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Abstract

In this paper, we introduce a new procedure for the estimation in the nonlinear functional regression
model where the explanatory variable takes values in an abstract function space and the residual
process is autocorrelated. Moreover, we consider the case where the response variable takes its
values in R%, d > 1. The procedure consists in a pre-whitening transformation of the dependent
variable based on the estimated autocorrelation. We establish both consistency and asymptotic
normality of the regression function estimate. For kernel methods encountered in the literature,
the correlation structure is commonly ignored (the so-called “working independence estimator”);
we show here that there is a strong benefit in taking into account the autocorrelation in the error
process. We also find that the improvement in efficiency can be large in our functional setting,
up to 25% in the presence of high autocorrelation levels. We discover that the additional step
of iterating the fitting process actually deteriorates the estimation. We illustrate the skills of the
methods on simulations as well as on application on ozone levels over the US.

Keywords: Autoregressive process, Functional data, Kernel regression, Pre-whitening, Time
Series

1. Introduction

The use of functional random variables is spreading in statistical analyses due to the availability
of high frequency data and of new mathematical strategies to deal with such statistical objects. The
field is known as Functional Data Analysis (FDA). Applications of FDA are growing across fields
as diverse as energy studies (Antoniadis et al., 2014)), linguistics (Aston et al., [2010), atmospheric
chemistry (Park et al.,|2013)), and human vision (Ogden and Greene, 2010). The functional variables
are mainly curves, but surfaces and manifolds are nowadays considered (e.g. Guillas and Lail [2010;

Sangalli et al., |2013]). For an introduction to this field as well as illustrations and applications, see
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Ramsay and Silverman| (2005]). Besides, |[Ferraty and Vieul (2006)) present nonparametric methods,
suited to such functional regression, with a more mathematical flavor. More recently, Cuevas| (2014)
provides an updated survey of the state of the art in FDA theory.

Among the nonparametric functional regression methods, the kernel estimator is often used to
estimate the regression operator. It yields almost sure consistency in the case of an independent
sample (Ferraty and Vieu, |2002) or an a—mixing sample (Ferraty et al., [2002a,b)), but also asymp-
totic normality in the independent case (Ferraty et al. 2007) with exact computation of all the
constants for its precise use in practice. Masry| (2005) established the asymptotic normality of the
nonparametric regression estimator for strongly mixing processes albeit with abstract expressions
of the constants so this is more challenging to use in practice. Delsol (2007, [2009) generalized the
results of |[Ferraty et al.| (2007) to the case of an a-mixing dataset.

In this paper, we consider the regression of a multivariate random variable onto a functional
random variable. The estimation of the regression function is tackled by means of a nonparametric
kernel approach. The existing kernel regression estimators dealing with functional explanatory
variables are for scalar response; we have not found existing research on functional nonparametric
modeling for multivariate response. With multivariate explanatory variables and a multivariate
response, Xiang et al.| (2013 proposed a kernel estimate of the regression function. Our regression

model below is an extension of (Xiang et al. 2013):

Yt:m(Xt)—Fut, t:]_,...,T, (1)

where Y; = (Yi1,...,%4) € RY m(Xy) = (mi(Xy),...,ma(Xt))', the explanatory vari-

able is functional (that is, X; takes values in some possibly infinite-dimensional space), u; =
(w1, -, utq)’. Moreover, the stationary residual process u; is autocorrelated and independent of
X;. We do not necessarily assume that (X;, Y;); is strictly stationary, second order stationarity
suffices.
Although, for the kernel methods proposed in the literature, it is generally better to ignore the cor-
relation structure entirely (the so-called “working independence estimator”, e.g. Ruckstuhl et al.
(2000)), Lin and Carroll (2000)), we show here that taking into account the autocorrelation of the
error process helps improve the estimation of the regression function.

We extend the kernel-based procedure proposed by [Xiao et al.| (2003) for estimating m(z) in the
time series regression model for multivariate explanatory variables x to a functional setting. |Xiao
et al. (2003) showed that their procedure is more efficient than the conventional local polynomial
method. The main idea is to transform the original regression model, so that this transformed
regression has a residual term that is uncorrelated. This transformation depends on the func-
tion m(-) and on the parameters of the autoregressive representation of u, since the regression
function is nonlinear. The error correlation structure is assumed to have an autoregressive repre-

sentation. Firstly, the parameters of the autoregressive representation are estimated. In a second
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step, a transformation it of the dependent variable Y} is constructed by plugging in the estimated
autocorrelation parameter. Finally, the estimation of m is carried out on this filtered series it.
The remainder of the paper is organized as follows. In Section [2] we introduce the estimation
method as well as the assumptions. We then provide asymptotic results for the estimator proposed.
Section [3]is devoted to a simulation case study and an illustration of our method for ozone levels

over the US. The conclusion is done in Section [4] while the proofs are given in the Appendix.

2. Assumptions and main results

Suppose that we have a sample {(X1,Y1),...,(Xp,Yp)}, where Xy, t =1,...,T, is a random
variable taking its values in a semi-metric space (C,d) of infinite dimension and Y; € R? is the
response from the nonparametric regression . We assume that the residual process u; € R? is
stationary, has mean 0 with cross-covariance (auto-covariance in the univariate case) 7, and has

the following invertible linear process representation (with bounded coefficients):

o0
uy = E Vrer—, = V(L)e (2)
k=0

where Wy = I (identity matrix), U(L) = 322, UxLF is a d x d matrix in the lag operator L
(L*(et) = e;—), the (i,j)th element of V(L) is ¢;;(L) = > 5o cij(k)L¥, the e; € RY form a white
noise process with mean E(e;) = 0, E(eie}) = Xe is a positive definite matrix, E(eie;;) = 0 for
k # 0 and E[|e;j|] < o0, Vi =1,...,d.

