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Abstract

Galaxies and quasars in the very early universe harbour considerable masses of dust, the
source of which has been much contested. For many years it was thought that corecollapse supernovae, though known to form small amounts of dust from analyses of their
dust emission in the infrared, could not account for the large quantities of dust seen in the
early universe. In recent years, however, this view has been challenged by the discovery
of large reservoirs of cool dust in a number of supernova remnants, with some containing
up to 1 M of dust. The late time optical and near-IR line profiles of many core-collapse
supernova ejecta exhibit a red-blue asymmetry as a result of greater extinction by internal
dust of radiation emitted from the receding parts of the ejecta. In this thesis, I present a
new code, damocles, that models the effects of dust on the line profiles of core-collapse
supernovae in order to determine the masses of newly condensed dust that have formed
in the ejecta. The Monte Carlo code and the physical processes therein are described
in detail and the testing of the code is presented. Theoretical profiles are produced in
order to understand the effects of varying the parameters of interest on the shapes of the
modelled line profiles and I discuss a number of other signatures of dust extinction on line
profiles aside from the expected blue-shifting. damocles was used to model four different
supernovae and supernova remnants. SN 1987A is a crucial object in the study of core–
collapse supernovae and I present a detailed investigation into the rate of dust formation
in this object by modelling the evolution of the Hα and [O i]λλ6300,6363 Å lines. I also
present models of the hydrogen and oxygen lines at late times from SN 1980K, SN 1993J
and Cassiopeia A, all of which display strong blue-shifted asymmetries. I find that large
dust masses are required to fit the late-time line profiles of all of these objects and conclude
that core-collapse supernovae are likely an important source of dust in the universe.
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Gather out of star-dust
Earth-dust,
Cloud-dust,
Storm-dust,
And splinters of hail,
One handful of dream-dust
Not for sale.

- Langston Hughes
Dream Dust
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(λ = 5470 Å), are very close to the quoted values of τHα , the total dust
optical depth between Rin and Rout at Hα. . . . . . . . . . . . . . . . . . . 146

4.7

Mean square errors illustrating the variation in goodness of fit for the Hα
line profile for a range of dust masses with other parameters fixed at their
best-fitting values for the clumped model with a = 0.6 µm as detailed in
Table 4.5. The MSE is calculated between −5000 km s−1 and +7000 km s−1
for the day 714 Hα profile and between −8000 km s−1 and +8000 km s−1
for the day 2875 Hα profile. A factor of zero represents the dust-free model.
The best-fitting model is italicised. . . . . . . . . . . . . . . . . . . . . . . . 152

4.8

Mean square errors illustrating the variation in goodness of fit for the Hα
line profile for a range of density profiles with other parameters fixed at their
best-fitting values for the clumped model with a = 0.6 µm as detailed in
Table 4.5. The MSE is calculated between −5000 km s−1 and +7000 km s−1
for the day 714 Hα profile and between −8000 km s−1 and +8000 km s−1
for the day 2875 Hα profile. The best-fitting model is italicised. . . . . . . . 152

4.9

Dust masses for day 714 clumped models of the Hα line using different
grain radius distributions and 100% amorphous carbon. The final column
shows the factor of increase over the dust mass for the single size model
(M = 7 × 10−5 M

with a = 0.6 µm) and p is the exponent of the grain

radius distribution n(a) ∝ a−p . . . . . . . . . . . . . . . . . . . . . . . . . . 160

List of Tables

21

4.10 Dust mass conversion factors for single size models using grains of 100%
Zubko ‘BE’ amorphous carbon or 100% Draine & Lee silicate at λ ∼ 656 nm.
f is the factor by which the dust mass changes on going from amorphous
carbon to silicates (Draine & Lee 1984; Zubko et al. 1996).

. . . . . . . . . 161

4.11 Observed luminosities of the Hα line and estimated electron scattering optical depths from Rin to Rout for the radii detailed in Tables 4.4 and 4.5
based on an assumed gas temperature of 10,000 K. . . . . . . . . . . . . . . 166
5.1

The parameters used for the smooth and clumped models of SN 1980K for
media composed of 100% amorphous carbon dust grains of radius 3.5 µm,
or 100% silicate dust grains of radius 0.1 µm. Dust optical depths are given
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Chapter 1

Introduction
Should you choose to seek out one of my friends and ask them of my whereabouts in
recent months, they would probably yield the information that I had been noticeable by
my absence because I was preoccupied writing about dust, a fact which I imagine they find
bemusing and possibly somewhat concerning. Blissful as they are in their ignorance of dust
(astronomers find no such peace), they do not know the importance of this all-pervading
substance.
The universe is an extremely dusty place. The ubiquity of dust throughout almost all
epochs and environments demands a comprehensive understanding of its formation and
evolution, properties and effects. It plays numerous roles in a variety of scenes; it is a
building block of all solid bodies, a birthing place for molecules, a crucial ingredient in
star formation and an extreme annoyance for cosmologists. It is both a product of physical
processes and an agent of chemical ones. It is what planets and ourselves are made of.
It is perhaps confusing therefore that there is comparatively little consensus regarding
the formation processes and natal environments that result in the evolution of certain
atoms and molecules into the grains we call dust. Over the years since the discovery of
dust in the very early universe, a growing population of astronomers and astrophysicists
have turned their attention to the study of dust formation in core-collapse supernovae
(CCSNe), in the hope that these objects might prove to be the missing piece of the puzzle.
Recent observations of a number of CCSNe and supernova remnants (SNRs) have lent
weight to this theory, with models and analyses of spectral energy distributions (SEDs)
25
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suggesting the presence of large reservoirs of cool, ejecta-condensed dust in these objects.
I have sought to make my own contribution to this field by exploiting a different observational signature, that of blue-shifted line profile asymmetries observed in the spectra
of many CCSNe and attributed to the formation of dust in the ejecta. By quantitatively
modelling these characteristically asymmetric line profiles using a new code, damocles, I
have attempted to determine the rate of dust formation in CCSNe and the expected order
of magnitude of the eventual dust masses produced.
Throughout the remainder of this chapter I will attempt to elucidate the above synopsis
in more detail. In Section 1.1, a brief description of the roles that dust plays in the
universe will be followed by a discussion of the physical properties of dust that allow for
its detection in emission and absorption. In Section 1.2, I will give a summary of our
current understanding of dust formation, with particular attention paid to dust formation
in CCSNe. At the end of this section, I will describe the current state of the field before
concluding this chapter with an outline of the aims and structure of this thesis.

1.1
1.1.1

A Handful of Dust
A Brief History

The presence of dust in the universe was first theorised when astronomers observed dark
patches of sky in the Milky Way where all of the stars had been “erased” (see Figure 1.1).
Whilst some claimed that these black regions were in fact a true absence of stars resulting
from some anomaly in the stellar distribution, others felt that it was more likely that an
obscuring cloud of material was blocking the light from the stars behind. In 1930, Donald
Trumpler confirmed this latter theory by considering the apparent magnitudes and colours
of stars located at different angles to the galactic plane, discovering that those closer to
the plane appeared redder than their more distant counterparts (Trumpler 1930). This
was the first evidence of interstellar reddening and the beginnings of our understanding
of dust as a scatterer, absorber and emitter of radiation.
For the next few decades, dust was largely thought to be an irritating obstacle to
observing and comprehending more interesting facets of the universe. We now have a
much fuller understanding of the variety and importance of the roles that dust plays
throughout astrophysics.
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Figure 1.1. The dark globule Barnard 68, LDN 57. ESO press release 30 April
1999.

1.1.2

The Roles of Dust in the Universe

Despite comprising only ∼1% of the mass of the interstellar medium (ISM), dust grains
account for as much as 30% of the total galactic luminosity (Li & Greenberg 2003) via their
emission in the infrared (IR). In the cycle of matter from the ISM to condensing clouds to
stars and back again, dust is far more than a passive passenger along for the ride. Whilst
residing in the ISM, dust is important in determining its thermodynamics. It acts both as
a heating agent via the emission of photoelectrons in regions of strong ultra-violet (UV)
radiation and a coolant in dense regions via the emission of IR radiation (Tielens 2005).
In this role as a coolant, dust is also crucial to the process of star-formation, helping to
remove gravitational energy and allowing the natal cloud to collapse. Dust also contributes
to the star formation process by shielding the gas from ionising radiation, helping to speed
up the growth of the protostellar core (Draine 2011).
In addition to the above physical functions, dust plays an essential role in chemical
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processes. Dust grains accrete gaseous atoms onto their surfaces and catalyse the formation
of molecules, which are then released back into the surrounding medium. The chemistry
of the ISM is also altered by the inclusion of metals in dust grains, which causes a general
depletion of heavy elements.
Dust does not reside solely in the ISM however. It is present in large quantities in
the circumnuclear tori found around active galactic nuclei (Jaffe et al. 2004). Dust is
also found between planets, around stars and in protoplanetary discs, where dust grains
constitute the smallest unit of the building blocks that go on to form planetesimals and
planets. These grains may even be responsible for the origins of life.
The more detailed our understanding of dust as an astrophysical phenomenon, the
more accurate we can make our inferences across an entire range of fields.

1.1.3

The Medium of Dust

An increasingly detailed knowledge of the nature and properties of dust has developed over
the last few decades. With regard to their composition, dust grains have their terrestrial
analogue in soot or very fine sand rather than in the dust bunnies that one may find behind
the sofa. When found in the ISM they are generally small, between 0.05µm and 0.25µm in
radius, and are normally predominantly composed of carbon or silicates (Mathis, Rumpl
& Nordsieck 1977). Carbonaceous grains may take many forms ranging from structured
solids such as diamond and graphite to amorphous molecules and aromatics. They are
generally found to be strongly attenuating. Silicates tend to be more glassy and contain
silicon and oxygen potentially with the dirtying addition of magnesium, iron or other
heavier elements. Condensates of more complex molecules such as olivine (MgFeSiO4 ) and
pyroxene (MgSiO3 ) make up these grains (Draine & Lee 1984). Whilst our understanding
of the chemical and physical facets of dust is ever improving, there are still a number of
largely unresolved issues.
Dust grains are generally assumed to be spherical in order to make their treatment more
straightforward but in reality dust grain shapes are much more complex. Sophisticated
models of dust grains sometimes adopt a continuous distribution of ellipsoids to represent
dust grain shape (Bohren & Huffman 1983). This distribution allows grains to take any
ellipsoidal form ranging from flat discs to needles to perfect spheres. However, even this
more detailed consideration omits structures that are akin to long strings or to fluffy
particles (see Figure 1.2). Heretofore, the majority of models, including damocles here,
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have generally only considered spherical grains. The wide variety of grain morphologies
therefore represents a significant modelling challenge to be addressed in the future.
Different species and composites thereof have different optical properties i.e. those
properties of a dust grain that determine the nature of its interaction with radiation.
In order to model the absorption and scattering of radiation by dust grains, it is first
necessary to know the complex refractive indices of the species of interest over the relevant
wavelength range (see Sections 1.1.4 and 1.1.5). Laboratory measurements have produced
a number of different sets of optical constants for a variety of carbonaceous and silicate
species and these are well-utilised throughout the field (Draine & Lee 1984; Zubko et al.
1996; Jäger et al. 2003). It is noted at this early juncture however that in many cases
there are numerous, somewhat contradictory, sets of optical constants for a given species
and that these variations can potentially cause differences between the results of models
that use them (Owen & Barlow 2015).

1.1.4

Optical Properties of Dust

In order to quantitatively model the effects of dust on line emission in an expanding
atmosphere, the physics of how dust particles scatter, absorb and re-emit radiation must
be understood. In the next few sections, I will review the physical aspects of dust grains
that allow for their detection via emission in the IR and absorption and scattering in the
UV and optical.
We must first be able to describe the manner in which a single dust grain scatters an
incident photon and with what probability it will absorb rather than scatter that photon.
These properties are defined via the scattering and absorption cross-sections of interaction
(Csca and Cabs respectively). In combination with the scattering anisotropy parameter g,
they are used to define the angular distribution and amount of light that is scattered by the
grain. The aim is to calculate these quantities for a beam of radiation of given wavelength,
incident on a particle of given size and shape, and composed of a given material.
Calculation of these quantities is not straightforward. In order to determine the above
properties, we must take a step back to first principles, away from dust, and consider what
is meant by ‘scattering’ and ‘absorption’. Matter, regardless of its superficial composition,
is intrinsically composed of fundamental, charged particles: electrons and protons. When
an electromagnetic field is induced in the presence of these particles, such as when a
beam of radiation illuminates an obstacle, which could be a liquid or an atom or a dust
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Figure 1.2. A typical “fluffy” chondritic porous interplanetary dust particle
composed of nanometre-sized mineral grains and organic matter (credit: N.
Spring, www.nccr-planets.ch).

grain or a solid, the fundamental particles that make up that object may be set into
oscillatory motion. These motions cause the radiation of electromagnetic energy and it is
this secondary radiation that we refer to as scattered light. Similarly, the excited charges
may transform some of the incident energy into other forms such as thermal energy. This
is the process that is referred to as absorption.
Returning now to the concept of scattering and absorption by a single particle, derivation of the quantities of interest, namely Csca and Cabs , requires us to be able to describe
the electromagnetic field at all points interior to and exterior to the particle. In order to
perform this calculation, we imagine that the particle is made up of infinitesimally small
regions each of which is approximated as a dipole in the presence of an applied oscillating
field (i.e. an incident electromagnetic photon). The strength of the applied electromagnetic field affects that strength of the response by each of the dipoles and thus of the
dust grain as a whole. The relationship between this response and the induced field is
determined by the material, which is described for this purpose by the complex refractive
index
m(λ) = n(λ) + ik(λ)

(1.1)
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where n(λ) and k(λ) are the real and the imaginary parts of the complex refractive index.
Broadly speaking, n may be considered to describe the scattering component of the complex refractive index and k the absorptive component. These optical properties are the
starting point to solving Maxwell’s equations inside and outside of the particle and thus
calculating the scattering and absorption cross-sections.

1.1.5

Mie Theory

Whilst relatively simple approximations to this calculation exist in the regime where the
scattering particle is substantially smaller than the wavelength (the Rayleigh regime),
for particles which are of a similar size to the wavelength of the incident radiation the
calculation is a complex one. The full solution to Maxwell’s equations in this case was
first described by Gustav Mie in the early twentieth century (Mie 1908). The Mie solution
has wide application to a number of fields ranging from the study of interstellar dust
to plasmonics. Mie himself developed his approach in order to better understand the
colourful effects of a colloidal gold solution. The nature of Mie’s solution meant that it
was not widely used until many years after its initial publication, when computing power
had reached a stage capable of computing approximations to the infinite series expansions
on which the solution depends.
In this section, I will discuss the key results that allow for the calculation of the
scattering and absorption efficiencies that are crucial for modelling the effects of dust
on electromagnetic radiation. Much of this mathematics is somewhat dense and I will
therefore restrict my discussion to the most relevant points. An outline of the derivation
of Mie’s solution to Maxwell’s equations is given in Appendix A. For further details and
an unusually lyrical description of the relevant physics and mathematics please see Bohren
& Huffman (1983), on which the majority of this subsection and Appendix A are based.
For my models, the wavelength of the monochromatic line to be modelled is very often
of a similar order of magnitude to the grain radius and as such the full Mie solution must
be implemented. For a single spherical particle, the scattering cross-section of interaction,
Csca , is defined to be the net rate at which electromagnetic energy is scattered across the
surface of the particle divided by the total irradiance of the incident beam (i.e. the rate
at which energy falls onto the surface). The extinction cross-section, Cext , is similarly
defined.
For a spherical particle of radius a and an incident beam of wavelength λ, we may
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define the size parameter
x=

2πN a
λ

(1.2)

where N is the complex refractive index of the surrounding medium. Assuming the particle
to be surrounded by a vacuum such that N = 1, we can show that the scattering coefficients
are given by
an =

mψn (mx)ψn0 (x) − ψn (x)ψn0 (mx)
mψn (mx)ξn0 (x) − ξn (x)ψn0 (mx)

(1.3)

bn =

ψn (mx)ψn0 (x) − mψn (x)ψn0 (mx)
ψn (mx)ξn0 (x) − mξn (x)ψn0 (mx)

(1.4)

where M is the complex refractive index of the particle and a prime denotes differentiation
with respect to the argument in parentheses. The scalar functions ψn and ξn are the
Ricatti-Bessel functions and are given by
ψn (ρ) = ρjn (ρ) ,

ξn (ρ) = ρh(1)
n (ρ)

(1.5)

(1)

where jn and hn are the spherical Bessel functions of the first and second kind and ρ is a
dummy variable. The scattering coefficients can then be used to calculate the scattering
and extinction cross-sections of interaction:
Csca =

∞
2π X
(2n + 1)(|an |2 + |bn |2 )
k̃ 2 n=1

(1.6)

Cext =

∞
2π X
(2n + 1)Re{an + bn }
k̃ 2 n=1

(1.7)

where k̃ is the wavevector and not the imaginary component of the refractive index M .
For a single spherical particle of radius a, the scattering and extinction efficiencies are
related to the interaction cross-sections via
Qext =

Cext
,
πa2

Qsca =

Csca
πa2

(1.8)

We can therefore calculate the extinction and scattering cross-sections given the wavelength of the incident photon and the optical properties of the dust grain.
The above solution has the primary drawback of only being applicable to spherical par-
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ticles although there are extensions to more complex morphological distributions such as
the “T-matrix method” and the “Discrete Dipole Approximation” (Mishchenko et al. 2002;
Draine & Flatau 2004)). Obviously, the adoption of the original Mie solution presents a
potential issue for a medium of dust grains that may well be crystalline, fluffy or extremely
amorphous (see Figure 1.2). However, despite its limitations, Mie theory does provide a
first-order description of the optical effects of non-spherical particles. damocles adopts
the Mie theory solution to Maxwell’s equations in order to calculate scattering and absorption efficiencies. In the future, when alternative morphologies might be considered,
the algorithm may be extended to alternative solutions in order to address this limitation.
Similarly, the above solution applies only to a single particle. Various weighted summations must be performed over the scattering and extinction cross-sections in order to treat
a medium of multiple different grain sizes and species. This is discussed in further depth
in Sections 2.2.3 and 4.3.6.
Having established the physics behind light scattering and extinction by dust grains, I
can now consider how the effects of dust on radiation manifest themselves in observations.

1.1.6

Dust in Absorption

We may relate the frequency-dependent extinction cross-section to the opacity κν of the
dusty medium via
κν ρ = Cext,ν nd

(1.9)

where nd is the number density of the dust, ρ is the mass density and ν is the frequency.
The opacity determines the fraction of radiation that is absorbed when a beam of given
frequency travels through the medium. It also determines the continuum emission of the
dust as we shall see in Section 1.1.7. The intensity of the beam after having travelled a
distance x is given by
I(x) = I0 e−κν ρx

(1.10)

for a medium with constant density ρ and initial intensity I0 . The optical depth is defined
to be the quantity τν = κν ρx. This relationship is clearly central to understanding the
effects of dust absorption on line profiles emitted in the ejecta of CCSNe. However, it
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Figure 1.3. Extinction curves for different values of RV across the UV, optical
and IR based on the parametrisation by Cardelli et al. (1989). The bump at
2175 Å can be clearly seen in all curves.

applies to any dusty environment. The ISM in particular has proved to be crucial to
developing our understanding of dust and much of what we now know is the result of
investigations into the attenuating effects of dust in the ISM.
By considering the reddening and attenuation of starlight from background stars, Bless
& Savage (1972) determined the first section of the interstellar extinction curve from
0.11 µm to 2.15 µm. Eventually, longer wavelength observations in the IR would allow
for the variation of interstellar extinction to be determined across a larger wavelength
range (Rieke & Lebofsky 1985). Dust in the ISM is most strongly attenuating at shorter
wavelengths and its extinction efficiency decreases towards the IR (see Figure 1.3). In
1989, Cardelli, Clayton & Mathis postulated that not only was the shape of the normalised
interstellar extinction curve (from the UV to the NIR) independent of the line-of-sight to
the background stars, but that it could be entirely characterised by the quantity
RV =

AV
AV
=
AB − AV
E(B − V )

(1.11)

AV and AB represent the extinction in the V- and B-bands respectively. The quantity
RV is known as the total-to-selective extinction. The extinction in the ISM can generally
be described by RV ≈ 3.1 whilst denser regions such as some molecular clouds are described by RV ≈ 5. Properties of the ISM extinction curve (see Figure 1.3), such as the
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strong absorption feature seen at around 10 µm (see Figure 1.4), allowed Mathis, Rumpl
& Nordsieck (1977) to determine the composition and grain size distribution of dust in the
ISM. They attributed the 10 µm absorption feature to silicates and found that a grain size
distribution n(a) ∝ a−3.5 , with graphite grains distributed between 0.001 < a < 1 µm and
silicate grains distributed between 0.025 < a < 0.25 µm, would reproduce the extinction
curve. This grain size distribution has become known as the “MRN” distribution as a
result. A figure illustrating the variation of extinction with wavelength at longer wavelengths clearly showing the 10 µm feature is given in Figure 1.4 (Weingartner & Draine
2001; Draine 2003).
The 10 µm feature is one of several important dust signatures that can be seen in
absorption in the spectra of dusty regions such as molecular clouds and the ISM. More
precisely, this feature occurs at 9.7 µm and is the product of the stretching mode of Si-O
molecules in silicate dust grains such as MgFeSiO4 (Draine 2003). A related absorption
feature can be seen at 18 µm that is the result of the bending mode of O-Si-O (McCarthy
et al. 1980). These bands are the strongest IR dust absorption features.
Another prominent dust absorption feature is observed at 2175 Å and a noticeable
bump can be seen at this location in the interstellar extinction curve (see Figure 1.3).
Despite this feature being detected for the first time over 50 years ago (Stecher 1965), its
carrier remains unidentified. It was determined to be an absorption feature, as opposed to
a scattering feature, based on analyses of diffuse intergalactic light that showed that the
albedo of interstellar dust experiences a broad minimum around this wavelength (Lillie &
Witt 1976; Witt et al. 1982, 1986). It is generally attributed to aromatic carbonaceous
dust such as graphite (Stecher & Donn 1965) or polycyclic aromatic hydrocarbons (PAHs)
(Joblin et al. 1992; Li & Draine 2001).
There are a number of other signatures of dust absorption that can often be seen in the
spectra of dusty regions. In the ISM, absorption at 3.4 µm is often observed and has been
detected in the Milky Way and in other galaxies. It is generally attributed to the C-H
stretching mode in saturated aliphatic hydrocarbons both in dust grains and free-flying
molecules. The exact nature of the carrier remains uncertain (Pendleton & Allamandola
2002). In molecular clouds, higher densities can result in the accretion of an icy mantle
onto the surfaces of dust grains (Schutte 1997). Various ice absorption bands in the IR
are observed, for example an absorption band at 3.1 µm caused by the presence of water
ice is frequently seen (Ehrenfreund & Schutte 2000).
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Figure 1.4. Extinction curves for RV = 3.1 at short wavelengths as calculated
by Draine (2003) using the model of Weingartner & Draine (2001). The 10 µm
absorption feature can be clearly seen.

The presence of diffuse interstellar bands (DIBs) is one of the most interesting observed
effects of dust in the ISM. These bands appear as troughs in the optical and near-IR
against the continuous spectra of background stars which have diffuse interstellar clouds
in their foreground. The bands are too broad to be accounted for by atomic lines and,
despite observations of more than 400, their source has remained a mystery since their
first detection in 1919 (Heger 1922; Hobbs et al. 2008, 2009).

1.1.7

Dust in Emission

Energy absorbed by dust grains in the optical and UV causes the dust to be heated. Warm
dust emits continuum radiation in the near- to mid-IR and cool dust emits in the far-IR
and sub-millimetre (sub-mm). For dust that is in local thermodynamic equilibrium in an
optically thin environment, the continuum emission from the dust, Fν , is proportional to
the temperature-dependent blackbody spectrum, Bν (T ) (Hildebrand 1983):
Fν ∝ κν Bν (T )

(1.12)

where κν here represents the frequency-dependent absorption opacity of the dust. This
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Figure 1.5. Blackbody curves as described by the Planck function for a range of
temperatures illustrating the shift of the peak flux towards shorter wavelengths
with increasing temperature.

expression determines the temperature dependence of dust grains with a given opacity. A
number of blackbody curves for different temperatures are presented in Figure 1.5 illustrating the shift of the peak flux towards shorter wavelengths with increasing temperature.
Using Equation 1.12, it is possible to fit theoretical SEDs to observed photometric data in
the IR and sub-mm in order to derive various properties of the emitting dust, such as the
dust mass and composition. It is usually this approach that is employed to determine dust
masses in various objects from observations. For a single component, the temperature and
opacity are iterated until the model SED best fits the observed data points and then these
properties are translated to a dust mass via the optical properties of the dust grains that
produce the opacity, as discussed in the previous sections. Often the size distribution of the
dust grains and the composition are also considered as variables, and a multi-component
fit that allows for the presence of dust at different temperatures is frequently adopted to
obtain a more realistic fitting. In order to fit the full range of the SED from the optical to
the sub-mm without assumptions of single temperature components a fully self-consistent
radiative transfer model must be employed (see Section 1.1.9).
In addition to its continuum emission, dust can also exhibit a number of discrete
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emission features in the IR in interstellar and circumstellar environments. Several features
in the IR between 3.3 µm and 11.3 µm have, in the last few years, been attributed to
various C-H and C-C stretching and bending modes in PAHs, with the relative intensities
and exact wavelengths of these features dependent on the size and ionisation state of the
PAHs (Draine & Li 2001). There are numerous other spectroscopic emission features of
dust at long wavelengths. For example SiC emits at 11 − 12 µm in carbon stars, while
crystalline silicate emission features are frequently seen in the 10 − 45 µm spectra of
oxygen-rich AGB stars and post-AGB objects (Barlow 2009). A 21 µm emission band is
seen in carbon-rich post-AGB objects and a 30 µm emission band is seen in carbon stars,
carbon-rich post-AGB objects and carbon-rich planetary nebulae (Barlow 1993). Water
ice present in molecular clouds can cause emission bands at 44 µm and 60 µm. These
features allow the composition of dust in a given region to be probed more directly than
is possible using SED fitting. A discussion of the spectroscopic features from a variety of
dust species ranging from silicates to ices is given by Draine (2003).

1.1.8

Dust Particles as Scatterers

Dust’s role as a scatterer is not often considered and has relatively few observable signatures. Reflection nebulae are one of these (see Figure 1.6 for an example). Starlight
incident on a cloud of dust causes the dust to be heated and reflects off it, illuminating the
dusty nebula. Reflection nebulae are seen both in the circumstellar environment of stars
and in the interstellar medium. If the source of the light can be determined, observations
of these reflection nebulae can be used to constrain the properties of the dust grains that
they contain.
Dust scattering also gives rise to some particularly unusual and interesting features
in the fast moving environments of supernovae. As shall be discussed in more detail
throughout this thesis, dust scattering can result in significant, possibly asymmetrical
broadening of emission lines and the appearance of an extended scattering wing on the
red side of the profile (Lucy et al. 1989).
It can also cause an effect known as a “light echo”. This is when light emitted from
an object is reflected off a surrounding dusty region, such as a dense circumstellar shell,
towards the observer. Observing light echoes allows astronomers to see the state of an
object in the past and therefore to understand its evolution. Analysis of light echoes from
the explosion that produced Cassiopeia A (Cas A) allowed its age and SN type to be
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Figure 1.6. An example of a reflection nebula – the Witch Head Nebula (IC
2118) in NGC 1909 glowing due to reflected light from Rigel (credit: Gary
Stevens, source: http://antwrp.gsfc.nasa.gov).

determined (Krause et al. 2008) and the circumstellar environment of SN 1987A has been
investigated using light echoes as well (Crotts et al. 1989; Sugerman et al. 2005). Whilst
light echoes can provide much insight into the past, they can also present a problem for
current observations. When observing supernovae, it is important to determine whether
the observations show the current state of the object or a previous one.

1.1.9

Radiative Transfer in Dusty Media

In Section 1.1.6, I discussed the effect of dust absorption on an incident beam of radiation.
In general, the calculation of the emergent radiation field for a given incident field on a
dusty medium is not a straightforward one. This calculation is dependent on the equation
of radiation transfer. This equation defines the relationship between an incident beam of
radiation and the emergent beam based on the properties of the medium through which
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it is passing. Mathematically, it is given by
dIν
= −ρκν Iν + ρjν
ds

(1.13)

where ν is the frequency of the beam and Iν is the intensity of the beam. The quantity
jν is the emission coefficient per unit mass and determines the radiated emission. The
quantity s represents distance and as such

dIν
ds

is the rate of change of the intensity of

the beam with distance. All other quantities are as previously defined. The first term
in Equation 1.13 represents the absorption by the dust and the second term represents
emission along the line ds, as well as light that is scattered into the path of the beam.
In certain cases, this equation can be solved analytically. However, for general cases
and particularly for complex 3-dimensional geometries, it is best solved using numerical
codes that model the transfer of radiation. There exist a great many dust radiative transfer
codes written using Monte Carlo methods (e.g. Harries 2000; Wood et al. 2001; Baes et al.
2003; Wood et al. 2004a; Ercolano et al. 2005 and Robitaille 2011 to name but a few) and
I will discuss this approach in detail at the start of the next chapter. One of the primary
advantages of solving the radiative transfer equation using a numerical approach is the
self-consistency of the result. Both the optical and IR SED can be modelled consistently,
as opposed to the process of blackbody fitting which generally only accounts for the IR
emission from dust and does not reconcile this emission with a reduction in the supply of
shorter wavelength photons due to absorption at UV and optical wavelengths.
Whilst damocles does indeed model the transfer of radiation, certain facets of the
models, namely the narrow wavelength range that is considered and the assumption of the
temperature-independence of dust extinction, simplify the problem greatly. Therefore detailed consideration of all of the processes involved in solving the general form of Equation
1.13 are omitted here.

1.2

Origins of Dust in the Universe

In an effort to explicate the motivations behind studying dust, I have so far mostly limited
my discussion to the evolution, properties and physics of dust after the initial stages
of its formation. The most current and contentious debate, however, is over the natal
environment of dust grains.
Supernovae are the violent explosions that are the death of stars. They evolve very
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quickly and create extreme conditions. The focus on supernovae as a possible source of
dust in the universe has been motivated by the physical conditions that they produce
shortly after their creation and by the presence of large quantities of the heavy elements
that constitute the ingredients of dust grains.
Over the past two decades, several high–redshift galaxies and quasars (QSOs) have
been found to contain significant masses of dust as evidenced by the detection of redshifted dust emission at sub-millimetre wavelengths (e.g. Carilli et al. 2001; Omont et al.
2001; Bertoldi & Cox 2002; Bertoldi et al. 2003; Watson et al. 2015). Warm dust masses
(T ∼ 50K) inferred from these observations are of the order of 108 M

at very early

epochs, z & 6 (Robson et al. 2004; Beelen et al. 2006; Dwek et al. 2007). A dusty, evolved
galaxy has even been found to have existed during the expected epoch of reionization at
z = 7.5 when the universe was only about 500 Myr old (Watson et al. 2015). The presence
of such large quantities of dust at such an early stage of the universe’s evolution presents
a significant challenge to astronomers to find a source.

1.2.1

AGB Stars as Dust Sources

Until the observations described above, Asymptotic Giant Branch (AGB) stars were
thought to be the dominant source of dust in the universe. AGB stars are highly evolved
red giant stars with stellar masses in the range 0.85 M . M∗ . 8 M

(Iben & Renzini

1983). These stars have reached a stage of evolution that is characterised by separate
shells of hydrogen– and helium– burning surrounding a dense carbon-oxygen core. They
are extremely luminous (> 103 L ) and have strong winds that can cause the star to lose
up to 70% of its mass, resulting in the formation of an extended circumstellar envelope
(Wood et al. 2004b). It is in these regions that conditions are thought to be appropriate
for dust formation and this process has been studied in the environment of AGB stars by
many authors (e.g. Gail & Sedlmayr (1999); Cherchneff (2000); Ferrarotti & Gail (2005)).
This has been confirmed on numerous occasions by observations of dust in these objects
(Meixner et al. 2006; Matsuura et al. 2009; Sloan et al. 2009; Boyer et al. 2011, 2012; Riebel
et al. 2012; Matsuura et al. 2013). Theoretically, AGB stars may be capable of producing
as much as ∼0.04 M of dust for a narrow range of stellar masses around 4 M (Ferrarotti
& Gail 2006). For a wider range of progenitor masses they are predicted to produce a typical dust mass of 0.001 M . However, it is unlikely that enough low – intermediate mass
stars, which take around 0.1 − 10 Gyr to reach the AGB (Salaris et al. 2014), have had
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enough time to reach the AGB stage of their evolution. The few higher mass AGB stars
that have done so seem unlikely to have contributed significantly to the large dust masses
seen at very early epochs. It has been shown that AGB stars are likely to contribute only
about 1.6% of the 2 × 108 M of dust observed in the galaxy J114816.64+5251 at z = 6.4
(Dwek et al. 2007). In addition to this, local metal-poor galaxies appear to contain more
dust than can be accounted for by dust formation by AGB stars alone (Matsuura et al.
2009; Boyer et al. 2011, 2012; Matsuura et al. 2013). Such evidence has been used to argue
against the possibility that AGB stars could account for the dust masses observed in early
universe galaxies (Michalowski 2015).

1.2.2

Core-Collapse Supernovae (CCSNe) as Dust Factories

CCSNe from massive stars are one of the few potential sources that could contribute
large quantities of dust at early epochs. With the probable elimination of AGB stars
as significant sources of dust at high redshifts, attention is now focussed on determining
whether dust formation by CCSNe could resolve the dust mass dilemma at high redshifts.

1.2.3

Types of Supernovae

Supernovae may be classified into a number of different types. They are bisected initially
into Types I and II according respectively to the absence or presence of hydrogen in their
early spectra. Further sub-classifications depend on other features in the early spectra,
the properties of their later spectra and the evolution of their light curves after maximum
light. A summary of the supernova classification scheme is presented in Figure 1.7.
If the initial classification is Type I then all further sub-classifications depend solely
on the properties of the early spectra (a few days after outburst) as detailed in Figure
1.7. Type II supernovae are somewhat more complex in their basic categorisation. After
primary classification as a Type II SN, further subdivisions depend on the dominance of
hydrogen or helium in later spectra. Helium dominated supernova spectra are classified
as Type IIb and hydrogen dominant supernovae are classified as either Type IIL (those
which have a linearly decaying light curve after maximum light) or Type IIP (those that
exhibit a plateauing light curve after maximum light) as illustrated in Figure 1.8. Type
IIn supernovae are omitted from the summary presented in Figure 1.7 as they cannot be
classified straightforwardly via a bifurcating process. Type IIn supernovae will generally
have strong emission lines, particularly hydrogen lines, often with complex profiles. Cru-
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Figure 1.7. A flowchart summarising the supernova classification scheme following Turatto (2003).

cially, the spectra of Type IIn supernovae do not exhibit the broad absorption features
frequently seen in other types and instead show narrow emission lines (hence the ‘n’ in
Type IIn).

1.2.4

From Massive Stars to Supernova Remnants

It is now generally accepted that the progenitors of Type Ia supernovae are white dwarfs
that exist in a binary system with another star (Wang & Han 2012). The accretion
of material from one star to another, or the merger of two white dwarfs, results in a
thermonuclear explosion, a mechanism that is unique to Type Ia supernovae. Observations
do not indicate that ejecta-condensed dust forms in the aftermath of a Type Ia supernova
(e.g. Gomez et al. 2012a) and I therefore do not consider these objects any further,
focusing my attention solely on supernovae that explode via the core-collapse mechanism.
Broadly, this process is initiated when a massive star (≥ 8 M , Smartt 2009) starts
to fuse heavier elements. The fusion of ever heavier elements generates increasingly less
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Figure 1.8. Illustration of the different shapes of light curves for Type IIP and
Type IIL supernovae.

energy pre unit mass whilst also causing the mass of the core to increase. Eventually,
the internal pressure drops sufficiently that the core can no longer support itself against
its own self-gravity and begins to collapse rapidly. Within milliseconds, the core reaches
extremely high densities and, when it can no longer condense further, “bounces” off itself
causing an immense shockwave to propagate outwards and a large quantity of energy to be
released via the emission of neutrinos (Kotake et al. 2006). Much of this complex process
is still poorly understood and interesting models are currently being produced recreating
these very early stages using a numerical approach (Hammer et al. 2010; Takiwaki et al.
2014; Wongwathanarat et al. 2015). Though the explosion mechanisms of CCSNe are
largely beyond the scope of my work, some attention will be paid to these models later in
this thesis since instabilities that arise in these early stages can influence the structure of
the ejecta at later stages of its evolution.
For many years after the explosion, the supernova (now a remnant) is in the freeexpansion phase (Landau & Lifshitz 1959; Ostriker & McKee 1988). During this phase, the
mass and velocity of the expanding supernova massively exceed those of the surrounding
medium, fortuitously allowing the behaviour of the SNR to be analysed as if it were
expanding into a vacuum. The shock radius during this phase may therefore be calculated
simply as Rs = vs t. As the shockwave propagates through the ISM, interstellar material
that has been compressed by the forward shock begins to accumulate. At the same time
a reverse shock wave begins to propagate back through the ejecta. The free-expansion
phase begins very soon after the initial explosion and typically lasts for a few hundred
years, during which time the physical conditions in the ejecta are thought to be optimal
for dust formation (Todini & Ferrara 2001; Bianchi & Schneider 2007; Cherchneff & Dwek
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2010; Sarangi & Cherchneff 2013). The phase ends when the mass of material ahead of the
forward shock is of a similar magnitude to that behind and the mathematical treatment
of its behaviour must be altered as it enters the Sedov-Taylor phase.
The Sedov-Taylor phase is pressure-driven and can be regarded as adiabatic, the gas
cooling because of its expansion. The dynamics of this phase can also be described analytically but the derivation is slightly more complex than the free expansion phase (Taylor
1950; Sedov 1959). Once a critical temperature is reached, ions start to recapture free
electrons and energy is lost via radiation as the nebula starts to recombine in what is
known as the snow-plough phase, so called because the mass of swept-up material now
greatly exceeds the ejected mass. The expansion slows and eventually the shell breaks up
into clumps and merges into the ISM.

