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Abstract. We consider the initial boundary value problem for a homogeneous time-fractional
diffusion equation with an initial condition v(z) and a homogeneous Dirichlet boundary condition
in a bounded convex polygonal domain 2. We study two semidiscrete approximation schemes, i.e.,
the Galerkin finite element method (FEM) and lumped mass Galerkin FEM, using piecewise linear
functions. We establish almost optimal with respect to the data regularity error estimates, including
the cases of smooth and nonsmooth initial data, ie., v € H2(Q) N H}(Q) and v € L2(f2). For
the lumped mass method, the optimal La-norm error estimate is valid only under an additional
assumption on the mesh, which in two dimensions is known to be satisfied for symmetric meshes.
Finally, we present some numerical results that give insight into the reliability of the theoretical
study.
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1. Introduction. We consider the model initial boundary value problem for the
fractional order parabolic differential equation (FPDE) for u(z,t):

ofu—Au= f(z,t) inQ, T >t>0,
(1.1) u=0 on 90, T >t>0,
u(0) =v in Q,

where €2 is a bounded convex polygonal domain in R? (d = 1,2,3) with a boundary
0f), v is a given function on 2, and T > 0 is a fixed value.

Here 0f'u (0 < e < 1) denotes the left-sided Caputo fractional derivative of order
a with respect to t, and it is defined by (see, e.g., [10, p.91] or [22, p. 78])

1 ! o d
m/o (t —T) g’u/(T) dT,

where I'(+) is the Gamma function. Note that if the fractional order « tends to unity,
the fractional derivative 0f*u converges to the canonical first-order derivative Cé—;‘ [10],
and thus problem (1.1) reproduces the standard parabolic equation. The model (1.1)
is known to capture well the dynamics of anomalous diffusion (also known as sub-
diffusion), in which the mean square variance grows slower than that in a Gaussian
process [1], and has found a number of important practical applications. For example,
it was introduced by Nigmatulin [21] to describe diffusion in media with fractal geom-
etry. A comprehensive survey on fractional differential equations arising in dynamical

(1.2) Ou(t) =
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systems in control theory, electrical circuits with fractance, generalized voltage divider,
viscoelasticity, fractional order multipoles in electromagnetism, electrochemistry, and
models of neurons in biology is provided in [4]; see also [22].

The extraordinary modeling capabilities of FPDEs have generated considerable
interest in devising, analyzing, and testing numerical methods for such problems. As
a result, a number of numerical techniques were developed, and their stability and
convergence were investigated [12, 14, 19, 20, 27]. Yuste and Acedo [27] presented
a numerical scheme by combining the forward time centered space method and the
Grunwald-Letnikov method, and they provided a stability analysis. By exploiting the
variational framework due to Ervin and Roop [7], Li and Xu [14] developed a spectral
method in both temporal and spatial variable and established various a priori error
estimates. Mustapha [20] studied semidiscrete in time and fully discrete schemes and
derived error bounds for smooth initial data [20, Theorem 4.3].

In all these useful studies, the error analysis was done by assuming that the solu-
tion is sufficiently smooth. The optimality of the established estimates with respect to
the solution smoothness expressed through the problem data, i.e., the right-hand-side
f and the initial data v, was not considered. Thus, these studies do not cover the
interesting case of solutions with limited regularity due to low regularity of the data,
a typical case for related inverse problems; see, e.g., [3], [23, Problem (4.12)], and also
[8, 9] for its parabolic counterpart.

There are a few papers considering the construction and analysis of numerical
methods with optimal (with respect to the solution regularity) error estimates for the
following equation with a positive type memory term:

1! o
(1.3) atu—m/o(t—ﬂ "Au(r)dr = f(a,8), t>0, 0<a<l,

which is closely related to but different from (1.1). For example, McLean and Thomée
[15, 16] developed a numerical method based on spatial finite element discretization
and Laplace transformation with quadratures in time for (1.3) with a homogeneous
Dirichlet boundary data. In [15, Theorem 5.1] the convergence of the method was
studied and maximum-norm error estimates of order O(t~'=*h%¢3), £, = |In h|, were
established for initial data v € Loo(Q). Further, in [16, Theorem 4.2] a maximum-
norm error estimate of order O(h?¢3) was shown for initial data v € H*(Q) N H ().

The scarcity of optimal (with respect to the solution regularity) error estimates
for the numerical schemes for FPDEs with nonsmooth data contrasts sharply with
the standard parabolic counterpart. Here the error analysis is complete and various
optimal estimates are available [25]. The key ingredient of the analysis is the smooth-
ing property of the parabolic operator and its discrete counterpart [25, Lemmas 3.2
and 2.5]. For FPDE (1.1), such a property has been established recently [23]; see
Theorem 2.2 below for details.

The goal of this paper is to develop an error analysis with optimal with respect
to the regularity of the initial data estimates for the semidiscrete Galerkin and the
lumped mass Galerkin finite element method (FEM) for problem (1.1) on convex
polygonal domains.

Now we describe the Galerkin scheme, using the standard notation from [25]. Let
{Th}o<n<1 be a family of regular partitions of the domain € into d-simplexes, called
finite elements, with h denoting the maximum diameter. Throughout, we assume
that the triangulation 7j is quasi-uniform. That is, the diameter of the inscribed
disk in the finite element 7 € T}, is bounded from below by h, uniformly on 7,. The
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approximate solution uj will be sought in the finite element space X; = X3 () of
continuous piecewise linear functions over the triangulation 7y,

Xn={x € Hj(Q): x is alinear function over 7 V1 € Tp}.

The semidiscrete Galerkin FEM for problem (1.1) now reads: find up(t) € Xp
such that

(1.4) (0 un, x) + alun, x) = (f,x) Vx € Xp, T>t>0, up(0)=vp,

where a(u, w) = (Vu, Vw) for u,w € H}(Q) and v;, € X}, is an approximation of the
initial data v. The choice of v, will depend on the smoothness of the initial data v.
We shall study the convergence of the semidiscrete Galerkin FEM (1.4) for the case
of initial data v € H(Q), ¢ = 0,1,2. (See section 2.2 for their definitions.) Following
Thomée [25], we shall take v, = Rjv in case of smooth initial data, i.e., ¢ = 2, and
vy, = Ppo in case of nonsmooth initial data, i.e., ¢ = 0, where Ry and P}, are Ritz and
the orthogonal Lo(2)-projection on the finite element space X}, respectively.

In the past, the initial value problem for a standard parabolic equation, i.e., a« = 1,
has been thoroughly studied in all these cases. It is well known that the solution wup,
satisfies the following error bounds [25, Theorems 3.1 and 3.2]:

lun(t) = u(®)lg < CR*~ 5 o], p=0,2, ¢=0,1.

In a recent work [17], McLean and Thomée established the following estimates
for the Galerkin method for problem (1.1):

lu(t) = un(®)]| < CR?|lvllz and  [lu(t) — un(t)] < CL=*R?|v].

The proof is based on some refined estimates of the Laplace transform in time for the
error u(t) — up(t), which is rather different from our technique. Further, no estimates
on the gradient of the error were provided, and mass lumping was not discussed.

