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Abstract

We focus on the distribution regression problem: regressing to vector-valued outputs from
probability measures. Many important machine learning and statistical tasks fit into this
framework, including multi-instance learning, and point estimation problems without ana-
lytical solution (such as hyperparameter or entropy estimation). Despite the large number
of available heuristics in the literature, the inherent two-stage sampled nature of the prob-
lem makes the theoretical analysis quite challenging, since in practice only samples from
sampled distributions are observable, and the estimates have to rely on similarities com-
puted between sets of points. To the best of our knowledge, the only existing technique with
consistency guarantees for distribution regression requires kernel density estimation as an
intermediate step (which often performs poorly in practice), and the domain of the distribu-
tions to be compact Euclidean. In this paper, we study a simple, analytically computable,
ridge regression-based alternative to distribution regression, where we embed the distribu-
tions to a reproducing kernel Hilbert space, and learn the regressor from the embeddings
to the outputs. Our main contribution is to prove that this scheme is consistent in the two-
stage sampled setup under mild conditions (on separable topological domains enriched with
kernels): we present an exact computational-statistical efficiency tradeoff analysis showing
that the studied estimator is able to match the one-stage sampled minimax optimal rate.
This result answers a 16-year-old open question, establishing the consistency of the classical
set kernel [Haussler (1999); (Gértner et all (2002) in regression. We also cover consistency
for more recent kernels on distributions, including those due to (Christmann and Steinwart

(2010).

Keywords: Two-Stage Sampled Distribution Regression, Kernel Ridge Regression, Mean
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1. Introduction

We address the learning problem of distribution regression in the two-stage sampled setting,
where we only have bags of samples from the probability distributions: we regress from
probability measures to real-valued (Pdczos et alJ, M) responses, or more generally to
vector-valued outputs (belonging to an arbitrary separable Hilbert space). Many classical
problems in machine learning and statistics can be analysed in this framework. On the
machine learning side, multiple instance learning (Dietterich et alJ, M; Ray and Pagé,
|20_Ql|; Mﬂw_al.l, |2£)Qj) can be thought of in this way, where each instance in a labeled
bag is an i.i.d. (independent identically distributed) sample from a distribution. On the
statistical side, tasks might include point estimation of statistics on a distribution without
closed form analytical expressions (e.g., its entropy or a hyperparameter).

Intuitive description of our goal: Let us start with a somewhat informal definition
of the distribution regression problem, and an intuitive phrasing of our goals. Suppose
that our data consist of z = {(;,¥;)}\_,, where z; is a probability distribution, y; is its
label (in the simplest case y; € R or y; € R?) and each (z;,%;) pair is i.i.d. sampled from
a meta distribution M. However, we do not observe x; directly; rather, we observe a

ii.d. . ,
sample x;1,...,z;N, ~ ;. Thus the observed data are z = {({:Ezn}nN;l,yz)}izl Our
goal is to predict a new y;;1 from a new batch of samples x;111,..., 7141 n,,, drawn from

a new distribution x;4;. For example, in a medical application, the i patient might be
identified with a probability distribution (z;), which can be periodically assessed by blood
tests ({xm}g;l) We are also given some health indicator of the patient (y;), which might
be inferred from his/her blood measurements. Based on the observations (z), we might
wish to learn the mapping from the set of blood tests to the health indicator, and the hope
is that by observing more patients (larger [) and performlng a larger number of tests (larger
N;) the estimated mapping (f = f(2)) becomes more “precise”. Briefly, we consider the
following questions:

Can the distribution regression problem be solved consistently
under mild conditions? What is the exact computational-
statistical efficiency tradeoff implied by the two-stage sampling?

In our work the estimated mapping ( f ) is the analytical solution of a kernel ridge regression
(KRR) problemEl The performance of f depends on the assumed function class (H), the
family of f candidates used in the ridge formulation. We shall focus on the analysis of two
settings:

1. Well-specified case (f. € H): In this case we assume that the regression function
f+ belongs to H. We focus on bounding the goodness of f compared to f,. In other
words, if R[f.] denotes the prediction error (expected risk) of fi, then our goal is to
derive a finite-sample bound for the excess risk, £(f, f) = R[f] — R[f.] that holds
with high probability. We make use of this bound to establish the consistency of the
estimator (i.e., drive the excess risk to zero) and to derive the exact computational-
statistical efficiency tradeoff of the estimator as a function of the sample number (I,

1. Beyond its simple analytical formula, kernel ridge regression also allows efficient distributed (Zhang et all,
mL sketch (m7 M) and Nystrom based approximations (IML M)
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N = Nj;, Vi) and the problem difficulty (see Theorem [land its corresponding remarks
for more details).

2. Misspecified case (f. € L?\H): Since in practise it might be hard to check whether
fs € H, we also study the misspecified setting of f, € L?; the relevant case is when
f« € L2\H. In the misspecified setting the 'richness’ of 3 has crucial importance,
in other words the size of D3; = infseyc || f« — fI|3, the approximation error from H.
Our main contributions consist of proving a finite-sample excess risk bound, using
which we show that the proposed estimator can attain the ideal performance, i.e.,
E( f o) — Dg{ can be driven to zero. Moreover, on smooth classes of f,-s, we give a
simple and explicit description for the computational-statistical efficiency tradeoff of
our estimator (see Theorem [ and its corresponding remarks for more details).

There exist a vast number of heuristics to tackle learning problems on distributions;
we will review them in Section Bl However, to the best of our knowledge, the only prior
work addressing the conszstency of regression on distributions requires kernel density esti-
mation (Pdczos et aJ.| ; IOliva et aJJ |2Ql_4] which assumes that the response variable
is Scalar-valuedE and the covarlates are nonparametric continuous distributions on R?. As
in our setting, the exact forms of these distributions are unknown; they are available only
through finite sample sets. Pdczos et al. estimated these distributions through a kernel
density estimator (assuming these distributions have a density) and then constructed a ker-
nel regressor that acts on these kernel density estlmatesﬁ Using the classical bias-variance
decomposition analysis for kernel regressors, they showed the consistency of the constructed
kernel regressor, and provided a polynomial upper bound on the rates, assuming the true
regressor to be Holder continuous, and the meta distribution that generates the covariates
x; to have finite doubling dimension (m, )

One can define kernel learning algorithms on bags based on set kernels ,
@) by computing the similarity of the sets/bags of samples representing the input dis-
tributions; set kernels are also called called multi-instance kernels or ensemble kernels, and
are examples of convolution kernels (M, ) In this case, the similarity of two sets
is measured by the average pairwise point similarities between the sets. From a theoretical
perspective, nothing is known about the consistency of set kernel based learning method
since their introduction in 1999 (I.H_a&l&&lﬁd, |l£29_d; Géirtner et al.|, |2M1ﬂ) i.e. in what sense
(and with what rates) is the learning algorithm consistent, when the number of items per
bag, and the number of bags, are allowed to increase?

It is possible, however, to view set kernels in a distribution setting, as they represent
valid kernels between (mean) embeddings of empirical probability measures into a reproduc-

ing kernel Hilbert space (RKHS; Berlinet and Thomas-Agnan, M) The population limits

are well-defined as being dot products between the embeddings of the generating distribu-

tions (Altun and Smgld, M), and for characteristic kernels the distance between embed-

2. [Oliva. et all M) considers the case where the responses are also distributions.

3. We would like to clarify that the kernels used in their work are classical smoothing kernels—extensively
studied in non-parametric statistics (Gyorfi et all, M)—and not the reproducing kernels that appear
throughout our paper.

4. Using a random kitchen sinks approach, with orthonormal basis projection estimators and RBF kernels
Oliva et al, (@) proposes a distribution regression algorithm that can computationally handle large
scale datasets; as with [Péczos et all (12£113)7 this approach is based on density estimation in R?.
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din %s defines a metric on probability measures (lSnp_Qmmbudurﬁ_alJ 2011; (Gretton et all,

When bounded kernels are used, mean embeddings exist for all probability measures
(Fukumizu et al J |JLOA When we consider the distribution regression setting, however,
there is no reason to limit ourselves to set kernels. Embeddings of probability measures to
RKHS are used by |(Christmann and Steinwart (2010) in defining a yet larger class of easily
computable kernels on distributions, via operations performed on the embeddings and their
distances. Note that the relation between set kernels and kernels on distributions was also
applied by Muandet. et all (|2Qlj) for classification on distribution-valued inputs, however
consistency was not studied in that work. We also note that motivated by the current
paper, EQpﬁz;Ba‘zﬂ_aJJ (IZQIE) have recently presented the first theoretical results about
surrogate risk guarantees on a class (relying on uniformly bounded Lipschitz functionals)
of soft distribution-classification problems.

Our contribution in this paper is to establish the learning theory of a simple, mean
embedding based ridge regression (MERR) method for the distribution regression problem.

This result applies both to the basic set kernels of [Haussler (1999); [Girtner et al! (2002),
the distribution kernels of |(Christmann and Steinwar ﬂ 12!!1!1 and additional related kernels.

We provide finite-sample excess risk bounds, prove consistency, and show how the two-stage
sampled nature of the problem (bag size) governs the computational-statistical efficiency of
the MERR estimator. More specifically, in the

1. well-specified case: We

(a) derive finite-sample bounds on the excess risk: We construct R[f] — R[f.] <
r(l, N, \) bounds holding with high probability, where X is the regularization pa-
rameter in the ridge problem (A — 0, | — oo, N = N; — 00).

(b) establish consistency and computational-statistical efficiency tradeoff of the MERR

estimator on a general prior family P(b, c) as defined by Caponnetto and De Vitd

(@), where b captures the effective input dimension, and larger ¢ means smoother
fx (1 < b, c€(1,2]). In particular, when the number of samples per bag is chosen

be
as N =1[%log(l) and a > bz()cﬁ), then the learning rate saturates at [~ b<+1, which is

known to be one-stage sampled minimax optimal (IQamun@LLgLand_Dﬁlmd |201)j

In other words, by choosing a = bgzﬁ) < 2, we suffer no loss in statistical perfor-

mance compared with the best possible one-stage sampled estimator.

Note: the advantage of considering the P(b,¢) family is two-fold. It does not assume
parametric distributions, yet certain complexity terms can be explicitly upper bounded
in the family. This property will be exploited in our analysis. Moreover, (for special
input distributions) the parameter b can be related to the spectral decay of Gaussian
Gram matrices, and existing analysis techniques (Steinwart and Christmanul, 2008) may
be used in interpreting these decay conditions.

2. misspecified case: We establish consistency and convergence rates even if f, ¢ .
Particularly, by deriving finite-sample bounds on the excess risk we

(a) prove that the MERR estimator can achieve the best possible approximation accu-
racy from 3, i.e. the R[f] — R[f.] — D3; quantity can be driven to zero (recall that
Dy = inf e || f« — fll2). Specifically, this result implies that if 3 is dense in L?
(D3¢ = 0), then the excess risk R[f] — R|[f.] converges to zero.
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(b) analyse the computational-statistical efficiency tradeoft: We show that by choosing

the bag size as N = [?**log(l) (a > 0) one can get rate [~ S for a < si;, and the

2s
rate saturates for a > % at [ s+2, where the difficulty of the regression problem
is captured by s € (0,1] (a larger s means an easier problem). This means that

easier tasks give rise to faster convergence (for s = 1, the rate is l_%), the bag size
(s+1)

N can again be sub-quadratic in | (2a < S < 2), and the rate at saturation

2s
is close to 7(l) = [~ 2s+1, which is the asymptotlcally optimal rate in the one-stage
sampled setup, with real-valued output and stricter eigenvalue decay conditions

,12009).

Due to the differences in the assumptions made and the loss function used, a direct com-
parison of our theoretical result and that of [Péczos et all (|2Q13) remains an open question,
however we make three observations. First, our approach is more general, since we may
regress from any probability measure defined on separable, topological domains endowed
with kernels. Pdczos et al.’s work is restricted to compact domains of finite dimensional
Euclidean spaces, and requires the distributions to admit probability densities; distributions
on strings, graphs, and other structured objects are disallowed. Second, in our analysis we
will allow separable Hilbert space valued outputs, in contrast to the real-valued output con-
sidered by [Pdczos et all (|2Qlj) Third, density estimates in high dimensional spaces suffer
from slow convergence rates (Wasserman), M, Section 6.5). Our approach mitigates this
problem, as it works directly on distribution embeddings, and does not make use of density
estimation as an intermediate step.

