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Abstract. We propose a continuous interior penalty (CIP) method for the pure transport prob-
lem and for the viscosity dependent “Stokes—Brinkman” problem where the gradient jump penalty
is localized to faces in the interior of subdomains. Special focus is given to the case where the
subdomains are so-called composite finite elements, e.g., quadrilateral, hexahedral or prismatic ele-
ments which are composed by simplices such that the arising global simplicial mesh is regular. The
advantage of this local CIP is that it allows for static condensation in contrast to the classical CIP
method. If the degrees of freedom in the interior of the composite finite elements are eliminated
using static condensation then the resulting couplings of the skeleton degrees of freedom are compa-
rable to those for classical conforming finite element methods which leads to a substantially smaller
matrix stencil than for the standard global CIP method. Optimal stability and error estimates are
proved and numerical tests are presented. For the Stokes—Brinkman model, our error bound does not
increase if the viscosity parameter tends to zero which is mainly achieved by adding a penalty term
for the divergence of the velocity in the discretization. Moreover, the reduction effect of the static
condensation is much stronger for this model since, beside the elimination of all velocity degrees of
freedom in the interior of each composite cell, all pressure degrees of freedom except for the cellwise
constants can be eliminated.
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1. Introduction. The last fifteen years have seen a rapid development of sym-
metric stabilization methods for convection—diffusion equations using globally continu-
ous finite element spaces, or for Stokes’ equations discretized using globally continuous
equal order interpolation for velocities and pressures. Early works in this direction
include the subgrid viscosity method suggested by Guermond [13], the orthogonal
subscales introduced by Codina [11], and the minimal stabilization approaches for
mixed finite element methods discussed by Brezzi and Fortin [4]. In the subgrid vis-
cosity method an artificial viscosity term is added that is made to act on the finest
scales of the problem only by introducing two scales in the finite element space, either
by adding degrees of freedom (dofs) in the computational mesh or by adding higher
order polynomials in the finite element space. In the orthogonal subscale stabilization
on the other hand a global projection of the gradient is subtracted from the gradient
in the artificial viscosity term, making the diffusion act only on the finest scales.

The field then expanded rapidly with the introduction of the local projection
stabilization by Becker and Braack [1, 2] and the continuous interior penalty (CIP)
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method suggested by Burman and Hansbo [8, 9]. In the former of these methods a
local projection of the gradient on element patches is subtracted from the gradient
in the viscosity operator, leading to a more local type of scheme than the orthogonal
subscale method. In the CIP method, on the other hand, an L2-penalty term on the
jump of the gradient over all element faces is added to the formulation. Another type
of symmetric stabilization based on interpolation of the gradient was recently proposed
and analyzed in [10]. For further details on stabilized methods for convection—diffusion
equations we refer to the monograph [16] and references therein.

All the above methods can typically be classified according to the locality of the
stabilization, some methods act on some a priori defined subgrid/subspace, such as
the subgrid viscosity or the local projection stabilization, whereas others such as the
orthogonal subscales or the CIP method use a stabilization that is not localized but
acts globally. Both approaches can be argued to have their advantages and there are
some clear similarities between some of the methods. For instance the local projection
stabilization can both be seen as a local variant of the orthogonal subscale method
and in special cases it coincides with the subgrid viscosity method, as discussed in [14].
The situation is less clear for the CIP method. Although the method has been used
on macropatches in some works, [17] (Stokes) and [15] (convection diffusion), stability
has been a consequence of the close relation to other methods, namely, the inf-sup
stability of an underlying stable velocity-pressure pair in [17] and the equivalence with
subgrid viscosity in [15].

In this paper our aim is to discuss local CIP stabilization in a more general setting
both for stabilization of advection and the Stokes—Brinkman equations. Using finite
element spaces of arbitrary polynomial order we prove that the CIP stabilization may
be restricted to subdomains without loss of stability. The only requirement on the
subdomains is that every triangle of a subdomain has at least one vertex in the interior
of this subdomain.

The results herein are of interest in several contexts. For instance it shows that
strongly imposed boundary conditions may be used together with CIP stabilization
for all polynomial orders. Another consequence of the analysis is that when domain
decomposition is used for the solution of the linear system no stabilization is needed
across subdomain boundaries, allowing for standard C° domain decomposition algo-
rithms to be applied. It also allows for the use of pressure spaces that are discontinuous
over subdomain boundaries leading to enhanced mass conservation on the subdomain
level.

In this work we present the method in the context of composite finite elements.
That is a finite element method, where the starting mesh can consist of arbitrary
star-shaped polyhedral cells. From this starting mesh a final global simplicial mesh
is created automatically by applying simple decomposition rules locally on each cell
such that the resulting global simplicial mesh is regular (without hanging nodes).
The advantage is that, for more complicated polyhedral cells, a complicated reference
transformation to the reference element can be avoided and that the classical poly-
nomial Pg-functions with total degree not greater than k can be used, which implies,
for instance, that each differentiation decreases the polynomial degree by one. The
most important advantage of the local CIP method compared to the classical one
concerning the computational costs is the fact that here the dofs in the interior of a
composite cell are only coupled with the dofs at their cell boundary and decoupled
from the dofs in the interior of other composite cells. Thus, all interior nodes may be
eliminated using static condensation leading to a stabilized method with dofs only on
the macro-mesh-skeleton and with only next-neighbor couplings between the skele-
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F1a. 1. Quadrilateral element K € My, is composed by simplicial elements T € Ty .

ton dofs as in the standard Galerkin method. In contrast, the static condensation
is impossible for the classical CIP method. Therefore, the local CIP method avoids
the negative effect of the extended stencil in the classical CIP method and reduces
essentially the computational costs regarding storage and CPU time.

The rest of the paper can be outlined as follows. First we will discuss the compos-
ite elements that we use in the analysis and the associated finite element spaces. Then
we consider the case of a first order hyperbolic transport problem and prove discrete
stability in the form of an inf-sup condition and error estimates for the local CIP
method defined on the composite elements. We finally consider the Stokes—Brinkman
equations. Also in this case we prove a discrete inf-sup condition and optimal error
estimates, expliciting the dependence on the viscosity showing that the method can
also be applied in the case of high Reynolds number. The paper is concluded with
some numerical experiments.

General notation. For a measurable subset G C R?, let LP(G), 1 < p < 0,
W$P(G), s > 1, denote the standard Sobolev spaces and H*(G) := W*%(G) the
Hilbert space with the seminorm |- |s,c. We denote by || - ||¢ and (:,-)g the norm
and inner product in L?(G), respectively. If G is a (d — 1)-dimensional face of an
element or a union of faces, the space L?(G) has to be understood in the sense of
traces and we denote by (-, ) the inner product and by | - [|¢ the associated norm.
In a context-sensitive way, we use the above notation also for vector-valued functions
in L2(G)% or H*(G)?, respectively. The notation C' indicates a general constant which
can have different values at different places but which is independent of the local and

global mesh size.

2. Composite elements. To define “composite elements” we start with a so-
called “macromesh” M, of the domain Q C R? consisting of simple macroelements
K € My, where K can be any star-shaped polyhedral cell, for instance, a quadrilateral
or triangle in 2 dimensions or a hexahedron, prism, or tetrahedron in 3 dimensions.
We call the elements K € M; “composite elements” since they are composed by a
relatively small number of simplicial subelements T' € Tx by taking one center point
¢k € K and connecting cx by means of edges with the boundary of K (see Figure 1).
In the three-dimensional (3D) case, we first have to decompose the two-dimensional
(2D) faces into triangles by drawing diagonals such that the number of vertices is not
increasing. Thus, the domain {2 is decomposed as

Q= U K, where K= U T,
KeMy TeTK

as well as Q = Urer, T, where Ty, := Ukem, Tx denotes the final simplicial mesh.
We assume that the simplicial mesh 7, is admissible (no hanging vertices) and shape
regular, i.e., it holds that pp > Chy for all T € Ty, where hp denotes the diameter
of T and pr the radius of the largest ball that can be inscribed into 7. For a com-
posite element K € My, we denote by hx the maximum of the diameters hr of all
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4P x 4P§ composite dofs after static condensation ~ Q2-dofs

Fi1c. 2. Ezample of degrees of freedom on a piecewise quadratic composite element, before
and after static condensation. We consider both continuous velocity approximation and pressure
approzimation that is discontinuous across macro element boundaries: velocity dofs: o (interior)
+ o (skeleton)  pressure dofs: O.

subelements T' € Tx. From the shape regularity of 7; and the fact that the number
of subelements in Tk is uniformly bounded we get the mesh property

(2.1) Chrg <hr <hg VT eTx, KeMy,

where the constant C' is independent of T' and K. For a given composite element
K € Mj,, we will denote in the following by Fx the set of those (d — 1)-dimensional
faces F' of the subelements T' € T, where F is located in the interior of K.

