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Abstract
Improved understanding of the operation of liquid metal anode solid oxide fuel cells
(LMA-SOFCs) is required to progress this promising energy conversion technology. In order
to facilitate analysis and interpretation, initial studies have been carried out with a simple
system in which hydrogen is used as the fuel and the liquid metal electrode is operated in a
potential region where it effectively behaves as an ‘inert’ solvent for dissolved gases. A
model for the processes taking place in a liquid tin anode (LTA) supplied with hydrogen has
previously been reported which identified a key parameter, the Dynamic Oxygen Utilisation
Coefficient, 𝑧̅, important for understanding the operation and design of these systems. This
parameter serves a similar role to the Damköhler number, widely applied in chemical reaction
engineering to relate the chemical reaction rate to the transport phenomena rate. This paper
describes the development of a method, named Anodic Injection Coulometry (AIC), to
determine 𝑧̅, together with an example of its application.
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1. Introduction
Solid oxide fuel cells (SOFCs) with liquid metal anodes (LMAs) have substantial
potential for power generation. The advantages over combustion systems and other types of
fuel cell have been reviewed.1 The technology is able to provide high efficiency and low
environmental impact with flexibility regarding fuels, including solid fuel such as coal.2
Development of this promising technology, including scale up to pilot plant and industrial
systems, requires an in-depth understanding of the mechanism of operation and solutions to a
number of technological challenges.
In order to facilitate analysis and interpretation, initial studies have been carried out with a
simple system in which hydrogen is used as the fuel and the liquid metal electrode is operated
in a potential region where it effectively behaves as an ‘inert’ solvent for dissolved gases. The
previous paper (Part I) described the fundamental electrochemistry of such a LMA SOFC
system.3 It was demonstrated that the oxidation of hydrogen takes place via a ChemicalElectrochemical mechanism, (so-called CE mode), whereby hydrogen undergoes fast
dissolution, then rate-determining homogeneous oxidation by oxygen dissolved in the liquid
tin, followed by diffusion-controlled anodic oxygen injection to replace oxygen removed by
the chemical reaction. In summary, the process involves:


Fast dissolution of hydrogen via Sievert’s law4–7:
𝐻2 ⇆ 2[𝐻]𝑆𝑛



(1)

Homogeneous (rate-determining) oxidation of dissolved hydrogen by dissolved
oxygen:
2

2[𝐻]𝑆𝑛 + [𝑂]𝑆𝑛 → 𝐻2 𝑂



(2)

Anodic injection of oxygen to replace that consumed in (2):
[𝑂2− ]𝑌𝑆𝑍 ⇆ [𝑂]𝑆𝑛 + 2𝑒 −

(3)

The oxygen injected diffuses into the bulk of the tin from the interface.
The assumptions made in developing the model were as follows:
i) The electrochemical kinetics of the electrode reaction are fast, so that the
concentration of dissolved oxygen at the YSZ-tin interface is fixed by the applied
potential and is not disturbed by the current flow.
ii) The concentration of dissolved hydrogen in liquid tin is the saturated concentration
appropriate to the partial pressure of the hydrogen supplied (bubbled) as a gas and
obeys Sievert’s law.
iii) Homogeneous oxidation of hydrogen by dissolved oxygen is the rate-determining step
and is governed by a rate equation which is first-order with respect to monatomic
oxygen.
iv) Under potentiostatic control, diffusion of oxygen away from the YSZ-tin interface to
replace that removed by reaction with hydrogen occurs through a diffusion layer of
constant thickness, 𝛿, as a result of convection induced by bubbling and thermal effects.
v) The system is in quasi-equilibrium.
Consider the following: hydrogen is bubbled through the liquid tin at partial pressure p1’,
a potential, E, is applied to the Sn / YSZ interface and eventually a steady current, i1, is
observed. The partial pressure of H2 is then increased to p2’ and the current, i, increases
3

with time and eventually stabilises at i2 (Figure 1). Oxygen concentrations within the
liquid tin are described schematically in Figure 2.

Figure 1. Schematic showing the step change in p(H2) which results in additional anodic injection of oxygen at a given
applied potential in the CE mode of operation.