Let U(L)™t =TI(L) = I — Y32, Ty L* with Iy = I, or as done for W let the (4, j)th element of
II(L) be m;;(L) = 22, ai;(k)LF. So we have, the infinite autoregressive representation

H(L)ut = €. (3)

Note that stationary, causal and invertible vector ARMA processes u; — Zz:1 Prus_p = e —

>t Orei_i can be represented as in — if all roots of det{® (L)} and det{©(L)} are all greater
than one in absolute value.
Here, we consider a truncated version of II(L) at order @, that is II(L) = I — 222:1 I, L*, where
the truncation parameter @ is large enough. Applying II(L) to the regression in Equation (1)), we
obtain II(L)Y: = II(L)m(X;) + e;. Then let the regression model Y, = m(X;) + e, with Y, =
Y: — Zgzl I, LF(Y; — m(Xy)), so the error term in this transformed model is now uncorrelated.
The matrix of coefficients {W;}2° ; and the regression function m(-) are unknown, except for the
fact that m(-) is a smooth function. If Y, were known then a nonparametric kernel regression of Y,
on X; would be more efficient than the conventional kernel estimation. In this work, we employ a
Nadaraya-Watson estimator as introduced in Ferraty and Vieu| (2004)), Masry| (2005)), Dabo-Niang
and Rhomari| (2009)) where for any sample {V;, X;}, the estimation of the regression of V; € R onto
X € (C,d(-,)) is
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S VK (1)
YL K (15)

where K (+) is a function over [0, +00[ called kernel, h > 0 is the bandwidth parameter and d(-, -)

rel

is a semi-metric. For z € C fixed, let m;(z) be the corresponding estimator with V; =Y ; and let
m;(z) be the corresponding estimator when V; =Y, ;. Let Ko and K3 be two kernels over [0; +o0,
ho and h; the two corresponding bandwidths. Consider the estimator m(z) = (m1(x), ..., mq(z))’

where

1 A d(z, X;)
Sy (155)
d(z.X1) : h
m](x): TE [KU( hol )] t:lT 0 _’n’L2,](:§)7 ]:1,,d

1 d(z, X,) mi(x
d(z,X1) Z Ko ( ho )

TE [k, (4224)] 5

In practice, the matrix of coeflicients {Hk}le is unknown and therefore Y, is not computable,

so the regression Y, = m(X;) + e; and m(z) are unworkable. A feasible estimator is obtained
by replacing Y, by its approximation based on estimates of {Hk}gzl. The proposed estimation
procedure extends |Xiao et al.| (2003]).

1. For j =1,...,d: obtain a preliminary consistent estimate of m by the regression of Y; on X;
with corresponding kernel Ky and bandwidth hg assuming i.i.d. errors. Denote the preliminary
estimate as m(X;) and calculate the estimated residuals u; = Y; —m(Xy), u¢ = (ue 1, ..., uqd),
Ut = Yij — mj(Xy).

2. Conduct an estimation of the VAR(Q) matrix coefficients in the autoregression of u;: u; =
ﬁlﬁt_l 4 ﬁQﬁt_Q + e, where e, = (et1,...,€.,4)" is a vector of i.i.d. noise.

3. Construct an approximation of Y, ¢ = 2,...,T that is it =Y, —1II; (Yoo —m(X—q))—--—
ﬁQ (Y—g —m(X;_q)). The proposed estimator of m(x) is then obtained from the regression

of it on X; with corresponding kernel K; and bandwidth Ay, resulting in the estimator m(z) =

d($, Xl)
t,; K1 <h1 >
T

1 d(z, Xy)
el (e = ()

(ﬁ”bl (l’), e ,ﬁ%d(l‘))/:

[~

1 T
=]

TE K (1420)] =

mj(r) =

For simplicity, let Q = 1 in the following. The proofs and results remain similar in the general

case (Q > 1. Note that one can iterate this process, in case the initial estimate of the autocorrelation

4
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is not accurate enough as the bias in this estimate will propagate to the filtered series and hence
to the estimation of m(z). In our numerical studies, we present both the initial estimate and the
estimate based on an additional iteration of the steps above.

Let us now explain in details the theoretical set-up that enables us to prove the asymptotic
results in our paper. We first assume that the error process {u;} is independent of the process { X;}
and that E[e;|X;] = 0. We consider that the processes {X;, Y;} are a-mixing, the most general
case of weakly dependent variables. Let F? be the o-algebra of events generated by the random
variables {X;, Y;}?_, and set (Rosenblatt (1956))

sup IP(ANB) —P(A)P(B)| = a(k) — 0.

AeF®  BEF k=00

— 00!

Let | - | denote the L;—norm when it is applied to a vector; |y| = Z;lzl lyil, v = (y1,- .-, ya)
and the usual matrix norm when applied to a matrix.

Our assumptions are listed below:

H1 (Smoothness)

(1) m;(-) is a bounded Lipschitz function: |m;(u) — m;(v)| < esd(u,v)? for all u,v € (C,d)
for some 5 > 0.
(2) Let Go(u) = Var[Y¢|X: = u], u € (C,d), the variance matrix of Y; given X; = u.

G2(u) is independent of ¢ and is continuous in some neighborhood of z

sup  |Ga(u) — Ga(z)|=0(1) ash—0
{w:d(z,u)<h}

Assume E|Y,|” < oo and E[|e:|”] < oo, for some v > 2. Assume

G, (u) = E[|Y; — m(z)|’| X; = u],u € (C,d)

is continuous in some neighborhood of x.
(3) Define

G(u,v;z) =E[(Y: —m(2))(Ys —m(z))| Xy = u, X =v], t+#sandu,ve(C,d)

Assume that G(u,v;z) does not depend on ¢, s and is continuous in some neighborhood

of (z,x).
H2 (Kernel) The kernels K;, i = 0 or 1, are symmetric nonnegative bounded kernels with compact
support [0, 1] satisfying

(1) [ K;(u)du =1 and c1,iljp,1) < Ki <11, 1, and cz; are two finite constants.
5
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(2) For j =1, 2, we have Ij(h) — C; as h — 0, for some positive constant C}, with
Li(h) L /1 Kj(u)¢’(hv)dv here ¢(-) is defined belo
(h) = -7 ' w : w.
’ o(h)/h Jo

Let B(z,h) be a ball centered at = € (C,d) with radius h and let fx, £ = 1, 2 and 3, be
finite nonnegative functionals. Finally, we introduce the following notations, where FL(h)
corresponds to the well-known notion of small ball probabilities (see e.g. |Dabo-Niang| (2004),
Ferraty and Vieu| (2006)):

Fi(h) = P[X; € B(x, h)] = P[d(Xy,z) < ]
Fpt(h) =P[(Xy, X) € B(w,h) x B(x,h)]  :=Pld(Xy,x) < h,d(Xs,z) < R
F;:?S(h) = P[(Xy, Xs) € Bz, h) x B(y,h)] =Pld(Xy,z) < h,d(Xs,y) < h

H3 (Distributions)

(1) EL(h) = ¢(h)fi(z) as h — 0, where ¢(0) = 0 and ¢(h) is absolutely continuous in a
neighborhood of the origin and f;(X¢) is uniformly bounded and bounded away from
zero.

(2) sup;zq ESL(h) < 1(h)fo(x) as h — 0, where 11(h) — 0 as h — 0 and fo(X;) < oo is
uniformly bounded and bounded away from zero.

