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DIFFERENT TVPLS OF QAGNLTO-HYDRQDYNAMIG WaViss.

L ~
by i, Alfven

-

Like the whole of physics the wesneto hydrodynamics wey be anproached
from the physical or thic wathe.atical gide.

seen frouw the physical side the phenouena may be deserived as nro=
duced by the fact that wagnetic lines of force are {rozen into a wediuwa
of high conductivity., The result of this is that in an infinitely conduc-
ting liquid or gas the magnetic linesg of force uust share the wotion of
the whole wediuwim. This has becn pointed out uwan, years aqo by scveral
authors, among whom especially Cowling and lerraro should be vientioned.
In a series of parers comnscted with tho guestion of the origin of the
solar and terrestrial wagnetic ficld Cowling has discussed the luportance
of the Ifrozen-in lines oi force. Ferraro has shown that the non-uniform
rotation of the sun must in average occur in such a way that the aarmetic
lines of force lie on the isorotational surfaces (surfaccs with constant
angular velocity). The last few years there has apjcared in the liter-
aturc half a dozen differcnt proofs, wore or les. rigorous, that the
lines of force are frozen in.

duong the wany differcnt wmagneto-hydrodynamic nhenoiwena we shall
here discuss the differunt types of waves, Onc of the wmost striking con-
sequinces of the application of a wagnetic ficld is thwt an anisotropy is
introduced so that transverse waves are possible. This can be described
by congidering tho wagnetic lincs of force as strings having a tension
Feoo and a mass = ¢ per unit longth. sccording to elewsntawy
formulae such a string can transmit waves with the velocity

V= v “?‘ o

Taking also account of the fact that the strinss exert a side pres..ure,
this formula is changed into

H
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which is tle volocity of waghcto-hydrodynamic vaves.

Ii wie deseride the samc phenomena Iroa the wathomatical sice we
start with ..axwoll's cquations combinud vith the hycrodynauic ccuations
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give coupling betweun the clectromagnetic and hydrodynamic phenomena
and if thugo torms are largc enough, the cluctromagnetic and hydro-
dynamic phenomena wust be discussed togethors It is not my intcention to
enter into a detailed discussion of tho trestment of this complicated
problems L shall only writc down as an exaumple the cquation of plone
waves in the z-direction in e homogenous magnetic ficld L, which is
supcrimposcd by a wave ficld, soy hy, so that H = I:fo + h. We obtain o

wave equdidon {
2 2 2 2 3
o hy — pHo ohy 7 8Thy
T e 07 Tiampe et (7)

This cquation means thet transversional wayes with the velocity siven
by (1) are possiblc. They arc damped to ¢! in the digbanco

- }-—‘-3;;0‘ Ho ha

Z5= ;;gzggygz;a (8)

When the conditions for ideal magneto-hydrodynamic waves arc not
fully roalized, wany types of transitional phenomena cccurs The first
type which should be discusscd arc the transitions when the conducte-
ivity becomes lowi In the physical picturc this means that tho magnetic
linca of force are now no morc effcetively frozen into the medium so
that a relative motion betweon the lines of force and the medium may
occurs The friction caused by this rolative motion consumcs energy,
thus damping the waves. In the mathematical picturc, the offect of
finite conductivity comes out from the second torm to the right in
the wave equation,

In a vessel with the linear dimcnsions % we can study almost
ideal waves if

zZ,>L and A <4 (9)

Introducing this into (8) we find

LH,> i 3 af (10)
© '):’5/—:: & _,;_L__/'
In order to give a mmerical cxample lot us guppose that ¢ = 1017

(which is the g;der of megnitude for metals) and P = 1e This gives
¢ Hg) 5 « 107 gauss cms

It is of importance that the lincar dimension onters into the
formula. This means that in cosmical physies, where 1 is large,
magneto-hydrodynamic phenomena are in gencral much morc important than
under terrestrial conditions.

If the condition (10) for coupling is not satisficd tho magncto-
hydrodynamic waves degencratc into ordinary olectro-magnctic waves of
the skin effect typese

What is said rofors to liquids or gnses where the compressibility
is of no importencc, i.c. the velocity of sound Vg is much bigger
then Vige If Vg is of the samc order as Vigi an interesting com-
bination of sound wayos and magneto~hydrodynamic waves occurs as dis-
cussed by Herlofson!/. If sound waves travel perallel to the magnetic
field no olectro-magnetic effects arc produced and the wave velocity
is that of ordinary sound Vg4e Waves perpendicular to the magnetic
ficld are affected by the magnetic field, which introduces an extra
rigidity of the mediume The rosult of this is that the velocity of a
sound wave perpendicular to a magnetic field equals \f=.{vg1+-vl .
Herlofsen has treated in somc detail the phenomena. when the “wave "
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normel maekes an arbitrary angle with the magnetic field.

In ionised media there is a great variety of waves depending upon
the degree of coupling between the electro-magnetic field, the electrons
and ions and the coupling between these congtituents and the, neutral
atomss The phenomens hove been anslysed in detail by Astféﬂz). To give
a very short survey one might say that there are three different regions.
The first is characterized by the interaction with the field and the
electrons. This is of course what is treated by the ordinary magneto-
ionic theory of the ionosphere. In the second region the field is
coupled not only with the electrons but also with the ions. This occurs
at lower frequencies than those which have usually been considered by
the magneto-ionic theory. In the third region also the atoms take part
in the motion. lor very low froquencies the wave velocity becomes the
magneto-hydrodynamic velocity as given by (1). It is of intercst to ‘
point out that magneto-hydrodynamic weves can exist also at extremely
low dengitiess In order to show this we need only conbine equations (2)
and (3) with the equations of motion of the electrons (mass mg, velocity
ve) and the ions (mass mi, velocity vs)

Ve K B) (’H)

m, dv =% A
m. ovi - JIRVE (12)
L Q4= e (E +Lv; xB)

together with
t=e(nivi=NeVe) (13)

Yrom these equations magneto-hydrodynamic waves can be deauced. It is
of interest to observe that no assumption about the conductivity need to
be introduceds. The collisiomal frequency is supposed to be very small.