In the theoretical treatment, hydrogen concentration is denoted by a single prime and oxygen
concentration is denoted by a bar.
,

Figure 2. Schematic of the dissolved oxygen concentration profile at a given applied potential in the CE mode of
operation. The diffusion layer thickness is shown as δ.
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The rate of removal of oxygen via Reaction (2) is 𝑉𝑘1 𝑐̅(𝑐 ′ )2, (i.e. 𝑘1 𝑐̅(𝑐 ′ )2 per unit volume
of tin) where k1 is the rate constant for the reaction and V is the volume of tin.
The rate of injection of oxygen via Reaction (3) is 𝑖⁄𝑛𝐹 (n=2). Thus the net rate of removal of
oxygen via the two reactions is 𝑉𝑘1 𝑐̅(𝑐 ′ )2 − 𝑖⁄𝑛𝐹 . The concentration of hydrogen, c’, for
given hydrogen partial pressure, p’ is given by (according to Sievert’s law):
1⁄
2

𝑐 ′ = 𝑘2 (𝑝′)

(4)

where k2 is a constant for a given temperature (Sievert’s constant).
̅ , it follows that
Expressing the total amount (gram atoms) of [O] in tin as 𝑁
̅
𝑑𝑁
𝑖
= −𝑉𝑘1 (𝑘2 )2 𝑐̅𝑝′ +
𝑑𝑡
𝑛𝐹

(5)

Applying Fick’s first law to the diffusion of [O] from the interface, the flux, 𝐽,̅ is given by:
̅𝐴
𝐽 ̅ = −𝐷

𝑑𝑐̅
𝑑𝑥

̅ is the diffusion coefficient, A is the area of the interface and
where 𝐷

(6)

𝑑𝑐̅
𝑑𝑥

is the concentration

gradient within the diffusion layer. So Equation (6) becomes (see Figure 2):
𝑐̅ − 𝑐̅∗
̅𝐴 (
𝐽 ̅ = −𝐷
)
𝛿

(7)

Equating the flux with current via Faraday’s law:
𝐽̅ =

𝑖
𝑛𝐹

(8)

Eliminating 𝐽 ̅ between (7) and (8):

𝑖=

̅𝐴
𝑛𝐹𝐷
(𝑐̅∗ − 𝑐̅)
𝛿
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(9)

This will be written as:
𝑖 = 𝑘3 (𝑐̅∗ − 𝑐̅)

(10)

where k3 is given by:

𝑘3 =

̅𝐴
𝑛𝐹𝐷
𝛿

(11)

In the steady-state situation, we have p’=p2’,𝑐̅ = 𝑐̅2 , i=i2 and

̅
𝑑𝑁
𝑑𝑡

= 0.

So using Equation (5):
−𝑉𝑘1 (𝑘2 )2 𝑐̅2 𝑝2′ =

𝑖2
𝑛𝐹

(12)

And from (10)
𝑖2 = 𝑘3 (𝑐̅∗ − 𝑐̅2 )

(13)

Eliminating i2 between (12) and (13) and rearranging:
𝑉𝑘1 (𝑘2 )2 𝑝2′ 𝑛𝐹
𝑐̅2 = 𝑐̅ (1 +
)
𝑘3

−1

∗

(14)

Writing
𝑉𝑘1 (𝑘2 )2 𝑝2′ 𝑛𝐹
𝑧̅2 = (1 +
)
𝑘3

−1

(15)

Then
𝑐̅2 = 𝑧̅2 𝑐̅∗

(16)

Note that 𝑧̅ is a function of p’ and 𝑧̅ ≤ 1. Likewise:
𝑐̅1 = 𝑧̅1 𝑐̅∗

We may write:
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(17)

̅
𝑑𝑐̅ 1 𝑑𝑁
=
𝑑𝑡 𝑉 𝑑𝑡

(18)

Eliminating i between (5) and (10) for p’=p’2
̅
𝑑𝑁
𝑘3 (𝑐̅∗ − 𝑐̅)
= −𝑉𝑘1 (𝑘2 )2 𝑐̅𝑝2 ′ +
𝑑𝑡
𝑛𝐹

(19)

𝑑𝑐̅
𝑘3
𝑛𝐹𝑉𝑘1 (𝑘2 )2 𝑝2 ′
=
[−𝑐̅ (
+ 1) + 𝑐̅∗ ]
𝑑𝑡 𝑉𝑛𝐹
𝑘3

(20)

From (18) and (19):

Then using Equation (15)
𝑑𝑐̅
𝑘3
(−𝑐̅ + 𝑧̅2 𝑐̅∗ )
=
𝑑𝑡 𝑉𝑛𝐹𝑧̅2

(21)

