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Abstract

In this thesis, we prove various results on canonical metrics in Kihler geometry, such
as extremal metrics or constant scalar curvature Kéhler (cscK) metrics, and discuss
connections to the notions of algebro-geometric stability of the underlying manifold.

After reviewing the background materials in Chapter 1, we discuss in Chapter 2
the extension of Donaldson’s quantisation to the case where the automorphism group is
no longer discrete. This is achieved by considering a new equation 9 gradé;opk(a)) =0;
the (1,0)-part of the gradient of the Bergman function is a holomorphic vector field.
The main result of this thesis is the existence of a solution to this equation for all
large enough k, assuming the existence of extremal metrics. We also prove that the
sequence {y}; of these solutions approximates the extremal metric for k > 1, and
that the solvability of the equation implies that a polarised Kéhler manifold admitting
an extremal metric is asymptotically weakly Chow polystable relative to any maximal
torus in the automorphism group; this stability result was originally proved by Mabuchi
using a different method.

In Chapter 3 we discuss Kihler metrics with cone singularities along a divisor.
We provide the first supporting evidence for the log Donaldson—Tian—Yau conjecture
for general polarisations, and study various properties of the log Donaldson—Futaki
invariant computed with respect to conically singular metrics.

In Chapter 4 we discuss canonical metrics on the blow-up of manifolds with
canonical metrics. This problem is well-understood when we blow up points, but few
examples are known when we blow up higher dimensional submanifolds. We prove
that the projective spaces blown up along a line, Blpi P", cannot admit cscK metrics
in any polarisations, but admit an extremal metric in each Kéhler class that is close to
the pullback of the Fubini—Study class, with an explicit formula in action-angle coor-

dinates.
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Chapter 1

Introduction

1.1 Canonical metrics on a Kiahler manifold and Cal-
abi’s proposal

The existence of a “canonical” Riemannian metric, as in the uniformisation theorem
for Riemann surfaces, is a central problem in differential geometry. Since this prob-
lem usually takes the form of a nonlinear PDE problem in Riemannian metrics, it is
extremely difficult to solve on a general Riemannian manifold. However, we have
a significant simplification of the problem on Kdhler manifolds by virtue of the ex-
istence of “potential functions”; if (X,®) is a compact Kihler manifold!, the set
of Kihler metrics in the cohomology class [@] € H>(X,R) can be identified with
{p €C*(X,R) | ®++/—193¢ > 0}. Moreover, we will often assume that X admits
an ample line bundle L, often called polarisation, and focus on the Kihler metrics in
c1(L) € H*(X,Z). The motivation for this will be explained in §1.2. Throughout in
what follows, we shall consider the pair (X,L) as a primary object of study, and call it

a polarised Kahler manifold.

In 1982, Calabi [23] posed the following question.

Question 1.1.1. (Calabi’s proposal [23]) Given a cohomology class? x € H2(X VA

which contains a Kéhler metric, can one find a Kihler metric ® € x which (locally)

"We shall often identify the Kihler form @ with its associated Riemannian metric g = (-, J-), where
we write J throughout to denote the complex structure on X.

2 Although we assume in this thesis that k is in the integral cohomology class, Calabi’s proposal
makes sense for ¥ € H’(X,R) in general.
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minimises the Calabi energy

Cal(o) ::/S(a)) o

X n!’

where S(w) is the scalar curvature of @?

The Euler-Lagrange equation of Cal(®) is known [23] to be equal to
égradé;OS((x)) =0,

where grady’S (w) denotes the (1,0)-part of the gradient vector field grad,S(®) and
d is the (0,1)-part of the Chern connection on TX defined by ®. The Kihler metrics
satisfying the above equation, called extremal metrics, will be the central theme of this
thesis. It is important to note some special subclasses of extremal metrics. If there exists
no nontrivial holomorphic vector field® on X, we necessarily have grad}dOS (w)=0
which implies grad,S(w) = 0 by taking the real part. Hence we get d(S(®)) = 0,
which is equivalent to S(®) = const. A metric @ with S(®) = const will be called a
constant scalar curvature Kihler metric, and abbreviated as a c¢scK metric. Further
special cases are when @ € ¢1(Kx), ® € —c|(Kx), or ¢;(Kx) = 0, where Kx is the
canonical bundle of X; in these cases, basic Hodge theory shows that @ being cscK is
equivalent to ® being Kihler-Einstein, i.e. satisfies Ric(w) = A @ for some constant
A which is —1 if ¢;(Kx) > 0, +1 if ¢;(Kx) < 0, and 0 if ¢ (Kx) = 0. We summarise

the above as follows.

Definition 1.1.2. A Kihler metric o is called extremal if its scalar curvature S(®)
satisfies dgrady’S (w) =0. Tt is called escK if it satisfies S(@) = const. A cscK metric

is called Kéhler-Einstein if it satisfies Ric(®) = A @ for some constant A.

We thus see that the class of extremal metrics subsumes the classes of cscK and
Kédhler-Einstein metrics, and that Calabi’s proposal can be regarded as providing a
unifying framework for working with these classes of “canonical” Kihler metrics, if

they exist.*

3This hypothesis can be slightly weakened; see Lemma 1.4.5.
41t is known that there does exist a Kihler manifold (e.g. certain iterated blow-ups of P? [71]) which
does not admit any extremal metric.
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Remark 1.1.3. It is well-known that these canonical metrics are unique in each Kihler

class, up to automorphisms [10, 12, 14, 22, 40, 83, 127].

Remark 1.1.4. Recall now that, in their celebrated work, Aubin [10] and Yau [127]
(resp. Yau [127]) have proved the existence of Kihler-Einstein metrics on a compact
Kéhler manifold for the case ¢ (Kx) > 0 (resp. c; (Kx) = 0). The case ¢ (Kx) < 0 lead
to a deep conjecture which was only recently solved [28, 29, 30]; this will be discussed

in §1.2 (see in particular Theorem 1.2.10).

Remark 1.1.5. Since ® € c{(L) and S(@)®" = nRic(w) A®@" ' € —ncy(Kx)cy (L)"!

by Chern-Weil theory, the average S of S(®) is determined as

JxS(@)%  —n fyei(Kx)e (L)'

S— Vit _
¥ Jxci (L)

If we write S(®) in terms of local holomorphic coordinates (zj,...z,) (where n =

dimc X), we get
n _ 2

-9
S(w)=—Y g” logdet(g;),
((D) i’jz_lg azlazj ogde (gkl>

and hence the csck equation S(@) = const is a fully nonlinear fourth order PDE in the
Kihler potential ¢, with respect to which the metric tensor g,; can be locally written
as g7 = % This means that the extremal equation égradio’oS (w) =0 is a fully
nonlinear sixth order PDE. Thus, finding a cscK or extremal metrics is equivalent to
solving a fourth or sixth order fully nonlinear PDE, which is a very difficult problem
in full generality. However, it is conjectured, and in some important cases proved, that
the existence of these metrics are in fact equivalent to the szability of the underlying
manifold, as we discuss in §1.2 (see in particular Conjecture 1.2.6); a difficult nonlinear
PDE problem as discussed above can be translated into a purely algebro-geometric one,

which is potentially more tractable.

1.2 K-stability and Donaldson-Tian-Yau conjecture

1.2.1 Statement of the conjecture

Inspired by the Kobayashi—Hitchin correspondence for vector bundles, Yau [128] con-

jectured that the existence of Kihler—Einstein metrics should be related to a notion
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of “stability” in algebraic geometry. Later, Tian [125] introduced the notion of K-
stability as an appropriate stability condition for this problem. This was later refined
by Donaldson [41], who also extended its scope to include cscK metrics and not just
Kihler-Einstein metrics.

We first recall the notion of test configurations, in order to define K-stability in

Definition 1.2.5.

Definition 1.2.1. A test configuration for a polarised projective scheme (X,L) with
exponent r € N is a projective scheme 2~ together with a relatively ample line bundle
Z over 2 and a flat morphism 7 : 2~ — C with a C*-action on 2", which covers the
usual multiplication in C and lifts to .Z in an equivariant manner, such that the fibre

7~ '(1) is isomorphic to (X,L%").
Remark 1.2.2. We recall the following important and well known observations.

1. By virtue of the (equivariant) C*-action on 2, all non-central fibres Z; :=
n~1(¢) (¢t € C*) are isomorphic and the central fibre 2( := £~ !(0) is naturally

acted on by C*.

2. We will exclusively focus on the case when X is a smooth manifold, but we
remark that, even when the noncentral fibres are smooth, the central fibre .2 of
a test configuration is usually not smooth. In fact, 2 is a priori just a scheme

and not even a variety.

3. A test configuration (27,.%) is called product if 2" is isomorphic X x C. Note
that this isomorphism is not necessarily equivariant, so X may have a nontrivial
C*-action (cf. Remark 1.3.4). (27,.%) is called trivial if 2" is equivariantly

isomorphic to X x C, i.e. with trivial C*-action on X.

Remark 1.2.3. A well-known pathology found by Li and Xu [72] means that we may
have to assume that 2" is a normal variety when (2",.Z) is not product or trivial.
Alternatively, we may have to assume that the L>-norm of the test configuration (as
introduced by Donaldson [42]) is non-zero to define the non-triviality of the test con-

figuration, as proposed by Székelyhidi [119, 121]. See also [16, 37, 113].
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Let (2:,-%4) be any fibre of a test configuration (2°,.%¢) with the polarisation
given by .4 := Z| ;. If t # 0, we can use the Hirzebruch-Riemann—Roch formula

and Kodaira—Serre vanishing to show

dimH(2;, %% = / ch(L®™)Tdy

X
:E Cl<L®r)n_Ll/Cl(KX)Cl(L@W)n1+0(kn2)
n! Jx 2(n—1)! Jx

for k > 1, where ch is the Chern character and Tdy is the Todd class of 7Tx. We define
ag,a1 € Q as ag := & [y e (L¥)" and a; := —m Jyc1(Kx)er (L¥T)"~1. Observe

that the flatness condition implies that
dy = dimH®(2;, 2°5) = apk” + a1 k"' + O(K"~?)

does not depend on .
On the other hand, the C*-action on the central fibre (Z2p,-%y) induces a rep-
resentation C* HO(%,,?O@"). Let wy be the weight of the representation C* ~

A" HO (24, D%O@k ). Equivariant Riemann—Roch theorem (cf. [41]) shows that
wi = bok™ ! + b1k + O(K" 1)

with bg,b; € Q. Now expand

wr by apby—aiby, )
— =4+ —7—k Ok—).
kdy  ag a} +Ok™)
Definition 1.2.4. The Donaldson—Futaki invariant DF (2", ¢) of a test configuration
(Z',.Z) is arational number defined by DF (Z",.Z) = (apb1 — a1bo) /ao.

Definition 1.2.5. A polarised projective scheme (X, L) is K-semistable if DF (2", .£) >
0 for any test configuration (2, %) for (X,L). (X,L) is K-polystable if DF (2", .Z) >
0 with equality if and only if (Z",.%Z) is product, and is K-stable if DF (2 ,.Z) >0
with equality if and only if (2",.%) is trivial.

We see that the sign of DF(.2",.%) is unchanged when we replace .Z by .£%".

Therefore, once 2" is fixed, we may assume that the exponent of the test configuration
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is always 1 with L being very ample.
We can now state the following conjecture, usually referred to as the Donaldson—
Tian-Yau conjecture, which has been a central problem in Kihler geometry for many

years.

Conjecture 1.2.6. (Donaldson [41], Tian [125], Yau [128]) (X, L) admits a cscK metric

in ¢1 (L) if and only if it is K-polystable.

Remark 1.2.7. There is also a “relative” version of this conjecture which is more suited

to extremal metrics; see [116].

1.2.2 Brief review of some known results

We now briefly review some results concerning Conjecture 1.2.6. This is by no means
exhaustive, and we will only mention the results that will be referred to later, and several
other results that are closely related to them.

By considering a lower bound of Cal(w), Donaldson [42] proved the following

foundational result.

Theorem 1.2.8. (Donaldson [42]) (X,L) is K-semistable if it admits a cscK metric in
C1 (L)

This theorem was later improved by Stoppa [111] as follows, establishing one
direction of Conjecture 1.2.6. Let Auty(X,L) be the identity component of the group
of holomorphic transformations of X which lifts to the total space of the line bundle L

(cf. §1.3).

Theorem 1.2.9. (Stoppa [111]) Suppose that Auto(X,L) is trivial, which holds e.g. if
(X, L) has no nontrivial holomorphic vector fields. Then, (X,L) is K-stable if it admits

a cscK metric in ¢ (L).

A sharper version of this theorem is available for Fano manifolds, with L = —Ky,
as proved by Berman [13]. See also the work of Mabuchi [78, 79].

Although the above theorems provide sufficient conditions for K-stability, proving
K-(poly)stability of a given variety (X,L) is in general tremendously difficult; as of
now, we do not even know how to prove P? is K-polystable without using the fact

that it admits a Kéhler—Einstein metric. However, proving K-instability is sometimes
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possible thanks to the weaker and more explicitly computable stability notion called
slope stability, introduced by Ross and Thomas [102]. This will be recalled in §4.2.1,
to which the reader is referred for more details. Being a weaker notion of K-stability,
we have slope instability implying K-instability (cf. Theorem 4.2.4), and hence in some
cases we can prove the non-existence of a cscK metric by showing slope instability,
thanks to Theorem 1.2.8.

In general, not much is known about the other direction of Conjecture 1.2.6, i.e.
whether K-stability implies the existence of cscK metrics. However, there are several
important cases where this direction is also established. Perhaps the most important
result is the following theorem for Fano manifolds that was recently proved by Chen,

Donaldson, and Sun [28, 29, 30].

Theorem 1.2.10. (Chen—Donaldson—Sun [28, 29, 30]) Let X be a Fano manifold. If

(X,—Kx) is K-polystable, then X admits a Kihler—Einstein metric ® € —c1(Kx).

Conjecture 1.2.6 is also known for toric surfaces [41, 46], and on certain iterated

blow-ups of ruled surfaces [101, 100].

1.3 Automorphism groups of polarised Kahler mani-

folds and product test configurations

We discuss product test configurations and the automorphism group of (X,L) in de-
tail in this section. In this case, the Donaldson—Futaki invariant admits a differential-
geometric formula as given in Theorem 1.3.5, which is called the (classical) Futaki
invariant. We first briefly review the automorphism group of (X,L); the reader is re-
ferred to [53, 67, 70] for more details on what is discussed here.

We write Aut(X) for the group of holomorphic transformations of X, consisting
of diffeomorphisms of X which preserve the complex structure J, and Auty(X) for the

connected component of Aut(X) containing the identity.

Definition 1.3.1. A vector field v on X is called real holomorphic if it preserves the
complex structure, i.e. L,J = 0 where L, is the Lie derivative along v. A vector field
& is called holomorphic if it is a global section of the holomorphic tangent sheaf T,

ie ZeHYX,Tx).
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Remark 1.3.2. Observe that aut(X) := LieAuty(X) is exactly the set of all real holo-
morphic vector fields. Recall also that v € aut(X) if and only if Jv € aut(X) (as J is
integrable, cf. Proposition 2.10, Chapter 1X, [68]).

Remark 1.3.3. It is well-known (cf. Proposition 2.11, Chapter IX, [68]) that there
exists a one-to-one correspondence between the elements in aut(X) and H’(X, Tx); the
map f10: aut(X) 3 v v!0 € HY(X, Tx) defined by taking the (1,0)-part and the map
fRe:HO(X, Tx) > E — Re(E) € aut(X) defined by taking the real part are the inverses

of each other.

We now write Aut(X,L) for the subgroup of Aut(X) consisting of the elements
whose action lifts to an automorphism of the total space of the line bundle L, and
write Auty(X,L) for the connected component of Aut(X,L) containing the identity.
Auty(X,L) is in fact equal to the maximal connected linear algebraic subgroup in
Auty(X), and it is equal to the kernel of the Jacobi homomorphism from Auty(X) to
the Albanese torus [53], and that the Lie algebra of Auty(X,L) is the set of all real
holomorphic vector fields on X that have a zero. Moreover, it is also known that for

any v € LieAuto(X,L) and Kidhler metric @ on X there exists f € C*(X,C) such that

l(Vl’O)(D = _éfv

called the holomorphy potential of v!:?

with respect to w, where 1 denotes the interior
product. Conversely, if a holomorphic vector field £ € H%(X, Ty ) admits a holomorphy
potential, its real part Re(Z) lies in LieAuto(X,L). The reader is referred to Theorem 1

in [70], and Theorems 9.4 and 9.7 in [67] for more details.

Remark 1.3.4. It is immediate that a (nontrivial) product test configuration for (X,L)
is exactly a choice of 1-parameter subgroup C* in Auty(X,L), where we recall that the
C*-action has to lift to the total space of the line bundle L to define a test configuration
(cf. Definition 1.2.1). If we write v € LieAut(X, L) for the generator of this subgroup
C* < Auty(X, L), the above argument shows that v1:* € H%(X, Tx) admits a holomorphy
potential, and that conversely = € H°(X, Tx) admitting a holomorphy potential defines
a 1-parameter subgroup C* < Auty(X,L) under the correspondence in Remark 1.3.3.
To summarise, a product test configuration is exactly a choice of £ € H*(X,Tx) which

admits a holomorphy potential.
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Finally, we recall the following theorem.

Theorem 1.3.5. (Donaldson [41], Futaki [54]) Let f € C*(X,C) be the holomorphy
potential of a holomorphic vector field =y on X with respect to a Kéhler metric @ €
ci(L). If (Z',Z) is the product test configuration generated by Ey, the Donaldson—

Futaki invariant can be written as

DF(Z,%) = %/Xf(S(w) —5)(0”

n!’

where S(®) is the scalar curvature of ® and S is the average of S(®) over X. The

integral in the right hand side

FUt(Ef’[m])::/Xf(S(w)_g)%n’

called the Futaki invariant or classical Futaki invariant, does not depend on the spe-

cific choice of Kéhler metric @, i.e. is an invariant of the cohomology class [®)].

1.4 Extremal metrics and the Lichnerowicz operator

We define an operator D, : C°(X,C) — C*(T1°X Q%1 (X)) by
Do = (grad )

where grad}o’oqb is the T'°X-component of the gradient vector field grad,¢ of ¢ with
respect to @ and 0 is the (0,1)-part of the Chern connection on 7X. Thus ®,¢ = 0 if
and only if gradé;o(;) is a holomorphic vector field. Writing ®j, for the formal adjoint

of © with respect to @, we have the following formula (cf. [70])
D5D0f =250 + (Ric(0),V~1099)0 + (9S(0),09) o, (1.1)

where (, )¢ stands for the pointwise inner product on the space of differential forms
defined by @, and A, is the negative d-Laplacian —d9d* —d*d. Note that this is a fourth
order self-adjoint elliptic operator, but may not be a real operator; ©;, 9 ,¢ may be a
C-valued function even when ¢ is a real function, due to the third term (S(®),d¢) ¢, of

7,9 . On the other hand, note the obvious ker®;,®, = ker®,,, since X is compact.
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We define another operator 7, %, : C*(X,R) — C*(X,R) by
. = 1
Do P =840 + Ric(0),V=1009) 0 + 5 (dS(®),d9) . (1.2)

This is a 4-th order self-adjoint elliptic operator, which we call the Lichnerowicz op-
erator.

We observe that we can write Z;, %, = %(@Z)Qw +D%Dg), where the operator
DD is defined by D500 = A2 + (Ric(®),vV—199¢) e + (9S(®),0¢)p. Thus
the kernels of 7, %, and D}, , may not have anything to do with each other when we
consider C-valued functions in general, but we have the following well-known lemma

for the real functions.

Lemma 1.4.1. A real function ¢ € C*(X,R) satisfies D}, D¢ =0 if and only if © o ¢ =
0.

Proof. We first observe that, since ¢ is real, we have
Y0P09 = 500D +D5D09) = 5(DyDad +95909).

Thus, ©,¢ = 0 implies 7, Z,¢ = 0. Observe also that we have

. o" 1 , " , "
/X¢@a)@w¢ﬁ - E (/X ’©w¢|wﬁ+/x |@w¢|wﬁ) ’

and hence 7y %,¢ = 0 implies D¢ = 0. ]

Suppose now that we consider a Hamiltonian vector field vy generated by ¢ €
C*(X,R) with respect to @. We use the sign convention 1(vy)® = —d¢ for the Hamil-

tonian. We observe that we can write
grad,¢ = —Jvy, (1.3)

where J is the complex structure on 7X. Recall that gradé}od) being a holomorphic
vector field is equivalent to grad ¢ being a real holomorphic vector field (cf. Remark
1.3.3), and that a vector field vy is real holomorphic if and only if Jvy is real holomor-

phic (cf. Remark 1.3.2). We thus get the following well-known result.
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Lemma 1.4.2. Suppose that ¢ € C*(X,R) satisfies égradio’o(l) = 0 (or equivalently
94%09 = 0). Then the Hamiltonian vector field vy generated by ¢ with respect to ®
is a real holomorphic vector field. Conversely, if the Hamiltonian vector field vy is real

holomorphic, we need to have égradé,’o(l) = 0 (or equivalently D5, P,»¢ = 0).

Remark 1.4.3. Note that, since @ is Kdhler, a Hamiltonian real holomorphic vector
field must preserve the associated Riemannian metric g = @(-,J-), and hence is neces-

sarily a Hamiltonian Killing vector field with respect to g.

Suppose now that @ is an extremal metric, so that grad}l;OS(a)) is a holomorphic
vector field. By the above argument and the equation (1.3), Jgrad,S(®) is a real holo-

morphic vector field equal to to the Hamiltonian vector field v generated by S(®).

Definition 1.4.4. The Hamiltonian real holomorphic vector field vy generated by the
scalar curvature S(®) of an extremal metric ®, satisfying 1(vy)® = —dS(w), is called

an extremal vector field.

By taking the (0,1)-component of the equation t(vy)® = —dS(w), we have
1 (i) o = —9S(w), i.e. S(w) is the holomorphy potential of vy, and hence vy €
LieAuty(X,L) by the argument given in §1.3. This implies that if Aut(X,L) is trivial,
we have vy = 0 and hence an extremal metric is necessarily a cscK metric. Also, Calabi
[24] proved that an extremal metric is cscK if and only if the Futaki invariant is 0. We

summarise these observations in the following.
Lemma 1.4.5. (cf. [70, 24]) Suppose that @ is an extremal metric. Then
1. o is cscK if Auty(X, L) is trivial,

2. o is cscK if and only if the Futaki invariant evaluated against the (1,0)-part of

the extremal vector field v is zero, i.e. Fut(vy*, [0]) = 0.

If Auty(X,L) is not trivial, an extremal metric need not be cscK. Indeed, Calabi
[23] explicitly constructed a non-cscK extremal metric on the total space of a projec-
tivised bundle P(Opn—1(—m) @ C) over P*~! for all n,m € N in every Kihler class, as
we shall see in §4.1.3.1 (cf. Theorem 4.1.7).






Chapter 2

Quantisation of extremal Kahler

metrics

2.1 Introduction

2.1.1 Donaldson’s quantisation

Donaldson’s work on the constant scalar curvature Kéhler (cscK) metrics and the pro-
jective embeddings [40, 43] is undoubtedly one of the most important results in Kéhler
geometry in the last few decades. It states that, if the automorphism group Aut(X,L) of
a polarised compact Kéhler manifold (X, L) is discrete (cf. §2.2.1.1) and (X, L) admits
a cscK metric @ € ¢;(L), then for all large enough k there exists a balanced metric at
the level k (cf. Definition 2.2.13). Our starting point is a naive re-interpretation of the
cscK metric as satisfying dS(@) = 0 and the balanced metric as satisfying dpi(®) =0,
where pi(w) is the Bergman function (cf. Definition 2.2.10). We also observe that
Aut(X, L) being discrete is equivalent to the connected component Auty(X,L) contain-
ing the identity of Aut(X,L) being trivial, where we note that Auty(X,L) will be used

more frequently in what follows. We record Donaldson’s theorem in this form here.

Theorem 2.1.1. (Donaldson [40]) Suppose that the connected component of the auto-
morphism group Auty(X,L) of a polarised Kiihler manifold (X, L) is trivial and (X,L)
admits a Kihler metric @ € c{(L) satisfying dS(@) = 0. Then for any large enough k
there exists a Kihler metric oy, € c1(L) satisfying dpi(@y) = 0 and @, — @ in C* as

k — oo,

Theorem 2.1.2. (Donaldson [40]) If a sequence of Kiihler metrics { @y }i, each of which
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satisfies dpy(wy) = 0, converges to a Kihler metric @ € c{(L) in C*, then the limit

.. satisfies 0S(w.) = 0.

We note that Theorem 2.1.2 does not assume the existence of a cscK metric or
the triviality of Auty(X,L), unlike Theorem 2.1.1. The importance of Donaldson’s
theorem, in one direction, is that Theorem 2.1.1 provides the first general result on
the existence of cscK metric implying algebro-geometric “stability”, along the line
conjectured by Yau [128], Tian [125], and Donaldson [39], and also extending the
previous works of Tian [125] on Kéhler—Einstein metrics to the cscK metrics. Namely,

we have the following corollary.

Corollary 2.1.3. (Zhang [131], Luo [76], Donaldson [40]) If a polarised Kihler mani-
fold (X,L) with trivial Auty(X,L) admits a cscK metric ® € c|(L), it is asymptotically
Chow stable.

This follows from the theorem of Luo [76] and Zhang [131] stating that (X,L)
is Chow stable at the level k if and only if L admits a balanced metric at the level
k (cf. Theorem 2.6.2), combined with the above Theorem 2.1.1, where the reader is
referred to Definition 2.6.1 for the definition of (asymptotic) Chow stability.

In another direction, Theorem 2.1.1 provides an approximation scheme for the
cscK metrics. Recall now that the existence of many cscK metrics (e.g. Calabi—Yau
metrics on compact Kihler manifolds) is guaranteed only by abstract existence theo-
rems and explicit formulae for these metrics are in general extremely difficult to obtain.
However, we can in fact find a numerical algorithm for finding a balanced metric as
explained in [43] and [106], and hence it is (in principle) possible to numerically ap-
proximate a cscK metric. Various mathematicians have used this method to attack this
problem of “explicitly” approximating a cscK metric, and there already seems to be a
substantial accumulation of research. We only mention here [18, 19, 47, 49, 66], which
actually implemented the above algorithm.

That such a numerical algorithm should exist could be seen intuitively from
the following fact. Suppose that we choose a basis {Z;} for H(X,LF) (for large
enough k) so as to have an isomorphism H° (X ,Lk) 5 CM and an embedding 1 : X —
P(HO(X,L*)*) = PM—! We then consider the moment map for the U (N;)-action on

PM—1 and integrate it over the image 1(X) of X to get the centre of mass fiy (see §2.2.2
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for the details); namely [y is defined as

fiy = / s, 23) O ¢ /Tu(ivy
) Lk |ZilEg

where hpg is the Fubini-Study metric on Op,-1(1). We can move the image 1(X) by
an SL(Ny,C)-action on PM~! and we write fix(g) for the new centre of mass when
we move 1(X) by g € SL(Ni,C) to 1,(X), say. It is well-known (cf. [76, 131], see also
Theorem 2.2.19) that there exists a balanced metric at the level k if and only if there
exists g € SL(Ng,C) such that fix(g) is equal to a constant multiple of the identity.
Thus, the seemingly intractable PDE problem dpy(®) = 0 can in fact be reduced to a
finite dimensional problem on the vector space H (X, LK).

Given the above, we may interpret Theorem 2.1.1 as associating an essentially
finite dimensional problem on P(H(X,L¥)*) to a differential-geometric problem of
solving dS(®w) = 0 on (X, L), with an “error” which goes to 0 as k — oo (cf. Theorem
2.3.7). This is often called quantisation, by regarding H%(X,L*) as a set of quantum-
mechanical wave functions and v/k as the inverse of Planck’s constant, so that the limit

k — oo corresponds to the semiclassical limit.

Remark 2.1.4. We now recall that the hypothesis of Auty (X, L) being trivial is essential
in Theorem 2.1.1. Indeed, Della Vedova and Zuddas [32] showed (Example 4.3, [32])
that P? blown up at 4 points, all but one aligned, is Chow unstable at the level k for all
large enough k with respect to an appropriate polarisation, although a well-known theo-
rem of Arezzo and Pacard [7] (see in particular Example 7.3 in [7]) shows that it admits
a cscK metric in that polarisation. We also recall that Ono, Sano, and Yotsutani [93]
showed that there exists a toric Kéhler-Einstein Fano manifold that are asymptotically
Chow unstable (with respect to the anticanonical polarisation, even after replacing Ky !

by a higher tensor power).

2.1.2 Statement of the results

Our aim is to find how Theorems 2.1.1, 2.1.2, and Corollary 2.1.3 can extend to the
case where Autg(X,L) is no longer trivial. Since Theorem 2.1.1 (and hence Corollary
2.1.3) does fail to hold when Auty(X,L) is nontrivial (cf. Remark 2.1.4), we need a

new ingredient. Suppose now that we replace d by an operator égradgo (cf. §1.4) and



28 Chapter 2. Quantisation of extremal Kihler metrics

consider the equation égradé;OS(a)) =0, i.e. @ is an extremal metric, which can be
regarded as a “generalisation” of cscK metrics when Auto(X,L) is no longer trivial
(cf. §1.4).

Now, when we change dS(w) =0 to o gradé;OS (w) = 0, the corresponding equa-

tion dpy(@x) = 0 changes to
dgradg, pi (@) =0, 2.1)

and this seems to suggest that this is the equation which “quantises” the extremal met-
ric, when Auty(X,L) is no longer trivial; observe that when Auto(X,L) is trivial and
hence (X, L) admits no nontrivial holomorphic vector field, the above equation implies
pr(@y) = const and hence we recover the balanced metric.

The aim of this chapter is to establish an “extremal” analogue of Theorems 2.1.1
and 2.1.2 by using the equation (2.1). First of all, an analogue of Theorem 2.1.2 can be

established as follows.

Theorem 2.1.5. If a sequence of Kéihler metrics { wy i in ¢1(L), each of which satisfies
égradé,’,?pk(a)k) = 0, converges to a Kdhler metric 0. € c1(L) in C*, then the limit 0

satisfies dgradg S(w.) = 0, i.e. is an extremal metric.

Proof. By recalling the well-known expansion! of the Bergman function (Theorem

2.3.7), we have 0 = 9gradé;,?47rkpk(a)k) = égradé;,? (S(wr) +O(1/k)). Since {@y}x
converges to M. in C* as k — oo, we have S(wy) — S(W-) in C* and égradéggF —>

0 gradé;gF in C* for any fixed smooth function F. Thus
0= 9gradé,’,?47rkpk(a)k) = égradé,’,? (S(ay) — S(0=)) + égradl)’,?S(a)w) +O0(1/k),

and hence we get o grad}u’gS () = limy_,0, 0 gradz;ko S(w) = 0.

]

An important aspect of the equation (2.1) is that, similarly to the case when
Auty(X,L) is trivial, we can find an equivalent characterisation in terms of the cen-

tre of mass [Ly, so that solving the equation (2.1) can be reduced to an essentially finite

"Note in particular that the expansion is uniform when the metric varies in a family of uniformly
equivalent metrics which is compact with respect to the C*”-topology (Theorem 2.3.7).
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dimensional problem (cf. §2.4); we shall see (Proposition 2.4.5 and Corollary 2.4.16)
that the equation (2.1) holds if and only if there exists g € SL(N,C) such that? fiy(g) ™"
generates a holomorphic vector field on P(H%(X, L¥)*) = PM—! that is tangential to the
image 1(X) of X.

Let K := Isom(®) N Auty(X,L), where Isom(®) is the isometry group of the ex-
tremal metric @ (cf. §2.2.1.2). We now state our main result as follows; it is an ana-

logue of Theorem 2.1.1 when Auty(X, L) is nontrivial.

Theorem 2.1.6. Suppose that (X,L) admits an extremal metric @ € ci(L). Replacing
L by L" for a large but fixed r € N if necessary, for each | € N, there exists k; € N such
that for all k > k; there exists a smooth K-invariant Kdihler metric wy; € c1(L) which

satisfies 0 gradé;]? ' Pr(0 ;) = 0 and converges to @ in C' as k — o.

The reader is referred to Remark 2.5.18 for comments on the dependence on [,
and the possibility of the convergence @y ; — @ in C*. Combined with Theorem 2.6.10
proved by Mabuchi [82, 86], we obtain an alternative proof of the following result that

was first obtained by Mabuchi.

Corollary 2.1.7. (cf. Mabuchi [82, 84, 85]) Suppose that (X,L) admits an extremal
metric in ci(L). Replacing L by L" for a large but fixed r € N if necessary, (X,L)
is asymptotically weakly Chow polystable relative to any maximal torus in K <

Autg (X , L).

As explained in Remark 2.6.13, Corollary 2.1.7 does not imply Theorem 2.1.6.
The reader is referred to §2.6.2 for the discussion on (weak) Chow stability relative to

a torus, as well as the proof for how Corollary 2.1.7 follows from Theorem 2.1.6.

Remark 2.1.8. That we have to replace L by a large enough tensor power is a new
phenomenon which did not appear in the case where Auty(X,L) is discrete [40, 43].
This essentially comes from the need to linearise Auty(X,L)-action on X to the total
space of L, which may not be possible unless we raise L to a higher tensor power

(cf. Lemma 2.2.1, Remark 2.2.2).

Finally, recalling the characterisation of the equation (2.1) in terms of the centre
of mass (Proposition 2.4.5), we hope that Theorem 2.1.6 may potentially provide a

numerical approximation to the extremal metrics, as in the cscK case.

2See Lemma 2.2.20 for the perhaps surprising appearance of the inverse sign in fiy ().
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2.1.3 Comparison to previously known results

We recall that, in fact, the problem of “quantising” the extremal metrics has been con-
sidered by several mathematicians?, notably by Mabuchi [82, 84, 85, 86], Sano—Tipler
[107]. The work of Apostolov—Huang [5] is also related, and contains a neat survey
of Mabuchi’s work. These notions of “quantised” extremal metrics will be reviewed in
§2.6.4.

An important special case of Theorem 2.1.6 is when Auty(X, L) is nontrivial but
the centre Z(K) of K is discrete. As is well-known, if ® is extremal, the Hamiltonian
vector field vs generated by S(@) has to belong to the centre 3 := Lie(Z(K)) of the Lie
algebra ¢ := Lie(K) (cf. Lemma 2.3.4). Thus, Z(K) being discrete implies v; = 0, and
hence o is cscK. On the other hand, if Z(K) is discrete and a K-invariant Kihler metric
w; satisfies 0 gradlo’,? pr(@y) = 0, then Lemmas 2.2.21 and 2.3.4 show that the Hamil-
tonian vector field v generated by py (@) has to lie in 3; thus Z(K) being discrete and
Theorem 2.1.6 implies that py (@) has to be constant, i.e. @y is a balanced metric for all
large (and divisible) k, and hence by a theorem of Zhang [131], (X, L) is asymptotically
Chow semistable (cf. Remark 2.6.3).

This is in fact an easy consequence of the results proved by Futaki [55] and
Mabuchi [81, 84], which we now recall. If (X,L) is cscK, Mabuchi [81] proved
that there exists an obstruction for (X,L) being asymptotically Chow polystable when
Auty(X, L) is nontrivial, and also showed that the vanishing of these obstructions is suf-
ficient for a cscK (X, L) to be asymptotically Chow polystable [84]. Futaki [55] proved
that the vanishing of Mabuchi’s obstructions is equivalent to the vanishing of a series of
integral invariants, which may be called “higher Futaki invariants”. We can show that
they all vanish when (X, L) is cscK and Z(K) is discrete as follows; since the higher
Futaki invariants are Lie algebra characters defined on LieAuty(X,L) = £ @ /—1¢ (by
Matsushima—Lichnerowicz theorem, cf. Theorem 4.1.5), the centre of £ being trivial
implies that these higher Futaki invariants are all equal to 0, and hence that (X,L)
is indeed asymptotically Chow polystable, which in particular implies that (X,L) is
asymptotically Chow semistable.

We saw in Remark 2.1.4 the example of cscK, or even Kihler—Einstein, manifolds

3We also mention the work of Bunch and Donaldson [21] for the toric case, and also note that Berman
and Witt Nystrom [15] and Takahashi [122] treat similar problems in the context of Kihler—Ricci soli-
tons.
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that are asymptotically Chow unstable even after replacing L by a large enough tensor
power. However, Theorem 2.1.6 and Corollary 2.1.7 imply that it is still possible to
find a Kihler metric @y, with d gradé;]? pr(@;) = 0 on these manifolds, and hence they
are asymptotically Chow stable relative to any maximal torus in K.

Finally, we recall the theorem of Stoppa and Székelyhidi [114], which states that
the existence of extremal metrics implies the K-polystability relative to a maximal torus
in the automorphism group, where the notion of relative K-stability was introduced by

Székelyhidi [116].

Remark 2.1.9. Recalling Corollary 5 of [40], it is natural to expect that Theorem 2.1.6
implies the uniqueness of extremal metrics in ¢;(L) up to Auty(X,L)-action. Indeed,
we set up the problem of finding the solution to (2.1) as a variational problem of finding
the critical point of the modified balancing energy 24 on a finite dimensional manifold
%’f , where A is essentially equal to gradwkpk(cok); see §2.4 and §2.5 for more details.
It is clear from the convexity (cf. Remark 2.5.2, Theorem 2.5.3) of 2 A that the critical
point of 274 is unique up to Auto (X, L)-action for each fixed A. However, the problem is
that we do not know whether there exist two metrics @; and @; in ¢ (L), both satisfying
égradé;?pk(a)l) =0 and égradéjfpk(a)z) = 0, but with grad, pi(@1) # grad,, pi(@2).
The existence of such ®; and @, would imply that we cannot prove the uniqueness of
the “quantised” approximant (as in Theorem 1, [40]) of extremal metrics, and hence
the uniqueness of extremal metric itself. On the other hand, the uniqueness of extremal

metrics itself was established by Mabuchi [83], Berman and Berndtsson [14].

2.1.4 Organisation of the chapter

The strategy of the proof of Theorem 2.1.6, which occupies most of what follows, is es-
sentially the same as in [40]; we construct an approximate solution to o gradé;,? pr(wy) =
0, reduce the problem to a finite dimensional one, and use the gradient flow on a finite
dimensional manifold to perturb the approximate solution to the genuine one.

After reviewing in §2.2 some well-known results on the automorphism group of
polarised Kéhler manifolds and Donaldson’s theory of quantisation, we construct ap-
proximate solutions in §2.3; after some preliminary work in §2.3.1, we establish the
main technical result Proposition 2.3.13 and its consequence Corollary 2.3.15. We es-

tablish in §2.4 the characterisation of the equation 0 gradé;,? pr(@;) = 0 in terms of the
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centre of mass [Ly, so as to reduce the problem to a finite dimensional one; the main
results of the section are Proposition 2.4.5, Corollaries 2.4.11 and 2.4.16. We set up the
problem as a variational one in §2.5.1 by introducing the “modified” balancing energy
24, so that the solution of 0 gradé;,?pk(a)h) = 0 can be obtained by finding the critical
point of 2°4. By recalling the well-known estimates on the Hessian of the balancing en-
ergy in §2.5.2, we run the gradient flow (2.41) in §2.5.3 driven by 2°4. Unfortunately,
the nontrivial automorphism group Auty(X,L) means that the limit of the gradient flow
does not achieve the critical point of 24 (cf. Proposition 2.5.13). However, in §2.5.4
we set up an inductive procedure to (exponentially) decrease § 2°4, which is shown to
converge, so as to give the critical point of 24 (Proposition 2.5.15); the trick is in fact
to perturb the auxiliary parameter A to decrease § 2.

Finally, we consider the connection to the stability of (X, L) in §2.6, where we also
discuss the relationship to the previously known results, particularly by Sano-Tipler
[107] and Mabuchi [82, 84, 85, 86]; in particular, we provide the proof of Corollary
2.1.7 at the end of §2.6.2.

Notation 2.1.10. In this chapter, we shall consistently write N = N, for dim¢ H (X, L¥),
and V for [y c1(L)"/n!.

2.2 Background

2.2.1 Further properties of automorphism groups of polarised

Kahler manifolds

2.2.1.1 Linearisation of the automorphism group

This section is a review of well-known results, and the reader is referred to [53, 67,
70, 89] for more details on what is discussed here. Let (X,L) be a polarised Kihler
manifold i.e. a Kdhler manifold X with an ample line bundle L over X. By taking r € N
to be large enough, we may assume that L" is very ample and also have the surjection
Q" H(X,L") — H°(X,L'™) for any m > 1. We now have the embedding 1 : X <
P(H(X,L")*). We write Aut(X) for the group of holomorphic transformations of X,
and Auty(X) for the connected component of Aut(X) containing the identity. We also
write Aut(X,L") for the subgroup of Aut(X) consisting of the elements whose action

lifts to an automorphism of the total space of the line bundle L", and write Auty(X,L")
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for the connected component of Aut(X,L") containing the identity. We now recall the
well-known fact that Auto(X,L") is equal to the maximal connected linear algebraic
subgroup in Auty(X), equal to the kernel of Jacobi homomorphism from Auty(X) to the
Albanese torus [53], and that the Lie algebra of Auty(X, L") is the set of all holomorphic
vector fields on X that have a zero (cf. Theorem 1 of [70]). Given these remarks, we
shall (abusively) write Aut(X,L) for Autg(X,L"), for any r > 0.

Suppose that we write f for the automorphism of the total space of the line bundle
L obtained by lifting f € Auto(X,L), where we note that such f is well-defined only
up to an overall constant multiple (acting as a fibrewise multiplication). Thus, the lift
f+> f gives a map Auto(X,L) — GL(H°(X,L")), acting by pull-back, which is well-
defined only up to an overall constant multiple, since we only have fj o f» = am for
some constant a € C* (cf. proof of Theorem 9.2 in [67]). In other words, the lift f — f
gives a well-defined homomorphism 6 : Auty(X,L) — PGL(H(X,L")). Considering
the action PGL(H®(X,L")) ~P(H®(X,L")*) given by the dual representation, it is easy
to see that 8(f), f € Autg(X, L), defines an element in PGL(H® (X, L")) which fixes the

image 1(X) of X under the Kodaira embedding.

Conversely, a well-known theorem (Theorem 9.4 of [67]) asserts that, for ev-
ery element f of Auty(X,L), there exists a unique projective linear transformation
g € PGL(H(X,L")) which fixes the image 1(X) of X under the Kodaira embedding,
such that f is the restriction of the action of g on P(H%(X,L")*) to the image 1(X) of
X in P(H°(X,L")*); in other words, we have go1 = 1 o f as an equality between maps
X = P(H(X,L")*) (cf. p84, [67]). Note also that 1 being an embedding means that 6
is injective. Summarising the argument as above, we now have an injective homomor-
phism 0 : Auty(X,L) — PGL(H°(X,L")) which satisfies 8(f) o1 =10 f.

However, we will often need 6(f) to be a “genuine” linear transformation rather
than a projective linear transformation. It is well-known (cf. Proposition 9.3 [67]) that,
by replacing L by L'® where R := dimc H(X, L"), this representation 6 can indeed be
“lifted” to a linear transformation on the ambient vector space; namely there exists a
faithful representation 0 : Auto(X,L™®) — SL(H?(X,L'®)), which we still denote by 0
by abuse of notation. From now on, we replace L by L'¥ in the above. Summarising
the above argument and also recalling the surjection @, HO(X,L") — H(X,L"™), we

obtain the following well-known result.
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Lemma 2.2.1. By replacing L by a large tensor power if necessary, we have a unique

faithful group representation
6 : Auty(X,L) — SL(H®(X, L))

for all k € N, which satisfies
0(f)ot=10f (2.2)

for the Kodaira embedding 1 : X — P(H°(X,LF)*).

Proof. Since the existence follows from the above discussion, we only have to show the
uniqueness. Suppose that we have two faithful representations 6 and 6’, both satisfying
(2.2). Observe that we have 8(g)00'(g) o1 =6(g)otog ! =10(gg™!) =1 for all
g € Auty(X,L) by (2.2). Since the image 1(X) of X cannot be contained in any linear
subspace of P(H?(X,L¥)*), the above equation implies that 8(g) 0 8’(g) ™' = wy(g)I,
where Vy(g) is an N-th root of unity (which may depend on g) and [ is the identity
in SL(H°(X,L¥)). Since Auty(X,L) is connected and 6(e) = 6’(e) for the identity
e € Auty(X,L), we get vy(g) =1 for all g € Auty(X,L), i.e. O(g) = 0'(g) forall g €
Auty(X,L). O

Remark 2.2.2. Recalling that Autg(X,L) is the maximal connected linear algebraic
subgroup in Autg(X), Lemma 2.2.1 is simply re-stating the well-known fact that, for
any connected linear algebraic group G acting on X, L admits a G-linearisation after
raising it to a higher tensor power, say L', if necessary (cf. Corollary 1.6, [89]). In
other words, having 6 as above in Lemma 2.2.1 is equivalent to fixing an Auty(X,L)-
linearisation of the line bundle L, by replacing L by L" if necessary. It is well-known
that we cannot always take r = 1 (§3, [89]). It is also well-known that a linearisation of
a G-action on a projective variety X is unique up to the fibrewise C*-action (cf. pp105-

106 in [38], Proposition 1.4 in [89]).