Assume that the ratio 1 (h)/¢?(h) is bounded. It is also supposed that 3¢; € (0, 1),
0 < Fpu(h) = O(6(h)1+<1).

(3) sup;, Ei(h) < aba(h) f3(z,y) as h — 0, where ¢o(h) — 0 as h — 0 and f3(X;, X;) < 0o
is uniformly bounded and bounded away from zero.
Assume that the ratio ¥9(h)/¢?(h) is bounded.

o
H4 (Mizing) Zl‘;[a(l)]l_y” < oo
=1
for some v > 2 and 6 > 1 — 2/v. Note that v is the order of the moment in H1(2).

H5 Let h; — 0, hg/h1 — 0 and Tll/‘;i(Tho) — 0 as T — oo. Let {vr} be a sequence of positive

integers satisfying vp — oo such that vr = o((Té(hg))/?) and (T/é(ho))?a(vr) — 0,
Tth%OasT%oo.

Remark 1.

- Hypothesis H1(1) is a mild smoothness assumption for kernel functions in nonparametric es-
timation whereas hypotheses H1(2) and H1(3) are continuity assumptions on certain second-
order moments.
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- Hypothesis H2(1) on the kernel is standard. From hypothesis H2(2), if the kernel K; satisfies
0<c1 < Ki(t) <cg <oo, then ¢y < Ij(h) < ca. In fact, this assumption yields an expression
of the asymptotic variance (rather than upper and lower bounds).

- Hypotheses of type H3 were proposed in|Masry (2005) and have been motivated by the work of
Gasser et al.| (1998). These hypotheses are linked to the volume of an n-ball. When X € R,
fi(x) refers to the probability density of the random variable X and ¢(h) is the volume of the
unit ball in RY. Assumptions H3(2) and H3(3) concern the behavior of joint distribution.

- Hypothesis HY is a standard assumption on the decay of the strongly mizing coefficient a(l)
and hypothesis H5 concerns the rate of the decay of the mizing coefficient.

i d(z, X, i - i - i
et A0G) = & (152, 200 = 1Y, - @Al @) - B[(¥, - @) A @) for
i = 0,1 (see below). In the following, —, denotes the convergence in distribution. The following
theorem gives the asymptotic normality of the estimator m(z) based on the transformation of the

dependent variable.

Theorem 1. Under assumptions H1-H5, we have

(Th(h1))/* [ (z) — m(z) — Br(z)] ~5 Ny(0,%,)

$(h1)Var(Z%) (x))

. e _ _ C2Ga(z) _
with Br(z) = Em(z)] — m(z), ¥, lim7 o0 20 (@)

Cifi()
covariance matriz, x € (C,d) whenever fi(z) > 0.

is the (d x d) asymptotic

The following theorem gives a consistency result of the estimator m(x).

Theorem 2. Under assumptions H1-HS5,
lim m(z) = m(z) in probability.
T—o00

Remark 2. One can establish a convergence in probability of m(x) with rate (for instance assum-
ing for simplicity the boundedness of the response, even though the bound can be arbitrarily large)
and state that:

m(z) —m(x)| = M +o 1
(z) — m() 0p<ho>+p< M(hl))

under conditions of Theorem [3.

The proofs of these theorems are postponed in the Appendix section.

3. Numerical results

3.1. Simulation study

We investigate the proposed estimator on simulated data, considering first the univariate case
(d = 1). The functional observations X; (with ¢t = 1,...,T) are defined by X;(w) = 1 + 10e+ +

7
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3e11w? + dea (1 — w)3, w € [0,1] where egy, €1+ and eay are i.i.d. N(0,1). We take m(X(w)) =

\/]0.5 fol Xi(w)dw|. The error process u; is an AR(1) process, that is u; = € + pe;,—1 where €
are i.i.d. N(0,0 = 1). Various values of p are considered. The number of replications is 200.
We report the relative efficiency (denoted as RE) calculated as the ratio of squared errors. Table
[1] describes summary statistics of the relative efficiency for ' = 200 whereas Table [2] gives the
average of the relative efficiency for different values of T. RFE1 reports the relative efficiency of
the proposed efficient estimator m(x) over the conventional estimator m(z), and RE2 concerns
the relative efficiency of the iterated estimator, over m(xz). We did not implement the efficient
estimator of Xiao et al. (2003) as we only consider here for simplicity the case of one lag, but
the efficient estimator could be used in our context with larger lags than one. Instead here we
report results about the iterated estimates. The semi-metric d(-,-) for computing proximities
between curves X; plays a major role and depends on the specified statistical problem and dataset.
After trying some semi-metrics which can select most of the pertinent information of the curves,
we choose d(-,-) inside the family of principal component semi-metrics (see |[Ferraty and Vieu
(2006)) which is defined by df'“4(X;, X) = \/ZZ:1 ([1X¢(w) — X(w)]vk(w)dw)2 where vy, v, ...

are the orthonormal eigenfunctions of the covariance operator and ¢ is a tuning parameter. We

have considered different values for this parameter ¢ and the value of 1 is better suited to this
simulation study. This number of principal components allows to explain around 98% of variation
of the curves. This choice for the semi-metric based on principal components is well adapted to
the considered polynomial functions X we deal with and for which it is important to take into
account large variations of the data. Regarding the implementation of the estimators, we use the
quadratic kernel (Epanechnikov) (defined by K(z) = 2 (1 — 2?) 1_141)(%)). Another choice to
make is the bandwidth parameters. It is well known that the performance of the kernel estimate
depends on the choice of the window parameter. The bound in Remark [2| allows us to choose the
window parameters that minimize this bound. This choice of the bandwidths leads to be optimal
in the finite dimensional case. In practice, a useful bandwidth choice method is cross-validation as
follows. For instance, cross-validation ideas are encountered in the finite dimensional setting (e.g.
Hardle and Marron| (1985)), Hart and Vieu| (1990))) as well as on the infinite dimensional one (e.g.
Rachdi and Vieu| (2007)), Benhenni et al.| (2007))).

1. We consider the preliminary estimate m of m by the regression of Y; on X; with quadratic kernel
K, the semi-metric df’ CA and data driven bandwidth he? t assuming i.i.d. errors (see |[Ferraty
and Vieu (2006]) for more details):

T
h'" = arg mgn;m —m_y(Xy))?

where
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> VK (d($’X“))
ho

u=1,u#t

ZZ:l,s;ﬁt K (%)

We calculate the estimated residuals @, = Y; — m(Xy).

