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Abstract

This Thesis addresses the thermodynamic behaviour of two-dimensional mag-
nets. The objective is to evaluate the role played by external perturbations in these
systems by use of analytical and computational techniques. To this end, extensive
Monte Carlo simulations have been performed on Ising, XY and Heisenberg spin
models in the presence of symmetry breaking crystal fields, external magnetic fields
and long range dipolar interactions.

The effects of four-fold symmetry are examined in detail, since this is common
in nature. In the 2dXY model, such a crystal field acts as a marginal perturbation
which drives the system to non-universal critical behaviour only upon rescaling to
exponentially large length scales. This has the implication that real, finite systems
are unexpectedly robust to their presence. On the other hand, the four-state clock
model is recovered in the limit of extremely strong fields, which exhibits Ising
critical behaviour. The nature of this crossover from XY to Ising behaviour is
studied in detail, using numerical and analytical methods.

The picture that emerges from this analysis is that there are two principal
categories of two-dimensional magnets: those belonging to the so-called Ising uni-
versality class and those belonging to the XY class. A detailed survey of the
experimental literature confirms this classification. However, a considerable num-
ber of experimental systems also exhibit behaviour which is intermediate between
these two regimes. It is argued these materials are susceptible to the crossover

mechanism induced by the presence of four-fold fields.
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Symbols and Abbreviations

Variables

SIESEE I S

2 3

>N

mean average of a quantity z

used in sums to denote the set of all variables with ¢ # j

indicates either the inverse temperature or the order parameter critical
exponent

dimensionality of the system

magnetic field vector

scalar value of the magnetic field

Enthalpy

Hamiltonian or total energy operator of a system

exchange coupling

‘linear’ size of a discrete system. In a hypercubic lattice this represents
the length of one side of the hypercube

dimensionality of the order parameter

system size. For a hypercubic lattice N = L¢

spatial vector joining two nuclei

temperature, defined in units of J unless stated otherwise

polar angle with respect to the z-axis

azimuthal angle with respect to the z-axis

Physical Constants

Planck constant, 6.626 176 x 1073* Js
h=h/2m

Boltzmann constant, 1.380662 x 10723 JK~!
elementary charge, 1.602176 x 1071° C
electron mass, 9.109383 x 10~% kg
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Bramwell and Holdsworth
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José, Kadanoff, Kirkpatrick and Nelson
Kosterlitz and Thouless
Monte Carlo
Magneto-Optic Kerr Effect
Powder Neutron Diffraction
Renormalization Group

Single Crystal Neutron Diffraction
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Introduction

Two-dimensional magnets have been a topic of considerable interest in recent years
due to remarkable developments in film deposition and patterning techniques.
These allow the creation of magnetic thin films with monolayer precision, which
are considered to be of large technological potential. Less fashionable quasi two-
dimensional magnets also exist in the form of three-dimensional layered materials
with weak intralayer interactions. From a theoretical perspective two-dimensional
magnets are highly attractive, since they represent experimental realisations of
Hamiltonians in which the perturbations are very well defined. This allows funda-
mental questions concerning finite size and dimensionality aspects of magnetism to
be addressed.

Low dimensional magnetism is profoundly affected by many body correlations
and strong fluctuations. In order to capture these characteristics theoretically,
statistical mechanical ‘model magnets’ are devised, which although simple to define
mathematically, are strikingly meaningful physically. As a result, one can make
predictions of the thermodynamic behaviour of real systems and anticipate, for
instance, the evolution of the magnetisation as a function of temperature. Of
particular interest is the manner in which the transition from the ferromagnetic to
the paramagnetic state (or vice versa) is undergone.

A model which plays a prominent role in this work is the 2dXY model, since
it exhibits a particularly rich phenomenology. Although the onset of spontaneous
long range order is precluded by the Mermin-Wagner theorem [1], it may be in-
duced through perturbations such as single-ion anisotropies arising from spin orbit
coupling, long range dipolar interactions, or the finite size of a system. Much of

the work in this Thesis explores the interplay between these perturbations and how

16



Introduction

‘2dXY behaviour’ is modified, or indeed why it may be retained, in their presence.

A cornerstone in the study of phase transitions is the concept of universality.
Entire families of systems behave identically in the neighbourhood of a critical
point, such as the liquid-gas critical point in a fluid or the Curie point in a ferro-
magnet, at which two phases become indistinguishable. Near the critical point,
thermodynamic observables do not depend on the details of the intermolecular in-
teractions and so the critical exponents, which quantify how observables go to zero
or infinity at the transition, depend only on the range of interaction, symmetries
of the Hamiltonian, and spatial dimensionality of the system. Universality arises
as the system develops fluctuations of all sizes near the critical point, which wash
out the details of interaction and render the system scale invariant. Thus, al-
though mostly concerned with magnetism, the results presented in this work apply

to two-dimensional many-body systems in general.

The Thesis is organised as follows.

The first part describes some theoretical background. In particular, Chapter 1
reviews the microscopic origins of magnetism using the Heitler-London theory more
commonly encountered in the context of chemical valency. Although by no means
the most fundamental approach, this magneto-mechanical parallelism provides a
firm basis from which to understand the basic properties of cooperative magnetic
phenomena such as ferromagnetism.

The statistical mechanical nature of spin models impinges heavily on the theory
of phase transitions and critical phenomena, which is overviewed in Chapter 2.
Some important concepts are introduced, such as that of universality, and the
Renormalization Group approach is discussed as a powerful tool with which to
understand phenomena in the vicinity a critical point. The Monte Carlo method
is also discussed, since this has been the main tool adopted for the numerical
investigations carried out in this work.

The second part of the Thesis presents work concerning magnetic phenom-
ena in two dimensions. Integral to this is a detailed survey and classification of
the experimental literature, which is performed in Chapter 4. The evidence for

two-dimensional magnetism is presented, and the main results from the numerous

17



Introduction

experimental investigations in the literature are summarised. A quantity which is
followed with particular interest is the magnetisation critical exponent 3, since it
is indicative of the universality class each system belongs to. A similar survey is
also performed for non-magnetic two-dimensional systems.

Chapter 5 examines the mechanisms which lead to long range order in two-
dimensional continuous spin systems. An important phenomenon encountered in
this section is that of crossover between regimes belonging to different universality
classes. Establishing the point at which quantities such as the critical exponents
change, the nature of their change and what drives this change turns out to be
crucial in order to rationalise the behaviour of these systems. A detailed study of
the 2dXY model in the presence of symmetry breaking crystal fields is performed,
concentrating on the case with four-fold symmetry in particular. The results which
arise from this analysis are directly compared to the experimental information
collected in Chapter 4.

Finally, Chapter 6 considers the influence of long range interactions, specifically
those of the dipolar type, on two-dimensional spin systems. The complex nature of
the dipolar interaction presents considerable difficulties in simulation, consequently
an approximative model taking shape anisotropy into account is also considered,

which is found to lead to interesting physics in its own right.

18



Part 1

Theoretical Background
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Chapter 1
Magnetism: An Overview

This chapter introduces the microscopic origins of magnetism by considering the so-
called magneto-mechanical parallelism, whereby magnetic moments are expressed
in terms of angular momenta and the main results from quantum chemistry applied.
Emphasis is placed on the concept of ezchange, an entirely quantum mechanical
phenomenon with no classical counterpart. This serves to demonstrate that at its
root, magnetism is a macroscopic display of quantum effects. Subsequently, it will
be shown that once the exchange interaction is assumed, simple magnetic models in
which there are interactions between many magnetic moments can be constructed.
Finally, the chapter ends on a historical note, in which some of the milestones in
twentieth century physics which have been pivotal in the understanding of ferro-

magnetism are outlined.

1.1 Free Magnetic Moments

The magnetism of materials originates from the motion of electrons, which may be
either itinerant or localised. In this chapter the emphasis is on localised systems,
and scant attention will be paid to itinerant ones. A single electron of charge —e
undergoing a circular orbit of radius  with an angular frequency w gives rise to a
current I and hence a magnetic moment p, as depicted in Figure 1.1. Given that
the angular momentum 1 is a vector parallel to g with a magnitude [ = m,vr, where

v is the linear velocity, it is straightforward to show that the magnetic moment is

20



Chapter 1. Magnetism: An Overview

7!
p=1IA
I I=—-3= A = mr?
b= _
- n= 35
e 1=mer ¢
1 ¥
Figure 1.1: An electron —e in a a circular orbit gives rise to an magnetic moment pu = — 27‘;& 1
proportional to the angular momentum
e
= — 1. 1.1
B= o (1.1)

The magneto-mechanical parallelism also applies in quantum mechanics and in fact
the magnetic moment can be replaced, within a proportionality constant ﬁ, by the
angular momentum operator £. The magnitude of the orbital angular momentum is
h\/ml_) , 80 p = —z2/0(¢ 4+ 1). One may combine the fundamental constants

2me

to form the Bohr magneton, pp, which in SI units has the magnitude

he

pp = 5 — =9.2732- 1072 A m?, (1.2)

Me
whereupon pu = —pug+/£(£+ 1). Although the orbital angular momentum gives the
same proportionality constant as the classical argument, the angular momentum

associated with an electron’s spin degree of freedom, S, has a spin magnetic moment
S

Hs = —gupT (1.3)

where g takes the value 2.0023 for free electrons. The spin magnetic moment in

(1.3) can be derived from Dirac’s relativistic theory of the electron, which predicts

a g-factor of 2 [2,3]. The small deviation from 2 arises due to the interaction with

the magnetic field, with the correction Ag to first order in a being Ag = o/,

where a is the fine structure constant (o = e*/hc ~ 1/137).
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Chapter 1. Magnetism: An Overview

1.1.1 Ground State of Free Magnetic Ions

Single electron states are characterised by the ket symbol |n, ¢, my, ms), where n,
£, my, and myg are the four principal quantum numbers. For atoms having more
than one electron, the total orbital and spin angular momenta L and S are de-
fined as the vector sums of £; and s;, respectively. Their components along the
axes of quantisation are given by My = > .m; and Mg = ) . my. The atomic
states (terms), obtained by the Coulomb interactions between the electrons, are
designated by the symbol 2°*1L, where 25 + 1 denotes the spin multiplicity. These
states are (2L + 1)(2S + 1)-fold degenerate, and applying the famous Hund rules
allows the identification of the ground state. For example, the Cr?* ion, which has

the d* configuration, has the ground state

L, My, S, Ms) = |2, My, 2, Ms), (1.4)

which is denoted by the term symbol 5D.

1.1.2 Spin-Orbit Coupling

In free atoms, ions in chemical complexes or localised electron states like the 4f
electrons in rare earth elements, the spin and orbital angular momenta couple and
only the total angular momentum J = L + S is conserved. Therefore the states
have the form |J, M;, L, S) and are denoted as 25+1L ;.

Since J is a constant of motion, one may think of its direction as being fixed
and that L and S precess about J maintaining the triangular relation depicted in
Figure 1.2. Consequently the magnetic moment (for constant J) is given by the
component of 2S + L parallel to J

UB

Since the states are characterised by the eigenvalues of J, this is rewritten as
UB
Ky = _QJF'L (1.6)

where
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Figure 1.2: Addition of L and S angular momenta.

JJ+1)+S(S+1)—-L(L+1)
2J(J+1)

is known as the Landé g-factor, which depending on the relative contributions of

gr=1+ (1.7)

the spin and orbit angular momenta may take different values. Thus, in an external
magnetic field H, the state |J, M) is split into 2J + 1 equally spaced states with
a separation gyupH, a phenomenon known as the Zeeman effect.

If magnetic ions are placed in a crystal, they are subject to the crystal electric
field produced by the surrounding ionic charges. In transition metal ions this
effect is larger than the LS coupling and therefore their electronic states cannot be
specified by the value of J. On the other hand, in rare earth ions the effect of the
crystal field is smaller than the LS coupling and the ionic state may be regarded
as the lowest energy state among energy levels split by the LS coupling. This
difference between the transition metal and rare earth ions is discussed further in

Section 1.3.

1.2 Interactions

In this section the different types of magnetic interaction are considered. These al-
low the magnetic moments in a solid to communicate with each other and cooperate

to potentially produce long range order.
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1.2.1 Dipolar Interaction

When considering magnetic systems one thinks first about the interaction between
two magnetic moments, and undoubtedly the dipolar interaction plays an impor-
tant role in magnetism. Two magnetic dipoles p; and p, separated by a distance
r have an energy equal to

Egp = [Nl o — r_?; (p1-1) (p2-1)|, (1.8)

473

where pg is the permeability of free space. The interaction depends on the sepa-
ration and the degree of mutual alignment of the magnetic moments, and it will
become clear in this Thesis that these complex characteristics provide quite a chal-
lenge when considering this effect in many body systems. Typically, the order of
magnitude of the interaction for two moments of u ~ 1ug separated by r ~ 1 A is
approximately p/4nr3 ~ 1072 J, which is equivalent to about 1 K in temperature.
As many materials order at much higher temperatures (up to 1043 K in Fe, for
example), the dipolar interaction is too weak to account for their ordering. It is,
however, manifest on a macroscopic scale through domain formation and demag-
netising effects. There are also materials which order at lower temperatures, in
some cases even at millikelvin temperatures, where the dipolar interaction does
dictate the characteristics of the ordered phase. A notable example is the ‘dipolar

spin ice’ pyrochlore material holmium titanate [4].

1.2.2 Exchange Interaction

The exchange interaction is fundamentally electrostatic in nature, originating from
a quantum exchange term in the Coulomb interaction between electrons on neigh-
bouring ions. It arises because the Pauli exclusion principle requires that the wave-
functions of two electrons be antisymmetric with respect to particle interchanges.
Consequently, the relative directions of two interacting spins cannot be changed
without changing the spatial distribution of the charge. The resulting changes in
the electrostatic energy of the whole system act as if there were a direct coupling
between the directions of the spins involved. The idea of such an exchange coupling

between the spins of two or more atoms first appeared clearly in the work of Heitler
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and London [5] on chemical bonding.

Heitler-London Theory for Molecular Hydrogen

Consider two hydrogen atoms a and b, and denote the atomic orbitals of the isolated
atoms ¢,(r;) and ¢(r1) respectively. The wavefunction of the joint state can be
approximated as a product of the single electron states ¢, (r1)¢p(r2). However, this
product state does not obey exchange symmetry, as swapping the two electrons
around gives ¢,(r2)¢s(r1), which is not a multiple of the starting configuration.
Heitler-London theory assumes the linear combination of the orbital wavefunctions

for the isolated atoms

1
Uy(ry,re) = T(l:t—S) [¢a(r1)¢b(l‘2) + ¢a(r2)¢b(r1)] ) (1.9)

where the prefactor is a normalisation factor in which S is the overlap integral

between ¢,(r1) and ¢,(r2)

S = {alb) = /¢Z(r1)¢b(r2)d7. (1.10)

The Hamiltonian H = Ho + AH of the hydrogen molecule is given by the sum of

two HY ions:

h2 h2 2 /1 1 1 1
Ho = vio v2o S (—+——+—+—), (1.11)

——V? e
2m 2m Admeg \Tax  Te2 Ta2  Thl

and an electron repulsion term

e? 1
AH = — . .
H 47T60 (7’12) (1 12)

The expectation values of the Hamiltonian with respect to the symmetric and

antisymmetric functions may be calculated as
H;+ H;;
B, =%""Y
T
in which Hj; and H;; are usually referred to as the Coulomb and exchange integrals,
defined as

(1.13)
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Figure 1.3: Schematic representation of molecular hydrogen.

Hi; = (ablFfab) = {[ ga(r1)gs(r2)Ha(r1)d(x2)dnadrs (1.14a)
Hy; = (ab|H|ba) = ff $a (1) (r2) Hepa(r2) 0y (r1)dridrs. (1.14b)

So far the spin part of the wavefunction has been ignored, and only the spatial part
considered. For an electron the Pauli principle restricts the overall wavefunction to
being antisymmetric, which demands knowledge of the parity of the spin function.
It turns out that the space symmetric (+) solution calls for the spin antisymmetric
‘singlet’ function, and conversely, the space antisymmetric (—) function calls for
any one of the three symmetric ‘triplet’ functions. The energy separation between
the singlet and triplet states is

AE=FE_ —E,=E,~E, =2 (1.15)

Heisenberg [6], Dirac [7] and Van Vleck [8] independently showed that it is possible
to parameterise the energy difference between the singlet and triplet states using

S; S, in the effective Hamiltonian

J
Hupv = “5(1 +48;-S,), (1.16)

where J is called the exchange energy. It is easily shown that this Hamiltonian has

eigenvalues —J for the triplet state and +J for the singlet state, so by comparison
with (1.15) AE = 2J and J is deduced to be
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antibonding r
(ferromagnetic)

Ey

bonding

Y

(antiferromagnetic)

Figure 1.4: Bonding in a hydrogen molecule. The bonding orbital is of lower energy than the
antibonding orbital, favouring the singlet ground state in which two electrons fill the bonding
state. Hp has a lower energy than two isolated H atoms (Eg). Heitler and London’s theory of
chemical valency also provides an embryonic explanation of ferro- and antiferromagnetism.

_ Hij —_ HiiSQ
Y

This equation may be further simplified as the overlap integral S is a small quan-

J (1.17)

tity, so S? and S? may, to a first approximation, be ignored. Thus the exchange
energy is roughly equal to the exchange integral, J ~ H;;. In molecular hydro-
gen the exchange constant is negative, i.e. a singlet ground state where the spins
are antiparallel (bonding), whereas the triplet state where the spins are parallel
(antibonding) has an energy greater than the energy of two unbound atoms. This

situation is depicted in Figure 1.4.

Beyond Hydrogen

The theory for the chemical valency in Hy can be extended to apply to a general
coupling between two unpaired electrons associated with neighbouring sites. A
negative value of J corresponds to an antiferromagnetic bond, whilst a positive J
to a ferromagnetic bond. What the actual sign of J turns out to be depends on the
relative magnitudes of the Coulomb, exchange and overlap integrals. It is perhaps
unsurprising to find that situations in which J > 0 are somewhat less common

than those in which J < 0.
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The constant term in the Heisenberg-Dirac-Van Vleck Hamiltonian (1.16) can
be absorbed into other constant energy terms, and so an effective Hamiltonian

which consists of a single spin-dependent term can be written as

H=—-2JS;-8S,. (1.18)

In turn this can be generalised to describe the behaviour of many other magnetic
systems with general spin S. By summing it over the pairwise spin-spin interactions

in the system one may define the Heisenberg Hamiltonian [9]

H=-2])8;-8;
i>j

=-J) S;S;
)

(i 7j

(1.19)

where (i, j) implies the summation runs over all nearest neighbour spins only. This
is an approximation based on the fact that orbital overlap decreases rapidly with
distance. Two essential features distinguish the exchange interaction in (1.19)
from the dipolar interaction (1.8). The first is that, although it is an electrostatic
force, the exchange interaction acts as if there were a very large coupling between
spins because of the constraints imposed by the Pauli principle. The second is
that exchange is isotropic, which is to say that its strength does not depend on
the spatial position of S; relative to S;. Both these facts are consistent with
experiment: ferromagnetism is a strong effect, and ferromagnetic media are, to
a first approximation, isotropic.

So far only direct exchange has been considered, although this need not nec-
essarily be the case. Neighbouring single electrons may be separated by an inter-
vening ion, whereupon one refers to superexchange. Furthermore, the exchange
interaction between magnetic ions can also be mediated by conduction electrons.
This is the case in the Ruderman, Kittel, Kasuya and Yosida (RKKY) interaction,
also referred to as itinerant exchange, which takes the form of a distance dependent

coupling
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cos(2kpr)

7_3 ? (1'20)

JrrKY(T) X

at large r (assuming a spherical Fermi surface of radius kg). This interaction
is long range and has an oscillatory dependence on the distance of the magnetic
moments, and so depending on the separation it may be either ferromagnetic or

antiferromagnetic.

1.3 Spin Hamiltonians

The Heisenberg Hamiltonian (1.19) is a good approximation to lowest order in
overlap. In practice, however, the Hamiltonians of real systems are considerably
more complex, and are subject to important perturbations, most notably crystal
fields. In order to explain particular experimental observations, other terms must be
added to (1.19). In this section the origins of such phenomenological Hamiltonians
are briefly indicated, leaving a more detailed treatment to dedicated textbooks [10,

11]. The present discussion is restricted to insulators.

1.3.1 Transition Metal Ions

The most important feature of the transition metal ions is that the unpaired (z.e.
magnetic) electrons lie in the incomplete 3d shell, which is the outermost in the
ion. They are consequently easily influenced by any external fields produced by
neighbouring ligands, which is to say that the crystal field is likely to be one of
the dominating terms in the Hamiltonian. Consequently one might expect the

contributions to the Hamiltonian to be, in order of decreasing strength,

H= Hintra—a’comic Coulomb + 7'(crystal field + Hspin——orbit + HZeeman- (121)

The intra-atomic Coulomb interaction leads to spectroscopic energy levels, as dis-
cussed in Section 1.1.1. It is generally sufficient to consider only the lowest term,

since term energies are orders of magnitude smaller than magnetic energies.
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The behaviour of a given term in a crystal field is dictated by group theory.
Cubic symmetry is the most common symmetry encountered in crystals, and it
is possible to predict how a particular term is split in such a case. Furthermore,
it is generally found that the crystal field splitting quenches the orbital angular
momentum, leaving spin only magnetism.

Introducing the LS coupling partially restores the orbital angular momentum,
and leads to g-factors modified from the free electron value. This occurs as follows.

Consider the LS coupling and Zeeman terms in (1.21), which are

Hep—orb = AL - S, (1.22)

where A is the spin-orbit coupling parameter, and

Hzeoman = (L + 2S) - H. (1.23)

To second order in perturbation theory, the expectation value of Hsp_orb + Hzeeman

leads to

Heg = Z (l‘BguuHuSV - )\2AWS“S,, - MQBAIWHHH") (1‘24)

nv
as the effective Hamiltonian for a non-degenerate ground state split by the crystal
field. The first term represents an effective Zeeman energy in which the g-value

has been replaced by the g-tensor

Juv = 2 (6;w - )\A/_u/) ’ (125)

where A, is a coefficient arising from the perturbation calculation. The second
term represents the single ion, or magnetocrystalline anisotropy. Since A, reflects
the symmetry of the crystal, it follows that the spin Hamiltonian must also reflect
this symmetry. For example, for axial symmetry A, = Ay, = Aj and A,, = Ay.