1.2.5

Energetics in Core-Collapse Supernovae

There are three different sources of energy in most supernovae. Each of these emerges
from the supernova in different forms over different timescales. Initially, the most obvious
energy source is that of the initial gravitational collapse which results in a huge emission
of energy in the form of neutrinos and lasts for just a few seconds (Kotake et al. 2006).
The next source of energy to become apparent is that of the radioactive decay of
unstable isotopes in the debris. As these isotopes decay they produce gamma rays that
Compton scatter off bound electrons. This produces a population of fast, primary photoelectrons that cause further ionisations and excitations and produces a family of slower
secondary electrons (Fransson 1986). As these electrons recombine with ions they emit
monochromatic photons that we observe as line emission. I will be particularly interested
in those lines in the optical and IR, for example the Balmer and Paschen series of hydrogen
lines are often prominent in the spectra of CCSNe (see Figure 1.9).
Finally, over much longer timescales, the kinetic energy of the expanding debris will
emerge as radiation when it impacts the surrounding material. This impact will propagate
a reverse shock inwards through the ejecta and gas between the forward and reverse shocks
will be heated and will therefore radiate its thermal energy as X-rays. This stage of the
energetics is likely coincident with the supernova remnant entering the Sedov-Taylor phase
and so will usually only occur after several centuries.
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Figure 1.9. Illustration of the Lyman, Balmer and Paschen series of transitions
in hydrogen.

1.2.6

Dust Formation and Destruction in CCSNe

The initial formation of dust grains requires high densities and low temperatures. Although
dust grains can grow via the accretion of individual atoms in the interstellar medium,
various theoretical and experimental models indicate that dust grains cannot initially
form via this process due to the low densities present (Osterbrock & Ferland 2006). There
are two primary theories for the formation of dust grains. It was originally thought that
the formation of dust grains resulted from the stochastic process of classical nucleation
whereby particles coalesce to form the seeds of dust grains. These seeds become the
nucleation sites from which grains are ultimately born through the aggregation of further
particles. Various models of dust formation in the ejecta of CCSNe have used this approach
(Kozasa et al. 1989; Todini & Ferrara 2001; Nozawa et al. 2003; Schneider et al. 2004).
More recently, several models of dust formation in CCSNe that assess the effects of
chemistry on the growth of dust grains have been published. These models consider the
chemical composition of the gas and include chemical reaction rates thereby determining
the manner in which molecular evolution influences dust grain formation and growth rates
(Cherchneff & Dwek 2009, 2010; Sarangi & Cherchneff 2013; Sarangi & Cherchneff 2015).
Models using both methods have predicted dust masses of the order of 0.1 − 1 M of dust
forming within the ejecta of CCSNe having progenitor masses between 12 − 40 M within

1.2. Origins of Dust in the Universe

47

the first few years after the initial explosion.
Whilst the issue of the quantities of dust that are initially produced in the ejecta of
SNe is extremely important, another key question is what fraction of the dust that forms
is capable of surviving to enter the interstellar medium at later times. Dust grains can be
destroyed by a number of different processes. Of primary interest is a process known as
“sputtering”: collisions between dust grains and ions in a nebula can result in atoms or
molecules being ‘knocked off’ the surface of the grain. Conditions for sputtering to occur
are ideal near a shock-front (Barlow & Silk 1977; Barlow 1978) and it is therefore predicted
that the passage of the reverse-shock back through the ejecta of a CCSN results in dust
grains becoming fragmented into smaller grains or being destroyed entirely. Understanding
the initial grain size distribution and mass of the newly-formed dust in the ejecta is
therefore extremely important to determining how much dust survives to enter the ISM
and therefore whether CCSNe are in fact a significant source of dust in the universe.

1.2.7

The Four Signatures of Dust in Core-Collapse Supernovae

The presence of dust in the ejecta of CCSNe can be indicated by four main signatures:
A decrease in the light curve

As the dust begins to form in the ejecta, UV and optical light is absorbed by the dust
causing a decrease in the light curve at these wavelengths (e.g. Sugerman et al. 2006).
Whilst this signature indicates the presence of newly-forming dust, it is generally very
difficult to use this signature to quantify properties of the dust.
Excess IR emission

An increase in emission in the IR occurs contemporaneously with the decrease in the
UV-optical light curve. A thermal mid-IR excess is caused by warm dust emission and a
later excess in the far-IR and sub-mm is the result of cold dust emission. The increase
in emission at these wavelengths can be caused by newly-formed dust condensing in the
ejecta and absorbing UV and optical photons but can also be a result of thermal light
echoes where pre-existing circumstellar dust absorbs radiation and re-emits in the IR. The
origin of the IR excess can usually be determined by considering the evolution of the IR
flux. This signature has been widely exploited using both radiative transfer models and
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blackbody fitting to derive properties of the dust from the observed SED (e.g. Wooden
et al. 1993).
Blue-shifted line profiles

The onset of the formation of dust can cause an asymmetry in line profiles in the optical
and IR. The absorption and scattering of optical or near-IR radiation by newly-formed dust
within the ejecta can result in an asymmetry between the red and blue shifted components,
with the redwards emission from the far side of the ejecta undergoing greater absorption
and resulting in an overall shift of the profile to the blue. This was first discussed by Lucy
et al. (1989) and has been referenced qualitatively in the literature frequently, although it
has not been used to quantitatively derive dust properties since that first publication by
Lucy and collaborators.
Polarised dust emission

The expansion of a CCSN is often somewhat asymmetrical and dust grain shapes are likely
not spherical in shape. Both of these factors can cause the emission from dust grains in
the ejecta of supernovae to be highly polarised. Analysis of the degree and orientation of
the polarised emission can provide insight into the distribution and mass of the emitting
dust. This approach has only been applied to old remnants (the SCUBA polarimeter was
used to isolate dust in the ejecta of Cas A (Dunne et al. 2009)) but has not yet been used
for a supernova remnant younger than ∼300 years.

All four of these signatures have been discussed in detail over the timeline of this subject
(e.g. Danziger et al. 1991b; Bouchet et al. 1991; Bouchet & Danziger 1993; Sugerman et al.
2006; Gomez 2013) but to date the focus has largely been on using the excess IR emission
seen in the SEDs of CCSNe to determine quantitatively dust masses in these objects.

1.2.8

The Dust Mass Debate

The formation of dust grains requires densities high enough for interactions between particles to take place, but temperatures that are cool enough to allow the grains to form and
survive. The theory that the ejecta of a CCSN in its free-expansion phase could provide
these conditions was first hypothesised by Cernuschi et al. in 1967 and supernovae have
now long been thought to be potential dust factories (Hoyle & Wickramasinghe 1970;
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Kozasa et al. 1991; Todini & Ferrara 2001; Nozawa et al. 2003; Cherchneff & Dwek 2010;
Sarangi & Cherchneff 2013; Biscaro & Cherchneff 2014). The ejecta cools rapidly as it
expands and there is an abundance of heavy elements. In order to account for the large
masses of dust seen in the early universe, it is estimated that CCSNe would need to
produce 0.1 − 1.0 M of dust per CCSN (Morgan & Edmunds 2003; Dwek et al. 2007)
However, until recently, supernovae had been largely dismissed as a significant source
of dust. Observations over the last decade at mid-IR wavelengths of warm dust emission
(200 - 450K) from CCSNe had suggested that the quantities of ejecta-condensed dust
produced during the first 1000 days were typically ≤ 10−3 M (e.g. Sugerman et al. 2006;
Meikle et al. 2007; Kotak et al. 2009; Andrews et al. 2010; Fabbri et al. 2011). This is
much less than theoretical models had predicted (see Section 1.2.6) and not enough to
account for the dust masses observed in the early universe.
Cassiopeia A

In 2003, the field was shaken by the report that 2 − 4 M of cold dust (20K) had been detected via its sub-mm emission from the 300-year old SNR Cas A using the Sub-millimetre
Common-User Bolometer Array (SCUBA) (Dunne et al. 2003). A heated debate followed
as astronomers contested the source of the observed dust. Dunne et al. (2003) had concluded that the dust was associated with the remnant based on the high spatial correlation
between the sub-mm emission from the cold dust and the forward and reverse shocks that
were traced via X-rays. Krause et al. (2004) challenged this suggestion using analyses of
CO line emission and absorption to conclude that the dust was in fact located in clouds
along the line of sight or near to the remnant. A further attempt to determine the mass
of dust was made via its sub-mm polarised emission. As discussed earlier, the asymmetric nature of Cas A’s expansion could result in a degree of polarisation relative to dust
located in the ISM. Sub-mm observations of Cas A were made by Dunne et al. (2009)
using the SCUBA polarimeter and the emission was found to be extremely polarised, up
to a fraction of 30% (compared to typical ISM fractions of 2% - 7%). A reevaluation of
the dust mass based only on the polarised emission data led to a dust mass estimate for
Cas A of ∼1 M (Dunne et al. 2009).
Even this revised estimate was still uncomfortably large compared to previous mid-IR
based estimates. It was only with the advent of the Herschel mission that the presence
of cold dust in more SNRs could be investigated via emission at sub-mm and far-IR
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Figure 1.10. Images of Cas A at IR, sub-mm and radio wavelengths. The top
six images are 7’ on a side and the bottom three are 10’ on a side. The inner
and outer circles in the middle-right image correspond to the reverse and forward
shocks respectively according to Gotthelf et al. (2001). Figure taken from Barlow
et al. (2010).

wavelengths. These Herschel observations have, somewhat surprisingly for many in the
field, consistently revealed dust masses of the order of 0.1 − 1.0 M in a number of young
SNRs.
As the first result of its kind, and with a great many questions left unanswered, it
was crucial to establish the dust mass in Cas A as conclusively as possible. Observations
of Cas A using Spitzer detected emission from warm dust between 24 µm - 70 µm, the
analysis of which established dust temperatures of 60 − 120K and a dust mass of 0.02 −
0.054 M

(Rho et al. 2008). Subsequent observations of Cas A by the balloon-borne

BLAST experiment (Sibthorpe et al. 2010) produced a dust mass estimate of 0.06 M ,
while higher angular resolution observations using Herschel detected a cool (T∼35K) dust
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component, peaking at ∼ 70 − 100 µm, of 0.075 M

giving a total dust mass in Cas A

of ∼0.1 M (Barlow et al. 2010). Due to contamination from interstellar dust emission at
longer wavelengths, it was difficult to conclusively determine the presence of any colder
dust. Images of Cas A across a range of IR wavelengths are presented in Figure 1.10.
The Crab Nebula

The supernova that produced the Crab Nebula was detected by Chinese astronomers in
1054. A pulsar at the heart of the nebula irradiates the surrounding gas and dust and
provides a rare opportunity to probe dust masses in a centuries old remnant (Reifenstein
et al. 1969). Unlike Cas A, the Crab does not have strong contaminating interstellar
clouds of dust in its foreground and background, ensuring that any detections of dust at
its location are likely to be associated with the remnant.
Spitzer and Herschel observations have been made of this remnant and both observatories have detected dust in the ejecta. Spitzer, however, only detected 2.4 × 10−3 M
(Temim et al. 2012). Further spectroscopic and photometric observations with Spitzer,
Herschel and Planck allowed the full range of the SED to be investigated and enabled its
synchrotron and line emission to be well-characterised. Subtracting these from the continuum IR observations yielded two dust components, a warm component at 63K estimated
to have a mass of ∼ 10−3 M
0.1 − 0.2 M

and a cool component at 34K with an estimated mass of

(Gomez et al. 2012b). As might be expected, the dust is predominantly

co-located with the gas in dense filaments (see Figure 1.11).
These dust masses were based on two-component modified blackbody dust fits. Further
analyses and models of these results have resulted in revised estimates of the mass of dust
in the Crab nebula. Multi-component fitting with multiple grain sizes by Temim & Dwek
(2013) gave rise to a dust mass estimate of 0.02 − 0.13 M , consistent with the lower
end of the previous estimate. Recent mocassin radiative transfer models by Owen &
Barlow (2015) that account for varying grain size distributions, gas geometries and a more
realistic heating source obtained dust masses of 0.1 − 0.2 M
dust, consistent with the estimate of 0.1 − 0.2 M

for smoothly distributed

of Gomez et al. (2012b). However, if

the dust in the ejecta is assumed to be clumped, as seems more realistic, then 0.2 − 0.4 M
of amorphous carbon grains are required to fit the SED (Owen & Barlow 2015).
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Figure 1.11. Composite image of the Crab nebula using Hubble Space Telescope
(HST) optical line emission data (blue-white) and Herschel 70 µm dust emission
(red) illustrating the close alignment between the optical knots and filaments.
Credits: Oli Usher (UCL); Herschel Space Observatory, Hubble Space Telescope:
ESA, NASA. Image taken from Owen & Barlow (2015).

SN 1987A

Perhaps the most critical discovery however, was that of cold dust in the ejecta of SN 1987A.
This object is uniquely helpful in the study of supernovae due to its relatively recent explosion and its location only ∼50 kpc away. Dust had been predicted to form in large
quantities in the ejecta of SN 1987A (Dwek 1988) but, prior to Herschel observations,
had been observed only in comparatively small quantities. Observations of blue-shifted
line profiles in the optical and of warm dust emission in the mid-IR led to dust mass
estimates of ∼ 5 × 10−4 M − 2 × 10−3 M

forming in the first 1000 days (Lucy et al.

1989; Roche et al. 1989; Bouchet et al. 1991; Wooden et al. 1993; Ercolano et al. 2007). In
2010, this view was fundamentally altered by observations by Herschel that indicated the
presence of 0.4 − 0.7 M

of cold dust (Matsuura et al. 2011). Further observations with

Herschel and the Atacama Large Millimetre Array (ALMA) not only confirmed this dust
mass estimate but ALMA also had sufficient spatial resolution to conclusively determine
the location of the cold dust emission as originating from within the ejecta (Indebetouw
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et al. 2014; Matsuura et al. 2015). Recent radiative transfer modelling of the evolution of
its optical and IR SED has confirmed that a large mass of cold dust has formed in the
ejecta of SN 1987A, with the majority of the dust forming after 1000 days (Wesson et al.
2015).
This object is crucial to the field and is a central focus of this thesis. I have therefore
only covered the key points above and will give a considerably more detailed synopsis of
the story of SN 1987A at the start of Chapter 4.
The above Herschel and ALMA far-IR and sub-mm observations of several SNRs have
revealed cold dust masses as high as 0.4 − 0.8 M . These discoveries have resulted in
a re-evaluation of the rate of dust production by CCSNe and a renewed focus on these
objects as sources of dust.
However, there remain a large number of outstanding challenges to consider. Firstly,
there are still only a very small number of supernovae that have been observed to contain
sizeable masses of dust present in their ejecta. If further CCSNe are shown to have formed
large quantities of dust then the already shifting opinion might start to become consensus.
Other points to consider regarding dust formation and evolution in CCSNe include the
nature of the dust (composition, grain size, grain shape etc.) which is still largely unclear,
as is the extent to which it is destroyed after its initial formation. Related to these issues
are the uncertainties in the dust formation rates in the ejecta and the issue of where in
the ejecta this formation takes place.

1.2.9

Observations of Dust-Affected Asymmetric Line Profiles

The Hershel dust mass estimates discussed above were based on fitting dust SEDs that
peaked at far-IR wavelengths. Unfortunately, following the end of the Herschel mission
in 2013, there is likely to be a long wait for far-IR facilities with comparable or better sensitivities than Herschel to become available. Without far-IR data, this particular
methodology is temporarily ineffectual. This has provided an incentive to make use of
alternative methods to estimate the dust masses that form in supernova ejecta.
As discussed in Section 1.2.7, there is more than one way of tracing dust formation in
the ejecta of supernovae. In 1989, Lucy et al. identified a progressive blue-shifting of the
[O i] λ6300,6363 Å doublet from SN 1987A between days 529 and 739 after outburst, with
the doublet in the later spectrum being blue-shifted by ∼ 600 km s−1 (see Figure 1.12).
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Figure 1.12. The emission profile of [O i]λ6300,6363 Å from SN 1987A on 5
August 1988 (day 529) and 3 March 1989 (day 739) showing the strong blueshifting by ∼ 600 km s−1 of the latter profile. The profiles are scaled to the same
peak intensity for the violet component. The figure is taken from Lucy et al.
(1989).

Since then, such red-blue asymmetries have been frequently observed in the late-time
(> 400 days) spectra of supernova ejecta .
Numerous telescopes have recorded spectra of CCSNe in the optical and IR, some
with extremely high resolution. The Anglo-Australian Telescope (AAT), the Cerro Tololo
Inter-American Observatory (CTIO), the Hubble Space Telescope (HST) and the Very
Large Telescope (VLT) have all observed SN 1987A. These and other telescopes such as
Gemini with its two Gemini Multi-Object Spectrographs (GMOS) have also taken spectra
of numerous CCSNe. As a result of observations with these telescopes, numerous CCSNe
have been observed to exhibit the blue-shifted line profiles indicative of dust formation
in the ejecta (e.g. Lucy et al. (1989); Fabbri et al. (2011); Mauerhan & Smith (2012);
Milisavljevic et al. (2012)). A recent example of such an effect is shown in Figure 1.13 which
illustrates the progressive blue-shifting of the line profiles of Hα, Hβ and HeI λ5876 Å from
SN 2010jl (Gall et al. 2014).
Advances in digital storage have allowed many spectral and photometric observations
to be made available online. Many observatories now publish their recent observations
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Figure 1.13. Figure taken from Gall et al. (2014) illustrating the progressive
blue-shifting of line profiles from SN 2010jl. a. Evolution of the Hβ line profile
(left) and Lorentzian line fits to this line (right). b. Evolution of the Hα line
(left) and the Hei λ5876 Å line (right).

online in archives and are working to upload observations that pre-date file sharing services,
so there is now a growing database of dust-affected asymmetric line profiles available.
Many of the data used in this thesis were obtained from these archives.
Quantitative modelling of the extent of line asymmetries and other aspects of the
shapes of the line profiles now allow dust in the ejecta of supernovae to be traced via an
alternative method to SED-fitting.
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Aims and Content of this Thesis

The purpose of my work has been to develop a new approach to determining dust masses
in supernovae, with the aim of providing an alternative to SED fitting in the future and
of being able to corroborate or contradict past SED-based dust mass estimates. I look to
exploit the dust-forming signature of characteristically asymmetric line profiles. Though
this feature has been discussed at length by numerous authors, it has very rarely been
quantitatively measured or modelled.
To this end, I have developed a Monte Carlo code that numerically models this signature in the spectra of CCSNe in order to quantitatively determine dust masses formed at
a variety of epochs post-explosion, additionally seeking to place constraints on the composition and grain size distributions of the newly-formed dust. I have sought to use this
new code to model the dust mass evolution of SN 1987A and the dust masses present at
late times in the ejecta of a number of other young supernovae. I hope ultimately to have
presented a convincing picture of the efficacy of CCSNe as the birthplaces of large masses
of dust.
In Chapter 2, I will detail the physics that is included in damocles and the mechanisms
and algorithms behind the functioning of the code. I will also discuss the technical details
and motivations behind various choices such as the use of the Monte Carlo methodology
and the use of the Fortran 95 programming language.
In Chapter 3, I will describe the process of testing the code. I will detail the algebraic
derivation of analytical line profiles in optically thin regimes and consider previous work
published on line profiles in optically thick environments. I will demonstrate that damocles is capable of reproducing these results before moving on to present an investigation of
the variable parameter space from a theoretical perspective. By probing the effects on the
line profile of varying a single parameter, I discovered a number of interesting signatures
that are caused by dust scattering and absorption. These are also discussed in Chapter 3.
I used damocles to model a number of CCSNe with a particular focus on SN 1987A.
For many reasons, but principally the availability of a large number of spectroscopic observations, this object became the central focus of this thesis. The detailed models of the
Hα and [O i]λ6300,6363 Å from SN 1987A over a wide range of epochs and a discussion
of the implications of my results are presented in Chapter 4.
Chapter 5 contains models of late-time emission line profiles from a number of other
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CCSNe, namely SN 1980K, SN 1993J and Cas A. I discuss my models for a variety of
oxygen and hydrogen lines and their implications for dust formation in CCSNe in general.
Finally, to conclude the thesis, I will bring together my findings and look to the future in
Chapter 6.

Chapter 2

A Description of damocles
2.1

Monte Carlo Methods

The name “Monte Carlo” describes a class of modelling techniques that employ a stochastic
approach to simulating mathematical and physical situations that are otherwise difficult
or impossible to solve. By repeatedly sampling random numbers from a probability distribution, numerical results to non-analytic problems may be obtained. The approach
was first used by researchers at Los Alamos in the late 1940s who adopted the method to
model the transport of neutrons (Metropolis & Ulam 1949). It is from the code name for
this project, “Monte Carlo”, that the methods derive their name.
As the available computing power increased over the following decades, Monte Carlo
methods became more and more useful as a means of solving complex problems and are now
used widely across numerous fields including mathematics, statistics, engineering, finance,
the physical sciences and many others. The nature of the approach means that they are
particularly well-suited to problems with multiple degrees of freedom, and especially when
any of these degrees are coupled. By using random numbers to represent quantities that
parametrise a physical problem, a solution to the problem may be sought using a pseudorandom number generator. It must be the case that the quantities that characterise the
problem may be represented by a continuous distribution in the range [0,1] in order that
the randomly generated numbers may be translated into physical properties (Buslenko
et al. 1966).
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Having thus obtained a random set of physical parameters, a model is constructed
and an output - a “possible outcome” - is obtained. By repeatedly iterating this process
with new randomly-generated inputs each time, many possible outcomes are produced
and a probability distribution is built up. The interpretation of the output probability
distribution is dependent on the manner of utilisation of the Monte Carlo method. For
example, the procedure may be used to find the mean–free paths of millions of energy
packets where the resulting probability distribution of the final frequencies of the packets
is equivalent to an energy distribution. This is the process that I make use of and I will
discuss it in more detail throughout this chapter.
More recently Monte Carlo methods have been applied to Bayesian statistical analyses
that seek to uncover a complete multidimensional probability distribution describing the
parameter space of a particular model. The intention is to derive not just a well-fitting
model but to understand how variations in a given parameter affect the likelihood that
the model is representative of the data. These investigations of parameter space generally
adopt a Markov Chain Monte Carlo (MCMC) approach. Where a Monte Carlo method
generates a sample from a required distribution, a MCMC technique draws samples according to a predefined set of rules that result in a sequence of samples called a Markov
Chain. These methods allow for a more intelligent and efficient sampling of parameter
space (Metropolis et al. 1953; Hastings 1970; Gilks et al. 1996).
Clearly, Monte Carlo simulations are limited by their finite nature and will never
produce a perfect solution. However, this does not mean that Monte Carlo simulations are
lacking in rigour. It may be shown that the error in a Monte Carlo model is approximately
∼

√1
n

for large n, where n is the number of quanta used in the simulation (Press et al.

2007). The error may therefore be made as small as required by increasing the number of
quanta used in the simulation subject to the restrictions of computing time and expense.
In the next section, I discuss the use of Monte Carlo methods as applied to radiative
transfer problems and specifically to damocles. I discuss the computational aspects of my
work and the architecture of the code in section 2.3 before finally discussing the limitations
of the code and its potential for future developments in section 2.4.
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Radiative Transfer and the Monte Carlo Method

The application of Monte Carlo codes to radiative transfer problems in astrophysics has a
strong history. Numerous codes that utilise this stochastic methodology have been written
in the past few decades in order to model the transport of energy packets through various
media, for example Cloudy (Ferland et al. 2013), Hyperion (Robitaille 2011), lime (Brinch
& Hogerheijde 2010), mocassin (Ercolano et al. 2003, 2005), ratran (Hogerheijde & van
der Tak 2000), skirt (Baes et al. 2003), torus (Harries 2000) and many others (e.g.
(Wood et al. 2001)). The energy to be transported throughout the region of interest
is discretised into packets and the path of each packet is calculated according to the
properties of the environments that it passes through during its lifetime. Collating the
escaped packets at the end of the simulation produces an energy distribution that may be
compared to observed photometric or spectral data.
In addition to numerous codes that treat the continuous emission and absorption of
energy in dusty environments in order to produce and fit spectral energy distributions
(SEDs), there also exist several Monte Carlo radiative transfer codes that model the transfer and interaction of line emission through a 3D nebula in order to produce a synthetic
spectrum (e.g. Brute (Thomas et al. 2003) and artis (Kromer & Sim 2009)). These models frequently employ an approximation known as the Sobolev approximation (Sobolev
1957) to treat the absorption and scattering of photons. This method allows spectral lines
in media moving with high velocity gradients to be treated more simply by solving the
radiative transfer equation locally under the assumption that the macroscopic velocity
gradient is more important than the thermal line width. Models of supernovae have been
produced using both approaches and well-fitting spectra and SEDs have been generated
but never, according to the best of my knowledge, has the Monte Carlo methodology been
employed to produce sophisticated models of individual line profiles in expanding dusty
regions. In this new code, damocles, we seek to apply the technique to an expanding
dusty medium in order to consider the effects of dust on a single emitted line profile.
Previous work by Leon Lucy has considered the problem of computing the spectra
of supernovae using Monte Carlo techniques (Lucy 1987, 1999, 2002, 2003; Lucy 2005a;
Lucy 2005b). In particular Lucy and colleagues consider dust-induced asymmetric line
profiles in the ejecta of CCSNe and they have published results derived both analytically
and using simple Monte Carlo simulations (Lucy et al. 1989, 1991). These simulations
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appear to be the only published instances of a numerical approach to studying this type of
spectral feature. The damocles code adopts the same technique as the original modelling
by Lucy et al. but allows for a considerably more complex treatment of the composition,
geometry and motion of the dusty medium.
Radiative transfer methods as applied to supernovae generally treat a wide wavelength
range and seek to conserve the total energy. In the case of SED modelling, this is often
achieved by dividing the total energy into packets of equal weight and energy, and iteratively determining the temperature and ionisation structure. In this work, the approach
we adopt is somewhat simpler as only a very narrow wavelength range need be considered.
Rather than seeking to conserve the total energy, we assume that any packet absorbed
by dust would be re-emitted outside the wavelength range of interest and thus no longer
contributes to the resulting line profile. Any absorbed packet is therefore removed. In
addition to this, the absorption and scattering of radiation by dust is assumed to be independent of temperature and there is therefore no need to calculate grain temperatures
throughout the nebula. Similarly, the use of the Sobolev approximation (described above)
is unnecessary here as the lines treated are assumed to be optically thin.
The subtleties of the problem we consider here lie in the treatment of an atmosphere
expanding as fast as 10% of the speed of light, and in the complexities of the dusty medium
itself. Lorentz transforms must be carefully applied in order that packets experience the
appropriate degree of frequency shifting on their original emission and at each subsequent
scattering event. In this respect, the code is analogous to Monte Carlo radiative transfer
models of electron scattering published by Auer & van Blerkom (1972) and Hillier (1991).
Indeed, similar features are observed in the outputs of both.
Throughout this section, I will describe the principles, assumptions and techniques
adopted in the production of damocles (see Figure 2.1) before I move on to address the
mechanics and architecture of the code itself. damocles stands for Dust-Affected Models
Of Characteristic Line Emission in Supernovae.

2.2.1

Energy Packets

The fundamental principle underlying the Monte Carlo approach to the transport of radiation throughout a dusty nebula is that the radiation is discretised into packets. Each
of these packets is then propagated throughout the nebula and ultimately contributes a
fraction of the final energy distribution. At the start of the simulation, each packet is

2.2. Radiative Transfer and the Monte Carlo Method

Figure 2.1. A flowchart representing the sequence of processes that take place in
the damocles code. The modules involved at each stage are given in parentheses.
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assumed to consist of n photons of frequency ν0 , the rest frequency of the monochromatic
emission line to be modelled. All packets therefore begin life with initial energy
E0 = nhν0

(2.1)

where h is Planck’s constant. As the packets move through the ejecta, they are scattered
off high-velocity dust grains and after each scattering event the frequency of the packet
is altered. In Monte Carlo simulations that model non-moving atmospheres, packets are
usually taken to be of constant energy. When the frequency of a packet is altered after an
event, the energy of that packet is kept constant and the number of real photons contained
within it assumed to change. However, in the case of dust scattering, the number of real
photons is conserved and thus the energy of the packet is altered. This is most easily
achieved by weighting each packet over all scattering events as
wp =

Y ν0
ν
scat

(2.2)

where wp is the weight of the packet and ν and ν 0 are the frequencies of the packet
before and after the scattering event respectively. The final energy of each packet is then
E = wE0 , where E0 is the initial energy of the packet. The final dust-affected line profile
is compiled by adding the total energy of all packets in a specific frequency bin in order
to produce a histogram.
In these models, unlike fully self-consistent SED radiative transfer models, there is
no requirement that the total energy be conserved. We drop this traditional requirement
since radiation that is absorbed by dust is re-emitted outside of the wavelength range of
interest and thus no longer contributes any flux to the resulting line profile. Packets that
are absorbed may be safely removed from the simulation.

2.2.2

Initialisation and the Grid

The supernova ejecta is approximated by a three-dimensional cartesian grid, each cell of
which is assumed to have uniform density and composition. By default, the ejecta occupy
a shell between inner radius Rin and outer radius Rout . The grid extends from −Rout
to +Rout in each of the three axes. Each side is split into the same number of divisions
3 /n3
and thus each cell is a cube of volume Rout
div where ndiv is the number of divisions
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along each axis and is specified by the user. For the remainder of this thesis, a spherically
symmetric situation is assumed and in all modelling and testing the grid is constructed in
this manner. However, there are no assumptions of symmetry in the code and a cartesian
grid was adopted in order to allow for arbitrary geometries to be modelled in the future
e.g. ellipsoidal or toroidal ejecta distributions.
Smooth power-law density distributions

Both gas and dust are by default assumed to have a power-law distribution declared as
ρ(r) ∝ r−β between Rin and Rout . The distribution of gas determines the emissivity distribution and thus the starting positions of the packets in the simulation (see section 2.2.4).
However, after the initial emission of energy packets, the gas plays no further role in the
simulation as only interactions with dust grains are of interest here. By default, the dust
is coupled to the gas and thus follows the same smooth power-law distribution previously
described with exponent −β. The dust density in each cell is therefore calculated as
ρ(r) =

(3 − β)Mtot
3−β
4π(Rout

−

3−β
Rin
)

r−β

(2.3)

if β 6= 3, where r is the radial distance from the centre of the cell to the origin and Mtot is
the total desired dust mass to model. For the standard model with β = 2 this becomes
ρ(r) =

Mtot
4π(Rout − Rin )r2

(2.4)

If β = 3 then the dust density in each cell is alternatively calculated as
ρ(r) =

Mtot
4π log(Rout − Rin )r3

(2.5)

Any cell whose centre falls outside of the bounds of the supernova ejecta has dust
density set to zero. If the dust and gas are decoupled then the user must specify distinct
profiles for the gas and the dust; that is, separate power laws must be declared and independent inner and outer radii specified. The same process is followed but with separate
power-laws for each component. Including the capacity to specify the gas and dust distributions separately allows for more sophisticated modelling of, for example, circumstellar
shells or dense cores of dust formation surrounded by more diffuse gas.
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Clumped geometries

It is known from SED modelling that models of clumped environments produce very
different results to environments assumed to have a smooth distribution of dust and gas
(e.g. Bianchi et al. (2000); Ercolano et al. (2007); Owen & Barlow (2015)). The capacity
for modelling a clumped dusty medium is therefore included in the code. The fraction of
the dust mass that is in clumps is declared (mf rac ) and the total volume filling factor of the
clumps (f ) is also specified. Dust that is not located in clumps is distributed according
to a smooth radial power-law. The clumps occupy a single grid cell and their size can
therefore be varied by altering the number of divisions in the grid. They are distributed
stochastically with probability of a given cell being a clump proportional to the smooth
density profile (i.e. p(r) ∝ r−β ). The density of all clumps is constant and is calculated
as
ρclump =

Mclumps
mf rac Mtot
= 4
3
3
Vclumps
3 f π(Rout − Rin )

(2.6)

where Mtot is the total dust mass, Mclumps is the total dust mass in clumps and Vclumps
is the total volume occupied by clumps. mf rac and f are defined as above.
A grid of cubic cells of varying dust and gas densities is thus produced in readiness
for packets to be transported through it. Examples of smooth and clumped distributions
of dust generated by damocles are presented in Figure 2.2. A frequency grid is also
established centred on the rest-frame frequency of the line to be modelled.

2.2.3

Properties of the Dusty Medium

Dust of any composition may be used for which optical data are available. The relative
abundances of the species must be declared in an input file accompanied by a grain radius
distribution (specified as a grain radius range and power-law index) for each species. Files
detailing the optical data (n and k values) for the chosen dust species are also declared at
the start of the code. For each pairing of wavelength λ and grain radius a, a Mie scattering
routine is employed to calculate Qabs (λ, a) and Qsca (λ, a) from the refractive index n + ik.
These values are calculated for every species across the wavelength and grain radius ranges
of interest. I have described the mathematics of converting the refractive index into
scattering and absorption efficiencies using Mie theory in detail in the introduction to this
thesis (see Section 1.1.5).
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Figure 2.2. 3D representations of the dust grid generated by damocles. A
smooth distribution is shown on the left and a clumped distribution on the right.

Ultimately, the overall scattering and absorption opacities in each grid cell must be
known and so a weighted summation over Qabs (λ, a) and Qsca (λ, a) is performed. The
number density in each cell must first be calculated as
nd = ρ/mav

(2.7)

where mav is the average mass of a grain:
mav =

XX 4
i

a

3

πa3i ρg,i wi (a)xM,i

(2.8)

ρg,i is the density of the grain for species i (specified with the optical data), xM,i is
the relative abundance of species i by mass and wi (a) represents the normalised weight of
particles with grain radius a. For a given power-law distribution of grain radii n(a) ∝ a−α ,
wi (a) is given by
a−α
wi (a) = R amax −α
da
amin a

(2.9)

The relative abundances of the different species are declared by the user in terms of
cross-sectional area (xA,i ). From this, the relative abundances by volume (xV,i ) may be
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calculated as
3

xV,i = (1 + (xA,i − 1) 2 )−1

(2.10)

giving the relative abundance by mass xM,i (used in Equation 2.8)
xV,i ρg,i
xM,i = P
xV,i ρg,i

(2.11)

For extinction, the total cross-section of interaction for extinction is then calculated as
Cext (λ) =

XX
i

Qext,i (a, λ)wi (a)πa2i xA,i

(2.12)

a

where the subscript i denotes species i, xA,i represents the relative abundance of species
i by cross-sectional area and the summations are over species and grain radius. The
calculation of the cross-section of interaction for scattering Csca (λ) is performed in the
same manner.
Using equations 2.7, 2.8 and 2.12, the dust opacity κext can then be calculated using
the relationship
nd Cext = ρκext

(2.13)

The values of Cext (λ) and Csca (λ) are calculated for the full wavelength range at the
start of the simulation as are the number densities in each grid cell. As a packet passes
through a grid cell, the dust optical depth τ across that cell is determined from the above
quantities according to the wavelength of the current packet (see Section 2.2.4 for further
detail on this process). The above equations are discretised versions of continuous integral
equations given in van de Hulst (1957) and Tielens (2005).