Hoffmann and Teller have made an interesting analysis of wa neto-
hydrodynamic shock waves?/ but it should take us too far to discuss
these problems in detail.

Iinally I should like to stress the importance of making experi-
ments in this field. In spite of the fact that the hydro-dynamic as
well as electromajnetic basic phenomena are well known it is very im-
portant to study also experimentally how these phenomena interact. I
should like to mention that as early as in 1937 Professor liartman in
Copenhagen made an investigation of what he called lig=hydrodynamics,
i.es a study of the behaviour of mercury in the presence of magnetic
fieldss I am sorry to say that until quite recently this 3nvestigation
was unknown to me. In Stockholm some years ago Lundquist5 gtarted in-
vestigations of mercury in a magnetic field. It is very interesting to
play with a pool of mercurye. Vhen the ficld is switched on, the HIOp=
erties of the mercury seem to be changed. One has the feeling that
mereury is transmuted into some sort of syrup, not ordinary syrup but
one-dimensional syrupy i.e. there is a high apparent viscosity but with-
out dissipation. Iurther the capillary waves st the surface disannears
In this cxperiment the magneto-hydrodynamic waves were uxperimentally
demonstrateds We arc now putting up a new apparatus with liquid sodium
instead of wercury in order to get more idecal conditions.

These experiments are not only a sort of demonstration of cficcts
which we can calculate from wcll knovm cquations. In fact as soon as
turbulence occurs it is difficult to treat the phenomens mathematically.
I think therefore that these experimg ts will really show phenomena of
much interest, .is an example Lehnert®/has found a curious type of non-
laminar flow .
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DYNAKO ACTTION

by T, Gold

I shall call 'dynamo action' any process in which mechanical
energy is continuously converted into electrical energy, appearing in
the form of magnetic fields and possibly joule heat, any discussion of
this subject must unfortunately be marred by the absence of many im-
portant theorems, for they have not been discovered yet.

In that definition I include dynamos made of liquids as well as
solids. But in order to make the discussion manageable, I shall restrict
myself to the following cases:

a) Only one incoupressible homogeneous wedium and eupty space are
present.

b) The mechanism of conduction of electricity in the wedium is such
that currents flow entirely in the direction of the electric field.
This is the approximation which is nearly always made for metallic
conductors; but although it has become so familiar, it is a curious
approximation. It amounts to ignoring all Hall cffects so far as
the field equations are concerned; but one does not ignore the
forces exerted on the material through the Hall effect (the non-
coincidence of j and .E) for these are the principal wagnetic
forces of the type j x H. Instead of writing the equations of
motion for the different types of charges in terms of the olectro-
magnetic forces and frictional resistances, one morely writes the
oquation j =G B, where L is the electric field in a frauc
at rest in the medium.

This approximation breaks down when the density of the medium
is low or the magnetic fields are strong; the present discussion
is for this reason not applicable to cosmical gas clouds of low
dengity.

¢) The motion of tho medium is assumed end ane is mercly concerncd
with the magnetic conscquenccg, This given field of v is only
divergence free, but no other conditions are applied; onc ig not
concerned how it could be sct up or maintaincd,

It is then convenient to classify dynamo action in the following
WaYe

perfeet conductor

<( a)
1) obeady state
' bg imperfoct conductor
Ea perfoct conductor
2) Steady v, varying II <: : )
(b) imperfect conductor
(a) perfect conductor
3) Varying v, varying H <
(b) imperfect conductor

It is useful to include the sub-divisions (a), where the conductivity
of the medium is assumed infinite, for that case will always describe
what happens in a short interval of time, provided the number o4 |V \rk
is sufficiently great; and it is the simplest case to troats ( @ =
conductivity, 4 = charactoristic length, J+ = permeability.)

The caso (3a) where both v and H are allowed o vary in time,
and perfect conductivity is assumed, is the case which I refor to as
the "spaghotti theory of dynamo action'. Onc is there entitled to con-
sider the megnetic lines of force being dragged around with the medium.
No restrictions exist there so far as the internmal magnetic ficld is
concerned, and suitable motions may incrcase or decrease it. Therc is,
however, a theorem which limits the growth of that part of the magnetic
field which is extermnl to the body, in the case when the body of con-



Gueting nedium is simply connected. (Bondi and Cold, iionthly Notices,
in pvint.) In the case the modulus of the component of I normal to the
surface, inteprated over the whole surface, is a quantity which cannot
be increased by the wotion (provided the motion is restricted to hy-

rodynamic flow withcut "tearing" ). This, in turn, liunits the external
field, in the case of simple conncctivity.

In a multiply connccted body the extermal ficld is not given when
tho rormal componcnt of H over the surface is specified; but here
integrals of H around irreducecble paths have also to be given. The
motion may increase those, and honce the external field, without limit.

In the case (3b) it must again be possible to find motions which
gtrengthon or woeken the magnetic fields, for it must be possible to
move the fluid agoinst or with the magnetic forcese It seems that theor—
cmg regording the cxbtermal field ought to exist, but heve not been found
yete The distinetion made previously rcgarding the comnectivity cannot
be valid here, for o body of any comnectivity can be reduced to a
simply connectcd one without changing its clectrical properties: thin
shaots maje of the same matericl can always be stretched across all
holes, and with a finite conductivity they can always be thin enough
b have no electrical effcects.

Betcholor hos considercd the case of unsteady motion following
the statistical lawe of turbulence, and has given the conditions vwhich
ar: nccessary for magnetic fields to be built ups I hope it will be
possible to ertend this so thot one can conclude whet would heppen in
a bounded medium, and in particular whether fields corresponding to low
order modes such as genersl dipole fields would be likely to result.