7/7\’L_t (.1‘) =

2. We conduct an estimation of the AR(1) coefficients in the autoregression of u;: uy = ayuz—1 +1,
as in Section We construct zt =Y,—a; (Yi—1 — m(X¢—1)), t =2,...,T and the estimate m(z)
from the regression of it on X; with quadratic kernel K, the semi-metric d’“4 and optimal

data driven bandwidth A" in the same way as above, replacing m(z) by m(x) resulting in:

T
W = argmin y (Y, —in_y(X2))%,

t=2
The results in Table [1| show that there is great variability in the improvements across replica-
tions. The inter-quartile ranges of the relative efficiencies are nevertheless tight: typically within
0.1 — 0.2, except when the improvements are large (e.g. for p = 0.9). The mean improvements
for the estimator is always smaller than 1 (i.e. showing a positive impact of our method) except
when p < 0.1, a very small level of autocorrelation, where the values are 1.004 and 1.007, still very
close to 1. The iterated estimator is much less efficient than the initial estimator. It seems that
the additional steps are adding several layers of noise in the procedure and therefore degrade the
estimation. Table [2] allows us to see the effect of sample size on the mean relative efficiency. It
seems that such benefit is stronger whenever the autocorrelation is higher (as expected to be able to
capture it properly). Moreover, for p = 0.9, 0.6 and 0.25, three iterations have been implemented
and the relative efficiency is still worst than at the first iteration and worst than at the second

iteration. The results concerning these three iterations are given in Table

Table 1: Elementary statistics of the relative efficiency for 2 iterations with 7" = 200

P RE Min Q1 Med Mean Q3 Max
0.99 1 0.110 0.917 0.978 0.904 0.998 1.128
2 0.116 0.928 0.982 0.941 1.033 1.564

0.95 1 0.068 0.702 0.883 0.813 0.966 1.111
2 0.132 0.781 0.948 0.915 1.061 1.798

0.90 1 0.116 0.551 0.776 0.732 0.925 1.596
2 0.120 0.737 0.897 0.925 1.093 2.766

0.80 1 0.251 0.669 0.782 0.797 0.941 1.568
2 0.303 0.814 0.989 1.037 1.219 2.950

0.60 1 0.242 0.734 0.871 0.884 1.010 1.929
2 0.271 0.921 1.080 1.144 1.277 3.270

0.50 1 0.393 0.804 0.909 0.921 1.049 1.463
2 0.396 0.967 1.092 1.127 1.243 2.209

0.25 1 0.666 0.943 1.002 0.997 1.044 1.620
2 0.580 0.971 1.037 1.055 1.113 1.777

0.10 1 0.822 0.977 1.001 1.007 1.028 1.436
2 0.791 0.981 1.010 1.029 1.063 1.459

0.00 1 0.469 0.982 0.998 1.004 1.025 1.421
2 0.466 0.972 1.004 1.008 1.033 1.555
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Table 2: Mean of the relative efficiency for 7" = 100, 200 and 500 considering 2 iterations

T 100 200 500

o RE1 RE2 | RE1 RE2 | REl  RE2
0.99 | 0.921 0.969 | 0.904 0.941 | 0.853 0.867
0.95 | 0.845 0.950 | 0.813 0.915 | 0.768  0.971
0.90 | 0.825 1.015 | 0.732  0.925 | 0.733  0.897
0.80 | 0.851 1.080 | 0.797 1.037 | 0.763  1.009
0.60 | 0.908 1.410 | 0.884 1.144 | 0.872  1.115
0.50 | 0.969  1.204 | 0.921  1.127 | 0.925 1.138
0.25 | 0.997 1.056 | 0.997 1.055 | 0.998  1.071
0.10 | 1.013  1.034 | 1.007 1.029 | 1.001  1.021
0.00 | 1.024 1.030 | 1.004 1.008 | 1.009  1.013

Table 3: Elementary statistics of the relative efficiency for 3 iterations with 7" = 200

P RE Min Q1 Med Mean Q3 Mazx
0.90 1 0.116 0.551 0.777 0.731 0.924 1.590
2 0.119 0.736 0.897 0.925 1.095 2.793

3 0.151 0.755 0.967 1.005 1.212 2.708

0.60 1 0.241 0.736 0.873 0.884 1.010 1.929
2 0.271 0.921 1.079 1.145 1.277 3.264

3 0.536 0.997 1.182 1.233 1.390 4.019

0.25 1 0.666 0.943 1.001 0.996 1.042 1.619
2 0.581 0.971 1.037 1.054 1.114 1.767

3 0.591 0.980 1.049 1.074 1.135 1.697

The efficiencies for functional data seem better than for univariate time series (Xiao et al.
(2003)), although Xiao et al.|(2003) considered an ARMA(1,1) case - and an AR(2) pre-whitening
- in their simulations that is more challenging (but in dimension one, not in infinite dimension
as here). Indeed in Xiao et al.| (2003)), the relative improvement was never below 0.85. Here,
we can reach average reductions below 0.75 for high correlation and long enough time series to
capture this high level of correlation accurately. According to Ferraty and Vieu| (2006)), the curse
of dimensionality, a well-known concept in nonparametric inference, does not affect functional data
with high correlation. This, combined with an appropriate choice of the semi-metric, can explain
the fact that the efficiencies seem better in functional context than univariate one. One illustration
is given in Figure[T} for one replication, considering 7' = 200 and a value of p = 0.9. The black curve
displays the true function m(X;), the blue curve corresponds to the standard kernel estimation
whereas the red and green curves correspond to the proposed estimator with one or two iterations
respectively. Note that in this case the common estimate of the curve is far from the true curve.
On the contrary, the curves obtained considering our methodology not only have the same shape as
the true curve but are very close to the truth. In this case, the information of the autocorrelation
function of the error process clearly improves the quality of the regression estimation. However,
when the autoregressive parameter is small, as expected, our methodology does not improve the
results obtained through the standard kernel procedure that does not account for correlation in the
errors. For example, Figure [2| shows the curves obtained considering p = 0.25 for one replication.
We cannot see large differences between the displayed curves. The three estimation curves are
close to the curve representing the true function.There is asymmetry in our regression fit, as we

can notice for instance that extremely low values are not well captured overall but the largest values
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of the response are, and much more so by our method, especially in the case of high autocorrelation

as shown in Figure [2| compare to Figure
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Figure 1: Estimates for T = 200 and p = 0.9. Black curve: true function m(X¢), blue curve:
estimation, red and green curves: proposed estimator with one or two iterations respectively.
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Figure 2: Estimates for T = 200 and p = 0.25. Black curve: true function m(X;), blue curve: standard kernel
estimation, red and green curves: proposed estimator with one or two iterations respectively.

Some results are also obtained in environments with various levels of noise. Different values

of the parameter o from ¢ ~ N(0,0) have been tested. More precisely, different values of the

signal-to-noise ratio (snr) have been considered where snr is defined as Var(m(Xy))/o?.

