical code for the model that we introduced in this

chapter, i.e. cH4.m. To do so we consider the special case a = b = 2, i.e. we consider polar

coordinates.

_ 2 _ 3 _ 2 _ 3 _ 2 _ 3 __
NOW,|etvl—»u§ww V2= Ugpes VV1I= UNMmm,VVZ—»uKme,dvvl—-5u , dvv2= du°, wwl= 0%,

2

WW2= 1}3, dwwl= (5’02, dww2= 5U3, h= h, H= H, TO= 79, Tmax= Tmax, E1= FE, E2= E, Nul= v,

Nu2= , NN= N and Mu= vr. Thus, we find:

function CH4
format long

%% Benchmark Model

% Overlying elastic body on an elastic cylinder:

% Contact angle is [0,pi]

%% INITIAL PARIMITERS
NN = 250; % Azimuthal grid points

error = 107 (-10); % Terminating error

friction case

E1 = 8000; % Young's modulus of the overlying body

E2 = 1000; % Young's modulus of the foundation

Nul = 0.25; % Poisson's ratio of the overlying body

Nu2 = 0.25; % Poisson's ratio of the foundation

h = 0.125; % Thickness of the overlying body
a = 2; % Outer radius

b =1; % Inner radius

H = a-b; % Thickness of the foundation

o

Mu = 0.5; % Coefficient of friction

epsi = 107 (-10); % Regularisation parameter

T0 = 1; % Applied stress at \theta = 0

o

Tmax = 1; % Applied stress at \theta = pi

DO NOT CHANGE!

o
o\

[
=

= Nul*E1l/ ((1+Nul) * (1-2%Nul));
L2 = Nu2+E2/ ((1+Nu2) x (1-2%Nu2));

M1 0.5xE1/ (1+Nul);

M2

0.5*E2/ (1+Nu2) ;
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LL = 4%M1* (M1+L1)/(L1+2%M1);

IL = 1/LL;

NNN = NN"2;

errr = NNNxerror;

ILTO = TOxIL;

ILTmax = TmaxxIL;

ah = a+h;

Iah = 1/ah;

Ia = 1/a;

Iepsi = 1/epsi;

IMu = 0.5/Mu;

m = NN; % Azimuthal grid points

gl = H/ (axpi);

g2 = h/ (ah*pi);

nl = round(glxNN-gl+l); % Radial grid points of the foundation

n2 = round (g2xNN-g2+1); % Radial grid points of the overlying body

dxl = pi/(m-1); % Azimuthal grid spacing

dx2 = H/(nl-1); % Radial grid spacing of the foundation

dX2 = h/(n2-1); % Radial grid spacing of the overlying body

Idxl = 1/ (2xdxl);

Idx11 = (1/dx1)"2;

Idx2 = 1/ (2xdx2);

Idx22 = (1/dx2)°2;

Idx12 = Idx1*Idx2;

wl = zeros(m,1);

w2 = zeros(m,1);

vl = zeros(m,nl); % Azimuthal displacement of the foundation (SHELL)

v2 = zeros(m,nl); % Radial displacement of the foundation (SHELL)

vvl = zeros(m,nl); % Azimuthal displacement of the foundation (KIKUCHI)

vv2 = zeros(m,nl); % Radial displacement of the foundation (KIKUCHI)

dvvl = zeros(m,nl); % Perturbed azimuthal displacement of the foundation (KIKUCHI)
dvv2 = zeros(m,nl); % Perturbed azimuthal displacement of the foundation (KIKUCHI)
wwl = zeros(m,n2); % Azimuthal displacement of the overlying body (KIKUCHI)
ww2 = zeros(m,n2); % Radial displacement of the overlying body (KIKUCHI)
dwwl = zeros(m,n2); % Perturbed azimuthal displacement of the overlying body (KIKUCHI)
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dww2 = zeros(m,n2); % Perturbed radial displacement of the overlying body (KIKUCHI)

aa = zeros(2,2);
aaa = zeros(3,3);
r = zeros(l,nl);
Ir = zeros(1l,nl);

aldll = zeros(1l,nl);
ald22 = zeros(1l,nl);
ald2 = zeros(1l,nl);
az2dl2 = zeros(l,nl);

a2dl = zeros(1l,nl);

bldl2 = zeros(1l,nl);
bldl = zeros(l,nl);
b2dll = zeros(l,nl);
b2d22 = zeros(1l,nl);
b2d2 = zeros(l,nl);

Ivl = zeros(l,nl);

Iv2 = zeros(l,nl);

Blvll = zeros(l,nl);
Blv1l2 = zeros(l,nl);
Blv21l = zeros(l,nl);

Blv22 = zeros(l,nl);

Bmvll = zeros(l,nl);
Bmv12 = zeros(1l,nl);
Bmv2l = zeros(l,nl);
Bmv22 = zeros(l,nl);
rr = zeros(l,n2);
Irr = zeros(l,n2);

aaldll = zeros(1l,n2);
aald22 = zeros(1l,n2);
aald2 = zeros(l,n2);
aaz2dl2 = zeros(l,n2);

aa2dl = zeros(l,n2);

bbldl2 = zeros(1l,n2);
bbldl = zeros(1l,n2);
bb2dll = zeros(1l,n2);
bb2d22 = zeros(1l,n2);

bb2d2 = zeros(l,n2);

Iwl = zeros(l,n2);

Iw2 = zeros(1l,n2);
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Blwll = zeros(1l,n2);
Blwl2 = zeros(l,n2);
Blw2l = zeros(l,n2);

Blw22 = zeros(l,n2);

Bmwll = zeros(1l,n2);
Bmwl2 = zeros(l,n2);
Bmw2l = zeros(1l,n2);
Bmw22 = zeros(1l,n2);

%% Shell Model with Friction

Aldll = 1+(4/3)*(h/a)"2;

Ald2 = - M2+IL*(a"2)/h;

A2d111 = - (2/3)x(h"2)*a” (=3);

A2dl = (1/a) + (2/3)*(h"2)*a”(-3) - M2*IL/h;
B2d1111 = (1/3)*(h"2)*a” (-3);

B2d1l = - (2/3)*(h"2)*a” (=3);

B2 = (1/a) + (1/3)*(h"2)*a”(-3) + L2xIL/h;
B2d2 = (L2+2+M2)+ILx(a/h);

B1dl1ll = -(2/3)«(h/a)"2;

Bldl = 1 + (2/3)*(h/a)"2 + L2*ILx(a/h);

Tul

1/(2*A1d11+Idx11 - 3xAld2xIdx2);
Tu2

1/ (2% (B2d11-2%B2d1111xIdx11) *Idx1l - B2 - 3xB2d2+Idx2);

IXvl = 1/(1/Iul - ((a*IMu) "2)/Iu2);

%% Curvature terms of the foundation

for j = 1:nl

r(j) = b + (j-1)xdx2;
Ir(j) = 1/r(3);

aldll(j) = (L2+2xM2);
ald22 (3) = M2*r(j) " "2;
ald2 (j) = 3xM2*xr(7);

a2dl2(j) = (L2+M2);

az2dl (j) = (L2+3%M2)*Ir(j);

bldl2(j) = (L2+M2)*r (J);

bldl(j) = —-2xM2;

b2d11(j) = M2xIr(3);

b2d22 (j) = (L2+2*M2) *xr (]J);

b2d2 (3) = (L2+2xM2);

b2 = —(L242+M2) xIr (J);

Ivl(j) = 1/(2xaldll(j)*Idx1ll + 2xald22(j)*Idx22);
Iv2(3) = 1/(2%b2d11(j)*Idx1ll + 2xb2d22(j)*Idx22 - b2);
aa(l,1) = 3xIdxlx (L2+2%M2);
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end

aaa (
aaa (
aaa (
aaa (
aaa (
aaa (
aaa (
aaa (

aaa (

JSB1

aaa (
aaa (
aaa (
aaa (
aaa (
aaa (
aaa (
aaa (

aaa (

JSBm

aa(l,2)

= - (L2+2«M2)*Ixr (]);

aa(2,1) = 0;
aa(2,2) = 3%Idxl;
J = inv (aa);

Blv1l(3) = J(1,1);

Blvl2(j) = J(1,2);

Blv21(j) = J(2,1);

Blv22 (j) = J(2,2);
aa(l,1) = - 3%xIdx1l=*(L2+2xM2);
aa(l,2) = - (L242+M2)*Ir(Jj);
aa(2,1) = 0;
aa(2,2) = - 3%xIdxl;
J = inv(aa);

Bmvll (J) = J(1,1);

Bmvl2 (J) = J(1,2);

Bmv21l (j) = J(2,1);

Bmv22 (j) = J(2,2);
1,1) = 3%xIdxl;
1,2) = - Ia;

1,3) = 0;

2,1) = 0;

2,2) = 3%Idx1;
2,3) = 0;

3,1) = 4%Idx11;
3,2) = 0;

3,3) = 3*xIa*xIdxl;
= inv (aaa);

1,1) = -3xIdx1l;
1,2) = - Ia;

1,3) = 0;

2,1) = 0;

2,2) = —-3%xIdx1;
2,3) = 0;

3,1) = 4xIdx11;
3,2) = 0;

3,3) = -3xIa*xIdxl;
= inv (aaa);

2;
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o

% Main code

while errr < p

pp = norm(vl,2) + norm(v2,2);

for k = 1:NNN

%% Boundary conditions of the shell

wl(l) = (2%v1(l,nl)-5%v1(2,nl)+4xv1(3,nl)-v1(4,nl))*Idx1l;

vldl = (4»v1(2,nl)-v1(3,nl))*Idx1;
v2dl = (4xv2(2,nl)-v2(3,nl))*Idx1;
w2dl = (4xw2(2)-w2 (3))*Idx1;

Xvl = v1ldl - ILTO;
Xv2 = v2dl;

Xw2 = — 2% (=5*%v1(2,nl)+4xv1(3,nl)-v1l(4,nl))*Idx11l + Iaxw2dl;
v1(1l,nl) = Xv1xJSB1(1l,1) + Xv2%xJSB1(1l,2) + Xw2*«JSB1l (1, 3);
v2(1l,nl) = Xv1xJSB1(2,1) + Xv2%xJSB1l(2,2) + Xw2*JSB1l(2,3);

w2 (1) = Xv1*«JSB1(3,1) + Xv2*JSB1(3,2) + Xw2%*JSB1(3,3);

vldl = = (4xvl(m-1,nl)-v1 (m-2,nl))«Idx1;

v2dl = —(4»v2(m-1,nl)-v2 (m-2,nl))«Idx1;

w2dl = —(4*xw2 (m-1)-w2 (m-2) ) *Idx1;

wl(m) = (2+*v1(m,nl)-5xv1(m-1,nl)+4xvl (m-2,nl)-vl(m-3,nl))~Idx11;

Xvl = v1ldl - ILTmax;
Xv2 = v2dl;
Xw2

- 2x(=5*vl(m-1,nl)+4xv]l (m-2,nl)-vl (m-3,nl))*«Idx11l + TIaxw2dl;

vl(m,nl) = Xv1xJSBm(1l,1) + Xv2+«JSBm(1l,2) + Xw2xJSBm (1, 3);
v2(m,nl) = Xvl*xJSBm(2,1) + Xv2+xJSBm(2,2) + Xw2+xJSBm(2,3);
w2 (m) = Xv1lxJSBm(3,1) + Xv2+JSBm(3,2) + Xw2+JSBm(3,3);

%% Governing equations of the shell

for i = 2:m-1
wl(i) = (v1(i+1l,nl)-2%v1(i,nl)+vl(i-1,nl))*Idx11;
w2 (i) = (v2(i+1l,nl)-2*v2(i,nl)+v2(i-1,nl))»Idx11;

vldl = (vl1(i+1l,nl)-v1l(i-1,nl))*Idx1;
v2dl = (v2(i+1l,nl)-v2(i-1,nl)) *«Idx1;

v1dll = (vl (i+1,nl)+vl(i-1,nl))+Idx11;

v2dll = (v2(i+l,nl)+v2(i-1,nl))*Idx11l;

wldl = (wl(i+1)-wl(i-1))*Idx1;
w2dl = (w2 (i+1)-w2 (i-1))*Idx1l;
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w2dll = (w2 (i+1)+w2 (i-1))*Idx11;

v1ld2 = —(4»v1l(i,nl-1)-v1l(i,nl-2))*Idx2;
v2d2 = —(4xv2(i,nl-1)-v2(i,nl-2))*Idx2;

Xvl = Aldllsv1ldll + Ald2xv1ld2 + A2dlllxw2dl + A2dlxv2dl;

Xv2 = B2d1111lxw2dll + (B2d11-2%B2d1111xIdx11l)»*v2dll + B2d2*v2d2

+ B1ldl1llxwldl + Bldl=xvldl;

%% Bounded boundary

v1l(i,nl) = XvlxIul;

v2(i,nl) = Xv2+Iu2;

delta = 2*Muxv2(i,nl) + axabs(vl(i,nl));

%% Limiting-equilibrium boundary

if ~(delta < 0)

v2(i,nl) = — IMuxaxabs (vl (i,nl));

vl(i,nl) = (Xvlta*xIMuxsign (vl (i,nl))*Xv2)*«IXvl;

end

%% Stress free boundary of the foundation

for j = 2:nl1-1

v1ldl

(4xv1(2,3)-v1(3,3))~Idx1l;

v2dl (4xv2(2,73)-v2(3,3))~Idx1;
vld2 = (v1(1,3+1)-v1(1,j-1))*Idx2;

v2d2

(v2 (1, 3+1)-v2 (1, §-1)) «Idx2;

Xvl = (L2+2%M2) *xv1dl + L2%xv2d2;

Xv2 = v2dl + (r(j)"2)*v1ld2;

v1(l,3) Blv1l (j)*Xv1l + B1lv12(j)*Xv2;

v2(1l,3) = Blv21l(j)*Xvl + Blv22 (j)*Xv2;

vldl = - (4*vl(m-1,3j)-vl(m-2,3))+xIdxl;
v2dl = —(4*v2(m-1,3)-v2(m-2, 7)) xIdxl;
vld2 = (vl (m, j+1)-v1l(m, j-1))«Idx2;
v2d2 = (v2(m, j+1)-v2(m, j-1)) «Idx2;

Xvl = (L2+2+M2)*v1dl + L2xv2d2;
Xv2 = v2dl + (r(j)"2)*vld2;

v1l(m,j) = Bmvll (j)*Xvl + Bmvl2 (]j)*Xv2;
v2(m,Jj) = Bmv2l(j)*Xvl + Bmv22 (]j)*Xv2;

end
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%% Governing equations of the foundation

for i = 2:m-1

for j = 2:nl-1

vldl = (v1(i+1,3J)-v1(i-1,3))~Idx1;

v1ld2 = (v1(i,J+1)-v1l(i,j-1))+Idx2;

v2dl = (v2(i+1,3)-v2(i-1,3)) ~»Idxl;

v2d2 = (v2(i,J+1)-v2(i,j-1))+Idx2;

v1dll = (v1(i+1,3J)+vl(i-1,]))*Idx1ll;

v1d22 = (v1(i,Jj+1)+vl(i,J-1))*Idx22;

v2dll = (v2(i+1l,3J)+v2(i-1,7))*Idx1ll;

v2d22 = (v2(i,3j+1)+v2(i,J-1))*Idx22;

vldl2 = (v1(i+1,j+1)-v1(i-1,J+1)-v1(i+1,Jj-1)+v1i(i-1,J-1))+Idx12;
v2dl2 = (v2(i+1,j+1)-v2(i-1, j+1)-v2(i+1,j-1)+v2(i-1,J-1))+Idx1l2;

Xvl = aldll(§)+v1ldll + ald22(j)*v1d22 + ald2(3j)«vld2
+ a2d12 (j) *v2dl2 + a2dl (j)+vadl;

Xv2 = bldl2(j)+v1dl2 + bldl(j)*vldl + b2dll (j)+v2dll
+ b2d22 (§) *v2d22 + b2d2 (j) xv2d2;

vl(i, J) Xv1lxIvl(7);

v2(i,3) Xv2xIv2 (7J);
end
end

end

%% Terminating condition
ppp = norm(vl,2) + norm(v2,2);

p = abs (1-ppp/pp);

end

%% Kikuchi and Oden's Model

IdX2 = 1/ (2%dX2);