Thus, neglecting the last term, the effective axial Hamiltonian is

1
Hes = gyusH.S. + g1 pp(H.S: + H,S,) + D [Sf - gS(S + 1)J
(1.26)

1
+ §S(S+ 1)(2AJ_ + A“),
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where D = X*(Aj — A). The third term in (1.24) gives rise to the so-called Van
Vleck paramagnetism, which is temperature independent.

Although the magnetocrystalline anisotropy is the most significant effect to
arise from the influence of crystal fields, other mechanisms affecting the isotropy of
(1.19) also exist. For example, it can be shown than an anisotropic exchange term

of the form

D (Si-Dy;-S;+di;-Si x 8;) (1.27)
i#j
arises from the combined effect of an effective exchange Jeg and spin-orbit coupling.
d;; and the traceless asymmetric tensor D;; result from first and second order
spin-orbit coupling, respectively. It can be shown that d;; = Jeg(Ag/g) and D;; ~
Jet(Ag/9)?, where Ag = g—2 is the deviation of the g-factor from the free electron

value.

1.3.2 Rare Earth Ions

The unpaired electrons of the rare earth ions are shielded by the 5s%p® shells and are
much less affected by crystal fields. Therefore the Hamiltonian is likely to consist

of the following terms, in order of descending strength

H= Hintra—atomic Coulomb + Hspin—orbit + Hcrystal field + 7-{Zeeman-, (128)

i.e. the spin-orbit coupling is a stronger perturbation than the crystal field. This
allows the crystal field perturbation to be applied after establishing the value of
J = L + S. The splitting of the state |J, M;) is determined by expressing the

crystal field in operator equivalents of J.

1.4 Model Magnetism

In many practical cases, the single ion anisotropy is the most influential perturba-

tion to the Heisenberg Hamiltonian (1.19), and other terms such as the anisotropic
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exchange and the dipolar interaction may be neglected. Consequently an effective

spin Hamiltonian may be written for zero field

H=-J) 8:i-8;+>» D(S7), (1.29)
(&.9) i

where negative and positive D correspond to the anisotropy favouring axial align-

ment (in the z direction) or planar alignment of the spins, thus destroying the

rotational invariance of the Heisenberg Hamiltonian. This situation is analogously

captured by anisotropic exchange

H=—>_Ji[a(SFSF + SYSY) +b(S5755)] - (1.30)
(i.5)
The limiting cases in which (a,b) = (0,1), (1,0) and (1,1) correspond to the Ising,
XY and Heisenberg models, which have one, two and three component spins, re-
spectively. Experimentally, it is possible to realise one-, two- and three-dimensional
approximations of these models with the appropriate anisotropies.

As will become clear in Chapter 2, spin models are useful in the discussion of
critical phenomena. They provide a link between the microscopic picture of mag-
netism with the macroscopic observation of bulk thermodynamic quantities, such as
the magnetisation. To illustrate this as clearly as possible, a highly idealised model
which has played a prominent role in the understanding of cooperative phenomena

is considered: the Ising model [12].

1.4.1 Ising Model

Consider a square lattice of N sites, on each of which lies a spin taking one of two
values, either +1 or —1. This can be thought of as an extreme case of uniaxial
anisotropy, in which the spins can only be ‘up’ or ‘down’. Each spin interacts with

its nearest neighbours through an exchange potential J. The Hamiltonian is

N
H{si} = _sti'sj - hzsi, (1.31)
i=1

(i.3)

although in this discussion the second term is set to zero for convenience. A given
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b1

V-1

Figure 1.5: A square lattice decorated with Ising spins, which may only take one of two values.

set of numbers {s;} specifies a configuration of the whole system, as shown in Figure
1.5. Assuming equilibrium Boltzmann statistics, the partition function is, in terms

of the inverse temperature 8 = 1/kgT,

Qh,B) =D -+ e PElsd, (1.32)

s1 82 SN
where each s; ranges independently over the values +1, giving 2V terms in the
summation. All the thermodynamic functions may be obtained by differentiating

the Gibbs free energy

G(h, 8) = —51n Q1. 9) (133)
Thus, the enthalpy H and the specific heat C} correspond to
0
H(h,B) = 55 [InQ (R, 5)] (1.34)
2
Ca(h,9) = k5% 55 1 Q (b, ), (1.35)

and the magnetisation M and the magnetic susceptibility x are given by
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10

M(h,B) = Gon n@Q (h, B)] (1.36)
1 6?

x(h,B) = G o @ (h, 3)]. (1.37)

Evaluating the partition function @ is in general a complex task. Before explaining
the mathematical details of how this is done, it is perhaps helpful to consider

qualitatively three limiting cases in the Hamiltonian (1.31).

1. J > 0 A positive exchange constant favours ferromagnetism such that all
the spins are parallel to each other in the ground state*. The two-dimensional
Ising model is a rare example of a system for which the partition function has
been exactly calculated [14]. It displays a continuous phase transition at a critical
temperature T, = 2J/1n(1 + v/2) ~ 2.269 J [15]. Focusing on the evolution with

temperature of the intensive (or ‘per spin’) magnetisation

1N
==Y s 1.
m N,-ZIS (1.38)

one notices that it decreases from unity with increasing temperature. At low tem-
perature, J dominates and the system is ordered, but with increasing thermal
randomisation the system begins to disorder, and eventually undergoes a phase
transition into a paramagnetic phase in which the magnetisation tends to zero,
as shown in Figure 1.6. A qualitatively similar behaviour is found in many spin
models, and understanding the quantitative details of these phase transitions is a

large area of study which will be considered more carefully in the next chapter.

2. J < 0 In the case of a negative exchange constant, it is energetically favourable

to align the spins antiparallel to each other to give an antiferromagnetic ground

3If one thinks carefully the Ising model has two ground states, one in which all spins point
‘north’ and the other in which they all point ‘south’. The fact that in the thermodynamic limit
(N — o0) only one of these states is ‘chosen’ is an example of broken symmetry. That is to
say the system undergoes a transition to a ground state possessing a symmetry not present in
the original Hamiltonian. For a classic layman’s account on these ultimately rather profound
considerations, see the article by Anderson [13].
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Figure 1.6: Magnetisation as a function of temperature for the Ising model. The circles represent
Monte Carlo data for a system consisting of 10 000 spins (see Section 2.3 for a discussion on how
data such as this is calculated), the solid line is the exact solution derived by Onsager [14].

state. Measuring the intensive magnetisation is of limited value in this case, as the
spins cancel each other out. A more suitable order parameter is the staggered mag-
netisation, which quantifies the difference between the magnetisations of the two

interpenetrating sublattices which together form the crystal lattice of the system.
This is defined as

ms = % (Z sgn(’i)si> , (1.39)

where sgn(7) is £1 depending on which sublattice the site i lies. Antiferromagnets
based on triangular lattices are also known to lead to interesting physics. One can
easily see that placing Ising spins on a triangular plaquette leads to an ambivalent
situation: if spin a points up and spin b points down, it is not clear where spin c
ought to point. The fact that the energy of all the pairwise interactions cannot be
simultaneously minimised as a result of geometrical constraints leads to unexpected
magnetic phenomena, and in recent years there has been a surge of interest in these

so-called frustrated magnets [16,17].
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3. J =0 Setting the exchange coupling to zero implies dealing with an uncoupled
paramagnetic system. Calculating ) thus becomes trivial, since it factorises into a
product of single site terms, each describing a single Ising spin in a magnetic field

h. Consequently

o~ (i) een ()] ()] o

The magnetisation per spin m = M/N is given by

= (kgTInQ) = kBT%%%

_ exp (,CBLT) — exp (”E%) = tanh (L) (1.41)
kgT )~

Hence the susceptibility is

om 1 1
X:—a—h—: kBTcoshQ( h ),

ksT

(1.42)

although generally it is simpler to consider the susceptibility in zero field

1
T
The expressions for N uncoupled spins can be derived by simply scaling the results
(1.41) and (1.43) by a factor of N. For the susceptibility one has thus derived the

famous Curie law

x(h —0) = (1.43)

N
kpT’

which displays a characteristic 1/T divergence, as shown in Figure 1.7.

x(T) = (1.44)
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Figure 1.7: Inverse susceptibility as a function of temperature for para-, ferro- and antiferromag-
netic systems. The Curie-Weiss law states that x o< 1/(T" — T¢) for T > T.. Plotting the inverse
susceptibility is common practice with experimental data as the extrapolation of the linear re-
gion to low temperature allows one to establish the average coupling present between the spins.
A negative intercept with the abscissa implies antiferromagnetism whereas a positive intercept
implies ferromagnetism.
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1.4.2 Weiss Molecular Field Model

The earliest microscopic theory of ferromagnetism is due to Weiss [18,19], who
in 1907 tried to understand what happens when J # 0 by postulating that each
spin experiences the presence of an effective field hg due to the magnetic moment
of all the other spins. This phenomenological ‘molecular field’ theory furnishes a
remarkable description of the salient experimental facts, and has the merit of great
simplicity. The essential step lies in approximating the Hamiltonian (1.31) in a

" form appropriate to a paramagnetic spin in an effective field heg

H{si} = - Z Sihett (1.45)

i

where

heg = Y _ Jij(s;) + h. (1.46)

Here, the first term is the molecular, or mean field, and the second term is the
external field. If the spins reside on a d dimensional lattice, then the coordination

number z of each site is 2d, and

heg = 2JM + h, (1.47)
where M = (s;) is the average value of s;. The magnetisation may be calculated
self-consistently from Equation (1.41)

(1.48)

M = tanh <M) .

kgT
Even in the absence of an external magnetic field h, the same idea may be applied

to obtain a spontaneous magnetisation. Setting h = 0

M = tanh (ZJM) .

T (1.49)

Approximating tanh x to  + %:L’:" for small z, and after solving for M, the relation
(1.49) reduces to
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oM 1
= = , 1.50
XZ0h T ks(T-To) (1.50)
where x denotes the magnetic susceptibility and
r.-% (1.51)
ke

Equation (1.50) has a singularity at T' = T¢, and this identifies the critical point
or ‘Curie temperature’. In the case of T, being negative the system is an antiferro-
magnet, in which case one refers to the Néel temperature Tx.

There are two successes in particular which make Weiss theory stand out.
Firstly, above T, it correctly predicts the so-called Curie-Weiss law (1.50), i.e. the
inverse susceptibility as a function of temperature is linear, as shown in Figure 1.7.
Secondly, the theory predicts a universal ‘critical behaviour’ just below 7;, which
although quantitatively wrong, is at least qualitatively correct. Understanding why
this is the case took many more decades of work, but the answer lies in the evalu-
ation of the partition function (1.32). The molecular field approach approximates
the interacting scenario of the Ising model to a simpler non-interacting one, i.e.
it is a mean field theory. However, the many-body nature of spin systems is such
that it is not sufficient to simply average the interactions out. Fluctuations play
a crucial role, and must be explicitly included in order to improve the theoretical

description.

1.4.3 Continuous Models

In continuous spin systems such as the XY and Heisenberg models, the simplest
excited states at low temperature are phased combinations of spin deviations on
neighbouring sites, known as spin waves, or when quantised, magnons (Figure 1.8).
These excitations arise essentially because it is energetically favourable to ‘smear
out’ spin flips over many ions. In one dimension the magnon energy depends on

the wavevector q as [20]

E(q) =4JS(1 — cos(qa)), (1.52)
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Figure 1.8: A spin wave.

where a is the lattice constant. The equivalent expression for a two-dimensional
lattice is derived in a classical calculation in Appendix A.

In two-dimensional systems the influence of spin waves is dramatic, since it pre-
vents the onset of spontaneous long range order. This is a result which is generally
referred to as the Mermin-Wagner theorem [1]. In experiment, spontaneous order-
ing is restored by the presence of perturbations such as those discussed above. This
emphasises the fact that capturing the correct form of the Hamiltonian is crucial

if one is to explain the experimental data at hand.

1.5 Historical Development

Formulated before the advent of quantum mechanics, the great mystery of Weiss’s

theory was how to explain the very large molecular fields. For a ferromagnet with
= % and T, ~ 10 K, it follows from (1.51) that heg = kgT./up ~ 1500 T, an
enormous magnetic field which quite evidently cannot be explained by the dipolar
interaction (1.8). Following the experimental discovery in 1925 by Uhlenbeck and
Goudsmit [21,22] that the electron has an internal degree of freedom, which by
analogy with the other angular momenta has become known as the spin®, a num-
ber of notable theoretical developments occurred. In 1927 Heitler and London [5]
published their quantum mechanical calculation of the Hy molecule, showing the
importance of the exchange integral. This gave the molecular field of the Weiss

model a direct quantum mechanical origin. Prior to this Heisenberg [6], and in-

In fact this analogy is somewhat limited. The actual origin of spin was discovered by Dirac
on formulating relativistic quantum mechanics (3,23, 24].
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dependently Dirac [7], formulated a phenomenological Hamiltonian in which spins
located on different sites interact through an exchange parameter. Heisenberg also
demonstrated that the Weiss molecular field is just the exchange interaction which
tends to align spins parallel to each other if the exchange integral is negative. Thus
the Heisenberg model can account for both ferromagnetic and antiferromagnetic
order, and furthermore allows for the presence of spin waves. By coincidence, 1925
was also the year in which the Ising model was devised [12]. Although highly sim-
plified, this model has the merit of allowing mathematical rigour and has proven
to be immensely useful in providing further insight on the nature of phase transi-
tions. Onsager’s exact solution of the two-dimensional case [14] is in this respect
considered an achievement of pivotal importance. Further information on the his-
tory of magnetism, particularly with regards to the main developments prior to the
twentieth century, is found in the books by Mattis [25] and Mohn [26].

1.6 Concluding Remarks

This chapter has attempted to justify the form of the Hamiltonians of insulating
magnetic materials from microscopic considerations. However, it is clear that in
doing so a series of drastic approximations and assumptions have been made. Hence
one generally refers to the spin models, which are invoked as a hypothesis that is
justified in so far as it fits experimental data. Likewise, the exchange (J) and
anisotropy (D) energies are usually considered as parameters to be determined
from experiment. Despite these caveats, the degree of physical insight spin models
give is remarkable, and they are usually taken as the starting point for discussions
of ferro-and antiferromagnetism in insulators.

The role of perturbations is crucial in determining the precise behaviour of a
particular spin model. For example, it has been shown how the single ion anisotropy
gives a mechanism whereby a mainly spin-type magnetic moment is coupled with
the directionality of the crystal. In fact, in continuous two-dimensional spin systems
long range order can only occur through the presence of perturbations, since it
would otherwise be precluded by the Mermin-Wagner theorem. Much of the work

in this Thesis is concerned with understanding the influence of such perturbations.
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Chapter 2

Phase Transitions and Critical

Phenomena

This chapter reviews the main concepts concerning phase transitions and criti-
cal phenomena, focusing in particular on magnetic systems. As discussed in the
previous chapter, the study of phase transitions has proven to be of particular sig-
nificance in condensed matter physics as a result of there being good experimental
realisations of simple Hamiltonians. These simple idealisations, known as model
magnets, provide an excellent starting point for a discussion on many-body sys-
tems and their statistical mechanics. In fact, it turns out the statistics of other
non-magnetic systems can usually be formulated in terms of effective spin Hamil-
tonians, such that the ‘magnetic language’ of spins and exchange couplings has
become commonplace when referring to cooperative phenomena.

The study of critical phenomena has brought about some of the most profound
theoretical discoveries of twentieth century physics, and as a result there is an enor-
mous literature on the subject [27-31]. With hindsight, it is possible to recognise
two paradigm shifts which have been pivotal in leading the way to the current
status of understanding. The first one, which is actually rather difficult to place
historically, was the realisation that classical thermodynamics fails in the vicinity
of a transition point. To gain insight as to why this is the case it is necessary to
recognise the cooperative effects inherent to many-body systems by invoking sta-

tistical mechanics. The second paradigm shift occurred with the development of
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theories based on an expected scale invariance near the critical point, which make
it feasible to renormalize the interactions present in many-body systems.

In a sense this chapter will mirror this historical evolution. In the first section,
the thermodynamic concepts which underlie the basic theory of phase transitions
are presented. Although these provide a rather good description of experiment,
they will be shown to break down near the transition points of so-called continu-
ous phase transitions. A fundamentally different approach is required in order to
rationalise these critical phenomena, and this is provided by statistical mechanics,
discussed in the second section. Subsequently, the so-called scaling and Renor-
malization Group (RG) theories will be discussed, albeit with a focus on general
ideas and results rather than mathematical rigour. The third part of the chap-
ter examines the Monte Carlo methods. These are widely adopted computational
techniques which circumvent having to evaluate the partition function exactly, a
problem which is generally intractable analytically. The final part of the chapter
makes use of these theoretical tools in order to examine the unusual properties of

a model which plays an important role in this Thesis: the 2dXY model.

2.1 Phase Transitions

2.1.1 Basic Considerations

Phase transitions are generally associated with a sharp change in the properties
of a substance. Everyday examples include the changes of state undergone by
water and the transition from the ordered, ferromagnetic state to the disordered,
paramagnetic state observable in magnets. Two types of phase transitions can be
distinguished, denoted first order and second order, or discontinuous and continu-
ous, respectively. The two phases between which the transition occurs are distin-
guished by an order parameter which is zero in the disordered phase and nonzero
in the ordered phase. At a first order transition, the order parameter changes dis-
continuously at the transition, whereas the change at a second order transition is
continuous, but not differentiable as a function of an intensive variable, such as the

temperature.
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Figure 2.1: Density-Temperature phase diagram for a fluid at fixed pressure. The order parameter
for the liquid-gas transition is |pg(T) — pi(T)|.

Liquid-Gas Transition

As a practical example, consider the phase diagram of a typical fluid at fixed
pressure shown in Figure 2.1. Below a critical temperature T, it is found that as
the density is increased at fixed temperature it is not possible to pass from the
gaseous phase to the liquid phase without passing through a regime in which the
two phases coexist. Crossing this regime involves a discontinuous jump in the
system density and a latent heat, and is typical of a discontinuous transition. As
the temperature increases the difference in density between the liquid and the gas,
which represents the order parameter of the system, decreases continuously to zero.
Above T, it is possible to pass continuously from a gas to a liquid as the density is
increased at constant temperature. Even starting below T¢, it is always possible to
circumvent the critical point by varying the temperature and density accordingly,

suggesting that there is no obvious way to distinguish between a liquid and a gas.

44



Chapter 2. Phase Transitions and Critical Phenomena

. T

Figure 2.2: Behaviour of the magnetisation as a function of temperature for a simple ferromagnet.

Ferromagnetic Transition

Another example, which is more pertinent to the subject of this Thesis, is the phase
transition of a ferromagnet in zero field. It was shown in the previous chapter that
a magnet may be regarded as a set of interacting spins residing on the vertices of a
crystal lattice. The simplest idealisation of such a system is the Ising ferromagnet,
which constrains the spins to point in one of only two directions (see Section 1.4.1).
At high temperature the system is in a paramagnetic, or disordered phase, char-
acterised by a net magnetic moment that is zero. Below a critical temperature T,
however, the spins tend to be aligned with each other, and there is a net mag-
netisation m(7T"). The onset of this ferromagnetic behaviour is a continuous phase
transition, as the magnetisation rises continuously from zero as the temperature is
reduced below T¢, as shown in Figure 2.2. The fact that the magnetisation is zero
above the transition and non-zero below the transition temperature identifies it as

the order parameter in this case.

2.1.2 Thermodynamic Considerations

A thermodynamic system is described by a set of potentials, each associated with

a pair of ‘natural’ variables®. If a particular potential is given as a function of these

#The natural variables of a potential X are those that enable dX to be readily separated into
components of heat and work, and that lead to physically relevant partial derivatives of X.
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Table 2.1: Thermodynamic potentials for a magnetic system at constant volume V', and
their associated natural variables.

Thermodynamic Potential Natural Variables
Internal energy U Magnetisation M, Entropy S
Enthalpy H Entropy S, Field h
Gibbs free energy G Field h, Temperature T'

Helmholtz free energy F' Temperature T, Magnetisation M

variables, then all the thermodynamic properties of the system may be found, as
it is possible to derive the other potentials by a series of Legendre transforms [32].

Table 2.1 lists the thermodynamic potentials that are relevant to a magnetic
system of fixed volume. In this case, the combined first and second laws of ther-

modynamics can be written as

dU = TdS + hdM, (2.1)

The internal energy U is a thermodynamic potential in the sense that other inter-

esting properties can be expressed as its derivative:

ou oUu
T = (%) o and h= (5]\—4)5 . (22)

Of course, certain properties are more easily manipulable in the laboratory than
others, so it is of practical use to derive potentials which have easily accessible
natural variables. It is straightforward to show that for magnetic systems the most
convenient potentials are the Gibbs and the Helmholtz free energies. Recall their

thermodynamic definitions:

F=U-TS (2.3)
G=U-TS— Mh. (2.4)

Differentiating and using Equation (2.1)
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dF = dU — TdS — SdT = hdM — SdT (2.5)
dG = dF — hdM — Mdh = —SdT — Mdh, (2.6)

from which it follows that G = G(h, T) and F = F(M, T)®.

A phase transition is signalled by a singularity in one of the thermodynamic
potentials. If there is a discontinuity in one or more of the first derivatives of the
appropriate thermodynamic potential the transition is termed first order. If first
derivatives are continuous but second derivatives are discontinuous or infinite, the
transition is described as second-order, or continuous®.

As an example, consider a simple ferromagnet in a magnetic field. Its (h, T')
phase diagram is shown in Figure 2.3(a), and it is characterised by a phase boundary
at h = 0 extending from T" = 0 to a finite temperature T.. The two phases reflect the
symmetry of a ferromagnet under reversal of the magnetic field. For the purposes
of this discussion it is interesting to describe the field dependence of the free energy
and its field derivatives, the magnetisation and the susceptibility, along the three
paths 1, 2, and 3 (below, at and above 7). Crossing the phase boundary by
following path 1 results in a discontinuity in the magnetisation M = — (g—f)T i.e.
the transition is first order. Following path 2 does not result in a discontinuity in
the magnetisation, but it is found that the susceptibility x = (%)T diverges as
h — 0, i.e. the transition is continuous at T,. Finally, it is found that following
path 3 does not result in any singularities, neither in the magnetisation nor in the

susceptibility.