In this paper we establish analogous estimates for the semidiscrete Galerkin
method (1.4) for problem (1.1). The main difficulty in the error analysis stems from
limited smoothing properties of the FPDE, cf. Theorem 2.2. Note that the solution
operator for the FPDE is defined through the Mittag-Leffler function, which decays
only linearly at infinity, cf. Lemma 2.1, whereas the exponential function in the stan-
dard parabolic case decays exponentially for ¢ — co. The difficulty is overcome by
exploiting the mapping property of the discrete solution operators.

Our main results are as follows. First, in case of smooth initial data, we derived
an error bound uniformly in ¢ > 0 (cf. Theorem 3.5), as is in the case of the standard
parabolic problem. Second, for quasi-uniform meshes we derived a nonsmooth data
error estimate, for v € Lo(2) only, which deteriorates for ¢ approaching 0 (cf. Theorem
3.7). Tt is similar to the parabolic counterpart but derived for quasi-uniform meshes
and with an additional log-factor ¢p,.

Further, we study the more practical lumped mass scheme. We show the same
convergence rate for initial data v € H2(Q) (cf. Theorem 4.4) and an almost optimal
error estimate for the gradient in the case of data v € H'(Q) and v € La(Q) (see
Theorem 4.5). For nonsmooth data v € Lo(2) for general quasi-uniform meshes, we
are only able to establish a suboptimal Ls-error bound of order O(hl,t—%); cf. (4.15).
For a class of special triangulations satisfying condition (4.16), an almost optimal
estimate (4.17) holds, analogous to its parabolic counterpart [2, Theorem 4.1].
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Finally, in Theorem 5.1 we establish a superconvergence result for the error of the
postprocessed gradient in case of smooth initial data and a planar domain for special
meshes. This improves the convergence order in H'-norm from O(h) to O(h*t~%)
and O(h%€,t~ %) for the Galerkin and lumped mass approximation, respectively.

The rest of the paper is organized as follows. In section 2, we recall some basic
properties of the Mittag-Leffler function, the smoothing property of (1.1), and basic
estimates for finite element projection operators. In sections 3 and 4, we derive error
estimates for the standard Galerkin FEM and lumped mass FEM, respectively. In
section b, we give a superconvergence result. Finally, in section 6 we present numerical
tests on various one-dimensional examples, including both smooth and nonsmooth
data, which confirm our theoretical study. Throughout the paper, we shall denote
by C a generic constant, which may differ at different occurrences but is always
independent of the mesh size h, the solution u, and the initial data v.

2. Preliminaries. In this section, we collect useful facts on the Mittag-Leffler
function, regularity results for the FPDE (1.1), and basic estimates for the finite-
element projection operators.

2.1. Mittag-Leffler function. We shall extensively use the Mittag-Leffler func-
tion E, g(z) defined as follows:

oo
Zk

The Mittag-LefHler function E, g(z) is a two-parameter family of entire functions
in z of order = ! and type 1 [10, pp. 42]. It generalizes the exponential function in the
sense that Fy 1(z) = e*. Two most important members of this family are E, 1(z) and
Eq.o(z), which occur in the solution operators for the initial value problem and the
nonhomogeneous problem (1.1), respectively. There are several important properties
of the Mittag-Leffler function E, g(z), mostly derived by Djrbashian [5, Chapter 1].
The estimate (2.1) below can be found in [10, pp. 43] or [22, Theorem 1.4], while
(2.2) is discussed in [10, Lemma 2.33].

LEMMA 2.1. Let 0 < o < 2 and 3 € R be arbitrary and % < p < min(7, o).
Then there exists a constant C' = C(«, 8, 1) > 0 such that

(2.1) |Bas(2)] < i < Jarg(z)] < .

1+ |z
Moreover, for A >0, a >0, and t > 0 we have
(2.2) Of Eq1(=AtY) = =AEq 1(—AtY).

2.2. Solution representation. To discuss the regularity of the solution of (1.1),
we shall need some notation. For ¢ > 0, we denote by H(Q) C Lo(€2) the Hilbert
space induced by the norm

S
|U|3 = Z /\?(Uv @j)2
j=1

with (,-) denoting the inner product in Lz(2) and {A;}52; and {¢;}32; being, re-
spectively, the Dirichlet eigenvalues and eigenfunctions of —A on the domain 2. The
set {p;}32, forms an orthonormal basis in Lz(£2). Thus [v]o = [v] = (v,v)/? is the
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norm in Lo (), |v]; is the norm in H} = H}(Q), and |v]s = ||Av]| is equivalent to the
norm in H?(Q) when v = 0 on 99 [25]. We set H~% = (H9)', the set of all bounded
linear functionals on the space Ha.

Now we give a representation of the solution of problem (1.1) using the Dirichlet
eigenpairs {(\;, p;)}. First, we introduce the operator E(t):

(2.3) E(t)y = ZE%l(—/\jt"‘) (v, 5) ().

Jj=1

This is the solution operator to problem (1.1) with a homogeneous right-hand side so
that for f(z,t) = 0 we have u(t) = E(t)v. It follows from an eigenfunction expansion
and (2.2) [23]. Further, for the nonhomogeneous equation with vanishing initial data
v = 0, we shall use the operator defined for xy € La(Q2) by

o0

(2.4) BE(t)x =Y _t* ' Eaa(—MtY) (X, 95) 95 ().
j=1

The operators E(t) and E(t) are used to represent the solution u(z,t) of (1.1):

u(z,t) = E(t)v+ /0 E(t —s)f(s)ds.

It was shown in [23, Theorem 2.2] that if f(z,t) € Loo((0,7); L2(R?)) and v €
Ly(€2), then there is a unique solution u(x,t) € Ly((0,T); H2(Q)). For the solution of
the homogeneous equation (1.1), we have the following stability estimates, essentially
established in [23, Theorem 2.1] and slightly extended in the theorem below; see also
[18] for related regularity estimates. Since these estimates will play a key role in the
error analysis of the FEM approximations, we give some hints of the proof.

THEOREM 2.2. The solution u(t) = E(t)v to problem (1.1) with f =0 satisfies

(2.5) (07) ut)], < Ot~ ol >0,
where for £ =0,0<qg<p<2,and for{=1,0<p<qg<2andqg<p+2.

Proof. First we discuss the case £ = 0. According to parts (i) and (iii) of [23,
Theorem 2.1], we have

(2.6) [u(®)]2 + |07 u(®)]| < Ct D]y, g =0,2.
By means of interpolation of estimates (2.6) for ¢ = 0 and ¢ = 2, we get the desired
estimate (2.5) for the case p=2,0 < ¢ < 2.
Further, by applying part (i) of [23, Theorem 2.1], we have
(2.7) [u(@®)]l < Clvf.
Thus, interpolation of (2.6) for ¢ = 2 and (2.7) yields (2.5) for 0 < p = ¢ < 2. The

remaining cases, 0 < ¢ < p < 2, follow from the interpolation of (2.6) with ¢ = 0 and
(2.7). This shows the assertion for ¢ = 0.
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Now we consider the case ¢ = 1. It follows from the representation formula (2.3)
and Lemma 2.1 that

oo

0P ut)2 =D AP Eq 1 (- 0t*)? (v, ;)

j=1
SO0 S (AP, (<A A (v, )
]:1

)\ toz 2+p—q

—a(24+p— 2
A M ei)? < e,

< Oot—oZtr—q) Z

where we have used the fact that in view of Young’s inequality, % < C for
p < q < p+ 2. This completes the proof of the theorem. O

Remark 2.1. Note that for £ = 1 we have the restriction p < ¢, which is not
present in the similar result for the standard parabolic problem [25, Lemma 3.2]. This
reflects the fact that the FPDE has limited smoothing properties. The limited smooth-
ing is also present for the semidiscrete Galerkin approximation (see Lemma 3.1), which
will influence the error estimates for the finite element solution.