2.1. Advantages of composite elements. In this subsection, we will discuss
the advantages of using composite elements. The first advantage is that the framework
of composite elements allows us to construct meshes that can contain arbitrary star-
shaped polyhedral mesh cells which improves the flexibility for mesh generators.

Since the final mesh 7}, is always a simplicial mesh, the question arises why we do
not work only with the simplicial mesh? The answer is that a simplicial mesh needs, in
particular in the 3D case, many more elements than, for instance, a hexahedral mesh
(the factor is at least 5). To administrate a quadrilateral or hexahedral macromesh
My, is often cheaper than a simplicial final mesh 7}, in particular, with respect to
adaptive refinements in 3 dimensions.

When the local stiffness matrix A¥ for a composite element X € My has to be
computed, the geometrical data of the polyhedral cell K is loaded and the geometrical
data for the simplices T' € Tk are easily computed. Then, a loop over the small number
of simplices T' € Tk is executed with the standard procedure for generating the local
element matrix AX for a simplicial element 7. The entries of AX are added into
the stiffness matrix AX. Also the jump terms from the local CIP method over the
interior simplex faces F' € Fi can be generated during the local simplex loop more
efficiently than for the classical CIP method. Once the local stiffness matrix A% and
the related local right-hand side vector F¥ are computed, the dofs in the interior of K
can be eliminated by computing the local Schur complement. Only the entries of the
Schur complement are added into the global sparse stiffness matrix. This essentially
improves the sparsity pattern of the stiffness matrix compared to the classical CIP
method. Composite elements are well suited for implementing static condensation.
Note that the higher computational efficiency of using composite elements instead of
the final simplicial mesh 7 is only achieved if the static condensation is exploited
(see Figure 2).

Finally, the framework of composite elements offers the following advantage for
adaptively refined meshes. One can use an adaptive finite element approach that is
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Fic. 3. Adaptively refined macromesh M;, with hanging nodes (left) and adaptively refined
composite mesh Ty, without hanging nodes (right).

designed for the use of hanging nodes in the macromesh Mj. From such a mesh My,
there can be easily generated a final simplicial mesh 7; that does not have hanging
nodes. We will illustrate the idea for a 2D situation.

Let My be an admissible coarse macromesh, i.e., without any hanging nodes.
Then, define recursively the next mesh My, from the previous one M, by adaptive
refinement in such a way that the difference of the refinement level of adjacent com-
posite elements is at most one (see Figure 3). Consequently, each macromesh M, in
the sequence of adaptive multilevel grids contains hanging nodes in general. To form
the subelement decomposition of a macrocell K € Mj, = My41 we connect the center
point cx € K by means of edges with the vertices at the boundary of K which can
also be “hanging vertices” from an adjacent macrocell K/ € My, (see Figure 3). Then
the final mesh 7; no longer contains a hanging node.

2.2. Local spaces and averaging operator. For a nonnegative integer m and
a given composite element K € M, we introduce the following discontinuous and
continuous composite polynomial spaces:

Dp(K) :i={w € L*(K) : w|r € Pp(T) VT € Tk},

(2.2) U (K) == Dy (K) N CO(E),

and define a local averaging operator IX™ : D,,(K) — U,,(K) as follows. For a given
function w € D,,(K), we define IX-™w € U,,(K) by its values at a corresponding set
of nodal points a; € K, j € J(K). Let T2 :={T € Tk : a; € T} denote the subset
of all simplices 7' C K that share the nodal point a;. Then we define the nodal value
of IX:™w at a; as the mean value

I5mw(ay) = (card(T) ™" > wlr(ay).
TET}

From [7, Lemma 5.3] we obtain for m > 0 and all K € My, the estimate

23)  fw—ISmwlr < Cmn? Y flulelle Vwe Du(K), T e Tk.
FeFk

Where [w]r denotes the jump of the quantity w over the face F. Using the triangle
inequality, (2.3), (3.12), and an inverse inequality, we obtain for m > 0 the L2-stability
estimate

(2.4) |5 ™w||, < Cm)|lwl|lxk  Ywe Dp(K), KeM,.

2.3. Composite P1-bubble functions. An essential key ingredient in the proof
of the inf-sup stability of the local CIP discretization is the use of composite P1-bubble
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functions £k as multipliers for piecewise discontinuos discrete streamline derivatives
or pressure gradients. Since these P1-bubble functions vanish at the boundary of each
macroelement K € My, the constructed product function does not have jumps across
the macroelement boundaries.

To this end, we assign to each composite element K € M, the continuous P;-
bubble function £x € U;(K) which is defined by the conditions {x(ckx) = 1 and
¢k (x) =0 for all z € K. From the property 0 < {x(x) <1 for all x € K we get the
following norm equivalence.

LEMMA 2.1. For the above defined function x € Ur(K), a given exponent p > 0,
and a polynomial degree m > 0, there exists a constant C1(m,p) > 0 such that

(2.5) Cr(m,p)wnl% < l€gwnlli < llwnllie ¥ wn € Din(K), K € My,

Proof. The upper estimate simply follows from 52” < 1. To prove the lower
estimate we introduce for each subelement T' € Tk the affine reference mapping
Rr : T — T, where T denotes the reference smlplex Let £ := g o Rp € Py (T)
From € > 0 on int(T) we deduce that @ v (f#(P)?di)'/? is a norm for all w €
P,.(T). Due to norm equivalence there exists a constant C)(m,p) > 0 such that
J7(€Pw)? di > Cy(m,p) [ w*di for all & € P,,,(T). Using this estimate and the fact
that the Jacobian Jr := det(DRr) of the affine transformation Rr is constant on T
we obtain for each wy, € Dy, (K) by means of transformation of integrals

IEwnl% > 3 Ci(m.p) /(whoRT)"’uﬂdf:=01<m,p>|\wh|\%(.

TeTK

3. Local CIP discretization for the transport problem.

3.1. The transport problem. Let 2 be an open bounded and connected do-
main in R?, d < 3, with a polygonal boundary I and outer normal n. As the data of
our problem let 8 € W1*°(Q)? be a vector field, o € L>(Q), and f € L*(Q). Then
we consider the following model problem: Find « : 2 — R such that

B-Vu+ou=f in €,

3.1
(3:1) u=0 onI'",
where I'™ := { € 9Q : - n < 0}. For our analysis, we assume the usual condition
that the data satisfy
1
(3.2) o(x) — §divﬁ(x) > po >0 Ve

Introducing the solution space V := {v € L*(Q): B-Vov € L*(Q)} and the bilinear
form a on V x V defined by

a(u,v) = (B - Vu,v)a + (ou,v)q + (|8 - nju, v)-
the weak formulation of the problem reads as follows: Find u € V' such that
(3.3) a(u,v) = (f,v) Yo e V.