IdX22 = (1/dX2)"2;

IdX12 = Idx1*IdX2;

Bn2wwl = 1/ (-3xIdX2xah"2);
Bn2ww2 = 1/ (-3% (L1+2+M1) *IdX2 - Ll=*Iah);

Blwwl = 1/ (3xaxM1xIdX2);
Blvvl = 1/ (-3*axM2*Idx2);

Xlwwl = 1/ (3*axM1+IdX2 + 3xaxM2xIdx2);

Blww?2 1/ (3% (L142+M1) *IdX2 + 3% (L2+2xM2)«Idx2 - LlxIa + L2xIa);
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aa(l,1) =

3

* (L1+2xM1) »Idx1;

aa(l,2) = - (L1+2%Ml)=*Iah - 3*L1*xIdX2;
aa(2,1) = 3%xL1*Idx1;

aa(2,2) = - Ll*Iah - 3% (L1+2+M1)+IdX2;
Bln2ww = inv (aa);

aa(l,1l) = - 3% (L1+2+M1)*Idx1;

aa(l,2) = - (L1+2+Ml)*Iah — 3xL1+IdX2;
aa(2,1) = - 3%L1xIdx1;

aa(2,2) = - Ll*Iah - 3% (L1+2+M1)+IdX2;
Bmn2ww = inv (aa);

aaa(l,1l) = 3% (L1+2*M1)*Idx1;

aaa(l,2) = - (L1+2+Ml)*Ia + 3xL1+IdX2;
aaa(l,3) = 0;

aaa(2,1) = 3xL1xIdxl;

aaa(2,2) = - Ll*Ia + L2+Ia + 3% (L1+2xM1l)«*IdX2 +
aaa(2,3) = - 3*L2xIdxl;

aaa(3,1) = 0;

aaa(3,2) = - (L2+2%M2)*Ia — 3xL2xIdx2;
aaa(3,3) = 3% (L2+2+*M2) xIdx1;

Bllww = inv (aaa);

aaa(l,1l) = - 3% (L1+2xM1) +xIdx1;
aaa(l,2) = - (L1+2+*M1l)*Ia + 3*L1xIdX2;
aaa(l,3) = 0;

aaa(2,1) = - 3*«L1xIdx1;

aaa(2,2) = - Ll*Ia + L2+Ia + 3% (L1+2xM1l)*IdX2 +
aaa(2,3) = 3xL2xIdx1;

aaa(3,1) = 0;

aaa(3,2) = - (L2+2+xM2)*Ia - 3*L2+xIdx2;
aaa(3,3) = - 3% (L24+42xM2) xIdx1;

Bmlww = inv (aaa);

%% Curvature terms of the overlying body

for j = 1:n2

rr(j) = a + (j-1)*dX2;
Irr(3j) = 1/rr(3);

aaldll (j) = (L1+2%M1);
aald22(j) = Mlxrr(j) 2;
aald2 (j) = 3xMlxrr(j);
aazdl2 (j) = (L1+M1);

aa2dl (j) = (L1+3xM1)*Irr(3j);
bbld12 (j) = (L1+M1)*rr(j);
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bbldl (J)

= —2xM1;

bb2d11(j) = MlxIrr(j);
bb2d22 (3) = (L1+2+«M1)*rr(j);
bb2d2 (j) = (L1+2%M1);
bb2 = - (L1+2+M1)+Irr (]);
Iwl(j) = 1/(2%aaldll(j)*Idx1l + 2%aald22(j)*IdxX22);
Iw2 (J) = 1/(2xbb2d11 (7J)*Idx1ll + 2%bb2d22 (j)*IdX22 - bb2);
aa(l,1l) = 3%xIdxl«*(L1+2*M1);
aa(l,2) = - (L1+2+M1)«*Irr(j);
aa(2,1) = 0;
aa(2,2) = 3xIdxl;
J = inv (aa);
Blwll(j) = J(1,1);
Blwl2 (j) = J(1,2);
Blw2l (3) = J(2,1);
Blw22 (3) = J(2,2);
aa(l,l) = - 3%Idxl*(L1+2+M1);
aa(l,2) = - (L1+2xM1)«*Irr(j);
aa(2,1) = 0;
aa(2,2) = - 3%xIdxl;
J = inv (aa);
Bmwll(j) = J(1,1);
Bmwl2 (§) = J(1,2);
Bmw2l (§) = J(2,1);
Bmw22 (J) = J(2,2);

end

p = 2;

%% Main code

while errr < p

pp = norm(wwl,2) + norm(ww2,2) + norm(dwwl,2)

+ norm(vvl,2) + norm(vv2,2) + norm(dvvl,2)

for k =

1

: NNN

%% Corners

wwldl

ww2d2

Xwwl

Xww2

= (4*wwl (2,n2)-wwl(3,n2))*Idx1l;

= —(4*ww2 (1,n2-1)-ww2 (1,n2-2))«IdX2;

= (L1+2+M1l)*»wwldl + Llxrww2d2 - TO;

= Ll wwldl + (L1+2xM1)rww2d2;
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wwl (1
ww2 (1

wwldl
ww2d2

Xwwl

Xww2

wwl (m

ww2 (m

wwldl
ww2d2
vvldl
vv2d2

Xwwl
Xww2
Xvvl

Xvv2

wwl (1
ww2 (1
vvl (1
vv2 (1

wwldl = —(4»wwl(m-1,1)-wwl (m-2,1))Idx1l;

ww2d2 = (4rww2 (m,2)-ww2 (m, 3)) *IdX2;

vvldl = = (4%vvl (m-1,nl)-vvl (m-2,nl))*«Idx1;

vv2d2 = = (4%vv2 (m,nl-1)-vv2 (m,nl-2))*«Idx2;

Xwwl = (L1+2+M1)*wwldl + Llxww2d2 - Tmax;

Xww2 = Ll*wwldl + (L1+2+M1l)*xww2d2;

Xvvl = (L2+2+M2)xvvldl + L2xvv2d2;

Xvv2 = L2*vvldl + (L2+2+M2)xvv2d2;

wwl (m, 1) = Bmlww (1,1)*Xwwl + Bmlww(1l,2) * (Xww2-Xvv2)
ww2 (m, 1) = Bmlww (2, 1) *Xwwl + Bmlww (2,2) * (Xww2-Xvv2)

vvl (m,nl) = Bmlww(3,1)*Xwwl + Bmlww (3, 2) * (Xww2-Xvv2)

,n2) = Bln2ww (1, 1) *Xwwl + Bln2ww(1l,2) *Xww2;
,n2) = Bln2ww (2,1)*Xwwl + Bln2ww (2, 2) *Xww2;

= —(4xwwl (m-1,n2)-wwl (m—2,n2))~Idxl;

= — (4*ww2 (m,n2-1) -ww2 (m,n2-2) ) »IdX2;

= (L1+2+M1)*wwldl + Llxww2d2 - Tmax;

= Llxwwldl + (L1+2+M1)+ww2d2;

,n2) = Bmn2ww (1,1) *Xwwl + Bmn2ww (1, 2) *Xww2;

,n2) = Bmn2ww (2, 1) *Xwwl + Bmn2ww (2, 2) *Xww2;

= (4*wwl(2,1)-wwl(3,1))*Idx1;
= (4*ww2 (1,2)-ww2(1,3))*IdX2;

= (4xvvl(2,nl)-vvl1(3,nl))»Idx1;

= —(4xvv2(l,nl-1)-vv2(1l,nl-2))+Idx2;

= (L1+2+M1)*wwldl + Llxww2d2 - TO;

= Ll*wwldl + (L1+2+M1)+rww2d2;

(L2+2+M2) »vv1ldl + L2*vv2d2;
= L2xvv1ldl + (L2+2+M2)xvv2d2;

/1)

/1)

,nl) = Bllww(3,1)*Xwwl + Bllww(3,2) * (Xww2-Xvv2)

,nl) = ww2(1,1);

vv2(m,nl) = ww2 (m,1);

for i

%% Stress—free boundary of the overlying body

wwldl = (wwl(i+1l,n2)-wwl (i-1,n2))+Idx1;

ww2dl = (ww2 (i+1,n2)-ww2 (i-1,n2))«Idxl;
wwld2 = —(4»wwl (i, n2-1)-wwl (i,n2-2))*IdX2;
ww2d2 = —(4xww2 (i,n2-1)-ww2 (i,n2-2))«IdX2;

= 2:m-1

Bllww (1l,1)*Xwwl + Bllww(1l,2) * (Xww2-Xvv2)
Bllww (2, 1) *»Xwwl + Bllww(2,2) % (Xww2-Xvv2)
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+ Bllww (1, 3) *Xvvl;
+ Bllww (2, 3) xXvvl;

+ Bllww (3, 3) xXvvl;

+ Bmlww (1, 3) *xXvvl;
+ Bmlww (2, 3) *Xvvl;

+ Bmlww (3, 3) *Xvvl;



Xwwl = wwld2+ah"2 + ww2dl;
Xww2 = Llxwwldl + (L14+2xM1)*xww2d2;

wwl (i,n2) = Bn2wwlxXwwl;

ww2 (1,n2) = Bn2ww2+Xww2;

%% Friction boundary

wwldl = (wwl (i+1,1)-wwl (i-1,1))*Idx1;

ww2dl = (ww2 (i+1,1)-ww2 (i-1,1))*Idx1l;
wwld2 = (4d»wwl(i,2)-wwl (i, 3))*IdX2;
ww2d2 = (4drww2 (i,2)-ww2 (i,3))*«IdX2;
vvldl = (vvl(i+l,nl)-vvl(i-1,nl))~Idx1;

vv2dl = (vv2(i+l,nl)-vv2(i-1,nl))»Idx1;

vvld2 = —(4*vvl(i,nl-1)-vvl(i,nl-2))*«Idx2;
vv2d2 = —(4xvv2(i,nl-1)-vv2(i,nl-2))*Idx2;
dwwldl = (dwwl (i+1,1)-dwwl (i-1,1))*Idx1;
dww2dl = (dww2 (i+1,1)-dww2 (i-1,1))*Idx1;
dwwld2 = (4xdwwl (i,2)-dwwl (i,3))+«IdX2;

dww2d2 = (4xdww2 (1i,2)-dww2 (i,3))*IdX2;

dvvldl = (dvvl(i+1,nl)-dvvl(i-1,nl))*Idx1l;
dvv2dl = (dvv2(i+1,nl)-dvv2(i-1,nl))*Idx1l;
dvv1ld2 = - (4*dvvl(i,nl-1)-dvvl (i, nl-2))*«Idx2;
dvv2d2 = - (4xdvv2 (i,nl-1)-dvv2(i,nl-2))*Idx2;

Xwwl = Ml* (a*wwld2 + TIaxww2dl);

Xww2 = Llxwwldl + (L14+2xM1)*xww2d2;

Xvvl = M2x (a*xvv1ld2 + TIaxvv2dl);

Xvv2 = L2xvv1ldl + (L2+2xM2)xvv2d2;

ww2 (1,1) = Blww2* (Xww2 — Xvv2);

vv2(i,nl) = ww2(1i,1);

Tl2w = Xwwl - 3*axMlrwwl (i, 1)*IdX2;
T12v = Xvvl + 3*axM2*vvl (i,nl)*Idx2;

T22 = Xww2 — 3% (L1+2*M1)*ww2 (1i,1)*IdX2 + TaxLlxww2(i,1);

Xdwwl = Mlx (a*dwwld2 + Ia*xdww2dl);
Xdvvl = M2x (axdvv1ld2 + Ia*xdvv2dl);

T22dw = Llxdwwldl + (L1+2xM1)xdww2d2;
T22dv = L2xdvvldl + (L2+2xM2)xdvv2d2;
delta = a*x(wwl(i,1l)-vvl(i,nl));

absdelta = abs(delta);

%% Limiting-equilibrium boundary

if ~(absdelta < epsi)
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end

wwl (1,1

vvl(i,n

dwwl (i,

dvvl (i,

)y =
1) =

1)
nl)

(Xwwl + Muxsign(delta)*T22)*Blwwl;

(Xvvl + Muxsign(delta)«T22)*Blvvl;

0;
0;

%% Bounded boundary

if absdelta < epsi

end

%% Stressed boundary

for j =

wwl (i,1

vvl(i,n

aa(l,1)
aa(l,2)
aa(l,2)
aa(2,2)

J = inv (aa);

Xdwwl =
Xdvvl =

dwwl (i,

dvvl (i,

2:n2-1

)y =
1) =

Xlwwl* (Xwwl — Xvvl); % Initial guess: FOR

wwl(i,1l); % Initial guess: FOR LARGE epsi

3xaxM1+IdX2 - IepsixMuxax*xT22;
IepsixMuxaxT22;
IepsixMuxaxT22;

3xa*M2+Idx2 + IepsixMuxaxT22;

LARGE epsi COMMENT THIS

COMMENT THIS LINE

Xdwwl + IepsixMuxdeltaxT22dw + Tl2w + IepsixMuxdeltaxT22;

Xdvvl + IepsixMuxdelta*T22dv + T1l2v + IepsixMuxdeltaxT22;

1)
nl)

Xdwwl*J (1,1) + Xdvvl*J(1l,2);

= Xdwwl*J(2,1) + XdvvlxJ(2,2);

of the overlying body

wwldl = (4»wwl (2, J)-wwl (3, 7)) ~Idx1l;

ww2dl = (4»ww2 (2, J)-ww2 (3, 7)) ~Idx1l;

wwld2 = (wwl (1, 3+1)-wwl (1, J-1))+IdX2;
ww2d2 = (ww2 (1, 3+1)-ww2 (1, J-1))*xIdX2;
Xwwl = (L1+2%M1)*wwldl + Ll*ww2d2 - TO;
Xww2 = ww2dl + (rr(j) ~2)*wwld2;

wwl(1l,3) = Blwll(j)*Xwwl + Blwl2 (j) *Xww2;
ww2 (1,3) = Blw2l(j)*Xwwl + Blw22 (J) *Xww2;
wwldl = —(4*wwl(m-1,])-wwl(m-2, 7)) ~Idxl;
ww2dl = - (4*ww2 (m-1,J)-ww2 (m-2, j)) »Idxl;
wwld2 = (wwl (m, j+1)-wwl (m, j—1))*xIdX2;

ww2d2 = (ww2 (m, j+1)-ww2 (m, j—1)) xIdX2;

Xwwl

= (L1+2xM1)*wwldl + Llxww2d2 - Tmax;
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Xww2 = ww2dl + (rr(j) " ~2)*wwld2;

wwl (m, J) Bmwll (J) *Xwwl + Bmwl2 (j) *Xww2;

ww2 (m, j) Bmw2l (J) *Xwwl + Bmw22 (J) *Xww2;

end

%% Stress—free boundary of the foundation

for j = 2:nl-1

vvldl = (4xvv1(2,J)-vvl(3, 7)) ~Idx1l;
vv2dl = (4%vv2(2,7)-vv2(3,]))~Idx1l;
vvld2 = (vvl1l(1l,3j+1)-vvl(1l,J-1))*Idx2;

vv2d2 = (vv2(1l,3+1)-vv2(1l,J-1))*Idx2;

Xvvl = (L2+42%M2) *vvldl + L2xvv2d2;

Xvv2 = vv2dl + (r(j) " ~2)=*vvld2;

vvl(l,3J) = Blvll(j)*Xvvl + Blv12(j)*Xvv2;
vv2(1l,3) = Blv21l(j)*Xvvl + Blv22(j)*Xvv2;

vvldl = - (4%vvl(m-1,])-vvl(m-2, 7)) ~Idxl;
vv2dl = —(4%vv2(m-1,])-vv2(m-2, 7)) ~Idxl;
vvld2 = (vvl(m, j+1)-vvl (m, j-1))+xIdx2;
vv2d2 = (vv2(m, j+1)-vv2 (m, j-1)) *xIdx2;

Xvvl = (L2+2%M2) *vvldl + L2xvv2d2;

Xvv2 = vv2dl + (r(j) 2)xvvld2;

vvl(m, j) = Bmvll (j)*Xvvl + Bmvl2 (j) *Xvv2;

vv2 (m, j) Bmv21 () *Xvvl + Bmv22 (j) *Xvv2;

