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Laplacian flow for closed G2 structures:

real analyticity
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Let ϕ(t), t ∈ [0, T0] be a solution to the Laplacian flow for closed
G2 structures on a compact 7-manifold M . We show that for each
fixed time t ∈ (0, T0], (M,ϕ(t), g(t)) is real analytic, where g(t) is
the metric induced by ϕ(t). Consequently, any Laplacian soliton
is real analytic and we obtain unique continuation results for the
flow.
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1. Introduction

Let M be a compact 7-manifold and let ϕ0 be a closed G2 structure on M .
We consider solutions ϕ(t), t ∈ [0, T0], to the Laplacian flow for closed G2
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structures:

(1.1)


∂
∂tϕ = ∆ϕϕ,

dϕ = 0,

ϕ(0) = ϕ0,

where ∆ϕϕ = dd∗ϕ+ d∗dϕ is the Hodge Laplacian of ϕ(t) with respect to
the metric g(t) determined by ϕ(t).

The flow (1.1) was introduced by Bryant (see [2, §5]) as a potential way
to study the challenging problem of existence of torsion-free G2 structures
and thus Ricci-flat metrics with exceptional holonomy G2, since stationary
points of the flow are the G2 structures ϕ satisfying dϕ = d∗ϕ = 0, which
is the torsion-free condition. (Although this statement about the stationary
points is true for compact manifolds by integration by parts, we gave an
alternative argument in [13] which shows that stationary points of the flow
are always torsion-free, even in the non-compact setting.) Moreover, the flow
moves within the cohomology class of ϕ0 and has a variational interpretation
due to Hitchin [4, 9]. The primary goal in the field is to find conditions on
an initial closed G2 structure ϕ0 such that the flow (1.1) will exist for all
time and converge to a torsion-free G2 structure. Situations under which
this occurs were proved by the authors in [14].

As M is compact, the Laplacian flow starting from any closed G2 struc-
ture ϕ0 is guaranteed to have a unique solution ϕ(t) for a short time t ∈ [0, ε),
where ε depends on ϕ0 (see [2, 4]). In our previous papers [13, 14], we studied
various foundational analytical and geometric properties of the flow (1.1),
including Shi-type derivative estimates, uniqueness theorems, compactness
results, soliton solutions, long-time existence results and stability of torsion-
free G2 structures along the flow.

On the face of it these analytic results are somewhat surprising because
the velocity of the flow (1.1) is defined by the Hodge Laplacian, which we
would usually think of as a positive operator, and thus the flow appears to
look like a backwards heat equation. In spite of this, the Laplacian flow is
actually weakly parabolic in a certain non-standard sense: it is parabolic
in the direction of closed forms, modulo the action of diffeomorphisms. It
is this fact that enables the analysis of the flow to proceed. The reader is
referred to [13, 14] for more detailed information about the Laplacian flow.

In this paper, we continue to analyze the Laplacian flow (1.1) and inves-
tigate the regularity of the solution ϕ(t) for each positive time t. Our main
result is the following.
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Theorem 1.1. If ϕ(t), t ∈ [0, T0] is a smooth solution to the Laplacian flow
(1.1) for closed G2 structures on an open set U ⊂M , then for each time
t ∈ (0, T0], (U,ϕ(t), g(t)) is real analytic.

Readers are referred to §3 for the definition and criterion for a G2 struc-
ture to be real analytic. Real analyticity for positive times is well known for
linear parabolic PDE (such as the heat equation) and some weakly parabolic
nonlinear PDE (such as Ricci flow [1]). However, as we have indicated, the
Laplacian flow is not weakly parabolic in a standard manner, and so one
should not immediately expect such a regularity result.

Since any Laplacian soliton corresponds to a local self-similar solution
to the Laplacian flow (1.1), we have the following corollary to Theorem 1.1.

Corollary 1.2. Suppose (M,ϕ,X, λ) is a Laplacian soliton (not necessarily
compact), i.e., dϕ = 0 and

(1.2) ∆ϕϕ = λϕ+ LXϕ

for some smooth vector field X and constant λ. Then (M,ϕ) is real analytic.

The real analyticity of a torsion-free G2 structure, i.e., the case X = 0,
λ = 0 in (1.2), is already well-known (see [3] for example). Moreover, real
analyticity plays a significant role in G2 geometry, as can be seen in [3].

For convenience we say a G2 structure ϕ on M is complete if its asso-
ciated metric is complete. By modifying the argument in the proof of [12,
Corollary 6.4, p.256], Theorem 1.1 immediately implies the following unique
continuation results.

Corollary 1.3. Suppose that M7 is connected and simply connected, and
ϕ(t), ϕ̃(t) are smooth complete solutions to the Laplacian flow (1.1) on M ×
[0, T0]. Then, for any t ∈ (0, T0], the following hold.

(a) If ϕ(t) = ϕ̃(t) on some open set U ⊂M , then there exists a diffeomor-
phism F of M such that F ∗ϕ̃(t) ≡ ϕ(t).

(b) Any local diffeomorphism F : U → V between connected open sets
U, V ⊂M such that F ∗(ϕ(t)|V ) = ϕ(t)|U can be uniquely extended to
a global diffeomorphism F of M with F ∗ϕ(t) = ϕ(t).

Corollary 1.4. Suppose that M7 is connected and simply-connected and
(ϕ,X, λ) and (ϕ̃, X̃, λ̃) are complete Laplacian solitons on M . If ϕ = ϕ̃ on
some connected open set U ⊂M , then there exists a diffeomorphism F of
M such that F ∗ϕ̃ ≡ ϕ.
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Since a G2 structure ϕ determines a unique metric gϕ, any diffeomor-
phism F : (M,ϕ)→(M, ϕ̃) such that F ∗ϕ̃=ϕ is an isometry between (M, gϕ)
and (M, gϕ̃). The converse is clearly not always true, since the G2 structure
encodes strictly more information than the metric.

Our approach to prove Theorem 1.1 is similar to Bando’s [1] proof of
the real analyticity of Ricci flow, namely to use derivative estimates for the
Riemann curvature tensor Rm, the torsion tensor T and ϕ along the flow.
In our previous paper [13], we derived Shi-type derivative estimates along
the Laplacian flow, which take the form

(1.3) t
k

2

(
|∇kRm(x, t)|+ |∇k+1T (x, t)|

)
≤ CkK, x ∈M, t ∈ [0, 1/K],

where Ck is a constant depending on the order k and K is the bound on

(1.4) Λ(x, t) = (|Rm|2(x, t) + |∇T |2(x, t))1/2.

However, in [13], we do not analyze how Ck depends on k, which is partic-
ularly relevant when k is large.

When one applies the heat operator to |∇kRm(x, t)|+ |∇k+1T (x, t)|,
lower order terms are generated during the computation, and the number of
these terms grows with the order k of differentiation, which then contributes
to the growth of the constants Ck. By showing that the Ck are of sufficiently
slow growth in the order k, we may deduce that the G2 structure ϕ(t) and
associated metric g(t) are real analytic at each fixed time t > 0. The key
step is to revisit the derivation of the derivative estimates (1.3) from [13]
and obtain the following much more refined estimates:

(1.5)

n∑
k=0

tk

(k + 1)!2

(
|∇kRm|2(x, t) + |∇k+2ϕ|2(x, t)

)
≤ C(T0,K0)

on M × [0, α/K0] for all n ∈ N (we assume N to include 0), where K0 =
supM |Λ(x, 0)|, α,C(T0,K0) are constants. As we will see in §3, the estimate
(1.5) leads to the real analyticity of (M,ϕ(t), g(t)) for each time t > 0.

2. Preliminaries

We collect some facts on closed G2 structures, mainly based on [2, 10, 13].
Let {e1, e2, . . . , e7} be the standard basis of R7 and let {e1, e2, . . . , e7} be

its dual basis. For simplicity we write eijk = ei ∧ ej ∧ ek and define a 3-form
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φ by:

φ = e123 + e145 + e167 + e246 − e257 − e347 − e356.

The subgroup of GL(7,R) fixing φ is the exceptional Lie group G2, which
is a compact, connected, simple Lie subgroup of SO(7) of dimension 14. It
is well-known that G2 acts irreducibly on R7 and preserves the metric and
orientation for which {e1, e2, . . . , e7} is an oriented orthonormal basis.

Let M be a 7-manifold. For x ∈M we let

Λ3
+(M)x = {ϕx ∈ Λ3T ∗xM | ∃u ∈ Hom(TxM,R7), u∗φ = ϕx}.

The bundle Λ3
+(M) =

⊔
x Λ3

+(M)x is an open subbundle of Λ3T ∗M . We
call a section ϕ of Λ3

+(M) a G2 structure on M and denote the space of G2

structures on M by Ω3
+(M). The notation is motivated by the fact that there

is a 1-1 correspondence between G2 structures in the sense of subbundles
of the frame bundle and Ω3

+(M). The bundle Λ3
+(M) has sections, which

means that G2 structures exist, if and only if M is oriented and spin.
A G2 structure ϕ induces a unique metric g and orientation (given by a

volume form volg of g) which satisfy

g(u, v) volg =
1

6
(uyϕ) ∧ (vyϕ) ∧ ϕ.

The metric and orientation determine the Hodge star operator ∗ϕ, so we can
define ψ = ∗ϕϕ. Notice that the relationship between g and ϕ, and hence
between ψ and ϕ, is nonlinear.