The essential condition that guarantees existence and uniqueness of a soution of prob-
lem (3.3) is (3.2); for details we refer to [12, Example 5.2.3].
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3.2. Local CIP discretization. We choose a conforming finite element space
V3, defined as

(3.4) Vi={ve H(Q): v|r e P.(T) VYT € Tx, K € My},

where r > 1 denotes the polynomial order of V}. Let W}, denote the space Wj, =
H?(Q)) + V,,. Then, in the local CIP stabilization method, the following modified
bilinear form ay : Wj, x Wj, — R is used,

(3.5) an(u,v) == a(u,v) + Z Jr (u,v),
KeMy
where, for each macrocell K, the local jump term
(3.6) Jrc(u,v) :=0h% Y |Br - ne| ([Vulr, [Volr) g
FeFk

is added, which penalizes the situation when the gradient of the discrete solution is
not continuous across the faces in the interior of K. Here, Sk := 8(ck) (where ¢k is
the center point of K that defines the simplicial decomposition of K) and 79 > CBw

(with Beo := || 8|l Lo (q)¢) denotes a user-chosen parameter independent of h.
Now, the discrete problem reads as follows: Find u, € V}, such that
(3.7) an(un,vp) = (f,on)  Vop € V.

3.3. Error analysis.

3.3.1. Discrete norms. For a function v € Vj, + H?(2) and an arbitrary com-
posite element K € My, we introduce the local norms

1 2 .
(3:8) Pl == wollole + 5 18- nlbo| | +ix(w.0)
with pg > 0 from (3.2) and
(3.9) Wl s = ol + hucl8 - Vol

where the symbol S indicates “strong” or “streamline derivative” norm. To these
local norms we assign the corresponding global norms

(3.10) ol?:== > ol and ol = > lelix
KeM,;, KeM;
In the following, we will derive some estimates for the local norms || - || x and || - ||s,x-

Let F' € Fi be an interior face of the macroelement K and T € Tx a subelement of
K such that F C OT. Then, by means of standard arguments (transformation of T
to the reference element T, trace theorem on T, and transformation back to T') and
the mesh property (2.1) we get for m > 0 the estimate

(3.11) lolzllF < C {h loliF + hxloli 2} Vv e HY(T).

This implies the following estimate for the jump of v € @pcr, H' (T):

(3.12) Il el3 < Chtlloll% + Chie > lir VYV FeFk
TeTk
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and for the jump term jg(-,-) we get for all H'(K) N (P, H*(T))

(3.13) i(0,0) < Crofoshi {miK s |v|3,T} |

TeTk
Applying (3.13), (3.11), and inverse inequalities, we infer for all K € M}, the estimate

(3.14) lonllic < lonlls,x < Chillonllc ¥ vn € Vi

3.3.2. Stability of the method. From partial integration of the convective
term we get for all wy, € Vj,

1. 1 .
ap(wp, wp) = <a—§dwﬁ,w,21) +§<|5.n|,w,21>r+ Z Jr (Wh, wp)
Q KeMy

which implies the coercivity of ap(-,-) :
(3.15) ah(wh,wh) > |||wh|||2 Y wy € V.
Our aim is now to prove the following improved stability estimate in the strong norm.

LEMMA 3.1. Assume that the mesh Ty, is shape regular such that the standard in-
verse inequalities as well as the condition (2.1) hold. Let the parameter o in the defi-
nition (3.6) of jx (-,) satisfy Yo > C||B||pec(qye- Then, there exists an h-independent
constant ag > 0 that satisfies the stability estimate

Ap\Why Up
(3.16) collunlls < sup  Lelenvn)

Y wp € V.
v €VR\{0} |||Uh |||S

Proof. The idea of the proof is to construct, for a given wy € V;, an associated
test function vy in the form v, = cwy + 2z, with a sufficiently large constant ¢ > 0
such that ay,(wp,vy) contains the “good” term ay(wp, cwy) > cflwy||? which can be
used to control “bad” terms coming from the estimate for ap(wp, z5). The role of zj,
is only to act as a “test partner” for the convective term such that (5 - Vwy, 1), will
produce on each composite cell K € M, the good term hy || - Vw3 with possibly
some bad terms that can be controlled.

In the following, we will construct z; € V} separately on each cell K € M} with
the property that z,|x vanishes at the boundary of K. Therefore, the pieces zp|x €
U.(K) fit together into a global function in V},. With the constant approximation
Bk = B(ck) used in the definition (3.6) of jx (-, -) we define

(3.17) zn|i = hx I ((Bk - Vwp)ék) € Uy (K).

For a a more compact notation, we introduce the following abbreviations,

wg = - Vwy, wé( := Bk - Vwy, and B1,00 = |Blwie ()

Using the estimate ||3 — Bk || L~ (x) < hiB1,00 and an inverse inequality we get

(3.18) (wp, zn)k > (WE , 2n) ;o — CB1collwn | & ||2n 5.
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From (2.3), (3.12), and an inverse inequality we infer with Cy = C1(r — 1, 1)
(w5 2n) o = hoe (Wi w5 Ek) e + i (w5 Ly (w5 €x) — w5 )

(3.19) > o [l [y — W2 ok e 3 || [whend |

=
FeFk

Since the space V}, is conforming, all tangential derivatives of wy, € V}, with respect to

a face F' € Fk do not have a jump across F. Therefore, we have [Vw,]r = [[gf:; lrnre
which implies, due to the continuity of £, that

6wh

[wh éx] , = [(Bx - Vwn)éx]r = ((51{ “nF) [[8—ﬂ > §K
ng F

and finally, using 0 < £x <1, for all F' € Fi

3 1/2
320 |[wfenl ], <10 nellIVanlell < { it |

From (3.19) we get by means of Young’s inequality
K > Cohc||lwf % — Chil?|wf > & e 13— Clun?
(wg s 2n) o = Cohuc|lwp || & llwg [ xllwnllx = —-hxllwg [k = Cllwnllic-
Using |[wsll% < 2||lwf % + 2llws — wf [|% we obtain with an inverse inequality
K2 < l 2 op2 2
[ws 15 = 5 lwslli — CBL oo lwnllx
which implies

Cs
(wé(,zh)K_ —hicl|wsll — Cllwallk-

This together with (3.18) yields

an(wp, zp) = Z {( wﬁ,zh)K + (own, zn) K + jr (Why 2n) + (|8 - nK|whvzh>8KﬂF—}
KeMy

(321) > Z{ hacllwsl% — Cllenl% — C|||wh|||K|||zh|||K}
KeMy

In the following, we will derive an upper bound for ||z | k. Using (2.4) and an inverse
inequality we get

lenllze = hc [LS" (wh ex) || < Chie [|wh €| < Chae [Jwf ||
< Chillwgllx + Chi 1,00 l|wnll ks
which implies with (3.14) that

1/2

1/2
(3.22) lzalze < Bznlls.ie < Chi?llwsll i + Chi lwnll -

We apply this estimate for ||z [ x in (3.21) and obtain by means of Young’s inequality

Cy 1/2
ntwn) 2 3 { Lol — Clunlhi sl - Clunlie
KeMy

C
3 {;hanﬂnK cmwth}

KeMy
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Thus, we have shown that there are h-independent constants Cs := C2/8 and Cy > 0
such that

(3.23) an(wn, zn) > Callwp[|E — Callwn |1

Now, with these preparations it is easy to prove our stability result. The esti-
mate (3.16) is obvious in the case wp, = 0. Let wp be an arbitrary element of
Vi \ {0} and z, € V}, the elementwise defined function from (3.17). Taking the
sum of the squares of the K-local estimates (3.22) we infer that there exists an h-
independent constant C5 > 0 such that |zx]ls < Cs|lwn|ls. Then, we get for the
function wvp, := (C4 + C5)wy, + 21, by means of (3.15) and (3.23)

an(wn,vn) = (Cs + Cs)an(wh, wn) + an(wp, 2n) > Csllwp[|%.
Therefore, we get from
lvnlls < (Ca+ Cs)llwnlls + lznlls < (Ca +2C5)lwnlls

the final estimate ap (wp,v) > Csllwn |3 > aollwnllsllvnlls with ag = Cs/(Cy + 2C5)
which proves (3.16). Note that the property v, # 0 follows from wy, # 0 and

lonlls = (Ca+ Cs)lwnlls = llzalls > Callwnlls > 0. O

3.3.3. Estimates for the interpolation error. Let i, : H""1(Q) — V,
denote the standard finite element interpolation operator satisfying the optimal local
approximation properties for s € {0, 1,2},