2.2.4

Emission and Propagation

The initial radiation field for the line is inherently tied to the distribution of gas throughout
the supernova ejecta. The relationship between the emissivity and the gas density may
vary under different regimes and therefore the emissivity distribution is also specified as a
power-law with i(ρ) ∝ ρq . In general, however, the emissivity distribution is assumed to
be proportional to the square of the local gas density (i(r) ∝ r−2β ), i.e. proportional to
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the product of the recombining ion and electron densities in the case of a recombination
line or to the product of the atom and electron densities in the case of collisionally excited
line emission.
The supernova ejecta is divided into shells between Rin and Rout and the number
of packets to be emitted in each shell calculated according to the specified power-law
emissivity distribution i(r) ∝ r−qβ . For each packet a location within the appropriate
shell must be determined and a propagation direction sampled. The initial propagation
direction is sampled from an isotropic distribution as detailed in numerous publications
(e.g. Wood et al. (2004a)). Two random numbers in the range [0, 1) are sampled and
these are translated into spherical coordinates as
φ = 2πη

(2.14)

θ = arccos(2ξ − 1)

(2.15)

where η and ξ are random numbers in the range [0, 1), φ is the azimuthal angle and cos θ
is the radial direction cosine. The initial packet trajectory in cartesian coordinates is then
given by
nx = sin θ cos φ

(2.16)

ny = sin θ sin φ

(2.17)

nz = cos φ

(2.18)

The process for sampling an initial position within the shell follows the same sampling
process as described above but a radial position must be sampled in addition to the two
angular coordinates. For a random number ζ, the radial position r is calculated as
r = Ri + ζ(Ri+1 − Ri )

(2.19)

where Ri is the inner boundary of the ith shell.
In total therefore five random numbers must be sampled in order to generate an initial
position and trajectory for a packet. At every subsequent scattering event, the packet is
propelled with a new direction vector which, though it could be drawn from a detailed
phase function, is by default sampled from an isotropic distribution in the rest-frame of
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the particle with two newly generated random numbers in the manner described above.
Once a packet has been emitted into the nebula, it must be propagated through the
grid until it escapes the outer bound of the ejecta Rout or is absorbed. In each cell that a
packet passes through, a test must be performed in order to determine whether the packet
passes through that cell and into the next or whether it is scattered or absorbed by a dust
grain (i.e. an “event” occurs). The probability that a packet travels a distance l without
interacting is
p(l) = e−nd σλ l = e−τλ

(2.20)

where nd is the dust number density in the grid cell, σλ is the extinction cross-section of
interaction at wavelength λ and
τλ = nd σλ l = ρκλ l

(2.21)

for constant nd and σλ (as in a grid cell). Note that σλ is used to denote the cross-section
of interaction for a given grain radius. Where a grain radius distribution is adopted or
multiple species are employed, the formula becomes τλ = nCext,λ l as described in Section
2.2.3. The probability that a packet does interact within a distance l is therefore 1 − e−τλ .
The position at which the packet will be absorbed or scattered is then determined by
comparing a randomly generated number in the interval [0,1) with this value. In practice
however, it is easier to sample from the cumulative probability distribution and use the
generated number to calculate a dust optical depth as
ξ = 1 − e−τλ =⇒ τλ = − ln(1 − ξ)

(2.22)

where ξ ∈ [0, 1) is a sampled random number between 0 and 1. The properties of the cell
as determined in Section 2.2.3 are then used to determine the distance that the packet
travels:
l=

τλ
nd Cext,λ

(2.23)

If the distance to be travelled by the packet is greater than the distance from its position
to the edge of the cell then the packet is moved along its current trajectory (nx , ny , nz )
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to the cell boundary and the process is repeated. Alternatively, if the displacement is
not sufficient for the packet to escape the cell then an event occurs. The packet is either
scattered or absorbed with probability of scattering equal to the albedo of the cell
ω=

σsca
σsca + σabs

(2.24)

If the packet is absorbed (the case if a randomly generated number is greater than
the albedo ω) then it is simply removed from the simulation as previously discussed. If
this is not the case, then the packet is scattered and a new trajectory is sampled from
an isotropic distribution in the comoving frame of the dust grain. The frequency of the
packet is recalculated using Lorentz transforms as described in the next section and the
process is repeated until the packet has either escaped the outer boundary of the supernova
ejecta or been absorbed. If the packet does escape, its weighted energy is deposited in the
appropriate frequency bin. Once all packets have escaped, the array of frequencies and
fluxes produces the desired line profile.

2.2.5

The Velocity Field and Doppler shifting

At emission and at each scattering event the frequency of the packet is recalculated according to a radial velocity field
v(r) = vmax

rα
α
Rout

(2.25)

where the maximum velocity, vmax , at the outer edge of the ejecta and the exponent of
the velocity profile, α, are declared in the input file.
It is worth noting that if a constant mass loss rate is required, the exponent of the
velocity profile and the exponent of the density profile are not independent. A constant
mass loss rate implies that 4πρvR2 ∝ k, where k is a constant, and thus for v ∝ rα and
ρ ∝ r−β , we require that β − α = 2. However, it is possible that the supernova event may
have induced a mass-flow rate that is not constant with radius and thus both exponents
may be declared independently. It is also worth noting that for supernovae in their free
expansion phase, as the majority are by the time of the onset of dust formation, the ejecta
are expanding with a v ∝ r Hubble law expansion.
The outflow velocities in supernovae can be extremely high, of the order of a few percent
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of the speed of light. Escaping radiation is therefore subject to significant Doppler shifting.
At emission and at each scattering event, the frequency of a packet must be recalculated
according to the velocity of the scattering grain. When the packet is initially scattered,
it has a frequency and a trajectory in the rest frame of the emitter. Both of these must
be transformed to the observer’s frame in order for the packet to be propagated through
the grid. The new direction and frequency in the observer’s frame may be simply found
by transforming the momentum 4-vector P which is defined as


E





hν



  


  
cpx  hν x̂




P = =

cpy  hν ŷ 

  
cpz
hν ẑ

(2.26)

We may then derive P 0 , the momentum 4-vector in the observer’s frame using the relation

P 0 = ΛP

(2.27)

where


γ

−γβx


2

−γβx 1 + (γ − 1) ββx2
Λ=

−γβy (γ − 1) ββy β2 x

−γβz (γ − 1) ββz β2 x

and β =

v
c

−γβy

−γβz

βx βy
β2
β2
1 + (γ − 1) βy2
β β
(γ − 1) βz 2 y

(γ − 1)

= (βx , βy , βz ), β = |β| and γ = √





(γ − 1) ββx β2 z 

β β 
(γ − 1) βy 2 z 

2
1 + (γ − 1) ββz2

(2.28)

1
.
1−β 2

In practice, the velocities considered are low enough that it is unnecessary to consider
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2

terms of O( vc2 ) and thus Λ may be reduced to


1



−βx
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−βy

−βz

−βx −βy −βz
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0

0

1

0

0
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0 

1

(2.29)

The new direction of travel and frequency in the observer’s frame are therefore given by
ν 0 = ν(1 − x̂βx − ŷβy − ẑβz )

(2.30)

ν
(x̂ − βx )
ν0
ν
y 0 = 0 (ŷ − βy )
ν
ν
0
z = 0 (ẑ − βz )
ν

x0 =

For each scattering event, the packet must be transformed both into and out of the
comoving frame. The reverse transform is applied by using the inverse Lorentz matrix
Λ−1 which is obtained by reversing the sign of v. Positive v is defined for frames moving
away from each other and thus v is defined to be negative in the direction of the observer.
Table 2.1. Values of qHα (T ) at three different gas temperatures as used by
damocles.

Temperature (K)

qHα (erg cm3 s−1 )

2.2.6

5,000

10,000

20,000

6.71 × 10−25

3.56 × 10−25

1.83 × 10−24

Electron Scattering

As will be discussed in detail in chapter three, the effects of scattering on the shapes of line
profiles can be quite pronounced and it is therefore important to consider the potential
effects of electron scattering as well as those of dust scattering. In this work, a simple
treatment of electron scattering calculates electron densities using an estimated average
temperature of either 5,000K, 10,000K or 20,000K. An observed luminosity of Hα is then
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used to calculate the optical depth to electrons. The overall optical depth within each cell
is calculated as τ = τdust + τe , with τe = 0 if electron scattering is not activated. The
electron scattering optical depth, τe , in a given cell (with constant properties therein) is
calculated as
τe = ne σt l

(2.31)

where ne is the electron density in that cell, σt is the Thomson cross-section of interaction
for an electron and l is the distance travelled. In order to calculate τe , the electron density
in each cell must be known. We assume that the electron density is the same as the ion
density and that both are distributed according to the gas density distribution such that
ne (r) = Kr−β

(2.32)

where K is a constant. The value of K must be determined from the total Hα luminosity.
We follow the formalism described by Osterbrock & Ferland (2006) in order to estimate
the electron density from the total Hα luminosity (LHα ). LHα is given by
Z

∞

LHα =
0

Z

ef f
(T ) 4πr2 dr
np (r)ne (r)EHα αHα

Rout

=

np (r)ne (r)qHα (T ) 4πr2 dr

(2.33)
(2.34)

Rin

where np (r) is the proton density at radius r, ne (r) is the electron density at radius r, T is
ef f
(T ) is the temperature-dependent effective recombination coefficient
the temperature, αHα

for Hα, EHα is the energy of a single Hα photon and
ef f
qHα = EHα αHα
=

4πjHα
ne np

(2.35)

where jHα is the temperature-dependent emission coefficient for Hα (i.e. the energy emitted per unit volume per unit time per unit solid angle). Substituting equation 2.32 into
equation 2.34 gives the following
LHα
= K2
4πqHα

Z

Rout

Rin

r2(1−β) dr

(2.36)
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s
K=

K=

may be solved as

LHα
3 − 2β
3−2β
3−2β
4πqHα Rout
− Rin

and for β =
s

3
2

3
2
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(2.37)

is

LHα
1
4πqHα ln(Rout /Rin )

(2.38)

Substituting K back into equation 2.32 gives the electron density for each cell. In
the code, only three gas temperatures may be specified and three corresponding values of
qHα (T ) are included, as per Table 2.1.
If, for a given packet, an event occurs, it is first calculated whether this is an electron
scattering event or a dust event (either scattering or absorption) by considering the ratio
of the optical depths. The process by which a packet is scattered by an electron is almost
identical to the dust scattering process except for the adopted velocity of the scatterer. In
the case of a dust grain, the velocity is simply the bulk velocity of the ejecta at that radius
as determined from the specified velocity profile. For an electron, the assumed velocity
must include a thermal component as well as the same bulk velocity as would be adopted
for a dust grain at the same location. As in the electron scattering calculation of Hillier
(1991), the components (vx , vy , vz ) of the thermal velocity vtherm are assumed to follow a
Maxwellian distribution with zero mean and standard deviation
r
σ=

kB T
me

(2.39)

where kB is Boltzman’s constant and me is the mass of an electron. The components
are then sampled from a normal distribution with specified mean and standard deviation
using the Marsaglia polar method (Marsaglia & Bray 1964). This method generates two
random numbers from a uniform distribution in the interval [0,1) and uses a number
of transformations to convert them to random numbers as generated from a standard
normal distribution with zero mean and unity variance. They may then be scaled to
the appropriate normal distribution. Finally, the overall velocity of the electron is then
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calculated as
ve = vbulk + vtherm

(2.40)

and the Lorentz transforms are applied in the same manner as a dust scattering event.
In the majority of cases it seems that the electron densities are not high enough to
discernibly affect the overall shape of the profile. However, there may be a few rare cases
(the concept is discussed for SN 2010jl by Fransson et al. (2013)) where the electron densities are high enough to become significant in the observed profiles. Whilst the inclusion
of electron scattering in the code is an approximation since it is not necessarily true that
ne = np and the exact gas temperature is unknown, it provides a good suggestion of the
potential effects of electron scattering.

2.2.7

Doublets

One of the lines in supernovae emission spectra that is frequently seen to be blue shifted is
the forbidden [O i]λλ6300,6363Å doublet. damocles therefore has the capacity to treat
doublets as well as single lines. When a doublet is specified, both the initial wavelengths
and the initial intensity ratio must be declared. The code will create a wider frequency
array than for a single line in order to accommodate both lines. It will then model each
line independently, adding the final fluxes of the lines weighted by their intrinsic flux ratio
to produce the desired doublet profile at the end of the modelling.

2.2.8

Comparing a Model with Observations

damocles includes the capacity to read in observed line profile data for direct comparison
with a modelled line profile. Once all packets have been processed through the nebula and
collected into bins, a flux is calculated at each of the wavelength bins in the observed
data by interpolating between modelled wavelength bins. A mean squared error (MSE)
calculation is then performed to compare the model with the data quantitatively, where
the MSE is equal to
1 X
(fobs,i − fmod,i )2
N

(2.41)

i

and fobs,i is the observed flux in the ith frequency bin, fmod,i is the modelled flux in the
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ith frequency bin, and N is the total number of frequency bins. Minimising the MSE
minimises the error between the model and the observed line and therefore provides a
quantitative measure of goodness of fit that may be used in addition to or instead of any
qualitative assessment. Since the total inherent error on each observation is variable, the
exact value of the MSE should not be compared between different line profile observations
and only between different models and sets of parameters for a given line profile. A MSE
calculation is preferred over a χ2 calculation since for the vast majority of observed spectra
I do not have information on the uncertainties associated with the spectral point and any
error would therefore have to be estimated.

2.3

The Structure of damocles

damocles is written using fortran 95. Since the major modernisation of fortran
77 in 1990, the language includes a number of more modern elements that make it an
ideal choice for this type of numerical computation. Firstly, a fast, high-level language is
required that allows for dynamic memory allocation and deallocation. Whilst damocles
could have been written in a number of other languages, this is a critical feature that is
only available in a few languages. Very large numbers of packets are required to achieve
reasonable resolutions in Monte Carlo codes of this nature and therefore large arrays of
data are required. The ability to maintain careful control of memory allocation is very
important.
fortran 95 also has a number of other features that make it especially suitable for
this sort of code. Derived types group a number of variables of different intrinsic or other
derived types. This allows different properties of a particular item (for example a packet
or grid cell) to be grouped together and accessed via that item. Though not a necessary
feature, derived types make the code simpler, faster and more legible. They also make it
easier to write and therefore help to minimise the risk of errors. Similarly, the modular
structure that was introduced to fortran in 1990 allows the programmer to distribute
the code over a number of modules and ensures that variables that are declared within
a particular module can be accessed by other modules if necessary (Ellis et al. 1994).
This eliminates the need for common blocks of code and allows a large program to be
segmented into logical divisions. This increases the speed, clarity and ease of maintenance
and development in the future.
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The obvious alternative programming language to fortran 95 is C or C++. Both
of these languages have all of the features described above and are exceptionally fast.
From a computation perspective, there is, arguably, little to separate them for this type of
coding. I ultimately decided to write damocles in fortran 95 because of its heritage in
astrophysics. A very large number of astrophysical codes have been written using current
or previous versions of fortran and writing the code in fortran 95 allowed for easy
compatibility and the use of various astrophysics libraries and routines.
damocles is parallelised using openmp (see Section 2.3.2) which restricts its use to
shared memory machines. It has been developed on and currently runs on a MacBook
Pro 11.2 quad core with Intel Core i7 2.8GHz processors and 16GB of memory. A typical,
medium resolution simulation using 125,000 grid cells and 105 packets takes approximately
15 seconds to run. The number of packets transported and the total dust optical depth
are the most important factors in determining runtime.

2.3.1

Computational Architecture and Processes

damocles was written using a modular structure. The “parent” driver has numerous
“children” in the form of subroutines and modules which are each responsible for a separate task or tasks. This architecture has a number of advantages. Firstly, it serves to
clarify both the functionality and legibility of the code allowing for easier debugging and
maintenance. It also allows for the implementation of features such as recursive subroutines which are ideally suited to a Monte Carlo methodology. Finally, it allows for the
code to be developed further in the future simply by including additional modules and
subroutines. A brief description of every module and subroutine in the code is presented
in the following subsections. The descriptions are ordered according to the first time they
or their contents are called by the driver (see Figure 2.1 for a flowchart of the order of the
processes that take place in damocles and see Figure 2.3 for a flowchart of the modular
hierarchy).
(a) The driver

The driver module is at the centre of damocles. It is from here that all subroutines are
called. The calls to construct the grid and calculate dust opacities, to emit and propagate
packets and to compare the results with observational data are all made from here. The
parallelisation process is also controlled from here (see section 2.3.2 for more details on
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the parallel function of damocles). Having called the initialisation routines, the driver
is responsible for dividing the ejecta into shells and calculating how many packets are
emitted within each shell. Each shell is looped over and each packet is looped over within
each shell. Emission and propagation routines are called inside this loop. At the end of
each packet’s lifetime, either once it has been absorbed or has escaped, the driver adds
the weighted packet’s energy to the appropriate frequency bin and stores this information
before looping back to emit and propagate the next packet. It is here that a line of sight is
applied if so desired. This is achieved by collecting only packets that have escaped within
a cone of vertical angle π/6. Once all packets have been processed, the driver writes the
relevant information (the wavelengths, velocities and fluxes that describe the outputted
line profile) to an output file and calls the model comparison module.
The driver is also the section of code responsible for processing doublets. The code
treats doublets by processing two batches of packets with differing initial frequency through
the same grid. Before they are collected in frequency bins, the flux ratio that is specified
by the user is applied to one batch of the packets. All packets are then collected as per a
single line.
Various statistics are also processed and output here including the fraction of packets
that are absorbed and the estimated undepleted luminosity of the observed line.
(b) The input module

The input module is where the primary input file is read into the code and all global
variables are declared and assigned. A number of logicals are assigned based on values
declared in the input file and some simple calculations are performed that determine
the inner and outer radii based on the maximum velocity specified and the epoch of
consideration (Rout = Vmax × t). A number of physical constants that are used throughout
the code are also declared here as “parameters”, meaning that their value cannot be
changed at any point in the simulation.
(c) The initialisation module

The initialise module acts as a driver to run all of the subroutines associated with initialising the program. A number of dynamically allocatable arrays are declared allowing for
a grid of densities to be calculated, a frequency grid to be stored and optical properties
to be read in. Arrays to store the emergent spectrum are also declared. The calculation
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Figure 2.3. A flowchart representing the hierarchy of modules and subroutines
in the damocles code. Ellipses represent modules and rectangles represent subroutines (the red rectangle is a recursive subroutine). Green arrows indicate
the dependence of a module or subroutine on previous modules or subroutines.
Purple arrows indicate the flow of the code.
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of dust opacities, which calls the grain sizes subroutine and the BHmie subroutine, is
performed here. For each species, the wavelength-dependent optical properties, n and k,
are read in and the Mie routine applied to every pair of frequencies and grain radii. The
resulting extinction and scattering efficiencies are summed over all grain radii for each
wavelength, weighted appropriately, to calculate overall wavelength-dependent extinction
and scattering opacities (see Section 2.2.3 for further detail). The absorption opacities are
calculated by subtracting the scattering opacity from the extinction opacity. These data
are stored in an array that is accessed as necessary when packets are propagated through
the grid.
The command to construct the grid is called before some basic statistics about the grid
are calculated. The average dust optical depth from Rin to Rout in both the V band and
the rest-frame wavelength of the line being modelled are calculated and sent to stdout.
The average number density of grains in each cell is also computed and output. Finally,
the frequency array is constructed.
This module is also where the ‘gridcell’ derived type is declared. A ‘gridcell’ type
was specified as it allowed for easy and clear access to any of a grid cell’s properties as
a packet passed through it. The type consists of a number of arrays of real, integer and
logical variables. The properties recorded for each cell include the physical bounds of the
cell in each axis, the mass and number dust densities, the electron density, an identifying
number (ID) and a logical clumped property.
(d) The grain size module

The grain sizes module reads in the file that specifies the list of species to be used. This
file is a list of species detailing the name of the file containing the optical data for the
species, the relative abundance of that species, the maximum and minimum grain radii
and the exponent of the power law of the grain radius distribution. It also declares how
fine the grid of grain radii should be. These properties are all read in by the grain sizes
module and a relative weight for each grain radius for each species is calculated here.
The ‘species’ derived type is declared in this module. Similarly to the ‘gridcell’ type,
using a derived type allowed for the easy storing and accessing of a large number of
properties of each species. Many multi-dimensional arrays and scalars are stored for the
‘species’ type including properties relating to the grain radius distribution, the density of a
dust grain, the extinction and scatting opacities and the relative abundance of the species
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amongst others. After the processing of the optical data for all species is completed, the
calculated quantities are stored in arrays as components of the ‘species’ type.
(e) The Mie approximation subroutine

The BHmie subroutine is a standard routine that was obtained from an online library
of routines (Press et al. 2007). It is a modified version of the Bohren & Huffman (1983)
Mie scattering routine. The algorithm applies the mathematics described in Section 1.1.5
to determine the extinction and scattering efficiencies of a single size spherical grain at a
specified wavelength given its complex refractive index n + ik.
(f ) The grid construction subroutine

The construct grid subroutine is called from within the initialisation module. The purpose
of this subroutine is to populate the grid, which is an array of derived type gridcell and
size ncells where ncells is the number of cells in the grid. The bounds of the grid are
initialised and the radii of all cells from the centre of the grid to the centre of the cell are
calculated. The density of each cell is then calculated according to a smooth power-law
density distribution and scaled so that the total dust mass is equal to that specified in
the input file. If clumps are used then the total number of clumps is calculated and these
are distributed throughout the grid stochastically according to the smooth density profile
stipulated. This subroutine also calls the electron scattering subroutine contained within
the electron scattering module so that the electron density of a cell may be stored at the
same point as the dust density.
(g) The electron scattering module

The electron scattering subroutine is a simple subroutine that is used to calculate the value
of K as described in equation 2.32. The total Hα luminosity and the gas temperature are
read in and the gas temperature used to determine the appropriate value of qHα from Table
2.1. These values are then used to calculate the value of K as described by equations 2.37
and 2.38. The variable is passed back to the grid construction subroutine where it is used
to calculate the electron density in each cell. The electron densities will be used by the
propagate subroutine to calculate the electron scattering optical depth in each cell.
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(h) The random seed subroutine

The init rand seed is a short subroutine that calculates a seed for the standard fortran
pseudo-random number generator (random number ). It uses the system clock to generate
the random seed and thus varies with every implementation of the code. A seed is a number
that is used as a “starting point” for a pseudo-random number generator. Varying the
random seed ensures that a different set of random numbers is generated every time the
code is run, which can be useful to ensure that any peculiar or interesting features of the
outputted line profiles are definitely a product of the physical processes involved and not
a result of random fluctuations in the simulation. The more packets are used however, the
more the Monte Carlo noise in the emergent line profile is reduced and the contribution
from any anomalous packets should be insignificant.
(i) The packet initialisation module

The init packet module is responsible for the creation and emission of packets at the start
of the simulation. It is called from the driver for each packet. By generating an array of
five random numbers, the position and emission direction vectors in the rest frame of the
emitter are calculated according to the formulae described in equations 2.14 to 2.19. The
scalar velocity of the emitter is calculated based on its radial position and this converted
into a velocity vector by normalising the position vector and multiplying by the scalar
velocity. The velocity vector is passed to the Lorentz transforms subroutine contained in
the vector functions module. The frequency of the packet is also passed to this subroutine.
After the propagation direction vector and the frequency of the packet have been updated
to the observer’s rest frame, the grid cell in which the packet starts its path is identified
and the code passes back to the driver to propagate the packet through the nebula.
(j) The vector functions module

A number of vector functions are contained within the vector functions module and are
accessed throughout the program. These include normalisation functions, conversions
from spherical coordinates to cartesian and both forward and inverse Lorentz transforms.
It is the latter of these that are most important for the physics of the code. The Lorentz
functions are called for each packet at emission from the driver and at every subsequent
scattering event from within the propagate routine. As well as performing the necessary
frequency shift based on the velocity of the scatterer or emitter, they also transform into
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and out of the rest frame of the particle thus ensuring that the packet is propagated
through the nebula with a direction in the rest frame of the observer but that its new
direction is sampled from an isotropic distribution in the rest frame of the emitting or
scattering dust grain.
The β and γ values are calculated based on the input velocity vector. The momentum 4-vector P is then multiplied by the Lorentz matrix Λ using the fortran function
matmul to produce a new frequency and a new direction vector in the appropriate frame
of reference. If a scattering event has occurred then the weight of the packet is also updated here. The new direction vector, frequency and weight are then passed back to the
propagate routine and the process repeated. At each scattering event the inverse Lorentz
matrix must first be applied to move from the observer’s rest frame to the particle’s. A
new direction vector must then be sampled from an isotropic distribution before applying
the forward Lorentz transform to move back from the rest frame of the dust grain to the
observer’s frame. The next step in the packet’s trajectory may then be calculated in the
propagate subroutine.
(k) The propagate subroutine

The propagate subroutine is at the heart of the Monte Carlo simulation. It is here that
the trajectories of all packets in the simulation are determined. The propagate subroutine
is a subprogram called a recursive subroutine. This allows the subroutine to call itself, at
which point it will loop back to the start of the subroutine. It will continue this process
until a condition is reached that instructs it to return to the driver. In this case a number
of conditions will arrest the circulation of the packet. If the packet has escaped the outer
radius of the ejecta or has been absorbed then the routine will pass this information along
with the frequency and weight of the packet back to the driver. The routine would also
stop recurring if a packet has undergone a maximum number of scattering events (500
by default). At this point it is deemed that the weight of the packet is so small as to
be negligible and it is classified as “inactive”. This prevents the code from lagging by
becoming stuck on a particular packet that has become trapped in a region of high dust
density and albedo. It is noted that if this is the case for a large number of packets
then a bias may be introduced - packets emitted in particularly high density regions may
be discarded more frequently than those emitted in less dense regions. The number of
packets that are deemed “inactive” is output as a percentage of the total number of
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packets employed at the start of the simulation as a check for the user. In practice, unless
the albedo of the dusty medium is extremely high and the medium is very dense, this is
rarely an issue (for an average simulation with 107 packets, normally only one or two are
discarded for this reason).
There are a number of processes that take place in this module in order to propagate
a packet through the nebula accurately. A full pictorial representation of the procedures
that are implemented in this module may be found in the flowchart in Figure 2.4. For
each packet in each grid cell, the dust optical depth in that cell is calculated based on the
dust density and the opacity at the wavelength of the current packet. These are obtained
by interpolating between discrete opacities at points in the frequency array. At this stage,
the Monte Carlo technique is applied in order to determine the distance travelled by the
packet by sampling from the cumulative probability distribution. This displacement is
then compared to the distance from the packet’s current location to the edges of the grid
cell in order to ascertain whether or not the packet escapes the cell. If it does escape then
the packet advances to the bounds of the current grid cell and the process is repeated in
the next cell. If it does not escape then an event occurs. In this case, random numbers are
sampled in order to determine whether the packet experiences electron scattering, dust
scattering or absorption. If the packet is absorbed then it is removed from the simulation,
the propagate subroutine is arrested and the code returns to the driver to emit a new
packet. If it is scattered then the velocity vector is calculated. In the case of electron
scattering this involves considering the thermal velocity component as well as the bulk
velocity at that radius. The Lorentz transforms are applied based on the velocity vector
and the frequency and weight of the packet are updated. A new direction of propagation is
sampled in the scatterer’s rest frame from an isotropic distribution and is transformed into
the observer’s rest frame. The routine is recalled to start afresh with the new propagation
direction.
(l) The random routines module

The random routines module contains a single subroutine which is, like the BHmie routine,
a standard routine obtained from an online library. It allows for a random velocity vector
to be sampled from a normal distribution with specified mean and standard deviation. The
standard deviation is calculated as per equation 2.39 and passed to the subroutine which
samples a random 3-dimensional vector from the normal distribution with the specified
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Figure 2.4. A flowchart representing the processes that occur in the propagate
subroutine. The life of a packet passing through the grid may be determined
by following the flowchart starting at the blue parallelogram (top left). Purple
rectangles indicate a standard step in the evolution, green diamonds indicate that
a determination must be made, red boxes mean that the packet’s evolution has
concluded as it has escaped, been absorbed or been removed and the blue oval
indicates a return to the start of the routine.
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standard distribution and zero mean. This is passed back to the propagate routine where
it is added to the bulk velocity in order to determine the overall velocity of the scattering
electron.
(m) The model comparison module

The model comparison module is responsible for post-processing the outputted line profile
and comparing the model results with inputted observed data. The routine interpolates
between two model frequency points to obtain a flux value at each frequency point of
the observed line profile. Both profiles are then normalised such that the total flux is
unity. A MSE calculation is then performed as per equation 2.41. The smaller the value
of MSE, the better the fit is. It should be noted however that observational data with
a poor signal-to-noise ratio will have an inherently larger MSE than data with a good
signal-to-noise ratio.

2.3.2

openmp Parallelisation

Monte Carlo simulations are exceptionally well-suited to parallelisation. The path of
each packet through the nebula is unaffected by the transport of any other packet. It
is therefore possible to run multiple instances of the propagate module at once by using
several threads. Since the vast majority of the processing power of the simulation is driven
from this module, it is theoretically possible to achieve a nearly linear speed-up; i.e. if the
number of cores is doubled, the run time should be approximately halved.
damocles was parallelised using openmp. openmp is an Application Program Interface (API) that allows for shared-memory parallel programming in fortran and C/C++.
openmp causes the code to be run serially on a single processor until a parallel region is
reached. At this point the single master thread branches into multiple threads, and multiple instances of the same section of code are run on each. In damocles, this splitting
occurs at the start of the loop which controls the emission and propagation of packets
from each shell. If, for example, 107 packets are emitted and 5 threads are used, then
approximately 2 × 106 packets will be independently processed on each thread. Practically however, the openmp keyword dynamic is declared ensuring that, as soon as each
thread has finished processing a packet, it immediately moves onto the next one. If the
static keyword were specified instead then the number of packets to be processed would
be equally divided between the threads at the start of the loop. In this case, if, by random
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chance, one thread happened to have significantly more absorbed packets than another,
then potentially utilisable processing power would be lost as the core waited for the others
to finish.
At the start of the parallel region variables accessed within the shared region are
specified as shared or private. Private variables are not seen by other threads and allow
the value of a single named variable, for example “frequency”, to have different values on
different threads. Shared variables have the same value regardless of the thread number,
for example, “grid cell density”. As each packet escapes, its weighted energy must be
added to the final energy array. It is important that two threads do not attempt to alter
the value of this shared array at the same time as data may be lost or corrupted. This
section of code is therefore enclosed inside a critical region. This instruction ensures that
code in this block is to be executed by only one thread at a time. Extensive testing was
performed to ensure that outcomes were not affected by the implementation of a parallel
environment.
For further information about the openmp API please refer to Chapman et al. (2007).

2.3.3

Input Variables

There are a significant number of parameters that may be varied in the code. Many
of these are important variable parameters that will be the parameters of interest when
modelling. However, there are also a significant number of variables that allow other
properties of the model to be controlled. All parameters can, broadly, be divided into one
of three categories: properties of the emitted rest-frame line or doublet, properties of the
dust and gas in the ejecta and properties of the grid and code architecture. I list all the
variables that are input in the primary input file in Table 2.2 and will here briefly describe
the basic meaning and function of each one.
(a) Properties of the emitted rest-frame line or doublet
lambda1 0
This is a real number that specifies the initial rest-frame monochromatic wavelength at
which packets are emitted in nanometres. If a doublet is to be modelled then this represents
the wavelength of one of the singlets.
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Table 2.2. The input variables read in from the input file and example values

Input Variable

Example Value

Input Variable

Example Value

lambda1 0

636.3

MD tot

L tot

0.003

l

1.0

L Halpha

0.005

q

1.3

1

b

2.0

doublet
lambda2 0
L ratio
ES
ES temp

630.0
3.1
1

gas shell

1.0e-4

1

v max gas

8000

Rrat gas

0.05

10000

l gas

1.0

LS

0

q gas

1.5

VelShift

1

b gas

2.0

MF

0.5

ncells

50

FF

0.1

n packets

dayno

680

n bins

1000

v max

5000

n shells

100

0.2

dustfile

“species file.in”

Rrat

1e8

L tot
L tot is the total luminosity of the line in units of 1040 ergs s−1 . The initial energy of
each packet (E0 ) is therefore L tot divided by the total number of packets used in the
simulation (n packets). For lines which have flux calibrated observed spectra, this allows
the flux of the line to be modelled in addition to the normalised shape. This variable is
also used to estimate the undepleted luminosity of the observed line when it is initially
emitted from the ejecta.
L Halpha
Similar to L tot, L Halpha is the total luminosity of the Hα line. In the case of Hα
modelling, this value should be the same at the value of L tot. This variable is used in the
calculation of the electron density and it is not necessary to specify it unless the electron
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scattering environment is switched on (see section 2.2.6 for further details).
doublet
This is an integer of value 1 or 0 that indicates the use or otherwise of the doublet
environment. If set to 1 it triggers the doublet logical in the code to be initialised to
true. The code will then read in the values of lambda2 0 and L ratio in order to initialise
packets with two different starting monochromatic wavelengths. Packets are processed
through the nebula as normal before being collated in bins weighted according to both
their history and the intrinsic flux ratio of their parent singlet.
lambda2 0
This is a real number that specifies the initial rest-frame monochromatic wavelength of
packets emitted from the second line in a doublet environment. The wavelength is specified
in nanometres.
L ratio
This real number gives the ratio between the respective luminosities of the lines in a
doublet environment. The ratio should be declared as the flux at lambda1 0 divided by
the flux at lambda2 0. It is expected that the doublet environment will generally be used
to model forbidden lines, for example the [O i]λλ6300,6363Å doublet, where the intrinsic
flux ratio between the singlets may be theoretically determined.

(b) Properties of the dust and gas in the ejecta
ES
This keyword is similar to the doublet keyword in that, by setting it equal to 1 or 0, it
indicates the use or otherwise of the electron scattering environment. If it is set to 1 then
it initialises the electron scattering logical in the code to true. If the electron scattering
environment is switched on then this triggers the calculation of electron densities for every
cell in the grid. This density contributes to the total optical depth of a cell and, as packets
are propagated through each cell, they will experience an electron scattering event with
probability 1 − eτe , where τe is the electron scattering optical depth.
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ES temp
When the electron scattering environment is switched on, it is necessary to calculate the
electron density of each cell in the grid. In order to do this an average gas temperature
must be specified to allow for qHα to be determined. damocles will not accept any value
for this input variable; only 5,000K, 10,000K and 20,000K will be accepted. These are
thought to be a representative range of temperatures for the ejecta of supernovae at epochs
where electron scattering still has the potential to influence observed line profiles. These
specific values were selected since they are the values of qHα that are given in Osterbrock
& Ferland (2006).
MF
If this keyword (short for mass fraction) is set to 0 then a smooth density distribution of
both gas and dust will be constructed. If it is not however, then this will automatically
initialise the clumping logical present in the code to true. The value specified should be
between 0 and 1 and gives the total fraction of the dust mass that should be located in
clumps. The remaining fraction will be smoothly distributed according to the power-law
density profiles declared in the input file.
FF
If the clumping environment is switched on (using the MF keyword) then FF declares the
total filling factor of the clumps. The filling factor is defined as the fraction of the total
volume of the ejecta that is occupied by clumps. For a fixed clump size, this parameter
effectively determines the number of clumps to be used. Once the number of clumps to be
used has been determined, the mass fraction then determines the density of the clumps.
dayno
This keyword represents the epoch being modelled. In combination with the declared
maximum velocity, it is used to consistently calculate an outer radius as
Rout = 8.64 × 10−6

 t  v

max
days kms−1

where Rout is in units of 1015 cm.

(2.42)
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v max
This is the maximum velocity used in the code. It is assumed to be the velocity at the
outer radius of the ejecta and is used to construct a velocity profile of the form
v(r) = vmax

 r l
Rout

(2.43)

where l is also declared in the input file and Rout is calculated based on the epoch and
the maximum velocity.
Rrat
This number is the ratio between the inner and outer radii. Once the outer radius has
been calculated as per Equation 2.42, this ratio is used to calculate the value of the inner
radius.
MD tot
This real number specifies the total dust mass to be distributed throughout the grid in
solar masses (M ).
l
l is the exponent of the radial velocity law in the code as per equation 2.43.
q
q describes the relationship between the radial dust density distribution and the emissivity
distribution. It is the exponent of the emissivity distribution as a function of density such
that i(ρ) ∝ ρq where i(ρ) is the emissivity at a given density. Though this parameter may
take any real value, it is frequently fixed to be i(ρ) ∝ ρ2 , i.e. proportional to the product
of the recombining proton and electron densities in the case of Hα and to the product of
the neutral atom oxygen and electron densities in the case of collisionally excited emission
(e.g. [O i], [O iii]).
b
This parameter describes the value of the exponent of the dust density distribution in
terms of radius such that ρ ∝ r−b .
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gas shell
This flag may be set to 0 or 1 to indicate that dust and gas are coupled or decoupled
respectively. If it is set to 1 then the “decoupled” logical in the code is set to true and the
gas follows a density distribution that is independent of the density distribution followed
by the dust. The following five parameters specify the geometry of the emitting gas. It
is worth noting that in the case where gas and dust are coupled to each other, the gas
follows the same distributions as specified for dust by the parameters described above.
v max gas
This is the gas analogue of the v max parameter described above.
Rrat gas
This is the gas analogue of the Rrat parameter described above.
l gas
This is the gas analogue of the parameter l described above.
q gas
This is the gas analogue of the parameter q described above.
b gas
This is the gas analogue of the parameter b described above.

(c) Properties of the grid and code architecture
LS
For an initially symmetric distribution of gas and dust, it is not necessary to specify
a line of sight as all lines of sight will produce the same profile. It is therefore more
efficient to collect all packets that escape regardless of their direction of flight. However,
if an alternative, axisymmetrical or asymmetrical geometry is adopted then the ability to
specify a line of sight is important. If this keyword is set to 1 then the “line of sight”
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Figure 2.5. Schematic representing which packets are collected when the line of
sight environment is switched on. Packets that contribute to the emergent line
profile are those that escape the nebula within a cone with vertical angle π/6.

logical will be initialised as true. Only packets that escape within a cone of vertical angle
π/6 will be collected. Clearly, in practice, the angle would be very much smaller but
it is prohibitively expensive to run enough packets through the simulation that enough
are collected to achieve a reasonable resolution when a very small angle is adopted. A
representation of this construction is presented in Figure 2.5.
VelShift
This is another environment flag. As a packet is transported through the nebula it may
experience repeated scattering events that shift its original frequency beyond that expected
from the maximum theoretical velocity. It is discussed in depth in the next chapter how
this process of “velocity shifting” may result in a profile that exhibits an extended red
wing. It is useful for the purposes of comparison and investigation to be able to turn off
this process of repeated scattering events so that the only frequency shift experienced by
a packet is at the initial emission.
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ncells
Each axis is split into this number of divisions. The total number of cells in the grid is
therefore ncells3 .
n packets
This variable determines the number of packets to be emitted and processed through the
grid. This parameter is particularly important for achieving a resolution that is high
enough to give representative results. The larger the number of packets used, the less
noise is present in the final profile. The Monte Carlo process introduces noise that can
sometimes be construed as a result when it is in fact a numerical artefact. Using a large
number of packets reduces this risk and improves the output of the model. In general,
the more dense an environment, the more packets it is necessary to use. This is because
any packets which are absorbed are removed from the simulation and therefore reduce
the desired resolution. Since the vast majority of the total processing power is used to
propagate packets through the grid, an increase in the number of packets results in a
significant reduction in runtime. Optically thick simulations of dust with a very high or
a very low albedo have a significantly longer runtime than optically thin scenarios. When
choosing this parameter, a careful balance must be found between the total runtime and
the desired resolution.
n bins
This value gives the total number of divisions in the frequency array and thus determines
the overall frequency resolution of the output line profile. Since the resulting profile is in
fact a histogram binned into a frequency array, it is important that these divisions are fine
enough to provide a seemingly continuous line profile. Apparent jumps or discontinuities
could be produced if too few bins are used.
n shells
This parameter controls the total number of shells the ejecta is divided into at the start.
If a particularly steep radial profile is adopted for either the velocity profile or the density
profile then the user may wish to increase the number of shells used to compensate.
Increasing the number of shells will have an effect on the overall runtime, but this will be
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insignificant in comparison to altering the number of packets.
dustfile
Finally, this string gives the name of the input file that itemises the list of dust species,
their relative abundances and size distributions.