%% Governing equations of the overlying body

for i = 2:m-1

for j = 2:n2-1

wwldl = (wwl (i+1,J)-wwl (i-1,J))+»Idx1l;

wwld2 = (wwl (i, j+1)-wwl (i, j-1))+IdX2;

ww2dl = (ww2 (i+1,j)-ww2 (i-1, j)) ~»Idx1l;

ww2d2 = (ww2 (i, j+1)-ww2 (i, j-1))+IdX2;

wwldll = (wwl (i+1,J)+wwl (i-1, 7)) ~Idx11;

wwld22 = (wwl (i, j+1)+wwl (i, j-1))~IdX22;

ww2dll = (ww2 (i+1,J)+ww2 (i-1, 7)) ~Idx1ll;

ww2d22 = (ww2 (i, j+1)+ww2 (i, j-1))+IdX22;

wwldl2 = (wwl(i+1, j+1)-wwl (i-1,J+1)-wwl (i+1,3-1)+wwl (i-1, j-1))~IdX12;
ww2dl2 = (ww2 (i+1, j+1)-ww2 (1i-1, J+1)-ww2 (i+1, j-1)+ww2 (i-1, j-1)) »IdX12;
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Xwwl = aaldll (j)wwldll + aald22(j)*wwld22 + aald2(j)~wwld2
+ aaz2dl2 (j)»ww2dl2 + aa2dl (j)rww2dl;

Xww2 = bbldl2 (j)*wwldl2 + bbldl (j)*wwldl + bb2dll (j)~ww2dll
+ bb2d22 (j) »ww2d22 + bb2d2 () »ww2d2;

wwl (i, 3) = XwwlxIwl(]j);
ww2 (1, 3) = Xww2+Iw2(J);
dwwldl = (dwwl (i+1, 3j)-dwwl (i-1, 7)) *xIdx1;
dwwld2 = (dwwl (i, j+1)-dwwl (i, j-1))*IdX2;
dww2dl = (dww2 (i+1, j)-dww2 (i-1, 7)) *«Idx1;
dww2d2 = (dww2 (i, j+1)-dww2 (i, j-1))~IdX2;

dwwldll = (dwwl (i+1,3)+dwwl (i-1,3J)) *Idx11l;
dwwld22 = (dwwl (i, j+1)+dwwl (i, 3-1))*xIdX22;
dww2dll = (dww2 (i+1, j)+dww2 (i-1, j))+Idx1ll;
dww2d22 = (dww2 (i, j+1)+dww2 (i, j-1))»IdX22;

dwwldl2 = (dwwl (i+1, j+1)-dwwl (i-1, j+1)-dwwl (i+1, j-1)+dwwl (i-1,j-1))~IdX12;
dww2dl2 = (dww2 (i+1, j+1)-dww2 (i-1, j+1)-dww2 (i+1, j-1)+dww2 (i-1, j-1)) «IdX12;

Xdwwl = aaldll(j)+«dwwldll + aald22(j)x+dwwld22 + aald2(j)*+dwwld2
+ aa2dl2 (j) xdww2dl2 + aa2dl (j)rdww2dl;

Xdww2 = bbldl2(j)*dwwldl2 + bbldl (j) *dwwldl + bb2dll (j) +dww2dll
+ bb2d22 (j) »dww2d22 + bb2d2 (j) *dww2d2;

dwwl (i, j) = XdwwlxIwl (J);

dww2 (i, 3) Xdww2+Iw2 (J) ;

%% Governing equations of the foundation

for j = 2:nl-1

vvldl = (vvl(i+1,3j)-vvl(i-1,3J))~Idx1l;
vvld2 = (vvl (i, j+1)-vvl (i, j-1))~Idx2;
vv2dl = (vv2(i+1,3J)-vv2(i-1,J))~»Idx1l;

vv2d2 = (vv2 (i, j+1)-vv2 (i, j-1))+»Idx2;

vvldll = (vvl(i+1,3)+vvl(i-1,7))*~Idx1ll;
vv1ld22 = (vvl(i, j+1)+vvl(i, j-1))~Idx22;
vv2dll = (vv2(i+1,])+vv2(i-1,3j))~Idx1ll;
vv2d22 = (vv2 (i, j+1)+vv2 (i, j-1))~Idx22;
vv1ldl2 = (vvl(i+1l,j+1)-vvl(i-1,3+1)-vvl(i+1l,j-1)+vvl(i-1,3-1))*Idx12;
vv2dl2 = (vv2(i+l,j+1)-vv2(i-1,J+1)-vv2(i+l,3j-1)+vv2(i-1,j-1))«Idx12;

Xvvl = aldll (j)*vv1ldll + ald22(j)*vvld22 + ald2(j)*vvlid2
+ a2dl2 (j) xvv2dl2 + a2dl (j)xvvadl;
Xvv2 = bldl2 (j)*vv1ldl2 + bldl (j)+vvlidl + b2dl1l (j)*vv2dll
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+ b2d22 (J) *xvv2d22 + b2d2(J) xvv2d2;

vvl(i,j) = XvvlxIvl(3);

vv2(i,3) = Xvv2*xIv2(J);

dvvldl = (dvvl(i+1,J)-dvvl(i-1,3))*~Idx1;
dvvld2 = (dvvl (i, j+1)-dvvl (i, j-1))*Idx2;
dvv2dl = (dvv2(i+l,j)-dvv2(i-1, 7)) *Idxl;
dvv2d2 = (dvv2 (i, j+1)-dvv2 (i, j-1))*Idx2;
dvv1ldll = (dvvl(i+1, j)+dvvl(i-1,3))~Idx1ll;

dvv1ld22 = (dvvl (i, j+1)+dvvl (i, j-1))*Idx22;
dvv2dll = (dvv2(i+1, j)+dvv2(i-1,3j))»Idx1l;
dvv2d22 = (dvv2 (i, j+1)+dvv2 (i, j-1))*Idx22;

dvvldl2 = (dvvl(i+1, j+1)-dvvl(i-1, j+1)-dvvl (i+1l, j-1)+dvvl(i-1,j-1))*Idx12;
dvv2dl2 = (dvv2(i+1l, j+1)-dvv2(i-1, j+1)-dvv2 (i+1l, j-1)+dvv2 (i-1, j-1))«Idx12;

Xdvvl = aldll (j) +«dvvldll + ald22(j)*dvv1ld22 + ald2(j)xdvvld2
+ a2dl2 (j) xdvv2dl2 + a2dl (j)*dvv2dl;

Xdvv2 = bldl2(j) *xdvvldl2 + bldl (j)*dvvlidl + b2dll (j) *dvvadll
+ b2d22 (j) xdvv2d22 + b2d2(j) xdvv2d2;

dvvl (i, j) = XdvvlxIvl(j);

dvv2 (i, 3) = Xdvv2xIv2(]);

end

end

%% Newton's method

wwl(:,:) = dwwl(:,:) + wwl(:,:);
ww2 (:,:) = dww2 (:,:) + ww2(:,:);
vvl(:,:) = dvvl(:,:) + vvl(:,:);
vv2 (i, 1) = dvv2(:, 1) + vv2(:, 1)

end

%% Terminating condition
ppp = norm(wwl,2) + norm(ww2,2) + norm(dwwl,2) + norm(dww2,2)
+ norm(vvl,2) + norm(vv2,2) + norm(dvvl,2) + norm(dvv2,2);

p = abs (l-ppp/ppP);

end

%% Error

normVl = norm(vl(:,:)-vvl(:,:),2)/norm(vl(:,:)+vvli(:,:),2); % Azimuthal error
normvV2 = norm(v2(:,:)-vv2(:,:),2)/norm(v2(:,:)+vv2(:,:),2); % Radial error

%% Save data file
filename = 'CH4.mat';

save (filename)
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4 Belt-Friction Model

In this chapter we present a numerical code for an example of a membrane on a rigid foundation with

dynamic friction (see section 6.3 of Jayawardana [4]) implemented in Matlab, i.e. FrictionCode.m.

To conduct numerical experiments assume a surface of revolution case, where the both contact
surface and the unstressed true-membrane parameterised by the same immersion (i.e. an aximem-
brane case). Let this immersion be o (2!, 2?) = (2!, p(z!) sin(x?), p(z!) cos(x?))g, where z' € (0,1)
and 2% € (—3m,0). To keep the contact area as a surface of positive mean-curvature, assert that
p(z') =rog — 16c(I" 'zt — 3)*, where ¢ < ro. Note that [, ¢ and o are some positive constants that
one can specify later. With some calculations, one finds that the first fundamental form tensor is
Fpy = diag((1)2, (12)?), where ¢ = (1+(¢/(z"))?)= and ¢ = (). With a few more calculations,
one finds

Iy = (Y1) "o, F||]1 = (1)1 (") (1 + (¢ (= ))2)_1 )

I3 = (¥2) 01y, Fis = —(¥2) " (14 (¢ (21))?) : ;

where T, are Christoffel symbols of the second kind and Fy is the second fundamental form
tensor. Now, given that w = (w!(2!,2?),w?(x!,2?)) is the displacement field, one finds that the

covariant derivatives are

Viw! = ow' + Flllwl ,
Viw? = 91w’ + F221w2 ,
Vow' = dpw’ — (1) 2(¢2) THw? |
Vow? = ow? + THw? .

Now, assume that the membrane is subjected to the acceleration of gravity, i.e. subject to the
field (0,0, —g)g. With a coordinate transform, from Euclidean to curvilinear, one may re-expresses

acceleration due to gravity in curvilinear coordinates as gJ, where

J = (=¢' (") (1) 7% cos(z?), (p(x") 7" sin(2?), —(¢1) " cos(z?))

and z? is the acute angle that the vector (0,0, 1) makes with the vector (0, 12, 0).

Now, given that o is the mass density, (0,0,0) is the acceleration field and (0, (v2) =1V, 0) is the

velocity field of the membrane, one can express the governing equations of the membrane as

(A — p)0" (Vaw®) + pAw! + ogJ* + fH(w) = —o(11) °TZV?, (49)
(A = 1)d* (Vow®) + pAw? + 0gJ* + fZ(w) =0, (50)

and

(A (Ow' + T w") + (A = 2p) (Ow® + THw')) F[uﬁ

+ (A =2p) (Brw' + Thw') + A (Baw® + THw")) s + 09J° + £ (w) = oF3V>,  (51)
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where A = 4(X\ +2u) " tu(X + p) and X and  are first and second Lamé’s parameters respectively.

Assume that the contact area is rough, and thus, one obtains a final governing equation to solve

the problem, which is
FE(w) + vp(waw®) 2w’ f3 (w) =0, (52)

where the coefficient of friction, v, is considered to be an unknown. Now, divide the boundary into

sub-boundaries as
dwy = {{0} x (= ﬂr 0)} U{{l} x (_,F 0)}
Qum, = (10,1 x {~5m}) |
8("‘)Tmax = {{[O’Z] X {0}} i
and assert that the boundary conditions are

[(A—2p) (O1w' + THw') + A (ow® + T3 w') | |lowr, = 7o (traction) ,

[(A = 2p) (Brw" + T w") + A (2w® + T w") [|ows,,, = Tmax (traction) , (53)
[A (1w + T w') + (A = 2) (2w + T5w') ]|aw, = 0 (zero-Robin) , (54)
[(¥1)?02w" + (1h2)201w?] |5, = O (zero-Robin) (55)

where tmax > 79 are positive constants.

Now, assume u = (¢1,v2) and (w,w?) " 2wu, = (u,u”)~2uu, in the compatibility condition to
obtain

mF/

w

l
2 (w)Y192 do'dz® = (Tmax — 7'0)/ PY1apo dzt
0
+ Q/ (gJawa + (1#1)7111221‘/2) ¢1¢2 dl‘ldQ?Q . (56)

Note that for our experiments we keep the values 7, = 1, 7o = 1 and g = 9.81 fixed. Also, we
employ the second-order-accurate finite-difference method in conjunction with Newton’s method for
nonlinear systems. As we are dealing with curvilinear coordinates, there is a inherit grid depen-
dence, and it is approximately Ax? < oAxt, V v € {(12) "1 | 2' € [0,1]}, where Ax? is a small
increment in o direction. For our purposes we use Az? = g and ¢o = (¢2)” '¢1[,1_1;, where
N = 250. Finally, we must define a terminating condition. For this, we choose to terminate our
iterating process once the condition |1 — (vg,,)  'veme1| < 1078 is satisfied, where vp,, is the m!"
iterative solution for the coefficient of friction. Further note that to numerically model equation
we use the prismoidal formula [7]]. Furthermore, as this is a pure-traction problem, the solution is
highly unstable. By construction we have wz\awTU < 0, and thus, whenever this condition is violated

we enforce the condition w2|awTD = 0 to keep the solution from diverging out of control.

Finally, let ui= w!, v2= w?, dul= dw!, du2= dw?, width= [/ry, radius= 1, radius2= c/ro,
speed= V, density= ¢/rg, gravity= g, f= ¢/rg, Stressl= 1, Stress2= Tmax/70, Youngs= F,

Poisson= v, NN= N and Mu= vg. Thus, we find:
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function BeltFriction
format long

%% Belt-Friction Model

o

¥ Overlying elastic membrane on an rigid foundation with a variable Gaussian curvature

o\

Contact angle is [0,0.5xpi]

o

Dynamic friction case

% Coefficient friction is calculated as a part of the solution

%% INITIAL PARIMITERS

width = 1; % = Width/Radius

radius = 1; % DO NOT CHANGE!

radius2 = 0; % Difference between the maximum and the minimum radius, i.e. 1/curvature

speed = 0.01;

density = 0.01; % = MassDensity/TO

gravity 9.81;

%% RADIAL FUNCTION

alpha = 274;

f = @(u) radius - alphaxradius2* (u/width-1/2)"4;
f1l = @(u) -4+ (alpha*radius2x(u/width-1/2)"3)/width; % f°'
f11 = @(u) -12«*(alpha*radius2=(u/width-1/2)"2)/(width"2); % f£''

f111 = @(u) -24xalpha*radius2* (u/width-1/2)/(width~3); % £'"’

Stressl = 1; % DO NOT CHANGE!