(3.24) ST fu—inulp SCHET T o VK € My
TeTk

In the following we will prove a local interpolation error estimate in the norm |- || s,x-

LEMMA 3.2. Letr > 1 be the order of the finite element space V}, defined in (3.4)
and ipu € Vj, the interpolate of u € H™T1(Q). Then, it holds the estimate

(3.25) lu—inulls.c < CRG P lulisr e VK € My,

Proof. Let n:=u — ipu and K € M, be an arbitrary composite element. Then,
we have that n|x € H?(K) + D,.(K), and (3.13) together with (3.24) yield

(3.26) Jx(m,m) < Cyofochi {|77|%K + bk Z |77|§T} < Ch%(r+1|u|$+171<-
TeTK

Applying the estimate (3.11) for each element face FF C 0K NI" we get

(3:27) 18- nl"*nl3xnr < CBochi {lnl% +hi Y |77|%,T} < ChigHul? g k-
TeTk

Thus, the estimate hxl|5 - V|5 < CBZhk|nl} g, the L?-norm estimate of 7, (3.26),
and (3.27) imply the assertion (3.25). 0

Finally, we will prove an estimate of the interpolation error in terms of the bilinear
form ap(-,-).
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LEMMA 3.3. Assume the setting of Lemma 3.2. Then, it holds the estimate

1/2
(3.28)  lan(u —ipu,vp)| < C{ > h12r<r+l|u|$+171<} lvnlls Y on € Vi
KeM,,

Proof. Using the notation 1 := u — iju we have that n € H'(2) such that partial
integration of the term (8- Vn,vy)q gives

an(n,on) = =, 8- Von)o + (0 = div B,mqvn)a + (8- n),pon)pp- + Yk (m,vn).
KeMy

Now, we apply the estimates jx (1, vn) < |1l x |lvnllx and [jo — div B||L~) < C to
obtain

—1/2
jan(m, o)l <3 {2l + Clinllx + ClIB - Y 2nlloxaar-) + Inlx Honlls.x
KeMy

—1/2
< S {hx 2 Inllx + Clinllx Hwnls. -
KeMy

The assertion (3.28) follows from the Cauchy—Schwarz inequality and Lemma 3.2. O

3.3.4. Final error estimate. Now, we are ready to prove our main result on
the discretization error of the local CIP discretization.

THEOREM 3.4. Let up € V}, denote the solution of the discrete problem (3.7) and
u € V the solution of the continuous problem (3.3) which is supposed to have the
reqularity u € H™1(Q) with r > 1 denoting the polynomial order of Vi,. Assume
that the mesh Ty, is shape reqular such that the standard inverse inequalities as well
as the condition (2.1) hold. Let the parameter o in the definition (3.6) of jx(-,-)
satisfy vo > C||B|| ()¢ and assume that the data 3 and o satisfy (3.2). Then, there
exists a unique solution uy, of the discrete problem (3.7) and there is an h-independent
constant C' > 0 satisfying the error estimate

1/2
(3.29) lu—unlls < C{ > h%+l|u|z+l,K} :

KeMy

Proof. From the coercivity (3.15) of the bilinear form a; the uniqueness of the
discrete solution follows. Since the discrete problem is equivalent to a linear system
of equations for the nodal values, the existence of the discrete solution follows from
its uniqueness. To prove the error estimate we split the error as

u—up = (u—ipu) + (ipu —up) =:n+ep

into the interpolation error n and the discrete error e;, = ipu — up, € Vi,. From the
regularity assumption we have at least that u € H?(2). Therefore, the jumps [Vu]
vanish for all faces F' of the mesh such that jx (u,vy) = 0 for all v, € V}, and K € My,.
This implies the consistency of our method, i.e.,

ah(u—uh,vh):O Y up € Vi

By means of the stability estimate (3.16) applied to wy, = ey, there exists a v, € V3 \{0}
such that

aollenllsllvrlls < anlen,vn) = an(u — un,vn) — an(n, va). = —an(n, va).
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Applying Lemma 3.3 and dividing by ||vn|ls # 0 we infer

1/2
|||eh|||sscaal{ > h%+l|u|$+1,K} :

KeMy

For the interpolation error 7, we get from Lemma 3.2

Inlg = > Inlie<C > B ulZ k-
KeMy KeMy

Finally, the estimate (3.29) follows by means of the triangle inequality. O
4. Local CIP discretization for the Stokes—Brinkman problem.

4.1. The Stokes—Brinkman problem. Let again Q C R, d < 3, denote an
open, bounded, and connected domain with a polygonal boundary T, f € L?(Q)¢ a
given vector field, and g € L?(Q2) a given scalar source field satisfying (g,1)q = 0.
Then we consider the model problem: Find the velocity u : Q — R? and the pressure
p: 2 — R such that

—vQAu+ou+Vp=f in Q,
(4.1) divu=g in Q,
u=20 on I,
where v > 0 denotes the constant kinematic viscosity and ¢ > 0 another given
constant parameter. We introduce the weak solution spaces X := (H}(Q))¢ and
M = L%(Q) = {qg € L*(Q) : (¢,1)q = 0} for velocity and pressure, respectively, and
the bilinear forms a(-,-) and b(-,-) defined by
a(u,v) == v(Vu, Vo)q + o(u,v)q, b(v,p) := —(divo, p)a,
where Vu denotes the gradient tensor and (-,-)q the inner product in L2(€Q)4*4
L2(Q)?, and L%(Q), depending on the context. For a more compact notation, we

define the product space Y := X x M and the bilinear form A : Y xY — R by means
of

(4.2) A((u,p), (v;9)) == a(u, v) + b(v, p) — b(u, g).

Then, the weak formulation of the Stokes—Brinkman problem reads as follows: Find
(u,p) € X x M such that

(43) A((u,p), (Uv Q)) = (va)Q + (ga Q)Q v (U7 Q) € X x M.

4.2. Local CIP discretization. For the velocity approximation, we choose a
continuous finite element space X C X defined as

(4.4) Xp={veX:vreP.(T)?¢ VT €Tk, KM},

where r again denotes the polynomial order of X}. Note that, for our error analysis, we
will need the assumption r > 2 in order to construct a special interpolation operator
1}, see section 4.3.3. The pressure will be approximated by means of discontinuous
functions from the space

(4.5) Qn:={qeL?Q): qlx €Un(K) VK My}, 1<m<r,
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where m denotes the polynomial order of the pressure approximation and U, (K) the
continuous composite space on the macroelement K defined in (2.2). The solution
space for the discrete pressure is defined as M}, := Q, N M. Note that with the above
definition a discrete pressure function g € @y, is continuous on each macroelement.

It is well known that, in general, such a choice of the spaces X, and M}, does not
satisfy the inf-sup condition uniformly with respect to h. Therefore, we apply the local
CIP method as a pressure stabilization and add, for each macroelement K € My, the
following jump terms of the pressure gradients,

46) Tl =t 3 (Ve [Tali) o= min (K ).

FeFk
The bilinear form A(:,-) is modified by the discrete bilinear form Ay : Y, x Y, - R
on the discrete space Y3, := X, x M}, as follows:
Ah((uhaph)a (Uhv qh)) = A((uhvph)v (Uha qh))

(4.7) + Z {JK(ph,qh)—I—hK(divuh,divvh)K}
KeMy

and the associated discrete form on the right-hand side becomes
(48) l(onan) == (Fronda + (granda+ 3 (g, divon)c.
KeMy

Now, the discrete problem reads as follows: Find (up,pn) € X5 x M}, such that

(4.9) Anp((un, pn), (W, an)) = h((Vn,qn)) YV (Vn, qn) € Xn X M.

