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SUMMARY

While the first-order Born approximation is increasingly being used in many seismic tomogra-
phy efforts, its domain of validity to forward model seismic waveforms has not been quantified
in the context of current 3-D earth models yet. We here address this issue by comparing tele-
seismic synthetic surface waveforms calculated using the Born approximation with spectral
element method solutions for a variety of realistic global 3-D earth models. We find that the
Born approximation has a very limited domain of validity when applied to seismic waveforms.
Specifically, it can only accurately model the phase (amplitude) of surface waveforms for
source—receiver paths leading to time shifts smaller than about 15 per cent (5 per cent) of the
wave period considered. These conditions usually occur in earth models as S20RTS or S40RTS
combined with a homogeneous crust for periods longer than 7'~ 80-90 s. For models with
stronger heterogeneity and/or realistic 3-D crustal structure, only the phase of waveforms with
periods longer than ~120-130 s can be accurately modelled with the Born approximation.

Key words: Surface waves and free oscillations; Seismic tomography; Theoretical
seismology; Wave scattering and diffraction; Wave propagation.

1 INTRODUCTION

With increasing computational power, current efforts to enhance the
quality of global seismic tomographic models involve the inversion
of waveforms in order to fully exploit the information contained
in seismograms. Despite the recent development of highly accurate
forward modelling schemes (e.g. Komatitsch et al. 2002; Nissen-
Meyer et al. 2014) promising a new generation of high-resolution
tomographic images, waveform tomography presents some draw-
backs, such as the high computational cost and the strong non-
linearity of the inverse problem (e.g. Nolet 2014).

Because of the intensive computing needs of such accurate seis-
mic wavefield calculations, several approximations such as the great
circle approximation (Woodhouse & Dziewonski 1984) and non-
linear asymptotic techniques (Li & Tanimoto 1993; Li & Romanow-
icz 1995) have been developed and used. The Born approximation is
a first-order perturbation theory, which is often used in seismology
within the normal mode framework (Woodhouse 1980; Tanimoto
1984). It takes into account finite-frequency effects and has been
successfully used to calculate phase delay kernels in global tomog-
raphy applications (e.g. Montelli ef al. 2004; Zhou et al. 2006). In
this paper, we test the possibility of using the Born approximation
as a forward modelling scheme for waveform tomography instead.
Its implementation is relatively simple and efficient. Also, it is par-

ticularly appealing in seismic tomography because it naturally gives
a linear inverse problem. On the other hand, the disadvantage of the
Born approximation is that is it a short-time approximation, that is, it
is only valid for sufficiently small times, and for weak perturbations
compared to the reference model (usually 1-D) (Woodhouse 1980;
Tanimoto 1984; Romanowicz et al. 2008). It is thus of primary
importance to understand the domain of validity of the Born ap-
proximation in relation to the strength of the heterogeneity obtained
from tomographic inversions.

In particular, we are here interested in quantifying the domain of
validity of the Born approximation when modelling relatively long-
period surface waves in realistic 3-D earth models. Some previous
studies have investigated how good the Born approximation is to
compute synthetic seismograms and kernels (Capdeville et al. 2002;
Tromp et al. 2005; Romanowicz et al. 2008; Panning et al. 2009;
Peter et al. 2009; Dalton et al. 2014). However, its accuracy has
been examined only by considering a few simplified situations of
mantle heterogeneity or for a few existing 3-D tomographic models.
Moreover, a general criterion predicting the situations in which it
breaks down has not been established yet. We here aim at filling this
gap in the framework of forward modelling techniques.