𝑑𝑐̅
𝑘3
(𝑐̅ − 𝑐̅)
=
𝑑𝑡 𝑉𝑛𝐹𝑧̅2 2

(22)

Followed by (16):

Integrating:
𝑐̅

𝑡
𝑑𝑐̅
𝑘3
=
∫ 𝑑𝑡
𝑉𝑛𝐹𝑧̅2 𝑡1
𝑐̅1 (𝑐̅2 − 𝑐̅)

∫

−𝑙𝑛[𝑐̅2 − 𝑐̅]𝑐̅𝑐̅1 =

𝑙𝑛

𝑘3
(𝑡 − 𝑡1 )
𝑉𝑛𝐹𝑧̅2

𝑐̅2 − 𝑐̅
𝑘3
(𝑡 − 𝑡1 )
=−
𝑐̅2 − 𝑐̅1
𝑉𝑛𝐹𝑧̅2

(23)

(24)

(25)

And from (12) and (16):
𝑖2 = 𝑛𝐹𝑉𝑘1 (𝑘2 )2 𝑧̅2 𝑐̅ ∗ 𝑝2′
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(26)

Dynamic Oxygen Utilisation Coefficient as a characteristic cell
parameter for LTA SOFCs
A new key parameter (𝑧̅), herewith termed the Dynamic Oxygen Utilisation Coefficient, has
evolved during the model development, the value of which is important for LMA-SOFC
design.
The coefficient (𝑧̅) is defined by Equation (15) above and contains the dimensionless group,
𝑉𝑘1 (𝑘2 )2 𝑝2′ 𝑛𝐹
𝑘3

with similarity to the Damköhler number, which relates the chemical reaction

timescale to the transport phenomena rate occurring in a system.8,9
The general definition of Damköhler number, Da, is given by the following ratio9:
Da =

𝜏𝐶
𝜏𝑀

(27)

where τC is the characteristic time of the chemical reaction and τM is the mixing time that can
be controlled by hydrodynamics. In systems that include interphase mass-transfer (via
diffusion), a second Damköhler number, DaII, is defined by the following ratio10:
DaII =

𝑘𝑤
𝑘𝑓 𝑎𝑠

(28)

Where kw is the rate coefficient in m3(kgcat)-1s-1, kf is the mass-transfer coefficient in m s-1 and
as is the specific external surface area of the reacting substrate in m2(kgcat)-1.
The dimensionless group,
expression

𝑉𝑘1 (𝑘2 )2 𝛿𝑝2′
𝐴𝐷

𝑉𝑘1 (𝑘2 )2 𝑝2′ 𝑛𝐹
𝑘3

, together with Equation (11) can be represented by the

. At a given temperature, this term is dependent upon geometric factors

(V/A), mass transfer factors (via δ/D which decreases with increasing degree of convection),
and a kinetic factor (k1), complementary to the factors as, kf and kw respectively in the
definition of DaII (see above).
8

The value of 𝑧̅ determines the output current of the cell, as shown in Equation (26). The
larger the value of k3 (i.e. large A; small δ) then 𝑧̅ tends towards unity; conversely, the
smaller the value of k3 (i.e. small A; large δ) then 𝑧̅ tends towards small values with a
limiting value of zero.
In this paper, a new method is proposed, namely Anodic Injection Coulometry (AIC),
similar in principle to the well-known technique of anodic stripping voltammetry (ASV)11, to
determine 𝑧̅. To this end, two related regimes of operation are proposed. These regimes are
run in a mixed mode (i.e. potentiostatic and open-circuit), whereby electrode potential is
switched between a fixed value E and open-circuit. During the open-circuit periods, hydrogen
reacts with oxygen dissolved in tin according to a Chemical-Electrochemical (CE)
mechanism3. In the first regime (Regime 1) the flow of H2 into the tin is constant, whereas in
the second (Regime 2) it is intermittent. This method applies theory developed specifically
for each regime. An example of the application of this method for measurement of 𝑧̅ is
presented.