This formulation is similar to that proposed in [3] using local projection stabilization.
Note that this local CIP version again has the advantage compared to the classical
CIP version that a static condensation of all dofs in the interior of each composite
cell, except for the pressure constant, is possible.

4.3. Error analysis.

4.3.1. Discrete norms and seminorms. For a function pair (v, q) € (X +Xp) %
(H?(Q) + Q) and an arbitrary composite element K € My, we introduce the local
seminorms

(4.10) (v, )% = vlvl? i + ollvll% + hrlldivollF + Jx (g, @)
and
(4.11) (v, DIz & == (v, Q)% + 6| Vall%

where the symbol S indicates a strong seminorm. To these local semi-norms we assign
the corresponding global ones

412) e aglP= Y Ik and @l = Y 1@ olfk

KeM, KeM,,

Using the estimate (3.12) we infer for the jump term Jk(-,-) defined in (4.6) that

(4.13)  Jk(q,q) < Cox {IqI?,K +hi Y |Q|%7T} Vg€ H K) + Dy (K),
TeTk
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which yields that by means of inverse inequalities for all K € M}, and all (vs,qp) €
X5 X Qp it holds

414)  Non,a)lif x < C{vlonli k + ollvlf + hrclldivon|l + 0x [ Vanl [ }-

4.3.2. Stability of the method. From the definition of Ay(-,-) we obtain the
following partial coercivity of Aj, with respect to the seminorm || - || :

(4.15) An((wn, qn), (wn, an)) = lwn, an)lI> Y (wn, qn) € Xn % Qn.

Our aim is now to prove the following improved stability estimate in the strong semi-
norm.

LEMMA 4.1. Assume that the mesh Ty is shape reqular such that the standard
inverse inequalities as well as the condition (2.1) hold. Assume 1 < m < r for
the polynomial orders v and m of the finite element spaces Xy and Qy,, respectively.
Furthermore, suppose that the parameter o in problem (4.1) satisfies o < Ch™1 with
an h-independent positive constant C'. Then, there exists an h-independent constant
a1 > 0 that satisfies the following stability property of the bilinear form Ay on the
product space Yy := Xp X Mpy:

(416) Vo €Yy 30h €V ouldnlz < An(dn,0k) and ||0nlls < |onlls-

Proof. At first, we will prove that there are h-independent constants a,C > 0
such that for all (wp,qn) € Y, = Xp, x My, there exists an element (vp,sp) € Yy,
satisfying

afl(wn, gl < An((whsqn), (0n,s1))  and  [l(va, sn)lls < Cll(wn, gn)lls-

The idea is to construct, similarly to section 3.3.2, for a given (wp,qn) € Ya, an
associated test function (vp, sp) € Yy, in the form (vp, sp) = c(wn, qn) + (25, 0) with a
sufficiently large constant ¢ > 0 where the role of z; is to act as a “test partner” in
the term b(zp, gp) in order to produce the good term h% || Vgn||% on each composite
cell K € My,

In the following, we will construct z, € Xj separately on each cell K € M,
with the property that zp|x vanishes at the boundary of K. Therefore, the pieces
2n|x € (Up(K))? fit together into a global function in X;. We define for the given
qn € My,

(4.17) znlk = Ok IN™ ((Van|k )éx) € Un(K)?,

where i € Up(K) is the same scalar bubble function as in section 2.3 and the vector-
valued averaging operator IX™ : D, (K)¢ — U, (K)? is defined by applying the
scalar version of I defined in section 2.2 to each component of the vector function
(Van|x)éx € D (K)*.

Now, for the K-local part of b(zp,gn) we obtain by means of partial integration,
Zh|K S H&(K)d, and (2.3),
—(div zp, qn) k. = (20, Van)x
= x|l >V anl% + 0k (IE™(ExVan) — €xVan, Van)

(4.18) > Codc||Vanlk — Coxhil*IVanllx > lexVanlrle-
FeFk
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Since £k is continuous on K and 0 < £ < 1, we have for all F € Fg

_ _ 1/2
1ExVanlele < Vel e < o h *{ Ticlansan)}

which implies with (4.18) by means of Young’s inequality

. C.
—(div zp, qn) K > 725KHV(]}LH%( — CJk (qn, qn)

Cs
(4.19) 2~ llwn, )5,k — C'll(wn, an) -
For a more compact notation, we define ¢p, ¥, € Y}, by

G = (Wh, qn), Un = (21, 0).
Then we get from the definition (4.7) of A, and (4.19)

Ap(on,¥n) = alwp, zn) + Z {= (div zn, qn) k + hx (divwy, div zp) g }
KeMy

C
(4.20) > Y {72|"¢h|"?5‘,K = C'lonli — lonlx “W)th} :

KeMy

In the following, we will derive an upper bound for |11, || x under the assumption that
o < Ch™'. Using (4.17), (2.4), |¢x| < 1, an inverse inequality, the bound o < Chj?,
and the property dx (v + hi) < 2h% we get

lonll3 x < (v + hi)lznli  + ollznll%
<Cv+hrx+ O'h%()hl_(Q(S%(”IaI\{/m(gquh)H%(
< O+ h)hi2 6k IVanlli < Cllonll? k-

which implies with (4.11) that
(4.21) lvnllix < Ienlls,x < Clidnlls k-
We apply this estimate for |13 ]| x in (4.20) and obtain by means of Young’s inequality
C
Mionon) = 5 { Lol - Clonlic}.
KeMy

Thus, we have shown that there are h-independent constants Cg := C2/4 and C7 > 0
such that for all ¢, € Y}, there exists an element 1, € Y}, satisfying

(4.22) An(¢n, ¥n) > Collgnlls — Crllonll>.
Now, we are ready to prove our stability result (4.16). Let ¢, = (wn,qn) be an
arbitrary element of Y}, and vy := (25,0) € Y}, where z, € X is the element-

wise defined function from (4.17). Taking the sum of the squares of the K-local
estimates (4.21) we infer that there exists an h-independent constant Cg > 0 such
that [|¥nlls < Csllénlls. Then, we get for the function xp := C7¢p + 1y, by means
of the coercivity (4.15) and (4.22)

An(dn,xn) = CrAw(on, o) + An(dn, ¥n) = Csllonl|%.
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Thus, we obtain from

Ixnlls < Crllénlls + l¥nlls < (C7 + Cs)llonlls

for the scaled function 6y, := (C7 + Cs)~txs, the estimates ||04]s < [|¢n]ls and

An(6n:01) = Cs/(Cr + Cs) | onlI%
which concludes the proof of (4.16). O

4.3.3. Estimates for the interpolation error. Let I} : H2(Q)'N X — X,
denote the standard Lagrange interpolation operator for the velocity which satisfies
the well-known error estimate for all u € H™1(Q)? N X :

(4.23) lu— Iulsr < ORI " lulpi1,x VYT €Tk, K € My, s€{0,1,2}.

For r» > 2, we can modify this operator into an operator T,s : H*(Q)?N X — X}, which
satisfies the analogous approximation property (4.23) and the additional property for
allu € H2(Q)4N X

(4.24) (divIfu, gn)g = (divu, gn)g ¥ qn € Po(K), K € My,

The idea is to add to Iju, for each face I' C 0K, a face bubble function I} pu such
that (Iju + I} pu,np)r = (u,np)p. In the case d = 3 and r = 2, we assume that
the simplicial submesh 7, generates in the interior of each face F' C 0K at least one
interior vertex where the face bubble function can be defined as nonzero.

For the pressure, we choose the interpolation operator 17" : H2(Q)NM — M,
such that (IT}*p)| . = 11" (p| k), where T : H?(K) — U,,(K) denotes the L*(K)
projection onto the composite polynomial space U,,(K) defined in (2.2). Note that
II"p € My, for p € M due to the L? projection. Since the local mesh Tk of subelements
of K is quasi-uniform, we get for m > 1 and p € H™+1(2) the error estimate

(4.25)  |p—Tplsr < CRET " S|plmirx VT €Tk, K € My, s €{0,1,2}.

