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space semidiscrete scheme based on the standard Galerkin finite element method using
continuous piecewise linear functions. Nearly optimal error estimates for both cases of
initial data and inhomogeneous term are derived, which cover both smooth and nonsmooth
data. Further we develop a fully discrete scheme based on a finite difference discretization

',f,fﬂ”{f:gfm time-fractional diffusion of the time-fractional derivatives, and discuss its stability and error estimate. Extensive
equation numerical experiments for one- and two-dimensional problems confirm the theoretical
Finite element method convergence rates.

Error estimate © 2014 The Authors. Published by Elsevier Inc. This is an open access article under the CC
Semidiscrete scheme BY license (http://creativecommons.org/licenses/by/3.0/).

Caputo derivative

1. Introduction

We consider the following initial/boundary value problem for a multi-term time fractional diffusion equation in u(x, t):

P(O)u—Au=f, inf T>t>0,
u=0, ondf2 T>t>0,
u(0)=v, in§2, (1.1)

where £2 denotes a bounded convex polygonal domain in R? (d =1, 2, 3) with a boundary 52, f is the source term, and
the initial data v is a given function on §£2 and T > 0 is a fixed value. Here the differential operator P(d;) is defined by

m
P@) =09F + ) _bidf",
i=1

where 0 < oy < ... <01 < < 1 are the orders of the fractional derivatives, b; > 0, i =1, 2, ..., m, with the left-sided Caputo
fractional derivative afu, 0 < B <1, being defined by (cf. [17, p. 91])
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t
1
u) = yRT) /(t — )7 Pu (s)ds, (1.2)
0

where I'(-) denotes the Gamma function.
In the case of m =0, the model (1.1) reduces to its single-term counterpart

u—Au=f inf x(0,T] (1.3)

This model has been studied extensively from different aspects due to its extraordinary capability of modeling anomalous
diffusion phenomena in highly heterogeneous aquifers and complex viscoelastic materials [1,31]. It is the fractional analogue
of the classical diffusion equation: with a =1, it recovers the latter, and thus inherits some of its analytical properties.
However, it differs considerably from the latter in the sense that, due to the presence of the nonlocal fractional derivative
term, it has limited smoothing property in space and slow asymptotic decay in time [32], which in turn also impacts related
numerical analysis [12] and inverse problems [14,32].

The model (1.1) was developed to improve the modeling accuracy of the single-term model (1.3) for describing anoma-
lous diffusion. For example, in [33], a two-term fractional-order diffusion model was proposed for the total concentration
in solute transport, in order to distinguish explicitly the mobile and immobile status of the solute using fractional dynam-
ics. The kinetic equation with two fractional derivatives of different orders appears also quite naturally when describing
subdiffusive motion in velocity fields [28]; see also [16] for discussions on the model for wave-type phenomena.

There are very few mathematical studies on the model (1.1). Luchko [25] established a maximum principle for problem
(1.1), and constructed a generalized solution for the case f =0 using the multinomial Mittag-Leffler function. Jiang et
al. [9] derived formal analytical solutions for the diffusion equation with fractional derivatives in both time and space.
Li and Yamamoto [22] established the existence, uniqueness, and the Holder regularity of the solution using a fixed point
argument for problem (1.1) with variable coefficients {b;}. Very recently, Li et al. [21] showed the uniqueness and continuous
dependence of the solution on the initial value v and the source term f, by exploiting refined properties of the multinomial
Mittag-Leffler function.

The potential applications of the model (1.1) motivate the design and analysis of numerical schemes that have optimal
(with respect to data regularity) convergence rates. Such schemes are especially valuable for problems where the solution
has low regularity. The case m =0, i.e., the single-term model (1.3), has been extensively studied, and stability and error
estimates were provided; see [23,34,37] for the finite difference method, [19,20,36] for the spectral method, [10-12,18,27,
29,30] for the finite element method, and [4,7] for meshfree methods based on radial basis functions, to name a few. In
particular, in [10-12], the authors established almost optimal error estimates with respect to the regularity of the initial
data v and the right hand side f for a semidiscrete Galerkin scheme. These studies include the interesting case of very
weak data, i.e., v e H1(2) and f € L®(0, T; HY(2)) for —1 <q <0.

Numerical methods for the multi-term ordinary differential equation were considered in [6,15]. In [38], a scheme based
on the finite element method in space and a specialized finite difference method in time was proposed for (1.1), and error
estimates were derived. We also refer to [24] for a numerical scheme based on a fractional predictor-corrector method for
the multi-term time fractional wave-diffusion equation. The error analysis in these works is done under the assumption that
the solution is sufficiently smooth and therefore it excludes the case of low regularity solutions. This is the main goal of the
present study. However, the derivation of optimal with respect to the regularity error estimates requires additional analysis
of the properties of problem (1.1), e.g., stability, asymptotic behavior for t — 0T. Relevant results of this type have recently
been obtained in [21], which, however, are not enough for the analysis of the semidiscrete Galerkin scheme, and hence in
Section 2, we make the necessary extensions.

Now we describe the semidiscrete Galerkin scheme. Let {7;}¢-n~; be a family of shape regular and quasi-uniform parti-
tions of the domain £2 into d-simplexes, called finite elements, with a maximum diameter h. The approximate solution ujy
is sought in the finite element space X} of continuous piecewise linear functions over the triangulation 7y

Xn = {x € H)(£2): x is alinear function over 7, VT € 7 }.
The semidiscrete Galerkin FEM for problem (1.1) is: find up(t) € X; such that
(P@pun, x) +a(up, x)=(f, x), VX €Xn, T=t>0, up(0) = vy, (1.4)

where a(u, w) = (Vu, Vw) for u, w € Hg)(_Q), and vp € X is an approximation of the initial data v. The choice of v, will
depend on the smoothness of the initial data v. We shall study the convergence of the semidiscrete scheme (1.4) for the
case of initial data v € H9(£2), —1 < q < 2, and right hand side f € L*(0, T; H9(£2)), —1 < q < 1. The case of nonsmooth
data, i.e.,, —1 < q <0, is very common in inverse problems and optimal control [14,32]; see also [5,13] for the parabolic
counterpart.

The goal of this work is to develop a numerical scheme based on the finite element approximation for the model
(1.1), and provide a complete error analysis. We derive error estimates optimal with respect to the data regularity for the
semidiscrete scheme, and a convergence rate O (h? + 72~%) for the fully discrete scheme in case of a smooth solution.
Specifically, our essential contributions are as follows. First, we obtain an improved regularity result for the inhomogeneous
problem, by allowing less regular source term, cf. Theorem 2.3. This is achieved by exploiting the complete monotonicity of
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the multinomial Mittag-Leffler function, cf. Lemma 2.4. Second, we derive nearly optimal error estimates for a semidiscrete
Galerkin scheme for both homogeneous and inhomogeneous problems, cf. Theorems 3.1-3.4, which cover both smooth and
nonsmooth data. Third, we develop a fully discrete scheme based on a finite difference method in time, and establish its
stability and error estimates, cf. Theorem 4.1. We note that the derived error estimate for the fully discrete scheme holds
only for smooth solutions.