The principal challenge in proving theoretical guarantees arises from the two-stage
sampled nature of the inputs. In our analysis of the well-specified case, we make use
of |Caponnetto and De Vitd M)’s results, which focus (only) on the one-stage sample
setup. These results will make our analysis somewhat shorter (but still rather challenging)
by giving upper bounds for some of the objective terms. Even the verification of these
conditions requires care since the inputs in the ridge regression are themselves distribution
embeddings (i.e., functions in a reproducing kernel Hilbert space).

In the misspecified case, RKHS methods alone are not sufficient to obtain excess risk
bounds: one has to take into account the “richness” of the modelling RKHS class (H) in
the embedding L? space. The fundamental challenge is whether it is possible to achieve the
best possible performance dictated by JH; or in the special case when further smoothness
conditions hold on f,, what convergence rates can yet be attained, and what computational-
statistical efficiency tradeoff realized. The second smoothness property could be modelled
for example by range spaces of (fractional) powers of integral operators associated to K.
Indeed, there exist several results along these lines with KRR for the case of real-valued

outputs: see for example (Sun and Wu uKM Theorem 1.1), (Sun and Wd |_0119E Corol-
lary 3.2), (Mendelson and Neeman, 2010, Theorem 3.7 with Assumptlon 3.2). The guestlon

of o tlmal rates has also been addressed for the semi-supervised KRR setting

, Theorem 1), and for clipped KRR estimators (Steinwart et alJ, 2009) with integral
operators of rapidly decaying spectrum. Our results apply more generally to the two-stage
sampled setting and to vector valued outputs belonging to separable Hilbert spaces. More-
over, we obtain a general consistency result without range space assumptions, showing that

Q
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the modelling power of H can be fully exploited, and convergence to the best approximation
available from H can be realizedﬁ

There are numerous areas in machine learning and statistics, where estimating vector-
valued functions has crucial importance. Often in statistics, one is not only confronted
with the estimation of a scalar parameter, but with a vector of parameters. On the ma-
chine learning side, multi-task learning (Evgeniou et al J u)iﬁ functional response regres-

sion (IKadmﬂ_alJ, |2Qld) or structured output prediction (IBrmlaIdﬁ_alJ, 2011; Kadri et all,
) fall under the same umbrella: they can be naturally phrased as learning vector-valued

functions (Micchelli and PQnLil, M) The idea underyling all these tasks is simple and
intuitive: if multiple prediction problems have to be solved simultaneously, it might be
beneficial to exploit their dependencies. Imagine for example that the task is to predict the
motion of a dancer: taking into account the interrelation of the actor’s body parts is likely to
lead to more accurate estimation, as opposed to predicting the individual parts one by one,
independently. Successful real-world applications of a multi-task approach include for ex-
ample preference modelling of users with similar demographics (Eveeniou et alJ, M), pre-
diction of the daily precipitation profiles of weather stations (IKadnﬂ_alJ |2Qld identifying
biomarkers capable of tracking the progress of Alzheimer’s disease (IMM 201 )2 ?
sonalized human activity recognition based on iPod/iPhone accelerometer data
) or finger trajectory prediction in brain-computer 1nterfaces Kadri e ; for a
recent review on multi-output prediction methods see , - ,
M) A mathematically sound way of encoding prior information about the relation of
the outputs can be realized by operator-valued kernels and the associated vector-valued
RKHS-s (Pedrick, 1957; Micchelli and Pontil, 2005; [Carmeli et all, 2006, 2010); this is the
tool we use to allow vector-valued learning tasks.

Finally, we note that the current work extends our earlier conference paper (IMI,

) in several important respects: we now show that the MERR method can attain the

one-stage sampled minimax optimal rate; we generalize the analysis in the well-specified
setting to allow outputs belonging to an arbitrary separable Hilbert spaces (in contrast to
the original scalar-valued output domain); and we tackle the misspecified setting, obtaining
finite sample guarantees, consistency, and computational-statistical effiency tradeoffs.

The paper is structured as follows: The distribution regression problem and the MERR
technique are introduced in Section Our assumptions are detailed in Section We
present our theoretical guarantees (finite-sample bounds on the excess risk, consistency,
computational-statistical efficiency tradeoffs) in Section [ the well-specified case is consid-
ered in Section 1], and the misspecified setting is the focus of Section Section [ is
devoted to an overview of existing heuristics for learning on distributions. Conclusions are
drawn in Section[@l Section [ contains proof details. In Section[§we discuss our assumptions
with concrete examples.

2. The Distribution Regression Problem

Below we first introduce our notation (Section 2.1]), then formally define the distribution
regression task (Section 2.2]).

5. Specializing our result, we get explicit rates and an exact computational-statistical efficiency description
for MERR as a function of sample numbers and problem difficulty, for smooth regression functions.



LEARNING THEORY FOR DISTRIBUTION REGRESSION

2.1 Notation

We use the following notations throughout the paper:

e Sets, topology, measure theory: Let K be a Hilbert space; cl [V] is the closure of a
set V C K. X;e1S; is the direct product of sets S;. f o g is the composition of function
f and g. Let (X, 7) be a topological space and let B(X) := B(7) be the Borel o-algebra
induced by the topology 7. If (X,d) is a metric space, then B = B(d) is the Borel
o-algebra generated by the open sets induced by d. MT(DC) denotes the set of Borel
probability measures on (X, B(X)). Given measurable spaces (Uy,81) and (Us, 83), the
81 ® 89 product o-algebra (Steinwart and glhrisizmanﬂ, M, page 480) on the product
space Uy x Uj is the o-algebra generated by the cylinder sets Uy x So, S1 x U (S7 € 81,
Sy € 83). The weak topology (Tu = Tw(X, 7)) on M (X) is defined as the weakest topology
such that the Lj, : (M (X),7) = R, Ly(z) = [, h(u)dz(u) mapping is continuous for
all h € Cp(X) = {(X,7) — R bounded, continuous functions}.

e Functional analysis: Let (N, ||| y,) and (Na, [|-[|,) denote two normed spaces, then
L(Ny, Ny) stands for the space of N — Ny bounded linear operators; if Ny = Ny, we
will use the £(Ny) = L(Ny, Na) shorthand. For M € L(Ny, N2) the operator norm is
defined as |[M|Lc(v, ny) = SPoznens [MhlLy, /[, Tm(M) = {Mmi},en, denotes
the range of M, Ker(M) = {n1 € Ny : Mny = 0} is the nullspace of M. Let X be
a Hilbert space. M € L£(X) is called positive if (Ma,a)s > 0 (Va € X), self-adjoint
if M = M*, and trace class if } .. ; (|[M]e;j, ej)q < oo for an (e;);e; ONB (orthonor-
mal basis) of X (|M]| := (M*M)%), in which case Tr(M) = 3 ;c; (Mej,ej)q < 00;
compact if cl[Ma:a € X,|a|l, <1] is a compact set. Let K; and Ky be Hilbert
spaces. M € L(X1,%5) is called Hilbert-Schmidt if [[M|Z,q, o,y = Tr(M*M) =
> jes (Mej, Mej),. < oo for some (ej)je; ONB of Ki. The space of Hilbert-Schmidt
operators is denoted by L£2(X1,K2) = {M € L(K1,Kz) : M|y, 5, < o0} We
use the shorthand notation £L2(K) = Lo(K,K) if K := K; = Ko; Lo(K) is separa-
ble if and only if K is separable (Steinwart and Christmann, M, page 506). Trace
class and Hilbert-Schmidt operators over a X Hilbert space are compact operators
(Steinwart and glhrisigmanﬂ, M, page 505-506); moreover,

[Allgey < NAllgyqx)» VA € L2(X), (1)
IABlg,m) < 1Al o) 1Bllgxy, VA B € La(X). (2)

I is the identity operator; I; € R* is the identity matrix.

e RKHS, mean embedding: Let H = H(k) be an RKHS (Steinwart. and Christmann,

M) with k£ : X x X — R as the reproducing kernel. Denote by

X = O (X)) = {pe 2 €M O} CH, o = [ KCu)dalu) = Buvalb(cu)] €

the set of mean embeddings (Berlinet and Thomas-Agnan, [2004) of the distributions to

the space H ﬁ Let Y be a separable Hilbert space, where the inner product is denoted
by (-,-)y; the associated norm is ||-||y. H = H(K) is the Y-valued RKHS (m,

6. The x — p1, mapping is defined for all x € M (X) if k is bounded, i.e., sup, ¢ k(u, u) < occ.



SzABO ET AL.

1957; Micchelli and Pontil, [2005; [Carmeli et all, 2006, [2010) of X — Y functions with

K : X x X — L(Y) as the reproducing kernel (we will present some concrete examples
of K in Section B} see Table[l); K, € L(Y,H) is defined as

K(M:{:;Nt)(y) = (Kmy)(,ux), (V,U*:caﬂt € X)7 or K(hu't)(y) = Kuty’ (3)

Further, f(u.) = K f (Vi € X, f € H).

e Regression function: Let ,o be the p-induced probability measure on the Z = X x Y
product space, and let p(u., y) = p(y|uz)px (1) be the factorization of p into conditional
and marginal dlStrlbUtIOHSﬁ The regression function of p with respect to the (u,,y) pair
is denoted by

fp(ua)z/yydp(ylua) (ta € X) (4)

[

and 71, = /(-7 = 1z, = [ 17Gta) 3 dpx ()] *. Lt us assume that the
operator-valued kernel K : X x X — L£(Y) is a Mercer kernel (H = H(K) C C(X,Y) =
{X — Y continuous functions}), is bounded (3B < oo such that [|K(z,2)|zy < Bk),
and is a compact operator for all x € X. These requirements will be guaranteed by our
assumptions, see Section [.2.6] In this case, the inclusion Sj.: H — L%X is bounded, and
its adjoint Sk : L — JH is given by

(Sxa)in) = [ Ko plalm)dpx () (5)
We further define T as
T=2S5;SKk:L —>L%X; (6)

in other words, the result of operation (&) belongs to 3, which is embedded in L2 T is
a compact, positive, self—adjom‘c operator (IQa.rmf‘Jlﬂ_aJJ |2Qld Proposition 3), thus by
the spectral theorem T exists, where s > 0.

2.2 Distribution Regression

We now formally define the distribution regression task. Let us assume that M (X) is
endowed with 8; = B(7y,), the weak-topology generated o-algebra; thus (M (X),81) is

a measurable space. In the distribution regression problem, we are given samples z =
2.

{({ain N yi) Yo, with @1, ..., 244, Y gy where z = = {(2i,y)}t_, with z; € M (X)
and y; € Y drawn ii.d. from a joint meta distribution M defined on the measurable
space (M (X) x Y,81 ® B(Y)), the product space enriched with the product o-algebra.
Unlike in classical supervised learning problems, the problem at hand involves two levels of
randomness, wherein first z is drawn from M, and then z is generated by sampling points

7. Our assumptions will guarantee the existence of p (see Section B]). Since Y is a Polish space (be-
cause it is separable Hllbert) the p(y|pa) conditional distribution (y € Y, ue € X) is also well-defined
, Lemma A.3.16, page 487).




LEARNING THEORY FOR DISTRIBUTION REGRESSION

from x; forall¢ = 1,...,l. The goal is to learn the relation between the random distribution
x and response y based on the observed z. For notational simplicity, we will assume that
N = N; (V).

As in the classical regression problem (R? — R), distribution regression can be tackled
via kernel ridge regression (using a squared loss as the discrepancy criterion). The kernel
(say Kg) is defined on M (X), and the regressor is then modelled by an element in the
RKHS § = §G(Kg) of functions mapping from M{ (X) to Y. In this paper, we choose
Kg(z,2') = K(pig, tar) where x, 2’ € M (X) and so that the function (in §) to describe the
(z,y) random relation is constructed as a composition f o p,, i.e.