Now, we are ready to prove a local interpolation error estimate in the seminorm
I lls.x-

LEMMA 4.2. Letr > 2 and r > m > 1 denote the polynomial orders of the finite
element spaces Xy, and My, respectively, and (u,p) € X x M be sufficiently smooth
such that u € H™ Q)4 and p € H™Y(Q). Then, it holds for all K € M, the
estimate

2
H‘s oS Coxhiul?y i+ Coxhi™ |pl2, 41 i

(4.26) W (u — fflu,p — Hzlp)
where pg :=v+ hg + oh%(.

Proof. Let K € My, be an arbitrary composite element and 7, := u — IN,:u and
np := p — II}"p denote the single interpolation errors. Then, we have that 7,|x €
H?(K) + Uy, (K) and (3.12) together with (4.25) yield

(4.27) Tk (np,mp) < Cok {Inplix +hie > |77;D|§7T} < Corhi |plos, k-
TeTk

From 7| € H'(K) and (4.25) we get that dx ||V, ||% < Coxhi™|pls, 1 k- Using
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the definition (4.11) we obtain
(7w 77p)|||?9,K <(v+ hK)|77u|iK + 0H77u||%< + Jk (1ps mp) + 5K||V77p||%<7

which implies assertion (4.26) by means of (4.25) and (4.23) for I} instead of I}. O
For the subsequent analysis, we need the following norm equivalence.

LEMMA 4.3. For each composite element K € My, let
Lj(K) :={g € L*(K) : (¢, 1)k = 0}

and U, (K) be the composite polynomial space defined in (2.2). Then, for each m > 1,
there exist constants c,¢ > 0 independent of K € My, such that

(4.28) chilVanllx < lanllx < ehg|Vanllx Y an € Un(K) N LE(K).

Proof. The left part of the inequality (4.28) is a simple conclusion of an inverse
inequality. To show the right part we exploit the fact that g;|x € C°(K)NLE(K) such
that by means of the integral mean value theorem there exists a point z* € K such
that qi(2*) = 0. Let T* € Tx denote a subsimplex such that #* € T* and cx € K
the “center point” such that cx € T for all T € Tx. Applying Taylor’s theorem on

T* we get
lan(cx) = lan(cx) — qn(z™)| < IVanllo,oo,7- P < Cl[Van|

Now, for each T' € Tk and an arbitrary point z € T', Taylor’s theorem, and the fact
that the submesh Tk is quasi-uniform imply

T~ 2.

T*

lgn ()| < lgn(cr)| + lgn(cx) — qn(w)]
< C{IVanllr-1T*2 + | Vanllr|T|" 2 h < C||Vanl x| K| ?h,

T*
which immediately yields the upper estimate in (4.28). d

Finally, we will prove an estimate of the interpolation error in terms of the bilinear
form Ap(-,-).

LEMMA 4.4. Assume the setting of Lemma 4.2 and let ) denote the interpolation
error = Ny, Np) = (w— Iyu,p—"p) € X x M. Then, it holds for all 0, € Y}, the
estimate

1/2
(4.29) |An(n,0n)] < C { Z (h%PK|U|$+17K + h%(de|p|12n+1,K)} 0I5,
KeMy

where pg :=v+ hg + ohi.

Proof. Let 0}, = (vp,qp) € Y, be an arbitrary element. Then, we have

(4.30) An(m,00) = > {v(Vnus Vou) i + 01, vn) i = (diven, my) i
KeMy

+ (div 1us gn) ik + TK (p, an) + R (div g, diVUh)K}-
The first two terms in the sum can be estimated as

v|(Vnu, Vor) k| < vinulixlvnl e < Inlls,x 10l s,x
|, vn) k| < allnullxllvallx < lInlls,x 10k lls,x,
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and the third one by

—1/2 —1/2

. 1/2
[(divon, mp) k| < B2l il [ divonll e < Bl 160 s, -

To estimate the fourth term we split g,|x € Uy (K) as
Gl =an+dn  with Gy € Po(K), G € L§(K) N Upn(K).
Using (4.24) and the norm equivalence (4.28) we obtain
[(div 7u, gn) x| = [(div nu, Gr) k| < [|divnul|x[|gn]l x
< e {0 b + 1o i (5 037 19

1/2
< Clnllk a2Vl < ClinliclOnlls -

Furthermore, we have

1/2 1/2
[ Tic (s an)| < { T (s mp) - { Ik (ansan) } " < Inll s, 00115, x

and
hic [(div nu, divon) k| < 10l x 105 5 -

The assertion (4.29) follows now from the Cauchy-Schwarz inequality, Lemma 4.2,
and the interpolation estimate (4.25) for the pressure. O

4.3.4. Final error estimate. Now, we are ready to prove our main result on
the discretization error of the local CIP discretization.

THEOREM 4.5. Let (up,pn) € X X My, denote the solution of the discrete prob-
lem (4.9) and (u,p) € X x M the solution of the continuous problem (4.3) which is
supposed to have the regularity u € H™TH(Q) with r > 2 denoting the polynomial
order of X3 and p € Hm+1(Q), where m with 1 < m < r denotes the polynomial
order of My. Assume that the mesh Ty is shape regular such that the standard inverse
inequalities as well as the condition (2.1) hold. Furthermore, suppose that o < Ch™!.
Then, there exists a unique solution (un,pr) of the discrete problem (4.9) and there
is an h-independent constant C' > O satisfying the error estimate

1/2
(4.31) (v = un,p —pu)lls < C( Y AnEpxluliin ke + W OKph o, K}> :
KeMy

where px = v + hx + crh%( and 0 = min(y_lh%{,h;(). Moreover, in the case
max(v,0) < C, it holds for the L?-norm error of the pressure the estimate

1/2
(4.32)  p—pnllo<C ( Z {P¥prclul? 1 g+ B3 (6K + hie)|plis, K}) )
KeMy

Proof. Step 1: We show the uniqueness of the discrete solution. Assume that
there are two solutions (ul,pl) € Y, i = 1,2, and define d, = (dun,dpn) =
(uj — u?,p), — p?) € Ys. Then, by means of Lemma 4.1 there exists an element
0y = (Huh; th) € Y}, such that

arlldn g < An(dn,0r) = 0.
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This implies

0=lldnll3 > |dunlio+ Y hilVdpmlk
KeMy

which leads to the conclusion that dy;, = 0 and dpp |k € Po(K) for all K € Mj,. Since
dpp, is constant on each macrocell K, we infer that Jx (dpn, qr) = 0 for all ¢, € Mj,.
Therefore, we get for all 6y, = (Qun, Opn) € Yy, that

(4.33) 0= Ap(dn, 0n) = a(0,0un) + b(Oun, dph) - (0, th) = b(Oup, dph).
Let Mj, denote the subspace of all piecewise constant pressure functions in My, i.e.,
(4.34) My, = {qn € My : qnlx €Po(K) VK € Mp}.

Then, it is easy to show that, in the case r > 2, the pair of finite element spaces
(Xn, Mp) satisfies the h-uniform inf-sup condition, i.e., for each function dp, € M,
there exists a function 6, € X \ {0} such that

(4.35) b(Ouns dpn) = B 10unlr,0lldprllo;

where 8* > 0 is an h-independent constant. Thus, from (4.33) it follows dp, = 0
which concludes the proof of the uniqueness of the discrete solution. Since the discrete
problem is equivalent to a finite dimensional linear system of equations, the existence
of the discrete solution follows from its uniqueness.

Step 2: To prove the error estimate we split the error as

(u—wp,p — pu) = (u— Tpu,p— ) + (Thu — up, p — py) =21+ en

into the interpolation error n = (ny,7np) € X x M and the discrete error e, =
(euh,epn) € Y = Xp x Mp. From the regularity assumption we have at least that
p € H%(Q). Therefore, the jumps [Vp]r vanish for all faces F' of the mesh such that
Jr(p,qn) = 0 for all g, € M}y and K € M,,. Together with divu = ¢ this implies the
consistency of our method which leads to the Galerkin orthogonality

(4.36) Ap((u = un,p —pn), (Vn,qn)) =0 Y (vn, qn) € Xp x My,

By means of the stability estimate (4.16) applied to ¢p = e, there exists a 6, € Yy
such that ||0x]ls < |len]ls and

arllenlls < Anlen,0n) = Ap((u — upn,p — pn). 0n) — An(n,0) = —An(n, 0p).

