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ABSTRACT. Criteria are established for the global attraction, or global repul-
sion on a compact invariant set, of interior and boundary fixed points of Kol-
mogorov systems. In particular, the notions of diagonal stability and Split
Lyapunov stability that have found wide success for Lotka-Volterra systems
are extended for Kolmogorov systems. Several examples from theoretical ecol-
ogy and evolutionary game theory are discussed to illustrate the results.

1. Summary. For global stability of fixed points in autonomous systems, there
are many results for autonomous Lotka-Volterra systems [22, 24, 11, 1], but similar
results for more general Kolmogorov systems beyond those with special features
such as monotonicity [7, 19, 18], are less common [13, 5, 4]. Here we extend to
Kolmogorov systems two Lyapunov function approaches that have found consider-
able success for Lotka-Volterra systems. We will illustrate and compare the relative
merits of our methods with several example systems which arise as models for pop-
ulation dynamics.

2. Introduction. Ecological models for a community of IV species x; often take a
the general form:

j?izl‘iFi(l‘), i=1,...,N. (1)
These ecologically-motivated equations have become known as the Kolmogorov
equations, or Kolmogorov systems. Since such systems typically model populations
of species, genes, molecules, and so on, the phase space for the study of (1) is an
invariant subset of first orthant, the latter which we denote by Rf . The best known
examples are the quadratic Lotka-Volterra equations and the cubic Replicator equa-
tions (which are actually equivalent under transformation [8]). Kolmogorov systems
are not confined to theoretical ecology, but also appear in the Maxwell-Bloch equa-
tions of laser physics [3], models from economics [2], and coagulation-annihilation
systems from polymer chemistry and astrophysics [17] . In addition, many nonlinear
systems of differential equations can be recast in Kolmogorov form, and even Lotka-
Volterra form in which the functions F; in (1) are affine. For example, the class of
S-systems sometimes used in reaction kinetics can be recast in Lotka-Volterra form
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[23]. In fact given a system of differential equations @; = f;(x) for which the first or-
thant is forward invariant, suppose that f;(x) = x;Fi(z) fori € I C Iy ={1,...,N}
but f;(z) is not identically zero for x; =0, j € J = Iy \ I, we may set y; = x; for
i€l and y; =e" for j € J to obtain the (formal) Kolmogorov form ¢ = yiF(y)
for suitable Fy, k € In. For this to be a practical transformation, we need, for each
k € Iy, that y, F(y) — 0 as yr — 0 for all y; > 0, j # k.

Notation. For conciseness we write (1) in the more compact form
i =D(z)F(z), zeRY, (2)

where Rf is the set of column vectors z € RY with nonnegative components z;,
F :RY — R" is at least C in a neighbourhood of RY, and D(z) = diag[z1, ..., zn]
is the diagonal matrix with diagonal entries z;. We denote the interior of Rf
by intRf and the boundary of Rf by 8]1%]4\_’ . Let m; be the ith coordinate plane
restricted to 8Rf, ie.

mi={zeRY 12, =0}, iely, (3)

where I, = {1,...,k} for any positive integer k. Then each of m;, ORY and intRY
is an invariant set of (2). For any subset I C Iy, let

¢} = {zeRY:Vielx;=0,Yjely\I,z; >0}, (4)
R; = {zeRY:Vjelyx\I,z; >0} (5)

Then CY is a proper subset of Ry if I # () but C? = R; = intRf if I = 0. For
each zy € RY we denote by z(t, o) the solution to (2) on its maximal interval of
existence. When this maximal interval of existence contains R, so that (2) defines
a semiflow, we will denote by O (z¢) = {z(t,zo) : t > 0} the forward orbit through
xo. Similarly, we denote by O~ (z0) = {z(t,20) : t < 0} the backward orbit through
xo if x(¢,20) has definition for all ¢ < 0. The omega limit set of zy is the set
w(zg) = {p : z(tk,x0) — p, for some t; — 0o,k — oo}, and the alpha limit set
a(zg) = {p : z(tg,z0) — p, for some t; — —o0,k — oo}. Finally we denote by
Efyx the set of fixed points of (2), i.e. Egx = {z € RY : D(z)F(z) = 0}.

We are concerned with the global dynamics of (2) on Rf , and in particular
when interior or boundary fixed points are pointwise globally attracting or repelling.
Suppose p € Egy \ {0} is a non-trivial fixed point of (2) with p; = 0 if and only if
i € I C Iy and p is the unique fixed point in R;. Then p is said to be pointwise
globally attracting (in forward time) if lim;_, o x(t, zg) = p (i.e. w(xg) = {p}) for
all xp € Ry. In addition, if p is locally stable with respect to Ry, then p is called
globally asymptotically stable (in forward time). (Alternatively, we say that (2) is
globally asymptotically stable at p, or in short, globally stable.) When p is not
stable, we impose the assumptions (A1) and (A2) on (2) given below so that there
exists a compact invariant set K C RY \ {0} that contains p and w(zo) for every
zo € RY\{0}. Then p is said to be pointwise globally repelling, or pointwise globally
attracting in backward time, if lim,_,_ o x(t,z9) = p (i.e. a(xo) = {p}) for all zy €
R;NK. In addition, if p is also stable in backward time with respect to Ry N K, then
p is called globally asymptotically stable in backward time on Ry N K. The intention
here of adding the word “pointwise” to our concepts of attaction (repulsion) is to
distinguish these from the often used notions of attracting (repelling) bounded sets.
From now on we shall use the initials P. G. for “pointwise global” or “pointwise
globally”.
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Assumption 1.

(A1) System (2) is dissipative: there is a compact invariant set A C RY such that
for any € > 0 and each bounded set U C RY, z(t,U) is within € of A for
sufficiently large t.

N

(A2) F(0) € intRZ.

Under the assumptions (A1) and (A2), we make the following observations:

(i) By (A1), A is a global attractor of the flow generated by (2) on RY. As A
contains all fixed points, we have 0 € A.

(ii) By (A2), {0} is a repellor (i.e. the attraction in backward time is uniform for
points in some neighbourhood of 0). In particular, some relative neighbour-
hood of 0 in RY is contained in A.

(iii) Applying the theory of attractor-repellor pairs for flows on compact metric
spaces (see, e.g. III 3.1 in [20]), we see that there is a compact invariant set
K C A that is an attractor in A dual to the repellor {0}.

(iv) From (i)—(iii) we see that K can be viewed as a global attractor of the flow
restricted to RY \ {0}.

(v) If (2) is totally competitive (i.e. gf’; < 0 for all 4,j € Iy) and assumptions

(A1) and (A2) hold, then K is identical to the carrying simplex ¥ = B(0) \
B(0) (see [25], [24] or [6]), where B(0) is the repulsion basin of {0} in RY.

3. Conditions for dissipativity. The assumption (A2) is easily verifiable. For
assumption (A1), at least the class of totally competitive Lotka-Volterra systems
satisfy it. In general, it is known that a finite dimensional dynamical system is
dissipative if it is point dissipative, that is, there exists a bounded set such that
any positive orbit enters that set in finite time and stays there. Then the following
result is a simple sufficient condition for (2) to meet assumption (Al).

Theorem 3.1. Assume that, under a permutation (1,...,N) — (i1,...,in), there
are N positive numbers My, ..., My such that

VMle,SUP{Fil(JU) :xERfaMl S:Eil SM}<07 VjG{Q,...,N},

VM > M;,sup{F;,(z) : x € RY | 2;, < My, for k < j,M; < x;;, <M} <0.
Then every solution of (2) enters into the set Sy = {x : 0 < x;; < My, j € In} in
finite time and remains there.

Proof. For each z° € RY, if J;?l > M, the condition guarantees the existence of
t1 > 0 such that the solution x(t, °) on its existing interval satisfies x;, (t, 2°) < M,
for t > t1. If @y, (t1,2%) > Mo, then there is a to > t; such that x;,(t,2%) < M,
for all t > t5 on the existing interval of x(t,2"). Repeating the above procedure N
times we see the existence of z(t,z") on [0, +00) satisfying x;, (¢,2%) < M; for all
j € In and all large t. O

4. P. G. attraction. The following theorem is fundamental to our method. The
version that we state is based on lemma 8.2 of Saperstone [21]. For any function

[ :RY 5 R, we view Vf(x) = (%,...,;Tf) as a row vector.

Theorem 4.1 (LaSalle’s Invariance Principle). Let Q) be a subset of RN and z(t, )
denote a semiflow on Q generated by a C' vector field f : Q0 — }RN.iLet x9 € Q
be given and suppose that there is a C' real-valued function V on Q for which

V(x(t,z0)) > 0 for all t > 0, where V : Q — R is defined by V(z) = VV(z)f(z).
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Denote by M the largest invariant subset of Q. If the forward orbit O%(zg) has
compact closure (inside Q) then w(zo) C M NV =1(0).

Remark 1. We observe that the conclusion of theorem 4.1 is still true if the require-
ment V(x(t,20)) > 0 is replaced by V(x(t, 20)) being monotone for large enough
t. Indeed, by the boundedness of OT () and O+ (zg) C Q, V(z(¢,19)) is bounded
so there is a constant ¢ such that V(w(zg)) = ¢. Then, Vy € w(xg), V(z(t,y)) = ¢
for t € R so V(z(t,y)) = 0. This shows that w(zg) € V~1(0). Since OF(z9) C Q
implies w(zo) C M, we must have w(zo) € M NV ~=1(0).

Our general approach for Kolmogorov systems is as follows: Define a function
® : intRY — Ry by ®(z) = ¢(x)V(x), where V(z) = [T, 2% for a given § =
(01,...,0n)" € RN and ¢ : RY — (0,+00) is a C'! positive function. Let

I:{iEIN:Gizo},IJr:{iEIN:Gi>O}andL:{jEIN:9j<0}. (6)

Then ® can be continuously extended to Ry\;  and, if I_ = 0, to RY. For a
bounded forward solution x = x(¢,z¢) of (2) starting at zy € Ry we may compute

b(x) = p(x)®(x),
where
ple) = —— V() D(a)F(x) + 67 F (). (7)

Remark 2. We could instead use ® = log(¢V) = log ¢+Zi]\;1 0; log x; which would
give instead ® = p, but we find ® = ¢V a more convenient choice.

For @, I, I, and I_ given in (6), suppose there is a fixed point p € C9. Our task in
this section is to establish a criterion for p to be P. G. attracting. For this purpose,
we first observe that the following necessary conditions hold simultaneously for p
to be P. G. attracting:

(N1) Vag € Ry, z(t,x0) is bounded for t > 0 and 0 & w(xo);

(N2) Vzg € Ry, Vj € Iy U, w(xo) Nm; = 0;

(N3) Vo € Ry, 3¢ > 0 such that w(zg) C p~1(0) N®~1(¢) NR;.

These give us a clear indication that any criterion for P. G. attraction of p must
include conditions that guarantee (N1)—(N3). Moreover, to ensure that w(zg) = {p}
for all 79 € Ry, we need some property on (p~1(0) \ {p}) NR; such that

yo € (p71(0)\ {p}) NRy =V small t # 0,z(t,y0) & (p~"(0) \ {p}) "Ry (8)
For if w(xo) # {p} then (w(zo) \ {p}) C (p71(0) \ {p}) NR;. It then follows from
the invariance of w(zg) \ {p} and (8) that (w(zo) \ {p}) ¢ (p~1(0) \ {p}) N Ry, a
contradiction. We now see that property (8) holds under the following condition:
(N4) g(z) = Vp(z)D(z)F(z)(= p(x)) on (p~(0) \ {p}) NR; does not change sign

and has no zeros (or has isolated zeros that are not isolated points of (p=1(0)\

{p}) NRy).
Indeed, condition (N4) together with the three necessary conditions (N1)—(N3) suf-
fices for the P. G. attraction of p. However, (N1)-(N3) are actual requirements on
solutions of (2) rather than conditions on the system. So we need to find check-
able conditions on system (2) for (N1)-(N4) to hold. Requirement (N1) can be
checked easily from the system (2) so we may view it as a condition on the system.
Condition (N4) is for no sign change of g on (p=1(0) \ {p}) N R; and it includes
four distinct cases (see condition 4 (a)—(d) of theorem 4.4 below). Note that, as
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a by-product, condition (N4) also ensures that p(z(t,z¢)) for each fixed zg € Ry
eventually has no sign changes. Requirement (N2) actually requires that every so-
lution in Ry keeps a finite distance away from | J jer,ur. T, apart of the boundary
ORY. From lemma 4.3 below we see that each of the conditions (i)—(iv) together
with the above by-product of (N4) will imply (N2) and (N3). Then theorem 4.4 is
formed as a summary of the above analysis.