In considering the case (2a) where the vector ficld of v is
not o function of the time, it is however useful to consider this mot-
ion to have commenced at o time when a particular magnetic field was
presents A1l motions, if they contimue for a sufficient length of tiue,
will inercasc magnebic fields, although they way initially decrease
them (cxcept if v is overywhore parallel to H ). The incrvase is
then such that the affefed component of H increases linearly with
the time. '

In the cese (2b) there are three possible consequences of the
motion:

1) The field moy decoy.

2) The field way initially increasc and then decay to zero. This
happens when o component of the starting field is necessary
for the dynomo action but is not itself strengthened by it.

3) The field may increase cxponerdinlly., This happens if the css-
ential perts of the starting field are strengthened by the
motion. This case is called the "self-excited dynamo". In
this case the resistivity of the wmajepial is an essential
feature; for o perfect conductor only o linear incrcase with
time was possible.

Two general properties of self excited dynamos must be mentioned.
Firstly it will build up cither sense of magnetic field, depending
only upon the arbitrarily weck sterting field. The second concerns
the cxistence of o criticel speeds If the vector field of w is given
o8 o o f (x,y,2), then there is a critical value for o , below
wiich the aystem camnnt genercotc magnetism, and above which the mag-
netic ficld must increase axponontinlly. Precisely at this critical speed
the systom provides the only cnse of (1b), the steady sate dynomo.
(The ense (1la) is of course triviel, and wos included only for cou-
pleteness of classificotion).

It is in this case of the steady, resistive dynomo thot onc is
most anxious to know whet the neccssary conditions and regtrictions
arc. The engineors' dynomos of this type cre multiply connccted, but
we hove seon that this cannot be o nocessity. It seems thot some oh-
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jects and steady notions can do the trick, and others cannot; and ve
nave not found and proved vhat the nscessary condition is.

The prcblem has become outstanding for its application to geo=-
mognetisn and stellar magnetic fields, and has been given tach impetus
by the work of Lr Bullard.

4 restriction is furnished by Covling' s fauous proof that axial
symmetry is admissible for this dynamo ecticn. Several more symeetries
con be individually excludede 1t can also be shovm that if the shape
of the body is like its wirror image, then it carmot function with a
motion whose reversal is identicel with its mirror iwagc. But will it
be possible to show that no steady fluid motion within a homogengous
fluid sphere can result in this type ef dynamo action, producing an €x-
ternal field with a dipole woment?

T believe that it will be possible to show just thise The existence
of a dipole moment would iuply that a net couple is applied to all char-
ges of one sign, by the total clectric field given by EIQ’-]—-‘E ¥yxH Do
Tn a1l the cases of which I am awareo which would certainly result in
dynemo action, it is the L' term which causes this couple; but in the
case of a sphere the L' term (a potential field due to free charges)
cammot apply a couple, as indeed it cannot apply around the axis in
any axiall y symmetric objects Tt seems to me thatthis would adequatcly
make the distinction between the objects which can and those which can-
not work as dynamos. This then suggests what would have to be proved,
nauvely that the vy xH term cannot result in a couple cithers So far
as I can sce this would leave all worlding dynamos working, but would
prevent the coru of the carth and *he stars frou being steady state
dynamnoss



ELECTRIC CURRELTs IN DIFIUSL TOLTLLD Geisiis.

by I+ Hoyle.

& diffusc gas, in the sense of the preosent paper, mncans a gas
in which the average tiwe betweon successive collisions of a charged
particle (defined according to some suitable criterion) is long coi-
pared with the Larmor period, &M mc/jeB| , where n is the mass
of the particle, itscharge, ¢ the velocity of light, and J3. the
moonetic intensity. It is worth noting that the questlon of whether a
gas is diffuse or not in this sense depenrds on the wagnitude B of 3,
as well as on the density, composition, tzmperature, etc., of the gas.
aAs examples of diffuse gases we may instance ionised inte¥stallar
gas if the magnelic intensity should rise above about 10~ 2 causs, the
solar corona and chromospherc if the magnetic intensity should rise
above about 1 gauss, and the electrons in the I and ¥ layers of
the teirestrial lonosphere.

Erevity restricts me to two problems; namely, the relation be-
tween the electric current density J and the field vectors i, B,
and, second, the origin of highly ad@elerated particles. The first
step in considering the current is to divide ¢4 into two parts

& s &, » these being the componentd of J parallel and
pérpendicula¥ respectively to Ba W2 have e

| =g E

FA = (1)
where Eéll is the component of the electric field parallel to

j} , and O is the conductivity that the gas would have in the
absence of a magnetic fields It follows from the form of (1) that

&\ can have little importance in many astrophysical problems.
Cefigider, for example, the important question of whether or not the
motion of ionised interstellar gas can gencrate a magnetic field (of
czder 1070 gauss) with energy comparable to that of the energy of
wotion of the gas. This certainly cammot arise through ¢ s 88
we can casily sco from the cquation o

(rate of increase of wagnetic crnergy) = - (rate of radiation by gas)

'[}‘E d v
v

olume occupied by gas

which gives = ;lif4V as the contribution from J,” y Tep-
a ~
Volume occupied
by gas

ressnting a decay of magnetic enerpgy not an increasec.

Ve are then left with 4, , and it is here that difficulties
arise, for no complete relation between f, and the field vactors
is at present available. It is true that, neglecting collisions among
the particles, an investigation by Cowling lcads to a formula of the
type

ji=o ExBp, (2)

where O is knovm as a "transverze" conductivity. This foraula
is wvalid; however, only under very restricted conditionss. Thesc con-
ditions are never satisfied, so far as I am aware, in the cascs that
arc of interest in astrophysicse. The validity requirements arc:-




(i) that _ shall be measured in a frame of reference moving with
the natorial (at the place where f, is being calculated),

(i) that the spacc and time derivatives of E, B are neglected,

(i) that the gas is not being rapidly accelerated - or, more prec-
isely that the fractional change of velocity of the material
in one Larmor period is small compared with unity.

Ihese requirements beg the whole question, as can be seen from the
following considerations.