Although G2 acts irreducibly on R7 (and hence on Λ1(R7)∗ and Λ6(R7)∗),
it acts reducibly on Λk(R7)∗ for 2 ≤ k ≤ 5. Hence a G2 structure ϕ induces
splittings of the bundles ΛkT ∗M (2 ≤ k ≤ 5), which we denote by Λk

l (T ∗M)
so that l indicates the rank of the bundle, and we let the space of sections
of Λk

l (T ∗M) be Ωk
l (M). Explicitly, we have that

Ω2(M) =Ω2
7(M)⊕ Ω2

14(M) and Ω3(M) = Ω3
1(M)⊕ Ω3

7(M)⊕ Ω3
27(M),

where (using the orientation in [2] rather than [10])

Ω2
7(M) = {β ∈ Ω2(M) |β ∧ ϕ = 2 ∗ϕ β} = {Xyϕ |X ∈ C∞(TM)},

Ω2
14(M) = {β ∈ Ω2(M) |β ∧ ϕ = − ∗ϕ β} = {β ∈ Ω2(M) |β ∧ ψ = 0},
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and

Ω3
1(M) = {fϕ | f ∈ C∞(M)}, Ω3

7(M) = {Xyψ |X ∈ C∞(TM)},
Ω3
27(M) = {γ ∈ Ω3(M) | γ ∧ ϕ = 0 = γ ∧ ψ}.

Hodge duality gives corresponding decompositions of Ω4(M) and Ω5(M).
In our study it is convenient to write key quantities with respect to local

coordinates {x1, . . . , x7} on M . We write a k-form α locally as

α =
1

k!
αi1i2···ikdx

i1 ∧ · · · ∧ dxik ,

where αi1i2···ik is totally skew-symmetric in its indices. In particular, we write
ϕ and ψ locally as

ϕ =
1

6
ϕijkdx

i ∧ dxj ∧ dxk, ψ =
1

24
ψijkldx

i ∧ dxj ∧ dxk ∧ dxl.

As in [2] (up to a constant factor), we define an operator iϕ : S2T ∗M →
Λ3T ∗M locally by

(iϕ(h))ijk = hliϕljk − hljϕlik − hlkϕlji

where h = hijdx
idxj . Then Λ3

27(T
∗M) = iϕ(S2

0T
∗M), where S2

0T
∗M denotes

the bundle of trace-free symmetric 2-tensors on M , and iϕ(g) = 3ϕ.
We have contraction identities for ϕ and ψ in index notation (see [2, 10]):

ϕijkϕablg
iagjb = 6gkl,(2.1)

ϕijqψabklg
iagjb = 4ϕqkl,(2.2)

ϕipqϕajkg
ia = gpjgqk − gpkgqj + ψpqjk,(2.3)

ϕipqψajklg
ia = gpjϕqkl − gjqϕpkl + gpkϕjql(2.4)

− gkqϕjpl + gplϕjkq − glqϕjkp.

Given any G2 structure ϕ ∈ Ω3
+(M), there exist unique differential forms

(called the intrinsic torsion forms) τ0 ∈ Ω0(M), τ1 ∈ Ω1(M), τ2 ∈ Ω2
14(M)

and τ3 ∈ Ω3
27(M) such that dϕ and dψ can be expressed as follows (see

[2]):

dϕ = τ0ψ + 3τ1 ∧ ϕ+ ∗ϕτ3 and dψ = 4τ1 ∧ ψ + τ2 ∧ ϕ.

We shall only consider closed G2 structures ϕ in this article. In this case
dϕ = 0 forces τ0 = τ1 = τ3 = 0, and hence the only non-zero torsion form is
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τ2. We therefore from now on set τ = τ2 ∈ Ω2
14(M) and reiterate that

dϕ = 0 and dψ = τ ∧ ϕ = −∗ϕτ.

We see immediately that

d∗τ = ∗ϕd ∗ϕ τ = 0,

which is given in local coordinates by gmi∇mτij = 0.
The full torsion tensor is a 2-tensor T satisfying (see [10])

∇iϕjkl = T m
i ψmjkl, T j

i =
1

24
∇iϕlmnψ

jlmn,(2.5)

∇mψijkl = −
(
Tmiϕjkl − Tmjϕikl − Tmkϕjil − Tmlϕjki

)
,(2.6)

where Tij = T (∂i, ∂j) and T j
i = Tikg

jk. In our setting we may compute that

T = −1

2
τ,

so T is divergence-free as d∗τ = 0.
Given these formulae we can compute the Hodge Laplacian of ϕ, which

is the velocity of the Laplacian flow, as in [2, 13].

Proposition 2.1. For a closed G2 structure ϕ, the Hodge Laplacian of ϕ
satisfies

∆ϕϕ = dτ = iϕ(h) ∈ Ω3
1(M)⊕ Ω3

27(M),

where h is a symmetric 2-tensor on M , locally given by

(2.7) hij = −∇mTniϕ
mn
j − 1

3
|T |2gij − T l

i Tlj .

Since ϕ determines a unique metric g on M , we then have the Riemann
curvature tensor Rm of g on M , which in our convention is given by

Rm(X,Y, Z,W ) = g(∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z,W )

for vector fields X,Y, Z,W on M . In local coordinates, we denote the com-
ponents of Rm by Rijkl = Rm(∂i, ∂j , ∂k, ∂l). The Ricci curvature Rc and
scalar curvature R are given locally by Rik = gjlRijkl and R = gijRij , and
may be computed in terms of the torsion tensor as follows (see e.g. [13]).
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Proposition 2.2. The Ricci tensor and the scalar curvature of the associ-
ated metric g of a closed G2 structure ϕ are given as

Rik = ∇jTliϕ
jl

k − T
j

i Tjk and R = −|T |2 = −TikTjlgijgkl.(2.8)

Notice that Rm and ∇T are both second order in ϕ, and T is essentially
∇ϕ, so we might expect Rm and ∇T to be related. The next proposition
from [13] says that ∇T can be expressed using T and Rm.

Proposition 2.3. For a closed G2 structure ϕ, we have

2∇iTjk =
1

2
Rijmnϕ

mn
k +

1

2
Rkjmnϕ

mn
i − 1

2
Rikmnϕ

mn
j

− TimTjnϕ mn
k − TkmTjnϕ mn

i + TimTknϕ
mn

j .

3. Criterion for a G2 structure to be real analytic

Given a 7-manifold M , a real analytic structure on M is an atlas{
(Uj , {xij}7i=1)

}
j∈J ,

where J is some indexing set, such that the transition functions are real
analytic. A Riemannian metric g on a real analytic manifold M is then real
analytic if the components gij of g are real analytic functions with respect
to a subatlas of real analytic coordinates.

Let M be an orientable and spinnable 7-manifold, let ϕ be a G2 structure
on M and let g be its associated Riemannian metric. Suppose further that
there is a subatlas of normal coordinate systems on M such that the com-
ponents of g are real analytic functions in each of these coordinate systems.
By [6, Lemma 13.20], (M, g) is then a real analytic Riemannian manifold
with respect to this subatlas and, in particular, an atlas for M can be found
with real analytic transition functions. In fact, by [7, Lemma 1.2 & Theorem
2.1], for such (M, g) there exists an atlas of harmonic coordinates which are
real analytic functions of the normal coordinates and so that the metric g
is real analytic in these harmonic coordinates. Real analyticity of the tran-
sition functions for the atlas of harmonic coordinates then follows from the
fact that the coordinates are harmonic and the metric is real analytic. If in
addition the components ϕijk of ϕ are real analytic with respect to the nor-
mal coordinates, which implies that ϕ is also real analytic in the harmonic
coordinates by [7, Corollary 1.4], then we say that (M,ϕ) is real analytic.
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Let injg(p) denote the injectivity radius of g at p ∈M , and if {xi}7i=1 are
coordinates centred at p we denote the Christoffel symbols of the Levi-Civita
connection of g by Γl

ij as usual and let ∂k =
∑

k1+···+kn=k
∂k

(∂x1)k1 ···(∂xn)kn
.

With this notation in hand, we have the following derivative estimates of ϕ
and g in normal coordinates.

Lemma 3.1. Let ϕ be a G2 structure on M and let g be its associated
metric. Let p ∈M and suppose there exist constants C1 and r > 0 such that

(3.1) |∇kRm|(x) + |∇k+2ϕ|(x) ≤ C1k!r−k−2

in a geodesic ball B(p, r) for all k ∈ N.
There exist constants C2, C3, C4, r1 = r1(r), r2 = r2(r) such that if we

set ρ = min{ C2√
C1
r, injg(p)} then, for all x ∈ B(p, ρ) and k ∈ N we have in

normal coordinates centred at p:

1

2
δij ≤ gij(x) ≤ 2δij , |∂kgij |(x) ≤ C3k!r−k1(3.2)

|∂kΓl
ij |(x) ≤ C3k!r−k−11 , |∂kϕijl|(x) ≤ C4k!r−k2 .(3.3)

Proof. The assumption (3.1) implies |∇kRm|(x) ≤ C1k!r−k−2 in B(p, r).
The proof of [8, Corollary 4.12] (see also [6, Lemma 13.31]) gives the exis-
tence of constants C2, C3, r1 = r1(r) > 0 such that for any x ∈ B(p, ρ), where
ρ is as stated, we have the derivative estimates for gij and Γl

ij in (3.2)–(3.3)
for all k ∈ N. Thus it remains to show that, under the assumption (3.1),
there are constants C4 and r2(r) > 0 such that for all k ∈ N we have

|∂kϕijl|(x) ≤ C4k!r−k2 .

In the following, we will prove a slightly stronger estimate:

(3.4) |∂l∇k−lϕ|(x) ≤ C4k!2−(k−l)r−k2

for all 0 ≤ l ≤ k ≤ m, where k, l,m ∈ N. We prove (3.4) by induction on m.
The case m = 0 of (3.4) is trivial as |ϕ|2 = 7. Suppose now that m > 1 and
(3.4) holds for all 0 ≤ l ≤ k ≤ m− 1. We therefore only need to deal with
the case where k = m and we can perform an induction on l. Again, the case
k = m, l = 0 is trivial if we take r2 ≤ r/2, as the condition (3.1) gives that

|∇mϕ| ≤ C1(m− 2)!r−m ≤ C1m!r−m ≤ C1m!2−mr−m2 .
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So we now suppose that (3.4) holds for all 0 ≤ l < s for some s ≤ k = m and
consider the case l = s. Since ∇(k−s)ϕ is a (k − s+ 3)-tensor, we have

|∂s∇(k−s)ϕ(x)|

=

∣∣∣∣∂(s−1)(∇(k−s+1)ϕ(x) + (k − s+ 3)Γ(x) ∗ ∇(k−s)ϕ(x)

)∣∣∣∣
≤
∣∣∣∂(s−1)∇(k−s+1)ϕ(x)

∣∣∣
+ (k − s+ 3)

s−1∑
i=0

(
s− 1

i

) ∣∣∂iΓ(x)
∣∣ ∣∣∣∂(s−1−i)∇(k−s)ϕ(x)

∣∣∣
≤ C4k!2−(k−s+1)r−k2

+ (k − s+ 3)2−(k−s)C3C4

s−1∑
i=0

(
s− 1

i

)
i!(k − 1− i)!r−i−11 r

−(k−i−1)
2

≤ C4k!2−(k−s)r−k2

(
1

2
+ (k − s+ 3)C3

s−1∑
i=0

(s− 1)!