The following definition is needed to control behaviour of orbits near the bound-
ary GRf and hence the boundedness of V' when 6 has some negative components.

Definition 4.2. For a nonempty subset J C Iy, (2) is said to be J-permanent if
there are My > M; > 0 such that every solution of (2) in Ry, ; satisfies

Vj e J, My <liminfz;(¢t) < limsupz,;(t) < Mo.
t—+o00 t—+00

Lemma 4.3. Let 0 € RN and I,1,,1_ be given as in (6). For xo € Ry, suppose
that the solution x(t,zo) of (2) is bounded for t > 0 and set p(x) := ®(x)/P(z).
Assume that one of the following conditions is met:
(i) (2) is I_-permanent if I # () and has no invariant set in {x € (Ujer, )\
{0} : p(x) < 0}
(i) (2) is I.-permanent if Iy # 0 and has no invariant set in {z € (U;c;_ 7)) \
{0} : p(x) = 0}.
(#ii) (2) is (I+ U I_)-permanent.
(iv) (2) has no invariant set in either {x € (U;e;, m5) \ {0} : p(x) < 0} or
{0 € User )\ {0} : ple) > 0},
Then if there exists ato > 0 such that p(x(t, zo)) > 0 for allt >ty or p(x(t,z9)) <0
for all t > to, it follows that w(zg) C p~1(0)N®~1(¢) NR; for some £ > 0.

Proof. Suppose we have p(x(t,xzg)) > 0 for all t > ty. As ®(xg) is positive for
zo € Ry, we have

B(a(t, 7)) = B(zo) exp (/Ot p(z(7, 20)) d7> > B(z0) exp (/0

for all t > tg.
Ifoe Rf then I_ = () so @ is defined on Rf with ®(z) = 0 for € Ujer \17;
and ®(z) >0 for z € Ry = Rf \ (Ujery\17;). Since x(t,zo) is bounded, the above

to

p(x(1,z0)) d7> >0

inequality shows that ® has a positive minimum on O+ (zg). Thus, Ot (zg) C Ry.
Then, if we take M = Q = Ry, by LaSalle’s principle, w(zg) € Ry N (p~1(0) U
®=1(0)). As ®(x) > 0 for all € Ry, we have w(zg) C p~(0) N R;. Moreover
it is easy to see that ®(z) = ¢ for some ¢ > 0 and all € w(xg) and so w(xg) C
p~1(0)N®~1(¢) NR;. Note that no condition of (i)—(iv) is used in this case.

If 0 ¢ RY then I_ # () so @ is defined on (Ujer, m;) UR; with ®(z) = 0 for
xr € Ujer,mj and ®(x) > 0 for € R;. The part in any one of the conditions
(1)—(iv) relating to I_ ensures that liminf, .. x;(¢,z9) > 0 for all xy € Ry and
j € I_. Thus, OF(zo) N (Ujer_m;) = 0 and OF(z0) C (Ujer,m;) UR;. From
the above inequality ®(x(t,x0)) > ®(x(to,x0)) > 0 for t > to we know that &
has a positive minimum on O*(x¢). This shows that O+ (zo) N (Ujer, m;) = 0 so
O*(zg) C R;. Then, by taking M = Q = Ry, the conclusion follows from LaSalle’s
principle.

Suppose we have p(z(t,x9)) < 0 for all ¢ > ty. Then ®(x(t,x)) is positive and
nonincreasing for t > to. If §; < 0 for all ¢ € Iy then I, = (). Then the boundedness
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of z(t, xo) guarantees the existence of £ > 0 such that ®(w(xg)) = ¢ and w(xg) C Ry.
Hence, by LaSalle’s principle, w(zo) C p~1(0) N ®~1(¢) NRy.

If I, # (), the part in any one of the conditions (i)—(iv) relating to I} implies
that liminfs, 1o 2;(t,29) > 0 for all ¢ € I, and 29 € Ry so w(zg) C Ry and the
conclusion follows. O

From lemma 4.3 we see that a global analysis of an orbit of (2) through z( € Rﬂ\_'
becomes an investigation of the sign of the function ¢t — p(x(t,zg)). Thus we now
turn to establishing sufficient conditions for which

Jto > 0 such that either p(z(t,x0)) > 0Vt >t or p(a(t,z9)) <0VE>1ty. (9)
For this purpose, we define g : R_IX — R via
9(x) = —Ap(x) + V(&) D(x) F ()
for any constant A € R, so that along a solution z(t,z) we have p(x(t,zg)) =
Mo(z(t,z0)) + g(x(t, 7)). Note that in the set p~1(0), the term —\p(x) vanishes so
it does not affect the value of g.

We are now in the position to state sufficient conditions for P. G. attraction of a
boundary or interior fixed point in terms of g:

Theorem 4.4 (P. G. attraction of a fixed point). With 8, I, I, and I_ given in
(6), suppose that the system (2) satisfies the following conditions:

1. There is a fized point p € CY.

2. For each xg € Ry, the solution x(t,xo) is bounded for t > 0 and 0 & w(xzg).

3. One of the following conditions is met:

(i) (2) has no invariant set in {x € (U;e;, ™) \ {0} : p(x) < 0} and, if
I_#0, is I_-permanent.

(ii) (2) has no invariant set in {x € (U;c;_m;) \ {0} : p(z) > 0} and, if
I, #0, is I, -permanent.

(#ii) (2) is (I+ U I_)-permanent.

(iv) (2) has no invariant set in either {x € (U;c;, ;) \ {0} : p(x) < 0} or
{z € (Ujes ™) \ {0} : p(z) = 0}

4. The function g satisfies one of the following conditions:

(a) g(x) >0 for allz € (p~1(0) \ {p}) NRy.

(b) p is the unique fived point of (2) in Ry, g(x) > 0 for all z € p~1(0) N Ry
and each zero xo of g in (p~1(0) \ {p}) N Ry is an isolated zero of g in
this set but is not an isolated point of this set.

(¢c) g(z) <0 for allz € (p~1(0) \ {p}) NR;.

(d) p is the unique fized point of (2) in Ry, g(x) <0 for all x € p~*(0) NR;
and each zero xqo of g in (p~1(0) \ {p}) NR; is an isolated zero of g in
this set but is not an isolated point of this set.

Then p is P. G. attracting.

Remark 3. The statement of theorem 4.4 looks lengthy. But essentially this is the
most economical way of presenting 16 different combinations of (i)-(iv) in condition
3 and (a)—(d) in condition 4 in one statement rather than in 16 separate shorter
statements.

Remark 4. In theorem 4.4, the choice of # € RY depends on the fixed point p: if

p is an interior fixed point (i.e. p € intRY) then I = 0 so §; # 0 for all i € Iy; if
p is a boundary fixed point (i.e. p € aM) then I # 0 and 6; # 0 if and only if
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i € Iy \ I. Although we have not yet specified how to choose 6 and ¢, we shall see
various examples of  and ¢ in the next few sections. In most cases, especially for
the global stability theorems in section 7, we choose ¢ = 1 and 8 = D(v)p where

vT is a left eigenvector of J(p) corresponding to one of the negative eigenvalues.

Remark 5. Each of the conditions (i)—(iv) is a required property of solutions
rather than a direct condition on the system. So it is not straightforward to check
their validity. However, for systems with N = 2 or N = 3, 8]1@_’ is at most two-
dimensional so the phrase “no invariant set” in (i), (ii) and (iv) is equivalent to
“no fixed points”. Thus, (iv) can be simplified to the following easily checkable
condition:

(iv)* (2) has no fixed points in the set

{z € (Ujer,m) \ {0} : p(z) <0} U{z € (Ujer_m;) \ {0} : p(x) = 0}
When N = 2, J-permanence can be easily determined by sketching a phase portrait
so any of (i)—(iv) can be easily checked. For a particular system with N > 4, since
J-permanence is another specialised active research area, we need to search the
literature for available J-permanence results (e.g. [10]) or analyse the location of
the global attractor of the system restricted to | J jer, ™ and U jer. -

Remark 6. To check condition (a) or (c), it is helpful to check that g(z) and
p(x) have no common zeros in Ry \ {p}. If g(z) = 28)) and p(x) = %, where
a(z) > 0 and f(z) > 0 and both A(z) and B(x) are polynomials, for each n € Iy
we may compute the resultant Res(A(x), B(z),z,) (see in the Appendix for an
explanation of this notation). Since Res(A(x), B(x),x,) = 0 if and only if A and B
have a common zero, if Res(A(z), B(x),z,) # 0 for z € Ry \ {p} then g(z) # 0 for
z € (p~1(0)\ {p}) NR; so (a) or (b) can be checked (see examples 1 and 2 below).
Another way of verifying (a) or (c) is to convert these conditions to verifying the
positive or negative definite property of a variable matrix (see sections 7.2, 7.3 and
the example in section 9).

Remark 7. Although theorem 4.4 is for system (2) defined on Rf , from its proof
we can see that this theorem is still valid for system (2) defined on an invariant
subset  of RY, where C}, R; and ; are replaced by CY N Q, R; N Q2 and 7; N Q
(see example 1 below).

We split the proof of Theorem 4.4 into a series of lemmas, some of which will be
reused later.
Denote the open ball centred at a € RV with a radius » > 0 by B,.(a).

Lemma 4.5. For any zo € p~1(0)NRy, if zo is not a fized point and g(xo) > 0 (< 0)
then there is a 6 > 0 such that p(x(t, o)) is strictly increasing (decreasing) for
[t] <6, so tp(x(t,xo)) >0 (< 0) for 0 < |t| < 6.

Proof. Since p(xo) = Ap(xo) + g(x0) = g(z0) > 0 (< 0) at ¢t = 0, by continuity in ¢,
there exists a § > 0 such that p(z(t,x0)) = Mp(z(t, z0)) + g(z(t,z0)) > 0 (< 0) for
[t| < §. Thus, for any o € (p=1(0) \ {p}) N Ry, if g(zg) > 0 (< 0) then there is a
d > 0 such that p(x(t,x0)) is strictly increasing (decreasing) for ¢ € [—4, ] so that
tp(z(t,z0)) > 0 (< 0) for 0 < |t < 4. O

Lemma 4.6. Assume that p € C? is a fized point of (2) and that
Vo € (p71(0)\ {p}) NRy, g(z) > 0 (< 0).
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Then p is the unique fized point of (2) in Ry and
Vo € (p71(0)\ {p}) "Ry, Vt > 0, p(x(t,z0)) > 0 (< 0).

Proof. For any x¢ € (p~1(0) \ {p}) N Ry, since g(zg) > 0 (< 0), by lemma 4.5,
p(x(t,z9)) > 0 (< 0) holds for sufficiently small ¢ > 0. If p(z(¢,x0)) has a zero
for some ¢t > 0 then there is a t; > 0 such that p(x(t1,20)) = 0 and p(x(t,z0)) >
0 (< 0) for 0 < t < t;. But since z(t1,20) € (p=2(0) \ {p}) N Rz, by lemma
4.5 again, p(x(t,xo)) is strictly increasing (decreasing) for ¢ in the vicinity of #;
so p(x(t,zo)) = p(x(t — t1,2(t1,20))) < 0 (> 0) for ¢t < t; with |t — ¢1] small
enough. This contradiction to p(x(t,z¢)) > 0 (< 0) for t € (0,¢1) shows that
p(z(t,x0)) > 0 (< 0) for all ¢ > 0. From the definition of p we see that p is the
unique fixed point of (2) in Ry. O

Lemma 4.7. Assume that p is the unique fized point of (2) in Ry. Assume also
that

Va € (p~1(0)\ {p}) N Ry, g(z) > 0 (< 0).

Moreover, if each zero of g in (p~(0)\{p})NR is not an isolated point of p~1(0)NR;
but an isolated zero of g in this set, then

Vao € (p~1(0) \ {p}) N Ry, V¢ 2 0, p(a(t, z0)) 2 0 (< 0).
Further, each zero of p(x(-,xg)) is isolated in R .