2.2.1.2 Automorphism groups of extremal Kéihler manifolds

Now, suppose that (X,L) contains an extremal Kéhler metric ®. As we remarked in
§1.4, we have grad,S(®) = —Jv,, where vy is the Hamiltonian vector field generated

by S(w) with respect to @. The vector field vy is called the extremal vector field.
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Lemmas 1.4.1 and 1.4.2 (and also Remark 1.4.3) imply that v is a Hamiltonian Killing
vector field of @. On the other hand, a well-known theorem of Calabi [24] asserts that
the identity component of the isometry group Isom(w) of an extremal metric ® is a
maximal compact subgroup of Auty(X ). We now set and fix K := Isom(®) N Auty(X, L)
once and for all* as the (connected) maximal compact subgroup of Auty(X,L). The
above discussion means that we have v € £ := Lie(K). In fact, v, lies in the centre of ¢
by Lemma 2.3.4, which means, in particular, that the identity component Z(K)( of the
centre Z(K) of K must be nontrivial if X admits a non-cscK extremal metric.

Recall that we can write Aut(X,L) = K© x R, as a semidirect product of the
complexification K© of K and the unipotent radical R, of Auty(X,L) (recalling that it

is a linear algebraic group, cf. [53, 57]).
Notation 2.2.3. We summarise our notational convention as follows.

1. G:= Auty(X,L) and 8 : G — SL(H°(X,L*)) is the faithful representation of G
as defined in Lemma 2.2.1, and we write 8, : Lie(G) — sl(H*(X,L*)) for the

induced (injective) Lie algebra homomorphism,

2. K < G is the group of isometries of the extremal Kéhler metric @ inside G;
K :=Isom(w) NG. This is a maximal compact subgroup of G and we write
G = K€ x R, as a semidirect product of the complexification K€ of K and the

unipotent radical R, of G,

3. g := Lie(G), ¢ := Lie(K), and 3 := Lie(Z(K)); we may also write sl for
sI(HO(X,LK)).

In what follows, we occasionally confuse G with 8(G) < SL(H®(X,L*)), and g
with 6,(g) < sl(HO(X,LF)).

2.2.1.3 Some technical remarks

Let K be a maximal compact subgroup of Auty(X,L). By Lemma 2.2.1, we can con-
sider the action of K on HY(X, L) afforded by 6, and hence it makes sense to consider
K-invariant (or more precisely 6 (K)-invariant) hermitian forms on H%(X, L*). Observe

now the following lemma.

4Some results (e.g. the ones in §2.2.1.3 or §2.2.3), however, will hold for any fixed choice of maximal
compact subgroup K in Autg(X,L). Still, it may be convenient to have a specific choice of K in mind.



36 Chapter 2. Quantisation of extremal Kéhler metrics

Lemma 2.24. If f € K, 0(f) is unitary with respect to any K-invariant positive
hermitian form on H*(X,L¥), and A € 0.(v/—18) is a hermitian endomorphism with
respect to any K-invariant positive hermitian form on H°(X,L¥). Conversely, if

A € 0.(¢® /—18) is hermitian with respect to a K-invariant hermitian form, then

A € 6.(\/—1¢).

In what follows, we shall confuse a positive definite hermitian form (,)y with a
positive definite hermitian endomorphism H, by fixing a reference (,)g,. It is con-
venient in what follows to use a (,)p,-orthonormal basis as a “reference” basis for
HO(X,L¥). Although it is simply a matter of convention, this certainly enables us to fix

a “reference” once and for all.

Notation 2.2.5. In what follows, we shall write % for the set of all positive definite
hermitian forms on H°(X,L¥). Observe %, = GL(N,C)/U(N) and that the tangent
space of %y at a point is the set Herm(H®(X,L¥)) of all hermitian endomorphisms
on H°(X,L¥). We shall also write %X for the 6(K)-invariant elements in %, and
Herm(H°(X,L¥))X for the tangent space at a point in %X, which is the set of all her-

mitian endomorphisms on H%(X, L¥) commuting with the elements in 6 (K).

Finally, since the action of G on X is holomorphic, observe

vet=Jvev—1¢L (2.3)

2.2.2 Review of Donaldson’s quantisation

We now recall the details of Donaldson’s quantisation, namely the maps Hilb (“quantis-
ing map”) and F'S (“dequantising map”), following the exposition given in [43]. Heuris-
tically, it aims to associate the projective geometry of P(H®(X,L¥)*) to the differential
geometry of (X, LK), up to an error which decreases as k — oo (“semiclassical limit”),
thereby hoping that a difficult PDE problem in differential geometry (e.g. dS(@) =0
or dgradg’S(®) = 0) can be reduced to a finite dimensional problem on H%(X,L*) up
to an error of order k~!, say (cf. Theorem 2.3.7). Let /#(X,L) be the space of all
positively curved hermitian metrics on L, which is the same as the set of all Kihler

potentials .# = {¢ € C*(X,R) | @y ++/—19d¢ > 0} in ¢{(L) (where wy € c1(L) is
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a reference metric). We may confuse i € 7 (X,L) with the associated Kéhler metric

oy, € % when it seems appropriate.

Definition 2.2.6. The map Hilb : 7 (X,L) — By, where % is the set of all positive

definite hermitian forms on H°(X, LX), is defined by
N ;)
Hilb(h) == - | B(,)—2
ib(h) == 3, [ 1)

(recalling Notation 2.1.10), and the map F'S : %, — 5 (X, L) is defined by the equation

N
)y |Si|12~“S(H)k =1 (2.4)

i=1

where {s;} is an H-orthonormal basis for H(X,L¥). FS(H) may also be written as
hgs(x)- Observe that, fixing a reference hermitian metric 49 on L and writing F'S (H) =
e~ %hy, the equation (2.4) implies ¢ = %10g< ﬁ\':l |sl|i,6> Thus, the equation (2.4)

uniquely defines a hermitian metric hgg ) on L, and hence the map FS is well-defined.

Remark 2.2.7. The reader is referred to §5.2.2, Chapter 5, [77] for the proof of the
well-known fact that h’; s(u) agrees with the pullback by the Kodaira embedding X —>
P(H(X,L¥)*) of the hermitian metric ﬁFS(H) on Oppo(x 1xy+)(1) defined by H € %

The author believes that some of the following results (Lemmas 2.2.8 and 2.2.9)
should be well-known to the experts, although he could not find an explicitly written

proof in the existing literature.
Lemma 2.2.8. Suppose that L¥ is very ample. Then Hilb : 3¢ (X ,L) — 2y is surjective.

Proof. The main line of the argument presented below is almost identical to §2 in the
paper by Bourguignon, Li, and Yau [17].

Since L* is very ample, we have the Kodaira embedding 1 : X — P(H?(X,L¥)*) &
PN=1, First of all pick homogeneous coordinates {Z;} on PV ~!; all matrices appearing
in what follows will be with respect to this basis {Z;}. This then defines a hermitian

metric /1 := hpg(;y on Opy-1(1) and the Fubini-Study metric on PV~ Suppose

OFs(1)
that we write dyiz for the volume form on PV~! defined by OF5 (1) and dugz for the

one defined by O 1) where H := (B~1)'B~! and B € GL(N,C) (cf. Remark 2.2.17).
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Suppose that we write
J7°:={BeGL(N,C)|B=B", B>0}/{B~aB|o >0},

which we compactify to _# by adding a topological boundary d ¢ :={B € GL(N,C) |
B=B* B>0, rankB<N—1}/{o > 0}. We also write

A = {N x N positive semi-definite hermitian matrices with trace 1},

with the interior .7° consisting of positive definite ones, and the boundary d.7 con-
sisting of those with rank < N — 1. Note dimg _# ° = dimg ##° = N?> — 1 and that _#°

. . . . 2
and #° can be identified with a connected bounded open subset in RN 1,

Now, noting d{i(qp)z = dlpz, consider amap Wy : #° — 7°° defined by

—1
¥ |2 hZi,Z;
Po(B)ij = /N I . s dHipz /N 1 %2 2 dMpz,
YL Yy ’ZmBlmZm|i, PN Y Yo BimZnj,

h

where Wy (B);; stands for the (i, j)-th entry of Wo(B). Writing &g : PN~1 5 PN for

the biholomorphic map induced from B € _#°, we note

1
Po(l)ij = (/PNlduz> /IP’N‘ Y1zl i

o * - * h(Z”Z) *
N (/IP’NI@BduZO s % ( ¥ |Zz|]% ) (k)

1 =
Y1m(BiZi, BjmZ,
N (/Nld[uBZ> N1 Ll jmzm)d“BZ
P P Y ‘ZmBlmZm’}]

and hence, recalling tr(¥o(B)) = 1 and writing B for the transpose of B, we get

B () (B!
olB) = B )T

We claim that it defines a diffeomorphism between #° and J#°. It is easy to check

that Wy is a smooth bijective map from _# ° to s#°. Its linearisation 6%W|p at B can be
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computed as

oWy |B(A)
= —(B")'A"W((B) —Wo(B)A'(B") ! +tr((B") 'A'Wy(B) +Wo(B)A' (B') )Wy (B)

where A is a hermitian matrix which is not a constant multiple of B. Observe that

O0Wy|p(A) = 0 holds if and only if
fo(A) := —(B')"'A"¥o(B) — ¥o(B)A'(B') "

is a constant multiple of W (B). Noting that W(B) is a positive definite hermitian ma-
trix, we can show by direct computation that fp(A) cannot be a constant multiple of
Wy (B) unless A is a constant multiple of B. Thus the linearisation of ¥ is nondegener-
ate at each pointin _#°, and hence ¥ defines a diffeomorphism between _#° and #°
with a nontrivial degree at every point in .7°°. We also see that, using ¥o(B) = Wo(aB)
for oo > 0, Wy extends continuously to the boundary, mapping elements of d_# into
d, such that the degree of the map Wy : d_¢# — d.J¢ is nontrivial.

Now suppose that we write 13 (dugz) for the measure induced from dppz which
is supported only on 1(X) c P¥~!, and consider a continuous map ¥ : BARS N

defined by

L |2; o hz:,2))
(B)ij == (/PN 'Y (S0 BinZon ’ ix ( .UBZ)> /IPN1 Zl|ZmBlmZm’]%lX< Upz)

We first show that ¥ extends continuously to the boundary. Recall that 15 (dpy) is, as

a measure on X, equal to t* (a)l% ) /n!), and observe

- 51x (dlipz) = - P—
P Zl ‘ZmBlmZm’fl LX)cP Zl ‘ZmBlmZm’iI n.

_Z (BB 12/ B,pr,Bqu) (H)
” s )P Zl|ZmBlm m|h n!

:Z(B*)—.IBTI/ h(Zrazs) FS(I)
= Jgaocet 3 (z2 0!

Y
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since (§po1)*(Z;) = X, Bipl*(Z,). Writing ®(B) for the matrix defined by

ljl Zr;Zs (D% 1
q)<B)rs Z:/ - ( 2) ‘( )
Eor()CPY Y |Z)f5 ™

Y

we have ¥(B) = (B')~'®(B)(B") ! /tr((B')~'®(B)(B")~'). If {By} is any sequence
in _#° converging to a point in d_#, we immediately see ¥(limy By) = lim, ¥(By)
since ®(limy By) = limy, ®(By). As ®(limy By) is positive semi-definite, the formula
¥(B) = (B")~'®(B)(B")~! /tr((B")~'®(B)(B')~") also proves that ¥ maps a sequence

{By} in #° approaching d_# to a sequence which accumulates at a point in d.7.

We can now define a 1-parameter family of continuous maps ¥; := ¢ — JZ by
W, (B) := t¥(B) + (1 —1)Wo(B) (this can be viewed as using a measure 113 (dzp) +
(1 —t)dupy in the integrals above). By what we have established above, ¥, is a con-
tinuous 1-parameter family of maps between ¢ and ¢ which maps d ¢ into d./Z.
Since ¥y is a diffeomorphism between ¢ ° and .7° and has a nontrivial degree on
the boundary and ¥ maps sequences approaching d ¢ to sequences accumulating at
pointsin .7, ¥ : d _¢ — d.7¢ has a nontrivial degree. We thus see that ¥ is surjective
since the degree of a continuous map is a homotopy invariant (cf. Theorems 12.10 and

12.11, [4]).

Finally, we recall that 13 (dugz) = l*(w%(m/n!) is equal to k" @pg ) /n!. Note

also that, writing h* for 1*h, we have

-1
¥(B)ij = / Lilsily Opson) / W(sivsj)  OFsim
l - .
’ XY |ZmBlmsm|ik n! XY, |ZmBlmsm|ik n!

where we wrote s; := 1*Z;. Observe also that there exists § € C*(X,R) such that

O 1) = eP @', We have thus proved that, fixing a basis {s;} for H°(X,L¥), for any

positive definite hermitian matrix G there exists a function ¢ € C*(X,RR) such that

N ;!
VLEB+¢hk(Si,Sj)7 = G,’j.

We thus aim to find a function f € C*(X,R), such that e~/ /¥ is positively curved and

Hilb(e™ 1) (si,57) = N [ P01 (sy,5)) “’—f, to finally establish the claim. For this, it is
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sufficient to solve for f the following nonlinear PDE:
v—1_-\"
Op+~——3df | =e/ P!
( o O0) = N

which is solvable by the Aubin—Yau theorem (cf. Theorem 4, p383 [127]).
O

Lemma 2.2.9. Suppose that we choose k to be large enough, and that H,H' € %y
satisfy FS(H)* = (14 f)FS(H") with supy |f| < € for € > 0 satisfying Nie < 1/4.
Then we have ||H —H'||,p < 2N*€, where ||-||, is the operator norm, i.e. the maximum
of the moduli of the eigenvalues (cf. §2.2.1.3). In particular, considering the case € =0,

we see that FS is injective for all large enough k.

Proof. We now pick an H-orthonormal basis {s;} and represent H (resp. H') as a matrix
H;;j (resp. H] ;) with respect to the basis {si}. H;j is the identity matrix, and replacing
{s;} by an H-unitarily equivalent basis if necessary, we may further assume H/ =
diag(dlz, e ,dl%,) for some d; > 0. Recall that the equation (2.4) implies that we can
write FS(H')* = e=9FS(H)* with ¢ = log< N i_2|Si|2FS(H)k>' Thus the equation
FS(H)* = (1 + f)FS(H")* implies 1+ f =Y, ;2|Si|1295(H)k’ and hence, by recalling
(2.4),

(1+ )Y Isilie = Yo di il (2.5)

i i

with respect to any hermitian metric 4 on L, by noting that we may multiply both sides
of (2.5) by any strictly positive function e?. We now fix this basis {s;}, and the operator
norm or the Hilbert—Schmidt norm used in this proof will all be computed with respect
to this basis.

We now choose N hermitian metrics hp,...,hy on L as follows. Recall now
that, by Lemma 2.2.8, for any N-tuple of strictly positive numbers A= (AlyeeesAw)
there exists ¢; € C*(X,R) such that the hermitian metric /" := exp(¢; )h satisfies
Jylsif? ,)k“;—;{’ — 2. We thus take 4; = (e %,....e %, 1,e7%, ... e™%) with 1 in the i-th
place, and choose ¢; € C*(X,R) appropriately (cf. Lemma 2.2.8) so that &; := exp(¢;)h

o= (o 2 [ by 2 o).

satisfies
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Now consider the matrix

and observe that the modulus of each entry is at most 1, and that ||A[|,, < 2 and
|A7||op < 2 if k is large enough. Then, multiplying both sides of (2.5) by exp(k¢;)
and integrating over X with respect to the measure a),’l‘i /n!, we get the following system
of linear equations
1 d;?
A+F)|:]l=A] |,
1 dy?

where F' is a matrix defined by

a)}’l
= 12 Thi
J —/Xf|sj|h{_c n'

whose max norm (i.e. the maximum of the moduli of its entries) satisfies ||F||nqx <

supy | f| < € since the modulus of each entry of A is at most 1. We thus get

d?—1 1
=A"'F
dy?—1 1

Thus, noting ||[A™'F|[op < [|AH|opl|Fllop < 2||F ||1s < 2N||F ||max < 2N€, we get

—1|< /Z|d— 1|2 < 2N'tz2¢.

Thus we get 1 —ZN%S < ali_2 <1 +2N%8, and by the assumption N%s < 1/4 we have

3
2N2€g 2N£
—<d2<1+—<1+2N2

1-2N%e < 1— — <d
1+2N2e 1-2N3e
as required. [

In order to describe the map FSo Hilb : 5#(X,L) — 5 (X,L) (cf. Theorem

2.2.11), we introduce the following function which is important in complex geome-
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try and complex analysis.

Definition 2.2.10. Let 1 € 57 (X,L), and let {s;} be a [, h*(,) ﬁ—?—orthonormal basis for
HO(X,L¥). The Bergman function or the density of states function p; () is defined

as

N
pr(@p) =Y Isil}i-
i=1

We will also use a scaled version of pi(wy,) defined as

_ Vv
pr(on) = (@),
where the scaling is made so that the average of py (@) over X is 1.

It is easy to see that py(®;,) depends only on the Kidhler metric @y, rather than h
itself, i.e. is invariant under the scaling & +—> e¢“h for any ¢ € R. Recall now the following

theorem, which easily follows from the definition (2.4) of F'S.

Theorem 2.2.11. (Rawnsley [98]) FS(Hilb(h)) = (pr(®,)V /N)~Y*h for any h €
(X ,L) and large enough k > 0 such that L* is very ample.

Remark 2.2.12. Suppose in general that we are given an embedding 1 : X — PV~!
of X (not necessarily defined by sections of an ample line bundle) such that 1(X) is
not contained in any hyperplane. It is possible to define the Bergman function in this

situation by using Theorem 2.2.11.

An obvious corollary of Theorem 2.2.11 is that FS(Hilb(h)) = h if and only if
pr(@y) = const=N/V,and h € 7 (X, L) satisfying this is called balanced.

Definition 2.2.13. A hermitian metric 7 € 77 (X, L) is called balanced at the level & if

it satisfies the following two equivalent conditions.
L. pi(ay) =N/V or p(oy) =1,
2. FS(Hilb(h)) = h.

An important point is that we have an “extrinsic” characterisation of balanced met-

rics, in terms of the Kodaira embedding. For this, we fix some basis {Z;} for H%(X, LX),
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which may be called a reference basis.? With this choice of basis, it is possible to iden-
tify H9(X,L*) with its dual, and also with CV, and hence P(H®(X,L*)*) = PN~!. Note

then that the Kodaira embedding t can be written as
L:X Dx> [evyZ) it eveZy] cpPV-!

where ev, is the evaluation map at x. This embedding may be called a reference em-
bedding, and will always be denoted by t from now on. It is important to fix some
reference basis for the identification P(H?(X,L¥)*) =2 PN~!, but a different choice of
reference basis will only result in moving (the image of) X inside PN~! by an SL(N, C)-

action (cf. Remark 2.2.17).

Definition 2.2.14. Defining a standard Euclidean metric on C which we write as the

identity matrix /, we define the centre of mass as

_ hps(Zi,Z) @ BE < (si,57) K"
fix ;:/ \2:.2;) £S5 rs(5i5)) IS ¢ V=1u(N)
l(X) Zl |Zl|l’;‘§ n. X Zl |sl’Fsk n.

where h]; ¢ 18 (the pullback by the Kodaira embedding of) the Fubini-Study metric hEs

on PY~! induced from 7 on CV covering P¥~! (see also Notation 2.2.16 below).

Remark 2.2.15. Note that the equation (2.4) implies that we in fact have [iy =

Kl
thlfvs(siasj)TFS-

Notation 2.2.16. As a matter of notation, we will often write {Z;} for a basis for
H°(X,LF) when we see it as an abstract vector space and {s;} when we see it as a
space of holomorphic sections on X; thus we can write 1*Z; = s; by using the Kodaira
embedding 1. We also write /s for the Fubini-Study metric on &py-1(1) induced from

Ion CY covering PY~!, and write @ for the corresponding Kihler metric on PV =1,

We can now move the image of X in PY~! by the SL(N,C)-action on PV~ (or
rather on the CV covering it). Writing & : PY~! = PV~! for the biholomorphic map
induced from g € SL(N,C), note that moving the image 1(X) of X by g € SL(N,C) is
equivalent to considering the embedding 1, := §g01 : X — PN=1 and the effect of &

is such that Z; changes to Z := Y. ;j8ijZj, where g;; is the matrix for g represented with

SWe may take this to be an orthonormal basis for the reference (,) Ho in §2.2.1.3.
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respect to the basis {Z;}. Thus, the Fubini-Study metric wps = 1* g&alog(z 1Zi]?)
changes to (g01)* \{;aalog(z 1Zi?) = l*g;a&log(i |Z!|?), which we can see is
equal to Wrg(g), 1.e. (the pullback by t of) the Fubini-Study metric on PV=1 induced
from the hermitian form H := Wg_l on CV,

Thus, writing jix(g) for the new centre of mass after moving the image of X by g,

namely the centre of mass of X with respect to the embedding 1, = &, o1, we have

_ i;l Zi,Z; o7
.UX(g):/l FS( ]) FS

X) Zz|Zz|gv n!
hesu)(Z1,25) / i) K Ok
X) Zz|Zf|fgvS( Zl|51| nt

Remark 2.2.17. Suppose that we have another choice of reference basis, say {Z},
to compute the centre of mass, say fiy. Since we can write Z; = Y ;g;;Z; for some
g € SL(N,C), we see that choosing a new reference basis is simply moving the image
of X inside PV~! (with respect to the old reference basis) by g € SL(N,C); namely
Ly = [ix (8)-

Observe that the new basis {Z/} is an H-orthonormal basis where the hermitian

form H is defined by H = (g~ !)’g~ 1.

Definition 2.2.18. The Kodaira embedding ¢ : X — PN~ is called balanced if there
exists g € SL(N,C) such that fix(g) is a multiple of the identity in v/—1u(N); equiva-
lently, fix(g) is in the kernel of the natural projection v/ —1u(N) — v/—Lsu(N).

Note that the definition of being balanced does not depend on the choice of refer-
ence basis that we chose to have P(H?(X,LK)*) = P¥~!, by Remark 2.2.17.
A fundamental result is the following, which easily follows from Lemma 2.2.9,

Definition 2.2.10, and Remark 2.2.15.

Theorem 2.2.19. (Luo [76], Zhang [131]) Kodaira embedding 1 : X — P(H° (X, L})*) =

PN is balanced if and only if L admits a balanced metric at the level k.

The reader is referred to §2.6.1 (in particular Theorem 2.6.2), for its connection to
a stability notion in algebraic geometry.

Finally, we prove the following general lemma, which also applies to the case of
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general embedding 1 : X < PV~! as discussed in Remark 2.2.12. The author thanks

Joel Fine for pointing it out to him.

Lemma 2.2.20. Let F be the Hamiltonian for the vector field on PN~1 generated by
V—1k"fix (g) " with respect to the Kiihler metric @ (Y where H= (g~ 1)'g~ . Then,
Pr(@ps)) = U°F.

O () )

n!

Proof. Let {s;} be an H-orthonormal basis and {s!} be a thI;S(H)(,)
orthonormal basis. Let P be the change of basis matrix from {s;} to {si}. This
implies

ZPlz Jq ZPIIPM/hFS Slasq a0 :kn(sij,

which implies fiy = k" (P*P)_l, where iy is the centre of mass defined with respect to

the basis {s;}. Note fiy = fix(g) by Remark 2.2.17. Note also that

Pr(@psm) Z|S ’FS = ZPIzquth( ) (51,5¢) = Z(P*P)lthfvs(ﬁ) (51,5¢),
iq,l q,l

and hence we get
Pr(@ps(m)) = Z(k"ﬁx(g)_l)ijhl}s(m(Si,Sj)- (2.6)
i,j

Now, using the homogeneous coordinates {Z;} on PV~! corresponding to {s;},

i.e. 1*Z; = s;, we have
o . . ZiZ;
Y (Ax (&) ijhgy (sivsy) = 1" | Y (Ax (&) Dije2 | - (2.7)
ij ij Zl ’Zl’
Recall that for A € u(N) regarded as a Hamiltonian vector field on PN~!, the
Hamiltonian F, for A with respect to Ofs(a) is given by (cf. p88, [119])

—v-1 ZA (2.8)

Y |Zz|2

Thus, taking A = /—1k"[ix(g) ~' € u(N), we get the claimed statement from the equa-
tions (2.6), (2.7), and (2.8).
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2.2.3 A general lemma and its consequences

We prove the following general lemma.
Lemma 2.2.21. Forany f € Auty(X,L),
L f*pi(on) = pi(f* @p),
2. Hilb(f*h) = 6(f~)*Hilb(h)0(f 1),
3. [ FS(H)=FS(O(f')"HO(f)).

Remark 2.2.22. We recall now that we have 6 : Auto(X,L) — SL(H°(X,L¥)) as in
Lemma 2.2.1 (by replacing L by a large enough tensor power if necessary) which im-

plies that we have a “consistent” choice of the lift £ of f € Auty(X,L) to the automor-

phism of the total space of the bundle L so that fj o f> = fi o f> (i.e. fixed linearisation
of the action; see Remark 2.2.2). For a hermitian metric 4 on L, f*h in the above

statement is meant to be f*A for this choice of f.

Proof. Note the elementary

/hkss /f hkss

for any two sections s and s/, by recalling (2.2). This means that, if {s;} is a Hilb(h)-

orthonormal basis, then {Y; 6(f)i;s;} is a Hilb(f*h*)-orthonormal basis where 6 (f);;

* n
fro,

n!

= [ 65 60)

is the matrix for 0(f) represented with respect to {s;}. We thus have f*pi(wy,) =
Ll X 00F)ijsil G = Pu(f* o).

For the second part of the lemma, we just recall that {}; 0(f);;s;} is a Hilb(f*h)-
orthonormal basis to see Hilb(f*h) = 0(f~")*Hilb(h)0(f~").

For the third part of the lemma, apply f* to the defining equation ) \s,-]% Sk = 1
for FS(H) (equation (2.4)), where {s;} is an H-orthonormal basis. We then get
Zi|zje(f)ijsj|§‘*FS(H)k = 1, which means that f*(FS(H)) = FS(H') with H' having
{¥;6(f)ijs;} as its orthonormal basis, i.c. H' = 0(f')*HO(f'). Thus f*FS(H) =
FS(O(f~')*HO(f)).
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Lemma 2.2.21 proves the following observation of Sano and Tipler.

Lemma 2.2.23. (Sano-Tipler, §2.2.1 of [107]) If H is 6(K)-invariant, then FS(H) is
K-invariant. Conversely, if the Kiihler metric oy, is K-invariant, then Hilb(h) defines a

0 (K)-invariant hermitian form on H°(X,LF).

Proof. The first statement is an obvious consequence of the third item of Lemma
2.2.21. To show the second statement, observe first that @, being K-invariant means
that we have f*hk = e“hk with some ¢ = ¢(f) € R for any f € K (with respect to the

fixed linearisation of the action, as we saw in Remark 2.2.22). Recall also

FE(H (s,8) = (fH)(0(f)s, 0(f)s) = eH*(6(f)s,0(f)s")

for any two s,s' € H(X,LK). Since f*@, = @, we thus have Hilb(h) =
e“0(f)*Hilb(h)6(f) by noting

* n
/oy

n!

n
O N

Hilb(h)(s,s’):%v /X (s, s") =7 /X [H(H(s,5"))

n
D

:f%é#@@%ﬂﬁﬁ

n!’

We now take the determinant of both sides of the equation Hilb(h) = e“0(f)*Hilb(h)6(f)
to conclude ¢ = 0, by recalling 6(f) € SL(H’(X,L¥)). We then have Hilb(h) =
0(f)*Hilb(h)O(f), i.e. Hilb(h) is O(K)-invariant. O

2.3 Construction of approximate solutions to
a 1,0 _
dgradg, pr(@x) =0
2.3.1 Preliminaries
For the sake of convenience, we decide to have the following naming convention.

Definition 2.3.1. We say that @ is p-balanced if it satisfies 7, Za, pr(wy) = 0.

Suppose now that (X,L) admits an extremal metric @ € ¢;(L), and that K stands
for Isom(®) N Auty(X,L) from now on. ® being extremal, its scalar curvature S(@®)
generates a Hamiltonian Killing vector field vy € £. The first step of the proof of Theo-
rem 2.1.6 is to construct a metric @’ which “approximately” satisfies 0 gradi;?pk(a)’ )=

0. We thus consider the following problem.
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Problem 2.3.2. Starting with an extremal metric @ satisfying Z;; Z»S(®) = 0, can one
find for each m € N a sequence {H,, (k) }; with Hy, (k) € BX so that O(m) = OFS(H,, (k)
satisfies |[@,,) — @[, < ¢m,1/k for some constant ¢, ; > 0 for each / € N and all large

enough &, and also

H‘@Z%m) gww)pk(w(m))‘ o< Cons (@) 2

for each | € N, with a constant C,, ;(®) that depends only on 7,/ and ®©?

As in the usual cscK case, the construction of approximately p-balanced metrics
will crucially depend on the well-known asymptotic expansion of the Bergman function
(cf. Theorem 2.3.7), so that @;‘,(m> @w<m)pk(w(m)) is going to be zero “order by order”
in the powers of k~!. For this purpose, it turns out that it is easier to work with a pair
of equations (cf. (2.10)) that is equivalent to .@gf,¢ .@% pi(wy) = 0, which we discuss
shortly.

Before doing so, we briefly recall the explicit formula for describing how the
Hamiltonian for the extremal vector field v changes when we change the Kéhler metric

from @ to @y := @+ /' — 109¢. We have a general lemma as follows.

Lemma 2.3.3. (cf. Lemma 4.0.1 of [8]) Suppose that v € € = Lie(K) is a Hamiltonian
Killing vector field, with Hamiltonian F with respect to ®. Suppose also that the Lie
derivative of ¢ € C*(X,R) along v is zero. Then F + %(a’ﬁ,d(p)w is the Hamiltonian
of v with respect to ® ++/—199¢. Namely,

(V) (w++v—-130¢) = —d (F+ %(dﬁ",dgb)w) .

Proof. Since the complex structure J is K-invariant (since K < Auty(X,L)), we have
L,(Jd¢) = 0, where L, is the Lie derivative along a vector field v € ¢ = Lie(K). In
other words, 1(v)(dJd¢) = —d(1(v)Jd¢) = d(Jv(¢)), where we recall that J acts on a
I-form o by Ja (&) = —a(JE) for any vector field &, which also implies

Jiv)o(§) = —o(v,JE) = o(v,§) =1(/v)o(S) (2.9)

for any vector field &. Recall also that dJd¢ = 2/—139¢ (cf. §3.1, [8]). We thus have
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1(v)v/—199¢ = 1d(Jv(¢)). Note also that, when v is generated by F, we have —Jv =
grad,F, and hence Jv(¢) = —grad,F(¢) = —(dF ,d¢)e where (,) is the pointwise
norm on the space of 1-forms defined by the metric ®.

]

In what follows, we shall apply the above lemma to the case where v is the extremal

vector field vy and £ = S(®). Observe also the following well-known fact.

Lemma 2.3.4. Suppose that wy, is K-invariant. Then the Hamiltonian vector field v
generated by a K-invariant function F commutes with the action of any element in K.
In particular, if v is a Hamiltonian Killing vector field with respect to @y, v lies in the

centre 3 of €. In particular, the extremal vector field vy lies in 3.

Proof. Applying f € K < G to the equation 1 (v) @y, = —dF, we have 1((f~1).v) f* @, =
—df*F. Since @y, and F are K-invariant, this yields t((f~!).v)@, = 1(v)w,. Since
@y, is non-degenerate, we have (f~!),v = v, which is equivalent to saying that the 1-

parameter subgroup generated by v commutes with the action of any elementin K. [

We now consider a pair of equations

S(w) + 3(dS(®),d9) o = ATkpy () + f

to be solved for a pair of K-invariant functions (¢, f), which we will be concerned with
from now on. The following lemma shows that solving this equation is equivalent to

having a p-balanced metric.

Lemma 2.3.5. Suppose that @ is an extremal metric and write @y = @ + / —190 Q.
There exists a K-invariant function ¢ which satisfies 9, . Do pr(@y) = 0 if and only if

we can find a pair of K-invariant functions (9, f) which satisfies

S(0) + 1(dS(w),dd) o = Amkpi(ws) + f (2.10)

Dy Doy f =0.
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Remark 2.3.6. It is important to note that, in (2.10), we need Z, . .@% f =0 and not
D59 f = 0. This will cause an extra complication in the construction of approxi-

mately p-balanced metric, which did not happen in the cscK case (cf. Remark 2.3.14).

Note that @ being an extremal metric is essential in the above lemma. We also
remark that the real holomorphic vector field v, generated by the Hamiltonian f in the
above, precisely represents the discrepancy between the vector field vy generated by

S() and the vector field v generated by 47kpy(my ), as we shall see in the proof.

Proof. Suppose that we can find a pair (¢, f) of K-invariant functions satisfying (2.10).

Then, recalling Lemma 2.3.3, we have
1(vs)(w++v—100¢) = —d (S(a)) + %(dS(a)),dgb)m) = —d (47kpi(09) + f) -

Since f satisfies .@§,¢.@w¢ f =0, there exists a real holomorphic vector field v
such that 1(v¢)(® +/—199¢) = —df. Thus we get 1(vy —vs)(@0+v/—199¢) =
—d (4mkpy(wp)).  Since vy — vy is a real holomorphic vector field, we have
2 D, Pr(@9) = 0 by Lemma 1.4.2.

Conversely suppose Z, ' Dw,Pr(®y) = 0. Then there exists a real holomorphic
vector field v such that 1(v)wy = —d4mkpi(@y). Then, writing v = (v — vy) + vy, we

have

—d (47kpr (@) = 1(vs) @p + 1(v — vy) 0y

~—d (s(0)+ J(as(o).d0)0 ) ~ds

where we put f := 47mkpi(wy) — S(®) — 3(dS(®),d9)e in the third line. Note
that Lemmas 1.4.2 and 2.3.3 imply %, P, (S(w) + 3(dS(w),d¢)w) = 0. Recall-
ing -@2>¢ Dw,Pr(®p) = 0 in our assumption, we thus have .@§,¢ Dw,f = 0. Note that
f=4nkpi(wy) — S(w) — %(dS(a)),d(p)w is K-invariant if ¢ is K-invariant by Lemma
2.2.21. This gives us an equation 47kpy(@y) = S(®) + 3(dS(®),d)e + f + const.
Replacing f + const by f, we get the equation (2.10).
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2.3.2 Perturbative construction by using the asymptotic expansion

We now recall the following famous theorem, which will be of fundamental importance

for us. We refer to [77] (in particular to Theorem 4.1.2) for more detailed discussions.

Theorem 2.3.7. (Tian [123], Yau [129], Ruan [104], Zelditch [130], Catlin [27], Lu
[75], Ma—Marinescu [77]) The Bergman function py(®y) admits the following asymp-

totic expansion in k™!
pr(@p) =K+ K" by + K" by 4 -

with by = %S(w(p), and each coefficient b; = bj(wy) can be written as a polynomial
in the curvature Riem((%) of Wy and its derivatives of order < 2i — 2, and the metric
contraction by @y.

More precisely, there exist smooth functions b; such that, for any m,l € N there

exists a constant C,,, | such that for any k € N we have

< Ckan—m—l.

m
pk(a)¢) —K'— Z bk
i=1 C!

Moreover, the constant Cy,; can be chosen independently of wy provided it varies in a

Sfamily of uniformly equivalent metrics which is compact with respect the C™-topology.

Remark 2.3.8. In what follows, we shall often use the standard shorthand notation for
the asymptotic expansion to write px(@y) = k" + k" ~'by + k" 2by + O(k"~3) to mean

the above statement.

Remark 2.3.9. Since ¢ is K-invariant and K acts as an isometry of @, each coefficient

b; appearing in this expansion is K-invariant.

Remark 2.3.10. Theorem 2.3.7 and the Riemann—Roch theorem immediately implies
the asymptotic expansion pi(@y) = 1+ (b1 — b1) + 75 (b2 — by) + - -+, where b; is the
average of b; over X with respect to @y, which is determined by the Chern—Weil theory
(and hence depends only on (X,L) and not on the specific choice of the metric). For
notational convenience, we will often use this in the form

1

pr(@y) =c1 + .

m
1 . o
b1+zéﬁ(b,-—b,-)+0(k m=1y,
1=
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with the constant ¢ := 1 — by /k, in what follows.

We now recall S(wy) = S(®) +Lo¢ + O(9?) where Ly, is an operator defined by
Lo := —A2 ¢ — (Ric(®),vV/—199¢)

with A, being the negative d-Laplacian —dd* — d*d. Recall the well-known identity
(equation (2.2) in [70])

709 = ~Lod + 5(d5(),d9)o.

Given these remarks, we now study how the equation (2.10) will be perturbed
when we perturb the metric @ to @) := ® + V=199 ¢y /k. First of all we expand

S(@y1)) in @1 /k, which leads to the following asymptotic expansion
1 _
S(e)) = S(@) + L Lodr +O(k?) @2.11)

ink~ 1.
Note also that each coefficient b; in the asymptotic expansion of the Bergman

function changes as

bi(axy)) = bi(w)+O(1/k), (2.12)

noting that b;( 1)) can be written as a polynomial in the curvature Riem(@(;)) and its

derivatives, with the metric contraction by @yy).

Remark 2.3.11. Note that this also implies that each coefficient of the powers of k!
in the above expansions (2.11) and (2.12) is K-invariant, if we can choose ¢; to be

K-invariant.

Thus we have pp(®)) = k" + %S(a)) + kz;: (Lo +47by (@) + O(K"3),

which means
1 _
47rkpk(a)(1)) = 4nkc) + S(w) + 2 (Lw¢1 +4nby (@) — 47Cb2) + O(k_z).

Note that, for any fixed ¢, we have .@2)(1)960(])(})’ = 9599’ + O(1/k) by recall-

ing the formula (1.2) and expanding it in 1/k. Note also that the second O(1/k) term



54 Chapter 2. Quantisation of extremal Kéhler metrics

can be estimated by C(¢'; @, ¢;)/k, where C(¢';®,¢) is a constant which depends
only on the C*-norm of ¢’ and the C*-norm of @ and ¢;. In what follows, we shall
(rather abusively) refer to this fact by saying that “we have 9;;(]) Doy = PoPo+ %D,

where D is some differential operator of order at most 4 which depends on w and ¢;”.

Thus the equation (2.10) to be solved becomes, up to the order 1/k,

S(®) + 2 (dS(®),d) o = 47kt +S(0) + L (Lod) +47by (©) — 47hy) + f + O(k2)

. 2
Dy Do =0,

We write fp := —4mkc; and decide to find f that is of order 1/, i.e. decide to find f

independent of k such that f = f} /k. Namely, we re-write the above equation as

/

3 (dS(®),d¢1)w L Axker + fo+ = (Lo +4nby () + fi —47hy) + O(k~2)
= 1 (Lo¢r +47mba () + fi —4nbs) + O(k?)

?
Doy Py fo+ fi/k) = %-@3(1)9w<1>f1 =0,

\

by noting that constant functions generate a trivial holomorphic vector field. We note
that by Remark 2.3.11, each coefficient of the powers of k! in the above asymptotic

expansion is K-invariant, if we choose @; to be K-invariant.

We now wish to solve this equation up to the leading order, i.e. the order O(1/k).

Namely, we wish to find a K-invariant ¢; such that

CLoyor+ %(dS(w),dq)l)w — 47thy (@) — 47+ fi

for some f] which satisfies ;% fi = 0 and is K-invariant. Recalling that the left-hand
side of this equation is equal to &, Z, ¢, (cf. (1.2)), we are now in place to apply some
well-known results concerning the Lichnerowicz operator, collected in the appendix.
By applying Lemma A.0.12, we can certainly have a pair (¢, f{) of C*-functions on X
which satisfies

D Do9] = 4by () — 47hy + f]

D620 f] =0.

It remains to prove that ¢{ and f{ are both K-invariant. We now recall that @ is invariant
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under K, and hence Z;,%,, and by(®) are both invariant under K. Thus, we may take

the average over K of the above equation as

D5 Do [ & 01d1 = 4by(0) — 47hy + [ g* f1d 1

D5%0 x & fldu = 0.

(2.13)

where g € K, and du is the normalised Haar measure on the compact Lie group K.
Thus, setting ¢ := [, g*¢;du and fi := [, g*fldu, we find a pair (¢y,f)) of K-
invariant functions which satisfies 7}, 20, = 47by(®) —47hy + f1 and 2D f1 = 0.
Note that ¢; and f] as constructed above are independent of k.

This means that, going back to the equation (2.10), we have found a metric @) =

®++/—199¢; /k and f; such that

S(w) + 5 (dS(w),d91)w = 47kpy (@) + fo+ f1/k+ O(k™?)

Do Zo(fo+ f1/k) =0.

where we recall fo = —4mkc,. Note that, knowing that ¢; is K-invariant means that @)
is K-invariant, and hence each coefficient of the powers of k~! in the above asymptotic
expansion is K-invariant.

It is important to note that we only have 9, %, fi = 0 and not @Zf)(l)@w(l) fi=0
(cf. Remarks 2.3.6 and 2.3.14). However, noting .@;f,( ]>9w(1) = D0 Do+ %D with some
differential operator D of order at most 4 which depends only on @ and ¢;, we still

have

* 1 * —
Doy Doy fo+ fi/k) = 2 Zon Zon 1 = 0(k?)

and the main point of what we prove in the following (Proposition 2.3.13 and Corollary
2.3.15) is that this is enough for solving Problem 2.3.1 by an inductive argument.

Our aim now is to repeat this procedure inductively to get an improved estimate.
We thus wish to find a sequence of K-invariant smooth functions (¢ «, ..., ®m k) such
that the metric @) 1= ® + V=199 (X", ¢;1/k') is approximately p-balanced. Unlike
the cscK case, we will not be able to have each ¢; ; independently of k (see Remark

2.3.14 below), and we will only be able to show® that each ¢; x converges to some ¢;

Recall on the other hand that we could certainly choose (¢, f1) independently of k.
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in C™ as k — oo, if i > 2. This convergence property is obviously of crucial importance
in ensuring that @, converges to @ as k — oo (in C*-topology), from which it also
follows that we can apply Theorem 2.3.7 for each of { @)} as they only vary within

a compact subset with respect to the C”-topology, when k is large enough.

Remark 2.3.12. In what follows, we allow each coefficient B; = B, ; of the asymptotic

expansion to depend on k as long as it converges to some B; .. in C™ as k — oo.

For notational convenience, we decide to write @, :=Y./"; ¢« /k! for a sequence
of K-invariant functions (@; ,...,®, ), each ¢; ; converging to some ¢; .. in C*, and
Oy = O+ \/—_13945(,7,). We also write 9(*"1) Dy for the Lichnerowicz operator
.@Z,(m) ‘@“’(m with respect to @,,). Given all these remarks, the main technical result

of this section can be stated as follows.

Proposition 2.3.13. Suppose that for m > 1 there exist sequences (@i k, ..., On i) and
(fihs--->Fmk) of K-invariant real functions with the following properties: each ¢; i
(resp. fix) converges to some Q; « (resp. fio)in C* as k — oo, and the pair ((b(m),f(m)),
with ¢y = Y11, Oixc /K and fi,) = YIL, fix/K' satisfies

S((D) + %(dS(G)),dd)(m))w = 47tkpk(a)(m)) + fo +f(m) + O(k_(m'H))

P n-1yZ =1 Jim) =0

such that each coefficient of the powers of k~! in the asymptotic expansion is K-
invariant and converges in C™ as k — oo, with fy = —4nkc) = —4nk(1— by /k) being a
constant. Then we can find a pair of K-invariant real functions (@1 k, fm+1k), each
converging to some (@j e, fi) in C* as k — o such that the pair ¢, 1) = Z;.":il Ok /K
and finq1) = Z;’Sl fix/K satisfies

S(@) + 5(dS(@),dPns1)) 0 = 4TkPL(Opn1)) + fo + fims1) + O™ ")

Diony D m) Jim+1) =0

such that each coefficient of the powers of k~' in the asymptotic expansion is K-

invariant and converges in C* as k — oo.
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Remark 2.3.14. We note that ¢; ; and f; x (i > 2) cannot be chosen to be independent of
k, and can only prove the existence of families of functions {¢; x }x, { fi x }x converging
to some smooth functions ¢; . and f; . in C* as k — oo. In particular, ¢;;’s and f;;’s
vary in a bounded subset of C*(X,R) for all large enough k. This is an important part
of the induction hypothesis, where we also note that it was certainly satisfied in the
base case m = 1, where ¢; and f; could be chosen independent of k.