Applying Lemma 4.4, ||0;]|ls < |len|ls, and Young’s inequality we infer

aq
arlenl3 <€ Y7 (WEprlul?n i + B0kl i) + S llenle
KeMy

For the interpolation error 7, we get from Lemma 4.2

Iz = > Wnllix <C > (h¥pxluliirx +hE 0xlplhiik)-
KeMy KeMy

Finally, the estimate (4.31) follows by means of the triangle inequality.
Step 3: Tt remains to prove the L?-norm estimate (4.32) for the pressure. Since
the interpolation error 77, = p — II}"p satisfies the error bound in (4.32), it is sufficient
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to prove this bound for the above defined discrete pressure error e, = II}'p—py, € My,.
In the following, we denote the error bound in (4.32) by B, i.e., we set

1/2
B := < Z {n¥%prclul? g gk + hE 0k + h%{)|p|il+17k}> :
KEM}L

Using the notation of step 2, we split the error into the form

(em ep) = (u — Uh, P — ph) = (771“771)) + (euh7 eph)'

In step 2, we have already shown that

S {Vleul k Folleald + hrcldivedi} < lew ep)l? < OB
KeMy

as well as D g vy, Sk ||Vepn|% < CB? which implies by means of max(v, hg) < C
that

(4.37) D Bkl Velk < ) max(v,hi)dk || Vepn|[} < CB.
KeMy KeMy

We split the error e,y € M), into the form
eph = €pp + éph with €ph € Mh,

such that for all K € My, it holds é,4|x € Uy, (K) N L3(K). Then, we infer from the
norm equivalence (4.28) and (4.37)

lwnliey <@ 32 il Vemli =e* > hiclVepnli < CB%
KeMy KeM,,
Using the Galerkin orthogonality (4.36) for the test function 6, = (vp,0) € Y}, we
get
0= An((eus€p); (U,0)) = alew,vn) +b(vn, ep) + > hi(divey, divon)k
KeMy

for all v, € X},. Writing e, = 1, + €, + €pp, and using the approximation property
lmplle < CB, the estimate max(v,0,hx) < C as well as the Poincaré—Friedrichs
inequality for vy, we infer for all v, € X,

b(vn, Epn) = —a(ew, vn) — b(vn, Epn) — b(vn,mp) — > hc(divey, divon)k

KeMy
< > {Vleulix +alleullic + Iepmlac + Inpllic + haclidiv el Plonly,x
KeMy
< CBlup|1,0.

Due to the inf-sup condition (4.35) for the spaces (X, Mp) there exists a function
vp, € Xp \ {0} such that

B lepnllalvnli,a < b(vn, épn) < CBloplia,

which implies ||épn]lo@ < CB. Finally, by means of the triangle inequality, we obtain
the estimate [le;llo < [nplle + [Zlla + |Enlle < CB. 0
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TABLE 1
Convergence of the local CIP method with o = 0.01 for smooth solution (¢ = 1) and polynomial
order r = 2.

Ngof e}il;p Order er2 Order esp Order
21 9.209e-04 7.462e-04 5.381e-03

65 1.360e-04 | 2.759 1.168e-04 | 2.675 1.645e-03 | 1.710

225 1.832e-05 | 2.892 1.583e-05 | 2.884 4.625e-04 | 1.830
833 2.350e-06 | 2.963 2.117e-06 | 2.903 1.232e-04 | 1.908
3201 2.960e-07 | 2.989 2.863e-07 | 2.886 3.201e-05 | 1.945
12545 3.713e-08 | 2.995 3.916e-08 | 2.870 8.211e-06 | 1.963
49665 4.648e-09 | 2.998 5.401e-09 | 2.858 2.091e-06 | 1.973
197633 5.815e-10 | 2.999 7.497e-10 | 2.849 5.301e-07 | 1.980

0~ U WN S

5. Numerical examples.

5.1. The transport problem. We consider an example from [6], where Q =
(0,1)%

Blz,y) = 1 (y+ 1) with  o(z,y) :== /22 + (y + 1)2,

g(x,y) -z

and o := 0.1. The exact solution is prescribed as

and the data defined by f := - Vu+ ou = 0 and g := u|p-. Here, the convection
field § is exactly divergence free and the assumption (3.2) is satisfied with po = 0.1.
The characteristics are the circular lines p(x,y) = const and the inflow boundary part
I'~ consists of the two lines z = 0 and y = 1 of the boundary 0. The coarsest mesh
on grid level 1 is derived from a decomposition of 2 into 2 by 2 squares each of which
is subdivided into 4 triangles by drawing the diagonals of the square. Each higher
grid level k + 1 is generated by uniform refinement of the squares from grid level k
followed by the triangular subdivision of the new squares. In the following, we present
numerical results with the polynomial degree r = 2 for two situations.

A smooth solution. We choose ¢ = 1 such that the exact solution is very
smooth in the sense that the higher order seminorm |u|,4+1,0 is of moderate size.
Here, our aim is to verify the theoretically obtained rates of convergence. Table 1
shows the error norms for the local CIP method with the parameter v9 = 0.01, where

ezlztp = ||lu — I,?2u||L2(Q), er> = |lu —unlr2), esp = [8-V(u—un)lr2 )

denote the interpolation error of the Lagrange interpolate I,?Qu in the standard con-
forming Qs-space over the quadrilateral mesh My, the discretization error in the
L%-norm, and the L2-error of the streamline derivative, respectively. By Ngof we
present for each grid level the number of dofs of the reduced algebraic system after
static condensation of the interior dofs in all composite elements. Table 2 presents
the analogous results for the standard Galerkin method. For the local CIP method,
we see that the L?-error is better than the proven order of 2.5 and the error in the
streamline deriviative has the optimal order of 2. However, for the standard Galerkin
method, we observe only a suboptimal behavior of the error.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/20/17 to 128.41.61.93. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

1988 ERIK BURMAN AND FRIEDHELM SCHIEWECK

TABLE 2
Convergence of the Galerkin method (yo = 0) for smooth solution (¢ = 1) and polynomial order
r=2.

l Ngof e}il;p Order er2 Order esp Order
1 21 9.209e-04 7.053e-04 7.073e-03

2 65 1.360e-04 2.759 1.679e-04 2.070 3.523e-03 1.006
3 225 1.832e-05 2.892 4.091e-05 2.037 1.663e-03 1.083
4 833 2.350e-06 2.963 1.017e-05 2.008 8.239e-04 1.013
5 3201 2.960e-07 2.989 2.540e-06 2.002 4.109e-04 1.004
6 12545 3.713e-08 2.995 6.348e-07 2.001 2.053e-04 1.001
7 49665 4.648e-09 2.998 1.587e-07 2.000 1.026e-04 1.000
8 | 197633 5.815e-10 2.999 3.967e-08 2.000 5.131e-05 1.000

A solution with internal layer. Here, we choose ¢ = 10™% which implies

that the exact solution exhibits an internal layer along the characteristic o(x,y) =
1.5. Moreover, the global higher order seminorm |u|,+1,0 is very large such that
our theoretical error estimates produce very pessimistic error bounds. In this case,
we show first by the “picture norm” in Figure 4 that the stabilized CIP solution
(70 = 0.01) exhibits numerical oscillations only near the layer whereas the standard
Galerkin solution (7o = 0) suffers from oscillations in a large region. Furthermore, we
present in Table 3 the error norms measured on a subdomain €y ;, that excludes the
internal layer of the exact solution, i.e.,

QO,h = {$ €eQ: dK e My : x € K, |Q(CK)1,CK)2) — 15| > 01},

where cx = (cx 1, Ck,2) denotes the barycenter of the element K.