To achieve this goal we calculate time-domain waveforms with
the short-time first-order Born approximation (BORN) by using the
approach described by Capdeville (2005). This efficient technique
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considers the full mode coupling although not explicitly present in
the equations. The effect of the perturbations with respect to the
1-D reference model, which is PREM in this study (Dziewonski &
Anderson 1981), is integrated numerically, leading to compute the
sum of the scattered fields induced by a finite number of scattering
points. The perturbed wavefield is summed to the 1-D reference
seismogram calculated by normal mode summation (NMS, Gilbert
1971). BORN waveforms are then compared with seismograms
computed by the spectral element method (SEM, Komatitsch &
Villotte 2002; Komatitsch & Tromp 2002a,b; Komatitsch et al.
2010), and phase and amplitude accuracy are separately assessed
for different dominant wave periods and for a wide range of realistic
3-D earth models.

2 DATA AND METHOD

We generate SEM (SPECFEM3D_GLOBE package) and BORN
waveforms and systematically compare the corresponding minor-
arc fundamental mode Rayleigh (R1) and Love (G1) waves. We
choose SEM as ground truth because it is a highly accurate purely
numerical method for the full calculation of the seismic wavefield
in realistic 3-D media and represents a powerful tool to assess the
accuracy of approximate forward modelling techniques.

Waveform comparisons are conducted between waveforms fil-
tered around 7 ~60 s, T~ 100 s and T ~ 150 s. Time windows
capturing 2.5 cycles of the R1 and G1 arrivals, centred around the
maximum amplitude, are manually selected to avoid the interfer-
ence of surface wave overtones. Errors in phase (£, ) and amplitude
(EA) of time-domain velocity waveforms are estimated for every
BORN-SEM pair of waveforms. E 4 is computed as the phase shift
in seconds by cross-correlation of the two waveforms. In Figs 3
and 6, E, is expressed as a percentage of the wave period 7. E, is
calculated as:

z

E, =100 % -
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where A® and A® are the amplitudes of BORN and SEM waveforms,
respectively. The summations are carried out over the waveform
time samples i. The subscript i + E, of A® indicates that the BORN
waveform is shifted in time by £y seconds before computing the
difference A® — 45. Thus, E, represents the percentual amplitude
difference to the SEM amplitude computed for the best waveform
phase-matching. We choose a percentage difference rather than a
ratio to indifferently consider the cases in which the BORN ampli-
tudes are either larger or smaller than the SEM ones by the same
quantity. We also preferred the absolute value for the difference
rather than the squared difference to reduce the influence of out-
liers. For the same reason, we choose to use the medians of the
E 4 and E, rather than the average values to summarise the results
(presented in Section 3).

To carry out realistic waveform tomography experiments, we
calculate theoretical seismograms for three real seismic events evl,
ev2 and ev3 with MW, = 6.4, MW,,;, = 6.2 and MW.3 = 6.4
and depth.,; = 16 km, depth.,, = 20 km and depth.,; = 15 km.
Focal mechanisms are presented in Fig. 1. Earthquakes are selected
to sample different regions of the Earth and to excite fundamental
mode surface waves well. We select 73 stations from the Global
Seismic Network whose epicentral distance from the source ranges
between 40° and 140°. A sketch of the ray coverage is presented in
Fig. 1.
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Figure 1. Source-receiver geometry used in this work. The sources evl,
ev2 and ev3 are at 16, 20 and 15 km depth and the stations are represented
by green triangles.

2.1 Earth models

In this study, we adopt six mantle and two crustal models and we
combine them to ensure that we use realistic earth models. We start
from S20RTS (Ritsema et al. 1999; Figs 2b and g) and S40RTS
(Ritsema er al. 2011; Fig. 2d) mantle models. S20RTS and
S40RTS are represented by 3-D perturbations in shear wave speed
(8Vs), superimposed upon the spherically symmetric PREM model
(Dziewonski & Anderson 1981). The perturbations in compres-
sional wave speed §Vp and density §p are scaled with respect to
the Vs perturbations, §p = 0.40 x §Vs (Anderson ef al. 1968) and
8Vp = 0.59 x §Vs (Robertson & Woodhouse 1995). We build two
other models by multiplying the §Vs, §Vp and §p of S20RTS by
the factors PV = 0.5 (Fig. 2a) and PV = 1.75 (Fig. 2¢). PV = 0.5
is adopted to build a model with fairly weak heterogeneity com-
pared to current tomographic models. On the other hand, we choose
PV = 1.75 as end-member model with heterogeneity as strong
as in recent high-resolution upper mantle models (e.g. Schaeffer
et al. 2013). S40RTS is parameterised with spherical harmonic ba-
sis functions expanded up to degree 40 (/.x = 40, Fig. 2d). We
derive two other models from S40RTS by truncating the maximum
degree of the spherical harmonics to 20 (/,.x = 20, Fig. 2¢) and 12
(Imax = 12, Fig. 2f), gradually eliminating the smaller scale-lengths
of heterogeneity.