This is inevitable, since when we solve the equation 9(*}”) Dim) i = B! for some B
as we will do in the proof, the solution ¢; = ¢; ; will depend on k as .@(*’ ) D(m) depends
on k (even when we have B} independently of k).

We note that this problem did not happen in the cscK case [40], where we could
solve Y, %,¢ = const at each order to get an approximately balanced metric, with
respect to the fixed (cscK) metric ®. This should be fundamentally related to the fact
that 0 in the cscK condition éS(a)) = 0 (or the corresponding “quantised” equation
dpr(®) = 0) is independent of the metric @, whereas o gradé;o in dgrad;’s (w) =0 (or

the corresponding égradi;oﬁk(a)) = 0) does depend on .
Before we start the proof, we see the consequence of it.
Corollary 2.3.15. Problem 2.3.2 can be solved affirmatively.

Proof. Proceeding by induction on m, where we recall that we have established the base
case m = 1 at the beginning of this section, we find @,,) for each m € N which satis-
fies the properties claimed in Proposition 2.3.13. We now compute .@(*m) D (m) Pr(O(m))-
Note that S(w) + %(dS (®),d@())e is the Hamiltonian of the real holomorphic vec-
tor field v with respect to @) $0 ;) D) (S(w) + %(dS(a)),d(p(m))w) = 0. Since
Din-1yZim-1)fm) =0 Doy Dim) = Doy Dm—1) + O(k™™), and fy = O(k ™), we
have .@(*m).@(m)f(m) = O(k~™"). This means .@(*m) D (m)Pr(O(my) = O(k~™=2), and D)
is K-invariant since each of (¢; ..., ¢n ) is K-invariant.

Now, arguing as in the appendix of [47], for any v € N there exists some
H = Hy y € % such that @,,) = Oy + O(k™"). Note that @, being K-invariant
implies that each coefficient in the expansion of pk(w(m)) is K-invariant. Thus, us-
ing Lemma 2.2.23 in applying the argument in the appendix of [47], we see that H

is in fact 6(K)-invariant, i.e. H € %’,f . Thus, taking v = 2m for example, we have

7, -@(m) =Y, )‘@wFS(H) + O(k_zm) and pk(w(m)) = pk(wFS(H)) + O(k_zm)’ and

(m) OFs(H



58 Chapter 2. Quantisation of extremal Kéhler metrics

hence

Ds )'@wFS(H)ﬁk(wFS(H)) = O(k_m_2)~ (2.14)

OFs(H

This means that, without loss of generality, we may assume in what follows that @,
is of the form gy for some H € @f :

]

We now prove Proposition 2.3.13. Some technical results, which are used in the

proof, about the Lichnerowicz operator are collected in the appendix.

Proof of Proposition 2.3.13. We invoke Theorem 2.3.7 to have the asymptotic expan-

sion

47rkpk(a)(m+1)) + fo

4r - 4r - _
= S(Oni1)) + - (b2(@(s1)) —b2) +---+ W (Bi1(@gus1)) = bigr) + -+ Ok~ "))
where i < m+ 1, which is valid as long as each of ¢y ,..., @1, varies in a bounded

subset of C(X,R), as ensured by the induction hypothesis. We then expand each
coefficient S(®(,,41)) and b;(@(,+1)) 2 <i<k+1)in Omr14/k" L. They are of the

form
S(0m 1)) = S(@m) + ki(mH)Lw(m) O 1.4+ O(k~2m+D)
and
bi( @1 1)) = bi @) + Ok~ "),
Since @ and (; x,...,Pn ) are K-invariant, the same argument as in Remark 2.3.11

implies that each coefficient of the powers of k! in the above expansions is K-invariant
and converges to some smooth function in C* as k — oo once we know that ¢, 1 x is
K-invariant and converges to some ¢, .. in C* as k — 0.

We can thus write

- 1 4w -
ATkPi(On11)) +fo = S(Om)) + 1y Loy P+ = (b2(@(m)) = b2) + -+
4 -
7 (it (@) = Biat) -+ Ok 2)
_ 1 o
= 47k @) + fo+ Ty Loy G+ O "), (2.15)
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By the induction hypothesis,

(S(w) + %(dS(w),dmm))w) = ATPi(O(ny) + fo + Fimy + O D),

and there exists a family of K-invariant functions {By, x }x, converging to some K-

invariant function B, 11 . in C* as k — oo, such that

1 B o .
(S(“’)+§(d5(w)7d¢(m))w) = AkPr(O) + fot fimy +hk " TVB g g+ Ok M),

(2.16)
Thus, combining (2.15) and (2.16),
ATk Pr (O 1))
1 1 —(m
N (S(w) + Q(ds(w),d‘p(m))“’) —fom) + W(L%) Ok — Bs1,) + Ok~ "F2))

- (S(a)) + %(ds(w)7d¢(m+l))w) = fim)

1 1 .
+ fm+1 (Lw(m) ¢m+1,k - E(ds(w>7d¢m+l,k)w _Bm+17k) + O(k (m+2))‘

Note that, since @,y = L2 @i /k' = O(1/k) implies (dLo @), dOmr1i)o =
O1/K) and (dS(@(u ) A1)ty = (AS(@ ). 1.0+ O1/), w have

1
La)(m) ¢m+17k - E(ds(w)7d¢m+l,k)a)
1 1 B
= Lo Pm+16 — E(ds(w(m))’d‘z’mﬂ,k)w + E(de‘P(m),d(PmH,k)w +0(k2)

1 _
- L(D(m) ¢m+l,k - 5(dS(w(m))7d¢m+1,k)(D(m) + O(k 1)

= =Dy Dy i1k + Ok ).

Thus

7@ 1)) = (504 5dS(0)- 1)) fin

1

+ Jem+1

(= Dowy D m) 91, — Bmr1.6) + Ok~ "2y, (2.17)

(m

Observe that, in all the expansions above, each coefficient of the powers of k! is

K-invariant and converges to some smooth function in C* as k — o once we know that
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Om+1k is K-invariant and converges to some ¢, 11 0 in C* as k — o

Our aim now is to find K-invariant functions @, x and f,, 11 x such that

Doy Lom) Pm 1k + Bms 1k = Sfnv 1.4
Dimy?m)fim+1) = 0.

Recall first that we have @(*mfl) D(m-1)f(m) = 0 by the induction hypothesis. Since
9(*"1) Dimy = Qz‘mfl).@(m,l) + kimD with some differential operator D of order at most
4 which depends only on @ and (@14, ..., @), and recalling fi,) = X7, fir/k' =
O(1/k), we have F} .\ D) fim) = O(k=m+1)). We first aim to find {f},, |, }x which
satisfies @(*m)‘@(m) (fom) + fr, i/ k™*+1) = 0 and also converges to a smooth function in
C” as k — oo.

Let Fy := k"+1( Jim) — PT(m) f(m)) Where pr,,y : C7(X,R) — ker DimyD(m) 1s the
projection onto the kernel of 9(*,") (m) In terms of the L?-orthogonal direct sum decom-
position C*(X,R) = ker .@(*m) D(m) D ker @(*m).@(fn). We write Gy, := @(*m) (m)Fi- Since
Jix (1 <i < m) converges to a smooth function in C* as k — oo, Oy — @ in C% as
k — oo, and .@(*m) Dim) fom)y = O(k_’"_1 ), Gy converges to a smooth function, say G, in
C* as k — oo. Now we observe that Fy, is the solution to the equation .@(*m)@(m)Fk = Gy

with the minimum L?-norm.

We now aim to show that F; converges in C™ as k — co. We aim to use Lemma
A.0.14 in the end, but we first have to establish G.. € imZ;; %, to do so. By using the
L2-orthogonal direct sum decomposition C*(X,R) = ker 9(*,") D) © ker .@(*m) .@(m)L
and recalling the standard elliptic regularity, for each p € N there exists a constant
Cp(®,{¢;x}) which depends only on @ and ¢;; (1 <i < m) such that ||Fk||L]z]+4 <
Cp(@,{0ix})||Gk| ’Lg’ with the Sobolev norm || - HL% for a fixed but large enough p. By
noting that each ¢; converges in C™ as k — oo and G converges in C™ as k — oo, we
can find a uniform bound on ||Fk||L12)+1 as ||Fk||L§+4 < (o, {¢i,m})||Gw||L% which is
independent of k. Thus there exists a subsequence {Fj, } of {F;} which converges in
the Sobolev space ij 13 by Rellich compactness. Let F be its limit in Lf] +3- Now,

recalling @(*m) Dm)Fr, = G, consider

pr,)

* * 1
'@a)‘@kal - Gk] — g(m)‘@(m)Fkl - le — _D(Fk1> — _kl

ki
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where we wrote .@(*m) Dimy= Yo%+ kllD with some differential operator D of order at
most 4, which depends only on @ and ¢; ¢, (1 < i <m). Thus, since each ¢;, (1 <i<m)

converges in C” by the induction hypothesis, we have

Cy(@,{9i--})
* P y LY,
|Z6 %R = Guliz_, < === 1Bz,

and hence by taking the limit k; — o, we have the equation Z;%,F. = G in
L?)_l. Since Go € C*(X,R) we have F.. € C*(X,R) by elliptic regularity, and hence
DiDoFoo = Goo in C*(X,R) shows G € imZ; Z». Lemma A.0.13 shows pr,Fe. =0,
and hence F. is the L2-minimum solution to the equation Z}, P, Fi. = G-.. We can now
apply Lemma A.0.14 to conclude that {F;} converges to F.. in C* (we note that the
convergence holds for the whole sequence {Fj} and not just for the subsequence {Fy, }

that we used).

Now setting f;;1+1,k =—F = —kmtl (f(m) —pl‘(m)f(m)), we have .@(*m) g(m) (f(m) +
- /K1) =0 and that foi1 & converges in C* as k — oo. Also, we note that f; |

is K-invariant because @(*m) D(my and f{,,) are both K-invariant.

For this choice of f;, we solve

+1.k°
Dy Do) Ot 1+ B 1k = S 1.k

modulo some function f,,, , with .@(*m) Dim) i1k = 0, ie. we solve for @, the
equation

-@(*m)‘@(m)qu+l,k +Bm+1,k - f;;1+]7k +fy/yi+]’k

for some f, | with Doy m) Jms1x = 0. This is possible by Lemma A.0.12, where
we also recall that f,, | ; is in fact —pr(,,) (f;, | 4 — Bm+14), Where pr(,) : C*(X,R) —

ker @ém) P(m)- Thus we have

Do) Dim) 1k = (Frps1 g = B 1.6) = PT(my (Frn 1 = Bt 1.0)-

f,; 414 converges in C™ as we saw above, and By, 11 x converges in C~ since @ (1 <i <
m) converges in C™ and by the induction hypothesis. Thus, by Lemma A.0.13, the right

hand side of the above equation is a smooth function, with parameter k, that converges,
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say t0 Ge, in C™ as k — oo, which is in the image of Z;%,. Thus, writing @41 o
for the solution to the equation Z %y P41, = Geo, We can apply Lemma A.0.14 for
Gr:=( ;;1+1,k — Bt k) — pr(m)( I;H—Lk — Byy41x) to conclude that ¢, 4 converges to
Om+1.0 in C7 (since without loss of generality we may assume that they are all L?-
minimum solutions).

Noting that f’ e —pr(m)( " kT Byyi1k) is K-invariant since Qg‘m)@(m),
By 41 k> and f,;1 114 are all K-invariant, we can take the average over K of ¢y, 114 as
we did in (2.13). Thus ¢, x can be chosen to be K-invariant.

We then note that 7, D) (fim) + (fri1 4 + 1)/ = 0 so we define
fnsrk = [ axt o 414 Which is K-invariant and converges to some smooth func-
tion as k — oo. For this choice of f,,,1 1 , we thus have two K-invariant functions @, 1 «
and fi,+1 x with _@(*m)@(m)f(mH) =0and @(*m) Dim) 1k + Bms1 & = fm+1x €ach con-

verging to a smooth function in C* as k — oo.

Now, going back to the equation (2.17), we find

_ 1 1 —(m
Akpr(O(nt1)) = (S(w)+§(d5(w)7d¢(m+1))w) — fim) — me+1,k+0(k (m+2))

= (S(CO) + %(ds(w)vd¢(m+l))a)) - f(m+1) + 0<k_(m+2))

with f(,, 1) satisfying .@(*m) (m)f(m+1) = 0. As remarked just after the equation (2.17),
each coefficient of the powers of k! in the above asymptotic expansion is K-invariant
and converges to some smooth function in C* as k — oo since ¢4 is K-invariant
and converges to some ¢, 11 in C as k — o. Since @y, 11 and f,, 1 are both K-
invariant functions that converge to smooth functions in C* as k — oo, the sequences
(@14s- -, Omr1k) and (fik, ..., fimr1,k) satisfy all the requirements stated in the induc-

tion hypothesis in Proposition 2.3.13 for the induction to continue.

It is immediate that for each I € N there exists Cy,, > 0 so that ||@,,) — @||c 4 <
Cim/k. The equation (2.14) and the standard elliptic regularity mean that we can find
Fy i € C*(X,R), for each k, such that

Doy 2 () (AP (O + Fon /K" =0

m)
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and that for each p € N the Lf)—norm of {F,, i }  is bounded uniformly of k. In particular,
observe that supy |F;, x| is bounded uniformly of k. Moreover, since @,,) and .@(*m) Dim)
are both K-invariant, we may choose F,, ; to be K-invariant, as we did in (2.13). This

means that the vector field v(,,) defined by

_ Fy.

is real holomorphic and lies in the centre 3 of £ by Lemmas 2.3.4 (recall also that

Lemma 2.2.21 shows that pi(@y,) is indeed K-invariant if K < Isom(ayp,)).

Remark 2.3.16. Note further that d (py(®(,,))) = g2 dS(@n)) +O(k™2) = gz dS(@) +
O(k™?), and that F, x 1s of order 1 in k~! imply that 4rkv ,,) converges to the extremal
vector field v generated by S(@). In particular, if we use the (pointwise) norm | - |
on TX defined by k®, we have supy |Jv(,,) |2, < const/k. This fact will be important in

Lemma 2.4.8.

2.4 Reduction to a finite dimensional problem

Recall that the equation dpi(®;,) = 0 (or equivalently p; (@) = const) is equivalent to
finding a balanced embedding, i.e. the embedding where [ix(g) is a constant multiple
of the identity (cf. Theorem 2.2.19). This means that the seemingly intractable PDE
problem épk(a)h) = 0 can be reduced to a finite dimensional problem of finding the
balanced embedding. The main result (Corollary 2.4.16, see also Proposition 2.4.5) of
this section is to establish this reduction in the “relative” setting, namely to establish a
connection between the equation Zg, Z, pr(@;) = 0 and the projective embedding in
terms of the centre of mass [iy.

In what follows, we shall be mostly focused on the Kihler metrics of the form
Opsy) With H € %) or H € %,f . To simplify the notation, we will often write as

follows.

Notation 2.4.1. We will often write @y for Opgx), and Zg Py for ‘@Z)st) 96%(11)'

2.4.1 General lemmas and their consequences

We start with the following general lemmas.
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Lemma 2.4.2. (cf. equation (5.3) in [97]) For any f € Auty(X,L) and any H € %, we

have
* —1 .5
fron = on+=_—=0010g(Y |} 0(F)ijslzsmy): (2.19)
T
where {s;} is an H-orthonormal basis for H(X,L¥).

Proof. Suppose that we write (at first) {Z]} for an H-orthonormal basis for H%(X, LF),
giving an isomorphism H°(X,L¥) = CV and hence defining an embedding 1’ : X <

PN—1. By recalling 6(f) o1’ = 1’ o f (the equation (2.2)), we have

=1 - 5
* oo Ix /
fron = f" S _—-ddlog Z,-"Z’|

ITRVAS P 2
-1 2—7rk8810g (;\;Q(f)uzj\ )

where 6(f);; is the matrix for 6(f) represented with respect to {Z/}. We can write the

above as (cf. equation (5.3) in [97])

froy = oy + l’*—_18910g (

YilX,; 000,21
21k ’

Xz
; 0 i'Z/' 2 . . o . .
Ll 00z lzé |(ZJ:‘)2" i is a well-defined function on P¥~! as it is a ratio of

two homogeneous polynomials in the homogeneous coordinates. Pick now any her-

where we note that

mitian metric /2 on Opv-1(1). We now observe that, by choosing a local trivialisation
of Opn-1(1) and writing & = e~? locally, multiplying both the denominator and the

numerator by e~? yields

L\ 02 Nl X, 0zl
YilZi? Y|zl ’

by noting that any ambiguity in choosing the local trivialisation in the denominator
is cancelled by the one in the numerator. Thus, choosing % to be the hermitian metric
EFS(H) on Opn-1(1) induced from H (so that l/*ilFS(H) = h’;s(ﬂ)) and writing s; := 1"*Z],

we have

YilX,; 00021
Y|z

1”"v/—193dlog (

> =+v/—1d0dlog (Zimje(f)”s"'lz’S(H)") .

Zi ‘sl‘|12:'s(H)k
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On the other hand, }; |s; |12VS(H)"

basis, by the definition (2.4) of FS(H). Thus we finally have (2.19). L]

is constantly equal to 1 since {s;} is an H-orthonormal

Lemma 2.4.3. Suppose that y is a Hamiltonian of the Killing vector field v € £ with
respect to wy, H € X, so that we have 1(v)wyg = —dw and D5 Pay = 0.

Suppose also that we write (cf. (2.3)) A := 0,(Jv) € 8.(v/—1¥) for the real
holomorphic vector field Jv and the (injective) Lie algebra homomorphism 6, :
g = LieAuty(X,L) — sl(N,C). Then, writing {s;} for an H-orthonormal basis for
HO(X,LF), we have

! k
V= _Z_Mizj'AithS(H) (si,8j) + const (2.20)

where A;; is the matrix for A represented with respect to {s;}.

Proof. Take the 1-parameter subgroup {o(7)} < Auty(X,L) generated by Jv. Then, by

Lemma 2.4.2, we have

o(t) oy = wH+2—'kaalog<Z|Ze Dissil s )
i

for an H-orthonormal basis {s;}. We observe (o (t)) = €4 by the definition A =
0.(Jv). We now see

o (1) Wps() — OFs(H)

Lo :tli—r>% t
2 2
L y=9910g (B X000 )
t—0 21k t
v—1.s[d
=2 77\ B L )

\/_
= n-k aa ;Al‘]hl;i's )(Si,sj) 5

by noting that A is hermitian since H is 0 (K)-invariant (cf. Lemma 2.2.4).
Note on the other hand that, since y is the Hamiltonian for v, we have, by using

the Cartan homotopy formula,

Lyyop = di(Jv)oy = dJi(v)oy = —dJdy = —2v/—19dy
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where we used (2.9) in the second equality. We thus have y = —5L ¥, JAihE, S(H) (si,8))+
const as claimed.

O

Remark 2.4.4. Conversely, given A € 6,(1/—1¢), it immediately follows that y as

defined in (2.20) satisfies Z;; Py = 0, generating a real holomorphic vector field
vi=J716-1(A).

Suppose now that H € %X satisfies Z}; Zupr(wn) = 0. Then Lemma 2.4.3 and
(2.4) implies

_ 1 1
pr(op) =C— m;Aijh’;S(H)(si,sj) =y (cz— ﬁA>ijh’,;S(HU (sivsj)  (2.21)

2y

for A := 0, (—gradpy(wy)) € 6.(v/—1¢) and some constant C € R which can be deter-
mined by integrating both sides of the equation, so that the average over X of both sides
is 1. We now have the following proposition, pointed out to the author by Joel Fine,

which distills the essential point of our main result Corollary 2.4.16 to be proved later.

Proposition 2.4.5. The equation Z;; Pr pr(wn) = 0 (or equivalently 0 gradé;g pr(og) =
0) holds if and only if ,ELX(g)_l generates a holomorphic vector field on PN~ that is
tangential to 1(X) C PN~ where H = (g~ 1)'g~".

This proposition also applies to the embedding 1 : X < PV~! in general, as dis-

cussed in Remark 2.2.12.

Proof. Lemma 2.4.3 and Remark 2.4.4 imply that égradéggpk(a)H) = 0 is satisfied
if and only if p(wy) = & (CT— ﬁA)ijh’;S(H)(si,sj), where C € R is some con-
stant and A = 0,(—gradpy(wy)) € 0.(v/—1¢). Combined with (2.6), we see that
dgradg pr (@) = 0 holds if and only if
N 1
R | k
Z(kn,uX(g) _V (Cl_z_j'ckA)) 'hFS(H)<Sl',Sj):O,

ij ij

which holds if and only if fix(g)~! = % (c1— ﬁA) by arguing as in the proof of
Lemma 2.2.9.
We are thus reduced to proving the following: if fix(g)~' generates a holomor-

phic vector field on P¥~! that is tangential to 1(X) C PV~!, then its trace-free part
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(fix(g)~")o must lie in 6,(y/—1¥). Observe first that by Lemma 2.2.1, fix(g)~' gener-
ates a holomorphic vector field on P¥~! that is tangential to 1(X) c PV~! if and only
if (fix(g) 1o € 0.(g). Write g = (£® /—1¢) @ n, where n := Lie(R,) is a nilpo-
tent Lie algebra and @5 is the semidirect product in the Lie algebra corresponding
to G = K x R, (cf. Notation 2.2.3). Then, noting that fiy(g)~! is hermitian, the n-
component of (fix(g)~')o must be zero by the Jordan—-Chevalley decomposition, and
Lemma 2.2.4 implies that the trace-free part of fiy (g)~' must lie in 0, (v/—1¢).

O

1

Note that the above proof implies that CI — 5=

A is always positive definite, and
in particular invertible. However, for the later argument (cf. Remark 2.4.7), it will be
necessary to have more precise estimates on the operator norm ||A||,, of A (i.e. the
maximum of the moduli of the eigenvalues of A) and |C|. In particular, we shall need
to focus on the case where ||A||,, is bounded uniformly of k. First of all, we see that

|C| can be bounded in terms of ||A||,, as follows. Note from (2.4) that we have

1
A
27rkH [lop 21k

LJ

c

1 1

By assuming that ||A||,, is bounded uniformly for all large enough k, we have C —
ﬁ ||A]|op > O for all large enough k. We now take the average of (2.22) over X with

respect to @ to get 1 — 52| |A||op < C < 14 50— ||A||op, and get the following.

Proposition 2.4.6. Suppose now that H € ,%’f satisfies P4 Pupr(Wn) = 0 and the

operator norm of A := 0, (—gradpy(wy)) is bounded uniformly of k. Then we can write

_ 1 k
Pr(wpn) = lz,: (1+CA1— ﬁA) ’ Hes ey (8555,
where Cy is a constant which satisfies —5||A||op < Ca < 52z ||A||op, and hence is of

order 1/k, in particular.

Remark 2.4.7. The uniform bound for ||A||,, will be crucially important in §2.4.2 and
§2.5. In what follows, we shall discuss some sufficient conditions under which we can
assume the bound ||A||,, < const uniformly of k. It turns out that these conditions are

always satisfied for our purpose (cf. Corollary 2.4.11 and (2.31)).
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We now discuss the operator norm of A. In what follows, we occasionally write

H(k) € @f forH € %,f , Just in order to make clear its dependence on k.

Lemma 2.4.8. Suppose that we have a real holomorphic vector field v € \/—1€ on X
and a sequence {H(k)}; with H(k) € SBX, which satisfy |v|,%wH(k> = O(1/k), where |-
|koy i) i @ pointwise norm on TX defined by kg y). Then [[6,(v)||op < const uniformly

for all large enough k.

Proof. Recall now the equation (2.2) so that we can write

0 o1 =106, (2.23)

Since 1 is an isometry if we choose the metrics k@) on X and H(k) on CN

HO(X,L¥) covering PN~!, the assumption \v|%wH(k = O(1/k) implies |l*ov|12q(k) =

)
|v|,%wH(k> = O(1/k), where |- |ka(k) (resp. |- |q(x) is @ pointwise norm on TX given

by k@ 1) (resp. on TPN—! by H(k)). This means that for all point p € X we have

distyy ) (1("(p)),1(p)) — 0 (224)

as k — oo, where disty ) is the distance in PV=! given by the Fubini—Study metric
defined by H (k).

Suppose now that ||6.(v)||,, — +o° as k — 4o (by taking a subsequence if nec-
essary) and aim for a contradiction. Then for each (large enough) k there exists a vector

wy in CN = HO(X, LX) such that

110 (V)Wil |1 k)
Wl |22k

where || - ||t is the norm on H 0(X,L*) defined by H (k). Since X is not contained in
any proper linear subspace of PN~!, this means that there exists a constant § > 0 such
that for all large enough k there exists a point gx € X with distg ) (%W o1(qr),1(qr)) >
0. Recalling the equation (2.24), this contradicts (2.23).

O

We apply Lemma 2.4.8 to prove the following.
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Lemma 2.4.9. Suppose that we have a reference metric @y and a sequence {H (k) }y

with H(k) € BX which satisfies
sup [k@y ) — koo|m, < R’ (2.25)
X

for some constant R' > 0 uniformly of k, and A = 0, (v) for v € \/—1% such that \v|,%w0 =
O(1/k) where |- |, is a (pointwise) norm on TX defined by kay. Then ||A||,, < C(R')

for some constant C(R") > 0 which depends only on R' and is independent of k.

Remark 2.4.10. Note that the hypothesis (2.25) of the lemma is slightly different from
each H (k) having R’-bounded geometry (as defined in Definition 2.5.5).

Proof. Note that supy [k@y ) — k@p|e, < R" uniformly of k, combined with |
O(1/k), implies |v|,%wH(k)

V|iwo -

O(1/k). Thus we can just apply Lemma 2.4.8. O

In what follows, we take the reference metric wy to be the extremal metric ®.

Recalling Remark 2.3.16, we thus obtain the following corollary of Proposition 2.4.6.

Corollary 2.4.11. Suppose that we have a sequence {H (k)Y with H(k) € %X, each
of which satisfies @;I(k) D0 Pr(@p () = 0 and supy [k@y ) — ko|o < R’ for some

constant R' > 0 uniformly of k. Then we can write

- 1

pk(wH(k)) = Z (]—I—CAI— ﬁA) h;S(H(k))(Sj,Sj), (226)
L,J ij

where A := 6,(—gradpy(0y))) € 0:(v/—1¢) satisfies ||A||op < C(R') uniformly of k,

and Cy is a constant which satisfies —5=z||A|lop < Ca < 52z ||A||op, s0 that the average

over X of both sides of (2.26) is 1.

Remark 2.4.12. Note that Lemmas 2.2.21 and 2.3.4 imply that A in fact lies in

0.(vV—15) < 6:(v~1¥).

Remark 2.4.13. Recalling that the centre of mass fiy with respect to the basis {s;}

is given by (fiy)ij == k" [x h’; SCH(E) (8,8 j)% we integrate both sides of the equation

n!
(2.26) to find K"V =¥, ; (I+ Cal — 52A) i (fig )ij- Noting tr(fly ) = K"V which follows

from (2.4), we thus get C4 explicitly as Cy = mtr(Aﬂ)’().
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By replacing {s;} by an H-unitarily equivalent basis if necessary, we may assume
that 1 4+ Cyl — ﬁ is diagonal: 1+ Cyl — ﬁ = diag(ay,...,ay) with each a; € R satis-

fying a; = 14 O(1/k), by Corollary 2.4.11, thus a; > 0 for k > 1. This implies
pr(@y) = Zai|si|%S(H)k = Z |\/a—isi|%75(H)k~ (2.27)

Writing H' for the hermitian form [y h’;S(H)(,)ﬁ—’? on HY(X,LX) and {s'} for an H'-

orthonormal basis, we thus have

_ \%
pr(@n) = NZ|S;|%“S(H)’< - Z|\/Eisi|12VS(H)k’

where the first equality is the definition of p; (cf. Definition 2.2.10) and the second
equality is provided by (2.27). This means that the basis {,/a;s;} must be H'-unitarily
equivalent to {/V /Ns.} by the following lemma.

O 1)

Lemma 2.4.14. Suppose that we write H' for the hermitian form [y h’;s( H) ()=

on
HO(X,L¥) and that {s'} is a H'-orthonormal basis. If we have py(wg) = ¥;|s %S(H)k =

Y, \S}\%S(H)k for another basis {3}, then {5;} is H'-unitarily equivalent to {s.}.

Proof. We now write hpgy) = e¢hFS(H/) for some ¢ € C*(X,R). Multiplying both
sides of the equation }; |S§|%S(H)k =Y |§,~|12VS(H),< by e %, we get 1 =¥, |s§|12pS(H,)k =
Y \s~i|12:s( HO since {s}} is an H'-orthonormal basis (cf. the equation (2.4)). Since F'S is
injective (Lemma 2.2.9), this means that {§;} must be H’-unitarily equivalent to {s/}}.

]

We thus obtain the following (cf. Remark 2.4.4).

Proposition 2.4.15. Suppose that we have a sequence {H (k)}; with H(k) € BK, each
of which satisfies ‘@é(k) Dr (10 Pr(Op (1)) = 0 and supy [k@p ) — k| < R uniformly of
k. Then, writing {s;} for an H(k)-orthonormal basis and A := 0.(—gradpy (@ x))) €
0. (v/—1¥), the basis {s}} defined by

12
. [N A
S v Ca 27k ) ;; 5p (2.28)

wn
isa [y hll‘,S(H(k))(,)%—orthonormal basis, where C4 is some constant of order 1/k
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and (I+ Cal — an) is the matrix for I + Cyl — 27rk represented with respect to {s;}.

7

Conversely, if the basis {s.} as defined in (2.28) is a th;S(H(k))(,)wH(kL

n!

orthonormal basis, then H (k) satisfies @;I(k) D6 Pk (Op()) = 0.

In particular, we get the following results (cf. Remark 2.4.12) that improve Propo-

sition 2.4.5.
Corollary 2.4.16.

1. Suppose that we have a sequence {H (k)}; with H(k) € BX, each of which sat-
isfies Iy, .@H( )Pk (@ (1)) = 0 and supy |k@y ) —kw|e < R’ for some constant
R >0 umformly of k. Then there exists g € SL(N,C) such that

) Vi AN\!
Aix(g) =~ (I+CA1—ﬂ> , (2.29)

where A := 6, (—gradpy (g x))) € 8.(v —13) satisfies ||A||op < C(R') uniformly

of k and C4 € R is some constant which satisfies Cy = 2nkﬂ+1vtr(A“X( ))-

2. Conversely, if there exist a basis {s}} for H*(X,L¥) defining a 0(K)-invariant
hermitian form H (k) € X, A € 0,(v/—13), and some constant Cy, which satisfy
i, = V& - (I+Cal — 27rk> ! then H (k) € BK satisfies

D10 P (k) P (O (1)) = O

with 6. (—gradpy(@g 1)) = A

Remark 2.4.17. Suppose that we have fix(g) = Y& (I +Cal — 52) ! for some con-

stant C4. Then multiplying both sides by fix(g)~! and taking the inverse, we have

& = lx(g) + Calix(g) — B ’;ka)A, and hence by taking the trace, we have Cy =

2ﬂknﬂv‘[r(A,th( )), by noting tr(fix(g)) = k"V for any g. Thus, recalling Remark
2.4.13, C4 for which the trace is consistent in (2.29) is the same as the one for which

the averages are consistent in (2.26).

The appearance of the inverse on the right hand side of (2.29) may look surprising,
but this essentially comes from the one in Lemma 2.2.20; see also Proposition 2.4.5.

On the other hand, this inverse will be the essential obstruction for proving the relative



72 Chapter 2. Quantisation of extremal Kihler metrics

asymptotic Chow polystability of (X,L) admitting an extremal metric (cf. Conjecture
2.6.16). We shall discuss some stability notions that are appropriate to (X,L) with
an extremal metric in §2.6, and the reader is in particular referred to §2.6.4 for more

discussions on this issue, and also to Question 2.6.15.

2.4.2 Approximate solutions to 0 gradi,’,? pr(@y) = 0 in terms of the

centre of mass

Now take the approximately p-balanced metric @y,,), as obtained in Corollary 2.3.15,

which satisfies (2.18). By Lemma 2.4.3, we have

_ Fin i 1
Pr(@my) + 4nl:1’h+2 =3 ZAijhl({m) (8i,8;) 4 const (2.30)
ij

where A := 6.(Jv(,,)) and we recall that h,, is of the form FS(H) and that {s;} in
the above formula is an H-orthonormal basis. Noting that @y, satisfies (for all large
enough k)

sup |k, — k| < const.|0d 91| <R, (2.31)

say, and recalling Remark 2.3.16, we find that ||A||,, < C(R’) by Lemma 2.4.9 (by

taking @y to be the extremal metric ).

Remark 2.4.18. In this section, the Hilbert—Schmidt norm || - ||gs will be with respect

to H which defines @, by @p, as obtained in Corollary 2.3.15.

Suppose that we write P for the change of basis matrix from {s;} to a
Jx h’;s( H)(,)%%—orthonormal basis {s'}, so that we have i} = k"(P*P)~!, where i}
is the centre of mass defined with respect to the basis {s;} (cf. the proof of Lemma

2.2.20).

Now re-write the equation (2.30) as

. Fm,k
Amkmt2’

h](cm) (S,',Sj) =1

1% A
PP —Col + ——
Z(N 0 +27rk)l.]

i7j

where the constant Cy can be determined by taking the average of both sides; namely

Co can be determined by the equation 1 — ; ¥; ; (Col — ﬁ)ij Jx h’((m) (5i,57) = 1 4
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O(k~=2). Arguing as in (2.22), we see that Cy can be estimated as

[1A]Jop +1

Col <
ol = 27k

(2.32)

for all sufficiently large k, which is of order 1/k since ||A||,p is uniformly bounded by

(2.31). We thus have, by noting ¥'; |si|ik =1,
(m)

V % A k Fm,k 2

izj (NP P—Cyol + 2_775k>l~j h(m) (S,',Sj) — (1 — A2 zl" |Si|h’(‘m) =0, (2.33)

with some constant Cy that is of order 1/k. Since ]%P*P — Col + ﬁ is a hermitian

matrix, we can replace {s;} by an H-unitarily equivalent basis so that %P*P —Col +
A

7o = diag(dy, . ..,dy), with d; € R, with respect to the basis {s;}. We can thus re-write

the equation (2.33) as

ka 2
di—(1——2% ) ) |53 =o0.
2 (o (1-m=) ) ni,

1

Hence, arguing exactly as we did in the proof of Lemma 2.2.9, we find
1
d; — 1| < =—=N?sup|Fp |k ™2 = O(k*" ™),
27 X ’

by recalling that supy |Fy| is bounded uniformly of k (see the discussion preceding the

equation (2.18)).

We thus see that there exists a hermitian matrix E with ||E||,, = O(k*"~™~2) such

that X.P*P =1+ Col — 52 +E, or

Vi A -1
iy = KM (P*P)"! = I+Col —— +E )
fix = K'(P"P) N <+ of = omk T )

Define

E = I+Cpyl A _]E
T T ok ’

which has ||E'||op = O(K**™2) by ||A]|,p < C(R") and (2.32). We may take m and k
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to be large enough so that ||E’||,, < 1/2, say. We thus have

kwu)" VK AN
AV k . ( (m)) ! AV .
ij
7% AN
= I I—— E")ij
N ( +Co 271']‘);']' +(E7)ij

where E” € Ty %X is a hermitian matrix defined by

VK"
N

E/I .

-1
(—E'+(E")+-) (I+COI—2‘%€)

which satisfies ||E”||,, = O(k**"~2) (by ||A||op < C(R') and (2.32)). Since m could be
any positive integer, and recalling ||E”||ys = tr(E"E") < v/N||E"||,p, we may replace
mby m+2n+n/2 so as to have ||[E”||gs = O(k~™) (for notational convenience).

We now show that by perturbing C slightly, we can assume that tr(E”") = 0. More

precisely, we have the following.

Lemma 2.4.19. Suppose ||E"||gs = O(k™™),

there exists a constant § € R with |8 < 4N~V2||E"||gs = O(k™"""/2) such that

Allop < const, and Cy = O(1/k). Then

Vit AN\! Vi AN !
I+ Col — — E'— — [I1+(Cy+8)——
N <+ 0 27rk) N N <+< 0+9) 27rk)

is a trace free hermitian endomorphism which has the Hilbert-Schmidt norm of order

k™™ more precisely, we have

Vi AN\7! Vi AN\
I1+Col — — E" — I+ (Cy+ 86— —
H N ( o 27rk) * N ( +(Co+9) an)

A -1
I+Col — =— E"||lus=0(k™"™). 2.34
(r+cr-smc) || ) 1Ens =0t @234

HS

<|1+8

op

Proof. We show that the map U : R — R defined by

1
U(s) ::tr<(1+(c0+5)1_2%<) )

is a local diffeomorphism with a particular lower bound on its linearisation. Writing
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(I+Col - ﬁ) = diag(ay,...,ay) by unitarily diagonalising it, where a; = 1 + O(1/k)
by ||A||p < C(R') and (2.32), we have U(8) = Yi(a; +8) ' = Yia; (14 8/a;) 7",

whose linearisation at 0 is DU |o(8) = —8 ¥, a; >.

Since a; = 1+ O(1/k) implies |DU |o| > N /2 if k is sufficiently large, we see that
U is indeed a local diffeomorphism whose linearisation can be bounded from below by

N/2.

Thus, by using the quantitative version of the inverse function theorem (see

e.g. Theorem 5.3 in [50]), we can show that there exists some 6 € R so that we have

Vi AN\ 7! Vi AN\ 7!
t I+ (Cy+ 8 — — =t I1+Col — — tr(E"
r(N(+(0—|— ) 27rk> ) r(N(—|—0 27rk) >+r( )

which satisfies

E”)|

t n
18] < 4% < AN"V2(E"||ys = Ok %) (2.35)

since |tr(E")| < v/N||E"||us.

‘We now estimate the Hilbert—Schmidt norm of the trace free hermitian matrix

V" AN! V" AN!
<1+C01——) +E”—T(I+(Co+5)l——)

N 2wtk 2wtk
Vi AN VK AN\
—E" SlI+Col—— ) — =82 (1+Cyl———
TN (+ 0 27rk> N LT

Recalling ‘ ‘ (I+Col — 527) -

t

for all sufficiently large k, and hence has Hilbert—Schmidt norm of order k™. Recalling

< const independently of k, we find
op

=0k %)
op

AN\ 2 Vi AN\
S(1+Cl——) ——8*(I+Col——
( + Gy an) N ( +Cy 27rk> +
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||E"||ns = O(k~™), we finally see

Vi A AN\
[+ Col — — I S — ——
N(+O Zk) (+ 27tk) s
A Vk” AN\
" 5(1+C()I —) (I+C01——> +--
2k 27k "
§||E”||HS+2\/IT/‘ I-|—COI——)

<|1+8 |E||ns = O(k™™),

A _1
I+Col — =—
(1)

where we used || - ||zs < v/N||-||op in the first inequality and (2.35) in the last inequality.
]

op

Summarising the argument above, we obtain the following.

Corollary 2.4.20. For any m > 1 and any large enough k > 1 there exists a 6(K)-
invariant hermitian form H = H,, (k) € B and a traceless hermitian 0 (K)-invariant
endomorphism E = E,,(k) on H*(X,L¥) which satisfy the following: there exists an
element A € 0,(v/—13) with ||A||,p < const uniformly of k and a constant Cy € R which

is of order 1/k such that the equation

R i | (kopsa)" VK
(NX):J—/ths(H)(ShS]) =N

AN
oy I+CoI——) +(E);j

2wk

holds with respect to an H-orthonormal basis {s;}, with ||E||gs < const.k™™ where the

Hilbert—Schmidt norm || - ||gs is defined with respect to H.

Remark 2.4.21. Since H is 0(K)-invariant, fi is 6(K)-invariant. This means that £
is O (K)-invariant and hermitian, since fij — Y&~ & (I +Col — z—nk)*1 is.

Henceforth we write Hy for H,,(k) above, and E for E,, (k) above.

2.5 Gradient flow

2.5.1 Modified balancing energy 2

Recall first of all that in the cscK case, i.e. when Autg(X,L) is trivial, balanced

metrics are precisely the critical points of a functional 2 : %, — R called the bal-
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ancing energy, defined for a geodesic {H(¢)} in %, where H(t) = ¢/BH(0) with
B € Ty(0)% = Herm(H’ (X, L¥)), as

n

Z(H(t)):=IoFS(H(t))+ VNk tr(logH (1)).

In the above, I : 7 (X,L) — R is defined for a path {e?/} in J#(X,L) by
n
1(e”h) = —k”“/ ¢ Y (0, —V—190¢,) Newj ™",
X =1

where & is some reference metric, and changing the reference metric 4 will only result
in an overall additive constant.

The original argument for finding the balanced metric (in the cscK case) in [40]
was to find an approximately balanced metric, which is very close to attaining the
minimum of 2, and then perturb it to a genuinely balanced metric (i.e. the minimum
of &) by driving it along the gradient flow of 2 to attain the global minimum. The
reader is referred to [40] for the details. The crucial point is that 2 is convex along
geodesics in Ay (with respect to the bi-invariant metric), as we recall in Theorem 2.5.3.

We now consider the following functional, which is more appropriate for our pur-

pose of finding p-balanced metrics.

Definition 2.5.1. We define a functional 24 : X — R by

ZAH(t)):=10FS(H(t)) + YR (1+cu— 2 h logH (1)
=10 e
N AN 2wk & ’
for some fixed A € 6,(y/—13) and some fixed constant C4 € R. We call 2 the modi-

fied balancing energy.

Remark 2.5.2. Note that the Hessian’ of 2 is equal to the Hessian of 24, since their

difference

n n -1
PHE) - ZMNH)) = VN" r(log H (1)) — VN" ir ((1+CA1— ﬁ) logH(t)) ,

with H(t) = ¢'®H(0), is linear in ¢. Thus, we see that 2 is convex along geodesics in

"More precisely, the Hessian of 2| B
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PBE (cf. Theorem 2.5.3).

Similarly to the usual balanced case (cf. Lemma 3 of [43]), the first variation of

24 can be computed as follows

kKo n —1
Ay HO\E TFs@H@) | VK _i
0 ( /h ), s;) ] + N (I-I—CAI Sk

where {sH(t)} is an H (t)-orthonormal basis and, (I +Cal — 2nk) ~!in the above is the
hermitian endomorphism (I+Cul — 5a;) ! represented with respect to {sfl(t)}. This

implies that § Z4(H(t)) = 0 if and only if {sfl(l)} defines an embedding with fif =

n 1 . . . ) . .
Vi (I +Cyl — 27rk) . Summarising the discussion above, the solution of the equation
,u)’( = (1 + Cyl — 2ﬂk) I can be characterised as the critical point of the functional

24, which is convex along geodesics in %’,f .

2.5.2 Hessian of the balancing energy

We now recall the Hessian of the (usual) balancing energy 2, following the expo-
sition given in [51, 52]. Fixing H(t) € ,@f for the moment, consider now the or-
thogonal decomposition 1*TPN~! = TX & .4/ (as C*-vector bundles on X) with re-
spect to the Fubini—Study metric OF5 (11 (s (or more precisely l*a)~ ) on PN-!
induced from H(t) (cf. p703, [96]). leen a hermitian endomorphism J,‘ € TH ,@k =
Herm(H(X,L¥))X, we write X; for the corresponding holomorphic vector field on
PN=1. Write 7_s; (X ) for the projection of Xz on the .4-factor in 1*TPN ! = TX & .4,
and 7 (X ) for the one on the TX-factor. We thus get a map P : TH(,)%E — C*(A)
defined by P(§) := 7 4,(Xg). Write P* for the adjoint of P defined with respect to
the inner product tr(&;&,) on TH(,)%,f and the L>-metric defined by D55 5r(ry) ON the
fibres and kg ;) on the base. Note that the inner product tr(£1&,) is nothing but the

Hilbert—Schmidt inner product defined with respect to H(t), since &;,&; € TH(I)@f .