FEH=F(K)
4

M (X) % X(C H = H(k)) Y. (7

In other words, the distribution x € Mf (X) is first mapped to X C H by the mean
embedding 1, and the result is composed with f, an element of the RKHS J.
Let the expected risk for a f : X — Y (measurable) function be defined as

R[f] = E(x,y)NMHf(:um) - yH?/?

which is minimized by the f, regression function. The classical regularization approach is
to optimize

l
1
f2 =arjg€1;1{1n72|!f(um) —willy + A F 15 (8)
i=1

instead of R, based on samples z. Since z is not available, we consider the objective function
defined by the observable quantity z,

l
o1
52 = agmin g 315 Gis) — wll + X171 ©)
=1

where 2; = % 27127:1 0z, , is the empirical distribution determined by {xm}f\; 1~ The ridge
regression objective function has an analytical solution: given training samples z, the pre-
diction for a new t test distribution is

(3 o m)(t) = k(K + ) [yr;.. 5 il (10)
where k = [K(Mi‘lnut)v"'7K(/~Li‘lnut)] € L(Y):lev K = [K(luilnuij)] € L(Y)le7
;.. ] €Y
Remark 1

e [t is important to note that the algorithm has access to the sample points only via
their mean embeddings {uz, }i_, in Eq. ().

e There is a two-stage sampling difficulty to tackle: The transition from f, to I rep-
resents the fact that we have only 1 distribution samples (z); the transition from fz)‘
to fz)‘ means that the x; distributions can be accessed only via samples (z).
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o While ridge regression can be performed using the kernel Kg, the two-stage sam-
pling makes it difficult to work with arbitrary Kq. By contrast, our choice of
Kg(xz,2") = K(ug, ) enables us to handle the two-stage sampling by estimating
e with an empirical estimator, and using it in the algorithm as shown above.

e In case of scalar output (Y =R), L(Y) = L(R) = R and [IQ) is a standard linear
equation with K € R, k € R™L. More generally, if Y = R?, then £(Y) = L(RY) =
R gnd [@Q) is still a finite-dimensional linear equation with K & R 4pnq
k € Rdx(dl)_

e One could also formulate the problem (and get guarantees) for more abstract X C
H —'Y regression tasks [see Eq. [[)] on a convex set X with H and Y being general,
separable Hilbert spaces. Since distribution regression is probably the most accessi-
ble example where two-stage sampling appears, and in order to keep the presentation
simple, we do not consider such extended formulations in this work.

Our main goals in this paper are as follows: first, to analyse the excess risk
E(f2,15) = RIF] = RIL),

both when f, € H (the well-specified case) and f, € L%X \H (the misspecified case); second,
to establish consistency (€ ( fi)‘, fp) — 0, or in the misspecified case & ( fé\’ fp) — Dgf — 0,
where D2, := infeqc || f, — Sieq Hi is the approximation error of f, by a function in H); and

third, to derive an exact computational-statistical efficiency tradeoff as a function of the
(I, N, A) triplet, and of the difficulty of the problem.

3. Assumptions

In this section, we detail our assumptions on the (X, Y, k, K) quartet. Our analysis for the
well-specified case uses existing ridge regression results (I@mun@ﬁmnd_]lﬂ[ﬁd, |2£)Dl|)
focusing on problem (8) where only a single-stage sampling is present, hence we have to
verify the associated conditions. Though we make use of these results, the analysis still
remains challenging; the available bounds can moderately shorten our proof. We must take
particular care in verifying that \Caponnetto and De Vitd (IZDD_ﬂ)’S conditions are met, since
they need to hold for the space of mean embeddings of the distributions (X = p (MT(DC))),
whose properties as a function of X and H must themselves be established.

Our assumptions are as follows:
1. (X, 7) is a separable, topological space.
2. Y is a separable Hilbert space.
3. kis bounded, in other words 3B), < oo such that sup,,cy k(u, u) < By, and continuous.
4. The {K,, },,ex operator family is uniformly bounded in Hilbert-Schmidt norm and
Holder continuous in operator norm. Formally, 3Bk < oo such that

1K 2y vae) = T7 (K Ku) < Biey (Via € X)), (11)

and 3L > 0, h € (0,1] such that the mapping K., : X — £(Y, H) is Holder continuous:

h
||Kua - KubHL(y,:}{) <L ||,ua - ,ubHHv V(,uanub) € X xX. (12)

10
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5. y is bounded: 3C < oo such that |y, < C almost surely.
These requirements hold under mild conditions: in Section [§, we provide insight into the
consequences of our assumptions, with several concrete illustrations (e.g. regression with
set- and RBF-type kernels).

4. Error Bounds, Consistency & Computational-Statistical Efficiency
Tradeoff

In this section, we present our analysis of the consistency of the mean embedding based
ridge regression (MERR) method.

Given the estimator ( sz) in Eq. ([@), we derive finite-sample high probability upper
bounds (see Theorems 2] and [7) for the excess risk £ ( fi)‘, fp), and in the misspecified set-
ting, for the excess risk compared to the best attainable value from X, i.e., £ ( 2’\, fp) — D?
We illustrate the bounds for particular classes of prior distributions, and work through spe-
cial cases to obtain consistency conditions and computational-statistical efficiency tradeoffs
(see Theorems [ [@ and the 3rd bullet of Remark [§). The main challenge is how to turn
the convergence rates of the mean embeddings into those for an error £ of the predictor.
Although the main ideas of the proofs can be summarized relatively briefly, the full details
are more demanding. High-level ideas with the sketches of the proofs and the obtained
results are presented in Section 1] (well-specified case) and Section (misspecified case).
The derivations of some technical details of Theorems 2] and [7 are available in Section [7}

4.1 Results for the Well-specified Case

We first focus on the well-specified case (f, € H) and present our first main result. We
derive a high probability upper bound for the excess risk &£ ( fi)‘, fp) of the MERR method
(Theorem [). The upper bound is instantiated for a general class of prior distributions
(Theorem M), which leads to a simple computational-statistical efficiency description (The-
orem [B)); this shows (among others) conditions when the MERR technique is able to achieve
the one-stage sampled minimax optimal rate. We first give a high-level sketch of our con-
vergence analysis and an intuitive interpretation of the results. An outline of the main proof
ideas follows, with technical details in Section [7}

Let us define x = {x;}._, and x = {{z;,}N_;}!_ as the x-part’ of z and 2, respectively.
One can express f, [Eq. B)] (Caponnetto and De Vitd, 2007), and similarly 12 [Eq. @],

as
1< 1<
f2 = (T + N gy, Te=3 T, 92 =7 Kuyi  (13)
i=1 =1
1< 1<
£ =(Tx+ )" ga, Ti=7 > T, 92 =7 > Ky, ui, (14)
i=1 i=1

where T),, = K, K}, € L(H) (1o € X), Tx, Tk : 3 — H, gg, g5 € I. By these explicit ex-
pressions, one can decompose the excess risk into 5 terms (Szabd et al J 201 5 Section A.1.8):

E(f2.f) =RIf2] —RIf] <5[S-1+ So+A(N) + 51+ S5],

11
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where

S_1=51(\z2) = VT (Tx + \) " (92 — 92) |3, (15)
So = So(\2z,2) = |VT(Tx + M) "N (T — T2) £, (16)
AN = IVT(f* = )5, 81 =S1(\2) = [VT(Tx + M) (ga — Tuefo) 3

Sy = S2(A2) = VT (T + M) "HT = T (f* = f,)lI3¢,

f)‘ = ar%rgn{in(R[f] + A ||f||§{), T = /X Ty, dpx (pta) = Sk Sy + H — H. (17)
€

Three of the terms (S1, Sz, A())) are identical to the terms in (Caponnetto and De Vitd

), hence the earlier bounds can be applied. The two new terms (S_1, Sp) resulting
from two-stage sampling will be upper bounded by making use of the convergence of the
empirical mean embeddings. These bounds will lead to the following results:

Theorem 2 (Finite-sample excess risk bounds; well-specified case) Let
Ky« X — L(Y,3) be Hélder continuous with constants L, h. Letl € Z*, N € LT,
0< X\ 0<n<1,0<6, Cp=32log6/n), lylly <C (a.s.) and A(X) be the residual as

defined above. Define M = 2(C + || fyll4; VBK), ¥ = %, T as in (D), BA\) = |f* — £l
as the reconstruction error, and N(X) = Tr[(T + X\)~'T] as the effective dimension. Then

with probability at least 1 —n —e ™9,

) of 2T e

AN

(o 58 2 ) 0 1)

B2.B(\)  BgA(\)  BgM? Y2N())
2 T S 5 S

|:C2 +4BK X

+AN) + €, [

:rlm

if 1> 20, BRN(A) /A, A < |[Tllgag) and N > (1+ \/log(l) + 0)°2°% By,(Bx )W L¥ /AT

Below we specialize our excess risk bound for a general prior class, which captures the diffi-
culty of the regression problem as defined in (Caponnetto and De Vitd (2007). This P(b, c)
class is described by two parameters b and c¢: larger b means faster decay of the eigenvalues
of the covariance operator T' [in Eq. (I7))], hence smaller effective input dimension; larger ¢
corresponds to a smoother regression function. Formally:

Definition of the P(b,c) class: Let us fix the positive constants R, «, 8. Then given
1 <b, ce (1,2], the P(b,c) class is the set of probability distributions p on Z = X x Y
such that .
1. a range space assumption is satisfied: dg € H s.t. f, = T2 g with HgHg{ <R,
2. in the spectral decomposition of T'= Y7 | A, (-, €5 )¢ €, Where (€,)52; is a basis of
Ker(T)*, the eigenvalues of T satisfy a < nbX\, < B (¥n >1).

Remark 3 We make few remarks about the P(b,c) class:

12
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e Range space assumption on f,: The smoothness of f, is expressed as a range space
assumption, which is slightly different from the standard smoothness conditions ap-
pearing in non-parametric function estimation. By the spectral decomposition of T
gwen above A1 > Xg > ... > 0,limy 00 Ay =0, T7u = > 07 1 (An)" (U, en)gcn (1=
0;21 >0,u € H) and

Im(T") = {Zzo:l Cnén : ZZOZI N < oo}. (18)

Specifically, in the limit as r — 0, we obtain f, € Im(T°) = Im(I) = H (no con-
straint); larger values of  give rise to faster decay of the (c,), Fourier coefficients.
This is the concrete meaning of f, € Im(T").

e Spectral decay condition: We can provide a simple illustration of when the spec-
tral decay conditions hold, in the event that the distributions are normal with means
m; and identical variance (v; = N(m;,021)). When Gaussian kernels (k) are used
with linear K, then K (g, fz;) = e—cllmi—m;||* (Muandet et aLl, [ZQLQ, Table 1, line
2) (Gaussian, with arguments equal to the difference in means). Thus, this Gram
matriz will correspond to the Gram matriz using a Gaussian kernel between points
m;. The spectral decay of the Gram matrixz will correspond to that of the Gaussian
kernel, with points drawn from the meta-distribution over the m;. Thus, the source
condztwns are analysed in the same manner as for Gaussian Gram matrices: see e.g.