2.3. Properties of Ritz and Ls-projections on Xj. In our analysis we
shall also use the orthogonal Lo-projection P, : Lo(2) — X, and the Ritz projection
Ry, : H} () — X, respectively, defined by

(Prip, x) = (¥, x) Vx € Xu,

28 (VRu, Vx) = (V§,Vx)  Vx € Xp.

It is well known that the operators P, and Rj; have the following approximation
properties; cf. [25, Lemma 1.1] or [6, Theorems 3.16 and 3.18].
LEMMA 2.3. The operators Py, and Ry, satisfy
(2.9) [Paty = ¢l + hl|V (Patp = )| < ChU|g  for e HY, g=1,2,
(210) R — ]| + AV (Rut — )| < Ch%Jl, for e HY, g =1,2.

In particular, (2.9) indicates that Py, is stable in H'.

3. Semidiscrete Galerkin FEM. In this section we derive error estimates for
the standard semidiscrete Galerkin FEM. We begin with basic facts of the semidiscrete
Galerkin FEM and the smoothing properties of relevant solution operators. The error
estimates hinge crucially on the properties of the operator E,.

3.1. Semidiscrete Galerkin FEM and its properties. Upon introducing
the discrete Laplacian Ay, : X — X}, defined by

and f, = Py f, we may write the spatially discrete problem (1.4) as
(3.2) a?uh(t) — Ahuh(t) = fh(t) for t>0 with uh(O) = V.

Now we give a representation of the solution of (3.2) using the eigenvalues and eigen-
functions {)\h}N , and {cpj }L, of the discrete Laplacian —Ay. First we introduce
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the discrete analogues of (2.3) and (2.4) for ¢t > 0:

N
(3.3) En(t)vn =Y Baa(=Nt*) (vn, ¢])el,
=1
(34) Eh(t)fh = Zta_lE(La(_A?ta) (fhv(p?)(p
=1

Then the solution up(z,t) of the discrete problem (3.2) can be expressed by

t
(35) un(ast) = En(O)en + | Enlt = 9)fus)ds
0
Also, on the finite element space Xj,, we introduce the discrete norm ||| - |||, for

any p € R defined by

N
(3.6) ll5 =D AP, ), ¢ € X

j=1
Clearly, the norm ||| - |||, is well defined for all real p. By the very definition of the

discrete Laplacian —Aj we have |[||¢]||1 = |[¢|1 and also |0 = ||¢|| for any ¢ € X,.
So there will be no confusion in using |¢|, instead of |[|¢|||, for p = 0,1 and 9 € Xj,.
We shall show some smoothing properties of the operator Fj,(t), which are discrete
analogues of those formulated in (2.5). The estimates will be used for analyzing the
convergence of the lumped mass FEM in section 4.
LEMMA 3.1. Let Ey(t) be defined by (3.3) and v, € Xp,. Then

(3.7) 05 un(®llls = 107) En()onllly < Ot~ onllly, ¢ >0,

where ford =0, g <pand0<p—q<2,and for{ =1, p<qg<p+2.
Proof. First, consider the case £ = 0. Using the representation (3.3) of the solution
up(t) and Lemma 2.1 we get for ¢ <p

N N
llun @7 =D ADPIun(t), @)1 =D (AP Bayt (=N [ (vn, &)1
J=1 J=1
N hia
(Agoryp=
< ot—r—9) Ny )\h q
Z 1+)\th) ( ) (Uh,(p])

<ot Z(A?)ql(vha PP = Ctm =D lug|17.
j=1
Here in the last inequality we have used the fact that for ¢ < p and p < ¢ < p+2 the
expression max; ()\?to‘)p’q/(l + )\?to‘)2 is bounded.
The estimates for the case £ = 1 are obtained analogously using the representation
(3.3) of the solution u(t) for p < ¢ < p+ 2 and Lemma 2.1:

N

o un(®)IIl; = Z(Ah)”l(a"‘wz( ), )

2:

= AP Ea (=) Pl (o, ).
j=1
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Now appealing to Lemma 2.1 and Young’s inequality, we obtain

()\hta)Q—Q—p q

105 un()]||2 < Ot~ atale- q”z (A (vn, @)

(1+ Aite)2
N
< Ot~ (2ata(p=9) Z |(vn, % )? = Ot‘(2°‘+°‘(p_q))|||vh|||§.
The desired estimate follows from this immediately. O

The following estimates are crucial for the a priori error analysis in what follows.
LEMMA 3.2. Let Ej, be defined by (3.4) and ¢ € X,. Then we have for all t > 0,

Ct e+ ly|l,  p—2<q<p,
=1l p<q.

(3-8) ER @)l < {

Proof. By the definition of the operator Ej(t) and using Lemma 2.1 for E, ,(z),
we have for any p e R and ¢ <p

N
IR @II; = 72720 Y " B2 L (=Xt (AP (0, 05)°
j=1
—2+a(2+q—p) (/\hta T o
= qpmaa 1+/\ht°f2z ")
Jj=1

< Ct7HHeCHED g2,

where the last line follows from 0 < p — ¢ < 2. The assertion for p < ¢ follows from
the fact that {/\?} are bounded away from zero independent of the mesh size h. O

Remark 3.1. Lemma 3.2 shows the smoothing properties of the operator Ej,.
While p = 0,1, the parameter ¢ can be arbitrary as long as it complies with the
condition p — 2 < g < p. This flexibility in the choice of g is essential for deriving
error estimates for problems with initial data of low regularity.

Further, we shall need the following inverse inequality.