Theorem 2.5.3. (Lemma 17, Fine [51]) Writing P : TH(,)%’E — C(A) defined by
P(§) := 7 4,(X¢), as above, we have Hess(2Z (H(t))) = P*P. In particular,

tr(§iHess(Z'(H(1))&2) = (.4, (Xe, ), T (X)) 2
k”w,’;(t)‘

n!

= /XRe(EM(X&)7”J%(Xéz))l*“’ﬁfsw(z))
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Remark 2.5.4. The “diagonal” elements of Hess(Z'(H(t))) are in fact computed by
Phong and Sturm [95, 96] and implicitly by Donaldson [40]. We will later need to
know some of the off-diagonal terms of Hess(Z (H(t))) = Hess(Z4(H(1))).

We now wish to estimate |7 4;(X¢ )| |i2 0" This was done originally by Donaldson
[40] and improved by Phong and Sturm [96] when the connected component Auty (X, L)
of the automorphism group was trivial. In our situation we cannot assume this hypoth-
esis, but we now invoke the following trick used by Mabuchi [84, 85]. Recall that,
by Lemma 2.2.1, Autg(X,L) (with the Lie algebra g) is a subgroup of SL(H®(X, L))
(with Lie algebra sl = sI(H°(X,L))), and hence we have sl = g ® g;-, where g;* is the
orthogonal complement of g in sl with respect to the L?-inner product defined by the
Fubini-Study metric on PV~! given by H(¢), i.e. with respect to the metric (,) defined
by (&1,62) == (Xg,, X¢, ) 12(;)» Where the L?-product is defined by D55 5(y) ON the fibres
and k®pg(y ;) on the base, as we mentioned above. Note that this L?-product does
define a metric on sl since X is not contained in any proper linear subspace of PN~

Writing & = o4 8 where a € g and B € g, we obviously have Ty (Xe) =
7 4;(Xg). An intuitive idea is that, if & € sl is contained in the g;*-factor, we can
apply the well-known estimate (Theorem 2.5.6) due to Donaldson, Phong—Sturm, and
Fine, to get the lower bound of the eigenvalues of the Hessian of 2°4(H(t)) (restricted
to g;-) so that we can run the downward gradient flow on the space of positive definite
K-invariant hermitian matrices %% driven by pr 1(6Z A(H(t))); see §2.5.3 for the
details.

We now recall the following notion from [40].

Definition 2.5.5. A metric @ € kc; (L) has R-bounded geometry if it satisfies the fol-
lowing conditions: fixing an integer / > 4 and a reference metric @y € c;(L), @ satisfies
@ > R~ 'kay and ||@ — kay| |t key < R Where || ||t 4y, 18 the C!-norm on the space of 2-
forms defined with respect to the metric k@y. The basis {s;} is said to have R-bounded
geometry if the hermitian endomorphism H () which has {s;} as its orthonormal basis

has R-bounded geometry.

With these preparations, we can now state the following theorem (cf. Theorem 2

in [96]).
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Theorem 2.5.6. (Donaldson [40], Phong—Sturm [96], Fine [52]) Suppose that
Auto(X,L) is trivial. Suppose also that we have a basis {s;} with respect to which
fiy = Dy + Ey, where Dy is a scalar matrix with Dy — I as k — oo, For any R > 0 there
exists a positive constant Cg depending only on R and € < 1/10 such that, for any k, if
the basis {s;} for H*(X,L*) has R-bounded geometry and if ||Ex||op < €, then

1704 (Xe) 172y > CrE2[[E Iy

where the L*>-metric || - || 12(r) on the vector fields on X is defined by the Fubini-Study
metric of the hermitian form H(t) which has {s;} as its orthonormal basis, and the
Hilbert-Schmidt norm || - || g is defined by the hermitian form H(t) which has {s;}

as its orthonormal basis.

Remark 2.5.7. The hypothesis fif = Dy + Ej is satisfied when we have fiy =

VNkn (I+Col — 527) ~! L E with ||E||zs = O(k~™), as in Corollary 2.4.20, by noting that
we can define Dy, := ]%,tr <VTkn (I +Col — 2%,() _1> I, which does converge to I as k — oo,
and that the operator norm of Ey := [y, — Dy is of order 1/, since ||A||op < const and

Co = O(1/k) by (2.32).

We now recall the proof of this theorem, where we closely follow the exposition
given in pp702-710 [96]. The theorem is a consequence of the following three esti-

mates:

111750y < CrklIXel 72, (2.36)
1Xel 12 = l17r (X1 T2+ 174 (Xe) 72 (2.37)
Crllmr (Xe)|I 2y < Kl (Xe)l[72 (2.38)

The second equality (2.37) is an obvious consequence of the orthogonal decomposition
U*TPVN=1 = TX @ 4 with respect to OF5 (1 (1) and the first inequality (2.36) does not
use the hypothesis that Auty(X, L) is trivial, and hence carries over word by word to the
case when Auty(X,L) is not trivial.

The hypothesis of Auty(X,L) being trivial was crucially used in the third estimate

(2.38), which relies on the following estimate ((5.12) in [96]) for an arbitrary smooth
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vector field W on X
W[z, < const.||d(W)I[2,, (2.39)

which is true if and only if Aut(X) is discrete®. Phong—Sturm’s argument was to apply

this inequality to W = 7r (Xg) and combine it with the estimate ((5.15) in [96])

1724 (V) 72) = Crl1 (1, (V)) 72,

which holds for any holomorphic vector field V on P¥~! (which we take to be Xe),
irrespective of whether Aut(X) is discrete or not. Observe that V = 0 = 9 (77 (V)) +
9(74,(V)) implies cg||9 (77 (V) 12y < [174;(V)ll12()- Thus, by applying this and
the estimate (2.39) applied to W = 77 (X ), we get (2.38).

Thus, the only hindrance to extending Phong—Sturm’s theorem to the case where
Auty(X,L) is not trivial is the lack of (2.39), which is substantial. However, the de-
composition sl = g @ g,l means that the estimate (2.39) holds for the (smooth) vector
fields of the form ﬂT(X/;) where B € gt, since the elements « € g are precisely the
ones that generate X, with d(7(Xq)) = 0, i.e. the kernel kerd is precisely the image
{Xo|a € g} of g. Since the image {Xg|f € g} of gt is precisely the L?-orthogonal
complement of kerd in sl, recalling that g;- is defined as an orthogonal complement
of g with respect to the L? metric induced from OFs(r (1)) d is invertible on the set of
vector fields 77 (Xp) with 8 € g;-, with the estimate (2.39).

Thus we have the following estimate.

Lemma 2.5.8. (cf. Mabuchi; p235 in [84], p130 in [85]) Suppose that we have the
same hypotheses as in Theorem 2.5.6, apart from that Auty(X,L) is no longer trivial.

We have
17047 (Xg) 1721y = Crk ™[I Bllis00) (2.40)

forany B € g;-.

2.5.3 Gradient flow

Let Hy be the approximately p-balanced matrix as obtained in Corollary 2.4.20. We

now aim to perturb this matrix to a genuinely p-balanced one by using a geometric

81t is possible to modify the argument for the case Aut(X) being discrete to the case where we only
know Aut(X,L) is discrete, as done by Phong and Sturm [96]
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flow on a finite dimensional manifold %,f . In this section, we show that such flow does
converge, but also show that Auty(X,L) being nontrivial implies that the limit of the
flow is not quite the (genuine) p-balanced metric that we seek (cf. Proposition 2.5.13);

it will be obtained in Proposition 2.5.15, §2.5.4, by an iterative construction.

Recall the decomposition sl = g @ g;- with respect to H(t) € %,f , as introduced in
§2.5.2. Suppose that we write pry : 5[ — g for the projection onto g and pr , : sl — gt

for the projection onto g;-. We consider the following ODE

dH(t)
dt

= —pr,, (82 (H(®))) (2.41)

on the finite dimensional symmetric space %X, with the initial condition H(0) = H.
This is well-defined, since at t = 0, § 2”4 (Hy) is K-invariant and hermitian by Corollary
2.4.20, and hence pr, , (6 2*(H(0))) is indeed K-invariant (since K acts on g and
hence preserves sl = g g;", by noting that the orthogonality is defined by a K-invariant
metric FS(H(t))) and hermitian, defining a vector in Th, K. By exactly the same
argument, along the flow (2.41), pr; , (6 2**(H(r))) remains K-invariant and hermitian

for t > 0 since H(t) € BX.

Moreover, we can multiply the right hand side of the equation (2.41) by a cutoff
function that is supported on a compact neighbourhood of radius 1 around Hy without
changing the flow; this will be justified in (2.44) and (2.45), as they state that the the
flow is contained in this neighbourhood for all time if we start from Hy. Then the
vector field on the right hand side of (2.41) is compactly supported, and the flow can be
extended indefinitely by the standard ODE theory, i.e. the solution to (2.41) exists for

all time.

Note

4
dt

dH (1)
dt

(59@%(11(;))) — Hess(ZA(H(1)))- — —Hess(Z*(H(r))) -pr, (sgA(H(t))) .

and recall that the Hessian of 24 is exactly the same as that of %, the usual bal-
ancing energy (cf. Remark 2.5.2), and that the Hessian of % is degenerate along the

g-direction, as we saw in Theorem 2.5.3. This means that we have a block diagonal
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decomposition of Hess( 24 (H(t))) as

A 0 0
Hess(Z7(H(t))) = 1,
0 A
according to the decomposition sl = g @ g;*, where P, is a positive definite matrix whose

lowest eigenvalue can be estimated as in (2.40). In particular, we obtain the following.

Lemma 2.5.9.

%prg (s2*m@)) =0

along the flow H (t) defined by (2.41).

Suppose that we write ¥ (¢) for pr 1 (62 A(H(t))) in order to simplify the nota-

tion. We then have

A Ol = 5 @A OFA0) =~ (940 Hess(24(1(0))- 910,

by recalling that tr(44(¢)%4(¢t)) is equal to ||44 (’)||12L15(t)' Recall (cf. Remark 2.5.2)

that 2”4(H(t)) is convex along geodesics for all z. Thus, the above equation means

that, along the flow, ||44(1)|| Hs(;) 1s monotonically decreasing. Combined with Lemma
2.5.9 and Lemma 2.5.14 to be proved later, this means that the hypotheses in Theorem
2.5.6 are always satisfied along the flow. Thus we can apply the estimate given by
Theorem 2.5.6 along the flow for all # > 0. Theorem 2.5.3 and the estimate (2.40)

imply that we have

1d
EEHgA(I)H%{S(t) < =llg (071509

where we wrote

A =Crk2>0 (2.42)

for the lowest eigenvalue of Hess( 2 (H(t))) restricted to g;-, as estimated in (2.40).

It easily follows that we have

194 () sy < e 11194(0) || msqo)- (2.43)
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We now evaluate the length of the path {H (¢)} with respect to the bi-invariant met-
ric. Namely, we compute dist(H (¢1),H(t;)) := ,? |[H'(5)||pzs(s)ds for t; > 1. Observe

first of all that

%) 15)
LI @ lsids = [ 1945 st
1 1

< (e M —e7h12)|94(0)]| 15(0), (2.44)

1
7
1
where we used H'(t) = —%4"(t), which is just (2.41), and the estimate (2.43). Thus,
given an increasing sequence {z;}; of positive real numbers, we see that the sequence

{H(t;)}: is Cauchy in X with respect to the bi-invariant metric. Thus the limit exists

in %,f , and the distance from the initial metric Hy to the limit can be estimated as

dist(H (=), H(0)) = [ |IH'(5) lnsiods = | 119 nsiods

1 —m
< _1||gA(O)||HS(O) =0(k™"?).  (245)

Remark 2.5.10. Observe that (2.45) implies that we can write H (o) = ¢5H(0) with
§ € Tyy(0) B¢ satisfying ||E |50y < [192(0)[|us(o) /M1 = Ok~ *2). We thus get

1
§|| Naso) < M- Hase) < 211 [las(o) (2.46)

for all large enough k.

In particular, since the limit H (o) exists, we get lim; %" (t) = 0 from (2.43).

Thus, combined with Lemma 2.5.9, we get the following.

Lemma 2.5.11. The limit H, := H (o) of the gradient flow (2.41) exists and satisfies
prLyw(SffA (Hy)) =0and prg(&“fA (Hy)) = prg(BZA (H(0))). In other words, the flow
(2.41) annihilates the g;--component of § 24 (H(t)).

This means 8(Z4(H,)) € 0,(g), but we can prove the following more precise

result.
Lemma 2.5.12. We have § 22 (H,) € 0.(v/—13) at the limit of the flow H(t).

Proof. Write G for Auty(X,L) and g for its Lie algebra. By Lemma 2.5.11, we have
8 2A(Hy) € 6,(g) at the limit H; of the gradient flow (2.41). Suppose that § 24 (H;) =
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Ay € 0.(g). Since § Z4(H) is a K-invariant hermitian matrix (as H; € %,f), A must
be a O(K)-invariant hermitian matrix in 6, (g). This means that 8(f)*A;0(f) = A for
any f € K, and hence A; commutes with any element in 6, (€). Thus A; is contained
in the Lie algebra Lie(Zg(K)) of the centraliser Zg(K) of K in G. If G is reductive,
we see that Zg(K) is equal to the complexification of the centre Z(K) of K. Thus
Ay € 0,(3®+/—13), but A being hermitian implies A € 6,(v/—13) by Lemma 2.2.4.
If G is not reductive, we write g = (E @1 E) @z n where n:= Lie(R,) is a nilpotent
Lie algebra and & is the semidirect product in the Lie algebra corresponding to G =
K€ x R, (cf. Notation 2.2.3). Since A; = 8§ Z4 (Hp) is hermitian, Jordan—Chevalley
decomposition immediately tells us that the n-component of A; is zero, and hence
Ay € 0,(£@/—1%). Thus, exactly as in the case when G is reductive, A; commuting
with any element in 6, (¥) and A| being hermitian implies A € 6,(v/—13) by Lemma
2.2.4.

Summarising these results, we get the following.

Proposition 2.5.13. At the limit Hy of the gradient flow (2.41), we have

(kOFg(m,))" VK" (

AN vk
/Xhlzf“s(m)(si,sj) o =N 1+C01——) +—(A1)ij

271k ij N

where %Al € 0.(v—13) is equal to —pry (624(H(0))), and {s;i} is an H-

orthonormal basis.

2.5.4 [Iterative construction and the completion of the proof of The-

orem 2.1.6

Although Proposition 2.5.13 does not provide us with the p-balanced metric that we
seek, we can use it to construct an iterative procedure which converges to one, as we
discuss in the following.

We first need to estimate the Hilbert—Schmidt norm of A; (in Proposition 2.5.13)

in terms of the one of Ej.

Lemma 2.5.14. There exists a constant C'(R,€) which depends only on R and € as in
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Theorem 2.5.6 such that
| |A1 | ’HS(t) < C/(R7 g)kl/zHEO‘ ‘HS(I)?

where || -||pg() is defined in terms of H(t).

Proof. The equation (5.10) in [96], together with the hypothesis ji5, = Dy + Ej, Dy

being a scalar matrix with Dy — I as k — e and ||E||,, < € (cf. Remark 2.5.7), implies

||X§ | |%2(t) < C(R78)||‘§||12-IS(Z)

for any & € sl in general. On the other hand, the estimate (2.36) (cf. (5.7) of [96])
implies

1€ 11Frs1r) < CrKIIXe I, (2.47)

for any & € sl in general.

Since £y = —824(H(0)) and V]\’}n

Al = —pry (6 24(H(0))), it is sufficient to
bound ||a|[gs(;) in the decomposition & = ot + B (according to 5[ = g® g;") in terms of

1€ | ks (r)- Then, noting
Xa gl 22y = 11X+ X522y = el + 11X 22,

since g; is defined with respect to the L?-metric induced from H(t) (cf. §2.5.2), we

have

||Xa||i2(t) + ||XB | |[%2(t) < C(Rvg)HéH%-IS(t)' (2.48)
Thus, by (2.47) and (2.48), there exists a constant C'(R, €) > 0 such that

1
e (1o s+ 1Bl ) < eIy =l Bl

which implies ||| |12’1S(t) < C'(R,e)k||a +ﬁ||i{$(r) < C'(R,e)k||E| |12Lls(z) as required.

U
In what follows, we write || - ||gs,o for the Hilbert—-Schmidt norm defined with
respect to Hy and || - ||gs,; for the one with respect to H; (which is equal to the limit

H (o0) of the flow (2.41)).
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In particular, Lemma 2.5.14 and (2.46) imply that we have
y . - L
1A [[ms.1 < 2[|Ai|ls0 < 2C' (R, €)k' || Eol s 0 = O(k™™+2). (2.49)
Now, writing A; = A+ 27wkA, we observe
1Y% AN vien. v A S\
I+ Col — A= I1+Col ——+A A
N<+0 27rk) TN N((+0 27tk+1) T

and noting that all the matrices appearing here commute (as A,A; € 6,(v/—13)), we

have

N S _1+A— N S - NN _ZA 1A
O ok ! = 0T ok O ork bt

+ terms at least quadratic in A;

11y _1+2 CoA A,
- O 2k 0 T Sk

+ higher order terms in k

by recalling (2.32), ||A||op < const, and (2.49). Now the Hilbert—Schmidt norm of

Blo=(1+co- 2 14 71+A rvcr -2 B
1 O ok ! O 2k

. AA
=2 (C0A1 — ﬁ) + higher order terms in k

with respect to H| can be estimated as

N - AA;
E! < 41|CoA; — 2.50
[IE |1s,1 < ‘ 0d1 -5 s (2.50)
<8 Col—i A1 |51 < 8C'(R,€)k!/? Col—i || Eo||rs,1
- 2mk||, C ’ 2mk ’
P op
[|A]lop+ 1 ~ —m—}
SSC/(R7€)](?+||EO||HS,OZO(]< "), (2.51)

for all large enough k, by recalling the estimate (2.32), ||A||,, < const, and (2.46); we
also used (cf. Proposition 2.5.13) HAlH%p <AVtr(A1A) = HAIHHSJ. We then modify

the constant Cy to make £/ term trace free, by arguing as we did in Lemma 2.4.19. This
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will change Cj by a constant of order k=" ; 3,10 C) say, satisfying the bound
Co—C1| < 4N"V2||E] ||ms1 < 8N~ '2(|E{||uso (2.52)

as in (2.35). Hence there exists a trace free hermitian matrix £; which satisfies

Vi AN vk L, vk AN\
I+Col — — El = I[+C—— E
N ( +Co > + N 1 N +C Yk + E

and ||E}||ps.1 can be bounded by

3 A\ ! vkt -,
E <|1+8||(1+Ccor— =L E .
[|E1||lmsg < | 1+ <+C0 2717k) N IE|Hs,1 (2.53)
op
A\ ! Ay 3
<4 1+8|[(1+Col — — Col — —|| ||A1|lus, (2.54)
21k 2rk||,), ’
[
, . AN A ~
<16C'(R,&)k'/? | 1+8||( I+Col — =— Col — —|| [|Eo||ms
21k 2rk|],, ’
op
AN A 1, .
<320 (R, )k | 148 |(1+Cor— 2 WAllop 1, £ so 255
21k k ’
op
— Ok 2) (2.56)

where we used (2.34) in the first line, (2.50) in the second line, Lemma 2.5.14 and
(2.49) in the third line, and (2.32) in the fourth line.

Recalling Proposition 2.5.13, the above calculations mean that we get

k H, H;
[yl st 8o

(k@psH,))" VK A\
- [+CI——L ) =(E);
( + 1 27l'k>l-j ( 1)1/
where E| € Ty, %X is a trace free hermitian matrix which satisfies ||E||ps) =
O(k_m_%) by (2.56). We now return to the gradient flow (2.41), starting at Hy, apart
from that it is now driven by pr, ,(6 21 (H(t))), replacing A by A; namely we run

the new gradient flow

dHW (1)
dt

— (5%1 (H(l)(t))> (2.57)



2.5. Gradient flow 89

starting at H (o) := Hj, where we observe that the error term £ (at r = 0) has now been
improved to ||E1||ps.1 = O(k_’"_%) by (2.56), as opposed to ||Eo||ps0 = O(k™™) that
we initially had in Corollary 2.4.20. Also note that now the projection pr | , : [ — gt is
onto the L?-orthogonal complement of g in s[ with respect to the Fubini—Study metric
induced from H()(r).

We summarise what we have achieved as follows. We started with an ap-
proximately p-balanced metric Hy € %X, obtained in Corollary 2.4.20 which sat-
isfies 8 24(Hy) = Ey with ||Eo||yso < const.k™™; ran the gradient flow (2.41)
to annihilate pr, (62" 4), so that at the limit H; € #K of the flow we have
prL’w(&f'fA(Hl)) =0; set Ay := —%prg(&ﬁ'f“(Hl)) € 6,(v/—13) and replaced
Aby A| ;= A+ 2mkA;, to consider the functional 241 with a new constant Cj,
which differs from Cyp by O(k_m_%_%); wrote E1 := —82°41(H,) with E satisfy-
ing ||E1||us1 < const.k™'/2||Ep||mso = O(k_m_%) as given in (2.55), i.e. Hy is an
approximately p-balanced metric of order k=2, We then go back to the first step,
by replacing Hy with H;. We repeat the above process inductively, as in the following

proposition.

Proposition 2.5.15. Suppose that we run the iterative procedure, starting withi =0, to

find p-balanced metrics as follows:

Step 1 start with an approximately p-balanced metric H; € %,f of order k—m—il2,

Step 2 run the gradient flow

dH (1)
dt

——pr,, (824H (1))

to annihilate prLt(&,@fA"), so that at the limit H) (e0) =: Hj, | € BE of the flow
we have pr| (8§ 24 (Hiy1)) = 0;

Step 3 setA; 1= —%prg(é,@mi(m“)) € 0.(v/—13) and replace A; by A; 1 == A;+
27kA; 1, to consider the functional Z°4+1 with a new constant Ciyy, which differs
from C; by O(k—"=(n+)/2).

Step 4 observe that H 1 satisfies ||8 2747+ (Hi11)||ms,it1 = O(k™"=+D/2) where || -

||Hs,i+1 is the Hilbert—Schmidt norm defined with respect to Hiy i.e. Hiy is an

approximately p-balanced metric of order k—m—(i+1)/2.
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Step S go back to the step 1, with an improved error term (i.e. the approximately p-

balanced metric H; 1 now has order k_m_(i+1)/2),'

so that, by repeating these steps, we get a sequence {(A;,C;,H;)}; in 0.(v/—13) x R x
K
f%k .

Then, as i — oo, A;, C;, and H; converges t0 Aw € 0,(/—13), C € R, and Hw €

%,f , respectively.

The proof is given in the following two lemmas, which rely on the estimates that

we have established so far. We first prove the existence of A and Ce.

Lemma 2.5.16. A/k + 2MA| +2mA, + - - converges, and hence A« := A + 2mkA| +

27kAy + - - - exists. Also Ca exists.

Proof. We first claim that there exist some constants y;,% > 0 such that ||4;]| HS,i <
kM (k=1 29) and |G — Gy < N7V2k™ (k1)L Observe that [|A;]|gs; <
k=M (k=1 29,) implies ||A;]|ms0 < k"1 (2k~1/2y;)" by inductively using (2.46).
Note that these estimates are satisfied when i = 1; more specifically, Lemma
2.5.14, (2.46), and ||Eo||mso = O(k~™) imply that there exists a constant ¥ > 0 such
that
il < 2C (R, €)' Eolls.0 < ¥C' (R, )k ™2,

and (2.51), (2.52) imply

HA||0P+1

2 1
K1/ 1Eo 15,0 < 32N2yC (R €) (||A]lop+ 1)k 2.

ICo—Ci| <4N~'/28C' (R, €)

In what follows, we assume C'(R,€) > 1 and ¥ > 1 without loss of generality.
We argue by induction; suppose that the statement holds at the (i — 1)-th step.

Combined with Lemma 2.5.14 and (2.46), the argument in (2.54) at the i-th step implies

||Aillrs,; < C'(R,€)K2||Ei_1||s,i
A\ 7!
[+Ci ] — ==
( i 27tk> ‘
o

N
for all i > 2. Then the induction hypothesis and (2.32) imply 1+8 ‘ ‘ (I +Ci_aol — %)

Ci 21—A—i_1 Ai_1||s.io1
i— i— Ji—
27k |1,

<8C'(R,e)k'* [ 1+38

<
op
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-1
and ‘
op

1

2(1+8H(1+col—ﬁ) ol — AL

< [All* 1 of. (2.55)). Thus
op

. AN Allop+ 1, ~
. < ! - o - A, .
Vil s < 16C (R,2) [ 18 (1+coz m) s
op
(2.58)
for all large enough k. We can thus take
A _1
7 :=max< 16C'(R,€) | 1+8 (1+C01— ﬂ) (||Allop+1), ¥C'(R.€)
op

We also have

A;

ICi—Ci 1| <4N"V2||E!|ms; < 16NV2 |Gy —
2rk||,),

|Aillms,i

by arguing as in (2.50) and (2.52). The induction hypothesis and (2.58) imply that

Ci = Cia| < 328712 |Co — ik < 16NV (A, + )Yk

2kl

where we used (2.32) and ||A]|, < const, and hence we can take 7, := 16C" (R, €)(||A]],, +
1)%, by noting 16C'(R, )(||A|,, + 1)¥} < %.

Having established the claim as above, we thus have
A/ k+2mA ) +2mAs +- - |50 < (% kT k) e ok ) 4 ) < oo
for all large enough k, and

ICa| < (k FNTV2 e (k V2Y N2 gk 1/2)2 ) < oo,

We now prove the existence of He.

Lemma 2.5.17. Repeating the procedure as given in Proposition 2.5.15 infinitely many
times moves Hy by a finite distance in %’,f with respect to the bi-invariant metric,

i.e. dist(Heo, Ho) < .
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Proof. Consider first the case i = 1. Recall that we use the limit H; = H (o) of the
first gradient flow (2.41) as the initial condition for the second gradient flow (2.57). By

proceeding as we did in (2.45), we get

) 1
dist(H, Ho) < 5~ (|14 (O)]|nso + 114" O)] s, ).

Recalling gA(o) = Fyand ¥4 (0)= Ey, we get dist(H»,Hp) < lil (| |EO| \HS,0+ ||E1 | |HS71).
Inductively continuing as described in Proposition 2.5.15, we have dist(H1,H;) <

)%1 (HEjHHS,j+"'+ HEI'HHSJ) fori > j, and also
. 1 - - -
dist(H;11,Ho) < /1_1 (IEollas.o+ 1Etllas + -+ || Eillas.) - (2.59)

Now the estimates as in (2.53)-(2.55) at the i-th step (and also Lemma 2.5.16) implies

that we have

[|Allop +1

||Eillmsi < 32C'(R,€) [ 1438 iz Ei-llasi-

A _1
I+Col — —
<+ 0 27rk)

op

and hence

i
[[Allop +1

||Ei||HS,i < 32C/(R78) 1+38 k1/2 ||E0||HS70'

A —1
I+Col — —
(+ 0 27rk>

op
(2.60)

Thus we find that there exists a constant ¢ > 0, independent of k, such that

1Eil|ms.i < (ck_l/z)i+1\|Eo||HS7o, and hence we get
dist(H;11,H;) < k|| Eollus.o ((Ckfl/z)j 4+t (ck’l/z)i>
fori > j, and

dist(H;+1,Ho)
1 - B . - _ _—
SZ("EOHHSﬁ*'Ck 1/zHEoHHs,o—FCZk IHEOHHS,0+---++(CI< 1/2)’HE0HH570)

— 0@k ™) (2.61)
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for all large enough i, where we recall ||Eo||gs0 = O(k™™) (cf. Corollary 2.4.20) and
(2.42). Thus the sequence {H;}; is Cauchy in @f with respect to the bi-invariant metric,

and hence the limit H,, € %f exists.

We finally see that (2.61) implies ||Heo — Hol|s,0 = O(k~™*?) (cf. Remark 2.5.10).
We claim [|@p,, — @ |cr o = Ok 1), recalling the definitional @, = @(,y).
To make explicit the dependence on k and m, we write He(k,m) for H. € %’f and
Hy(k,m) for Hy € 2X. By taking a suitable Ho(k,m)-orthonormal basis {s;}, we may
assume that Hy(k,m) is the identity matrix and H.(k,m) is given by diag(d?,...,dy).
||Heo(k,m) — Ho(k,m)||s.0 = O(k~™+2) implies that we have d? — 1 = O(k ""2),

which in turn implies d; 2 1= O(k~"*2). Observe that we can write

V=15 22
Ot (k) = On) + 209108 | ;™ Isil gyt | -

We may choose local coordinates (zi,...,z,) and reduce to local computation. The
equation (2.4) and d; > — 1 = O(k™"*2) imply that we have Zid;2|si|%S(H0(k,m))k =
1+ O(k~™+2), and hence it suffices to evaluate its derivatives.

We fix a local trivialisation of the line bundle L to write hpg(y, (k,m)) = e~ 9mk and

regard each s; as a holomorphic function. Observe that (2.4) implies ¥, |s;|> = "%,

We then apply %;5 on both sides to find
]2

a [
— gl <
aZjSl >~ k Cl (¢m,k),

efkq)m,k
L

for a constant Cy (¢, x) which depends only on (first and second derivatives of) ¢, k.

Higher order derivatives can be similarly bounded in terms of C!-norms of O k> namely
2

azjl.a,l. 77,5 < kZZCZ((])m’k, 1) for a constant C> (¢, x,!) which depends

only on the C*-norm of Om k- In particular, we have

we get Y e Kmk

¢ KOmi/2 <K C3 (@]

dzj, -+ 0z,

foreachi=1,...,Nand ji,...,j; € {1,...,n}.
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Observe that (2.4) implies e %%n4/2|5;| < 1. Thus we get, again using (2.4),

J 2012 d L kb )
9z Zi‘di Sillsten e = a_Zj;(di e b
20, 3.
= —k a¢ K Z(dl_z _ 1)e—k¢m,k|si|2 +Z(di_2 . l)e_k(l)'"’kfias’ :
4 i Zj

i
and hence

J =212 —m—+n+3
9_ij'di I5il Fs g ey | <K Cal( G-

Thus, inductively continuing, we get

" ok
0Zj,--- 9%}, dzj, --- 97, §

di_2|si|12~"s(]-10(k7m))k < k—m+n+l+r+2C5(¢m7k, [+ r)'

Thus we get ||@p,, — a)(m)||c,7wHO < Co (@, kT (H2)=1

(k,m
Writing i = e~? for the hermitian metric corresponding to the extremal metric ®
(e o= —v—l&élogh), we have ¢, — ¢ in C* as k — oo (cf. the proof of Corol-

lary 2.3.15). Thus we get ||@n.. — Omllct g, . < Cik—m (42~ for a constant C
7O

(k,m)
which depends only on /, as claimed.

We thus get

Ha)Hoo(k,m) — 0| ’C’,w <2 ’wHw(k,m) — OH, (k,m) | |cl,wH0(kﬁm) + HwHo(k.,m) — 0| ‘Cl,a)

< Cvl(k—m+n+l+l +k_1).

Thus, given / € N, we can choose m to be large enough so that the sequence {wHoo(k,m) e

converges to @ in C’, establishing all the statements claimed in Theorem 2.1.6.

Remark 2.5.18. Itis tempting to say that, given such @y_ ,)’s, there exists a sequence
{ @y} which converges to @ in C* by diagonal argument. However, k must be chosen
to be large enough for Wy_x ) to be well-defined, and how large k must be depends
on m (cf. §2.3), and hence on /. Thus, by diagonal argument, we can only claim the
existence of @y’s (with @y — @ in C*) satisfying égradé;,? pr(@y) = 0 for infinitely
many k’s rather than for all sufficiently large k’s.

We finally note that, if we have the uniqueness theorem as mentioned in Remark

2.1.9, it follows that ®y_(x n) = O, (k) for all m and m’, and hence we can say that
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the sequence converges in C™ (cf. §4.2 of [40]).

2.6 Stability of (X,L)

2.6.1 Chow stability

This is a review of classical theory, and we refer the reader to §1.16 of Mumford’s paper
[90] and §2 of Futaki’s survey [56] for the details on the materials presented here. Con-
sider a polarised Kéhler manifold (X,L) with dim¢ X = n and degree dy := [y c1 (L¥)",
and the Kodaira embedding 1 : X — P(H%(X,L¥)*). Writing V}, := H%(X,L¥), observe

that n+ 1 points Hy,...,H,1 in P(Vi) determines n+ 1 divisors in P(V;*), and that
{(Hy,... . Hyy1) €P(Vi) x - x P(Ve) [ Hi N+ N Hyp N1(X) # 0 in (V)

is a divisor in P(V;) x - - x P(V;). The polynomial ®y ; € (Sym® (V;*))®"+1) defining
this divisor, or the point [®y 4] in P((Sym® (V;*))®**1)) is called the Chow form of
X — P(HO(X,L¥)*). Tt is a classical fact [90, 105] that [®x ] corresponds bijectively
to a subvariety in P(H°(X,L*)*) of dimension 7 and degree d.

Chow stability of (X,L) is nothing but the GIT stability of the point [Py ;] €
P((Sym (V#))®(1+1) with respect to the SL(V;*)-action on (Sym< (V;))2("+1). More

precisely, it can be defined as follows.
Definition 2.6.1. A polarised Kéhler manifold (X, L) is said to be:

1. Chow polystable at the level k if the SL(V)-orbit of @y, is closed in
(Symdk(Vk*))®("+l),

2. Chow stable at the level & if it is Chow polystable and ®y ; has finite isotropy,

3. Chow semistable at the level & if the SL(V,*)-orbit of ®y ; does not contain

4. Chow unstable at the level « if it is not Chow semistable,

5. asymptotically Chow stable (resp. polystable, semistable) if there exists kg € N
such that it is Chow stable (resp. polystable, semistable) at the level k for all
k > k.
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We recall the following fundamental theorem.

Theorem 2.6.2. (Luo [76], Zhang [131]) Suppose that Auty(X,L) is trivial. Then
(X,L) is Chow stable at the level k if and only if it admits a balanced metric at the

level k.

Remark 2.6.3. Zhang [131] also proved that, even when Auty(X,L) is nontrivial, the
existence of balanced metric at the level k implies that (X, L) is Chow semistable at the

level k (cf. Theorem 3.2, [131]).

Remark 2.6.4. It is well-known that asymptotic Chow stability is closely related
to K-stability. For example, it is known that asymptotic Chow stability implies K-
semistability [103]. More intuitively, asymptotic Chow stability can be seen as a ver-
sion for varieties of Gieseker stability, and K-stability as corresponding to Mumford

stability” [103].

2.6.2 Chow polystability relative to a torus

We now review the version of Chow stability which is “relative” to the automorphism
group G = Auty(X,L), as introduced by Mabuchi [82]. The reader is referred to the
survey given in Apostolov—Huang [5] for further discussions. Since we have the G-
linearisation of L (or 0 in Lemma 2.2.1, cf. Remark 2.2.2), choosing a real torus 7 in
K = Isom(®), we can consider the representation 0|z : T¢ ~ H°(X,L¥) where T¢ is

the complexification of 7. We then consider a subspace
Vi(x):={s € H(X,L*) | 6(r) - s = y(t)s forall r € T}
of H(X, LK), where ¥ € Hom(T¢,C*) is a character. We then have a decomposition

Ox,L") = @Vk xv) (2.62)

for mutually distinct characters x1, ..., x, € Hom(7<,C*). We then define

HdetAv _1}

9The reader is referred to e.g. [103] for the definition of Gieseker stability and Mumford stability
(called slope stability in [103]), defined for vector bundles.

% = {diag(Al,.. G HGL Vk XV
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for the “elements in SL(H®(X,L¥)) that commute with the T¢-action”, and

r r
L= {diag(Al, . Ar) € [T GLVi(x)) [T det(Ay) g2l = 1 for all 1 € TC}
v=1 v=1

for the “subgroup of G7% that is orthogonal to the 7“-action”. See §1.3 of [115] for the

motivation for these definitions. We then define the relative Chow stability as follows.

Definition 2.6.5. A polarised Kihler manifold (X, L) is said to be Chow polystable at

the level k relative to T if the G¢,, -orbit of @y 4 is closed in (Sym (V;7))®(* D).

On the other hand, we can consider an action of a smaller group G7., :=
v—1SL(Vi(xv)); observe EZJTL < Gf... This leads to the notion of “weak” stability
as follows (cf. [82, 5]).

Definition 2.6.6. A polarised Kihler manifold (X,L) is said to be weakly Chow

polystable at the level k relative to 7 if the GCT L-orbit of @y is closed in
(Sym(v)) =D,

Recall that in the case Auty(X, L) is trivial, Chow stability corresponds to the exis-
tence of balanced metrics, as proved by Luo [76] and Zhang [131] (cf. Corollary 2.1.3).
The notion of “balanced” metrics in the relative setting was proposed by Mabuchi [82]

as follows.

Definition 2.6.7. A hermitian metric & € ¢ (X,L) is said to be balanced at the level
k relative to T if Hilb(h) is T-invariant and satisfies the following property: writing
{sy.i}v.i for a Hilb(h)-orthonormal basis for H’(X, L¥), where each {sy ;}; is a Hilb(h)-
orthonormal basis for Vi (), there exist positive constants (by,...,b,), by > 0, such

that
ZbV|SV,i‘ik = 1

Vi

A fundamental theorem is the following.

Theorem 2.6.8. (Mabuchi [82, 86]; see also Theorems 2 and 4 of Apostolov—Huang’s
paper [5]) (X,L) is Chow polystable at the level k relative to T if and only if it admits
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a hermitian metric balanced relative to T with each by, satisfying'®

for some t € TC, i.e. by’s are the eigenvalues of I + A for some A € 6,(Lie(T°)).

Corollary 2.6.9. (cf. §2 of Apostolov—Huang [5]) (X, L) is Chow polystable at the level
k relative to T if and only if there exists g € SL(N) which commutes'! with the elements
in 0(T) such that

Vv

fx(g) = ]T]IJFA

for some A € 0,(/—1Lie(T)). In other words, the trace free part of [ix(g) generates a
holomorphic automorphism of PN~! which preserves the image of X under the Kodaira

embedding.

Proof. Suppose that we have a metric balanced at the level & relative to 7, satisfying
Yvi bv|sv7,~]}21k = 1 with by’s satisfying (2.63). We then see that & can be written as
h = FS(H) with H having {v/bysy i}y, as its orthonormal basis (cf. equation (2.4)),
and that H is T-invariant (cf. Definition 1 of [5] and the argument that follows; see also
Lemma 2.2.21). Then, the centre of mass ji5 with respect to this basis can be computed

as

vV . i
Ry = 1+ ydiag(log [ () lidv, (7, - log [ (1) lidy, )

vV Vv
= I+ —1log@(
N+N0g(),

and we simply define A := X1og 6(t) € 6,(v/—1Lie(T)).

Conversely, writing A = %log 0(t) for some ¢ € T¢/T, suppose that we have
fy = ]%14— ]K\,log 0(r). Diagonalising log6(¢), and defining by’s as in (2.63), we see
that { b;ls’\,7i}v7i is a Hilb(h)-orthonormal basis, when {s{, ;}y ; is an H-orthonormal

basis. We thus get
2

-1/
by Sy.i

1= Z|S/v,i|%,k = va
v.i Vi

as required. [

1ONote that in our setting, diag(log |y ()lidy,(4)» - - -, log | x-(t)[idy, (,)) Will be a trace free matrix,
and hence 1+Y;,_, dimV;(xyv)log|xy(t)|/N = 1.
"This corresponds to the O (K)-invariance of the hermitian matrix H = (g~!)g~!; see Remark 2.2.17.



2.6. Stability of (X,L) 99
2.6.3 Proof of Corollary 2.1.7

We now recall the following “weak” version of Theorem 2.6.8.

Theorem 2.6.10. (Mabuchi [82, 86]; see also the discussion preceding Definition 5 of
[5]) (X, L) is weakly Chow polystable at the level k relative to T if and only if it admits

a hermitian metric balanced relative to T with some by > 0, not necessarily satisfying

(2.63).

Corollary 2.6.11. (X,L) is weakly Chow polystable at the level k relative to T if and

only if there exists g € SL(N) which commutes with 8 (K)-action such that

ix(g) = diag(blidvk(xl), . vbride(xr)>

with respect to the decomposition H*(X,L¥) = @',_, Vi(xv), for some by, > 0 (not

necessarily satisfying (2.63)).

Proposition 2.6.12. If FS(H), H € BX, satisfies 7}, Zupi(®n) = 0, which is equiv-
alent (by Lemma 2.4.3 and also (2.21)) to pr(0y) =Y, (CI— ﬁA)U h’;,S(H) (8i,8),
and if CI — 2_71rkA is positive definite, then FS(H) is balanced at the level k relative to

any maximal torus in K for some by, > 0 (not necessarily satisfying (2.63)).

Proof. By Proposition 2.4.15, writing {s;} for an H-orthonormal basis, we see that

1/2
. IN A
Y A o) R I 2.64
Si 1% ¢ 21k ) Si (2.64)

where (CI — 2’%{)1.]. is the matrix for CI — 2%( represented with respect to {s;}, is
a fy h’;S(H)(,)?l—’f—orthonormal basis. Moreover, by replacing {s;} by an H-unitarily
equivalent basis if necessary, we may assume that A is diagonal. For notational conve-
nience, we write {sy ;}v i (resp. {s| ;}v) for {s;}; (resp. {s;};) for the rest of the proof,

according to the decomposition (2.62), just to make explicit which sector Vj () each

basis element s; belongs to. A € 6,(v/—13) implies that we may write

Aij = diag(alidvk(xl), N ’aridvk()(r))’
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since the centre Z of K is contained in any maximal torus of K. Thus we can write
cr- ) = diag(p;id b, id
~ ok ) = diag(byidy gy byidy )
ij

for some by > 0. In particular, (2.64) can be re-written as s; |, = \/gb; 1/ 2s,-vv. This

means that we can write

N
Y buls) ilf sy = 2 [$v,il (2 = const (2.65)
V.i

Vi

by the equation (2.4), as required. Observe also that these by’s in the above equation
are the eigenvalues of (CI — 2%{)_1, and not of CI — zink, so a priori does not satisfy the

equation (2.63). ]

Remark 2.6.13. The proof above in fact shows that wy satisfies Z}; Znpr(wg) =0
if and only if it satisfies the equation (2.65) with b,’s being the eigenvalues of (CI —

52-) ! for some A € 6,(v/—13) (cf. Theorem 2.6.8).

Recalling that Z is contained in any maximal torus in K, we have the following.
Corollary 2.6.14. If there exists a sequence of hermitian metrics {FS(H(k))}y,
H(k) € X, on (X,L¥) which satisfies -@;}(k)gH(k)Pk(wH(k)) = 0 with the bound
|16+ (gradpy(@g r)))|lop < const uniformly of k, then (X,L) is asymptotically weakly
Chow polystable relative to any maximal torus.

We finally prove Corollary 2.1.7.

Proof of Corollary 2.1.7. This follows from Theorem 2.1.6, Lemma 2.4.9, and Corol-
lary 2.6.14. O

2.6.4 Relationship to previously known results and further ques-

tions

Suppose now that we can answer the following question in the affirmative.

Question 2.6.15. For any A € 6,(1/—13) and any positive constant C > 0 so that CI +A
is positive definite, does there exist A’ € 6, (1/—13) and a positive constant C’ > 0 such
that

Cl+A=Ce"?
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Conversely, for any A’ € 6,(1/—13) and any positive constant C' > 0, does there exist
A € 6,(v/—13) and a positive constant C > 0 such that

C =CI+A?

Setting C := 14 Cy4 in (2.29), we would then have

N AN : /
T, Cc]— — —(CAY T = () e ="+ A
paln(e) = (1= 50 ) =) =) te N e
for some constant C” > 0 and some A” € 6,(1/—13), and hence would show that (X,L)
is relatively Chow polystable (by recalling Corollary 2.6.9), rather than weakly rela-
tively Chow polystable. In other words, the affirmative resolution of Question 2.6.15

would prove the following conjecture (cf. Conjecture 1, [5]).

Conjecture 2.6.16. The existence of extremal metrics in ¢ (L) implies asymptotic

Chow polystability of (X, L) relative to any maximal torus.

The affirmative resolution of Question 2.6.15 would have another consequence

that we discuss now. Recall the following notion proposed by Sano and Tipler [107].

Definition 2.6.17. A Kihler metric wy, is said to be o-balanced if there exists o €

Auto(X,L) such that OFs(Hilb(h)) = o*wy,.