2.3.4

Output, Post-Processing and Visualisation

The primary output file contains details of the emergent line profile. Three columns are
written out to the file at the end of the simulation. These are the wavelength, velocity and flux of the modelled line profile. Another output file is also produced by the
model comparison module. This file prints both the inputted observed line profile and the
outputted emergent line profile to one file in the same velocity bins. This allows for easy
plotting. The columns printed in this file are wavelength, modelled flux and observed flux.
The total flux is normalised to unity for both line profiles. Both of these files may be
represented graphically in a straightforward fashion using any plotting package. In addition to these output files, a number of useful quantities are also calculated by damocles
and output to stdout throughout the course of the simulation. If desired, the user may
direct the stdout to a file for a record of these quantities. A list of all quantities output
by damocles is given in Table 2.3.
Throughout my modelling, I used standard and custom routines written with MATLAB to plot line profiles, both modelled and observed. I also use MATLAB to process
some of the data. For example, where I have observations with accurate observed fluxes,
I scale the modelled profile to the observed profile so that fluxes remain to scale. This
is initially performed by a custom MATLAB routine which smooths the modelled data
to reduce any Monte Carlo noise before identifying the maximum flux value. Identifying
the peak flux of the observed line profile allows the modelled profile to be automatically
scaled. Any inaccuracies in the scaling may then be easily adjusted manually. I also use
MATLAB for any other illustrative graphs or plots, for example, the plots in Figure 2.2
were generated in MATLAB using its 3D-scatter plotting function.
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Table 2.3. List of all outputs and example values produced by the damocles
code.

Output
Total number of cells
Number of grid cells inside ejecta
Total volume of supernova ejecta (1050 cm3 )
Volume of a grid cell or volume of a clump (1050 cm3 )
Width of a grid cell (cm)

Example Value
503
65,544
3.05
4.7e-05
1.67e+15

Mass check (calculated as ρV )

6.03e-04

Average grain number density (cm−3 )

1.96e-09

Cext at rest-frame line wavelength

2.94e-08

Csca at rest-frame line wavelength

1.63e-08

Albedo at rest-frame line wavelength

0.554

Average dust optical depth to rest-frame line wavelength

2.062

Average dust optical depth in V band

2.18

Average electron density (cm−3 )

71509.1

Average electron scattering optical depth

1.31e-02

Total number of packets

100,000

Number of active (propagated) packets

100,000

Number of inactive packets
Number of absorbed packets
Percentage of absorbed packets out of all active packets
Number of packets in line of sight
Percentage of escaped packets in line of sight

0
82,949
82.95
17,050
100.0

Estimated undepleted line luminosity (1045 ergs s−1 )

1.10

Total (depleted) luminosity (1045 ergs s−1 )

19.0

Total energy absorbed (1045 ergs s−1 )

15.7

Energy per active packet (1045 ergs s−1 )

1.90e-6

MSE

0.3557
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Further Developments

The modular structure of damocles allows for easy implementation of additional functionality in the future. By simply adding extra modules, extra physics can be included
in the code. There is potential for this code to be expanded in a number of directions.
An immediately apparent development involves the dust itself. The treatment and understanding of the dust in the ejecta is crucial to understanding the shape of the line
profile. The ability to place different species in different locations within the ejecta is not
currently included. This would allow for stratified or asymmetrical distributions of dust
species motivated by the potentially discrete locations of the parent elements. Similarly,
streamlining the ability to model arbitrary density distributions and geometries would allow for more complex and accurate modelling of supernova ejecta. The ejecta of SN 1987A,
for example, are known to have an asymmetric distribution which could potentially affect
the contour of the line profile (e.g. Sinnott et al. (2013)).
As mentioned previously, dust grains are rarely perfectly spherical and can be far more
complicated in shape. It might be of interest to include a module that treats a continuous distribution of ellipsoids (Bohren & Huffman 1983), as mentioned in Section 1.1.3, in
order to more accurately model the effects of different dust grain shapes. Subsequent development of the code has allowed for the consideration of the effects of modelling forward
scattering. By adopting the Henyey-Greenstein model, forward scattering was included
for a fixed value of the anisotropy parameter g (Henyey & Greenstein 1941). Resultant
line profiles were affected only slightly, with profiles exhibiting a reduced degree of both
absorption and scattering due to a lower incidence of scattering events. However, because
of the spherically symmetric geometry of the models and the original isotropic emission,
the observed effects of including forward scattering were found not to be substantial even
for an extremely high value value of g = 0.98. Further development of the code should
allow for arbitrary phase functions to be implemented and the treatment of anisotropic
scattering should be included by default where non-spherically symmetric geometries are
modelled. In these cases, the effects of forward scattering may be more significant than in
cases of spherically symmetric geometries. Anisotropic expansion of supernova ejecta can
sometimes result in radiation that is polarised. By extending this development to include
the capacity to model polarised radiation, we may be able to glean further information
about the distribution and nature of dust forming within the ejecta.
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It would also be possible to expand the code to become a fully self-consistent radiative
transfer code or to include certain approximations (e.g. the Sobolev approximation) to
allow for full spectral modelling of optically thick lines throughout the optical and infrared.
Aside from the development of the code directly, the current process of manual fitting
can be laborious and could potentially miss good fits due to the large number of variable
parameters. I have completed some work over the course of this PhD wrapping damocles
in a MCMC (nested sampling) routine that allows for a more thorough investigation of
parameter space resulting in a full multivariate probability distribution. For reasons of
time, the research presented in the following chapters was performed using manual fitting
but further work finishing the implementation of this routine or a similar one would be
invaluable in the future.

Chapter 3

Probing damocles: Testing and a
Parameter Sensitivity Analysis
The introduction of any new piece of software into a field has the potential to yield exciting
new results. The first step in this process should therefore be a thorough investigation
into the reliability of the code and an assessment of the outputs from a theoretical standpoint. Before the modelling of real data takes place, it is important to understand why
the variation of a given parameter affects results in a particular way. A comprehensive
understanding of parameter space not only facilitates the modelling process but may also
give rise to interesting results in and of itself.
To this end, this chapter describes the ways in which damocles was tested and the
results of these tests. I then also present a parameter sensitivity analysis. I describe the
changes that are seen in the shapes of line profiles and consider any distinctive features
that arise as a result of varying the parameters of interest. I also consider the physical
processes behind these effects.

3.1

Testing and Benchmarking the Code

The field of astronomy is highly reliant on the production of bespoke software to understand and interpret observations and to develop and test new theories. As one of only a
few sciences which do not have the ability to run experiments or to validate results in a
99
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laboratory, progress is made via mathematical analyses or computational models based
on observed data. Astrophysicists typically develop their own programs because a deep
understanding of the topic to be modelled is required. Like any experiment, however, the
“apparatus” should be checked and tested in order to establish its reliability.
Throughout the production of damocles, I sought, as far as was possible, to maintain
best practices in scientific computing as detailed by Wilson et al. (2012). The code is
carefully structured into modules and subroutines as described in the previous chapter.
Each of these units was inspected for sense and accuracy as it was written, and at each
update and addition the code as a whole was tested against basic logical checks, for
example comparing outputs to manually calculated properties. I used GitHub for version
control and uploaded new versions after any significant alterations. In addition to regular
evaluations conducted throughout the program development, it was very important to
establish that damocles produced standard results as expected.
There is a general lack of published models in the literature that consider dust-affected
asymmetric line profiles. This is problematic since there are no published benchmark
cases against which I could compare results. I therefore considered a number of analytic
line profiles derived from first principles for the case of a dust-free spherically symmetric
expanding medium. This process ensured the functionality of the grid and the initialisation
and propagation of energy packets. Additionally, I also checked the the absorption and
scattering components of the code which are crucial to the modelling of a dusty medium.
I considered some optically thick scenarios and qualitatively compared my results with
those presented by Lucy et al. (1989). The profiles presented by Lucy et al. (1989) were
produced both analytically and from numerical modelling and are of scenarios that are
typical of those treated by damocles. They are also the only published numerical models
of dust-affected asymmetric line profiles and as such it is important that damocles is
capable of reproducing these results.

3.1.1

Theoretical Line Profiles from First Principles

The simple nature of a spherically-symmetric expanding medium with a given velocity
outflow law and emissivity distribution allows for analytical line profiles to be calculated
from first principles in the dust-free case. Based on the methods of Gerasimovic (1933), I
derive a set of three equations that describe the contours of theoretical line profiles under
different starting conditions.
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Figure 3.1. Diagrams illustrating the dust-free model and some of the relevant
variables used in the derivation of the equations of analytical line profiles. On
the left is the general case with curves of constant u labelled. On the right is the
special case of an orthogonal (u, s) net when α = 1 and therefore v(r) ∝ r.

Describing the fractional expansion velocity of the shell as v(r) ∝ rα with α 6= 0 such
that v(r) =

V (r)
Vmax

where V (r) and Vmax represent physical velocities and vmax = 1, the

velocity along the line-of-sight to the observer is given by
u(r, θ) = rα cos θ

(3.1)

where r = R/Rmax is the fractional radius and R and Rmax represent physical radii. For
curves with constant line-of-sight velocity u = const we therefore have
dr =

r
tan θ dθ
α

(3.2)

For u = const, the line element ds is given by
2

2

2

2

ds = r dθ + dr = r

2

 tan2 θ
α2



+ 1 dθ2

(3.3)

and therefore, along curves of constant u we have

s=u

1
α

Z

θ1

θ0

q

tan2 θ
α2
1
α

+1

cos θ

dθ

(3.4)
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The angle ψ between the tangent to a curve and the radial line is given by the formula
(in polar coordinates)
tan ψ = r

dθ
dr

(3.5)

which for curves of u = const gives
tan ψ =

α
tan θ

(3.6)

Curves of constant line-of-sight velocity therefore intersect the line θ = 0 orthogonally,
although the (u, s) net is only orthogonal if α = 1 (see Figure 3.2).
We can now construct a volume element between u and u + du by rotating a section of
thickness du around the θ = 0 axis. Assuming that i(r) is the emission per unit volume
(dependent only on radius), then the energy emitted by the nebula between u and u + du
is proportional to
Z

Z
i(r) r sin θ r dθ dr =

[i(r) r2 sin θ]

C0

C

∂(r, θ)
ds du
∂(u, s)

(3.7)

where the integral is a line integral along curves C of constant u and square brackets
denote a change of variables.
We therefore compute the Jacobian from Equations 3.1 and 3.4 as
r
∂(u, s)
tan2 θ
= αu
+1
∂(r, θ)
α2

(3.8)

Assuming an initial emissivity distribution dependent on radius only, we put i(r) ∝
r−2β (i.e. appropriate for a gas density distribution ρ ∝ r−β with the emissivity proportional to the gas density squared). Substituting Equation 3.8 into Equation 3.3 and
calculating the curvilinear integral along curves of constant u yields the following:
Z
i(u) du ∼ du
C

r2(1−β) sin θ
q
ds
tan2 θ
αu
+1
α2

(3.9)

3.1. Testing and Benchmarking the Code

103

Substituting in Equations 3.1 and 3.7 and transforming to an integral in θ gives
i(u) du ∼
αu
u
2β−3
α

2β−3+α
α

du

∼

for

Z

du
"

2β−3+α
α

θ1

cos

2β−3
α

θ sin θ dθ

θ0
2β−3+α

cos α θ
2β − 3 + α

(3.10)

#θ1
θ0

6= −1 where i(u) du is the energy emitted in a volume element and θ0 and θ1 are

the bounds of this element. The case

2β−3
α

= −1 results in a logarithmic relationship.

In the case of a “filled” nebula, i.e. one where the inner radius is vanishingly small
in comparison to the outer radius the above result may be evaluated between θ0 = 0 and
θ1 = arccos u and the equation of the line profile is
du

i(u) du ∼ ±

(2β − 3 + α)u


2β−1+α
α

1−u

2β−3+α
α



(3.11)

If the nebula is not “filled”, that is to say, the inner radius is some fraction of the outer
radius and the remnant is a detached shell with inner radius Rin = q and outer radius
Rout = 1 such that q =

Rin
Rout ,

the above formula is only valid from some critical value

u0 = q α to u = 1. For u < u0 , we obtain
i(u) du ∼ ±

1

du
−
1
(2β − 3 + α) q α

(3.12)

and therefore the top of the line is flat while the sides are sloping.
Crucially, the width of the flat section is determined by
u0 = q α

(3.13)

or simply u0 = q in the case where v ∝ r, whilst the shape of the profile outside of the
flat-topped region is described by Equation 3.11.
Profiles with a variety of shapes may be derived from these formulae depending on the
relative values of α and β. Here we consider three main families of curves:
1.

i(u) ∼ u−γ − 1

(α > 0, 2β − 3 + α > 0)

2.

i(u) ∼ 1 − uγ

(α > 0, 2β − 3 + α < 0)

3.

i(u) ∼ − log u

(α > 0, 2β − 3 + α = 0)
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Figure 3.2. Red: Benchmark models for optically thin (τ = 0) line profiles with
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Figure 3.3. The analytically derived line profiles of Lucy et al. (1989) corresponding to their Model II scenario with zero albedo dust, for a variety of total
dust optical depths.
where γ is defined as γ = | 2β−3+α
|.
α
Models have been compiled for each of these cases, both for a filled nebula and for a
shell structure with Rin /Rout = 0.2. A velocity profile v ∝ r appropriate for supernova
ejecta in the free expansion phase is used throughout (Li & McCray 1992; Xu et al. 1992;
McCray 1996; Baron et al. 2005). Values of β = 0, 1 and 2 are adopted. Figure 3.2
illustrates the excellent agreement between the analytical case and the models. All fluxes
are scaled to unity at the peak.
I conclude from this testing that all aspects of the code that are associated with
initialising the packets into the grid are functioning correctly since an error at this stage
would result in disagreement with the above theory.
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Figure 3.4. The numerically modelled line profiles of Lucy et al. (1989) corresponding to their Model III scenario with dust of albedo ω = 0.6, for a variety of
total dust optical depths.

3.1.2

Benchmarking Against Numerical Models

In addition to the tests for the optically thin line profiles detailed above, I also compared
my outputs to those derived by Lucy et al. (1989) in order to assess the accuracy of the
scattering and absorption aspects of the code. I considered two similar cases, equivalent
to Models II and III of Lucy et al. (1989) (see Figures 3.3 and 3.4 respectively). In the
first case, dust with zero albedo (pure absorption) was uniformly distributed throughout
a filled nebula with a velocity profile v ∝ r. In the second case, the same scenario was
considered but in a medium of dust with albedo ω = 0.6.
In the first case, the profile may once again be derived analytically from the basic
geometry using the fact that radiation will be attenuated by a factor e−2τν v between
points with line-of-sight fractional velocities −v and +v where τν is the dust optical depth
at frequency ν from the centre to the outer edge of the ejecta. The line profile is therefore
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given by
I(v)
= exp(−2τν v)
I(−v)

(3.14)

Lucy et al. (1989) presented several examples for both the analytical case of the perfect
absorber and a Monte Carlo model for grains with albedo ω = 0.6. I include their profiles
here for comparison in Figures 3.3 and 3.4. I present line profiles in Figure 3.5 that were
generated by damocles using the same model parameters as described by Lucy et al.
(1989). I note that the resulting profiles exhibit the same features and shape. The peaks
of all profiles are shifted further to the blue with increasing dust optical depth and all
profiles are also flux-biased towards the blue. Of particular interest is the scattering wing
that appears beyond the maximum velocity (vmax = 1) on the red side of the profiles in
the partial scatterer case as a result of the packets doing work on the expanding sphere.
This was noted by Lucy et al. (1989) as a potential diagnostic for the presence of dust in
the ejecta of a supernova and I will discuss this further in the next section.

3.2

A Parameter Sensitivity Analysis

It is of general interest to establish potential diagnostic signatures in the line profiles of
supernovae and their remnants in order to trace dust formation more effectively. The
capacity to specify a number of parameters is included in damocles. The variation of
each parameter potentially affects the contour of the resulting line profile in a different way.
By investigating each parameter separately over a range of values whilst keeping the other
parameters fixed, it may be possible to identify certain characteristics of dust-affected line
profiles that may be associated with a particular property of the dusty medium. This
insight could help to explain unusual or interesting features of observed line profiles where
dust is suspected to be an influential factor. In this chapter, I investigate and discuss the
effects of the main parameters of interest, namely:
• the maximum velocity, Vmax
• the ejecta radius ratio, Rin /Rout
• the dust optical depth, τ
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Figure 3.5. Benchmark models for line profiles with v ∝ r, i(r) ∝ constant
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are presented in the top plot, whilst partially scattering models are presented at
the bottom (ω = 0.6) as per Lucy et al. (1989) Models II and III. All resulting
profiles have been scaled to unity flux at their peaks.
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• the dust albedo, ω
• the dust density profile exponent, β, where ρ ∝ r−β
I also investigate the capacity of this type of model to infer properties of the dust
itself, specifically the dust grain radius range and distribution, and the variety and relative
abundances of different grain species present in the dusty medium. The potential effects
of modelling different lines of sight through the ejecta are addressed in Appendix B.

3.2.1

The Maximum Line Velocity, Vmax

The maximum velocity is defined as the velocity at the outer edges of the line emitting
region for a given line. The maximum velocity may vary between different spectral lines or
doublets due to different locations of species having differing ionisation thresholds. Clearly,
the larger the maximum velocity used the wider the profile becomes. To some extent
therefore the steepness of the density profile and the maximum velocity can act to counter
each other since a steeper density distribution narrows the profile (see Section 3.2.5). The
shape of the wings of the profiles, however, generally precludes much degeneracy in this
aspect - the overall shape of the line profile can be used to determine the exponent of the
density distribution to within a relatively small range.
More important is the effect that the maximum velocity has on the overall dust optical
depth from the inner radius to the outer radius. Since the outer radius is calculated directly
from the maximum velocity (as Rout = Vmax × t where Vmax is determined from the blue
side of the observed line profile), the overall volume of the ejecta is determined solely by
this value and the ratio of the inner and outer radii. The total dust optical depth to which
the radiation is exposed can therefore be greatly affected by even a relatively small change
in the maximum velocity for fixed values of the other parameters. Practically, however, the
maximum velocity can usually be fairly well determined from the observations (identified
as the point where the flux vanishes on the blue side) and may be further constrained
through modelling.

3.2.2

The Ejecta Radius Ratio, Rin /Rout

As already discussed in Section 3.1.1, the width of the flat top is determined by the ratio of
the inner and outer radii, the exponent of the velocity profile and the maximum velocity. I
assume that the supernova is in free expansion from just a few months after the explosion
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and therefore r = vt such that within the ejecta the velocity profile takes the form v ∝ r
at a fixed time i.e. the supernova expands self-similarly (Li & McCray 1992; Xu et al.
1992; Kozma & Fransson 1998b). For this case, Rin /Rout is given by

Vmin
Rin
=
Rout
Vmax

(3.15)

where it is often possible to constrain Vmin and Vmax to a relatively narrow range simply
from the observed line profile.
The majority of spectral lines emitted from supernovae and supernova remnants are
expected to have a flat top before dust attenuation effects since it is rare for these objects
to form a completely filled nebula. However, even a very small amount of dust attenuation
may result in the line profile appearing to be smoothed at its peak.
The effects of absorption by dust on a line profile for a filled nebula with Rin /Rout = 0,
as opposed to a detached shell, are shown in Figure 3.5. All profiles have been scaled to
unit flux at their peaks.

3.2.3

The Dust Optical Depth, τ

As expected, greater attenuation of the original line profile is seen on the red side (see
Figures 3.6 and 3.7 ). The profiles are most revealing at lower dust optical depths since
the effects of the asymmetric absorption can be seen in different sections of the profiles
and the profiles therefore tend to exhibit more features. The region of the profile that
is most clearly affected by dust absorption is the flat-topped region. A small amount of
absorption in this region results in a skewed profile, with a fraction of the flat-topped
section removed. The peak becomes blue–shifted as a result, but only to the original value
of −Vmin , the minimum velocity corresponding to Rin . In addition to the attenuation
in this region, the red wing of the profile is also somewhat reduced, and the blue wing
somewhat increased relative to their original symmetric positions. The result is a relatively
“jagged” looking profile, often with sharp changes at ±Vmin . The profile is generally
asymmetric, although the degree of absorption in the flat-topped region may sometimes
make it seem as though the profile is in fact symmetric and uniformly blue-shifted (see
Section 3.2.7 for further discussion). Observationally, these sharp features might become
smoothed due to insufficient spectral resolution.
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Figure 3.6. Set of models with i(r) ∝ r−2β for β = 1.0 (left), β = 1.5 (middle)
or β = 2.0 (right), ω = 0, Rin /Rout = 0.2, v(r) ∝ r and vmax = 1 illustrating the
effects of varying τ . Peak fluxes are scaled to unity.

At high dust optical depths or when the ratio of the inner and outer radii is small, the
entire profile is shifted to the blue and the peak moves beyond −Vmin further into the blue.
The profiles also tend to become more smooth and featureless. A set of models showing
the effects of varying dust optical depths between the inner and outer radii for different
density profiles and dust albedos are presented in Figures 3.6 and 3.7 with Rin /Rout = 0.2.
The completely filled nebula case

To reproduce similar characteristic dust-affected line profiles where the peak of the profile
is shifted beyond −Vmin into the blue is “easier” for smaller values of Vmin . The completely
filled nebula is therefore effectively analogous to cases of higher dust optical depths for a
detached shell and the same effects that are illustrated in Figures 3.6 and 3.7 apply.
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3.2.4

The Dust Albedo, ω

In the past, there has often been a focus on the effects of absorption by dust on the shapes
of line profiles and less attention has been paid to the potential effects of scattering by
dust. In fact, line profiles can be significantly affected by scattering of radiation. The
greater attenuation of radiation received from the receding portion of the ejecta results in
an asymmetry of the line profile whereby the majority of the observed emission is located
bluewards of the peak. However, the effects of repeated dust scattering events within the
ejecta can substantially alter the shape of a line profile and potentially can act to counter
the blue-shifted asymmetry.
Not only does repeated scattering of photons increase the number of potential opportunities for a given photon to be absorbed but it also results in continuous shifting of the
frequency of the photon to the red. The photon must do work on the expanding shell of
dust in order to escape and thus many of the photons are reprocessed beyond the theoret-
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ical maximum velocity on the red side of the profile. Even in the case of dust grains with
a relatively low albedo, a surprisingly persistent wing on the red side of the profile is seen,
generally beyond the maximum theoretical velocity of the emitting region. In the case
of strong dust scattering and high dust optical depths, this can actively result in a shift
in the overall asymmetry of the profile, with the majority of the emission being emitted
redwards of the peak. The peak however, remains blue-shifted (for example the bottom
left panel of Figure 3.7) or central (for example the bottom right panel of Figure 3.7).
For the line profile to exhibit this effect requires the dust to be a nearly perfect scatterer;
of the albedos plotted in Figure 3.9 only the nearly-transparent MgSiO3 sample of Jäger
et al. (2003) exhibits such a behaviour.
The combination of relatively low dust optical depths, initially flat-topped profiles,
greater attenuation on the blue side along with increased flux on the red side due to
scattering can result in a profile that sometimes ends up appearing almost symmetrical,
particularly if contaminants, such as narrow lines or blending with other broad lines, are
present or if the resolution of the data is low. The potential for apparently symmetrical
profiles that appear to have been uniformly blue-shifted should be noted (see Figures 3.6
and 3.7 for examples of this).

3.2.5

The Dust Density Profile, ρ ∝ r−2β

Whilst the density profile of the dust may have some effect on the resulting profiles, it is
the initial emissivity profile (dependent on the gas density profile) that has the greatest
effect on the shape of the line profile. In general, the steeper the emissivity distribution,
the narrower the line profile becomes. The sides of the line profile may become almost
vertical for a very steep distribution since the majority of the emission then comes from
a very narrow velocity range (see Figure 3.2). For a flat-topped profile of fixed width this
approximates the square profile produced in the case of an emitting shell with constant
velocity.
The dependence of the shape of the line profile on the emissivity distribution is described analytically in Section 3.1.1 for the case of very optically thin dust. However, for
even fairly low dust optical depths, the density profile plays a significant role in determining the shape of the line profile where it is affected by dust absorption. As previously
discussed, at relatively small optical depths for reasonable Rin /Rout , a section of the
flat-topped region is removed resulting in a peak at −Vmin . The shape of the profile in
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this region is significantly affected by the density profile. Shallow density profiles (low
β) produce a virtually linear variation in flux between −Vmin and +Vmin (for example
the profiles in the left-hand column of Figure 3.6). For a fixed dust optical depth, the
steeper the distribution becomes, the more concave the profile becomes between −Vmin
and +Vmin , ultimately resulting in a clear shoulder to the profile at +Vmin (for example
the profiles in the right-hand column of Figure 3.6). For extremely steep density distributions this can result in a double peaked profile with a trough to the red of V = 0. An
illustration of the effects on the line profiles of varying β and τ is shown in Figure 3.6. As
previously noted, these features may not be apparent in observed line profiles with poor
spectral resolution.

3.2.6

Inferring Properties of the Dust from the Models

The presence of an extended red wing at large positive velocities in combination with
increased absorption on the red side at smaller positive velocities can allow the values of
τ and ω to be well constrained. Where this occurs it is possible to translate these values
into a dust mass and grain radius for a given species or combination of species using grain
optical properties and Mie theory (see Figures 3.8 and 3.9).
For amorphous carbon, the albedo generally increases with grain radius. The presence
and extent of any scattering wing on the red side of the observed profile can therefore help
to place limits on the grain radius. However, the greater the grain radius used the smaller
the available cross-section for interaction per unit dust mass. Larger masses of dust are
therefore required to fit the same degree of absorption if a larger grain radius is used. This
is in contrast to SED radiative transfer modelling where larger grain radii generally result
in less dust being required to fit the IR portion of the SED (W15). These two techniques
in tandem may therefore provide limits on grain radii for different species or combinations
thereof.
It is known that the use of different optical properties may substantially alter dust
masses derived using SED fitting for a given species of specific grain radius (e.g. Owen &
Barlow (2015)). However, the use of different sets of grain optical constants in our models
seems to have only a minor effect on the required dust masses, except for cases where the
albedo is close to unity (pure scattering grains).
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3.2. A Parameter Sensitivity Analysis

3.2.7

119

The Wavelength Dependence of Dust Absorption

The greater the dust optical depth, the more attenuation of the line there will be. As
expected, the red side of the profile suffers a greater degree of absorption than the blue side.
The resulting asymmetry is somewhat more complex than perhaps previously thought.
Dust has repeatedly been cited as the agent responsible for the apparent blue-shifting
of supernova line profiles in the manner of the profiles presented in Figure 3.5; that is,
relatively high optical depths result in an overall shift of the entire profile towards the blue.
The relationship between the blueshifting of the peaks of profiles and their wavelength has
been discussed by several authors in relation to dust formation (Smith et al. 2012; Fransson
et al. 2014; Gall et al. 2014).
In practice a relatively large dust optical depth is required to actively shift the peak
of the profile bluewards of its natural −Vmin position (corresponding to the velocity at
the inner radius of the shell) unless this value is very small in comparison to Vmax i.e. the
profile originally had a very narrow flat top. In many cases it seems likely that the dust
may not be optically thick and the blue-shifting of the peak of the profile is just a result
of attenuation in the flat-topped section (close to Rin ). The peak would then tend to be
located at −Vmin .
Since dust absorption is wavelength dependent for 2πa < λ, one might expect the position of the peak line flux to be dependent on the wavelength of the line being considered.
I note here that whilst variations of the peak velocity of a line as a function of line wavelength may occur in cases of high dust optical depths or small Rin /Rout , this may not be
the case for many supernova lines emitted from ejecta with low dust optical depths. The
wavelength–dependence of dust absorption instead can result in differing degrees of absorption in the flat-topped region of each profile but still leave the peak at its blue-shifted
position of −Vmin . If this is the case then there would be no reason to expect a variation
in the position of the peaks of profiles to be correlated with the wavelength dependence of
dust absorption. Instead one would expect it potentially to trace the location of different
ions within the ejecta, possibly with different Vmin values observed for different species.
For lines from the same ion, for example the Balmer and Paschen lines of Hi, we might
expect to see peaks at the same position but differing degrees of absorption. At high
spectral resolutions, it might be possible to detect differences in the shapes of the line
profiles, particularly between −Vmin and +Vmin where the steepness of the incline traces
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the degree of dust absorption. This can be seen in Figure 3.10 where I illustrate the
effects of the wavelength dependence of dust absorption for three lines, Hα (6563 Å), Hβ
(4861 Å) and Paδ (10049 Å). All lines were modelled using three different grain radii and
for both optically thin and thick dust cases. I also show in Figure 3.11 the variation of the
absorption efficiency with wavelength for three different amorphous carbon grain radii.

3.2.8

The Effect of a Grain Radius Distribution

It is important to consider the potential effect on the dust mass of modelling a grain radius
distribution instead of a single grain radius. For a grain radius distribution the overall
extinction cross section, Cext , at a given wavelength is calculated as
Z

amax

Cext =

Qext (a)n(a)πa2 da

(3.16)

amin

where Qext (a) is the extinction efficiency for a grain radius a and n(a) is the number
of grains with size a. The overall extinction efficiency is then
Qext = R amax
amin

Cext
n(a)πa2 da

(3.17)

The scattering cross-section Qsca is similarly calculated. As a result of these calculations, there is rarely a single grain radius that has the same albedo and extinction efficiency
as a size distribution. Modelling a size distribution instead of a single grain radius may
therefore alter the deduced dust mass. Since models are only sensitive to the dust optical
depth and the albedo, however, it is not possible to deduce the grain radius range or
distribution and only single grain radii are investigated in the models that are presented
in the following chapters.
Whilst this apparently limits the scope of these results, it is important to consider
the extent to which considering grain radius distributions would alter the derived dust
masses. For each model that I construct, I derive a dust mass for a given species at a
single grain radius. By considering the equation that determines the dust optical depth
between the inner radius and the outer radius for both a single grain radius and a grain
radius distribution, I can approximately calculate the required dust mass for a distribution
of grain radii from the properties of a single-size model by equating the dust optical depths.
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The dust optical depth for a single grain radius is proportional to
τν ∝ Qext,ν (a)σ(a)nd

(3.18)

where nd is the number density of dust grains, σ(a) is the cross-sectional area of a grain
of radius a and Qext,ν (a) is the extinction efficiency for a grain of radius a at frequency ν.
On average, this gives
τν ∝

Qext,ν (a)M
Qext,ν (a)M πa2
∝
4
4
3
3 πa ρV
3 aρV

(3.19)

for a total dust mass M , total volume of the ejecta V and density of a dust grain ρ.
By equating the equations for the total dust optical depth for a single grain radius and
a distribution of grain radii, we obtain (at a specific frequency)
R amax
n(a)a3 da
Ms Qext,s (as )
a
Md =
× R amax min
2
as
amin Qext (a)n(a)a da

(3.20)

where the subscript s represents the single grain radius quantities and the subscript d
represents quantities for the grain radius distribution. This is only calculable for a specific
wavelength and is therefore only an approximate conversion when performed at the restframe wavelength of the line in question. However, practically, the variation of extinction
efficiency and albedo over the narrow wavelength ranges modelled within the code is not
significant and so this method produces relatively accurate dust masses (corroborated by
running models with the new parameters).

3.2.9

The Effect of Different Species

In the majority of the modelling that follows, a single species, amorphous carbon, is
considered. A single species is used since the parameters that affect the quantity of dust
required in the model are the albedo and the dust optical depth. There are therefore likely
many possible combinations of species that may result in a good fit to the data. The choice
of amorphous carbon is partly motivated by evidence that, for SN 1987A (which, as an
very well-observed, local core-collapse supernova, is an excellent test case) the fraction
of silicates present in the dusty ejecta is limited to approximately 15% (Ercolano et al.
2007; Wesson et al. 2015). It is also motivated by previously published SED models which
generally employ amorphous carbon. This is because SED models frequently require far
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larger masses of silicate dust than more absorbing amorphous carbon dust in order to
produce similar levels of infrared flux and therefore amorphous carbon models are likely
to produce the more conservative dust mass estimates. By modelling with amorphous
carbon I may compare directly to these SED models where possible.
I consider the change in dust mass when an alternative dust medium is used instead
of amorphous carbon. I use a generic silicate dust medium as an illustrative example.
In a similar manner to the approach detailed in Section 4.3.6, I may calculate the mass
of silicates that is equivalent to an amorphous carbon mass for a single grain radius.
I consider the albedo at the original grain radius, calculate the equivalent grain radius
for silicates that results in the same albedo and then calculate the new dust mass by
considering the change in the extinction efficiency as
Msil = Mamc

Q

amc

Qsil

 a  ρ 
sil
sil
aamc ρamC

(3.21)

I will make use of the above “conversion” equations in the next chapter when I consider
various models of SN 1987A and discuss the effects of varying both species and grain radius.

3.2.10

The Velocity Distribution

I do not thoroughly investigate the effects of varying the steepness of the velocity distribution since the influence of this parameter is detailed from a mathematical perspective
in Section 3.1.1. Simply, the steeper the velocity distribution, the steeper the slope of the
sides of the output line profile. In this sense, there is some degeneracy with the exponent
of the density profile. The steepness of the velocity distribution also affects the width of
the flat-topped region of the profile via Equation 3.13. One of the primary reasons that
this variable is not investigated in more depth is that all models of late-time line profiles
from the ejecta of supernovae adopt a free expansion velocity law v ∝ r until the remnant
reaches a much later stage of its evolution. However, by this point the remnant will likely
no longer be visible in the optical or IR.

3.3

Conclusions

Throughout this chapter, I have discussed the various ways in which I tested damocles
against both theoretical line profiles derived from first principles and previously published
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models, and have presented example profiles illustrating the excellent agreement between
them. For each parameter of interest, I have described the manner in which its variation
affects different aspects of the emergent line profile. I have also discussed the effects of
altering the properties of the dust itself and have calculated the degeneracies relating to
grain radius distributions and composition. This allows for any model with a given set of
dust properties to be easily compared to a model with the same intrinsic geometry but
with a different dusty medium.
This investigation of parameter space resulted in some very interesting insights that
may prove to be important when considering dust formation in the ejecta of CCSNe in
the future. Historically, a line profile that was flux-biased towards the blue with a blueshifted peak was considered to be potentially indicative of dust formation. Whilst this
is undeniably the case, it seems likely that a number of other features may also point
towards the formation of dust in the ejecta. I have discussed the presence of an extended
red-scattering wing and the lack of a need for asymmetry. I have also mentioned the
possibility of symptomatically jagged profiles, often with sharp inflection points around
the value of the minimum velocity (±Vmin ). The presence of any or all of these features in
the line profiles of the spectra of CCSNe may suggest the presence of newly-formed dust.
In addition to these results, the process of exploring parameter space greatly aided me in
modelling SN 1987A and the several other supernova remnants that are presented in the
following chapters.

Chapter 4

The Evolution of Dust Formation
in SN 1987A
On 23 February 1987, a star died in an explosion that would inform our understanding
of core-collapse supernovae for decades to come. SN 1987A is uniquely important to the
study of supernovae. At only 50 kpc away in the Large Magellanic Cloud (LMC) and
as the brightest supernova to be observed since SN 1604 (Kepler), it has provided an
unprecedented opportunity for studying every aspect of supernovae. Since its discovery
by Ian Shelton and Oscar Duhalde at Las Campanas, Chile (Kunkel et al. 1987), SN 1987A
has been continuously observed across the entire wavelength range, providing astronomers
with a wealth of data and discoveries.
SN 1987A was the first and only supernova to be detected via the emission of neutrinos. Hours before the visible light from SN 1987A reached Earth, 19 neutrinos were
simultaneously detected in various locations across the globe confirming the core-collapse
theory of supernovae (Bionta et al. 1987; Hirata et al. 1987). However, the neutron star
that is expected to have resulted from this collapse has yet to be detected. Various theories
exist for this non-detection such as the possibility that a black hole formed instead of a
neutron star or that dust is obscuring our view (Brown et al. 1992).
The detection of neutrinos in combination with the presence of hydrogen lines in the
early spectra resulted in the classification of SN 1987A as a Type II supernova. However,
SN 1987A was unusually dim at peak magnitude compared to other Type II SNe and
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Figure 4.1. SN 1987A in the Large Magellanic Cloud. The three-colour image
is composed of several pictures of the region taken with the Wide Field and
Planetary Cameras on the Hubble Space Telescope between September 1994 and
July 1997. Image courtesy of NASA, ESA, and The Hubble Heritage Team
(STScI/AURA).

brightened very quickly, its magnitude increasing by a factor of 100 in just three hours
compared to a normal timeframe of several days. SN 1987A exhibited a number of other
somewhat unusual features. Broad lines detected in the very early spectra indicated
expansion velocities of up to 30,000 km s−1 , much faster than the typical 15,000 km s−1 .
The colour evolution of the object was also faster than expected. These atypical properties
suggested that the progenitor star was more compact than the red supergiants that are
believed to normally give rise to Type II SNe. In fact, four days after the initial detection of
SN 1987A, the progenitor star was identified as having been the blue supergiant Sanduleak
-69◦ 202 confirming this theory (Sonneborn et al. 1987). These distinctive features, in
combination with a plateauing light curve, led to the final classification of SN 1987A as a
peculiar Type II-P supernova.
After the initial flash of ionising radiation in the first few hours (Ensman & Burrows
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Figure 4.2. Evolution of the ring collision from 1994 to 2014 from a combination
of HST B- and R- band images. The brightness of the ring has been reduced by
a factor of 20 by applying a mask to the images making it possible to see the
morphology of the ring at the same time as the faint ejecta. The image is taken
from (Fransson et al. 2015).