(s− 1− i)!
(k − 1− i)!

k!

r1+i
2

r1+i
1︸ ︷︷ ︸

I

)

To estimate the term I in the bracket above, by choosing r2 ≤ r1 we have

I ≤ 1

2
+ C3

k − s+ 3

k

(
s−1
i

)(
k−1
i

) r2
r1
≤ 1

2
+ 4C3

r2
r1
,

as k ≥ 1. Thus we can choose

r2 = r2(r) = min

{
r1

8C3
, r1,

r

2

}
> 0

such that I ≤ 1 and then

|∂s∇(k−s)ϕ(x)| ≤ C4k!2−(k−s)r−k2 .

This completes the induction. �

It is a routine exercise to show that (3.2) and (3.3) imply that the co-
efficients of g and ϕ are real analytic with respect to normal coordinates.
Hence, by Lemma 3.1, if we have the derivative estimates (3.1) for Rm and
ϕ, then we can conclude that (M,ϕ, g) is real analytic.
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4. Laplacian flow and evolution equations

The goal of this paper is to prove the real analyticity of the solution to the
Laplacian flow (1.1). From Proposition 2.1, (1.1) is equivalent to

(4.1)
∂

∂t
ϕ(t) = iϕ(h(t)),

where h(t) is the symmetric 2-tensor on M given locally in (2.7). By (2.8),
we can also write h locally as

(4.2) hij = −Rij −
1

3
|T |2gij − 2T k

i Tkj .

Notice that T k
i = Tilg

kl and Til = −Tli.
Throughout the remainder of the article we will use the symbol ∆ to

denote the “analyst’s Laplacian”, which is a non-positive operator given in
local coordinates as ∇i∇i, in contrast to the Hodge Laplacian ∆ϕ.

Under (4.1), the associated metric g(t) of ϕ(t) evolves by

(4.3)
∂

∂t
g(t) = 2h(t).

Substituting (4.2) into this equation, we have that

(4.4)
∂

∂t
gij = −2

(
Rij +

1

3
|T |2gij + 2T k

i Tkj

)
.

Moreover, by (4.4), the inverse of the metric evolves by

∂

∂t
gij = −2hij = 2gikgjl

(
Rkl +

1

3
|T |2gkl + 2T m

k Tml

)
.(4.5)

The next lemma describes the evolution equations of the torsion tensor
T , ∇ϕ and the curvature tensor Rm along the Laplacian flow. Here, and
for the rest of the article, if A,B are tensors and k ∈ N, then A ∗B denotes
a contraction of tensors A,B using only the metric g (which is covariant
constant) and we write a tensor S / kA ∗B1 if S is equal to the sum of at
most k terms of the form A ∗B.

1Note that the inequality “ / ” can be differentiated, i.e., ∇S / k∇A ∗B + kA ∗
∇B, unlike the usual inequality “ ≤ ” case.
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Lemma 4.1. Suppose that ϕ(t), t ∈ [0, T0] is a solution to the Laplacian
flow (1.1) on a compact manifold M . The evolution equations of the torsion
tensor T , ∇ϕ and the curvature tensor Rm satisfy the following estimates:(

∂

∂t
−∆

)
T / 8Rm ∗ T +Rm ∗ ∇ϕ(4.6)

+ 11∇T ∗ T ∗ ϕ+ 4T ∗ T ∗ T ;(
∂

∂t
−∆

)
∇ϕ / 62∇T ∗ T ∗ ϕ+ 6∇T ∗ ∇ϕ ∗ ϕ+ 29Rm ∗ ∇ϕ(4.7)

+Rm ∗ T +Rm ∗ ϕ ∗ (T ∗ ϕ+∇ϕ ∗ ϕ)

+ 24T ∗ T ∗ ∇ϕ

and (
∂

∂t
−∆

)
Rm / 33Rm ∗Rm+ 4Rm ∗ T ∗ T + 35∇ (∇T ∗ T ) .(4.8)

Proof. The estimates (4.6) and (4.8) follow directly from the evolution equa-
tions of T and Rm along the Laplacian flow, which have been derived in [13,
§3]. To show (4.7), recall that ∇ϕ and T are related by

∇iϕjkl = Timg
mnψnjkl.

Then we have

∂

∂t
∇iϕjkl =

(
∂

∂t
Tim

)
gmnψnjkl + Tim

(
∂

∂t
gmn

)
ψnjkl(4.9)

+ Timg
mn

(
∂

∂t
ψnjkl

)
= I + II + III.

For the first term I, recall that from [13, §3.2], we have

∂

∂t
Tij = ∆Tij +R k

i Tkj +
1

2
RijmkT

mk +
1

2
R k

mpi ∇kϕ
pm

j

+∇pTqi∇mϕ
pq

n ϕ mn
j +

1

3
∇m|T |2ϕ m

ij

+∇m(T k
i Tkn)ϕ mn

j − T k
i ∇pTqkϕ

pq
j −

1

3
|T |2Tij − T k

i T
m

k Tmj .
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Then

I =

(
∂

∂t
Tim

)
gmnψnjkl(4.10)

= ∆Timg
mnψnjkl +R p

i Tpmg
mnψnjkl +

1

2
RimpqT

pqgmnψnjkl

+
1

2
R s

pqi ∇sϕ
qp

m gmnψnjkl +∇pTqi∇sϕ
pq

t ϕ st
m gmnψnjkl

+
1

3
∇p|T |2ϕ p

im gmnψnjkl +∇p(T
s

i Tsq)ϕ
pq

m gmnψnjkl

− T s
i ∇pTqsϕ

pq
m gmnψnjkl −

1

3
|T |2Timgmnψnjkl

− T p
i T

q
p Tqmg

mnψnjkl.

Using (2.6),

∆∇iϕjkl = ∆ (Timg
mnψnjkl)

= (∆Tim) gmnψnjkl + Timg
mn∆ψnjkl + 2 (∇pTim) gmngpq∇qψnjkl

= (∆Tim) gmnψnjkl − T n
i ∇p (Tpnϕjkl + Tpjϕnkl + Tpkϕjnl + Tplϕjkn)

− 2 (∇pTim) gmngpq (Tqnϕjkl + Tqjϕnkl + Tqkϕjnl + Tqlϕjkn)

= (∆Tim) gmnψnjkl − T n
i (Tpn∇pϕjkl + Tpj∇pϕnkl + Tpk∇pϕjnl

+ Tpl∇pϕjkn)− 2∇pT
n

i gpq (Tqnϕjkl + Tqjϕnkl + Tqkϕjnl + Tqlϕjkn) ,

where in the last equality we used ∇pTpk = 0. Using (2.5), the second term
of (4.10) is equal to R p

i ∇pϕjkl and the last two terms of (4.10) can be
rewritten as

−1

3
|T |2∇iϕjkl − T p

i T
q

p ∇qϕjkl.

The third and fourth terms of (4.10) can be expressed using the contraction
identity (2.3) as follows:

1

2
RimpqT

pqgmnψnjkl +
1

2
R s

pqi ∇sϕ
qp

m gmnψnjkl

=
1

2
RimpqT

pqgmn
(
ϕsnjϕtklg

st − gnkgjl + gnlgjk
)

+
1

2
R s

pqi ∇sϕ
qp

m gmn
(
ϕsnjϕtklg

st − gnkgjl + gnlgjk
)

=
1

2
RimpqT

pqgmnϕsnjϕtklg
st +

1

2
R s

pqi ∇sϕ
qp

m gmnϕsnjϕtklg
st

− 1

2
RikpqT

pqgjl +
1

2
RilpqT

pqgjk +
1

2
R s

pqi ∇sϕ
qp

k gjl +
1

2
R s

pqi ∇sϕ
qp

l gjk.
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Thus, we obtain our expression for the first term I in (4.9):

I = ∆∇iϕjkl + 2∇mT
n

i (Tmnϕjkl + Tmjϕnkl + Tmkϕjnl + Tmlϕjkn)(4.11)

+ T n
i (Tpn∇pϕjkl + Tpj∇pϕnkl + Tpk∇pϕjnl + Tpl∇pϕjkn)

+R p
i ∇pϕjkl +

1

2
RimpqT

pqgmnϕsnjϕtklg
st

+
1

2
R s

pqi ∇sϕ
qp

m gmnϕsnjϕtklg
st − 1

2
RikpqT

pqgjl

+
1

2
RilpqT

pqgjk +
1

2
R s

pqi ∇sϕ
qp

k gjl

+
1

2
R s

pqi ∇sϕ
qp

l gjk +∇pTqi∇sϕ
pq

t ϕ st
m gmnψnjkl

+
1

3
∇p|T |2ϕ p

im gmnψnjkl +∇p(T
s

i Tsq)ϕ
pq

m gmnψnjkl

− T s
i ∇pTqsϕ

pq
m gmnψnjkl −

1

3
|T |2∇iϕjkl − T p

i T
q

p ∇qϕjkl.

Here we leave the terms involving ϕ p
im gmnψnjkl and related expressions un-

changed in (4.11), but observe that they can be expressed in terms of ϕ
using the contraction identity (2.4).