LEMMA 3.3. For anyl > s, there exists a constant C' independent of h such that

(3.9) 1l < CRMllllls Ve € X
Proof. For quasi-uniform triangulations 7, the inverse inequality 1| < Ch™! |||

holds for all ¢ € Xj. By the definition of —A,, this implies max;<j<n )\? < CO/h?.
Thus, for the norm ||| - |||, defined in (3.6), there holds for any real I > s

2

Il < C max( AT A (.0 < CRPCTPg)2. O

Jj=1

3.2. Error estimates for smooth initial data. Here we establish error esti-
mates for the semidiscrete Galerkin method for initial datav € H?(f2). In a customary
way we split the error uy, () — u(t) into two terms as

(3.10) up —u = (up — Rpu) + (Rpu — u) =19+ .
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By (2.10) and (2.5) we have for any ¢ > 0 and ¢ = 1,2,
(3.11) lo@)I| + hlIVe(t)]| < Ch* =D o|, v e HY,

so it suffices to get proper estimates for ¥(¢), which is done in the following lemma.
LEMMA 3.4. Let u and uy, be the solutions of (1.1) and (1.4), respectively, with
vy, = Rypv. Then for 9(t) = up(t) — Rpu(t) we have

(3.12) [0+ hl[VI®)] < Ch?[v]s.
Proof. Using the identity A, R, = PrA, we note that 9 satisfies
(3.13) O (t) — Apd(t) = —Pr0y o(t) for t>0.
For v € HY, ¢ = 1,2, the Ritz projection Rjv is well defined, so that 9(0) = 0 and

hence, by Duhamel’s principle (3.5),

t
(3.14) 9(t) = — / Bn(t — $)Pa0o(s) ds.
0
By using Lemma 3.2 with p = 1 and ¢ = 0, the stability of P, (2.10), and the estimate
(2.5) with £ =1, p =1, and we find for ¢ = 1,2,
IVEL(t —5)Pud o(s)]| < Ot — 5)2 1 (|05 o(s)]|
(3.15) < Ch(t — )21 |0%u(s)|y
< Ch(t—s) 81234 Dy

—5)
—5)
By substituting this inequality into (3.14) we obtain that for ¢ = 1,2

q

¢
(3.16) |VI()] < Ch/ (t —s)2 152213 ds v, < Cht=*= )|y,
0
where we have used that for a < 1
t 1
/ (t— s)%_lso‘(_%’L%) ds =2~ 5+% / (1- s)%_lso‘(_%+%)ds
0 0
= B(§,a(=§ +§) + D20,

where B(:,-) is the Beta function. Since for ¢ = 1,2, § > 0, and %a +1 >0, the
value B(a,a(—2 + ) 4 1) is finite. Taking ¢ = 2 yields the desired estimate for V4.

Next, by Lemma 3.2 with p = ¢ = 0 and that of the operator F in Theorem 2.2
with £ =1 and p = q = 2, we get

10(t)] < / |Ba(t — 5)Pu07 o(s)lds < C / (t — )20 o(s) | ds

1 t t
(3.17) gChQ/ (t—s)"‘_1|8t‘"u(s)|2ds§0h2/ (t — 5)*Ls=2ds|u]s
0 0

= OB(a,1 — a)h?|v]s.

This completes the proof. a
The main result in this part follows directly from estimates (3.11) and (3.12).
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THEOREM 3.5. Let u and up be the solutions of (1.1) and (1.4), respectively,
with vy, = Rpv. Then

(3.18) [un(t) = u()]| + AV (un(t) — u(®)]| < Ch?[v]s.

Remark 3.2. As a by-product of estimates (3.11) and (3.16) we also got a bound
for the error for v € HY(Q) and vy, = Ryv:

(3.19) IV (un () — ()|l < Cht™%[vl;.

Remark 3.3. By the smoothing property of the operator Ej, in Lemma 3.2, we
can improve the estimate of 9(¢) for ¢ = 2 to O(h?) at the expense of a factor O(t~2):

IVE(t = 5)Pudf o(s)| < CR?(t — )5~ |95 u(s)|2 < Ch*(t — 5)2 s~ o],
which yields
(3.20) VY] < Ch*t~ % |ula.

3.3. Error estimates for nonsmooth initial data. Now we prove an error
estimate for nonsmooth initial data, v € Ly(Q), and the intermediate case, v € H' ().
Since the Ritz projection Rpv is not defined for v € Ly(2), we shall use instead the
Lo-projection Ppv and split the error up — u into

up —u = (up, — Ppu) + (Pru—u) := 9 + p.
By Lemma 2.3 and Theorem 2.2 we have
(3.21) 120)] + RV < Ch*[u()]s < CR* D olly, g =0,1.

Thus, we only need to estimate the term . Obviously, P,d%g = 0% Py (Pyu —u) = 0,
and using the identity A, Rn, = PpA, we get the following problem for ¥:

(3.22) XI(t) — Apd(t) = —Ap(Rpu — Pyu)(t), t>0, 9(0)=0.

Then with the help of formula (3.4), ¥(t) can be represented by

(3.23) J(t) = — /O Bn(t — $)An(Rutt — Pyu)(s) ds.

Next, we show the following estimate for I(t).
LEMMA 3.6. Let ¥(t) be defined by (3.23). Then for p = 0,1, ¢ = 0,1, and
Ly, = |Inh|, the following estimate holds:

19O, < CR* Pt D]lo] .

Proof. By Lemma 3.2 with p = 0,1 and ¢ = p — 2 + ¢, for any € > 0 we have
t
9@y < / [ En(t = $)An(Ruhu — Pyu)(s)|pds
0
t
< [ 6= 95 AnRy = Pual-aeds
0

t
< / (t — 8) 27 Y||Rpu — Phul||preds == A.
0
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Further, we apply the inverse inequality (3.9) for Rpu — Phpu, the bounds (2.9) and
(2.10) for Pyu — u and Rpu — u, respectively, and the smoothing property (2.5) with
¢ =0and p=2 to get

t
A< Ch‘e/ (t— )59 Y| Ryu — Prul],ds
0
t
< Ch2*p76/ (t— S)%a71||u(8)”2d8
0

t
<cntre [ i e s o,
0

q

= OB (§a,1—a+ da) p> P ol-8-3)
S

|UHq

F(sa)l(l—atia)
r(l-a+%<a)
I(ta) ~ Z as e — 0%, e.g., by means of Laurent expansion of the Gamma function.

The desired assertion follows by choosing € = 1/¢,. O
Then Lemma 3.6 and the triangle inequality yield the following almost optimal
error estimate for the semidiscrete Galerkin method for initial data v € HY, q=0,1.
THEOREM 3.7. Let u and uy, be the solutions of (1.1) and (1.4) with vy, = P,

respectively. Then with £, = |1nh|
(3:24)  Jun(t) = u(®)] + AV (un(t) — u(t)] < Ch* eyt O~ Dfolly, ¢ =0,1.

The last inequality follows from the fact B(§a,1 — o+ 4a) = and

Remark 3.4. For v € Hl(Q) and v, = Rpv, we have established the estimate
(3.19), which is slightly better than (3.24), since it does not have the factor ¢,.

3.4. Problems with more general elliptic operators. The preceding anal-
ysis could be straightforwardly extended to problems with more general boundary
conditions/spatially varying coefficients. In fact this is the strength of the FEM for
treating such problems in comparison with some analytical techniques that are limited
to constant coeflicients and canonical domains. More precisely, we can study problem
(1.4) with a bilinear form a(-,-) : V x V i+ R of the form

(3.25) a(u,x) = /Q(k(x)Vu - Vx + c(x)uy) de,

where k(z) is a symmetric d x d matrix-valued measurable function on the domain 2
with smooth entries and ¢(x) is an Lo-function. We assume that

colé? <ETk(z)E <l for (eRY z e,

where cg,c; > 0 are constants and the bilinear form a(-, -) is coercive on V' C H' ().
Further, we assume that the problem a(w,x) = (f,x) for all x € V has a unique
solution w € V', which for f € Ly(€2) has full elliptic regularity, ||w|| gz < C|f|L,-

Under these conditions we can define a positive definite operator A : V. — V7,
which has a complete set of eigenfunctions ¢; (z) and respective eigenvalues A; (A) > 0.
Then we can define the spaces HY as in section 2.2. Further, we define the discrete
operator Ay, : X — X, by

(Ant, x) = a(y,x) Vb, x € Vi.