1992), the expanding debris of SN 1987A cooled rapidly, dropping from 14,000 K to
6,000 K between the first and tenth days after outburst (Kirshner et al. 1987) before
eventually stabilising at around 5,500 K. By just four months after outburst, the debris was
transparent in the optical and IR (McCray 1993). The ejecta spectrum was dominated by
emission lines, often exhibiting P-Cygni profiles, arising from a blackbody-like continuum.
Numerous hydrogen, calcium and sodium lines could be seen in the optical as well as a
rich spectrum of IR emission lines from other heavy elements.
The forward shock continued to propagate through the ejecta and by the mid 1990s
reached the innermost of the beautiful and complex system of rings that are observed
around SN 1987A (see Figures 4.1 and 4.2). The rings were most likely caused by an
ejection of mass following a binary merger some 20,000 years before SN 1987A exploded
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(Morris & Podsiadlowski 2005; Fitzpatrick et al. 2013). This merger also likely explains
the surprising blue colour of the progenitor star. A series of images of the equatorial ring
(ER) taken using the Hubble Space Telescope (HST) clearly show the appearance of “hot
spots” as the dense material is shock-ionised on impact with the forward shock (see Figure
4.2). The interaction of the forward shock with the ER has precipitated a strong reverse
shock that is now travelling back through the ejected material (Fransson et al. 2013).
The illumination of the outer parts of the ejecta by the reverse shock is visible in spectra
taken at later epochs as faster regions became more dominant in line profiles making them
appear broader. It has been suggested that this point in SN 1987A’s evolution marks its
transition to a remnant (McCray 2003).
The ionisation and heating of the ejecta of the supernova is caused by gamma rays
that result from the decay of

56 Co, 57 Co

and

44 Ti

(with half lives of 77.3 days, 272

days and 59 years respectively (Ahmad et al. 2002)). The gamma rays Compton scatter
off electrons that are often bound causing the production of fast, primary photoelectrons.
These primary electrons go on to impact atoms causing further ionisations and excitations.
A population of secondary electrons is thus produced. Recombinations and de-excitations
result in the emission of line photons. These emission lines are then broadened thermally
and by the large bulk velocity of the emitting medium. I present models of these optical
and IR emission line profiles from SN 1987A throughout this chapter. The ionisation state
of the ejecta of SN 1987A is thought to reach a period of stability known as the “freezeout” when a balance is reached between the recombination and ionisation rates (Danziger
et al. 1991b; Kozma & Fransson 1998a; Fransson et al. 2013). This is discussed in further
detail later in this chapter as it has relevance to the evolution of the shapes of the line
profiles.
A full review of SN 1987A in all its glory would likely extend to many dozen of pages
and so in the following paragraphs I will focus only on those facets of the history of
SN 1987A that relate to the formation of dust in its ejecta. For extensive reviews covering
the progenitor, the explosion mechanism, the dynamics and geometry, the light curves and
spectral evolution, the thermodynamics, the chemistry and the circumstellar ring system I
refer the reader to the reviews by Arnett et al. (1989), McCray (1993) and McCray (2003).
A comprehensive review of SN 1987A by Richard McCray encompassing its later evolution
is in press at the time of writing (McCray & Fransson 2016).
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Figure 4.3. Herschel images of SN 1987A. Image taken from Matsuura et al.
(2011).

4.1

10,000 Days of Dust

SN 1987A is the first and only supernova to have had the formation of dust in its ejecta
traced by all four observable signatures described in Section 1.2.7 (Bouchet & Danziger
2014). Before dust was observed, its formation in the ejecta of SN 1987A was predicted.
Gehrz & Ney (1987) recognised that conditions in the cooling ejecta would eventually
reach temperatures and densities appropriate for dust formation to occur. They predicted
that the onset of dust formation would occur at around days 240–300. This idea was
expanded upon by Dwek (1988) who estimated that dust would begin to form slightly
later, at around day 400, and might even cause an optical black-out of the supernova.
The first indications of dust in the ejecta of SN 1987A appeared at around day 350
with the emergence of continuum radiation in the IR longward of 5 µm (Meikle et al.
1993). This had become prominent by day 550 (Roche et al. 1993; Wooden et al. 1993). It
was suggested by some that this excess IR emission was the result of a light echo reflecting
off the circumstellar material (Roche et al. 1989). However, at around day 530, the optical
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Figure 4.4. ALMA, ATCA, HST and Chandra images of SN 1987A showing
the location of the dust in the inner ejecta at 450 µm. The image is taken from
(Indebetouw et al. 2014). Inset HST image courtesy of R. Kirshner and the
SAINTS collaboration (also see Larsson et al. (2013)) and the inset Chandra
X-ray image is from Helder et al. (2013).

luminosity suddenly started dropping more rapidly than it had done previously. The IR
luminosity started to increase, compensating for the drop in the optical and ensuring that
the bolometric light curve continued to follow the same trajectory (Suntzeff et al. 1991;
Whitelock et al. 1991). At the same time it was observed that the peaks of several emission
lines in the optical and IR had become shifted towards the blue indicating that the dust
was indeed within the supernova envelope itself (Lucy et al. 1989; Danziger et al. 1991a,b;
Meikle et al. 1991, 1993; Suntzeff et al. 1991; Hanuschik et al. 1993). It was Leon Lucy
and collaborators who first suggested that the presence of blue-shifted line profiles may
indicate dust formation in the ejecta of supernovae and they even went as far as producing
some models to illustrate the effects. They used this method to estimate for the first time
the dust mass in the ejecta of SN 1987A (10−6 M − 10−4 M , Lucy et al. 1989, 1991).
Around this time, Wooden et al. (1993) also placed a lower limit of ∼ 10−4 M

on the

dust mass in SN 1987A based on SED-fitting.
After this intensive monitoring of SN 1987A in the MIR, there was something of a gap
in observations. By the mid 1990s SN 1987A had faded and could no longer be detected
in the mid-IR with current instruments. It was not until 2004 that new instruments at
the Gemini South telescope and at the Very Large Telescope allowed for the resumption

4.1. 10,000 Days of Dust

130

of observations of SN 1987A at these wavelengths. The first resolved detection of the
central ejecta was reported by Bouchet et al. (2004) who observed the object at 10 µm
and 20 µm. They estimated a mass of 10−4 M − 2 × 10−3 M for the dust in the ejecta,
with an estimated temperature of 90K< T < 100K. They concluded that CCSNe could
potentially be a significant source of dust in the Universe but could not solely account for
the masses seen at high redshifts (see Chapter 1). Subsequent observations continue to
detect this faint mid-IR emission right up to the present day (Dwek et al. 2010; Bouchet &
Danziger 2014) whilst radiative transfer models of the SEDs continued to find dust masses
of the order of 10−4 – 10−3 M during the first 1000 days (Ercolano et al. 2007).
For many years it was assumed that only a small mass of dust, possibly as much as a few
×10−3 M , had formed in the ejecta of SN 1987A within the first 1000 days. It was with
the first Herschel observations of SN 1987A that the picture suddenly changed. SN 1987A
had not been chosen as a target for the Herschel mission as it was believed that it would
not be detectable at far-IR and sub-mm wavelengths. However, in 2010, whilst Herschel
was performing a survey of the LMC as a part of the HERITAGE survey (Meixner et al.
2013), an unexpectedly strong signal was detected in the same region as SN 1987A. In
2011, Matsuura et al. (2011) published the first detections of the SN 1987A system at
long wavelengths (100, 160, 250 and 350 µm presented in Figure 4.3). These observations
revealed the presence of a massive reservoir (0.4 – 0.7 M ) of cold dust (17K< T < 23K)
that they argued was located in the ejecta. Herschel did not have the angular resolution
to determine the location of the emitting dust precisely and as a result there was much
contention over this assertion with many claiming that the detection was of pre-existing
dust located in the circumstellar material (Bouchet & Danziger 2014). However, follow-up
observations of SN 1987A with the Atacama Large Millimetre Array (ALMA) published
by Indebetouw et al. (2014) resolved the SN-ring system and revealed the location of the
dust to be entirely within the ejecta (see Figure 4.4). Further pointedHerschel observations
corroborated the large estimated dust masses (Matsuura et al. 2015). These dust mass
estimates were all based on fitting dust spectral energy distributions (SEDs) that peaked
at far-IR wavelengths.
The majority of the dust in the ejecta of SN 1987A is located centrally and as such
has not yet encountered the reverse shock that is propagating back towards it. Whilst it
is now clear that very large masses of dust have indeed formed in the ejecta of SN 1987A,
it remains unclear whether the dust will survive the passage of the reverse shock. The
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Figure 4.5. Archival data showing the evolution of the Hα and [O i]λ6300,6363 Å
line profiles from SN 1987A at the earlier of the epochs considered. The spectral
gaps at the last two epochs correspond to where narrow line emission from the
equatorial ring has been removed. The spectra have been continuum-subtracted
and offsets have been applied for display purposes.

composition of the dust and the size of the grains are crucial to understanding how much of
the dust that has formed will actually be deposited into the ISM in the future. Further observations and analyses of the dust mass present in the ejecta are crucial to understanding
how much dust is actually contributed to the ISM from CCSNe.
The Herschel mission ended in 2013 and there is now likely to be a long wait for far-IR
facilities with comparable or better sensitivities than Herschel to become available. The
method of SED fitting is therefore unhelpful until other telescopes come into operation.
This provides a strong incentive to make use of alternative methods to estimate the dust
masses that form in supernova ejecta. Following the work of Lucy et al. (1989), no further analysis of the shapes of the line profiles in SN 1987A has been performed. With
such a large database of spectral observations available, SN 1987A provides the perfect
opportunity to assess the evolution of the formation of dust in the ejecta of CCSNe.
In this chapter, I present a number of models of line profiles of SN 1987A. I have
collated optical spectra from the archives of four different telescopes in order to study the
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Figure 4.6. Archival data showing the evolution of the Hα line profile from
SN 1987A at the later epochs. The spectral gaps correspond to where narrow
line emission from the ER has been removed. The spectra have been continuumsubtracted and offsets applied for display purposes.

effects of dust formation on the Hα line and on the [O i]λλ6300,6363 Å doublet. I have
modelled epochs spanning a range of approximately 8 years, from the first indications
of blue-shifting in the Hα line between days 600–700, using both smooth and clumped
geometries. I compare my derived dust masses to those obtained by (Wesson et al. 2015,
hereafter W15) and (Dwek & Arendt 2015, hereafter DA15) and consider the implied dust
formation rate.
In Section 4.2, I detail the observed spectra that I used for my modelling and I present
my modelling of the Hα and [O i]λλ6300,6363 Å lines in Section 4.3. Finally, I discuss my
findings in Section 4.4.

4.2

Spectral Observations of SN 1987A

SN 1987A has been the most intensively observed supernova in history, with an abundance
of both spectral and photometric data available to model. From the archives of a number
of different telescopes I have collated optical spectra acquired over a wide range of epochs.

31 Jul 1988
26 Oct 1988
27 Dec 1988
06 Feb 1989
09 May 1989
12 Jan 1990
12 Mar 1991
30 Mar 1992
14 Mar 1993
07 Jan 1995
23 Sep 1996
05 Jan 1997
10 Dec 2000
06 Oct 2002
21 Mar 2005
23 Oct 2007
07 Feb 2009

Date

Age
(days)
524
611
673
714
806
1054
1478
1862
2211
2875
3500
3604
5039
5704
6601
7547
8020

AAT
AAT
AAT
CTIO-1.5m
CTIO-1.5m
CTIO-4m
CTIO-4m
HST
HST
HST
HST
HST
VLT
VLT
VLT
VLT
VLT

Telescope
FORS
UCLES
UCLES
Cass.
Cass.
RC
RC
STIS
STIS
STIS
STIS
STIS
UVES
UVES
UVES
UVES
UVES

Inst

λmin
(Å)
5500
6011
5702
6420
6430
3565
3245
4569
4569
4569
4569
4569
4760
4760
4760
4760
4800

λmax
(Å)
10190
7336
10190
10380
10330
10000
9175
6818
6818
6818
6818
6818
6840
6840
6840
6840
6800
16
16
11
11
4.4
4.4
4.4
4.4
4.4

Res.
(Å)
20
30000
30000
∼500
∼500
∼ 500
∼500
∼1500
∼1500
∼1500
∼1500
∼1500
50000
50000
50000
50000
50000

Res.
Power

Gröningsson
Gröningsson
Gröningsson
Gröningsson
Tziamtzis et

et al. (2006, 2007)
et al. (2006, 2007, 2008)
et al. (2006, 2007)
et al. (2007)
al. (2010)

Wang et al. (1996)
Wang et al. (1996)
Chugai et al. (1997)

Spyromilio et al. (1991)
Hanuschik et al. (1993); Spyromilio et al. (1993)
Hanuschik et al. (1993); Spyromilio et al. (1993)
Phillips et al. (1990)
Phillips et al. (1990)
Suntzeff et al. (1991)

Reference

Table 4.1. Details of the archival data for SN 1987A.
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At the earlier epochs I use spectra obtained by the Anglo-Australian Telescope (AAT) and
the Cerro Tololo Inter-American Observatory (CTIO) and at later epochs I use spectra
from the archives of the Hubble Space Telescope (HST) and the Very Large Telescope
(VLT). An explosion date of 23 February 1987 is adopted throughout and epochs are
measured relative to this date. Full details of all observations may be found in Table 4.1.
The spectral resolutions of the grating spectrograph observations are listed in column 7,
while column 8 lists the spectral resolving powers of the echelle spectrograph observations.
Wavelength ranges encompassing the Hα line and [O i] λ6300,6363 Å doublet were selected in order to trace their evolution from day 524, near the time of the first indications
of dust formation (Wooden et al. 1993), to day 8020, near the current era. Optical spectroscopy obtained at the AAT using the Faint Object Red Spectrograph (FORS) during
the first two years after outburst was kindly supplied by Dr Raylee Stathakis (Spyromilio
et al. 1991; Hanuschik et al. 1993; Spyromilio et al. 1993) and optical spectra from the
CTIO were donated by Dr Mark Phillips (Suntzeff et al. 1991).
The evolution of the Hα and [O i] line profiles is presented in Figures 4.5 and 4.6. At
later epochs, the broad Hα profile emitted by the ejecta becomes contaminated by narrow
line emission from the ER. These lines have been removed for the purposes of modelling
the broad line. A continuum fit has been subtracted from each spectrum and a velocity
correction has been applied for a recession velocity of 287 km s−1 (Gröningsson et al.
2008).

4.2.1

Contamination of the Hα Profiles

The Hα profile at day 714 exhibits a very slight inflection visible at V ≈ +900 km s−1 . By
day 806, this slight inflection has developed into a noticeable shoulder in the line profile
of Hα (see Figure 4.9).
Although these features are similar in nature to features produced by dust absorption
in the flat-topped region (as discussed in Section 3.2.5), I conclude that this shoulder is an
early appearance of the unresolved [N ii] λ6583 Å line from the ER (Kozma & Fransson
1998b). Unresolved nebular [N ii] lines at λ = 6583 Å and λ = 6548 Å either side of the
Hα rest frame velocity at 6563 Å are certainly seen by day 1054 and have to be removed
in order to consider the evolution of the broad Hα profile (see Figure 4.5). I do not remove
this potential contaminant at earlier epochs but try to fit the broad line profiles around
it.
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Figure 4.7. The low–resolution Hα line profile from SN 1987A observed at the
CTIO on day 1054. The unresolved narrow nebular [N ii] lines at λ = 6583 Å
and λ = 6548 Å and the narrow nebular Hα line at λ =6563 Å can be clearly
seen.
By day 1054, all three of the narrow nebular lines (Hα and [Nii]) are strong. They
remain unresolved in the low–resolution CTIO data at days 1054 and 1478 and therefore
contaminate the entire central region of the Hα line profile (see Figure 4.7). Their presence
renders two CTIO Hα profiles from days 1054 and 1478 unusable for modelling purposes.
The HST and VLT Hα profiles at later epochs (≥ 1862 days) have a higher spectral
resolution and it was therefore easier to remove the narrower [N ii] and Hα lines from
the broad Hα profiles (for example Figures 4.5 and 4.6). Although this does remove a
potentially informative section of the profile (+500 km s−1 < v < +1500 km s−1 ), I
achieve good fits to the overall line profiles at these epochs.

4.2.2

The Evolution of the Maximum and Minimum Velocities

For a freely expanding medium, the velocity of any fractional radial element should not
change with time. The maximum velocity of any line-emitting region is therefore expected
to be constant. However, at the epochs I consider here, it appears that the maximum
velocities of the Hα line, as determined by the velocity at zero intensity on the blue side,
generally increase over time (see Table 4.2). I attribute this to the start of the freeze-
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Table 4.2. Hα full-width half-maxima (FWHM) and the half-width zero intensities (HWZI) in km s−1 determined by the zero intensity velocity on the blue
side of the line. The tabulated line widths have been corrected for the relevant
instrumental resolution.
day
524
611
673
714
806
1054
1478
1862
2211
2875
3500
3604

FWHM (km s−1 )
3200
2700
1600
3100
3200
2100
1400
1600
1400
2700
3500
2100

HWZI (km s−1 )
3600
3400
3700
4500
5500
5600
6600
6800
6700
6700
7000
7000

out phase in the outer regions of the ejecta, while the hydrogen neutral fraction is still
increasing in the denser inner regions (Danziger et al. 1991b; Fransson & Kozma 1993).
The onset of a fixed ionisation structure in the ejecta causes the rate of Hα flux decline
to slow. Since the outer, faster moving regions reach this state at earlier times than the
inner, slower moving regions, the relative flux contribution of the outer regions is increased.
At early epochs (t < 900 days) the flux contribution from hydrogen in the core dominates
the overall Hα flux, whereas at later epochs (t > 900 days) the flux from the envelope
dominates (Fransson & Kozma 1993; Kozma & Fransson 1998a). This shift likely explains
apparent broadening of the line with the higher–velocity material becoming increasingly
noticeable in the line profiles. This may also explain the increase in half-width zero
intensity (HWZI) velocities at these epochs with the relative flux from the very densest
regions dropping more rapidly relative to the outer line-emitting region. The full-width
half maximum (FWHM) remains relatively steady (see Table 4.2). However, the FWHM
values presented in Table 4.2 were difficult to determine accurately since the peak of the
broad line profile is contaminated by narrow line emission from the equatorial ring.

4.3

Modelling SN 1987A

I have modelled the Hα line of SN 1987A at days 714, 806, 1862, 2211, 2875, 3500 and
3604, and the [O i]λλ6300,6363 Å doublet at days 714, 806, 1054 and 1478. After day 3604
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Table 4.3. Observed luminosities of the Hα line (Lobs ) and estimated electron
scattering optical depths (τe ) from Rin to Rout for the radii detailed in Tables 4.4
and 4.5 based on an assumed gas temperature of 10,000 K. Estimated undepleted
luminosities before dust effects (Lundep ) are also given.

day
714
806
1054
1478
1862
2211
2875
3500
3604

Hα
Lobs
(1037 erg s−1 )
1.36
0.57

Lundep /
Lobs
1.65
1.77

0.0063
0.0041
0.0019
0.00079
0.00098

2.06
2.07
2.84
3.16
3.27

[O i]
Lobs
(1037 erg s−1 )
0.313
0.0942
0.0242
0.00185

Lundep /
Lobs
3.57
3.57
3.23
2.70

τe
(10−2 )
1.44
0.840

0.159
0.0378
0.0219
0.0125
0.0149

the Hα profile begins to become dominated by emission from the reverse shock and the
structure of the emitting region may no longer be approximated by a single shell model
as I do here (Fransson et al. 2013). The [O i] λ6300,6363 Å doublet becomes too weak to
model after day 1478 (see Figure 4.5). I continue to adopt a velocity profile V (r) =

Vmax
Rmax r

and treat the variable parameters listed at the start of Section 3.2. Whilst the albedo and
dust optical depth are not varied directly, they are altered by adjusting the dust mass,
Mdust , and the grain radius, a, which together determine the albedo and dust optical
depth via Mie theory and the optical properties of the dust.
In all models, the ejecta occupies a shell with inner radius Rin and outer radius Rout .
Packets are emitted according to a smooth density profile assuming recombination or
collisional excitation such that i(r) ∝ ρ(r)2 ∝ r−2β . Initially the dust is considered to
have a smooth density distribution and is assumed to be coupled to the gas so as to follow
the same radial profile. A clumped distribution of dust is considered later (see Section
4.3.2).
Assuming an electron temperature of 10,000 K, I estimated the total electron scattering
optical depths between Rin and Rout based on the observed fluxes of the Hα recombination
line as determined from the area under the observed line. A temperature of 10,000 K for
the recombining material is likely too high at the epochs considered but I adopt it in
order not to underestimate electron scattering optical depths. The values I calculate from
the observed Hα luminosities are listed in Table 4.3. Since the electron scattering optical
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depths at these epochs are negligibly small I therefore do not include electron scattering
in the models.
There is rarely a unique set of parameters that provide the best fit to the data. However, the majority of the parameters of interest can be well constrained from my modelling
by considering different elements of the shape of the profile. In particular, by constructing
fits to the data using minimum and maximum limits for the grain radius, credible lower
and upper bounds on the dust mass formed within the ejecta may be derived. I present
here fits to the data obtained using both small and large values of the grain radius a since
it is the grain radius which has the most significant effect on the overall dust mass required
to reproduce the line profile (see Section 3.2).
All of my models are of a dusty medium composed solely of amorphous carbon grains.
I use the optical constants from the ‘burning benzene’ (BE) sample presented by Zubko
et al. (1996). Although previous SED modelling of SN 1987A limited the fraction of
silicates present in the dusty ejecta to a maximum of 15% (Ercolano et al. 2007, W15),
the recent work of Dwek & Arendt (2015) has suggested that a large mass of mostly silicate
dust may have formed at early epochs (∼ 615 days). It is therefore useful to consider the
effects on my models of using silicate dust. I discuss this in detail in Sections 4.3.7 and
4.3.8.
For each profile, the maximum velocity is initially identified from the data as the point
where the emission vanishes on the blue side and is then varied throughout the modelling
in order to produce the best fit. The equivalent point on the red side is indeterminate
from observations due to the effects of dust scattering. I determine the approximate value
of Vmin by examining the width of the profile near its peak. Using the features and shapes
presented in Figures 3.6 and 3.7 as a guide, I first examined the observed profile for any
obvious points of inflection or abrupt changes in the steepness of the profile. If these were
observed then they were compared to similar changes in theoretical profiles which allowed
me to estimate the value of Vmin . If none were observed, then a model setting Vmin to be
the velocity of the profile peak was considered. Where neither of these approaches yielded
a good model (this was rare) I iterated over a range of values of Vmin as with other variable
parameters such as the dust mass. On the red side the theoretical minimum velocity often
falls at a similar velocity to the narrow nebular [N ii] 6583 Å line so any dust-induced
features near this wavelength that would allow a more accurate determination of Vmin
can be overwhelmed by the nebular line. Having determined the minimum and maximum
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Figure 4.8. Amorphous carbon smooth dust fit to the day 714 Hα line of
SN 1987A using an MRN size distribution, illustrating the underestimation of
the red scattering wing for small grain radii. Model parameters are the same as
the smooth dust fit for day 714 (Table 4.4) except for the grain radius distribution
and dust mass: Mdust = 8.0 × 10−6 M , amin = 0.005 µm, amax = 0.25 µm and
n(a) ∝ a−3.5 .

velocities, the ratio of the inner and outer radii of the supernova ejecta can be determined
since Rin /Rout = Vmin /Vmax . The outer radius is calculated from the epoch and the
maximum velocity.
The only parameters that remain to be determined are the exponent of the density
profile β, the mean grain radius and the total dust mass. The shape of the blue wing is
solely a product of the density profile and the dust mass; the height and shape of the red
wing is a product of these and also of the scattering efficiency of the grains (the albedo
ω); the extent and shape of the asymmetry in the flat-topped portion of the profile is
a function of only the total dust optical depth between the inner radius and the outer
radius as determined by the dust mass and the grain radius. By iterating over these three
parameters, an excellent fit to the data can usually be obtained.
Models are produced in the same manner for the [O i] λ6300,6363 Å doublet as for
the single Hα line, with each component of the doublet being modelled independently
and the resulting profiles added according to a specified ratio. Although the theoretical
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Figure 4.9. Best model fits to the SN 1987A Hα line at day 714 and day 806 for
the parameters detailed in Tables 4.4 and 4.5. The two fits on the top are smooth
dust models using amorphous carbon grains of radius a = 0.35 µm and the two
fits on the bottom are clumped dust models using amorphous carbon grains of
radius a = 0.6 µm.

intrinsic flux ratio is 3.1 for optically thin emission (Storey & Zeippen 2000), the actual
ratio between the two components can be affected by self-absorption (Li & McCray 1992)
and I therefore left it as a free parameter. The deduced doublet ratios are listed in Tables
4.4, 4.5 and 4.6.
For all lines, though particularly at very late epochs, even small fluctuations in the
adopted value of the continuum level can have a substantial effect on the fit to the resulting
profile. Since it is not feasible to establish the level of the continuum so precisely, the value
of the continuum has been left as a free parameter that may be adjusted (to within sensible
margins) in order to allow for the widest possible dust mass range to be determined. I
generally find it is necessary to assume a continuum level that is slightly lower where the
dust mass is higher. The [O i]λλ6300,6363 Å doublets at days 1054 and 1478 are weak
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2

1.5

1

0.5

0

-0.5

0

1

0.5

0

0.5

observed
model

day 2211

-0.5

velocity (104 km s−1 )

0

0.5

velocity (104 km s−1 )
10−15 ergs cm−2 s−1 Å−1
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Figure 4.10. Best model fits to the SN 1987A Hα line at days 1862, 2875 and
3604 for the parameters detailed in Tables 4.4. Smooth model fits with amorphous
carbon grains of radius a = 0.35 µm are presented.
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10−15 ergs cm−2 s−1 Å−1
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Figure 4.11. Best smooth dust fits to the SN 1987A [O i]λλ6300,6363 Å doublet
at days 714, 806, 1054 and 1478 for the parameters detailed in Tables 4.4. Smooth
dust fits with amorphous carbon grains of radius a = 0.35 µm are presented.

relative to the continuum and are also blended with the wings of other lines making it
difficult to fit their wings accurately. I aim to fit the lines between approximately -3000
km s−1 and +5000 km s−1 but present a wider velocity range for context (for example see
Figure 4.11).
All profiles have been smoothed to approximately the same resolution as the observed
profiles using a moving-average procedure. Parameters for the models at all epochs are
detailed in Tables 4.4 to 4.6.

4.3.1

Smooth Dust Models for SN 1987A

Even at the earliest epochs there is a substantial wing on the red side of the Hα line
profile that cannot be fitted by scattering from moving grains with a low albedo. The
minimum required albedo is approximately ω ≈ 0.5 implying relatively large grain radii.
As previously discussed, the larger the grain radius the larger the mass of dust required
to reproduce the same dust optical depth. Figure 4.8 illustrates the fit for the day 714 Hα
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profile for the case where a classic MRN (Mathis et al. 1977) grain radius distribution is
adopted, with amin = 0.005µm, amax = 0.25 µm and n(a) ∝ a−3.5 . It can be seen clearly
that the extended red wing is significantly underestimated. Since the albedo of amorphous
carbon grains varies significantly with grain radius (see Figure 3.9) I can establish a strong
lower bound to the mean dust grain radius, which I estimate to be a ≥ 0.35 µm. This is
the smallest grain radius that is still capable of reproducing the red scattering wing at all
epochs and I therefore use this lower limit value throughout my smooth density modelling.
The inner and outer radii of the ejecta are calculated at each epoch from the maximum
velocity used, the day number and the specified ratio Rin /Rout . The radii generated
are consistent with those used in previous models of SN 1987A (Ercolano et al. 2007,
W15) and the minimum velocities for both the [O i] and Hα line emitting regions are
relatively consistent with those obtained by Kozma & Fransson (1998b) who estimate
that hydrogen extends into the core to a depth of . 700 km s−1 and the oxygen reaches
down to ∼ 400 km s−1 . They are also consistent with predictions from 3D explosion models
at the time of shock-breakout that predict the oxygen to reach to a depth of ∼ 200 km s−1
(Hammer et al. 2010; Wongwathanarat et al. 2015). Figures 4.9 to 4.11 show the best fits
to the data for days 714 to 3604 whilst Table 4.4 details the parameters used.
It can be seen from Tables 4.4 to 4.6 that, in order to reproduce the blueshifts seen
in the [O i] λ6300,6363 Å doublet, considerably larger dust masses are required than to
fit the Hα line at the same epoch. Although the same maximum velocities and therefore
outer radii are used in my [O i] and Hα models, the inner radii for the [O i] models are
significantly smaller and the density distribution much steeper. This implies that [O i] is
concentrated towards the centre of the ejecta whereas Hα is more diffuse. This is broadly
in agreement with 3D explosion dynamics models that suggest that a few hours after the
explosion the heavier elements will, in comparison to hydrogen, be located more centrally
in the ejecta with “bullets” of heavier material reaching the outer edges (Hammer et al.
2010). If dust is forming in the inner regions of the ejecta then the majority of the [O i]
emission must travel through the newly formed dust whereas the more diffuse Hα emission
has a greater chance of escaping unaffected. This may explain the difference between the
dust masses needed for the [O i] and Hα models.

[O i]
[O i]
[O i]
[O i]
Hα
Hα
Hα
Hα
Hα
Hα
Hα

714
806
1054
1478
714
806
1862
2211
2875
3500
3604

day

Vmax
(km s−1 )
3250
4000
4300
4500
3250
4000
8500
9000
9500
10000
10250

Vmin
(km s−1 )
228
240
215
180
813
880
1275
1260
1330
1400
1333
0.07
0.06
0.05
0.04
0.25
0.22
0.15
0.14
0.14
0.14
0.13

Rin /Rout
2.9
2.4
2.1
1.7
1.2
1.9
1.9
1.9
1.9
1.9
1.9

β

Mdust
(M )
9.65×10−5
1.50×10−4
2.35×10−4
2.95×10−4
2.10×10−5
3.80×10−5
5.00×10−4
9.25×10−4
1.50×10−3
3.35×10−3
4.20×10−3

Rout
(cm)
2.00×1016
2.79×1016
3.92×1016
5.75×1016
2.00×1016
2.79×1016
1.37×1017
1.72×1017
2.36×1017
3.02×1017
3.19×1017

Rin
(cm)
1.40×1015
1.67×1015
1.96×1015
2.30×1015
5.01×1015
6.13×1015
2.05×1016
2.41×1016
3.30×1016
4.23×1016
4.15×1016

2.6
2.3
2.7
3.0

[O i] ratio

3.60
2.86
2.23
1.30
0.61
0.59
0.35
0.42
0.36
0.49
0.55

τλ

Table 4.4. The parameters used for the best fitting smooth models of SN 1987A with amorphous carbon grains of radius
a = 0.35 µm. Dust optical depths (τλ ) are given from Rin to Rout at λ = 6563 Å for Hα and λ = 6300 Å for [O i]. Values of
τV , the total dust optical depth from Rin to Rout in the V band (λ = 5470 Å), are very close to the quoted values of τHα , the
total dust optical depth between Rin and Rout at Hα.
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[O i]
[O i]
[O i]
[O i]
Hα
Hα
Hα
Hα
Hα
Hα
Hα

714
806
1054
1478
714
806
1862
2211
2875
3500
3604

day

Vmax
(km s−1 )
3250
4000
4300
4500
3250
4000
8500
9000
9500
10000
10250

Vmin
(km s−1 )
228
240
215
180
813
880
1190
1260
1140
1200
1230
0.07
0.06
0.05
0.04
0.25
0.22
0.14
0.14
0.12
0.12
0.12

Rin /Rout
2.7
2.3
2.3
2.0
1.4
1.8
1.9
1.9
2
2
2

β

Mdust
(M )
2.00×10−4
4.00×10−4
7.50×10−4
1.10×10−3
5.50×10−5
9.00×10−5
1.20×10−3
3.00×10−3
8.00×10−3
1.35×10−2
1.70×10−2

Rout
(cm)
2.00×1016
2.79×1016
3.92×1016
5.75×1016
2.00×1016
2.79×1016
1.37×1017
1.72×1017
2.36×1017
3.02×1017
3.19×1017

Rin
(cm)
1.40×1015
1.67×1015
1.96×1015
2.30×1015
5.01×1015
6.13×1015
1.91×1016
2.41×1016
2.83×1016
3.63×1016
3.83×1016

2.3
2.0
2.3
2.8

[O i] ratio

3.84
4.02
3.85
2.65
0.87
0.76
0.46
0.73
1.05
1.08
1.22

τλ

Table 4.5. The parameters used for the best fitting clumped models of SN 1987A with amorphous carbon grains of radius
a = 0.6 µm. Dust optical depths (τλ ) are given from Rin to Rout at λ = 6563 Å for Hα and λ = 6300 Å for [O i]. Values of
τV , the total dust optical depth from Rin to Rout in the V band (λ = 5470 Å), are very close to the quoted values of τHα , the
total dust optical depth between Rin and Rout at Hα.
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[O i]
[O i]
[O i]
[O i]
Hα
Hα
Hα
Hα
Hα

714
806
1054
1478
1862
2211
2875
3500
3604

day

Vmax
(km s−1 )
3250
4000
4300
4500
8500
9000
9500
10000
10250

Vmin
(km s−1 )
228
240
215
180
1190
1260
1140
1200
1230
0.07
0.06
0.05
0.04
0.14
0.14
0.12
0.12
0.12

Rin /Rout
2.9
2.3
2.3
1.9
1.9
1.9
2
2
2

β

Mdust
(M )
1.50×10−3
2.70×10−3
5.50×10−3
8.00×10−3
1.00×10−2
2.40×10−2
6.00×10−2
1.15×10−1
1.25×10−1

Rout
(cm)
2.00×1016
2.79×1016
3.92×1016
5.75×1016
1.37×1017
1.72×1017
2.36×1017
3.02×1017
3.19×1017

Rin
(cm)
1.40×1015
1.67×1015
1.96×1015
2.30×1015
1.91×1016
2.41×1016
2.83×1016
3.63×1016
3.83×1016

2.3
2.1
2.5
2.8

[O i] ratio

4.20
3.95
4.12
2.81
0.55
0.85
1.15
1.34
1.31

τλ

Table 4.6. The parameters used for the best fitting clumped models of SN 1987A with amorphous carbon grains of radius
a = 3.5 µm. Dust optical depths (τλ ) are given from Rin to Rout at λ = 6563 Å for Hα and λ = 6300 Å for [O i]. Values of
τV , the total dust optical depth from Rin to Rout in the V band (λ = 5470 Å), are very close to the quoted values of τHα , the
total dust optical depth between Rin and Rout at Hα.
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Clumped Dust Models for SN 1987A

A number of investigators have presented arguments for the material in the ejecta of
SN 1987A being clumped (Lucy et al. 1991; Li & McCray 1992; Kozma & Fransson 1998b)
and so I consider clumped models for the ejecta dust to be more realistic than smoothly
distributed dust models. It has been shown through the modelling of optical-IR SEDs
that when dust is assumed to have a clumped distribution then the derived dust masses
can be significantly larger than for the case of dust that is distributed smoothly between
the inner and outer radii (e.g. Ercolano et al. (2007); Owen & Barlow (2015)). I present
in Figures 4.12 and 4.13 two sets of fits to the line profile based on the clumped dust
modelling of W15, one set with a minimum grain radius and one set with a maximum
grain radius. Each fit is based on the best fitting smooth model such that the photon
packets are emitted assuming a smooth radial density profile. However, the dust is no
longer coupled to the gas but instead is located entirely in clumps of size Rout /25. The
clumps are distributed stochastically between Rin and Rout with the probability of a given
grid cell being a clump proportional to r−β where i(r) ∝ r−2β . The number of clumps
used is determined by the clump filling factor f which is kept constant at f = 0.1. All
properties are fixed from the smooth models with the exception of the grain radius, density
profile exponent (β) and the total dust mass.
Models were again constructed using the smallest possible grain radius (a=0.6 µm in
the clumped case) in order to derive minimum dust masses for clumped distributions.
By considering the extent of the red scattering wing, upper limits to the grain radius
were also derived with the purpose of limiting the maximum dust mass at each epoch.
By steadily reducing the grain radius from an initial value of 5 µm (motivated by the
maximum possible grain radius derived by W15 for their day 8515 model), I produced a
set of models with a maximum grain radius of a = 3.5 µm.
The increase in grain radius from the smooth case to the clumped case is necessary
in order to have a slightly larger albedo. Grains of radius a = 0.35 µm do not reproduce
the red side of the profiles well for a clumped medium. This is because when the dust is
located in clumps the radiation is subject to less scattering as well as to less absorption.
The reduction in scattering appears not to be compensated for by the increased dust mass
and a larger grain radius is therefore required, particularly at day 714.
For all but the Hα line at days 714 and 806 a similar fit could be obtained with either
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Figure 4.12. Best clumped model fits to the SN 1987A Hα line at days 1862,
2211, 2875, 3500 and 3604 for the parameters detailed in Tables 4.5 and 4.6 with
amorphous carbon grains of radius a = 0.6 µm.
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Figure 4.13. Best clumped model fits to the SN 1987A Hα line at days 1862,
2211, 2875, 3500 and 3604 for the parameters detailed in Tables 4.5 and 4.6 with
amorphous carbon grains of radius a = 3.5 µm.