Proof. We first assume g(zo) > 0 for any 2o € (p~1(0)\{p})NR;. Suppose g(zo) = 0
and there is a t; > 0 such that p(z(¢,x¢)) < 0 for t € (0,%1]. As zg is not an isolated
point of p=1(0) NR; and z is an isolated zero of ¢ in this set, there is a § > 0 such
that g(x) > 0 for all z in the nonempty set (p=1(0) \ {xo}) N Bs(zo) NR;. So, for
each yo € (p71(0)\ {z0}) NBs(zo) "Ry, by lemma 4.5, p(x(t,yo)) > 0 for sufficiently
small £ > 0. On the other hand, as
lim sup |z(t,y0) — (¢, z0)|| =0

Y00 0<t<ty
and p is continuous, for yo close enough to g, we have p(z(t1,90)) < 0 so there is a
ty € (0,t1) such that z(t2,v0) € (p~1(0)\ {zo}) N Bs(zo) "Ry and p(z(¢,yo)) < O for
t € (ta2,t1]. This contradicts p(z(t,yo)) = p(z (t — ta,x(t2,y0))) > 0 for sufficiently
small t — t > 0. Therefore, for each zg € (p~1(0) \ {p}) NR; with g(x¢) = 0, we
must have p(z(t, zg)) > 0 for all ¢ > 0.

To show the second part of the conclusion, suppose for some zy € (p~(0)\ {p})N
Ry, there are ty > 0 and a sequence {t;} C ( , +00) such that limg_,o tx = to and
p(a(tr,x9)) =0 for all k=0,1,2,....

If g(z(to, o)) > 0, by lemma 4.5 there is a 6 > 0 such that (¢t —to)p(z(t,20)) >0
if 0 < |t —to] < 6. Then, for large enough k with 0 < |ty — tg| < J, we have
(tx — to)p(x(tk, o)) > 0, a contradiction to p(x(tx,zo)) = 0.

If g(z(to, o)) = 0, then x(tg,z0) is an isolated zero of g in p~1(0) NR; so there
is a d > 0 such that g(z) > 0 for all z € (p=1(0) \ {z(to,z0)}) N Bs(z(to, o)) NRy.
By the uniqueness of p as a fixed point in Ry, x(to, o) cannot be a fixed point. So
there is a kg > 0 such that z(tg,z0) € (p~1(0) \ {z(to, z0)}) N Bs(z(to, z0)) N Ry
so that g(x(tg,xo)) > 0 for all k > ko. Then, for each k > ko, by lemma 4.5 we
have p(z(t,zo)) < 0 for ¢t < t with |t — ;| sufficiently small, a contradiction to
p(x(t,z9)) > 0 for all t > 0. These contradictions show that each zero of p(z(t, o))
is isolated in [0, +00).
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We conclude that for each zo € (p=1(0) \ {p}) "Ry, p(x(t,z0)) > 0 holds for all
t € [0,+00) and each zero of p(x(t,z¢)) is isolated in [0, 400).

If g(z) <0 for all x € (p~(0) \ {p}) N Ry, the corresponding conclusion fol-
lows from the above reasoning by simply reversing the direction of the relevant
inequalities. 0

Lemma 4.8. Assume that p € C? is a fized point of (2) and that g satisfies one
of the conditions (a)-(d) given in theorem J.j. If w(zo) C p~1(0) "R for some
xo € Ry then w(xg) = {p}.

Proof. As w(xp) is nonempty, connected and compact, if w(xzg) # {p} then, by
invariance of w(xg), Jy € w(xg) \ {p} such that z(¢,y) € w(zo) \ {p} C (p~1(0) \
{p}) NR; for all ¢ € R. By lemmas 4.6 and 4.7 3t; > 0 such that p(z(t1,y)) # 0,
which contradicts z(t1,y) € w(zo) C p~1(0). Therefore, w(zo) = {p}. O

Putting the lemmas 4.3, 4.6-4.8 together we may establish theorem 4.4:

Proof of theorem /.J. Suppose either condition 4 (a) or (b) is met. Let 2o € R;\{p}
be such that p(zo) > 0. Then by lemmas 4.6 and 4.7 we have that p(x(¢,x¢)) > 0
for all ¢ > 0 and each zero of p(z(-,z)) is isolated on Ry. Then, by conditions 1-3
and lemma 4.3, w(zo) C p~1(0) NRy.

On the other hand, suppose that zy € Ry is such that p(xg) < 0. If 3¢ > 0
such that x(t1,79) € p~1(0) then from the previous paragraph we have w(xy) C
p~1(0) NR;. Otherwise, there is no such ¢; so p(x(t,x¢)) < 0 for all t+ € R,. Hence
d = pd < 0, so D(x(t,z0)) is strictly decreasing, for all t € R,.. Since each one
of the conditions (i)-(iv) relating to I implies that liminf, | . x;(¢, 20) > 0 for
j € I+ and O™ (zg) is bounded, there is a ¢ > 0 such that lim;_, o ®(z(t,20)) =
®(w(zp)) = c¢. This shows that w(zg) N (Ujer, m;) = 0. If w(zo) N (Ujer_m;) # 0,
then there exist j € I_ and a sequence {t;}, tx — +oo as k — oo, such that
xj(tg, o) — 0, and consequently J:?j — 400 and ®(z(ty, zg)) = +o0, as k — oo.
This contradiction to lim;_, o ®(x(t,2¢)) = ¢ shows that w(zg) N (Ujer_m;) = 0.
Therefore, w(xzo) C Ry. Now taking M = Q = Ry, by remark 1 we have w(zg) C
MN®=1(0) =R; N p~1(0).

Now suppose either condition 4 (c) or (d) is fulfilled. Parallel to the first para-
graph we see that p(zo) < 0 for zo9 € R\ {p} implies w(zg) C p~1(0) NRy; parallel
to the second paragraph we also obtain that p(zo) > 0 implies w(zo) C p~1(0)NR;.

In all cases, the conclusion follows from lemma 4.8. O

Example 1. The following example of (2) with

T2
F = |l-2,——7—],
1(@) < T AT $1)
h
Fy(z) = r <1 - 562)
T
was considered by Hsu et al [14]. Take r = 5,h = 1, A = % There is a unique
interior fixed point at p = (3, 2)7. The Jacobian matrix is
—8m?—4z?+2z1—2m2+1 1 1 1 1
_ (2x1+1)2 2z1+1 _ —1 T3
J = 502 5 10m | J(p)_< 5 —5)‘

2
3 z1
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J(p) has two negative eigenvalues §(—21 =+ v/201) so p is asymptotically stable. To
show its global stability, we show by theorem 4.4 that it is globally attracting. Since
ol = ((19—v201),—1) is a left eigenvector of J(p) corresponding to —§(21 +
V/201), by taking ®(x) = 2P 25?2 we have

p = ;(19—\/ﬁ)( v —x1+1> ;(1—9”2):13(5‘)

Z1

. x oT
ol (e () )
5 19 — To\ G(z)
g (2.731 8(.171 + )) <1 B 1‘1) N 37%(331 + %)37

T = (x1,22). The resultant of P and G with

so that P,G are polynomials in z
respect to z1 (see Appendix) is

Res(P,G,x1) = cay(xe+1)(2w2 —1)2 ((58384900\/20 — 827625100) 3
—(1198995741/201 — 1700013026)2:5
—10890067v/201 + 154438233) ,

where ¢ # 0. Then Res(P,G,x1) vanishes on R, if and only if o = 1/2. Since
P~1(0) can be written as

x1(2z1 + 1)[(19 — V201)z; + (1 + v/201))
2(1 + v/201)z1 + 20

T3 is an increasing function of x1 for 1 > 0. Thus, G(z) # 0 for z € P=1(0)\ {p} in
R2. As P~1(0)\{p} in R? has two connected components, z° = (0.4, 0.313896)"
one component and 2! = (0.6,0.624231)7 in the other, and p(z") ~ 0.00975659 and
p( 1) & 0.00882231, this shows that p > 0 for z € (p~1(0) \ {p}) NintR% (condition

4 (a) of theorem 4.4). A simple sketch of the phase portrait shows that the system
is permanent (condition 3 (iii) of theorem 4.4). By theorem 4.4 and remark 7, p is
P. G. attracting. Then the global stability follows from the local stability of p.

T = )

Example 2. Two predator, one prey system We consider the system (2) with

Fi(z) = <1—2””)— 2B (10)

7 T+ 1 1+ 1
X 1
F: = = 11
o) = -y ()
X 3
F = T 12
o) = e (12)
The unique interior fixed point is given by p = (3, %, %)T. At p the Jacobian matrix
.3 _3 _3
1 1
J=| & —% 0
By e
148 28

has three negative eigenvalues — 115 (53 + v/541), —2 and —15(53 — V/541) so p is

asymptotically stable. We show by theorem 4.4 that D 15 also P. G. attracting so it

is globally stable. Note that J has a left eigenvector a™ (1—14 %, 1) corresponding
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to —2 and so we take ®(z) = H?Zl 2l with 07 = (31 28>

p= (1 +1)"1P(z) where

P(z) = 0, (:cl — (21 +1) (; +x2)> + 03 (xl —(x1+1) <§ +x3)>
(@m0 (122 “ o).

Similarly we find that p = (98(1 + x1)3)~*G(x) where

). Here we have

&l

Gx)=49(x1 + 1) a2 (—21+2(x1+ 1) z2+ 1) (61 + 02 (21 + 1))
+14(z1 + 1) zg (—4a1 + 7 (21 + 1) 23+ 3) (61 + 03 (21 + 1))
+2z1 (21 (221 — 5) + 7 (22 + 3 — 1))

X (01 (2xy (1 +2) — Twe — Txs +2) — 7 (02 + 63)).

We now insert the numerical values of 6 and take the resultant Res(P, G, z3). The re-
sultant is quadratic in zo: Res(P, @, z3) = Ro(z1)+R1(21)z2+ Ra(x1)x3. This poly-
nomial Res(P, Q, x3) has real roots (z1,x2) only if § := Ry (x1)? —4Ro(x1)Ra(z1) >
0. We find that

I : : S 5
0= ~og3aa06 @1 —3) " (@1 +1)" (321 +5) (230428 + 2160027

+7197521 + 1229087 + 12486627 + 564761 + 1055).

Then, for ;1 > 0, § = 0 if and only if 1 = 3 = p;. Hence if 0 < 7 #3 = py
we see that the resultant Res(P, G, z3) cannot vanish. When z; = 3 we find that
Res(P, G, x3) = 0 if and only if x5 = 1/4 = py. The conclusion is that P, G vanish
simultaneously only at the interior fixed point p. Since P~1(0) has the equation

—83:% — 14x9x1 + 51wy — 4229 + 3
€T =
’ 14(3z1 +5) ’

the surface p~1(0) \ {p} is connected in R? and intersects the z3-axis at (0,0, =)

At this point p = 5297 > 0. Hence p > 0 on p='(0) \ {p} and condition 4 (a) of
theorem 4.4 is met. At the boundary fixed point ¢ = (%,0,0)7, P(q) = 362+ 1165 >
0 so p(q) > 0. At the fixed point s in the interior of 73, from sketches of Fy(z) =0
and Fy(z) = 0 we know that s; > 1 so P(s) = (351 — 2)63 > 0 and p(s) > 0. At
the fixed point w in the interior of 7o, from sketches of Fy(x) = 0 and F3(x) = 0 we
also know that u; > 1 so P(u) = 1(u; —1)f3 > 0 and p(u) > 0. Therefore, from
remark 5, condition 3 (iv) of theorem 4.4 holds. From theorem 4.4 we conclude that

p is globally stable.