) for a discussion of these spectral decay properties.
In the P(b, ¢) family, the behaviour of A(\), B(\) and N(A) is known: A(N\) < RA¢, B(A) <
RXTL N\ < %)\_%. Specializing Theorem [2] and retaining its assumptions, we get:

Theorem 4 (Finite-sample excess risk bound for p € P(b,¢))
Suppose the conditions in Theorem [2 hold. Let p € P(b,c), where 1 < b and ¢ € (1,2].
Then

(£2.5,) {4L2 (1 + \/10g7> (2By)"
€ Z fp <5
Z) )\Nh
2 | M?Bg 23b 3 4B%<R)\C—1 B RA° . )
X <C?7{X 12\ + (b—l)l)\% +m |: 2 + ] } + R\ +||fp||g{

B2 R\ N BigRN™' BrM? ¥25b
12 41 IEDY (b—1)IAs

Discarding the constants in Theorem [} the study of convergence of the excess risk £(f2, f,)

to 0 boils down to finding N and X (as a function of /) where N — oo, A — 0 and

C? + 4Bj x

+RX+C,

logh(l) [ 1 1 1 1 b1 log(1)
r(l,N,\) = NN W+1+M1+% + X° +m+l)\ — 0, s.t. A >1,

13
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as | — oo. Let us choose N = [+ log(l); in this case Eq. () reduces to

1 1 1 1 br1

r(l,A):W+m+m+>\c+m+M—% — 0, s.t. I >1, 1907 > 1. (20)
One can assume that a > 0, otherwise (I, A\) — 0 fails to hold; in other words, N should
grow faster than log(l). Matching the ‘bias’ (\°) and ‘variance’ (other) terms in (I, \)
to choose A, and guaranteeing that the matched terms dominate and the constraints in
Eq. 20) hold, one gets the following simple description for the computational-statistical
efficiency tradeoﬁﬁ

Theorem 5 (Computational-statistical efficiency tradeoff; well-specified case;
p € P(b,c)) Suppose the conditions in Theorem @ hold. Let p € P(b,¢) and N = 1% log(l),
where 0 < a, 1 <b, ce (1,2]. If

o a <5 then € (£, 1,) = Oy (l_%> with A = [~ &1,

o a> 47D then & (f).f,) = O, (l‘bfﬁ) with \ = |55t

Remark 6 Theorem [ formulates an exact computational-statistical efficiency tradeoff for
the choice of the bag size (N ) as a function of the number of distributions (1) and problem

difficulty (b, c).

e a-dependence: A smaller bag size (smaller a; N = Ih log(1)) means computational
b(c+1)

savings, but reduced statistical efficiency. It is not worth increasing a above %5

since from that point the rate becomes r(l) = l_bcbﬁ; remarkably, this rate is minimazx
in the one-stage sampled setup A(;ngnngttg and De kz’td, IZ_QM) The sensible choice
a= béi—ﬁ) < 2 means that the one-stage sampled minimaz rate can be achieved in the
two-stage sampled setting with bag size N sub-quadratic in .

e h-dependence: In accord with our ‘smoothness’ assumptions it is rewarding to use
smoother K kernels (larger h € (0,1]) since this reduces the bag size [N = n log(l)].

e c-dependence: The strictly decreasing property of ¢ +— bl()iﬁ)

‘smoother’ problems (larger c) fewer samples (N ) are sufficient.

implies that for

Below we elaborate on the sketched high-level idea and prove Theorem [2
Proof of Theorem [2] (detailed derivations of each step can be found in Section [7.1])

1. Decomposition of the excess risk: We have the following upper bound for the excess
risk

E(f2 1) =R[f2] = RIf) <5[S-14 So+AN) + 51 + S (21)

8. The derivations are available in the supplement.

14
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2. It is sufficient to upper bound S_; and Sy: [Caponnetto and De Vitd (IZDDj) have
shown that for Vi > 0 if I > 2C, BkN(A)/A, A < ||T'||z(3¢), then P(O(N,z) < 1/2) >
1 —n/3, where

O\ z) = (T = T)(T + M)~ | 50, (22)

using which upper bounds on S; and S5 that hold with probability 1 — 7 are obtained.
It is known that A(X) < RA°.

3. Probabilistic bounds on ||g; — g,||3;, || Tx — T;{H%(g{), VT (T + )\I)_IH%(%), [FAE*
One can bound S_; and S as

H\/_ +>‘I 1HL(9{ ng gz”ﬂf

and
< VT (T + M) 300 1T = Tl 0 152 15

For the terms on the r.h.s., we derive upper bounds [for the definition of a, see Eq. (24])]

1+ va)™ (2By)" 2
12 < 12 5 ( I < =
gz — g HI}-C c Nh H\/— x+AI)” H L(H) \/X’
2 (1+ va)™ 2" 2(By) B L*

1T = Tl 90 < N )

and
2 16 6\ [M?Br  X2N()\)
M g (229502 (2 K
‘zg{_6<)\log <77>[ ot ] (23)

g log? (£) [AEAZO L BACU) ) 4 ).

The bounds hold under the following conditions:

® ||gz — g2||3 (see Section [TI)): if the empirical mean embeddings are close to their
population counterparts, i.e.,

(1 +Va)y2By .
o — iy < —————-—, (Vi=1,...,1). 24
I, = sy < ) (24)
This event has probablhty 1 — le™™ over all ¢ = 1,...,l samples; see

(Altun_and Smold, [2006) and (Szabo et all, 2015, Section A.1. 10)
o | Ty — TAH%(:H (see Sectlon C12): @4) is assumed.
o [VT(Ti + M) 7H3 5 (Szabé et all, 2015, Section A.1.11): @), ©(\,2) < §, and

(1+V@)*2"% By(Bx) Lt
A

< N. (25)

>
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e ||/} The bound is guaranteed to hold under the conditions of the bounds of S
and S5 B

4. Union bound: By applying an « = log(l) + 0 reparameterization, and combining the
received upper bounds with |(Caponnetto and De Vitd (IM)’S results for S; and Ss,
Theorem [ follows (Section [[I3]) with a union bound.

Finally, we note that existing results/ideas were used at two points to simplify our anal-

ysis: boundmg Sl, 52 @é)\ z {f’\H% (Caponnetto and De Vitd, 2007) and ||z, — ps, |

Altun an

4.2 Results for the Misspecified Case

In this section, we focus on the misspecified case (f, € L? _\H) and present our second main
result, which was inspired by the proof technique of lSm.pﬂllmbudllr_@_alJ (IZQIAI Theorem
12). We derive a high probability upper bound for £ ( fi)‘, fp), i.e., the excess risk of the
MERR method (Theorem [7) which gives rise to consistency results (3rd bullet of Remark )
and precise computational-statistical efficiency tradeoff (Theorem [)). Theorem [7] consists
of two finite-sample bounds:

1. The first, more general bound [Eq. ([27])] will be used to show consistency in the
misspecified case (see the 3rd bullet of Remark []), in other words that £ ( fi)‘, fp) can
be driven to its smallest possible value determined by the “richness” of H:

2 . oax )12
Dy := inf [l = Skeall, (26)

The value of Dy equals the approximation error of f, by a function from H. Specifi-
cally, if H [precisely Sj(H) = {Sjq:q€ H} C L2 ]is dense in L2, then Dy = 0.

px

2. The second, specialized result [Eq. ([28))] under additional smoothness assumptions on
f, will give rise to a precise computational-statistical efficiency tradeoff in terms of
the problem difficulty (s) and sample numbers (I, N); this result can be seen as the
misspecified analogue of Theorem

After stating our results, the main ideas of the proof follow; further technical details are
available in Section Our main theorem for bounding the excess risk is as follows:

Theorem 7 (Finite-sample excess risk bounds; misspecified case) Let | € 7Z7,

2
NeZ,0< A 0<n<1 0<éand C, = log(%). Assume that (%C’n) <1
and (1 + \/Tog(l) +0)2"%" By(Bx)* L7 /AT < N.

1. Then for arbitrary q € H with probability at least 1 —n — e

ST < 2LC<1+«/l\c;g;N§ ) (2By)% <1+2\/\/§—K>+ o

2C, 20VB Cv/Bg 2B o
\/Xn{< l =+ \/ZK>+<TK+—> \/)‘prH D()\q)}—I—D()\q)

9. We also corrected some constants in the previous works.

-6
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1
where Da(X, q) = |[fp = Skallp + max(L, [Tl ¢ (30) A2 llqlsc-

2. In addition, suppose f, € Im(Ts) for some s > 0, where T is defined in Eq. @©). Then
with probability at least 1 —n — e, we have

h
2LC <1+\/log > (2Bg)2 <1+2@>+
VAN VA

2C, | (20VBg = C\/Bk 2Bk o\ 1
ﬁ{( R/ )*(z )3

\/max (1, |7 Z(LZ

where Dy(A, s) = max(L, [ T]g g JNHE[T2F .

E(f3: o) <

)) A HT—Sprpr()\,s)} D\, 5), (28)

Remark 8 We give a short insight into the assumptions of Theorem|[7, followed by conse-
quences of the theorem.

)=
M}

Range space assumption on f,: The range space assumption for the compact, posi-
tive, self-adjoint operator, T = T(K) : L2 — L2 in the 2nd part of Theorem [7
can be interpreted similarly to that on T; see FEq. (I]EI) One can also prove alter-
native descriptions for Im(TS) in terms of interpolation spaces ,

, Theorem 4.6, page 387), or the decay of the 2-approximation error function,

inf eacre) (AN I + RUF) = RIS,)) (Smale_and Zhol, [200% Steinwart et all,

/€ (f3, f»): Notice that in the bounds [@T), [28)], instead of the excess risk, its square

root appears; this has technical reasons, as it is easier to have the D4(\,q) quantity
(without multiplicative constants) appear on the r.h.s. of Eq. 1) with this form.
Consistency in the misspecified case: The consequence of Theorem [](1) is as follows.
Discarding the constants in Eq. (21)), we obtain the upper bound (notice that the constant
multiplier of || f, — S}‘{qu in the last term was one):

Az (A

g ) 1, VIo— Sical, + VA lal
N3y VI W1
By choosing N = 1'/"logl, /7T, is bounded by

V1o =Skall, /al 1
15 = Scal, + S+ 0 Vil 4+,

7i)

(1, N, A q) = +1fp = Sicall, + VX llallye

inf
eEH

Our goal is to investigate the behavior of the bound as | — co, X\ — 0 and A1 —
00. Define K(a, B,7) = infgen {pr = Stkeall, + o /| fp = Skall, + Bv/Tallye + 7||Q||H}-

K(a,B,7) is the pointwise infimum of affine functions, therefore it is upper semi-
continuous and concave on R3 ) , M Lemmas 2.41 and 5.40 ); it
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is continuous on x>_;Rg (fRockafellar and Wet:i, 12_(203, Theorem 2.35). Moreover, by ap-
plying (iRQQkZQJf@U(lE and_Wets, 2008, Corollary 2.37) it extends continuously to x3_Rx;
specifically it is continuous at (o, 3,v) = 0. In other words, as | — oo, X — 0 and

MW — 00, K <)\%/, Aﬁlﬂ, \/X) — Dqg¢ and we get consistency in the misspecified caseJE
4

Vr(N,I,N) = Dy

Discarding the constants in Eq. (28] we getld

h -
logg(l) 1 \min(1,s)
Vr(l, N, = + +
( ) Nix  VIX W1

Our goal is to drive (I, N, \) to zero with a suitable choice of the (I, N, \) triplet under
the stronger range space assumption. Since in Eq. (29) min(1, s) appears, one can assume
without loss of generality that s € (0,1]; consequently 1 — 5 € [%, 1) and -1 < 171§ T.

122 AT 22
Let us choose N = [2%/"log(l); in this case using the previous dominance note, Eq. (29)
reduces to the study of

) 1
+ )\mm(l,s)7 subject to ﬁ <. (29)

1 1 )
= — s t. > 1.
NN oy T A 0 st (30)

One can assume that a > 0, otherwise r(I, \) — 0 fails to hold: in other words, N should
grow faster than log(l). Matching the ‘bias’ (A\*) and ‘variance’ (other) terms in 7 (I, \) to
choose A, guaranteeing that the matched terms dominate and the constraint in Eq. (B0)
hold, one can arrive at the following computational-statistical efficiency tradeoff®

Theorem 9 (Computational-statistical efficiency tradeoff; misspecified case, f, €
Im(T?)) Suppose that f, € Im(T*) and N = & log(l), where s € (0,1], a > 0. If

s+27

« 0> then & (£ f,) = 0, (U77) with A =1772.

« o< then & (£ f,) = O (1) with A =177,

Remark 10 Theorem [ provides a complete computational-statistical efficiency tradeoff
description for the choice of the bag size (N) as a number of the distributions (1).

e a-dependence: A smaller value of ‘a’ (smaller bags N = 12*/"log (1)) leads to a compu-

tational advantage, but one looses in statistical efficiency. As ‘a’ reaches %, the rate

2s
becomes r(l) =1~ s+2 and one does not gain from further increasing the value of a. The

sensible choice of a = ‘;i—; < % means that N can again be sub-quadratic (2a < % <2)
n l.

e h-dependence: By using smoother K kernels (larger h € (0,1]) one can reduce the size
of the bags: h — 2a/h is decreasing in h. This is compatible with our smoothness
requirement on f,.