The

applied values are snr = 1, 0.75, 0.5, 0.25 and 0.05. The obtained results are displayed in Table [

We notice that when o is higher, the relative efficiency is worse but for high autocorrelation our

method still provides some improvements. For example, considering p = 0.9, the averaged RFE1 is

0.722 (resp. 0.748) with o = 0.77 (resp. o = 3.42).

We now present a challenging simulation in order to explore the robustness of our method in a
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Table 4: Elementary statistics of the relative efficiency for T = 200 for different levels of signal-to-noise ratio
considering 2 iterations

snr RE P o Min Q1 Med Mean Q3 Mazx P o Min Q1 Med Mean Q3 Mazx
1.00 1 0.99 0.76 0.124 0.899 0.976 0.896 0.998 1.156 0.50 0.75 0.408 0.832 0.926 0.931 1.045 1.357
2 0.156 0.921 0.981 0.938 1.032 1.608 0.494 0.990 1.122 1.175 1.310 3.215
0.75 1 0.87 0.116 0.905 0.977 0.899 0.998 1.156 0.87 0.398 0.821 0.921 0.929 1.046 1.499
2 0.130 0.923 0.981 0.939 1.032 1.608 0.428 0.987 1.115 1.158 1.272 3.215
0.50 1 1.07 0.105 0.914 0.979 0.902 0.998 1.156 1.06 0.398 0.820 0.920 0.925 1.046 1.499
2 0.105 0.926 0.983 0.940 1.032 1.608 0.362 0.975 1.108 1.144 1.259 3.215
0.25 1 1.51 0.091 0.921 0.981 0.907 0.100 1.156 1.50 0.329 0.813 0.920 0.925 1.047 1.707
2 0.080 0.930 0.984 0.943 1.033 1.608 0.297 0.957 1.095 1.133 1.248 3.215
0.05 1 3.38 0.072 0.929 0.983 0.915 1.002 1.168 3.35 0.225 0.799 0.919 0.924 1.047 2.284
2 0.053 0.930 0.985 0.949 1.034 1.826 0.297 0.938 1.081 1.119 1.244 3.504
1.00 1 0.95 0.82 0.073 0.699 0.869 0.809 0.967 1.222 0.25 0.83 0.716 0.950 1.002 0.995 1.042 1.538
2 0.165 0.770 0.952 0.925 1.073 1.700 0.482 0.974 1.041 1.066 1.134 1.811
0.75 1 0.94 0.069 0.697 0.873 0.809 0.965 1.222 0.96 0.716 0.946 1.001 0.994 1.042 1.582
2 0.141 0.766 0.950 0.920 1.071 1.756 0.482 0.973 1.037 1.064 1.132 1.945
0.50 1 1.15 0.056 0.704 0.873 0.811 0.967 1.222 1.18 0.716 0.947 1.001 0.995 1.041 1.651
2 0.117 0.776 0.949 0.917 1.067 1.828 0.482 0.971 1.033 1.057 1.122 1.945
0.25 1 1.63 0.047 0.713 0.886 0.815 0.972 1.222 1.67 0.472 0.946 1.000 0.997 1.043 2.070
2 0.093 0.769 0.949 0.915 1.069 1.828 0.482 0.968 1.033 1.052 1.121 1.945
0.05 1 3.65 0.038 0.734 0.908 0.829 0.982 1.946 3.73 0.232 0.942 0.999 1.002 1.046 2.452
2 0.031 0.779 0.954 0.922 1.074 2.339 0.315 0.962 1.029 1.051 1.117 2.528
1.00 1 0.90 0.77 0.124 0.528 0.753 0.722 0.912 1.526 0.10 0.73 0.828 0.984 1.003 1.011 1.027 1.894
2 0.146 0.768 0.927 0.966 1.129 3.603 0.787 0.985 1.011 1.036 1.067 1.927
0.75 1 0.88 0.122 0.534 0.760 0.723 0.913 1.571 0.84 0.756 0.981 1.003 1.009 1.027 1.894
2 0.129 0.760 0.907 0.950 1.117 3.603 0.752 0.983 1.012 1.036 1.065 1.927
0.50 1 1.08 0.109 0.546 0.764 0.726 0.921 1.611 1.03 0.755 0.980 1.003 1.009 1.028 1.894
2 0.123 0.753 0.899 0.937 1.100 3.603 0.752 0.983 1.011 1.035 1.065 1.927
0.25 1 1.53 0.091 0.550 0.772 0.733 0.928 1.611 1.46 0.755 0.977 1.002 1.008 1.029 1.894
2 0.105 0.737 0.895 0.923 1.091 3.603 0.653 0.981 1.010 1.033 1.062 1.927
0.05 1 3.42 0.067 0.565 0.796 0.748 0.945 1.940 3.26 0.167 0.975 1.002 1.008 1.029 1.936
2 0.105 0.737 0.898 0.920 1.094 3.603 0.599 0.979 1.010 1.032 1.063 2.135
1.00 1 0.80 0.79 0.223 0.665 0.818 0.807 0.961 1.536 0.00 0.82 0.362 0.985 0.999 1.000 1.019 1.262
2 0.301 0.863 1.045 1.109 1.299 3.989 0.356 0.976 1.004 1.008 1.030 1.400
0.75 1 0.92 0.223 0.663 0.802 0.802 0.952 1.560 0.94 0.362 0.985 0.998 1.000 1.020 1.389
2 0.292 0.846 1.025 1.079 1.267 3.989 0.356 0.973 1.003 1.008 1.031 1.523
0.50 1 1.12 0.223 0.663 0.797 0.801 0.948 1.566 1.16 0.362 0.983 0.998 1.000 1.019 1.389
2 0.283 0.833 1.009 1.055 1.245 3.989 0.356 0.972 1.002 1.006 1.031 1.523
0.25 1 1.59 0.221 0.658 0.794 0.797 0.945 1.606 1.64 0.362 0.979 0.998 1.000 1.019 1.559
2 0.283 0.802 0.990 1.034 1.219 3.989 0.356 0.972 1.002 1.006 1.032 1.523
0.05 1 3.55 0.189 0.662 0.813 0.806 0.958 1.828 3.66 0.362 0.978 0.998 1.003 1.022 2.777
2 0.183 0.796 0.981 1.028 1.196 3.989 0.356 0.972 1.002 1.006 1.035 1.648
1.00 1 0.60 0.76 0.270 0.760 0.874 0.893 1.013 2.236
2 0.352 0.981 1.104 1.197 1.306 3.436
0.75 1 0.88 0.250 0.757 0.876 0.889 1.011 2.236
2 0.296 0.959 1.100 1.177 1.296 3.436
0.50 1 1.08 0.250 0.753 0.879 0.892 1.013 2.236
2 0.296 0.941 1.091 1.164 1.285 3.436
0.25 1 1.53 0.250 0.743 0.875 0.892 1.015 2.236
2 0.296 0.926 1.074 1.147 1.265 3.571
0.05 1 3.41 0.246 0.741 0.875 0.898 1.019 3.087
2 0.276 0.906 1.062 1.137 1.256 5.764