In many textbooks (e.g. Huang [33]), the natural variables of F and G are inverted i.e.
G =G(M, T)and F = F(h, T). This arises as a consequence of expressing (2.1) in an alternative
form dU = TdS — Mdh.

“The term ‘second order’ is used synonymously with ‘continuous’ throughout this Thesis,
although strictly speaking they have slightly different meanings. The categorisation of transitions
as first order, second order and so on is due to Ehrenfest [34], who categorised transitions according
to discontinuities in thermodynamic derivatives. In fact, this classification scheme has turned out
to be inappropriate, as it does not correctly recognise divergences.
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T<T. T=T.T>T.

(a) (h, T) (b) (G, h)

R

(c) (M, h) (d) (x> b)

Figure 2.3: (a) Phase diagram for a ferromagnet in the (h, T') plane. (b) Field dependence of the
free energy. (c) Field dependence of the magnetisation. (d) Field dependence of the susceptibility.
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Figure 2.4: Possible shapes of F(m,T) for various signs of the expansion coefficients.

2.1.3 Landau’s Mean Field Theory

In 1937 Landau constructed a generalised theory of phase transitions [35,36]. The
fundamental hypothesis is that in the vicinity of the critical point the Helmholtz
free energy may be expanded in a power series in the order parameter, denoted by
m. The equilibrium value of m is then the value that minimises the energy. Fur-
thermore, it is also assumed the Helmholtz free energy has the simple symmetry
F(m,T) = F(—m,T), and that the field h which is conjugate to the order param-
eter is zero. No assumption is made on the exact nature of the order parameter.

Thus the most general expansion of F'(m,T) is

F(m,T) = ao(T) + ao(T)m? + ay(T)m* + - - - (2.7)

where each of the expansion coefficients is effectively a function T only. The shape
of F(m,T) as a function of m, for small m, is shown in Figure 2.4 for a few possible
combinations of signs of ay and ay.

A point on the extrapolated coexistence line (‘beyond’ the critical point) in
Figure 2.3(a) is in the paramagnetic region where the Helmholtz potential has a

single minimum. This implies that as(T") and ay(T') are positive. As the point of
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interest approaches and then passes the critical point along the coexistence line,
the function ay(T) passes through zero and becomes negative (Figure 2.4). The
function ay(7T') usually remains positive, and F(m, T) splits into two minima which
correspond to the two possible states formed as a result of the two possible field
directions. The critical temperature is therefore viewed as the temperature at
which ay happens to have a zero.

The change in sign of as at the critical point implies it may be written as

ao(T) = (T — Te)as. (2.8)

It is then straightforward to work out the temperature dependence of the order

parameter

oF

5= 2AT — T,)adm + 4aym? +--- = 0. (2.9)
Below T, it is found that
o 1/2
=+ |2(T.-T . 2.10
m= | 211, ~7) (2.10)

The basic conclusion of the classical theory of critical points is therefore that the
order parameter spontaneously becomes nonzero and grows as (T, — T')? for tem-

peratures below T.. This critical exponent 3 has the value

B(classical) = 1/2. (2.11)

Using these arguments it is also possible to evaluate the temperature dependence

of other thermodynamic quantities (see Table 2.3).

Comparison with Experiment

In light of the mean field prediction, it is of interest to consider the curves in Figures
2.1 and 2.2 and ask what shape they might be near their respective critical points.

For example, for the fluid sulphur hexafluoride it is experimentally found that [37]
lpg — pu| o< |T — Te|**7® (2.12)
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where p, (T) are the values of the density at coexistence of the two branches of
the coexistence curve below T,.. To within experimental error, the value of the
critical exponent is not found to depend on the particular fluid system studied.
This remarkable fact was made clear by Guggenheim [38], who observed almost
identical coexistence curves for eight different fluids, provided suitable reduced
units were adopted. Even more surprisingly, certain categories of magnets also
display comparable exponents. For example, near 7 it is found that EuO obeys

the power law [39]

M o (T, — T)%367®), (2.13)

These critical exponents are not obviously simple rational fractions, and are clearly
different from the mean field prediction given in Equation (2.11). In fact, it was
the overwhelming experimental evidence that the exponents were different from
1/2 that forced the physics community in the 1930s to realise that there was a

deep rooted problem lurking in these seemingly unimportant critical exponents.

2.2 Critical Phenomena

2.2.1 Critical Exponents, Power Laws and Scale Invariance

In order to define a critical exponent, it is convenient to define the reduced temper-
ature t = (T — T.)/T. as a measure of the distance of the system from the critical
point. The variation with temperature of a general thermodynamic function f(t)

may thus be approximated by a power law expansion in ¢ such as

f(t) = At*(1+ Btk +--.), (2.14)

where the exponent of the leading term X is defined as

o In[f()]
A= lim R (2.15)

To a first approximation the higher order terms in (2.14) may be neglected, yielding

a power law
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Figure 2.5: Power laws resulting from different critical exponents.

ft) ~t, (2.16)

in which A is the critical exponent. The form of (2.16) is such that a negative
exponent corresponds to a function that diverges as t — 0 whereas a positive
exponent yields a function which approaches zero. In addition, it is clear from
Figure 2.5 that a smaller value of |A| results in a more abrupt change of f(t) as
t— 0.

The observation of power law behaviour is significant as it is a mathematical
expression of scale invariance. This becomes clear if one considers the effect of a
change of scale on a power law compared to that on some other functional form.
A plot of y = z™ may be superimposed on a plot of y = (ax)™ by linear changes in
the scale of the two axes by a factor of n, whereas this is manifestly not possible,
for example, in the case of an exponential function y = exp(z)"”. In this sense a
phenomenon obeying a power law looks the same regardless of the scale one probes
it, 7.e. it is scale invariant. In order to gain further insight into this phenomenon,
it is helpful to consider the snapshot of the Ising model on a square lattice at
criticality, shown in Figure 2.6. The black and white areas represent the spin-up

and spin-down regions, respectively. The difference of the two areas divided by the
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Table 2.2: Definitions of the principal critical exponents for magnetic systems. In the
expression for the correlation function at T, d is the lattice dimensionality.

Zero field specific heat Ch o |t|™@
Zero field magnetisation m o |t)?
Zero field susceptibility X o [t
Critical isotherm m o |h|Y/?
Correlation length € o |t|7Y

Pair correlation function at T, G(r) oc 1/r%=2+7

total area gives the intensive magnetisation which, given the system is at its critical
point, is only nonzero because of its finite size. The self similarity characteristic of
a power law is clearly noticeable in terms of the fractal structures that are present.
If one were to magnify Figure 2.6, it would be noticeable that within the scaling
‘window’ limited by the system size and the lattice spacing, the pattern in which
the spins lie is statistically indistinguishable from that in the unmagnified picture.
Table 2.2 lists and gives the definitions of the principal critical exponents which
characterise the power laws for the thermodynamic properties of a ferromagnet.
In principle, one should consider the possibility of different exponents occurring
for the quantities which diverge as the transition temperature is approached from
either above or below. In practise this is not the case, the singularities are generally
symmetric about the transition, making only one exponent necessary. Furthermore,
the power laws need not necessarily be functions of the temperature: the exponent
d, for example, is defined with respect to the reduced external field h = H/kgT.
Only two of the six critical exponents defined in the preceding discussion are

independent, because of the following scaling laws:

Fisher : vy=v(2-n) (2.17)
Rushbrooke : a+28+v=2 (2.18)
Widom : v=08(6-1) (2.19)
Josephson : vd=2—« (2.20)

where, in the last relation, d is the dimensionality of space. These relations were
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Figure 2.6: Snapshot of the Ising model at the critical point. Self similar, or fractal structures
are clearly present, and black or white ‘islands’ are present in all sizes. The system cannot
separate into black and white, so it fluctuates on all scales, exhibiting critical phenomena. After
Sethna [40].
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Table 2.3: Critical exponent values for systems belonging to the mean field, 2d Ising, 3d
Ising and 3d Heisenberg universality classes. The values for the 2d Ising class all follow
from Onsager’s exact solution [14]. All the categories obey the hyperscaling relations
(2.17-2.20), except for the mean field class, which is only self consistent for d = 4.

Exponent MF 2d Ising 3d Ising [41] 3d Heisenberg [42]

a 0 (disc.) 0 0.1106 -0.1336
B8 1/2 1/8 0.3264 0.3689
v 1 7/4 1.2365 1.3960
0 3 15 4.7883 4.783
v 1/2 1 0.6298 0.7112
n 0 1/4 0.0366 0.0375
(2—a)/vd 4/d 1 1 1

originally derived as inequalities using dimensional analysis [27], but are experimen-
tally verified as equalities. They also suggest that systems fall into ‘universality
classes’ and that the critical indices are the same only within a particular univer-
sality class. The critical exponents of some commonly encountered universality

categories are summarised in Table 2.3

2.2.2 Statistical Mechanics

Phase transitions take place in systems of many constituents (or many states)
because of statistics, or interactions, or both. It is therefore necessary to adopt a
statistical mechanical approach which considers these degrees of freedom explicitly.
If a system has a state ¢ with energy E;, the probability of the system being in this

state is, assuming equilibrium Boltzmann statistics,

pr = %exp(—ﬁEi), (2.21)

where 8 = 1/kgT is the inverse temperature (k is the Boltzmann constant), and

the normalising factor @ is the partition function

Q(h, B) = exp(—BE;). (2.22)

i
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All the thermodynamic functions may be obtained by differentiating the Gibbs free

energy?

G(h, 8) = —% In Q(h, B). (2.23)

In principle, knowledge of @ is sufficient to completely describe the system. Al-
though there are a number of notable exceptions [43], its evaluation is usually an
intractable problem for even the most simple of systems. The expectation of a

quantity X for a system in equilibrium is

(X) = 3" X = ’clj 3" Xiexp(~0E). (2.24)

This value can be considered as the mean value of a sharply peaked probability
distribution of X. For example, the expectation value of the energy (F), which is

also the thermodynamic quantity known as the internal energy, U, is given by
1
(E) = 0 Z E;exp(-0E;:). (2.25)
i

Fluctuations

Statistical mechanics also yields information regarding the fluctuations of thermo-
dynamically observable quantities. For the energy, the mean square deviation of

individual measurements away from the mean value U = (E) is

(B - (E))*) = (E%) - (E)*. (2.26)

(E?) can be calculated from derivatives of the partition function in a similar way

to (E)

1 1 5Q?
(B’ =5 Z B} exp(=BE:) = 557 (2.27)

SO

dThis is assuming the canonical ensemble, in which the energy of a system of fixed size and at
fixed temperature is free to vary [32].
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() — (B = 192 [196_2]2: & log Q

T QoF  |Qop 932

By noticing that it conceals the second derivative of the free energy, Equation (2.28)

(2.28)

can be rewritten in terms of the specific heat

_ ¢
-

This is an important result, as it could never have been derived within the frame-

(E?) —(E)? (2.29)

work of thermodynamics. For a general quantity X, its fluctuations can be found
by supposing there is a term —hX in the Hamiltonian, where h and X are conju-
gate variables (this is the case for all spin models in an external magnetic field).
The expectation value of X can be found by differentiating log @ with respect to

h, and then setting h to zero

_ 10log@Q

(X)—ﬁ o

wo  BQOR

1 (2.30)
= 6 Z X eXP(—ﬁEi),

and its fluctuations are provided by performing a second differentiation

19(X)|  108%*(logQ) 10 [(18Q
B Oh |y B OB |, BOR (@87 h:o>
_1]106%Q 16Q 2
B [Zﬁf hmo (6% h:0> } (2.31)
= (X?) — (X)*
X
=5

where x is the susceptibility. This relation between the fluctuations in X and the

linear response of (X) to h is known as the linear response theorem.
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Figure 2.7: Normalised probability density functions of the absolute magnetisation for the finite
(N = 1024) two-dimensional Ising model at different temperatures [44]. The increasing impor-
tance of fluctuations as the critical temperature is approached is made manifest by the increasing
skewness of the PDFs.

Importance of Fluctuations Near the Transition Point

The expectation value of a quantity X represents the mean value of its probability
distribution. Generally this is very sharp, such that the average in X coincides
with its most probable value (the mode). However, in the critical regime the
probability distribution becomes much broader, fluctuations become relevant, and
the distinction between average and most probable states becomes significant.

To illustrate the consequence of this distinction, Figure 2.7 displays the prob-
ability density functions (PDFs) of the absolute magnetisation |m| for the two-
dimensional Ising model at varying temperatures [44]. At low temperature the
distribution is a J function, which is a reflection of the fact that the magnetisa-
tion is saturated, and that fluctuations are essentially irrelevant. As the critical
temperature is approached from below, fluctuations become increasingly important
and the mean magnetisation moves away from the mode, i.e. the symmetry around
(|m|) is lost. The PDFs in the vicinity of T, deviate considerably from the Gaussian
form, with a high probability of large fluctuations for small |m|. Mean field theory,
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in all its various guises, fails to recognise the significance of these fluctuations.
The essential feature of systems near criticality is that fluctuations over all
length scales are relevant. A celebrated demonstration of this phenomenon is that
of critical opalescence, first reported by Andrews following investigations on the
liquid/gas transition in carbon dioxide [45]. As the critical point is approached
the sizes of the gas and liquid region begin to fluctuate over increasingly large length
scales. As the density fluctuations become of a size comparable to the wavelength
of light, the light is scattered and causes the fluid to appear cloudy. Tellingly,
the opalescence does not diminish as one gets closer to the critical point, where
the largest fluctuations can reach even centimetre proportions, thus confirming
the physical relevance of smaller fluctuations. Figure 2.8 shows photographs of
critical opalescence occurring in a methanol/cyclohexane binary fluid mixture as
it undergoes a transition from a single phase to two phases [44]. In this case the

opalescence is caused by fluctuations in the fluid’s refractive index.

Correlations

As the interactions in many body systems are often taken to be short ranged,
one can ask how the correlations behave over larger distances by introducing the
correlation function. Again, it is useful to have a definite system in mind, so
consider a simple spin system. When a particular spin is flipped, what effect does
this have on spins in other positions on the lattice? To answer this question, the

two-point connected correlation function is defined

G(r) = (sis;) — (si)(s;)

(2.32)
((si = (s)) x (85 — (s5)))

where it is assumed the system is translationally invariant so that G is a function
of only one variable, 7 = |r; — r;|. Away from the critical point the spins become

uncorrelated as r — oo, hence the correlation function decays to zero exponentially

G(r) ~exp(—r/€). (2.33)
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Figure 2.8: Critical opalescence in a methanol/cyclohexane binary fluid mixture [44]. (a) Above
the critical temperature T, = 42.4 °C, the two components are miscible in any proportion and
form a fluid of uniform composition. (b) and (c¢) Provided the two components are in the molar
ratio 0.435:0.665, the mixture becomes opalescent as 7. is approached. (d) Below T, the two
components are immiscible and separate into two distinct phases.
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This introduces the correlation length £, which can be regarded as a measure of the
range of the correlation function ¢.e. for r > £ the spins are effectively independent.
At the critical point itself, long range order develops and the correlation length
becomes infinite, £(T¢.) = co. Equation (2.33) breaks down and it is instead found

that

1
~ ——
,,.d—2+n

G(r) (2.34)

where d is the system’s dimensionality and 7 is a system dependent critical expo-

nent. Thus the correlation length has a power law divergence

§~ ¢ (2.35)

This really captures the essence of criticality: at T, the correlation length is infinite,
so fluctuations on all length scales become relevant. It is possible to relate the
spin-spin correlation function to the fluctuations in the magnetisation and hence
to the susceptibility. Recalling Equation (2.31), and writing the magnetisation as

a function of spins,

Glr) = D25 = (5) 30— (s0)) = (") = ) (2.36)

x = BG(r). (2.37)

It follows from the Fisher scaling relation (2.17) that the divergence in the suscep-

tibility and the correlation length are related to each other as
X ~ 62—77, (238)

Resumé of Basic Points

Before proceeding further with this discussion, it is worth listing the main points

which have occurred so far:

1. A phase transition is a cooperative effect caused by interactions or statistics.
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2. The transition marks the onset of spontaneous ordering, characterised by an

order parameter which is nonzero in the ordered phase.

3. As temperature increases, the order disappears when entropy overcomes the

energy gained by ordering.
4. Fluctuations of all length scales dominate at continuous transitions.

5. Singular (‘critical’) behaviour occurs at continuous transitions, and is char-
acterised by critical exponents and driven by long range correlations and a

divergent correlation length &.

The Ising model is the simplest model available which contains all of the above
features, making it ubiquitous in areas of physics in which many body effects are
relevant. It is consequently with some justification that it has become considered

the drosophila of physics [30].

2.2.3 Universality

One of the most useful concepts that has come out of the theoretical and experi-
mental study of critical phenomena is that of universality. The critical behaviour
of all systems undergoing a continuous phase transition depends only on their di-
mensionality, the symmetry of the order parameter and the range of the interaction
responsible for the cooperative behaviour. For magnetic systems this means that,
provided there are no unusual effects present, such as frustration, they can be clas-
sified into universality classes according to the dimensionality of the lattice d and
that of the spin n. Thus, widely different systems with critical temperatures dif-
fering by orders of magnitude, may well belong to the same universality class and
share the same critical exponents.

Table 2.4 lists the universality classes most likely to be encountered in exper-
iment, and also indicates whether or not they display long range order at low
temperature. A noticeable trend is that with increasing spatial dimensionality,
fluctuations become less dominant. In fact, above the upper critical dimension
d. = 4, fluctuations become so unimportant that mean-field theory provides an

analytically correct description®.

°Incidentally, this accounts for the fact that the mean field universality class only obeys the
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Table 2.4: Different values of n and d correspond to different universality classes. X
denotes a universality class exhibiting a phase transition to long range order, whereas O
denotes one that does not. The 2dXY model does undergo a phase transition, but not
to long range order.

Model Hamiltonian d=1 d=2 d=3

n =

1 Ising H= Z(i,j) SfS;-” © x 8
2 XY H =35 ST57 +575] °c & X
3 Heisenberg H =), SfS7+S/S!+57S; O © X

Below three dimensions, fluctuations become so strong that they can destroy
the ordered state and finite temperature phase transitions. In one dimension,
fluctuations destroy all long range order and phase transitions. This is essentially
a problem of connectivity. The only way information can be transmitted from one
end of a one dimensional Ising system to the other is directly through the chain: any
fluctuations cut the flow of information and hence the order present. Since there
are always fluctuations at finite temperatures, a one dimensional system cannot be
ordered except at zero temperature.

In two-dimensional systems, there are many paths that connect one part of the
system to others, and the situation is less clear cut. Fluctuations do not suppress
long range order in systems with discrete symmetry, yet they are strong enough
to destroy it in systems possessing continuous symmetry. However, this does not
necessarily rule out a phase transition. As will be discussed in Section 2.4, the
2dXY model undergoes a unique sort of transition to a state of quasi long range

order.

2.2.4 Finite Size Scaling

A central notion in the theory of phase transitions is that of the thermodynamic
limit, in which the system size is taken to be infinitely large. Strictly speaking,
phase transitions can only occur in this limit, and in practice most experimental

systems behave as if they were infinite, despite actually being finite. Nevertheless,

hyperscaling relations (2.17-2.20) for d = 4.
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Figure 2.9: Effects of finite size on a phase transition.

there are exceptions to this, and these happen to be of interest in this work.

When dealing with a finite system, such as a spin model simulated on a com-
puter, the singularity associated with the phase transition does not occur, and
instead there is a finite peak at a temperature shifted from 7, as shown in Figure
2.9(a). This can be understood by considering that as the critical temperature
T.(L) is approached, there must be a cutoff in the correlation length divergence
£ ~ t7 given by t < L™Y¥, since the correlation length itself is cut off by the
system length L (Figure 2.9(b)).

In a finite system at criticality, the algebraic behaviour of the correlation func-
tion G(r) given by Equation (2.34) breaks down and is replaced by a function
g(L/&) which breaks the scale invariance characteristic of a critical system at the
thermodynamic limit. As an illustration of this, Figure 2.10 plots the correlation
function for an Ising model on a finite lattice, clearly showing that the algebraic
behaviour of G(r) only occurs in the limit of L > £. More generally, one takes
into account the effects of finite size by postulating the observables, such as the

susceptibility, scale as [46]

L
x(L,T)=1t| g (—) 2.39
(L1 =179 7 (2.39)
where the scaling function g has the limiting behaviour g(z) — const. as  — oo
and g(z) — 17/¥ as * — 0. The first limit ensures that the correct power law

behaviour of the infinite system is recovered for L — oo, whereas the second limit
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Figure 2.10: Correlation function for a critical 2d Ising system of finite size [44].

as

gives rise to a temperature independent magnetisation as £ > L, since £(t) ~ |t|™”
This form therefore also predicts that the maximum in the susceptibility will grow

Xmax ™~ L’Y/V- (240)
An identical analysis shows that the specific heat and the order parameter behave
similarly in the region of the critical point:
Cma.x ~ La/V

(2.41)
Mumax ~ L.

some constant.

(2.42)
It should be noted that in all these expressions it is assumed the system undergoes
a transition at a shifted critical temperature T,(L) = T.(00) — aL~'/*, where a is

More formally, if a general function F' (|t|, L) scales as [tV in the thermodynamic
limit, multiplying it by L¥/¥ generates the scaling function

LYY F (|t], L) = (LY1¢])” F(LY]e))

(2.43)
in which the right hand side is a function of a single variable L/*|t|. It is possible to
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Figure 2.11: Logarithmic plot of My LA/ versus |t| L'/¥ for the 2d Ising model on a square lattice
of system size L = 8, 16, 32 and 64 [44]. A good data collapse is only observed when the critical
exponents are of the 2d Ising universality class (3 =1/8, v = 1), and T, = 2.27 J.

get an estimate of the scaling function F for several different values of the scaling
variable £ = LY"|t| for each system size. As the scaling function is invariant
with system size, these estimates should coincide with one another, assuming the
correct values of the exponents and T, are used. Such a data collapse is shown in
Figure 2.11 for the magnetisation m(|¢t|, L) of the 2d Ising model, for systems of
size L = 8, 16, 32 and 64. The data for different system sizes only coincide if the
correct parameters § = 1/8, v = 1 and T, = 2.27 are used, with any other values
giving much poorer fits.