2. Experimental
The work employed a SOFC with liquid tin anode. A schematic of the apparatus
employed in this work is shown in Figure 3 and is described as follows. Dry argon was
supplied to the oxygen sensor (Kent Industrial Measurements, UK) and then downstream was
mixed with hydrogen (both gases were zero grade, BOC, UK) prior to being supplied to the
cell (Figure 4) held at operating temperature (780 oC) by an electric furnace (Carbolite, UK).
Gases entered and exited the cell via alumina tubes, the lower end of the inlet tube being
immersed in the working electrode (WE) so that the gas bubbled through the liquid tin. Gas
flows were maintained at specified flow rates (up to 100 ml per minute (1.67 ml s-1)) with
9

EL-FLOW mass flow controllers (Bronkhorst UK Ltd., UK). The WE (25 g of tin shots,

99.99+%, metal basis) was contained within a closed-end 8YSZ tube (McDanel Advanced
Ceramic Technologies, USA) with an internal diameter of 14 mm.

F

H2

F

Water Bottles
Oxygen
sensor

Ar
H2, H2O/Ar out

To
extraction

H2/Ar in
Working electrode
(WE)

Water Bottles
Thermocouple

Reference
electrode (RE)

KEY
F
Ball valve

Filter

Mass Flow Controller Three Way Valve

Counter electrode (CE)

Figure 3 Process flow diagram for oxidation of hydrogen in LMA SOFC cell.

Electrical connection to the WE was achieved using a glassy carbon rod (3 mm diameter
glassy carbon rod - Sigradur HTW Hochtemperatur-Werkstoffe GmbH, Germany) immersed
within the liquid tin inside the YSZ tube. Platinum counter and reference electrodes (4082 Pt
Vitr-Au-Less Conductor, Ferro Electronic Materials, USA) were painted on the outer side of
the YSZ tube and sintered at 1000 oC for 2 hours. Current collection from the cathode and
reference electrode was achieved using platinum mesh and wires (Goodfellow Cambridge,
UK). The total electrode (CE) area was 1.54 cm2. A predrilled pyrophyllite cap (Ceramic
Substrates & Components Ltd., UK) was placed on top of the YSZ tube to hold all tubes and
10

the glassy carbon rod in place and sealed with an adhesive (Silicoset 152). Electrochemical
measurements were performed using an Ivium potentiostat (Ivium Technologies,
Netherlands). The potential of the WE was set at -0.90 V versus the air reference which was
just within the ‘inert’ region where the oxygen content of the tin was close to saturation, but
there was no formation of tin oxide.
H2/Ar in
Glassy carbon rod
(anode current collector)

H2,H2O/Ar out
Pyrophyllite cap

Electrical
furnace

Thermocouple

8YSZ tube

Liquid tin anode
(WE)
Pt reference
electrode(RE)

Pt cathode (CE)

Figure 4 Schematic of the experimental setup of the LMA SOFC cell held in furnace.

3. Determination of the Dynamic Oxygen Utilisation Coefficient using
Anodic Injection Coulometry
In this paper, a technique, namely Anodic Injection Coulometry (AIC) (with similarities to
anodic stripping voltammetry), is proposed as a method for determination of the Dynamic
Oxygen Utilisation Coefficient, 𝑧̅, which evolved out of the model for hydrogen oxidation in
LTA SOFC operating in the Chemical-Electrochemical mode as shown above. The method
proposes AIC applied under two different modes of oxygen injection (termed Regimes 1 and
2). Subsequent analysis of the experimental data in both regimes enables the calculation of 𝑧̅.
11

The determination of the 𝑧̅ value is important in order to obtain an understanding of
experimentally-generated results. In a broader sense, this parameter is important for the
design of systems consisting of two processes: fuel oxidation via dissolved oxygen and
oxygen replacement via electrochemical injection at the liquid anode / electrolyte interface.
The value of 𝑧̅ is dictated by the particular geometry and operating conditions of a given cell
and hence, requires individual determination in each case. An example is given of how 𝑧̅ may
be determined using AIC.

3.1.

Regime 1

Consider the following four-stage operation (see Figure 5): prior to Point A, argon is
bubbled through liquid tin for a sufficient time to allow the current to reduce to a value close
to zero while holding the tin electrode at an anodic potential E, typically -0.90 V vs. RE (air
electrode). It has been shown that this potential results in operation of the system in the CE
mode of operation.3 During the intervals A - B, B - C and C - D, hydrogen at partial pressure
𝑝2′ is bubbled through the tin. The interval A - B is sufficiently long to allow the current to
reach a steady value, i2. During the interval B-C, of length t3-t2, the tin electrode is switched
to open circuit (OC). Then, during the interval C - D, the potential of the tin electrode is held
at anodic potential E, during which time the current is monitored. The period C - D is
sufficiently long to allow the current to return to a value close to the steady value, i2. The
charge, Q1, shown as the shaded area in Figure 5 is then calculated.
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C
D
A

B

OC

Figure 5 Schematic representation of Regime 1 conditions applied to the working cell: same hydrogen partial
pressure from A to D, p2’; potential is held at a value E everywhere except in B-C.