Stress2 = 1.5; % = Tmax/TO
Youngs = 1000; % Young's modulus of the membrane
Poisson = 0.25; % Poisson's' ratio of the overlying body

NN = 250; % Azimuthal grid points

o

error = 107 (-8); % Terminating error

%% DO NOT CHANGE!

gl = 2+width ((1+£1(0.5xwidth)"2) " (0.5))/ (£(0.5xwidth) *pi);

m = round(gl«NN-gl+1l); % Azimuthal grid points

n = NN; % Azimuthal grid points

dx1l = width/(m-1); % Axial grid spacing
dx2 = 0.5*pi/(n-1); % Azimuthal grid spacing

LL = PoissonxYoungs/ ((l+Poisson) x (1-2xPoisson));

MM = 0.5%Youngs/ (1+Poisson) ;

L = 2+xLL*MM/ (LL+2+MM) ;

M = MM;

cff = 2+«log(Stress2/Stressl)/pi; % Initial guess for coefficient of friction

NNN = NN"2;

errr = NNNxerror;
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Idx1l = 1/dx1;

Idx2 = 1/dx2;

Idl = 0.5%Idx1;

Idll = Idx1"2;

Id2 = 0.5xIdx2;

Id22 = Idx272;

Id12 = Id1%1Id2;

ax = zeros(2,2);

ul = zeros(m,n);

u2 = zeros(m,n);

dul = zeros(m,n);
du2 = zeros(m,n);

F3 = zeros(m,n);

Gl = zeros(m,1);

G2 = zeros(m,1);

IGl = zeros(m,1);
IG2 = zeros(m,1);
L111 = zeros(m,1);
L113 = zeros(m,1);
L221 = zeros(m,1l);
1223 = zeros(m,1);
AA1dll = zeros(m,1l);
AAld22 = zeros(m,1);
AA2d12 = zeros(m,1);
AAldl = zeros(m,1l);
AA2d2 = zeros(m,1);
AAl = zeros(m,1);
BB1dl2 = zeros(m,1);
BB2dll = zeros(m,1l);
BB2d22 = zeros(m,1l);
BB1d2 = zeros(m,1);
BB2dl = zeros(m,1);
CCldl = zeros(m,1);
CC2d2 = zeros(m,1);
CCl = zeros(m,1);
DD1dl = zeros(m,1);
DD2d2 = zeros(m,1);
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DD1 = zeros(m,1);

V1l = zeros(m,1);
V3 = zeros(m,1);
Jl = zeros(m,n);
J2 = zeros(m,n);
J3 = zeros (m,n);

JMilB1ll = zeros(m,1);
JMilB12 = zeros(m,1);
JMi1B21 = zeros(m,1);

JMilB22 = zeros(m,1);

JMinB11l = zeros(m,1);
JMinB12 = zeros(m,1);
JMinB21 = zeros(m,1);
JMinB22 = zeros(m,1);
JIG11 zeros (m, 1) ;
JIGl2 = zeros(m,1);
JIG21 = zeros(m,1);

JIG22 = zeros(m,1l);

SS2 = zeros(m,1);
SS1 = zeros(m,n);
SS3 = zeros(m,n);

%% Curvature terms of the membrane

for i = 1:m
X dxlx (i-1);
Fo= £(x);

Fl1 = f1(x);
Fll = £f11(x);
F111 = f111(x);

D 1+F1°2;
Gl(i) = D"(1/2);
G2 (1) = F;
IGLl (i) = 1/G1(1);
IG2(1i) = 1/G2(1);

X1 = F1xF11xIG1l(1i);

X11 = (F1*F111 + F11°2)*IGl(i) - ((F1«F11)"2)=*IG1(i)"3;

X3 = - F11%IG1l(1i)"2;
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Yl = F1;
Y1l = F11;

Y3 = IGLl(i);

L111(i) = X1+IGL(i);
L113(i) = X3+IGL(i);

L1111 = X11%IG1(i)-L111(1i)"2;

L221(i) = Y1+IG2(i);
L223 (i) = Y3+IG2(i);

L2211 = Y11+IG2(i)-L221(1)"2;

AAld11 (i) = L+2xM;

AA1d22 (1) = M*(G1l(1)+*IG2(1))"2;

AA2d12 (i) = L+M;

AA1d1l (i) = (L+2*M)* (L111(1)+L221(1));

AA2d2 (i) = - 2%M*L221(i);

AAl (1) = (L+2+M) L1111 + L#L2211 + 2+MxL221(1i)=(L111(i)-L221(1i)) ;
BB1d12 (i) = L+M;

BB2d11l (i) = M (G2 (1)+IGl(i))"2;

BB2d22 (i) = L+2#M;

BB1d2 (i) = (L+2+M)«L111(i) + (L+3%M)«*L221(1i);
BB2d1l (i) = M (3%L221(1i)-L111(1i))~*(G2(i)*IGl(i))"2;
CC1ldl (1) = L+2+M;

cc2d2 (i) = L;

CC1 (1) = (L+2+M) *L111 (1) + L*L221(1);

DD1dl (i) = L;

DD2d2 (i) = L+2xM;

DD1 (i) = L*xL111 (i) + (L+2xM)«L221(1);

V1(i) = - density*L221 (1) (IG1l (1) rspeed) "2;

V3 (i) = - density*L223 (1) *speed”2;
ax(l,1) = 3xId2xGl(i)"2;

ax(l,2) = 0;

ax(2,1) = — L*«L111(i) - (L+2+M)*L221(i);
ax(2,2) = 3xId2* (L+2xM);

J = inv(ax);

JMi1B11 (i) = J(1,1);

JMilB12 (i) = J(1,2);

JMilB21 (i) = J(2,1);

JMilB22 (1) = J(2,2);
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ax(l,1) = -3xId2xGl(i)"2;

ax(1,2) = 0;

ax(2,1) = - LxL111(i) - (L+2%M)*L221(1);
ax (2,2) = -3%xId2x (L+2+M);

J = inv(ax);

JMinB11 (i) = J(1,1);

JMinB12 (i) = J(1,2);

JMinB21 (i) = J(2,1);

JMinB22 (i) = J(2,2);

SS2 (i) = G1(i)=*G2(i);

for j = 1l:n

J1(i,3) = - density*gravity*sin(dx2* (j-1))*«F1+xIG1l (i) "2;
J2(i,3) = - density*gravityxcos (dx2* (j-1))*IG2(1);
J3(i,3) = - densityxgravityxsin(dx2x(j-1))*IG1l(1);
Ss1l(i,j) = ((J1(1i,3)-V1(i))*Gl(i) + J2(i,3J)*G2(1))*Gl(i)~*G2(i);
$S3(1i,3J) = — (J3(1,3)-V3(1))*Gl(1)*G2(1);
end
ax(1l,1) = 2xAA1d11(1i)*Idll + 2%AA1d22 (i) *Id22 - AAl(1i);
ax(1,2) = 0;
ax(2,1) = 0;
ax(2,2) = 2+«BB2d11 (1) *Idll + 2+BB2d22 (i) *Id22;
J = inv (ax);
JIGL1 (i) = J(1,1);
JIGl2 (1) = J(1,2);
JIG21 (i) = J(2,1);
JIG22 (1) = J(2,2);
end
ax(l,1) = 3xIdl*(L+2+M) - (L+2«M)«L111 (1) - LxL221(1);

ax(1,2) = 0;
ax(2,1)

0;
ax(2,2) = 3%xId1+G2(1)"2;

J = inv(ax);
JM1jB11 = J(1,1);
JM1jBl2 = J(1,2);

JM1jB21 = J(2,1);
JM13B22 = J(2,2);
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ax(1l,1) = =-3%xIdlx (L+2*M) - (L+2+*M)=*L111(m) - L*L221 (m);
ax(1,2) = 0;

ax(2,1) = 0;

ax(2,2) = -3%«Id1+G2(m)"2;

J = inv(ax);

JMmijBll = J(1,1);

JMmijBl2 = J(1,2);

JMmjB21 = J(2,1);

JMmiB22 = J(2,2);

ax(1l,1) = 3xIdlx (L+2xM) - (L+2+M)*L111(1) - L*L221(1);
ax(1,2) = - 3%Id2+L;

ax(2,1) = 3xIdl+L - L*L111(1) - (L4+2+M)*L221(1);
ax(2,2) = - 3xId2* (L+2xM);

J = inv(ax);

JM1nB11l = J(1,1);

JM1nBl12 = J(1,2);

JM1nB21 = J(2,1);

JM1nB22 = J(2,2);

ax(1l,1) = -3xIdlx (L+2+«M) - (L+2*M)=*L111(m) - L*L221 (m);
ax(1,2) = -3xId2xL;

ax(2,1) = -3%xIdl+«L - L*L111(m) - (L+2%M)=*L221 (m);
ax(2,2) = -3%Id2* (L+2+M);

J = inv(ax);

JMmnB11 = J(1,1);

JMmnB12 = J(1,2);

JMmnB21 = J(2,1);

JMmnB22 = J(2,2);

SS = (Stress2-Stressl)*sum(SS2)«dxlx(1-1/m) + sum(sum(SS1l))*dxlxdx2+ (1-1/m)~*(1-1/n);

S3 = sum(sum(SS3)) *dx1xdx2 (1-1/m)* (1-1/n);
JMi1B11X = 1/(3%Id2);
pl = 2;

2o
)

Initial guess

while errr < pl

pp = norm(ul,2) + norm(u2,2);

for kk 1:NNN

o

Corners
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uldl = (4»ul(2,n)-ul(3,n))*~Idl;
u2d2 = - (4*u2(l,n-1)-u2(1l,n-2))+*1d2;

Xul (L+2+M) »uldl + Lxu2d2;

Xu2 = L*uldl + (L+2%M)*u2d2 - Stress2;

ul (1,n) = JMInBllxXul + JMInBl2*Xu2;
u2(l,n) = JMInB21*Xul + JMInB22xXu2;
uldl = - (4%ul (m-1,n)-ul (m-2,n))*Idl;
u2d2 = - (4*u2(m,n-1)-u2(m,n-2))*1d2;

Xul = (L+2+M)*uldl + Lxu2d2;

Xu2 = Lxuldl + (L+2xM)*u2d2 - Stress2;
ul (m,n) = JMmnBll+xXul + JMmnBl2xXu2;
u2 (m,n) = JMmnB21+Xul + JMmnB22xXu2;

uld2 = (4%ul(1,2)-ul(l,3))*Id2;
ul(l,1) = JMilBl1xXuld2;

uld2 = (4%ul(m,2)-ul(m,3))*Id2;
ul (m,1) = JMi1B11X*uld2;

%% Stressed boundaries

for 1 = 2:m-1

uld2 = (4*xul(i,2)-ul(i,3))*Id2;

ul(i,1) = JMilB1l1Xxuld2;

uldl = (ul(i+l,n)-ul(i-1,n))*Idl;
uld2 = = (4*ul(i,n-1)-ul (i, n-2))+Id2;

u2dl = (u2(i+l,n)-u2(i-1,n))*Idl;
u2d2 = —(4xu2(i,n-1)-u2(i,n-2))*1d2;

Xul = (G2 (i) "2)*u2dl + (Gl (i) 2)=xuld2;

Xu2

Lxuldl + (L+2%M)*u2d2 - Stress2;

ul (i,n) = JMinB1l1l (i) +*Xul + JMinB12 (i) *Xu2;

u2(i,n) = JMinB21 (i)+Xul + JMinB22 (1) *Xu2;

%% Stress—free boundaries

for j = 2:n-1

uldl = (4xul(2,3)-ul(3,3))~Idl;

uld2 = (ul(l,3+1)-ul(l,3-1))*Id2;
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u2dl = (4%u2(2,3)-u2(3,73))«Idl;
u2d2 = (u2(1,j+1)-u2(1, j-1))«I1d2;

Xul (L+2%M) »uldl + Lxu2d2;

Xu2 = (G2(1)"2)xu2dl + (Gl (1) 2)=xuld2;

ul(l,3) = JMLiBll#Xul + JMI1Bl2+Xu2;

u2(1,9) = JM14B21#Xul + JM19B22%Xu2;

uldl = - (4»ul(m-1,3j)-ul (m-2,3))~Idl;

uld2 = (ul(m, j+1)-ul(m, j-1))*Id2;

uz2dl = - (4»u2(m-1,3j)-u2(m-2,3j))~Idl;

u2d2 = (u2(m, j+1)-u2(m, j-1)) xId2;

Xul = (L+2xM)*uldl + Lxu2d2;
Xu2 = (G2 (m)"2)*u2dl + (Gl(m)"2)*uld2;

ul(m,j) = IJMmIBll+Xul + JMmjBl2+Xu2;

u2(m,j) = JMmIB21lxXul + JMmjB22+Xu2;

end

%% Governing equations of the membrane

for 1 = 2:m-1

for j = 2:n-1

uldll = (ul (i+1,3)+ul (i-1,3))*Id1l;

uld22 = (ul (i, j+1)+ul (i, j-1))*Id22;

u2dll = (u2(i+1,3)+u2(i-1,3))+Idll;

u2d22 = (u2(i,3+1)+u2 (i, j-1))+Id22;

uldl2 = (ul(i+1, j+1)-ul (i+1,3-1)-ul(i-1, j+1)+ul (i-1,3-1))«Id12;
u2dl2 = (u2(i+1, j+1)-u2 (i+1,j-1)-u2(i-1, j+1)+u2(i-1,§-1))+Id12;
uldl = (ul (i+1,3)-ul(i-1,7))*Idl;

uld2 = (ul(i,3+1)-ul(i, j-1))«Id2;

uzdl = (u2(i+l, j)-u2(i-1,7j))*I1dl;
uz2d?2

(u2 (i, j+1)-u2 (i, 3-1)) »I1d2;

Xul = AA1d11(i)*uldll + AAl1d22(i)=*uld22 + AA2d12(1i)=*u2dl2
+ AA1d1 (i) *uldl + AA2d2 (i) =*u2d2;

Xu2 = BB1d1l2(i)~*uldl2 + BB2d1l1l (i)=*u2dll + BB2d22 (i) *u2d22
+ BB1d2 (i) xuld2 + BB2dl (i) *u2dl;

ul(i,j) = JIG11(i)+*Xul + JIG12(1i)+*Xu2;

u2 (i, Jj) JIG21 (i) *Xul + JIG22 (1) *Xu2;
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end
end

end

%% Terminating condition

ppp = norm(ul,2) + norm(uz,2);

pl = abs (1l-ppp/pp);

end

pl = 2;

%% Main code

while errr < pl

pp = cff;

for kk = 1:NNN

%% Corners

uldl = (4»ul(2,n)-ul(3,n))*Idl;

u2d2 = - (4% u2(l,n-1)-u2(1l,n-2))+*1d2;

Xul = (L+2+M)+uldl + L*u2d2; % equation (54)
Xu2 = Lxuldl + (L+2xM)=*u2d2 - Stress2; % equation (53)

ul(l,n) = JMInBll*Xul + JMInBl2xXu2;
u2(l,n) = JMInB21*Xul + JMInB22xXu2;
uldl = - (4%ul (m-1,n)-ul (m-2,n))*Idl;
u2d2 = - (4*u2(m,n-1)-u2(m,n-2))*1d2;

Xul = (L+2%M)+uldl + L*u2d2; % equation (54)
Xu2 = Lxuldl + (L+2xM)+*u2d2 - Stress2; % equation (53)

ul (m, n) JMmnBl1l+Xul + JMmnB12+Xu2;

u2 (m,n) = JMmnB21lxXul + JMmnB22xXu2;

uld2 = (4xul(1l,2)-ul(l,3))*Id2;
ul(l,1) = JMilB11Xxuld2;

uld2 = (4%ul(m,2)-ul(m,3))+Id2;
ul (m,1) = JMil1B11X*uld2;

%% Stressed boundaries

for i = 2:m-1

uld2 = (4»ul(i,2)-ul(i,3))*Id2;

ul(i,1) = JIMilB1l1Xxuld2;
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uldl = (ul(i+l,n)-ul(i-1,n))*Idl;
uld2 = —(4»ul(i,n-1)-ul(i,n-2))*I1d2;

u2dl = (u2(i+l,n)-u2(i-1,n))*Id1l;
u2d2 = —(4+«u2(i,n-1)-u2(i,n-2))*1d2;

Xul = (G2(1)"2)*u2dl + (Gl(i)"2)*uld2; % equation (55)

Xu2 = Lxuldl + (L+2xM)~*u2d2 - Stress2; % equation (53)

ul (i,n) JMinB11 (i) *Xul + JMinB12 (1) *Xu2;

u2 (i, n) JMinB21 (i) *Xul + JMinB22 (i) *Xu2;

end

%% Stress—free boundaries

for j = 2:n-1

uldl = (4%ul(2,79)-ul(3,9))*Idl;
uld2 = (ul(l,3+1)-ul(l,3-1))«Id2;

u2dl = (4*xu2(2,3j)-u2(3,3))*I1dl;

uz2d2 (u2 (1, j+1)-u2 (1, 3-1)) x1d2;

Xul

(L+2%M) xuldl + L*xu2d2; % equation (54)

Xuz2 = (G2(1)"2)*xu2dl + (G1l(1l)"2)xuld2; % equation (55)

ul(1l,3) = JMLIBllxXul + JML3B12xXu2;
u2(1,3)

JM19B21+Xul + JM14B22+Xu2;

uldl = - (4»ul(m-1,3j)-ul (m-2,3))~Idl;
uld2 = (ul(m, j+1)-ul(m, j-1))*Id2;

uz2dl = - (4*u2(m-1,3j)-u2(m-2,3j))~Idl;
u2d2 = (u2(m, j+1)-u2(m, j-1)) xId2;

Xul = (L+2%M)*uldl + L*u2d2; % equation (54)
Xuz2 = (G2 (m) "2)*u2dl + (Gl (m)"2)xuld2; % equation (55)

ul (m, j) = JMmjBllxXul + JMmjBl2xXu2;
u2(m, j) = JMmJB21+Xul + JMmjB22xXu2;

end

%% Governing equations of the membrane % equations (49), (50), (51) and (52)

for 1 = 2:m-1

for j = 2:n-1

uu = (Gl (1i)=xul(i,J)) "2+(G2(1)*u2(i,J))  "2;