It is also possible to construct a finite size scaling form for the correlation
length £ in complete analogy with the discussion given above. This specific case is

discussed in Section 2.3.3.

2.2.5 Renormalization Group Theory

The scaling theory described above takes advantage of the most characteristic fea-
ture of critical phenomena: the diverging correlation length. Kadanoff [47] argued
on intuitive grounds that in the Ising model, when the correlation length £ is large

near T, all the spins inside a cell of length L < € should behave essentially alike
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Figure 2.12: Grouping of spins into nine-spin blocks on a square lattice. This is an example of
real space renormalization.

J

and can therefore be replaced by an effective ‘block spin’, as shown in Figure 2.12.
The free energy calculated with interacting effective spins should be the same as
that calculated from the original Hamiltonian. By expressing the connection be-
tween the original and the effective spins and interactions in terms of power laws
of L, Kadanoff was able to show that the critical free energy is a scaling function

of only one variable t/hY/*

g=t"g(t/nv/") (2.44)

where d is the lattice dimensionality, ¢ and A are the reduced temperature and field,
and z and y are unknown exponents. All other thermodynamic functions may be
obtained from Equation (2.44), and indeed one notes that the scaling function (2.43)
is of a similar form. Thus all critical exponents are reducible to combinations of
just two, = and y, leading to the scaling relations discussed in Section 2.2.1.
Although Kadanoft’s arguments lacked precision, they showed a great degree of
intuition. The conceptual importance of his work is that it suggests thinning out or
coarse-graining the degrees of freedom may lead to fruitful results, by emphasising
the fact that coupling constants vary with a change of length scale. Wilson [48,49]
elaborated this idea further by considering how the coupling constants vary under
repeated elimination of short length scales. The idea is again to find an effective
Hamiltonian with N degrees of freedom that gives the same partition function in

the critical region
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Trys exp [-H'(N')] = Try exp [-H(N)] . (2.45)

where

H' = R[H] (2.46)

is a renormalized Hamiltonian with a reduced number of degrees of freedom N’, in
which fluctuations of wavelengths shorter than & have been integrated out. Since

& — oo at T, this procedure can be repeated an infinite number of times

H =R[H], H' =R[H], ... (2.47)

until a fized point is reached where the Hamiltonian remains unchanged

H* = R[H"). (2.48)

There is a choice of possible Renormalization Group (RG) operators R that can
satisfy these conditions, of which the spin blocking technique described above is
only one example. Note that as there is no inverse operation R}, the term ‘group’
is in fact a misnomer [31].

Iterative processes of the form

Tps1 = fz2) (2.49)

are well known in numerical analysis as a useful method of approximating to a root

of the equation

z = f(x). (2.50)

Such processes have the advantage that the final solution is independent of the
starting point of the iteration. A root of Equation (2.50) is called a fized point, z* of
the transformation (2.49). If Equation (2.49) has a number of different roots, each
of these fixed points will have a characteristic basin of attraction, or in other words
a range of starting points within which convergence will occur to a particular root.

Equation (2.46) involves a generalisation of the above process to a multidimensional
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space corresponding to a number of parameters in the Hamiltonian. On iterating
the RG transformation, a given system represented by its initial set of coupling
constants traces out a trajectory in coupling constant space. The set of all such
trajectories, generated by different initial sets of coupling constants generates a
renormalization group flow in coupling constant space.

These rather general arguments provide, in qualitative terms at least, a basis
for the explanation of universality classes. Each fixed point corresponds to one
universality class, and Hamiltonians with a wide variety of parameters all converge
to the same fixed point. RG theory effectively explains why highly simplified models
such as the Ising model yield such realistic results: their Hamiltonians include
the most important parameters, the spin and system dimensionality. Most other
parameters, which one might intuitively think should be important, are simply

‘renormalized out’ by the RG transformation.

Epsilon Expansion

In practice, the sums involved in actually carrying out the trace (2.45) are in-
tractable, and it is necessary to resort to some approximation scheme to proceed
further. By use of perturbation theory and extensive use of Gaussian integrals,
Wilson and Fisher [50] were able to arrive at the recursion relation for a contin-
uous approximation of the Ising model, and show that ¢ = 4 — d forms a natural
small parameter with which to estimate critical exponents. The detailed nature
of their calculation is beyond the scope of this work, but in essence it provides a
natural framework within which to modify Landau’s theory of phase transitions to
correctly include the relevant fluctuations. For € < 0 (d > 4), the problem reduces
to the so-called Gaussian model, which gives mean field exponents. For d < 4, the
solution of the problem gives rise to a non-trivial fixed point. The eigenvalues of
the renormalization group operator R linearised about this fixed point also turn
out to be the exponents z and y in Equation (2.44). By using the € expansion it is
therefore possible to actually calculate z and y, and thereby all the other critical

exponents.
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2.3 Monte Carlo Method

The numerical simulation of a system involves calculation of its partition func-
tion, and consequently its thermodynamic properties. Even for moderately small
systems, however, implicit calculation of the partition function is unfeasible. Con-
sequently, one must turn to a method which computes the partition function ap-
proximately. The whimsically named Monte Carlo method does so by relying on
a stochastic scheme, i.e. by drawing random variables. In essence there are two
possible sampling schemes.

Simple sampling samples the partition function by generating configurations
at random. This method does not get around the fact that the vast majority of
these configurations make a negligible contribution to the partition function, and
is consequently very inefficient.

Importance sampling, on the other hand, is a biased scheme which focuses on
sampling the configurations that are dominant in the expression of the partition
function. This is achieved by generating a Markov chain of configurations (or states,
or microstates) that are distributed according to the Boltzmann distribution at a
given temperature. Starting from a particular configuration o,, the chain chooses
a new configuration o, according to a transition probability II(0 — m) which must

satisfy the condition of detailed balance or microreversibility, -

Pey(0)II{0 — n) = Pyy(n)II(n — o), (2.51)

where Py (0) and Pey(n) are the probability of occurrence (often termed the weight)

of states 0 and n in the generated distribution

Peg(0) = %eXp (—BE,), (2.52)

where F, is the energy of state o.

2.3.1 Metropolis Algorithm

Equation (2.51) implies that the ratio of transition probabilities for a ‘move’ 0 — n

and its inverse n — o depend only on the energy change AE = E, — E,:
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[I(o — n)
— = —BAE). 2.53
e = exp (~6AE) (253)
However, this still does not specify II(o — n) completely. In their seminal paper

Metropolis et al. proposed [51]

exp(—(BAFE) if AE > 0,
[I(o - n) P(=AAE) (2.54)
1 otherwise,

although other choices are possible [52]. Whilst it is easy to see that (2.54) satisfies
(2.51) and (2.53), it is more complicated to show that a sequence of states o —
n — n'... generated by (2.54) converges to the Boltzmann equilibrium described
by Equation (2.52). A well known heuristic argument is presented by Binder and

Heermann [53].

Application to Spin Systems

The Metropolis algorithm lends itself in an obvious manner to lattice spin systems.

The essential steps of the scheme are:

1. Pick a spin at random (this is known as the a priori choice or proposed value).
2. Flip the spin (move attempt).

3. Calculate the energy difference F,, — E,, and then the acceptance rate II(o —

4. Draw a number 7 € [0, +1) at random, and

o if r < II(0 — n), accept the proposed move (i.e. the next configuration

in the Markov chain is o,.),

e otherwise reject the move (i.e. the next configuration in the Markov

chain is the same as the current one, d,.).

Once all spins have been given the chance to flip, a Monte Carlo Sweep (MCS)

has been completed!. Whereas uniaxial (Ising) spins may only point in one of two

fA sweep may also referred to as one Monte Carlo Step per Spin, abbreviated to MCS /s.
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Figure 2.13: Spin coordinates.

orientations, for continuous spins a new spin orientation is chosen by drawing two
uniformly distributed random variables: 8 € [0, 27) for the azimuthal angle, and
cos¢ = 2" € [—1, +1) for the cosine of the polar angle (Figure 2.13).

Once the Markov process has been set up to sample the important contribu-
tions to an average, it is simple to calculate thermodynamic quantities such as the

magnetisation

1 X 2 L& 2 1 N

where N is the number of spins in the system. The root mean square magnetisation

2
’

(2.55)

is evaluated in order to ease a finite size scaling analysis, since my,s = 1/v N for
T — oo. Using the relations discussed in Section 2.2.2, it is also possible to compute

the fluctuations of these properties. For example, the magnetic susceptibility is
X = BN ((m?) — (m)*). (2.56)

2.3.2 Cluster Algorithms

Although the Metropolis algorithm is adequate for most small scale simulations, it
is possible to create other more sophisticated Monte Carlo schemes which provide

a substantial increase in computational efficiency, particularly in the vicinity of the

72



Chapter 2. Phase Transitions and Critical Phenomena

critical temperature. The most successful of these rely on flipping whole clusters of
spins, as opposed to a single spin at a time, and are consequently known as cluster
algorithms.

A property of all critical systems is that as 7. is approached, they take longer
to equilibrate, a phenomenon known as critical slowing down. As the correlation
length diverges, the regions of the system, which correspond to fluctuations about
the equilibrium state, get increasingly larger, and correspondingly they take longer
to relax. These critical relaxation processes are on a time scale which diverges with

the correlation length

T~ €Y (2.57)

where w is the dynamical critical exponent. This quantity provides a rough measure
of the scalability of simulations. For example, replacing £ with L in Equation (2.57),
one may ask how long it takes for a particular simulation to complete if the system
size is doubled. It turns out w is a non-universal property, and depends heavily on
the algorithm adopted. Cluster algorithms generally have lower w exponents than
single spin flip algorithms, and it is in this respect that they are more efficient.
For example, for the Metropolis algorithm w ~ 2, whereas for the Swendsen Wang
cluster algorithm [54] w ~ 0.35. Although cluster algorithms have not been used
during the course of this work, their development and application is increasingly

important in the field of critical phenomena.

2.3.3 Practical Issues

The simulations reported in this Thesis were carried out on the Pole Scientifique
de Modélisation Numérique$ (PSMN) at the Ecole Normale Supérieure in Lyon,
using a 2.6 GHz AMD processor. A typical Monte Carlo run is 110000 MCS/s,
with thermodynamic averages taken every sweep in order to minimise the corre-
lations between successive configurations in the Markov chain. Furthermore, the
first 10000 MCS/s are disregarded from the average, since the system is reaching

equilibrium during this time, as shown in Figure 2.14. It is generally convenient

Ehttp://www.psmn.ens-1lyon.fr/
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Figure 2.14: Evolution of the magnetisation in Monte Carlo time, for a 10* spin Ising system at
T=2.1.

to repeat this procedure over a succession of decreasing temperatures. The first
simulation is started from a random spin configuration, and the final configuration
of each run is conserved and used as the starting point for the next temperature.

Better statistics can always be acquired at a greater computational expense.

Determination of Critical Exponents

Since critical exponents play a prominent role in this work, it seems appropriate to
discuss how one might go about measuring them. In experiment it is found that
instrumental resolution, extraneous effects and the finite size of the system cause
a rounding of the divergence associated with the phase transition, such that in
practice, one is lucky to obtain two decades of convincing power law behaviour (see
for example Figure 4.3). Furthermore, the precise value of T, is not known a priori,
so it is often treated as an adjustable parameter along with the background and the
corrections to scaling. Despite these difficulties, reasonable estimates are possible,
and there is good consistency between the results of independent experiments.

An alternative method for determining 7, and 8 without having to rely on any
guesswork is attributed to Kouvel and Fisher [55]. By taking advantage of the

relation
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Figure 2.15: Magnetisation of the Ising square model with side L = 64 compared with the
analytical solution for the infinite system. The arrow marks the onset of finite size effects. Large
figure: log-log plot. Inset: linear plot.

M T-T.
dM/dT ~ j3

one may plot M/ (dM/dT) against T and obtain a straight line with slope 1/4,

which intersects the abscissa at T,. In practice, this method is very sensitive to

(2.58)

random noise, and is consequently little used.

Data from numerical simulations is, in many respects, no different from ex-
perimental data, in that finite size effects are also prominent (see Figure 2.15).
However, unlike experiment, it is possible to quantify these by performing an anal-
ysis on the basis of the arguments discussed in Section 2.2.4. It can be shown [46]
that in the vicinity of the critical point the correlation length may be written in

the form

&(t, L) = Lg([t|L*"), (2.59)

where for L — oo one must have g(z) — ™! so as to recover the [t|'/* behaviour.
For finite L and ¢ — 0, g(z) tends towards a constant, and since it is perfectly

analytic in this limit, it can be expanded about ¢ = 0:

75



Chapter 2. Phase Transitions and Critical Phenomena

=a+ btLY" + O(t?), (2.60)

L
§(¢, L)
where a and b are constants. The advantage of this form is that by plotting L/
against the temperature T, for different values of L, all the curves will pass through
the same point when ¢t = 0, thus allowing 7, to be determined. In practice, the
critical temperature may be determined to a high degree of accuracy by measuring

the reduced fourth order cumulant [56,57]

(mi)
(mi)*

Since this quantity is a function of [L/&(T)], it also is invariant under renormaliza-

QL= (2.61)

tion at the transition temperature.

It is a common misconception that critical exponents are only measurable
asymptotically close to the critical point. It is in fact an enlightening exercise
to estimate the size of the critical region for different systems, which can be done
by considering the breakdown of Landau theory near the critical point®. One
important conclusion from such a consideration is that by lowering the lattice di-
mensionality, the size of the critical region increases. This fact is attested by the
large body of data available for both experimental and theoretical two-dimensional

systems considered in the second part of this Thesis.

2.4 2dXY Model

The final part of this chapter is devoted to the 2dXY model, which plays a promi-
nent role in the rest of this work. The seemingly minor difference in the spin
dimensionality with respect to the Ising model (the critical behaviour of which is
summarised in the third column of Table 2.3) is misleading: this model displays a
highly peculiar behaviour which, in order to be understood, requires full use of the
theoretical machinery introduced so far.

The 2dXY model describes a set of interacting spins which are constrained to

rotate within the plane of a square lattice. The Hamiltonian is

hSee Goldenfeld [30] (p. 172) for a clear discussion on this issue.
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H=—J) cos(f; —6;), (2.62)

(6,3)
where 0; is the angle of the spin at site ¢ relative to an arbitrary axis. The Hamil-
tonian is invariant under rotations in the spin plane, in other words it is said to
possess O(2) symmetry. Analytic study of the 2dXY model is problematic not least
because an exact evaluation of the partition function is impossible. Nevertheless,
a combination of theoretical approaches have allowed for a reasonably complete

picture to be developed.

High Temperature Behaviour

One might expect on intuitive grounds that the 2dXY model should enter a conven-
tional disordered phase at high enough temperatures, and indeed this is the case.
This is confirmed by high temperature series expansions, which involve expanding
the energy term (2.62) in the partition function in powers of (J/T') as T — oo, and
identifying the terms giving the lowest power. Using this technique it is found that

at high temperature the correlation function decays exponentially

G(r) = exp (—rIn(T/J)). ‘ (2.63)

Interestingly, the first evidence that the 2dXY model undergoes a phase transition

arose from early analyses of this sort [58,59].

Low Temperature Behaviour

At low temperatures it is reasonable to assume that 6 varies little from one lattice
site to the next, and (2.62) may be replaced by the first two terms of its Taylor

expansion

He—J|1- %Z(Gi —9,)%]. (2.64)

In this case the dominant fluctuations are spin waves of long wavelength, and it

follows that expression (2.64) is known as the spin wave approximation of the XY
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model. As this approach makes it possible to express thermodynamic quantities in
terms of solvable Gaussian integrals, it is also known as the Gaussian approxima-

tion. In particular, it can be shown that the magnetisation as a function of system

-G e

where a is a constant equal to ~ 1.86 [60]. In the thermodynamic limit the mag-

size and temperature is

M(N,T) = <

netisation vanishes, reflecting the fact that there is no cost in energy associated
with the excitation of infinitely long spin waves, the so-called Goldstone mode.
This is true for all continuous spin systems of lattice dimensionality d < 2, and
is a result that has become commonly known as the Mermin-Wagner theorem [1].
However, it is noteworthy that the approach to the thermodynamic limit is very
slow in Equation (2.65). Whilst it is obvious that the finite size of a system intro-
duces a cutoff in the spin wave spectrum, the exponent 7'/8J is so small, even for
T ~ O(J), that the magnetisation remains observable in macroscopic systems at
finite temperatures'. This is an important indication that the physics of real 2dXY
systems are not completely dictated by predictions at the thermodynamic limit.
Another result arising from the spin wave analysis concerns the behaviour of

the correlation function, which is found to decay to zero algebraically

G(r) = r="D (2.66)
with
n(T) = % (2.67)

This result has a number of important implications. Firstly it is consistent with
the Mermin-Wagner theorem, because G(r) approaches zero for all T. Secondly,

it seems to indicate that the system is critical at any temperature. There is no

A rough estimate of the magnitude of finite size effects can be worked out by putting the
‘mean field’ value for the transition temperature T' = 7/2 (see below) in Equation (2.65). For
example, with N = 10%, M ~ 0.47, indicating that finite size effects will always be present in
computer simulations. With N ~ 106, which would correspond to a sample with an area equal
to this page, M would still be ~ 0.1, an appreciable value.
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characteristic length scale associated with the exponential decay typical of a dis-
ordered phase, because G(r) decays as a power law governed by the continuously
varying exponent 7(T"). However, this peculiar state of affairs cannot persist up to
arbitrary temperatures, because it is known that at high enough temperatures the

correlations must fall off exponentially.

Role of Vortices

The inadequacy of the Gaussian approximation at higher temperatures is traceable
to the fact that spin waves are not the only possible thermal excitations in the 2dXY
model. Low energy configurations known as wvortices exist in which 6 varies very
little between neighbouring sites, but where, if one were to follow its behaviour
around a large closed curve, § may in fact change by some non-zero multiple of 27.

An isolated vortex has an energy that depends logarithmically on the size L of

the system

U~nJnL, (2.68)

consequently its energy is infinite at the thermodynamic limit. Whilst this fact
might appear to lend some justification to neglecting vortices in the spin wave
calculation, it can be seen by computing the entropy that this is not the case.

Since there are L? possible positions for the vortex, its entropy is

S~2InL. (2.69)

The free energy to introduce the vortex is therefore

F=U-TS~(nJ—2T)lnL. (2.70)

Below a temperature Tkt = %, the internal energy dominates and the occurrence
of free vortices is suppressed. For T' > Tkr, however, the entropy term takes over
and isolated vortices may proliferate.

This criterion was put forward by Kosterlitz and Thouless (KT) [61]. How-
ever, it does not take into account interactions between vortices. KT realised that

vortex-antivortex pairs (as depicted in Figure 2.16) have an energy that depends

79



Chapter 2. Phase Transitions and Critical Phenomena

e N N e e
S NN S
F /7~ NV AN N~/
AN /A )
VN N e N
NN e e =X

Figure 2.16: A vortex anti-vortex pair. Such a configuration is possible below Tk, unlike a single
vortex, which is energetically unfavourable.

logarithmically on their separation, and provided they are tightly bound, they are
not excluded from the low temperature phase. Thus the phase transition does not
lead to the creation of new vortices, rather it corresponds to a dissociation of bound
vortex-antivortex pairs already present, as shown in the Monte Carlo ‘snapshots’
in Figure 2.17. In this revised picture there is a lowering of the transition temper-
ature. However by the time the temperature has reached Tkt = "7‘], the vortices

will have started to proliferate.

2.4.1 Kosterlitz-Thouless Transition

In their seminal paper [61], KT mapped the vortex problem onto a model of a
two-dimensional Coulomb gas, and solved it using an iterated mean field approach.
They were able to show that the dissociation of vortex-antivortex pairs drive a
transition between two phases which, although both completely disordered, are
distinct in so far as topological defects are concerned. At low temperature the
system is said to be topologically ordered (tightly bound vortex-antivortex pairs
are present), whereas at high temperature it becomes topologically disordered (free
vortices are present). The difference between the two phases is made manifest by
the response of the 2dXY model to an applied magnetic field, quantified by the
magnetic susceptibility. This is found to take entirely different forms above and
below Tk, and is indicative of a change of rigidity: the low temperature state has

an elastic rigidity whereas the high temperature state does not. This Kosterlitz-
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Thouless mechanism is clearly different from a conventional second order transition
to long range order, and is found to occur in a wide range of systems in which
topological defects - such as vortices in magnets and dislocations in crystals - are

relevant.

Renormalization Group Analysis

A more concrete picture is made by following a more sophisticated renormalization
approach first taken by Kosterlitz [62]. The main results from this treatment are
that as Tkt is approached the correlation length £ and susceptibility x diverge

according to the power laws

¢ ~ exp (bt'/?) t>0 (2.71)
— 00 t<0 (2.72)

where t = (T'— T;.)/T, and b ~ 1.5, and

x ~ &0 t>0 (2.73)
— 00 t<0 (2.74)

where the exponent n = 1/4 has the same value as the two-dimensional Ising model.
This implies the conventional exponents (3, v and v are undefined since £ diverges
faster than any power of t. However, since the magnetisation and susceptibility

may be expressed in terms of &€ as m ~ £7%/V and x ~ £7/¥, the ratios

=(d-2+n)/2 (2.75)

=2-7 (2.76)

TR ™

remain defined. This suggests the standard scaling relations hold at the KT tran-
sition, a phenomenon referred to as ‘weak’ scaling [63]. It is also noteworthy that
in the 2dXY model the exponent § = 15 agrees with the corresponding value for
the two-dimensional Ising model, just as for 7.

Unlike a single vortex, which has an energy given by Equation (2.68), two
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vortices separated by a single lattice spacing have an energy [61]

U = n2J. (2.77)

Within the electrostatics analogy with a Coulomb gas, U may be thought of as a
chemical potential u. The basic idea of the Kosterlitz method is to renormalize
the free vortex fugacity y(£) = exp(—pu/kgT) at each length scale £ in terms of
the spin wave stiffness K(¢) = J(¢)/T. This latter quantity, also known as the
helicity modulus, describes how much energy it costs to excite a spin wave, and is
an example of a generalised rigidity [64]. The inverse of the spin wave stiffness on
each length scale £ is determined by those vortex pairs whose size is less than £, so
that its change when the length scale is varied is proportional to the square of the
concentration of free vortices found on the length scales £. This leads to the first

of the Kosterlitz equations

dK1(0)
dl

The energy of a vortex on a length scale £ depends on the polarisability of the

= 4m3y*(¢) + Oly* (€)). (2.78)

medium on that length scale and on the concentration of free vortices, leading to
the second Kosterlitz equation
dy(¢)

Y = - nK(@O]y(0) + O (O] (2.79)

These equations were derived using a method developed by Anderson and Yuval
for the Kondo problem [65]. A more detailed derivation may be found in the review
article [66] and book [67] by Nelson.