10. We have discarded the log(l)/)\% < N constraint implied by the convergence of the first term in /7.
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0.8
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Figure 1: Comparison of the r,(l) = [ 257 and r(l) = I”5%2 rates as function of the problem
difficulty /smoothness (s).

e s-dependence: “Easier” tasks (larger s) give rise to faster convergence. Indeed, in the

2s
r(l) = 1" s+2 rate the s — si_—s2 exponent is strictly increasing function of the problem
difficulty (s). For example, for extremely non-smooth regression problems (s ~ 0)

the convergence can be arbitrary slow (limg_, % = 0). In the smooth case (s = 1)

. . 2
limg_yq s%r_sz = % and one can achieve the r(1) =175 rate.

e We may compare our r(l) = 17552 result with the ro(l) = = (one-stage sampled)
rate dStez’nuzart et QJJ, [ZMQ, B/2 := s, q :== 2, p:= 1 in Corollary 6), which was
shown to be asymptotically optimal on Y = R for continuous k on compact metric
X. Steinwart et al.’s result is more general in terms of q (|| f||4; based reqularization)
and p (|| fllee < C’||f\|€{||f\|l1)_p, Vf € H; in our case p = 1), although it imposes
an additional eigenvalue constraint [(Steinwart et all, |2009, Eq. (6))] as well as fo €
Im(T*®). Moreover, one can observe that r,(l) < r(I) with a small gap, and that
for s = 0 and s =1, ro(l) = r(l); see Fig. [ We further remind the reader that our
MERR analysis also holds for separable Hilbert output spaces Y, separable topological
domains X enriched with a bounded, continuous kernel k, and that we handle the two-
stage sampled setting.

The main steps of the proof of Theorem [1 are as follows:

Proof of Theorem [7] (the details of the derivation are available in Section [[.2]) Steps 1-7
will be identical in both proofs and we present them jointly.

1. Decomposition of the excess risk: By the triangle inequality, we have
€ (1 80) = ISicfa = Foll, < ISk (82 = D, + ISk f2 = ol - BD)
2. Bound on HS}} (fz>‘ — fz’\) Hp: Usin the fact that

ISRl = |VTh|)3 (VA€ 30), (32)

11. Importantly, with a slight modification of the more general, first part of Theorem [7] one can get the
specialized second setting of the theorem (see Step 8).
12. See for example lde Vito et all (2006) on page 88 with the (3(, 5, A,T) := (3, L2, S, T) choice.
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and the definitions of S_; and Sy [see Eqgs. (IH)-(I6))], we obtain
IS5 (£ = £l = IVT (£ = ) lloe < V/S—1+ /o, (33)

through an application of triangle inequality. One can derive without a P(b,c) prior
assumption (Section [.2.1]) the upper boun

[Ny

2LC(1 + V)" (2By) 2v/Bk
VS_1+/S < VL [1+ 7 }

for the r.h.s. of Eq. [B3) under the conditions that ®()\,z) < % (which holds with
probability 1 — 7 if [12Bx log(2/n)/A]* < 1), and that Eqs. (@4)-(25) hold.

3. Decomposition of HS}‘{ - prp: By the triangle inequality and Eq. (32)), we have

I1icf2 = foll, = 115 (f2 = ) + Sk £ = Foll, < 1Sk (£ = £, + ISk = £l
= IVT(f2 = Py + 1955 = £l (34)

4. Decomposition of H\/T ( = f ’\) H:}{: Making use of the analytical expressions for f,

and f* [see Eq. ([3) and Eq. ([[T)], and the operator Woodbury formula (Ding and Zho,
, Theorem 2.1, page 724) we arrive at the decomposition (see Section [[.2:2])

VT2 = ) e < VT A M) |y ( N9z = gl +

I7 = Tl A 1K1y = (F 4 AD 8588 )

where g, = Sk f,. As it is known (Caponnetto and De Vitd, 2007, page 348) ||v/T(Tx +

)‘I)_1||L(3{) < 1/V/X provided that @(\,z) < %

5. Bound on |[|g; — gpll4s T — Txll g (50 By concentration arguments the bounds

4CvB 20/B 2 AB Ao 2
ugz—gpug{g< K, 20V K)log(g),HT—TXHMS(—“—)log(E)

l Vi l Vi
hold with probability at least 1 — 7, each (see Section [[.2.3] [7.2.4]).

6. Decomposition of HSK [fp —(T+ )\I)_IS}}SKfp] H?{ Exploiting the analytical formula
for f*, one can construct (Section [Z.5)) the upper bound

1Sk [fo = (T + A1) 7' SicSicfo] e < 1T Lo = (T + AD T SicSkc Sl ||| Sk = foll -

13. See the remark at the end of Section [7.2.1]
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7. Bound on HT[fp (T + NI)~1S% Sk £,] H Using our assumptions that f, € Im(T*)
(s > 0). and exploiting the separability of L , by Lemma (X = LI%X, [ =f
M=T,a= 1) and T = S-Sk we obtain the upper bound
|T[f, = (T + )" S5 Sk f] Hp =|T[f, = (T +AD)7'Tf,] Hp
< max <1, HTHZ(L%X)))\min(I,s—H)HT—sprp — max <17 HTHZ(L%X)))\HT_SJCP ,

where we used at the last step that min(1, s + 1) = 1; this follows from s > 0.
8. Bound on HS;{f)‘ — prp:

(a) No range space assumption: One can construct (Section [.2.6]) the bound

IS5 = 1o, < 1o = Sicall, + max (1, [ Tll g5y )AZ lallge

which holds for arbitrary ¢ € J.

(b) Range space assumption in L2 Using the S% f)‘ (T + \I)~'T [, identity
[see Eq. @3], and Lemma [T.3.2] (M T, K =L?

5¢r a=0), we get

IS8 = foll, = 1T+ ADTS, = fyl, < mae (1, [Tty )09 [,

9. Union bound: Applying an o = log(l) + ¢ reparameterization, changing 7 to 4 and
combining the derived results (in case of the first statement with s = 0) with a union
bound, Theorem [ follows.

Remark 11 To contrast the derivation of the well- and the misspecified cases, we note that

previous results [Section [{.1], or|Caponnetto and De Vitd (2007)’s bound] were used at two

points:

(a) In Step 2 by using Eq. B2)) and transforming the L% error HS}} (f) - f’\)H to H,
we could rely on our previous bounds for S_1 and Sy. However, we were requzred to
use a different concentration argument to guarantee (A, z) < % since we no longer

assume the P(b,c) prior class.

(b) In Step 4 the first term could be bounded by |Caponnetto and De Vitd (2007). Its

O\ z) < % condition was guaranteed by Step 2; and see Section [7.2.1]

We note that our misspecified proof method was inspired by |Sriperumbudur et all (tZLZJ,

Theorem 12), where the authors focused on the consistency of an infinite-dimensional ex-
ponential family estimator.

14. Note that we choose s = 0 and s > 0 in the first and second theorem part, respectively.
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5. Related Work

In this section we discuss existing approaches and heuristic techniques to tackle learning
problems on distributions.

Methods based on parametric assumptions: A number of methods have been
proposed to compute the similarity of distributions or bags of samples. As a first approach,
one could fit a parametric model to the bags, and estimate the similarity of the bags
based on the obtained parameters. It is then possible to define learning algorithms on
the basis of these similarities, which often take analytical form. Typical examples with
explicit formulas include Gaussians, finite mixtures of Gaussians, and distributions from
the exponential family (with known log-normalizer function and zero carrier measure, see
Kondor and Jebara, m; Jebara, et alJ, M; Wang et alJ, M; Nielsen and NQQH, M)
A major limitation of these methods, however, is that they apply quite simple parametric
assumptions, which may not be sufficient or verifiable in practise.

Methods based on parametric assumption in a RKHS: A heuristic related to
the parametric approach is to assume that the training distributions are Gaussians in a
reproducing kernel Hilbert space (see for example |Jebara et all, 12004: Zhou and Chellappa,
m, and references therein). This assumption is algorithmically appealing, as many diver-
gence measures for Gaussians can be computed in closed form using only inner products,
making them straightforward to kernelize. A fundamental shortfall of kernelized Gaussian
divergences is the lack of their consistency analysis in specific learning algorithms.

Kernels based techniques: A more theoretically grounded approach to learning on
distributions has been to define positive definite kernels on the basis of statistical diver-
gence measures on distributions, or by metrics on non-negative numbers; these can then be
used in kernel algorithms. This category includes work on semigroup kernels ,
M), nonextensive information theoretical kernel constructions (IM_aI_mlsﬂ_aJJ, |2011£i), and
kernels based on Hilbertian metrics Mﬁm&mﬂ, M) For example, the intuition
of semigroup kernels (Cuturi et al.|, |20Qd) is as follows: if two measures or sets of points
overlap, then their sum is expected to be more concentrated. The value of dispersion can
be measured by entropy or inverse generalized variance. In the second type of approach
(IHQi.n_aild_Bm.lmfﬁL ), homogeneous Hilbert metrics on the non-negative real line are
used to define the similarity of probability distributions. While these techniques guaran-
tee to provide valid kernels on certain restricted domains of measures, the performance of
learning algorithms based on finite-sample estimates of these kernels remains a challeng-
ing open question. One might also plug into learning algorithms (based on similarities of
distributions) consistent Rényi and Tsallis divergence estimates (I&ELQM, m, M),
but these similarity indices are not kernels, and their consistency in specific learning tasks
remains an open question.

Multi-instance learning: An alternative paradigm in learning when the inputs are
“bags of objects” is to simply treat each input as a finite set: this leads to the multi-instance
learning task (MIL, see [Dietterich et alJ, M; Ray and Pagé, m; Dooly et alJ, M) In
MIL one is given a set of labelled bags, and the task of the learner is to find the mapping
from the bags to the labels. Many important examples fit into the MIL framework: for
example, different configurations of a given molecule can be handled as a bag of shapes,
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images can be considered as a set of patches or regions of interest, a video can be seen as a
collection of images, a document might be described as a bag of words or paragraphs, a web
page can be identified by its links, a group of people on a social network can be captured
by their friendship graphs, in a biological experiment a subject can be identified by his/her
time series trials, or a customer might be characterized by his/her shopping records. The
MIL approach has been applied in several domains; see the reviews from );
Zhott (2004); [Foulds and Frank (2010); [Amores (2013).

“Bag-of-objects” methods (MIL, classification): Despite the large number of MIL
applications and the spate of heuristic solution techniques, there exist few theoretical re-
sults in the area (Auei, 1998: Long and Tanl, [1998; Blum and Kalai, 1998; Babenko et all,
2011; thzmgﬂ_alJ, |2Qlj, lS.aha&mndJD&b.byl, |2Qlﬂ) and they focus on the multi-instance
classzﬁcatwn (MIC) task. In particular, let us first consider the standard MIC assumption

,|l£l9l|) where a bag is declared to be positive (labelled with “17) if at least
one of its instances is positive (“1”); otherwise, the bag is negative (“0” . In other words,
if the instances (z;,) in the i'® bag {x;1,...,2; v} have hidden label L(azm) € {0,1}, then
the observed label of the bag is y; = h(x;1,...,x;n) = max(L(x;1),..., L(z;n)) € {0,1}.
In case of the original APR (axis-aligned rectangles; [Dietterich et al.|, |l£29l|) hypothesis class,
function L is equal to the indicator of an unknown rectangle R (L = Ig). In other words, a
bag is declared to be positive if there exists at least one instance in the bag, which belongs
to R The goal is to learn R with high probability given the bags ({zi1,...,z; n}-s) and
their labels ( ! (|19_9§ proved the PAC learnability (probably approxi-
mately correct ) of the APR hypothesis class, if all instances in each bag are
i.i.d. and follow the same product distribution over the instance coordinates. On the other
hand, for arbitrary distributions over bags, when the instances w1th1n a bag might be sta-
tistically dependent, APR learning under MIC is NP-hard (- ); the same authors
also showed that the product property (Long and Tan|, |_L(Z9ﬁ on the coordlnates is not re-
quired to obtain PAC results. [Blum and Kalai (IL{%) extended PAC learnability of APR-s
to hypothesis classes learnable from one-sided classification noise. In contrast to the pre-

vious approaches (Long and Tanl, M; A]]gﬂ, M; Blum and Kalai, M), Babenko et all

) modelled the bags as low-dimensional manifolds, and proved PAC bounds. By re-
laxing the standard MIC assumption, [Sabato and TishbyI (IM) showed PAC-learnability
for general MIC hypothesis classes with extended “max” functions. thzmgﬂ_aJJ (|2Qlj)
derived high-probability generalization bounds in the MIC setting, when local and global
representations are combined. Our work falls outside this setting since the label and bag
generation mechanisms we consider are different: we do not assume an exact form of the
labelling mechanism (function L and max in h). Rather, the labelling is presumed to be
stochastically determined by the underlying true distribution, not deterministically by the
instance realizations in the bags (these are presumed i.i.d., and may be bag-specific).