Then all results for problem (1.1) can be easily extended to the case with the elliptic
part of this more general form.
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4. Lumped mass FEM. Here we consider the more practical lumped mass
FEM (see, e.g., [25, Chapter 15, pp. 239-244]) and study the convergence rates for
smooth and nonsmooth initial data.

4.1. Derivation of the lumped mass FEM. For completeness we shall in-
troduce this approximation. Let 27, j =1,...,d+ 1 be the vertices of the d-simplex
7 € Tp. Consider the quadrature formula

d+1

I7| /
4.1 - = ™ & .
(4.1) Qrn(f) dH;f(zJ) | fdo
We then define an approximation of the Lo-inner product in X} by
(42) (w7X)h = Z Q‘nh(wX)'

T€TH
Then the lumped mass Galerkin FEM reads: find @, (t) € X}, such that

(4.3) (07 tn, X)n + a(tn, x) = (f,x) Yx € Xn, t >0, un(0) = vp.

We now introduce the discrete Laplacian —Ay, : X;, — X}, corresponding to the
inner product (-,-)p, by
(4.4) —(Any, x)n = (Vi,Vx) Vi, x € X,

Also, we introduce a projection operator Py : Ly(2) — X, by

(phf7X)h:(f7X) VXGXh-

The lumped mass method can then be written with f, = P, f in operator form as
o (t) — Ahﬂh(t) = fu(t) fort>0 with @,(0)=wvy.

Similarly as in section 3, we define the discrete operator F}, by

N
(4.5) Fu(t)on =Y Ba,1 (= Nt*)(vn, @)l
j=1

where {;\?}j\;l aund;{@;-I 7L, are, respectively, the eigenvalues and the orthonormal

eigenfunctions of —A,, with respect to (-, ). -
Analogously to (3.4), we introduce the operator F}, by

N

(4.6) Fufu(t) = Yt Ea,a(=Xt)(fn, &)1}
j=1

Then the solution uy, to problem (4.3) can be represented as

t
in(t) = Fu(t)on + / F(t — 5)fu(s)ds.
0
For our analysis we shall need the following modification of the discrete norm
(3.6), ||| - lllp, on the space Xp:

N

(4.7) I3 = > NP @, eh)i VpeR.

j=1

The following norm equivalence result is useful.
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LEMMA 4.1. The norm ||| - |||, defined in (4.7) is equivalent to the norm |- |, on
the space Xy, for p=0,1.
Proof. The proof is a simple consequence of the definitions and is omitted. O

We shall also need the following inverse inequality, whose proof is identical with
that of Lemma 3.3:

(4.8) gl < Crlliwllls 1> s.

We show the following analogue of Lemma 3.2.
LEMMA 4.2. Let Fj, be defined by (4.6). Then we have for ¢ € X, and all t > 0,

Ct= a0+ 5 Iy, p—2<q<p,

1B (£) <{
" e, p<aq.

Proof. The proof essentially follows the steps of the proof of Lemma 3.2 by
replacing the eigenpairs (x\?,(p?) by (X?,@?) and the Lo-inner product (-,-) by the
approximate Lo-inner product (-, -)p, and thus it is omitted. d

We need the quadrature error operator @y, : X — X, defined by

(49) (thX7 v¢) = 6h(X7’[r/)) = (Xa w)h - (Xv’[r/)) VX, P € Xp.

The operator @y, introduced in [2], represents the quadrature error (due to mass
lumping) in a special way. It satisfies the following error estimate [2, Lemma 2.4].
LEMMA 4.3. Let Ay, and Qp, be defined by (4.4) and (4.9), respectively. Then

IVQnx|| + bl AnQrX| < CRPTH|VPX| Vx € X5, p=0,1.

4.2. Error estimate for smooth initial data. We now establish error esti-
mates for the lumped mass FEM for smooth initial data, i.e., v € H>(Q).

THEOREM 4.4. Let u and up, be the solutions of (1.1) and (4.3), respectively,
with v, = Rpv. Then

() = u(@)l| + 2]V @n(t) — ut))l| < Ch?[v]>.

Proof. We split the error into up(t) — u(t) = up(t) — w(t) + 6(t) with 6(¢) =
Up(t) — up(t) and wup(t) being the solution by the standard Galerkin FEM. Upon
noting the estimate (3.18) for uj — u, it suffices to show
(4.10) I8N+ hlIVE@)] < Ch?[v]a.

It follows from the definitions of wy(t), up(t), and @), that

afé(t) - Ahé(t) = Athafuh(t) for t > 0, 5(0) =0,

and by Duhamel’s principle we have §(t) = fot Fy(t — 8)ALQn0fup(s)ds. Using Lem-
mas 4.1, 4.2, and 4.3 we get for y € X,

IVER(O)ARQux|l < Ct2 M ApQux|| < CLE | Vx|l.
Similarly, for y € Xp,

1En (8) An@uxll < CtEH| AR Quxll-1 < CtE | VQux|| < CtF 1% V.
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Consequently, using Lemma 3.1 with [ =1, p =1, and ¢ = 2 we get
t
I8+ B < Cr [ (=93 opun(o)llads

t
< Oh2/0 (t = )% 1s™ 2 ds [[Jun (0)]2-

Since ARy, = PpA, we deduce
llun(O)ll2 = [ArRru(0)[| = | PoAu(0) || < |u(0)]2 < Cllv]l2,

which yields (4.10) and concludes the proof. O
An improved bound for ||V4(t)|| can be obtained as follows. In view of Lemmas 4.1
and 4.3 and (4.8), we observe that for any € > 0 and x € X},

IV E, () ARQux|l < Ct2o | AnQux|ll—14e < Ct221h27¢|| Vx|

Consequently,
t €
(4.11) Vo)l < Ch?ﬁﬁ/ (t = 5)2* Y| un(s)lll 1 ds.
0
Now, to (4.11) we apply Lemma 3.1 with £ =1, p =1, and ¢ = 2 to get
k ; o 1 1
Ve < 0 [ (e =95t Hdslun(0)]|a < CLR e ol
0

Remark 4.1. In the above estimate, by choosing € = 1/¢;,, ¢, = |Inhl, we get
(4.12) V(@) < Ch2nt™ % v,

which improves the bound of ||V4(¢)| for any fixed ¢ > 0 by almost one order.
Remark 4.2. Instead, if we apply to (4.11) Lemma 3.1 with £ =1, p = 1, and
q = 1 we get an improved estimate for §(¢) in the case of initial data v € H*:

(4.13) IVo(t)|| < Ch2 0t |v|;.

4.3. Error estimates for nonsmooth initial data. Now we consider the case
of nonsmooth initial data v € Ly(£2) as well as the intermediate case v € H'. Due
to the lower regularity, we take v, = Ppv. Like before, the idea is to split the error
into up(t) — u(t) = up(t) — u(t) + 0(t) with §(¢t) = ap(t) — un(t) and up(t) being the
solution of the standard Galerkin FEM. Thus, in view of estimate (3.24) it suffices to
establish proper bounds for 6(¢).