At first we couple the six mantle models with a homogeneous
crust layer (Moho depth = 24.4 km, Vs = 3.2kms™!, Ip =
5.8kms™!, p = 2.6 g cm~?; Figs 2a—f). In addition, we couple
S20RTS with a 3-D crustal model derived from CRUST2.0 (Bassin
et al. 2000; Fig. 2g). For the sake of simplicity in the calculations
and to avoid the need to mesh complex crustal discontinuities in
SEM (which could introduce numerical errors), the corresponding
crust has a constant Moho depth (24.4 km). Effects of the increase
(or decrease) of the Moho depth with respect to CRUST2.0 are com-
pensated by an increase (or decrease) of the wave speeds above (or
below) the Moho, applying the trade-off relationship between the
Moho depth and the seismic shear wave speed reported by Lebedev
et al. (2013). We carried out extensive tests to ensure that the earth
models are consistently implemented in the SEM and BORN codes.

3 RESULTS

We calculate £, and E, for BORN-SEM pairs of R1 and G1 wave-
forms at 7' ~ 60, 100 and 150 s for every path shown in Fig. 1.
For each model, the medians of E¢_expressed as percentage of a
wave cycle, and E,, as defined by eq. (1), are summarized in Fig. 3.
The summary (Fig. 3) highlights that: (i) the fit between BORN
and SEM calculations deteriorates both in amplitude and phase as
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the dominant period decreases and is particularly poor at 7~ 60 s;
(i) a worsening of the fit is also associated with the increase of the
PV factor; (iii) using a 3-D crustal model rather than the homo-
geneous layer yields a poorer BORN-SEM match and (iv) BORN
is not affected by the scale length of heterogeneity of the model
(expressed by /.« ). These considerations are valid regardless of the
type of waves (Rayleigh or Love).

By visual inspection of the waveforms and associated errors, we
setup error thresholds to define a good modelling. These thresholds
are 5 per cent of a wave cycle for £y, and 10 per cent for E4. For
illustration, examples of waveform comparisons for various values
of E4 and E, are shown in Fig. 4. By means of these thresholds
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(black dashed—dot lines in Fig. 3), it arises that BORN matches
well the phase of Rayleigh waves predicted by SEM only in case
of mantle models with: (i) PV = 0.5 for T > 60 s; (ii)) PV = 1.0,
such as S20RTS (but also S40RTS and models derived from it) for
T > 100 s; (iii) PV = 1.75 and PV = 1.0 mantle when the latter is
combined with a heterogeneous crust model similar to CRUST2.0,
for 7> 150. On the other hand, surface wave amplitudes modelled
with BORN only match SEM results for waves with 7'~ 150s
and for the models: (i) S20RTS with PV = 0.5; (ii) S40RTS and
(iii) models derived from S40RTS with /., = 20 and 12. Regard-
ing Love waves, the performance of the Born approximation follows
similar trends but with slightly poorer fits to SEM results. On the