The rest of the paper is organized as follows. In Section 2, we recall the solution theory for the model (1.1) for both
homogeneous and inhomogeneous problems, using properties of the multinomial Mittag-Leffler function. The readers not
interested in the analysis may proceed directly to Section 3. Almost optimal error estimates for their semidiscrete Galerkin
finite element approximations are given in Section 3. Then a fully discrete scheme based on a finite difference approximation
of the Caputo fractional derivatives is given in Section 4, and an error analysis is also provided. Finally, extensive numerical
experiments are presented to illustrate the accuracy and efficiency of the Galerkin scheme, and to verify the convergence
theory. Throughout, we denote by C a generic constant, which may differ at different occurrences, but always independent
of the mesh size h and time step size t.

2. Solution theory

In this part, we recall the solution theory for problem (1.1). We shall describe the solution representation using the
multinomial Mittag-Leffler function, and derive optimal solution regularity for the homogeneous and inhomogeneous prob-
lems.

2.1. Multinomial Mittag-Leffler function

First we recall the multinomial Mittag-Leffler function, introduced in [8]. For0 <8 <2,0<Bi<1land z;€C,i=1,..,m,
the multinomial Mittag-Leffler function Eg, .. g.,(21, ..., Zm) is defined by

,,,,,

> ¥ SEs
Epy,...pm). (215 ooy Zm) = kil o b)) —— = ———,
k=0 I1+...+lm=k LB+ X iz Bild)
[1>0,...,[,>0
where the notation (k; I, ...,Iy), 1 >0,i=1,...,m, denotes the multinomial coefficient, i.e.,

k!
k;ly, oo lm) = 75—
Ih!

dm!

m
- withk= Zli.
i=1

It generalizes the exponential function e?: with m =1 and g = g1 = 1, it reproduces the exponential function e?. It
appears in the solution representation of problem (1.1), cf. (2.4) below. We shall need the following two important lemmas
on the function Eg, ... g,),8(21, ..., Zm), recently obtained in [21].

Lemma 21. Let 0 < 8 < 2,0 < B < 1, B1 > max{pa, ..., Bm} and ﬁlT” < ) < B17. Assume that there is K > 0 such that —K <
zi <0,i=2,...,m. Then there exists a constant C = C($1, ..., Bm, B, K, ) > 0 such that

Egy,...pm). (21, oy Zm) < W< |arg(zy)| <.

C
1+ |z11’

Lemma2.2.let0< B <2,0<pi<landz €C,i=1,...,m. Then we have

m
=+ ziEwp, .., ). Bo+8i (215 - Zm) = Epy ., ). B0 (215 -5 Zm)-
T (Bo) ; iE(B1.....Bm). o+ m (Bi-w-sBm).Bo m

2.2. Solution representation

For s > —1, we denote by H5(£2) c H~1(£2) the Hilbert space induced by the norm:

o0
2 2
V1) = D25V, 05)

j=1
with {Aj}j'.il and {(p]-}]?’i1 being respectively the eigenvalues and the L2(£2)-orthonormal eigenfunctions of the Laplace
operator —A on the domain £ with a homogeneous Dirichlet boundary condition. Then {gz)j};'.oz1 and {A}/ 2
orthonormal basis in L2(£2) and H~'(£2), respectively. Further, ||v||;0,0y = [IVIl;2(oy = (v, v)1/2 is the norm in L2(£2) and

HO(2) L*(£2)

IVIig-12) = IVlIg-1e) is the norm in H~1(£2). It is easy to verify that IVl (@) = IVVl2(g) is also the norm in Hé(SZ)

100
®j}j2y, form an
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and IVIg20) = 1AVI2(g) is equivalent to the norm in H2(§2) N HE,(.Q) [35, Lemma 3.1]. Note that H5(£2), s > —1 form a

Hilbert scale of interpolation spaces. Hence, we denote | - ||ys() to be the norm on the interpolation scale between Hé(Q)
and L2(£2) for s€[0,1] and || - |Hs(2) to be the norm on the interpolation scale between L%(£2) and H1(£2) for s € [-1,0].
Then, || - ||ns(2) and || - 152y are equivalent for s € [—1, 1]. Further, for a Banach space B and any r > 1, we define the space

L"(0,T; B) = {u(t) € Bforae.t € (0,T) and |[ullr(o,1:8) < o0},
and the norm | - [|;r(o,1;8) is defined by
(fo l[u(®)|lyde)'/", re(l, 00),
esssupeeo,myllu®) g, =00

lullro,1:8) = {

Upon denoting & = (&, & — o1, ..., & — &), we introduce the following solution operator

o0

E)v =" (1= 2jt"Eg1pa(—2jt%, —=bit* ™, . —but* ™)) (v, 9))¢;. (2.1)
j=1

This operator is motivated by a separation of variables [25,26]. Then for problem (1.1) with a homogeneous right hand
side, i.e., f =0, we have u(x, t) = E(t)v. However, the representation (2.1) is not always very convenient for analyzing its
smoothing property. We derive an alternative representation of the solution operator E using Lemma 2.2:

00
E(t)v = Z Eg (—)\jta, —bt* %, —bmta_am)(v, ©Pj

+Zb T ZEa Lra—a; (—Ajt%, —b1t* ™, L —bnt* ) (v, 9))g);. (2.2)
Besides, we define the following operator E for x € L2(£2) by

o0
E®)x =) t* TEgo(—2jt% —bit™ 1, .. —bmt* ") (X. 0})@;. (23)
j=1

The operators E(t) and E(t) can be used to represent the solution u of (1.1) as

t

u(t) =E(t)yv +/E(t—s)f(s)ds. (2.4)
0

The operator E has the following smoothing property.
Lemma 2.3. Forany t > 0 and x € HI(2), q € (—1, 2), there holds for 0 < p — q <2

5 - —p)/2
JEOx [ 1p () < CETH MDD 0 0 )

Proof. The definition of the operator E in (2.3) and Lemma 2.1 yield

o0

JE©x [p gy =2 @2 Y (56%) | Eg (=it =bat™1, s =bnt =) [*2] (x|
j=1
o0 —
< Cf—2+(2+q_p)“27(k]ta) Ko enl

(14 2jt0)2"

< CtHH@rape Z K0P < Cem2r @Ry o)
j=1

where the last line follows by the inequality sup ey (1 AP <C,for0O<p—q<2. O

+A tot)2
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2.3. Solution regularity

First we recall known regularity results. In [22], Li and Yamamoto showed that in the case of variable coefficients {b;(x)},
there exists a unique mild solution u € C((0, T]; HY(£2)) N C([0, T]; L2(£2)) and u € C([0, T]; HY (£2)) N L°°(0, T; H%(£2))
when v e L2(2), f=0and v=0, f € L%(0, T]; L2(£2)), respectively, with y € [0, 1). These results were recently refined in
[21] for the case of constant coefficients, i.e., problem (1.1). In particular, it was shown that for v € H1(£2), 0<g <1, and
f=0,uelV1-920,T; H*(2)NH}(£2)); and for v=0and f € L"(0, T; H9(£2)),0<q<2,r>1,ueL’(0,T; HIT277 (2))
for some y € (0, 1]. Here we follow the approach in [21], and extend these results to a slightly more general setting of
veHIR), -1< g<2, and f €L2(,T; HI1(R2)), -1 < q < 1. The nonsmooth case, i.e., —1 < q <0, arises commonly in
related inverse problems and optimal control problems.

We shall derive the solution regularity to the homogeneous problem, i.e., f =0, and the inhomogeneous problem, i.e.,
v =0, separately. These results will be essential for the error analysis of the space semidiscrete Galerkin scheme (1.4) in
Section 3. First we consider the homogeneous problem with initial data v € HI(£2), -1 <q < 2.