Iu

1/sqgrt (uu) ;
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if uu ==

Iu = 0;
end
xul = ul (i, j)*Iu;
xu2 = u2 (i, j) *~Iu;
uldll = (ul(i+1,3j)-2xul(i, j)+ul(i-1,7))*Id1ll;
uld22 = (ul (i, j+1)-2xul (i, j)+ul(i, j-1))*Id22;
uz2dll = (u2(i+l, j)-2xu2 (i, j)+u2(i-1,7j))~Idll;
u2d22 = (u2 (i, j+1)-2xu2 (i, j)+u2(i, j-1))1d22;
uldl2 = (ul(i+1,j+1)-ul(i+1,j-1)-ul(i-1,3j+1)+ul(i-1,3-1))~*1d1l2;
u2dl2 = (u2(i+1,j+1)-u2(i+1,j-1)-u2(i-1,j+1)+u2(i-1,3j-1))~*1d1l2;
uldl = (ul(i+1,3j)-ul(i-1,7))*Idl;
uld2 = (ul (i, j+1)-ul(i, j-1))~*Id2;
u2dl = (u2(i+l,j)-u2(i-1,7))*I1dl;
u2d2 = (u2(i, j+1)-u2(i, 3-1))*1d2;
duldll = (dul(i+1,3j)+dul (i-1,7j))*Idll;
duld22 = (dul (i, j+1)+dul(i, j-1))*Id22;
du2dll = (du2(i+l,j)+du2(i-1,7))*Idll;
du2d22 = (du2 (i, j+1)+du2 (i, j-1))«Id22;
duldl2 = (dul(i+1,j+1)-dul (i+1,3j-1)-dul(i-1, j+1)+dul (i-1,j-1))*Id12;
du2dl2 = (du2(i+1, j+1)-du2(i+1l,3j-1)-du2(i-1, j+1)+du2(i-1, j-1))*Id1l2;
duldl = (dul(i+1,3)-dul(i-1,3))~*Idl;
duld2 = (dul (i, j+1)-dul (i, j-1))~*Id2;
du2dl = (du2(i+1,3)-du2(i-1,3))~*Idl;
du2d2 = (du2 (i, j+1)-du2(i, j-1))~*Id2;
Tul = AA1d11(i)+*uldll + AA1d22(i)*uld22 + AA2d12(i)*u2dl2

+ AA1dI (1) *uldl + AA2d2 (i) *u2d2;
Tu2 = BB1d1l2(i)+uldl2 + BB2d11l(i)+u2dll + BB2d22 (i) ~*u2d22

+ BB1d2 (i) xuld2 + BB2dl (i) *u2dl;

Tdul = AA1dll (i) xduldll + AA1d22(i)*duld22 + AA2d12 (i) *du2dl2

+

AA1ldl (i) xduldl + AA2d2 (i) ~+du2d2;
Tdu2 = BB1d1l2(i)xduldl2 + BB2d1l1 (i) *du2dll + BB2d22 (i) «du2d22
+ BB1d2 (i) xduld2 + BB2dl (i) xdu2dl;

Tlu = CC1ldl (i) *uldl + CC2d2(i)*u2d2 + CCl(i)=*ul(i, J);
T2u = DD1dl (i) uldl + DD2d2 (i)*u2d2 + DD1(i)~*ul(i, j);

Fu

L113(1i)*Tlu + L223(i)*T2u + SS3(i,3J);
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end

%% Newton

%% Coeffi

for 1 = 2

uldl
uz2d2

Tlu =

T2u =

rr
o
Il

F3 (1,

uldl
uzd2

Tlu =

T2u =

Fu

F3 (i,

for j

1du = CC1dl (i) +duldl + CC2d2 (i) *du2d2;

2du = DD1d1l (i) *duldl + DD2d2 (i) ~*du2d2;

du = L113(i)+*Tldu + L223(i)+T2du;

dul = Tdul - cff*Fduxxul + Tul - cffxFuxxul + J1 (i, J)

du2 = Tdu2 - cff«Fduxxu2 + Tu2 - cffxFuxxu2 + J2(i,3);

x(1,1) = 2xAA1d11(1i)*Idll + 2xAA1d22(1i)*Id22 - AAl (1)

— cff*xFuxxul+xxul+xIu + cff*x(CCl(1i)*L113(1) + DDI1(i)=*L223(1i)) *xul;

x(1,2) = — cffxFuxxulxxu2+Iu;

x(2,1) — cffxFusxul*xu2+Iu;
x(2,2) = 2%BB2d11(i)+*Idll + 2+xBB2d22 (i) *Id22

+ cffxFuxIu - cff*xFu*xul+xu2+Iu;

= inv (ax);

M1l = J(1,1);
M12 = J(1,2);
M21 = J(2,1);
M22 = J(2,2);

ul (i, j) = JM11xXdul + JM12xXdu2;
uz2 (i, j) = JM21xXdul + JM22xXdu2;

's method

ul(:,:) + dul(:,:);

u2(:,:) + du2(:,:);

cient of friction % equation (56

m-1

= (ul(i+1,1)-ul(i-1,1))*1dl;
= (=3%u2(i,1)+4*»u2(i,2)-u2 (i, 3))*1d2;

CC1d1l (i) »uldl + CC2d2(i)*u2d2 + CCl(i)*ul(i,1);
DD1dl (i) »uldl + DD2d2 (i)=u2d2 + DD1(i)~*ul(i,1);
L113(i)*Tlu + L223(1i)*T2u;

1) = Fuxdxl*dx2x (1-1/m)*(1-1/n);

= (ul(i+l,n)-ul(i-1,n))*Idl;
= (3%u2(i,n)-4+u2(i,n-1)+u2(i,n-2))*I1d2;

CC1d1 (i) *uldl + CC2d2(i)~*u2d2 + CC1l(i)=*ul(i,n);
DD1d1 (i) *uldl + DD2d2(i)+*u2d2 + DD1(i)=*ul(i,n);
L113(1i)*Tlu + L223(1i)*T2u;

n) = Fuxdxl*dx2* (1-1/m)*(1-1/n);

= 2:n-1
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end

end

for j =

uldl = (ul(i+1l,3j)-ul(i-1,7))*Idl;
uz2d2 = (u2(i, j+1)-u2(i, j-1))*1d2;

Tlu = CC1ldl (i) *uldl + CC2d2(i)*u2d2 + CCl(i)=*ul(i,J);
T2u = DD1d1l (i) *uldl + DD2d2(i)*u2d2 + DDI1(i)=xul (i, J);
Fu = L113(i)+*Tlu + L223(i)~*T2u;

F3(i,j) = Fu*xdxl*dx2*(1-1/m)=* (1-1/n);

uldl = (-3%ul(1l,3j)+4~ul(2,J)-ul(3,3))~Idl;

uz2d2 = (u2(1l,j+1)-u2(1,j-1))*I1d2;

Tlu
T2u

Fu

= CC1dl(1l)~*uldl + CC2d2(1l)*u2d2 + CCl(1l)*ul(l,3);
= DD1d1 (1) *uldl + DD2d2 (1) *u2d2 + DD1(1)~*ul(l,3);
= L113(1)*Tlu + L223(1)*T2u;

F3(1,j) = Fu*xdxl*dx2*(1-1/m)x(1-1/n);

uldl = (3xul(m, j)-4*ul (m-1,3)+ul (m-2,3j))~Idl;

u2d2 = (u2(m, j+1)-u2(m, j-1))«Id2;

Tlu
T2u

Fu

= CC1ldl (m) xuldl + CC2d2 (m)*u2d2 + CC1 (m)~*ul(m, J);
= DD1d1l (m) »uldl + DD2d2 (m)*u2d2 + DD1(1i)~*ul(m, J);
= L113(m)*Tlu + L223(m)*T2u;

F3(m,j) = Fuxdxl*dx2+*(1-1/m)*(1-1/n);

end

uldl =
u2d2 =

Tlu

(=3#ul(l,1)+4%ul(2,1)-ul(3,1))«Idl;
(=3%u2(1,1)+4%u2(1,2)-u2(1,3))«Id2;

CC1ldl (1) *uldl + CC2d2(1l)=*u2d2 + CC1(1l)=ul(l,1);

T2u = DD1dl1 (1) *uldl + DD2d2(1l)*u2d2 + DD1(1)*ul(l,1);

Fu

F3(1,1)

uldl =
uzd2 =

L113(1)*Tlu + L223(1)*T2u;

= Fu*xdxlxdx2+ (1-1/m)* (1-1/n);

(=3*ul(1l,n)+4»ul (2,n)-ul (3,n))+Idl;
(3*xu2(1l,n)-4xu2(l,n-1)+u2(1l,n-2))*1d2;

Tlu = CC1ldl (1) *uldl + CC2d2(1l)*u2d2 + CCI1l(1l)«ul(l,n);

T2u = DD1d1 (1) *uldl + DD2d2(1)*u2d2 + DD1(1)=*ul(l,n);

Fu

F3(1,n)

uldl =
uz2d2 =

L113(1)*Tlu + L223(1)*T2u;

= Fu*xdxlxdx2+ (1-1/m)* (1-1/n);

(3%ul (m, 1) —4+ul (m-1, 1) +ul (m-2,1)) *Idl;
(=3*u2(m,1)+4xu2 (m,2)-u2(m, 3))*«I1d2;
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Tlu = CC1ldl (m)*uldl + CC2d2 (m)*u2d2 + CC1l (m)*ul(m,1);

T2u = DD1dl (m)*uldl + DD2d2 (m)*u2d2 + DDI1 (m)*ul(m,1);

Fu

L113(m)*Tlu + L223(m)*T2u;
F3(m,1) = Fuxdxl*dx2*(1-1/m)=*(1-1/n);

uldl = (3%ul (m,n)-4xul (m-1,n)+ul (m-2,n))~Idl;

u2d2 = (3*u2(m,n)-4xu2 (m,n-1)+u2 (m,n-2))+xId2;

Tlu = CC1ldl (m)+uldl + CC2d2 (m)*u2d2 + CC1 (m)*ul (m,n);

T2u = DD1dl (m) *uldl + DD2d2 (m)*u2d2 + DDI1 (m)*ul (m,n);
Fu = L113(m)*Tlu + L223(m)=+T2u;
F3(m,n) = Fuxdxl*dx2* (1-1/m)«*(1-1/n);

cff = SS/(sum(sum(F3)) + S3); % Coefficient of friction

end

%% Terminating condition

pl = abs(l-cff/pp);

end

%% Save data file

filename = 'BeltFriction.mat';

save (filename)
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5 Shell-Membrane Model

In this chapter we present a numerical code for an example of a shell-membrane on an elas-
tic foundation with static friction (see section 6.6 of Jayawardana [4]) implemented in Matlab, i.e.

FrictionCode.m.

To conduct numerical experiments assume a shell-membrane with a thickness h, supported by
an elastic foundation, where the unstrained configuration of the foundation is an annular cylin-
drical which is characterised by the diffeomorphism X (z,0,7) = (z,rsin(0), rcos(d))g, where
(2%, 2%,23%) = (2,0,r), v € (=L,L), 0 € (—m, 7] and r € (ag,a), and assume that the contact
region is defined by = € (—¢,¢), 0 € (—ir,0), where 0 < ¢ < L. Let the sufficiently smooth
field u = (u*(z,0,7),u?(z,0,7),u(x,0,7)) be the displacement field of the foundation. With some

calculations one finds that the metric tensor is g = diag(1,72, 1) and the covariant derivatives are

Vlul = 81u1 y V1u2 == 81u2 , V1u3 = (’)1u3 ;
Voul = doul Vou? = dpu? +r~tu? | Vou? = dou® — ru? |
Vsul = dsul Vsu? = 0gu® 4+ r~1u? | Vsu? = 9gu .

With further calculations, one can express the governing equations of the foundation as

(A + p)0" (Viu') + pAut =0, (57)
A+ 0)0*(Viu') + pAu® =0, (58)
A+ ) 9*(Viu') + pAu® = 0. (59)

The boundary of the foundation can be decomposed into sub-boundaries as

00 = @ U0 U Oy
1
W= {a} X (—57'(',0) X (_Eaé) )

9 = {{ao} x (—=m, 7] x [-L, L]} U{(ao,a] x (=, 7] x {{-L} U{L}}},
09, = {{a} x (—m, 7] x (<L, L)} \ @ .

Thus, one can express the boundary conditions of the foundation as

ulaq, = 0 (zero-Dirichlet) ,

dzut + 01u3]| 9, = 0 (zero-Robin) , (60)
f

[r205u” + 02u”]|aq, = 0 (zero-Robin) (61)

MOt 4 Opu? + r~1u?) + (N + 211) 93] |aq, = 0 (zero-Robin) . (62)
f

Let ul, = (ul(z,0,a),u*(z,0,a),u*(x,0,a)) be the displacement field of the shell-membrane. With
some calculations, one finds that the first fundamental form tensor is Fj = diag(1,a?) and the

covariant derivatives are

1 1 2 2
Vlu :81u y V1u :81u 5

Voul = dput | Vou? = Gqu? .
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With further calculations one can express the governing equations of the shell-membrane as:

If 2vpud + (ulul + r2uu?)z]|, < 0, then

A — )0 (Vau® +uAu1+1 A—2pu ol — Ly Ti(u) =0, (63)
a h 3
1 1
(A — p)0*(Vau®) + pAu® + aAa2 3 ETr(Tg(u)) =0, (64)
1
(A —2p)0yu' + A (82u2 + au3> + %n(Tg(u)) =0, (65)

where A = 2 \u(\ + 2u)

If [2vpud + (ulul + r2u?u?)2]|, = 0, then

Tr(TSI(u))i(A_/”L) 1 (5‘+ﬂ) 1

_ 1 a 17(/\_2#)111 2,2 2\1 .
(A — )0 (Vau®) + pAu — ~——=0" (v v +a“u“u”) T2 u )

2avp

1 ul

2vp (ulul +a2uu?)z

((A —2p)Out + Adu? + % (A(Or1u" + Oou?) + (X + 2/2)83u3)) =0,

(66)
A 11 (A—p) (A + )
. 2 a 2 20,11, 2.2 233 1 2 . 2 2
(A — )0 (Vou®) + pAu 2a1/F8 (v u +a“u“u”) hTr(T3 (u)) Tar? u 2 u
+ L v ((A—m)a ul + A0 + 2 (A(Oyu! + 0pu?) + (A + 271 u3)> -0
2vr (ulul +a2uu?)? ' ? h ! 2 3 '
(67)
The boundary of the shell-membrane can be decomposed into sub-boundaries as
Ow = Owr, U Owr,,, U Ows ,
1
Owr, = [, 1] x {—577} )
80‘)Tmax = [_é’ é] X {0} ?
1
dws = {=yU{B} U (=5m.0).
Thus, one can express the boundary conditions of the shell-membranes as
[(A = 2p)01u" + A(Bu” + a™ )] |owr, = 7o (traction) , (68)
[(A —2p)01u" + A(02u” + @™ "u?)]|wy,, = Tmax (traction) (69)
[Ad1u' + (A = 2p)(82u” + @~ "u?)] |, = 0 (zero-Robin) , (70)
[O2u' + a*01u?] |, = 0 (zero-Robin) . (71)

Note that we employ the second-order-accurate finite-difference method in conjunction with New-
ton’s method for nonlinear systems. As we are dealing with curvilinear coordinates, there is a inherit
grid dependence, and it is approximately rAz? < Az' and rAz? < Az?, for all ag < r < a, where
Az’ is a small increment in 27 direction. For our purposes we use Ax? = ﬁ and r = a, where
N = 250. Furthermore, we must define a terminating condition. For this we choose to terminate our

iterating process given that the condition |1 — ||, || 5" [[wm+1]|e2| < 10710 is satisfied.