The second term II in (4.9) can be estimated using (4.5). For the third
term III in (4.9), recall from the contraction identity (2.3), we have

ψijkl = ϕmijϕnklg
mn − gikgjl + gilgjk.

By (4.1), (4.4) and (4.5), we can then derive that (see e.g. [10])

(4.12)
∂

∂t
ψijkl = hmi ψmjkl + hmj ψimkl + hmk ψijml + hml ψijkm,

where h is given in (2.7) (and equivalently in (4.2)). Then using (4.5) and
(4.12), we have that II + III is equal to

− 2Timh
mnψnjkl + Timg

mn
(
hsnψsjkl + hsjψnskl + hskψnjsl + hslψnjks

)(4.13)

= Timg
mn
(
− hsnψsjkl + hsjψnskl + hskψnjsl + hslψnjks

)
.
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By (2.4) and (2.7), the first term on the right-hand side of (4.13) is

−Timgmnhsnψsjkl = Timg
mn

(
∇pTqnϕ

spq +
1

3
|T |2δns + T p

n T s
p

)
ψsjkl

= T n
i ∇jTqnϕ

q
kl − T

n
i ∇pTjnϕ

p
kl − T

n
i ∇kTqnϕ

q
jl

+ T n
i ∇pTknϕ

q
jl + T n

i ∇lTqnϕ
q

jk − T
n

i ∇pTlnϕ
p

jk

+
1

3
|T |2∇iϕjkl + T n

i T p
n ∇pϕjkl.

By (2.5) and (4.2), the remaining three terms of (4.13) are equal to

Timg
mn
(
hsjψnskl + hskψnjsl + hslψnjks

)
= hsj∇iϕskl + hsk∇iϕjsl + hsl∇iϕjks

= −
(
Rjp +

1

3
|T |2gjp + 2T s

j Tkp

)
gpq∇iϕqkl

−
(
Rkp +

1

3
|T |2gkp + 2T s

k Tkp

)
gpq∇iϕjql

−
(
Rlp +

1

3
|T |2glp + 2T s

l Tkp

)
gpq∇iϕjkq.

Therefore,

II + III =T n
i ∇jTqnϕ

q
kl − T

n
i ∇pTjnϕ

p
kl − T

n
i ∇kTqnϕ

q
jl(4.14)

+ T n
i ∇pTknϕ

q
jl + T n

i ∇lTqnϕ
q

jk − T
n

i ∇pTlnϕ
p

jk

+
1

3
|T |2∇iϕjkl + T n

i T p
n ∇pϕjkl

−
(
Rjp +

1

3
|T |2gjp + 2T s

j Tkp

)
gpq∇iϕqkl

−
(
Rkp +

1

3
|T |2gkp + 2T s

k Tkp

)
gpq∇iϕjql

−
(
Rlp +

1

3
|T |2glp + 2T s

l Tkp

)
gpq∇iϕjkq.

The estimate (4.7) then follows from (4.9), (4.11) and (4.14). �

Remark 4.2. Although ∇ϕ can be expressed using T via (2.5), it is not
straightforward to write ∇kϕ in terms of ∇jT, j = 0, 1, . . . , k − 1. The evo-
lution equation (4.7) for ∇ϕ is thus useful in §5 to estimate ∇kϕ.
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5. Global real analyticity

In this section, we first prove the key derivative estimates for Rm,T and ϕ,
and then deduce Theorem 1.1 in the special case when U = M is compact.

5.1. Commutator formula

First, we have the following commutator formula for ∇k and ∆, which can
be proved using the Ricci identity for commuting the covariant derivatives
of a tensor, i.e., for a k-tensor A on M :

(∇i∇j −∇j∇i)Ai1i2···ik =

k∑
l=1

R m
ijil Ai1···il−1mil+1···ik .

Lemma 5.1 ([1]; [6, Lemma 13.24]). For any p-tensor A with p ≥ 1 and
any integer k ∈ N, we have

∇k∆A−∆∇kA / 14(p+ 1)

k∑
i=0

(
k + 2

i+ 2

)
∇iRm ∗ ∇k−iA.

We also have the following commutator formula for ∇k and ∂
∂t acting on

a tensor along the Laplacian flow.

Lemma 5.2. If ϕ(t), t ∈ [0, T0] is a solution to the Laplacian flow (1.1) on
a compact manifold M , then for any p-tensor A with p ≥ 1 and any integer
k ∈ N, we have

∇k ∂

∂t
A− ∂

∂t
∇kA / 21(p+ 1)

k∑
i=1

(
k + 1

i+ 1

)
∇iRm ∗ ∇k−iA(5.1)

+ 13(p+ 1)

k∑
i=1

(
k + 1

i+ 1

)
∇i(T ∗ T ) ∗ ∇k−iA.

Proof. First, by a trivial adjustment to the proof of [6, Lemma 13.26], for
any smooth one-parameter family of metrics g(t) on M evolving by (4.3) for
any smooth family of symmetric 2-tensors h(t), we have

∇k ∂

∂t
A− ∂

∂t
∇kA / 3(p+ 1)

k∑
i=1

(
k + 1

i+ 1

)
∇ih ∗ ∇k−iA.(5.2)



i
i

“3-Lotay” — 2019/5/7 — 18:26 — page 89 — #17 i
i

i
i

i
i

Laplacian flow for closed G2 structures 89

Under the Laplacian flow, g(t) evolves by (4.4), so

(5.3) ∇ih(t) / 7∇iRm+
13

3
∇i(T ∗ T ).

The commutator formula (5.1) follows by substituting (5.3) into (5.2). �

Combining Lemmas 5.1 and 5.2, we have the following commutator for-
mula of ∇k and the heat operator ∂

∂t −∆ acting on a tensor.

Proposition 5.3. If ϕ(t), t ∈ [0, T0] is a solution to the Laplacian flow (1.1)
on a compact manifold M , then for any p-tensor A with p ≥ 1 and any
integer k ∈ N, we have

(
∂

∂t
−∆

)
∇kA−∇k

(
∂

∂t
−∆

)
A(5.4)

/ 21(p+ 1)

k∑
i=0

i+ k + 4

i+ 2

(
k + 1

i+ 1

)
∇iRm ∗ ∇k−iA

+ 13(p+ 1)

k∑
i=1

(
k + 1

i+ 1

)
∇i(T ∗ T ) ∗ ∇k−iA.

5.2. Main derivative estimate

Our main estimate is the following, recalling the quantity Λ(x, t) given in
(1.4).

Theorem 5.4. Suppose that ϕ(t), t ∈ [0, T0] is a solution to the Laplacian
flow (1.1) on a compact manifold M . There exists a universal positive con-
stant α and a positive constant C∗ = C∗(T0,K0), where K0 = supM |Λ(x, 0)|,
such that

(5.5)

N∑
k=0

tk

(k + 1)!2

(
|∇kRm|2(x, t) + |∇k+1T |2(x, t) + |∇k+2ϕ|2(x, t)

)
≤ C∗

on M × [0,min{T0, α/K0}] for all N ∈ N.
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For convenience, we define

ak =
t

k

2 |∇kRm|
(k + 1)!

, bk =
t

k

2 |∇k+1T |
(k + 1)!

, ck =
t

k

2 |∇k+2ϕ|
(k + 1)!

, for k ≥ 0,(5.6)

ãk =
t

k−1

2 |∇kRm|
k!

, b̃k =
t

k−1

2 |∇k+1T |
k!

, c̃k =
t

k−1

2 |∇k+2ϕ|
k!

, for k ≥ 1.(5.7)

By setting k! = 1 for all k ≤ 0, the above definition can cover

ã0 = t−
1

2 |Rm|, b̃0 = t−
1

2 |∇T |, c̃0 = t−
1

2 |∇2ϕ|,
b−1 = t−

1

2 |T |, c−1 = t−
1

2 |∇ϕ|, c−2 = t−1|ϕ|,
b̃−1 = t−1|T |, c̃−1 = t−1|∇ϕ|, c̃−2 = t−

3

2 |ϕ|.

Note that |ϕ|2 = 7 and |∇ϕ|2 = |T |2 ≤ |Rm| = a0. Next, we define

AN =

N∑
k=0

a2k, BN =

N∑
k=0

b2k, CN =

N∑
k=0

c2k,

ÃN =

N∑
k=1

ã2k, B̃N =

N∑
k=1

b̃2k, C̃N =

N∑
k=1

c̃2k,

and

ΦN = AN +BN + CN , ΨN = ÃN + B̃N + C̃N .

Then (5.5) is equivalent to showing that ΦN ≤ C∗ for any N ∈ N.
The approach to prove (5.5) is to establish an evolution inequality for ΦN

and then apply the maximum principle. Although the method is clear, the
derivation of the evolution inequality is somewhat computationally involved,
so we break it up into a sequence of lemmas which deals with each of the
terms AN , BN and CN in turn. Throughout the proofs we will use the same
symbol C to denote a (finite) universal constant.

Lemma 5.5. Suppose that ϕ(t), t ∈ [0, T0] is a solution to the Laplacian
flow (1.1) on a compact manifold M . There exists a universal constant C
such that (

∂

∂t
−∆

)
AN ≤ −

7

4
ÃN+1 +

1

4
ΨN+1 + C(tΦ

1

2

N + t2ΦN )ΨN(5.8)

+ CΦ
3

2

N (1 + tΦ
1

2

N ).
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Proof. Applying (5.4) to A = Rm (where p = 4), we have(
∂

∂t
−∆

)
∇kRm / ∇k

(
∂

∂t
−∆

)
Rm(5.9)

+ 105

k∑
i=0

i+ k + 4

i+ 2

(
k + 1

i+ 1

)
∇iRm ∗ ∇k−iRm

+ 65

k∑
i=1

(
k + 1

i+ 1

)
∇i(T ∗ T ) ∗ ∇k−iRm.

Applying ∇k to (4.8) and substituting into (5.9), we obtain

(
∂

∂t
−∆

)
∇kRm / 243

k∑
i=0

(
k + 2

i+ 2

)
∇iRm ∗ ∇k−iRm

+ 35∇k+1(∇T ∗ T ) + 4T ∗ T ∗ ∇kRm

+ 69

k∑
i=1

(
k + 1

i+ 1

)
∇i(T ∗ T ) ∗ ∇k−iRm.