Theorem 2.1. Let u(t) = E(t)v be the solution to problem (1.1) with f =0 and v € H1(£2), q € (—1, 2]. Then there holds
[P@) u® ] gp ) < CEX PPN gy, >0,

wherefor =0,0<p—q<2andfor{=1,-2<p—q<0.

Proof. We show that (2.2) represents indeed the weak solution to problem (1.1) with f =0 and further it satisfies the
desired estimate. We first discuss the case ¢ = 0. By Lemma 2.1 and (2.2) we have for 0 <p —q <2

oo
2 — —
[EOV ey =23 (E&J(—)\jfa’ —bit", ., —bpt*m)

=1
m 2

+ Y it T MEg 1 (<A bt T —bmt“—“m)> v, 9)?

oo —
X jt)P
~p-gay A (-
= Z (1+4; ta)2 Ml epl = CoTIG, g

(Ajt*)P~
(1+2j ra)z =
from the identity IP@)E®VIgp o) = IE@VIgpr2(g)- It remains to show that (2.2) satisfies also the initial condition in
the sense that lim;_, g+ ||E(t)v — Vla(e) =0. By identity (2.1) and Lemma 2.1, we deduce

where the last line follows from the inequality sup ;e <C for 0 < p—q < 2. The estimate for the case ¢ =1 follows

o0
2 _ 220 | o oa—o oa—q; q
[E@V = V]jaig) = DA% |Earva(=4jt*, —b1t* ™1 ... ~bmt Ol HIZ o)’ < ClVilq g, < o
Jj=1
Using Lemma 2.2, we rewrite the term Ajt*Eg 14q(—Ajt%, —b1t*™*1, ..., —bpyt*~*m) as
Ajt*Eg 1qa (=4t —bit® ™%, L —bpt¥ ™M) = (1 — Eg 1 (—Ajt%, —b1t*™ 1, ., —bpt*~%m))
m
=D it M Eg 1hqea (—AjtY, —batY T, L —bptTOm).
Upon noting the identity lim;_o+(1 — Eg 1(—Ajt%, —=bit*= %1, .., —bput*~*")) = 0, and the boundedness of
Eg 14a—a; (—Ajt%, —b1t*=%1, ., —bpt*~%m) from Lemma 2.1, we deduce that for all j
lim Ajt*Eg 11q(—Ajt, —bit*™®1, .., —bpt*~%m) =0.
t—07t

Hence, the desired assertion follows by Lebesgue’s dominated convergence theorem. 0O

Now we turn to the inhomogeneous problem with a nonsmooth right hand side, i.e., f € L®(0,T; H1(2)), -1 <q <1,
and a zero initial data v =0.

Theorem 2.2. For f € L®(0, T; H1(£2)), —1 < q < 1, and v = 0, the representation (2.4) belongs to L>(0, T; HI727€(£2)) for any
€ € (0,1/2) and satisfies

Hu('a t) H H‘HZ’E(Q) <Ce

Hence, it is a solution to problem (1.1) with a homogeneous initial data v = 0.

71’:6“/2”f”LOO(OI;HQ(Q))' (2.5)
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Proof. By construction, it satisfies the governing equation. By Lemma 2.3, we have
t

/ E(t —s)f(s)ds
0

t
=¢ /(t = O )85 = CeTHEPN f i 0,000
0

which shows the desired estimate. Further, it satisfies the initial condition u(0) = 0, ie., for any € > O,
lim;_, o+ |lu(, Ol gat2—e@) =0, and thus it is indeed a solution of (1.1). O

t
< [1EC =976 |goir c(oyts

Ha+2—€ (£2) 0

Juc, 0| HI+2-€(2) =

Next we extend Theorem 2.2 to allow less regular right hand sides f € L2(0, T; H1(£2)), —1 < q < 1. Then the function
u(x, t) satisfies also the differential equation as an element in the space L%(0, T; H972(£2)). However, it may not satisfy the
homogeneous initial condition u(x, 0) = 0. In Remark 2.1 below, we argue that a weaker class of source term that produces
a legitimate weak solution of (1.1) is f € L"(0, T; H9(£2)) with r > 1/a and —1 < g < 1. Obviously, for 1/2 <« < 1, it does
give a solution u(x, t) € L2(0, T; HIT2(£2)). To this end, we introduce the shorthand notation

EL(6) =t Eg o (<0 jt%, —byt® =1, ..., —bpt®~%m).,

The function E‘é (t) is completely monotone [3].

Lemma 2.4. The function Eé (t) for j € N has the following properties:

T
. . 1
EL(t) is completely monotone and /|Eé(t)|dt <
J
0

Theorem 2.3. For f € L2(0, T; H1(£2)), —1 < q < 1, the representation (2.4) belongs to L2(0, T; HI+2(£2)) and satisfies the a priori
estimate

lull 20, 92 (2y) + [ P@OU] 20 12102y < CIF 20,6500 (52))- (2.6)

Proof. By Young's inequality for the convolution ||k fl[p < |k, [l fllLe, k € L, f eLP, p>1, and Lemma 2.4, we deduce

t 2 T 2 T 1 T
[Ere-ohme) < (/!Eg(t>|dr> </|fn(r>|2dr) < [0
0 20,1y \p 0 "o
Hence,
00 t 2 00 T
= 2

[ B i /Eg(t—t)fn(r)dr EZAZfIfn(t)I dt = 1 f 12 0.1 102y

n=1 o 20,1 n=1

The estimate on IP@)ull 20,6 f1a2y) follows analogously. This completes the proof. O

Remark 2.1. The condition f € L(0, T; H1(£2)) in Theorem 2.2 can be weakened to f € L'(0, T; H1(£2)) with r > 1/a. This
follows from Lemma 2.3 and Hoélder’s inequality with r/, 1/r' +1/r=1

1+ (@=1)

1/r
1)) 1Nl o,6:Fra g2y

t t
[uC D o) 5[”5@ =) ()] a5 = C/(f =) O o5 = C(m
0 0

where 1+ 1’(a — 1) > 0 by the condition r > 1/a. It follows from this that the initial condition u(-,0) = 0 holds in the
following sense: lim;_, o+ [|u(-, t)|l 4o () = 0. Hence for any « € (1/2, 1) the representation (2.4) remains a legitimate solution

under the weaker condition f € L2(0, T; H1(£2)).
3. Error estimates for semidiscrete Galerkin scheme
Now we derive and analyze the space semidiscrete Galerkin FEM scheme (1.4). First we describe the semidiscrete scheme,

and then derive almost optimal error estimates for the homogeneous and inhomogeneous problems separately. In the anal-
ysis we essentially use the technique developed in [12] and improved in [10,11].
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3.1. Semidiscrete scheme
To describe the scheme, we need the L(£2) projection Pj, : L2(£2) — X, and Ritz projection Ry, : HE,(.Q) — Xp, respec-
tively, defined by
(Pny, )=, x) VX € X,
(VRpy, V) =(VY, V) Vx € Xp.

The operators Ry and Py satisfy the following approximation property [35].

Lemma 3.1. For any € H1(£2), 1 < q < 2, the operator Ry, satisfies:
IRnY = ¥li2@) +h[ VR = ¥) | 120y < WUV g0y
Further, for s € [0, 1] we have
[T =PV | s ) < CH* 1l VY € H(2) N HY(2),
[ = PV || sy < CH Wl VY € Ho(2).

By interpolation, the operator Py, is also bounded on H1(£2), —1 < q <O0.