Finally, let vi= !, v2a= 42, v3= u3, dvi= du!, dv2= éu?, dv3= du?, a= a, b= ag, h= h, i= H,

TO= Ty, Tmax= Tmax, E1= E, E2= E, Nul= v, Nu2= 7, NN= N and Mmu= vr. Thus, we find:
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function ShellMembrane
format long

%% Shell-Membrane Model

[

o

% Contact angle is [0.5xpi,pi]

%% INITIAL PARIMITERS

NN = 250;
error = 107 (-10);
E1l = 1000; % Young's modules of the membrane

E2 = 100; % Young's modules of the foundation

Nul = 0.45; % Poisson's ratio of the membrane
Nu2 = 0; % Poisson's ratio of the foundation

h = 0.001; % Thickness of the membrane
a = 1; % width of the foundation

b = 0.25; % Inner radius

H = 1-b; % Thickness of the foundation

Mu = 1; % Coefficient of friction

TO = 1; % Applied stress at \theta = 0.5%pi

Tmax = 2; % Applied stress at \theta = pi

LL = Nul*E1/ ((1+Nul)* (1-2%Nul));

L2 = Nu2+E2/ ((1+Nu2) * (1-2%Nu2));
M1 = 0.5%E1/ (1+Nul);
M2 = 0.5xE2/ (1+Nu2);

L1l = 2+MI+LL/ (LL+2xM1);

o

% DO NOT CHANGE!
NNN = NN"2;

errr = NNNxerror;

IMu = 0.5/Mu;
IMu2 = IMu“2;

Ih = 1/h;

ql 0.25xa/ (2xpi);

a3 H/ (2*xpi);

1 = round(gl*NN-gl+1l);

m = round(0.25%NN) ;

=]
[

= round (g3*NN-g3+1) ;
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friction

case



13 =3
14 = 4

ml = m;

m2 = 2
m4 = 4

dxl =
dx2 =
dx3 =

Idxl =
Idx11

Idx2 =
Idx22

Idx3 =
Idx33

Idx12

Idx13

Idx23

vl =z

v2 = z

v3 = z

dvl
dv2 =
dv3 =

r = ze

aldll
ald22
ald33
az2dl2
a3dl3
ald3 =

a3dl =

bldl2
b2dll
b2d22
b2d33
b3d23
b2d3 =
b3d2 =

cldl3

*1;
*1;

14
*m;

*m;

a/(l4-1); % Axial grid spacing

2+pi/(md-1); %

Azimuthal grid spacing

H/(n-1); % Radial grid spacing

1/ (2xdx1);
= (1/dx1)"2;

1/ (2xdx2) ;
= (1/dx2)"2;

1/ (2xdx3);
= (1/dx3)"2;

= Idx1xIdx2;
= Idx1+Idx3;
= Idx2+Idx3;

eros (14,m4,n);
eros (14,m4,n);

eros (14,m4,n);

zeros (1l4,m4,n);
zeros (l4,m4,n);

zeros (1l4,m4,n);

ros(l,n);

= zeros(l,n);
= zeros(l,n);
= zeros(l,n);
= zeros(l,n);
= zeros(l,n);

zeros (1l,n);

zeros (1l,n);

= zeros(l,n);
= zeros(l,n);
= zeros(l,n);
= zeros(l,n);
= zeros(l,n);

zeros(1l,n);

zeros(1l,n);

= zeros(l,n);

o

% Axial displacement of the foundation
% Azimuthal displacement of the foundation

% Radial displacement of the foundation
% Perturbed axial displacement of the foundation

% Perturbed azimuthal displacement of the foundation

% Perturbed radial displacement of the foundation
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c2d23

= zeros(l,n);

c3dll = zeros(l,n);
c3d22 = zeros(l,n);
c3d33 = zeros(l,n);
c2d2 = zeros(l,n);
c3d3 = zeros(l,n);
Ivl = zeros(l,n);
Iv2 = zeros(l,n);
Iv3 = zeros(l,n);

PX = zeros(l,n);

tx2 = zeros (2x1l,m2);

%% Curvature terms

Aldll
Ald22
A2dl12
A3dl =
Ald3 =

B1ld1l2
B2d1l1l
B2d22
B3d2 =
B2d3 =

cldl =
Ccz2dz =
C3d3 =

= L1 + 2+M1;

= M1;

= L1 + Ml;

L1l - M2%Ih;

- M2xTIh;

= L1 + M1;

M1;

= L1 + 2#M1;

L1 + 2xM1 - M2%Ih;

- M2xTIh;

L1 + L2%Ih;

L1 + 2+«M1 + L2%Ih;

(L2 + 2%M2) *Ih;

C3 = L1 + L2+Ih;

Xul =
Xuz

Xu3 =

Tul

Iu2

Tu3 =

%% Curvature terms of the foundation

for k

r(

Ir

al
al
al
a2

2xA1d11xIdx11l + 2%Ald22xIdx22

of the membrane

- 3%Ald3*Idx3;

2xB2d11+xIdx11l + 2%B2d22+Idx22 - 3xB2d3+Idx3;

— C3 — 3%C3d3%Idx3;

1/Xul;
1/Xu2;
1/Xu3;

= 1l:n

k) = b + (k-1)*dx2;
= 1/r(k);

dll (k) = (L2+2xM2);
d22 (k) = M2+xIr"2;
d33 (k) = M2;

dl2 (k) = (L2+M2);
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a3dl3 (k)
ald3 (k)
a3dl (k)

b1d12 (k)
b2d11 (k)
b2d22 (k)
b2d33 (k)
b3d23 (k)
b2d3 (k)
b3d2 (k)

cld1l3 (k)
c2d23 (k)
c3dl1l (k)
c3d22 (k)
c3d33 (k)
c2d2 (k)
c3d3 (k)
c3

Ivl(k) =

Iv2 (k) =

Iv3(k) =

end

1/(2xaldll (k) xIdx11
1/ (2xb2d11 (k) xIdx1l1
1/ (2%xc3dl1 (k) »Idx1ll

(L2+M2) ;
M2*Ir;

(L2+M2) *Ir;

(L2+M2) ;

M2+xr (k) "2;
(L2+2%M2) ;
M2*r (k) "2;
(L2+M2) ;
3xM2+r (k) ;
(L24+3+M2) xIr;

(L2+M2) ;
(L2+M2) ;
M2;
M2+Ir~2;
(L2+2%M2) ;
- 2xM2x1Ir;

(L2+2xM2) xIr;

- (L242+M2)*Ir"2;

Ibvl = 1/ (-3%Idx3);

+ 2+xald22 (k) *Idx22 + 2%*ald33(k)*Idx33);
+ 2xb2d22 (k) *Idx22 + 2+b2d33 (k) *xIdx33);
+ 2xc3d22 (k) *Idx22 + 2%c3d33 (k) +«Idx33 - c3);

Ibv2 = 1/(-3%Idx3);

Ibv3 = 1/ (-3% (L2+2+M2) *Idx3 - L2);
JM13B11 = 1/ (3% (L1+2xM1)»Idx1);
JM19B22 = 1/ (3%Idxl);

JM13B11 = -1/ (3% (L1+2«M1)«Idx1);
JM13B22 = -1/ (3%Idx1);

JMi1B11 = 1/ (3*Idx2);

JIMi1B22 = 1/(3* (L1+2*M1)+xIdx2);
JMimB1ll = -1/ (3%Idx2);

JIMimB22 = -1/ (3% (L14+2+*M1) *xIdx2);

ax(1l,1) = 3xIdxlx (L1+2xM1);

ax(1,2) = 3xIdx2«L1;

ax(2,1) = 3xIdx1«L1;

ax(2,2) = 3xIdx2+* (L1+2%M1);

J = inv (ax);

JM11B11 = J(1,1);
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JM11B12 = J(1,2);
JM11B21 = J(2,1);
JM11B22 = J(2,2);

ax(1l,1) = 3xIdxlx (L1+2xM1);
ax(1,2) = - 3%Idx2*L1;
ax(2,1) = 3xIdx1«L1;

ax(2,2) = - 3*Idx2* (L1+2xM1);

J = inv (ax);

JMImB11 = J(1,1);
JMImB12 = J(1,2);
JMImB21 = J(2,1);
JM1ImB22 = J(2,2);

ax(l,1) = -3*Idx1l*(L1+2+M1);
ax(1,2) = 3xIdx2«L1;
ax(2,1) = -3xIdx1*L1;

ax(2,2) = 3xIdx2+ (L1+2%M1);

J = inv (ax);

JM11B11 = J(1,1);
JM11B12 = J(1,2);
JM11B21 = J(2,1);
JM11B22 = J(2,2);

ax(l,1) = -3%Idxl*(L1+2+M1);
ax(1l,2) = -3%xIdx2+L1;
ax(2,1) = -3xIdx1*L1;

ax (2,2) = -3xIdx2+* (L1+2xM1);
J = inv(ax);

JMImB11l = J(1,1);
JM1ImB12 = J(1,2);
JMImB21 = J(2,1);

JMImB22 = J(2,2);

%% Main code

while errr < p

for kk = 1:NNN

%% Corners of the membrane

vldl = (4»v1(1l1+2,ml+1,n)-v1 (1143, ml+1,n))~Idx1;
v2d2 = (4x»v2(1l1l+1,ml+2,n)-v2(1l1l+1,ml+3,n)) xIdx2;
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Xv1l

(L1+2%M1) xv1ldl + Llx(v2d2+v3(l1l+1l,ml+1l,n)); % equation (71)
Xv2 = Llxvldl + (L1+2%M1)*(v2d2+v3(11+1l,ml+1,n)) - TO; % equation (68)

v1(ll+l,ml+1,n) = JM1I1B1l1l%Xvl + JM11B1l2xXv2;

v2(1l1+1,ml+1,n) = JMLI1B21%Xvl + JM11B22xXVv2;

v1ldl = (4xv1(11+2,m2,n)-v1(11+3,m2,n))~Idx1l;
v2d2 = —(4xv2(1ll+1l,m2-1,n)-v2(1l1+1,m2-2,n)) »Idx2;

Xvl (L1+2%M1) xv1ldl + Llx(v2d2+v3(1l1l+1,m2,n)); % equation (71)

Xv2 = Llxvldl + (L1+2xM1) % (v2d2+v3(1l1l+1l,m2,n)) - Tmax; % equation (69)

vl (1l1l+1l,m2,n) = JMImBl11l*Xvl + JMImB1l2*xXv2;
v2(1l1l+1,m2,n) = JMImB21*Xvl + JMImB22*Xv2;

vldl = = (4»v1(13-1,ml+1,n)-v1(13-2,ml+1,n))~Idx1;
v2d2 = (4»v2(13,ml+2,n)-v2(13,ml+3,n))*xIdx2;

Xvl = (L1+42#M1)*v1dl + Llx(v2d2+v3(13,ml+1,n)); % equation (71)
Xv2

Ll%v1ldl + (L1+2+M1l)* (v2d2+v3(13,ml+1l,n)) - TO; % equation (68)

v1(13,ml+1l,n) = JM11B1l1l*Xvl + JM11B12%Xv2;

v2(13,ml+1,n) = JM11B21%Xvl + JM11B22xXv2;

vldl = - (4%xv1(13-1,m2,n)-v1(13-2,m2,n) ) *xIdx]1;
v2d2 = —(4*v2(13,m2-1,n)-v2(13,m2-2,n) ) *»Idx2;
Xvl = (L1+2%M1)*v1ldl + Llx(v2d2+v3(1l3,m2,n)); % equation (71)

Xv2 = Llxvldl + (L1+2%M1)*(v2d2+v3(13,m2,n)) - Tmax; % equation (69)

vl (13,m2,n) = JMImBl1xXvl + JMImB12xXv2;

v2(13,m2,n) = JMImB21xXvl + JMImB22x*Xv2;

%% Stessed boundaries of the membrane

for i = 11+2:13-1

vldl = (vl1(i+1l,ml+1,n)-v1l(i-1,ml+1,n))«Idx1;
v2dl = (v2(i+1l,ml+1,n)-v2(i-1,ml+1,n)) ~Idx1;

v1ld2 = (4*»vl1(i,ml+2,n)-v1(i,ml+3,n))*Idx2;
v2d2 = (4*v2(i,ml+2,n)-v2(i,ml+3,n))~Idx2;

Xvl = v2dl + v1d2; % equation (71)
Xv2 = Llxvldl + (L1+2*M1)*(v2d2+v3(i,ml+1,n)) - TO; % equation (68)

vl(i,ml+1l,n) = JMilB11x%Xvl;

v2(i,ml+1l,n) = JMilB22x%Xv2;

vldl = (vl(i+l,m2,n)-v1l(i-1,m2,n))~Idx1;
v2dl = (v2(i+l,m2,n)-v2 (i-1,m2,n)) Idx1l;
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v1ld2
v2d2

Xvl
Xv2

= —(4%v1(i,m2-1,n)-vl(i,m2-2,n))*«Idx2;
= —(4%v2(i,m2-1,n)-v2 (i, m2-2,n)) *Idx2;

= v2dl + v1d2; % equation

vl (i,m2,n)

v2(i,m2,n)

end

%% Stress—free boundaries of the membrane

for j =

v1ldl
v2dl

vld2
v2d2

Xvl

Xv2

ml+2:m2-1

= (4%v1(11+2,3,n)-v1(11+3,3,n))~»Idxl;
= (4%v2(11+2,J,n)-v2(11+3, j,n))~»Idx1l;

= (v1(11+1,3+1,n)-vl (11+1,3-1,n)) +Idx2;
= (v2(11+1,9+1,n)-v2(11+1,j-1,n)) »Idx2;

Llxv1ldl +

JMimBl11*Xvl;

JIMimB22xXv2;

(71)

(L14+2+M1) » (v2d2+v3 (i,m2,n))

- Tmax; % equation

= (L1+2xM1) *v1ldl + Ll (v2d2+v3(11+1,3j,n));

= v2dl + v1d2; % equation

v1(11+1,3,n)

v2(11+1, 3, n)

vldl
v2dl

v1d2
v2d2

Xvl
Xv2

= —(4%v1(13-1,3,n)-v1(13-2,3,n))~»Idxl;
= —(4%v2(13-1,3,n)-v2(13-2,3,n))~»Idx1l;

= (v1(13,3+1,n)-v1(13,3j-1,n))«Idx2;
= (v2(13,3+1,n)-v2(13,j-1,n))~Idx2;

JM13B11+Xvl;
= JM1jB22%Xv2;

= v2dl + v1d2; % equation

v1(13,3,n)

v2(13,3,n)

end

JM1jB11%Xvl;
JM1jB22xXv2;

(71)

= (L1+42%M1)xv1ldl + Ll (v2d2+v3(13,3j,n));

(71)

%% Governing equations of the membrane

for 1 =

for

11+2:13-1

j =

vldl
v3dl

v2d2
v3d2

ml+2:m2-1

(vl(i+1,j,n)-v1(i-1,J,n)) «Idx]1;
(v3(i+1l, j,n)-v3(i-1, 3, n))~»Idx1l;

(v2(i,j+1,n)-v2 (i, j-1,n))»Idx2;
(v3(i,J+1,n)-v3(i,j-1,n)) «Idx2;
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v1ld3 = —(4%vl(i,j,n-1)-v1(i, j,n-2))*xIdx3;

v2d3 = —(4%v2 (i, j,n-1)-v2(i, j,n-2)) xIdx3;
v3d3 = - (4%v3(i,j,n-1)-v3(i, j,n-2)) +xIdx3;
vldll = (v1(i+1,3j,n)+v1(i-1,3J,n))*Idx11l;
v2dll = (v2(i+1l,3,n)+v2(i-1,3J,n))*Idx11;
v1ld22 = (v1(i,J+1,n)+v1(i,j-1,n))«Idx22;
v2d22 = (v2 (i, j+1,n)+v2(i,J-1,n))~Idx22;
v1ldl2 = (v1(i+1,3j+1,n)-v1(i-1,3+1,n)...