5.2. The Stokes—Brinkman problem. We consider an example from [5] where
Q= (0,1)? and the exact solutions for velocity and pressure are prescribed by

u(z,y) = (20zy®, 52 — 5y*) and p(z,y) = 602%y — 205> — 5

such that g = divu = 0 and p € L(2). The right-hand side of the Stokes—Brinkman
problem (4.1) is defined as

o o 120zy 20zy*
Fas9) = —viula, ) routa )+ Vo) = 10) (g0, w2 )40 (5,00

where v and o are given constants. In Tables 4 and 5 we present the discretization
errors for the velocity in the L2-norm for the polynomial orders »r = m = 2 and the
cases 0 = 1 and o = 0, respectively, on a sequence of uniformly refined grids starting
from a 2 X 2 quadrilateral macromesh on the unit square 2. We observe third order
of convergence, which is optimal. Furthermore, we see that, for a fixed h, the error
does not increase when v tends to zero. By some simple standard arguments we can
rigorously prove that the order of convergence in the H'-norm is one order less than
in the order in the L2-norm. Therefore, we omitted the presentation of the H'-norm
errors.

In Tables 6 and 7 we present the corresponding discretization errors for the pres-
sure in the L2-norm. In the case v = O(1), we observe second order of convergence,
which perfectly confirms our theory and which is also well known from the Stokes
error analysis where the L?-error for the pressure is dictated by the H'-error for the
velocity. In the case v < h, we observe at least the order O(h?®) predicted from our
theory and even better in the case of very small v. Again we omitted the presentation
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solution u, (FE=Qcondensz), level = 5, dim(Vh) = 3201

y-axis
x-axis

solution u, (FE=Qconden52), level = 5, dim(Vh) = 3201

y-axis

Xx-axis

FIG. 4. The case e = 104, r = 2, and refinement level 5: (upper) CIP solution with vo = 0.01;
(lower) Galerkin solution, i.e., yo = 0.

TABLE 3
Error norms measured on the subdomain Qg j, outside of the layer for the local CIP method
with ~o = 0.01 applied to the layer solution (¢ = 10~%) and polynomial order r = 2.

Nyot elfztp Order ez Order esp Order
21 4.436e-01 3.564e-01 3.991e-01

65 3.048e-01 0.541 2.269e-01 | 0.651 5.509e-01 | —0.465

225 4.412e-02 2.788 5.159e-02 | 2.137 5.376e-01 0.035
833 2.117e-03 4.381 1.897e-02 | 1.443 4.303e-01 0.321
3201 2.701e-07 | 12.936 4.156e-03 | 2.191 2.158e-01 0.996
12545 2.521e-08 3.422 5.639e-04 | 2.882 6.591e-02 1.711
49665 2.848e-09 3.146 2.558e-05 | 4.462 6.542e-03 3.333
197633 3.503e-10 3.024 1.601e-07 | 7.319 8.759e-05 6.223

0O~ O Ut WN -
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TABLE 4
Discretization error ||u — uh||L2(Q) and order of convergence for o0 = 1 and polynomial order

r=m=2.
h 1/2 1/4 1/8 1/16 1/32
v=1le—0 7.577e-2 | 9.461e-3 | 1.186e-3 | 1.485e-4 | 1.857e-5
Order 3.002 2.996 2.998 2.999
v=1le—2 8.007e-2 | 9.828e-3 | 1.214e-3 | 1.504e-4 | 1.868e-5
Order 3.026 3.017 3.013 3.009
v=1le—4 8.043e-2 | 9.806e-3 | 1.216e-3 | 1.515e-4 | 1.891e-5
Order 3.036 3.011 3.005 3.003
v=1le—6 8.044e-2 | 9.806e-3 | 1.216e-3 | 1.512e-4 | 1.885e-5
Order 3.036 3.012 3.007 3.004
TABLE 5

Discretization error ||u — uh||L2(Q) and order of convergence for o = 0 and polynomial order

r=m=2.
h 1/2 1/4 1/8 1/16 1/32
v=1le—0 7.577e-2 | 9.461e-3 | 1.186e-3 | 1.485e-4 | 1.857e-5
Order 3.002 2.996 2.998 2.999
v=1le—2 8.082e-2 | 9.861e-3 | 1.215e-3 | 1.504e-4 | 1.868e-5
Order 3.035 3.021 3.014 3.009
v=1le—4 8.153e-2 | 9.955e-3 | 1.228e-3 | 1.522e-4 | 1.894e-5
Order 3.034 3.020 3.012 3.007
v=1le—6 8.154e-2 | 9.957e-3 | 1.228e-3 | 1.522e-4 | 1.894e-5
Order 3.034 3.020 3.012 3.007
TABLE 6

Discretization error ||p — ph||L2(Q) and order of convergence for o = 1 and polynomial order

r=m=2.
h 1/2 1/4 1/8 1/16 1/32
v=1le—-0 1.520e+0 | 3.765e-1 | 9.424e-2 | 2.358e-2 | 5.898e-3
Order 2.013 1.998 1.999 2.000
v=1le—2 9.025e-2 1.171e-2 | 1.680e-3 | 2.937e-4 | 6.298e-5
Order 2.947 2.801 2.516 2.222
v=1le—4 8.684e-2 1.080e-2 | 1.349e-3 | 1.685e-4 | 2.107e-5
Order 3.007 3.002 3.000 3.000
v=1le—6 8.682e-2 1.080e-2 | 1.348e-3 | 1.685e-4 | 2.106e-5
Order 3.007 3.002 3.000 3.000
TABLE 7

Discretization error ||p — ph||L2(Q) and order of convergence for o = 0 and polynomial order

r=m=2.
h 1/2 1/4 1/8 1/16 1/32
v=1le—-0 1.512e+0 | 3.760e-1 | 9.421e-2 | 2.358e-2 | 5.898e-3
Order 2.007 1.997 1.998 1.999
v=1le—2 8.797e-2 1.151e-2 | 1.660e-3 | 2.920e-4 | 6.286e-5
Order 2.935 2.793 2.507 2.216
v=1le—4 8.626e-2 1.078e-2 | 1.348e-3 | 1.685e-4 | 2.107e-5
Order 3.000 3.000 3.000 3.000
v=1e—6 8.626e-2 1.078e-2 | 1.348e-3 | 1.685e-4 | 2.106e-5
Order 3.000 3.000 3.000 3.000

of the H'-norm errors since they are one order less than the L2-norm errors. In order
to explain the third order of convergence for very small v we remark that, in the
pure Darcy case (v = 0, 0 = O(1), homogeneous Dirichlet boundary condition for the
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pressure, and no boundary conditions for the velocity), we can rigorously prove by
means of a duality argument for the pressure that the L?-norm error for the pressure
has the order O(h"*1) if m =1 > 2.

6. Conclusion and outlook. We have proposed a localized CIP method for
stabilization of advection and velocity pressure coupling. The theory was developed in
the framework of composite finite elements, but the extension to general subdomains
is immediate, with interesting consequences for strongly imposed boundary conditions
and CY domain decomposition, in the latter case. For the discretization of the Stokes—
Brinkman equations we exploited the structure of the proposed method to obtain
local mass conservation on the macroelement level. The error estimates have been
given with explicit dependence on v, paving the way for a method for the Oseen’s
equations with local mass conservation on the macroelement level and robustness for
high Reynolds numbers.

Another application of the present framework is for convection—diffusion problems
with diffusivity p that may be discontinuous over the macroelement faces. Observe
that in this case the penalty term is not consistent if applied on a face over which
the diffusivity jumps. Using this analysis it is straightforward to handle this case in
a consistent manner also for the global stabilization operator, if it is modified to take
the form

(6.1) ) =m0 3 WP vl
PR

where F7r; denotes the set of interior faces in 7y, Sr the mean value of 3 over face F,
and {u}|F the average of the diffusivities on the two sides of the face F. The method
now remains consistent thanks to the continuity of fluxes.
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