Since

|∇kRm|2 = (g−1)∗(k+4) ∗ ∇kRm ∗ ∇kRm,

we can use the evolution equation (4.5) of g−1 to compute(
∂

∂t
−∆

)
|∇kRm|2

= 2

〈(
∂

∂t
−∆

)
∇kRm,∇kRm

〉
− 2|∇k+1Rm|2

+ 2(k + 4)

(
Rc+

1

3
|T |2g + 2T ∗ T

)
∗ ∇kRm ∗ ∇kRm

≤ −2|∇k+1Rm|2 + C

k∑
i=0

(
k + 2

i+ 2

)
|∇iRm||∇k−iRm||∇kRm|

+ C|∇k+1(∇T ∗ T )||∇kRm|

+ C

k∑
i=0

(
k + 1

i+ 1

)
|∇i(T ∗ T )||∇k−iRm||∇kRm|.
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Then from the definition (5.6) of ak, we have

(
∂

∂t
−∆

)
a2k ≤− 2ã2k+1 +

kã2k
(k + 1)2

+ I1(k) + I2(k) + I3(k),(5.10)

where

I1(k) =
Ctk

(k + 1)!2

k∑
i=0

(
k + 2

i+ 2

)
|∇iRm||∇k−iRm||∇kRm|,

I2(k) =
Ctk

(k + 1)!2
|∇k+1(∇T ∗ T )||∇kRm|,

I3(k) =
Ctk

(k + 1)!2

k∑
i=0

(
k + 1

i+ 1

)
|∇i(T ∗ T )||∇k−iRm||∇kRm|.

To obtain (5.8) we sum (5.10) from k = 0 to N . First, for k = 0, we have

(
∂

∂t
−∆

)
a20 ≤ −2ã21 + C

(
a30 + b20a0 + b̃1a

3

2

0

)
(5.11)

≤ −2ã21 + CΦ
3

2

N + CnB̃
1

2

NΦ
3

4

N .

For k = 1 to N , we estimate the sum over k of the three terms I1(k), I2(k),
I3(k) separately. For I1(k) we have

N∑
k=1

I1(k) =

N∑
k=1

(
Ca0a

2
k + Ct

k−1∑
i=0

(k + 2)aiãk−iãk
(k + 1)(i+ 2)

)
(5.12)

≤ CA
3

2

N + Ct

N∑
k=1

(
k−1∑
i=0

1

(i+ 2)2

k−1∑
i=0

a2i ã
2
k−i

) 1

2

ãk

≤ CA
3

2

N + Ct

(
N∑
k=1

k−1∑
i=0

a2i ã
2
k−i

) 1

2
(

N∑
k=1

ã2k

) 1

2

≤ CA
3

2

N + CtA
1

2

N ÃN

≤ CΦ
3

2

N + CtΦ
1

2

NΨN ,
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where we used a0 ≤ A
1

2

N , the Cauchy–Schwarz inequality and the elementary
fact that

∑∞
i=0

1
(i+2)2 < 1. For the sum of I2(k),

N∑
k=1

I2(k) =

N∑
k=1

(
Cb̃k+1a

1

2

0 ak + Cb0bkak + Ct

k∑
i=1

b̃ibk−iãk
k + 1

)
(5.13)

≤ CB̃
1

2

N+1A
3

4

N + CBNA
1

2

N + Ct

N∑
k=1

k
1

2

k + 1

(
k∑

i=1

b̃2i b
2
k−i

) 1

2

ãk

≤ CB̃
1

2

N+1A
3

4

N + CBNA
1

2

N + CtB̃
1

2

NB
1

2

N Ã
1

2

N

≤ CB̃
1

2

N+1Φ
3

4

N + CΦ
3

2

N + CtΦ
1

2

NΨN ,

where we used the elementary inequality

(
k∑

i=1

αi

)2

≤ k
k∑

i=1

α2
i , for αi ≥ 0.

We can similarly estimate the sum of I3(k):

N∑
k=1

I3(k) = C

N∑
k=1

tk

(k + 1)!2
|∇k(T ∗ T )||Rm||∇kRm|(5.14)

+ Ct

N∑
k=1

k−1∑
i=0

ãk−i
k + 1

(
t

i

2 |∇i(T ∗ T )|
(i+ 1)!

)
ãk

≤ Cta0
N∑
k=1

k∑
i=0

ak
k + 1

bi−1bk−i−1

+ Ct2
N∑
k=1

k−1∑
i=0

ãk−i
k + 1

 i∑
j=0

bj−1bi−j−1
i+ 1

 ãk

≤ Cta0(BN + b2−1)A
1

2

N + Ct2(BN + b2−1)ÃN

≤ CtΦ2
N + CΦ

3

2

N + Ct2ΦNΨN + CtΦ
1

2

NΨN ,
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where in the third inequality we used that a0 ≤ A
1

2

N and b2−1 ≤ t−1A
1

2

N . Com-
bining (5.10)–(5.14), we conclude that

(
∂

∂t
−∆

)
AN ≤ −2ÃN+1 +

N∑
k=1

kã2k
(k + 1)2

+ CB̃
1

2

N+1Φ
3

4

N + CB̃
1

2

NΦ
3

4

N

+ CΦ
3

2

N (1 + tΦ
1

2

N ) + C(tΦ
1

2

N + t2ΦN )ΨN

≤ −7

4
ÃN+1 +

1

4
ΨN+1 + C(tΦ

1

2

N + t2ΦN )ΨN

+ CΦ
3

2

N (1 + tΦ
1

2

N ),

where we used k
(k+1)2 ≤ 1/4, B̃N ≤ B̃N+1 ≤ ΨN+1 and Cauchy–Schwarz. �

Lemma 5.6. Suppose that ϕ(t), t ∈ [0, T0] is a solution to the Laplacian
flow (1.1) on a compact manifold M . There exists a universal constant C
such that (

∂

∂t
−∆

)
BN ≤ −

7

4
B̃N+1 +

1

4
ΨN+1(5.15)

+ C

(
tΦ

1

2

N + t2ΦN + t3Φ
3

2

N

)
ΨN

+ CΦ
3

2

N

(
1 + tΦ

1

2

N

)
.

Proof. By (4.6) and (5.4) (with A = T so p = 2), we have

(
∂

∂t
−∆

)
∇k+1T / 150

k+1∑
i=0

(
k + 3

i+ 2

)
∇iRm ∗ ∇k+1−iT(5.16)

+

k+1∑
i=0

(
k + 1

i

)
∇iRm ∗ ∇k+2−iϕ

+ 11

k+1∑
i=0

(
k + 1

i

)
∇i(∇T ∗ T ) ∗ ∇k+1−iϕ

+ 43

k+1∑
i=1

(
k + 2

i+ 1

)
∇i(T ∗ T ) ∗ ∇k+1−iT

+ 4T ∗ T ∗ ∇k+1T.
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From the definition (5.6) of bk and using |T |2 ≤ |Rm| we have(
∂

∂t
−∆

)
b2k =

tk

(k + 1)!2

(
∂

∂t
−∆

)
|∇k+1T |2 +

k

(k + 1)2
b̃2k

=
2tk

(k + 1)!2

〈(
∂

∂t
−∆

)
∇k+1T,∇k+1T

〉
− 2b̃2k+1 +

k

(k + 1)2
b̃2k

+
2tk(k + 3)

(k + 1)!2

(
Rc+

1

3
|T |2g + 2T ∗ T

)
∗ ∇k+1T ∗ ∇k+1T

≤ 2tk

(k + 1)!2

〈(
∂

∂t
−∆

)
∇k+1T,∇k+1T

〉
− 2b̃2k+1

+
k

(k + 1)2
b̃2k + C(k + 3)|Rm|b2k.(5.17)

Substituting (5.16) into (5.17) and rearranging terms gives:

(
∂

∂t
−∆

)
b2k ≤ −2b̃2k+1 +

kb̃2k
(k + 1)2

+ II1(k) + · · ·+ II4(k),(5.18)

where

II1(k) =
Ctk

(k + 1)!2

k+1∑
i=0

(
k + 3

i+ 2

)
|∇iRm||∇k+1−iT ||∇k+1T |,

II2(k) =
tk

(k + 1)!2

k+1∑
i=0

(
k + 1

i

)
|∇iRm||∇k+2−iϕ||∇k+1T |,

II3(k) =
Ctk

(k + 1)!2

k+1∑
i=0

(
k + 1

i

)
|∇i(∇T ∗ T )||∇k+1−iϕ||∇k+1T |,

II4(k) =
Ctk

(k + 1)!2

k+1∑
i=1

(
k + 2

i+ 1

)
|∇i(T ∗ T )||∇k+1−iT ||∇k+1T |.