-v1(i+l,j-1,n)+v1(i-1,3-1,n))*Idx12;
v2dl2 = (v2(i+1,3j+1,n)-v2(i-1,3+1,n) ...
-v2(i+l, j-1,n)+v2(i-1,j-1,n))~Idx12;

%% Bounded boundary
Xvl = Aldllxv1dll + Ald22xv1d22 + A2d12xv2dl2
+ A3dlxv3dl + Ald3%v1d3; % equation (63)
Xv2 = B1dl2xv1dl2 + B2dl1lxv2dll + B2d22xv2d22
+ B3d2xv3d2 + B2d3xv2d3; % equation (64)
Xv3 = Cldl*vldl + C2d2%v2d2 + C3d3%v3d3; % equation (65)

vl(i,j,n) = XvlxIul;
v2(i,j,n) = Xv2*Iu2;
v3(i,j,n) = Xv3+Iu3;

alpha = sqgrt(vl(i,j,n)" 2 + v2(i,j,n)"2);
beta = 1/alpha;

betal = v1(i, j,n)+beta;

beta2 = v2(i, j,n) xbeta;

delta = v3 (i, j,n) + IMuxalpha;

%% Limiting-equilibrium boundary

if ~(delta < 0)

v3(i,j,n) = - IMuxalpha;

ax(1l,1) = (Xul-IMu2+Xu3) - IMuxXv3xbeta + IMu*xXv3+betaxbetal”2;
ax(1,2) = IMuxXv3xbetaxbetalxbeta2;

ax(2,1) = IMuxXv3xbetasxbetalxbetal2;

ax(2,2) = (Xu2-IMu2+Xu3) - IMuxXv3xbeta + IMu*xXv3xbetaxbeta2 2;

J = inv(ax);
Xdvl = Xvl - (Xul-IMu2%Xu3)»*vl(i, j,n) + IMuxXv3xbetal; % equation
Xdv2 = Xv2 - (Xu2-IMu2+Xu3)+*v2 (i, j,n) + IMuxXv3xbeta2; % equation

dvl(i,j,n) = J(1,1)*Xdvl + J(1,2)*Xdv2;

dv2 (i, j,n) = J(2,1)*xXdvl + J(2,2)*Xdv2;
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end
end

end

%% Stress—free boundary of the foundation

for i = 11+1:13
vldl = (v1(i+1l,ml+1,n)-v1(i-1,ml+1,n))+»Idx]1;
v2d2 = (v2(i,ml+2,n)-v2(i,ml,n))*«Idx2;

v3d3 = - (4»v3(i,ml+1l,n-1)-v3(i,ml+1,n-2))+Idx3;

Xv3 = L2« (vldl+v2d2) + (L2+2%M2)xv3d3; % equation (62)

v3(i,ml+1l,n) = Xv3xIbv3;
vldl = (vl1(i+l,m2,n)-v1(i-1,m2,n))~Idx1l;
v2d2 = (v2(i,m2+1,n)-v2 (i,m2-1,n))«Idx2;

v3d3 = - (4xv3(i,m2,n-1)-v3(i,m2,n-2))«Idx3;

Xv3 = L2« (vldl+v2d2) + (L2+2%M2)xv3d3; % equation (62)

v3(i,m2,n) = Xv3xIbv3;

end

for 7 = ml+2:m2-1

vldl = (v1(1142,73,n)-v1(11,7,n))*Idx1;

v2d2 = (v2(1141,3+1,n)-v2(11+41, j-1,n))*«Idx2;

v3d3 = —(4%v3(11+1,j,n-1)-v3(1l1l+1l, j,n-2)) «Idx3;

Xv3 = L2« (vldl+v2d2) + (L2+2%M2)xv3d3; % equation (62)
v3(11+1,J,n) = Xv3+xIbv3;

v1ldl = (v1(13+1,73,n)-v1(13-1,7,n))«Idx1;

v2d2 = (v2(13,3+1,n)-v2(13,3j-1,n))~Idx2;
v3d3 = - (4%v3(13,3,n-1)-v3(13,3J,n-2))+Idx3;

Xv3 = L2x (vldl+v2d2) + (L2+2xM2)xv3d3; % equation (62)
v3(13,j,n) = Xv3*Ibv3;

end

for 1 = 2:14-1

vldl = (vl1(i+1,1,n)-v1(i-1,1,n))*Idx1l;
v3dl = (v3(i+l1,1,n)-v3(i-1,1,n))*Idx1l;

v2d2 = (v2(i,2,n)-v2(i,m4,n))«Idx2;
v3d2 = (v3(i,2,n)-v3(i,m4,n))*«Idx2;

v1ld3 = —(4»v1l(i,1,n-1)-v1(i,1,n-2))*Idx3;
v2d3 = —(4*v2(i,1,n-1)-v2(i,1,n-2))*Idx3;
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v3d3 = —(4%v3(i,1,n-1)-v3(i,1,n-2))*Idx3;

Xvl = v1d3 + v3dl; % equation (60)
Xv2 = v2d3 + v3d2; % equation (61)

Xv3 = L2« (vldl+v2d2) + (L2+2%M2)xv3d3; % equation (62)
vl(i,1,n) = Xvl*xIbvl;
v2(i,1,n) = Xv2*xIbv2;

v3(i,1,n) = Xv3*Ibv3;

for j = 2:ml

vldl = (v1(i+1l,3j,n)-v1(i-1,3,n))~Idxl;
v3dl = (v3(i+1l,3,n)-v3(i-1,j,n))~Idx1l;
v2d2 = (v2(i,J+1,n)-v2(i,j-1,n))+Idx2;
v3d2 = (v3(i,J+1,n)-v3(i,Jj-1,n))~Idx2;
v1ld3 = - (4%vl(i,j,n-1)-v1(i, J,n-2))*Idx3;
v2d3 = - (4%v2 (i, j,n-1)-v2 (i, J,n-2))*«Idx3;
v3d3 = —(4%v3(i,Jj,n-1)-v3(i, j,n-2))*xIdx3;

Xvl = v1d3 + v3dl; % equation (60)
Xv2 = v2d3 + v3d2; % equation (61)
Xv3 = L2x (vldl+v2d2) + (L2+2%M2)=*v3d3; % equation (62)

vl(i,j,n) = XvlxIbvl;
v2(i,j,n) = Xv2+xIbv2;
v3(i,j,n) = Xv3xIbv3;

end

end

for i = 2:14-1

vldl = (vl1(i+l,m4,n)-v1l(i-1,m4,n))~Idx1;
v3dl = (v3(i+l,m4,n)-v3(i-1,m4,n)) Idx1l;

v2d2 = (v2(i,1,n)-v2(i,md4-1,n))*xIdx2;
v3d2 = (v3(i,1,n)-v3(i,md4-1,n))+xIdx2;

v1ld3 = —(4»vl(i,m4,n-1)-vl(i,m4,n-2))«Idx3;
v2d3 = —(4*v2(i,m4,n-1)-v2(i,m4,n-2)) «Idx3;
v3d3 = - (4*v3(i,m4,n-1)-v3(i,m4,n-2))«Idx3;

Xvl = v1d3 + v3dl; $ equation (60)
Xv2 = v2d3 + v3d2; $ equation (61)

Xv3 = L2x (v1ldl+v2d2) + (L2+2%M2)xv3d3; % equation (62)

v1(i,m4,n) XvlxIbvl;

v2(i,m4,n) = Xv2xIbv2;
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v3(i,m4,n) = Xv3*xIbv3;

for j = m2+1:m4-1

vldl = (v1(i+l,3,n)-v1l(i-1,3,n))~Idx1l;
v3dl = (v3(i+l,3,n)-v3(i-1,j,n))*~Idxl;
v2d2 = (v2(i,J+1,n)-v2(i,J-1,n))~Idx2;
v3d2 = (v3(i,J+1,n)-v3(i,J-1,n))~Idx2;
v1ld3 = —(4%vl(i, j,n-1)-v1(i, j,n-2))«Idx3;
v2d3 = - (4%v2 (i, j,n-1)-v2 (i, j,n-2)) xIdx3;
v3d3 = —(4%v3(i,Jj,n-1)-v3(i,J,n-2))*xIdx3;

Xvl = v1d3 + v3dl; % equation (60)

Xv2 = v2d3 + v3d2; % equation (61)
Xv3 = L2x (vldl+v2d2) + (L2+2%M2)*v3d3; % equation (62)

vl(i,j,n) = XvlxIbvl;
v2(i,j,n) = Xv2xIbv2;
v3(i,j,n) = Xv3xIbv3;

end

end

for i = 2:11

for j = ml+l:m2

vldl = (v1(i+1l,3,n)-v1(i-1,3,n))~Idx1l;
v3dl = (v3(i+l,3j,n)-v3(i-1,j,n))*~Idxl;
v2d2 = (v2(i,J+1,n)-v2(i,j-1,n))+Idx2;
v3d2 = (v3(i,J+1,n)-v3(i,J-1,n))~Idx2;
v1ld3 = —(4%v1l(i, j,n-1)-v1(i, j,n-2))«Idx3;
v2d3 = - (4%v2 (i, j,n-1)-v2 (i, j,n-2)) xIdx3;
v3d3 = —(4%v3(i,Jj,n-1)-v3(i,J,n-2))*xIdx3;

Xvl = v1d3 + v3dl; % equation (60)
Xv2 = v2d3 + v3d2; % equation (61)
Xv3 = L2x (v1dl+v2d2) + (L2+2%M2)xv3d3; % equation (62)

vl(i,j,n) = XvlxIbvl;
v2(i,j,n) = Xv2xIbv2;
v3(i,j,n) = Xv3xIbv3;

end

end
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for i = 13+1:14-1

for j = ml+l:m2

vldl = (v1(i+l,3,n)-v1l(i-1,3,n))~Idx1l;
v3dl = (v3(i+l,3,n)-v3(i-1,j,n))*~Idxl;
v2d2 = (v2(i,J+1,n)-v2(i,J-1,n))~Idx2;
v3d2 = (v3(i,J+1,n)-v3(i,J-1,n))~Idx2;
v1ld3 = —(4%vl(i, j,n-1)-v1(i, j,n-2))«Idx3;
v2d3 = - (4%v2 (i, j,n-1)-v2 (i, j,n-2)) xIdx3;
v3d3 = —(4%v3(i,Jj,n-1)-v3(i,J,n-2))*xIdx3;
Xvl = v1d3 + v3dl; % equation (60)

Xv2 = v2d3 + v3d2; % equation (61)

Xv3 = L2* (vldl+v2d2) + (L2+2xM2)*v3d3; %
vl(i,j,n) = XvlxIbvl;

v2(i,j,n) = Xv2xIbv2;

v3(i,j,n) = Xv3xIbv3;

end

end

%% Governing equations the foundation

for k = 2:n-1

equation

%% Governing equations at the periodic boundaries

for i = 2:14-1

v3dl

v2d2
v3d2

v1d3
v2d3
v3d3

v1ldll
v2dll
v3dll

v1ld22
v2d22
v3d22

v1d33
v2d33
v3d33

(v3(i+1,1,k)-v3(i-1,1,%k)) +Idxl;

(v2(1i,2,k)-v2(i,m4-1,k))~Idx2;
(v3(1i,2,k)-v3(i,m4-1,k))*Idx2;

(vl(i,1,k+1)-v1(i,1,k-1))+Idx3;
(v2(1i,1,k+1)-v2 (i, 1,k-1))+Idx3;
(v3(i,1,k+1)-v3 (i, 1,k-1))+Idx3;

= (vl(i+1,1,k)+v1(i-1,1,k))~Idx11;
= (v2(i+1,1,k)+v2(i-1,1,k))«Idx11;
= (v3(i+1,1,k)+v3(i-1,1,k))*~Idx11l;

= (v1(i,2,k)+vl(i,m4-1,k))*Idx22;
= (v2(i,2,k)+v2 (i, m4-1,k))»Idx22;
= (v3(i,2,k)+v3 (i, m4-1,k))»Idx22;

= (v1(i,1,k+1)+v1(i,1,k-1))+*Idx33;

= (v2(i,1,k+1)+v2(i,1,k-1))+Idx33;
= (v3(i,1,k+1)+v3(i,1,k-1))+Idx33;
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vldl2 = (v1(i+1,2,k)-v1(i-1,2,k)...
-v1(i+l,m4-1,k)+vl(i-1,m4-1,k))~Idx12;

v2dl2 = (v2(i+1,2,k)-v2(i-1,2,k)...
-v2(i+l,m4-1,k)+v2(i-1,m4-1,k))~Idx12;

v1d13 = (v1(i+1,1,k+1)-vl(i-1,1,k+1)...
~v1(i+l,1,k-1)+vl(i-1,1,k-1))*Idx13;
v3d13 = (v3(i+1,1,k+1)-v3(i-1,1,k+1)...
—v3(i+l,1,k-1)+v3(i-1,1,k-1)) «Idx13;

v2d23 = (v2(i,2,k+1)-v2(i,m4-1,k+1)...
-v2(i,2,k-1)+v2(i,m4-1,k-1))*Idx23;
v3d23 = (v3(i,2,k+1)-v3(i,m4-1,k+1)...
-v3(i,2,k=-1)+v3(i,m4-1,k-1))+Idx23;

Xvl = aldll(k)xvldll + ald22(k)xv1ld22 + ald33(k)*v1ld33 + a2dl2(k)xv2dl2
+ a3dl3 (k) *v3dl3 + ald3(k)*vld3 + a3dl (k)=*v3dl; % equation (57)

Xv2 = bldl2 (k) *xv1dl2 + b2dl1l (k)x*v2dll + b2d22 (k) *v2d22 + b2d33 (k) *v2d33
+ b3d23 (k) *xv3d23 + b2d3 (k) *v2d3 + b3d2(k)*v3d2; % equation (58)

Xv3 = cldl3 (k) *xv1dl3 + c2d23 (k) *v2d23 + c3dll (k) *v3dll + c3d22 (k) *v3d22
+ ¢3d33 (k) *v3d33 + c2d2 (k) *v2d2 + c3d3(k)*v3d3; % equation (59)

vl(i,1,k) = XvlxIvl(k);
v2(i,1,k) = Xv2+xIv2(k);
v3(i,1,k) = Xv3%xIv3(k);
v3dl = (v3(i+l,m4,k)-v3(i-1,m4,k))~Idx1l;

v2d2 = (v2(i,1,k)-v2(i,md-1,k))*Idx2;
v3d2 = (v3(i,1,k)-v3(i,md-1,k))*Idx2;
v1ld3 = (vl1(i,m4,k+1)-v1(i,m4,k-1))*Idx3;

v2d3 = (v2(i,md,k+1)-v2(i,md,k-1))*Idx3;

v3d3 = (v3(i,m4,k+1)-v3(i,m4,k-1))*Idx3;
vldll = (v1(i+1l,m4,k)+v1(i-1,m4,k))*Idx11;
v2dll = (v2(i+1,m4,k)+v2(i-1,m4,k))*~Idx11;
v3dll = (v3(i+1,m4,k)+v3(i-1,m4,k))*~Idx11;
v1ld22 = (v1(i,1,k)+vl(i,md-1,k))*Idx22;
v2d22 = (v2(i,1,k)+v2(i,md4-1,k))*«Idx22;
v3d22 = (v3(i,1,k)+v3(i,md-1,k))*«Idx22;
v1d33 = (vl (i,m4,k+1)+vl (i, m4,k-1))*Idx33;
v2d33 = (v2(i,m4,k+1)+v2 (i, m4,k-1))*Idx33;

v3d33 = (v3(i,m4,k+1)+v3 (i, m4,k-1))*Idx33;

v1dl2 = (vl (i+1,1,k)-vl(i-1,1,k)...

-v1l(i+l,m4-1,k)+v1(i-1,md4-1,k))~Idx12;
v2dl2 = (v2(i+1,1,k)-v2(i-1,1,k)...
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-v2(i+l,m4-1,k)+v2(i-1,m4-1,k))~Idx12;

v1dl3 = (v1(i+1l,m4,k+1)-v1(i-1,m4,k+1)...
-v1(i+l,m4,k-1)+vl(i-1,m4,k-1))+Idx13;
v3dl3 = (v3(i+l,m4,k+1)-v3(i-1,m4,k+1)...
-v3(i+l,m4,k-1)+v3(i-1,m4,k-1)) xIdx13;
v2d23 = (v2(i,1,k+1)-v2(i,m4-1,k+1)...
-v2(i,1,k-1)+v2(i,md4-1,k-1))~Idx23;
v3d23 = (v3(i,1,k+1)-v3 (i, m4-1,k+1)...