5. P. G. repulsion. Now under the assumptions (A1) and (A2) given in section
2 we consider the P. G. repulsion of p on K NR;. Parallel to all the lemmas and
theorem given in the last section, we may obtain similar results about limit set
a(zp) when t — —oo and the P. G. repulsion of p on K NRR;. However, instead of
writing out all the detailed analogues, we take a shortcut to reach to the following
result. By reversing the time, system (2) becomes & = —D(x)F(z). Then the P.
G. repulsion of p on K NR; for system (2) is converted to P. G. attraction of p on
K NR; for the reversed time system. Then, from remark 7, by applying theorem
4.4 to this reversed time system on K NR;, we derive the following theorem.
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Theorem 5.1 (P. G. repulsion of a fixed point). In addition to the assumptions
(A1) and (A2) given in section 2, assume that p € CY is a fived point with I, I,
and I_ given as in lemma 4.5. Assume also that one of the following conditions is
met:

(i) (2) is I_-permanent on K in backward time if I_ # 0 and has no invariant
set in K N{z € (U;je;, ;) \ {0} : p(z) = 0}
(i1) (2) is Iy-permanent on K in backward time if I, # 0 and has no invariant
set in K N{z € (U;er_ ) \ {0} : p(z) < 0}.
(iii) (2)is (I+ U I_)-permanent on K in backward time.
(iv) (2) has no invariant set in either K N {x € (U;er, m5) \ {0} : p(z) = 0} or
Kn{oeUe )\ {0} : pla) < 0}.
Assume also that the function g satisfies one of the following conditions:

(a) g(x) >0 for allz € (p~2(0)\ {pH) NR; N K.

(b) p is the unique fived point of (2) in KNRy, g(x) > 0 for allz € p~1(0)NR;NK
and each zero zo of g in (p~1(0) \ {p}) NR; N K is an isolated zero of g in
this set but is not an isolated point of this set.

(c) g(z) <0 forallz € (p~1(0)\ {p}) NR; N K.

(d) p is the unique fized point of (2) in KNRy, g(z) < 0 for allz € p~1(0)NR;NK
and each zero zo of g in (p~1(0) \ {p}) "R N K is an isolated zero of g in
this set but is not an isolated point of this set.

Then p is P. G. repelling on Ry N K.

From the examples given in section 4 we see that theorem 4.4 can be used to study
the global stability of a fixed point provided we know its local stability properties,
and in particular we utilise a suitable eigenvector of the Jacobian evaluated at the
fixed point. If local stability information is unknown then the power of theorem
4.4 is lost for global stability. As a supplement, we are going to demonstrate two
ways of combining local stability with P. G. attraction to obtain global stability in
one criterion. One way is to use the Lyapunov direct method as shown in the next
result. It is an easy extension of the theorem of diagonal stability of Lotka-Volterra
systems as proved for interior and boundary fixed points [22] and extended in [4] for
the study of MacArthur-Style consumer-resource models met in ecology. Another
way is to use the split Lyapunov function method shown in the results given in
section 7.

6. Diagonal stability at a boundary or interior fixed point in forward
time. In the proof of next result, we choose ¢(x) = eV and § = D(p)v for some
v > 0 (meaning v; > 0 for all i € Iy), which is interchangable with v € intR%.

Theorem 6.1. Suppose that there exists a v > 0 and an invariant set Q C Ry for
(2) containing a fized point p € CY such that (x — p)T D(v)(F(z) — F(p)) < 0 for
all z € Q\ {p} and that F;(p) < 0 for all i € I. Then p is globally asymptotically
stable on €.

Proof. This result essentially follows from the proof of Theorem 3.2.1 given in [22].

But in the context of the current framework, we take ®(z) = e~v'® [Ter, ™
+

with I = Iy \ I. Then p(z) = —(z — p)"D(v)(F(x) — F(p)) — > ;c; vizi Fi(p) >0
with equality if and only if = p. Thus, we have p(y) > 0 for all y € QN (User, m;)
so condition (i) of lemma 4.3 is met. Then the P. G. attraction of p on Q follows
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from lemma 4.3. If we take H(z) = ®(p) — ®(z), we claim that H(x) > 0 for z € R;
with equality if and only if x = p. Indeed, Vz € Ry,

P(x
n <I>§ ; = =D vt Y vpinai+ Y vipi— ) vipiInp;
p iely an iely jely
= - Zviwi — Z V;T; + Z vipjInx; + Z ViPi — Z v;p; Inp;
i€l i€l JjelL i€l jelL
Ti T
- et Y Ujpj(lnz _ 7+1).
iel eIy Dj Dj

(Here we used that Iy = ITUI; andp;, =0foralli e .) Aslné —&+1 <0 for

¢ € (0,+00) and the equality holds if and only if { = 1, and also that ), vsz; > 0

with equality if and only if x = p, we have In igg < 0 for x € Ry with equality if

and only if z = p. This shows our claim. From H(z) = —®(z) = —p(z)®(z), we see
that H(z) < 0 for z € Q with equality if and only if # = p. Then the local stability
of p with respect to 2 follows from a standard Lyapunov theorem. Therefore, p is
globally asymptotically stable on Q. O

For any square matrix U, let U® = U + UT. Then U® is symmetric. When Q
is convex, sufficient conditions for fulfillment of the condition of the above theorem
are that there is some v > 0 such that M (z)® or (D(v)VF(z))® is negative definite

for all z € Q\ {p}, where M(z) = D(v) fol VF(sx+ (1—s)p)ds.

Corollary 1. Suppose that there exists a v > 0 and an invariant convex set ) C Ry
containing a fived point p € CY such that M(z)° or (D(v)VEF(x))® is negative
definite for all x € Q\ {p} and that F;(p) < 0 for all i € I. Then p is globally
asymptotically stable on 2.

Example 3. Population Games Let G : Rf — RY be Lipschitz continuous and
consider

Fi(z) = Gi(z) — 27 G(x), i€ Iy. (13)

The system (2) with (13) then models a population game on the unit probability
simplex A = {z € R_IX : vazl z; = 1}. Let p € CY be a fixed point (interior or
boundary) of the system. Since A is compact and invariant, the solution x(t,xq)
exists for all ¢ € R and Q2 = A NR; is invariant. Assume that F;(p) < 0 for each
i € I and —G is strictly monotone: (z — y)? ((—=G)(z) — (=G)(y)) > 0 for = # y.
Then, taking v = (1,...,1)T, we have

(z =)' D(v)(F(z) = F(p))

= (z-p)"(Gz) - G(p)) <0

for x € A\ {p}. By theorem 6.1, p is globally stable. Hofbauer and Sand-
holm [9] named such population games as stable games. They showed that (z —
NT((-G)(x) — (=G)(y)) > 0 for x # y is equivalent to 27 VG(x)z < 0 for all
zeA\{p}andall z€ TA={ze RN : "N 2 =0}.
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Example 4. [12] Consider the system (2) with

T
Fi(z) = 1—$1—51+2x3 — axs,
x
Fy(z) = 1—04901—902—51+3x17 (14)
x
F3(z) = 1*51_’_1362*041’2*9337

where a, 8 > 0. It is clear that Q = (0, 1) is forward invariant for this system and,
if a4+ 8 <1, w(z) C Q for every zo € intR3. Since

-1 B Bz

Tl (@sr1)2 @
AU T
~ T (xfflV @ -1
we have, choosing v = (1,1,1)7, that
—2 ‘(ﬁfif)? e zﬁrl (15121)2 e %
V()= | Py —a- 25 -2 oAy —o— 3oy
@f%)?_a_rzil (ff%)?_a_flﬁ-l —2
Thus, for € Q and a > 3, for the first row of M (z) = VF(x),
My — [Mia| — [Mis|
R B’ prr B
(x1+1)2 T3+ 1 (x3+1)2 To + 1
— 9492 — Pxg B B, + B

+ —_
(1‘1+1)2 T3+ 1 (Z‘g—l—l)z To + 1
< —242a+28<0ifa+p<1.
Similar expressions hold for the other two rows of VF?®, so that VF?® is negative

definite if « > 8 and a4 < 1. Hence from corollary 1 we find that the (necessarily
unique) interior fixed point of (14) is globally asymptotically stable.

Example 5. We consider the two predator, one prey system modelled by (2) with
T2 T3

T
F(z) = r(1-2) - L 1
1(%) ’r( K) $1+1 1‘1+17 (5)
T
Fo(z) = —we—d 1
2(7) il % (16)
X
F3(z) = o —1F 1%~ ds (17)

for x € Ri. Here x; is the prey and wzs,z3 are predators. We assume that the
constants r, K, ds, d3 are positive satisfying

K 2-dy—d
d2<1,d3<1,K>1,r+d2+d3z2,r23—2+#. (18)

Notice that for i = 2,3, ; < 0 for x1 =0 or for z; > 0 and x; > 1 —d; . Also for
z; < 1—d; and 1 > 0 we have

. (1 1‘1) Z2 T3
1 = a1 |7 - =) - —
! ! K $1+1 ZL’1+1

> (r(1- ) - B,
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The above expression is positive, so £ > 0, if

K-1 1 4K (dy +ds — 2
0<a <= +2\/(K+1)2+(2—;3).

Hence @1 > 0 for z; = K — 1. Clearly, ; < —%x; for z; > K +1 so every solution
satisfies 21 (t) < K + 1 for all large enough ¢. Then we come to the conclusion that
all orbits eventually lie in the set B = [K —1, K +1) x [0,1 —ds) x [0,1 —d3). The
matrix (D(v)VF)S is given by

r _ xatms —votwvi(z1+1)  —wztvi(xi1+1)
2'1)1 "

s (1+1)? (z1+1)2 (z1+1)?
(D@VFE) =~ | s ”, 0
i) 0 g

Now choose v = (1,1,1)T so that

2r 2(xz2+x3)

Ll X1

K (1+$1)2 (a:1+1)2 (Z1+1)2
<m1+1>2 0
e 0 2

(D()VF(x))® = VFS =

Since VF? is symmetric, —VEF? is positive definite in B if and only if for all z € B
the following leading principal minors are positive, i.e.,

r To + I3
Ly = 2{=-——=1]>0
' <K (1+$1)2> ’

L, — 4<r_ x? _Eacg—ka;g,)>>07
(

K 4(I1+1)4 .131—|—1)2
r x? 2o+ 3)
Ly = 8(—— L — > 0.
’ (K 2( +1)* <x1+1>2)
Clearly, if L3 > 0 then L; > 0 and Lo, > 0. Since x € B implies zo+1x3 < 2—dy—d3,
we have

Ly > 8(’“_ i _<2—d2—d3>)28<r_1_<2—clz—dw)

K 2(I1+1)4 ($1+1)2 K 32 (I1+1)2

2
as (mlxﬁ has maximum % at 1 = 1. By (18) the last expression is nonnegative

so Lz > 0. Hence VF?® is negative definite in B.

Consider now fixed points. We observe that the set B = [K — 1, K +1] x [0,1 —
da] x [0,1 — dg] is forward invariant, so it must contain a non-trivial ﬁxed point. If
p is an interior fixed point it must satisfy P2 = 5 +1 —dy and p3 = o +1 — d3 and

. Substituting = = p into F; = 0 yields

hence that p; > dy = max;—2 3

1
Cp1)=K(r+ds+ds)+ (K(d2+ d3 —2)+7r2K - 1))p1 +r(K — 2)p1 — rpil)’ =0.

It is clear that there is at least one solution p; > 0. Since (18) implies r > 2 — dy —
ds > m%:da), so that C'(0) > 0, the cubic C(p;) has just one sign change so
C(p1) = 0 has then exactly one positive root p;. Thus, C(p;) = 0, C(z1) > 0 for
0 <z <p; and C(x1) < 0 for z1 > py. Hence, if C(dy) > 0 then p is a globally
asymptotically stable interior fixed point.

However, if C'(dg) < 0, which implies p; < dp = max;—2 3 1dd , we shall see that
a boundary fixed point is globally asymptotically stable. There are three pos&ble

cases: (i) do = ds, (ii) do > ds, (iii) dy < d3. In case (i), we have

Pp1
1+p1
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sop; =0, for j = 2,3 and p = (K,0,0)” is the unique fixed point in B, and it is

. . . ey d ds d d
globally asymptotically stable. In case (ii), 12~ < 12 =do. If 125 <p1 < 12
then 1£;:1 —dy <050 psy =0 but p3 = ﬁlpl —dz > 0. Substituting p = (p1,0,p3)”
into Fi(p) = 0, we have

Ci(p1) = —rp? + (K = 2)p2 + [(r +d3 — 1)K +7(K — 1)]p1 + K(r + d3) = 0.