Note that we have absorbed C(k + 3)|Rm|b2k in (5.17) into II1(k) of (5.18).
To derive the evolution inequality of BN , we start with (5.18) for k = 0:(

∂

∂t
−∆

)
b20 ≤ −2b̃21 + C

(
a0b

2
0 + ã1a

1

2

0 b0 + a0b0c0 + b̃1a
1

2

0 b0 + b30

)
(5.19)

≤ −2b̃21 + CΦ
3

2

N + CΨ
1

2

NΦ
3

4

N .
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By summing II1(k), II2(k), II3(k) over k = 1, . . . , N , we have the following
estimates:

N∑
k=1

II1(k) = C

N∑
k=1

(
ãk+1a

1

2

0 bk + t
1

2 b0ak b̃k

)
(5.20)

+ Ct

N∑
k=1

k−1∑
i=0

(
1

i+ 2
+

1

k + 1− i

)
aib̃k−ib̃k

≤ CÃ
1

2

N+1A
1

4

NB
1

2

N + Ct
1

2B
1

2

NA
1

2

N B̃
1

2

N + CtA
1

2

N B̃N

≤ CΨ
1

2

N+1Φ
3

4

N + Ct
1

2 ΦNΨ
1

2

N + CtΦ
1

2

NΨN ;

N∑
k=1

II2(k) = C

N∑
k=1

(
a0bkck + a

1

2

0 ãk+1bk

)
+ Ct

N∑
k=1

k∑
i=1

ãick−ib̃k
k + 1

(5.21)

≤ CA
1

2

NB
1

2

NC
1

2

N + CA
1

4

N Ã
1

2

N+1B
1

2

N + CtÃ
1

2

NC
1

2

N B̃
1

2

N

≤ CΦ
3

2

N + CΨ
1

2

N+1Φ
3

4

N + CtΦ
1

2

NΨN ;

N∑
k=1

II3(k) ≤ Ct
N∑
k=1

b̃k
k + 1

k+1∑
i=0

b̃ibk−i(5.22)

+ Ct2
N∑
k=1

b̃k
k + 1

k∑
i=0

 i∑
j=0

b̃jbi−j−1
k + 1− i

 ck−i−1

≤ Ct(B̃N+1 + b̃20)
1

2 (BN + b2−1)
1

2 B̃
1

2

N

+ Ct2
N∑
k=1

 k∑
i=0

i∑
j=0

b̃2jb
2
i−j−1c

2
k−i−1

 1

2

b̃k

≤ Ct(B̃N+1 + b̃20)
1

2 (BN + b2−1)
1

2 B̃
1

2

N

+ Cnt
2(B̃N + b̃20)

1

2 (BN + b2−1)
1

2 (CN + c2−1)
1

2 B̃
1

2

N

≤ CnΨ
1

2

N+1Ψ
1

2

N t
1

2 Φ
1

4

N (1 + tΦ
1

2

N )
1

2 + CnΦ
3

4

N (1 + tΦ
1

2

N )
1

2 Ψ
1

2

N

+ Cn(t2ΦN + tΦ
1

2

N )ΨN + Cnt
1

2 ΦN (1 + tΦ
1

2

N )Ψ
1

2

N ,

where we used b2−1 ≤ t−1a0 and c2−1 ≤ t−1a0. Finally,

N∑
k=1

II4(k) = C

N∑
k=1

k+1∑
i=1

(k + 2)bk−ib̃k
(k + 1)(i+ 1)

ta 1

2

0 bi−1 + t2
i∑

j=1

1

j
b̃j−1bi−j−1

(5.23)
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≤ Cta
1

2

0B
1

2

N (BN + b2−1)
1

2 B̃
1

2

N + Ct2
N∑
k=1

k+1∑
i=1

i∑
j=1

b̃2j−1b
2
i−j−1b

2
k−i

 1

2

b̃k

≤ Cta
1

2

0B
1

2

N (BN + b2−1)
1

2 B̃
1

2

N + Ct2
(
B̃N + b̃20

) 1

2

(BN + b2−1)B̃
1

2

N

≤ Ct
1

2 ΦN (1 + tΦ
1

2

N )
1

2 Ψ
1

2

N + Ct
1

2 ΦN (1 + tΦ
1

2

N )Ψ
1

2

N + C(t2ΦN + tΦ
1

2

N )ΨN .

Combining the above inequalities (5.19)–(5.23), we have(
∂

∂t
−∆

)
BN ≤ −

7

4
B̃N+1 + CΦ

3

2

N + CΨ
1

2

NΦ
3

4

N + CΨ
1

2

N+1Φ
3

4

N

+ CΨ
1

2

N+1Ψ
1

2

N t
1

2 Φ
1

4

N (1 + tΦ
1

2

N )
1

2

+ CΦ
3

4

N (1 + tΦ
1

2

N )
1

2 Ψ
1

2

N + C(t2ΦN + tΦ
1

2

N )ΨN

+ Ct
1

2 ΦN (1 + tΦ
1

2

N )Ψ
1

2

N + Ct
1

2 ΦN (1 + tΦ
1

2

N )
1

2 Ψ
1

2

N .

Noting that ΨN ≤ ΨN+1 and applying Cauchy–Schwarz to the above in-
equality gives (5.15). �

Lemma 5.7. Suppose that ϕ(t), t ∈ [0, T0] is a solution to the Laplacian
flow (1.1) on a compact manifold M . There exists a universal constant C
such that(

∂

∂t
−∆

)
CN ≤−

7

4
C̃N+1 +

1

4
ΨN+1 + CΦ

3

2

N

(
1 + tΦ

1

2

N + t2ΦN

)
(5.24)

+ CΨN

(
tΦ

1

2

N + t2ΦN + t3Φ
3

2

N + t4Φ2
N

)
.

Proof. By (4.7) and (5.4) (with A = ∇ϕ so p = 4), we have

(
∂

∂t
−∆

)
∇k+2ϕ / 62

k+1∑
i=0

(
k + 1

i

)
∇i(∇T ∗ T ) ∗ ∇k+1−iϕ(5.25)

+ 239

k+1∑
i=0

(
k + 3

i+ 2

)
∇iRm ∗ ∇k+2−iϕ

+

k+1∑
i=0

(
k + 1

i

)
∇iRm ∗ ∇k+1−iT
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+

k+1∑
i=0

(
k + 1

i

)
∇i(Rm ∗ ϕ) ∗

(
∇k+1−i(T ∗ ϕ) +∇k+1−i(∇ϕ ∗ ϕ)

)

+ 89

k+1∑
i=1

(
k + 2

i+ 1

)
∇i(T ∗ T ) ∗ ∇k+2−iϕ+ 24T ∗ T ∗ ∇k+2ϕ

+ 6

k+1∑
i=0

(
k + 1

i

)
∇i(∇T ∗ ∇ϕ) ∗ ∇k+1−iϕ.

By the the definition (5.6) of ck and noting that ∇k+2ϕ is an (k + 5)-tensor,
we have the following:(

∂

∂t
−∆

)
c2k =

tk

(k + 1)!2

(
∂

∂t
−∆

)
|∇k+2ϕ|2 +

k

(k + 1)2
c̃2k(5.26)

≤ 2tk

(k + 1)!2

〈(
∂

∂t
−∆

)
∇k+2ϕ,∇k+2ϕ

〉
− 2c̃2k+1

+
k

(k + 1)2
c̃2k + C(k + 5)|Rm|c2k.

Substituting (5.25) into (5.26), we compute(
∂

∂t
−∆

)
c2k ≤ −2c̃2k+1 +

k

(k + 1)2
c̃2k + III1(k) + · · ·+ III6(k),(5.27)

where

III1(k) = C
tk

(k + 1)!2

k+1∑
i=1

(
k + 1

i

)
|∇i(∇T ∗ T )||∇k+1−iϕ||∇k+2ϕ|,

III2(k) = C
tk

(k + 1)!2

k+1∑
i=0

(
k + 3

i+ 2

)
|∇iRm||∇k+2−iϕ||∇k+2ϕ|,

III3(k) =
2tk

(k + 1)!2

k+1∑
i=0

(
k + 1

i

)
|∇iRm||∇k+1−iT ||∇k+2ϕ|,

III4(k) =
2tk

(k + 1)!2

k+1∑
i=0

(
k + 1

i

)
|∇i(Rm ∗ ϕ)|

(
|∇k+1−i(T ∗ ϕ)|

+ |∇k+1−i(∇ϕ ∗ ϕ)|
)
|∇k+2ϕ|,

III5(k) = C
tk

(k + 1)!2

k+1∑
i=1

(
k + 2

i+ 1

)
|∇i(T ∗ T )||∇k+2−iϕ||∇k+2ϕ|,
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III6(k) =
12tk

(k + 1)!2

k+1∑
i=0

(
k + 1

i

)
|∇i(∇T ∗ ∇ϕ)||∇k+1−iϕ||∇k+2ϕ|.

We now follow similar calculations to the proofs of Lemmas 5.5 and 5.6. For
k = 0 in (5.27):(

∂

∂t
−∆

)
c20 ≤ −2c̃21 + C

(
b̃1a

1

2

0 c0 + b20c0 + b0c
2
0 + a0c

2
0(5.28)

+ ã1a
1

2

0 c0 + a0b0c0 + a20c0

)
≤ −2c̃21 + CΦ

3

2

N + CΨ
1

2

NΦ
3

4

N .

We next estimate the sums of each of the six terms III1(k), . . . , III6(k) in
(5.27). Starting with III1(k) and using b̃0 = t−

1

2 b0 and b2−1 = c2−1 ≤ t−1a0:

N∑
k=1

III1(k)(5.29)

≤ C
N∑
k=1

tk

(k + 1)!2
|∇k+1(∇T ∗ T )||ϕ||∇k+2ϕ|

+ C

N∑
k=1

tk

(k + 1)!2

k∑
i=1

(
k + 1

i

)
|∇i(∇T ∗ T )||∇k+1−iϕ||∇k+2ϕ|

≤ Ct
N∑
k=1

1

k + 1

k+1∑
i=0

b̃ibk−ic̃k

+ Ct2
N∑
k=1

1

k + 1

k∑
i=1

1

k + 1− i

i∑
j=0

b̃jbi−j−1ck−i−1c̃k

≤ Ct(B̃N+1 + b̃20)
1

2 (BN + b2−1)
1

2 C̃
1

2

N

+ Ct2(B̃N + b̃20)
1

2 (BN + b2−1)
1

2 (CN + c2−1)
1

2 C̃
1

2

N

≤ CΨ
1

2

N+1Ψ
1

2

N (t2ΦN + tΦ
1

2

N )
1

2 + CΦ
3

4

N (1 + tΦ
1

2

N )
1

2 Ψ
1

2

N

+ C(t2ΦN + tΦ
1

2

N )2ΨN + Ct
1

2 ΦN (1 + tΦ
1

2

N )Ψ
1

2

N .