Now we can describe the semidiscrete Galerkin scheme. Upon introducing the discrete Laplacian Ap : X — X defined
by

—(Ary, X) = V¥, VX)) VY, x € Xp,
and fp = P f, we may write the spatially discrete problem (1.4) as
P(dp)up(t) — Apup(t) = fr(t) withup(0) = vy, (3.1)

where vy € X is an approximation to the initial data v. Next we give a solution representation of (3.1) using the eigenvalues
and eigenfunctions {A’}}?’:l and {(p?}?’:l of the discrete Laplacian —Ayp. First we introduce the operators Ep and Ep, the
discrete analogues of (2.2) and (2.3), for t > 0, defined respectively by

N

En()vy = Z Eg.1 (—A’}t“, —b1t*™* L, —bpt* ™) (v, (p?)goj?
=1

m N
+ ) bty " Eg g (<At =it L =Dt ™) (v, @l gl
i=1 j=1

(3.2)
and
N
En(®) fa =) ¥ "Eg o (=21t%, —bat®" 1 . —but*" ™) (fr. @) (3.3)
j=1
Then the solution uy, of the discrete problem (3.1) can be expressed by:
t
up(t) = Ep(O)vy + / En(t —s) fa(s)ds. (3.4)
0
On the finite element space X, we introduce the discrete norm ||| - e () defined by
N
I, 0 = 204 (0. 0! ¥ € X,
j=1
The norm || - lllyp(q) is well defined for all real number p. Clearly, 1Y 1oy = ¥y and ¥ o) = I¥ll2q) for

any ¥ € Xp. Further, the following inverse inequality holds [12]: if the mesh 7} is quasi-uniform, then for any [ > s

ey < C I sy Y € X (35)
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Lemma 3.2. Assume that the mesh T, is quasi-uniform. Then for any vy, € X}, the function uy(t) = Ep(t) vy, satisfies
1P @) un® [l 1p ) < CE* PP vyl g, >0,
wherefor { =0,0<p—q<2andfor{=1,p<q<p-+2.
Proof. Upon noting [|P(3)En(O)Vhlllgp 2y = ERO)Vhll gp+2(g), it suffices to show the case £ = 0. Using the representation
(3.4) and Lemma 2.1, we have for0<p—q <2
N hyp
o)

2
v Ovalline) =X s

[(vi o) |°

<t~ XN: Gt M (vh, oM
- L (1 a2 1 Y
< Ct= PP vy, o

(Ahgeryp—a

where the last inequality follows from sup;<;y m <Cfor0<p—q=<2. O
j

The next result is a discrete analogue to Lemma 2.3.

Lemma 3.3. Let Ej, be defined by (3.3) and x € X,. Then forallt > 0

Ce= @D/l 4y 0<P—q=2,

En®x||;
IEn@x Nl ey = CE N X M a2y p=a

Proof. The proof for the case 0 < p —q <2 is similar to Lemma 2.3. The other assertion follows from the fact that {A’}}?’:]
are bounded from zero independent of h. O

3.2. Error estimates for the homogeneous problem

To derive error estimates, first we consider the case of smooth initial data, i.e., v € H2(£2). To this end, we split the error
up(t) — u(t) into two terms:

up —u = (up — Ryu) + (Rpu —u) = v + 0.

By Lemma 3.1 and Theorem 2.1, we have for any t > 0
lo® ”LZ(Q) +h[vo®| 2@ = ch? IVllg2 ) (3.6)

So it suffices to get proper estimates for ¢ (t), which is given below.

Lemma 3.4. The function ¥ (t) := up(t) — Ruu(t) satisfies for p =0, 1

12O 5 < CH* P2 (2)-

Proof. Using the identity A,R, = PR A, we note that ¢ satisfies
P00 (t) — Apt(t) = —PpP(3)0(t),
with ¢ (0) = 0. By the representation (3.4),

t
90 = - [ Ene =P PG ds
0
Then by Lemmas 3.3 and 3.1, and Theorem 2.1 we have for p =0, 1

t
19O i ) = [ 1B = 9P P @O L 5
0
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t

e / (t = 90221 | ()0 (5) |1, S

0
t

schZ—P/(t—s)“‘p/”"_1||”(af)”(s) li-rca ds
0
t

<Ch*P /(t — )P = A=P2 gy 1o o) < CP PV ]| g2 )
0

which is the desired result. O

Using (3.6), Lemma 3.4 and the triangle inequality, we arrive at our first estimate, which is formulated in the following
theorem:

Theorem 3.1. Let v € H%(2) and f =0, and u and uy, be the solutions of (1.1) and (1.4) with vy, = Ry,v, respectively. Then
lun® —u(®) ”L2(9) + ||V (un(®) — u®) ||L2(S2) = Ch2||"||H2(9)'

Now we turn to the nonsmooth case, i.e., v € H9(£2) with —1 < g < 1. Since the Ritz projection R, is not well-defined
for nonsmooth data, we use instead the L2(£2)-projection v, = P,v and split the error u; — u into:

up —u = (up — Ppu) + (Ppu —u) =: 9 + 0. (3.7)
By Lemma 3.1 and Theorem 2.1 we have for —1 <q <1

160120 + [ VEO | 2y = CH* ™ OV [u®)| o sminoan )
< Ch2+min(0,q)t7¢x(17max(q/2,0))”v”Hq(Q).

Thus, we only need to estimate the term J(¢t), which is stated in the following lemma.

Lemma 3.5. Let 5(t) =up(t) — Pru(t). Then for p =0,1, —1 < q < 1, there holds (with ¢, = | Inh|)

~ in(q,04+2—p ) s—a(l—
||0(t)||HP(Q) §Chmm(q’ )+ Pyt a(l maX(Q/ZqO))“V”Hq(Q).

Progf. Obviously, PyP(3;)0 = P(3)Pp(Pru — u) = 0 and using the identity ApR, = PpA, we get the following problem
for v

P@)T(t) — Apd (t) = —Ap(Rpu — Pru)(t), t>0, 3(0)=0. (3.8)
Using (3.4), 5(1&) can be represented by
t

d(t)=— / En(t — s)Ap(Rpu — Ppu)(s) ds. (3.9)
0
Let A= Ep(t — s)Ap(Rpu — Pru)(s). Then by Lemma 3.3, there holds for p =0, 1:
. 2-1
1Al o) < €€ =) | ApRytt = PhYS) || p-2v¢ (o)
ea/2—-1
< Ct =9 |Rpu = Pr)(®) || ypse -
Then by (3.5), Theorem 2.1 and Lemma 3.1 we have for p=0,1, -1 <g<1and € € (0,1)
in(q,0)+2—p— 2—-1
”A”Hp(g) < ChMin(@,0) p E(t _ S)eot/ ”u(s)HHmin(q.0)+2(Q)
< Chmin(q,0)+2—p—e (t _ S)ea/zflsf(lfmax(q/Z,O))a ||V ”Hq((z)~
Then plugging the estimate back into (3.9) yields
t

”0 ”HP(_Q) < Chmln(q,0)+2fpfe /(t _ S)ea/Z—lS—(]—max(q/Z.O))a dS||V||1;1q(_Q)
0

<Ce -1 hmin(q,0)+2—p—et—(x(1 —max(q/2,0)) ” v ” f9()
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where the last inequality follows from the fact

t
/(t _ )21 g=(1-max@/2.00 g _ gea/2-(1-max@/2009 B (e /2 1 — (1 — max(q/2. 0))a),
0
the identity
B I'(ea/2)I' (1 — (1 —max(q/2,0))x)
© I'(ea/2+1—(1—max(q/2,0)a)’

and the estimate I"(ea/2) = I'(1 + €a/2)/(€a/2) < Ce~!. Now with the choice € = 1/¢;, and the fact that h=1/!Infl jg
uniformly bounded for h > 0, we obtain the desired estimate. O

B(ea/2,1— (1 —max(q/2,0))x)

Now the triangle inequality yields an error estimate for nonsmooth initial data.