By Lemma 2.4.2 and Theorem 2.2.11, we have

—1\x* v
(o 1) OFs(Hilb(h)) = OFS(Hilb(h)) T —2 X 8alog Z|29 ljsl|FS (Hilb(h))k
i
V=1 _-
:a)h—f—waalog Z Z@ l]sl|hk .

for a Hilb(h)-orthonormal basis {s;}. Thus, being o-balanced is equivalent to
Y| X;6(c1)ijsil;x being constant for a Hilb(h)-orthonormal basis {s;}. Arguing as
in the proof of Proposition 2.6.12, we see that this is equivalent to /# being balanced rel-

ative to a torus containing ¢!

, at the level k, with the index b, being the eigenvalues
of 8(c~1)*0(c~"). If the answer to Question 2.6.15 is affirmative, it would thus imply
that a Kahler metric @pg ), H € %y, is 0-balanced in the sense of Sano-Tipler if and

only if it satisfies Zg, Dy, pr(@y) = 0.
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Remark 2.6.18. Note also that if w;, is o-balanced, Lemma 2.2.21 implies @, =
(G_l)*a)Fs(Hﬂb(h)) = Ops(Hilp((c-1y+h))> and hence h must be necessarily of the form
FS(H') for some H' € %. Given the above argument, it seems natural to expect the
following: if w € ¢ (L) satisfies Z;, Zpr(®) = 0, then it is necessarily of the form

® = Opg(p) for some H € .

Remark 2.6.19. For the toric case, Bunch and Donaldson [21] introduced the notion
of “balanced” metrics for toric manifolds. It seems natural to expect that either of the
above conditions, Wgg(gip(n)) = 0" @ OF D Dy, Pr(@y) = 0, should be equivalent to

their notion of balanced metrics when X is a toric Kidhler manifold.



Chapter 3

Scalar curvature and Futaki invariant
of Kahler metrics with cone

singularities along a divisor

3.1 Introduction and the statement of the results

3.1.1 Kaihler metrics with cone singularities along a divisor and log
K-stability
Let D be a smooth effective divisor on a polarised Kédhler manifold (X, L) of dimension

n. Our aim is to study Kéhler metrics that have cone singularities along D, which can

be defined as follows (cf. §2 of [64]).

Definition 3.1.1. A Kéahler metric with cone singularities along D with cone angle
27 is a smooth Kihler metric on X \ D which satisfies the following conditions when
we write Wsing = Y. ; &; V- ldz; AdZ; in terms of the local holomorphic coordinates

(z1,--.,2n) on a neighbourhood U C X with DNU = {z; = 0}:
1. g1 = F|z1|*#~2 for some strictly positive smooth bounded function F on X \ D,
2. g15=gi=0(al*™),
3. g;7=0(1) fori,j# 1.

Although this definition makes sense for any § € R, we are primarily interested in

the case 0 < B < 1 (cf. [48]). On the other hand, we sometimes need to consider the
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case B > 1 (cf. Remark 3.3.5), while some results (e.g. Theorem 3.1.15) will hold only
for 0 < B < 3/4. We thus set our convention as follows: we shall assume 0 < 8 < 1 in

what follows, and specifically point out when this assumption is violated.

Remark 3.1.2. We recall that the usual (cf. [28, 64, 110] amongst many others) def-
inition of the conically singular Kihler metric @y, is that @j;ne is a smooth Kihler
metric on X \ D which is asymptotically quasi-isometric to the model cone metric
|21 |2ﬁ_2\/—_1dzl AdZ) + Y, v/—1dz; AdZ; around D, with coordinates (zy, . ..,2,) as
above. The above definition is more restrictive than this usual definition, but will in-

clude all the cases that we shall treat in this chapter (cf. Definition 3.1.10).

Remark 3.1.3. We can regard a conically singular metric @y, as a (1, 1)-current on

X, and hence can make sense of its cohomology class [@yine] € H*(X,R).

Kéhler-Einstein metrics that have cone singularities along a divisor were studied
on Riemann surfaces by McOwen [88] and Troyanov [126], and on general Kihler
manifolds by Tian [124] and Jeffres [63]. They have attracted renewed interest since the
foundational work of Donaldson [48] on the linear theory of Kihler—Einstein metrics
with cone singularities along a divisor, and since then, there has already been a huge
accumulation of research on such metrics. Precisely, a conically singular metric @y,
is said to be Kihler-Einstein with cone singularities along D € | — AKx | with cone
angle 273, where A € N is some fixed integer, if it satisfies the following complex
Monge—-Ampere equation

20-2
o = |52 7

on X \ D, where a hermitian metric # on —Kx defines the Kéhler metric @, and the
volume form Q, on X, and s is a section of —AKx which defines D by {s = 0}.

We now recall the log K-stability, which was introduced by Donaldson [48] and
played a crucially important role in proving the Donaldson—Tian—Yau conjecture (Con-
jecture 1.2.6) for Fano manifolds [28, 29, 30] (cf. Theorem 1.2.10); see also Remark
3.2.6. We first recall (cf. Theorem 1.3.5) that the notion of K-stability can be regarded

as an “algebro-geometric generalisation” of the vanishing of the Futaki invariant!

wn—l

Fut(Ef’[wD:/Xf(S(w)_S)f_?:/Xf(RiC(w)_§_w) /\(n—l)!’

n

'In what follows, we prefer to use the second expression using the Ricci curvature.
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in the sense that Fut(E 7, [w]) = 0 is equivalent to DF (2",.Z) = 0 for the product test
configuration (Z",.Z) generated by Z ¢ (cf. Remark 1.3.4). Looking at the product log
test configurations, we have an analogue of the Futaki invariant in the log case, which

was first introduced by Donaldson [48]. It is written as

n n—1 n
P p 27, f0) = 51 [ 1(5(0)-9) %~ (1-B) ([ e - it o o)
and may be called the log Futaki invariant (cf. §3.2, particularly Theorem 3.2.7). As
in the case of the (classical) Futaki invariant, Futp g is expected to vanish on Kéhler
classes which contain a Kédhler—Einstein or constant scalar curvature Kéhler metric with
cone singularities along D with cone angle 27t3.2

Now, in view of the work of Donaldson [39, 40, 41], we are naturally led to the idea
of replacing the ample —Kx by an arbitrary ample line bundle L, on a manifold X that is
not necessarily Fano, and consider the constant scalar curvature Kéhler metrics in ¢ (L)
with cone singularities along a smooth effective divisor D (cf. Remark 3.1.3). Conically

singular metrics having the constant scalar curvature can be defined as follows.

Definition 3.1.4. A Kihler metric @, with cone singularities along D with cone angle
27 is said to be of constant scalar curvature Kihler or cscK if its scalar curvature
S(@ying), Which is a well-defined smooth function on X \ D, satisfies S(®ying) = const

on X \D.

Remark 3.1.5. We now note that all the results on the conically singular Kdhler metrics
mentioned above are about Kidhler—Einstein metrics with the anticanonical polarisation,
and there seem to be very few results concerning the conically singular metrics along a
divisor in a general polarisation. To the best of the author’s knowledge, we only have
[36, 65, 73, 92] treating general polarisations.

An important point, unlike in the Fano case where D € | — AKx| for some A € N
was natural, is that D and L can be chosen completely independently; D can be any
smooth effective divisor in X and the corresponding line bundle Ox (D) does not even

have to be ample.

2This certainly holds for Kidhler—Einstein metrics on Fano manifolds; see Theorem 2.1, [110] and
also Theorem 7, [30].
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Remark 3.1.6. In general, if @j;ne is a metric with cone singularities along D (as in
Remark 3.1.2), then it follows that any f € C*(X,RR) is integrable with respect to the
measure ws”l-ng

C1,C; such that

on any open set U C X \ D; this is because there exist positive constants

n n
C1|Z1’2ﬁ72H\/ —ldzi Ndz; < (Dfing < C2’Z1’2B72Hv —1dz; NdZ;
i=1 i=1

locally around D, and |z} |2ﬁ’2\/ “1dzy Adzy =2r*B1drd, 7, = reﬁe, is integrable
over the punctured unit disk in C. This fact will be used many times in what follows.

In particular, the volume fX\D a)s”ing of X \ D is finite. By regarding a)fmg as an
absolutely continuous measure on the whole of X, we shall write Vol(X, Wying) 1=

Jx\p @ in what follows.

3.1.2 Momentum-constructed metrics and log Futaki invariant

The study of cscK metrics is considered to be much harder than that of Kéhler-Einstein
metrics, since there is no analogue of the complex Monge—Ampere equation which
reduces the fourth order fully nonlinear PDE to a second order fully nonlinear PDE.
However, when the space X is endowed with some symmetry, it is often possible to
simplify the PDE by exploiting the symmetry of the space X. One such example, which
we shall treat in detail in what follows, is the momentum construction introduced by
Hwang [61] and generalised by Hwang—Singer [62], which works, for example, when
X is the projective completion P(.# @ C) of a pluricanonical bundle .% over a product
of Kihler-Einstein manifolds (see §3.3.1 for details). The point is that this theory
converts the cscK equation to a second order linear ODE, as we recall in §3.3.1.

Moreover, it is also possible to describe the cone singularities in terms of the
boundary value of the function called momentum profile; a detailed discussion on this
can be found in §3.3.2. This means that we have on X = P(.% @ C) a particular class
of conically singular metrics, which we may call momentum-constructed conically
singular metrics, whose scalar curvature is easy to handle.

By using the above theory of momentum construction, we obtain the following
main result of this chapter. Suppose that (M, @yy) is a product of Kihler—Einstein Fano

manifolds (M;, ®;), i = 1,...,r, each with by(M;) = 1, and of dimension n; so that
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n—1=Y"n.Let. ¥ :=Qi_, p;‘Kl@", l; € Z, K; be the canonical bundle of M;, and

pi : M — M; be the obvious projection. The statement is as follows.

Theorem 3.1.7. Let X := P(F# & C), and write D for the «-section of P(F & C) and
E for the generator of the fibrewise C*-action. Then, each Kihler class [®] € H*(X,R)
of X admits a momentum-constructed cscK metric with cone singularities along D with

cone angle 273 € [0,0) if and only if Futp g(E, [@]) = 0.

The reader is referred to §3.3.1 for more details on this statement, including where
the various hypotheses on X came from. Simple examples to which the above theorem

applies are given in Remark 3.3.5.

Remark 3.1.8. Note that the value of B for which this happens is unique in each Kéhler

class [@] € H*(X,R), given by the equation Futp, 4(Z, [@]) = 0 which we can re-write

B - o' Vol(D,w) [ o™\ '
B =1-Fu(z,[0]) (/Df(n—l)! ~ Vol(X, o) /Xfﬁ) ’

where f is the holomorphy potential of =; the denominator in the second term is equal

as

to Q(b)(b— B/A) in the notation of (3.25), which is strictly positive. We also need to
note that we do not necessarily have 0 < 8 < 1; although we can show 8 > 0, there are

examples where B > 1. See Remark 3.3.5 for more details.

Remark 3.1.9. A naive re-phrasing of the above result is that each rational Kéhler class
(or polarisation) of X = P(.% @& C) admits a momentum-constructed cscK metric with
cone singularities along D with cone angle 2xf if and only if it is log K-polystable
with cone angle 23 with respect to the product log test configuration generated by
the fibrewise C*-action on X. As far as the author is aware, this is the first supporting
evidence for the log Donaldson—Tian—Yau conjecture (Conjecture 3.2.5) for the polari-

sations that are not anticanonical.

3.1.3 Log Futaki invariant computed with respect to the conically

singular metrics
Although the log Futaki invariant is conjectured to be related to the existence of coni-
cally singular cscK metrics, the log Futaki invariant itself is computed with respect to

a smooth Kidhler metric in ¢ (L). We now consider the following question: what is the
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value of the log Futaki invariant if we compute it with respect to a conically singular
Kihler metric?? Namely, we wish to compute the following quantity

a)n—l

_ , S(wy; i
Futp g (Ef, Wying) :/Xf (Rlc(wsing) - ( ;lng_) wsing) N (n inf),

ol Vol(D, wying) [ O
sing s Wsing sing
—2z(1=p) (/Df<n—1)z ” Vol(X, @ying) /Xf n! ) !

n—1
sing

- . ) . .y
where S(Wying) 1= m Jx Ric(®ying) N = However, this is not a priori well-

n—1
sing

. . . o .
defined for any conically singular metric @in,; first of all [}, f 1) does not naively
make sense as My, is not well-defined on D, and it is not obvious that the integral

n—1 n—1

Jx Ric(@ying) A % or [y fRic(®ying) N % makes sense.*

In what follows, we do not claim any result on this problem that is true for all
conically singular metrics, and restrict our attention to the case where the conically
singular metric @y, has some “preferable” form. By this, we mean that @y, is either

of the following types.
Definition 3.1.10.

1. Let Ox(D) be the line bundle associated to D and s be a global section that
defines D by {s = 0}. Giving a hermitian metric 2 on Ox (D), we define
O:=w+ ),\/—_1¢99|s|2[3 which is indeed a Kéhler metric if A > 0 is chosen
to be sufficiently small. Metrics of such form have been studied in many papers
([20, 25, 48, 64] amongst others), but, due to the apparent lack of the naming con-
vention in the existing literature®, we decide to call such a metric @ a conically

singular metric of elementary form.

2. When X is a projective completion P(.# @& C) of a line bundle .% over a Kihler
manifold M, with the projection map p : % — M, we can consider a momentum-
constructed metric (as we mentioned in §3.1.2; see also §3.3.1 for the details).

We have an explicit description of cone singularities, as we shall see in §3.3.2.

3 Auvray [11] established an analogous result for the Poincaré type metric, which can be regarded as
the B = 0 case.

“Note that Vol (X, Oying) does make sense by Remark 3.1.6.

SCalamai and Zheng [25] in fact call it a model metric, but we decide not to use this terminology in
order to avoid confusion with the model cone metric that appeared in Remark 3.1.2.
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What is common in these two classes of metrics is that they can be written as a
sum of a smooth differential form on X and a term of order O(|z;|?#), together with
some more explicit estimates on the second O(|z;|*#) term, which will be important
for us in proving that these metrics enjoy some nice estimates on the Ricci (and scalar)
curvature (cf. §3.3.2, §3.4.1); see also Remark 3.4.8.

For these types of metrics, @ and @y, we first show that Ric(®) A @"! and
Ric(wy) A a)(’,;‘1 define a current that is well-defined on the whole of X. In fact, we
can even show that they are well-defined as a current on any open subset Q in X, as
stated in the following. They are the main technical results that are used in what follows

to compute the log Futaki invariant.

Theorem 3.1.11. Let @ be a conically singular Kiihler metric of elementary form @ =

O+ Ay —18<§|s|il3 with 0 < B < 1. Then the following equation

AN wnfl

o d)nfl )
/Qlec(a))/\ D) =/Q\Df5(w)ﬁ+2ﬂ(1—l3)/gmfm

holds for any open set Q C X and any f € C*(X,R), and all the integrals are finite.

Theorem 3.1.12. Let p : . F — M be a holomorphic line bundle with hermitian metric
hz over a Kihler manifold (M, wy), and @y be a momentum-constructed conically
singular Kdhler metric on X := P(.% @ C) with a real analytic momentum profile @

and 0 < B < 1. Then the following equation

n—1 n 1

/Qlec(a)(p)/\ (nfl)! :/Q\Dfs(ww)n—(f +2”(1_B)/ P —

op’  (n—1)!

holds for any open set Q C X and any f € C*(X,R), and all the integrals are finite,
where @y (D) is as defined in (3.3).

Remark 3.1.13. We note that Theorems 3.1.11 and 3.1.12 bear some similarities to
the equation (4.60) in Proposition 4.2, proved by Song and Wang [110]. The main
difference is that our theorems show that Ric(®) A ®@"~! (resp. Ric(wg) A wg’l) is
a current well-defined over any open subset Q in X, as opposed to just computing
JyRic(®) A ®@"1 (resp. [y Ric(wg) A a)(';_l); indeed our proof is quite different to
theirs, although we have in common the basic strategy of doing the integration by parts

“correctly”.
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Recalling (cf. Theorem 3.2.7) that the log Futaki invariant Futp g is defined as
a sum of the classical Futaki invariant (cf. Theorem 1.3.5) and a “correction” term,
we first compute the classical Futaki invariant with respect to the conically singular
metrics, of elementary form and momentum-constructed, as follows. Theorem 3.1.11
enables us to make sense® of the following quantity

Fut(Z,®) := / A <Ric(d)) - S((b)> A (,f)jll)g’

X n

where H is the holomorphy potential of Z with respect to @. Similarly, Theorem 3.1.12
enables us to make sense of Fut(Z,®,) computed with respect to the momentum-
constructed conically singular metric @, with real analytic momentum profile ¢. The

result that we obtain is as follows.
Corollary 3.1.14.

1. Suppose that = is a holomorphic vector field on X which preserves D. Write
H for the holomorphy potential of E with respect to ®, and H for the one with
respect to a conically singular metric of elementary form @ with0 < B < 1. Then

we have

Fut(Z, ®) :/X\Dﬁ(S(ﬁ)—E(@)%

+27(1-B) (/L)H(,?jll)g - zjg 2; /XH(:_T) ’

where S(®) is the average of S(®) over X \ D and all the integrals are finite.

2. Writing E for the generator of the fibrewise C*-action on X = P(# & C), and ©
for the holomorphy potential with respect to a momentum-constructed conically

singular metric g with 0 < B < 1, we have

wl’l
Fut(z, 0p) = [ L T5(@9) =S(0g)
+27(1- B) (bVo1<M, ou (b))~ V%éﬁ’;f’ﬁiﬁ” /Xfw_(f) |

“In fact, there is also a subtlety involving the asymptotic behaviour of the holomorphy potential A,
cf. §3.4.3.1 and §3.4.3.2.
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where D is the oo-section defined by T = b, and wy(b) is as defined in (3.3); see

§3.3.1. All the integrals in the above are finite.

We finally compute the log Futaki invariant, as stated in the following theorem; a
key result is that the “distributional” term in Fut(Z, @) (resp. Fut(Z, my)) exactly can-
cels the “correction” term in the log Futaki invariant (cf. Corollary 3.5.3 (resp. Corol-
lary 3.5.7)). We also prove a partial invariance result for the Futaki invariant, when it
is computed with respect to these classes of conically singular metrics. For the smooth
metrics, that the Futaki invariant depends only on the Kihler class is a well-known
theorem of Futaki [54] (cf. Theorem 1.3.5), where the proof crucially relies on the in-
tegration by parts. When we compute it with respect to conically singular metrics, we
are essentially on the noncompact manifold X \ D, and hence cannot naively apply the

integration by parts. Still, we can claim the following result.
Theorem 3.1.15. Suppose 0 < B < 3/4.

1. The log Futaki invariant computed with respect to a conically singular metric
of elementary form @, evaluated against a holomorphic vector field E which

preserves D and with the holomorphy potential H, is given by

= A 1 el A N
Futyp(2,0) = 5 [ AS(6) ~S(6)

and it is invariant under the change @ — @ ++/— 1891// for any smooth function
v € C(X,R) with ®++/—190y >00n X\D, ie.
Futp g (Z ®++/—19dy) = Futp g (Z,®) = L/ H(S(®) —S((b))@
’ ’ ' ’ 27 Jx\p - n!
In particular, if @ is cscK, Futp g(Z,® + V—=199dy) =0 for any y € C*(X,R)
with @ ++/—19dy > 0 on X\ D.

2. Suppose that the c-constancy hypothesis (cf. Definition 3.3.1) is satisfied for our
data, and let D be the -section of X = P(.%# @& C). Then the log Futaki invariant

computed with respect to a momentum-constructed conically singular metric @y,
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evaluated against the generator E of fibrewise C*-action, is given by

a)i’l

Futp p(,09) = [ 2(5(0g) ~S(09)) V.

and it is invariant under the change @y — ®p ++/—1 d0 Y for any smooth func-
tion y € C*(X,R) with @y ++/—109y > 0 on X \ D.

Remark 3.1.16. The author conjectures that the result should be true for 0 < < 1 in

general.

3.1.4 Organisation of the chapter

We first review the basics on log K-stability and log Futaki invariant in §3.2.

§3.3 discusses in detail the momentum-constructed conically singular metrics and
log Futaki invariant, in particular our main result Theorem 3.1.7; §3.3.1 is a general in-
troduction, and §3.3.2 discusses some basic properties of momentum-constructed met-
rics that have cone singularities. §3.3.3 is devoted to the proof of Theorem 3.1.7.

§3.4 and §3.5 discuss in detail the log Futaki invariant computed with respect to
conically singular metrics, as presented in §3.1.3. After collecting some basic estimates
on conically singular metrics of elementary form in §3.4.1, we prove in §3.4.2 that the
current Ric(®) A @' (and Ric(wy) A a)fls_') is well-defined on the whole of X, as
stated in Theorems 3.1.11 and 3.1.12. Corollary 3.1.14 is proved in §3.4.3.

§3.5 is concerned with the proof of Theorem 3.1.15; the main result of §3.5.1 is
Corollary 3.5.3 (see also Remark 3.5.4), which reduces the claim (for the conically
singular metrics of elementary form) to the computations that we do in §3.5.2 along
the line of proving the invariance of the classical Futaki invariant (i.e. the smooth case).

§3.5.3 establishes the claim for the momentum-constructed conically singular metrics.

3.2 Log Futaki invariant and log K-stability

Donaldson [48] introduced the notion of log K-stability, in the attempt to solve Con-
jecture 1.2.6 for the Fano manifolds; see also Remark 3.2.6. This is a variant of K-
stability that is expected to be more suited to conically singular cscK metrics. We refer
to [48, 92] for a general introduction.

This purely algebro-geometric notion can be defined for an n-dimensional po-
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larised normal variety (X, L) together with an effective integral reduced divisor D C X,
but we will throughout assume that (X, L) is a polarised Kéhler manifold and D C X is
a smooth effective divisor as this is the case we will be exclusively interested in. We
write ((X,D);L) for these data.

Suppose now that we have a test configuration (:2",.%) for (X,L). As in §1.2.1,
the equivariant C*-action on 2" induces an action on the central fibre 2, and hence
an action on H( 2y, £%¥| 4;) for any k € N. We write dj for dimH%( 2o, 2% 2;)
and wy, for the weight of the C*-action on A™* H( 20, 2| 4.). As we saw in §1.2.1,

these admit an expansion in k > 1 as

dy = aok” —|-Cllkn71 + -

Wi :bOkYH—] +b1kn+

where q;, b; are some rational numbers.

The C*-action on 2" naturally induces a test configuration (2,.%|4) of (D,L|p)
by supplementing the orbit of D (under the C*-action) with the flat limit. Similarly to
the above, writing %, for the central fibre, we write dj, for dim H%(Z, £ | 2,) and Wy

for the weight of the C*-action on A™* H(Zy,.£*|4,). We have the expansion

d~k = d()kn_l —l—dlkn_z +--

Wi = Eokn—l-glknil +---

exactly as above, where d;, b; are some rational numbers.

Thus a test configuration (2°,.%) and a choice of divisor D C X gives us two
test configurations (2,.Z) and (Z2,.%|»). We call the pair (2,.%) and (Z,.Z|9)
constructed as above a log test configuration for the pair ((X,D);L), and write
(Z°,2);%) to denote these data. We now define the log Donaldson-Futaki in-

variant

DF(2,9,2.,p) = 21 —a1b) _ | _ g (150— j—Zm) , 3.1)

ao

analogously to Definition 1.2.4.

We now consider a special case where the log test configuration ((2°,2);.%) is
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given by a C*-action on X which lifts to L and preserves D. We then have isomor-
phisms 2" = X x C and Z = D x C, and in particular the central fibre 2 (resp. %)
is isomorphic to X (resp. D). Note that the above isomorphisms are not necessarily
equivariant, and hence the central fibres Z( = X and %y = D could have a nontrivial
C*-action. In this case the log test configuration ((:27,2);.%) is called product. In
the more restrictive case where the above isomorphisms are equivariant, i.e. when C*-
action acts trivially on the central fibres 2 = X and %) = D, the log test configurations

is called trivial.

Remark 3.2.1. As in Remark 1.3.4, a product log test configuration is exactly a choice
of & € H(X, Tx) that admits a holomorphy potential and preserves D (i.e. is tangential
to D).

With these preparations, the log K-stability can now be defined as follows.

Definition 3.2.2. A pair ((X,D);L) is called log K-semistable with cone angle 273
if DF(Z,2,%,B) > 0 for any log test configuration ((:2°,2);.%) for ((X,D);L).
It is called log K-polystable with cone angle 27f3 if it is log K-semistable with cone
angle 2rf3 and DF (2,9, %,B) =0ifand only if ((Z", 2);.Z) is product. It is called
log K-stable with cone angle 27 if it is log K-semistable with cone angle 273 and

DF(Z,2,%,B)=0if and only if ((:Z", 2);.Z) is trivial.

Remark 3.2.3. We need some restriction on the singularities of 2™ and & to define log
K-stability (cf. Remark 1.2.3), when the log test configuration is not product or trivial
(cf. [92]), but we do not discuss this issue since only the product log test configurations

will be important for us later.

Remark 3.2.4. While we shall see later (cf. Corollary 3.5.3 and Remark 3.5.4 that
follows) in differential-geometric context how the “extra” terms (1 — ) <130 - Z—gbo)
in (3.1) (or the corresponding terms in (3.2)) come out, they come out naturally in the

blow-up formalism [92] in algebraic geometry (cf. Theorem 3.7, [92]).

The following may be called the log Donaldson-Tian-Yau conjecture. This

seems to be a folklore conjecture in the field, and is mentioned in e.g. [36, 65].

Conjecture 3.2.5. ((X,D);L) is log K-polystable with cone angle 2z if and only if X

admits a cscK metric in ¢ (L) with cone singularities along D with cone angle 27f3.
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Remark 3.2.6. When X is Fano with L = —AKx (for some A € N) and D € | — AKx|,
this conjecture was affirmatively solved by Berman [13] and Chen—-Donaldson—Sun
[28, 29, 30]. Berman [13] first proved that the existence of conically singular Kédhler—
Einstein metric with cone angle 273 implies log K-stability of ((X,D); —AKx) with
cone angle 27f3, and Chen—Donaldson—Sun [28, 29, 30] proved that the log K-stability
with cone angle 273 implies the existence of the conically singular Kdhler—Einstein
metric with cone angle 273, in the course of proving the “ordinary” version of the

Donaldson—Tian—Yau conjecture (Conjecture 1.2.6) for Fano manifolds.

Let f € C*(X,C) be the holomorphy potential, with respect to ®, of the holomor-
phic vector field ¢ on X which preserves D. Recall that we use the sign convention
(Zp)ow = —df for the holomorphy potential. Let ((.2°,2);.%) be the product log
test configuration defined by E; (cf. Remark 3.2.1). In this case, a straightforward

adaptation of the argument in §2 of [41] shows the following.

Theorem 3.2.7. (Donaldson [41, 48]) The log Donaldson-Futaki invariant reduces to

the following differential-geometric formula

DF(Z,9,%,B) = Futp g(Ey,[0])

1 - ™! Vol(D, ) "
= ﬁFut(Lf, []) = (1-B) (/Df(n— 1)! B Vol(X, ) Xf?)

(3.2)

defined for some (in fact any) smooth Kdhler metric ® € c1(L), when the log test con-
figuration ((Z°,2);.Z) is product, defined the holomorphic vector field Z ¢ on X which
preserves D. In the formula above, Vol(D, w) := [}, (,(;’j—?), and Vol(X, w) = [y ‘r‘l’—? are

the volumes given by the smooth Kiihler metric ® € ci(L).

We may call the above Futp g the log Futaki invariant, where the fact that
Futp g(Ey, [@]) depends only on the Kihler class [@] (and not on the specific choice of

the metric) can be shown exactly as the classical case; see e.g. §4.2, [119].
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3.3 Momentum-constructed cscK metrics with cone

singularities along a divisor

3.3.1 Background and overview

Consider a Kihler manifold (M, wy) of complex dimension n — 1 together with a holo-
morphic line bundle p : ¥ — M, endowed with a hermitian metric 4 with curvature
form y:= —/—19dlogh#. We first consider Kihler metrics on the total space of .%,
which can be regarded as an open dense subset of X := P(# @ C); we shall later im-
pose some “boundary conditions” for these metrics to extend to X. Consider a Kidhler
metric on the total space of .% of the form’ p* @y +dd€ f(t), where f is a function of
t, and ¢ is the log of the fibrewise norm function defined by 4 & serving as a fibrewise

radial coordinate. A Kihler metric of this form is said to satisfy the Calabi ansatz.

This setting was studied by Hwang [61] and Hwang—Singer [62], in terms of the
moment map associated to the fibrewise U (1)-action on the total space of .%. Suppose
that we write % for the generator of this U (1)-action, normalised so that exp(27ra%) =
1, and 7 for the corresponding moment map with respect to the Kéhler form @y :=
pray +ddef(t). An observation of Hwang and Singer [62] was that the function
||aa—9||%, - is constant on each level set of 7, and hence we have a function ¢ : 1 — Rxo,

defined on the range I C R of the moment map 7, given by

which is called the momentum profile in [62].

An important point of this theory is that we can in fact “reverse” the above con-
struction as follows. We start with some interval / C R (called momentum interval in
[62]) and T € I such that

oy (7T) := @y — Ty >0, (3.3)

and write {p: (#,hg) — (M, wy),1} for this collection of data. We now consider a

function ¢ which is smooth on / and positive on the interior of /. Proposition 1.4 (and

"We shall use the convention d° := /—1(d — 9).
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also §2.1) of [62] shows that the Kéhler metric on .% defined by
* * 1 C * 1 C
Wy :=p Oy — TP y+6dr/\d T=p coM(f)+6dr/\dr (3.4)

is equal to @y = p* @y + dd° f(t) satisfying the Calabi ansatz, where (f,7) and (¢, 7)
are related in the way as described in (2.2) and (2.3) of [62].

We now come back to the projective completion X = P(.# @ C) of .#, and suppose
that @y = p*wy + dd° f(t) extends to a well-defined Kéhler metric on X. In this case,
without loss of generality we may write [ = [—b,b| for some b > 0; T = b (resp. T =
—b) corresponds to the co-section (resp. 0-section) of X = P(.# & C), cf. §2.1, [62].
Hwang [61] proved? that the condition for ®y defined by (3.4) to extend to a well-
defined Kihler metric on X is given by the following boundary conditions for ¢ at dI:
¢(+b) =0 and ¢'(+b) = F2. We can thus construct a Kdhler metric @y on X from the
data {p: (F,hz) — (M,wy),1}, and such @y is said to be momentum-constructed.

We recall the following notion.

Definition 3.3.1. The data {p: (% ,hz) — (M, wy),I} are said to be o-constant if the
curvature endomorphism a)Ajlly has constant eigenvalues on M, and the Kéhler metric

wy(T) (on M) has constant scalar curvature for each 7 € .

The advantage of assuming the o-constancy is that the scalar curvature S(@yp) of

@y can be written as

1 97
S(wy) = R(7) — Ea_rz(‘PQ)(f) (3.5
in terms of 7, where 1
0(1):= 2D (3.6)
Wyy
and
R(T) = ter(T)RiC(a)M) 3.7

are both functions of 7 by virtue of the o-constancy hypothesis. Note that (3.5) means
that the cscK equation S(®g) = const is now a second order linear ODE.
In what follows, we assume that (M, @) is a product of Kéhler—Einstein mani-

folds (M;, @;), and ¥ := Q_, p;-*Kl@l", where [; € Z, p; : M — M; is the obvious projec-

8See also Proposition 1.4 and §2.1 of [62]. The boundary condition of ¢ at dI = {+b} will be
discussed later in detail.
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tion, and K; is the canonical bundle of M; (we can in fact assume /; € Q as long as Kl@i
is a genuine line bundle, rather than a (Q-line bundle). It is easy to see that this satisfies
the o-constancy. We also assume that each M; is Fano, as in [61]; this hypothesis is
needed in the Appendix A of [61], which will also be used in §3.3.3.1.

We now recall the work of Hwang (cf. Theorem 1, [61]), who constructed an

extremal metric on X = P(.# @ C) in every Kihler class.

Theorem 3.3.2. (Hwang [61], Corollary 1.2 and Theorem 2) The projective completion
P(# & C) of a line bundle F := Qj_, p;"Kf@l", over a product of Kihler—Einstein Fano
manifolds, each with the second Betti number 1, admits an extremal metric in each

Kidhler class.

Remark 3.3.3. We also recall that the scalar curvature of these extremal metrics can

be written as S(®y) = 6p + AT where 6y and A4 are constants (cf. Lemma 3.2 [61]).

Whether this extremal metric is in fact cscK depends on the (classical) Futaki
invariant, by recalling Lemma 1.4.5. Hwang’s argument, however, gives the following
alternative viewpoint on this problem. The above formula S(wy) = 0y + A7 for the
scalar curvature of the extremal metric of course implies that @ 1s cscK if and only if
A =0, and hence the question reduces to whether there exists a well-defined extremal
Kihler metric @y such that S(@wy) has A =0. As Hwang [61] shows, the obstruction for
achieving this is the following boundary conditions for ¢ at dI = {—b,+b}: @(+b) =
0 and ¢'(+b) = F2. They are the conditions that must be satisfied for @, to be a
well-defined smooth metric on X; ¢(+b) = 0 means that the fibres “close up”, and
¢'(+b) = F2 means that the metric is smooth along the co-section (resp. O-section).

It is not possible to achieve A =0, @(+b) =0, ¢'(+b) = F2 all at the same time if
the Futaki invariant is not zero. On the other hand, however, we can brutally set A =0
and try to see what happens to @(+b) and ¢’(+b). In fact, it is possible to set A = 0,
@(£b) =0, and @(—b) = 2 all at the same time”, as discussed in §3.2 [61] and recalled
in §3.3.3.1 below. Thus, we should have ¢’(b) # —2 if the Futaki invariant is not zero.

A crucially important point for us is that the value —m¢@’(b) = 27f3 is the angle of the

°It is possible to set ¢(b) = —2 instead of ¢(—b) = 2 in here, and in this case ®, will be smooth
along the co-section with cone singularities along the O-section; this is purely a matter of convention.
However, just to simplify the argument, we will assume henceforth that @y, is always smooth along the
0-section with the cone singularities forming along the oo-section.
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cone singularities that the metric develops along the oo-section, if @ is real analytic on
1. This point is briefly mentioned in p2299 of [62] and seems to be well-known to the
experts (cf. Lemma 2.3 of [73]). However, as the author could not find an explicitly
written proof in the literature, the proof of this fact is provided in Lemma 3.3.6, §3.3.2,

where the author thanks Michael Singer for the instructions on how to prove it.

What we prove in §3.3.3.1 is that it is indeed possible to run the argument as above,
namely it is indeed possible to have a cscK metric on X in each Kéhler class, at the cost
of introducing cone singularities along the oo-section. An important point here is that
the cone angle 27tf is uniquely determined in each Kdhler class; we can even obtain

an explicit formula (equation (3.22)) for the cone angle.

We compute in §3.3.3.2 the log Futaki invariant. The point is that the computation
becomes straightforward by using the extremal metric, afforded by Theorem 3.3.2. It
turns out that the vanishing of the log Futaki invariant gives an equation for f3 to satisfy
(equation (3.26)); in other words, there is a unique value of B for which the log Futaki
invariant vanishes. The content of our main result, Theorem 3.1.7, is that this value of 3
agrees with the one for which there exists a momentum-constructed conically singular

cscK metric with cone angle 273 (equation (3.22)).

Remark 3.3.4. The hypothesis b(M;) = 1 in Theorem 3.1.7 is to ensure that each
Kihler class of X can be represented by a momentum-constructed metric, as we now
explain. Observe first that by(M;) = 1 implies H>(M,R) = @, R[p} @], by recalling
that every Fano manifold is simply connected (cf. [31]). Thus recalling the Leray—

Hirsch theorem, we have
H*(X,R) = p*H*(M,R) ®Rc| (&) = p* (EBR[pZ-kwi]) O Rei (),
i

i.e. each Kihler class on X can be written as Y/, a;p* [p; @i] + @111 (&) for some o; >
0, where & is the dual of the tautological bundle on X. We can now prove (cf. Lemma
4.2, [61]) that each Kéhler class can be represented by a momentum-constructed metric

Wy = p oy —Tp Y+ éd’t/\d%’ as follows. Observe now that the form —tp*y+ %dr/\



120 Chapter 3. Kéhler metrics with cone singularities along a divisor
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Figure 3.1: Graph of 8 as a function of b for % = p}(K,,') ® p3(K2,) on M =P' x P!,

d°t is closed. Thus its cohomology class can be written as

* 1 c i *[ %
—Tp Y+ adf/\d T = Zaz‘lp [pi o] + )y c1(6)
=1

1=

for some of > 0. We shall prove in Lemma 3.3.9 that any momentum-constructed
metric with the momentum interval I = [—b,b| has fibrewise volume 4mb. This
proves @, = 4xb. Thus, writing wy = Y/_, &;0;, we see that [wy] = Y7 (o +

&) p*[p; @] +47mbci(E). Thus, given any Kihler class in k € H*(X,R), we can choose

@&; and b appropriately so that [@y] = K.

Remark 3.3.5. We do not necessarily have 0 < 8 < | in Theorem 3.1.7; although
B > 0 always holds, as we prove in §3.3.3.1, there are examples where > 1. Indeed,
when we take M = P! x P!, oy = p1OgE + p>kg for the Kihler—Einstein metric
ok € 21ci(—Kp1) and F = pj(—Kp1) ® p5(2Kp1 ), we always have B > 1 as shown
in Figure 3.1, by noting that 0 < b < 0.5 gives a well-defined momentum interval.

On the other hand, as shown in Figure 3.2, .# = p}(—2Kp1) ® p3(Kp1) with M
and wyy as above, 0 < b < 0.5 implies 0.3 < B < 1; in particular Theorem 3.1.7 is not
vacuous even if we impose an extra condition 0 < 8 < 1.

The author could not find an example where 8 = 0 is achieved.



3.3. Momentum-constructed cscK metrics with cone singularities along a divisor 121

bata

1.2

1.0

0.8 —

-
o
T
!

L L L L 1 L L L L 1 L L 1 L 1 L L L L 1 L L L L 1 al
0.0 0.1 0.2 0.3 0.4 0.5

Figure 3.2: Graph of § as a function of b for % = p}(K,*) ® p3(Kp1) on M = P! x P'.

3.3.2 Some properties of momentum-constructed metrics with

/
¢'(b) =—-2p
We do not assume in this section that the o-constancy hypothesis (cf. Definition 3.3.1)

is necessarily satisfied, but do assume that ¢ is real analytic.

We first prove that ¢’(b) = —2f8 does indeed define a Kihler metric that is coni-
cally singular along the co-section. The author thanks Michael Singer for the instruc-

tions on the proof of the following lemma.

Lemma 3.3.6. (Singer [109]; see also Li [73], Lemma 2.3) Suppose that @y is a
momentum-constructed Kdahler metric on X = P(.# & C) with the momentum inter-
val I = [—b, D] and the momentum profile @ that is real analytic on I with @(+b) =0,
¢'(—b) =2, and ¢'(b) = —2PB. Then @y is smooth on X \ D, where D = {T = b} is
the oo-section, and has cone singularities along D with cone angle 2nf3. Moreover,
choosing the local coordinate system (z1,...,2,) on X so that D = {z; = 0} and that
(z2,...,2n) defines a local coordinate system on the base M, b — T can be written as a

locally uniformly convergent power series

b1 =Aoles P (”ZAAzlfﬁ )

i=1
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around D = {t = b} = {z1 = 0}, where A;’s are smooth functions which depend only
on the local coordinates (z,...,2,) on M, and Ay > 0 is in addition bounded away
Sfrom 0.

Thus @(T) can be written as a locally uniformly convergent power series around

D
o (1) =244 21| + Y Aj|z [P, (3.8)
i=2
where A}’s are smooth functions which depend only on the local coordinates (2, . .. ,z)

on M, and A > 0 is in addition bounded away from 0. This means that the metric g

corresponding to g satisfies the following estimates around D:
L. (g¢)11 =0z [*~2),
2. (gp)17=0(u PN (j# 1),

3. (89)ij=0(1) (i,j # 1),

i.e. Wy is a Kdhler metric with cone singularities along D with cone angle 273 (cf. Def-

inition 3.1.1).

Proof. Since Lemma 2.5 and Proposition 2.1 in [61] imply that @, is smooth on X \
D, we only have to check that the condition ¢'(b) = —2f implies that @, has cone
singularities along D with cone angle 273.

Writing ¢ for the log of the fibrewise length measured by 4 &, we have

dt
dr= 2" 3.9
=90 G:9)

by recalling the equation (2.2) in [62]. We now write ¢ as a convergent power series in

b—taround T = b as

o(t)=2B(b—1)+ Y di(b—1), (3.10)
i=2
since we assumed that @ is real analytic, where a.’s are real numbers. Note that the

coefficient of the first term is fixed by the boundary condition ¢’(b) = —2f. This gives

(o)

1 1 :
t = Eloghg(c, 0) = —ﬁlog(b— 1)+ Y a/(b— 1)~ +const
i=2
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with some real numbers ag’ , where ( is a fibrewise coordinate on .% — M.

On the other hand, since  is a fibrewise coordinate on .% — M, it gives a fibrewise
local coordinate of P(.% @& C) — M around the O-section; in other words, at each point
p € M, { gives a local coordinate on each fibre P! in the neighbourhood containing
0=1[0:1] € P!. Since T = b defines the co-section of P(L & C) — M, it is better to
pass to the local coordinates on P! in the neighbourhood containing oo = [1 : 0] € P! in
order to evaluate the asymptotics as T — b. The coordinate change is of course given

by § +— 1/ =: z;, and hence we have

(oo}

1 1 1 1 i
Eloghg(é‘, {)= 507 —5log z1)* = —ﬁlog(b —7)+ i:Zza;’(b — 1) 4 const
by writing 1z = ¢%7 locally around a point p € M. This means that there exists a
smooth function A = A(zp, .. .,z,) which is bounded away from 0 and depends only on

the coordinates (z2,...,2,) on M such that

1

[l =A(b-7)? (”Zaé’%b—f)) |
i=1
with some real numbers a!” and hence, by raising both sides of the equation to the

power of 3 and applying the inverse function theorem, we have

b—1=Aolz1|*P <1+2A,-|zl|23i> (3.11)
i=1

as a locally uniformly convergent power series around D = {t = b} = {z; = 0}, where

each A; = Ai(z2,...,2,) is a smooth function which depends only on the coordinates

(z2,...,24) on M, and Ay > 0 is in addition bounded away from 0. In particular, we

have b — © = O(|z1|*?), and combined with the equation (3.10), we thus get the result

(3.8) that we claimed.

We now evaluate %d‘c/\d%‘ in Wy = p*wy — TP Y+ %dr/\d%. The above equa-

tion (3.11) means

n
d(b—1) =AoBlz1|*P 221 Brdzs + |a1|F Y. Badzi
i=2
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and

n
d(b—1) =AoBlz1|P 22 B1dzi + || Y. Badz,
i=

where we wrote By :=1+4+Y7 iAi\zl|2ﬁi and By ; := a% (AO +AOZ;-°:1A,-|Z1 ’2ﬁj>. We

thus have

dtNd‘t=db—1)Nd(b—T)

n
= 2A3B}B? |zt [P 72V —1dz Adz) +2B|a [P 2214081 Y Ba v/~ 1dz) Adz;
i=2

+c.c.+0(|z1[*P).
(3.12)

where O(|z1|*F) stands for a term of the form

|Z1|4[3 X (smooth function in (25, ...,2,))

x (locally uniformly convergent power series in |z1]??).

We now estimate the behaviour of each component (go); 7 of the Kiéhler met-
ric wp = Y} jzl(g(p)if\/—ldzi Adz; in terms of the local holomorphic coordinates
(z1,22,--.,22) on X. The above computation with ¢(7) = O(|z;|*#) means that
(89)11 = O(z211*2), (g9)1; = Ozt [P ~") (i # 1), (g9);5=0(1) (i, j # 1) as it ap-
proaches the co-section, proving that @, has cone singularities of cone angle 278 along
D.

O

We also see that the above means that the inverse matrix (g(p)if satisfies the fol-

lowing estimates.

Lemma 3.3.7. Suppose that gy is a momentum-constructed conically singular Kéhler
metric with cone angle 2ntf3 along D = {z; = 0}, with the real analytic momentum

profile @. Then, around D,
1. (g)'' = 0(z1|*2#),

2. (8p) " =0(zl)ifj #1,
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3. (g9)7 =0(1) ifi,j#1.

Thus, Ag, f = szzl(g(p)if %;Z, f is bounded if f is a smooth function on X. Also,

if f'is a smooth function on X \ D that is of order |Z1|2ﬁ around D, then Ay, =

0(1)+0(|z1|*P). In particular, A, f' remains bounded on X \ D.