When collisions are neglected in a non-relativistic theory, a
charged particle moves with the velocity V' according to the
equation

5

mV' ek + =

B (3)

Q|

where L is measured in the same frauwe of reference as ¥ . So long
as |E| <« 8B » *his equation has a solution for the component of
v perpendicular to B of the form

V', o= (Oscillating term representing Laror precession)

¥ ‘35."»5.,/5l

+ (bmall terms depending on the space and time
derivatives of E ,

s vhan,

(4)

Now the oscillating term does not contribute to & » Nor does
cExB /g? in a neutral gas, since this tGim is independent of
€;me Hence, when {E | <K B and collisions are neglected in a diffuse
neutral ionised gas, 4, can arise only the small terms in (1)
that depend on the derivatives of E, Bs &ccordingly 4,  must be
zero in the approximation in which ?hesg terus are neglecteds This is
the Cowling approximation « The result d = 0 does indged follow from
(2) when we take account of the requirctents (i), (i), (i1 ) stated
aboves Thus a frame of refererce must be chosen such that the drift
term GE X B / ™ in (4) vanishese In other vords when (d1) is
satisfied, I, must be zero in a frame of reforence moving with the
matorial, and this gives yL =0 i0 (2 )

We arc faced therefors with the situation that the small torms
on the right hand side of (4) determine the currents of importance that
flow in a diffuse gas. To obtain the current explicitly is far more
difficult, however, than the procedure followed in other branches of
electronagnetic theory. Nor can the difficulty be avoided, since the
solution of any electromagnetic problem depends on a knowledge of the
reletion between current and field vectors.

Although a couplete discussion of this question is not yet avail-
able, preliminary investigations have indeed been made by lerraro and
Bunemane 4s both Prof. Ferraro and Dr. Buneman will no doubt be dig-
cugsing this very point in their own papers I shall confine myself to
one general remark. Both Buneman and Ferraro have wade progress with
the problem in the special case where the particles satisfy an initial
condition curl( ¥ + eA /mc ) = o, where 4 1s the vector poten-
tiele lerraro has shown that in this case the properties of a diffuse
gas have similaritics with those of a superconductor. Thus, if it
should turn out to be a .encral property, will scttle the voxed

ugstion of the oxistance or othorwise of large interstellar fioclds
Eof order 107° gauss), for if the interstellar gas acts as a supercon-
ductor it is certain that such large filds cannot be genorated spon-
tancously, as a wuwmber of writers heve suggested.

But now it is time to move on to ny sccond problem - the ac-
culeration of charged perticles in eloctrie fieldss Let us begin with
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the very simple case of two guasi=-stendy configurations of cleciric
current, one 1 ing in a closed region V4 and the other in a Lli‘i'i‘crr:mt
cloged resion Voe Further, let the self=inductances of the two systews
be lar e compared with their vutual inductaence, aid let V., be in
wotion with velocity U relative to V4. For the sake of definiteness
choose the fraue of reference in which V4 is at rest and in this fraue
of reference write B for the magnetic intensity and L for the
electric field. Ior simplicity, let therc be no other source of B.

— Now in such a situation tihere is a contribution of magnitude
UBJc to & from ¥V, and V,, where U=|Uu|l and B isa
suitably averaged value of |R . This contribution (arising froa the
I areda;- induction effect) cannot be in general removed by a Lorentz
transformnation. lioreover there is in general a non-vanishing component
in the dircction of B. (ilore precisely, if By is the field of ¥y
and Bp that of Vo, the condition for the contribution to g to have
a non-zero component in the direction cf 3 is that &L shall have
a non-zero component perpendicular to the plane defined by By, §2).
Thus if there is conducting material outside V4, V, we might at first
sight expect an electric current in the direction of B equal to T
(the conductivity in the absence of a magnetic field.) times this non-
vanishing contrabutions But comparatively eleuentary considerations show
that this step cannot be corrsct. -

To clarify the point we way take an exauple from soler physics.

Vis ¥, could be thought of as ecloged regions lying below the photosphere

i.es containing dense pgas, in the sense of the nresent paper, in which
currents can flow readily in all directions) The relative motion of two
such regions might perhaps be as high as 107 cm. per scc. (iece U ~
102 cm. per secs) and the aygrage velue of B maintoined over a region
with dimensions of order 101° cm. wight be as high as 10 gauss. If we
now assung, in accordance with the preceeding paragraph, that the current
in the region outside V4, V, has a component in the direction of B

of order o

us /¢ o
v /C (5)

we arcive immediatoly at a contradiction, for it is easily shown that
@ current systen of the magnitude given by (5) would itself give rise
to a magnetic ficld of vastly greatér order than |B | * This
absurdity is due to our tacit assumption that the current systoms in
V4, ¥o are the only source of L. Thus in addition to the Faraday
induction effect there is also a Coulowb contribution to I, arising
frou the electric charges, which simply adjust themselves to prevent a
current of magnitude (5) from flowing. That is to say, the charges ad-
just themselves so that the contribution of the taraday effect to the
component of I parallel to B is cancelled to a high degrec of
approximation,

The above discussion, which concerns conducting material outside
V45 Yo, referred to the componont of L parallel to B. The density of
the conducting material did not enter into our argument (except in so
far as we tacitly assumed that the density was high cnough for the con-
cept of conductivity to be applieds Whon this is not so, we have to
regard the particles as being individually accclerated, This modifies
(5 , but the resulting conclusion in all important practical cascs is
identical with that given above). Now when we turn to the component of
L porpendicular to B_ it does wake an important difference whether
the waterial outside V,, V, is dense or diffuses Thus if the material
ig dsmse the same consi&er&%ions apply to the component of I perpen=
dicular to B, namely that the contribution from the Faraday effect is
largely cancelled by a Coulomb contribution; but when the gas is diffusc
we have a very diffcrent state of affairs, for then the Faroday contrib-
ution (which has order of magnitude U B /c ) docs not lead to a larjc
general flow of currcnt cnd there is no corrcsponding large scalc
cancellation by a Coulomb contribution. It is preciscly this property

3 Hoyle



that warks out ths diffusc gas as the place of origin of accclerated
particles in cosmic problems,

although this maxim has been realised by a tumber of writers, cer-
tain detailed mechanisms that have been put forward reflect only a
superficial view of the matter. For example, it has been supposed that
an electric field of magnitude u#%go » initially perpendicular to B,
suddenly acquires a component parallel to .E due to a change in the ™
current systems within 1315‘22. This view cannot be supported, since
any sudden change in B 1s accompanied by an equally sudden change in
the Coulomb interaction, which always adjusts itself to provide the
cancellation discussed above. Thus to understand the problem we must
proceed with greater cautbion.