The interval A-B is treated above. The interval B – C is treated as follows: at open circuit,
i=0, the equation expressing the rate of removal of oxygen via chemical reaction with
hydrogen and the addition of oxygen via anodic injection (Equation (5)) (when treated from
B – C) becomes:
̅
𝑑𝑁
= −𝑉𝑘1 (𝑘2 )2 𝑐̅𝑝2 ′
𝑑𝑡

(29)

̅
𝑑𝑐̅ 1 𝑑𝑁
=
𝑑𝑡 𝑉 𝑑𝑡

(18)

𝑑𝑐̅
= −𝑘1 (𝑘2 )2 𝑐̅ 𝑝2 ′
𝑑𝑡

(30)

𝑡3
𝑑𝑐̅
= −𝑘1 (𝑘2 )2 𝑝2 ′ ∫ 𝑑𝑡
𝑐̅
𝑡2

(31)

But:

Using (29) and (18):

Integrating (30):
𝑐̅3

∫

𝑐̅2
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ln

𝑐̅3
= −𝑘1 (𝑘2 )2 𝑝2 ′ (𝑡3 − 𝑡2 )
𝑐̅2

Or
𝑐̅3 = 𝑐̅2 exp[ −𝑘1 (𝑘2 )2 𝑝2 ′ (𝑡3 − 𝑡2 )]

(32)

The region C-D is now treated, where 𝑝′ = 𝑝2 ′ . The steps used are as follows:
i)

The starting value of 𝑐̅, which is 𝑐̅3 , is given by Equation (32).

ii)

An expression is derived for 𝑐̅ as a function of time.

iii)

Using this expression for 𝑐̅, Equations (10), (13) and (16) reveal the term
(𝑖 − 𝑖2 ) as a function of time.

iv)

This term (𝑖 − 𝑖2 )is then integrated from t3 to ∞ to obtain Q1.

Recalling the following equation:
ln

𝑐̅2 − 𝑐̅
𝑘3
(𝑡 − 𝑡1 )
=−
𝑐̅2 − 𝑐̅1
𝑉𝑛𝐹𝑧̅2

(25)

Concentration 𝑐̅1 is replaced by 𝑐̅3 and 𝑡1 by 𝑡3 to obtain:
𝑘3
(𝑡 − 𝑡3 )]
𝑉𝑛𝐹𝑧̅2

𝑐̅2 − 𝑐̅ = (𝑐̅2 − 𝑐̅3 )exp [−

(33)

From Equations (10) and (13):
𝑖 − 𝑖2 = 𝑘3 (𝑐̅2 − 𝑐̅)

(34)

With (33) this leads to:
𝑖 − 𝑖2 = 𝑘3 (𝑐̅2 − 𝑐̅3 )exp [−

𝑘3
(𝑡 − 𝑡3 )]
𝑉𝑛𝐹𝑧̅2

(35)

Substituting for 𝑐̅3 from (32) into (35)and using Equation (16)
𝑖 − 𝑖2 = 𝑘3 𝑧̅2 𝑐̅∗ {1 − exp[−𝑘1 (𝑘2 )2 𝑝2 ′ (𝑡3 − 𝑡2 )]} × exp [−
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𝑘3
(𝑡 − 𝑡3 )]
𝑉𝑛𝐹𝑧̅2

(36)

The charge shown by the shaded area in the diagram (Figure 5) is given by:
∞

(37)

𝑄1 = ∫ (𝑖 − 𝑖2 )𝑑𝑡
𝑡3

𝑄1 = −𝑉𝑛𝐹(𝑧̅2 )2 𝑐̅∗ {1 − exp[−𝑘1 (𝑘2 )2 𝑝2 ′(𝑡3 − 𝑡2 )]}

(38)

∞
𝑘3
(𝑡
)]}
× {exp [−
− 𝑡3
𝑉𝑛𝐹𝑧̅2
𝑡
3

Or
𝑄1 = 𝑉𝑛𝐹(𝑧̅2 )2 𝑐̅∗ {1 − exp[−𝑘1 (𝑘2 )2 𝑝2 ′(𝑡3 − 𝑡2 )]}

(39)