By the same reason as that for C(x1), we know that Cy(z1) > 0 for 0 < 27 < py

and Cy(z1) < 0 for z1 > py. Thus, if Cl(lf‘:’ig) > 0 then p = (p1,0,p3)7 is globally

asymptotically stable; if Cl(lffi3) < 0 then p; < lfiig < 1?’22 =dysops =p3=0
and p = (K,0,0)7 is globally asymptotically stable. Similarly, in case (iii), p3 = 0.

If po = ﬁ — dy > 0, then p; satisfies

Co(pr) = —rp} + (K = 2)p2 + [(r +d2 — 1)K + (K — 1)]p1 + K(r +d2) = 0.

Thus, if 02(1i2d2) > 0 then p = (p1,p2,0)T is gobally asymptotically stable; if

Cy 1%12) < 0 then ps = 0 so p = (K,0,0)7 is globally asymptotically stable.

7. Split Lyapunov stability at a fixed point in forward time.

7.1. Global stability at an interior fixed point in forward time. In this
section, we consider the case where ¢(z) = 1 and § = D(p)a, so that ®(z) = V(x) =
Hivzl z;*P*. In the first instance we consider an interior fixed point p € intRﬂ\_’ and
establish criteria for (2) to be globally asymptotically stable at p in forward time.
The approach is guided by that of the Split Lyapunov method [24, 11, 1] which has
been successfully applied to Lotka-Volterra systems for which each F; is affine.

Let J(x) = V(D(z)F(z)) and A = —VF(p). Then J(p) = D(p)VF = —D(p)A.
Assume that D(p)A has a positive eigenvalue A with a corresponding left eigenvector
al: a € RY with a; # 0 for all i € Iy, i.e. —\ is an eigenvalue of J(p) with T as a
left eigenvector. Then o D(p)A = Aa™. We also set § = D(p)a and p(z) = 07 F(x).
Then, as

N N
V()= []a = [[«7", p(z)=0"F(z) =" D(p)F(x), (19)
=1 i=1
we have
V(z) = VV(x)D(x)F(z) = p(x)V(z), (20)
p(x) = Vp(z)D(z)F ()
= o' D(p)VF(z)D(x)F(x)
= o' J(p)D(z)F(z)+ 0" [VF(z) — VF(p)|D(z)F(z)
= —Xa"D(2)F(z)+ 0" [VF(z) — VF(p)|D(z)F(z).
With
glx) = —)\aTD(x —p)F(x) + o7 [VF(QC) — VF(p)]D(x)F(x), (21)
we have

p=—=Ap(z) + g(). (22)
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The function g can be rewritten slightly as
g(z) = —Xal'D(x— z) + 67 [VF(z) — VF(p)|D(x)F(x)
— 2D - >< < ) = F(p) — " D(z — p)F(p)
+07 [VF(z) — VF(p)] D(z)F(z)
= X' D(2)F(p) — Aa" D(z — p)(F(z) — F(p))
+07 [VF(z) = VE(p)|(D(2)F(z) = D(p)F(p)). (23)
So far we have not specified whether p is an interior or boundary fixed point, i.e.
equation (23) is valid in both cases. When p is interior, we have the simplifica-
tion that F(p) = 0 and we obtain (21). When p is not interior the first term

—XaT D(x)F(p) will be nonzero and, as we will see in section 7.3, it will play a role
in determining stability of boundary fixed points.

Theorem 7.1. Assume that the system (2) satisfies the following conditions:

1. There exists an interior fixed point p € mtR , and D(p)A has an eigenvalue
A > 0 and a corresponding left (row) ezgenvector ol with o; <0 fori € I_ C
In and oj >0 forje I, =In\1_.
2. For each g € intRY , the solution x(t,zo) is bounded fort > 0 and 0 &€ w(xo).
3. One of the conditions (i)-(iv) of theorem 4.4 is met.
4. The function g given by (21) satisfies one of the conditions (a)—-(d) of theorem
4-4-
Then p is P. G. attracting, i.e. limy_ o x(t,z9) = p for all zy € intR]_,\_’. If, in
addition,

Ir > 0,Vx € B.(p) \ {p} with p(x) <0 (> 0), g(xz) >0 (<0)
under condition (a) or (b) ((¢) or (d)), (24)

then (2) is globally asymptotically stable at p in forward time.
Note. Remarks 3, 5-7 for theorem 4.4 also apply to theorems 7.1 and 7.2.

Proof. The P. G. attraction of p follows from theorem 4.4. To prove the global
asymptotic stability of (2) at p in forward time, we need only show that

Ve > 0,36 > 0,V € Bs(p),Vt € [0, +00), z(t,x0) € B:(p).

Suppose g satisfies (a) or (b). Let £* = V(p). Then £* > 0 by (19). From lemmas
4.6 and 4.7 we know that for each zo € intRY \ {p}, p(xo) > 0 implies p(z(t,z0)) > 0
for all ¢ > 0 so V(z(t, o)) 1 £* as t — +o0. Thus, p~1(0) NV ~1(¢*) NintRY = {p}.
The surface V~!(¢*) divides intRY \ V~1(¢*) into two parts, one on each side
of V=1(¢*). For convenience, any set in the part with V(z) > ¢* is said to be
above V~1(¢*) and any set in the other part is said to be below V~1(¢*). Then

~10) \ {p} is below V~=1(¢*). From the expression for p(x) we see that Vp(p) =
—Xa” with nonzero components. By the implicit function theorem, in a sufficiently
small neighbourhood of p, p~1(0) is an (N — 1)-dimensional surface. Accordingly,
in a small neighbourhood of p, any set in the part of intRf \ p~1(0) containing

“L(*)\ {p} is above p~1(0) and any set in the other part is below p~1(0). Then
from Fig. 1 we see that p(z) < 0 for x above p~1(0) and p(z) > 0 for z below
p~1(0).

By condition (a) or (b) and (24), there is an g9 > 0 such that g(z) > 0 for all
x € B, (p) \ {p} with p(z) < 0 and each zero zo # p of g is isolated in p~1(0) \ {p}.
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X2

V)= B

X

FicUure 1. Illustration of stability at p.

Thus, for each zg € B, (p) \ {p} with p(xg) <0, by (22) p(z(t,x0)) is increasing for
t > 0 as long as z(t, o) € Be,(p) \ {p} and p(z(t, z0)) <O0.

For any ¢ € (0, &), there exists £y € (0,£*) such that the bounded closed set, with
the boundary consisting of the part of V=1(¢y) below p~1(0), the part of p~1(0)
above V(o) and V=1 (£y) N p~*(0), is contained in Be2(p). As each zero of g in
p~1(0) \ {p} is isolated, by adjusting the value of £y if necessary, we may assume
that g(z) > 0 for all z € V=1(fy) N p~1(0). Then, for each zg € V~1(¢y) N p~1(0),
there exist a u = p(xg) > 0 and t; = t1(x9) < 0 such that p(xz(t,z1)) < 0 and
z(t,x1) € Be(p) for all &1 € B, (zo) N p~1(0) and ¢ € [t1,0). Since {B,(zo) : o €
p~1(0) N V=1(£y)} is an open covering of the compact set p=1(0) N V=1(¢y), by
selecting a finite open covering we can choose a t < 0 such that p(x(t,z9)) < 0
and z(t, o) € B:(p) for all xg € p=2(0) NV ~1(¢y) and t € [t2,0). These segments
of trajectories of (2) form an (N — 1)-dimensional surface Sp.

Let m* = max{p(z(t2,20)) : o € p~*(0) N V~1(ly)}. Then, for m € (m*,0)
with |m| small enough, every trajectory in Sy transverses the surface p=*(m) at
some t € [t2,0) and the bounded open set U below p~!(m), above V~1(¢y) and
surrounded by Sy is contained in B.(p) and forward invariant. As p € U, there is a
0 > 0 such that Bs(p) C U. Then z¢ € Bs(p) implies z(t,z9) € U C B.(p) for all
t > 0. Therefore, (2) is stable at p in forward time.

If condition (c) or (d) holds, then p(z¢) < 0 implies p(z(t,z)) <0 for all ¢t >0
so V(x(t,zg)) | £* as t — 4o00. The above reasoning is still valid with obvious
adjustment. O

7.2. An alternative positive (negative) definite matrix condition. In the
rest of section 7 we assume that F is at least C2. Note that each of (a)—(d) in
condition 4 of theorem 7.1 as well as (24) looks simple but is not easily checked
in practice (see remark 6). Recall that the condition g(x) > 0 for z € (p~1(0) \
{p}) NintRY for Lotka-Volterra systems in [24], [11] and [1] can be converted into
the positive definite property of a constant (N — 1) x (N — 1) symmetric matrix
which is easily checked. The nonlinearity of F', and hence also p, means an easily
applicable criterion for global stability of a fixed point for general system (2) may
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not exist. However, applying the idea used in [24, 11, 1] to the general system (2),
we can convert condition (d) to positive, semi-positive, negative or semi-negative
definite property of a (N —1) x (N — 1) symmetric matrix that is a function of
z € (p~(0)\ {p}) NintRY. This property of the variable symmetric matrix may be
still difficult to check. Neverthelebb by employing the techniques of finding minima
or maxima of real functions, the positive or semi-positive definiteness of a variable
matrix is actually verifiable. This will be demonstrated in section 9 by a detailed
analysis of an example.
For this purpose, let the N x N matrix

W=Wg,...,Wx)
be defined through its columns
W = (1,0,...,0)7, W§ = (-1,1,0,...,0)",... . W5 =(0,...,0,—1,1)T.  (25)
Then

aTD(a)™'W = (1,0,...,0). (26)
We define new coordinates z = (21,...,2x)7 on RY by
z=WD(a)D(p)F(x), %= (z2,...,2x)7 € RV7L (27)
From (25)—(27) we have
p) = T DEIF(E) = o Dla) W2 =2,
Flx) = ( ) D(a)™'Wz.

Since F(p) =0, F'(z) — F(p) = 0 LEP((1—s)p+sz)ds = fo VF(z)ds(x —p), there
is an N x N matrix My(z) = fo F(7)ds such that
F(z) = F(z) - F(p) = Mo(x)(z — p). (28)

To make the new coordinates z interchangable with  — p, we require invertibility
of the matrix M(x) for each z € p=1(0). Then

T—p= Mo(x)_lF(x) = Mo(x)_lD(p)_lD(a)_1Wz. (29)
There are N matrices M;(z fo )T)ds (i € I) such that
VE(z) - VF(p) = (x — p)TMi(x), iely. (30)

Then, from (21), and using that 0; = p;a;,
N
@) = (- [AD@ 'y aipiMi<x>D<x>] F(a)
=1

N
= F(x)"My(z)™" [—)\D(a) + Z aipiMi(x)D(x)] F(z)
i=1
— WD) D(p) M T ()
N
<[-AD(@) + 3t (0)D(w)] Do) Dl

= (W2)TM(Wz),
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where
M = D(6)~* {Mo(aj)_T {—)\D(a) + Z aiMi(:c)D(x)} } DO~ (31)

Let W be the N x (N — 1) matrix obtained from W by deleting its first column.

Then Wz =Wz +WZ so
gz) = [(W)Tz + ZTWIIM[Wz + WZ]
= gi(x)z +ZWTMWz,
where g(z) = (W) "MWz + 2TWTMW{. Then, from (27) we have z — 0, so

g1(z) — 0, as & — p. Since x € p~1(0) if and only if 2; = 0, the corollary below
immediately follows from Theorem 7.1 and its proof.

Corollary 2. The statement of Theorem 7.1 regarding global asymptotic stability

is true if condition 4 and (24) are replaced by one of the following:

(a1) The matric WTMSW is positive definite for all x € intRY \ {p} with either
p(z) =0 or ||z — p| sufficiently small and p(z) < 0.

(a2) p is the unique fized point of (2) in intRY ; for each z € intRY \ {p} with
|z — pl| sufficiently small and p(z) < 0, the matric WT MSW is positive
definite; for x € (intRY \ {p}) N p=1(0), WTMSW is either positive definite
or semi-positive definite but the semi-positive definite points are isolated in
p~1(0) NintRY.

(a8) The matric WTMSW is negative definite for all x € intRY \ {p} with either
p(x) =0 or ||z — pl| sufficiently small and p(x) > 0.