Theorem 3.2. Let f =0, u and uy, be the solutions of (1.1) with v € HY(R), -1 < q <1, and (1.4) with vy, = Pyv, respectively. Then
with £, = | Inh|, there holds

Jun® = u®] 2o, + [V (r® —u®) ] 2, = ChMIN@ON¥2 gy ¢~ (L=max@2 Ny | g ).

3.3. Error estimates for the inhomogeneous problem

Now we derive error estimates for the semidiscrete Galerkin approximation of the inhomogeneous problem with f €
L%, T; HI(2)), =1 <q <0, and v =0, in both L%- and L®-norm in time. The case f € L*°(0, T; H1(£2)), 0 <q <1, is
simpler and can be treated analogously. To this end, we appeal again to the splitting (3.7). By Theorem 2.2 and Lemma 3.1,
the following estimate holds for Q:

”5(0 ”LZ(Q) + h||V§(t) ” L2(2) = ChPHaep<e ””(t) H H2+4-€(2) = C€_1h2+q_6||f||L°°(o,t;H‘I(s2))v
where the last inequality follows from the fact t < T, and t¢ is bounded. Now the choice ¢, = |Inh|, € = 1/¢, yields
18] 20y + VB 20y = ClrD* I flli0 1102 (3.10)
Thus, it suffices to bound the term 3 ; see the lemma below.
Lemma 3.6. Let 9 (¢) be defined by (3.9), and f € L*°(0, T; H1(£2)), —1 < q < 0. Then with £;, = | Inh|, there holds

H{;(t) ”LZ(Q) + h\|V5(f) ”LZ(Q) = Ch2+q£ﬁ||f||L°°(0,t;Hq(9))~

Proof. By (3.4) and Lemma 3.3, we deduce that for p =0, 1

t
3O i = / [Ent = ) An(Ritt = Pa ()]
0

t

=€ [ €= 9 n(Rot = POl e 5
0

t
= [ Ryus) — P9 e85
0

Further, using (3.5) and Lemma 3.1, we deduce for p =0, 1
t

|5 @) ||Hp(.o> <Ch™¢ /(f — )27 Ryu(s) — Ppu(s) ||Hp(9)ds
0

t
< Ch?t4—p—2¢ /(t _ s)ea/z—l ||u(S)||H2+q,6(Q)dS.
0
Now by (2.5) and the choice € =1/¢, we get for p =0, 1:
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t
19O ip ) < Ce M IP72N fll .12y / (t —5)°/2-15el2gg
0
< Ce2p2+a—p—2¢ ”f”LOO(O,t;Hq(.Q)) < Ch2+q_p£ﬁ ”f”LOC(O,t;Hq(Q)y
where the first inequality follows directly from (2.5) and the second inequality follows from

t t
/(t_s)ea/zflsea/stStea/zf(t_s)ea/ZfldSZ itea < CEil.
€x
0 0

This completes the proof of the lemma. O

An inspection of the proof of Lemma 3.6 indicates that for 0 < g < 1, one can get rid of one factor ¢;. Now we can state
an error estimate in L°°-norm in time.

Theorem 3.3. Let v=0, f € L®(0, T; H1(£2)), —1 < q <0, and u and uy, be the solutions of (1.1) and (1.4) with f, = Py f, respec-
tively. Then with £, = |Inh| and t > 0, there holds

Jun® —u® ”LZ(Q) +h|[ v (un®) —u®) ”LZ(Q) = Chzﬂfﬁ||f||L°°(0,t;Hq(9))'

Last, we derive an error estimate in L?-norm in time. To this end, we need a discrete analogue of Theorem 2.3, whose
proof follows identically and hence is omitted.
Lemma 3.7. Let up, be the solution of (1.4) with v, = 0. Then for arbitrary p > —1

T

T
2 2 2
J 1P @O ey + N Ol gy = [ Ol gt
0 0

Theorem 3.4. Let v=0, f € L®(0, T; H1(£2)), —1 < q <0, and u and uy, be the solutions of (1.1) and (1.4) with f, = Py f, respec-
tively. Then

2+
lun = lliz0 .12 +h| V@n =0 20 7,120y = AN ll20,1:19(2))-

Proof. We use the splitting (3.7). By Theorem 2.3 and Lemma 3.1

~ ~ 2+ 2+
||Q||L2(O,T;L2(.Q)) + h”vQ”LZ(O,T;LZ(.Q)) <Ch q”u”LZ(o,T;HHq(Q)) <Ch q||f||L2(o,T;111q(_Q))-

By (3.4), (3.8) and Lemmas 3.7 and 3.1, we have for p =0, 1:

T T T
J 15O Lyt =€ [ lanRau = Py © 20y = € [l Rht = P O,
0 0 0

< Ch*+2a-2p Hu(t) Hiz < Ch4t2a-2p ”

2
0,T;H2H(2)) = f® ”LZ(O,T;Hq(.Q))'

Combing the preceding two estimates yields the desired assertion. O
4. A fully discrete scheme

Now we describe a fully discrete scheme for problem (1.1) based on the finite difference method introduced in [23]. To
discretize the time-fractional derivatives, we divide the interval [0, T] uniformly with a time step size T =T /K, K € N. We
use the following discretization:
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tj+1
1 " du(x, s)
% , = — t, —s)*—"d
e u(X, the1) rd—ao ]2(; /(n-H s) 95
=0 {;

1 u(x, tjyr) —ux, t])/ o
tni1 —S) % ds +rit]
F(l _a) Z T (n+l ) + o,T
tj
1 S\ uX trgp—j) — U(X, tj)
B D s (41)
=0

where do j = (j+ 1'% — j17% with j=0,1,2,...,n and ra! denotes the local truncation error. Lin and Xu [23, Lemma
3.1] (see also [34, Lemma 4.1]) showed that the truncation error r{)’ﬁ,1 can be bounded by

It <c [nax |un(x )t (4.2)

Then the multi-term fractional derivative P(d;)u(t) at t =ty4+1 in (1.1) can be discretized by
P(3)u(tns1) = Pz (Bp)u(tns1) + RIT, (43)

where the discrete differential operator P (d;) is defined by

P Gt ts) i F(zl = Z ju(x tn1— J;a_ u(x, ty_ 1) (4.4)
where the coefficients {P;} are defined by

R
Then by (4.2) the local truncation error R’}“ of the approximation P (d;)u(ty,1) is bounded by

|RIH| < Cor;ltanT|un(x, t)|< 2-a Z]:b T “') <(Cr? @ [max |utt(x 0. (4.5)

i

By the monotonicity and convergence of {d,;} [23, Eq. (13)], we know that

Pg>P1>..>0 and Pj— 0 forj— oo. (4.6)

Now we arrive at the following fully discrete scheme: find U™*! € X}, such that
(Pr@U™T, x) + (VU™ V) = (F™, x) Vx € Xn, (4.7)

where F™1 = f(x, t,41). Upon setting y = I"(2 — )T, the fully discrete scheme (4.7) is equivalent to finding U"*! € X;,
such that for all x € Xy

n—1
Po(U™, x) +y (VU™ VX) = (Pj = Pirn)(U, x) + Pu(U°, x) + v (F"™, X). (4.8)
j=0

The next result gives the stability of the fully discrete scheme.