4.3. Modelling SN 1987A

150

a grain radius of a = 0.6 µm or a = 3.5 µm (see Figures 4.12 and 4.13). However, for
Hα at days 714 and 806 even a small change to the grain radius from 0.6 µm resulted
in a significantly poorer fit, either over-estimating or under-estimating the red wing. I
therefore conclude that the dust mass estimates produced for the Hα lines at days 714
and 806 for a grain radius of a = 0.6 µm are the best Hα-based estimates of the dust mass
at this epoch for a clumped model.
In my subsequent analyses, I adopt the values derived from my clumped models. Details of the parameters used are presented in Tables 4.5 and 4.6 and the fits are presented
in Figures 4.9 to 4.13.

4.3.3

Goodness of Fit

I detailed at the start of Section 4.3 the process by which parameters were constrained in
order to obtain good fits to the data. These fits were judged both by eye and by minimising
the mean square error between the model and the observed data for each line profile. The
sensitivity of the fits to various parameters may be of interest and so, in Tables 4.7 and
4.8, I detail the mean square error (MSE) for the Hα profile at days 714 and 2875 for a
range of dust masses and density profile exponents. All other parameters were kept fixed
at their best-fitting values for the clumped models of Hα with a grain radius a = 0.6 µm
as in Table 4.5. The line profiles for these models are presented in Figures 4.15 to 4.18.
The MSE is calculated as
1 X
(fobs,i − fmod,i )2
N

(4.1)

i

where N is the number of data points, fobs,i is the observed flux at the ith data point
and fmod,i is the modelled flux at the ith data point. The MSEs were calculated between
−5000 km s−1 and +7000 km s−1 for the day 714 Hα profile and between −8000 km s−1
and +8000 km s−1 for the day 2875 Hα profile. Note that the MSEs should only be
compared between models for a given observed line profile and not between different line
profiles since each observation is associated with a different inherent error.
For day 714, I find that increasing or decreasing the total dust mass by a factor of
two with all other parameters fixed causes a substantial increase in the mean square error
(by factors of 23 and 8.6 respectively) effectively ruling out these values. For day 2875 a
similar variation is seen but with the MSE varying by factors of 1.4 and 3.0 for each case.
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Figure 4.14. Best clumped model fits to the SN 1987A [O i]λλ6300,6363 Å
doublet at days 714, 806, 1054 and 1478 for the parameters detailed in Tables
4.5 and 4.6. On the left are clumped dust fits with amorphous carbon grains of
radius a = 0.6 µm and on the right are clumped dust fits with amorphous carbon
grains of radius a = 3.5 µm.

cm−2

s−1 )

0.1
0.133
0.0604

multiple of best-fitting mass
0.5
1.0
0.043
0.005
0.0258
0.0182

2.0
0.115
0.0563

10
1.15
0.288

Day 2875 MSE

ergs

2.0
0.0182

2.2
0.0193

1.8
0.0205

1.6
0.0282

(10−15

s−1 )

1.0
0.0328

Day 714 MSE (10−13 ergs cm−2 s−1 )

cm−2

density profile exponent (β)
1.2
1.4
1.6
0.0117
0.005
0.0184

2.4
0.0255

1.8
0.0410

Table 4.8. Mean square errors illustrating the variation in goodness of fit for the Hα line profile for a range of density profiles
with other parameters fixed at their best-fitting values for the clumped model with a = 0.6 µm as detailed in Table 4.5. The
MSE is calculated between −5000 km s−1 and +7000 km s−1 for the day 714 Hα profile and between −8000 km s−1 and
+8000 km s−1 for the day 2875 Hα profile. The best-fitting model is italicised.

Day 714 MSE
ergs
Day 2875 MSE (10−15 ergs cm−2 s−1 )

(10−13

0
0.167
0.0791

Table 4.7. Mean square errors illustrating the variation in goodness of fit for the Hα line profile for a range of dust masses
with other parameters fixed at their best-fitting values for the clumped model with a = 0.6 µm as detailed in Table 4.5. The
MSE is calculated between −5000 km s−1 and +7000 km s−1 for the day 714 Hα profile and between −8000 km s−1 and
+8000 km s−1 for the day 2875 Hα profile. A factor of zero represents the dust-free model. The best-fitting model is italicised.
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The narrower range of MSEs at day 2875 compared to day 714 is due to a noisier profile
which results in a greater allowed range of good fits. The sensitivity of the goodness of fit
to the dust mass and density profile is similar for the other modelled epochs.

4.3.4

The Effects of Clumping

As in the case of SED radiative transfer models, the dust masses required to reproduce the
observations in the clumped scenario are considerably higher than for the smooth scenario.
The dust masses differ between my smooth models for a = 0.35 µm and clumped models
for a = 0.6 µm by a factor of approximately 3. The dust mass estimates are even larger
when comparing clumped a = 0.6 µm models to clumped a = 3.5 µm models at later
epochs. This does not take into account the increase in grain radius between the two cases
however. This increase accounts for a reasonable fraction of this difference. I estimate the
effects of clumping alone to increase the required dust mass by a factor of approximately
1.5-2.0 from the smooth case.

4.3.5

More Complex Models

Where blue-shifted lines are observed in the spectra of CCSNe it is often the case that
the Balmer lines of HI are less affected than the [O i] lines (Milisavljevic et al. 2012).
This may be due to a difference in the location or distribution of the emitting elements;
if the neutral hydrogen was diffusely distributed throughout the envelope but the oxygen
was co-located with the dust in the core and in clumps then this could result in [O i]
emission undergoing greater attenuation than Hα. This geometry would be in line with
previous models of SN 1987A that suggested that the dust-forming regions are likely to
include those which are oxygen-rich (Kozma & Fransson 1998a). Clearly, any model of
dust formation in the ejecta of a CCSN must consistently reproduce all of the line profiles
at a given epoch. The models presented in this paper thus far have coupled the gas and
dust distributions for a fixed clump volume filling factor and clump size. The Hα and [O i]
models therefore require different dust masses with the [O i] models usually requiring a
dust mass ∼ 4 times larger than the Hα models.
I now present a model that reconciles this difference by additionally varying the clump
filling factor, clump size and emissivity distribution. I assume that neutral hydrogen is
likely diffuse throughout the ejecta and so maintains a smoothly distributed power-law
emissivity distribution between Rin and Rout for Hα. However, I now assume that dust
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Figure 4.15. Fits to the Hα line profile for day 714 for a variety of dust masses.
All other parameters are given as per Table 4.5. Dust masses are given as a multiple of the best fitting dust mass (Mbf ) and the mean squared error is presented
for each plot.
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flux (10−15 ergs cm−2 s−1 Å−1 )
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Figure 4.16. Fits to the Hα line profile for day 2875 for a variety of dust
masses. All other parameters are given as per Table 4.5. Dust masses are given
as a multiple of the best fitting dust mass (Mbf ) and the mean squared error is
presented for each plot.
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flux (10−13 ergs cm−2 s−1 Å−1 )
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Figure 4.17. Fits to the Hα line profile for day 714 for a variety of density
distributions with the β = 1.4 case representing the best fit. All other parameters
are given as per Table 4.5. The mean squared error is presented for each plot.
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Figure 4.18. Fits to the Hα line profile for day 2875 for a variety of density
distributions with the β = 2.0 case representing the best fit. All other parameters
are given as per Table 4.5. The mean squared error is presented for each plot.
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mostly forms in dense regions of high metallicity and so restrict the [O i]λλ6300,6363 Å
emission to originate entirely from the dusty clumps. As previously discussed, the greater
the covering factor of the dust the greater the albedo required in order to reproduce the
Hα red scattering wing. In order to obtain both the strong blue-shifting of the [O i] line
and the extended red scattering wing observed in Hα a small number of dense clumps
were required along with a small mass of diffusely distributed highly scattering dust in
the inter-clump medium.
In order to fit both line profiles simultaneously, I required a very high albedo (ω > 0.8)
that demanded the inclusion of some fraction of silicate dust. Amorphous carbon grains
alone are incapable of producing this level of scattering for any grain radius. I adopted
a grain radius of a = 0.6 µm, the same as that used in my initial clumped models and
I varied the relative proportions of amorphous carbon and MgSiO3 in order to achieve
the necessary albedo. The adopted grain densities were ρc = 1.85 g cm−3 for amorphous
carbon grains and ρs = 2.71 g cm−3 for MgSiO3 . The resulting dust model for day 714
used 75% MgSiO3 and 25% amorphous carbon by cross-sectional area with a volume filling
factor fV = 0.1 and a clump size Rout /5. 90% of the dust mass was located in clumps with
the remaining 10% distributed smoothly between Rin and Rout according to a power law
ρ ∝ r. Clumps were distributed stochastically with probability ∝ r−8 compared to r−2.7
in my standard models discussed earlier. Equal numbers of [O i] packets were emitted
from each clump. The increased steepness of the density profile is required to compensate
for the clumped packet emission relative to the previous smooth distribution. Since the
clumps are distributed stochastically according to the density profile, less flux is emitted
from the central regions in a clumped emission model than in a smooth distribution model
(since there are gaps between the clumps). In order to obtain a sufficiently steeply rising
line profile, the density profile must therefore be steepened in clumped emission models.
The adopted value of β does not significantly affect the best-fitting values of the other
parameters of interest however. Hα emission was distributed smoothly according to an
emitting density power law ρ(r) ∝ r−1.3 . Rout was the same for all components (i.e.
clumped dust, diffuse dust, [O i] emission and Hα emission) and was calculated using a
maximum velocity of 3250 km s−1 . The inner radius was Rin = 0.07Rout for all components
except the smooth Hα emission which was emitted between Rin = 0.25Rout and Rout .
The total dust mass used was Mdust = 2.3 × 10−4 M . This dust mass is very similar
to that derived from my original clumped models of [O i] using amorphous carbon grains
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Figure 4.19. Fits to the Hα and [O i]λλ6300,6363 Å lines at day 714 using
the more complex dust model described in Section 4.3.5 with a dust mass of
2.3 × 10−4 M .

of radius a = 0.6 µm. The slight increase over my amorphous carbon dust mass of
1.5 × 10−4 M is largely due to the higher grain density of MgSiO3 . At this grain radius
amorphous carbon and MgSiO3 have similar extinction efficiencies and so the change in
species and geometry does not substantially alter the dust mass. I therefore adopt the
[O i] dust masses in my further analyses and consider the differences in my derived dust
masses between Hα and [O i] to be the result of the clumped emission of [O i].
Fits to both the [O i]λλ6300,6363 Å and Hα lines for day 714 using these parameters
are presented in Figure 4.19.

4.3.6

The Effect of a Grain Radius Distribution

All of the models heretofore have been based on a single grain radius. As previously
discussed in Chapter 3, it is important to consider the possible effects of a dust grain
radius distribution. This is more likely to be the case in reality and potentially has a
significant effect on the derived dust mass.
As discussed in Section 4.3.1, for a classical MRN power law (n(a) ∝ a−3.5 ) with a wide
grain radius range (amin = 0.001 µm to amax = 4.0 µm) the derived albedo is much too
small to reproduce the required wing seen at early–epochs. I therefore adopt an approach
whereby, for a number of grain radius ranges, I adjust the exponent of the distribution
until the overall albedo is the same as that seen for the best fitting single grain radius for
the clumped distributions. Using Equation 3.20 from Chapter 3, I calculate the required
dust masses for the clumped Hα model on day 714 for a selection of distributions with
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Table 4.9. Dust masses for day 714 clumped models of the Hα line using different
grain radius distributions and 100% amorphous carbon. The final column shows
the factor of increase over the dust mass for the single size model (M = 7 ×
10−5 M with a = 0.6 µm) and p is the exponent of the grain radius distribution
n(a) ∝ a−p .
amin
(µm)
0.001
0.01
0.05
0.1
0.5

amax
(µm)
4.0
4.0
4.0
4.0
4.0

p
2.45
2.45
2.52
2.72
8.20

M
(M )
1.93 ×10−4
1.93 ×10−4
1.84 ×10−4
1.61 ×10−4
7.23 ×10−5

M/M0.6
2.76
2.76
2.62
2.3
1.03

varying amin . These are presented in Table 4.9.
It can be seen that in all cases, a larger dust mass is required for grain radius distributions in order to reproduce the same profile as a single grain radius. The conversion
factors presented in the table are valid for any model with grain radius a = 0.6 µm and may
therefore also be applied to the models for day 806. I repeated the process for a = 3.5 µm
but found that, in order to reproduce the required albedo, the distribution had to be
heavily weighted towards the larger grains and that the value of amin had no effect on the
required dust mass. Increasing the value of amin to larger values (> 2 µm) does not have
a significant effect either. This is because both extinction efficiency and albedo tend to
a constant value with increasing grain radius and the adoption of different grain radius
ranges and distributions above a certain threshold results in only insignificant variations
in these quantities.
I conclude that if a distribution of grain radii is indeed present, the deduced single size
dust masses are likely to under-estimate the true mass of newly formed dust.

4.3.7

The Effect of Different Grain Species

In my analyses so far, I have mostly focussed on amorphous carbon as the species of interest. This was motivated by previously published early epoch optical and IR SED analyses
that found that the silicate mass fraction must be ≤15% (Ercolano et al. 2007, W15).
The recent suggestion by Dwek & Arendt (2015) that large masses of the glassy silicate
MgSiO3 may have formed at early epochs is discussed further in the next subsection. As
previously discussed in Chapter 3, the parameters that affect the quantity of dust required
by my models are the mean albedo and optical depth of the dust and there could therefore
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Table 4.10. Dust mass conversion factors for single size models using grains of
100% Zubko ‘BE’ amorphous carbon or 100% Draine & Lee silicate at λ ∼ 656 nm.
f is the factor by which the dust mass changes on going from amorphous carbon
to silicates (Draine & Lee 1984; Zubko et al. 1996).

a
(µm)
0.6
0.6
3.5
3.5
3.5

carbon
ω
Qext
0.56
0.56

2.61
2.61

silicates
a
ω
Qext
(µm)
0.0583 0.58 0.08
4.00
0.56 2.18

0.62
0.62
0.62

2.21
2.21
2.21

0.0641
1.020
1.376

0.64
0.63
0.62

0.10
2.15
2.35

Msil /Mamc
5.37
13.0
0.65
0.49
0.61

be multiple combinations of grain species and sizes that result in a good fit to the data.
In Chapter 3, I evaluated the change required in dust mass when a medium of 100%
silicates was used instead of amorphous carbon (see Equation 3.21).
Because of the nature of the variation of albedo with grain radius for the Draine & Lee
(1984) astronomical silicate (see Figure 3.9), there is often more than one silicate grain
radius that will give rise to the same albedo at a given wavelength. Some of the possibilities
and the resulting mass conversion factors between media composed of 100% Zubko ‘BE’
amorphous carbon (Zubko et al. 1996) and 100% Draine & Lee silicates (Draine & Lee
1984) derived using Equation 3.21 in Chapter 3 are given in Table 4.10. For my best
fitting amorphous carbon models with a = 0.6 µm (the first two entries in Table 4.10),
using any fraction of silicates with either a = 0.6 µm or a = 3.5 µm would increase the
dust mass. However, for the case of an amorphous carbon grain radius of a = 3.5 µm (the
last three entries), using silicate dust would reduce the dust mass by a factor of between
0.49 – 0.65 relative to my amorphous carbon values.

4.3.8

Modelling Large Masses of Dust at Early Epochs: Comparison
with the Results of Dwek & Arendt (2015)

In a recent analysis of infrared SED data, Dwek & Arendt (2015 DA15) suggested that it
may be possible for a large mass (0.4 M ) of MgSiO3 silicate dust to have been present
in SN 1987A even at relatively early epochs (t ∼ 615 days), since that species has very
low IR emissivities. Up to this point I have constructed models using Zubko et al. (1996)
‘BE’ amorphous carbon dust but in the previous section I discussed the effect on derived
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Figure 4.20. Hα models using different grain species and dust masses. Models
for the dust masses presented by Dwek & Arendt (2015) are on the left and
models using my minimum required dust masses are on the right. From top to
bottom the dust species are composite grains (82% MgSiO3 and 18% amorphous
carbon by volume), pure MgSiO3 , pure amorphous carbon and pure MgFeSiO4 .
A density distribution with β = 2.3 was adopted with a filling factor f = 0.09
and an effective clump radius Ref f /Rout = 0.044. All other parameters are the
same as in Table 4.5.
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dust masses of instead using Draine & Lee (1984) astronomical silicate, which has higher
optical and IR emissivities than the glassy MgSiO3 species considered by DA15.
I now consider models for day 714 based on the grain types used by DA15. I adopt
a clumped structure equivalent to the preferred model of DA15 who considered 1000
clumps with a filling factor of 0.09 and a negligible dust mass in the inter-clump medium.
I calculate the effective spherical radius of my clumps by equating the volume of my
cubic clumps to a sphere of radius Ref f . Clumps of width Rout /14 generate the desired
Ref f /Rout = 0.044 equivalent to that of DA15. In my code, using a filling factor of 0.09
then generates 1034 clumps, similar to the number used by DA15. I ran a series of models
(presented in Figures 4.20 and 4.21) for both the Hα and [O i]λλ6300,6363 Å line profiles.
In each case I modelled the lines using a dust grain mixture as described by DA15 such that
the medium comprised 18% amorphous carbon and 82% MgSiO3 by volume. I adopted the
same optical constants as used in their work (i.e. Jäger et al. (2003) for MgSiO3 grains and
Zubko et al. (1996) for amorphous carbon) and the same grain mass densities as DA15,
ρs = 3.2 g cm−3 and ρc = 1.8 g cm−3 . In addition to modelling their composite grain
case, I also considered three single species models, using Zubko ‘BE’ amorphous carbon,
MgSiO3 , and MgFeSiO4 (in the latter two cases the optical constants were taken from
Jäger et al. (1994) and Dorschner et al. (1995)). For each species I adopted the smallest
single grain radius that has an albedo of ω ≈ 0.6. The ejecta parameters were as listed in
Table 4.5, with the exception of the smooth gas density distributions which I took to be
ρ(r) ∝ r−1.3 for Hα and ρ(r) ∝ r−2.3 for [O i] in order to optimise the best fits.
For each species, two models are presented. The first adopts the minimum possible
dust mass that provides a reasonable fit to the observed line profiles and the second uses
the dust mass derived by DA15 for that specific species (M = 0.4 M for MgSiO3 and M =
0.047 M

for amorphous carbon giving a total composite dust mass of M = 0.447 M ).

I also adopted a dust mass of M = 0.447 M for MgFeSiO4 . Results from the models are
presented in Figures 4.20 and 4.21.
The [O i] models can display similar profiles for substantially different dust masses.
This is a result of the relatively high dust optical depths within the clumps themselves. If
a clump is optically thick then the majority of radiation that hits it will be absorbed and
the profile becomes insensitive to how much dust is actually contained within the clump.
For my [O i] minimum dust mass models, the dust optical depths within a clump over an
effective clump radius Ref f at 6300 Å are around τclump ≈ 0.4. Over the entire nebula
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Figure 4.21. [O i]λλ6300,6363 Å models using different grain species and dust
masses. Models using the dust masses presented by DA15 are on the left and
models using my minimum required dust masses are on the right. From top
to bottom the species are composite grains (82% MgSiO3 and 18% amorphous
carbon by volume), pure MgSiO3 , pure amorphous carbon and pure MgFeSiO4 .
A density distribution with β = 1.3 was adopted with a filling factor f = 0.09
and an effective clump radius Ref f /Rout = 0.044. The ratio between the doublet
components was 2.2. All other parameters are the same as in Table 4.5. MSE
values for all of the above fits are very similar (around MSE= 0.035).
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Figure 4.22. Best fitting Hα profile with composite dust grains of radius a =
0.6 µm for a dust mass of M = 0.447 M as discussed by Dwek & Arendt (2015).

dust optical depths are very high and ∼72% of the total flux is absorbed. Increasing the
total dust mass therefore has only a small effect on the emergent line profile and once
τclump > 1 then the line profile remains unchanged for increasingly large dust masses. It is
because of this fact that I present only the smallest dust mass capable of reproducing the
[O i] profiles seen in Figure 4.21. The insensitivity of the [O i] profiles to dust mass is not
the case for the Hα profile models (where τclump < 0.05 for all of my minimum dust mass
models) and the Hα-fit dust masses presented in Figure 4.20 therefore represent the most
sensitive diagnostic of the dust mass for each grain type. All of my models discussed in
previous sections have significantly smaller clump optical depths (τclump < 0.1), making
them sensitive to dust mass variations.
For all the [O i] line profile models, except for those using pure MgSiO3 or pure Mg2 SiO4
dust, the required dust masses are significantly less than those proposed by DA15. The
[O i] profile obtained using DA15’s very large MgSiO3 dust mass of 0.4 M

provides a

reasonable fit, but the same dust mass significantly overestimates the blueshifting of the
Hα line (Figure 4.20). I can place an upper limit on the mass of pure MgSiO3 on day 714
of 0.07 M , as this is the highest mass for which a fit to the observed Hα profile can be
obtained (Figure 4.21).
Pure MgSiO3 is extremely glassy, with very high albedos in the optical for a wide range
of grain radii. At grain radii small enough to reduce the albedo to ω ≈ 0.6, in order to fit
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Table 4.11. Observed luminosities of the Hα line and estimated electron scattering optical depths from Rin to Rout for the radii detailed in Tables 4.4 and 4.5
based on an assumed gas temperature of 10,000 K.

day
714
806
1054
1478
1862
2211
2875
3500
3604

Hα
Lobs
(1037 erg s−1 )
1.36
0.57

Lundep /
Lobs
1.65
1.77

0.0063
0.0041
0.0019
0.00079
0.00098

2.06
2.07
2.84
3.16
3.27

[O i]
Lobs
(1037 erg s−1 )
0.313
0.0942
0.0242
0.00185

Lundep /
Lobs
3.57
3.57
3.23
2.70

the observed line profiles, the extinction efficiency in the optical becomes extremely low
(see Figure 3.9), with large masses of dust therefore required in order to produce even a
small amount of line absorption. However, for a given albedo, the extinction efficiencies
increase by large factors if either carbon or iron is included in the grain. In the composite
grain model the amorphous carbon component dominates the overall extinction due to
its much larger extinction efficiency at small grain radii. Similarly, for MgFeSiO4 (or
Mg0.5 Fe0.5 SiO3 ) grains the iron component leads to much larger optical and IR extinction
efficiencies and much lower dust mass upper limits. If the dust that formed at early epochs
contained some fraction of elements such as carbon, iron or aluminium, yielding ‘dirtier’
silicate grains or composite grains, then fits to the observed blue-shifted line profiles imply
low dust masses. I conclude that for dust masses as large as 0.07 M to have been present
in SN 1987A’s ejecta as early as days 600–1000 then the dust would have to have been
formed of glassy pure magnesium silicates.
In order to be optimistic that there was no set of parameters for which a dust mass
of M = 0.447M

comprising 82% MgSiO3 and 18% amorphous carbon by volume could

result in a good fit, a thorough investigation of the variable parameters was performed.
Having fixed the clump size, filling factor, dust mass and composition as per the values
detailed above and in DA15, I varied the density profile (β) and grain radius a. Varying
the maximum velocity and the ratio of the inner and outer radii was found to have little
effect on the goodness of fit. The MSE for the Hα profile presented in the upper left panel
of Figure 4.20 was 0.71 (in units of 10−13 ergs cm−2 s−1 ). This was improved to 0.54 by
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increasing the grain radius to a = 0.6 µm and the density profile exponent to β = 1.5,
which represents the best fit that I could achieve using the values described by DA15 and
a dust mass of M = 0.447M

presented in Figure 4.22. However, the overall best fit I

obtain for this scenario (see the lower left panel of 4.20) used a much lower dust mass of
M = 5 × 10−4 M giving an MSE=0.0058, substantially improving the fit.

4.3.9

Unattenuated Line Fluxes

The evolution of the SN 1987A Hα and [O i]λ6300,6363 Å line fluxes over time has been
discussed previously by, for example, Li & McCray (1992), Xu et al. (1992) and Kozma
& Fransson (1998b). I may use my clumped models to predict the unattenuated emitted
line fluxes and consider their evolution through time. For each model, the fraction of
the total line energy absorbed by the dust was predicted. I determined the total flux
for each observed line profile and used the absorbed fraction from my clumped models
for a = 3.5 µm to predict the unattenuated flux of the line before attenuation by the
dust. Gaps in the observed data due to contamination by narrow line emission were
interpolated over in order to estimate the flux of the broad line component. The observed
Hα luminosities and predicted unattenuated luminosities are given in Table 4.11 along with
the energy fraction absorbed by the dust in each model. No correction has been made
for interstellar extinction along the sightline to SN 1987A. There is very little change in
these values if I adopt the models with a = 0.6 µm instead of a = 3.5 µm. Plots of the
observed and undepleted line luminosities are given for all modelled epochs of Hα and
[O i] in Figure 4.23.
I also present power-law fits to the time evolution of the unattenuated Hα and [O i]
line fluxes. For Hα, I find that LHα (t) ∝ t−4.15 between days 714 and 3604. I can compare
this value to the theoretical time dependence of the flux of a recombination line based on
the dynamics of the ejecta for an environment in a Hubble-type flow r = vt. For a frozenin ionisation structure, the mean intensity of a recombination or collisionally-excited line
per unit volume is locally proportional to the product of the densities of the recombining
species i.e. JHα ∝ ne np ∝ n2e . The total luminosity of the line is therefore dependent
on the volume V as LHα ∝ 1/V . Assuming a constant maximum expansion velocity, the
luminosity should vary with time as LHα (t) ∝ t−3 .
This relationship is only true for a constant ionisation fraction. This “freeze-out”
phase is estimated to have begun at ∼ 800 days and first sets in at lower density high
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Figure 4.23. Predicted undepleted luminosities for the Hα line (above) and
[O i]λλ6300,6363 Å doublet (below) presented with the best power-law fit to the
data.
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velocity regions, gradually moving inwards with time (Danziger et al. 1991b; Fransson &
Kozma 1993). Since my modelling begins at day 714, the ionisation fraction in the inner
higher density regions is likely still decreasing due to recombination during my first two
epochs. This presumably accounts for the slightly steeper LHα (t) ∝ t−4.15 that I find
across all epochs. Kozma & Fransson (1998b) estimate that Hα emission from the outer
regions begins to dominate over Hα emission from core regions for t > 900 days. If earlier
epochs are ignored, the last five epochs (t ≥ 1862 days) plotted in (Figure 4.23) exhibit a
shallower trend that is in good agreement with the expected LHα (t) ∝ t−3 evolution.
The [O i]λλ6300,6363 Å doublet exhibits a much steeper evolution, L[OI] (t) ∝ t−7.2 ,
than the Hα line (Figure 4.23). These collisionally excited lines are very sensitive to the
gas temperature, with emissivities that fall to low values for temperatures below ∼3000 K.
The models of Li & McCray (1992) and Kozma & Fransson (1998a) predict that the gas
temperature in the relevant [O i] emitting regions should have fallen below 1000 K after
day ∼1000.

4.4

Discussion

Using Monte Carlo models that consider both the absorbing and scattering effects of dust,
I have modelled the evolution of the Hα and [O i]λλ6300,6363 Å line profiles over time,
enabling me to place constraints on the evolution of newly formed dust in the ejecta of
SN 1987A.
As can be seen in Figures 4.12 and 4.13, even a small degree of asymmetry in observed
supernova line profiles can be indicative of dust formation within the ejecta. In addition
to this, a line profile that is consistently asymmetric through time requires increasingly
large dust masses to account for a similar degree of blue-shifting since the expansion of
the ejecta would otherwise cause the dust optical depth to the edge of the ejecta to be
reduced.
In Section 4.3.8 I compared my results with those of Dwek & Arendt (2015) and concluded that large dust masses can only have been present at early epochs if the grains were
formed purely of glassy magnesium silicates that contained no iron or carbon component
and that even for pure magnesium silicates no more than 0.07 M of dust could have been
present. I now compare my results with those of Lucy et al. (1989) and W15.
Lucy et al. (1989) analysed the [O i]λλ6300,6363 Å doublet for SN 1987A and estimated
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dust optical depths for a number of epochs. They translated these into dust masses for day
775 only. From my smooth flow modelling of the [O i] doublets I obtain dust optical depths
in the V-band of τV ≈ 3.60 at day 714 and τV ≈ 2.86 at day 806. These values are higher
than the values given by Lucy et al. (1989) who derived τV = 1.19 at day 725 and τV = 1.25
at day 775. The value of the assumed albedo accounts for the majority of this discrepancy.
Lucy et al. (1989) considered line profiles before and after dust condensation and concluded
that any evidence of an extended red scattering wing was unconvincing. Accordingly, they
adopted a model with perfectly absorbing dust (ω = 0). For my amorphous carbon models
for the [O i] λ6300,6363 Å profile using a grain radius a = 0.35 µm, I obtain an albedo of
approximately ω = 0.5 at λ = 6300 Å.
The dust masses derived by Lucy et al. (1989) at day 775 (e.g. Mdust = 4.4 × 10−6 M
for amorphous carbon) are different to those obtained from my smooth dust modelling of
the [O i] λ6300,6363 Å doublet at day 806 (Mdust = 1.5 × 10−4 M for amorphous carbon).
There are three main reasons for the discrepancy. Firstly, the albedo is significantly larger
in my modelling as already discussed. A larger dust mass is therefore required to produce
the same amount of absorption. Secondly, the observed Hα line profiles on day 714 and
later do show an extended red scattering wing (see Figures 4.9 and 4.10) and to match
the extended red wing my required grain radius is considerably larger than the small
grains (a < 0.1 µm) adopted by Lucy et al. (1989). Larger grain radii reduce the total
cross-section of interaction per unit mass and so a greater dust mass must be present
to compensate for this. Finally, my adopted maximum velocities on days 714 and 806
(3250 km s−1 and 4000 km s−1 ) are larger than the value adopted by Lucy et al. (1989
1870 km s−1 ). The larger value of Vmax increases the total volume of the ejecta significantly
and therefore significantly more dust is required to produce the same dust optical depth.
Lucy et al. (1989) also noted that the dust optical depth increased rapidly after day
580 and that the rate of increase of the dust optical depth appeared to slow between day
670 and day 775, the latest day that they considered. My results, for both clumped and
smooth models, suggest that the total dust optical depth between the inner and outer
radii actually drops between day 714 and day 806 before starting to increase again at later
epochs. This is consistent with the results of Lucy et al. (1989) where the slowing rate of
increase of dust optical depth could be consistent with a turning point subsequent to day
775.
I can also compare my dust masses with the mass estimates derived from SED-fitting
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Figure 4.24. Derived dust masses for SN 1987A as a function of epoch. Red
squares - dust masses derived by W15 from their photometric SED modelling of
SN 1987A. Yellow line - W15’s sigmoid fit to their values. Dark and light blue
asterisks - maximum (a = 3.5 µm) and minimum (a = 0.6 µm) dust masses
respectively for the [O i] models for t ≤ 1478 days and for the Hα models for
t ≥ 1862 days. Purple stars - predicted dust masses calculated as the mean of the
maximum and minimum dust masses. Green line - sigmoid fit to my predicted
dust masses.
by W15 (see Figure 4.24). W15 used a sigmoid fit to their dust mass evolution, of the
form
Md (t) = aebe

ct

(4.2)

where a = 1.0M (representing the limiting dust mass), b = −8.53 and c = −0.0004. Both
their dust masses and this sigmoid fit are shown in Figure 4.24. The data exhibit an initial
period of slow growth in mass followed by an intermediate period of accelerating growth
followed by another slowing until a plateau is ultimately reached. In this sense it may be
representative of the process of dust formation whereby initial conditions appropriate for
grain growth gradually develop until optimal conditions are reached at an intermediate
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epoch when grain growth is at its fastest before conditions for grain growth once again
deteriorate and, due e.g. to a depletion of the available gas-phase heavy element atom
reservoirs, the rate slows again (as discussed by W15). Performing a least-squares regression to this function using just my own derived clumped dust masses, I obtain a sigmoid
fit with coefficients a = 1.0M , b = −10.0 and c = −0.0004. These values are remarkably
similar to those derived by W15. This sigmoid fit is also plotted in Figure 4.24.
I find that at all epochs the dust masses derived by W15 are entirely within the dust
mass ranges determined by my models.
My sigmoid fit to the mean of the maximum and minimum dust masses does not take
into account any systematic effects of grain growth. At earlier epochs, whilst grains are
still small relative to later epochs, the lower bound to the dust mass estimates may be
more representative than the upper end; the reverse would be true at later epochs. This is
in contrast to the sigmoid fit of W15, whose fits to their early epoch SEDs used an MRN
distribution with grain radii between 0.005 µm and 0.25 µm, whilst their fits to their last
two epochs required grain radii between 3.005 µm and 3.25 µm. The dust masses used
for their sigmoid fit thus accounted for the effects of grain growth between the earlier and
later epochs. As mentioned, I could not fit the extended red wings of the profiles at early
epochs using an MRN distribution. W15 found that at their earlier epochs they could not
obtain SED fits with grain radii as large as ∼ 1.0 µm. However, they did not consider
radii in between these size ranges, such as the grains with a ≈ 0.6 µm that I require at
earlier epochs. For SED modelling it is generally the case that the larger the grain radius
used, the less dust is required to produce the same level of flux. This may account for
the differences between W15’s earlier epoch dust masses and my own minimum dust mass
estimates at similar epochs. The models of W15 used 15% silicate dust, in contrast to
my models which used 100% amorphous carbon dust. This could also contribute to the
differences at early epochs, as could the use of different sets of optical constants - I used
the ‘BE’ amorphous carbon optical constants of Zubko et al. (1996) whereas W15 used AC
constants from Hanner (1988). W15 found that in order to fit early epoch SEDs epochs
(e.g. day 615) with Zubko ACH2 constants, smaller inner and outer ejecta radii were
needed, with half as much dust (5.0 × 10−4 M ) compared to the Hanner AC results.
W15 derived a maximum possible grain radius at late epochs, concluding that the
grains could not be larger than ∼ 5 µm by day 8515. This is consistent with the maximum
grain radii that I derive at my latest epochs. I find that grain radii most likely cannot
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have exceeded ∼ 3.5 µm at day 3604 - the dust mass that I obtain using this grain radius
is similar to the value predicted by W15’s sigmoid fit at that epoch.
The relationship between ejecta dust grain radii and post-explosion time is important
for understanding the likelihood of dust surviving the passage of a reverse shock propagating back through the ejecta. By the time the effects of a reverse shock begin to appear
in the line profiles (around day 5000), my models imply that the grains could already be
as large as several microns in radius and are likely to be larger than ∼ 0.6 µm. Grains
as large as this are more likely to survive destruction by sputtering in supernova reverse
shocks and in interstellar shocks (Silvia et al. 2010, 2012; Slavin et al. 2015). It has been
suggested that very large grains (radii up to 4.2 µm) formed in the ejecta of SN 2010jl
within a few hundred days after the explosion (Gall et al. 2014). The grain radii that W15
and I obtain for SN 1987A at very late epochs are nearly as large as found by Gall et al.
(2014) for SN 2010jl, with both results suggesting that grains large enough to survive the
destructive force of a reverse shock have formed by a few hundred days post-explosion.
The dust masses obtained from my modelling of SN 1987A’s line profiles support the
conclusion of W15 that even after ∼3000 days the dust mass was still only a fraction of its
current value. This contrasts with the results of Sarangi & Cherchneff (2015) whose grain
chemistry models predict that ejecta dust masses should plateau by around 5 years after
the explosion. My results show that SN 1987A’s dust mass had reached of the order of
0.1M by day 3604. Since its present dust mass is several times larger than this (Matsuura
et al. 2015, W15), a substantial fraction of the current dust mass must have condensed
after this epoch, in agreement with the conclusions of W15.
Ideally, my models would cover the entire evolution of SN 1987A’s Hα line profiles
up to the present day. However, the excitation of gas in the outer edges of the ejecta by
the reverse shock after ∼ day 5000 results in significant broad and asymmetric emission
that dominates the original line profile (Fransson et al. 2013). In addition to this, the
narrow lines from the equatorial ring start to become so strong relative to the declining
broad Hα profile that, post-removal, not enough of the broad profile remained to be able
to reliably infer information from the profile structure. These factors may be common to
some other CCSNe that have interactions with surrounding circumstellar material. Care
should also be taken to ensure that any observed late-time line profiles being modelled
are not in fact the product of a light echo reflecting the spectrum from near maximum
light. Nonetheless, detailed line modelling of asymmetric line profiles has proved effective
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in determining dust masses in the ejecta of SN 1987A at multiple epochs during the first
ten years after outburst. The method clearly has wider application to other supernovae
as demonstrated in Chapter 5.