Using |∇ϕ| ≤ a
1

2

0 ≤ A
1

4

N for III2(k):
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N∑
k=1

III2(k) ≤ Ct
N∑
k=1

k−1∑
i=0

k + 2

k + 1

(
1

i+ 2
+

1

k + 1− i

)
aic̃k−ic̃k(5.30)

+ C

N∑
k=1

(
ãk+1|∇ϕ|ck +

k + 3

k + 1
t

1

2 ãkc0ck

)
≤ CtA

1

2

N C̃N + CÃ
1

2

N+1A
1

4

NC
1

2

N + Ct
1

2 Ã
1

2

NCN

≤ CtΦ
1

2

NΨN + CΨ
1

2

N+1Φ
3

4

N + Ct
1

2 ΦNΨ
1

2

N .

Using b2−1 = c2−1 ≤ t−1a0 again for III3(k) and III4(k):

N∑
k=1

III3(k) ≤ 2t

N∑
k=1

k−1∑
i=0

1

k + 1
ãibk−ic̃k(5.31)

+ 2

N∑
k=1

(ãk+1|T |ck + t
1

2 ãkb0ck)

≤ 2tÃ
1

2

NB
1

2

N C̃
1

2

N + 2Ã
1

2

N+1A
1

4

NC
1

2

N + 2t
1

2 Ã
1

2

NB
1

2

NC
1

2

N

≤ 2tΦ
1

2

NΨN + 2Ψ
1

2

N+1Φ
3

4

N + 2t
1

2 ΦNΨ
1

2

N ;

N∑
k=1

III4(k) ≤ 2

N∑
k=1

tc̃k
k + 1

k+1∑
i=0

ãi + t

i−1∑
j=0

ãjci−j−2
i− j

(5.32)

×

(
bk−i + t

k−i∑
l=0

(bl−1 + cl−1)ck−i−l−1
k + 1− i− l

)
≤ 2t(ÃN+1 + ã20)

1

2

(
BN + b2−1

) 1

2 C̃
1

2

N

+ 2t2(ÃN + ã20)
1

2 (CN + c2−1)
1

2 (BN + b2−1)
1

2 C̃
1

2

N

+ 2t2(ÃN+1 + ã20)
1

2 (CN + c2−1)
1

2

× (BN + b2−1 + CN + c2−1)
1

2 C̃
1

2

N

+ 2t3(ÃN + ã20)
1

2 (CN + c2−1)

× (BN + b2−1 + CN + c2−1)
1

2 C̃
1

2

N

≤ 2Ψ
1

2

N+1Ψ
1

2

N (t2ΦN + tΦ
1

2

N )
1

2 + 2Φ
3

4

N (tΦ
1

2

N + 1)
1

2 Ψ
1

2

N
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+ 2ΨN (t2ΦN + tΦ
1

2

N ) + 2Φ
3

4

N (tΦ
1

2

N + 1)
1

2 (t2ΦN + tΦ
1

2

N )
1

2 Ψ
1

2

N

+ 2
√

2Ψ
1

2

N+1Ψ
1

2

N (t2ΦN + tΦ
1

2

N ) + 2
√

2t
1

2 ΦN (tΦ
1

2

N + 1)Ψ
1

2

N

+ 2ΨN (t2ΦN + tΦ
1

2

N )
3

2 + 2Φ
3

4

N (tΦ
1

2

N + 1)
1

2 (t2ΦN + tΦ
1

2

N )Ψ
1

2

N .

Finally, for III5(k) and III6(k) we have:

N∑
k=1

III5(k) ≤ C
N∑
k=1

k+1∑
i=1

1

i+ 1

tbi−1a 1

2

0 + t2
i∑

j=1

1

j
b̃j−1bi−j−1

 ck−ic̃k(5.33)

≤ C
(
ta

1

2

0 + t2
(
B̃N + b̃20

) 1

2

)
B

1

2

N (CN + c2−1)
1

2 C̃
1

2

N

≤ CΨ
1

2

NΦ
3

4

N (tΦ
1

2

N + 1) + CΨ
1

2

N t
1

2 ΦN (tΦ
1

2

N + 1)

+ C(t2ΦN + tΦ
1

2

N )ΨN ;

N∑
k=1

III6(k) ≤ 12
√

7t

N∑
k=1

1

k + 1

k+1∑
l=0

b̃lck−lc̃k(5.34)

+ 12t2
N∑
k=1

1

k + 1

k∑
i=0

ck−i−1c̃k
k + 1− i

 i∑
j=0

b̃jci−j−1


≤ Ct(B̃N+1 + b̃20)

1

2 (CN + c2−1)
1

2 C̃
1

2

N

+ Ct2(B̃N + b̃20)
1

2 (CN + c2−1)C̃
1

2

N

≤ CΨ
1

2

N+1Ψ
1

2

N (t2ΦN + tΦ
1

2

N )
1

2 + C(t2ΦN + tΦ
1

2

N )ΨN

+ CΦ
3

4

N (tΦ
1

2

N + 1)
1

2 Ψ
1

2

N + Ct
1

2 ΦN (tΦ
1

2

N + 1)Ψ
1

2

N .

Combining (5.27)–(5.34), we obtain

(
∂

∂t
−∆

)
CN ≤−

7

4
C̃N+1 + CΦ

3

2

N + CΨ
1

2

NΦ
3

4

N + CΨ
1

2

N+1Φ
3

4

N

+ CΨ
1

2

N+1Ψ
1

2

N (t2ΦN + tΦ
1

2

N )
1

2 + CΦ
3

4

N (1 + tΦ
1

2

N )
1

2 Ψ
1

2

N

+ C(t2ΦN + tΦ
1

2

N )2ΨN + Ct
1

2 ΦN (1 + tΦ
1

2

N )Ψ
1

2

N

+ CΨN (t2ΦN + tΦ
1

2

N ) + CΨN (t2ΦN + tΦ
1

2

N )
3

2
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+ 2Φ
3

4

N (tΦ
1

2

N + 1)
1

2 (t2ΦN + tΦ
1

2

N )
1

2 Ψ
1

2

N

+ 2
√

2Ψ
1

2

N+1Ψ
1

2

N (t2ΦN + tΦ
1

2

N ) + CΨ
1

2

NΦ
3

4

N (tΦ
1

2

N + 1)

+ 2Φ
3

4

N (tΦ
1

2

N + 1)
1

2 (t2ΦN + tΦ
1

2

N )Ψ
1

2

N .

The result (5.24) follows by applying Cauchy–Schwarz. �

We can now combine our results to prove Theorem 5.4.

Proof of Theorem 5.4. The estimates in Lemmas 5.5–5.7 give the existence
of a universal constant C > 0 such that(

∂

∂t
−∆

)
ΦN ≤ −ΨN + C

(
tΦ

1

2

N + t2ΦN + t3Φ
3

2

N + t4Φ2
N

)
ΨN

+ CΦ
3

2

N

(
1 + tΦ

1

2

N + t2ΦN

)
≤ −ΨN + C

((
1 + tΦ

1

2

N

)4
− 1

)
ΨN + CΦ

3

2

N

(
1 + tΦ

1

2

N

)2
.

Let τN be the time

τN := sup{a ∈ [0, T0] | tΦ
1

2

N (x, t) ≤
(
C−1 + 1

) 1

4 − 1, ∀(x, t) ∈M × [0, a]}.

Then on M × [0, τN ], we have(
∂

∂t
−∆

)
ΦN ≤ CΦ

3

2

N

(
C−1 + 1

) 1

2 ≤ (1 + C)Φ
3

2

N .(5.35)

Since the initial value of ΦN is bounded by

ΦN (x, 0) ≤ |Rm|2(x, 0) + |∇T |2(x, 0) + |∇2ϕ|2(x, 0)

≤ |Rm|2(x, 0) + |∇T |2(x, 0) + 2|∇T |2|ψ|2(x, 0) + 32|T |4|ϕ|2(x, 0)

≤ 225 sup
M

Λ(·, 0)2 = 225K2
0 ,

and M is compact, applying the maximum principle to (5.35) gives

(5.36) ΦN (x, t) ≤ 225K2
0

(1− 1
2(1 + C)15K0t)2

on M × [0, τN ]. Let α > 0 be the universal constant

α :=
1

15

(
1

2
(1 + C) +

(
(C−1 + 1)

1

4 − 1
)−1)−1

.
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Denote

(5.37) T∗ = T∗(T0,K0) := min{T0,
α

K0
} > 0.

By definition, τN ≥ T∗ for all N ∈ N. In particular, (5.36) holds on M ×
[0, T∗] for all N ∈ N. When t ≤ T∗, the right hand side of (5.36) is bounded
above by a positive constant C∗ depending only on T0 and K0. �

5.3. Completing the proof

Suppose ϕ(t), t ∈ [0, T0] solves the Laplacian flow (1.1) on a compact mani-
fold M . Theorem 5.4 implies that

t
k

2

(
|∇kRm|(x, t) + |∇k+2ϕ|(x, t)

)
≤ C∗(k + 1)!

on M × [0, T∗], where T∗ is given in (5.37). Since k + 1 ≤ 2k, for any fixed
t ∈ (0, T∗], we have

|∇kRm|(x, t) + |∇k+2ϕ|(x, t) ≤ Ck!r−k−2,

where r =
√
t/2 and C = C∗T∗/4 are uniform constants. Thus by Lemma

3.1 and the discussion following it, we conclude that (M,ϕ(t), g(t)) is real
analytic for each t ∈ (0, T∗]. Theorem 1.1 in the case when U = M follows
by iterating the above argument to cover the entire time interval t ∈ (0, T0].

6. Local real analyticity

In this section, we localize the discussion in §5 using a cut-off function to
prove Theorem 1.1. First, we show the existence of the required function.