THEOREM 4.5. Let u and @y be the solutions of (1.1) and (4.3), respectively,
with vy, = Ppu. Then with £y, = |Inh|, the following estimates are valid for t > 0:

(4.14) [V (an () — u(t)|| < Chlpt= =D |p|, ¢=0,1,
(4.15) lan(t) — u(t)] < CRT et~ =D |, ¢=0,1.

Furthermore, if the quadrature error operator Qy, defined by (4.9) satisfies

(4.16) IQnxIl < CRZIXIl Vx € Xh,
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then the following almost optimal error estimate is valid:
(4.17) |tn (t) — u(t)|| < Ch2Lpt=%|v|.

Proof. By Duhamel’s principle 3(t) = [y Fy(t — )A,Qnd{un(s)ds. Then by
appealing to the smoothing property of the operator Fj in Lemma 4.2 and the inverse
inequality (4.8), we get for x € Xp,, ¢ >0, and p=0,1

I1EL (O ARQuxlly < CEE M1 ARQRXlp-2+¢ = CtE*H|QnXlp+e

(418) fa—1yp—e¢ fa—11—¢
< 2R |@nxlllp < CE2* A7 Qnxllp-

Consequently, by Lemmas 4.3 and 3.1 and H'- and La-stability of the operator P
from Lemma 2.3, we deduce for ¢ = 0, 1

t
IV5(8)|| < Cho+i~e /0 (t — )21 0pun(s)| 4ds

t
< Chﬁl*/ (t— )2 ts™ds|lup(0)]|
0
= Chtt' =079 B (sa,1 - a) || Pyl
< Cetpattmea=5)|y| .

Now the estimate (4.14) follows by triangle inequality from this and estimate (3.24)
by taking ¢ = 1 and € = 1/¢}, for the cases ¢ = 1 and 0, respectively.
Next we derive an Lo- error estimate. First, note that for x € X} we have

| Fn () ARQrx|| < Ct2 7 H|ARQrX|l|-1 < Ct2 71| VQnx]-

This estimate and Lemma 4.3 give

t
165 < Chat! / (t— 5) 1|00 un () |q ds

t
<ot [ 93 s ds un(0),
0
< Chtt= 2| Pl < ChI M 2|, ¢=0,1,

which shows the desired estimate (4.15).
Finally, if (4.16) holds, by applying (4.18) with p =0 and € € (0, 3), we get

t

t
18(t)] < Ch / (t— )5 1| Qudfun(s)] ds < Ch>~* / (= )5 1|0 un(s)]| ds
0 0

t

< ch2—€/ (t — 8)59 L5~ ds [up (0)] < Ceth2—et=o(=5) .
0

Then (4.17) follows immediately by choosing € = 1/¢,. O

Remark 4.3. By interpolation (4.17) is valid also for 0 < ¢ < 1.

Remark 4.4. The condition (4.16) on the quadrature error operator @, is satisfied
for symmetric meshes [2, section 5]. In one dimension, the symmetry requirement can
be relaxed to almost symmetry [2, section 6]. In case (4.16) does not hold, we were
able to show only a suboptimal O(h)-convergence rate for Lo-norm of the error, which
is reminiscent of that in the classical parabolic equation [2, Theorem 4.4].

Remark 4.5. We note that we have used globally quasi-uniform meshes, while
the results in [2] are valid for meshes that satisfy the inverse inequality only locally.
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5. Special meshes. Remark 3.3 (as well as Remark 4.1) suggests that one can
achieve a higher convergence rate for the gradient V(uy, —u) if one can get an estimate
of the error V(Rpu — ) in some special norm. This could be achieved using the
superconvergence property of the gradient available for special meshes and solutions
in H3(Q). Examples of special meshes exhibiting superconvergence property include
triangulations in which every two adjacent triangles form a parallelogram [11]. To
establish a superconvergent recovery of the gradient, Kiizek and Neittaanmaki [11]
introduced an operator GG}, which postprocesses the gradient of the Ritz projection
Rju of a function u [11, equation (2.2)] with the following properties:

(a) If u € H3(Q), then [11, Theorem 4.2]

(5.1) [Vu — Gr(Rpw)|| < Ch?||ul| ga (-
(b) For x € X}, the following bound is valid:
(5:2) IGROOI < ClIVXII.

The bound (5.2) follows immediately from [11, inequality (3.4)] established for a
reference finite element by rescaling and using the fact that x € X;. We point out
that one can get a higher order approximation of Vu by G, (Rpu) due to the special
postprocessing procedure valid for sufficiently smooth u and special meshes.

This result could be used to establish a higher convergence rate for the semidis-
crete Galerkin method (and similarly for the lumped mass method) for smooth initial
data. Specifically, we have the following result.

THEOREM 5.1. Let Ty, be a strongly uniform triangulation of €, i.e., every two
adjacent triangles form a parallelogram. Then the following estimate is valid:

(5:3) IVu(t) = Gh(un(t))l| < Ch®t™ % ||u]l2.

Proof. Tt follows from the fact that u satisfies (1.1), i.e., 9fu(t) = Au, and from
Theorem 2.2 (with £ =1, p =1, and ¢ = 2) that

u(t)]s < Ct™ % [v]s.

Then using the above superconvergent recovery operator Gy, of the gradient with the
properties (5.1) and (5.2) and the estimate (3.20) for 0(t) = Rpu(t) — up(t), we get
[Vu(t) = Gr(un ()]l < [[Vu(t) = Gr(Rupu(®))l| + |G (Rru(t) — un(t))|
< CR?||[u(t)|| s () + ClIVOE)|| < Ch?t % [lol2
which shows the desired estimate. O

Remark 5.1. By repeating the proof of Theorem 5.1 and appealing to Remark 4.1,
we can derive the following error estimate for the lumped mass solution @p,:

|Vu(t) — Gu(an(t)|| < Ch2ut™ % ||vla, £n = |Inhl.

Remark 5.2. Obviously any strongly regular triangulation is symmetric at each
internal vertex, and therefore for such meshes we have also optimal convergence in
Lo-norm for nonsmooth data; see (4.17).

6. Numerical results. Here we present some numerical tests to verify the the-
oretical error estimates for the Galerkin and lumped mass FEMs.
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6.1. Test problems. We consider problem (1.1) on the unit interval @ = (0,1)
and perform numerical tests on five different data:
(a) Smooth initial data, v(z) = —42? + 4x. In this case the initial data v is in
H2(Q)NH (), and the exact solution u(x,t) can be represented by a rapidly
converging Fourier series:

x,t) = —2 Z L g n?72t) (1 — (=1)") sin nara.

(b) Initial data in H'! (intermediate smoothness) v(x) = TX[0,4) T (1- x)x(%”,

where y refers to the characteristic function.

(¢) Nonsmooth initial data, (cl1) v(z) =1, (¢2) v(z) = z, and (c3) v(z) = X[o,1]-

For all three examples v is not compatible with the homogeneous Dirichlet
boundary condition, v ¢ H{, but v € Hz¢ for any € > 0.

(d) Initial data v that is a Dirac 41 (z)-function concentrated at = = 0.5. Such

case is not covered by our theory.