(a4) p is the unique fized point of (2) in intRY ; for each z € intRY \ {p} with
|z — pl| sufficiently small and p(z) > 0, the matriz WT MSW is negative
definite; for z € (intRY \ {p}) N p~1(0), WTMSW s either negative definite
or semi-negative definite but the semi-negative definite points are isolated in
p~1(0) N intRY.

Remark 8. For the Lotka-Volterra system where F(x) = b+ Bz, VF(r) = B,

M;(z) = 0 and My(x) = B, so that for a unique interior fixed point p, B = My(x)

is invertible and
Wt MW —\WTD®)'B~TD(a)D(0)'W

= MWTDO)'B~T(D(a)B)B~'D(H)"'W

= —XB'DO)'W)T(D(a)B)B™'D(H)"W.

The N — 1 column vectors of B~1D()"'W are linearly independent, so the span
of them can be described by the hyperplane v”(z — p) = 0, where vT = 7B
as vT B'D()"'W = 0. Thus, WTMSW is negative definite if and only if (z —
)T D(a)B(z—p) > 0 for all z satisfying v* (z —p) = 0 and x # p. This is consistent
with [24, 11, 1].

7.3. Global stability at a boundary fixed point in forward time. In this
section, we consider the case of a boundary fixed point p € 3]1@_[ . Precisely, p € C9
for a proper subset I C Iy. For p to be P. G. attracting in R; in forward time, it is
necessary that the Jacobian matrix at p has no positive eigenvalues. For each ¢ € I,
since p; = 0, we can easily check that F;(p) is an eigenvalue of the Jacobian so we
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require F;(p) < 0. Then p is said to be saturated in forward (backward) time if
VZEIN,pz:OﬁFz(p)SO(Z O) (32)

For p € C9 with I C I, from (19) we have

ple)=a"Dp)F(x)= Y ap;F(x), V()= [[ " (33)

JEINN\I JEINNT

Theorem 7.2. Assume that the system (2) satisfies the following conditions:

1. For a proper subset I C Iy, (2) has a fived point p € CY and p is saturated in
forward time. The matriz D(p)A has an eigenvalue A > 0 and a corresponding
left eigenvector o with a; < 0 fori € I_ C IN\I and aj > 0 forj € IN\I_ =
TUl,.

2. For each xg € Ry, the solution x(t,xo) is bounded for t > 0 and 0 & w(xo).

3. One of the conditions (i)-(iv) of theorem 4.4 is met.

4. The function g given by (21) satisfies one of the conditions (a)-(d) of theorem
4-4-

Then p is P. G. attracting in Ry. If, in addition,

Ir > 0,Vz € (B,(p) \ {p}) NR; with p(z) <0 (>0), g(z) >0(<0)
under condition (a) or (b) ((¢) or (d)), (34)

then (2) is globally asymptotically stable at p in forward time.

Proof. The P. G. attraction of p follows from theorem 4.4. For the stability of p in
forward time with respect to Ry, the proof of theorem 7.1 with the replacement of
intRY by R; and any open ball B,.(p) by B,(p) N Ry is still valid. O

As an analogue of corollary 2, we next convert condition 4 and (34) into the
positive, semi-positive, negative or semi-negative definite property of an (N — 1) x
(N — 1) symmetric matrix that can be easily checked. For convenience, we may
assume without loss of generality that I = {k+1,..., N} and IN\I ={1,...,k} =
I}, so

Viel,p;,=0,Vj € Ik,pj > 0.
Let 17 € Rf_’ be defined by 0 as its first & components and 1 as its last N — k
components. Let

p=p+1yg, W:W]k—l-W[, (35)

where the first k columns of Wi, are given by (25) and each entry in the last N — &
columns of Wi, is 0; each of the last N — k main diagonal entries of Wy is 1 and
each of the rest entries of Wy is 0. Let W be the N x (N — 1) matrix consisting of
the last N — 1 columns of W. Let

2 =W™'D(a)D(®)(F(z) — F(p)), %= (20,...,25)" € RN"L (36)

Note that W has the block form W = %1 ((])
2

given by (25) and U is (N — k) x (N — k) identity. Then, from (33)—(36) and by

, where U is a k x k matrix
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writing W, D(«), D(p) in block form, we have

plz) = TD( )F ()
= “Ha)Www 1D( )D(p)(F(x) — F(p))
= TD Ha)Wi, W™ D(a)D(p)(F (x) — F(p))
= o'D Y a)Wy, 2
= (1,0,...,0)z

Similar to (28), there is an N x N matrix My = My(z) such that
F(x) = F(p) = Mo(z)(x — p). (37)
Substitution of this into (36) gives
2 = W1 D(a) D(5) Mo(x)(z — p).
By assuming the existence of My *(z) for all z € p~1(0), we have
z—p =M (2)(F(z) - F(p)) = Mg ' (z)D~'(5) D™ () W=. (38)
Since p; # 0 implies F;(p) = 0, we have
D(z)F(p) = D(F(p))x = D(F(p))(z — p) = D(z = p)F(p).
From (30) it follows that
VEi(z) = VE(p) = (v = p)" Mi(w), i€ ln. (39)
Then, from (21),
g(z) = =Xa''D(z—p)F(z)+ o’ D(p)[VF(z) — VF(p)
= —Xa"D(z —p)F(p) + " D(p)[VF(z) — VF(p)
+[- )\aTD(x— p)+a"D(p)(VF(z) —
_)\Zai J(p)zi + (z —p)T Z a;piM

el JEIN\T

+(z—p)T [—)\D(a) + | Z a,;p; M; (x)D(:z:)} D7'(P)D )W .

Substitution of (38) into the above gives

g(x) = =Aa" D(F(p))z + (Wz)" M(Wz), (40)
where
M = D_l(a)D_l(ﬁ)(M* )TMOD_ (») D~ (), (41)
M° = —AD(e)+ Y a;p;M;(z)(D(z) + D(F(p)M; ' (z)).  (42)
JGIN\I

By the same lines as those before corollary 2, we have
(W2)TM(Wz2) = gi(z)z + 2TWT MW 2,
where g1(x) — 0 as  — p. Then, from (40) and (22) we obtain
Y1) = —(A = g1(z))z1 — Aa" D(F(p))z + AWTMW . (43)
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By condition 1 of Theorem 7.2, —Aa” D(F(p))x > 0 for all z € RY. Since = €
p~1(0) if and only if z; = 0, with a slightly stronger condition than condition 4 and
(34) of Theorem 7.2, we obtain the following corollary.

Corollary 3. The statement of Theorem 7.2 regarding global asymptotic stability

is true if condition 4 and (34) are replaced by one of the following:

(a1) The matric WTMSW given by (41) is positive definite for all x € Ry \ {p}
with either p(z) =0 or ||z — p|| sufficiently small and p(z) < 0.

(a2) p is the unique fized point of (2) in Ry; for each x € Ry \ {p} with ||z — p||
sufficiently small and p(x) < 0, the matriz WTMSW is positive definite; for
z e (Ry\ {p}) Np=10), WIMSW is either positive definite or semi-positive
definite but the semi-positive definite points are isolated in p~1(0) NR;.

8. Global stability of a fixed point on K in backward time. In this section,
we consider (2) under the assumptions (A1) and (A2) given in section 2 and explore
conditions for a fixed point p € K to be globally asymptotically stable in backward
time with respect to int K or K NR;. If p is an interior fixed point and is globally
asymptotically stable in backward time on intK, then {p} repels any compact set
in intK \ {p} to OK in forward time. By remark 7, application of theorem 7.1 to
system (2) on K in backward time results in the following.

Theorem 8.1. Under the assumptions (A1) and (A2), we also assume that (2)
satisfies the following conditions:
1. Forp € intK, D(p)A has an eigenvalue A > 0 and a corresponding left eigen-
vector o’ with a; <0 fori € I_ C Iy and aj >0 forje I =1Iy\1_.
2. One of the conditions (i)—(iv) of theorem 5.1 is met.
3. The function g satisfies one of the conditions (a)-(d) of theorem 5.1.

Then p is P. G. repelling on K. If, in addition,

Ir > 0,Vx € B.(p) Nint K with p(x) < 0 (> 0)
under condition (a) or (b) ((¢) or (d)), g(z) >0 (< 0), (44)

then (2) is globally asymptotically stable at p in backward time with respect to int K.
Hence, for the flow on K, {p} is a repellor with intK \ {p} as its repulsion basin
and OK its dual attractor.

Now recall the definition of the matrix M given by (31), (28) and (30). As an
analogue of corollary 2 in backward time, we have the corollary below.

Corollary 4. The statement of Theorem 8.1 regarding global asymptotic stability

in backward time and repellor is true if condition 3 and (44) are replaced by one of

the following:

(a1) The matric WTMSW defined by (31), (25), (28) and (30) is negative definite
for all x € int K \ {p} with either p(z) =0 or ||z — p|| sufficiently small and
p(x) > 0.

(a2) p is the unique fized point of (2) in intK; for each x € intK \ {p} with ||z —p||
sufficiently small and p(z) > 0, the matriz WTMSW is negative definite; for
z € (intK\{p})Np=1(0), WT MW is either negative definite or semi-negative
definite but the semi-negative definite points are isolated in p~1(0) NintK.

(a3) The matric WT MSW is positive definite for all x € intK \ {p} with either
p(z) =0 or ||z — p| sufficiently small and p(z) < 0.
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(a4) p is the unique fived point of (2) in intK; for each x € intK \ {p} with ||z —pl||
sufficiently small and p(x) < 0, the matriz WTMSW is positive definite; for
z e (intK\ {p})Np=1(0), WT MSW is either positive definite or semi-positive
definite but the semi-negative definite points are isolated in p~1(0) NintK.

When p is a boundary fixed point, p € C? N K for a proper subset I C Iy.
Applying theorem 7.2 and remark 7 to reversed time system we obtain the following.

Theorem 8.2. Under the assumptions (A1) and (A2), we also assume that (2)
satisfies the following conditions:

1. For a proper subset I C In, p € CY N K and p is saturated in backward
time. The matriz D(p)A has an eigenvalue X > 0 and a corresponding left
eigenvector o with o; < 0 fori € I C Iy \ I and aj >0 for j € (IUL).

2. One of the conditions (i)—(iv) of theorem 5.1 holds.

3. The function g satisfies one of the conditions (a)—(d) of theorem 5.1.

Then p is P. G. repelling on Ry N K. If, in addition,
Ir > 0,Vz € B.(p) "Ry N K with p(z) <0 (>0)
under condition (a) or (b) ((¢) or (d)), g(x) >0 (< 0), (45)

then (2) is globally asymptotically stable at p in backward time with respect to RyNK.
Hence, for the flow on K, {p} is a repellor with Ry N K \ {p} being its repulsion
basin and K \ Ry as its dual attractor.

Corollary 5. The statement of Theorem 8.2 regarding global asymptotic stability
in backward time and repellor is true if condition 8 and (45) are replaced by one of
the following:

(a1) The matrizc WTMSW defined by (35), (37) and (41) is negative definite for
all z € Ry N (K \ {p}) with either p(x) =0 or ||z — p|| sufficiently small and
p(x) > 0.

(a2) p is the unique fized point of (2) in Ry N K; for each x € Ry N (K \ {p})
with ||z — p|| sufficiently small and p(z) > 0, the matric WT MSW is negative
definite; for x € Ry N (K \ {p}) Np~1(0), W MSW is either negative definite
or semi-negative definite but the semi-negative definite points are isolated in
RN Kﬂpil(O).

9. Global dynamics of a three dimensional competitive system. In this sec-
tion, we give a totally competitive example with detailed analysis on the dynamics
of system (2) with NV = 3 and

Fi(z) = by—x1 — 2wy — 23 — 27,
Fy(z) = bo— w1 — a9 — 273 — Y73, (46)
Fi3(x) = by—2x1 — 29— a3 — fyx%,

where v > 0 is a parameter and by = 4 4+ . This system has a carrying simplex X
(see [6]) as its global attractor for the flow on R3 \ {0}. We note that p = (1,1,1)7
is a fixed point, and the unique interior fixed point, of the system.

When « = 0, (46) reduces to the Lotka-Volterra system & = D(z)(b+ Bz). Using
the results given in [11] we can show that p is P. G. repelling on the carrying simplex
Y. This fact is included in the more detailed description of theorem 9.1 below.