Figure 2.18 shows the renormalization trajectories generated by the Kosterlitz
equations in the (K1, y) plane, together with a temperature dependent locus of
initial conditions. Hamiltonians to the left of the incoming separatrix terminating
at K~1(¢) = 2/ renormalize toward a series of Gaussian fixed points at y = 0,
which describe the low temperature phase. At higher temperatures y(¢) eventually
becomes large, indicating that vortices are important even at very long wavelengths,
and the flows are toward a high temperature fixed point which controls a truly

paramagnetic region.

83



Chapter 2. Phase Transitions and Critical Phenomena

y(£)

/2 T(0)

Figure 2.18: RG trajectories for the 2dXY model. A locus of initial conditions is shown as a
dotted line. For Tkt < 7/2 the flows are toward a continuous line of Gaussian fixed points.

Universal Jump

The physical interpretation of the RG analysis is that vortex excitations are ir-
relevant below Tk, and that bound pairs of vortices renormalize the spin wave
stiffness measured at long length scales to an effective value K = Jog /T. The
asymptotic behaviour of the spin correlation function is the same as the Gaussian
model (c.f. expression (2.67)), so that n = 1/2mK.g is a non-universal function
of temperature [68]. However, precisely at Txr, Keg = 2/, so that the value of
n(Tkr) = 1/4 is universal. Above Tkt the vortices become unbound, and K.g
jumps discontinuously from the universal value 2/7 to zero [69]. This phenomenon

1s termed the universal jump in the spin wave stiffness.

Historical Remark

The notion of topological excitations and phase transitions driven by them was first
introduced by Berezinskii in 1971 [70,71], two years before Kosterlitz and Thou-
less [61,62]. He did not find, however, their simple relation between the transition
temperature and the transverse stiffness. Other notable theoretical developments

include the contributions by Villain [72] and José et al. [68], who worked on an
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analytically more tractable model in which vortices are completely decoupled from

spin waves.

2.4.2 2dXY Model on a Finite Lattice

As will be shown in Chapter 4, the remarkable phenomenology of the 2dXY model
occurs in a whole range of two-dimensional systems in which there is a defect
mediated transition [67,73,74]. For example, elegant experiments on superfluid
helium films provide compelling evidence of a universal jump in the superfluid
density [75,76]. However, two-dimensional planar magnets are conspicuously absent
from the list of ‘clean’ KT systems. Despite being described by almost ideal 2dXY
Hamiltonians, these persist in ordering at low temperature, and display features
which, at least superficially, do not appear to be consistent with KT theory. In
order to understand why this is the case, it is necessary to consider how the 2dXY
model behaves away from the thermodynamic limit, and understand its scaling

properties.

Universal Scaling

The behaviour of Equation (2.65) suggests the presence of long range order at ap-
preciable temperatures even in very large 2dXY systems. Bramwell and Holdsworth
(BH) [77,78] investigated this magnetisation by means of a finite size scaling anal-
ysis of the Kosterlitz renormalization group Equations (2.78) and (2.79) [61], using
the system length L as the scaling parameter. In a finite system, the spin wave
stiffness Kes does not jump discontinuously to zero at Tkrt. The universal jump is
rounded out as the exclusion of length scales greater than L implies the spin wave
stiffness is no longer renormalized to zero above Txr. This in turn gives rise to
an observable magnetisation which falls steeply yet continuously with increasing
temperature, and renders Tkt non-special. However, this analysis yields two other
characteristic temperatures. The first, 7%, is defined as the temperature at which
Keg(T*(L)) = 2/m. The second, T¢, is defined as the point at which the correlation
length £ becomes equal to the system length L. This may be interpreted as the
effective Curie temperature for the finite system. It can be shown [77] that T* and

1. are both shifted logarithmically from Tkt with respect to L
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72.2

c(lnL)*

The logarithmic dependence on L ensures that, for fixed L, the range of temperature

T.(L) — Tyr = 4[T*(L) — Txr] = (2.80)

(~ T, —T*) over which scaling behaviour occurs is unusually large. As L — oo the
two temperatures converge on Tkr, and the system passes smoothly over to KT
behaviour, thus recovering the universal jump in K.g and destroying long range
order.

After replacing K = J/T by K¢ in Equation (2.65), an effective magnetisation

exponent 3 can be defined

) [w] L (2.81)

BL, T) = dIn(t(L))
where t = T, —T. For most values of ¢, B is a function of the system size. However,
for t* = T, —T* it can be shown that [ takes up a universal value 8 (L, T*) = % ~
0.231. This striking result is clearly observable in numerical simulations (Figure
2.19), and accounts for the behaviour of a whole class of two-dimensional magnetic
systems, as will become clear in Chapter 4. One should emphasise that 3 is not
a critical exponent in the conventional sense, and is distinct from the true order
parameter exponent 3, which in any case was shown in Section 2.4.1 to be undefined
in the 2dXY model. In practice this distinction is academic: experimentalists
measure and treat B as if it were a normal exponent, consequently the tilde is
generally omitted.

In their original paper BH also remark that their results provide a procedure
for choosing T, for numerical results. One can calculate the temperature at which
M = (1/aN)Y'® corresponding to Keg = 2/7. This locates T* and, following from
(2.80) and the fact that Tkr is 0.898 [79], also defines T,. Furthermore, as a test
of consistency between systems of different size, one may calculate the constant
¢ from Equation (2.80)). Using this procedure for the system of size N = 1024
yields T* = 0.943, T, = 1.078 and ¢ = 2.48. This is in good agreement with a

JKosterlitz [62] and Gupta [79)] estimate values of ¢ = 2.1 and ¢ = 2.35, respectively. Given the
difference between the Monte Carlo result of Tkt = 0.898 and the RG result of Tkt = 1.35 the ¢
values quoted in the main text are derived from the data through Equation (2.80) and multiplied
by a factor of 0.898/1.35.
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Figure 2.19: Left: Monte Carlo magnetisation versus temperature curves for a system of N = 1024
(circles) and N = 10* (triangles) [44]. T* and T are marked for each curve, with T, > T*. Right:
Logarithmic plot of the same data. The lines are of slope 3 ~ 372/128.

pragmatic choice of T, to give the best power law behaviour. For N = 10%, an
identical analysis gives a similar sort of agreement, with ¢ = 2.2.

It is somewhat ironic that the characteristic feature of 2dXY behaviour in
magnets should be the magnetisation, the very property that is precluded by the
Mermin-Wagner theorem. Figure 2.20 shows data from Monte Carlo simulations

of the 2dXY model and a related model given by the Hamiltonian

H=-J)Y_ [1 — %(oi — 9, — 2mn)?|, (2.82)
(6,5}

where n = 0, £1 is an integer chosen so that (6; — 6; — 27n) lies between +x. This
model, referred to as the Harmonic XY (HXY) model, has the advantage over the
true XY Hamiltonian (2.62) that it only allows for harmonic spin waves and vortex
pairs as excitations, and furthermore has them decoupled. As a consequence its
low temperature behaviour closely matches that of the spin wave prediction (2.65),
only deviating to a ‘8 ~ 0.23’ regime once vortices become relevant. The 2dXY
model (2.62), on the other hand, has a slightly more complex behaviour due to the
inclusion of anharmonic terms in the cosine interaction. These reduce the vortex
pair fugacity, and consequently reduce both the temperature scale over which the
scaling behaviour takes place and the absolute value of Txt. The anharmonic terms

also cause the magnetisation to fall below that of the spin wave curve at relatively
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Figure 2.20: Magnetisation versus temperature curves for the HXY model (full circles) and the
2dXY model (empty circles). The dashed curve is the spin wave result of Equation (2.65). The
solid curves show, in each case, the fit to the scaling behaviour, with exponent 372/128. After
Bramwell and Holdsworth [78].

low temperature, even in the absence of vortex pairs. Thus, with increasing tem-
perature the 2dXY model passes through four different regimes [78]: a linear spin
wave regime, an anharmonic spin wave regime, a scaling regirhe with 8 ~ 0.23, and
a regime of finite sized rounding. The conclusion drawn from the work of BH is
that only the scaling regime is universal, and that its behaviour acts as a signature

of 2dXY behaviour in experiment.
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Chapter 3

Aims and Objectives of the
Present Work

In two dimensions there are relatively few symmetries possible, and hence few
universality classes. Those one might expect to observe include the Ising, XY, XYh,
(where h, indicates the presence of a p-fold symmetric crystal field, as described
by Equation (5.14)), Potts [80] and dipolar [81,82] classes. The aim of this work
is to investigate the incidence and signatures of these universality classes in real
systems.

The first step in doing so is to analyse the properties of known experimental
systems, and ascertain whether or not a pattern is present in their critical be-
haviour. The relevant experimental literature is therefore surveyed in Chapter 4.
An exhaustive survey is presented, and the information reported for each system
includes the transition temperature, critical exponents, nature of the order present
and experimental technique used to probe the system. The order parameter criti-
cal exponent 3 is of particular interest, since this is found to act as a signature of
the universality class to which any given system belongs, although where there is
ambiguity, other exponents are also considered. In this way, a classification scheme
is constructed.

The majority of two-dimensional systems are placed in either the Ising or XY
universality class, depending on the presence of either uniaxial or planar spin

anisotropy. The Potts classes are observed to be absent for magnetic systems,
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though they are observable in non-magnetic systems. Surprisingly, the XYh,
(p > 2) class also appears to be absent, and the central purpose of this work
is to understand this peculiar fact. In particular, the influence of quadratic crystal
fields is not at all evident, despite the fact that tetragonal symmetry is common
in the systems considered. José et al. [68] have predicted non-universal critical
behaviour for the XYhs model, and the question as to what the precise values of
the critical exponents are in this case is examined in Chapter 5. Finally, one may
ask what the influence of long range interactions is in two dimensions, especially

those of the dipolar type. This question is addressed in Chapter 6.
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Chapter 4

Survey and Classification of

Experimental Data

The purpose of this chapter is to survey the experimental realisations of two-
dimensional systems. The focus is primarily on ultrathin film magnets and layered
bulk materials, although other non-magnetic systems are also considered. The

systems are classified according to their critical behaviour.

4.1 Universality in Two-Dimensional Magnetic
Systems

The onset of spontaneous order in two-dimensional systems with continuous spin
symmetry is precluded by the Mermin-Wagner theorem [1], which rigorously proves
the validity of Bloch’s argument [83] with regard to spin waves destroying long range
order in the thermodynamic limit. In real two-dimensional magnets, however,
spontaneous order is stabilised by perturbations to the Heisenberg Hamiltonian.
For example, the single ion anisotropy arising from spin-orbit coupling can destroy
rotational spin invariance in such a way that it induces a crossover to behaviour of
the Ising universality class [84,85].

In fact, the only way a true second order phase transition can occur in two
dimensions is if it belongs to the Ising universality class. However, it was shown

in the previous chapter that spontaneous order can arise naturally in the 2dXY
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Figure 4.1: Histograms of § values in two-dimensional magnets.

model [77], provided macroscopically large, albeit finite systems are considered.
In this case the temperature dependence of the magnetisation is dictated by an
effective critical exponent with a value § = % ~ (.231, independent of system
size. The range of reduced temperature t = (1 — T)/T,) over which 3 is close to
this value is non-universal, indeed it is zero in the thermodynamic limit where BH
theory [77] smoothly passes over to KT theory [61]. Nonetheless, Monte Carlo
data lie close to the theoretical value for 0.03 < ¢ < 0.4 (see Figure 2.19), which is
typically in the same range as experimental observations for the materials discussed
in this chapter.

Thus, the key experiment on two-dimensional systems is to test the existence
and temperature dependence of an order parameter m(7"). This quantity is nearly
always found to approximate, over a certain range of temperatures, to a power
law m ~ (T. — T)P, where T, is the transition temperature. In Figure 4.1 and
in Tables 4.1 and 4.2, an extended set of recorded values for the exponent /3 is
collected for two-dimensional magnets. As observed previously on a more limited
data sets [86,87], it is noticeable that the distribution of values of 3 is bimodal, with
strong peaks at 3 = 0.12 and 8 = 0.23, which bound the distribution. The peak
values compare well with 3 = 1/8, the critical exponent of the Ising model [14,88],

and 3 ~ 0.23, observed in systems with planar spin symmetry.
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Figure 4.2: Illustration of a layered magnet. The 2d layers have an intralayer coupling J, whereas
adjacent layers are coupled by an interlayer coupling J' < J.

The purpose of this survey is to provide an up to date and exhaustive list of
experimental two-dimensional systems. Although £ is the property of most interest,
the behaviour of other thermodynamic properties is also reported for each system.
This allows an unequivocal classification of each system according to its critical
behaviour. It is on the basis of these experimental observations that the models

discussed in the subsequent chapters are put forward.

4.1.1 Layered Magnets

Historically, the first two-dimensional systems to be studied were layered magnets
such as KyCoF, [89]. These are characterised by a quasi two-dimensional magnetic
structure in which the inter-layer coupling J’ is orders of magnitude weaker than the
intralayer coupling J, as depicted in Figure 4.2. Such bulk systems lend themselves
well to investigation by neutron scattering techniques, and detailed information on
their ground state magnetic structure as well as their magnetic properties as a
function of external magnetic field and temperature was accessible.

Given the developments in the theory of critical phenomena occurring in the
early 1970s [27], there was also an effort to measure the critical exponents of these
systems in order to classify them into so-called universality classes. For example,
KoCoF4 was found to have exponents in agreement with those predicted for the
2d Ising model [89]. On the other hand there were other substances, such as EuS
and EuO [39], which were found to display exponents consistent with the three-
dimensional models. However there were a number of compounds, such as KoCuF4,

which displayed unexpected critical behaviour which seemingly did not belong to
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any known universality class. Their magnetisation critical exponent 3 ~ 0.23,
being roughly intermediate between the 2d Ising value of 1/8 and the 3d value of
~ 1/3, was explained by de Jongh and Miedema [90] in terms of “a smeared-out
transition range, taking into account that they [the critical exponents| have been
determined in a relatively high range of the relative temperature (¢ > 0.01)”2. With
hindsight these systems are recognisable as belonging to an effective universality
class of their own, associated with the 2dXY model on a finite lattice.

In layered magnets the interlayer exchange J’ represents the most important
perturbation. The ratio of J' to the nearest-neighbour exchange J is typically of
order ~ 1073 — 10™* and is sufficient to induce three-dimensional order, with an
asymptotic value of 3 close to either the 3d Ising or 3d Heisenberg values, 0.327 [91]
and 0.369 [42] respectively. However, the range over which this critical behaviour
is observed is generally very small, and below T there is a crossover to a regime,
usually at a reduced temperature ¢t ~ 0.01, which may be understood in terms of
finite size 2d behaviour. Only fluctuations on length scales less than the order of
L = \/; are two-dimensional [92, 93], which implies that when the correlation
length £ is less than L.g, J' is irrelevant and two-dimensional behaviour occurs.
An experimental example of this crossover in barium nickel phosphate is shown in
Figure 4.3. -

Table 4.1 lists the magnetisation critical exponents measured from all the lay-
ered ferromagnets (FMs) and antiferromagnets (AFMs) found in an extensive lit-
erature survey. The range of reduced temperature over which they were measured
is also reported along with the transition temperatures of the materials. The accu-
racy of the measured values for [ is largely limited by the experimental technique
employed: powder neutron diffraction (PND) is generally less accurate than single
crystal neutron diffraction (SCND), for example. As discussed above, it is notice-
able that the distribution of values of 3 is not random. One group of compounds,
with 8 ~ 0.13, is associated with the 2d Ising model, whilst the other group, with
B ~ 0.23, is associated with the 2dXY model.

Nonetheless, a number of materials fall outside of this classification scheme:
those with 3 > 0.23, and those with 0.125 < § < 0.23. The former can be explained

See page 1059 of de Jongh and Miedema [90)].
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Figure 4.3: Temperature dependence of the magnetic Bragg peak [1,0,2] of BaNiy(POy),. The
abrupt crossover from 2dXY behaviour (3 = 0.23) to 3d behaviour (8 = 0.33) at T ~ 0.9Tx is
noteworthy. After Regnault et al. [94].

as being intermediate between 2d and 3d behaviour. For example, RbyCrCl3Br [95]
is known to possess stronger interlayer coupling than RbyCrCly [96], and conse-
quently has a larger 3 value. The latter are often ascribed to the Ising model
with a non-universal correction, possibly due to long range interactions. It will
be demonstrated in Chapter 5 that these intermediate materials may in fact be

accounted for through another crossover mechanism.

Table 4.1: List of 2d critical exponents 8 for 54 compounds, mostly measured by neu-
tron diffraction. For more information on the experimental techniques adopted on each sys-
tem, see main text. Fo = (HCO;), chdc = trans-1,4-cyclohexanedicarboxylate, CSDAB =
CO4(SO4)(OH)6(05N2H12)0_5-HQO, CSEN = CO4(SO4)(OH)6(CQN2H3)0_5-3H20, 5CAP = 2-
amino-5-chloropyridinium.

System 8 t range T. (K) Reference Description
Rb,CoF4 0.119(8) 1-10-1-2.10%  102.96 [97] AFM
ErBa;CusO; 0.122(4)  0.11-1-107%  0.618 (98] AFM
K>CoF4 0.123(8) 1-107'-8-107% 107.85 [89] AFM
BaNij(AsOy)o 0.135 3-1071-1.10"2  19.2 94] AFM
BayFeFg 0.135(3) 7-107'-4-10"% 47.96(4) [99] AFM

Continued on next page
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Table 4.1 — continued from previous page

System 8 t range T. (K)  Reference Description
K2NiF, 0.138(4) 2-107'-3-107*  97.23 [100] AFM
K3MnyF;, 0.154(6) 1-107'-1.10"% 58.3(2) [101] AFM
RboMnCly (B < 5.8 T)*  0.15(1) 1-1071-1.10"3 54 [102,103) AFM
K;MnF4 0.15(1) 1-1071-1-10"% 42.14 [104] AFM
KoFeF, 0.15(1) - 63.0(3) [105] AFM
RbsMnF4 0.16(2) 1-107!-3.-107® 384 [100] AFM
Pb,SrThCuz0gt 0.165(5) - 5.30(2) [106] AFM
BaFeF, 0.17  3-107'-1.1072 [90] AFM
Cr2SisTeg 0.17(1) 6-107'-3-107%2 32.1(1) [107] FM
CsDy(MoOy), 0.17(1) - 1.36 [108] AFM
CoCl; - 6H,0 0.18 4-107'-4.1072  2.29 [90] AFM
MnC3H7PO3 - H20 0.18(1) 4-107'-1-1072 ~ 15 [109] FM
MnC4HyPOj3 - Ho0 0.18(1) 4-107'-2-1072 ~ 15 [109] FM
KFeF, 0.185(5) 3-107'-1-10"2 137.2(1) [90,110] AFM
Fe(NCS),(pyrazine),! 0.19(2) 2-1071-3.1072 6.8 [111] AFM
RbgFeFy 0.2 3-1001-2.10%  56.3 [100] AFM
LazCo0y4 0.20(2) - 274.7(6) [112] AFM
CSDAB# 0.20(4) 7-107'—4.10"2 21 [113] AFM
MnC,HsPO3 - H,0 021(2) 6-1071-9-1072 ~ 15 [109] AFM
NH4MnPO, - H,Of 0.21(3) 8-107'-2.1072 17.5(1) [109,114] AFM
K,CuF, 0.22 3-1071-3.1072 6.25 [115] FM
CuFos - 4D50 0.22(2) 5-1071-5-1072  16.72 [116] AFM
CuFoz-CO(ND3)2-2D,O  0.22(1) 4-107'-1-10"%  15.31 [116] AFM
Tanol suberate 022 7-1071-2.1072 0.7 [117] FM
SrCu0,Cly 0.22(1) 2-107'-1-10"2 265.5(5) [118] AFM
LayNiOy4 0.22(2) 8-1072-2-10"3 327.5(5) [119] AFM
CSEN#$ 0.22(2) 7-1071-3.1072 14 [113] AFM
BaNiy(POy), 023  3-1071-2.10"2 23.5(5) (94] AFM
Cu(DCO3); - 4D,0 0.23(1) t>6-10"2 16.54(5) [120] AFM
MnFo, - 2H,0 0.23(1) 4-1071-4.10"2 3.6 [121] AFM
Rb,CrCly 0.230(2) 2-107'-1-10"2 523 [96] FM
Gd2CuOy4 0.23 7-1071-3-1073 6.4 (122] AFM
(CeHsCH,NH3)2CrBry 023  7-107'-1-10"! 52.0(1) [123] FM
KMnPO, - H,O' 0.23(2) t>9-1002 ~15 [109] AFM
(CH3NH3)2MnCly 0.23(2) 1-1072-1-10"%  44.75 [124] FM
ErCl; 0.23(2) 4-107'-1-10"2 0.350(5) [125] AFM

Continued on next page
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Table 4.1 — continued from previous page

System B t range Tc (K) Reference Description
(de-5CAP)2CuBry 0.23(4) 4-1072-6-10"% 5.18(1) [126] AFM
LizVOSiOy4 0.235(9) 4-107'-2.10"2  2.85 [127] AFM
LiaVOGeOy4 0.236 - 1.95 [128] AFM
Lag.04Sr2.96Mn207 0.24(2) - 145.0(5) [129] AFM
Lag 525511.475MnOy4 0.24(3) - 110(1) [130] AFM
RbFeF, 0.245(5) 6-1071-1.10"2  133(2) [90] AFM
MnPS3 0.25(1) t>3-1072 78.6 [131,132] AFM
Cos(OH)g(chdc) - 4H,0F  0.25(3) - 60.5 [133] FM
YBayCu306.» 0.26(1) 5-1072-5-10"3 410 [134] AFM
RboMnCly (B > 5.8 T)*  0.26(1) 1-107'-2.1073 54 [102,103] AFM
Rb,CrCl3Br! 0.26(1) 9-107'-1-.1072 55 [95,135] FM
RbyCrCloBrof 0.26(1) 9-107!-3.1072 57 [95,135) FM
KMnF,! 0.26(1) 3-107'-3-107%2  5.2(1) (136] AFM
RbMnF,! 0.26(1) 3-107'-3-107%2  3.7(1) [136] AFM

Temperature Dependence of Magnetic Order in Selected Systems

The antiferromagnetic and ferromagnetic layer-type compounds gathered in Table
4.1 display a wide range of experimental properties which merit further consid-
eration. Many of these materials have been discussed in previous books and re-
views [90, 137], consequently only the most salient facts shall be reported, with a

bias towards 2dXY and recently discovered systems.