Consider a closed region }{ of dimensions |- _Llying out-
side V4, Vo in which the average value of |B| is B s and in which
the component of E perpendicular to B is é;érywhﬁré_bf order U B/g «
In our solar example 521,‘E2 below photosphere), \J is to be10
taken in the upper chromosthere or corona, L would be of order 10'Vem,,
and B of order 10 gauss, say. Now, as can be seen from the term
CE, x B/B® in (4), when |B| is of order B  the drift velocity of a
charged particle is only of order Y , but what happens if there arc
points within Y at which (B | is small compared with B . In
particular, what happens if there is a point, or points, where B =07
The infinity of CL x B/B“ at such points cannot, of course, bé inter-
preted strictly., In the first place the infinity arises from the use
of non-relativistic theory, but, secondly, there is an even more im-
ortant reason why (L) breaks down at, and near, a neutral point
B=o ). Thus (&) is based on the assumption that g_ does not vary
appreciably over the radius of the Larmor orbit of the charged particle
under consideration. This evidently breaks down at, and near, a neut-
ral point, as indeed does the whole concept of a diffuse £8.8e

It might therefore seem that the correct procedure near a neutral
point would be to write

J,:GE, (6)

d" being the normal conductivity in the absence of a magnetic field.
But this step requires a further condition to be satisfied, namely that
the density of the gas at the neutral point shall be high enough for
the concept of conductivity to be applicable. Thus collisions between
the particles must be sufficiently frequent for the fractional change
of energy of a charged particle betwecn successive collisions to be suall
compared with unity. This will hold, in our solar example, if the neut-
ral point under consideration lies in the reversing layer or below the
photospherc. But what happens for a neutral point in the upper chromo-
sphere or corona? The conductivity concept is invalid there, (6) cannot
be used, and we must proceed ab initio.

The value of |B|-at distance a4 ( €< L ) from the neutral
point is taken to be of order Bd/L. . Thus, as can be casily verified
the Larmor orbit of a charged particle e, w at a distance d Trom ¥
the noutral point has a radius of order (mcvLl/eB )%, where

¥ is the speed of the particle in its orbit, Now the energy Lz mw*
érigcs from the acceleration produced by an clectric field of ma%hitudc

4 B/, acting through a distance of the order of the radius of the
Larmor orbit. That is

— y
Lmv® Mg_@_(iﬂ&’:)@

C le| E

which reduces to
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The result (7) gives a measure of the energy acquired near a nﬂutrgl
point under "discharge" conditions (provided that a non-relativistic
theory is adequate in the case under consideration).

Returning to our solar example, putting B = 10 gauss, L = 101ocm.,

= 107 cm. ,per sec., gives an cnergy of about 5-1OhZE;E for protons
and about 4.10” e.V.for electrons. These values accord well with the
gort of energieéqggquired to explain the normal properties of solar
flares.

It remains to gencralise these considerations with special reference
to ourassumption that the only sources of B. are the current systems
within V, and V,e Our argument survives without modification if we
add further current systems within other closed volumes Vj, Vig ss0e,
provided the current system in each volume is quasi-steady” and provided
that the various systems are in motion relative to sach other, This more
general description probably gives a cloger approximation to conditions
actually occuring necar the solar surface, than the simplificd case con-
sidered sbhove.

Now one or more of our volumes V35 «ee may lic above the photo-
spheres If thisshould be so, the value of Ei_ apgropriate to such a
volume would probably be much larger than £he 10° om, per sec. used in
the above calculation. The largest velocities occuring on the Sun are
those associated with_ the clouds of particles emitted during solar flares,
and arc of order 2,10~ cm. per scc. If a cloud of these particles con-
tains a current system the above considerations may be applied with U
as high as 2.10° cm. per sec., although in such a case the value of
B e2lmost certainly would be apprecisblv less than 10 gauss (say 1 gauss
as a maximum). Even 80, we expect that the acceleration cnergies would
be much greater than those given above, Indeed in the case of protons
the energies might well approach the lower end of the cosmic ray
spectrum,

Eut interesting as this solar example might be, the aceceleration
process has wider application, Especially can we expect very large
acceloration energies near the dense collapsed stars, where Loth U
ond B can be taken as being much larger than for the Sun., Instead of
the energies reaching only the lower end of the cosmic ray system the
upper end might perhaps be recached near these stars - a consideration
of importance both to the study of cosmic rays and of radio agtronomy,

To sum up the argument: Our considerations concern the case of a
magnetic field arising from quasi-steady confipurations of current in
a number of closed regions V15, Y2, veee  in relative motion with res-
pect to each other, For the component of E parallel to B there is
a close cancellation of the Paraday induction term by a Coulomb con-
tribution. In a dense gas there is a similar cancellation of the com~
ponent perpendicular to B, but not in a diffuse gas, The lnck of con-
cellation in a diffuse gas gives rise to an important effect at and near
neutral points of the magnetic field. In such regions there is an ac-
ccleration of particles provided the density of the gas is low enough
to permit discharge conditions.