4.5

Conclusions

I have modelled the Hα and [O i]λλ6300,6363 Å line profiles from SN 1987A over a range
of epochs and have obtained dust masses of the order of 0.1M

by day 3604. A sigmoid

fit to my dust mass data predicts a current dust mass of 0.68M , in line with current
SED-based dust mass estimates for SN 1987A. I find that large grains are necessary in
order to reproduce both the extended red scattering wings and the asymmetry seen in
several of the lines and that grains larger than 0.6 µm have formed by day 714, while
by day 3604 grain radii of ∼ 3.5 µm are needed. I find from fits to the Hα profile that
dust masses cannot have exceeded a few×10−3 M

on day 714 for all the grain types

investigated, apart from glassy pure magnesium silicate grains, for which up to 0.07 M
can be fitted but that dust masses as large as the 0.4 M

posited by DA15 for day 775

are ruled out by my line profile fits.
The observed red-blue line asymmetries persist right through to day 3604 and beyond
- if no further dust had formed after day ∼800 then the expansion of the ejecta dust
shell would cause dust optical depths to drop rapidly with time thereafter, leading to the
disappearance of red-blue asymmetries. Just to maintain the observed degree of red-blue
asymmetry seen at the earlier epochs therefore requires that dust must have continued to
form beyond those epochs.

Chapter 5

Dust Masses in Three Other
Supernova Remnants

5.1

Introduction

SN 1987A has provided a rare opportunity to follow the evolution of a CCSN in close
detail and it is now well established that a significant mass of dust has formed in its ejecta
(Matsuura et al. 2011; Indebetouw et al. 2014; Matsuura et al. 2015; Wesson et al. 2015).
However, the question of the dust budget problem in the early universe cannot be solved
by considering SN 1987A alone. If CCSNe are indeed the primary source of the dust
seen at high redshifts, it is necessary to establish that the majority of CCSNe do produce
sizeable quantities of dust. This motivates the study of other CCSN remnants with the
aim of determining the masses of dust that have formed in their ejecta.
Blue-shifted line emission is a common and long-lasting feature of the late-time spectra
of CCSNe. In particular emission lines of oxygen and hydrogen are frequently visible and
often exhibit asymmetries and significant substructure (e.g Milisavljevic et al. 2012). If
these lines can be modelled then it may be possible to determine the dust masses in SNRs
at late times (> 10 years).
Currently, there are data for relatively few objects that lend themselves to this sort of
modelling. The primary obstacle to assessing a large number of late-time spectra from CCSNe is that the majority fade rapidly, with their brightness decreasing by eight magnitudes
175
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after maximum light within the first two years (Kirshner 1990). They are also frequently
further than ∼10 Mpc from us and very late-time observations are relatively infrequent
in the first place. As a result, optical spectra are rarely available after approximately 700
days (Milisavljevic et al. 2012).
However, there are some objects that, for various reasons, we are still able to detect
many years or even decades after maximum light. This could be because they are unusually close, like SN 1987A, or more usually because some late-time energy source is
illuminating the ejecta. The most obvious of these energy sources are illumination by a
nearby OB cluster, or the interaction between the forward shock and the surrounding circumstellar material. This interaction is known to stimulate emission across a wide range of
wavelengths from radio to X-rays and causes a reverse shock to propagate inwards through
the ejecta, heating and ionising the material it passes through. Other postulated energy
sources include interaction between a central pulsar or magnetar and the expanding debris
(Woosley 2010), or accretion onto a black hole (Patnaude et al. 2001).
Recent work by Milisavljevic et al. (2012) identified a number of CCSNe that were still
visible in the optical despite being more than 20 years old. These included SN 1957D,
SN 1970G, SN 1979C, SN 1980K, SN 1986E, SN 1986J, SN 1987A, SN 1993J and SN 1996cr.
Many of these SNe exhibit strong asymmetries and blue-shifting in their profiles in the
optical, particularly in the oxygen and hydrogen lines. In this chapter I present models of
two of these objects for which Milisavljevic et al. (2012) presented new late-time optical
spectra, namely SN 1980K and SN 1993J. I selected these since both exhibit a blue-shifted
asymmetry in at least two line profiles in their late-time spectra and the lines of interest
are largely uncontaminated by other emission lines. Unlike SN 1987A, for both objects the
forward shock does not appear to have encountered significant circumstellar material yet
and thus a reverse shock has not started to propagate back through the ejecta, allowing
their late-time line profiles to be modelled.
In addition to these two SNRs, I also present models of the oxygen lines of Cassiopeia A
(Cas A). Cas A is a very well studied object. The combination of its age (it is ∼ 300
years old) and nearby location has provided astronomers with an ideal opportunity to
study a young supernova remnant. I included Cas A in my modelling with the aim of
understanding how the dust masses that form in the ejecta of CCSNe in the first few
decades after outburst evolve over even longer time frames.
By modelling asymmetries in the oxygen and hydrogen lines of these three objects, and
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by considering results from the line profile models of SN 1987A presented in the previous
chapter, I hope to start to paint a picture of dust formation in CCSNe; I will demonstrate
that these objects do in fact seem to be capable of producing the quantities of dust that
are necessary for them to provide the solution to the dust mass dilemma in the early
universe.

5.2

SN 1980K and SN 1993J

SN 1980K is located in the Fireworks galaxy (NGC 6946) in Cygnus approximately 5.9 Mpc
away (Karachentsev et al. 2000). It was discovered by P. Wild on 28 October 1980 and
had reached a peak brightness of V = 11.4 mag by November that year (Buta 1982).
The detection of the broad Hα line in early spectra and a linearly decaying light curve
after peak brightness resulted in its classification as a Type IIL supernovae (Barbon et al.
1982). SN 1980K continued to decline steadily in the optical although it was still detected
almost seven years after maximum light by narrow–passband imaging (Fesen & Becker
1988). Follow-up low–dispersion observations found that the spectra exhibited broad Hα
and [O i]λλ6300,6363 Å emission with other weaker optical lines also present.
Spectroscopic and photometric observations of SN 1980K have revealed a very slow
monotonic fading over a period of ∼20 years. This unusually slow rate of decline suggested
that the observations may in fact be a product of light echoes scattering off and heating
circumstellar material as discussed in Section 1.1.8. This was first suggested for SN1980K
by Chevalier (1986) based on early observations in the first year after outburst. Further
modelling and analyses of late-time observations performed by Sugerman et al. (2012)
found that light echoes were indeed present and that the evolution of the observations could
be explained by scattered and thermal echoes off a thin circumstellar shell of dust of mass
. 0.02 M approximately 14–15 lightyears from the progenitor. Of particularly relevance
was their discussion of the origin of the broad, high–velocity Hα and [O i]λλ6300,6363 Å
lines which were not present in the early spectra during the first two years. They concluded
that the shape of these lines could not be a product of a light echo since the high velocities
seen in late-time spectra were not present in early spectra.
In 1981, the emergence of a near-IR flux excess provided the first indications of dust
in the ejecta of SN 1980K (Dwek et al. 1983). However, it could not be confirmed whether
this excess IR flux was the result of newly-formed dust condensing in the ejecta or from
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Figure 5.1. Above: The optical spectrum of SN 1980K on 9 October 2010
at 31 years post-explosion. Below: The optical spectrum of SN 1993J on 9
December 2009 at 16 years post-explosion. Both spectra were originally published
by Milisavljevic et al. (2012).
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pre-existing grains located in a circumstellar shell and illuminated by radiation from the
outburst. In addition to the detection of the signature emission from hot dust grains in
the near-IR, highly blue-shifted line profiles in the optical spectra of SN 1980K have been
observed for many years after(Fesen & Becker 1990; Fesen & Matonick 1994; Fesen et al.
1995, 1999). The presence of dust in ejecta was postulated by Milisavljevic et al. (2012)
based on the observed blue-shifting of the optical line profiles which are still present even
in very late-time spectra (31 years). It is these late blue-shifted line profiles of SN 1980K
at 31 years that I have modelled and present here. An explosion date of 2 October 1980
(Montes et al. 1998) is adopted for all models.
SN 1993J is a very well-observed and important supernova and is only surpassed by
SN 1987A in regards to the quality and frequency of its observations. It is located in the
nearby M81 galaxy 3.6 Mpc away (Freedman et al. 1994) and was discovered on 28 March
1993 (Ripero et al. 1993). It reached a maximum brightness of V = 10.8 mag making it the
brightest supernova in the northern hemisphere since SN 1954A. It was swiftly classified as
a Type II supernova due to early spectra exhibiting an almost featureless blue continuum.
However, its evolution was atypical and the appearance of He lines in later spectra resulted
in its classification as a Type IIb. The similarities to Type Ib and Type Ic supernovae
were noted however and this supernova has been very important for understanding the
relationship between the Type I and Type II CCSN categories (Filippenko et al. 1993;
Garnavich & Ann 1993). Extensive reviews of SN 1993J are given by Wheeler & Filippenko
(1996), who cover the early evolution of the object, and by Matheson et al. (2000a,b) who
discuss the later evolution of the optical spectra.
SN 1993J is relatively isolated and quite close, meaning that it has proved to be an
ideal candidate for regular monitoring in the X-ray, radio and optical. I was particularly
interested in late-time optical spectra obtained at 16 years post-outburst and the presence,
or otherwise, of dust in the ejecta as postulated by Fransson et al. (2005) and Milisavljevic
et al. (2012). An explosion date of 27 March 1993 (Baron et al. 1993) is adopted for all
models.

5.2.1

The Late-Time Optical Spectra of SN 1980K and SN 1993J

Electronic versions of the late-time spectra of both SN 1980K and SN 1993J were provided
by Dr Dan Milisavljevic. These spectra were published in Milisavljevic et al. (2012) and
I present them here in Figure 5.1.
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The spectra of SN 1980K were obtained on 9 October 2010 using the 2.4m Hiltner
telescope at the Michigan–Dartmouth–Massachusetts Institute of Technology (MDM) observatory. The Mark III Spectrograph was used with a SITe 1024 × 1024 CCD detector
and a 1.200 × 4.50 slit. Exposures were 2 × 3000 s and spectra spanned the wavelength range
4600 − 8000 Å with a spectral resolution of 7 Å. The spectrum presented in Figure 5.1 is of
SN 1980K at approximately 31 years after outburst. Significant blue-shifting can be seen
in virtually all lines, but especially in the Hα and [O i]λ6300,6363 Å lines which exhibit a
pronounced flux bias towards the blue and a strongly blue-shifted peak (see Figure 5.1).
Narrow nebular lines of Hα and [O iii] provide useful rest velocity reference points and
the small recession velocity of 40 km s−1 of NGC 6946 has been corrected for.
The optical spectrum of SN 1993J was obtained on 9 December 2009 with the 6.5m
Multiple Mirror Telescope (MMT) at Mt. Hopkins in Arizona using the HECTOSPEC
optical fibre fed spectrograph. Spectra from the 1.500 –diameter fibres covered the wavelength range of 3700 − 9200 Å with a full-width at half maximum (FWHM) resolution of
5 Å. The total exposure time was 3600 s. The observations were obtained as a part of
a survey of the supernova remnants in M81. SN 1993J was approximately 16 years old
when the spectra were obtained. Many of the lines in its optical spectrum exhibit a flux
bias towards the blue and also display noticeable substructure (see Figure 5.1). They are
generally broad and there is a significant degree of blending between lines. The lines least
blended with other lines are those of [O iii]λλ5007,4959 Å and [O ii]λλ7319,7330 Å which
both demonstrate significantly asymmetrical profiles, with both the flux and the peak of
their profiles shifted towards the blue.
Milisavljevic et al. (2012) reduced and calibrated the spectra of both objects by employing standard techniques in IRAF and their own routines, removing any cosmic rays and
obvious defects. The spectra have been corrected for a recession velocity of −140 km s−1
(Matheson et al. 2000b). For further details on the observations and calibrations of these
spectra, please refer to Milisavljevic et al. (2012).

5.3

Line Profile Models of SN 1980K and SN 1993J

My modelling of SN 1980K focussed on the Hα line and the [O i]λλ6300,6363 Å doublet.
Both of these line profiles exhibited a very strong blue-shifted asymmetry indicative of
the presence of dust in the ejecta and, like SN 1987A, were sufficiently distinct that they
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Figure 5.2.
Best-fitting smooth dust models along with the intrinsic
dust-free boxy profile for the Hα line profile for SN 1980K (left) and the
[O iii]λλ5007,4959 Å line profile for SN 1993J (right). The intrinsic dust-free
modelled line profile is given in yellow, the dust-affected modelled line profile in
red and the observed line profile in blue.

provided the best options for modelling purposes. Other lines were either too blended
with each other or too noisy to be reliable.
SN 1993J exhibited its strongest line asymmetries in the oxygen lines, and in particular
I focussed my modelling on the [O ii]λλ7319,7330 Å and [O iii]λλ5007,4959 Å doublets
mentioned above. The [O i]λλ6300,6363 Å doublet was not modelled for SN 1993J as it
was quite blended with the Hα line and the two lines could not be easily extricated. The
[O ii] and [O iii] lines being more distinct were therefore the more sensible candidates for
modelling.
My approach to modelling the line profiles of both SN 1980K and SN 1993J followed
the same principles as for SN 1987A that I detailed in Section 4.3. I began the modelling by considering a smooth, coupled distribution of dust and gas before moving on to
consider the effect on these models of including a clumped dust geometry whilst maintaining a smooth emissivity distribution. I first examined the line profiles in order to
determine the maximum and minimum velocities before moving on to establish approximately the exponent of the dust and gas density distributions. Having fixed the starting
values for these quantities, I iterated over the grain size and dust mass in order to fit
the profile. I also occasionally varied the other parameters in order to optimise the fits
to the data. I assumed that the oxygen doublets were optically thin for both SN 1980K
and SN 1993J and therefore adopted a constant intrinsic flux ratio of 3.1 between the
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Table 5.1. The parameters used for the smooth and clumped models of SN 1980K for media composed of 100% amorphous
carbon dust grains of radius 3.5 µm, or 100% silicate dust grains of radius 0.1 µm. Dust optical depths are given from Rin
to Rout at λ = 6300 Å for [O i] and λ = 6563 Å for Hα. The doublet ratio for the [O i]λλ6300,6363 Å was fixed to be 3.1.
Smooth dust models are listed in the first four rows and clumped dust models in the last four rows.
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Figure 5.3. Best smooth dust fits to the SN 1980K Hα line (top) and the
[O i]λλ6360,6363 Å doublet (bottom) for the parameters detailed in Table 5.1.
Smooth dust fits with astronomical silicate grains of radius a = 0.1 µm are
presented on the left and smooth dust fits with amorphous carbon grains of
radius a = 3.5 µm are presented on the right. For the [O i] doublet, zero velocity
was set at λ = 6300 Å.
[O i]λλ6300,6363 Å components, 1.2 between the [O ii]λλ7319,7330 Å components and
2.98 between the [O iii]λλ5007,4959 Å components according to the theoretical flux ratios
as detailed by Zeippen (1987) and Storey & Zeippen (2000). The intrinsic line profiles
before dust effects for SN 1980K and SN 1993J both needed to be very ‘boxy’, that is, the
ratio of the inner to outer radii was very high so that the overall profile has a very square
shape (see Figure 5.2). I present the intrinsic dust-free profile along with the best-fitting
smooth Hα model for SN 1980K in the left pane of Figure 5.2 and the intrinsic dust-free
profile for the best-fitting smooth [O iii]λλ5007,4959 Å model for SN 1993J in the right
pane of Figure 5.2.
The parameters for the smooth and clumped dust fits that I obtained for SN 1980K
and SN 1993J are detailed in Tables 5.1 and 5.2 respectively. The smooth dust line profile
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flux (10−18 ergs cm−2 s−1 Å−1 )
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Figure 5.4. Best clumped dust fits to the SN 1980K Hα line (top) and the
[O i]λλ6360,6363 Å doublet (bottom) for the parameters detailed in Table 5.1.
Clumped dust fits with astronomical silicate grains of radius a = 0.1 µm are
presented on the left and clumped dust fits with amorphous carbon grains of
radius a = 3.5 µm are presented on the right. For the [O i] doublet, zero velocity
was set at λ = 6300 Å.
fits for SN 1980K are presented in Figure 5.3 and the clumped dust line profile fits are
presented in Figure 5.4. The smooth dust line profile fits for SN 1993J are presented in
Figure 5.5 and the clumped dust line profile fits are presented in Figure 5.6.

5.3.1

SN 1980K Dust Smooth Models

I obtained good fits to both the Hα line and the [O i]λλ6300,6363 Å doublet from SN 1980K
(see Figure 5.3). In particular, an extended wing on the red side of the profile was seen in
both cases. This was more important for the Hα line since I could be sure that it was not
a product of blending with an adjacent broad line (the presence of an extended red wing in
the [O i] doublet may be due to blending with the blue wing of the Hα line). The Hα red
wing allowed me to place constraints on the albedo. A high albedo of ω ≈ 0.8 was required
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to reproduce the flux in the region between +6000 and +8000 km s−1 . Astronomical
silicate grains (Draine & Lee 1984) of radius a = 0.1 µm have an albedo of this magnitude
at this wavelength, but amorphous carbon grain are never this glassy regardless of their
size. As well as the best-fitting silicates model in Figure 5.3, I include line profile fits using
a large grain size (a = 3.5 µm) for amorphous carbon to generate as high an albedo as
possible (ω ≈ 0.6) illustrating the slightly worse, although still reasonably good, fit to the
Hα line.

5.3.2

SN 1980K Dust Clumped Models

Motivated by the modelling of SN 1987A, I adopted a clumped dust structure with a
clump volume filling factor of f = 0.1 with clumps of width Rclump = Rout /25. All dust
was located in clumps but the gas emission remained distributed smoothly according to
the distribution derived for the smooth models. A summary of the parameters for the
best-fitting clumped models is presented in Table 5.1 and the fits are presented in Figure
5.4.

5.3.3

SN 1980K Discussion

The models for the Hα and [O i]λλ6300,6363 Å profiles are broadly consistent with each
other. The primary differences in the derived parameters are in the exponents of the
density distributions and the total dust masses, with the oxygen distribution following a
steeper density trend than the more diffusely emitted hydrogen. In a similar manner to
the early phase models of SN 1987A, the [O i]λλ6300,6363 Å line profile models require
significantly greater dust masses than the Hα models. I believe that this is likely to be due
to the same reason that I discuss in Section 4.3.5, namely that the dust forming regions are
likely to be concentrated towards those zones which are oxygen rich (Kozma & Fransson
1998a). As a result, it seems possible that if the oxygen is located in clumps along with the
dust then the discrepancy in the dust masses could potentially be resolved by considering
more complex, decoupled distributions of dust and gas with diffuse hydrogen emission
and clumped oxygen emission. I illustrated this possibility for SN 1987A in Chapter 4. I
note that for the clumped models for SN 1980K and SN 1993J the difference between the
dust masses derived from the [O i]λλ6300,6363 Å fits and Hα fits is around a factor of
approximately two, very similar to that seen for SN 1987A.
The Hα and [O i] line profiles of SN 1908K both exhibit an extended scattering wing
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which requires a glassy dust composition with a high albedo to fit it. Amorphous carbon
models do not fit the red side of the Hα profile very well, even for very large grain sizes. I
therefore adopt a silicate dust composition, which fits the profiles somewhat better. I note
that a combination of grain species would also be capable of producing the high albedo
that is required but would be expected to result in dust masses somewhere in between
those of the amorphous carbon and silicate models. The relatively low signal-to-noise
ratio of both profiles means that a small degree of variation in the parameters is found to
generate modelled line profiles that also fit the data reasonably. This is most important
in the determination of the high albedo which is based on a relatively small section of
the observed line profile in the red wing of the data. Further observations with a higher
signal-to-noise ratio would be beneficial for the purposes of line profile modelling.
There has been limited discussion of the dust mass that could be present in the ejecta
of SN 1980K other than its predicted existence based on its asymmetrical optical line
profiles. The first suggestion of dust in the ejecta of SN 1980K was based on a near-IR
flux excess seen a few hundred days after outburst by Dwek et al. (1983). They discussed
the possibility of newly-formed dust in the ejecta accounting for this IR flux but also
acknowledged the possibility that the excess IR flux in the SED could also be a product
of the reheating of pre-existing dust grains in the circumstellar material. Sugerman et al.
(2012) presented detailed modelling of the light echoes of SN 1980K and concluded that
thermal echoes off a thin circumstellar shell of dust, of light emitted from a UV flash in
the first two days, or optical light emitted in the first 150 days, are contributing to the
observed IR flux but could only account for a small fraction of the flux. Whilst it may in
fact explain the early IR flux, dust located in a circumstellar shell outside the supernova
ejecta cannot explain the observed asymmetries in the optical line profiles.
Other explanations for the stubborn presence of strongly blue-shifted asymmetrical
optical lines have been advanced previously for SN 1980K with two primary mechanisms.
Fesen & Becker (1990) argued that broad asymmetrical lines in the early spectra arose
as a result of the impact between the blast wave and pre-existing circumstellar material.
Similarly, Chugai & Danziger (1994) put forward a ‘clumpy wind’ model with emission
coming from shocked clumps in order to explain the blue-shifted lines. Both of these
mechanisms could theoretically result in asymmetrical line profiles as a result of the emission from the approaching side of the supernova ejecta reaching us before emission from
the receding side. However, both of these suggestions were ruled out by Sugerman et al.
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Table 5.2. The parameters used for the smooth and clumped models of SN 1993J for media composed of 100% amorphous
carbon dust grains of radius 3.5 µm, or 100% silicate dust grains of radius 0.1 µm. Dust optical depths are given from Rin to
Rout at λ = 7319 Å for [O ii] and λ = 4959 Å for [O iii]. Smooth dust models are listed in the first four rows and clumped
dust models in the last four rows.
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Figure 5.5. Best smooth dust fits to the SN 1993J [O iii]λλ5007,4959 Å doublet
(top) and the [O ii]λλ7319,7330 Å doublet (bottom) for the parameters detailed
in Table 5.2. For the [O ii] doublet, zero velocity was set at λ = 7319 Å and for
the [O iii] doublet, zero velocity was set at λ = 4959 Å. Compositions and sizes
are as detailed on the plots.

(2012) based primarily on analyses of the various time scales involved but also on their
inability to reproduce the observed late-time excess IR flux. Fesen & Becker (1990) also
noted the possibility of blue-shifted lines arising as a result of dust forming in the ejecta
but were doubtful as to the feasibility of the diffusely emitted hydrogen being so strongly
affected by dust forming in the more dense, central regions of the ejecta. Sugerman et al.
(2012) estimated that a dust mass of ∼ 10−3 M was needed to explain the mid-IR SED at
similar epochs (23 − 30 years post-outburst) to those investigated here, with the presence
of as much as a few M of cold dust possible due to the fact that the SED was still rising
at 24 µm. This latter possibility was noted based on the depth to which Herschel could
probe during its far-IR observations of NGC 6946 in 2010. A few M of cold dust in the
ejecta of SN 1980K would not have been detected by Herschel. These results, though not
particularly constraining, are consistent with my current estimates of 0.1 − 0.9 M of dust
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0.9

0.7
0.6
0.5
0.4
0.3
0.2
0.1

0.8

SN 1993J
[OIII]λλ5007,4959Å
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Figure 5.6. Best clumped dust fits to the SN 1993J [O iii]λλ5007,4959 Å doublet
(top) and the [O ii]λλ7319,7330 Å doublet (bottom) for the parameters detailed
in Table 5.2. For the [O ii] doublet, zero velocity was set at λ = 7319 Å and for
the [O iii] doublet, zero velocity was set at λ = 4959 Å. Compositions and sizes
are as detailed on the plots.

being present in the ejecta of SN 1980K.

5.3.4

SN 1993J Smooth Dust Models

I had mixed success in obtaining good fits to the oxygen line profiles of SN 1993J. Certain aspects of the line profiles are well-fitted by the models, such as the bump seen at
−4000 km s−1 in the [O iii] doublet. The peaks of the [O iii] profile were fairly well
matched although I could not reproduce the peak seen at +4000 km s−1 . Similarly, I
struggled to reproduce the shape of the profile between −2000 and +2000 km s−1 for both
the [O iii] and [O ii] doublets. In order to fit the profile, I needed to use different sized
grains for the [O iii] and the [O ii] models in order to fit the red wings of the profiles.
A manual investigation of parameter space suggested that these issues with fitting the
shape of the profile derived from the initial emissivity distribution. The smooth nature of
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the emissivity distribution that I adopted could not reproduce the sharp downturn seen to
the red side of the peak flux. This could be due to an oxygen emission distribution that
is potentially composed of a dense central region that produces the steep variations in the
central regions with a more diffuse oxygen envelope accounting for the wings. A different
geometry may well alter the effects of scattering and could therefore reduce or remove the
discrepancy in the required grain sizes. I discuss these issues in further detail in Section
5.3.6.
Parameters for the smooth dust models for [O iii]λλ5007,4959 Å and [O ii]λλ7319,7330 Å
that are presented in Figure 5.5 are detailed in Table 5.2.

5.3.5

SN 1993J Clumped Dust Models

My clumped dust models of SN 1993J adopted the same clumped structure as for the
SN 1980K clumped models and the SN 1987A clumped models (f = 0.1 and Rclump =
Rout /25). All of the parameters were kept fixed from the smooth models except for the
new clumped dust distribution. Similar fits were found and the clumped geometry had
little effect on the resultant modelled line profiles. The required dust mass increased by a
factor of approximately 1.5. The clumped model parameters for the [O iii]λλ5007,4959 Å
and [O ii]λλ7319,7330 Å fits that are presented in Figure 5.6 are detailed in Table 5.2.

5.3.6

SN 1993J Discussion

My models for the optical line profiles of SN 1993J do not fit the observed data quite as
well as the models that I present in this thesis for other objects. In particular, the modelled
profiles tend to over-estimate the flux in the region just to the red side of the peak flux,
where the observed profile exhibits a sharp downturn (see Figure 5.2). The steepness of this
drop cannot be matched by the models. However, certain other features of the observed
profiles are fitted well by the model. For example, the [O iii]λλ5007,4959 Å model line
profile in particular fits bumpy features on both the red and blue sides of the profile at
approximately −4000 km s−1 and +6000 km s−1 quite well. The bump near +6000 km s−1
is simply a due to absorption in the region between −Vmin and +Vmin causing a peak at
the location of the minimum velocity (for the 5007 Å component). The small discrepancy
in the location of the [O iii] peak at around ∼ +6000 km s−1 may be a result of a net
velocity shift of the supernova away from the observer (see Section 5.4.2 for a discussion of
this effect in more detail) or a discrepancy between the smooth, symmetrical models and
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a more clumpy, asymmetrical geometrical structure for the remnant (Tran et al. 1997).
Similarly, the difference in the grain sizes, and hence the dust masses, required to fit the
[O iii] and [O ii] lines (see Table 5.2) might also indicate the need for a different distribution
of dust or gas. The bumpy features seen in these lines were discussed by Matheson et al.
(2000b) who postulated the possibility that the ‘double-horned’ shape was a consequence
of the ejecta colliding with a disk-like or flattened region. While it is possible that the
blue-shifted asymmetry observed in the optical line profiles is not a result of dust in the
ejecta, given how well certain aspects of the observed profiles are fitted, it seems more
likely that it is simply the case that a more complex geometry is required for the dust
models to better fit the data.
Houck & Fransson (1996) discussed the spectra of SN 1993J at somewhat earlier times
than I consider here (140–416 days). The asymmetries that are present in the oxygen lines
that I model here were also present at earlier times. Houck & Fransson (1996) suggested
that this asymmetry could be explained by interaction between the lines. In particular,
they discussed the effects of scattering by Hα on the [O i]λλ6300,6363 Å line profile. It
is possible that line blending affects the resultant profile, and it is logical that scattering
by Hα might cause the sharp drop in the line profile of [O i] that is seen on the red side.
However, the similarities between the very late-time line profiles of [O i]λλ6300,6363 Å
and [O ii]λλ7319,7330 Å would suggest that the cause of this drop is more likely related
to the geometrical structure of the emitting region rather than interaction with nearby
lines. Additionally, the line optical depths are much smaller at late epochs and therefore
Hα scattering is very unlikely to account for this feature at late epochs.
Nomoto et al. (1993) produced a number of explosion models of a helium star as an
analogue for a Type IIb supernova such as SN 1993J. From one of their models (4H47),
they presented the distribution of different elements throughout the expanding shell. As
might be predicted from the line profiles, the oxygen is located in two distinct regions
with significantly different densities (see Figure 5.7). The distribution of the oxygen in
the models is smooth and it seems likely that my overestimation of the flux just to the red
side of the peak could well be resolved by considering a two-component density distribution
such as this.
It should also be noted that SN 1993J had a particularly unusual red supergiant progenitor with a postulated stripped envelope caused by the presence of a B-star binary
companion (Maund et al. 2004; Fox et al. 2014) and resulting in a significant mass of
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Figure 5.7. Composition of model 4H47 as a function of expansion velocity as
computed by Nomoto et al. (1993). Image taken from Houck & Fransson (1996).

circumstellar material surrounding the supernova. Photometric analyses performed by
Zhang et al. (2004) suggest that the late-time optical emission from SN 1993J is largely
powered by interaction between the blast wave and the circumstellar material. In this
case, the geometry of the emitting regions is especially complex, and may in particular
account for the significant substructure seen in the optical line profiles.
For both SN 1980K and SN 1993J, the effects of including a clumped dust distribution
in the models rather than a smooth dust distribution increased the required dust mass
by a factor of approximately 1.5, very similar to the factor found for SN 1987A from the
models presented in the previous chapter. In these cases, the clumped geometry has little
effect on the resulting profiles except to reduce the degree of absorption. The extent of
the extended red scattering wing is also somewhat reduced by dust clumping.

5.4

Cassiopeia A

Cassiopeia A (Cas A) is a Milky Way supernova and is a fairly unusual object. It is
extremely close at only 3.4 kpc away (Reed et al. 1995) and is rather large measuring
around 4 pc in diameter (Hurford & Fesen 1996). There have not been any records found
of its detection around the time of its explosion. However, analysis of its expansion veloc-
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ities and geometry have allowed its explosion date to be determined to be approximately
1681±19CE (Fesen et al. 2006b) making the supernova remnant approximately 330 years
old. Cas A is the strongest radio source in the sky outside of the solar system and was
initially discovered at radio wavelengths in the 1940s. Since then, it has been well observed
across the entire wavelength range. Recent spectroscopic observations in the near-IR of
light echoes caused by the reflection of early light from the supernova off surrounding
interstellar dust have allowed the original supernova explosion to be classified. This work
has suggested that Cas A was the result of a Type IIb supernova explosion with a likely
progenitor stellar mass of ∼ 15 − 20 M (Krause et al. 2008).
In Chapter 1, I discussed the importance of Cas A to our understanding of dust
formation in supernovae and their remnants. Barlow et al. (2010) present a brief review
of the ejecta dust mass estimates in Cas A up to 2010. Early dust mass estimates were
largely based on observations of the warm dust component in the ejecta. Arendt et al.
(1999) estimated a mass of 0.038 M of 52 K dust based on fitting IRAS 60 µm and 100 µm
fluxes. A similar mass of 0.020 − 0.054 M

of warm dust at 65 − 265K was estimated

to be emitting between 5 µm and 70 µm by Rho et al. (2008), particularly in a bright
ring associated with the reverse shock. Arendt et al. (2014) used Spitzer observations
to derive a mass of ∼0.04 M

of warm dust. Observations at longer wavelengths of the

cold dust in the ejecta have led to higher dust mass estimates with Dunne et al. (2003)
using SCUBA data to estimate a dust mass of between 2 − 4 M . This was contested
by Krause et al. (2004) who suggested that the majority of this emission could be from
cold dusty clouds located along the line of sight to Cas A and placed an upper limit of
0.2 M of cold dust in the ejecta. However, observations of strongly polarised emission at
long wavelengths obtained using the SCUBA polarimeter have been used to argue for the
presence of an ejecta-condensed cold dust mass of ∼ 1 M (Dunne et al. 2009). Modelling
by Nozawa et al. (2010) reproduced the observed IR SED using 0.08 M of dust, of which
0.072 M was inside the reverse shock. They could not isolate a cold dust component to
be within the ejecta but estimated its mass to be ∼ 0.06 M . Sub-mm observations by
Sibthorpe et al. (2010) using SCUBA and by Barlow et al. (2010) using Herschel led to
estimates for a cool (T ∼ 35K) dust component associated with the remnant of 0.06 M
and 0.075±0.028 M of silicate dust respectively.
More recently, Spitzer and Herschel studies of the mass and composition of dust in
Cas A has suggested that the total mass of dust with T > 35K present in the ejecta is of
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Figure 5.8. The integrated spectrum of Cas A (Milisavljevic et al. 2012).

the order of ∼ 0.1 M

(Barlow et al. 2010; Nozawa et al. 2010; Arendt et al. 2014) with

strong foreground emission from cold interstellar dust making it difficult for Herschel to
detect colder dust within the remnant. Given the difficulties in modelling this object, it is
perhaps not surprising that there is significant variation in the estimates of the dust mass
in the ejecta with previous estimates covering a wide range, from less than 3 × 10−3 M
(Dwek 2004) to greater than 4 M

(Dunne et al. 2003, 2009; but see also Krause et al.

2004).
The integrated optical spectrum of Cas A (Milisavljevic & Fesen 2013) reveals red-blue
asymmetries in many of the line profiles. In particular, the oxygen lines [O i]λλ6300,6363 Å,
[O ii]λλ7319,7330 Å and [O iii]λλ5007,4959 Å exhibit a blue-shifted asymmetry, with the
[O iii] doublet especially demonstrating a strong blueshift with considerable substructure.
I have modelled all three of these features with a primary focus on the [O iii] doublet.
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The Integrated Optical Spectrum of Cas A

The integrated spectrum of Cas A presented in Figure 5.8, from Milisavljevic & Fesen
(2013), was kindly provided to me by Dr Dan Milisavljevic. It is composed of observations from a series of observing runs between September 2007 and November 2010 that
were conducted in order to obtain low-dispersion optical spectra across the remnant. The
majority of observations were carried out at the MDM Observatory at Kitt Peak, Arizona
using the 2.4m Hiltner telescope and the Mayall 4m telescope. The MDM Modular Spectrograph was used with an ‘Echelle’ detector. A long slit of dimensions 200 × 50 was used
and was oriented North-South. Exposure times were generally 2×500s. The wavelength
range covered was 4500–7000 Å with a spectral resolution of 6 Å. The integrated spectrum
was ultimately composed of 80 long slit spectra spaced 3” apart across the entire main
shell which is approximately 40 in diameter. The slit positions are shown in Figure 5.9.
Assuming an explosion date of 1681, Cas A was nearly 330 years old at the time that the
spectra were acquired.

5.4.2

Smooth Dust Models for the Oxygen Lines of Cas A

The modelling of the Cas A spectrum was initially focussed on the [O iii]λλ5007,4959 Å
doublet, which exhibits a pronounced asymmetry. The process of finding a fit to the line
profile was the same as described in Sections 4.3 and 5.10, i.e. the maximum velocity was
identified from the point at which flux vanishes on the blue side, the inner to outer radius
ratio determined from various inflection points and the density profile determined from
the shape of the profile. The other parameters were then iterated over to find the best
fitting profile.
I managed to produce a reasonable fit to the data using the parameters listed in the
first row of Table 5.3. The profile is presented in the left pane of Figure 5.10. As can be
seen, the modelled line profile generally fits the observed line profile quite well, although
it fails to fit the red side of the profile adequately. A thorough, manual investigation
of parameter space resulted in the conclusion that the profile was much better fitted if
the entire modelled profile was shifted to the red by +700 km s−1 . This might well be
a reasonable assumption. Cas A is known to be significantly asymmetrical (Rest et al.
2011) with radial velocities spanning -4000 to +6000 km s−1 (Milisavljevic & Fesen 2013)
suggesting that the net line-of-sight velocity is likely away from the observer and indicating
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Figure 5.9. Finding charts of the long-slit positions used to compose the integrated spectrum of the main shell of Cas A. The background image is a mosaic
created from 2004 HST/ACS observations (Fesen et al. 2006a). Image is taken
from Milisavljevic & Fesen (2013).

the need for an overall velocity shift to correct for this. I found that models of the
[O ii]λλ7319,7330 Å and [O i]λλ6300,6363 Å lines were also substantially improved if the
entire model profile was allowed to be uniformly shifted towards the red. For the remainder
of the models I therefore shifted the profiles in velocity space to better fit the data based
on the likelihood that the sampled emitting regions had an overall net velocity away from
the observer. Fits to the line profiles were significantly improved following this translation
(see Figures 5.10 to 5.12).
A model of the shifted [O iii]λλ5007,4959 Å line is presented in Figure 5.10 and the
parameters used for this model are presented in the second row of Table 5.3. A total dust
optical depth of τ = 0.49 at 5007 Å between Rin and Rout was found to best fit the profile.
An albedo of ω ≈ 0.15 at 5007 Å was also necessary to increase the flux on the far red
side of the profile.
The composition of the dust has a significant effect on the overall dust mass for this dust
optical depth and albedo. An attenuated line profile model of the [O iii]λλ5007,4959 Å
doublet from Cas A could not be found using 100% astronomical silicate dust (Draine &
Lee 1984). There is little to no red scattering wing seen, hence the relatively low value
of ω, and therefore relatively small silicate grains would be required to reproduce the
red side of the profile. Silicate grains of this size have extremely low optical absorption
efficiencies and therefore the best-fitting dust optical depth of τ = 0.49 would correspond
to an implausibly large mass of dust (> 20 M ) if it was composed entirely of astronomical
silicates.