Inorganic Magnets

The most common source of quasi two-dimensional layered magnets are systems
with the formula A;BX,, where A is a non magnetic cation of single charge, B is a
doubly charged magnetic cation and X is a halide anion. The crystal structure of

such compounds is tetragonal and the magnetic ions reside on a square lattice in two

*RbaMnCly undergoes a spin-flop transition in an external magnetic field.
Studied by powder neutron diffraction, hence the large degree of uncertainty in 8.
fMolecular magnet.

$CSDAB and CSEN undergo a metamagnetic transition in a critical field.
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Figure 4.4: Tetragonal crystal structure of KoNiFy. The large distance between the Ni layers
gives rise to a quasi 2d magnetic structure. After Birgeneau et al. [100].

dimensions. A typical material is KoNiF, (see Figure 4.4), indeed these systems are
often said to have the KoNiFy structure. It is noteworthy that high temperature
superconductors based on doped copper oxides LasCuQy4 also have the KoNiF,
structure. It is thought that low dimensionality, combined with the proximity
to a Mott insulating phase, is crucial in causing doped materials to display this
fundamentally different behaviour not explicable in terms of conventional metal
physics [138,139]. However, it will become clear as this discussion progresses that
materials displaying 2d magnetic properties are not confined to being only KoNiF,-

like, and that their structures may be surprisingly varied.

Rby;CoF, and K,CoF, The critical behaviour of these antiferromagnets has
been investigated by single crystal neutron diffraction experiments (SCND) by
Samuelsen [97] (RbeCoF4) and Ikeda and Hirakawa [89] (K2CoFy). In both cases
the evidence strongly suggests a pronounced two-dimensional Ising nature. The
data measured from rubidium cobalt fluoride is of particularly high quality. The

sublattice magnetisation determined from the magnetic scattering intensity clearly
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Figure 4.5: The critical behaviour of the order parameter of KoCoF4 is clearly of two-dimensional
Ising nature over a wide temperature range. After Ikeda and Hirakawa [89).

obeys the Onsager solution for the 2d Ising model over a wide range of tempera-
tures, as shown in Figure 4.5. The least squares fitted value of Bfor1-1071 >t >
8-107* is 0.123(8) which is in excellent agreement with theory. The determined
values for v, v and 7 are 0.97(5), 1.71(4) and 0.2(1), respectively, and are in good
agreement with the theoretically expected values of 1.0, 1.75 an 0.25. No evidence
of crossover to three-dimensional behaviour is found for either system, suggesting

the 3d region is very narrow.

ErBa;Cu;O; The magnetic order of the erbium ions in this superconducting
compound has been studied by SCND by Lynn et al. [98]. Both above and below
the Néel temperature there is evidence that the magnetic interactions are highly
anisotropic, and the temperature dependence of the order parameter below Ty is
in excellent agreement with the 2d Ising model, despite the presence of the long
range dipolar interactions associated with erbium. Indeed, the authors note that

their data is very similar to the prototypical 2d Ising system K,CoF,. Numerical
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simulations by De’Bell and Whitehead [140] confirms that the behaviour of the 2d
Ising antiferromagnet remains virtually unaffected by the dipolar interaction (see
Section 6.2.3).

BaNiy(AsO,)s The magnetic properties of BaNiy(AsOy), are summarised by
Regnault and Rossat-Mignod [94]. The system is based on a layered honeycomb
lattice and elastic neutron scattering experiments confirm antiferromagnetic order-
ing below Ty = 18.7(3) K, with a significant degree of frustration arising. The
temperature dependence of the order parameter is consistent with the 2d Ising
model, with a critical exponent fJoq =~ 0.135 in the reduced temperature region
3-107 >t > 1-1072. Closer to Ty = 18.7(3) K there is a crossover to three-
dimensional behaviour, with G334 ~ 0.33. Whilst the 2d Ising nature of the system
is corroborated by the obtained values for v and 7, there is some contradictory ev-
idence, particularly with regards to the behaviour of the low temperature specific
heat, which suggests Kawamura’s theory for frustrated triangular antiferromagnets
may be relevant [141,142].

BayFeFs Brennan and co-workers [99] have used the Mdssbauer effect to measure
the critical behaviour of the layered antiferromagnet BasFeFg. They measure an

exponent 3 = 0.135(3) over a temperature range 7-107! > ¢ > 4-1073.

K;NiF; The SCND study by Birgeneau et al. [100] of KsNiF, and its two isostruc-
tural compounds RboMnF4 and RbyFeF, (both described below) represents a wa-
tershed in the study of low dimensional magnetism. In all three compounds the
diffuse scattering above the phase transition takes the form of a ridge rather than
a peak, giving the first piece of concrete evidence for two-dimensional nature of the
magnetism in such systems. The sublattice magnetisation measurements made on
KyNiF, yield 8 = 0.138(4) in the temperature region 2-107! > ¢ > 3-107%, with
Tnx =97.23 K.

K;Mn,F; The magnetic structure elucidated by SCND of KszMnyF; consists

of a double-layer with nearest neighbour Heisenberg interactions that are weakly
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Figure 4.6: Field-dependent critical behaviour of RboMnCly. The dashed lines represent fits to
power laws, with g = 0.15(1) (8 = 0.26(1)) below (above) B = 5.8 T. After van de Kamp et
al. [103).

anisotropic [101]. At Ty = 58.3(2) K the system exhibits a second order phase tran-
sition to antiferromagnetic order. As one might expect, there is strong evidence
that the paired magnetic layers interfere strongly with each other. The critical
behaviour in the vicinity of Ty is comparable to that of the the single layer systems
such as KyNiF,, and does not differ substantially from exact two-dimensional Ising

results.

Rb;MnCl; SCND experiments by van de Kamp et al. [103] have shown that an
applied external magnetic field can induce a spin flop from Ising to XY behaviour in
the weakly anisotropic Heisenberg antiferromagnet RbosMnCly. As is clear in Figure
4.6, below B = 5.8 T a critical exponent of § = 0.15(1) is measured, whereas above
B =0.26(1).

KsMnF, and RboMnF, Potassium manganese fluoride and its rubidium ana-
logue have been extensively studied using SCND by a number of authors. RbyMnF,

was found to have two distinct magnetic phases with identical ordering within the
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plane but different stacking arrangements [100]. Within experimental error, both
phases were found to have identical transition temperatures and follow a power law
t? with 3 = 0.16(2), within the temperature range 1-107! > ¢ > 3.1073.

KoMnF4 was the subject of two separate studies, the results of which are largely
in agreement with each other and with the observed behaviour in other quadratic
layered antiferromagnets. There were, however, two important differences. Firstly,
Ikeda and Hirakawa (IH) [143] observed two distinct 3d magnetic phases as in
RbyMnFy, but in their case with very different Néel temperatures, suggesting the
3d coupling is quite different for the two phases. Birgeneau et al. [100], on the other
hand, observe no evidence of a second phase. Secondly, the two research groups
find contrasting behaviours for the sublattice magnetisation in the vicinity of Ty.
Whereas IH report a changeover from 2d to 3d critical behaviour at t = 5-1073,
with # = 0.15(1), Birgeneau and co-workers find a single exponent 3 = 0.15(1) over
the range 3-107! > ¢ > 6-10~%. The Birgeneau group discuss the effects of the
distribution of the Néel temperatures on neutron order parameter determinations,
and make a convicing argument that the crossover observed by IH can be accounted

for on this basis.

K.FeF, and Rb,FeF, Thurlings et al. [105] have carried out a detailed exam-
ination of the quadratic-layer antiferromagnet KsFeF, by SCND. They observe a
phase transition at Ty = 63.0(3) K, and measure critical exponents 8 = 0.15(1),
v = 1.5(5) and v = 0.9(2), which are comparable with experimental findings in
other quadratic layer systems. This system is considered in more detail in Section
5.3, since it will be argued it represents an experimental example of non-universal
exponents occurring as a result of a crossover from 2dXY to 2d Ising behaviour
due to the presence of four-fold crystal fields.

RbyFeF 4 has been found to have a rather high order parameter critical exponent,
B =~ 0.2 over the temperature range 3-107! > ¢ > 2.1072? [100]. Whilst this
confirms the 2d nature of the material, it appears to rule out the relevance of the
2d Ising model. However, it should be noted that the slope of logm against logt
increases rapidly as the phase transition is approached. This change may arise

from extraneous effects such as the distribution of the Néel temperatures or from a
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fundamental change in the critical behaviour due to a crossover to the 3d regime.

Pb,SryTbCuz;Og  Wu and co-workers [106] have carried out a powder neutron
diffraction (PND) study of Pb,ySroTbCu3Os and have found the magnetic correla-
tions to be predominantly 2d in nature. Whilst the value obtained for the critical
exponent of the correlation length v = 1.00(5) agrees very well with the 2d Ising
theoretical prediction, there is a significant departure for the magnetisation, with
B = 0.165(5). Given the polycrystalline nature of the powder sample examined,
one might expect a refinement of this estimate by studying a single crystal. The

presence of a strong dipolar interaction may also be relevant.

Cr,Si;Tes The lamellar compound CrySisTeg represents the first realisation of a
quasi 2d Ising ferromagnet [107]. SCND experiments have allowed close examina-
tion of the thermal evolution of the order parameter and reveal a critical exponent

B ~ 0.17, which is claimed to be comparable to the 2d Ising theoretical prediction.

CsDy(MoQy), An approximate magnetic structure for this quasi two-dimensional
antiferromagnet has been determined by neutron diffraction by Khatsko et al. [108].
In the ordered phase the order parameter critical exponent, the correlation length
exponent and the staggered susceptibility index were measured as § = 0.17(1),
v = 0.94(7) and v = 1.01(4), respectively. Although two-dimensional behaviour is
apparent, there are clear deviations from the simple 2d Ising model. The authors
suggest the strong nature of the dipole-dipole interactions between the dysprosium
atoms may be relevant. One may remark here that compounds of general formula
MR(MoQy)s (M = rare-earth, M = alkali metal), crystallise in a variety of layered
structures and have hitherto received little attention by neutron diffraction tech-
niques. These materials, sometimes referred to as double rare-earth molybdenates

(DRMs), are worthy of further consideration as 2d magnetic systems.

MnC,H,41)PO3-H;0, n=2—4 The magnetisation critical exponent 3 for the
weakly ferromagnetic layer compounds MnC,, H2y,4+1)PO3 - HyO have been measured
by bulk magnetometry for n = 2 —4 by Carling et al. [109]. In all three compounds
crossovers were observed in 3 as follows (81, 8;): 0.21(2), 0.73(2) (n = 2), 0.18(1),
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0.42(6) (n = 3) and 0.18(1), 0.6(2) (n = 4). Varying the chain length of the
alkyl group leads to a variation of the interlayer spacing, and it is found that with
increasing magnetic layer spacing the crossover occurs at decreasing values of the
reduced temperature t. Whilst the (3, values are considerably bigger than typical
3d values of ~ 0.33, they seem likely to represent a departure from 2d magnetic
correlations. The [; values appear to tend to the 0.23 value predicted by 2dXY
theory.

La;CoO, SCND measurements carried out by Yamada et al. [112] on this KoNiF,-
like material reveal an order parameter critical exponent § = 0.20(2). Coupled with
evidence from susceptibility measurements that suggests the spins possess an XY

anisotropy, it seems likely this system belongs to the 2dXY class.

NH,MnPO,-H;0 and KMnPO,-H;O In a study related to their work on
the manganese alkylphophonate hydrates described above, Carling et al. [114] have
measured by magnetometry and PND measurements the critical exponents of the
magnetisation below Ty for the 2d canted antiferromagnets MMnPO, - H,O (M =
K, NH4 and NDy,). In all three cases a change in the value of the critical exponent
B is observed which is attributed to a crossover in dimensionality from 2d to 3d.

The values approaching 3 = 0.23 in the 2d regime suggest a 2dXY-like nature.

K>,CuF4 The magnetic properties of this insulating Heisenberg ferromagnet have
been studied by Hirakawa and Ikeda by SCND [115]. Despite a very weak (< 1%)
XY anisotropy, KoCuF, displays all the features of a 2dXY system. The two-
dimensional nature of the compound is supported by the observation of strong
paramagnetic diffuse scattering in the form of a ridge near T, = 6.25 K. The
ratio of intra- and interlayer exchange is determined as J’/J = 0.00066. Despite
having the same crystal structure as KsNiFy, the material displays a quite different
critical behaviour in the magnetisation, with foq = 0.22 over the range 3-107! >
t > 3-1072 (see Figure 4.7), followed by a crossover to typical 3d critical behaviour
with B34 = 0.33(3) in the range 2-1072 > ¢ > 1-1073. Further investigation [144]
by measuring the critical parameters §(T"), x(T), £(T) and n(T) confirmed the

Kosterlitz-Thouless nature of the observed transition.
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Figure 4.7: Magnetisation as a function of temperature for KoCuFy4. After Hirakawa and
Tkeda [115].

CuFo;-4D,0 and CuFo,-CO(NDy);:2D;0 These S = 1/2 square Heisen-
berg antiferromagnets were first studied by Koyama et al using proton NMR
techniques [116]. Copper formate tetradeuterate (CFTD) was found to crossover
from Boq = 0.22 for t > 5-1072 to Bs3q = 0.30 for t < 5~‘10_2, whereas copper
formate urea dihydrate (CFUTD) was found to exhibit a single power law with
B = 0.22. This difference in behaviour is likely to be due to the interplane interac-
tion J' in CFTD being about 20 times larger than that for CFUTD. A later SCND
study by Clarke et al. [120] on the fully deuterated analogue of copper formate
tetrahydrate, Cu(DCO,), - 4D50, confirmed the crossover in 3 observed in CFTD.
Koyama et al. interpreted their smaller exponent value as evidence for the chiral
universality class proposed by Kawamura [141] to exist in canted Heisenberg ferro-
and antiferromagnets. However, it is not clear there is any canting in the magnetic
ground state of CFTD with no external applied magnetic field. Furthermore the
canting that has been suggested to be present is not thought to give rise to Kawa-
mura’s chiral universality class [120]. Thus, despite the extremely weak anisotropy

present, it would appear the critical behaviour of these systems is 2dXY-like.
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Sro,CuQ,Cl, and La;NiO; The lanthanum copper oxide analogues LasNiOy4
and SroCuO,Cly are very good approximations to the S = 1/2 and S = 1 square
Heisenberg antiferromagnets, respectively. In a series of single crystal neutron
diffraction studies [118,119], Birgeneau and co-workers measure, amongst other
things, the critical behaviour of the order parameter of these systems. In both cases
8 = 0.22, and to account for this the authors suggest two possibilities: either it
may indicate finite size two-dimensional XY behaviour or it may reflect tricriticality
as outlined by Thio and Aharony in the case of La,CuO4 [145]. How one might
go about distinguishing experimentally between these two theories is discussed in
Section 4.1.2, but it is worth making a couple of remarks on SroCuQ,Cl, here.
Firstly, the mean field theory discussed by Thio and Aharony [145] explicitly
includes the Dzyaloshinskii-Moriya (DM) anisotropic exchange interaction given by
Equation (1.27) [146,147], which is allowed in the spin Hamiltonian of La;CuQOy as
a result of a distortion from tetragonal to orthorombic symmetry occurring at low
temperature. There is no evidence of such a distortion in SroCuO2Cl, [148,149],
and hence no reason to believe the DM interaction should be relevant, thus refuting
the mean field tricritical explanation in this context. Secondly, the behaviour of
the correlation length £ as a function of temperature is impressively accounted for
by two-dimensional non-linear sigma model, and not by KT theory (c.f. Equation
(2.71)) [150]. Consequently this material is by no means an ideal 2dXY magnet,
either. Nonetheless, it is noteworthy that 2dXY critical behaviour has been shown

to persist in systems with very small XY spin anisotropy [151].

BaNiy(PO,); The magnetic properties of this honeycomb layered material are
summarised in reference [94]. Elastic neutron scattering data confirm antiferro-
magnetic ordering below Ty = 23.5(5) K and the XY anisotropy of the spins. The
temperature dependence of the staggered magnetisation derived from the mag-
netic peak intensities is shown in Figure 4.3, and a crossover from (g ~ 0.23
to (3q =~ 0.33 is clearly observable, suggesting this system belongs to the 2dXY
class. An analogue of this material, BaNiy(VOy)2, has also been studied recently
by SCND [152] and electron spin resonance (ESR) [153], and has been found to
display characteristics compatible with the 2dXY model.
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MnFo,-2H;0 This Heisenberg antiferromagnet was first studied using SCND
by Skalyo et al. [121] who observed a sublattice magnetisation varying according
to a power law with 3 = 0.23(1) over the temperature range 4-107! > ¢ > 4-1072.
In a subsequent study Matsuura et al. [154] confirmed this by neutron and magne-
tometry techniques, and in addition found that below 0.98 Ty = 1.7(1) K there is

a crossover to three-dimensional behaviour with G334 = 0.31.

Rb,CrCly, Rb,CrCl3;Br and Rb;CrCl;Br; The ionic ferromagnet RbyCrCly
was studied in depth by Als-Nielsen et al. [96] using SCND and represents the
first experimental system compellingly found to be described in its entirety by the
2dXY model. The material is characterised by a layered structure with a very
weak 3d exchange coupling (J'/J ~ 107*), which explains why two-dimensional
fluctuations remain dominant up to a surprisingly high temperatures. The consis-
tency of the data within the framework of KT and BH theory is impressive. In
particular, the authors were able to locate the three distinct temperatures T¢., Tk
and 7™, and measure the critical behaviour of the magnetisation. In two sepa-
rate experiments this was found to take the 2dXY value B9 ~ 0.23 in the region
2:1071 > ¢t > 1-10"2 and a 3d value 334 ~ 0.33 in the region 1- 1072 > ¢ > 5-10~%.
Furthermore the correlation length was found to scale with temperature according
to the Kosterlitz expression (2.71), as shown in Figure 4.8.

In addition to RbyCrCly, SCND and bulk magnetometry measurements have
also been made on its structural analogues RbyCrCl3Br and RbyCrClyBr, [95,135].
For RbyCrClsBr 3 was found to be 0.26(1), whereas for RbyCrClyBry an abrupt

crossover was observed from 0.26(1) to 0.41(3) as T, is approached.

Gd,CuO4 SCND measurements on this compound suggest magnetic ordering of
gadolinium below Ty = 6.4 K, with a magnetic structure consisting of ferromag-
netic planes stacked antiferromagnetically [122]. The sublattice magnetisation was
found to obey a power law with a critical index 8 = 0.234(9). Following a more
recent investigation using dc magnetisation techniques [155], it appears that weak
ferromagnetism occurs as a result of a canting of the Cu moments from the ideal
antiferromagnetic structure. In this other study the magnetisation critical expo-

nent was found to crossover from fzq = 0.34(1) to Boq = 0.19 further away from the
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Figure 4.8: Temperature dependence of the inverse correlation length k of RbyCrCly, fitted to
the inverse of expression (2.71). After Als-Nielsen et al. [96].

critical temperature, in a manner that is qualitatively consistent with the 2dXY
picture.

(CeHsCH,;NH3),CrBry This two-dimensional ionic ferromagnet has been inves-
tigated using ac magnetic susceptibility measurements [123]. The critical behaviour
of the magnetisation was reported as 3 = 0.23 in the range 7-107! > ¢ > 1-107,
with T, = 52.0(1) K. As the critical temperature is approached, a change over to

a larger value of 3 was observed, suggesting a crossover from 2d to 3d behaviour.

(CH3NH;)>MnCl; A crossover in 3 from 0.17 to 0.23 has been reported for this
square-layered material, as the critical temperature is approached [124]. Further

investigation is desireable in order to account for these perplexing measurements.

ErCl; Single crystal neutron diffraction measurements on the honeycomb layer
material ErCls have revealed triangular antiferromagnetic order [125] below Ty =

350 mK. From the temperature dependence of the integrated neutron magnetic
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peak intensity a critical exponent 3 = 0.23(2) was derived for the magnetic phase
transition, over the temperature range 4-10~! > ¢ > 1.1072. Whilst this sys-
tem bears a number of similarities with other 2dXY honeycomb systems such as
BaNiy(PQOy)s, the potential relevance of Kawamura’s theory for Heisenberg anti-

ferromagnets on triangular lattices has so far not been established.

Li,VOSiO, and Li;,VOGeO, Vanadates such as Li;VOSiO4 and Li;VOGeOy4
represent prototypes of frustrated two-dimensional S = 1/2 antiferromagnets on a
square lattice [128]. Their phase diagrams are characteristically complex as their
low dimensionality and low spin values give rise to an enhancement of quantum fluc-
tuations. The temperature dependence of the sublattice magnetisations measured
by muon spin rotation (uSR) techniques for both these systems obey a power law
with a critical exponent 3 ~ 0.236. The close agreement with the 2dXY prediction
suggests that the 3d ordering is onset by the divergence of the in-plane correlations
caused by a small XY anisotropy. This is consistent with a recent quantum Monte
Carlo study in which it was shown that 2dXY critical behaviour persists even in

the presence very small spin anisotropy [151].

Lag 04Sr96MnyO; The double layered manganites Lag_9,Sr1 42, MnyO5 (04 <
z < 1) have been the subject of much interest in recent years [156,157], as under
specific doping conditions they display Colossal Magneto Resistance (CMR)P. A
1SR study investigating the local magnetic structure of these systems by Coldea
et al. [129] has revealed a transition temperature Ty = 145.0(5) K and a critical
index # = 0.24(2) for the z = 0.98 compound, in agreement with previous neutron

powder diffraction measurements [158].