-v3(i,1,k-1)+v3(i,m4-1,k-1))*Idx23;

Xvl = aldll (k)xvl1dll + ald22(k)xv1d22 + ald33(k)*v1d33 + a2dl2(k)*v2dl2
+ a3dl13 (k) *v3dl3 + ald3(k)*v1ld3 + a3dl (k)=*v3dl; % equation (57)

Xv2 = bldl2 (k)*v1dl2 + b2dl1l (k)+*v2dll + b2d22 (k) *v2d22 + b2d33 (k) *xv2d33
+ b3d23 (k) *v3d23 + b2d3 (k) *v2d3 + b3d2 (k) +*v3d2; % equation (58)

Xv3 = ¢1d13 (k) *v1ldl3 + c2d23 (k) *v2d23 + c3dll (k) +v3dll + c3d22 (k) *v3d22
+ ¢c3d33 (k) *v3d33 + c2d2 (k) *v2d2 + c3d3(k)*v3d3; % equation (59)

v1i(i,md,k) = XvlixIvl(k);

v2(i,md,k) = Xv2*Iv2(k);

v3(i,md,k) = Xv3xIv3(k);

dv3dl = (dv3(i+1,1,k)-dv3(i-1,1,k))*Idx1l;
dv2d2 (dv2(i,2,k)-dv2(i,md4-1,k))~Idx2;
dv3d2 (dv3(i,2,k)-dv3(i,m4-1,k))~»Idx2;
dvld3 = (dvl(i,1,k+1)-dvl(i,1,k-1))*Idx3;
dv2d3 = (dv2(i,1,k+1)-dv2(i,1,k-1))+Idx3;
dv3d3 = (dv3(i,1,k+1)-dv3(i,1,k-1))Idx3;
dvldll = (dv1(i+1,1,k)+dvl(i-1,1,k))~Idx11;
dv2dll = (dv2(i+1,1,k)+dv2(i-1,1,k))~Idx11;
dv3dll = (dv3(i+1,1,k)+dv3(i-1,1,k))*Idx1l1l;
dv1ld22 = (dvl(i,2,k)+dvl(i,md-1,k))*«Idx22;
dv2d22 = (dv2(i,2,k)+dv2(i,md-1,k))«Idx22;
dv3d22 = (dv3(i,2,k)+dv3(i,md4-1,k))*xIdx22;
dvld33 = (dvl(i,1,k+1)+dv1(i,1,k-1))*Idx33;
dv2d33 = (dv2(i,1,k+1)+dv2(i,1,k-1))«Idx33;
dv3d33 = (dv3(i,1l,k+1)+dv3(i,1,k-1))*Idx33;
dvldl2 = (dvl(i+1,2,k)-dvl(i-1,2,k)...

-dvl (i+1,m4-1,k)+dvl (i-1,md4-1,k))*«Idx12;
dv2dl2 = (dv2(i+1,2,k)-dv2(i-1,2,k) ...
—dv2 (i+1l,m4-1,k)+dv2(i-1,mé4-1,k))+Idx12;

dvldl3 = (dvl(i+1,1,k+1)-dvl(i-1,1,k+1)...
—dvl(i+1,1,k-1)+dvl (i-1,1,k-1))«Idx13;
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dv3dl3 = (dv3(i+1l,1,k+1)-dv3(i-1,1,k+1)...
—dv3(i+1l,1,k-1)+dv3(i-1,1,k-1))*Idx13;

dv2d23 = (dv2(i,2,k+1)-dv2 (i, m4-1,k+1)...
—dv2 (i,2,k-1)+dv2 (i,m4-1,k-1)) «Idx23;
dv3d23 = (dv3(i,2,k+1)-dv3 (i, md-1,k+1)...
—dv3(i,2,k-1)+dv3 (i, m4-1,k-1)) «Idx23;

Xdvl = aldll(k)+dvldll + ald22(k)*dvld22 + ald33(k)*dv1d33

+ a2dl2 (k) *xdv2dl2 + a3dl3(k)+dv3dl3 + ald3 (k) *dvld3 + a3dl (k) xdv3dl;
Xdv2 = bldl2(k)*dvldl2 + b2dl1l (k) xdv2dll + b2d22 (k) *dv2d22

+ b2d33 (k) *dv2d33 + b3d23 (k) *dv3d23 + b2d3 (k) *dv2d3 + b3d2 (k) *dv3d2;
Xdv3 = c1d13 (k) *dvldl3 + c2d23 (k) *dv2d23 + c3dll (k) *dv3dll

+ ¢3d22 (k) xdv3d22 + c¢3d33 (k) *dv3d33 + c2d2 (k) *dv2d2 + c3d3 (k) *dv3d3;

dvl(i,1,k) = Xdvl*Ivl(k);

dv2 (i, 1,k) = Xdv2*Iv2(k);

dv3(i,1,k) = Xdv3*Iv3(k);

dv3dl = (dv3(i+1l,m4,k)-dv3(i-1,m4,k))*Idx1;
dv2d2 = (dv2(i,1,k)-dv2(i,md-1,k))*Idx2;
dv3d2 = (dv3(i,1,k)-dv3(i,md-1,k))*Idx2;
dvld3 = (dvl(i,m4,k+1)-dvl (i, m4,k-1))+Idx3;
dv2d3 = (dv2(i,m4,k+1)-dv2 (i, m4,k-1))«Idx3;
dv3d3 = (dv3(i,m4,k+1)-dv3 (i, m4,k-1))+Idx3;
dv1ldll = (dvl(i+1l,m4,k)+dvl(i-1,m4,k))«Idx11l;
dv2dll = (dv2(i+1l,m4,k)+dv2(i-1,m4,k)) xIdx11l;
dv3dll = (dv3(i+1l,m4,k)+dv3(i-1,m4,k))~Idx11;
dv1ld22 = (dvl(i,1,k)+dvl (i,md-1,k))*Idx22;
dv2d22 = (dv2(i,1,k)+dv2(i,md-1,k))*Idx22;
dv3d22 = (dv3(i,1l,k)+dv3(i,md-1,k))*xIdx22;
dv1ld33 = (dvl (i, m4,k+1)+dvl (i, m4,k-1))*Idx33;
dv2d33 = (dv2 (i, m4,k+1)+dv2 (i, m4,k-1))*Idx33;
dv3d33 = (dv3(i,m4,k+1)+dv3 (i, m4,k-1))«Idx33;
dvldl2 = (dv1(i+1,1,k)-dvl(i-1,1,k)...

—dvl (i+1,m4-1,k)+dvl (i-1,m4-1,k))«Idx12;
dv2dl2 = (dv2(i+1,1,k)-dv2(i-1,1,k)...
—dv2 (i+1,m4-1,k)+dv2 (i-1,m4-1,k)) »Idx12;

dv1ldl3 = (dvl(i+1,m4,k+1)-dvl(i-1,m4,k+1)...
—dvl (i+1,m4,k-1)+dvl (i-1,m4,k-1)) «Idx13;
dv3dl3 = (dv3(i+1l,m4,k+1)-dv3(i-1,m4,k+1)...

—dv3(i+l,m4,k-1)+dv3(i-1,m4,k-1))+Idx13;

dv2d23 = (dv2(i,1,k+1)-dv2(i,m4-1,k+1)...
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—dv2 (i, 1,k-1)+dv2 (i, m4-1,k-1)) +«Idx23;
dv3d23 = (dv3(i,1,k+1)-dv3(i,md—-1,k+1)...
—dv3 (i, 1,k-1)+dv3 (i, md-1,k-1))+Idx23;

Xdvl = aldll(k)*dvldll + ald22 (k) *dv1ld22 + ald33(k)*dv1d33

+ a2dl12 (k) xdv2dl2 + a3dl3(k)*dv3dl3 + ald3(k)*dvld3 + a3dl (k)xdv3dl;
Xdv2 = bldl2(k)*dvldl2 + b2d1l1l (k) *xdv2dll + b2d22 (k) *dv2d22

+ b2d33 (k) xdv2d33 + b3d23 (k) *dv3d23 + b2d3 (k) *xdv2d3 + b3d2 (k) *dv3d2;
Xdv3 = c1d13 (k) +xdvldl3 + c2d23(k)*dv2d23 + c3dll (k) *dv3dll

+ ¢3d22 (k) *dv3d22 + c¢3d33 (k) xdv3d33 + c2d2 (k) *dv2d2 + c3d3 (k) +xdv3d3;

dvl(i,m4,k) = Xdvl*Ivl(k);
dv2(i,md,k) = Xdv2*Iv2(k);
dv3 (i, m4,k) = Xdv3xIv3(k);

%% Governing equations of the foundation in the domain

for j = 2:m4-1

v3dl = (v3(i+1,73,k)-v3(i-1,7,%k))«Idx1l;

v2d2 = (v2(i,3+1,k)-v2(i,Jj-1,k))~Idx2;
v3d2 = (v3(i,3J+1,k)-v3(i,J-1,k))*Idx2;

v1ld3 = (v1(i,j,k+1)-vl(i, 3, k-1))*Idx3;
v2d3 = (v2(i, 3, k+1)-v2 (i, 3, k-1))«Idx3;
v3d3 = (v3(i,J,k+1)-v3 (i, 3, k-1))*Idx3;

v1ldll = (v1(i+1,3,k)+vl(i-1,3,k))~Idx1ll;
v2dll = (v2(i+1,3,k)+v2(i-1,7,k))*~Idx11;
v3dll = (v3(i+1l,3,k)+v3(i-1,7,k))*Idx11;

v1d22 = (v1(i,3+1,k)+vl(i,j-1,k))*Idx22;
v2d22 = (v2(i,3+1,k)+v2 (i, -1,k)) *Idx22;
v3d22 = (v3(i,3+1,k)+v3 (i, J-1,k)) *Idx22;

v1d33 = (v1(i,]j,k+1)+v1l(i,J,k-1))*Idx33;
v2d33 = (v2(i,j,k+1)+v2 (i, J,k-1))*Idx33;
v3d33 = (v3(i,j,k+1)+v3 (i, j,k-1))*Idx33;

vldl2 = (v1(i+1,3+1,k)-v1i(i-1,3J+1,k)...
-v1l(i+l,3j-1,k)+v1(i-1,3j-1,k))~Idx1l2;
v2dl2 = (v2(i+1,3j+1,k)-v2(i-1,J+1,k)...
-v2(i+1,j-1,k)+v2(i-1,3-1,k))*Idx12;

v1dl3 = (v1(i+1l,3,k+1)-v1(i-1,3,k+1)...
-v1(i+l,3,k-1)+v1(i-1,3,k-1))*Idx13;
v3dl3 = (v3(i+1l, 3, k+1)-v3(i-1,3,k+1)...
-v3(i+l, 3, k-1)+v3(i-1,j,k-1))*Idx13;

v2d23 = (v2(i,3+1,k+1)-v2 (i, 3-1,k+1)...
—v2 (i, 3+1,k-1)+v2 (i, j-1,k-1)) «Idx23;
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v3d23 = (v3(i,J+1,k+1)-v3(i,J-1,k+1)...
-v3(i, j+1,k-1)+v3(i, j-1,k-1))*Idx23;

Xvl = aldll(k)xv1ldll + ald22(k)*v1ld22 + ald33(k)*v1ld33 + a2dl2(k)»*v2dl2
+ a3d1l3 (k) *v3dl3 + ald3(k)xv1ld3 + a3dl (k)»*v3dl; % equation (57)

Xv2 = bldl2 (k) *v1dl2 + b2dll (k)*v2dll + b2d22 (k)*v2d22 + b2d33(k)*v2d33
+ b3d23 (k) *v3d23 + b2d3 (k) *v2d3 + b3d2 (k) *v3d2; % equation (58)

Xv3 = cl1dl3 (k) *v1dl3 + c2d23(k)*v2d23 + c3dll(k)*v3dll + c3d22(k)*v3d22
+ ¢c3d33 (k) *v3d33 + c2d2 (k) *v2d2 + c3d3 (k) *v3d3; % equation (59)

v1i(i,j, k) = XvlixIvl(k);
v2(i,3,k) = Xv2*Iv2(k);
v3(i,j, k) = Xv3xIv3(k);

dv3dl = (dv3(i+1l,3j,k)-dv3(i-1,3,k))*~Idx1;

dv2d2 = (dv2 (i, j+1,k)-dv2 (i, j-1,k))+xIdx2;
dv3d2 = (dv3(i, j+1,k)-dv3 (i, j-1,k))*xIdx2;

dvld3 = (dvl(i,j, k+1)-dvl(i,J, k-1))+Idx3;
dv2d3 = (dv2 (i, Jj,k+1)-dv2 (i, J,k-1))*«Idx3;
dv3d3 = (dv3(i, j, k+1)-dv3 (i, j,k-1))*xIdx3;

dvldll = (dvl(i+1,7,k)+dvl(i-1,7,k))+Idx1l1;
dv2dll = (dv2(i+1,3,k)+dv2(i-1,7,k))*Idx11;
dv3dll = (dv3(i+1,3,k)+dv3(i-1,7,k))*Idx11;

dv1ld22 = (dvl (i, j+1,k)+dvl(i,Jj-1,k))*xIdx22;
dv2d22 = (dv2 (i, j+1,k)+dv2 (i, Jj-1,k))~Idx22;
dv3d22 = (dv3(i, j+1,k)+dv3 (i, j-1,k))~Idx22;

dv1ld33 = (dvl (i, j, k+1)+dvl(i, j, k-1))*xIdx33;
dv2d33 = (dv2 (i, j,k+1)+dv2(i, j, k-1))*Idx33;
dv3d33 = (dv3 (i, Jj, k+1)+dv3(i,J, k-1))*xIdx33;

dvldl2 = (dvl (i+1,3+1,k)-dvl (i-1,3+1,%k)...
—dvl (i+1,3-1,k)+dvl (i-1,3-1,k)) »Idx12;
dv2dl2 = (dv2(i+1, §+1,k)-dv2 (i-1,§+1,k) ...
-dv2 (i+1, 3-1,k) +dv2 (i-1, §-1,k)) »Idx12;

dvldl3 = (dvl(i+1,d,k+1)-dvl(i-1,7,k+1)...
—dvl (i+1,3,k-1)+dvl (i-1, 3, k-1)) »Idx13;
dv3dl3 = (dv3(i+1,d,k+1)-dv3(i-1,7,k+1)...
-dv3(i+1, 3, k-1)+dv3(i-1, 3, k-1)) «Idx13;

dv2d23 = (dv2 (i, j+1,k+1)-dv2 (i, 3-1,k+1) ...
—dv2 (i, 3+1,k-1)+dv2 (i, -1, k-1)) »Idx23;
dv3d23 = (dv3 (i, j+1,k+1)-dv3 (i, j-1,k+1)...

—dv3 (i, j+1,k-1)+dv3 (i, j-1,k-1)) »Idx23;

Xdvl = aldll (k) *dv1ldll + ald22(k)*dv1ld22 + ald33 (k) *dv1ld33
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+ a2dl12 (k) *dv2dl2 + a3dl3(k)*dv3dl3 + ald3(k)x*dvld3 + a3dl (k) +dv3dl;
Xdv2 = bldl2 (k) *dvldl2 + b2d1ll (k) *dv2dll + b2d22 (k) *dv2d22

+ b2d33 (k) *dv2d33 + b3d23 (k) *dv3d23 + b2d3 (k) *«dv2d3 + b3d2 (k) +xdv3d2;
Xdv3 = cl1ldl13(k)*dvldl3 + c2d23 (k) *xdv2d23 + c¢3dll (k)*dv3dll

+ c3d22 (k) xdv3d22 + c¢3d33 (k) *dv3d33 + c2d2(k)*dv2d2 + c3d3 (k) xdv3d3;

dvl (i, j, k) = XdvlxIvl (k);
dv2 (i, j, k) = Xdv2xIv2(k);
dv3 (i, j, k) = Xdv3xIv3(k);

end

end

%% Newton's method

vli(:,:,:) = dvl(:,:,:) + v1l(:,:,:);
V2(:,2,0) = dv2(:, 0, ) + v2(:,:,:);
v3(:,:,:) = dv3(:,:,:) + v3(:,:,1:);

end

%% Terminating condition
for k = 2:n
PX (k) = norm(vl(:,:,k),2) + norm(v2(:,:,k),2) + norm(v3(:,:,k),2)
+ norm(dvl(:,:,k),2) + norm(dv2(:,:,k),2) + norm(dv3(:,:,k),2);

end

ppp = norm(PX,2);

p = abs(1-ppp/pp);

bp = pPpp;

end

%% Shear
for i = 2:14-1

for j = 2:m4-1

v3d2 = (v3(i,3j+1,n)-v3(i,j-1,n))~Idx2;
v2d3 = (3xv2 (i, J,n)-4»v2(i,Jj,n-1)+v2 (i, j,n-2))»Idx3;
tx2(i,J) = M2x (v2d3+v3d2);

end
end
normV = norm(v2(:,:,n),2); % Total boundary displacement

normT = norm(tx2,2); % Total shear

%% Save data file

filename = 'ShellMembrane.mat';

save (filename)
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