[O iii]
[O iii]
[O ii]*
[O i]*

v shift
(km s−1 )
0
+700
+1000
+1000

Vmax
(km s−1 )
4500
5000
5000
5000

Vmin
(km s−1 )
1800
2500
3250
3250
0.4
0.5
0.65
0.65

Rin /Rout
2.0
2.0
2.0
2.0

β

Mdust
(M )
0.9
1.1
1.1
1.1

Rout
(1018 cm)
4.7
5.2
5.2
5.2

Rin
(1018 cm)
1.9
2.6
3.4
3.4

doublet
ratio
2.98
2.98
1.23
3.1

0.53
0.49
0.21
0.30

τλ

Table 5.3. The parameters used for the smooth models of Cas A with a medium composed of 50% amorphous carbon and
50% silicate grains of radius a = 0.05 µm. Optical depths are given from Rin to Rout at λ = 5007 Å for [O iii], λ = 7319 Å
for [O ii] and λ = 6300 Å for [O i]. The doublet ratio is always the ratio of the stronger line to the weaker line. The asterisk
indicates that the parameters listed describe the gas density distribution. The dust density distribution is the same in all cases
(as detailed for the shifted [O ii] doublet in the second row).
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Figure 5.10. Best smooth dust fits to the Cas A [O iii]λλ5007,4959 Å doublet
for the parameters detailed in Table 5.3. On the left is the original [O iii] line
profile and on the right the model [O iii] line has been shifted uniformly towards
the red by +700 km s−1 . Zero velocity was set at λ = 5007 Å.

The chemical composition of the dust in the ejecta of Cas A is known to be extremely
complex (Rho et al. 2008; Arendt et al. 2014) with many different species of dust grain
present in the ejecta. The presence of silicate dust has been deduced based on typical silicate emission features observed in the mid-IR region of the spectrum (Rho et al.
2008). However, the likelihood of the presence of a variety of other species has been discussed (Arendt et al. 2014). In Table 5.4, I detail the dust masses required to fit the
[O iii]λλ5007,4959 Å line profile for different fractions of silicates and amorphous carbon
grains for a single grain size. For each composition I determined the grain radius based on
the albedo necessary to fit the profile (ω ≈ 0.15) and then varied the dust mass to achieve
the required dust optical depth. The derived dust masses cover a wide range of values,
between 0.37 − 6.5 M .
It might have been possible to determine the approximate composition based on the
relative dust optical depths necessary to fit different blue-shifted lines in the spectrum
and the wavelength dependence of dust absorption for different compositions. I therefore
considered fitting the blue-shifted [O ii]λλ7319,7330 Å and [O i]λλ6300,6363 Å lines from
Cas A. Unfortunately, at the small grain sizes required, there is not significant variation
in the relationship between the absorption efficiencies at 5007 Å and 7319 Å for different
dust compositions and I could not therefore determine the composition via this approach
in this case. Additionally, the [O ii] and [O i] lines are much less sensitive to variations
in both density distributions and dust mass, partly due to the high frequency of bumpy
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Figure 5.11. Best smooth dust fits to the Cas A [O ii]λλ7319,7330 Å doublet
(left) and the [O i]λλ6360,6363 Å doublet (right) for the parameters detailed in
Table 5.3 along with the intrinsic dust-free profile. Both model line profiles have
been shifted uniformly towards the red by +1000 km s−1 .

features observed in these lines which contaminate the intrinsic broad profile. The bestfitting models for these lines were therefore quite degenerate i.e. there were multiple sets
of parameters that resulted in reasonable fits.
However, it was possible to use these lines to determine the reliability of the bestfitting model for the [O iii]λλ5007,4959 Å line profile. I adopted the dust distribution
determined using the [O iii] fits and investigated models for the [O ii]λλ7319,7300 Å and
[O i]λλ6300,6363 Å profiles to see if this dust distribution was capable of fitting these lines
as well. I adopted an emissivity distribution that was slightly different to the [O iii] line
(see Table 5.3) and shifted the observed line profiles by −1000 km s−1 . These emissivity
distributions were then modelled with the dust distribution and dust mass for the bestfitting smooth [O iii] model. The resultant [O ii] and [O i] line profiles are very good
fits (see Figure 5.11). This suggests that the models are consistent and, if the relative
abundance of dust grain species present in the ejecta can be determined via other means,
that the dust mass can be well-constrained using this method. All of the line profile
models listed above adopted intrinsic doublet strengths from Zeippen (1987) and Storey
& Zeippen (2000).

5.4.3

Clumped Dust Models for the Oxygen Lines of Cas A

The ejecta of Cas A is highly clumped (Fesen et al. 2001). Recently, models by Biscaro
& Cherchneff (2014) have suggested that dust cannot in fact form in the gas phase in
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Table 5.4. The variation in dust mass for a fixed dust optical depth τ
5007
0.49 for the parameters listed in Table 5.3.
% silicate
grains
90
75
50
25
0

% amorphous
carbon grains
10
25
50
75
100

grain radius a
(µm)
0.035
0.04
0.045
0.048
0.05

Å

=

Mdust
(M )
6.5
2.5
1.1
0.6
0.37

the ejecta of Cas A unless extremely dense knots of material are present. It is therefore
important, as with SN 1987A, to consider the effects of clumping on the line profiles.
I continue to focus on the [O iii] line profile from Cas A in considering the effects of
clumping. Clearly, the ejecta has a complex geometry with many clumps of different sizes
and likely different ionisation states and dust species within each. The models that I
present here are included to give some indication of the effects of clumping within the
ejecta rather than to be representative of the state of the ejecta at this time. To this end
I present a number of models of the [O iii] line profile based on the smooth dust fits that
I presented in the previous section. I consider two different clump sizes, ones with width
Rout /25 and ones with width Rout /10. I also consider three different clump volume filling
factors f = 0.05, f = 0.1 and f = 0.25. For each combination of clump size and filling
factor I evaluate the required increase or decrease in the dust mass over the smooth dust
model. All other parameters were kept fixed such that packets were emitted according to
the smooth distribution and geometry described by the parameters listed in Table 5.3.
The change in the required dust mass is listed in Table 5.5 as a fraction of the smooth
dust mass (e.g. Mdust = 1.1 M

for a medium of 50% astronomical silicates and 50%

amorphous carbon – see Table 5.4 for other dust masses with different dust compositions).
Whilst clumping serves to increase the required dust mass in all cases, in the most extreme
case it is still only by a factor of ∼3.5. The fits for all of these cases are presented in Figure
5.12.

5.4.4

Cas A Discussion

The models of Cas A adopt a maximum expansion velocity of ∼ 5000 km s−1 which gives an
outer radius of 5.2 × 1018 cm, equivalent to a diameter of 3.5 pc. These values are broadly
consistent with an angular diameter of approximately 40 ≈ 4 pc at a distance of 3.4 kpc
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Figure 5.12. Best clumped dust fits to the Cas A [O iii]λλ5007,4959 Å doublet
for the parameters described in Tables 5.3 and 5.5. In the left column are fits
to the profile using clumps with Rclump = Rout /10 and in the right column are
fits using clumps with Rclump = Rout /25. Each row uses a model that adopts a
different clump volume filling factor with f = 0.05 on the top, f = 0.1 in the
middle and f = 0.25 on the bottom. The model profile has been shifted uniformly
towards the red by +700 km s−1 .
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Table 5.5. The fraction of increase in dust mass over the smooth model with
parameters as given in Table 5.3 for clumped models with different clump widths
and different clump volume filling factors. The other parameters in the models
were fixed at the values given in Table 5.3.
clump radius
Rout /10
Rout /25

f = 0.05
3.5
1.6

f = 0.1
1.9
1.0

f = 0.25
1.4
1.0

(Reed et al. 1995; Hurford & Fesen 1996) and radial velocities between -4000 km s−1
and +6000 km s−1 (DeLaney et al. 2010). In particular, the need to shift the profiles
by -700 km s−1 or -1000 km s−1 in order to fit them is consistent with the expansion
velocity asymmetry observed by DeLaney et al. (2010); an offset of 1000 km s−1 applied
to an originally symmetrical distribution between -5000 km s−1 and +5000 km s−1 results
exactly in the velocity range that they deduced. DeLaney et al. (2010) calculate an average
velocity offset away from the observer of 859 km s−1 , midway between the 700 km s−1 and
1000 km s−1 velocity offsets that I adopt for the [O iii] line and the [O i] and [O ii] lines
respectively. The difference in these values may be a result of different ionisation fractions
at different points in the nebula.
In general, the structure of the Cas A remnant is a lot more complex than the simple
shell geometry adopted here. It has been argued that Cas A is composed of a spherical
component, a tilted thick disk, and multiple ejecta jets and optical fast-moving knots all
populating the thick disk plane (DeLaney et al. 2010). These knots are the cause of some
of the noticeable bumpy substructure of the emission lines that I model here. The models
that I have presented above represent a first-order approximation to the geometry of Cas A
and future work will hopefully include a more realistic density distribution.
It is not just the geometrical structure of the Cas A remnant that is complex. The
chemical composition of the nebula appears also to be extremely varied with evidence for
numerous different dust species including silicates, silicon carbide (SiC), alumina (Al2 O3 )
and carbonaceous grains (Rho et al. 2008; Arendt et al. 2014; Biscaro & Cherchneff 2014).
These species also appear to be located in different clumps or regions of the ejecta. It
has even been suggested that the dust could be composed of iron needles which produce
a distinctly different SED to more commonly considered grains (Dwek 2004). Iron grains
have a similar absorption efficiency to amorphous carbon grains for a given cross-sectional
area but are about three times denser. Dust masses based on a mixed dust composition of
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silicate grains and iron grains can therefore be calculated from the dust masses that I have
already presented in Table 5.4 by increasing the amorphous carbon dust mass by a factor of
∼ 3. Arendt et al. (2014) conclude that the entire spectrum of Cas A can be fitted using
only four dust species: Mg0.7 SiO2.7 , Mg2 .4SiO4 .4, Al2 O3 and amorphous carbon. Two
of these species (Mg0.7 SiO2.7 , Mg2 .4SiO4 .4) are highly scattering and two (Al2 O3 and
amorphous carbon) are relatively absorbing. This suggests that dust composition models
with both silicates and amorphous carbon may be the most representative. However,
whilst there is evidence for a variety of species in the warm dust component, the cool
component found by Barlow et al. (2010) that has not yet been heated by the passage of
the reverse shock and constitutes the majority of the dust in the ejecta is still of unknown
composition (Arendt et al. 2014) and so constraining the dust mass is difficult.
Even accounting for the adoption of different species, the dust masses given by my
models are generally somewhat higher than the more recent estimates of the dust mass
present in Cas A discussed at the start of this section. However, they are broadly consistent
with the estimates by Dunne et al. (2003) of 2−4 M and by Dunne et al. (2009) of ∼ 1 M .
Whilst it seems that there is general agreement over the mass of the warm dust component
(∼ 0.1 M ), there is still disagreement regarding the mass of cool dust in the ejecta. This
is particularly difficult to establish for Cas A from photometric observations and SED
fitting because of the presence of interstellar clouds of cool dust along the line-of-sight
that contribute the majority of the observed fluxes at sub-mm wavelengths. Disentangling
the relative flux contributions from Cas A and the interstellar clouds is not straightforward.
Based on SN 1987A, one might expect a cold dust component to be significantly
more massive than that of the warm dust component, although these two core-collapse
supernovae are of different types. Biscaro & Cherchneff (2014) point out that the diffuse
nature of Type IIb supernovae compared to their Type IIP counterparts is such that they
may struggle to form the molecules and molecular clusters that go on to form dust grains.
Cas A is the only object to have had the mass of dust in its ejecta deduced quantitatively using all of the available signatures discussed in Section 1.2.7. It is interesting to
note that the dust masses inferred from polarised emission and from line profile asymmetries are in broad agreement but are not in agreement with the masses inferred to date
from observations in the IR and sub-mm. Further line profile models of Cas A that adopt
a more realistic and complex geometry and also include a more representative selection of
species will hopefully help to constrain the total dust masses more effectively.
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Figure 5.13. Dust formation rates in CCSNe as taken from the study of
SN 2010jl by Gall et al. (2014). Over-plotted as purple stars are the dust masses
derived from the amorphous carbon model for the [O i] doublet for SN 1980K
and the silicate model for the [O iii] doublet for SN 1993J showing the excellent
agreement between their predicted band and my results.

5.5

Conclusions

It is notable that of the fairly small sample of CCSNe obtained by Milisavljevic et al.
(2012) that were still visible spectroscopically at late times, a large number exhibited
blue-shifted line profiles. This feature of the optical spectra of CCSNe at late times is
most simply explained by the presence of dust in the ejecta. I have modelled oxygen and
hydrogen lines in the optical region of the spectra of three SNRs and have found that in the
majority of cases, even for remnant ages up to 330 years, I can reproduce the observed line
profiles fairly well even with relatively simple models. Further modelling that allows for
more complex geometries may allow even better fits to be obtained. Regardless, it seems
clear that the presence of newly-formed dust in the ejecta of these objects can account for
the frequently seen blue-shifting of their line profiles.
My aim throughout the modelling of these three objects has been to determine the
feasibility that it is dust causing the asymmetry observed in optical line profiles from
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CCSNe. It has also been to determine the dust masses that cause these characteristic dustaffected line profiles. Whilst the derived dust masses are highly dependent on clumping
structures and dust composition, I find that large masses of dust (0.1 − 1.0 M ) are
generally required to account for the degree of blue-shifting observed at late times.
In particular, I consider the dust formation rates for a number of CCSNe plotted by
Gall et al. (2014). They brought together a number of dust mass estimates from the
literature for a number of SNe based largely on SED fitting, predominantly at earlier
epochs, and extrapolated a dust formation rate. I present this plot in Figure 5.13 and
superimpose on it the dust masses that I derived for SN 1980K and SN 1993J. In both
cases, I adopt the dust mass from the more realistic clumped models. For the purposes
of considering how much dust may be formed in the ejecta of CCSNe, I have plotted the
maximum dust mass I derived. For SN 1980K, this is 0.9 M from the amorphous carbon
model for the [O i]λλ6300,6363 Å doublet and for SN 1993J it is 0.18 M from the silicate
model for the [O iii] doublet. These values are in agreement with the dust formation rate
extrapolated by Gall et al. (2014) and I note that even the lower dust mass estimates that
I derive are still mostly in reasonable agreement.
Cas A remains unique in being the only remnant of its age for which we have dust mass
estimates from line profile asymmetries. The dust masses I derive here are high, even for
the most conservative case and suggest that dust formation in Type IIb supernovae such
as SN 1993J and Cas A is just as effective as for other Type II SNe such as SN 1987A and
SN 1980K. There are strong similarities between the late-time spectra of SN 1993J and
Cas A (Milisavljevic et al. 2012). Whilst the dust masses that I obtain for SN 1993J are a
little lower than predicted by Gall et al. (2014), the models for the 15 times older Cas A
might indicate that there is more dust yet to form.
Further modelling of these and other supernovae that exhibit characteristically blueshifted line profiles will hopefully shed more light on this issue.

Chapter 6

Conclusions and Future Work
In this thesis I have attempted to elucidate the potential contribution that CCSNe make
to the formation of dust in the universe. I have written, developed and tested a new
Monte Carlo code, damocles, and I have used it to model line profiles from a number
of SNRs that exhibit the characteristic red-blue asymmetry that indicates the presence of
dust in SNR ejecta. In these final few pages, I will summarise the key results that I have
presented and I will consider the potential for developments to the code and work in the
future.

6.1

Signatures of Dust Formation in Characteristic Line
Profiles

I have been interested in modelling dust in the ejecta of CCSNe. In particular, this has
necessitated the parametrisation of the expanding debris of a CCSN via a number of
properties. Specifically, the ejecta have generally been defined by the following quantities:
• the maximum velocity, Vmax
• the ejecta radius ratio, Rin /Rout
• the dust optical depth, τ
• the dust albedo, ω
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• the dust and gas density profile exponent, β, where ρ ∝ r−β
The effects of varying each of these parameters were discussed in detail in Chapter 3 but
there are a few key results that I will mention here. Traditionally, the blue-shifted nature of
line profiles from the ejecta of supernovae has been thought to arise from high dust optical
depths causing the entire profile to become shifted towards the blue. This has resulted
in an expectation that the position of the peaks of blue-shifted line profiles observed in
a single spectrum will be wavelength dependent, with wavelengths that undergo greater
attenuation by dust grains experiencing stronger blue-shifting than those that are less
affected. In practice, this has rarely been seen and occasionally this is used as an argument
against dust being the cause of observed asymmetries. My models of theoretical line
profiles have suggested that, whilst this can be the case, it is also possible that the line
profiles can exhibit a blue-shifted peak simply as a result of an intrinsically flat-topped
profile that suffers attenuation on the red side leaving the peak flux at the value of the
minimum velocity on the blue side. In this case, the velocities of the peak fluxes of line
profiles in a spectrum are not wavelength dependent but rather trace the location of the
emitting ions in the ejecta.
Similarly, there is a general expectation that dust-affected line profiles exhibit a flux
bias towards the blue. In fact, the theoretical profiles presented in Chapter 3 suggest
that in cases of extremely scattering dusty nebulae, the effects of absorption are decreased
relative to the effects of scattering and the overall flux bias of the profile is in fact towards
the red. This requires relatively extreme conditions and will likely not be a common
occurrence however. Regardless of the flux bias, the peak must always be either central
or blue-shifted and cannot be shifted to the red via dust extinction effects.
The effects of dust scattering also frequently result in a red scattering wing that extends
well beyond the nominal maximum velocity. This feature, which was noted by Lucy et al.
(1989) and which I discussed based on my theoretical investigation of parameter space,
was seen in several of the line profiles that I presented throughout this thesis for different
supernovae. The presence of this extended red scattering wing in observed line profiles
allowed me to place constraints on the albedo and hence the dust grain radius for a given
species. The potential for double-peaked profiles with a red-shifted trough between the
peak fluxes at +Vmin and −Vmin is also noted as a potential signature for dust in the
ejecta.
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Figure 6.1. Dust masses for SN 1987A, SN 1980K, SN 1993J and Cas A. Red
squares - SN 1987A dust masses derived by W15. Yellow line - W15’s sigmoid
fit to their values. Dark and light blue asterisks - maximum (a = 3.5 µm) and
minimum (a = 0.6 µm) SN 1987A dust masses respectively for the [O i] models
for t ≤ 1478 days and for the Hα models for t ≥ 1862 days. Purple stars the mean of the maximum and minimum SN 1987A dust masses. Green line sigmoid fit to the SN 1987A mean dust masses. Blue stars - dust masses derived
from the year 31 amorphous carbon model for the SN 1980K [O i] doublet, the
year 16 silicate model for the SN 1993J [O iii] doublet and the mixed composition
model for the Cas A [O iii] doublet with 50% amorphous carbon grains and 50%
silicate grains.

6.2

Dust Masses in Core-Collapse Supernovae

In Chapters 4 and 5 I presented models for the hydrogen and oxygen line profiles of four
different SNRs and I obtained dust masses based on these models. Whilst I have discussed
these findings in context for each of these supernovae, it is useful here to place these dust
masses into the wider context of the dust masses deduced for a range of CCSNe at different
epochs.
I have already discussed the findings of Wesson et al. (2015) in Section 4.4 and compared the rate of dust formation in SN 1987A indicated by my models with the rate of dust
formation that they derived. It is useful to consider how the dust masses that I obtained in
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Figure 6.2. Dust formation rate in CCSNe as taken from the study of SN 2010jl
by Gall et al. (2014). Over-plotted in pink stars are the dust masses derived
from the amorphous carbon model of the [O i] doublet for SN 1980K and the
silicate model of the [O iii] doublet for SN 1993J. The blue stars are the maximum dust masses derived from my amorphous carbon models of the Hα and
[O i]λλ6300,6363 Å lines as presented in Figure 4.24.

the previous chapter for SN 1980K and SN 1993J compare to these results. In Figure 6.1,
I include a plot illustrating the dust masses derived for SN 1987A from SED fitting and
from my line profile modelling and I add to this plot the dust masses that I obtained for
SN 1993J, SN 1980K and Cas A. As can be seen, these results are in reasonable agreement
and suggest that large masses of dust have indeed formed by late epochs decades after
outburst. The dust mass derived for SN 1993J at 16 years after outburst is somewhat
lower than might be predicted based on the dust mass evolution of SN 1987A at a similar
epoch but this may be because of different conditions in the ejecta corresponding to their
different spectral classifications (SN 1993J was a Type IIb supernova whereas SN 1987A
and SN 1980K were more common Type IIP and Type IIL supernovae respectively).
In their analyses of photometric and spectroscopic observations of SN 2010jl, Gall et al.
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(2014) presented a plot of the expected rate of dust formation in the ejecta of CCSNe and
included on their plot a number of dust mass estimates for different objects at different
epochs. I include this plot in Figure 6.2 and superimpose on it the dust mass estimates
that I obtain for SN 1987A across the full range of epochs that I modelled. I also include
the dust mass estimates for SN 1993J and SN 1980K at 16 years and 31 years after outburst
respectively. The results agree strongly with the dust formation rates plotted by Gall et al.
(2014).
Even accounting for difficulties in determining dust grain sizes and the dust composition, the dust masses that I derive for all profiles consistently suggest that large masses of
dust of the order of ∼ 0.1 − 0.9 M

are required in order to reproduce the asymmetries

observed in line profiles from the ejecta of CCSNe at late times.

6.3

Potential Future Work

The damocles code has the potential to be developed in a number of ways in the future
in order to improve its capacity to constrain dust masses in the ejecta of CCSNe. Currently, Mie theory is employed to treat dust grains as spherical particles when in practice
dust grains are likely a variety of shapes. Extension of the code to treat different grain
morphologies by including a continuous distribution of ellipsoids or replacing the Mie theory routine with alternatives such as the Discrete Dipole Approximation or the T-Matrix
Method would address this limitation. The code could also be extended to include the
capacity to treat polarised radiation. This would allow models not only to reproduce line
profiles but also to reproduce the polarisation of the observed packets across the wavelength range of interest. One of the current assumptions for these models is that the
emitted lines are optically thin. It is possible that there will be scenarios, particularly at
earlier epochs, where this is not the case. By including the Sobolev approximation (Sobolev
1957) in the code, this issue could be largely resolved. Finally, manual investigation of
parameter space, whilst it has a number of advantages, can also be laborious and time
consuming. The application of an MCMC methodology to investigate parameter space in
an automated fashion in order to produce probability density functions for each parameter
and to better understand the interdependence of the parameters of interest would allow
for increasingly higher dimensional parameter spaces to be explored effectively.
More generally, further ejecta models that include more complex geometries and more
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representative dust compositions should be produced in order to further constrain the dust
masses forming in these objects. Models of more blue-shifted lines from other CCSNe
observed at late times will help to further clarify the picture of dust formation in CCSNe.

Appendix A

Mie Theory
The aim is to understand the nature of the scattered electromagnetic field given a field
incident on a single spherical particle. In order to calculate this, Maxwell’s equations
must be solved inside and outside of the sphere, using boundary conditions at the surface to determine the amount and angular distribution of the scattered wave. Beginning
with Maxwell’s equations, I will formulate the problem, derive the vector wave equation,
illustrate its reduction to the scalar wave equation and solve this to produce the scattering coefficients that may be used to calculate the desired scattering and extinction
cross-sections of interaction. The derivation given here follows the theory as described
by Bohren & Huffman (1983), who also wrote the code for the routine that was used in
DAMOCLES.

A.1

Formulating the Problem

Consider a spherical particle with complex refractive index m and radius a that is illuminated by a monochromatic electromagnetic plane wave of wavelength λ. We must
determine the electromagnetic field at all points within the particle and in the homogeneous medium in which it is embedded.
The field inside the particle is defined by (E1 , H1 ) and the field outside of the particle
in the surrounding medium by (E2 , H2 ). Similarly the incident field is defined by (Ei , Hi )
and the scattered field by (Es , Hs ). The field outside of the particle is a superposition of
212
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the incident and scattered fields and we therefore have the relation
E2 = Ei + Es ,

H2 = Hi + Hs

(A.1)

For a plane wave we may set
Ei = E0 exp(ik · x − iωt) ,

Hi = H0 exp(ik · x − iωt)

(A.2)

where ω is the frequency of the incident wave and k is the wave vector appropriate to the
surrounding medium. The fields defined above must satisfy Maxwell’s equations:
∇·E=0

∇·H=0

(A.3)

and
∇ × E = iωµH ,

∇ × H = −iωE

(A.4)

Taking the curl of Equation A.4 gives the vector wave equation
∇2 E + k 2 E = 0 ,

∇2 H + k 2 H = 0

(A.5)

where k 2 = ω 2 µ and  is the complex permittivity of the medium and µ the permeability.
Note that the use of k throughout this derivation refers to the wave number as just defined
rather than the imaginary part of the complex refractive index (which we will introduce
later).

A.2

Solving the Vector Wave Equations

It transpires that the easiest wave to solve the vector wave equations is to define a vector
M = ∇ × (cψ)

(A.6)

where ψ is a scalar function and c is an arbitrary constant vector. Since M is the curl of
a vector, the divergence of M is zero (∇ · M = 0). By applying some vector identities to
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M we derive
∇2 M + k 2 M = ∇ × [c(∇2 ψ + k 2 ψ)]

(A.7)

M therefore satisfies the vector wave equation (Equation A.5) if ψ satisfies the scalar wave
equation:
∇2 ψ + k 2 ψ = 0

(A.8)

We will use M to construct another vector which we define as
N=

∇×M
k

(A.9)

N also has zero divergence and satisfies the vector wave equation (∇2 N + k 2 N = 0). We
also have ∇ × N = kM ensuring that M and N have all of the required properties of
an electromagnetic field (i.e. they satisfy Equations A.3 and A.4). If we can now find
solutions to the scalar wave equation (Equation A.8) then we have solutions to the vector
wave equation (Equation A.5) via Equations A.6 and A.9. Since we are interested in
scattering by a sphere, we work in spherical polar coordinates and set c = r, where r is
the radius vector.
The scalar wave equation may be expanded in spherical polar coordinates as
1 ∂  2 ∂ψ 
1
∂ 
∂ψ 
1 ∂2ψ
r
+
sin
θ
+ 2
+ k2 ψ = 0
2
2
r ∂r
∂r
r sin θ ∂θ
∂θ
r sin θ ∂φ2

(A.10)

Solutions of the form ψ(r, θ, φ) = R(r)Θ(θ)Φ(φ) are sought such that Equation A.10
divides into three separate equations. Each of these equations may then be solved to
derive a complete solution for ψ(r, θ, φ). These solutions are standard solutions to the
spherical wave equation in spherical polar coordinates and so I will not go into detail here.
Solving each of the three equations yields the final result
ψemn = cos mφPnm (cos θ)zn (kr)

(A.11)

ψomn = sin mφPnm (cos θ)zn (kr)

(A.12)

m and n are constants that are introduced that relate the three equations. Requiring
ψ to be a single-valued function determines that m and n are integers where m > 0.
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Pnm (cos θ) are the Legendre functions of the first kind of degree n and order m where
(1)

n = m, m + 1, .... zn represents any of the four Bessel functions jn , yn , hn

(2)

or hn .

Definitions of these functions and their derivation from the scalar wave equation may be
found in any number of textbooks (for example see Riley et al. (2006)). The subscripts
e and o simply differentiate between the odd and even solutions. The nature of the
above solutions is such that any solution to the scalar wave equation in spherical polar
coordinates may be expanded as an infinite series in Equations A.11 and A.12.
The solutions for the desired vector fields M and N are therefore given by
Memn = ∇ × (rψemn ) ,
Nemn =

∇ × Memn
,
k

Momn = ∇ × (rψomn )
Nomn =

∇ × Momn
k

(A.13)
(A.14)

These functions are known as the “vector spherical harmonics”. They may be expanded
as an infinite series to solve the vector wave equation (Equation A.5), which is now our
task.

A.3

Calculating the Incident and Scattered Fields

The issue is now to consider the scattering of an incident plane wave Ei . Based on the
above, Ei may be expanded as an infinite series sum of the four vector spherical harmonics
described by Equations A.13 and A.14,
Ei =

∞ X
∞
X

(Bemn Memn + Bomn Momn + Aemn Nemn + Aomn Nomn )

(A.15)

m=0 n=m

with coefficients Aemn , Aomn , Bemn and Bomn that must be determined. The above
expansion can be simplified by considering various orthogonality properties of the vector
harmonics. It can be shown (though I omit the proofs here for reasons of brevity) that
all of the vector spherical harmonics are orthogonal. This determines the form of each of
the four coefficients and, in combination with the orthogonality of sine and cosine, we find
that Bemn = Aomn = 0 for all m and n (see Bohren & Huffman (1983)). Similarly, we find
that all the remaining coefficients vanish unless m = 1. In this case, we may also adopt
the Bessel function zn = jn based on the requirement that the field must be finite at the
origin (the other functions misbehave at the origin under these circumstances). I adopt
the superscript (1) to illustrate that the radial dependence of the solution is specific by
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jn . Equation A.15 therefore reduces to
Ei =

∞
X

(1)

(1)

(Bo1n Mo1n + Ae1n Ne1n )

(A.16)

n=1

Evaluating the forms of Ae1n and Bo1n via some rather unpleasant integrals and a lot of
algebraic manipulation yields
Ei = E0

∞
X
n=1

in

2n + 1
(1)
(1)
(Mo1n − Ne1n )
n(n + 1)

(A.17)

The corresponding magnetic field may be calculated via the curl of Equation A.17 and is
found to be
∞

−k X n 2n + 1
(1)
(1)
E0
(Me1n − No1n )
i
Hi =
ωµ
n(n + 1)

(A.18)

n=1

Finally, all that remains is to determine the scattered electromagnetic field (Es , Hs ). This
may be done by imposing the boundary condition that the tangential component of the
fields must be continuous across the boundary of the two materials, i.e.
(Ei + Es − E1 ) × êr = (Hi + Hs − H1 ) × êr = 0

(A.19)

Applying this boundary condition and once again applying various orthogonality relationships and the condition of finiteness at the origin gives the expansions of the field inside
the sphere and the scattered field as:
E1 =
Es =

∞
X
n=1
∞
X
n=1

(1)

(1)

En (cn Mo1n − idn Ne1n ) ,

H1 =

∞
−k1 X
(1)
(1)
En (dn Me1n − icn No1n ) (A.20)
ωµ1
n=1

∞
k X
(3)
(3)
(3)
(3)
En (−bn Mo1n + ian Ne1n ) , Hs =
En (an Me1n + ibn No1n )
ωµ

(A.21)

n=1

2n+1
where En = in E0 n(n+1)
and the superscript (3) denotes radial dependence on the Bessel
(1)

function hn for unknown coefficients an , bn , cn and dn .

A.4

Determining the Scattering Coefficients

The formal theory is lengthy and still has yet to yield any real physical insight. At this
point we may now turn our attention to actually deriving the scattering coefficients an and
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bn that we will then use to determine the scattering efficiencies. We consider a spherical
particle of radius a and consider the boundary conditions at the surface where r = a. In
component form these are
Eiθ + Esθ = E1θ ,

Eiφ + Esφ = E1φ

(A.22)

Hiθ + Hsθ = H1θ ,

Hiφ + Hsφ = H1φ

(A.23)

Substituting in all relevant equations (boundary conditions, orthogonality relations, and
the expansions of Equations A.17, A.18, A.20 and A.21) eventually gives
jn (mx)cn + h(1)
n (x)bn = jn (x)

(A.24)

0
0
µ[mxjn (mx)]0 cn + µ1 [xh(1)
n (x)] bn = µ1 [xjn (x)]

(A.25)

µmjn (mx)dn + µ1 h(1)
n (x)an = µ1 jn (x)

(A.26)

0
0
[mxjn (mx)]0 dn + m[xh(1)
n (x)] an = m[xjn (x)]

(A.27)

where the prime denotes differentiation with respect to the argument in parentheses,
x = ka =

2πN a
λ

is the size parameter and m =

k1
k

=

N1
N

is the relative complex re-

fractive index of the two materials with N1 the refractive index of the particles and N
the refractive index of the medium. Solving the above system of equations, assuming that
the permeability of the particle and the surrounding medium are the same, and substitut(1)

ing in the Ricatti-Bessel functions ψn (ρ) = ρjn (ρ) and ξn (ρ) = ρhn (ρ) finally gives the
scattering coefficients:

A.5

an =

mψn (mx)ψn0 (x) − ψn (x)ψn0 (mx)
mψn (mx)ξn0 (x) − ξn (x)ψn0 (mx)

(A.28)

bn =

ψn (mx)ψn0 (x) − mψn (x)ψn0 (mx)
ψn (mx)ξn0 (x) − mξn (x)ψn0 (mx)

(A.29)

The Scattering and Extinction Cross-Sections

And last but not least, we must use these scattering coefficients to calculate the scattering
cross-section of the particle. We define Wa to be the net rate at which electromagnetic
energy cross the surface A of the particle and Ws to be the rate at which energy is scattered
across the surface A. For a beam of incident irradiance Ii , we write Wext = Wa + Ws and
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define the extinction, absorption and scattering cross-sections to be
Cext =

Wext
,
Ii

Cabs =

Wabs
,
Ii

Csca =

Wsca
Ii

(A.30)

and note that we therefore also have Cext = Csca + Cabs .
Wext and Ws may be expressed in terms of the components of the scattered and
incident fields defined above in Equations A.17, A.18 and A.21. Doing so and manipulating
the algebra at length eventually yields the desired relationship between the scalar wave
function and the scattering cross-section via the scattering coefficients:
Csca =

∞
2π X
(2n + 1)(|an |2 + |bn |2 )
k2

(A.31)

n=1

Cext

∞
2π X
(2n + 1)Re{an + bn }.
= 2
k
n=1

(A.32)

Appendix B

Line of Sight Study
Many of the models presented in this thesis consider a smooth, spherically symmetrical
distribution of dust and gas. As such, no effect is seen by taking different lines of sight
through the remnant. However, in the case of clumped models with asymmetrical distributions of dust, it is possible that taking different lines of sight through the remnant may
result in changes to the observed profile.
By taking an integrated line profile over the entire nebula, we can gain insight into
the effects of clumping within the remnant by understanding how a clumped distribution
of dust alters the absorptive and scattering effects on the emitted radiation. This gives
a first order indication of the effects of clumping in these objects. However, it is also
important to consider the potential effects of the asymmetries generated by treating a
clumped environment. A line of sight that happens to be through a large number of
optically thick clumps is likely to have significantly greater effect on the intrinsic line
profile than a line of sight that happens to pass through very few clumps due to different
levels of exposure to the dust.
To investigate the extent of these effects, I have generated a number of models with
a variety of different clumping structures. Instead of collecting all escaped packets into
frequency bins over the entire shell, in these models the shell was isotropically divided into
angular bins. The remnant was divided into 20 bins in both φ and cos θ with 0 < φ < π
and 0 < θ < 2π, thus giving 400 solid angle bins of equal volume. For each solid angle
bin, packets were collected and grouped into frequency bins as previously.
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Mass Fraction
1.0
1.0
1.0
1.0

Volume Filling Factor
0.5
0.1
0.5
0.1

τclump
0.11
0.55
0.55
2.76

Rclump /Rout
1/50
1/50
1/10
1/10

Number of clumps
32,000
6,500
250
50

Table B.1. The parameters used for the clumped models illustrated in Figures
B.1 and B.2. All other parameters were kept fixed and clumps were distributed
stochastically according to a radial distribution proportional to r−1.2 .

Four models were run with parameters that are detailed in Table B.1. For each of
these models, the dust was entirely located in clumps in order to maximise the effects
of different lines of sight through the clumped distribution. The clumps were distributed
stochastically according to a radial distribution proportional to r−1.2 and a constant total
dust mass was adopted throughout (i.e. the average dust optical depth from the inner to
the outer radius was kept constant for all clumped models).
For each of the models, 400 line profiles were produced and plotted. For clarity, the
most extreme line profiles are presented here in addition to one or two intermediate line
profiles in Figures B.1 and B.2.
Models with a large number of clumps that are relatively optically thin are most similar
to a smooth distribution of dust and therefore exhibit the least variation between lines of
sight. In contrast, models with only a few optically thick clumps exhibit considerably more
variation in the resultant line profiles. The models presented here were not scaled and
there is therefore noticeable variation in the peak flux between line profiles for different
lines of sight for a given model. However, it is the shapes of the profiles that are of
primary interest for the purposes of fitting line profiles. Absolute line fluxes were not
fitted throughout this thesis; focus was on the extent of the asymmetry and the features
exhibited by modelled and observed line profiles.
There is minimal variation in the shape of the modelled line profiles between different
lines of sight for models with a reasonably large number of clumps. The variation in the
shape of the modelled line profiles presented here is more noticeable in the models with
fewer clumps. This is particularly true in the most extreme case presented here in the
lower panel of Figure B.2.
The variation between different lines of sight for clumped models with a relatively small
number of clumps is a potentially important factor that, when fitting modelled line profiles
to observed line profiles, could result in different sets of best-fitting parameters depending

221
on the line of sight adopted. The integrated profile is not necessarily representative in
these more extreme models. In this thesis, the majority of models presented used a large
number of optically thin clumps and are comparable to the models presented in Figure
B.1. However, the need to consider different lines of sight through the ejecta is noted for
future work.
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Figure B.1. Clumped dust models for the parameters described in Table B.1.
Fluxes have not been scaled and are in arbitrary units. The blue line represents
the line of sight model that exhibited the least affected line profile whilst the
yellow line represents the line of sight model that exhibited the line profile that
was most affected by dust. The red line represents an intermediate case.
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Figure B.2. Clumped dust models for the parameters described in Table B.1.
Fluxes have not been scaled and are in arbitrary units. The blue line represents
the line of sight model that exhibited the least affected line profile whilst the
purple line represents the line of sight model that exhibited the line profile that
was most affected by dust. The red and yellow lines represent intermediate cases.
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