Two questions remain, Will a discharge near & neutral point build
up a purely local distribution of charges that annihilates the driving
éicctric field, not everywhere in the gas, but just at the neutrnl point?
In my view this will not occur, beocause the charge cxcesses neccssory
“to produce such n Coulomb cancellation could not be confined to the
immediate neighbourhood of o neutral point. Chorge would leok away and
distribute itself over the whole of the region of importance in the pro-
blem (in our discussion, the region of dimensions L

The second question is : How far arc our spocial considcerations
indicative of what happens in the general case? Ve have speeialisecd
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tho problem by supposing the source of B to be a number of quasi~
gveady configurations of current in finite volumes Vs oy seee

The word "finite" here is not sc much antithetical to "infinite" as

to "infinitesimal". Thus in actual problems it is doubtful whether

the total current can be divided up into quasi-steady configurations in
anything but small volumes, whereas the implication of our discussion
(especially in the solar example) was that V45 Vo, +es have dimensions
of order L. . Thus we have considered an idealised problem, and it is
ratural to ask whether anything has been lost in the idealisation,

Until the complete problem has been worked out this question cannot, of
cuurse, be answered certainly. In the meantime, however, there are in-
dicatios to show that little has indeed been lost. Ly impression is that
our idealisation brings out the essential features of the acceleration
problem in a form that can be easily understood, I think it a fair
guess that so far as a diffuse gas is concerned we now have before us
the basic method of acceleration of charged particles, and that this
methed is of universal application in cosmic problems.

Gold has drawn attention to a different process of acceleration in
& gas that is intermediate between the dense state and the diffuse
state » A discussion of this process, which may well be important
in certain special problems (e.g. in the theory of aurorae) lies
outside the scope of this paper.

6o Hoyle



TURBULENT MOTION OF CONDUCTING FLUIDS

by
GeK. BATCHELOR

Speakers at the Conference will probably describe the
verious aspects of the interaction between the dynamics of g
conducting fluid and the electro-magnetic field in the fluid.

with that of a system of elastie 8trings, coincident with the
lines of magnetic force, which exert a longitudinal tension

a
P‘@Wénper unit areas and an equal lateral presgure. When the
strings are stretched ang pulled together laterally by differential
motinng of the fluid, their potentiagl energy ~ that ig, the energy
nf the magnetic field o is inoreased. Thig gain in magnetic
energy is at the expense of the linetio energy of the fluid, whioh
must do work on the elagtia strings in order to stretch them ang
bring them ecloger together, 1In many special problems of magnetc-
hydrodynanics we are interested in the direction and rate of

which the lineg of magnetie force are being stretohed (cr
contracted) as a consequence of the motion of the fluid, T+ is
knovn that lines of magnetic force are convected by the motion

of the fluig, except inasmuch ag they decay through the action of
electrical conduetivity. Hence we can obtain informgtion about
the nature of the energy transfer if we kuow the behaviour of
lines moving with the motion of the fluigd,

There ig one particular elass of fluid motion which ig
such that all lineg moving with the fluig are likely to be
stretched. Thig ig turbulent motion, which is characterigzeq by a
randonm distribution of the fluid velocity. The stretching of
lines moving with the fluid is related to the fact that any two
particles of the fluid tend to wander apart in a random way,; Jjust
a8 oné partiele tends to wander from its initial Position in space,
It follows that unless thore is some mechanical effect which )
prevents lines of magnetic force moving with the fluid, magnetiec
energy will increase when 8 condueting liquid ig set into
turbalent motion, While the magnetic energy is very small the only
mechanical effect which prevents lines of magnetic force following
the motion of the fluid exactly is the action of conductivity,
vhich diffuges the magnetic field and tends 4o make itg
distribution uniform, Consequently we can conclude that if the
corductivity ig sufficiently large, lines of magnetic force will
nearly follow the motien of the fluid and will pe extendod when
the motion ig turbulent, and that the rate of dissipation of
magnetic energy will not bg larger than the rate of increase of
magnetic energy due to stretching. In other words, any small
magnetic field which ig introduced &g g perturbation inte g5
sufficiently good conducting fluid which is in turbulent ‘motion
will be amplified. In this sense, a sufficiently good conducting
fluid in turbulent motion is unstable to magnetic disturbances,

Thesc arguments can be supported by a more quantitative
discussion but their general character remaing as above. Several
more questions ariges (a) How large must the conduetivity be in
order that a small megnetic disturbance shall be amplified?

(b) What is the rate at which the magrotic energy of the
porturbation increageg? (¢) What ig the ultimate magnitude of the
magnetic encrgy? To answer these questions it ig Necessary to go
into the theory of turbulent motion., All that T Propose to do



hsre is to state what I believe to be the answers.
The criterion for amplification of the magnetic disturbance

appears to be that W T p 09 should be larger than some number near
urdty ( f. = magnetic permeability, ¢ = conductivity, ¥ = kinematic
viscosity)s The critical valus of this parameter will depend to some cx-
tent on the form of the magnetic disturbance, so that in general it should
Ltz regarded as an order of magnitude criterion. It seems a4 first sight
that the criterion takes no account of the nature of the turbulent
motion, This is not in fact the case; it is known that the process of
sbretching of lines of magnetic force is controlled by the small-scale
components of the turbulence which have a universal statistical form,
ond which adjust themselves to suit the value of the viscosity, which
dues occur in the atove criterion. Another statement of the criterion
is that the magnetic erergy increases if the magnetic diffusivity

/4T )0 is smaller than the diffusivity Y for vorticity (that is,
angular velocity) which is subject to exactly the same mechanical pro-
Gusges as the magnetic field,

If the above criterion is satisfied, the magnstic energy of the
digturbance will increase exponentially. The root-mean-square rate of
extension of lines meving with the fluid is found to be proportional
to (E,/V)*@ ( € = rate at which the kinetic energy of the turbulence
in unit wess of the fluid is being dissipated by viscosity), and hence
the doublin tim§ of the magnetic energy of the disturbance is prop=
orﬁpmﬁ'migk)ﬁ- .