Lemma 4.1. The fully discrete scheme (4.8) is unconditionally stable, i.e., for alln e N

jur ”L2(9) <|u° ”LZ(Q) +c max [[F| 122y (4.9)

1<j<n

where the constant c depends only on « and T.

Proof. The case n =1 is trivial. Then the proof proceeds by mathematical induction. By noting the monotone decreasing
property of the sequence {P,} from (4.6) and choosing x = U™*! in (4.8), we deduce
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n—1
Po HUHH “LZ(Q) = Z(PJ' - PJ'H)” v ”LZ(Q) + Pn ”UOHLZ(.Q) + V” Fr “LZ(Q)
=0

J
n_l . .
= Z(Pj - Pj) U ”LZ(Q) + Pn ”UOHLZ(Q) +v 1<T<a;3(+1 ||F]||L2(Q)
j=0 T
5P0||U0”L2(Q)+(C(P0_Pn)‘H/) max ”Fj”LZ(:z)'

1<j<n+1
Using the monotonicity of {P,} again gives
c(Po—Pp)+y <cPo—(cPN— ).

It suffices to choose a constant ¢ such that cPy — y > 0. By taking T = T/N and noting the concavity of the function
g2(r)=(T+1)1"%, we get g(t) — g(0) < g’ (0)t, ie, (T+1)1"@¢ —T1=% < (1 —)T~%7, and thus

dan=(N+D"" ¢ N = (T+D)"* T <1 —o)T 7%

Hence

D@2 —a)bi(1—a;
PNS<(1—05)+Z ( Fg)b’;) ) paar | pege = o7
i=1 it

Then by choosing ¢ = Cng"‘ we obtain

Pof U™ ”Lz(.Q) = P0||U0||L2(.Q) +CP01§T§¥+1 |F) ||L2(.Q)‘

The desired result follows by dividing both sides by Pg. O

Next we state an error estimate for the fully discrete scheme. In order to analyze the temporal discretization error, we
assume that the solution is sufficiently smooth.

Theorem 4.1. Let the solution u be sufficiently smooth, and {U™} C Xy, be the solution of the fully discrete scheme (4.8) with U° such
that
0 2
Ju® - V”LZ(Q) = v g)-
Then there holds

2—«o

n 2 .
”u(tn) -U ”LZ(Q) = C(h <||V||H2(Q) + ”f”LOO(O,T;LZ(.Q)) + Orfntaf)gn ”ul’”Hz(Q)) +7 Ogltaé)lgn ”uft(t) ”LZ(Q))

Proof. We split the error e" = u(t,) — U" into
" = (u(ty) — Rpu(tn)) + (Rpu(ty) — U") =: 0" + 0"
Here @" is a special case of o(t) :=u(t) — Ryu(t) with t =t,. Applying Lemma 3.1, we have
lo® 20, < Ch* [u®] 22y < CH* (IVIl2(2) + 1 f 0,711 (20))
[0 ®] 2, = CH* 0u(® | 2 ).
It suffices to bound the term 6". By comparing (1.1) and (4.7), we have the error equation
(P (30", x) + (VO", Vx) = (", X), (4.10)
where the right hand side " is given by
@" = Ry P (@)u(tn) — P(0p)u(tn) = —Pr (d)on — R} := o + 0},
where the truncation error R7 is defined in (4.3). Using the identity

it

oIt —ol = / oc(t)dt,

tj

we can bound the term w] by
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Table 1
Numerical results for the case with a smooth solution at t =1 with 8 =0.2 and « = 0.25,0.5,0.95, discretized on a uniform mesh with h =271° and
T=02x27%,

o T 1/10 1/20 1/40 1/80 1/160 Rate
a =025 L2-norm 5.58e-4 1.73e-4 5.25e-5 151e-5 3.90e-6 ~1.81 (1.75)
=05 [2-norm 145e-3 511e-4 1.78e-4 6.17e-5 2.08e-5 ~1.55 (1.50)
o =095 L2-norm 7.92e-3 3.79¢-3 1.82¢-3 8.73e-4 420e-4 ~1.06 (1.05)

<C ZM/G —s)~ "‘—i—Zb(tn—s) %ids

j=0 i=1

” i H 12(2)

[2(2)

n—1 i+ it

<CZ‘L’ /||Qf(t)|L2(mdt/(tn—s) oy Zb(tn—s) % ds

tj tj

th m
2 . S . )Y
= Ch? max Juclljeq) ( / (tn —S) +;b,(tn s) xds)
0 =
< Ch? max [[ucll g2 o
= Osts)gn I t||1-12(9)

Meanwhile, the second term @} can be bounded using (4.5). Then by the stability from Lemma 4.1 for the error equation
(4.10), we obtain

o] 2@ = C(”90”L2(9) + max ”‘01 ||L2(Q) + max ”")2 ”LZ(Q))

1<j<n 1<j<n

2—«o

< C(hZIIVII,qz(Q) + h? max ez + 7% max ||un(t)||Lz(Q))- O
=t=tn =t=tn

Remark 4.1. The error estimate in Theorem 4.1 holds only if the solution u is sufficiently smooth. There seems no known
error estimate expressed in terms of the initial data (and right hand side) only for fully discrete schemes for nonsmooth
initial data even for the single-term time-fractional diffusion equation with a Caputo fractional derivative.

5. Numerical experiments

In this part we present one- and two-dimensional numerical experiments to verify the error estimates in Sections 3
and 4. We shall discuss the cases of a homogeneous problem and an inhomogeneous problem separately.

5.1. The case of a smooth solution

Here we consider the following one-dimensional problem on the unit interval £2 = (0,1) with 0 <8 <a <1

8;"u(x,t)+8fu(x,t)—afu(x,t)zf, O0<x<1,0<t<T,
u(0,t) =u(1,t)=0, 0<t<T, (5.1)
ux,0)=vk), 0<x<1.

In order to verify the estimate in Theorem 4.1, we first check the case that the solution u is sufficiently smooth. To this end,
we set initial data v to v(x) = x(1 — x) and the source term f to f(x,t) = 2t>~%/I'G —a) +2t>7 P /'3 — B))(—x*> + x) +
2(1 +t2). Then the exact solution u is given by u(x, t) = (1 + t2)(—x2 + x), which is very smooth.

In our computation, we divide the unit interval §2 into N equally spaced subintervals, with a mesh size h = 1/N. Sim-
ilarly, we fix the time step size at t = 1/K. Here we choose N large enough so that the space discretization error is
negligible, and the time discretization error dominates. We measure the accuracy of the numerical approximation U" by
the normalized L2 error ||[U" — utn)ll 2y / IVl 2()- In Table 1, we show the temporal convergence rates, indicated in the
column rate (the number in bracket is the theoretical rate), for three different o values, which fully confirm the theoretical
result, cf. also Fig. 1 for the plot of the convergence rates.

5.2. Homogeneous problems

In this part we present numerical results to illustrate the spatial convergence rates in Section 3. We performed numerical
tests on the following three different initial data:
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ol 1 |—=12,0=0.25
—=%0=05
1%,0=0.95
e
107k E

4

10
error

Fig. 1. Numerical results for the case with a smooth solution at t =1 with 8 =0.2 and « =0.25, 0.5, 0.95, discretized on a uniform mesh h = 2710 and

T=02x27k

error

——120=0.25
-e-H'0=0.25
——12,0=0.5
-2-H'0=0.5
12,0=0.95
H',0=0.95

Fig. 2. Numerical results for example (2a) at t =1 with 8 =0.2 and « = 0.25, 0.5, 0.95, discretized on a uniform mesh h =2"¥ and v =2 x 1075.