Equation (39) is the required solution.
Corroborating experimental results in Regime 1
In order to validate the above theory, the LTA SOFC was operated in Regime 1. After Point
A (Figure 5) a mixture of H2 (16kPa) and Ar was bubbled continuously through liquid tin,
while holding the potential of the WE at -0.90 V vs. RE. The partial pressure of 16 kPa
hydrogen employed in this study was chosen as representative of the range (0-26 kPa) used in
the elucidation of the hydrogen oxidation mechanism in Part I.3 Once the anodic current had
stabilised at a steady value, the tin electrode was switched to open circuit (OC), remaining so
for 1500 s before controlling the potential again at -0.90 V vs. RE. Once the anodic current
had returned to within 10 µA of its steady value, the electrode was again switched to OC and
held for 900 s. The above procedure was repeated with varying OC times (Figure 6). During
the open-circuit periods the cell potential was monitored with time as shown in Figure 6.
Progressive removal of oxygen via Reaction (2) as predicted by the ChemicalElectrochemical mechanism is confirmed by the monotonic change in potential to more
negative values with time.
15

-0.88
Electrode Potential / V

-0.90

20

Current / mA

-0.92
-0.94

15

-0.96
-0.98

10

Q1(2100)

Q1(900)

Q1(1500)
5

-1.00
-1.02

Electrode Potential / V

ianodic/ mA

-1.04

0

Open Circuit

Open Circuit

Open Circuit

15

20

25

-1.06

30

Time / 103 s
Figure 6. Operation of the working cell under Regime 1 with 16kPa p(H2) at 780 °C.

The values of Q1 were calculated by applying numerical integration to the area under the
current-time curve (currents were measured at 5 s intervals) and are summarised in Table 1.
Table 1. Q1 values obtained from with 16 kPa p(H2) for Regime 1 operation.

OC time / s

900

1500

2100

Q1 values / C

3.98

5.35

5.71

3.2.

Regime 2

For Regime 2, consider a four-stage process (see Figure 7). Prior to A, a gaseous
mixture of argon and hydrogen (3%) was bubbled through liquid tin at open-circuit for a
sufficient time to remove any residual oxide present in the melt. During the interval A – B the
potential of the tin electrode is held at the potential E and argon is flowed for sufficient time
16

to reduce the current to a value close to zero. At B the tin electrode is then switched to opencircuit and the flowing gas to an argon-hydrogen mixture with hydrogen partial pressure 𝑝2′
for a period t3-t2. At C the flowing gas is returned to 100% argon and the potential of the
electrode switched to the value E. The current is measured as a function of time for a period
sufficient for the current to return to a value close to zero. The charge, Q2, shown as the
shaded area in Figure 7, is then calculated. Note that no hydrogen is bubbled into the tin
during the period when the charge Q2 is determined.

B

A

C

D

OC

Figure 7. Schematic representation of Regime 2 conditions applied to the working cell flushed with constant flow of
Ar.

Interval A-B does not require analysis in this treatment. For the interval B – C Equation (31)
is used, replacing 𝑐̅2 by 𝑐̅∗ , (where 𝑐̅∗ is the saturated concentration of oxygen at OC in the
bulk of liquid tin at 𝑝2′ =0 and potential -0.90 V versus air reference):
𝑐̅3

∫

𝑐̅∗

𝑡3
𝑑𝑐̅
= −𝑘1 (𝑘2 )2 𝑝2 ′ ∫ 𝑑𝑡
𝑐̅
𝑡2

Then integrating
[ln c̅]𝑐̅𝑐̅3∗ = −𝑘1 (𝑘2 )2 𝑝2 ′ [𝑡]𝑡𝑡32

17

(40)

ln

𝑐̅3
= −𝑘1 (𝑘2 )2 𝑝2 ′ (𝑡3 − 𝑡2 )
𝑐̅∗

𝑐̅3 = 𝑐̅∗ exp[−𝑘1 (𝑘2 )2 𝑝2 ′ (𝑡3 − 𝑡2 )]

(41)

Region C – D is now treated, where 𝑝′ = 0. It follows that the charge, Q2, shown in the
diagram is given by:
𝑄2 = (𝑐̅ ∗ − 𝑐̅3 )𝑉𝑛𝐹

(42)

Substituting for 𝑐̅3 from (41) into (42):
𝑄2 = 𝑉𝑛𝐹𝑐̅∗ {1 − exp[−𝑘1 (𝑘2 )2 𝑝2 ′ (𝑡3 − 𝑡2 )]}