Lemma 6.1. Suppose ϕ(t), t ∈ [0, T0] is a smooth solution to the Lapla-
cian flow (1.1) on an open subset U ⊂M . Let p ∈ U and r > 0 so that
Bg(0)(p, 2r) ⊂ U is compact. Let α > 0 be a constant and suppose that

(6.1) Λ(x, t) =
(
|Rm|2(x, t) + |∇T |2(x, t)

) 1

2 ≤ K

for all (x, t) ∈ Bg(0)(p, 2r)× [0, T∗], where 0 < T∗ ≤ α/K.
There exist constants C0 = C0(α, r), C1 = C1(α,K, r), and a cut-off func-

tion η : U → [0, 1] with support in Bg(0)(p, r), and with η = 1 in Bg(0)(p, r/2)
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such that

|∇η(x)|2g(t) ≤ C0η(x),(6.2)

−∆g(t)η(x) ≤ C1(6.3)

on U × [0, T∗].

Proof. Recall that along the Laplacian flow (1.1), the associated metric g(t)
evolves by (4.3), i.e. with velocity 2h(t), where h(t) is given in (4.2). Let
Θ(x, t) = tK2|∇h(x, t)|2. Since

(6.4) |Rm| ≤ Λ(x, t) ≤ K in Bg(0)(p, r)× [0, T∗],

by a straightforward adjustment to the proof of [6, Lemma 14.3], there exists
a cut-off function η : U → [0, 1] with support in Bg(0)(p, r) and with η = 1
in Bg(0)(p, r/2) such that

|∇η(x)|2g(t) ≤
C(α)

r2
η(x),(6.5)

−∆g(t)η(x) ≤ C(α,
√
Kr)

r2
+
C(α)

K
3

2 r
sup
s∈[0,t]

(ηΘ)
1

2 (x, s)(6.6)

for some constants C(α) and C(α,
√
Kr), for all (x, t) ∈ Bg(0)(p, r)× [0, T∗].

We obtain (6.2) from (6.5) by defining C0 = C(α, n)/r2.
The cut-off function η here is constructed by a composition of a scalar

function with the Riemannian distance function dg(0)(x, p) with respect to
the initial metric g(0). The key is that the bound (6.4) and the fact |T |2 =
−R imply that h in (4.2) is uniformly bounded in Bg(0)(p, r)× [0, T∗], which
in turn implies the uniform equivalence of the metrics g(t) for t ∈ [0, T∗].

We next show (6.3). Under the assumption (6.1), the local Shi-type
derivative estimates from [13, Theorem 4.3] for Rm and T give that

(6.7) t
1

2

(
|∇Rm|(x, t) + |∇2T |(x, t)

)
≤ C(α,

√
Kr)K,

for a constant C(α,
√
Kr), for all (x, t) ∈ Bg(0)(p, r)× [0, T∗]. (Note that in

[13, Theorem 4.3], we only state the estimate when α = 1, but a trivial
adjustment of the proof gives (6.7) as stated.) We deduce that
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Θ(x, t) = tK2|∇h(x, t)|2(6.8)

≤ CtK2
(
|∇Rm|2(x, t) + |T |2|∇T |2(x, t)

)
≤ CtK2

(
|∇Rm|2(x, t) + |Rm|3(x, t)

)
≤ C

(
C(α,

√
Kr)2 + α

)
K4

for all (x, t) ∈ Bg(0)(p, r)× [0, T∗], where in the third inequality we used
Propositions 2.2–2.3 and tK ≤ α. Combining (6.8) and (6.6) gives (6.7). �

Remark 6.2. Although η in Lemma 6.1 is constructed by a composition
with a Riemannian distance function, by the standard Calabi’s trick (see, for
example, [5, pp.453–456]), we can for the purpose of applying the maximum
principle treat η as a smooth function.

Theorem 6.3. Suppose that ϕ(t), t ∈ [0, T0] solves the Laplacian flow (1.1)
on an open set U ⊂M . Let p ∈ U and r > 0 be such that Bg(0)(p, 2r) ⊂ U is
compact. Let K = supBg(0)(p,2r)×[0,T0] Λ(x, t), where Λ(x, t) is given in (1.4),
and let α > 0 be such that α ≤ KT0.

There exist positive constants L,C, T∗ depending only on α,K, r such
that

(6.9) t
k

2

(
|∇kRm|(x, t) + |∇k+1T |(x, t) + |∇k+2ϕ|(x, t)

)
≤ CL

k

2 (k + 1)!

for all k ∈ N and (x, t) ∈ Bg(0)(p, r/2)× [0, T∗].

Remark 6.4. If ϕ(t), t ∈ [0, T0] is a smooth solution to the Laplacian flow
(1.1) on an open set U ⊂M , then a similar argument as in the proof of
[13, Theorem 1.3] shows that Λ(x, t) is bounded on U × [0, T0]. Thus, K =
supBg(0)(p,2r)×[0,T0] Λ(x, t) in Theorem 6.3 is finite.

Proof. We consider localized modifications of ΦN ,ΨN in §5, in a similar
spirit to [11]. For L > 0, to be determined later, we define

αk =
η

k+1

2

L
k

2

ak, βk =
η

k+1

2

L
k

2

bk, γk =
η

k+1

2

L
k

2

ck, for k ≥ 0,

α̃k =
η

k

2

L
k−1

2

ãk, β̃k =
η

k

2

L
k−1

2

b̃k, γ̃k =
η

k

2

L
k−1

2

c̃k, for k ≥ 1,
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where ak, bk, ck, ãk, b̃k, c̃k are defined in (5.6)–(5.7) and η is the cut-off func-
tion constructed in Lemma 6.1. We further define

(6.10) Φ̃N =

N∑
k=0

(
α2
k + β2k + γ2k

)
and Ψ̃N =

N∑
k=1

(
α̃2
k + β̃2k + γ̃2k

)
.

We aim to estimate Φ̃N . We first compute an evolution inequality for Φ̃N ,
by looking at each of α2

k, β2k and γ2k in turn. First,(
∂

∂t
−∆

)
α2
k =

ηk+1

Lk

(
∂

∂t
−∆

)
a2k +

a2k
Lk

(
∂

∂t
−∆

)
ηk+1(6.11)

− 2

Lk
〈∇ηk+1,∇a2k〉.

By (6.3) and t ≤ T0, the second term on the right hand side of (6.11) satisfies

a2k
Lk

(
∂

∂t
−∆

)
ηk+1 =

a2k
Lk

(
−k(k + 1)ηk−1|∇η|2 − (k + 1)ηk∆η

)
(6.12)

≤ (k + 1)C1
a2k
Lk
ηk =

C1t

L(k + 1)
α̃2
k ≤

C1T0
L(k + 1)

α̃2
k

on U × [0, α/K]. To estimate the third term of (6.11), we use (6.2), t ≤ T0
and the Cauchy–Schwarz inequality:

− 2

Lk
〈∇ηk+1,∇a2k〉 ≤ 4

ηk|∇η|
Lk

tk|∇kRm||∇k+1Rm|
k!(k + 1)!

(6.13)

≤ 1

4
α̃2
k+1 +

16C0T0
L

α̃2
k

on U × [0, α/K]. Substituting (5.10), (6.12) and (6.13) into (6.11), we have(
∂

∂t
−∆

)
α2
k ≤ −

7

4
α̃2
k+1 +

C

L
α̃2
k +

ηk+1

Lk
(I1(k) + I2(k) + I3(k)),(6.14)

where C = C(α, r, T0). Using (5.12)–(5.14), we can estimate

N∑
k=1

ηk+1

Lk
(I1(k) + I2(k) + I3(k))(6.15)

≤ CKΦ̃N + CK2Φ̃
1

2

N + C
t

L
KΨ̃N

+ C
t

L
Φ̃

1

2

N Ψ̃N + CK
1

2 Ψ̃
1

2

N+1Φ̃
1

2

N + C
t2

L2
Φ̃N Ψ̃N .
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Combining (5.11) and (6.11)–(6.15), we obtain

(
∂

∂t
−∆

) N∑
k=0

α2
k ≤ −

3

2
Ψ̃N+1 + C(Φ̃N + 1)(6.16)

+ C

(
1

L
+
t

L
Φ̃

1

2

N +
t2

L2
Φ̃N

)
Ψ̃N

on U × [0, α/K], again using Cauchy–Schwarz and tK ≤ α, where the con-
stant C depends only on α, r,K, T0. We can deal with

∑N
k=0 β

2
k and

∑N
k=0 γ

2
k

similarly and obtain the following estimate:(
∂

∂t
−∆

) N∑
k=0

(β2k + γ2k) ≤ −3

2
Ψ̃N+1 + C(Φ̃N + 1)(6.17)

+ C

(
1

L
+
t

L
Φ̃

1

2

N +
t2

L2
Φ̃N +

t4

L4
Φ̃4
N

)
Ψ̃N .

Since −Ψ̃N+1 ≤ −Ψ̃N , we may put together the estimates (6.16)–(6.17) and
choose L large enough so that(

∂

∂t
−∆

)
Φ̃N ≤ − Ψ̃N + C2(Φ̃N + 1) + C3

((
1 + tΦ̃

1

2

N

)4
− 1

)
Ψ̃N ,

where C2, C3 depend only on α, r,K, T0. Let

τN = {a ∈ [0, α/K] | tΦ̃
1

2

N ≤ (C−13 + 1)
1

4 − 1, ∀(x, t) ∈ U × [0, a]}.

Then on Bg(0)(p, r)× [0, τN ],(
∂

∂t
−∆

)
Φ̃N ≤ C2(Φ̃N + 1).

As Φ̃N = 0 on ∂Bg(0)(p, r)× [0, τN ] and Φ̃N (·, 0) ≤ 225K2, the maximum
principle gives that

Φ̃N ≤ (225K2 + 1)eC2T0 := C4

for all (x, t) ∈ Bg(0)(p, r)× [0, τN ]. Let

T∗ = min{α/K,C−
1

2

4 ((C−13 + 1)
1

4 − 1)} > 0,
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which depends only on α, r,K, T0. Then τN ≥ T∗ for all N ∈ N and thus
Φ̃N ≤ C4 for all N ∈ N and (x, t) ∈ Bg(0)(p, r)× [0, T∗]. Since η ≡ 1 on
Bg(0)(p, r/2), the estimate (6.9) follows. �

Finally, Theorem 1.1 follows from Theorem 6.3 and the discussion in §3.
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