more complex setting. The set-up is multivariate with bidimensional response (Y7,Y3). First, the
functions X; are still stationary (to satisfy the assumptions) but are now considered dependent.
Their dependence is introduced as an extension of the simple simulations with similar functional
observations as before: the X; (with ¢t = 1,...,T) are defined by X;(w) = 1+ 10eg; + 3e1 w? +
4es (1 — w)?, w € [0,1] where ep; and €14 are i.i.d. N(0,1), but now eg; is an autoregressive
process ez = 0.9e9; + 6,@1 where e§2) are i.i.d. N'(0,1). The two response functions are also more

complex, with a sinusoid integrated against the functional explanatory variable to provide further
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nonlinear effects. We now take

1 (X () = ma (X, w)) = 2\/ \2 / 1 Xt<w>sm<ww>dw\.

The error process u; is a VAR(1) process, that is w;: uw, = IIyu;—1 + e, where e; are i.i.d.

N(0,%):
H1:<a —0.3) E:<b 0.8>
01 a/2 0.8 b/4

Various values of a and b are considered. The number of replications is 100. Table [5| presents
the relative efficiencies with respect to a and b. The results show that the relative improvement can
be as large as in the univariate case for more complex functions (and now including dependence
in the explanatory variables). The case of a low autocorrelation level (0.25) demonstrates that
the method still provides good results, equivalent to not taking into account the autocorrelation.
When the autocorrelation is larger (e.g. 0.8-0.95), the results are typically best, as in the univariate
case. For very high autocorrelation levels (e.g. 0.99), the relative efficiencies deteriorate slightly,
due to the length of the series, as in the univariate case. The noise level seems to have a positive
effect from 2 till 16 and then can possibly damage the efficiencies, especially for m;. Indeed, the
noise needs to be large enough for the autocorrelation structure to be identified, and thus benefit
the estimation, but not too high when it starts harming the estimation procedure. Nevertheless,
even with a noise level 2-3 times higher than the optimal one, the efficiencies are relatively close
to the optimal ones. Overall, the range of noise levels is large (from 1 to 24 times more), and the

method shows resilience across the range.

3.2. Real data application

Here, we illustrate our methodology for the ozone concentration forecasting problem and com-
pare our predictions with the ones obtained using the classical kernel regression model for functional
data. The goal is to forecast ground-level ozone concentrations using observations from monitoring
stations within the south-eastern US region, over a span of 3 months in the summer of 2005. These
forecasts may contribute to better public health: for example, hourly forecasts made one day ahead
of this harmful pollutant allow people avoid outdoor activities likely to damage their health.

We are given the ozone concentration for different stations for every hour from June 2 to August
31, 2005 (that is 91 days). Since some of the stations had missing values, we use linear interpolation
to estimate the missing values. We are interested in 1-day ahead ozone forecasting (specifically, r-
hours ahead ozone forecasting, for r = 1,...,24 that is, from 12am to 11pm). We have implemented
the univariate and multivariate versions of our procedure, e.g. modeling the error term with an
AR(1) and with a VAR(1). We denote the ozone concentration at time ¢ by Z(t) where t refers
to the day and the hour of observation. We suppose that Z(t) is observed for ¢t € [1;2160) (24
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Table 5: Mean of relative efficiencies, bivariate model, 100 replications

mi
a b 2 4 16 32 48
0.25 1.00 099 1.00 0.99 0.97
0.80 090 0.84 077 0.83 0.76
0.90 0.83 079 074 078 0.79
0.95 0.83 0.76 071 0.77 0.75
0.99 0.82 0.78 077 0.79 0.77

m2
a b 2 4 16 32 48
0.25 0.99 098 093 0.88 0.89
0.80 094 089 079 075 0.73
0.90 091 084 073 073 0.68
0.95 0.88 0.81 0.69 0.69 0.72
0.99 0.86 082 074 0.75 0.74

hours x 90 days) and we are interested in predicting Z(2160 + r) for » = 1,2,...,24. In order to
apply the functional methodology, we cut the original time series into a set of daily functional data.
Here, we have decided to predict future ozone concentration by using the concentration data for
the whole last day (24 hours). In order to illustrate our purpose, we will not use the 91th day and
we will predict it by means of the data corresponding to the 90 previous ones. Then, as presented
in [Ferraty and Vieu (2006), for fixed r, the data will be reorganized into a functional explanatory
sample {X;,7 =1,...,89} which will be loaded in the following 89 x 24 matrix:

Z(1) 7@ |- | 2(2%)
Z(25) | Z(26) | - | Z(48)
Z113) | Z@114) | - | Z(2136)
and (for the univariate modeling) a response real sample {Yi(r),i =1,...,89}, which will be loaded

in the following 89-dimensional vector:

[Z(24+r) [ Z(488+r) [ --- [ Z(2136 + 1) |

For a fixed horizon r, we will predict the value of Z(2160+ r). In the following, the predictions
have been achieved for any value of r = 1,2,...,24. Note that in our procedure several parameters
need to be selected. For the kernel, we use the quadratic one. Cross-validation methods, expressed
in terms of k-nearest neighbours, are used for (local) smoothing parameter selection, see Chapter 7
in |Ferraty and Vieu (2006). Moreover, we use a semi-metric based on the first functional principal
components of the data curves. For each considered situation, as in the previous simulation study,
we have tested different values for the tuning parameter q. The following reported results come
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from a suitable choice of ¢, different according to the case. Finally, we proceed in the following

way:

1. Select the horizon prediction r and organize the data as explained previously;
2. Predict Yg(g ), at fixed horizon 7, by the classical kernel regression approach with a local choice

of the number k of neighbors:

2831 Y(T)K <d(Xi7X9O)>

~ hi, ()
T ~, opt{ig
Yg(o) =7(Xogo) =
289 K d(X;,X00)
i=1 h )
kopt<X10>

where igp = arg min 9d(Xgo, X;) and P ( Xig) is the bandwidth corresponding to the optimal

=1,...,

number of neighbors at X;, obtained by

d(X;,X5,)
Zy:l:i#io YK ( h’k(XiO)O )
n d(X,X5,)
e (55

3. At step 2., during the learning step, the 89 response variables are estimated, denoted }A/t,
t=1,...,89. Then, we construct the residual terms {u; }, where fort = 1,...,89, u; = \ A
We estimate the AR(1) coefficient, a1, in the autoregression of u;.