Lag 525511 47:MnQO4  The single layered manganite La;_,Sr;,,MnOy (0 < z <
0.7) has also been studied by single crystal x-ray and neutron scattering tech-
niques [130]. For z = 0.475, 2dXY critical behaviour was observed, with g =
0.24(3).

PCMR is a property which is characterised by extremely large changes in electrical response
to an applied magnetic field, and is observed in many manganese-based perovskite oxides. It has
a large technological potential for the development of magnetic memory and switching devices.
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Figure 4.9: Temperature dependence of the correlation length £ of MnPS3, fitted to expression
(2.71). After Rgnnow et al. [131].

MnPS; The 2d S = 5/2 honeycomb antiferromagnet MnPS; has been the subject
of a SCND study in which it was convincingly shown to be 2dXY-like [131]. The
temperature dependence of the correlation length £ was found to follow the Koster-
litz expression (2.71) (see Figure 4.9), with parameters which are described by a
Heisenberg system with interplane coupling J'/J = ﬁs— and weak XY anisotropy.
Furthermore, below Ty = 78.6 K the critical exponent (59 was measured as 0.24(1),
with a crossover to F3q = 0.32(1) for t < 2-1072. A later study [132] has confirmed
these results, concluding that the 2d Heisenberg model with XY anisotropy pro-
vides the best description of the system. The exact origin of the anisotropy is a

matter for future investigation.

YBay;Cu306,, The tetragonal compound YBay,Cu3Og,, (with z < 0.1) is a
bilayer Heisenberg antiferromagnet with a weak XY anisotropy. A single crys-
tal neutron diffraction experiment [134] has established that this system under-
goes a dimensional crossover at T ~ 0.995Ty (Tx = 410 K). The critical ex-
ponent of the sublattice magnetisation takes a value fyq = 0.26(1) in the region
5-1072 >t > 5-107% and a value B33 = 0.35(5) in the region 5-103 > ¢ > 5. 102
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Molecular Magnets

Table 4.1 also contains some examples of chemically more complex molecular and
organic magnets. These are a relatively recent topic of interest and challenge the
traditional solid-state physics notion that magnetic materials should necessarily be
inorganic [159]. Their building blocks are not atoms but molecules, and as these
may be rather complicated, the initiatives in this field have come from organic and
coordination chemistry. Purely organic ferromagnets may be based on nitronyl
nitroxide or sulphur based radicals, and it is also possible to prepare molecule based
magnets in which transition metal ions are used to provide the magnetic moment,
but organic groups mediate the interactions. The shape of molecules and their
electronic structure play a pivotal role in the resulting crystallographic structure,
and it follows that there is a rich variety of magnetic behaviours observable in
molecular chains, layers and three-dimensional networks. Intermolecular forces
are In general weaker than interatomic forces and are also rather short range.
Consequently they differ markedly from the type of strong, long range Coulombic
forces typical of ionic crystals. As a result molecular crystals are rather soft and

their properties are tunable by applying pressure.

Tanol Suberate Despite their chemical complexity, molecular magnets may dis-
play strikingly clear-cut critical behaviour. One early example of an organic magnet
is based on tanol suberate, which is a biradical with formula (C;3Hy30,NO), (Fig-
ure 4.10). The spin density is found to be located on the NO group and is almost
equally shared between the oxygen and the nitrogen atoms. The molecules are
arranged in sheet-like structures and neutron scattering studies confirm that the
magnetic moments lie in the plane, aligning parallel to each other within the plane
of the sheets and antiparallel within adjacent sheets [160]. The susceptibility has
been shown to be well described by a two-dimensional ferromagnetic square lattice
with weak interlayer coupling [161]. Elegant muon spin rotation (uSR) experi-
ments [117] yield clear spin precession oscillations with the temperature depen-
dence of the oscillation frequency fitting the power law v,(T) = v,(0)(1 — T/T,)?,
with 8 ~ 0.22, consistent with a 2dXY magnet.
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Figure 4.10: Left: Zero-field muon-spin rotation frequency in the organic antiferromagnet tanol
suberate. Right: Temperature dependence of the zero-field muon-spin rotation in tanol suberate,
found to obey the power law v, (T) = v,(0)(1 — T/T.)%22. After Blundell et al. [117].

Fe(NCS),(pyrazine); Powder neutron diffraction measurements have shown
that Fe(NCS),(pyrazine), displays three-dimensional long range magnetic ordering
below Ty = 6.8 K [111]. Below Ty the sublattice magnetisation varies as (T — T )?
with # = 0.19, which is claimed to be an indication of 2d Ising behaviour. The 2d
behaviour is further substantiated by evidence indicating long range correlations

within the planes, and no measurable correlations between them.

CSDAB and CSEN The porous materials CSDAB and CSEN (of chemical for-
mula Co4(SO4)(OH)s(CeNaHi2)o5 - HoO and Co4(SO4)(OH)g(CaNoHg)o s - 3H20, re-
spectively) consist of two-dimensional hydroxy-sulfate arrays linked by ethylene-
diamine molecules via tetrahedral cobalt ions, and exhibit antiferromagnetic cou-
pling at low temperatures [113]. In an applied field the compounds behave as
metamagnets, with the magnetisation isotherms becoming characteristically S-
shaped below Ty, as shown in Figure 4.11. The metamagnetic critical field, de-
fined as the lowest field in which the onset of the S-shaped isotherm becomes
observable, increases with decreasing temperature up until saturation, with CS-
DAB exhibiting a higher critical field for the metamagnetic transition. In both
cases the isotherms allow the h, — T" phase diagrams to be deduced. Fits to the
power law h.(T) = h.(0)((Ty — T)/Tn)? gave the following parameters for CS-
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Figure 4.11: Left: Isothermal transitions for CSDAB collected at temperatures between 5 and 30
K showing increased curvature with decreasing temperature. Right: Critical field as a function
of temperature for the metamagnetic transitions observed in CSDAB and CSEN. The fits to
he(T) = he(0)((Tn — T)/Tn)P are shown as the solid lines, and the derived parameters are given
in the text. After Rujiwatra et al. [113].

DAB, h.(0) = 1900(200) Oe, Tx = 20.2(2) K and 8 = 0.20(4); and for CSEN,
he(0) = 580(20) Oe, Ty = 14.2(2) K and 8 = 0.22(2). The critical exponents
derived for the two materials are within experimental error of each other, and are
consistent with their layered structure and coercive field measurements which sug-
gest the moments possess a planar anisotropy. On the other hand, one cannot
rule out tricritical behaviour, which is known to exist in some materials displaying
metamagnetic-antiferromagnetic transitions, such as dysprosium aluminium gar-
net [162).

Co5(OH)g(chdc) -4H,O This cobalt based layered material has been found to
order ferrimagnetically at 7. = 60.5 K [133]. Susceptibility data suggest an en-
hanced 2d correlation within the layers just above T, and magnetisation data on
single crystals indicate a pronounced anisotropy. A measured critical exponent

3 = 0.25(3) suggests 2dXY behaviour.

4.1.2 2dXY Layered Magnets

The sheer structural variety of 2dXY-like materials is noteworthy. As well as sys-

tems based on square layered K;NiFy-like lattices, there are also materials based on
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honeycomb layered lattices, such as BaNis(PO4)2 and MnPS;. More exotic systems
are also present, most notably the highly frustrated antiferromagnets Li; VOSiOy4
and Li;VOGeQ,4. Many so-called ‘2dXY’ systems are actually better described by
the 2d Heisenberg model with a very weak anisotropy. This is consistent with
recent quantum Monte Carlo results which suggest that even in the presence of
anisotropies as small as 1073 times the coupling constant J, finite temperature
transitions with clear Ising or KT critical behaviour persist, depending on the
orientation of the anisotropy [151].

The variety of structures is such that one is entitled to wonder whether all quasi
two-dimensional magnets which display 5 ~ 0.23 are necessarily only described by
the 2dXY model. In fact there are two other theories which predict a similar
exponent value. Thio and Aharony [145] have suggested that the transition to
3d Néel order in LayCuQy is very close to a tricritical point, and it follows from
their argument that 3 should be close to its mean field tricritical value of 0.25.
In addition, Kawamura has put forward a theory for triangular antiferromagnets
which also predicts 3 ~ 1/4 [141,142]. This theory, which has recently been
reviewed in reference [163], is successful in accounting for the behaviour of a large
number materials in which geometrical frustration plays a prominent role, such as
CsMnBr; [164]. |

In light of these competing theories, it is desirable to have a set of criteria in
order to conclusively establish the 2dXY nature of a particular system, helping
one to discriminate between 2dXY and other types of magnets. BH 2dXY theory
makes a number of predictions beyond that of the critical behaviour of the order

parameter, which can be tested against experiment. These include:

1. An abrupt crossover from two-dimensional to three-dimensional behaviour
very close to T, as shown in Figure 4.3 for BaNiy(POy)s. This is a result of the
interplay between the intralayer (J) and interlayer (J’) coupling, as explained
previously. Whilst this phenomenon is not exclusive to planar magnets, it
nonetheless adds credence to the fact that there is a 2dXY regime to cross

over to.

2. The correlation length scales with temperature according to Equation (2.71).

Furthermore, on finite systems the relation (2.80) holds, which provides a
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Figure 4.12: Temperature dependence of the susceptibility x of Rbo,CrCly. After Als-Nielsen et
al. [96].

means to verify that for a particular system the 2dXY description is con-
sistent. In addition the measured magnetic susceptibility x may also be
compared with theory, by applying the scaling law x ~ £277 (see Figure
4.12).

3. At low temperatures, the magnetisation as a function of applied magnetic
field h scales according to the power law m o h'/%, with § decreasing slowly
with increasing temperature. The temperature at which § = 15 locates an
effective Kosterlitz-Thouless temperature Txt. In practice it is not possible
to create staggered magnetic fields in the laboratory, so this behaviour is
only observable in ferromagnets such as RboCrCly [165] (see Figure 4.13) and
K,CuF, [144].

The only materials known to display the complete behavioural picture outlined
above are RbyCrCly [96] and KyCuFy [115], and as a consequence they are con-
sidered to be canonical experimental realisations of the 2dXY model. However,

on the basis of the above criteria, a number of other systems in Table 4.1 may be
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The temperature at which § = 15 locates Tkt and was found to be 45.5 K in this case. After
Cornelius et al. [165].

classified with some confidence as belonging to the the 2dXY class. For example,
BaNiy(POy), [94] fulfils all the criteria, except for the behaviour of §(T), which
cannot be measured in antiferromagnets. For other systems the evidence in favour
of 2dXY-like behaviour is suggestive rather than compelling, and it is necessary to

consider alternative explanations with attention.

Mean Field Tricritical Behaviour

It is straightforward to obtain from mean field theory the main features of tricritical
behaviour®. These include the prediction that 3 = 0.25, which is of course rather
close to the BH prediction of 0.23. Given that the upper critical dimension for a
system near tricriticality is 3, it would appear unlikely that a mean field description
should be relevant in systems strongly affected by two-dimensional fluctuations
such as the ones discussed here. However, in order to account for observation in

the Heisenberg antiferromagnet La;CuQy, a theory has been put forward which

“See for example Chapter 4 in Cardy’s book [31].
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treats the interlayer coupling using a mean field approach [145]. Whether or not
this theory is applicable to other lanthanum cuprate analogues is unclear, since
there is no reason to expect the tricritical points of any two systems to occur in
similar thermodynamic conditions. In order to highlight this, consider the case
of the alkali halides NX4Cl and NX,Br, where X is either H or D [166]. These
are structurally and chemically very similar compounds, and are characterised by
well attested tricritical points in their (P, T') phase diagrams. Nevertheless, the
positions of the tricritical points are very different, with NH4Cl having one at 1500
bar, and ND4Cl having one an order of magnitude lower, at 150 bar. Changes in
chemistry clearly have a profound influence on the positions of tricritical points,

and one would expect this argument to hold for the lanthanum cuprate analogues.

Chiral Universality Class

In an attempt to explain observation in layered triangular antiferromagnets with
continuous spin symmetry, Kawamura has advanced the possibility of their be-
longing to a new universality category of their own, termed the chiral universality
class [141,142]. The origin of the name lies in the fact that in XY systems of this
sort, depicted in Figure 4.14, there are two distinct ground states which cannot
be transformed into each other through any global spin rotation in the XY plane.
Thus, the ground-state manifold of these frustrated magnets possesses a chirality,
which may also be thought of as a hidden Ising symmetry, in addition to the con-
tinuous degeneracy associated with the XY spins. In the instance of Heisenberg
spins, there is no longer a discrete chiral degeneracy as the two spin configurations
depicted in Figure 4.14 may be transformed into each other via the third dimen-
sion. Nontheless, a chirality vector may still be defined and it would appear the
n = 3 spin system shares much in common with its n = 2 counterpart.

The primary prediction by Kawamura, substantiated by Monte Carlo calcula-
tions, regards the critical behaviour of these systems. For the XY antiferromagnet,
the critical exponents are a = 0.34(6), 8 = 0.253(1), v = 1.13(5) and v = 0.54(2),
whereas for its Heisenberg counterpart o = 0.24(8), 8 = 0.30(2), v = 1.17(7) and
v = 0.59(20) [167]. Whilst these values would appear to satisfy the hyperscaling re-

lations, it is also worth noting their similarity with the mean field tricritical values
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AR

Figure 4.14: Chirality associated with XY spins antiferromagnetically coupled on a triangular
lattice. The ground state of such a system can be seen to be two-fold degenerate.

a=0.5, 8=0.25+v=1and v =0.5. Indeed, the chiral universality class has been
put into question by authors favouring a mean field tricritical interpretation [168].
Nonetheless it is undoubtedly true that certain experimental triangular antiferro-
magnets are well described by Kawamura’s theory, most notably CsMnBr; [164]
and CsBiCl; [169].

Despite their almost coincident predictions for the critical index 3, it seems clear
that distingushing between Kawamura and 2dXY systems is a relatively straight-
forward task. Whereas Kawamura’s theory considers three-dimensional systems
in which J = J’, 2dXY systems invariably possess a pronounced two-dimensional
character, with J' being orders of magnitude smaller than J. Furthermore, as will
be discussed in Chapter 5, the measured values of v and v in 2dXY systems are
very different from those typical of chiral systems. It is interesting to note that
there is evidence suggesting that a slightly modified KT behaviour occurs 2d trian-
gular antiferromagnetic systems [170]. Further investigation on this front would be
desirable, particularly in order to resolve doubts which persist in the classification

of compounds with hexagonal lattices such as ErCls [125].

4.1.3 Ultrathin Film Magnets

The preparation and characterisation of thin film magnets down to a monolayer
precision has been a comparatively recent breakthrough, largely due to technolog-
ical advances in both their methods of preparation and the high precision optical
tools employed to characterise them. Consequently one can focus on their intrinsic

properties and consider them as experimental realisations of truly two-dimensional
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magnets. Ultrathin magnets are now routinely grown by Molecular Beam Epitaxy
(MBE) and sputtering techniques, whereas the most common tool employed to
probe their magnetic properties relies on the Magneto-Optic Kerr Effect (MOKE).
Although it is not the aim to present such techniques here?, one should stress their
exquisite sensitivity: one can routinely gain magnetic information on ultrathin films
by applying magnetic fields of the order of a few microtesla.

The thin film community had also noticed that the critical behaviour of mag-
netic thin films falls into two classes, depending on the orientation of the anisotropy
present. The surface anisotropy usually consists of two terms, one perpendicular
and the other parallel to the plane of the film. If the surface has a more than a
two-fold rotational axis the in-plane term vanishes. The next higher order term in
the magnetic anisotropy, usually identified with the volume anisotropy, is quadratic
in the Cartesian components of the spin vector. Consequently Qiu and Bader [87]
have classified magnetic thin films with cubic symmetry according to the presence
or not of a uniaxial anisotropy, be it perpendicular or parallel to the film plane.

The first scenario is associated with the two-dimensional Heisenberg model with
a uniaxial anisotropy term, which behaves like the Ising model [85]. The other
case can be described by a 2dXY model with a four-fold field contribution. José,
Kadanoff, Kirkpatrick and Nelson (JKKN) [68] have predicted that a quadratic
anisotropy gives rise to a unique sort of second order phase transition, characterised
by non-universal exponents which vary with the anisotropy strength. In practice,
the finite nature of experimental systems ensures an unexpected robustness to the
presence of such a perturbation, such that § ~ 0.23 2dXY behaviour persists. This
subtlety is observed in computer simulations [173-175], and is studied in depth in
Chapter 5.

Table 4.2 summarises the values of # and T for all known systems of thickness
dmin Where both quantities have been measured. Wherever given, the measured
anisotropy and easy axis is also quoted. Like layered magnets, ultrathin film mag-
nets fall into one of two groupings: those with 3 close to the Ising value of 1/8,
and those with 3 close to the XY value of 0.23. Ising systems with an anisotropy
perpendicular to the plane of the film display slightly lower exponents than those

dSee the articles by Elmers [171] and Gradmann [172] for introductory reviews on the experi-
mental techniques employed to synthesise and characterise ultrathin magnets.
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with in-plane anisotropy. The similarity of behaviour between ultrathin films and
layered magnets is hardly surprising: as BH theory [86] only requires that the effec-
tive system size Leg be finite, it is irrelevant whether finite size effects arise directly

or through other perturbations.
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Figure 4.15: Left: Experimentally determined values of 3 for Fe(100) on V(100) [211]. With
increasing thickness the value of [ deviates from the 2dXY value towards the 3d Heisenberg
value. The critical exponents were measured within the area delimited by the two black vertical
lines. Right: Similar data measured by Huang et al [199] for the Ni/Cu(100) system.

Although the error in the determination of the exponent 3 may be large in
some cases, once the film thickness is larger than a certain (system dependent)
threshold value, a sudden transition of the exponent is observed in experiment.
This crossover from two-dimensional to three-dimensional behaviour is observable
in all the systems listed in Table 4.2. Figure 4.15 displays an example of this
phenomenon for the case of iron deposited on vanadium. Another system in which
such a switch is observed at a thickness of about six and seven monolayers is
Ni/Cu(100) [199]. A theoretical estimate of this crossover has been derived from
an argument involving the excitation spectrum of spin waves [209,210]. When
confined to a thin film, spin waves are quantised in a manner analogous to electron
energy bands. The energy spacing between these quantised states increases as the
thickness of the film decreases. When it exceeds kg7, only the lowest state is
thermally accessible and the system becomes two-dimensional.

The transition temperature 7; is also characteristic of the dimensionality in
ultrathin magnets as it reduces with decreasing film thickness. This reflects the
cooperative nature of ferromagnetism, where the absence of layers on the vacuum
side is felt by the deeper layers. Typically, T is reduced to half its bulk value at a
film thickness of about five monolayers. Furthermore, Huang et al. [199,204] have
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Figure 4.16: Decrease in T, with the number of layers in a film caused by the decreasing number
of neighbours. The symbols are associated with the following systems: O, Ni(111)/W(110); o,
Fe(110)/Ag(111); A, Ni(111)/Re(0001); M, Ni/Cu(100); o, NigCo; /Cu(100); A, NigCo; /Cu(100).
After renormalisation of T to the bulk value T.(oc), the Ising and XY classes of materials can
be distinguished. After Huang et al. [199], and references therein.

observed that Ising films have a significantly higher T, than in-plane magnetised
2dXY films, and it is possible to distinguish between the two classes by following the
values of 7, as a function of film thickness, as shown in Figure 4.16. This difference
presumably arises due to the strong anisotropy present in Ising-like magnets, which
keeps the ordered phase ‘locked in’ up to higher temperatures. An intriguing result

is that all of the data extrapolate to T, = 0 in the monolayer limit.

Temperature Dependence of Magnetic Order in Selected Systems

As there are a number of reviews on ultrathin magnets [171,172,212], the focus here
is only on a limited number of case studies which highlight the range of scenarios
in which ultrathin films display magnetic behaviour. For detailed information on

other systems, the reader is invited to follow up the references cited in Table 4.2.

Fe(100) on Au(100) Magnetic order was first detected in the Fe(100) on Au(100)
system by Bader and Moog using MOKE [213], although the temperature depen-

dence of the magnetic order in the monolayer regime was first investigated by
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Diirr et al. using SPLEED and spin-polarised secondary electron emission tech-
niques [193]. They observed rounded phase transitions, which they fitted by a
power law with exponent 3 = 0.22(5) for a range of film thicknesses between 1 and
3 monolayers. For each individual film, the Curie temperature was determined as
a fitting parameter which was chosen to maximise the linear range in the logarith-
mic plot of the order parameter as a function of temperature, and the exponents
were determined with a high accuracy. At the time of publication, these results
were difficult to interpret theoretically. They undoubtedly provided evidence of a
two-dimensional phase transition, yet there were significant deviations from the 2d
Ising picture. These observations are conclusively explained within the framework
of the 2dXY model on a finite lattice. Another study by Rau and Xing yielded a
power law with 8 = 0.25(1) [194], which is in reasonable agreement with the work
of Diirr et al [193].

V(100) on Ag(100) Vanadium deposited on silver is a remarkable example of
unexpected behaviour in two-dimensional magnetic systems. Rau et al inves-
tigated this system by use of Electronic Capture Spectroscopy (ECS) [205], and
found that vanadium, a non-magnetic metal in the bulk, becomes ferromagnetic
as a thin film up to 7 monolayers thick. The temperature dependence of magnetic
order was shown to fit remarkably well to the exact solution of the 2d Ising model,
with an exponent 3 = 0.128(10). The explanation most generally invoked for the
ferromagnetic behaviour of elements which are non-magnetic in the bulk is based
on the argument that the reduced coordination number and epitaxial stress of thin
films result in a reduced bandwidth. This implies an increased density of states

near the Fermi level, and consequently results in enhanced magnetic moments [214].