We now prove the following estimates on the Ricci curvature and the scalar cur-

vature of @y around the -section, i.e. when 7 — b.

Lemma 3.3.8. Choosing a local coordinate system (z1,...,z,) on X so that zy is the
fibrewise coordinate which locally defines the oo-section D by 7y =0 and that (23, . . ., zn)

defines a local coordinate system on the base M, we have, around D,
1. Ric(wy),; = 0(1)+0(|z1]*#~2),
2. Ric(wg),7=0(1)+0(|z1[~1) (j #1),
3. Ric(wp);7= 0(1) +0(|z1|*P) (i, j # 1),

for a momentum-constructed metric @y with smooth @ and ¢'(b) = —2B. In particular,

combined with Lemma 3.3.7, we see that S(®y) is bounded on X \D if 0 < B < 1.

Proof. First note that (cf. Lemma 3.3.6, the equation (3.4), and p2296 in [62]) a)(’z, =

%p*coM(’c)"’1 ANdt Ad°T is of order
(0(7) = ‘Zl‘zﬁ_sz*wM(T)n_l/\ /—lel/\dzl,

where F stands for some locally uniformly convergent power series in |z; |2[3 that is

bounded from above and away from 0 on X \ D (this follows from Lemma 3.3.6).
Writing @y := p* wy + 6 @ps for a reference Kihler form on X = P(.# @ C), where

OFs is a fibrewise Fubini-Study metric and 6 > 0 is chosen to be small enough so that

wp > 0, we thus have
w_g _ p*COM(T)"—l ’Zl|2ﬁ72F/
o pray
with another locally uniformly convergent power series F’ in |z |2ﬁ on X \ D, which

is bounded from above and away from 0 (note also that the derivatives of F’ in the

zj-direction are not necessarily bounded on X \ D due to the dependence on |z; ’2[3;
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they may have a pole of fractional order along D). Recalling (3.3), we see that
p*oy ()" /o " depends polynomially on 7. We thus have a locally uniformly con-

vergent power series

a)l’l
= a7 R+ ZF |21 2P/ (3.13)
0‘)0 j=1
with some smooth functions F; depending only on the coordinates (z2,...,z,) on M,

where Fj is also bounded away from 0.

Choosing a local coordinate system (zj,...,2,) on X so that D = {z; = 0} and
that (zp,...,z,) defines a local coordinate system on the base M, we evaluate the or-

wn

der of each component of the Ricci curvature Ric(®y) = —/—190log ( "’) around
@
o
az a_ log|z1)> =0 on X \ D for all , j, we see that Ric(wy);7 = O(1) + O(|z1*8-2),
Ric(wy) 7= 0(1)+O(|z1*P~1) (j # 1), and Ric(wy);7 = O(1) + O(|z1|*P) (i, j # D).

In particular, we see that S(®y) is bounded if 0 < 8 < 1.

the co-section, i.e. as T — b. Writing Ric(wy);; = azaaz 10g< ) and noting
i0Zj

3.3.3 Proof of Theorem 3.1.7

3.3.3.1 Construction of conically singular cscK metrics on X = P(.# @

C)

We start from recalling the materials in §3.2 of [61], particularly Propositions 3.1 and

3.2. We first define a function

¢(r)::%<2(r+b)Q 2/ (0o +Ax— R(x)) (T — )Q(x)dx) (3.14)

where Q(7), R(7) are defined as in (3.6) and (3.7). These being functions of 7 follows

from o-constancy (Definition 3.3.1). We re-write this as

(00)() =25+5)0(~b)~2 [ (0o-+ Ax—RW)(F-DQWdx,  (315)
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and differentiate both sides of (3.15) twice, to get

1 092

R(T)—EwUPQ)(T):GoJr?LT. (3.16)

We can show, as in Proposition 3.1 of [61], that there exist constants 6y and A such
that ¢ satisfies ¢ (+b) =0, ¢'(+£b) = F2, and ¢(7) > 0 if T € (—b,b); namely that ¢
defines a smooth momentum-constructed metric @y. We thus have S(@wy) = 0o+ AT,

by recalling (3.5) and (3.16), so that @y is extremal.

Roughly speaking, our strategy is to “brutally substitute A = 0” in the above to get
a cscK metric with cone singularities along the oo-section. More precisely, we aim to
solve the equation

1 92 ,
R(7) —EW(‘PQ)(T) =0y (3.17)

with some constant o, for a profile ¢ that is strictly positive on the interior (—b,b)
of I with boundary conditions @(b) = ¢(—b) = 0 and ¢'(—b) = —2. The value ¢'(b)
has more to do with the cone singularities of the metric @y, and we shall see at the end
that the metric @y associated to such ¢ defines a Kihler metric with cone singularities

along the oco-section with cone angle —7¢’(b) = 2xf.

Since

o(7) = ﬁ (2(r+b 2 / —x)Q(x)dx>

certainly satisfies the equation (3.17), we are reduced to checking the boundary condi-

tions at dI and the positivity of ¢ on the interior of /. Note first that the equality

(90)(1) =2(t+b)Q 2/ N (T —x)0(x)dx (3.18)

immediately implies that @(—b) = 0 and @’(—b) = 2 are always satisfied. Imposing

o(b) =0, we get

0 = 2b0(—b) — /_ bb(o(’,—R(x))(b—x)Q(x)dx (3.19)

from (3.18), which in turn determines o). Differentiating both sides of (3.18) and
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evaluating at b, we also get

b
¢ (5)0(6) =20(~b) 2 [ (0 —R(x))Q(x)dx. (3.20)
Writing A := ffb Q(x)dx and B := f_bbe(x)dx we can re-write (3.19), (3.20) as

Acp) _ [ Q-0 =@®)oW)/2+ [[RWOWdx ) L

Boy —bQ(—b) —b@/ (b)Q(b)/2+ [, xR(x) Q(x)dx

which can be regarded as an analogue of the equations (26) and (27) in [61]. The
consistency condition B(Acj) = A(Bo))) gives an equation for ¢’'(b), which can be

written as

¢'(b)

2

Q(=b) J2,(b+x)Q(x)dx — [, Q(x)dx [, xR(x) Q(x)dx + [* xQ(x)dx [, R(x) Q(x)dx
Q(b) J7,(b—x)Q(x)dx

_ O(-b)(bA+B) A [’ xR(x)Q(x)dx + B |, R(x)Q(x)dx .
0(b)(bA— B) | |

Summarising the above argument, we have now obtained a profile function ¢
which solves (3.17) with boundary conditions @(b) = ¢(—b) =0, ¢'(—b) = —2, and
¢'(b) as specified by (3.22). Now, Hwang’s argument (Appendix A of [61]) applies
word by word to show that ¢ is strictly positive on the interior of /, and hence it now
remains to show that the Kahler metric @y has cone singularities along the oo-section.
Since Q(7) is a polynomial in T and R(7) is a rational function in 7 (with no poles when
T € [—b,D]), we see from (3.17) that @ is real analytic on I = [—b,b] by the standard
ODE theory. Thus the value —m¢@’(b) = 27f3 is the angle of the cone singularities that
o, develops along the co-section of X = IP(.# @ C), by Lemma 3.3.6. This completes
the construction of the momentum-constructed conically singular metric @, with cone
angle —m¢@'(b) = 2nf as specified by (3.22).

We also see ¢'(b) < 0 since otherwise @'(—b) > 0, ¢'(b) > 0, and @(+b) =0
imply that ¢ has to have a zero in (—b, b), contradicting the positivity ¢ > 0 on (—b,b).
Hence > 0.

Finally, we identify the Kihler class [@wy] € H*(X,R) of the momentum-
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constructed conically singular cscK metric @y. We first show that the restriction
(D@|ﬁbre of wy to each fibre has (fibrewise) volume 47b. This is well-known when
the metric is smooth, but we reproduce the proof here to demonstrate that the same
argument works even when @y has cone singularities. Related discussions can also be

found in §3.5.3 (see Lemma 3.5.6 in particular).

Lemma 3.3.9. (84 in [61], or §2.1 in [62]) Suppose that @y is a (possibly conically
singular) momentum-constructed metric with the momentum profile ¢ : [—b,b] — R>o.

Then the fibrewise volume of @y is given by 47b.

Proof. The equation (3.9) means that the restriction of @, at each fibre (which is iso-

morphic to P is given by (cf. equation (2.5) in [62])
1 —_ P> —
Ogliore = 5@(V)|G| 2V =1dE NdC = @(z)r *rdr N dO

where { = reV =10 is a holomorphic coordinate on each fibre (| - | denotes the fibrewise
Euclidean norm defined by A 4; see §2.1 of [62] for more details). By using (3.9), we

can re-write this as
drt drt
W fibre = Er—ldmde = Edr/\d@ (3.23)

since t = logr. Integrating this over the fibre, we get

*dt b
a)(p:27r/ —dr=27r/ dt =4nb
fibre o dr —b
since T = b corresponds to .o € P! and 7 = —b to 0 € P!, 0

Thus we can write [@y] = Yi_; &;p*[p; 0;] +4mbci () for some a; > 0, in the
notation used in Remark 3.3.4. Since the same proof applies to the smooth metric @y,
we also have [@y] = Y/, G@ip*[p; @] +4mbci (&) for some &; > 0. On the other hand,
since 0|y = Wy (b) = Wy|y (Where M is identified with the O-section), it immediately

follows that o; = &; for all i, i.e. [@Wg] = [wy].

3.3.3.2 Computation of the log Futaki invariant

We again take the (smooth) momentum-constructed extremal metric @y, with ¢ defined

as in (3.14), and write S(@y ) = 0p + A 7 for its scalar curvature.
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Recall that the generator v of the fibrewise U (1)-action has at as its Hamiltonian
function with respect to @y (cf. §2.1, [62]), with some a € R up to an additive con-
stant which does not change v;. This means that a7 (up to an additive constant) is the
holomorphy potential for the holomorphic vector field ¢ := v}’o (cf. Remark 1.3.3)
which generates the complexification of the fibrewise U(1)-action, i.e. the fibrewise
C*-action. Thus we can take f = a(7 — 7), with T being the average of 7 over X with
respect to @y, for the holomorphy potential f in the formula (3.2). Then, noting that
S(wy) — 8 = A (T — 7), we compute the (classical) Futaki invariant as

Wy b
Fut(Z;, [0]) = /X a(z—P—2 = 2maANol(M, o) /_ (T2 0(x)dr
with Vol(M, wy) := fM(IazL;;, by Lemma 2.8 of [61]. Recalling D = {7 = b}, the

second term in the log Futaki invariant can be obtained by computing

wn—l (Dn_l * n—1
o N _\ P oy (D)
/Df(n—l)! _/D“(T_T)(n—l)! _/Da(b_f) (n—1)!

n—1
~alb-00) [ (,f’fl)!

= a(b— 7)Q(b)Vol(M, )

where we used

n—1

. proy(t)"2dt Ad°T (3.24)

a)g‘] = p*a)M(T)”_l +

which was proved in p2296 in [62], and the definitional Q(b) = wp(b)"~! /@l (cf.
equation (3.9)). We also note the trivial equality [y f % =[x A(t—7) % =0 to see that
the third term of the log Futaki invariant is 0. Collecting these calculations together,

the log Futaki invariant evaluated against X7 is given by

b

Futp g(E 7, [0p]) = aA Vol (M, a)M)/_b(T—f)zQ(T)dT—(l—B)a(b—f)Q(b)Vol(M, ).

Thus, writing A := ffb Q(t)dt, B:= ffb 7Q(7)dt, and C := f_bb 72Q(7)dt and noting
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T = B/A, setting Futp g(E ¢, [0y]) = 0 gives an equation for the cone angle f3 as

AL (t—)20(n)de

A=l (b—17)0(b)
_ O(b)(bA—B) —A (AC—B?)
T 0wk B o

Applying (3.19) and (3.20) to the case of smooth extremal metric @y, i.e. with ¢/(b) =
—2, we get the equations (26) and (27) in [61] which can be re-written as

o\ [ 0Q(=b)+0(b)+ [, R(x)Q(x)dx

B c] \2 —bQ(—b) +bQ(b) + [?, xR(x)Q(x)dx

and hence, noting AC — B> > 0 by Cauchy—Schwarz (where we regard Q(t)dt as a

measure on [ = [—b, b]), we get

B (Q(~b) + 0(b) + [%, R(x)Q(x)dx) +A (~bQ(~b) +bO(b) + |, xR(x) Q(x)d)

A=
AC — B? ’

and hence

Q(b)(bA—B) — A (AC— B?)
Q(b)(bA —B)
Q(—b)(bA+B) + B [*, R(x)Q(x)dx — A [?, xR(x)Q(x)dx

- 0(b)(vA -~ B) o0

B =

which agrees with (3.22). This is precisely what was claimed in Theorem 3.1.7.

3.4 Log Futaki invariant computed with respect to the
conically singular metrics

3.4.1 Some estimates for the conically singular metrics of elemen-

tary form

We now consider conically singular metrics of elementary form @ = @+ 2Av/—199 |s }Zlﬁ ,

as defined in Definition 3.1.10. We collect here some estimates that we need later.

Remark 3.4.1. What we discuss in here is just a review of well-known results, and in
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fact for the most part, is nothing more than a repetition of §2 in the paper of Jeffres—

Mazzeo—Rubinstein [64] or §3 in the paper of Brendle [20].

Pick a local coordinate system (zj,...,z,) around a point in X so that D is locally

given by {z; = 0}. We then write

92 |s|2B
dz;0Z;

O =) &;V—ldziNdzj=) g;V—ldzNdZj+ A1) V—1dzi NdZ;
1,] 1,] L]

which means

gi1+0(z1P72) gn+0(lzPY .. ga+0(a]P )
. i +0(zP) g +0(ulP) ... gmt+0(ulP)
&ip)i= , . , .

gitO0(a|®)  ga+0(al®) ... gut+O0(zl*P)

Thus, writing ¢ for the metric corresponding to @, we have (cf. Definition 3.1.1)
1 &1 =0(a*72),
2. &i7=0(aP )it j£1,
3. 8;;=0(Q1)ifi,j# 1.

The above also means that the volume form @” can be estimated as (cf. p10 of [20])

n—1
Q" = (wﬁz Y ajlzi|P +
o ]

n
2Bj n
bilai [P | o
J =0
where @y is a smooth reference Kéhler form on X, a;’s and b;’s being smooth functions

on X, and qg is also strictly positive. Thus we immediately have the following lemma.

Lemma 3.4.2. We may write &" = |z1|*~ 28 o with some (n,n)-form o, which is smooth
on X \ D and bounded as we approach D = {z; = 0}, but whose derivatives (in z;-

direction) may not be bounded around D due to the dependence on the fractional power

|z1|%P.

We also see, analogously to Lemma 3.3.7, that the above means that the inverse

matrix g’j satisfies the following estimates.
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Lemma 3.4.3. Suppose that g is a conically singular Kdhler metric of elementary form

with cone angle 23 along D = {z; = 0}. Then, around D,
1. g =0(lu ),
2. gV =0(al)ifj#1,
3. 87=0(1)ifi,j#1.

Thus, Apf =Y7 =18 az 8 f is bounded if f is a smooth function on X. Also, if f’
is a smooth function on X \D that is of order |z1|*P around D, then Ay f' = O(1) +

O(|z1*B). In particular, Agf' remains bounded on X \ D.

We now evaluate the Ricci curvature of @. In terms of the local coordinate system

(z1,-..,2x) as above, we have

Ric(@)j= <o tog (L) =7 1o (a2 ayler 4 ¥ by PP
i 8Z132J g a)g o aZlaZ] g <1 ‘ j1Z1 121 .

J=0 J=0

Since ddlog|z1|> = 0 on X \ D, we have

82

2-2 2
0207, mg(Z“f'Zl’ ﬁ’+2b Sl ﬁj)

Note now that we can write

n—1 n
log (Z ajla PP+ Y bj|zl|2—2ﬁ+2ﬁf> = Fy-+1log (0(1) +0(|1 7=2F) + (|21 [*P)
=0 =0

o) +o(a By ro(ul) (27

with some smooth function F, around the divisor D. We thus have Ric(®),; = O(1) +
O(la1]7P) + 0(Ja1 P 72). Rice(@),7 = O(1) + O(Ja1|' =) + O(|z1 [P~") (j # 1), and
Ric(®) ;z = O(1) (j,k # 1). Together with Lemma 3.4.3, this means the following.

Lemma 3.4.4. Suppose that g is a conically singular Kihler metric of elementary form

with cone angle 23 along D locally defined by z; = 0. Then
L. Ric(®)1 = 0(1) + O(|z1|72) + O(|z1 [P 72),

2. Ric(®);;=0(1)+O(|z1|'"2P) + O(|z1|P~1) (j # 1),
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3. Ric(c?))j,-( =0(1) (j,k#1).

In particular, combined with Lemma 3.4.3, we see that the scalar curvature S(®) can

be estimated as S(®) = O(1) + O(|z1|>~*P).

Remark 3.4.5. We observe that the above estimate implies

< const. / (14 |21 |2~*B) 21 262/~ Tdz A dz
unit disk in C

d)i’l
S(d)—
/Q\D ( )n!

1
<c0nst./ (PP 2P dr < oo
0
for any open set Q C X with QND #0,as 0 < B < 1.

3.4.2 Scalar curvature as a current

In order to compute the log Futaki invariant with respect to a conically singular metric

Osing, We need to make sense of Ric(®ying) A a)s"l.;;

globally on X. However, this is
not well-defined for a general conically singular metric @j;ng, as we discuss in Remark
3.4.8. We thus restrict our attention to the case of conically singular metrics of elemen-
tary form @ or the momentum-constructed cynically singular metrics @p. Theorems
3.1.11 and 3.1.12 state that in these cases it is indeed possible to have a well-defined
current Ric(®) A @"~! or Ric(wg) A w(’l’,_l on X, and this section is devoted to the proof

of these results.

Remark 3.4.6. We decide to present the argument for the conically singular metric
of elementary form @ in parallel with the one for the momentum-constructed coni-
cally singular metric @y, as they have much in common. From now on, when we
write “momentum-constructed conically singular metric @y on X, it is always as-
sumed that X is of the form X = P(# @ C) over a base Kihler manifold (M, wy)
with the projection p : (F,hz) — (M,my). We do not necessarily assume that
p:(ZF,hg) — (M,wy) satisfies o-constancy (cf. Definition 3.3.1), but do need to
assume that @ is real analytic; we will only rely on the results proved in §3.3.2, in
which we did not assume o-constancy but assumed that ¢ is real analytic.

On the other hand, when we consider the conically singular metrics of elementary
form @ = 0 +Av/—1 89|s|]2f , X can be any (polarised) Kdhler manifold with some

smooth effective divisor D C X.
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Remark 3.4.7. Suppose that we write, for a conically singular metric of elementary

form @,

_ 1 (bn—l
S(®): = ——— | Ric(®O) N ————
(@) Vol(X,(f))/x (@) =

for the “average of S(®) on the whole of X, where we note Vol(X,®) := [, ®"/n! =
fx\ p @"/n! < oo (by recalling Remark 3.1.6). We then have, from Theorem 3.1.11,

5(0) =S(0)-+2x(1 - B)

where S(®@) := fX\DS((D)%/Vol(X, @) is the average of S(®) over X \ D, which makes

sense by Remark 3.4.5. Similarly, for a momentum-constructed conically singular met-

ric @y, we have (by recalling Theorem 3.1.12 and Lemma 3.3.8)

Vol(M, wp (b))
Vol(X, wg)

= S(wp) +27(1—-B)

The reader is warned that the average of the scalar curvature S(®) computed with
respect to the conically singular metrics may not be a cohomological invariant since
Ric(®) is not necessarily a de Rham representative of ¢;(L) due to the cone singular-
ities of @, whereas Vol(D,®) = [,,ci(L)""!/(n—1)! certainly is. Exactly the same
remark of course applies to the momentum-constructed conically singular metric @y.
On the other hand, we can show Vol(X,®) = [yci(L)"/n! (cf. Lemma 3.5.1), and
Vol(X, wy) = 4bVol(M, wyy) (cf. Remark 3.3.4) for X = P(# & C).

Remark 3.4.8. We will use in the proof the estimates established in §3.3.2 and §3.4.1,
and our proof will not apply to conically singular metrics in full generality. Most im-
portantly, we do not know what the “distributional” component (i.e. the second term
in Theorems 3.1.11 and 3.1.12) should be for a general conically singular metric ®y;y,;
the proof below shows that it should be equal to [D] A co;’i;gl, [D] being a current of in-
tegration over D, but it is far from obvious that it is well-defined (particularly so since
Oying 1s singular along D). Indeed, even for the case of conically singular metrics of

elementary form @, [D] A ®@"~! being well-defined as a current (Lemma 3.4.10) seems

to be a new result.
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Proof of Theorems 3.1.11 and 3.1.12. The proof is essentially a repetition of the usual
proof of the Poincaré-Lelong formula (cf. [35]), with some modifications needed to
take care of the cone singularities of @ and .

We first consider the case of the conically singular metric of elementary form @.
We first pick a C*-tubular neighbourhood Dg around D with (small but fixed) radius &,
meaning that points in Dy have distance less than & from D measured in the metric @.

‘We then write

An—1

(n—1)!

o1 I

/QfRic((D) S T / FRie(@) A (75 + /mDO FRic(®) A
and apply the partition of unity on the compact manifold Q N Dy (i.e. the closure of QN
Dy) to reduce to the local computation in a small open set U C M Dg around the divisor
D. Confusing U C QM Dy with an open set in C”, this means that we take an open set
U in C" (by abuse of notation) endowed with the Kihler metric @, where we may also
assume that U is biholomorphic to the polydisk {(z1,-..,z1) | |z1lo < €/2,|22|0 <
€/2,...,|znlo < €/2}, in which the divisor D is given by the local equation z; = 0.

Thus our aim now is to show

R " wnfl
! _/u\{a:O}fS(w)HH”(l_ﬁ)/{a:O}f(n—1>!’

where we recall that the partition of unity allows us to assume that f is smooth and

n—1

0]
(n

/UfRic(é)) A

compactly supported on U.

Note that exactly the same argument applies to the momentum-constructed con-
ically singular metric @y, by using some reference smooth metric @y on X (in place
of w) to define Dy. Hence our aim for the momentum-constructed conically singular

metric Wy is to show

wn—l " p* Oy (b)nfl

: o Do _ P omb)
/UfRIC(w"’)/\(n—l)!_/U\{ZI:O}fS(w‘p)n! +22(1 B)/{m:o}f (n—1)r

for a smooth and compactly supported f.

For the conically singular metrics of elementary form @, we recall Lemma 3.4.2
and write @" = |z1|*# 20 with some smooth bounded (n,n)-form o on X \ D, and

hence have ddlogdet(®) = (B — 1)ddlog|zi|> + R where R is a 2-form which is
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smooth on U \ {z; = 0} but may have a pole (of fractional order) along {z; = 0}.

We thus write

Ric(®) A @" ! = —/—10dlogdet(d) A ®"!

= (1-B)V-1ddlog|z1)* A®" ' —V/—IRA O, (3.28)

On the other hand, we can argue in exactly the same way, by using (3.13) in place
of Lemma 3.4.2, to see that for a momentum-constructed conically singular metric @y,

we can write

Ric(wy) A co(’ff1 = —V/—19ddlogdet(wy) A a)(’ff1
= (1-B)V-1ddloglz1 P hewpy ™' —vV=1Ry A" (329)

for some 2-form Ry, that is smooth on U \ {z; = 0} but may have a pole (of fractional

order) along {z; = 0}.

We aim to show that these formulae (3.28) and (3.29) are well-defined in the weak

sense. This means that we aim to show that

A,

wnfl
o) :/Uf\/—_lR/\

d)nfl
—1)!

(n

Cbnfl

(n—1)!

/fRic((I))/\ +(1—/3)/ FV=Taalog |21 2 A
U U

is well-defined and is equal to

AN wnfl

N
/U\{z,=0}fs(w)ﬁ+2ﬂ(l P )/{zlzo}f (n—1)!

for any smooth function f with compact support in U. Theorem 3.1.11 obviously

follows from this, and exactly the same argument applies to @y to prove Theorem

3.1.12.

We prove these claims as follows. Let Ug be a subset of U defined for sufficiently
small € < & by Ug := {(z1,...,22) € U | 0 < € < |z1|} (the norm in the inequality

€ < |z1] is given by the Euclidean metric on C"). In Lemma 3.4.9, we shall prove that

—n/f\/—lR/\(f)nlz—nlim fV=IRA G = /5(@)a"
U

e—0JU, U\{z;=0}
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for a conically singular metric of elementary form @, and

/S(0g)

—n/f\/ IRy Ny ' = —nlim f\/ 1Ry A @)y~ 1_/
U\{21=0}

for a momentum-constructed conically singular metric @, and that both of these terms

are finite if f i1s compactly supported on U,

In Lemma 3.4.10 we shall prove

/ fV—=1ddlog|zi|* A" 1 = 27:/ fo
U {z1=0}

and in Lemma 3.4.12 we shall prove

/f\/—laélog]zllz/\a)(’;lzbt/ Fp*om(b)",
U {z1=0}

if f is smooth. Granted these lemmas, we complete the proof of Theorems 3.1.11 and

3.1.12. [l

Lemma 3.4.9. For a conically singular metric of elementary form @, we have

—n/f\/_R/\A” '~ —nlim | VEIRA G 1_/ £S(@)@"

U\{z1=0}

and the integral is well-defined for any smooth function f compactly supported on U,
ie. | [y [V—IRAD"| <o,

For a momentum-constructed conically singular metric @y, we have

—n/ VTR N0y = —nlim [ TRy no 1_/ £S(@g) !
U\{z1=0}

and the integral is well-defined for any smooth function f compactly supported on U.

Proof. We first consider the case of the conically singular metric of elementary form
@. Although R is not bounded on the whole of U \ {z; = 0}, Lemma 3.4.4 shows that

the metric contraction of R with @ (which is equal to S(®)/n on X \ D) satisfies

|AoR| < const.(1+ |z;[>7*P). (3.30)
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on U\ {z; =0}, thus
RAG™ o < const. (|21 =2+ foy ~49+28-2) — const. (o B2 + |21 )

on U\ {z; = 0}. Since f is bounded on the whole of U, we see, by writing r := |z |

and choosing a large but fixed number A which depends only on U and @, that

lim
e—0

/ fV—=IRAG"!
Ue

< const. lim/ (21272 + |z )"
e—0JU,

< const. lim (21272 + |21 | 2P)V/=1dz A dz

e=0Je<|z1|<A

A
< const. lim [ (PP24+r2P)rdr < oo
e—0Je

since 0 < B < 1. In other words, the above shows that the signed measure defined by
V—IRA®" " on U is well-defined. Observe also

/ fV—=IRA@"!
U\Ue

gconst./ |fV—=IRA D" !|p0"
U\Ue

£
Sconst./ sup [fV—IRA (i)”_l\a,rdr (3.31)

|z1|=r

€
< const./ (P14 /12 ar — 0
0

as € — 0, where we used the elementary [; = Jio.e] = J0,¢) in (3.31) to apply (3.30), by
noting that sup, |, [ fvV—1RA @®" |, is continuous in r € (0, €] and its only singular-

ity is the pole of fractional order at r = 0. We thus have

/f\/—lR/\(b”I:lim/ fV—=IRAG" ! = fV—IRA@"!
U e—0JU, U\{z;=0}

and the above integrals are all finite.

On the other hand, we know that ddlog|zi|> = 0 on U\ {z; = 0}, and hence,
recalling (3.28), S(®)@®" = —ny/—1RA @ ! on U\ {z; = 0}. Thus we can write

—n/f\/—lR/\d)”_lz—nlim f\/—lR/\(Z)”_lz/ S(0)&"
U U\{z;=0}

e—0Ju,

as claimed.
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For the case of momentum-constructed conically singular metric @y, Lemma 3.3.8
shows that [Ap, R is bounded on U \ {z; = 0}. Since this is better than the estimate
(3.30), all the following argument applies word by word. We thus establish the claim

for the momentum-constructed conically singular metric. [

Lemma 3.4.10. For a conically singular metric of elementary form @,

/ fV—=1ddlog|zi|* A" = 27:/{ fo" !,
U

71=0}
if f is smooth and compactly supported in U.

Remark 3.4.11. Note that we cannot naively apply the usual Poincaré—Lelong formula,
since the metric @ is singular along {z; = 0}. Note also that the integral |, =0 f !

is manifestly finite.

Proof. We start by re-writing

/ V—13dlog|z;[* A fO"!
U

1
=~ lim dd°log|zi|* A f@"!
2 e-0.Ju\U,

1 : 1
= _lim d (d°log|zi[* A f@" 1) + = lim d°loglzi > AdfA@"™ ! (3.32)
2 e-0JU\Ue 2 e-0JU\U;
since dd log|z;|? = 0 if |z;| # 0, where we used d = 9 4 9 and d¢ = /—1(d — 9).
We first claim limg_ fU\UE d°loglzi|> Adf A @' = 0. We start by observing
that @"~! cannot contain the term proportionate to dz; A dZ; when we take the wedge

product of it with d°log|z{|? or dlog |z1|?, since it will be cancelled by them. Namely,

writing |s|2ﬁ = ¢?|z1|*# and defining

D:=0—Av-—1

91211 YVdz Adz
d7197) (P [F)dzi Nz

:w+l\/—_1< y

Blz1|P 221 (95¢?)dz1 NdZj+ c.c.+ |z \Zﬁn’> (3.33)
J

2

= 2 . . A
where 1’ := dde? — a‘;gi_l dz) NdZ; is a smooth 2-form, we have d“log |z; \2 AV =

d°log|zi|> A@" ! and dlog|z;|> A @" ' = dlog|z1|> A @" . It should be stressed that
@ is not necessarily closed; indeed d® = —A+/—1d (az‘?a (e?|z1|%P)dz1 A d21> . Note

2
21
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also that @ < const.®.
Combined with the well-known equality d°log |z1|> Adf A @' = —dlog|z1|* A
d°f A", we find
/ dlog |1 P Adf A"
Ve
_ —/ dlog|zi P Adf A&
Ve
_ —/ d (log|zy [2d° f A &) +/ log |21 2dd f A & —/ log |21 [2d° f Ad @
Vg VS Vg
(3.34)
where we decide to write Vg := U \ U.

We evaluate each term separately and show that all of them go to 0 as € —
0. To evaluate the first term of (3.34), we write fVEd(log]zlldef/\ o) =

Jov, loglzi*d“f A @"~'. Observe now that

@y, = 0|y, + AV -1 (2823(8fe¢)\/—leﬁ6d9 NdZj+c.c. —|—£2ﬁn’\av€>
(3.35)

where we wrote z; = geV 1% on 9V = {|z1| = €}. This means that

‘/ log |z1]2d°f A @™ !
an

< const.loge

/av (€28 4 €)d0 Ndzy AdZa A ... dzn AdZ

(3.36)
< const.e?P loge =0
as € — 0, by noting that dz; = €/ —1eV=1946 on dVe and f is smooth on U.
The second term of (3.34) can be evaluated as
‘/ log |z |*dd°f A@" 1| < const. log *Ag f "

Vg VE
< const. / log *®" (3.37)

Ve

—0

€
< const. / rzﬁ_llogrdr
0

as € — 0, by noting that Ay f is bounded since f is smooth on U (cf. Lemma 3.4.3).
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In order to evaluate the third term of (3.34), we start by re-writing it as

/ log |z1|?d“f Ad@®" !
Ve

82
—/l(n—1)/v log\z1|2dcf/\d(aZlazl (e¢|zl|2ﬁ)\/—1dzl/\d21)/\(Z)”‘Z. (3.38)

We have

02
1325 (P Tz nd2 )

Z( (0912 + B, ((219)e®) PP~z

23e?
(A AN [2B—25 28 — _ .
+B9;((d19)e?)|z1] 71+ |21 —321321321) V—1dz; NdZ ANdzj+c.c.

Since @ does not have any term proportionate to dz; or dZ; when wedged with

d( (@l ﬁ)dzmdzl> we have, from (3.33),

2
dcf/\d< J - (e¢|zl|2ﬁ)dzmdzl> A" 2
92107

(0]

< const.

2
dcf/\d< J — (e¢|z1|2ﬁ)dz1 /\dZ1) A" 2
d2107;

Q)

and noting that f is smooth on U, we have

< const.|z;|?P 2. (3.39)
(0]

2
dcf/\d( J — (€¢|Z1|2B)dZ1/\dZ1> A" 2
02107

Thus

‘/ log|z1|2d f Ad@" !
Ve

02 o
= )L(n—1)/v 1og\zl|2dCfAd<aZIazl (e¢|zl|2B)dzl/\d21>/\a)” 2

&
/ rzﬁ_zlogra)” / 281 log rdr
Vg 0

as € — 0, finally establishing [;, dlog|zi|* Adf A@" ' — 0as e — 0.

< const.

< const. —0 (3.40)

Going back to (3.32), we have thus shown limg_; fvg V=100 log|z; ]2 Afor! =
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slime_0 [y, d (d°log|z1|* A f@"~"), and hence are reduced to evaluating

lim d(dclog|zl|2/\fd)”1):lim/ dclog|Z1]2/\f(2)"1:1im/ dlog|zi > A f@™ .
e—0.J9V, €—0J9V,

e—0Jv,

Recall that d“log|z;|* = 2d6 on {|zi| = €}, and also that lime_,o @[y, = ®|(;, 0},

which follows from (3.33). We thus have

lim [ dlog|zi > A f@" !

£—0.J9V,
21
—lim [ 2d0Af" = / 246 fo' ' = 4n / For!.
e=0J9V, 0 {z1=0} {z1=0}

This means that

_ 1
lim/ \/—18810g]z1!2/\fc?)”1:—lim/ ddclog]z1!2/\f(?)”1:27r/ For!
Ve 2 -0y, {

£—0 71=0}

as claimed.

Lemma 3.4.12. For a momentum-constructed conically singular metric g,

| rv=10910g a2 ney ! =2 /{ £ om(b)",

1=

if f is smooth and compactly supported in U.

Proof. The proof is essentially the same as the one for Lemma 3.4.10. We note that
we can proceed almost word by word, except for the places where we used the explicit

description of @ and ®: the estimates (3.36), (3.37), and in estimating (3.38).

We certainly need to define a differential form, say @y, which replaces @ in the

ZA(%B%/}2|21 |4B—2

proof of Lemma 3.4.10. We define it as @y := @gp — 7 Vv —1dz; Ndzy, by

recalling the estimate (3.12).

Note again that this is not necessarily closed, and also that @, does not even define
a metric, since it is degenerate in the dz; A\ dZ;-component, whereas we certainly have

@y < const.@y. Observe that (3.12) and ¢ = 0(\zl|2ﬁ) (as proved in Lemma 3.3.6)
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imply that

i 1 . n__ _
@ |9y, = Oplay, + ’ <2ﬁ\z1|4ﬁ 2514081 Y. Bo v/~ 1dzi NdZi+c.c. +0(\Z1\4B)>
=2

3 Vg

= 0y |y, +O(?P), (3.41)
which replaces (3.35) in the proof of Lemma 3.4.10. Note also that, by recalling (3.12),

1
Wp oy, = (p*wM(r) + 5dr/\d%>

8 Vg

* 1 —2 5 e >
= p ou(T)|y, + p <2ﬁ|21|4ﬁ 271A0B) Y Byiv/—1dz /\dZi+C-C-+0(\Zl\4ﬁ)>
i—2

an

1 no_
= p*C()M(’L')bVE + 6 (—284BﬁAoBl ZBsz@ ANdZ;i+c.c.+ 0(8413))
=2

Ve
(3.42)

where we wrote z; = £¢~1% on 9V, = {|z1| = &} and used dz) = &v/~1eV~19d0.
Thus, recalling @ = O(|z1|*#), wy(1) < const.wy, and that @y, depends only on

(z2,...,2n), i.e. the coordinates on the base M, we have the estimate

n
My |5y, < const. ( Z \/—1dz,~/\d2j+825 Z vV —1d6 /\dzj+c.c.> (3.43)
=2

iLj#1

8\/5

from which it follows that

‘/a log|zl|zalcf/\a)€;_1 < const.loge
Ve

/w (€26 4+ £)d0 Adzos NdZa A ... dzn N7,

< const.g2P loge — 0 (3.44)
as € — 0, for any smooth f € C*(X,R). This means that the estimate (3.36) in the
proof of Lemma 3.4.10 is still valid for momentum-constructed metrics ®.

Also, Lemma 3.3.7 and the estimate (3.13) (and also @y < const.y) means that
the estimate in (3.37) in the proof of Lemma 3.4.10 is still valid for momentum-

constructed metrics @e.

We are thus reduced to estimating (3.38), which is the third term of (3.34) in the
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proof of Lemma 3.4.10. We first note

2A232 2 4B3-2 no9 2A232 2 4B-2
d( 0 lﬁ(p‘m Veldzndz | =Y o | = lﬁ(P’ZI’ V=Tdz; Ndzy Nz
i=2 7~

+c.c.

Recalling the estimate (3.43) and @y < const.@y, we thus have, by using a smooth

reference metric wy on X,

2A3B3 2|z P2

d°fNd V—1ldz; Ad21> N2

(24
2A5B1 B[22

n—2
V—ldzi Adzy | A ( ) \/—1dZi/\de>

< const. |d°f Nd (
i,j#1

o
< const.|z; |2B—2, (3.45)

where in the last estimate we used the fact that f is smooth and that ¢ is of order
O(|zy ’2[3) (cf. Lemma 3.3.6). This replaces (3.39) in the proof of Lemma 3.4.10, and
hence we see that the estimate (3.40) is still valid for the momentum-constructed met-
rics, establishing that the third term of (3.34) in the proof of Lemma 3.4.10 goes to 0
as € — 0. Since all the other arguments in the proof of Lemma 3.4.10 do not need the
estimates that use the specific properties of @, and hence applies word by word to the
momentum-constructed case, we finally have

lim [ dlog|zi|* A favy !
e—0J9V,

2
—lim [ 240/ fai = / 246 / Fpton(b)"! = 4n / Fp*ou(b),
e—0.J9v, 0 {z1=0} {z1=0}

where we used @) '|p = @}~ !|p = p*@u(b)" ' by recalling (3.41), (3.42) and D =
{z1 =0} = {7 = b}. We can thus conclude, as in Lemma 3.4.10, that

/U\/—18910g|zl|2/\fa)f,§_1

= lim/ \/—18910g|zl|2/\f(o$_1 = 27:/ fprayu(b)" !,

Ve {

e—0 71=0}

to get the claimed result. 0
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3.4.3 Log Futaki invariant computed with respect to the conically

singular metrics

3.4.3.1 Conically singular metrics of elementary form

We first consider the conically singular metric of elementary form @ = @ +
Av/—100 |s\iﬁ . Suppose now that E is a holomorphic vector field with the holomorphy
potential H € C*(X,C), with respect to @, so that 1(£)@ = —dH. The holomor-
phy potential of E with respect to @ is given by H — l\/—_lE(|s|,21ﬁ ), since, writing
E=Y0 v a% with dv' = 0 in terms of local holomorphic coordinates (z1,...,z,), we

have (cf. Lemma 4.10, [119])

(2 v Taa? = v g5 (v e
v&zi S = 27107/ Yoo | '

Suppose we write ]s]iﬁ = eP?|z1%P in local coordinates on U, where h = e?
for some function ¢ that is smooth on the closure of U. We now wish to evaluate
Z(eP?)z1?B). If we assume that E preserves the divisor D = {z; = 0}, we need to have
Ep=Y", via%, and so v! has to be a holomorphic function that vanishes on {z; = 0}.
This means that we can write v! = z;V/ for another holomorphic function v. We thus
see that Z(eP?|z;|?P) = Y7 vid;(eP?|z1|?P) is of order |z;|*P near D. We thus obtain
that, for a holomorphic vector field E preserving D, there exists a (C-valued) function

H’ that is smooth on X \ D and is of order |z;|?# near D and satisfies

L(E)D =—d(H+H), (3.47)

i.e. H := H+ H' is the holomorphy potential of Z with respect to @.

We wish to extend Theorem 3.1.11 to the case when f is replaced by the holomor-
phy potential A of a holomorphic vector field Z with respect to @. This means that we
need to extend Theorem 3.1.11 to functions f’ that are not necessarily smooth on the
whole of X but merely smooth on X \ D and are asymptotically of order O(|z;|?#) near
D. Note that most of the proof carries over word by word when we replace f by such
1, except for the place where we showed limg_, Jo\u. d°log |z PAdfA® ' =0in

the equation (3.32) when we proved Lemma 3.4.10. More specifically, the smoothness
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of f was crucial in the estimates (3.36), (3.37), and (3.39) but not anywhere else. Thus
the Lemma 3.4.10 still applies to f” if we can prove the estimates used in (3.36), (3.37),
and (3.39) for f’. Note that we may still assume that f’ is compactly supported on U,

since this is the property coming from applying the partition of unity.

For (3.36), note first that on 9V, |d° f'| < const. |€(d1 f)dO + Y1, (dif) +c.c.|, =
0(€2P) by noting that dz; = v/—1ee¥ " 18d6 on dVe. Thus we have

‘/a log|z1|2dC f' A@" | < const.e?P loge
Ve

/ (€2 4 £)dO Adzy Nz A ... dzn AdZy

€

< const.e*P loge — 0 (3.48)

in place of (3.36).

For (3.37), we need to estimate Ag f’, but we simply recall Lemma 3.4.3 and see

that Ag f’ is bounded on the whole of U. Thus the estimate established in (3.37)

< const. log " (3.49)

’/ log |z1|?ddC f' A @™
Ve

still holds for f'.

We are left to verify that the estimate (3.39) holds for f’. We remark
that, in computing (3.39), we may replace d°f with v —1Y"_,(d;fdz; — d;fdz;),
since any term proportionate to dz; or dz; will vanish when wedged with
d(az?;zl (e?|z1|*P)dz, /\le). Thus, since d7f" and d;f’ (2 < j < n) are of order
O(r*P), we have

< const. |z P2 (3.50)
()

02
d°f' nd (3Z1821 (e?|z1 fzﬁ)dm /\le) A" 2

in place of (3.39), so that the conclusion (3.40) still holds.

Thus the proof of Lemma 3.4.10 carries over to f’. Noting that f’ vanishes on D,
we have [;; f'v/—1ddlog|z;|> A@"~! = 0. In particular, if £ is a holomorphic vector
field on X that preserves D whose holomorphy potential with respect to @ (resp. @) is

H (resp. H := H+ H'), we get

An—1

N . R " awfl
/XHRlc(a))/\(n o :/X\DHS(a))WJrZE(I—ﬁ)/DH(n_1)!.
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Combined with Remark 3.4.7, we thus get the first item of Corollary 3.1.14.

3.4.3.2 Momentum-constructed conically singular metrics

We now consider the momentum-constructed conically singular metrics @, and the
generator £ of the fibrewise C*-action that has 7 as its holomorphy potential (see the
argument at the beginning of §3.3.3.2). Recalling that T — b is of order O(|z;|?#), as
we proved in Lemma 3.3.6, we are thus reduced to establishing the analogue for @, of
the statement that we proved in §3.4.3.1 for the conically singular metric of elementary
form @. In fact, the proof carries over word by word, where we only have to replace
@ by @ (cf. the proof of Lemma 3.4.12); (3.44) is replaced by the analogue of (3.48),
A% /" is bounded by Lemma 3.3.7 to establish the analogue of (3.49), and (3.45) can
be established by observing that we can replace d€f’ by v/—1 Y2 (95f'dz;— d;f'dz;),
as we did in (3.50).

Thus, arguing exactly as in §3.4.3.1, we get the second item of Corollary 3.1.14.

3.5 Some invariance properties for the log Futaki in-

variant

3.5.1 Invariance of volume and the average of holomorphy poten-

tial for conically singular metrics of elementary form

We first specialise to the conically singular metric of elementary form @. Momentum-
constructed conically singular metrics will be discussed in §3.5.3.

We recall that the volume Vol(X, @) or the average of the integral [, H (jl’—:z is not
necessarily a invariant of the Kéhler class, unlike in the smooth case. This is because,
as we mentioned in §3.1.3, the singularities of @ mean that we have to work on the
noncompact manifold X \ D, on which we cannot naively use the integration by parts.
The aim of this section is to find some conditions under which the boundary integrals

vanish, as in the smooth case. We first prove the following lemma.

Lemma 3.5.1. The volume Vol(X,®) of X measured by a conically singular metric
with cone angle 213 of elementary form @ = aH—?Lv—l&é]s]iB with ® € c¢i(L) is
equal to the cohomological [y ci(L)"/n!if B > 0.