4. Construct 21&7 t=2,...,89, as explained in Section [2| as an alternative to Step 2.

2822 ZET)K <d(Xi,X90) >

kopt(Xiy) = arg mkin Y;, —

hkopt (Xio )

ngz K <z(Xi7X90) )

kopt (Xio )

179(5) =7(Xogo) =

We apply the previous procedure on Station 20 to predict ozone on August 31st, the 91st
day. The series of observations are represented in the left panel of Figure [3] On the right panel
of this figure, the daily curves are plotted in grey and the black curve represents the curve we
want to forecast. The results obtained at Step 2. (by the classical kernel method) are displayed
in blue whereas those of Step 4. considering an AR(1) (from our procedure presented in Section
2)) are displayed in red. From this figure, one can observe that our method improves upon the
results obtained with the classical method, in particular for the second half of the day. In fact, the
estimated coefficients in the autoregression of @; are higher for that part of the day, see Table[6] The
figures of ACFs (autocorrelation functions) and PACFs (partial autocorrelation functions) show
that there is insignificant autocorrelation in the errors, except from 1lam (r = 12) to 16pm (r = 17)
where an AR(1) would be the best fit. Hence, using our approach for these hours is justified. We
even use our approach for all the hours of the day since there is only a tiny loss by doing so when

there is very little autocorrelation. We notice in Figure [3| that the forecasts using our method are
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;a1 much closer to observations over the afternoon (1lam till 16am) compared to the i.i.d. regression,
522 when the benefit of our approach is indeed maximized. Figure[d]displays autocorrelation and partial
333 autocorrelation functions for some horizons r (r = 6, 12, 17 and 21). The bold character in Table
s34 [0] is used to emphasize horizons for which the corresponding autocorrelation function justifies an
135 AR(1). In addition, we compute the mean squared errors (MSE) to compare the results obtained
336 by the different methods. For Station 20, the MSE from the classical approach is 159.91 whereas
s37 - with our approach it is reduced to 126.3. The corresponding relative efficiency is 0.79. Again we
s note that the fact of taking into account the autocorrelation in the error process allows to improves

339 ozone forecasting.

MSE FV = 159.91 - MSE AR1= 126.3 -RE = 0.79
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Figure 3: Ozone concentrations and predictions considering an AR(1) modeling of the error term at Station 20
Left: all the series. Right: predictions.

Table 6: Station 20: for horizon predictions r, estimated autoregressive coefficients a;

1 2 3 4 5 6 7 8 9 10 11 12
-0.06 -0.13 —0.13 —-0.14 0.01 0.02 —-0.02 0.01 0.12 0.18 0.12 0.30

13 14 15 16 17 18 19 20 21 22 23 24
1 0.33 0.22 030 0.27 0.25 0.19 0.18 0.16 0.08 0.12 0.16 0.17

340 Now, we present results obtained considering the multivariate extension. Instead of fixing the
31 horizon r and repeating the procedure for all the horizons to study, we predict all the period in

32 one implementation. We construct the 89 vectors Y; in the following way. For ¢t =1,...,89,
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Figure 4: Autocorrelation and partial autocorrelation functions (acf and pacf) at Station 20, for r = 6, 12, 17, 21.

Yt = (}/t,la s 7%,24)/
!/
= (Z@4xt+1) Z@ixt+2) - Z@4xt+24))
The estimation procedure is similar to the univariate case, the main change appears in the

error modeling. In this illustration, we estimate the VAR(1) coefficients of u;. We proceed in the

following way:

1. For j =1,...,24, predict Yyg ; by the classical kernel regression approach with a local choice

17



347

348

349

350

351

352

353

354

355

356

357

358

359

360

361

362

363

364

365

366

367

368

369

370

371

372

373

of the number k of neighbors:

89 v, d(Xi,Xo0)
E’i:l K’JK <hkopt(x >

io)

S8 K <d(xi,xgo)>

hkopt (Xzo)

?90,]' =7(Xgo) =

where ig = arg i_min d(Xgo, X;) and Py e Xig) is the bandwidth corresponding to the optimal
number of neighbors at Xj,.

2. At step 1., during the learning step, the 89 vectors are estimated, denoted ?t, t=1,...,89.
Then, we construct the residual terms {u;}, where for t = 1,...,89, u; = Y; — Y, We
estimate the VAR(1) coefficients, IT;, in the autoregression of uy.

3. Construct it, t=2,...,89, as explained in Section |2 as an alternative to Step 1, we have

7 ()

hkopt (Xio )

S8 K <d(xi,xgo)>

hkopt (Xzo)

Yoo = 7(Xoo) =

As it is done previously, we apply this multivariate procedure on Station 20 to predict ozone on
August 31st, the 91st day. On Figure [5, the daily curves are plotted in grey and the black curve
represents the curve we want to forecast. The results obtained at Step 1 (by the classical kernel
method) are displayed in blue whereas those of Step 3 considering a VAR(1) (from our procedure
presented in Section are displayed in red. Note that the results obtained with the classical
method are similar to the univariate case. From this figure, one can observe that our method
again improves upon the results obtained with the classical method. The MSE is 85.25 and the
corresponding relative efficiency is 0.53 which is much better than using the univariate modeling
of the error term.

To conclude, the case study shows that using our methodology can improve the ozone con-
centration predictions obtained with the classical kernel regression estimate. Neighboring stations
should contain additional information on each other. A joint modeling is possible, as shown in
Ettinger et al. (2012). Time series of random surfaces at one particular hour of ozone are used in
that paper to predict a particular hour at one location the day after. It was shown there that this
approach of borrowing strength across space compares favorably to using the whole series of times
(i.e. a curve) over the previous day to predict the future values a particular hour at one location
the day after.

4. Conclusion

We have developed a two-stage procedure in order to estimate a nonlinear functional regression

where the explanatory variable is functional and the residual process is stationary and autocor-
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Figure 5: Ozone concentrations and predictions at Station 20 considering a VAR(1) modeling of the error term

related. We have considered the case where the response variable is valued in R? d > 1. This
constitutes, to our knowledge a first step in the research on functional nonparametric modeling
with a multivariate response. We have used the information of the autocorrelation function of the
error process to improve the kernel-based estimation of the regression function. The asymptotic
normality of our estimator is proved under some conditions. Some numerical results from a simu-
lation case study and an application on real data illustrate the benefit of using this approach. Our
methodology improves the standard kernel estimator in presence of highly autocorrelated data.