(43)

This is the required solution which may be compared with Equation (39).
Corroborating experimental results in Regime 2
In order to validate the above theory the LTA SOFC was operated in Regime 2. A
mixture of H2 (16kPa) and Ar was bubbled through the melt while the tin electrode was held
at open circuit for 1500 s. Then the tin electrode was switched from OC to a potential of -0.90
V vs. RE and the H2 was removed from the flow (argon continued to bubble into the tin).
Once the measured anodic current (due to anodic injection of oxygen to replace that
consumed by reaction with hydrogen) had reduced to zero, the electrode was switched to OC
and remained so for 1500 s with flow of 16 kPa p(H2) (Figure 8). The above procedure was
repeated for OC intervals of 900 and 2100s. The flow of argon was constant throughout the
experiment including during the open-circuit periods. As noted for Regime 1, progressive
removal of oxygen via Reaction (2) is confirmed by the monotonic change in potential to
more negative values with time (Figure 8).
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Open Circuit
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-0.95

25

30

Time / 103 s
Figure 8. Operation of the working cell under Regime 2 with 16kPa p(H2) at 780 °C.

The values of Q2 were calculated in the same way as Q1 values via numerical integration of
the area under the current-time curve (currents were measured at 5 s intervals) and are
summarised in Table 2.
Table 2. Q2 values obtained with 16 kPa p(H2) for Regime 2 operation.

OC time / s

900

1500

2100

Q2 values / C

5.11

8.05

8.90

3.3.

Regime 3

This case is included for completeness; however no experiments were performed to
support the theory developed for Regime 3 as this is not required for determination of 𝑧̅. This
regime, which is a combination of the previous two regimes, is illustrated in Figure 9.
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C

A

D

B

OC

Figure 9. Schematic representation of Regime 3 conditions applied to the working cell flushed with constant flow of
Ar; potential is held at a value E everywhere except in B-C.

Prior to Point A, argon is bubbled through tin and the electrode is held at an anodic potential
E, typically -0.90 V with respect to an air electrode, while sufficient time is allowed for the
current to reduce to a value close to zero. During the intervals A – B and B - C, hydrogen at
partial pressure 𝑝2 ′ is bubbled through the tin. The interval A - B (with potential maintained
at E) is sufficiently long to allow the current to reach a steady value, i2. During the interval B
- C, of length t3-t2, the tin electrode is switched to open circuit. At Point C the flowing gas is
returned to 100% argon and the tin electrode switched from OC to the potential E. Thereafter,
the current is measured as a function of time until the current returns to a value close to zero.
The charge Q3 shown as the shaded area in Figure 9 is then calculated. Note that no hydrogen
is bubbled into the tin during the period when the charge Q3 is determined.
Following Regime 1, the oxygen concentration 𝑐̅3 at C is given by (32) which together with
Equation (16) leads to:
𝑐̅3 = 𝑧̅2 𝑐̅∗ exp[ −𝑘1 (𝑘2 )2 𝑝2 ′ (𝑡3 − 𝑡2 )]
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(44)

For the interval C – D, as for Regime 2, the partial pressure of hydrogen is equal to zero
(i.e.𝑝′ = 0). It follows that the charge, Q3, shown in the diagram (Figure 9) is given by:
𝑄3 = (𝑐̅ ∗ − 𝑐̅3 )𝑉𝑛𝐹

(45)

So from (44) and (45):
𝑄3 = 𝑉𝑛𝐹𝑐̅∗ {1 − 𝑧̅2 exp[−𝑘1 (𝑘2 )2 𝑝2 ′ (𝑡3 − 𝑡2 )]}

(46)

This is the required solution and may be compared with (39) and (43).
Summary of the principal results in 3.1- 3.3
The important equations in the above sections are those that allow interpretation of the
Coulombic charge under the segment of each regime i.e. C – D. These are as follows:
Regime 1

𝑄1 = 𝑉𝑛𝐹(𝑧̅2 )2 𝑐̅ ∗ {1 − 𝑒𝑥𝑝[−𝑘1 (𝑘2 )2 𝑝2 ′ (𝑡3 − 𝑡2 )]}

(39)

Regime 2

𝑄2 = 𝑉𝑛𝐹𝑐̅ ∗ {1 − 𝑒𝑥𝑝[−𝑘1 (𝑘2 )2 𝑝2 ′ (𝑡3 − 𝑡2 )]}

(43)