This rate of amplification of the magnetic energy will persist for
80 long as the disturbance is small. However, the magnetic energy will
ultinately reach a level at which the lines of magnetic force arc able
to resist being stretched. In the final statistically stecady state
(when the magretic field and the velocity of the fluid both have random
distributions in space) therc is no net bransfer of energy between the
agnstic and kinetie states., The asymptotic level of the magnetic energy
can be established “rom a consideration of the amount of kinetic energy
avallable for the stretching process. The energy associated with the
stretching process is ths energy of relative motion over a distance
comparable with the average radius of curvature of the lines of magnetic
foree, and the theory of turbulence agsexsthis energy as being of the
order._of magnitude of(WE)*A per unit mass of fluid. It should be men-
tioned that Bicmamm, lerwi, 41fvén and others have come to the con-
trary conclusion that ultimately the magnstic enerpy is comparable with
the total kinetic energy of unit mass of the fluid, Of course either of
thess conclusions is applicable only if the electrical behaviour of the
fluid continues to be charscterized by a scalar conductivity,

Ze Batchelor



FIRST DISCUSSION

LAFVEN., I should like to discuss a question which relates wore or
less to Gold's, Hoyle's and Batchelor's papers. It is: What
occurs if the magnetic lines are stretched very much? Let us suppose
that we have lines of force in a fluid and that they move with the
fluid so that the lines of force are stretched. Then is it possible
to bitec off this spaghetti? I believe that if the lines Lf force are
stretched out sufficiently they will form loops which break off into
indeperdant rings (See Tcllus 2 74, 1950)s If we have a fluid with a
finite conductivity this process is probable. I think that ‘it is poss-
ible even with an infinite conductivity but this necds furthcr invest-
igations Now this is of importance for the dynamo action, &s Cowling
has pointed out the question of a self-exciting dynawmo can be put in
such a way th&t the problem is how new lines of force are created.

Different processes have been proposcd for the gcnoratlon of the
carth's megnetic ficld. It is of interest to sec whether it is poss-
ible to find some mechanism, which is kinematically possible, where
new lines of force could be created and a cortain magnetic ficld could
be amplified, Such a process has been outlined in Tellus 2, 74, 1950

BULLARD, The dynamo problem is very simple to states It is simply the
quegtion, "Do there exist motions in a finite body of conducting fluid
that will cause the indefinte maintenance of a magnetic field?" If

the answer is "Yeg" we may further enquire what forces are necessary
to maintain such motions.

It is curious that although the answer is unknown, nearly everyone
has a definte view as to what it is, and most people believe that no
guch motions existe This, I think, arises from the feeling that if such
a phonomena were possible someone would have hit on it in the laboratory.
In fact, of course, it is well-knowm that bowls of wercury do not pro-
duce fields when stirred in the dbscnce of an external field. This ar-
gument is, however, quitc unsounds The equations confain one non-dimen-
sional parameter where v 1is the velocity, the corductivity
and the size of the systen. If we compare the value of this param-
gber for the earth's core amd for a laboratory exporiment, is of
the same order for both, is cenormously greater for the carth,
go that if the same value is to be obtained for the parameter, the
velocity must be enormously larger in the laboratory and will probably
lie quite outsido the range of ordinary expcricnccs

The problem is a purcly mathcuatical one concerning the oxistonce
of solutions of differcntial cquations. We have laxwell's cquations
which contain the velocity of the fluid and we ask, "Is therc any vel-
ocity field for which they have a non-zcro solution which satisfics
certain boundary conditions?" I thought at first to settle this would
bu quite ecasy, at any rate if there were no such solutions. The prob-
ability of a simple proof is much decrcased by the nuwber of ewminent
physicists who have now considered ite Certain things are vory sasily
proved. For example, Cowling's theorem that a motion syumetrical about
an axis camnot act as a steady dynamo follows from the equations in a
few lines of worke The most general theorem of this kind secms to be
that there is no 'steady dyncmo if there is a closed curve such that
the projection of the lines of magnetic force on all plancs perpcn-
dicular to this curve form closed loops around tho curves Whether all
fields have such curves in unknowne It is also easy to prove that a
motion without a radial component camnot act as a dynance

The production of a single example of a field and a velocity
systom consistent with Maxwell's equations would be sifficient to
settle the genvral question of existence.This supggests a mumerical
approach. Iir. Gellman of Toronto University and I have tried this with
the dynamos suggested by Elasser and myself and have disproved tho
possibility of boths This work has showm how delicate the question is



The impossibility of my own dynamo only appeared at the third stage of an
iterative processe It is clear that a rather high standard of proof is
required in this fields

The area of doubt seems to be gradually narrowings &lfven and Gold
have shown that dynamos can exist in a perfectly corducting fluid of
finite extent and Batchelor has shown that they can exist in an indef-
initely extended fluid of finite conductivity. We do not, however, know
if they exist in a bounded body of fluid of finite conductivity. The
extension of Barchelor's theorem to this case is not, I think, entirely
trivials

GOLD. I have uyself dealt in the past to a considerable extent with

the problem of lines of force, and all the nice picturesque
methods that can be employed, tut I would emphasise very ruch that this
method of considering lines and tubes of force and how they move is ap=
plicable only in a perfect conductor. It is not evon applicable in the
enpty space that may souround the perfect conductor, and it is to my
mind not at all clear in what way one ought to extend this or whether
one ought to extend it at all - to the case where there is dissipation.
Whether one can speak of lines of force snapping and connecting on in
some other way is extremely dubious, and it scoms to me that to show
that this kind of approach is justifisble is in fact harder than to
find the actual solutions without the picturesque approach.

HOYIE. I would like to associate myself with what Gold has Just said.
: At e particular instant of time you can draw a plcture of the
lines of force. At a slightly later instant of time you can also draw
a picture of the lines of force. How should the two pictures be con-
nected? Only by solving Maxwell's equations can this question be prop-
crly understood and answereds It is, of course, the case that phys-
lcists ond engineers sometiuwes use reasonably reliable empirical ways
of dealing with lines and tubes of force = but then only in cases where
‘the solution of Maxwell's equations is already well knowm. To adopt
‘Prof. Alfven's short cut methods when the solution of ilaxwell's eq-~
uations is not known at all, seems to me to be highly dangerous. For
this rcason I tend to distrust arguments in which lines of force are
pushed, pulled, or twisted. : '

- GOID. To consider the identity of lines of force is only possible when

they are attached to material particles. That is when the medium
is a perfect conductor. Such arguments collapsc completely when the
conductivity is finite or zero.