Theorem 9.1. Let v, = (V19 — 4) ~ 0.1795 and 3 = V6 — 2 ~ 0.4495. Then
there is a 1 € (0.164, 73] such that the following statements hold for (2) with (46).
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(i) If v € [0,71), then the system has a heteroclinic cycle T'g = ¥ N ORY. For
the flow on X, {p} is a repellor with £\ ({p} UTo) being its repulsion basin
and T as its dual attractor. Moreover, I'g is a globally asymptotically stable
on RY \ {kp : k > 0} and {kp : k > 0} is the stable manifold of p in intR3.
Further, for any xo € intRY \ {kp : k > 0}, we have w(xo) = o, i.e. Ty is
the limit cycle of x(t,xo).

(i) If v € [11,72), then {p} is a repellor on ¥ and Ty is at least locally asymptot-
ically stable.

(iii) If v € (y2,1/4), then both {p} and Ty are repellors on . Therefore, the
system has at least one nontrivial periodic solution on 3.

() If v € (1/4,73], then p is at least locally asymptotically stable and Ty is a
repellor on X.

(v) If v € (v3,1/2], then p is at least locally asymptotically stable but the system
has no heteroclinic cycle on aRi.

(vi) If v > 1/2, then p is globally asymptotically stable in intR? .

We break the proof of this theorem into several lemmas. For the interior fixed
point p = (1,1,1)T,

1+ 2vzy 2 1
VF(z) = - 1 14 2vzo 2 ,
2 1 1+ 2vyz3
1+27 2 1
A = —-VF(p) = 1 142y 2
P 1 1+2y

From the definition given in (19), a = (1,1,1)T satisfies a’ D(p)A = Aol for
A=4+42y>0s0px) = 2?21 Fi(z) =12+ 3y — 42?:1 x; — 725’:1 z?. Thus,
plx) =4(3 — Z?Zl x;) for v =0 and

12 12 2\ 2 2\ 2 2\?
3+ —+5 - |+ —(z2+-) —(z3+=
Yy oy v v ¥

for v > 0. In this example, p~1(0) for v > 0 is a sphere, and so one possible
approach would be to parameterise p~1(0) using spherical polar coordinates. We
choose not to do this here so as to illustrate the methods we have developed.

plz) =~ (47)

Lemma 9.2. The system (2) with F given by (/6) has a globally asymptotically
stable fived point p = (1,1,1)T whenever v > 1/2.

Proof. Writing F(z) = F(z) — F(p) = Mp(z)(z — p), we have

14+ ~(1+4 1) 2 1
My(x) = — 1 14+~ +x2) 2 ; (48)
which gives
201 + 1)y +2 3 3
My(z)® = — 3 2(zy + 1)y 42 3
3 3 2z + 1)y +2

Now M;(0,0,0) has eigenvalues —2(4 + ), 1 — 27 (twice), so that M(0,0,0)
is negative definite for v > 1/2. Since My(z)® = My(0,0,0)° — 2vD(x), My(x)*
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is a negative definite matrix for v > 1/2. Hence using corollary 1, p is globally
stable. O

For v > 0, 1 + 22 + x3 = 3 is the tangent plane of the sphere p~1(0) at p.

Since p~1(0) for v > 0 cuts the x;-axis at x; = § = /3 + % + % - % and 0 is a

decreasing function of v satisfying /3 < § < 3, for all 4 > 0 the part of the sphere
p_l(O) N intRi is in the region below x1 + x2 + x3 = 3 and above z1 + x2 + 3 = 0.

Lemma 9.3. For all z € p~*(0) NRY. or x € B,.(p) with sufficiently small r > 0,
det My(z) < 0 so the matriz Mo(x) is invertible.

Proof. We use homogeneous coordinates: x; = Ru; where each u; > 0 and u; +
ug +uz = 1. For z € p~1(0) HR?H we have § < R < 3. Then, from (48),
det Mo(z) = —(4+7)(1—7v+7%) —v(-1+2v++)R
—v2(1 4+ ) (ugug 4 uguz + usug ) R? — yujugus R?
< (@0 =7+ —(-1+ 27 +*)R.
Fory>v2-1, -1+2y+2=(7+1+vV2)(y+1-v2)>0and 1 —y+12 >0
so det My(z) < 0. For v € [0,v/2 — 1), replacing R by 3 we have det My(z) <
—473 —9y? + 6y -4 <6(vV/2-1)—4<0. O
For i € I3, let u; = 1+ x; and
(1 + yua ) (1 + yuz) (1 + yus)

d; = —2.
1+ ~yu,
Then the inverse of My(z) is given by
. 1 dq —1 —2vyug 3 — yus
My = 3 — yus da —1—2yu; |. (49)
det MO —-1- 2’)/UQ 3 — Yu1 d3
Writing VF;(x) — VF;(p) = (z — p)T M, for i € I3, we have
—2v 0 0 0 0 0 00 O
Mi=| 0o 00|, M=[0 —2v 0|, Mm=|00 o0 (50)
0 00 0o 0 O 0 0 —2v
Thus,
24+ yuy 0 0
— AD(a) + Zazle D(z) = —2 0 2+ yug 0 . (51)
=1 0 0 2 —+ yus

From (31), (49) and (51), we obtain M = detM M, where, with m; = d; (2 +~vu;)
for i € 137

. my (3 —yuz)(2+yuz) — (14 2vyuz)(2 + yus)
M, = — (14 2vu3)(2 + yuq) mo (3 = yu1)(2 + yus) . (52)
(3 —qu2)(2+yu1) — (14 2yu1)(2 + yua) ms

From the definition of W given by (25) we see that, for i = 1,2, the ith column of
M1W is the (i + 1)th column of M1 minus the ith column of M1 and the ith row
of WT M, W is the (i + 1)th row of M; W minus the ith row of M;W. Then

C=WTaw = 9t 92 ), (53)
C21  C22
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where
cn = 2y3ujugus + 2 (2uiug + Suius + dugus) + y(2u — 2ug + 10us) — 8,
crz = =y ujusus — v (urus + 3uqug) — 4y(ur — 2us) + 16,
o1 = —Yuruouz — Y3 (2uiug + 4uqus 4+ uguz) — y(10u; — 2ug + 6uz) — 8,
c2o = 273ujusus + 72 (Suiug + dujus + 2ugus) + v(10u; + 2us — 2us) — 8.
Since — det i 0, the matrix WT MW is positive (negative) definite if and only

if O is positive (negative) definite. Note that the algebraic equation
4y + 1192 + 5y =2 (54)
has a unique positive solution vo = 1/4.
Lemma 9.4. There is a v1 € (0.164,v0] such that, for each v € [0,71) and every
x € p~1(0) ﬁRi or x € B.(p) for sufficiently small v > 0, the matriz C*° is negative
definite, i.e.
c11 <0, €29 <0, 4cricoo — (612 + 621)2 > 0.
Proof. For each fixed v > 0, from V3<d<zi+a423<3and0<z; <3 we
have vV3+3<d4+3<wu; +us +us <6 and 1 <wu; <4. Then
2u1 — 2ug + 10us < 2u; — 2us + 10(6 — up — ug) = 60 — 8uy — 12uq < 40,
SO
1 < 29%uius(6 — up — ug) + 40y — 8
+y2[2uqug 4 (Buy + dus) (6 — uy — uz)].

Since ujug(6 — u; — uz) has maximum 8 at (u1,u2) = (2,2) and 2ujuz + (5uy +

4uz)(6 — uy — uz) has maximum 332 at (uy,uz) = (23, 39), we have

317 31
5 1440
c11 < 16734—4517724—407——8.

1440 72 30

Similarly, 2ugug + (5ug + 4us) (6 — ug —ug) has maximum at (ug,u3) = (57, 57)

SO

1440
Cog < 16’)/3 + 7’)/2 + 40’}/ — 8.

As the polynomial of v on the right—handgslide is increasing and has a negative value
—0.06348 at v = 0.165, we have shown that ¢;; < 0 and co3 < 0 for 0 < v < 0.165.
derrean — (c12 4 €21)?
= 1276(U1uzu3)2 + 4475(U1u2u3)(’u1u2 + uiuz + ugus)
Y31 (udu3 + uiud + udud) + 130u1uQu3(u1 +ug + u3)]
+27 [174uyusus + 18(utug + udus + uiul + uius + u1u3 + ung)]
+y2[—116(u? + u2 + u3) + 40(uius + uyus + ugus)]
—1607y(u1 + uz + us) + 192
= 129%(uruouz)® + 449° (wyugus) (urus + uruz + usus)
431 (uqug 4 uruz + ugus)? + 68ususus(uy + ug + us)]
+v3[240(uyugus) + 36(uiug + ugus 4+ uguz)(uy + up + us)]
YA [=116(u1 + ug + ug)? + 272(usug + ugus + ugus)]
—1607y(uy + us + ug) + 192.
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As 0+3 <wup +us+us <6 and u; > 1 for ¢ € I3, for any fixed € € [§ + 3, 6]
with Z?:1 u; = €, we have ujuguz = ujuz(e — u; — uz) and ujus + ujug + ugug =
ugtg + (ug +ug)(e—up —ug) with 1 <wuy <e—2and 1 <wus <e—1—wuy. By 6%2 we
find that both of the above functions have minimum at ug = 1 and us = e —1—uy.
Thus, ujugug > u1(e — 1 — uy) and ujus + ugug + ugug > ug(e — 1 —uy) + € — 1.
For 1 <u; <e—2, uj(e — 1 —up) has minimum € — 2 80 ujuguz > e—2 > 3§+ 1
and uqus + uiuz + uguz > 2¢ — 3 > 2§ + 3. Hence,
4611622 — (612 + 621)2 2 12(1 + 5)2’}/6 + 44(1 + 6)(3 + 25)’}/5
+[31(3 +28)% + 68(1 + 6)(3 + 8)]7* + [240(1 + 8) + 36(3 + 20)(3 + &)|»*
+[272(3 + 26) — 116 x 36]7% — 960y + 192. (55)

For 0 < v < 0.165, since 2.8 < § < 3, we have 4cyjcae — (c12 + ¢21)? > f(v), where
f is the polynomial on the right-hand side of the above inequality with 6 = 2.8, i.e.

f(y) = 173.28~% + 1437.929° + 3791.48~y* + 2707.68v> — 1836.87% — 9607 + 192.
From this we have

f'(y) 1039.687° + 7189.6+* 4 15165.927> + 8123.0472 — 3673.6y — 960,
f"(7) = 5198.4y* 4 28758.47> 4 45497.767% + 16246.08y — 3673.6.

Since f”’(7y) is increasing, f”(0) < 0 and f”(0.165) = 378.7191 > 0, f/(v) has a
minimum value less than min{f’(0), f’(0.165)} and

£'(y) = max{f(0), f(0.165)} = max{—960, —1271.41} < 0.

max
0<~<0.165

Therefore, f is decreasing for v € [0,0.165]. As f(0.164) =~ 0.01755 > 0, we have
shown that C° is negative definite for 0 < ~ < 0.164. Since the entries of C
are continuous functions of v and the inequalities for negative definite property
of C% are strict, there is a 7; > 0.164 such that, for each v € [0,7;) and every
z € p~1(0) NR3, the matrix C¥ is negative definite.

At x = p, we have

1440
c11 = oo = 4(47° + 1192 + 5y — 2) < 167 + 37172 +40v —8
and c19 + 1 = —c11 80 4ejican — (C12 + c21)? = 3¢2,. Since g = 0.25 is the unique
positive root of 11, we see that v, < 9. For each v < ;, C° is obviously negative
definite at = p. By continuity, there is an 7 > 0 (dependent on «) such that C*¥
is negative definite for all x € B,.(p). O

Next we address when (2) with (46) has a heteroclinic cycle through the three
axial fixed points E; = (pg,0,0)T, Ey = (0, pp,0)T and E3 = (0,0, po)T where
4 1 1

-1+ -4+ - — >0 =4 =0). 56
We note that 3 = v/6 — 2 is the unique positive root of v3 + 8y2 + 14y = 8 and
Y2 = 1(v/19 —4) is the unique positive solution of the equation 73 +8y% + &y = 3.