Eq): 1% EA: 1%

SEM Eq): 2% EA: 3%
BORN 5 phi, E, < threshold

Eq), EA < threshold

0 time (s) 450
E¢: 5% EA: 200%
E¢ = threshold, EA > threshold

0 time (s) 450
Eq,: 11% EA: 265%
E¢, EA > threshold

0 time (s) 450
E¢: 1% EA: 10%
E¢ < threshold, EA = threshold

0 time (s) 450
Eq): 2% EA: 26%
E¢ < threshold, EA > threshold

Figure 4. BORN-SEM comparison examples of R1 (Z and L components) and G1 (7 component) waveforms at 7'~ 100 s for the event evl. E¢ and Ea
are reported above each pair specifying the relation with the threshold of goodness used in this work (E£¢ = 5 per cent and E£4 = 10 per cent). Seismogram
component, epicentral distance and azimuth are indicated in the left-bottom corner. The black dashed lines indicate the selected time windows for the errors
calculations.
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Figure 5. Phase (£ ) and amplitude (£4) errors of BORN with respect to SEM synthetics at 7'~ 60, 100 and 150 s, for PV = 0.5, 1.0 (S20RTS) and 1.75
mantle models combined with a homogeneous crustal layer versus the accumulated phase-delay on the path (6®). Each point corresponds to a BORN-SEM
pair. §® is the time-shift between SEM3-D and SEM1-D waveforms. £, is calculated as time-shift between a BORN-SEM pair and £4 using eq. (1) for each
BORN-SEM pair. Only =50 s < £, < 50 sand Ex < 100 per cent are included to zoom the plot around the window of validity. R1v and R1h refer to Rayleigh
waves windowed in the vertical and radial components of the seismogram, respectively. G1h refers to Love waves windowed in the transverse component. Red
lines are the reference thresholds (£, = &5 per cent and Ex = 10 per cent). Blue lines enclose the BORN validity domain, §& < 15 per cent for the phase

and §® < 5 per cent for the amplitude. See Section 3.1 for more details.

whole, the performance of the Born approximation is not encour-
aging in the framework of the forward modelling for waveform
tomography based on current 3-D tomographic models.

3.1 Domain of validity

In order to define the domain of validity of BORN applied to wave-
forms, we analyse the correlation between the individual BORN
errors and the phase delays in seconds accumulated along the paths
(6P), with respect to the reference waveforms (Fig. 5). Namely, §®
is the phase-shift in seconds between the SEM seismogram for a
3-D earth model and the NMS reference waveform calculated for
PREM. 8§ is calculated by cross-correlation and it is expected to
be linearly related to the perturbations of the 3-D model along the
path (Mercerat & Nolet 2013). Fig. 5 shows that BORN fits well
SEM in phase when § ® is less than 15 per cent of a waveform cycle,
quantifying a narrow but well-defined domain of validity. For §&®
larger than 15 per cent, E, linearly grows with §®. This behaviour
is valid for all the periods and models considered. A correlation be-
tween £, and 8 is also reported in Fig. 5. The validity domain for
the amplitude modelling is narrower (§® < 5 per cent) and less de-
fined. Note that £, and E» against §® show a similar behaviour for
both Rayleigh and Love waves (represented in Fig. 5 with different
symbols).

4 DISCUSSION

The Born approximation is a short-time approximation, which de-
pends on: (i) the strength and scale of heterogeneity; (ii) the number
of wave cycles in the heterogeneous regions, which in turn depends
on the wave frequency and path length. Indeed, increasing the wave
frequency will lower the wavelength and thus increase the number
of wave cycles in a given fixed heterogeneous region and fixed time
window length. Likewise, using longer paths and thus longer time
windows to reach seismic surface waves leads to a larger number
of wave cycles. To study the effects of the short-time condition, we
analyse Ey, as a function of the epicentral distance (Fig. 6). As a
low correlation between the errors and distance is found for all the
periods considered, we only show the correlation of E4 for T ~
100 s for conciseness. Despite the average error (green line, Fig. 6)
showing a slightly positive slope, the large amount of small errors at
large distances suggests that the Born approximation can virtually
model well surface waves propagating even at distances of 140°
(maximum distance considered in this work). This is due to the fact
that the heterogeneity in 3-D earth models is not distributed uni-
formly. Thus, the performance of the Born approximation is more
strongly correlated with the total phase delay accumulated along
the path (§®) than with the path length.