“Bag-of-objects” methods (MIL, not classification): Beyond classification,
there exist several heuristics—without consistency guarantees—for many other multi-
instance problems in the literature, including regression dB@;Land_Eagé, 2001; mlw_aﬂ,

15. The motivation of this assumption comes from drug discovery: if a molecule has at least one well-binding
configuration, then it is considered to bind well.

16. In terms of drug binding prediction, this means that a molecule binds to a target iff at least one of its
configurations falls within a fixed, but unknown rectangle.
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hﬂﬂj Zhou et_all 120119 Kwok and Cheung [201)_7] clustering (Zhang and Zhou| l201)_d
lZ.b.a.ng_eL_alJ [20_(19 [2Qll] lﬂhﬁn_andm [2Qlﬂ ), ranking (Bergeron et alJ [201)8 |H11ﬂ_ai,|
um Bergeron et alJ 201 2), outlier detection 1, 2!!1!1), transfer learning

(IB@;&ka.mLal] 12008; th.a.ng_aJld_SJ' [20Qd and feature selectlon -weighting and -extraction

(also called dimensionality reduction, low-dimensional embedding, manifold learning, see

Raykar et. all, 2008; Ping et all,12010;1Sun et all,2010; |Carter et all,[2011; [Zafra et all,2013;
Chai et all, !!145]3 and references therein).

Approaches using set metrics: Adapting the bag viewpoint of MIL, one can
come up with set metric based learning algorlthms. Probably one of the most well-
known set metrics is the Hausdorff metric (@, [@), which is defined for non-
empty compact sets of metric spaces, specifically for sets containing finitely many points.
There also exist other (semi)metric constructions on points sets , ;
Ramon and Bruyn QQghé, lﬂlﬂb Unfortunately, the classical Hausdorff metric is highly
sensitive to outliers, seriously limiting its practical applicability. In order to mitigate this
deficiency, several variants of the Hausdorff metric have been designed in the MIL literature,
such as the maximal-, the minimal- and the ranked Hausdorfl metrics, with successful ap-

lications in MIC (Wang and Z]]Qkﬁﬂ, lﬂlj) and multi-instance outlier detection (lm,
@); and the average Hausdorff metric (Zhang and Zhou, 2009) and contextual Hausdorff
dissimilarity (Chen and Wul, [M), which have been found useful in multi-instance cluster-
ing. Unfortunately, these methods lack any theoretical guarantee when applied in specific
learning problems.

Functional data analysis techniques: Finally, the distribution regression task might

also be interpreted as a functional data analysis problem (Ramsay and Silmrmaﬂ, [Mﬁ,
[20_05; [Miillﬁﬂ, [20_0_51), by considering the probability measures z; as functions. This is a
highly non-standard setup, however, since these functions (x;) are defined on o-algebras
and are non-negative, o-additive.

6. Conclusion

We have established a learning theory of distribution regression, where the inputs are prob-
ability measures on separable, topological domains endowed with reproducing kernels, and
the outputs are elements of a separable Hilbert space. We studied a ridge regression scheme
defined on embeddings of the input distributions to a reproducing kernel Hilbert space,
which has a simple analytical solution, as well as theoretically sound, efficient methods
for approximation (thzmgﬁ_‘LaJJ, 2014; [Yang et all, 2015; Rudi et. al, [2Qlﬂ) We derived
explicit bounds on the excess risk as a function of the number of samples and problem
difficulty. We tackled both the well-specified case (when the regression function belongs to
the assumed RKHS modelling class), and the more general misspecified setup. As a special
case of our results, we proved the consistency of regression for set kernels m m;
Giirtner et all bﬂﬂj), which was a 16-year-old open problem, and for a recent kernel family
(Christmann and SLginwarﬂ, [M), which we have expanded upon (Table [Il). We proved
an exact computational-statistical efficiency tradeoff for the MERR estimator: in the well-
specified setting, we showed how to choose the bag size in the two-stage sampled setup to

17. Often these “metrics” are only semimetrics, as they do not satisfy the triangle inequality.
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match the one-stage sampled minimax optimal rate (Iﬁhmunﬁ_timmmtd, |2L)Dj), and

in the misspecified setting, our rates approximate closely an asymptotically optimal estima-
tor imposing stricter eigenvalue decay conditions (&Mﬁuﬂ], M) Several exciting
open questions remain, including whether improved/optimal rates can be derived in the
misspecified case, whether we can obtain consistency guarantees for non-point estimates,
and how to handle non-ridge extensions.

Finally, we note that although the primary focus of the current paper was theoretical, we
have applied the MERR method in Szabo et all (|2Qlﬂ, Section A.2) to supervised entropy
learning and aerosol prediction based on multispectral satellite images In future work,
we will address applications with vector-valued outputs.

7. Proofs

We provide proofs for our results detailed in Section @ Section [T1] (resp. Section [T.2))
focuses on the well-specified case (resp. misspecified setting). The used lemmas are enlisted
in Section [7.3]

7.1 Proofs of the Well-specified Case

We give proof details concerning the excess risk in the well-specified case (Theorem [2I).

7.1.1 PROOF OF THE BOUND ON ||g; — ga|%

By [@3), (@) we get g; — g, = %22:1 (K%i - K;mi)yi; hence by applying the Holder
property of K(.), the boundedness of y; (||y;|ly < C) and (24]), we obtain

l l
1 1
92 = 9alle < 321 D2 | (K, = Ko Jillse < 5 D 180, = B v 1ol
1=1 i=1

<

L? 20 N[+ V@) V2B ™ 5 a(1+ V&)™ (2By)"
T l Z[ VN } DR

with probability at least 1 — le™®, based on a union bound.

l
2 2h
D will5 N, — w37 <
i=1 1=1

7.1.2 PROOF OF THE BOUND ON ||Ty — T5(||%(9{)

Using the definition of Ty and Tk, and exploiting (with || - [[¢(3)) that in a normed Spacd@
(NI, fie N, (i=1,...,n)

1> AP <n D> 1A, (35)

we get

2

. (36)

!
1
Ty — Ty <—z(ﬁ -7,
|| ||L(9{) — l2 ; Ha; Hz; L(g{)

18. For code, see https://bitbucket.org/szzoli/ite/.
19. Eq. 35) holds since ||-||* is convex function, thus 2>, sz2 D D I f:ll2.
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To upper bound ||, — T}, H%(g{), let us see how T, = K, K, acts. The existence of an
E > 0 constant satisfying |[(T)., — Tpu,)(f)ll4e < E || fll5 implies ||T},, — TMUHL(H) < E. We
continue with the L.h.s. of this equation using Eq. (35):

(T, — T )O3 = || K K, (F) = Ko K ()2
= | Ky [K () = K5 ()] + (K — Kpu) K5 ()]
< 2 [[[ K, [5G, () = K5 (O] 5+ 10 = ) K5, () 5]

By Eq. (@) and the Holder continuity of K.y, one arrives at

1K [KS <f>—K* H!H<HKMHLM |5, () = K5, (D]

<|IK KZU

= HKMuHL(Y,g{ HK w MUHL(YU{ ”f”ﬂf < BgL? [ pw — Nv” HfHﬂf?
H(Kﬂu - KMv) K* Hf}{ < ”K Mv”L(Y,U{) HK*’U

é HK w ﬂvH,C(Y,g‘f) HK*u

2 oo 1B = 12y 1 — ) 2y 713

iy

2 2h 2
L(H,Y) ||f||f}{ S BKL2 ||MU - MUHH |fH9'C

h
Hence [[(Ty, — T ) (I3 < 4BrL? [l — moll3 1 f13e = E? = 4BKL? [l — o[- Ex-
ploiting this property in ([B0) with Eq. ([24]) we arrive to the bound

l l 2h
4By L? n _ ABRL? <~ (1 4+ @)™ (2B)"
1T = Tl oy < Dl = pa Iz < =5 a7
i=1 1=1
(14 @) 2By B L2
— o _

(37)

7.1.3 PROOF: FINAL UNION BOUND IN THEOREM

Until now, we obtained that if (i) the sample number N satisfies Eq. (25]), (ii) ([24)) holds
(which has probability at least 1 —le”™® =1 — e —la—log()] — 1 — ¢=9 applying a union bound
argument; a = log(l) + 6), and (iii) @(\,z) < 3 is fullfilled [see Eq. (22)], then

o n (V@) 2B (1+ )™ 22 (By) Br L2
L°C N + N X

X <log2 <g> {% [M;le + 22?0‘)} + % [43%?()‘) + BKf(A)] } +B(\) + pruﬁfﬂ

4
S_1+4+5 <+

_atds ;/Jifh (25" [(12 + 4By %
. <1og2 <§> {% [M;fK ; Z%ZW} L [4321?& . BKfW] } LB+ ufpuaﬂ |

By taking into account (Caponnetto and De yiizd (Iﬂm )’s bounds for S; and S2, S; <

321log? <%> [BKMQ + 22N(>\)] S, < 8log? (%) [43%3()‘) + BKA()‘)} plugging all the expres-

sions to (ZII), we obtain Theorem 2] with a union bound.
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7.2 Proofs of the Misspecified Case

We present the proof details concerning the excess risk in the misspecified case (Theorem [1).

7.2.1 PROOF OF THE BOUND ON +/S_1 4+ /Sy WITHOUT P(b, )

The upper bounds on S_; and Sp [which are defined in Eqs. (IT), (I8)] remain valid with-
out modiﬁcation provided that (i) @(\,z) = (T — Tx)(T + )\)_1||L(g{) < |(T — Tx)(T +
A7 La(3) < 3, where we used Eq. (@), (ii) Eq. (4] is satisfied (which has probability
1—1le™®) and (111) Eq. (7)) holds. Our goal below is to guarantee the ®(\,z) < 3 condition
with high probability without assuming that the prior belongs to P(b,c).

Requirement ©()\,z) < 1: Let us define §; = (T+)\) Le Ly(H), (i=1,...,1). With
this choice we get E[§;] = T(T + X)L, (T — Tx)(T + AN =E[g] -1 S & and

€0l 200 < I,y 30 1T+ 27 ey < Bie/A = Bl 00 ] < (Bx)?/?, - (38)

where we made use of (IZI) the |Tux i ég( < By identity following from the bounded-
ness of K nn page 341, Eq. (13)), and the spectral theorem.

Consequently, by the Bernsteln s mequahty (Lemma [[3T] with K = Lo(H), B = 2Bk /A,
o = Bk /\) we obtain that for Vn € (0,1)

P (H(T—Tx)(T—i—)\)_lHLQ(H) <2 <2BK \l;i)l (%)) >1-n. (39)

Thus, for O(\,z) < % with probability 1 — n it is sufficient to have

(e ) () = e () o [ () =1 o

Under these conditions, we arrived at the upper bound

AL2C2 (1 + a)™" (2By)h 4B
St Vs s \/ AN ity
_ 2LC(1+ va)'(2By)? [1 . 2\/BK}
VNS Vi

where as opposed to Section [[[T3] and Eq. (23] we used a slightly cruder H fZAH?{ < CTQ

bound; it holds without the P (b, ¢) assumption by the definiton of f,' and the boundedness
. 2
of y since A [ £2% < 1L, 2 < €2,
Remark: Notice that the price we pay for not assuming that the prior belongs to the
P(b,c) class (b > 1) is a slightly tighter 55 < constraint [Eq. {@T)] i

Eq. ([3), and a somewhat looser || fZAHi{ bound.
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7.2.2 PROOF OF THE DECOMPOSITION OF ||v/T (f; — f*) ||,

Using the analytical formula of f,' [see Eq. (I3)] and that of f* [see Eq.(IT)]
fr = (SxSk + A" Sk fy = (T + M) 'Sk f, (41)
one gets (T + M\)f* = Sk f, = A\ = Sk f, — Tf* and

= (T + M) tgy — [ = (T + M) Lgy — (T + M) 71Ty + A £

= (Tx + )~ l[gz +M)fA] = (T + M) (g2 — TS = M)

= (Tx + M) "' (g, — xfA Sk fo+Tf)

= (T + M) (92 — Sk f) + (T + M) "HT = To)

= (Tx + M)  (gs — Sk fo) + (T + X)"HT — To)(T + M) 'Sk f,. (42)

Let us rewrite (T+ M)~ by the (A+UV)™ 1 = A7l - A~U (I + VA_lU)_1 VA~ operator
Woodbury formula (ID'mgjmithi, 2008, Theorem 2.1, page 724)