(e) Variable coefficient case (cf. (3.25)). We take k(z) = 3 + sin(27z) and initial

condition v(x) = 1. This class of problems was discussed in section 3.4.

The exact solution for each example from (a) to (d) can be expressed by an
infinite series involving the Mittag-Leffler function E, 1(z). To accurately evaluate
the Mittag-Leffler functions, we employ the algorithm developed in [24].

We divide the unit interval (0,1) into N + 1 equally spaced subintervals with
a mesh size h = 1/(IN + 1). The space X}, consists of continuous piecewise linear
functions. In the case of constant k(z) and g(z) = 0 (cf. section 3.4) the eigenpairs
()\?, gp? (z)) and (5\?, @? (z)) of the respective one-dimensional discrete Laplacian —Ay,
and —Ay, defined by (3.1) and (4.4), respectively, satisfy

(—Ahgpé?,v) = /\?(goé?,v) and (—Ah@?,v)h = 5\?(@?,1})}1 Yo € Xp,.

Here (w,v) and (w,v), refer to the standard Lo-inner product and the approximate
Lo-inner product (4.2) on the space X}, respectively. Then for j =1,..., N

- 2 - 4 T _ s
_3h B2 R h_ 2 h _ -h _
=N /(L=FA}), Aj = 7z Sin m, and ¢ (7g) = @j (z) = V2sin(jray)

for xp being a mesh point and <pJ and (ph linear over the finite elements. These
are used in computing the finite element solutlons of the Galerkin and lumped mass
methods through their representations (3.3) and (4.5), respectively.

To compute a reference solution we have used also a direct numerical technique
[13] by discretizing the time interval, ¢, = n7, n = 0,1,..., with 7 being the time
step size. Whenever needed, we have used this approximation on very fine meshes in
both space and time to compute a reference solution. Unless otherwise specified, we
have set 7 = 1079, so that the error incurred by temporal discretization is negligible
and the numerical results are identical with that by the solution presentation.

For each example, we measure the accuracy of the approximation uy(t) by the
normalized error ||u(t) — up (¢)]]/]|v|| and ||0x(u(t) — un(t))||/||v]|. The normalization
enables us to observe the behavior of the error with respect to time in case of non-
smooth initial data. We shall present numerical results for the lumped mass FEM,
since that for the Galerkin FEM are almost identical.
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—e—L2,0L20.1
10 -e-H' 0=0.1
+L2,0L=0.5
-=-H' =05
+L2,a:0.95
-¢-H'0=0.95

10 °fF
+Gh(uh),0c=0.5

F1G. 6.1. Numerical results for smooth initial data, example (a) with o = 0.1,0.5,0.95 at t = 1.

TABLE 6.1
Numerical results for the intermediate case (b) with o = 0.5 at t = 1.

h 1/8 1/16 1/32 1/64 1/128 Ratio
Lo-error 8.08e-4  2.00e-4  5.00e-5 1.26e-5  3.24e-6 | ~ 3.97
H'-error | 1.80e-2 8.84e-3  4.39e-3  2.19e-3  1.10e-3 | =~ 2.00

6.2. Smooth case, example (a). In Figure 6.1, we show plots of the numerical
results for various a at t = 1 in a log-log scale. We see that the slopes of the error
curves are 2 and 1, respectively, for Lo- and H'-norm of the error. We also present
the error of the recovered gradient Gj(up). Since in one dimension the midpoint of
each interval has the desired superconvergence property, the recovered gradient in the
case is very simple, just sampled at these points [26, Theorem 1.5.1]. Clearly, the
recovered gradient Gy, (uy) exhibits an O(h?) convergence rate, concurring with the
estimates in Theorem 5.1 and Remark 5.1. It is worth noting that the smaller is the «
value, and the larger is the error (in either the Lo- or H'-norm). This is attributed to
the property of the Mittag-Leffler function E, 1(—At%), which, asymptotically, decays
faster as « approaches unity; cf. Lemma 2.1 and the representation (2.3).

6.3. Intermediate case, example (b). In this example the initial data v(x)
is in H}(Q) N H2¢(Q) with ¢ > 0, and thus it represents an intermediate case. All
the numerical results reported in Table 6.1 were evaluated at ¢t = 1 for &« = 0.5, where
ratio in the last column refers to the ratio between the errors as the mesh size h
halves. The slopes of the error curves in a log-log scale are 2 and 1, respectively, for
Ly and H' norm of the errors, which agrees with the theory for the intermediate case.

6.4. Nonsmooth data, examples (c). In Tables 6.2 and 6.3 we present the
computational results for problems (c1) and (c2), respectively. For nonsmooth initial
data, we are particularly interested in errors for ¢ close to zero, and thus we also
present the error at t = 0.005 and ¢t = 0.01. In Figure 6.2 we plot the results shown
in Tables 6.2 and 6.3, i.e., for problems (c1) and (¢2). These numerical results fully
confirm the theoretically predicted rates for the nonsmooth initial data.

Now we consider the third example of nonsmooth case, the characteristic function
of the interval (0,0.5), namely, v(z) = Xjo,17- Note that if we use the interpolation of
v as the initial data for the semidiscrete problem, the Lo-error has only a suboptimal
first-order convergence. However, if we choose Lo projection as is discussed earlier,
then the results agree well with our estimates; see Table 6.4. We also discretize
this example by the Galerkin method, and the results are presented in Table 6.5. A
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TABLE 6.2
Nonsmooth initial data, example (c1) with o = 0.5.

Time R 1/8 1/16 1/32 1/64  1/128 | Ratio
£{=0.005 | Lo-norm | 1.06e-2 2.65e-3 6.63e-4 1.65e-4 4.02¢-5 | ~ 4.05

Hl-norm | 2.08e-1  1.04e-1  5.22e-2  2.6le-2  1.30e-2 | =~ 2.00
t=0.01 Lo-norm | 7.94e-3  1.99e-3  4.93e-4  1.19e-4  2.59e-5 | = 4.08

Hl-norm | 1.63e-1  8.16e-2  4.08¢e-2  2.04e-2  1.02e-2 | =~ 2.00
t=1 Lo-norm 8.07e-4  2.02e-4  5.03e-5 1.25e-5  3.05e-6 | ~ 4.02

Hl'-norm | 2.02e-2 1.0le-2  5.04e-3  2.52e-3  1.26e-3 | = 2.00

TABLE 6.3
Nonsmooth initial data, example (c2) with o = 0.5.