- BULLAED. I fecl that if some of the time that has becn spent in
talking dbout this subject had been spent in doing arithmct-

ic on it, we should be further forward. The tochnique of solving Maxwell's
equations on punched card machines has beon developed in quite an effic-
ient ways Perhaps I might say a word about the method evployed. In Max-
well's equations you can easily eliuminate the electric fields You then
get a partial differential equation for the magnetic field which has

to satisfy cortain conditions at the boundary of a spheres The field
can be expanded in harwonics to give an infinito set of simultancous,
linear, ordinary differential equations which tust be solved subject

to quite simple boundary conditions. The equations contain the magnitude
of the velocity systen as a parameter. For a solution independent of
the time this must be correctly chosen. We therefore have an eigen pro-
blen. This can be solved quite satisfactorily on punched card machines
and should also be soluble on the electronic cotmputer at N.P,L,

when its memory is increased 4lso, it may go quite well on a large
difforential analyser. There are therefore adequate numerical ftechmniques
for angwering these problems with respect to any specificd velocity dis-
tribution, but of course that will not help if in fact no steady dynawmo
oxists. The unsteady dynemos are one degrec harder to do by such neth~
ods though not necessarily impossible.

AIFVEN, I don't think that this discussion need be based only on the
picturesque spaghetti-lines of forces The same results could
be obtained from a discussion of the behaviour of current sheets,



Concerning Batchelor's way of treating turbulent phenouena in a
magnetic field I think that his approach is dangerous. He starts
with the kind of turbulence that is obscrved without a magnetic field
and he assumes that the same type of phenomena occurs in the presence
of a magnetic fields I don't think that is the right way to attack it.
I think that the magnetic field should be introduced already at the
begimming, which of course makes the problem difficult. &n experimgntal
gstudy of the phenomena is in progress in Stockholm.

GOID. I should like to say that in this progress (Figes) I do not
believe that a reverse field would in fact be gensrated. T

think it is only a weakenming of the field that is implied by the curront

systen and not ever actually the generation of a reverse fields One

can sec this from the general argument that dissipative process ucan

that the three Cartesian components of H each separately satisfy

the diffusion equation. Conscquently if one considers the vertical

component of H one sces no way in which the diffusion process can

gencrate the reversec couponent, which is not produced by the ¥ x H

terms thomselves.

ALFVEN., You say a reverse field couldn't be produced. Suppose that
we start a hydrodynemic wotion herc that will producc a
current sheet. The condition that we shall havc arcversc ficld is
only that this shecet breaks up in some way.
GOID. What breaks up, the wmotion or the current?
AIFVEN, The current.
GOILD. There is no such thing as ingtability of currents by thaousclves.
LIFVEN, But the situation is simply that we have a current sheet and

we stop the current in a certain part of it. Then you get a
reversal of the field.

Instabilities of currents arc well-known to experimental physicists.

GOID. I disaprce.



BIRCTRONS IN HIGH VACUUM IN STRONG LAGIETIC FIDLDS.

by Lrnst Astrom

Introduction.

ieasurements have been performed on tubes of the type shown in
figare 1., The anode is positive and the other electrodes negative
with respect to the cathode. Parallel to the cathode there is a mag-
netic field of strength B, considerably in excess of the cut-off
value. Hence the electrons move in a narrow beam from the cathod: to
the colilectors

Ls has been reported earlier nearly all the electrons arrive
st the collector if the current is small but for large emission an
appreciable fraction of the electrons hit the rail even if this elec~-
trode has a fairly high negative voltage with respect to the cathode.

The current arriving at the collector is very noisy when the
current is large, Since nearly all of it is taken up by the collecter
the noise cannot be of the partition type.

The observed spectrum has a form shown in figure 2. The noise
has a maximum at a certain frequency and decreases toward lower and
higher frequencies. Let us assume that the electrons form bunches.
The observed spectrum then would indicate that the bunches cannot be
formed at the cabhode, since in that case the spectrum would resemble
that of shot noise, i.e. have its maximum at zero frequency. Hence
bunching must occur in the beam.

When the emission is large it is found, that for constant noise
level at the collector the product of beam current and tube length is
roughly constant. The longer a tube is, the smaller currents are nec-
essary for a certain noise level, This seems to be a good indication
that the bunches are developed continuougly during the passage through
the tube.

Regularly spaced bunches would give a line spectrum. Our spec-
trum is a continous one, and hence the bunches are spaced at randoi.
llence we may considsr each bunch separately. It takes a certain time
Tor the bunch to pass from one segment to another. For arbitrary cou-
ponent of the Hureir integral of the pulse there must be a correspond-
ing phase difference between this component measured at two points
along the tube.

By measuring the noise induced in the two segments separately
and in both of them comnected we can determine the phase difference
and hence the time it has taken for the bunch to travel between the
seguenbs.

Figure 4 shows the mecasured phase difference. Since the irverse
circular functions are multivelued the true phase difference may be
plus or minus the value shown with the addition of a mutliple of 360°,
Fipure 5 shows the true phase angle. The curve shows discontinuities
at the phase angles 0, 180, 360 etc. At these points small changes
in one of the vectors will give large changes in the phase angle. The
main cause of these discontinuities is the continued development of
the bunches during their passage between the measuring points.
Agsuming the bunches to travel with the drift velocity of the elec-
trons we obtain the line drawn in the figure. OSpace charge effects
on the velocity have becn neglected. It scems reasonable to conclude,
that the observed density modulation of the beam is not a wavc pro-
ceeding along the beam but real bunching.

Trom the shape of the spectrum we may also estimate the sizc
of the bunches. Let us plot the collector current as a function of
time when one bunch arrives at the collector, This current has the