Table 2
Numerical results for the nonsmooth case (2b) with « = 0.5 and 8 =0.2 at t =1,0.01,0.001, discretized on a uniform mesh with h = 27K and 7 =
t/(5 x 10%).
t k 3 4 5 6 7 Rate
t=1 L?-norm 1.86e-3 4.64e-4 1.16e-4 2.87e-5 6.88e-6 ~2.02 (2.00)
H'-norm 4.89e-2 2.44e-2 1.22e-2 6.07e-3 2.96e-3 ~1.01 (1.00)
t=0.01 L?-norm 8.04e-3 2.00e-3 5.01e-4 1.24e-4 2.98e-5 ~2.03 (2.00)
H'-norm 2.31e-1 1.16e-1 5.79e-2 2.88e-2 1.40e-2 ~1.01 (1.00)
t=0.001 L?-norm 1.65e-2 4.14e-3 1.03e-3 2.56e-4 6.18e-4 ~2.01 (2.00)
H'-norm 5.15e-1 2.58e-1 1.29e-1 6.41e-2 3.13e-2 ~1.01 (1.00)

(2a) Smooth data: v(x) = sin(27rx) which belongs to H2(£2) N H}(£2).

(2b) Nonsmooth data: v(x) = x(0,1/2] which lies in the space H€(£2) for any € €0, 1/2). )

(2c) Very weak data: v(x) = é81,2(x), a Dirac 81,2(x)-function concentrated at x = 1/2, which belongs to the space H™¢(£2)
for any € € (1/2,1].

In order to check the convergence rate of the semidiscrete scheme, we discretize the fractional derivatives with a small time
step T so that the temporal discretization error is negligible. In view of the possibly singular behavior as t — 0, we set the
time step T to T =t/(5 x 10%), with t being the terminal time. For each example, we measure the error e(t) = u(t) — up(t)
by the normalized errors [[e(t)ll;2¢0)/IIVIi2(e) and [[Ve®)llj2¢2y/lIVIi2()- The normalization enables us to observe the
behavior of the error with respect to time in case of nonsmooth initial data.

5.2.1. Numerical results for example (2a): smooth initial data

The numerical results show O (h?) and O (h) convergence rates for the L2- and H!-norms of the error, respectively, for
all three different o values, cf. Fig. 2. As the value of « increases from 0.25 to 0.95, the error at t =1 decreases accordingly,
which resembles that for the single-term time-fractional diffusion equation [12].

5.2.2. Numerical results for example (2b): nonsmooth initial data

For nonsmooth initial data, we are particularly interested in errors for t close to zero, and thus we also present the errors
at t =0.01 and t = 0.001; see Table 2. The numerical results fully confirm the theoretically predicted rates for nonsmooth
initial data. Further, in Table 3 we show the L2-norm of the error for fixed h = 2% and t — 0. We observe that the error
deteriorates as t — 0. Upon noting v € H'/27€(£2), it follows from Theorem 3.2 that the error grows like O (¢t~3%/4), which
agrees well with the results in Table 3.

5.2.3. Numerical results for example (2c): very weak initial data
The numerical results show a superconvergence with a rate of O(h?) in the L2-norm and O(h) in the H!-norm, cf.
Fig. 3(a). This is attributed to the fact that in one-dimension the solution with the Dirac §-function as the initial data is
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Table 3

L%-error with & = 0.5 and h = 2% for t — 0 for nonsmooth initial data (2b).
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t

le-3

le-4

le-5

le-6

le-7

le-8

Rate

Case (2b)

2.56e-4
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Fig. 3. Numerical results for example (2c) with @ = 0.5, 8 =0.2 at t = 0.005, 0.01, 1.0, uniform mesh in time with T =t/(5 x 10%).

Table 4
Numerical results for example (3a) with & =0.5 and g =0.2 at t =1, 0.01,0.001, discretized on a uniform mesh h =27 and 7 =t/(5 x 10%).
t k 3 4 5 6 7 Rate
t=1 L2-norm 1.76e-3 4.40e-4 1.10e-4 2.71e-5 6.53e-6 ~2.01 (2.00)
H'-norm 4.72e-2 2.36e-2 1.18e-2 5.86e-3 2.86e-3 ~1.01 (1.00)
t=0.01 L2-norm 6.34e-4 1.59e-4 3.96e-5 9.82e-6 2.38e-6 ~2.01 (2.00)
H'-norm 1.89%e-2 9.46e-3 4.72e-3 2.35e-3 1.15e-3 ~1.01 (1.00)
t =0.001 L?-norm 4.55e-4 1.15e-4 2.88e-5 1.15e-6 1.73e-6 ~2.02 (2.00)
H'-norm 1.45e-2 731e-3 3.66e-3 1.82e-3 8.88e-4 ~1.01 (1.00)

smooth from both sides of the support point and the finite element spaces X, have good approximation property. When
the singularity point x = 1/2 is not aligned with the grid, Fig. 3(b) indicates an O (h3/?) and O (h'/?) convergence rate for
the L?- and H'-norm of the error, respectively, which agrees with our theory.

5.3. Inhomogeneous problems

Now we consider the inhomogeneous problem with v =0 on the unit interval 2 = (0,1) and test the following two
examples:

(3a) Nonsmooth data: f(x, t)_: (X11/2,11(®) + 1) x10,1/21(%). The jump at x =1/2 leads to f(t,:) ¢ H'(£2); nonetheless, for
any € >0, f € L%(0, T; H'/2=€(£2)).
(3b) Very weak data: f(x,t) = (x[1/2,11(t) + 1)81,2(x) where f involves a Dirac 81,2 (x)-function concentrated at x = 0.5.