This fact explains why the medians of the errors rise with strength
of heterogeneity of the 3-D earth models (expressed by the PV
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Figure 6. Correlation between £ (in percentage) and the epicentral dis-

tance at 7'~ 100 s for PV = 0.5, 1.0 (S20RTS) and 1.75 mantle models

combined with a homogeneous crustal layer. R1v and R1h refer to Rayleigh

waves windowed in the vertical and radial components of seismogram, re-

spectively. G1h refers to Love waves windowed in the transverse component.
In green, a moving average with a window of 4° is shown.

factor) and the frequency of the wave. In fact, because of the dis-
persion of surface waves, the shorter is the period the shallower
are the regions of the Earth sampled by the wave. Conversely, for
longer period surface waves the sampled regions include larger
depths with weaker heterogeneity. This can be easily noticed from
the phase velocity maps at different periods presented in Fig. 2.
Thus, we can expect that at periods shorter than 60 s BORN will
perform even worse due to the even stronger heterogeneity in the
uppermost parts of the mantle. Also, the slightly larger discrep-
ancies obtained for Love waves (Fig. 3) are indeed related to the
stronger heterogeneities in the Love phase velocity maps. In fact,
in our calculations, the Love wave phase velocity maps (not shown
for brevity) have on average anomalies 20 per cent stronger than
the corresponding Rayleigh maps. Finally, the observed worsening
in the performance of BORN when using a 3-D crust compared to
a homogeneous crustal model is due to the large heterogeneities in
CRUST2.0

The high correlation between BORN’s performance and §&® is
confirmed by the domain of validity shown in Fig. 5. Our analy-
sis shows that the Born approximation can accurately model the
waveform phase of Rayleigh and Love waves for § ® not exceeding
15 per cent of the wave period and the waveform amplitude for
3® not exceeding 5 per cent of the period. This condition is more
stringent than the rough estimate of 25 per cent reported by Panning
et al. (2009). Our findings are in agreement with those presented by
Dalton et al. (2014), which used the technique of Zhou et al. (2004)
to calculate amplitude kernels based on the Born approximation.
The authors showed that the misfits decrease with the dominant
period and for 7 > 75 s the misfits also decrease with the epicentral
distance.

5 CONCLUSIONS

Given the increasing interest in forward modelling schemes for
seismic tomography taking finite frequency effects into account,
the Born approximation is highly appealing due to its simplicity
and relative efficiency. However, this method is valid in a limited
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range of seismic velocity perturbations and time windows, which
prompted us to quantify its domain of validity for forward mod-
elling surface waveforms in a range of realistic current 3-D earth
models. Previous studies (e.g. Capdeville et al. 2002; Romanowicz
et al. 2008; Panning et al. 2009; Peter et al. 2009; Dalton et al.
2014) investigated the accuracy of the Born approximation but a
unique criterion defining its domain of validity has not been deter-
mined yet, especially regarding the forward modelling of seismic
waveforms. We thus generated synthetic seismograms by using the
Born approximation for seven different realistic combinations of
3-D mantle and crustal models and we treat SEM synthetics as
ground truth. We separately considered phase and amplitude errors
between BORN and SEM synthetics at 7'~ 60, 100 and 150 s. We
found that the Born approximation can only accurately model the
phase of surface waveforms for source-receiver paths leading to
time shifts smaller than about 15 per cent of the wave period con-
sidered. Regarding the amplitude modelling, the time-shifts cannot
exceed 5 per cent of the period. In practice, these conditions are met
for 3-D earth structure with the same power of heterogeneity as in
the S20RTS or S40RTS models, or lower, at wave periods longer
than 80-90 s for the phase and 150 s for the amplitude. Hence, the
short-time first-order Born approximation has a very restricted do-
main of validity when applied directly to waveforms. More accurate
forward modelling schemes should be used in waveform tomogra-
phy, or, alternatively, inversions based on secondary measurements
such as phase delays or amplitude anomalies remain an attractive
possibility.
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