Proof. Consider a path of metrics {@ := ® +t\/—189\s\iﬁ} defined for 0 <r < A
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for sufficiently small A > 0, and write g, for the metric corresponding to @, with
g := go. Then we have %}t:T A = ny/—199d|s flﬁ AR = Arls |h @, where Ar
is the (negative d) Laplacian with respect to @7. If we show that $| X O =
%}t:TfX\D(Z)t” = x\p 4| _ & =0 forany 0 <T <A < 1 (where we used the
Lebesgue convergence theorem in the second equality), then we will have proved
Vol(X,dr) = Vol(X,®) = [yc1(L)"/n!. We thus compute fX\DAT|s|zBé)¥ for any
0 <T < A. We treat the case T = 0 and T # 0 separately. Note that in both cases, we
may reduce to a local computation on U C X by applying the partition of unity as we

did in the proof of Theorems 3.1.11 and 3.1.12.

First assume 7 = 0. We now choose local holomorphic coordinates (zi,...,z,) on
U so that D = {z; = 0}. Writing z; = reV 18, we define a local C*-tubular neighbour-
hood D¢ around D = {z; =0} by D¢ := {x € X | |s|(x) < €}. Then we have

/Awm / Aw|s\iﬁw"+/ Aols P 0"
U\D U\De¢ De\D

02

- A i 2B gy,
/\ N ols P o +/£\ Z az,az]’s’h ®

Writing r = |z;| and noting that |s|, = fr for some locally defined smooth bounded

< const.(r?P=2 4 2B=1 4 y2B) Thus

. ij_9% | 2B
function f, we can evaluate ’Zi, 8" m!s! !

€
"< const./ (rPP=2 4 2B 2By gy —5 0
0

ij
/DE\DZ azlazj |S|h

as € —0,if § > 0.

We thus have to show that fU\Ds goes to 0 as € — 0. Note that this is re-
duced to the boundary integral on dD; by the Stokes theorem (by recalling that we
have been assuming |s|iﬁ is compactly supported in U as a consequence of apply-
ing the partition of unity) as [;p, Aw]s|iﬁ 0" = faDen\/—_lé\s\iﬁ A @"~!. Recalling
dZ1 ||y j=r= (—v/—1cos 8 —sin0)rd6, we may write

d|sIP A ! = gz‘h Fed® AV —1ldza NdZp A -+ NV —1dz, NdZ,
e 1

with some smooth function F, in the local coordinates (zj,...,z,). We thus have
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Jop, n\/—_19|s|iﬁ A a)”*l) < const.e?P~le »0ase —0,if B > 0.
When T > 0, note that Ay |s|flﬁ =O0(1) by Lemma 3.4.3. By Lemma 3.4.2, we have
@ = O(r*P~1), which shows that ‘fDS\DZ, ng az az |s| (0% < const. [§ rP~1dr -0
as € — 0. We are thus reduced to showing that the boundary integral [, p, A7 ]s]iﬁ Of =

Jop, n\/—_1(§|s| A @} goes to 0 as € — 0. We first evaluate [, nv/—1 Y|h dz; A
@', By noting dz; AdZ; =0 on dD;, we observe that dZ; A @~ ’808 = F8d9 A
V—=1ldzz ANdZa A -+ A \/_ dz, N\ dz, for some function F, bounded as € — 0, on dDs.
Thus 'faD nv/—1 (|9_|h dzi A0 = 0(e?Ple) » 0ase — 0if B> 0.

Again by noting dz; AdZ; = 0 on d D¢, we observe that dZ; A (Z)?il lop, = Fedo N
V—=1dzy Ndzy A --- AN/ —1dz, AdZ, for some function F = O(e?P~1) on dD,. Thus

Jap,nV— ols |’? d ,/\(bgi"‘ =0(e®Pe?P~1g) 5 0ase - 0if B > 0. O

Lemma 3.5.2. The average of the holomorphy potential fXI:I (;l’—,n in terms of the coni-
cally singular metric with cone angle 2n3 of elementary form @ = @+ Av/—190 |s|iﬁ
with @ € c1(L) is equal to the one [, H ‘,‘1’—7 measured in terms of the smooth Kiihler

metric @, if B > 0.

In particular, it is equal to by (in §1.2) of the product test configuration for (X, L)
defined by the holomorphic vector field on X generated by H (cf. §2 of [41]), if B > 0.

Proof. Recall that the holomorphy potential varies as (cf. (3.46)) %‘ t:TI-AI, =
gin (%I:IT) <%\S|Zﬁ ) Thus, using the Lebesgue convergence theorem (as in the
J i

proof of Lemma 3.5.1), we get
d N - A .=
< /H,(i)t”:/ V=1n (35l A 3Rz + AradlsiF) n oy
U= /X X\D

— /"In / a (Aralsi¥) nay .

X\D

We proceed as we did above in proving Lemma 3.5.1. When 7' = 0 we evaluate

/U\Dd (Hols?) n et

—lim [ d <H8]s|iﬁ> A"t lim [ d (Ha\s\iﬁ) A
e-0JU\D, €—=0./D\D

Noting that H is a smooth function defined globally on the whole of X, we apply exactly
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the same argument that we used in proving Lemma 3.5.1 to see that both these terms
gotoOase—0.

When T > 0, we evaluate

/U\Dd<ma|s|,§ﬁ)m;-l :/U\ng(ﬂramﬁﬁ)m;’f—l+/D€\Dd<ma|s|iﬁ)m¥”-

Recalling that |[H7| < const.(1 +r2P), we can apply exactly the same argument as we
used in the proof of Lemma 3.5.1. This means that % ‘t:T fX\DI:I,(I),” =0forall 0 <
T < 1if B> 0. O

As a consequence of Corollary 3.1.14 and Lemmas 3.5.1, 3.5.2, we have the fol-

lowing.
Corollary 3.5.3. If0 < B < 1, we have

a)n
Fut(Z, & /H S(0) - 5(@)

_ . o' Vol(D,w) "
- X\DH(S((D) 5(@ ))—+27r (1-p (/H n—1)! Vol(X,a))/xHH>’

where we note that the last two terms are invariant under changing the Kdhler metric

®— 0++/—1909¢ by ¢ € C*(X,R) (cf. Theorem 3.2.7).

Remark 3.5.4. Note that the “distributional” term

2(1-B) </DH<:)111)3 - XZig)D(: Z)); /XH(:_T)

in the above formula is precisely the term that appears in the definition of the log

Futaki invariant (up to the factor of 271:) Note also that Vol(D,®) = [x[D] A “’" o=

fD o ; = Vol(D, ) and fD = JpH by Lemma 3.4.10 (and its extension

given in §3.4.3.1), where [D] 1S the current of 1ntegrat10n over D. This means that,

combined with Lemmas 3.5.1 and 3.5.2, we get
. An—1 l A I 1 Vol n
/Ha) Vol(D (i)/H /H ol(D, ) PP
b (n—1)! Vol(X,d) n—1D! Vol(X,0)Jx  n!

Thus, if we compute the log Futaki invariant Futp, g in terms of the conically singu-

lar metrics of elementary form @, we get Futp g(E,®) = % fX\DFI(S(d)) —S(@))2r

n!>
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which will certainly be 0 if @ satisfies S(®) = S(®) on X \ D, i.e. is cscK as defined in

Definition 3.1.4.

3.5.2 Invariance of the Futaki invariant computed with respect to

the conically singular metrics of elementary form

We first recall how we prove the invariance of the Futaki invariant in the smooth case,
following the exposition given in §4.2 of Székelyhidi’s textbook [119]. Write @ for an
arbitrarily chosen reference metric in ¢ (L) and write @y := @ + -1 891[/ with some
v € C*(X,R). Defining Fut,;(Z) := [y H;(S(e) — S) @ where H, is the holomorphy

W
n!>
potential of E with respect to @, we need to show %\ —oFut;(E) = 0.

Arguing as in §4.2, [119], we get

Fut, (=
dt ut (%)

t=0
_ /X V=In ((S(0) — §)dy A IH — HD Doy — Yy AdS(0)) + H(S(0) — §)ddy) A o™

where 97,9, is the operator defined in (1.1). We now perform the following integra-

tion by parts

/X(S(w)—s‘)awAéHAw"—l
:—/d(H(S(a))—S)al///\ w"—1)+/HES(w)AawAw"-l—/(H(S(m—g)aéwwn-l
X X X
:/HQS(w)AawAw"—l—/(H(S(w)—s‘)aéwwn-l
X X

by using Stokes’ theorem. This means

dt

Fu, () = —/ HD;Doyo" = —/ VO ,DH0" =0
=0 X X

as required, again integrating by parts.

We now wish to perform the above calculations when the Kihler metric @ has
cone singularities along D. An important point is that, since we are on the noncompact
manifold X \ D, we have to evaluate the boundary integral when we apply Stokes’
theorem, and that the remaining integrals may not be finite.

As we did in the proof of Lemma 3.5.1, we apply the partition of unity and reduce
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to a local computation around an open set U on which the integrand is compactly sup-
ported. Writing A = H + H' for the holomorphy potential of Z with respect to @, as

we did in (3.47), we first evaluate

A

/U\Dd(FI(S(é)) S(G)OWAG ) =1lim [ d(A(S(®)—S(d)dwAd" )

e—0 U\D¢

=lim [  H(S(®)—S(®)dyAd" .
e—0J9D,

Note dz; AdZ; = 0 on dDg, which implies
0
81///\(?)"_1]31)8:a—wFlsa’G/\\/—ldz2/\d22/\---/\\/—ldzn/\dZn
+Za Fed® NFiV—1dza Ndzp N--- ANV —1dzy NdZ,  (3.51)
i#l i

where F] is bounded as € — 0 and F; (i # 1) is at most of order e2P-1 we see that
AYNAG"5p, = O(€) +O(?P). Recalling A = O(1) + O(|z1|?P) and S(®) = O(1) +
O(|z1|>7*B), we see that the integrand of the above is at most of order O(g'*24),

Thus we need 8 < 3/4 for the boundary integral to be 0.

We now evaluate [, HIS(®) A dy A @"~'. Writing

9S(®)
9zZi

(@)

dZi NOW A1,
az,

IS(D)NIY A" =

AR NI ADT + Z

i£1
we see that the order of the first term is at most O(|z;|>~*F =1z, |26~ 141) = O(|z|'2P),
and the second term is at most of order O(|z1|>~*F|z;[*2~1) = O(|z1|'~?F), and
hence we need 1 — 2 > —1, i.e. B < 1 for the integral to be finite, by recall-
ing A = 0(1) 4+ O(|z1|*P). Since the second term [y (ApW)H (S(®) — S(®))d" is
manifestly finite (by Lemma 3.4.3 and Remark 3.4.5), we can perform the integra-

Fut(2) = — [x\p AD; Dy @" if 0 < B < 3/4. It re-

tion by parts to have 7 } =0

mains to prove that fX\DHQ DY = fX\D vOLD, »H®" = 0 holds. Recalling
DED W HDoY = AZ l//+V -(Ric(®)*/ 9 y) (by noting ¥ = v as v is a real function), where

V is the covariant derivative on TX defined by the Levi-Civita connection of @, we first
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consider

W;(Ric@)"fakw@”:/ \ AV Ric(®)Y)dyd" + [ HRic(®)"0;0,y"
U\D

U\D U\D

:\/—ln ﬂawAéS(@)Aé)“—l+ AS(®)Apwd"

—V— nn—l/ HRic(®) Aoy A @" 2

where we used the Bianchi identity V Ric(d W)k = gt d;S(®) and the identity in Lemma
4.7, [119]. We perform the integration by parts for the second and the third term. We

re-write the second term as

AS(0)Apyd" =/ 1n (- d(AS@)dy A~ [ d(S(@®)dAw o)

U\D U\D

+ IS(D)NIH ANyd" ! + S(®)IIH N yd" !
U\D U\D

- HIS(®) Ay A (b”‘l>
U\D

and the third term as

HRic(®) Ay A "2
U\D

= d(HRic(®) NOWYA D" )+ | d(dH ARic(d) A wd"?)
U\D U\D

- wddH ARic(d) A "2
U\D

We thus have fU\DI-AI@T(Ri (D y) " = Jup vV (Ric(d )k18 H)o" —
vV—1n(n—1)(By + By) — v/—1n(B3 + By), where the B;’s stand for the boundary in-
tegrals By := limg_g faDs HRic(®) Adw A @2, By := limg_,0 faD woH ARic(®) A
"2, B3 :=limg_yq [3p HS(®)Oy A &"', By := limg_0 [5p WS(®)IH N "',
which we now evaluate.

We first evaluate [;5, HRic(®) Ady A @' in terms of €. Since dz; AdZ; =0
on dD¢, we can see that this converges to 0 (¢ — 0) as long as 0 < 8 < 1, by recalling

Lemma 3.4.4. We thus get B; = 0.

We then evaluate [, WoH ARic(®) A ®" 2. We see that this converges to 0
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(¢ — 0)aslong as 0 < B < 1, exactly as we did before. We thus get B, = 0.

Now we see that [;p AS(®)dw A @" ! is at most of order £3~*P since S(®) is at
most of order £27*F and dy A @~ ! is of order O(g) 4+ O(2P) (cf. (3.51)), and hence
converges to 0 (as € — 0) if B < 3/4. Similarly, we can show that [, WS (®)0H A
@®"~! converges to 0 if B < 3/4. Thus, we get B3 = By = 0.

Note that [ p l//@k(Ric((i))fk(ajFI))d)” converges if 0 < < 1, since Lemma
3.4.4, combined with Lemma 3.4.3, implies Ric(®)'! = O(|z1|*28) + 0(|z1|**F),
Ric(@)'7 = O(|z1]) + O(|z1*~*F) + O(|z1*~2P) (j # 1), and Ric(@)V = O(1) +
O0(lz1*P) + 0(|z1)>~ %) (i,j # 1). We thus see that we can perform the integration
by parts in the above computation if we have 0 < 8 < 3/4.

We are now left to prove [y, p YAZHO" = Jx\p HAZ y®". We write

X\DFIA%DW@" =+/~1n X\DI:I89(A(1,1//) A@"!

=V=in [ d(BIBew) A6" ) +VTn [ d@A A (Asw)e" )

X\D X\D
+ [, @ofday)6!
and evaluate the boundary integrals limg_, [, Ds HI(Apw)A@" " and limg_ [ IDs OH A
(A w)®" ! which, as before, can be shown to converge to zero as long as 8 > 0.

We finally evaluate [;\ p(AoH)(AgW)®", where we recall from Lemma 3.4.3 that
ApH = 0(1) +0(|z1|>7%#) +0(|z1|*P). Thus, computing as we did above, we see that
this is finite.

Summarising the above argument, together with the results in §3.5.1, we have the

following. Suppose that we compute the log Futaki invariant

=1 [ s -son LA Vol(D,@) [ 0"
a3 500500 ([ R ()

with respect to the conically singular metric of elementary form @ for a holomor-

phic vector field v that preserves the divisor D, with A as its holomorphy poten-
tial. As we mentioned in Remark 3.5.4, Lemmas 3.5.1, 3.5.2, Corollary 3.5.3, com-
bined with Lemma 3.4.10 (and its extension given in §3.4.3.1), show Futp g(Z,®) =
% Jx\ pH(S(®) —S(@)) %, and the calculations that we did above prove the first item

of Theorem 3.1.15.
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3.5.3 Invariance of the log Futaki invariant computed with respect

to the momentum-constructed conically singular metrics

Now consider the case of momentum-constructed metrics on X := P(.% @ C) with the
P!-fibration structure p : P(.# @ C) — M over a Kihler manifold (M, wy). In this
section, we shall assume that the o-constancy hypothesis (Definition 3.3.1) is satisfied
forourdata {p: (#,hgz) — (M,0n),I}. Let D C P(.# & C) = X be the co-section, as
before.

We first prove some lemmas that are well-known for smooth momentum-
constructed metrics; the point is that they hold also for conically singular momentum-
constructed metrics, since, as we shall see below, the proof applies word by word. We

start with the following consequence of Lemma 3.3.9.

Lemma 3.5.5. (Lemma 2.8, [61]) Suppose that the G-constancy hypothesis (Definition

3.3.1) is satisfied for our data. For any function f(7) of T, we have

), b
| r@=2 —2mvolM.on) [ (00,
X —b

n!
where Q(7T) is as defined in (3.6). In particular, [y f (’L’)(Z—‘:’; does not depend on the
choice of @ or the boundary value ¢'(£b).

Proof. o-constancy hypothesis implies that Q(7) = wy(7)""! /@) is a function

which depends only on 7. We thus have

0 oy f(D)Q( c ’
/X (0= = /X o /\( “L} % gz nd r) — 27Vol (M, o) /_ f(©)Q()dr.

by (3.23) in Lemma 3.3.9. 0

We summarise what we have obtained as follows.

Lemma 3.5.6. Suppose that the 6-constancy hypothesis is satisfied for our data. Let
¢ : [—b,b] = R be a real analytic momentum profile with ¢(+b) =0 and ¢(—b) =2,
¢(—b) = —2B, so that wy = p*wy — Tp*Y+ éd‘r NdT has cone singularities with
cone angle 2nf along the oo-section. Let ¢ : [—b,b] — Rx( be another momentum
profile with ¢(+b) = 0 and ¢(+b) = F2, so that wy = p*®y — Tp*Y+ %dt/\d%’ is a

smooth momentum-constructed metric. Then we have the following.
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1. [wg] = [@y],
b
2. Vol(X, @) = 270Vol (M, ayy) / 0(1)dt = Vol(X, ),
—b

n

Dp b @5
3.t = 2nVol(M, a)M)/ 7Q(7)dT :/ T
—b X

X n n.

Proof. The first item follows from Lemma 3.3.9, and the second and the third from

Lemma 3.5.5. O]

The second and the third item of the above lemma shows that the second “dis-
tributional” term in Corollary 3.1.14 agrees with the “correction” term in the log Fu-
taki invariant, as we saw in the case of conically singular metrics of elementary form

(cf. Corollary 3.5.3 and Remark 3.5.4). We thus get the following result.

Corollary 3.5.7. Suppose that the G-constancy hypothesis is satisfied for our data {p :
(F,hz) = (M,wp),1}. Writing Fut(E, wy) for the Futaki invariant computed with
respect to the momentum-constructed conically singular metric Wy with cone angle
27t and with real analytic momentum profile @ and 0 < B < 1, evaluated against the

generator E of fibrewise C*-action of X = P(% & C), we have

wn
Fut(Z, o =/ 7(S(0y) — S(wp)) —
(@ 0p)= [ 7(S(@p) ~S(0)) !
oy (b1 Vol(M b 0
von(1-p) (p [ QAOX TOOLonD) [ %
M (n—l)! VOl(X,(D¢) x n!
where Wy is a smooth momentum-constructed metric in the same Kdhler class as .
In particular,
wl’l
Futp 5(E, o :/ 7(S(wy) — S(we))—2.
Dﬁ( <p) X\D (S( tp) S( <p)) "

We now wish to establish the analogue of the first item of Theorem 3.1.15. We
first of all have to estimate the Ricci and scalar curvature of the metric @y + v/ — 190y
for y € C*(X,R). We show that this is exactly the same as the ones for the conically

singular metrics of elementary form.

Lemma 3.5.8. Ric(@p +v/—199y) and S(wy + v/ —199y) satisfy the estimates as

given in Lemma 3.4.4.
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Proof. Choose a local coordinate system (zj,...,z,) around a point in X so that D is

locally given by {z; = 0}. Lemma 3.3.6 and the estimate (3.12) imply that we have

Vv —1dz; Ndz;

wp +V—190y =p* @y — tp y+(pd1:/\dcr+\/ Z

i,j=1

azlaz,j

—|z| P~ 2(Fn SR PN - >\/ ldzy Nd7Z

8 1907

2°y
+Z!Z1!2ﬁ 2(F1111+\Z1|2 2

v —1ldz1 Nd
P 97 8z,) z1ANdzj+c.c.

+ iéz (Ej|Zl 2 4 aa";—gg’”) V—ldz; NdZ;
where F;;’s stand for locally uniformly convergent power series in |z |213 with coef-
ficients in smooth functions which depend only on the base coordinates (zp,...,2,)-
We also wrote ), for the local Kidhler potential for p*@y. When we Taylor
expand y and Yy, we thus get (@p + v/ —19dy)" = |z1[*P~2[0(1) + O(|z1|*P) +
O(|z1 |7 2P)| T | (vV/—1dz; A dZ;). Writing @y := [T7_, (v/—1dz; AdZ;), we thus get

(0p+v/—199y)"

of = (B~ loglz1 +0(1) +0(|z1[*) + O(aa ).
0

log

This is exactly the same as (3.27), from which Lemma 3.4.4 follows (since

ddlog|zi|> =0o0n X\ D). O

Since that the holomorphy potential for £ with respect to @y ++/—1 doy is given
by T—v—1Z(y) = 0(|z1|*?) + O(1) (cf. Lemma 4.10, [119]), it is now straightforward
to check that the calculations in §3.5.2 apply word by word. We thus get the second

item of Theorem 3.1.15.



Chapter 4

Stability and canonical metrics on

BIPIIPM

4.1 Introduction

4.1.1 Statement of the results

Consider now the following problem!.

Problem 4.1.1. Suppose that a Kédhler manifold X admits a cscK (resp. extremal)
metric. Under what geometric hypotheses does the blowup Bly X of X along a complex

submanifold ¥ admit a cscK (resp. extremal) metric?

The case dim¢Y = 0 was solved by the theorems of Arezzo—Pacard [6, 7], and
Arezzo—Pacard—Singer [8], which will be discussed in detail in §4.1.2, and will provide
a background and motivation for considering Problem 4.1.1. The remaining case is
dimc Y > 0, and we assume dimc X > 3 for the blowup to be non-trivial. On the other
hand, there seems to be very few results known about Problem 4.1.1 when dim¢ Y > 0,
and the solution of Problem 4.1.1 in general seems to be out of reach at the moment;
see §4.1.3 for the review of previously known results.

We thus decide to focus instead on a particular example, the blowup Blpi P" of P
along a line, in the hope that this may serve as a useful example in attacking Problem

4.1.1. The result that we prove is the following.

Theorem 4.1.2. Let n > 3 and consider the blowup 7 : BlpiP" — P" of P"* along a

line. BlpiP" is slope unstable (and hence K-unstable, cf. §4.2.1) with respect to any

'This is mentioned, for example, in Székelyhidi’s survey [118] in the case dimc Y > 0.
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polarisation; in particular, BlpiP" cannot admit a cscK metric in any rational Kdihler
class. However, if we choose € > 0 sufficiently small, there exists an extremal metric in
the Kdhler class w*c(Opn (1)) — €c1 ([E]), with an explicit formula given in Proposition

4.4.1, where |E| is the line bundle associated to the exceptional divisor E.

Notation 4.1.3. In this chapter, given a divisor D in a Kdhler manifold X, we write
[D] for the line bundle Ox (D) associated to D. Also, we shall use the additive nota-
tion for the tensor product of line bundles, and the multiplicative notation will be re-
served for the intersection product of divisors: given n divisors Dy,...,D,, we shall
write Dy.Dj.---.D, to mean [y ci([D1])ei([Da])...c1([Dn]), and Di.D3~" to mean
Jxer([D1]) er([D2])" .

Remark 4.1.4. In spite of its apparent simplicity, there has been no known result on
Blpi P" in terms of cscK or extremal metrics, to the best of the author’s knowledge (cf.
§4.1.3). This is perhaps related to the fact that BlpiP" does not admit a structure of a
P!-bundle; see §4.1.3.1 for details.

4.1.2 Blowup of cscK and extremal manifolds at points

We now discuss the background for Theorem 4.1.2, namely Problem 4.1.1 for the case
dimcY = 0. We prepare some notation before doing so; write Ham(w, g) for the group
of Hamiltonian isometries of g, i.e. isometries of (X,g) which are also Hamiltonian
diffeomorphisms of @ and let ham be its Lie algebra. We observe that Ham(w, g)
is a finite dimensional compact Lie group. This allows us to define a moment map
m: X — ham*, which we may normalise so that [y (m,v)®@"/n! =0 for all v € ham with
(,) being the natural duality pairing between ham and ham™. If X admits a cscK metric,
a classical theorem of Matsushima [87] and Lichnerowicz [74] states the following for
the Lie algebra of the group Auty(X,L) consisting of the elements in Aut(X ) which lift

to the automorphism of L (cf. §1.3).

Theorem 4.1.5. (cf. Theorem 1 in [70], Theorems 6.1 and 9.4 in [67]) Suppose that X
admits a cscK metric. Writing aut(X,L) for LieAuty(X, L), we have aut(X, L) = ham®.

We now consider Problem 4.1.1 for dimc Y = 0. Suppose that we have a polarised
cscK manifold (X,L) which we blow up at points py,...,p;. We ask if the blown-up

manifold Bl ., X admits a cscK metric in a “perturbed”” Kéhler class so that the size
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of the exceptional divisor is small. Solution to this problem is given by the following

theorem of Arezzo and Pacard [7], which generalises their previous result in [6].

Theorem 4.1.6. (Arezzo and Pacard [7]) Let (X,L) be a polarised Kdihler manifold
with a cscK metric ® € ¢i(L). Let py,...,p; be distinct points in X and ay,...,a; be

positive real numbers. Suppose that the following conditions are satisfied:

1. m(py),...,m(p;) spans ham”,
2. Zlea?*lm(pi) =0 € ham™.

Then there exists &g > 0, ¢ > 0, and 0 > 0 such that, for all 0 < € < & the blowup
X = Bly, ... p, X of X with the blowdown map T : X — X admits a cscK metric ©g in

the perturbed Kdhler class

)
o] —¢€ ; gic1([Ei])

where d; depends only on € and satisfies |d; — a;| < ce? as € — 0 and E; stands for
the exceptional divisor corresponding to the blowup at p;. Moreover, @ — ® in the

C”-norm as € — 0, away from p1,...,p;.

By Theorem 4.1.5, all of these hypotheses are vacuous if we assume aut(X,L) = 0.
However, in presence of nontrivial holomorphic vector fields on X, we cannot choose
the number and positions of p1,..., p; arbitrarily to get a cscK metric on X (cf. Theorem
4.1.8).

Theorem 4.1.6 has many differential-geometric and algebro-geometric applica-
tions [32, 44, 108, 111]; we note in particular that it was used to construct an example
of asymptotically Chow unstable cscK manifold ([32], cf. Remark 2.1.4), and also
to prove the K-stability of cscK manifolds with discrete automorphism group ([111],
cf. Theorem 1.2.9).

Even though aut(X, L) # 0 (or more precisely ham # 0) imposes some restrictions
on the applicability of Arezzo—Pacard theorem, there is still hope of finding an extremal
metric under weaker hypotheses, and moreover, it is natural to expect a version of this
theorem for extremal metrics. Such result was indeed proved by Arezzo, Pacard, and
Singer (cf. [8], Theorem 2.0.2). Just as Theorem 4.1.6 was used by Stoppa [111] to

prove the K-stability of cscK manifolds when aut(X,L) = 0, this result was used by
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Stoppa and Székelyhidi [114] to prove the relative K-stability of Kéhler manifolds with
an extremal metric. We finally note that Székelyhidi [117, 120] later established a

connection to the K-stability of the blowup X when X admits an extremal metric.

4.1.3 Comparison to previous results

We now return to the case X =P" and Y = P!, to consider Blp1P". Our results (Theorem
4.1.2) have much in common with, or more precisely are modelled after, the ones for
the blowup Bl,P" of P" at a point. We review some previously known results on
Bl [P" and its generalisations, as well as several nonexistence results that seem to be

particularly relevant to Problem 4.1.1.

4.1.3.1 Calabi’s work on projectivised bundles and related results

In a seminal paper, Calabi [23] presented the first examples of Kédhler manifolds which

admit a non-cscK extremal metric. More precisely, he proved the following theorem.

Theorem 4.1.7. (Calabi [23]) The projective completion P(Opn-1(—m) ©C) — P! of
line bundles Opn1(—m) — Pl for any m,n € N, admits an extremal metric in each

Kiihler class.

We observe that P(Op.-1(—1) @ C) is simply the blowup Bl P" of P" at a point;
the above theorem thus implies that there exists an extremal metric in each Kihler class
on Bl P", although Theorem 4.1.8 due to Ross and Thomas shows that none of these
extremal metrics can be cscK.

There are two important features of Bl [P" (or more generally P(Opi—1(—m) @
C)) that can be used in the construction of extremal metrics; the P!-bundle structure
and the toric structure. We first focus on the P!-bundle structure. Calabi’s original
proof exploited this structure, which was later generalised by many mathematicians to
various situations. While the reader is referred to §4.5 of [62] for a historical survey, we
wish to particularly mention the following case to which this theory applies: suppose
that we blow up two skew planes P, 22 P¥ and P, = P"*~! in P*. Then Blp, p,P"
is isomorphic to the total space of the projectivised bundle P(&(1,—1) @& C) over an
exceptional divisor PX x P"~*=1 where €'(1,~1) = p}Opi(1) ® p}Opni1(—1) and
p1: PEx Prk=l 5 Pk oand p, : PF x Prk=1 5 Pr—%=1 are the obvious projections.

Then, we see that Theorem 3.3.2 by Hwang [61] immediately implies that Blp, p,[P"
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carries an extremal metric in each Kihler class.”

On the other hand, BlpiP" does not have a structure of a P!-bundle, so the above
theorems do not apply. Thus, we now focus on the toric structure of Bl [P". This
was treated in [3] and [99], which (amongst other results) re-established Calabi’s the-
orem using toric methods. This is the approach that we follow for Blp1P", and will be

discussed in greater detail in §4.4.2.1.

4.1.3.2 Nonexistence results

We mention several nonexistence results which seem to be particularly relevant to Prob-
lem 4.1.1. There are several approaches to prove the nonexistence of cscK (resp. ex-
tremal) metrics. One frequently used approach is to use Theorem 1.2.8 due to Donald-
son [42] (resp. Theorem 1.4 in [114] due to Stoppa and Székelyhidi), namely to prove
K-instability (resp. relative K-instability) of (X,L). Proving K-instability is often pos-
sible by establishing a stronger statement, which is to prove slope instability of (X,L);
the reader is referred to §4.2.1 for more details on this. Along this line, we recall the
following result of Ross and Thomas. We follow their approach very closely in proving

the slope instability of Blpi[P" (cf. Proposition 4.3.1).

Theorem 4.1.8. (Ross—Thomas [102], Examples 5.27, 5.35.) Bl [P" is slope unstable
with respect to any polarisation. In particular, it cannot admit a cscK metric in any

rational Kdihler class.

On the other hand, in some cases it is still possible to show K-instability directly,
without proving slope instability, as in the following theorem due to Della Vedova
[33]. They can be regarded as an extension of Stoppa’s results [112, 111] to blowing
up higher dimensional submanifolds. By defining the notion of “Chow stability” for
subschemes inside a general polarised Kédhler manifold (cf. Definition 3.5, [33]), he

proved the following by showing the K-instability of the blowup.

Theorem 4.1.9. (Della Vedova [33], Theorem 1.5.) Let (X,L) be a polarised Kdhler
manifold with a cscK metric in ¢1(L). Let Zy,...,Zs be pairwise disjoint submanifolds

of codimension greater than two, and let 1t : X — X be the blowup of X along Z;U---U

2In fact, some of the above examples admit Kédhler—Einstein metrics, as shown by Koiso and Sakane
[69], Mabuchi [80], and also Nadel [91].
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Zs with Ej being the exceptional divisor over Z;. Define the subscheme Z by the ideal
sheaf 7 := J;' N---NI;" formy,...,ms € N.
If Z — X is Chow unstable, then the class w*c\(L) —€¥X’_;mjc1([E}]) contains

no cscK metrics for 0 < € < 1.

Della Vedova also proved an analogous statement for the extremal metrics (The-
orem 1.7, [33]), by defining “relative Chow stability” for subschemes inside a general
polarised Kédhler manifold. See Examples 1.6 and 1.11 in [33] for explicit examples in

which these results are used.

Remark 4.1.10. Recalling Theorem 4.1.5, we now ask whether the automorphism
group of X = BlpP" is reductive. It is easy to see that the Lie algebra aut(X) of

Aut(X) is equal to the Lie subalgebra b of s[(n+ 1, C) consisting of matrices of the form
A B

0 C
tively. Note that X is Fano, and aut(X) = aut(X, —Ky). Note also that aut(X, —Kx) =

where A, B, C are matrices of size 2 x 2,2 x (n—1), (n—1) x (n—1), respec-

aut(X,L) for any ample line bundle L, cf. [67, 70].

It is easy to see that the centre of b is trivial, and hence b is reductive if and only
if it is semisimple. In principle this can be checked e.g. by Cartan’s criterion using
the Killing form, although in practice it may be a nontrivial task. We can still prove
that b is not semisimple, and hence nonreductive, as follows. Theorem 4.1.2 shows
that we have a non-cscK extremal metric in the polarisation L := 7*Opn(1) — €[E] if
€ > 0 is sufficiently small. This means that the Futaki invariant evaluated against the
extremal vector field is not zero (Lemma 1.4.5). However, since the Futaki invariant is
a Lie algebra character (Corollary 2.2, [54]), this means that h = aut(X,L) cannot be

semisimple. We thus conclude that h is not reductive.

4.2 Some technical backgrounds

We briefly recall slope stability in §4.2.1, and toric Kédhler geometry in §4.2.2. The aim
of these sections is to fix the notation and recall some key facts; the reader is referred

to the literature cited in each section for more details.



4.2. Some technical backgrounds 165

4.2.1 Slope stability

For the details of what is discussed in the following, the reader is referred to the paper
[102] by Ross and Thomas.
Let (X,L) be a polarised Kihler manifold. Then for k > 1,

dimHO (X, L%%) = apk” + a k"' + O(k"2).

Now let Z be a subscheme of X. The Seshadri constant Sesh(Z) for Z C X (with
respect to L) can be defined as follows. Considering the blowup 7 : BlzX — X with the

exceptional divisor E, we define
Sesh(Z) = Sesh(Z,X,L) := sup{c | "L — cE is ample on BlzX }.
Then, writing .#7 for the ideal sheaf defining Z, we compute
dimHO(X, L% / (L%} @ 75%)) = ao(x)k" + @, ()K" + 0 (k" 2)

for k > 1 and x € Q such that kx € N. It is well-known that &;(x) is a polynomial in x of
degree at most n — i, and hence can be extended as a continuous function on R (cf. §3,
[102]).

Definition 4.2.1. The slope of (X, L) is defined by u(X,L) := a;/ag, and the quotient
slope of Z with respect to ¢ € R is defined by

_ Jo (@1(x) +ao(x)/2) dx
Jo do(x)dx

;uC(ﬁZJL) :

Definition 4.2.2. (X, L) is said to be slope semistable with respect to Z if u(X,L) <
Ue(Oz,L) for all ¢ € (0,Sesh(Z)]. (X,L) is said to be slope semistable if it is slope
semistable with respect to all subschemes Z of X. (X,L) is slope unstable if it is not

slope semistable.

We remark that, since X is a manifold, the slope can be computed by the

Hirzebruch—Riemann—Roch theorem as

nfyei(Ky)er (L)
2ch1(L)” .

wX,L) = 4.1)
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The quotient slope can also be computed in terms of Chern classes when BlzX is
smooth, by noting 7, Oy, x(—jE) = ij for w : BlzX — X and j > 0 and again using

Hirzebruch-Riemann—Roch. It takes a particularly neat form when Z is a divisor in X.

Theorem 4.2.3. (Ross—Thomas [102], Theorem 5.2.) Let Z be a divisor in X. Then

n (L z -5 () S 2 (K + 7))

HC(ﬁZ,L) = B n (76)1' . ’ (42)
2% (j) L 2

where the dot stands for the intersection product (cf. Notation 4.1.3), by identifying line

bundles with corresponding divisors.
A fundamental theorem of Ross and Thomas is the following.

Theorem 4.2.4. (Ross—-Thomas [102], Theorem 4.2.) If (X,L) is K-semistable, then it

is slope semistable with respect to any smooth subscheme Z.

Remark 4.2.5. Slope stability is strictly weaker than K-stability; the blowup of P?
at two distinct points with the anticanonical polarisation is K-unstable, and yet slope

stable (Example 7.6 in [94]).

4.2.2 Toric Kahler geometry

In addition to the original papers cited below, we mention [3, 45] and Chapters 27-29

of [26] as particularly useful reviews on the details of what is discussed in this section.
We first of all demand that the symplectic form @ on X be fixed throughout in

this section. Recall that an action of a group G on a manifold X is called effective if

for each g € G, g # idg, there exists x € X such that g-x # x. We first define a toric

symplectic manifold, by regarding a Kéhler manifold (X, ®) merely as a symplectic

manifold.

Definition 4.2.6. A toric symplectic manifold is a symplectic manifold (X,®)
equipped with an effective Hamiltonian action of an n-torus 7" := R" /277" with a

corresponding moment map m : X — R”.

Remark 4.2.7. Recall that a moment map for the action 7" ~ X is a T"-invariant map
m: X — Lie(T")* = R" such that 1(v)w = —d(m,v) for all v € Lie(T"). A T"-action

is called Hamiltonian if there exists a moment map for the action.
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A theorem due to Atiyah [9], and Guillemin and Sternberg [59] states that the
image of the moment map m is the convex hull of the images of the fixed points of
the Hamiltonian torus action. For a toric symplectic manifold, it is a particular type
of convex polytope called a Delzant polytope. Delzant [34] showed that we have
a one-to-one correspondence between a Delzant polytope &7 and a toric symplectic
manifold 7" ~ (X, ®); Delzant polytopes are complete invariants of toric symplectic
manifolds. This allows us to confuse a toric symplectic manifold with its associated

Delzant polytope &2, which is often called the moment polytope.

It is well-known that on (the preimage inside X of) the interior &?° of
the moment polytope &, the T"-action is free and we have a coordinate chart
{(x,y) = (X1 X0, V1, - Vn) € P° x (R"/277")}, called action-angle coordinates,
on m~!(2°). Action coordinates (xi,...,x,) are also called momentum coordinates.
In action-angle coordinates, the symplectic form can be written as ® = Z?:l dxjNdy;

and the moment map can be given by m(x,y) = x.

We now consider a complex structure on X to endow (X, ®) with a Kéhler struc-
ture; the reader is referred, for example, to §3 of [3] or §2 of [45] for more details. We
first recall that the way we construct 7" ~ (X, @) from &2 [34] shows that any toric
symplectic manifold automatically admits a 7"-invariant complex structure compatible
with @; a toric symplectic manifold is automatically a toric Kdhler manifold. Let .7,
be the Siegel upper half space consisting of complex symmetric n X n matrices of the
form Z = R+ +/—1S where R and S are real symmetric matrices and S is in addition
assumed to be positive definite. It is known that .}, is isomorphic to Sp(2n,R) /U (n),
and that ., bijectively corresponds to the set # (R?", gq) of all complex structures
on R?" which are compatible with its standard symplectic form wgq. It follows that
in the action-angle coordinates on ™! (£7°), by taking a Darboux chart, any almost

complex structure J on (X, ®) can be written as

-S 'R -5
RS'R+S RS!

J=

If we assume that J is T"-invariant, we can make R, S depend only on the action co-

ordinates x. Moreover, by a Hamiltonian action generated by a function f(x), given
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infinitesimally as y; — y; + g—g(x) we may choose R = 0. Furthermore, if we choose
J to be integrable, we can show that there exists a potential function s(x) of S such that
Sij = %(x) Such s(x) is called a symplectic potential. Guillemin [60] showed
that we can define a canonical complex structure, or canonical symplectic potential on

(X, ®), from the data of the moment polytope &.

Theorem 4.2.8. (Guillemin [60]) Suppose that &7 has d facets (i.e. codimension 1
faces) which are defined by the vanishing of affine functions l; : R" > x — [;(x) :=
(x,viy—A €R i=1,...,d, where v; € 7" is a primitive inward-pointing normal vector
to the i-th facet and A; € R. Then in the action-angle coordinates on m~'(2°), the

canonical symplectic potential s »(x) is given by

d
Z x)log;(x

NI_‘

Note that s4(x) is not smooth at the boundary of the polytope, and this singu-
lar behaviour will be important in what follows. Abreu [2] further showed that all
o-compatible 7"-invariant complex structures can be obtained by adding a smooth

function to the above s (x).

Theorem 4.2.9. (Abreu [2], Theorem 2.8) An @-compatible T"-invariant complex
structure on a toric Kdhler manifold (X, ®) is determined by a symplectic potential
of the form s(x) := s »(x) + r(x) where r(x) is a function which is smooth on the whole
of & such that the Hessian Hess(s) of s is positive definite on the interior of & and

has determinant of the form

1
det (Hess(s)( [ ﬁ ] , (4.3)

with 8 being a smooth and strictly positive function on the whole of &?. Conversely,
any symplectic potential of this form defines an @-compatible T"-invariant complex

structure on a toric Kdhler manifold (X, ®).

The description in terms of the symplectic potential gives the scalar curvature a
particularly neat form. Now let g; be the Riemannian metric defined by w and the

complex structure determined by the symplectic potential s(x). Write s'/(x) for the
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inverse matrix of the Hessian % (x). Abreu [1] derived the following equation in the
i0Xj

action-angle coordinates.

Theorem 4.2.10. (Abreu [1], Theorem 4.1) The scalar curvature S(gs) of gs can be

written as
1 & 9%
S(gs)=—= — (). 44
(85) = =3 WZ_I Fxiae; ) (44)
Moreover, g is extremal if and only if
(s = cons @s)
— = cons .
oxr 8s

forallk=1,...,n.

The equation (4.4) is often called Abreu’s equation.

4.3 Slope instability of Bl P

4.3.1 Statement of the result

We now return to the case where we blow up a line P! inside P", where we assume
n > 3 for the blowup to be nontrivial. For ease of notation, we write X := Blpi[P" and
also write 7 for the blowdown map 7 : X — P". We re-state the first part of Theorem

4.1.2 as follows.

Proposition 4.3.1. X = Blp:1 P, n > 3, is slope unstable with respect to any polarisa-

tion. In particular, X cannot admit a cscK metric in any rational Kdhler class.

4.3.2 Proof of Proposition 4.3.1

4.3.2.1 Preliminaries on intersection theory
Observe first of all that any line bundle L on X = BlpiP" can be written as L =
am*Opn (1) — b[E], with some a,b € Z, by recalling Pic(X) = Zn*Opn (1) S Z[E]. This
is ample if and only if a > b > 0. Thus, up to an overall scaling, we may say that any
ample line bundle on X can be written, as a Q-line bundle, as L = " Opn (1) — €[E] for
some € € QN (0,1).

This also implies Sesh(E,X,L) = 1 — €; suppose that we blow up E in X, with the
blowdown map 7 : BlgX = X = X. Then #*L — c[E] = n*Opn (1) — (c + €)[E], which

isampleif and only if —e <c < 1—¢€.
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Henceforth, to simplify the notation, we write H for the hyperplane in P” so that

Our aim is to show that X is slope unstable with respect to the exceptional divi-
sor E. Since the slope (4.1) and the quotient slope (4.2) can be computed in terms of
intersection numbers, we first need to prepare some elementary results on the intersec-
tion theory on X; more specifically, we need to compute [y c1(7*[H])/c ([E])"~/ for

0<j<n
Recall (e.g. §3, Chapter 3, [58]) the Euler exact sequence
0= Opn b Gpn(1)0HD) 5 T 0,

where the vector bundle homomorphism j takes 1 € &p» to the Euler vector field

n . a n a N @(},H_l)

i=0

with [Z : - - - : Z,,] being the homogeneous coordinates on . Restricting this sequence
to aline P! C P?, we get 0 — Op ER Op1 (1)2 D) 5 T | o1 — 0. Combining this with
the exact sequences 0 — Tp1 — Tppn|p1 — Npijpr — 0 and 0 = Op1 — Op1 (1)%2 —
Tp1 — 0, we get Npit jpn & Opi (1)®(=1)_ Thus the exceptional divisor E = P(Np1 /pn)
is isomorphic to P(&p: (1)®(~1)) = P(ﬁ;‘i(n_l)) =~ P! x P"~2. Note also that the ad-
junction formula (§1, Chapter 1, [58]) shows [E]|g = Ng/x, and that Ng x is isomor-
phic to the tautological bundle &z (—1) over E = P(Fpi (1)~ 1)), We observe that
Og(—1) = pjOpi1 (1) ® p5Opn—2(—1), where p (resp. p>) is the natural projection from
E to P! (resp. P"~2), and that 7*[H]|g = pt Opi (1) ® ph Opn 2.