Time h 1/8 1/16 1/32 1/64 1/128 Ratio
t = 0.005 Lo-norm 1.08e-2 2.71e-3  6.79¢-4 1.69e-4 4.13e-5 | ~ 4.03

H'-norm | 2.28e-1 1.14e-2  5.71e-2  2.86e-2 1.43e-2 | ~ 2.00
t=0.01 Lo-norm | 7.98e-3  2.00e-3  4.99e-4  1.23e-4 2.91e-5 | =~ 4.02

Hl-norm | 1.73e-1  8.67e-2  4.34e-2  2.17e-2  1.08e-2 | =~ 2.00
t=1 Lo-norm | 8.05e-4  2.0le-4  5.03e-5 1.25e-5 3.07e-6 | =~ 4.01

H'-norm | 2.02e-2 1.0le-2 5.07e-3  2.53e-3  1.27e-3 | ~ 2.00

—o—L,,1=0.005
-e-H't=0.005
—a—L,t=0.01
-=-H't=0.01
——Lt=1

10 -0 -H' =1

10 10 10 107 107 10
error

(a) Error plots for example (c1)

—— L2,t=0005

-e-H' 1=0.005
—=—L,,t=0.01
-=-H"t=0.01
——L,t=1
-0-H' t=1

10

10”

10 10 107 107 107 107"
error

(b) Error plots for example (c2)
Fic. 6.2. Numerical results for nonsmooth initial data with o = 0.5.

comparison of Tables 6.4 and 6.5 clearly indicates that the Galerkin method and the
lumped mass method yield almost identical results for this example. Although not
presented, we note that similar observations hold for other examples as well. Hence,
we have focused our presentation on the lumped mass method.

Finally, in Table 6.6 we show the Lo-norm of the error for smooth and nons-
mooth data, i.e., examples (a) and (c3), for fixed h = 277 and ¢ approaching 0. We
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TABLE 6.4
Nonsmooth initial data, example (c3) with o = 0.5.

Time h 1/8 1/16 1/32 1/64 1/128 Ratio

t =0.005 | Lo-norm | 8.59e-3 2.16e-3 5.42e-4 1.36e-4 3.39e-5 | =~ 4.01
Hl-norm | 2.70e-1  1.29¢e-1  6.33e-2  3.13e-2  1.55e-2 | =~ 2.00

t=0.01 Lo-norm | 6.58e-3  1.65e-3  4.13e-4  1.03e-4  2.58e-5 | =~ 3.99
H'-norm | 2.00e-1 9.6le-2 4.7le-2 2.33e-2 1.16e-2 | ~ 2.00

t=1 Lo-norm 8.13e-4  2.03e-4  5.08e-5 1.27e-5 3.18e-6 | ~ 4.00
Hl'-norm | 2.11e-2  1.06e-2  5.22e-3  2.59e-3  1.29e-3 | =~ 2.01

TABLE 6.5

Standard Galerkin FEM for nonsmooth initial data, example (c3) with o = 0.5.

Time h 1/8 1/16 1/32 1/64 1/128 Ratio

t = 0.005 Lo-norm 8.54e-3  2.13e-3  5.33e-4 1.33e-4 3.33e-5 | =~ 4.01
Hl'-norm | 2.67e-1  1.24e-2  6.18e-2  3.09e-2  1.54e-2 | =~ 2.01

t=0.01 Lo-norm | 6.51e-3  1.63e-3  4.06e-4  1.02e-4  2.54e-5 | = 4.00
Hl-norm | 1.84e-1  9.20e-2  4.60e-2  2.30e-2  1.15e-2 | =~ 2.00

t=1 Lo-norm | 8.00e-4  2.00e-4  5.00e-5 1.25e-5 3.13e-6 | = 4.00
H'-norm | 2.05e-2 1.03e-2 5.13e-3  2.56e-3  1.28e-3 | ~ 2.00

TABLE 6.6

Lo-error of the lumped mass FEM with a = 0.5 and h = 27 for t — 0 for smooth, example
(a), and nonsmooth, example (c3), initial data.

t le-2 le-3 le-4 le-5 le-6 le-7 Order
Nonsmooth | 2.58e-5  6.00e-5 1.32e-4 3.13e-4  7.39e-4 1.74e-3 | ~ —0.37
Smooth 1.27e-5 3.07e-5 4.53e-5 5.28e-5  5.65e-5  5.85e-5 | ~ —0.02

-e- Lz,example(a),a=045

—— L2,example(03),a=0.5

FIG. 6.3. La-error of the lumped mass FEM with a = 0.5 and h = 2~7 as t — 0, for smooth,
example (a), and nonsmooth, example (c3), initial data.

observe that in the smooth case the error essentially stays unchanged, whereas in the
nonsmooth case it deteriorates as t — 0. In example (c3) the initial data v € Hz¢
for any € > 0, and it follows from (4.15) and interpolation that the error grows like
O(t~1%) as t — 0. This is fully confirmed in Table 6.6 and Figure 6.3, where, for
fixed h, the results are plotted in a log-log scale. Note that the slope agrees well with
the one predicted by the theory, i.e., —%a = —0.375 for a = 0.5.

6.5. Initial data a Dirac d-function, example (d). We note that this case
is not covered by the presented theory. Formally, the orthogonal Ls-projection Py is
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TABLE 6.7
Lumped mass FEM with initial data a Dirac §-function, o = 0.5.

Time R 1/8 1/16 1/32 1/64  1/128 | Ratio
£{=0.005 | Lo-norm | 7.24e-2  2.66e-2  9.54e-3  3.40e-3 1.21e-3 | ~ 2.79

H'-norm 1.51e0 1.07e0 7.60e-1  5.40e-1 3.8le-1 | =~ 1.41
t =0.01 Lo-norm 5.20e-2 1.89e-2  6.77e-3  2.40e-3  8.54e-4 | ~ 2.79

H'-norm 1.07e0 7.59e-1  5.37e-1  3.80e-1 2.70e-1 | =~ 1.41
t=1 Lo-norm 5.47e-3 1.93e-3  6.84e-4  2.42e-4  8.56e-5 | ~ 2.79

H'-norm | 1.07e-1  7.58e-2  5.37e-2  3.80e-2 2.70e-2 | =~ 1.41

TABLE 6.8
Numerical results for variable coefficients and nonsmooth initial data with o = 0.5 at t = 0.01.

h 1/8 1/16 1/32 1/64 1/128 Ratio
Lo-error 3.24e-3  8.21e-4  2.05e-4  5.09e-5 1.23e-6 | ~ 4.02
Hl-error | 7.15e-2  3.60e-2  1.80e-2  8.94e-3  4.36e-3 | ~ 2.01

not defined for such functions. However, we can regard (v, x) for x € X, C H}(Q) as

duality pairing between the spaces H~'(Q2) and Hg(€), and therefore (61, x) = x(3)-

If z = % is a mesh point, say x;, then we can define Ph5% appropriately with its
finite element expansion given by the jth column of the inverse of the mass matrix.
This is taken as the initial data for the semidiscrete problem in our computations.
It is observed that the H'-norm of the error converges as O(h%), while the error in
the Lo-norm converges as O(h%); see Table 6.7. It is remarkable that the scheme
can actually achieve good convergence rates in Ls- and H'-norm for such very weak

solutions. The theoretical justification of these rates is a subject of our current work.

6.6. Variable coefficients, example (e). Although we do not have an explicit
representation of the exact solution, we compare the numerical solution with a refer-
ence solution obtained on very fine grids with mesh size h = 1/512 and time step size
7 = 107°. The normalized Lo- and H'-norms of the error are reported in Table 6.8
for ¢ = 0.01 and o = 0.5. The results confirm the theoretically predicted rates.

In summary, the empirical convergence rates in all numerical experiments confirm
the theoretical findings for both smooth and nonsmooth initial data, including the case
of the recovered gradient G}, (up) discussed in section 5.
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