(T+ A" = (A + SkSi) " = (A1) = (W DSk [T+ Sie(A D) Sk] ™ Sie(A1D)
= (\H) = ATIS (N 4+ T) LS.
By the derived expression for (T+\I)~!, we get (T+ )" Sk f, = A Sk fo— A LS (A +

T) 1S5Sk fo = N"'Sk[fp — (T + N\)"'S5 Sk f,]. Plugging this result to Eq. ([@2), intro-
ducing the g, = Sk f, notation, using the triangle inequality we get

IVT(f2 = )y =
_ H\/T(Tx A (g5 = Sicfy) + (T = TN Sic | fp = (T + AD T S5 Sk | }Hf}{

< VT + M) o (192 = 9pllsc + 1T = Tallogooy A 1S [ = (7 + AD 285k )

7.2.3 PROOF OF THE BOUND ON ||g; — gp|l4

As is known g, = 1% Ky, yi [see Eq. @) and g, = [y Ky, fp(pa)dpx (1)

nn nd De Vitd, 2007, Eq. (23), page 344). Let & = K, y; € in (i=1,...,10).
In thiS case E[§] = 9ps 9p — 9z = E[&] — %Zi:lgiv and ||£z||f}{ = HK :clyZHg{ =
HK“ Hyl||§, < BgC? = illge < OV B = E[ H£Z||3{] < C?Bp using the bounded-

ness of kernel K (||K . Hi(YH) < Bg) and the boundedness of output y (|||y[ly, < C). Ap-

plying the Bernstein inequality (see Lemma [I.3.1] with X = H, B = 2C\/Bg, 0 = C\/Bg)
one gets that for any n € (0,1)

P (ngz gl <2 <QWFK n C{?) log <%)> 1

28




LEARNING THEORY FOR DISTRIBUTION REGRESSION

7.2.4 PROOF OF THE BOUND ON ||T" — Tx|| ;¢
Let & =Ty, € Lo(H) (i=1,...,0), then E[§] =T, T Ty =T -+ 31 Ty, | 16ill £ 30) =

[Ty le0 < Bk, E [H&H%Q(w)} < B. Applying the [|T — Tl g0 < 1T = Txllg, (0
relation [see Eq. ()] and the Bernstein inequality (see Lemma [[31] with X = Lo(H),
B = 2By, 0 = Bg), we obtain that for any n € (0, 1)

2Bk o 2
P(|T - Tx <2 —— 4+ —=)log | - >1-n.
(-t 22(2 5o () 21

7.2.5 PROOF OF THE DECOMPOSITION OF Sk (f, — (T + AI) ' SicSx f,)||5c
Since ||Skall3; = (Ska,Ska)s = (Si-Ska, a), = <Ta, a>p (Va € Lgx) by the definition of
the adjoint operator and T = ST Sk [see Eq. ([@))], we can rewrite the target term as
. o 2
| s [ = @+ an 7 S8ich, ]|, =

= (T |fp = (T + M) T'SicSkcfy| o — (T + AI)—ls;;st,,>p

< |7 [#— @+ 2D SkcSic s, Hp |1, - @+ AI)—ls;}st,,Hp ,
where the CBS (Cauchy-Bunyakovsky-Schwarz) inequality was applied. Since

(S5 Sk + AI)Sjc = S5 (S Si + \I) St (Sw Sk + \)™h = (S5Sk + A8k
Sk (SkS¥ + )\I)_ISK = (SkSk + )\I)_IS;(SK (43)
Si(T 4+ M) "1Sg = (T + \I)~T (44)

using Eq. @3] and the analytical expression for f* [see Eq. (@I))] we have

(T + M) ITf, = (T + N)'S5 S fy = (SicSk + M) "' S5 Sk f,
= Sic(Sk Sk + M) 'Sk f, = Sy f (45)

and [[Sxc[f, = (T + A7 S5cSxcfy) g < |T1fp = (T + A0 SieSuch) |, 1S3> = 1l

7.2.6 PROOF OF THE BOUND ON [|Sif* — f,||

Let us apply (i) the Af — f = Af —f—¢' +¢ = (A= D)(f - ¢) + A¢ — ¢ relation with
A= (T+N)'T, f=f, and ¢’ = Sjq, where ¢ € H is an arbitrary element from H, (ii)
Eq. (45) and (iii) the triangle inequality to arrive at

1S5 = Foll, = T+ AN TS, = fo,
=||[(T+AD)'T — I](f, — Skcq) + (T + M) ' TSjcq — Sial|,
<|[[(T+A)'T —1](f, = Sxa)||, + [|(T + A1) "' TSkq — Skl -

Below we give upper bounds on these two terms.
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First, notice that u, € X — || K (u, < By . This boundedness with the strong

continuity of K.y imply (mgﬁ Proposmon 12) that X C C(X,Y), ie,, K
is a Mercer kernel. Since K, is a Hilbert- Schmldt operator for all u, € X [see Eq. (1],
it is also a compact operator (Vu, € X). The compactness of K, -s with the bounded and
Mercer property of K guarantees the boundedness of S7, and that T is a compact, positive,
self-adjoint operator (IQa.rmfﬂiﬁLaJJ, 2010, Proposition 3).
Bound on ||[(T + M)~ 'T — I|(f, — S%q)|l,: Since T is a compact positive self-adjoint op-
erator, by the spectral theorem d&@mwmm, M, Theorem 4.27, page 127)
there exist an (u;);er countable ONB in ¢l [Im(T)], and a1 > ag > ... > 0 such that
Tf=>crailf, u;),u; (Vf € L2.) and let (vj)jes (J is also countable by the separabil-
1ty@ of L2 ) an ONB in Ker(T*) Ker(T); L3, =cl [Im(T)] @ Ker(T). Thus,

[+ AT = 1](f, = Skl = Y (-2 - 1)2 (fo— Sk ui) 2+ > (fp— Sica,v3)?
el

SZ( — Skq,u;) +Z — Sk, v;) :“fp_S;{QHi

1€l jeJ

1) <L

Bound on |[(T 4+ \)~'TS%q — Siqll,: By using Eq. @), Eq. (32), and Lemma [[33.2]
(M=T=5S), K=H, f=q,a= %), the target quantity can be bounded as

exploiting the Parseval’s identity and that (

(T + D) TSkeq — Sical|, = [|S&(T + A1) ™' SkcSkea — Sk,
= |VT [(T + X\) 'Sk Sica —a] ||
= VT (T +AD™"Tq — q] ||y, < max (1,117 o)) A llalsc-

Making use of the two derived bounds, we get HS}}fA—prp < |Ifp — Skall, +
1
max (L, ||| g (5¢) ) A2 llqllac-

7.3 Supplementary Lemmas

In this section, we list two lemmas used in the proofs.

7.3.1 BERNSTEIN’S INEQUALITY (CAPONNETTO AND DE SZIId, DDD_ZL ProOP. 2, P. 345)

Let & (i = 1,...,1) be i.i.d. realizations of a random variable on a (£2,.A, P) probability
space with values in a separable Hilbert space K. If there exist B > 0, 0 > 0 constants

such that ||£(w)||4 < g a.s., E [||§||§<} < o2, then for all I > 1 and n € (0,1) we have

P (H%g&—E[&JHK <9 (?+%) log <%)> >1-y

20. L}, = L*(X, B(H)|y ,px;Y) is isomorphic to L*(X, B(H)|y , px;R)®Y, where ® is the tensor product
of Hilbert spaces. The separability follows from that of Y and L*(X, B(H)| + »px;R); the latter holds
m, m, Proposition 3.4.5) since B(H)|y is countably generated since X C H is separable.
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7.3.2 LEMMA ON BOUNDED, SELF-ADJOINT COMPACT OPERATORS;

'SRIPERUMBUDUR. ET AL/ (2014, PROPOSITION A.2, PAGE 39)

Let M be a bounded, self-adjoint compact operator on a separable Hilbert space K. Let
a>0,A>0,and s > 0. Let f € K such that f € Im (M?). If s+ a > 0, then

| M (M + M) M — f]

Hg{ < max (1 ”M”z-l(—gté 1) )\min(l,s—i-a) HM_Sij( )

Note: specifically for s = 0 we have Im (M?®) = Im (I) = X, in other words, there is no
additional range space constraint.

8. Discussion of Our Assumptions

We give a short insight into the consequences of our assumptions (detailed in Section [3])
and present some concrete examples.

e Well-definedness of p: The boundedness and continuity of k& imply the measura-
bility of p : (M (X),B(ry)) — (H,B(H)). Let T denote the open sets on H = H (k),
7|y = {ANX : A€ 7} the subspace topology on X, and B(H)|y ={ANX:A¢c

B(H)} the subspace o-algebra on X. By noting (Schwartz, 1998, Corollary 5.2.13)
that B(7|y) = B(H)|y = {A € B(H) : AC X} C B(H), the H-measurability of
guarantees the measurability of u : (M (X), B(ry)) — (X, B(H)|y), and hence the
well-definedness of p, the measure induced by M on X x Y7 for further details see

(lSM’wI@, M, Section A.l.l)

e Separability of X: separability of X and the continuity of k£ implies the separability

of H = H(k) (Steinwart and Christmanr, 2008, Lemma 4.33, page 130). Also, since

X CH, X is separable.

e Finiteness of By: If X is compact, then the continuity of k implies B < oc.

e Finiteness of By, compact metricness of X: Let X be a compact metric space. In

this case M (X) is also compact metric (Parthasarathy, 1967, Theorem 6.4, page 55).
Hence if p : (M (X),7) — H(k) is contlnuou‘ not just measurable), then X is
compact metric and thus by the Holder property of K, it is continuous implying
that Bg < oco.

e K properties: It is known (IQapmnﬁtmndMﬁd, 2007, page 339-340) that

K(pa, mp) = K, Ky (Vta, iy € X) (46)
||K a||L(Y’ﬂ{) = HK*a L(g'QY) g V BK, (V,Uza S X) (47)

Remark: In terms of Eq. ({6), the Eq. (II) assumption means that the
{K (tas tha) }paex operators are trace class, specifically they are compact operators.

21. Note that the referred proof also holds for separable Hilbert Y, and by the simplified reasoning above
the original X € B(H) condition could be avoided.

22. For example, if k is universal, then p metrizes the weak topology 7., (Sriperumbudur et all, 2010, The-
orem 23, page 1552), hence p is continuous.
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e Separability of H: The separability of X and the continuity of K imply the separa-
bility of H. Indeed, since pq + K, is Holder continuous w.r.t. the Hilbert-Schmidt
norm it is also continuous. As a result it is continous w.r.t. the operator norm, and
thus also w.r.t. the strong topology. Using this property with the finiteness of By the
separability of H follows (KM@, M, Proposition 5.1, Corollary 5.2).

e Our assumptions imply (Caponnetto and De Vitd (2007)’s conditions (not considering

the P(b, ¢) prior requirement). Indeed

1. Y is a separable Hilbert space by assumption; the same property also holds for H
as we have seen.

2. The measurability of (pz, p) — (K, w, K,,v)4 for Vw,v € Y is guaranteed by the
continuity of K.y w.r.t. the strong topology.

3. We have [y, Hy||§/ dpx (e, y) < [xoy CPdpx (e, y) = C? < oo due to the
boundedness of y, and hence 3% > 0,dM > 0 such that for px-almost p, € X

m!NZpm—2

5 (Ym > 2). (48)

/Y ly = £ |2 dplylia) <

Indeed, by (@ammnﬁl&and.ﬂﬂ[ﬁd 12007, Eq (33)) the Bernstein condition (48]

holds if [ly — fo(ka)lly < %, [y Iy = fo(ua) - dp(ylpa) < $2 In our case using
the boundedness of y, the regression function is also bounded and the same holds
for [ly — fp(ﬂx)|’Y by the triangle inequahty: |y — fp(ﬂx)|’Y <C+ prHg{ VBk;
thus, M = 2(C' + || f,ll4 VBK), ¥ = 5 is a suitable choice.

4. The Polishness of X x Y was used by Caponnetto and De Vitd (2007) to assure
the existence of p(y|uq); we guaranteed this existence under somewhat milder con-
ditions (see footnote [7]).