With these observations, and recalling that ¢ ([E]) is the Poincaré dual of E, we

compute

£ = [ a(Ey = [ ey
= /]P' XP”_Z(pTCI(ﬁPI (1)) —pécl(ﬁpn_z(l)))"_'

= (-1 2n-1)
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and

wHE = [ o) ()"
= [ s Piea(@n (D) (pier(Gn (1) = picr (Gp(1)))"

= (12
If 2 < j < n, we have

wHlE T = [ i@ (D) (piei (O (1)~ pier (Gpua(1))

=0

and

= [ weE) = [ ey = [ ey =1

Summarising the above, we get the following lemma.
Lemma 4.3.2. Writing x := ¢ (n*[H]) and y := c|([E]), we have the following rules:

1. x"=1,

4. xIy" I =0for2<j<n-—1.

4.3.2.2 Computation of the slope u(X,L)

We apply Lemma 4.3.2 to the formula (4.1) for the slope u(X,L). Recall first of all
that we have Kx = n*Kpn + (n — 2)[E] since we have blown up a complex submanifold
of codimension n — 1 (cf. §6, Chapter 4, [58]). Note that L = n*[H| — €[E] and Kx =
m*Kpn 4+ (n—2)[E] implies ¢; (L) =x— €y and ¢; (Kx) = —(n+ 1)x+ (n—2)y. We thus
get

/XCI(KX)Cl(L)n_l = —(n+1)(1—"H4+n-1)(n—-2)e"?(1—¢)
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by Lemma 4.3.2. Similarly we get [y ci(L)" = 1 —ne" "'+ (n— 1)e". Hence

m+¢x1—gPU—wn—lxn—ayP%l—s)

X, L
HXL) = (n—1)e" —nen1+1

[\.)

For the later use, we write Den; for the denominator and Num; for the numerator of

the fraction above, so that (X, L) = 5Num; /Den;.

4.3.2.3 Computation of the quotient slope u.(Og,L)

We now compute the quotient slope u.(0g,L) with respect to the exceptional divisor

E and for ¢ = Sesh(E,X,L) = 1 — €, by using the formula (4.2).

We write [sesh (k) (Og,L) = 5Num; /Den; and compute the denominator Den; and
the numerator Num; separately. We first compute the denominator by using Lemma

4.3.2.

Den,

)}

n
j=1

n

)}

()
<

L TRR

1—¢e\" n 1/1—€e\’ n—1 [1-¢)/
et () B () () e () )
£ o \J j+1 € j+1 €

1—¢
€

~
—_

We now set y 1=

B0 AL O () e

and note the following identity

1

Observing 1 4+ y = €, we thus get the denominator as

1—8"+ ﬁfk+n—11—£“4
n

Den, — — S
R s ntl l—¢

—(n—1)€"

We now compute the numerator. Since the first term L"~'.E is equal to (x —
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£y)" 1y = (n—1)e"2(1 — &), we are left to compute the following second term

—1N\(e-1) ,_
( j ) Sy LB (K E)
=1 (- 1) i
_1:1( j ) P Y (= (n+ Dt (n=2)y+y).

By applying Lemma 4.3.2, we can compute each summand as

(x—&y)"" Y (= (n+ Dx+ (n—2)y+)

= (=1 (n=1)(n—j—1e" T2 —(=1)/e" I n(n-73).

We thus get

; ( )8_—1)L”_1_j.Ej.(KX +E)

j+1

Z‘,( . >f:i<(n—1)(n—j—l)(%)j—E(lg‘g)jn(n—?))).

Setting y =

=% as we did before, the above is equal to

J+1 Jj+1

Now recalling the identity (4.6), we see that the above is equal to

X n
_n(n_:;)g”_ll (w —X)

-1 ) )+n(n—1)"2l(w—x)

X n
1 —gt! 1—g"

=(n-1) T—¢ —(n—1)28"72—(n—3)1_8

+n(n—3)e" L.

Thus we find the numerator to be

n—2 1—e! 2 .n—2 1—¢"
Num; = (n—1)e"“(1-¢€)—(n—1) ¢ +(n—1)%€ +(n—3)1_8

—n(n—3)e" 1.
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4.3.2.4 Proof of instability

We now compute Ugeen(g)(Ok,L) — (X, L). Since Usesh(r)(OF,L) — w(X,L) <0 im-
plies that (X, L) is slope unstable with respect to the divisor E (cf. Definition 4.2.2), it
suffices to show that

~ Num;  Num,
"~ Deny Den;

2
;(“Sesh(E)(ﬁEaL) - ‘LL(X,L))

is strictly negative for all 0 < € < 1.

Since €/ > /7! for any non-negative integer j if 0 < € < 1, we have the following

inequalities:
—¢" n—11-—g!
Del’l2:— 1—8 +n8"71—|—n+1?—(n—1)8"
2 n—1 1 —
- Z£J+n( n)£n+n8n—l
n+1j:0 n+1
2 1—
< —%8"_1 +¥e"—l +ne" =0 4.7)
n n
and

n—1
Den; =1—ne" '+ (n—1)e"=(1—¢) (—nsn_1 + Z 81) >0,
Jj=0

for0 < e < 1.
Thus, to show slope instability, we are reduced to proving NumjyDen; —

Num;Den; > 0, or equivalently
(1 — &) (NumyDen; —Num;Den;) >0

forO0<e<1.

We first re-write (1 — &)Num; as

(1—&)Numy = (n—1)e" 2(1—¢)> = (n—1)(1— (n—1)e" >+ (n—2)" ")
+(n=3)(1—ne" '+ (n—1)e").

Let

Fpi=1—me" '+ (m—1)e"
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be defined for an integer m > 1. We record the following lemma which we shall use

later.

Lemma 4.3.3. The following hold for F,,, where m > 1 is an integer:
1 Fp>"m (1 _g)2em 25 0for0<e <1,
2. Fpy—Fp 1 =(m—1)e"2(1-€)?>0for0<e<1,
3. F, =Den,.

Proof. Observe first of all

Fpn=1—-me™ '+ (m—1e"=1—e""'—(m—1)e" ' (1—¢)

=(1—¢)? (mzz (m_zj:_zej+k>> .
=0 \_ k=0

Since 0 < € < 1, we have /! < &/ for any positive integer j. Thus

2 [ : m—2 m(m—1) 2 .m—2
EFn>(1—¢) (Z(m—]—l)e )zT(l—e)s >0,
j=0

proving the first item of the lemma. The second item follows from a straightforward

computation. The third is a tautology. 0

Using Lemma 4.3.3, we can write (1 —&)Numy = (n —2)F, —nF,_1, and hence
(1—&)NumyDen; = (n—2)F? —nF,_F,.

Similarly, we compute Num; = (n—2)F, 1 +3(1 —&"!) and

—1
(1—¢)Denp = —F,+ !
n

. 4.8)
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Summarising these calculations, we finally get

(1 — &) (NumyDen; — Num;Den;)

_ n—1
= (n—Z)Fnz—nFn_an+ [(n—=2)F,—1+3(1—¢" 1)] (Fn— " lF,H_l) ,

and our aim now is to show that the right hand side of the above equation is strictly

positive for all 0 < € < 1.

By using Lemma 4.3.3, we first re-write

(n—2)F, 1 +3(1—" Y =n—-2)F,_1+3(F,+(n—-1)e"1(1-¢))

=(n+1)F,—(n—1)(n—2)e" 21— +3n—1)e"(1—¢)

SO as to get

~1
(n—2)F2 —nF, \Fy+[(n—2)F,_1 +3(1—&" 1) (Fn - Z+ 1Fn+1)

=Fy(—nF,_1+2n—1)F,— (n—1)F41)

+[~(n—=1)(n—=2)e"2(1—¢)*+3(n—1)e" (1 -¢)] (F i 1Fn+1> .
Now compute

—nF_1+Q2n—1)F,—(n—1)F11 = —nF_1+(n—=2)F,+ (n+ 1)F,— (n—1)F, 4,

=n(n—1)e"2(1—¢),
and get

(1 — &) (NumpDen; — Num;Denj)

=(n—1e"2(1—¢) |n(1—€)?F+((n+1)e—(n—2)) (Fn_ Z_ 1Fn+1>] .

Since n(1 — &)%F, > 0 by Lemma 4.3.3 and

n—1
n+1

n

Fii1=—(1—¢)Deny >0
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by recalling (4.8) and (4.7), we see that the above quantity is strictly positive if (n+
l)e—(n—2)>0,ie. —2 < € < 1. This means that we have proved slope instability
for % <e<l1.

Thus assume 0 < € < 77 from now on. Now, again using Lemma 4.3.3, we have

(1 —¢&) (NumyDen; — Num;Den;)

=(n—1e"2(1-¢)
X Knu —e)?+2 (e— Zﬁ)) Fo+[(n+1)e—(n—2)] <—"51”—+_11)e"1(1 —8)2>} .

Noting n(1—€)*+2 (€ u) :n(e—%)z-i—}f(z;}) and also

[(n+1)e— (n—2)] (—%8"‘1(1 —e)2>

=n(n—1e" 1 (1-¢) - msn—lu —€)?

n+1 ’
we are thus reduced to proving that
(25 < e 0
is strictly positive for 0 <& < 7 +1
Observe that =% < "1 which holds if n > 1, implies that (& %)2 is mono-
tonically decreasing on 0 < & < == Jj Thus
n<8_n—1)2+ Sn-1 (n—2_n—1)2+ S5n—1 _ 9n
n n(n+1) n+1 n nin+1) (n+1)32
for 0 < € < /=. Hence, recalling Lemma 4.3.3, we finally have
TR ——
(ninl)z(l _8)28n2”(”2_ 1) _ 3”15’1_11)5[1(1 _8)2

> (1—g)2er1M1 =) (2( on )—3) >0
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for0<e<? +1’ since n > 3. We have thus proved (1 — €) (NumyDen; — Num;Den;) >
0 both for 0 < & <= 2 and 1 Jj < € < 1, finally establishing the slope instability for all
0<e<l.

4.4 Extremal metrics on Bl "

4.4.1 Statement of the result

Having established the nonexistence of cscK metrics in Proposition 4.3.1, we now dis-
cuss the extremal metrics on Blpi P (n > 3), with the blowdown map 7 : Blp: P" — P,
as mentioned in the second part of Theorem 4.1.2. We write (xi,...,x,) for the ac-
tion coordinates on the moment polytope corresponding to (BlpiP", n* Opn (1) — €[E]),
where the exceptional divisor is defined by {Y""' x; = €}, and we write r := ¥ | x;
and p :=Y)" 11 xi; see §4.4.2.1 for more details. We re-state the second part of Theorem

4.1.2 as follows, with an explicit description of the extremal metrics in the action-angle

coordinates.

Proposition 4.4.1. There exists 0 < & < 1 such that BlpiP" admits an extremal Kdihler
metric in the Kdihler class mw*c\(Opn (1)) — €c1([E]) for any € € (0,&y). Moreover, this
metric admits an explicit description in terms of the symplectic potential s(x) in the

action-angle coordinates as follows:

(szlogxz (1—r)log(1 —r)+h(P)> (4.9)
where h(p) is given as an indefinite integral by

h(p) =

2n+94 (6-7p —n —n+1
/ dP/ B e il (n+1>+<n+1>(n+z)+“l’ +Bp
n+9 ) —-n —n
(1- 1—-p (1 - nz(,:]) + ((n—?—/)ll)) + (n+1)(n+2) +ap~"+Bp H))

dp,
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with
S Y
=-1- - 4.10
* nnt) iF g2y (4.10)
_n+1 19) Y
B_n—1+n(n—1)+n(n+1)’ (4.11)
n(n+1)(n+2) (ol 4 e=et ) § |y ntlg_gn-1 n3en
r= (Cahio) 1 - ) (4.12)

—ne"™2+ (n+2)e" ! +n— (n+2)e
s—[e2(1_¢)— (—ne"™ 4 (n+1)e" —1)(n+2) (—1+ e — g1 4 2=3¢m)
—ne"t2+ (n+2)etl +n— (n+2)e

n(n=3) . o ntl
—(n—1)e"
+ 1 ¢ (n—1)e +n_1

(—ne" ' (n+De"—1)(n+2) [e—1 e—¢g"
(—n8”+2+(n—}—2)8”+1+n—(n+2)8 <n(n+1) +n(n— 1))
—(n—l)e"+ne’1“—1>1
nn—1)

(4.13)

Remark 4.4.2. Note that the symplectic potential is well-defined up to affine functions,

and hence the integration constants in 4(p) are not significant.

4.4.2 Proof of Proposition 4.4.1

4.42.1 Overview of the proof

The basic strategy of the proof, as given in §4.4.2.2 and §4.4.2.3, is exactly the same
as in §5 of [3] or §4.2 of [99] for the point blow-up case; the crux of what is presented
in the following is to show that the same strategy does indeed work for Blp1 P", with an
extra hypothesis € < 1.

We recall that the moment polytope &2(P") for P", with the Fubini-Study sym-
plectic form, is the region in R” defined by the set of affine inequalities &2 (P") :=
{x1 >0,...,x, > 0,Y7 , x; < 1} (cf. Figure 4.1), where (xi,...,x,) € R" are the ac-
tion coordinates as defined in §4.2.2. The moment polytope &2:(X) for the blowup
X = BlpiP" is obtained by cutting one edge by € amount: P (X) := {x; >0,...,x, >
0,7 1 xi < I,Z?;ll x; > €} (cf. Figure 4.2), where the P! that is blown up corresponds
to the line defined by {x; = --- = x,_; = 0}. Note that the symplectic form @ on X
is in the cohomology class 7w*c; (Opn(1)) — €cy([E]) (cf. Theorem 6.3, [60]). We write
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on

Figure 4.1: The moment polytope & (IP?) for P,

0o

Figure 4.2: The moment polytope & (X) for X = Bl IP?, with £ = 0.2.
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ri=y" xiand p := Z?;ll x; for notational convenience. Recall also that we assume

n > 3 for the blow-up to be non-trivial.

Our strategy is to seek a symplectic potential s of the form

s(x) = % (éxilogxi+ (1—r)log(1—r) +h(p)> , (4.14)

where A(p) stands for some function of p, so that the Riemannian metric g; given by the
symplectic form @ and the complex structure defined by s (cf. Theorem 4.2.9) satisfies

the equation

S(gs) =—yp—96 (4.15)

for some constants® ¥ and 8. Such a metric g, would be an extremal metric by Theorem
4.2.10. Our first result is that the equation (4.15) reduces to a second-order linear ODE
as given in (4.16), similarly to the case of the point blowup (cf. [3, 99]). The equation
(4.16) can be easily solved, and the solution is given in (4.17) with two additional free
constants o and 3. This is the content of §4.4.2.2.

However, it is not a priori obvious that s(x) as defined in (4.14), with & ob-
tained from (4.17), gives a well-defined symplectic potential. The main technical result
(Proposition 4.4.4) that we establish in §4.4.2.3 is that, once we choose «, 3, 7, 0 as
in (4.10), (4.11), (4.12), (4.13) and € to be sufficiently small, ~ obtained from (4.17)
does satisfy all the regularity hypotheses required in Theorem 4.2.9, so that s(x) is a

well-defined symplectic potential. This is the content of §4.4.2.3.
4.4.2.2 Reducing the equation (4.15) to a second order linear ODE
We first compute the Hessian
d%s
sij==——=—(x
/ 8x,-8x j

of the symplectic potential s(x) = 3 (Y2, x;logx; + (1 —r)log(1 —r) +h(p)) as fol-

lows: L /s !
| Z+——+4n") ifi,j#n,
2\x;, 1-—r
Sij:
1 /6 1
(24— if i=nor j =n or both.
2\x;, 1-—r

3The factor of —1 in (4.15) is an artefact to be consistent with the equation (4.16).
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By direct computation, we find the inverse matrix s*/ of s;; to be

( ' ”_xixj(l—l-(l—p)h”) e
2(x15,J I p(—p)i ifi,j #n,
B 2xiXp,

[+ p(1-p)i

2xn XnpP ses e
[ 1-p (l_p_x"+l+p(1—p)h”) ==

ifi#nand j=n,

Let A be a function of p defined by

14 (1—p)n”
A(p) = V7R
1+p(1=p)h
so that we can re-write the above as
2()61'51']' —xinA) if i,j 75 n,
2xix,(1 — pA
Gii —%pp) ifi#£nand j=n,
2 1—-pA
\ 1f”p (1—p—xn+x—”p§_pp )) ifi=j=n

Thus, by Abreu’s equation (4.4) (cf. Theorem 4.2.10), we have

n—1
S(gs) =Y QA+4xA +xA") +2 Y (A+xA +xA +xixA”)

i=1 1<i<j<n—1
ol /1 —pA 1—pAY’ 2 2p(1—pA)

+2 ( + x; ( ) ) + ( — ) .
l__Zl 1-p 1-p l-p  (1-p)?

Hence, re-arranging the terms, we find

1-p 1-p°

Thus the equation (4.15) to be solved can now be written as

240 . / 1) 2np 2n _
pA +2(n —l_p)pA+<n(n 1) 1_p)A+—1_p+YP+6—O (4.16)



4.4. Extremal metrics on BlpiP" 183

for some constants y and 8. The general solution to this equation is given by

A

1 2n+8 5— 2
(_ n—+ ( Y)p+ YP _|_apn_i_ﬁpn+l)’

“1-p\ na(n—1) " nn+l)  (n+1)(n+2)
for some constants o and f3. Recalling A = %, we can now write 4" as
W — A—1
(I—=p)(1—pA)
2n+8 (6=y)p p? —n —n+1
_ —l=0on TP+ e + ey TP "+ BP @1

2n+9 (6—v) 2 —n —n
(1=p) (1=p (1= a2y + 50 + sl T+ Bp 1))

We have thus solved the equation (4.15), with 4 undetermined parameters «, f3, 7,
0. We now have to prove that the function / as obtained above satisfies all the regularity
conditions as stated in Theorem 4.2.9, and we claim that this holds once «, 8, 7, 6 are
chosen as in (4.10), (4.11), (4.12), (4.13).

Before discussing the claimed regularity of 4”, which we do in §4.4.2.3, we define
two polynomials P(p) and Q(p), with a, B, v, 6 as parameters, as follows. They play

an important role in what follows.

Definition 4.4.3. We define a polynomial P(p) by

_ mts  (5-pp v’
P(p):= nin—1) nn+1) (n+1)(n+2)

and Q(p) by

Q(p):==p" ' —p"—p"P(p) —a—fPp

__# n+2 5—’}/ n+1 _M n n—-1__ .
B (n+1)(n+2)p n(n+1)p (1 nn—1) petp o= Fp.

so that we can write

p"! —p"+p"P(p)+a+PBp
(1=p)pQ(p) '

H'(p) = (4.18)

4.4.2.3 Regularity of &

The main technical result is the following.



184 Chapter 4. Stability and canonical metrics on Blpi P"

Proposition 4.4.4. For h as given by (4.17), there exists a function R(p) which is
smooth on the whole of the polytope ¢ (X) such that

h(p) = (p —€)log(p —€)+R(p)

and that the Hessian of the symplectic potential

s(x) = % (ixilogxﬁ— (1—r)log(1—r) +h(p)>
i=1

is positive definite over the interior 275 (X) of the polytope P¢(X), with the determi-
nant of the form required in (4.3), if we choose a, B, ¥, 6 as in (4.10), (4.11), (4.12),
(4.13) and € > 0 to be sufficiently small.

Proof. Recall from (4.18) that 4" is given by

p" ! —p"+p"P(p) +a+Bp
(1-p)pQ(p) '

H'(p) =

We first need to prove that p = 1 is a removable singularity. In Lemma 4.4.5, we

shall prove that this is indeed the case, once we choose o and B as in (4.10), (4.11).

We then consider the asymptotic behaviour of 4" as p — €. We now write

1 _l 1 pn_z(l_p)
h(p)_pp—l+ Q(p)

and consider the Taylor expansion

O(p) =00+ Qi(p—¢€)+--

of Q(p) around p = &, with some Qp,Q; € R. Writing now

" 11 pn—2(1_p)
h ——
) PP—1+Q0+Q1(P—€)+"'

around p = €, our strategy is to show that, for the choice of yand 6 as in (4.12), (4.13),
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we have a Laurent expansion

1 A
h"(P)Z—p_8+Qo+Q1(P—€)+‘“ (4.19)

in p — &, with some Qp,Q; € R. This will be proved in Lemma 4.4.6. We shall also
prove in Lemma 4.4.9 that Q(p) > 0 on (g, 1), for these choices of «, B, ¥, 6 and
sufficiently small € > 0. Since p = 1 is a removable singularity, this means that 4" is
smooth on the whole polytope except for a pole of order 1 and residue 1 at p = €.

‘We now consider a function

R(p) = h”(p>—p—18-

This is smooth on the whole of the polytope 2 (X) by the above properties of 4", and
hence integrating both sides twice, we get a function R(p) that is smooth on the whole

polytope which satisfies

R(p) =h(p) —(p —€)log(p — &),

as we claimed. Finally, we shall prove in Lemma 4.4.10 that the Hessian of the sym-

plectic potential

s(x) = % (gxilogx,- +(1—r)log(1—r) —l—h(p))

is indeed positive definite over the interior &g (X) of the polytope Z¢(X) and has
determinant of the form required in (4.3), for the above choices of «, B, ¥,  and
sufficiently small € > 0.

Therefore, granted Lemmas 4.4.5, 4.4.6, 4.4.9, and 4.4.10 to be proved below, we

complete the proof of the proposition.

Lemma 4.4.5. For the choice of & and B as in (4.10), (4.11), the following hold:

1. the numerator p"t' — p" +p"P(p) +a+ Bp of W' has a zero of order at least 3
atp =1,
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2. 0(1)=0/(1)=0, Q"(1) =2, in particular, Q has a zero of order exactly 2 at
p=1L1

In particular, p = 1 is a removable singularity of h" if we choose o and B as in (4.10),

4.11).

Proof. The numerator p"*! — p" + p"P(p) + a+ Bp of i’ has a zero at p = 1 if and
only if P(1) 4+ ot + 8 = 0. We thus choose B = —o — P(1). The zero is of order at least
two if and only if 1 +nP(1)+ P'(1)+ B =0, in addition to f = —ot — P(1). We thus

choose & by the equation
1+nP(1)+ P (1) +(—oc—P(1)) =0 (4.20)
and B by the equation
B=—-o—P(1)=—1—(n—1)P(1)—P(1)—P(1) (4.21)

by noting that P(1) and P’(1) depend only on y and §.

Finally, we observe

d2
dp? (" = p" +p"P(p) + a+Pp) =2n+n(n—1)P(1) +2nP' (1) +P"(1)
p=1

=0 (4.22)

identically for any choice of ¥ and 8. Thus the numerator p"*! — p” 4-p"P(p) + a4 Bp
of A vanishes at p = 1 with order at least 3, if o, B are chosen as in the equations (4.20),
(4.21). We now unravel the equations (4.20) and (4.21), to find that they are exactly as
given in (4.10) and (4.11).

We have thus established the first claim in the lemma: the numerator p"*! — p” +
p"P(p)+ a+ Bp of K’ has a zero of order at least 3 at p = 1 if o, B are chosen as
(4.10) and (4.11).

The second claim of the lemma is an easy consequence of the equations (4.20),
(4.21), (4.22): we simply compute Q(1) =1—1—P(1)—a— =0 and Q'(1) =
(n—1)—n—nP(1)—P'(1) — B = 0, by virtue of (4.20) and (4.21). We finally have
Q"(1) =2 by (4.22).
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]

Lemma 4.4.6. We have the expansion (4.19), namely we have the Laurent expansion
2 1 A A
H(p) = E+Q0+Q1(P—8)+“'

inp—Eg, ifwechoose o, B, 7%, 8 asin(4.10), (4.11), (4.12), (4.13), and if € is sufficiently

small.

Proof. We first consider the Taylor expansion

0(p) =00+ Qi(p—¢€)+--- (4.23)

of Q(p) around p = €, with Qy,Q; € R. When we have o and 3 as defined in (4.10)
and (4.11), we find the Oth order term Qy, which is equal to Q(¢€), to be

_ Y n+2 5—')/ n+1 i 2n+6 n n-1__ .,
e S (. R R P s (1 w1 ) tE Tape
B (—n£"+2+(n+2)8"+1—I—n—(n+2)£)
B n(n+1)(n+2)
1—et!l  en—¢ n+1 1 n—=3
+<n(n+l)+n(n—1)>6+1_n—18+8 Tao1t

We choose 7 as in (4.12), so that Qp = 0; note that —ne"*? 4 (n+2)e"! +n— (n+

2)e # 0 if € is chosen to be sufficiently small. This means that we can write

1 1 p"2(1-p)

h'(p)=— +
() pp—1 o(p)
n—2/1 _
_P (Ql P) p_e -+ power series in p — €,
| _

near p = €. In order to prove the stated claim, we need to show that the residue at the
pole p = € of " is 1. We prove this by showing Q; = £"~2(1 — €) for an appropriate
choice of 8, with «, 8, and 7y as determined in the above.

We thus consider the coefficient Q; in the expansion (4.23), which is equal to

% lp=e Q(p), i

n—1

0 =" en+1__5‘78n_(n_2”+5)en—1+<n_1>e"—2—ﬁ.
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For the choice of 8 and y as in (4.11) and (4.12), we can re-write this as

Q) =
(—ne™ ' (n+De"—1)(n+2) (el —1 e—¢g"
—ne"t2 4+ (n+2)e"t +n—(n+2)e (n(n—l—l) +n(n—1))
—(n—1)8”+n8"1—1} 5
nin—1)
(—ne™ !+ (n+1)e" —1)(n+2) <_1+ﬂ8_8n1+g8n)

—ne"t2 4+ (n+2)e"t +n—(n+2)e n—1 n—1
n(n—3) n—1 -2 I’l—l—l
_ARRTY) N P ey
1 € +(n—1)e —
4.24)

The equation Q1 = £"2(1 — €) can be solved for § if and only if the coefficient

of 6 in the equation (4.24) is not zero, i.e.

(—ne" '+ (n+1)e"—1)(n+2) <e”+1—1 s—e”) —(n—1)e" +ne" 1 -1

—ne"™2+ (n+2)e" ! +n—(n+2)e \ n(n+1) - nn—1) nin—1)
# 0.
Note that the left hand side is equal to W)Z(HH) # 0 when € = 0, and hence

this is non-zero for all sufficiently small € > 0 by continuity. Hence the equation
Q1 = €"72(1 — &) can be solved for §, with the solution as given in (4.13), if € > 0

is sufficiently small. We thus obtain the claimed expansion
i 1 A A
W)= +Co+Qilp—e)+--

near p = ¢, if we choose «, B, 7, § as in (4.10), (4.11), (4.12), (4.13) and € to be
sufficiently small.

]

Note that Qg = 0 (resp. Q1 = 8"_2(1 — €)) proved in the above is equivalent
to saying Q(&) = 0 (resp. Q'(€) = €"%(1 — ¢)). Together with what was proved in
Lemma 4.4.5, we summarise below the properties of the polynomial Q(p) that we have

established so far.

Lemma 4.4.7. For the choice of a, B, Y, 6 as in (4.10), (4.11), (4.12), (4.13) and
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sufficiently small €, the polynomial Q(p) satisfies the following properties:
L o()=0(1)=0,0"(1)=2,
2. 0(e)=0,Q'(e)=¢"2(1—¢).
We also need the following estimates of @, 3, ¥,  in the later argument.

Lemma 4.4.8. We can estimate oo = O(&2), B = 0(&?), y = 0(&?), § = —n(n+1) +

O(€?), when ¢ is sufficiently small.

Proof. The proof is just a straightforward computation; we compute 0 as

n(n2—l) + 2(n+2) €+ 0(82)

n(n—1)

-2 2(n+2)
P DD~ e e T OE)

S = = —n(n+1)40(&?),

and similarly for y. The claim for o and 3 follows easily from the definitions (4.10)

and (4.11).

With these preparations, we now prove that Q(p) is non-zero for all p € (g, 1).

Lemma 4.4.9. Q(p) > 0forallp € (g,1), ifa, B, v, 0 are chosen as in (4.10), (4.11),
(4.12), (4.13), and € is sufficiently small.

Proof. Note first of all that the second derivative of Q can be computed as

Q"(p)=p" [-1p’ = (6 —71)p* = (n(n—1) = (2n+8))p + (n = 1)(n—2)] .

Re-write the terms in the bracket [-- -] as

— > = (8 —7)p° — (n(n—1) = (2n+8))p+(n—1)(n—2)
= Q(p) +82Qrem(P)a

where we defined

0(p) :=n(n+1)p> —2n(n—1)p + (n—1)(n—2)
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and

Qrem(p) = é (_’yp3 - (60—'}’)[)2— 60p)

with & := § +n(n+1). Recalling y = O(&?) and & = O(&?) (cf. Lemma 4.4.8), we
see that there exists a constant C(g) > 0, which depends only on (sufficiently small)

€1 and hence can be chosen uniformly for all € satisfying 0 < € < g1, such that

|Orem(p)] < C(e1) (4.25)

holds for all p € (0,1) and all € satisfying 0 < € < g).

Observe now that O(5-) = %L+ (n —1)(n—3) > 0 for n > 3. Observe also that

Q'(p) = 2n(n+1)p —2n(n — 1), meaning that O(p) is monotonically decreasing on
n

( ,n;Jr%) Noting ﬁ < % if n > 3, we hence have

n?(n—2)+2n+1
n

3 /1
Q(p) >0 (%> > (4.26)

if p € (0, 2—1n) The estimates (4.25) and (4.26) imply that, if € is chosen to be sufficiently

small,

n+1
4n

0'(p) = 9" (Q(p)+ 2 0un(p) > 9" (i + (1= 1)n=3) ) >0

forall p € (0, 5-).

Now recall Q(¢) =0and Q'(¢) = € 2(1 —¢) > 0 (cf. Lemma 4.4.7). Since Q" (p)
is strictly positive for all p € (0, ﬁ) if € is chosen to be sufficiently small, Q'(p) is
strictly monotonically increasing on (0, %1) Combined with Q'(¢) = " 2(1 —¢) > 0,
we thus see that Q'(p) > 0 for all p € (&,5-). Thus Q(p) is strictly monotonically
increasing on (€, 5,) if € is chosen to be sufficiently small, but recalling O(€) = 0, we

see that Q(p) is strictly positive for all p € (g, %l) if € is chosen to be sufficiently small.

Having established Q(p) > 0 for all p € (e, ﬁ) we are now reduced to proving
the positivity of Q(p) for all p € [Zl—n, 1) when ¢ is sufficiently small. We need some

preparations (i.e. the estimate (4.29)) before doing so.
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We now recall that § = & +n(n+ 1) is of order £2 by Lemma 4.4.8, and write

pn+l+Lpn_a_ﬁp.
nin—1)

(4.27)

Y n+2 60_}/

0P)=p" =1 = P T e D

Note that, by Lemma 4.4.8, there exist real constants &, 3, ¥, 5 (when ¢ is sufficiently
small) which remain bounded as € — 0 such that & = &e2, B = fe2, y= je2, & = d¢.

We can thus write

=l 1N\2 2 ’)7 n+2 5_’)7 n+1 S n_, & R
Qp)=p"(p—1)"—¢ <(n+1)(n—|—2)p +n(n—|—1)p n(n—l)p +OH—[3p>.
Suppose that we write

oy Va8 L S s
Folp):= (n+l)(n+2)p +n(n+1) n(n—l)p +a+hp

for the terms in the bracket. Now recall that Q(p) has a zero of order exactly 2 at p = 1
by Lemma 4.4.7. This means that F must have a zero of order at least 2 at p = 1, and

hence we can factorise

Fo(p) = (p—1)*Fi(p)

for some polynomial £ (p). Observe that this implies

Q(p) = (p—1)*(p" " —€*Fi(p)). (4.28)

Note that, since @, B A 5 are uniformly bounded for all sufficiently small € > 0, there
exists a constant Cy (&;) > 0, which depends only on (sufficiently small) &, and hence

can be chosen uniformly for all € satisfying 0 < € < g1, such that
[Fi(p)| < Ci(er) (4.29)

holds for all p € (0,1) and all € satisfying 0 < € < ).

Now consider the equation (4.28) for p € [z—ln, 1). Suppose Q(pg) =0 at some py €

[3:,1). We would then have pi! — €2Fi(po) = 0. However, since pj~' > (2n)~"*!

and Fj is uniformly bounded on [z—ln, 1) (as given in (4.29)), we have e2F; —0 uniformly

on [%1, 1) as € — 0, and hence the equation p(’}*l — £2F (pg) = 0 cannot hold if we take
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€ to be sufficiently small. We thus get Q(p) # 0 for all p € [%, 1). Since Q(p) > 0 on
(€,5:), we get Q(p) >0 forall p € [5-, 1) by continuity, and finally establish Q(p) >0
for all p € (&,1) and all sufficiently small € > 0.

0

We shall finally prove the positive-definiteness of the Hessian of the symplectic

potential

S(x) = % (ixilogx,-+ (1= r)log(1 —r) +h(p)) | (430)

.. FS . . . . o .
Writing ;7 for the Hessian of the symplectic potential corresponding to the Fubini—

Study metric on P", i.e.

2
FS . 1 9 (inlogxi+(1—r)log(l—r)>

Sij :E&xl-axj i—1
xx' 0 0 0 11 11
110 x' 0 ... 0 1|11 1
== = 4.31
5 . t51 : (4.31)
0 0 0 ... x,! 11 11

we can write the Hessian s;; of s as

Fs h//
sij = 8ij + 5 Tijs
where T is a matrix defined by
1 10
T :=
1 10
0 00

Observe that T is positive semi-definite.

Lemma 4.4.10. s;; is positive definite on the interior ¢(X) of the polytope P¢(X)
and has the determinant of the form (4.3), if a, B, v, 6 are chosen as in (4.10), (4.11),
(4.12), (4.13), and € is sufficiently small.
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Proof. Observe first of all that, since SZ-S is positive definite (as given in (4.31)) and
T is positive semi-definite, it suffices to prove that there exists a constant C(g;) > 0,
which depends only on some (small) €, > 0 and hence can be chosen uniformly for all

€ satisfying 0 < € < g, such that

h'(p) > —eC(g) (4.32)

holds for all p € (€,1) and all € satisfying 0 < € < g;; the claimed positive-definiteness

would then follow by taking € to be sufficiently small.

The inequality (4.32) also implies that det(s;;) is of the form required in (4.3); by

a straightforward computation, representing s;; with respect to the following basis

1 x;l xfl 0
1 —x; ! 0 0
e = ey = 0 yeeeslp_1 = : en=1:1,
1 —x;jl 0
0 0 0 1
we see that
1+n"+£& 0 -~ 0 =
0 1 0 0

0
= 0 -+ 0 142

= Tl (K1 p) p).

Granted (4.32), we thus see that det(s;;) is of the form required in (4.3), by taking € > 0

to be sufficiently small and also by recalling Lemmas 4.4.5, 4.4.6, and 4.4.9.

We now prove (4.32). Throughout in the proof, C(&;) will denote a constant which

depends only on & (and not on €) which varies from line to line.
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Now define

n+l1 60

” # n+2_ﬂp +—pn_a_ﬁp
nn—1)

B == e ? T ameD

so that
Q(p) =p" ' (1-p)*+Fr(p).

Observe first that Q(&) = 0 (cf. Lemma 4.4.7) is equivalent to F>(g) = —&" (1 —
€)2. On the other hand, y = 8 = O(€?) (cf. Lemma 4.4.8) implies F>(&) = O(&"*+?) —

o — Be. Thus we get
—o—Be=—"11-g)?+0(e?),
and hence
—a—Bp=—a—Pe—PB(p—e)=—¢""(1-¢)+0(e""?) - B(p—e).
On the other hand, since Q’(&) = £"2(1 — €) (cf. Lemma 4.4.7), we have
Q'(e)=e"*(1-¢)[(n—1)(1—¢)—2¢] - B+ 0(e"") =" *(1 - ¢),
by differentiating (4.27) and recalling Lemma 4.4.8. We thus get

B=—-"2(1-¢g)+e"2(1—¢)[(n—1)(1—¢)—2¢]+0(e"™)

=" 2(1-¢)[(n—1)(1—g)—1—2e]+0(e").

Define a constant

Ce=n—1)(1—¢)—1-2¢
and observe that it satisfies the following bound

10n%2 —21n—1

<C — .
Ton <Ceg<n—2 (4.33)

forall0 < e < ﬁ say, where we note 10n? —21n—1> 0if n > 3; C¢ can be bounded

from above and below by a positive constant, uniformly of (all small enough) €. Then
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we can write B = Cee"2(1 — &)+ O(&"*"), and hence

—o—Pp=—€"1(1-€)*+0("?) - B(p—e)

= —&" (1 —g)[e(1 &) +(Ce +0(£%))(p — &) +O(e")].

We now write

N Y &7 %
F3(p) = 2(1—p)? (_(n+1)(n+2)p3_n(n+1)p2+n(n— 1>p)

and

Arguing as we did in (4.25) and (4.29), we use 8 = O(€?) and y = O(&?) (cf.
Lemma 4.4.8) to see that F3(p) satisfies

|B3(p)| < C(e1) (4.34)

for all p € (0, %) say, with a constant C(g;) > 0 which depends only on (sufficiently
small) & and hence can be chosen uniformly for all € satisfying 0 < € < ;. Note also
that the estimate (4.33) implies

=0y (&/p)*(1—¢)
F4(P) - (1—p)2

[(e/p)(1—€+0(e%)) + (Ce +0(e%)) (1~ /p)] > 0

for all p € (g, 1) if € is small enough. Finally, observe that

p"(1-p)* 1
0(p)  1+&*F(p)—Fulp)

and that Q(p) > 0 for p € (g&,1) (cf. Lemma 4.4.9) imply 1 +&?F5(p) — F4(p) > 0 for



196 Chapter 4. Stability and canonical metrics on Blpi P"

all p € (g,1). We thus have
0< Fy(p) < 1+€*F5(p)

for all p € (g,1) if € is small enough.

Hence we have

Pnil(l_p)z_lz 1 ]
Q(p) 1+&2F5(p) — Fa(p)

1
S —
1+&2F5(p)

for all p € (g,1). In particular, recalling the estimate (4.34), there exists a constant

C(&1) > 0 independent of € such that

o (e
—1
Pl— (1+82F3 )

>—§]F3 (p)| (1+€*|Bs5(p)|+--+)

> —eC(g)

for all p € (g,3), if € is chosen to be sufficiently small.

Having established the claim for all p € (g,3), we now treat the case p € [3,1).

Using the polynomial £ as given in (4.28), we can write

1 1 pn—l
Wi(p) =1 ( _ _1).
2 pl—p \p!—e*F(p)

We thus find that we have a power series expansion of /" in €2p ™" T1F as

1 1 1 p"Fi(p) o
l’l” — —1 = 2— 1 2 n+1F
P =510 (1—62p—”+1F1(p) ) ey (FEp T hp) 4

where the series in the bracket is uniformly convergent on [ 1) forall0 < e < g ifg

is chosen to be sufficiently small, by noting

" Fi(p)| < Cler)
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for p € [, 1), following from the estimate (4.29). We thus find

p"Fi(p)
1—

Y

H'(p)| < €2C(e) ]

for a constant C(g;) > 0 which does not depend on €. Recall now that Q”(1) = 2
(cf. Lemma 4.4.7) and Q(p) = (p — 1)*(p"~' — €?F(p)) (cf. equation (4.28)) imply
Fi(1) = 0. We thus see that Ff%’;)) is in fact a polynomial, and hence by arguing as we

did in (4.25) and (4.29), we get

’ P "Fi(p)

1—P ‘ <C(81)

uniformly on [%, 1) and for all € satisfying 0 < € < g, if €| is sufficiently small. We
can thus evaluate |h”(p)| < €2C(g;) for all p € [}, 1), which finally establishes h”(p) >
—&eC(g)) for all p € (g,1) and all € satisfying 0 < € < €], where & is chosen to be

sufficiently small.

4.4.3 Potential extension of Proposition 4.4.1

As we saw in the above, the hypothesis € < 1 is essential in establishing the regularity
(Proposition 4.4.4) of the symplectic potential. However, as in the point blowup case
(Theorem 4.1.7), it is natural to expect that the extremal metrics exist in each Kéhler

class.

Question 4.4.11. Does Proposition 4.4.4 hold for any 0 < € < 1? In other words, does

Blpi P" admit an extremal metric in each Kéhler class?

Some numerical results obtained by a computer experiment seem to suggest that

the answer to this question should be affirmative.






Appendix A

Some results on the Lichnerowicz

operator used in §2.3.2

Lemma A.0.12. For any F € C*(X,R), there exists F| € C*(X,R), F, € C*(X,R)
such that D3y Dok = F + F, with D PoF, = 0. Moreover, writing pr,, : C*(X,R) —
ker 7,9y by recalling the L*-orthogonal direct sum decomposition C*(X,R) =
imP5Dp Bker Doy D, F is in fact Fy = —pry(F).

Proof. This is a well-known result, which follows from the self-adjointness and the

elliptic regularity of Z;%,. O

Lemma A.0.13. Ler {F;} be a family of smooth functions parametrised by k, con-
verging to a smooth function F.. in C* as k — oo, and (@ g, ..., @p x) be smooth func-
tions, each of which converges to a smooth function §;. as k — oo. Write @, 1=
©++v/—199 (X", ¢ix/k). Let pry, : C(X,R) — ker 29, and pPriy) : C*(X,R) —
ker@(*m) D(m) be the projection to ker V% and ker @(*m) D(m), respectively. Then,

Pr(m) Fi converges to pryFe in Cc=.

Proof. Note that we can write @(*m) (m) = ZZ0 + D/k for some differential operator
D of order at most 4, which depends on @ and (¢ ,...,¢, ). Since we know that
each ¢;; converges to a smooth function ¢; . in C*, the operator norm of D can be
controlled by a constant which depends only on ® and (¢ c, ..., ¥m.c.) but not on k.
Thus, |[pr(,F — preF||c= — 0 for any fixed F € C*(X,R) as k — co. On the other

hand, ||pr(,, Fx — P Fe||c= — O since Fy converges to F in C”. Combining these
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estimates,
|[PX () Fie — Py Feol [c= < [Py (Fie — Foo )| + |[PT (1) Foo — PL gy Feo| [ 0= — O

as k — oo, O]

Lemma A.0.14. Suppose that the following four conditions hold for an arbitrary but
fixed m > 1.

1. (@14, Pmi) are smooth functions parametrised by k such that each @y

converges to a smooth function Qi in C* as k — oo, so that @, = © +

V=199 (X, ¢ 1/k') converges to @ in C*,

2. {Gy} is a family of smooth functions on X parametrised by k such that it con-

verges to a smooth function G« in C™ as k — oo,

3. {Fy} is another family of smooth functions on X parametrised by k, each of which

is the solution to the equation

9(* )g(m)Fk = Gy,

m

with the minimum L*-norm,

4. there exists a smooth function F., which is the solution to the equation
.@Z) .@wF - Goo

with the minimum L*-norm.
Then Fy, converges to F. in C™ as k — .

Proof. Consider the equation
@E‘(m)@(m)(Foo —F)= @Z)@me +O0(1/k) — Gy = Goo — G+ O(1 /k)

in C*(X,R). Recalling the L*-orthogonal direct sum decomposition C(X,R) =
ker 7} D iM%}, D (and hence imZy, Dy = ker 75, 9;), we write (Foo — Fy) L for
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the ker .@(*m) .@(im )-component of F.. — F;. By the standard elliptic estimate, we have
1(Fe =) Iz, < Crp(@,{914})]|Geo = Gie+ O(1/K) |15 = 0

Recalling also imZ;, 9, = ker 9, D5, the hypothesis 4 implies Fo. € iM%}, %,
and hence there exists a function F’ € C*(X,R) such that F.. = Z,,%,F" with the
estimate

/
<
11|z = Cop(@)[|Foll2

following from the standard elliptic regularity. On the other hand,

* * l
Foo = D P0F = Dy D) F' + %D(F’),
with some differential operator D of order at most 4 which depends on @ and
(@14, .-, Omk). This means that F., — D(F') /k € ker .@(*m) .@(lm), and hence

Fe = (Fe) g2, < IDF 2,k < Cop(@, {8iaDIF13/k

< Cap(@ Qb lIFll 2, /K0

as k — oo, where we used the fact that ¢;’s are the functions that converge to some
smooth function as k — oo, so that C4(®, {¢; ¢ }) stays bounded when k goes to infinity.
Thus, recalling that Fy is the solution to @(*m) (m)Fr = Gy with the minimum L2-norm

(implying (F)* = F;), we have
L L
VBl < 1(Fe —E) gz, + 1 — (o) gz, 0

as k — oo,
Since the above argument holds for all large enough p, we see that F; converges

to F.. in C™.
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