Potential improvements relate to the optimal implementation of our method. Indeed, the
numerical illustrations indicate that there is a “sweet spot” where the number of time points
provide enough information relative to the autocorrelation level to allow an optimal reduction of the
prediction error. Another aspect is that for small autocorrelation levels, our approach deteriorates
slightly the prediction errors compared to the use of independence-based kernel methods. An
improved method should account for that fact and revert back to the basic independence-based
kernel methods in these regimes.

Besides, in the literature on regression estimation with functional predictors, nonparameric
methods with a Nadaraya-Watson-type estimator are successfully used. However, some authors
proposed instead to use semi-parametric models which are shown to be interesting alternatives.
For example, we could deal with functional partial linear model (see e.g. |Aneiros-Pérez and Vieu
(2008), Dabo-Niang and Guillas (2010)), functional index model (see e.g. |Chen et al.| (2011))),
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or with functional projection pursuit regression (see e.g. [Ferraty et al. (2013)). These kind of
alternatives to fully non-parametric models are beyond the scope of this work but will be the aim
of futur investigations. In this further work, our procedure taking into account the autocorrelation
in the error term could be adapted in the more general framework of functional index models (Chen
et al. (2011))). More precisely, we could place a linear model inside a link function. We could first
estimate the parameters of the linear model using least squares methodology. Secondly, the link
function could be estimated non parametrically including our two-stage procedure.

Finally, our approach could be extended to other time series of functional data. [Aue et al.
(2015) recently provided a dimension reduction technique with functional principal components
(FPC) analysis that enables the use of vector-valued time series of FPC scores. However, this
model did not allow of autocorrelation in the residuals that can still be present as we show in
our ozone application above. A combination of the two approaches and that of |Aue et al. (2014),
that provided fully functional regression models allowing for autocorrelated errors, would have the

potential to further improve the quality of predictions.

5. Appendix: Proofs of Theorems

We use C to signify a generic positive constant whose exact value may vary from case to case.

Lemma 1. Under assumptions H1-H5 (or more precisely H1, H2, H3(1), H3(2), H}, H5)
(Tp(ho))"/? [mi(z) — m(x) — Bj(x)] —5 N0, 5q)

with ¥, = %f((j)) is the (d x d) asymptotic covariance matriz with elements, x € (C,d) whenever
1

fi(z) >0, and B%.(z) = E[m(z)] — m(z).

Lemma [I] comes from Theorem 5 inMasry| (2005). The functions Ga(z), fi(x) and ¢(ho) are given
in assumptions H1 and H3.

Remark 3. As stated in |Masry (2005), if in addition to the assumptions of Lemma (1| we have
TqS(ho)th — 0 (it is a stronger assumption on the bandwidth parameter) then one can remove the

bias term from Lemma that is (T (hg))*/? [m(z) — m(x)] LN N4(0,3,).

5.1. Proof of Lemmall]

The proof follows work of Masry| (2005). We make use of the Cramér-Wold device (see, e.g.
Van der Vaart|(1998), p.16), according to which it is sufficient to prove that for all v € RY, ||v|| # 0,
we have

(Té(ho))"* v/ (Wi(x) — m(z) = B(x))] ~ Na(0,v'S,v)
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my(z) = = @V(x), my(z) = v'm(z).

1 d d(z, X,) i (x)
el (e 5 )

Then, we obtain My (z) = my(z) + BY.(z) + VY (x) where BY.(z) is the bias term and VY (x) is the
variance effect defined by

yoo ) EFin(@)] — my()E[m ()] vy Qpla) = B () () — Bl ()
Brte) = Efrn (x) V)= i (z)

with QY.(z) = (Mav(z) — E[fay(2)]) — my(x)(mi(z) — E[(x)]). By the result of Masry, (2005),
BY(x) = o(hg ) and using same lines as in the proof of Theorem 5 in Masry| (2005), we have

(T (ho)) 2 v/ (mi(z) — m(x) — Bi(x))] 25 Nay(0,v'Eqv).

ss  5.2. Proof of Theorem[]]

Wzt 1YtA(1)( ) o (2)
We have m(z) = = — , my(z) = (Mig(x),. .., maa(x))

P INRre ]ZH Py )

where

mja(x) = ! XT:}A’ A(l)(x) j=1,...,d

! TE [Agl)(az)} = o

) = —— 3 Al

TE [AP ()] = '

T T T R T
> (@) = Yo v AP ) = 3 [~ Mju | AP() + 37 [ (B(X1) ~m(Xe1))]; A ()
t=1 t=1 t=1 t=1
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Then ﬁlj,g (a:) = mﬂ(m)ﬁ — ﬁlj721($) + ﬁlj,gg(l’) + Tf‘rvlj723(:17) with

T
_ 1 (1)
m '72 (x)ﬁ =TT /. 9 Xt7 ‘A (x)
’ TE [AD (z) ; 7
T
~ L = (1)
mjo(2) =~ ) [(h = Ii)uea]; A7 (2)
TE At (1’) t=1

_ 1 T R
Mjaale) = oy o7 2 [ (B(Kis) — m(Xe-1) AP ()
T
g23() = ST 2. [(ﬁl — ) (M(X¢—1) — m(X¢—1)) ; A (z)

TE Agl)(a:)

i
I\

Note that mja(z)! = mja(z) and my(x) = mi(z) with Ky and ho replaced by K; and hy re-

spectively. Since m;(x) = m we have m(z) = m(z) — Qn, + Q, + Qny, with Qp, =
(@7, Qam), with Qj1, = m%’Qég), for I = 1,2,3, 7 = 1,...,d. We analyze the asymp-

totic properties of Q;7;,1 = 1,2,3, in Lemmas [2] 3] and [} which are key results for proof of this
theorem since Lemma (1| proves the asymptotic normality of m(x).

Lemma 2. Under assumptions H1-H5, for j =1,...,d, we have Qj1, = 0p <1 / T¢%h1)>.

Lemma 3. Under assumptions H1-H4, forj =1,...,d, we have Q; 1, = O, (hg)—l—op ( - 1 )>.

Lemma 4. Under assumptions H1-Hb5, forj =1,...,d, we have Q; 1, = O, <h’g +op

The proofs of Lemmas and [4] are given in the supplementary file.

Proof of Theorem 9
The proof is similar to that of Theorem [I| since m;(z) = m;(z) — Qjm + Qjm + Qjry, with
Qi1 = m%fég), forl =1,2,3, 5 =1,...,d. It then follows directly from Corollary 1 of Masry

(2005), Lemmas 2, 3 and 4, which are key results for proof of this theorem.
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