Real-valued outputs: We now consider the specific case of Y = R, when the following
simplifications and results hold. By noting that in this case Tr(K; Ku,) = K(ta; fa),
Eq. (II) simplifies to the boundedness of kernel K in the traditional sense

K(pas pta) < B (Vg € X). (49)

Eq. (I2) reduces to the Holder continuity of the canonical feature map Wy (u.) :=
K(-,pe) : X — H, in other words 3L > 0, h € (0,1] such that | Vg (re) — Wi ()]l <
L ||pq —ubH}}{, V(tta, i) € X x X. In case of a linear kernel, K(fq, ) = (tas o) ps
(ttas iy € X)), the Holder continuity of Wy holds with L =1, h =1, and Bg = Bk is a suit-
able choice. Evaluating the kernel K at the empirical embeddings pz, = fx u)dz;(u) =
N Zn: k(-,x;y) € H yields the standard set kernel

N N
1 1
K(,u:?:iaﬂxj <,u:czmuxj —< Zk xznyﬁzk y Tjm > - N2 Z (Tins Tjm)
=1 H m=1

by the bilinearity of (-, -);; and the reproducing property of k.

Remark: One can define many nonlinear kernels (see Table [I)) on mean embedded dis-
tributions. These kernels are the natural extensions to distributions of the Gaussian

32



LEARNING THEORY FOR DISTRIBUTION REGRESSION

Table 1: Nonlinear kernels on mean embedded distributions: K = K (pg, i); @ > 0. For the
Holder continuity of Wy, we assume that X is a compact metric space and y is continuous.

K¢ K, K¢ K, K;
a3 llma—mlly s\ o\ 1 s N3

e e (L g — gl /62) (14 = mollfy) (Il — il + 62)
h=1 h=3 h=1 h="54(0<2) h=1

(Christmann and SLginwarﬂ, 2!!1!1), exponential, Cauchy, generalized t-student and inverse

multiquadratic kernels. If X is a compact metric space and p is continuous, then the W
canonical feature maps, associated to K-s in Table [Il can be shown to satisfy our Holder
continuity requirement [Eq. [[2)]; for details, see (Szabd et all, 2015, Section A.1.5-A.1.6).
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Supplement

Proofs of the ||f;} 2

Hg{ Bound, Theorem [5] and Theorem

This section contains the derivations of the H A Hg{ bound (used in Theorem [} see Sec-
tion [8]]), Theorem [{ (Section B2) and Theorem [ (Section [B3]).

8.1 Bound on ||f)[5.

Below we derive the stated Eq. 23]) bound for H fAH:H; it is guaranteed to hold under

the conditions of the bounds for S7 and S5 obtained in (Caponnetto and De Vi Ld m

q. (48), above Eq. (46), Ea. (43)); see (1)1, (1)z, ()3 below.
Applying the triangle inequality and the definition of B(\) we get

2= 8,0+ VBR + ol

f2 — f* can be decomposed (Iﬁlamunsﬁmmdmm:l, |2£)D_ﬂ, page 347) as
fz)\ - f)\ = (Tx + )‘I)_l(gz - xfp) + (Tx + )‘I)_l(T - TX)(f)\ - fp)-

A
2, <

2= P+ 7= 5|, + 1ol =

Thus

12 = £ < 1T+ AD 7 (g0 = T o+ || T+ ADTHT = T = 1)
=:(h =:(*)2

g

1. The first term can be estimated as

(%) <H A HT 4 AD) .

|@+anH 0. -8,
o () [ ]
=i(+)a

By (Caponnetto and De Vitd, 2007, page 350)

*)3 = H(T+)\I)—§ {[_ (TJF)‘[)_%(T—TX)(TJF)\I)—%}

H D) HT 4 MDD

—1

£(H)
_1 _1 171 ()2 2
gH(T+M) : g{)“[[—(TJr)\I) 3(T — Ty) (T + M) ] g -
2. The second expression can be bounded as
(T)a 2 2B BrA(
o1 £ A g -0 5] Fo () [22E) B >].

40



LEARNING THEORY FOR DISTRIBUTION REGRESSION

To sum up, we obtained that

<_210 ( >[ \/M2BK \/Z%;f()\)]
+§10g <%> 2BK\Z/13(A) +\/BKA
and hence by Eq. (33)

16, o (6 [M?Bg = S2N()\)
<o(3w (7) [T+

+ VB + 1 Fplls s

l

o log? () [AEAZA BAR g 12

8.2 Proof of Theorem

In the following \ is chosen to match the ’bias’ (A¢) and a ’variance’ (other) term in r(I, A)
[see Eq. (BO)], guarantee that the matched terms dominate and the constraints in Eq. (G0)
are als satisfied; according to our assumptions 1 < b and ¢ € (1, 2].

1 1 11
r(l,\) = A+—+M S0, st N > 1,092 > 1. (50)

s i et T TN
Cases in terms of a choice:

e ac€ <0, béii})}: Since blgiii) <2b1l-¢)<2(<=b>1,¢c>1) one has % < 75, and

1 1 1
A —— 0, st N >1, 1902 > 1. (51)

LA = e b b
rAN) = s e TN T

- ( :): [order of the 1st and 4th terms in Eq (BI) are the matched and the first

term will be discarded]: —%g NS A= 3+c and

r(l)=1" atFe | (et +EE(2+g) o l_(23Tc)c +1 e 0, (52)

_2+a bt _92+a
st e e > 1,095 > 1.

(3] > (2] [the 3rd term dominates the 2nd in Eq. (52)]: 231‘26 > —(a+ 1)+
3t (2 +%) D(e+3)>2+a)c+2+3) ea(l-}) 2ctl+ieoa>
C+1+" > 2, which contradicts to a < %4 < 2,

1_, —  be+1

- (2]=)4k %ZAcﬁ/\:l_ﬁ,and

T(l) I~ (2+a)+c+1 Y (a+1)+$(2+%) ++l_1+b(cil) _)07

1— a(b+1)
s.t. [T berD > 1,047 T > 1.
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* . > —2+4a)+ Cfl@(2—#@)(0—1—1)za(c+3)<:>c+12a;this
property holds because c+1>22>a.

«(B]>2) -2 > —(a+D)+:5 2+ e @+r)(c+l) >a(c+2+4) Sctl>
a (14 3) < £ > a; this holds since £ C+1 >bl()zii)>a.

1+
* g . — “C -1+ b(c+l) < b > a. Since bécﬁ) < b< 1< b, the required
property holds by our a < (C+P assumption.
* Constraint-1 in r([): It is sufficient that 1 — a((b+ )) >0&a< (1)0111)7 this holds since
b(c+1) b(c+1)
@S Gt < ThrT
* Constraint-2 in r(I): It is enough to have a — =% > 0 < c+1 > 2, which holds since
c>1. o
To sum up, in this case A =1~ =1 and the rate is 7(I) = " =1 — 0.
a+1
— = .1 __ e _ 7 2¢iie
(3]=)[4} ET oA e A= and
_ 3(a+1) _ a+1 _ cla+l) _ atl 1
r(l) =1 SMRAT TS S R TS ST PR vl U 25+’ ),
1— at+l  b4+1 a— 2(a+1)
st et P o> 10 FEte > 1.
(a+1) +1 1 1
* . ;f > —a+ 2i%+c Sa+34+¢) > (a+1)(c+1) s all+3) >
c+1 & a> % However, fj:% > bz()z—ﬁ) (& ¢ > 1) which contradicts to our
< bécﬁ) assumption.
_1
— (5] =)4} )\C:—@)\ I "%, and
2+a)+ L —(a+)+L(2+1 -
7‘(): (2+a) c+%—|—l c+%—|—l (a+1) :%( b)+l C+% —>O,

*E . —1—>—a+—1—<:>a2i}—.Aswehaveseen(::z)this

contradicts to our a ch01ce
b(c+1
®ac l(ac-i—l)’

1 1 1 1 1
- > 1, 1%\ > 1.
0N = s Ty T e TN T T 0 st I > 1100 >

1

— (@ :): Using the previous ’ = ’ case, \¢ = D\% s A=1] , and
b

—(2+a)+? at-—L —(a+1)+ 241 ——< -2+
r(l) =1 T e R s P s — 0,
(i~ a——2;
st.l 5 P >1,1 5 > 1.
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* 4 +1 > 2—|—a)—|— T < (2+4a) (c+ %) >c+3 e a> Ccig —2= bl()zﬁ’) —2.
This requirement holds by our a choice since béiﬁ) > béif{) —2 <& bec+1 > b which
is valid.

* > : As we have seen (previous ’ = ’) this means a > béiﬁ) which holds
by our a choice.
* 2: —le > —(a+1)+ﬁ(2—|—%) <:>(a—|—1)(c—|—%) 22—1—%4—6@&2

24g4e | _ 2btlibe
c—l—% be+1

2b+1+be _
be+1

IN

— 1. This condition holds by our a choice since

*’{;i}) & b < be which is valid.
* > -2 +oT e 2 (c + %) >ct+le2> bl()zﬁ) what we have already
estabhshed
* Constraint-1 in r(l): It is enough to have 1 — ilﬂr—l >0&1> bc+1 & be > b,
b
which holds.
- - T - 2 2 _
* Constraint-2 in r(1): It is sufficient that a — s >0&a> e bc+1’ this is
satisfied because a > éiﬁ) > bc—?—l

be
To sum up, in this case A =1 :11; =10 bc+1 the rate isr(l) = l_m
— . . Using the previous - a case, lzﬂ)\g =\ \A=1[ 3t and

24a 2+a 1 (24+a)c 24a _ 2+a
r(l) = 70T 5 4 DR (20s) o e | 2R T e

2+a b+1
st TER D > 1,17 25 > 1.

B3>0k > 1+ FHG e B+ > 2+a)(1+b) & G -2>a
However, @B+ab o < bletl) oy, < be + 1 holds, thus the requirement can not be

1+bc “bet1

satisfied due to the bl()zﬁ) < a assumption.

— ( :): Using the previous ’ = ’ case we have ﬁ =X = l_ﬁ, and

r(l) = GO+ Dt (24) ++l_2_$ R S,

1— a(b+1)
st et > 1,07 T > 1.

* . —a5 =1+ b( 0 < blc+1) >a(l+bc) < l() U > 4; this contradicts
b(c+1)

to our 3= < a choice.
_ a+1
c _ 2+ +c
. . Using the previous . . za+1A2+i =Xs A= , and
_ 3(a+1) _ a+1 _ c(a+1) _ a+1 _ atl 1
r(l) =1 SARAET: RN R Ts SR Py Sl FID B ST TS L -0,
a4+l b+l o 2(at1)
st 2Ete U o> 10 FEte > 1.
(a+1) 11
(3] >(5) ;f - > 1+2—f{T—<:}26+1+bcz(a+1)(1+bc)<:) 2 —1>a.
However, bézﬁ) > 7 +bc — 1< 2bc+ 1 > b holds; thus, by the a > bl()zﬁ) assumption

the required property can not be satisfied.
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~ (5] =4} A= e A =177, and

T(l) — l—(a+2)+?61 + l—a+% + l—([l+1) c+1 (2+ ) + l_c+1 + l_1+b(%+1) _) 07

1— 2(b+1) 4
st 7D > 1,097 > 1.

« [4)> (5} —25 > —1+ 52y © 1> F25% © b > be + 2 which does not hold.

8.3 Proof of Theorem

In the sequel we choose A by matching 2 terms in /7(l,\) [Eq. (3))], guarantee that the
matched terms dominate and the constraint in Eq. (53]) holds; we proceed by matching the
'bias’ (A*) and ’variance’ (other) terms; s € (0, 1].

1 1
LA =
T( Y ) laA + )\ %l%
. (:): A=A & A=1"51, and
V) = iR [ ] S o, s 0 > 1
—. . S+1_—%—|—T(1——)©s—|—1>a(2+s) ‘;i;Za
— Condition in r(1): it is sufficient to have S+1 >0 2 >a
To sum up, if a < zié (< %) then A = [~5+1 leads to the rate r(l) = l_%; specifi-
cally, if a = S+1 then \/7(l) =1~ =)

° (:): L _—Nae = % ~ 52 and

s 1
=312

+ A =0, st N2> 1. (53)

>

H(0) = st 4 L0, st 1E > 1

. 1
220 —gm 2 et g eax
— Condition in 7(1): it is sufficient to have 1 — % > 0 < s > 0 which always holds.

To sum up, if SH < a then choosing A =1~ 2 the rate is r(l) = "2 = 0.
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