Lemma 9.5. System (2) with (46) has a heteroclinic cycle T'g formed by the three
axial fized points E1, Fo, E3 and the three trajectories joining them if and only if
v € [0,7s]. Further, Ty is asymptotically stable if v € [0,v2) and Ty is unstable and
repels on X if v € (y2,73]-
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Proof. First note that there is a Lipschitz curve L; that connects F; and Fs in
w3 which is the intersection of the carrying simplex ¥ and 3. Similarly, there are
curves Lo connecting Fs to E3 and Ls connecting F3 to E;. Whether the curves
L; contain planar fixed points (that is, fixed points in 8Ri but not on any axis)
depends on the value of . Consider the two curves ¢; = {x € R} Ny : Fy(z) = 0}
and o = {z € R3 Nm3 : Fa(z) = 0}. Since ¢; intersects zi-axis at py (E1), {2
intersects x1-axis at 4 + v > po for v > 0 (with equality if and only if v = 0), ¢;
intersects xo-axis at 2 + /2 and ¢y intersects xo-axis at pg (F2), ¢1 and ¢2 have at
least one intersection point Qo & {F1, Ea} if po < 2 + 7/2, which is equivalent to
v > 3. In this case, @y is a planar fixed point on 73 so there is no heteroclinic
cycle. Indeed, Fy(E1) = 4+ v —po > 0 and F5(E1) = 4+ v —2po > 0 so the
Jacobian at F; has two positive eigenvalues. This shows that {E;} is a repellor on
Y so E is not possible to be in a heteroclinic cycle.

Next we show that Ey, Es, E3 are the only fixed points in 9R3 \ {0} for v € [0, y3].
This is obvious when v = 0. For v € (0,~3], the equations for ¢; and {5 can be
written

I 1 2 1 ~y

/1 : T =31+ —+ — ——x2— —-,0< 22 <2+ - < pg,23 =0,
oAty 2y 2

2% Ty =4+ — 22— y23,0 < 23 < po, 3 = 0.

Replacing z2 by 24 3 — ¥, we consider the function

fly)=4+~v-(2+ % —y) =2+ % -9’ = V@) 2+ 2y + (297

If we can show that f(y) > 0 for y € (0,2 + 3], then E; and E» are the only fixed

points on IR} \ {0} with z3 = 0. It can be verified that /(27)~2 + 2y~ 1y—(27) 7! <
2y, y > 0, so that f(y) >44+~v— 2+ —y) —v2+3 —y)* —2y fory > 0,
which can be simplified to give f(y) > y(2+ 3 —y)(y +~v* — 2 — ). Note that
77 1—2-1 = 147 1(V6—2—7)(vV6+2+7). Theny € (0,73 impliesy ! —2—2 > 0.
So f(y) > 0 for y € (0,2 + 3] with v < v3. Therefore, on dR? \ {0} with 25 = 0,
F1 and E5 are the only fixed points.

Note that system (2) with (46) is G-equivariant for the group G =< ¢ > with
o(x1, 79, 13)T = (29, 73,21)T for all x € R®. Thus, the phase portraits on the invari-
ant sets 1 = 0 and x5 = 0 are simple images of 73 through ¢? and o respectively.
Hence, the three axial fixed points are the only fixed points of the system in IR \ {0}
for v € [0,73]. There is a heteroclinic trajectory from E; to Es which is ¥ N 3.
By the G-equivariance, there is a heteroclinic cycle I'y : By — Ey — E3 — Fj for
v € [0,~3], and this cycle can be identified with 9%.

The stability of T'g is determined by the characteristic matrix

Fi(E)) Fy(E1) F3(E)

H = Fi(Ey) Fy(E2) F3(E2)
Fi(E3) Fy(EBs3) F3(Es)
0 d+vy—po 4+7—2po
= 445 —2po 0 d4+v—po |- (57)
d+y—po 4+7—2po 0

By [8, Theorem 17.5.1], if there is a vector v € R® such that v € intR? and
Hv € intRi then Ty repels on X; if there is a v € R® such that —v € intRi
and Hv € intR3 then Iy is asymptotically stable in R3. By taking v = (1,1,1)”
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and v = (—1,—1,—1)T respectively, we see that 'y repels on X if py < %(4 +7),
ie. v € (72,73), and T is asymptotically stable on R3 if pg > 2(4 + 7), i.e.
v e [Oa’)/?) O

Remark 9. Regarding the stability of Ty, instead of using the methods of [8] we
may apply the theory of [15, 16] and obtain the same results given in Lemma 9.5.

Proof of theorem 9.1. For v > 1 conclusion (vi) follows from lemma 9.2. For v €

27
[0, %], since
det(J(p) = M) =—-(A+2v+4) A+ 2y — % + z?)()\ + 2y — % — z?),

all eigenvalues of J(p) have a negative real part if v > 1 but a pair have a positive
real part if v € [0, i) Thus, for v € (i %], p is at least locally asymptotically
stable; for v € [O,i , {p} is a repellor of the flow on ¥. Then, combining these
with lemma 9.5 and applying the Poincaré-Bendixson theory on ¥, we obtain the
conclusions (ii)—(v).

Now assuming 0 < v < 71(< 72), we need only prove the conclusion (i). The
existence of the heteroclinic cycle I'g and its local asymptotic stability follow from
lemma 9.5. Next, we shall apply corollary 4 to the system on 3 for the global
asymptotic stability of p in backward time. With a = (1,1,1)T = p, so 0 =
D(p)a =p, I =1 =0 and I, = I3, condition 1 of theorem 8.1 is met. From
lemma 9.5 we know that F,, Es and E3 are the only fixed points on 6Ri nx.
Then, for 0 < v <, and i € I3, from (47) and (56) we have

{3+12+4 ( 1+4+1+3)2}
N EFR S 4
v v 2y

3 i1
2 23y 1+ -+
TH8E o IS

As p(E;) < 0 if and only if 4* + 8y + Sy < 3 (which holds for v < 72), for
0 <~v<m <79 we have p(F;) < 0. For v =0, p(x) = 4(3 — 1 — x9 — x3) so
p(E;) = —4 < 0. This shows that the system has no invariant set in ¥ N {z €
OR3 : p(z) > 0}. Thus, condition (iv) of theorem 5.1, and subsequently condition
2 of theorem 8.1, is fulfilled. Form (53) and lemma 9.4 we know that the matrix
WTMSW is negative definite, so condition (al) of corollary 4 is satisfied. Then, by
corollary 4, for the flow on X, {p} is a repellor with repulsion basin N (intR3 \ {p})
and the dual attractor I'y.

Since we have Fy(x1,z1,21) = Fa(x1,21,21) = F3(x1,21, 1), the set {kp : k >
0} is invariant and the flow on this set is determined by @1 = x1(bg — 421 — ya?).
Since each positive solution of this equation satisfies z1 — 1 as t — +o00, we see
that the stable manifold of p is {kp : k > 0}. Now for any zo € R \ {kp : k > 0},
as w(zg) C ¥ and {p} is a repellor on 3 with the dual attractor I'g, we must have
w(z) C I'p. This shows the global asymptotic stability of I'g in R \ {kp : k& > 0}.

Finally, we show that w(zo) = Iy for all 2y € intR3 \ {kp : k& > 0}. Since Iy
is a heteroclinic cycle and w(xzg) C Ty, the flow direction on T'y determines that
w(zp) is either a singleton or I'g. At Ey, J(E;) has eigenvalues —po(1 + 27) < 0,
F5(E1) =44+ ~v—2py < 0 and Fr(Ey) = 44— po > 0. Thus, E; is globally
asymptotically stable on 79 \ 1. But Ej repels along L; to Es in 73 so L is the
unstable manifold of E; in R3 \ 7;. Hence, w(zo) # {E1} as zg is not in the stable

p(E;)



GLOBAL STABILITY AND REPULSION 31

manifold of E;y. Similarly, w(zg) # {E2} and w(xg) # {E3}. Therefore, we must
have w(zg) = T. O

Figure 2 illustrates the various cases.

¥ 00 05 10

00 05 10

FIGURE 2. (a)-(d): Phase plots for system (50) for v =
0.1,0.23,0.35,0.55. The green surface is the carrying simplex for
the system.

10. Discussion and Conclusion. In this work we have studied the global dy-
namics of autonomous Kolmogorov systems. Our results provide for the study of
global attraction or repulsion (in the global attractor) of both interior and boundary
fixed points, and we have demonstrated the applicability of our results to a range
of examples from theoretical ecology and population genetics. Our main results are
generalisations, but not trivial extension, of two existing Lyapunov function meth-
ods that are well-known for Lotka-Volterra systems: diagonal stability and split
Lyapunov stability. Both generalisations stem from our lemma 4.3, which is an
application of LaSalle’s invariance principle (in the form as described in [21]), and
involve two choices of the scalar function ¢ which is used to construct the Lyapunov
function ®.
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The diagonal stability in theorem 6.1 is simple to apply to a fixed point p € C?,
but is restricted to vector fields F' :  — R¥ that satisfy (z—y)D(v)(F(z)—F(y)) <
0 for distinct z,y € Q, where v > 0; no component of v is allowed to be negative.
Moreover, it only applies to asymptotic stability. The split Lyapunov method de-
veloped in theorems 7.1 to 8.2 is technically more involved, but less so for lower
dimensional systems (N < 3), and it is more flexible in that it allows v to have nega-
tive components and it can be used to identify both globally attracting and globally
repelling interior and boundary fixed points. Central to this second method, and
perhaps the greatest challenge in its successful application, is to preclude common
zeros of two functions or to establish the definiteness of a matrix function over a
suitable domain. In the Lotka-Volterra case, this matrix function is a constant.
Thus for the split Lyapunov method there is a trade-off between wider applicability
and ease of application. It is known for the Lotka-Volterra equations [24] that ei-
ther the diagonal stability or the split Lyapunov method can work when the other
method fails and this extends to general Kolmogorov systems. Although both of
these methods developed here have shortcomings, to the best of our knowledge,
there are no other results available for global stability or repulsion of a fixed point
in general autonomous Kolmogorov systems.

Our examples cover both competitive and non-competitive systems, where by
competitive we mean with respect to the first orthant partial-ordering of points. For
competitive systems with a unique carrying simplex, by appealing to linearisation
at an interior fixed point and known results for Lotka-Volterra systems [24], the
stability (instability) at that interior steady state can be linked to the convexity
(concavity) of the carrying simplex near that interior fixed point (see figure 2, for
example). For Kolmogorov systems, the position of the manifold p=1(0) relative
to the carrying simplex can be easily used to determine stability, but our split
Lyapunov method is applicable when there is no carrying simplex, or when one has
not been identified. It remains an interesting open problem to determine when a
fixed point of a Kolmogorov system is contained in a locally or globally attracting
invariant manifold of codimension one.

Appendix: Resultant of polynomials. Let p(z) = S gaizt and g(z) =
oo bzt be polynomials over C with a,b,, # 0. We construct the m + n square
matrix:

ao 0 . 0 bo 0 .. 0
al aop by bo :
a9 a - 0 by b1 0

: ag bo

Syl(p, ¢, ) = | an— bim—1

an  ano1 D bm b
0 Gy - 0 bin
: o ay, SR S
0 ... 0 a, 0 . 0 by

In relation to polynomials with common roots, we recall the notion of the Resultant
corresponding to remark 7 and examples 1 and 2 given in section 4. The Resultant
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of p, q is defined by

Res(p, q,x) = det Syl(p, ¢, z).
The main property of the Resultant that we use is that p,q have a common zero if
and only if Res(p,q,z) = 0. If p, ¢ are polynomials in = (21,...,2y) then write
p(z) =21 o Ai(z1,...,an_1)zhy and g(z) = Z?:o Bj(z1,...,xn_1)z%. (We may
reorder the components of = to obtain this form if necessary.) By Res(p, ¢, zn) we

mean the determinant of the above matrix with each a; replaced by A;(z1,...,2n-1)
and each b; replaced by Bj(z1,...,2n_1), and this is a polynomial in z1,...,zN_1.
Accordingly then p, ¢ have a common zero at the point © = (z1,...,zy) only if

Res(p,q,xn) = 0. This observation is particularly useful when N = 2, since then
Res(p, q,x2) is a polynomial in z; and it is straightforward to test whether that
polynomial can vanish on R.

Acknowledgments. The authors are grateful to the referee for the comments and
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