5.3.1. Numerical results for example (3a)

Since the errors are bounded independently of the time, cf. Theorem 3.3, we only present the errors in L in time, i.e.,
le® |l 2¢py and [[Ve®)|l 2p)- In Table 4, we present the L%- and H!-error at t =1, 0.01, and 0.001. The numerical results
agree well with our theoretical predictions, i.e., 0 (h?) and O(h) convergence rates for the L2- and H'-norms of the error,
respectively.
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Table 5
Numerical results for example (3b) with @ = 0.5 and g =0.2 at t =1,0.01,0.001, discretized on a uniform mesh h =1/(2¥ +1) and T =t/(5 x 10%).
t k 3 4 5 6 7 Rate
t=1 L?-norm 1.02e-2 4.01e-3 1.49e-3 5.35e-4 1.82e-4 ~1.49 (1.50)
H'-norm 3.24e-1 2.35e-1 1.65e-1 111e-1 6.94e-2 ~0.50 (0.50)
t=0.01 L?-norm 4.66e-3 191e-3 7.29e-4 2.64e-4 9.02e-5 ~1.45 (1.50)
H'-norm 1.54e-1 1.14e-1 8.16e-2 5.54e-2 3.47e-2 ~0.55 (0.50)
t =0.001 L?-norm 4.30e-3 1.83e-3 712e-4 2.61e-4 8.97e-5 ~1.45 (1.50)
H'-norm 1.47e-1 111e-1 8.05e-2 5.50e-2 3.45e-2 ~0.55 (0.50)
Table 6
Numerical results for example (3b) with & = 0.5 and 8 =0.2 at t =1, 0.01,0.001, discretized on a uniform mesh with h=2"¥ and 7 = t/(5 x 10%).
t k 3 4 5 6 7 Rate
t=1 L2-norm 5.35e-4 1.34e-4 3.35e-5 8.31e-6 2.01e-6 ~2.01 (1.50)
H'-norm 1.49e-2 7.48e-3 3.74e-3 1.86e-3 9.07e-4 ~1.01 (0.50)
t=0.01 L?-norm 6.67e-4 1.67e-4 4.17e-5 1.04e-5 2.52e-6 ~2.03 (1.50)
H'-norm 2.56e-2 1.29e-2 6.44e-3 3.20e-3 1.56e-3 ~1.02 (0.50)
t =0.001 L?-norm 8.19e-4 2.08e-4 5.22e-5 1.30e-5 3.19e-6 ~2.02 (1.50)
H'-norm 3.96e-2 2.00e-2 1.00e-3 4.98e-3 2.45e-3 ~1.01 (0.50)
Table 7
Numerical results for (4a) with @« =0.5 and 8 =0.2 at t =0.1,0.01, 0.001, discretized on a uniform mesh, h =2%and t =t/104.
t k 3 4 5 6 7 Rate
t=0.1 L?-norm 5.25e-3 1.35e-3 3.38e-4 8.24e-5 1.98e-5 ~2.06 (2.00)
H'-norm 9.10e-2 4.53e-2 2.25e-2 1.09e-2 4.99e-3 ~1.04 (1.00)
t=0.01 L?-norm 1.25e-2 3.23e-3 8.09e-4 1.97e-4 4.65e-5 ~2.05 (2.00)
H'-norm 2.18e-1 1.08e-1 5.35e-2 2.62e-2 1.27e-2 ~1.05 (1.00)
t=0.001 L?-norm 3.02e-2 7.84e-3 1.97e-3 4.81e-4 1.16e-4 ~2.03 (2.00)
H'-norm 5.30e-1 2.64e-1 1.31e-1 6.38e-2 3.14e-2 ~1.04 (1.00)

5.3.2. Numerical results for example (3b)

In Table 5 we show convergence rates at three different times, i.e.,, t = 0.1, 0.01, and 0.001. Here the mesh size h is
chosen to be h =1/(2¥ + 1), and thus the support of the Dirac §-function does not align with the grid. The results indicate
an 0(h'/?) and 0(h3/?) convergence rate for the H!- and L%-norm of the error, respectively, which agrees well with the
theoretical prediction. If the Dirac §-function is supported at a grid point, both L2- and H'-norms of the error exhibit a
superconvergence phenomenon, i.e., orders O (h%) and O (h), respectively, which are one half order higher than theoretical
ones, cf. Table 6. This superconvergence phenomenon still awaits theoretical justifications.

5.4. Examples in two-dimension
In this part, we present three two-dimensional examples on the unit square §2 = (0, 1)2.

(4a) Nonsmooth initial data: v = x(0,1/2)x(0,1) and f =0.

(4b) Very weak initial data: v = §r with I being the union of {1/4} x [1/4,3/4] U [1/4,3/4] x {3/4} clockwise and
[1/4,3/4] x {1/4} U {3/4} x [1/4,3/4] counterclockwise. The duality is defined by (51, ¢) = frqb(s) ds. By Holder's
inequality and the continuity of the trace operator from H/2t€(§2) to L2(I") [2], we deduce §; € H™1/27€(2).

(4c) Nonsmooth right hand side: f(x, t) = (x[1/20,1/101(t) + 1) X(0,1/2)x(0,1)(X) and v =0.

To discretize the problem, we divide each direction into N = 2¥ equally spaced subintervals, with a mesh size h = 1/N
so that the domain [0, 1]? is divided into N? small squares. We get a symmetric mesh by connecting the diagonal of each
small square.

The numerical results for example (4a) are shown in Table 7, which agree well with Theorem 3.2, with a rate O (h?) and
0 (h), respectively, for the L2- and H!-norm of the error. Interestingly, for example (4b), both the L2-norm and H'-norm of
the error exhibit superconvergence, cf. Table 8. The numerical results for example (4c) confirm the theoretical results; see
Table 9. The solution profiles for examples (4b) and (4c) at t = 0.1 are shown in Fig. 4, from which the nonsmooth region
of the solution can be clearly observed.
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Fig. 4. Numerical solutions of examples (4b) and (4c) with h=2"%, « =0.5, 5=0.2 at t =0.1.

Table 8
Numerical results for example (4b) with « =0.5 and 8 =0.2 at t =0.1,0.01,0.001 for a uniform mesh with h = 27%and T = t/10%.
t k 3 4 5 6 7 Rate
t=0.1 L?-norm 1.18e-2 3.18e-3 8.41e-4 2.18e-4 5.41e-5 ~1.92 (1.50)
H'-norm 2.25e-1 1.13e-1 6.60e-2 3.40e-2 1.66e-2 ~0.92 (0.50)
t=0.01 L2-norm 2.82e-2 7.62e-3 2.28e-3 5.26e-4 1.25e-4 ~1.95 (2.00)
H'-norm 5.66e-1 3.09e-1 1.65e-1 8.52e-2 4.19e-2 ~0.94 (1.00)
t =0.001 L2-norm 6.65e-2 1.83e-3 4.98e-3 1.33e-3 3.30e-4 ~1.91 (2.00)
H'-norm 1.66e0 8.93e-1 4.75e-1 2.43e-1 1.21e-1 ~0.95 (1.00)
Table 9
Numerical results for example (4c) with @ = 0.5 and =0.2 at t =0.1,0.01,0.001 for a uniform mesh with h =27% and 7 =t/10%,
t k 3 4 5 6 7 Rate
t=0.1 L?-norm 2.28e-3 5.86e-4 1.47e-4 3.58e-5 7.91e-6 ~2.07 (2.00)
H'-norm 3.97e-2 1.97e-2 9.77e-3 4.76e-3 2.13e-3 ~1.06 (1.00)
t=0.01 L?-norm 1.06e-3 2.73e-4 6.86e-5 1.67e-6 3.70e-7 ~2.06 (2.00)
H'-norm 1.85e-2 9.18e-3 4.56e-3 2.22e-3 9.94e-4 ~1.06 (1.00)
t=0.001 L?-norm 8.66e-4 2.28e-4 5.75e-5 1.40e-6 3.11e-7 ~2.04 (2.00)
H'-norm 1.56e-2 7.82e-3 3.88e-3 1.90e-3 8.47e-4 ~1.05 (1.00)

6. Concluding remarks

In this work, we have developed a simple numerical scheme based on the Galerkin finite element method for a multi-
term time fractional diffusion equation which involves multiple Caputo fractional derivatives in time. A complete error
analysis of the space semidiscrete Galerkin scheme is provided. The theory covers the practically very important case of
nonsmooth initial data and right hand side. The analysis relies essentially on some new regularity results of the multi-
term time fractional diffusion equation. Further, we have developed a fully discrete scheme based on a finite difference
discretization of the Caputo fractional derivatives. The stability and error estimate of the fully discrete scheme were es-
tablished, provided that the solution is smooth. The extensive numerical experiments in one- and two-dimension fully
confirmed our convergence analysis: the empirical convergence rates agree well with the theoretical predictions for both
smooth and nonsmooth data.
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