Regime 3

𝑄3 = 𝑉𝑛𝐹𝑐̅∗ {1 − 𝑧̅2 𝑒𝑥𝑝[−𝑘1 (𝑘2 )2 𝑝2 ′ (𝑡3 − 𝑡2 )]}

(46)

3.4.
Experimental determination of the Dynamic Oxygen Utilisation
Coefficient, 𝒛̅
The development of a theoretical framework described earlier has identified the
parameter 𝑧̅. For a given hydrogen partial pressure, 𝑝2 ′ , and time period,(𝑡3 − 𝑡2 ), 𝑧̅ may be
determined using Equations (39) and (43) as follows:
(𝑧̅2 )2 =
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𝑄1
𝑄2

(47)

Taking the values of Q1 and Q2 from Table 1 and Table 2 respectively, the value of 𝑧̅2 from
(47) is equal to 0.83 for a hydrogen partial pressure of 16 kPa.

4. Conclusion
Operation of a liquid metal anode SOFC fuelled with hydrogen via a ChemicalElectrochemical mechanism was investigated using the newly-proposed Anodic Injection
Coulometry technique applied in two regimes of operation. The technique allows
determination of the Dynamic Oxygen Utilisation Coefficient, 𝑧̅, which has important
implications with regard to design and operation of liquid metal anode SOFCs. The parameter
𝑧̅ contains a new dimensionless number, which is similar to the Damköhler number. This
dimensionless number contains geometric, mass transfer and kinetic factors that are
dependent upon cell geometry and operating conditions. As an example of the application of
this method, analysis of experimentally-generated data (Q1 and Q2 values measured in
Regimes 1 and 2, respectively) enabled a value of 𝑧̅ to be evaluated for the specific geometry
and operating conditions employed in this study.
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Nomenclature
Parameters

Description

and
Variables
𝑐′

Concentration of dissolved hydrogen in the bulk of liquid tin / mol cm-3

𝑐̅

Concentration of dissolved oxygen in the bulk of liquid tin / mol cm-3

𝑐̅∗

Saturated concentration of oxygen at OCin the bulk of liquid tin at p’=0 / mol cm-3

𝑐̅1

Steady concentration of oxygen in the bulk of liquid tin at p’1/ mol cm-3

𝑐̅2

Steady concentration of oxygen in the bulk of liquid tin at p’2/ mol cm-3

𝑐̅3

Initial concentration of oxygen after switch from OC to potential, E/ mol cm-3

̅
𝐷

Diffusion coefficient of oxygen in the melt / cm2 s-1

E

Applied potential / V

F

Faraday constant / 96,485 C mol-eq-1

𝐽̅

Flux of oxygen in the melt / mol s-1

𝑖

Anodic oxidation current / mA

𝑖2

Steady anodic current at 𝑝2′ / mA

𝑖3

Initial (maximum) anodic current after switch from OC to potential, E/ mA

k1

Rate constant for homogeneous oxidation of hydrogen in liquid tin/ s-1mol-2cm6

k2

Equilibrium constant for hydrogen dissolution in liquid tin /molcm-3 kPa-0.5

k3

Proportionality constant / C cm3 (mol-eq-1 s)-1

n

Number of electrons transferred per hydrogen molecule

̅
𝑁

Number of moles of oxygen

𝑝′

Partial pressure of hydrogen supplied to the cell / kPa

𝑝1′

Partial pressure of hydrogen supplied to the cell at t = 0/ kPa

𝑝2′

Partial pressure of hydrogen supplied to the cell at t = t1 / kPa

𝑄1

Coulombic charge in Regime 1(after switch of potential from OC to E) / C

𝑄2

Coulombic charge in Regime 2 (after switch of potential from OC to E) / C

𝑄3

Coulombic charge in Regime 3 (after switch of potential from OC to E) / C

t

Time / s

t1

Time at which p(H2) is changed from 𝑝1′ to 𝑝2′ / s

t2

Time at which potential is switched from E to OC/ s
24

t3

Time at which potential is switched from OC back to E / s

V

Volume of the liquid tin / cm3

𝑧̅

Dynamic Oxygen Utilisation Coefficient defined by the Equation (15)

𝑧̅2

The value of 𝑧̅ at 𝑝′ =𝑝2′

Superscripts
_

oxygen

’

hydrogen
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