Fe(100) on W(100) Iron forms a thermodynamically stable ferromagnetic mono-
layer on tungsten. As a consequence Fe monolayers on W can be prepared to an
unusually high degree of perfection, and their magnetic properties have been exten-
sively studied [171]. Of particular interest in the context of the 2dXY model is the
work on the in-plane magnetised double-layer Fe on W(100) reported by Elmers
and co-workers [191]. Using diffraction of spin polarised electrons and conversion

electron Mossbauer spectroscopy, the authors investigated the temperature depen-
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Figure 4.17: Magnetisation M (e) and susceptibility x (o) data of Fe(100) on W(100), after Elmers
et al. [191]. The left hand figure plots the remanent magnetisation as a function of temperature,
with the susceptibility as a function of temperature in the inset. The right hand figure plots the
same experimental data as a function of reduced temperature in a logarithmic scale.

dence of the spontaneous magnetisation and the susceptibility. Averaging over
all their measurements, they found that the magnetisation follows a power law
with an exponent 3 = 0.22 £ 0.03 in the temperature regime 0.3 < T/T, < 0.99,
consistent with the presence of planar anisotropy. More impressively, the 2dXY
explanation was substantiated further by fitting the susceptibility x to the expo-
nential law x o exp(b/v/T —T;) (c.f. Equation (2.71)) predicted by theory, with
b = 1.6. These results are summarised in Figure 4.17, and provide compelling
evidence that this system belongs to the 2dXY class. Indeed, it is arguable that
the Fe/W(100) system represents the most convincing example of an ultrathin XY

magnet currently known.

Pd Layers d-doped with Fe Recently, Parnaste et al. have studied palladium
0-doped with iron by introducing Fe atoms within a single monolayer sandwiched
between Pd atoms [196]. As Pd possesses a high magnetic susceptibility and long
range polarisability, Fe can induce in it a large magnetic moment. For example,
a single Fe impurity in bulk Pd polarises a sphere with a radius of about 10 A,
resulting in a total magnetic moment of 9-12 ug per Fe atom. Thus, the effective

thickness of the ferromagnetic layer can be tuned simply by controlling the con-
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Figure 4.18: Exponent J as a function of dre for all Pd layers -doped with Fe studied by Parnaste
et al. [196]. A dimensionality crossover clearly occurs at 0.4 < dpe < 1.0.

centration of Fe. The idea behind this experiment is to bypass any problems with
structural imperfections and defects by ensuring that the range of the induced mag-
netisation is much larger than the length scale of the atomic imperfections, thus
achieving perfect layered magnetisation.

The samples studied consisted of a single Fe layer with nominal thickness
0.2 < dpe < 1.6 monolayers sandwiched between two 20 ML Pd layers. It is found
that a dimensionality crossover from two-dimensional XY to three-dimensional be-
haviour occurs as dpe is increased from 0.4 to 1.0 ML, shown in Figure 4.18. This
can be qualitatively understood in terms of the spin wave quantum well model
mentioned above [209,210]. Whilst the authors acknowledge that a more quanti-
tative description is desirable, their work clearly demonstrates the existence of a

dimensionality crossover in the induced magnetisation.

4.1.4 Other Two-Dimensional Magnetic Systems

There are other experimental realisations of two-dimensional magnetic structures
which have so far received less attention than layered and ultrathin film mag-

nets. These include magnetic films grown using the Langmuir-Blodgett (LB) tech-

128



Chapter 4. Survey and Classification of Experimental Data

nique [215] and two-dimensional nuclear magnets [216).

Magnetic LB films consist of magnetic ions (e.g. Mn?*, Fe?* and Co?*) at-
tached to lipid monolayers deposited on water. Although the two-dimensional
nature of these materials was immediately recognised, there has recently been a
renewed interest in their magnetic properties. Studies on gadolinium stereate LB
films [217,218], although finding no evidence for spontaneous magnetisation, reveal
interesting magnetic behaviour as a function of temperature and applied field: the
net magnetisation is found to increase exponentially with decreasing temperature,
at constant field. A complete understanding of this behaviour is still forthcoming
and further investigations of these remarkably stable structures® is desirable.

Two-dimensional nuclear magnets obtained by the physisorption of 3He atoms
on solid substrates are reviewed by Godfrin and Rapp [216]. They also represent
exceptionally good experimental realisations of Heisenberg Hamiltonians. It is
simply remarked here that ferromagnetic order has been observed in a variety of
conditions in applied fields [219], and that a recent study has found evidence for a

finite temperature ferromagnetic transition as H — 0 [220)].

4.1.5 Further Remarks

Figure 4.19 represents in the form of histograms the data listed in Tables 4.1 and
4.2. The distribution of exponent values in the bottom histogram is noticeably far
from random, and confirms the view that there are two distinct groups of values
associated with the 2d Ising and the 2dXY models [86,87]. Any deviations from ei-
ther one of these two values of § can be explained by the onset of three-dimensional
character, the presence of non-universal corrections, or, as discussed in the next
chapter, by a crossover induced by the presence of symmetry breaking crystal fields.
In principle there are two further two-dimensional universality classes, the three-
and four-state Potts models [43], with § = 1/9 and 1/12, respectively. However, as
there appear to be no known magnetic systems in which # < 0.12, one can conclude
from the literature that there are no magnetic systems which map onto these two

models.

¢Under ordinary storage conditions, LB films are said to show no noticeable deterioration over
periods of years [215].
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Figure 4.19: Histograms of the data in Tables 4.1 and 4.2. The white bars stacked on top of the
blue ones represent compounds studied by powder neutron diffraction, resulting in the exponents
being determined with a large degree of uncertainty.
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4.2 Universality in Two-Dimensional

Non-Magnetic Systems

Given the generality of statistical mechanical models, it is worth considering sit-
uations in which they apply beyond the domain of magnetism. Hence, a compre-
hensive review of the non-magnetic literature is also performed. As opposed to
magnetic systems, it is found that there are examples of non-magnetic systems

which belong to the three- and four-state Potts universality classes.

4.2.1 Structural Transitions

Although the vast majority of structural transitions are associated with bulk three-
dimensional systems, there are known two-dimensional examples, such order-disorder
transitions occurring at surfaces. There is also evidence of more exotic spin-Peierls

transitions displaying two-dimensional characteristics.

Order-Disorder Transitions at Surfaces

Order-disorder phase transitions at surfaces have been studied in detail since the
1980s. Among the first systems investigated quantitatively were clean recon-
structed surfaces and chemisorbed, as well as physisorbed, adlayers. Noteworthy
experiments include the determination of 2d Ising critical exponents for the re-
versible (1 x 2)«»(1 x 1) transition at the surface of (110) gold [221]f, and the
work of Sokolowski and Pfniir [222] with sulfur on (001) ruthenium surfaces, in
which three-state and four-state Potts exponents were measured depending on the
conditions [222] (see Figure 4.20). There is a substantial body of information in
the literature regarding the critical behaviour of similar systems, which is listed in
Table 4.3, and plotted in the form of a histogram in Figure 4.21.

One noticeable difference with respect to magnetic systems is that there are
examples of non-magnetic systems which do map on to the three-state and four-
state Potts models. Heuristically, one can imagine that in the simplest cases,

structural order-disorder phase transitions of commensurate chemisorbed adlayers

fSee Appendix B for a summary of the conventions adopted to describe the structures of
ordered surfaces.
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Figure 4.20: Critical behaviour in the order-disorder phase transition of the p(2x2) and (v/3 x
\/?;)R30° sulfur structures chemisorbed on ruthenium. The former belongs to the four-state Potts
universality class, and the latter to the three-state Potts class. After Sokolowski and Pfniir [222].

may be well described by lattice-gas models, and it is therefore plausible that more
complicated surfaces may lead to the Potts models being more realistic. This view
is indeed substantiated by numerical work [223].

There are also examples of experimental systems which display the critical be-
haviour of the 2dXY model. In their pioneering work on the on the W(011)p(1x1)-
H system, Lyuksyutov and Fedorus [224] observed that depending on the cover-
age of hydrogen on a tungsten surface, different critical exponents are measured:
B8 = 0.13(4) for the p(2x1) structure and 3 = 0.25(7) for the p(2x2) structure.
Despite the large errors, these results remain an impressive example of a switch
from 2d Ising behaviour to what is now known to be 2dXY behaviour. Systems
belonging to the 2dXY class with strong four-fold anisotropy fields are also known,
the transition in the (2 x 2) lattice of oxygen on a (110) molybdenum surface [228]
being an example . The measured values of § in these cases is closer to 0.19 than
0.23, which suggests the presence of a strong four-fold anisotropy capable of pushing
the system away from the 2dXY universality class and towards the non-universal
exponents predicted by JKKN [68]. A complete discussion on this issue is a central
part of this work, and is deferred to Chapter 5.

Remarkably, two-dimensional order-disorder transitions may also be manifested
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Table 4.3: Selection of experimental systems displaying two-dimensional order-disorder
phase transitions. The systems are classified according to the findings of the authors who
studied them. See Appendix B for a summary of the conventions adopted to describe
the structures of ordered surfaces.

System Jé} Model Ascribed Method Reference
W(011)p(2 x 1)-H 0.13(4) 2d Ising* LEED! [224]
W(011)p(2 x 2)-H 0.25(7) 2dXY* LEED [224]
p(1 x 2) & (1 x 1)-Au(110) 0.13(2) 2d Ising LEED [221]
W(112)p(2 x 1)-0 0.13(1) 2d Ising LEED [225]
p(2 x 2)-O disordering on Ru(001)  0.13(2) 3-state Potts LEED [226]
p(2 x 1)-O disordering on Ru(001) 0.085(15)  4-state Potts LEED [227]
p(2 x 2)-0O disordering on Mo(110)  0.19(2) 2dXY LEED [228]
p(2 x 1)-O disordering on W(110) 0.19(5) 2dXY LEED [229]
Ru(001)p(2 x 2)-S 0.11(2) 4-state Potts LEED [222]
Ru(001)(v/3 x v/3)R30°-S 0.14(3) 3-state Potts LEED [222]
(3 x 3)-Sn disordering on Ge(111)  0.11(1) 3-state Potts ~ HAS*, XRD?} [230]
(g é) — ((2) é)—Pb on Ge(001) - 2d Ising HAS, XRD [231]
(24) < (2 x 1)-Pb on Ge(001) - 3-state Potts ~ HAS, XRD [231]

* Model not ascribed by original authors.
t LEED: Low Energy Electron Diffraction.
t HAS: Helium diffraction.

§ XRD: X-ray diffraction.

in bulk systems. For example, the phase transition of both calcite (CaCQOj3) and
nitratine (NaNQj), which had long been thought to be anomalous, have been sug-
gested by Harris to be consistent with the two-dimensional XY model [232]. In
these systems, the orientational order-disorder is driven by continuous planar ro-
tations of the carbonate and nitrate groups, and the nature of the interaction is

strongly two-dimensional.

Charge Ordering Transitions

In recent years there has been an increased interest in materials displaying the spin-
Peierls (SP) transition, which corresponds to the dimerisation of a one-dimensional
antiferromagnetic S = 1/2 chain coupled to a three-dimensional elastic medium.

It is the magnetic analogue of the Peierls transition, the metal-insulator transition
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Figure 4.21: Histogram of 3 values for the systems reported in Table 4.3.

which occurs in quasi one-dimensional solids, and in some sense may be thought
of as a three-dimensional structural transition driven by one-dimensional magnetic
fluctuations. Intriguingly, it has been suggested that the critical behaviour of the
order parameter of the first inorganic SP material CuGeQOj is characterised by a
2dXY to 3dXY crossover as Tgp is approached, with the 2d region characterised by
an exponent 5 = 0.21(2) [233]8. Another system believed to undergo an SP tran-
sition, o’-NaV50s, has also been shown to be strongly affected by two-dimensional
fluctuations [235], and has been measured to have an order parameter exponent
B =0.17(3).

4.2.2 Melting at Surfaces

In the context of two-dimensional melting, Halperin, Nelson [236] and Young [237]
have extended the 2dXY theory of Kosterlitz and Thouless [61] and put forward
a mechanism in which melting occurs in two successive transitions, each driven by
the unbinding of pairs of topological defects. The first transition corresponds to

the loss of translational periodicity on passing from the solid to an orientationally

€However it should be noted that other interpretations for this material’s critical behaviour
have also been put forward. For example, Birgeneau et al. [234] have suggested CuGeO3 undergoes
a tricritical to mean field crossover.
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Figure 4.22: Effective order parameter for a finite sized 2d solid against the reduced chemical
potential (1 — par)/puar for xenon physisorbed on graphite. The solid line is characterised by a
power law with § = 0.23, characteristic of the finite-sized 2dXY model. After Nuttall et al. [238].

aligned liquid similar to the hexatic phase observed in free-standing liquid crystal
films. The second corresponds to the loss of orientational order on passing from the
aligned liquid into the isotropic liquid state. Each of these transitions proceed in a
continuous manner, quite unlike one’s everyday experience of the melting transition
in bulk systems.

Xenon physisorbed on graphite provides a good example of an experimental
system which undergoes this kind of melting, with the transition driven by varying
the chemical potential, p4. This conclusion was reached by Nuttall et al. [238]
in a study concentrating only on a part of the two-stage melting process of near-
monolayer xenon on a single layer of graphite, that of the loss of translational order.
The authors analysed their data in terms of an effective order parameter for a finite
sized 2d solid, and found that at temperatures of 121 K, 140 K and 145 K there
was a satisfying degree of consistency between their measurements and the value
of 3 consistent with the finite sized 2dXY model. In particular, at 140 K the fit
is observed to be remarkably good with an observed value 8 = 0.23(4) [239], as
shown in Figure 4.22.

It has been argued [240] that thin free-standing liquid crystal films which have
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an XY order parameter should also behave proportional to the power law (T,—T')%2
in an intermediate range below the relevant transition temperature 7,. Examples
of order parameters analogous to the XY magnetisation are the in-plane projection
of the director in the smetic-C liquid crystals and the hexatic order parameter
in hexatic smetic liquid crystals. In principle, these quantities are measurable in
experiment, and given the similarities with topological melting one might expect
to observe finite sized 2dXY behaviour in thin liquid crystals. To date, there have

been no such experimental reports.

4.2.3 Quantum Systems

KT theory provides a successful description of superfluid *He films, in which the
order parameter is the condensate wave function ¥(r), a complex scalar quantity.
Nelson and Kosterlitz [69] have predicted a discontinuous jump in the superfluid
density® ps(T") of such films at a temperature Tkr, which occurs as the vortex-
antivortex pairs dissociate into free vortices. The observation of the universal jump
in experimental superfluid helium films [75, 76] was therefore seen as conclusive
evidence in favour of the validity of the 2dXY theory. In fact, finite size effects
are strongly prominent in these systems [241], such that the jump in ps(T) is
rounded. However, since the condensate wave function is not a property accessible
experimentally, the effective critical behaviour of the 2dXY model is not observable
in practice.

Similarly, the order parameter is also not experimentally accessible in two-
dimensional superconductors. There is an enormous literature concerning these
systems [242]. One particularly original example of a superconducting XY model
has been created and studied by Resnick et al. [243]. Photolithography was used
to create an extremely regular array of Josephson junctions, consisting of over a
million tiny lead disks, embedded in a tin matrix. The disks were 1.4 um apart, and
each was 150 nm thick and 13 pum in diameter. Below the bulk superconducting
transition of the lead, but above that of the tin, the condensate phases within
each lead disk are coupled just as in the 2dXY model. Although the vortex driven

transition has been shown to undergo a universal jump rounded by finite size effects,

hThe superfluid density is exactly analogous to the spin wave stiffness in magnetic systems.
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Figure 4.23: Histogram of [ values for all two-dimensional systems reported in this chapter.
Blue bars represent magnetic systems, empty bars represent systems studied by powder neutron
diffraction and red bars represent non-magnetic systems.

[ ~ 0.23 critical behaviour is not observable.

It has recently been argued that the order parameter should be measurable in
Bose-Einstein condensates confined to two-dimensional optical lattices [244, 245],
in which case a finite sized 2dXY critical regime should be measurable. Recent
experiments have confirmed that such systems are well described by the 2dXY
model [246], although unfortunately no data has yet been reported for the critical

behaviour of the order parameter.

4.3 Conclusions

The purpose of this literature review has been to classify a vast list of two-dimensional
systems according to their critical behaviour. Empirically, the measured 3 val-
ues are found to be distributed according to the histogram shown in Figure 4.23.
The bimodal nature of the distribution identifies two relevant universality classes,
namely the 2d Ising and the 2dXY categories, which bound the observable critical
behaviour. Unlike thin films and layered magnets, physisorbed surfaces are also

observed to undergo structural transitions which belong to the three- and four-state
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Potts universality classes.

A significant number of two-dimensional systems exhibit critical behaviour
which is intermediate between the Ising and XY regimes. This middle ground
is problematic to explain in terms of established theory. It cannot be due to XY
systems with six-fold crystal field hg, since these will be shown in Section 5.2 to
effectively belong the the 2dXY class. It seemingly cannot be due to XY model in
the presence of a four-fold crystal field hy4, either, since the prediction of JKKN [68]
is that the correlation length exponent varies as v ~ h% This entails a continuous
spectrum of possible G values, whereas the histogram 4.23 quite evidently suggests
a bounded envelope of possible values. On the other hand, there appear to be no
other possible universality classes which give rise to these value of 3.

The central issue addressed in this work is to test the predictions of JKKN
concerning the XY#h, model. This can only be achieved either by a statistical
sampling of systems with different four-fold fields (which has been the purpose of
the present survey), or on a system in which the field h4 can be tuned. Given
the absence of such an experimental system, this is studied by use of Monte Carlo

simulations in the next chapter.
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Long Range Order in

Two-Dimensional Systems

On the basis of the discussion in Chapter 1, an effective Hamiltonian appropriate

for a two-dimensional insulating solid may be formulated as

H= HHeis + Hanis + 7_[dipolar‘ (51)

where Hpeis is the Heisenberg exchange term, H,y;s is a single ion anisotropy term,
and Haipolar is the dipolar interaction. The central question addressed in this chap-
ter is how perturbations to the Heisenberg Hamiltonian such as H,u;s induce long
range order, deferring a discussion on the influence of the dipolar interaction to
Chapter 6. This is achieved principally by using the Monte Carlo (MC) techniques
presented in Section 2.3, but also analytically where necessary.

Following an analysis of the Heisenberg model itself, the simplest possible type
of single ion anisotropy is examined, which may give rise to a crossover to either
Ising or XY symmetry. Subsequently, a more complex form of anisotropy is con-
sidered, which is known to account for the behaviour of layered systems such as
Rb,CrCly and KoFeF,. Crossover resulting in XY critical behaviour is studied with
particular attention, and compared with the finite size 2dXY behaviour discussed
in Section 2.4.2.

An outstanding question which arises from this discussion is the precise influence
four-fold crystal fields in XY-like systems. To this end, the behaviour of the 2dXY
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model in the presence of symmetry breaking fields is analysed in detail. Following
José, Kadanoff, Kirkpatrick and Nelson (JKKN) [68], the value of the magnetisation
exponent  as a function of anisotropy strength is calculated analytically, and
compared with the results of Monte Carlo simulations. As predicted by JKKN, 3
is found to be non-universal. However, by considering finite size effects it is shown
that in practice, the possible values of [ are restricted to the range observed in
Figure 4.19. In light of these these ideas, specific experimental candidates of XY
systems with four-fold fields are reconsidered at the end of the chapter, and their

observed behaviour is shown to be consistent with this mechanism.

5.1 Two-Dimensional Heisenberg Model

Unlike the Ising and XY models, in two dimensions the Heisenberg model

Hueis=—J ) S;-S; (5.2)
(i,5)
is not thought to undergo a phase transition at finite temperature. Support
for this view comes from analytical [247-249] and Monte Carlo Renormalization
Group [250] investigations. The difference between the 2dXY and the 2d Heisen-
berg models is fundamentally due to topology, and is highlighted by considering
what happens when the spins are free to point in any direction in space [61], as
opposed to anywhere in the zy plane. In this case there is no longer a metastable
vortex, a singular point around which the spin rotates by an angle 27, because the
spin is free to be directed anywhere in the sphere. This allows the vortex to be
replaced by a texture in which the spins near the centre are tilted out of the zy
plane toward the z direction, so that the direction of the spins is a smooth function
of position. The energy of this texture, instead of being proportional to In(L/ay),
where ag is the order of the lattice spacing, is proportional to In(L/&), where &
is the length scale of this central region in which the spins are tilted out of the
plane. Since &, is continuously variable, this energy is continuously variable down
to zero, and so there is no energy barrier to the creation or annihilation of vortex

pairs. Thus, there is no finite temperature phase transition for the two-dimensional

140



Chapter 5. Long Range Order in Two-Dimensional Systems

v

Heisenberg model, at the thermodynamic limit. To illustrate this situation, MC
‘snapshots’ of the Heisenberg model were recorded at varying temperatures. As
Figure 5.1(a) confirms, vortex pairs remain common even at low temperature, at
odds with the KT mechanism described in Section 2.4.

Nevertheless, in some respects the Heisenberg model does share similarities with
the XY model. The classical spin wave analysis carried out in Appendix A finds

the low temperature expression for the magnetisation to be

M(N,T) = (%)mw. (5.3)

This differs from the equivalent expression for the XY model only by a factor of two
in the exponent (c.f. Equation (2.65)), a fact that can be directly ascribed to there
being an extra mode for the fluctuations in the Heisenberg model, in the z direction
(c.f. Equation (A.12)). It has been argued [251] that in finite systems this also
implies the presence of quasi long range order at low temperatures, characterised
by a correlation decay exponent n(T") = 2n*Y(T). This follows because in the XY
model the spin wave stiffness K = J/T can be related to n by Equation (2.67).

The top hand plot in Figure 5.2 displays magnetisation data obtained from MC
simulations on the 2d Heisenberg model with N = 4096. The finite nature of the
system ensures that a transition to long range order to occurs at finite temper-
ature. This is also confirmed in the behaviour of the susceptibility (middle plot
of Figure 5.2). At low temperature, the MC magnetisation data is in surprisingly
good agreement with (5.3), thus lending evidence to the quasi long range order
mechanism suggested in reference [251].

The misleading nature of the Heisenberg model is also apparent from the be-
haviour of the susceptibility x as a function of system size L, shown on the middle
plot in Figure 5.2. With increasing L, one expects the transition temperature 7.,
defined as the peak in x, to tend to zero. However, the exact functional form
of T¢(L) is not immediately apparent. At low temperature one might expect the

correlation length to display exponential behaviour

aJ

o (22). o
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a being a constant of order unity. At T¢(L) the correlation length ¢ is limited by
the system size L, such that

Te(L) ~ - (5.5)

On the basis of this heuristic argument one therefore expects T.(L) o 1/In L.
However, upon extrapolating L — oo, the T.(L) data plotted in the bottom graph
of Figure 5.2 appears to predict a phase transition at finite temperature [252].
This seemingly contradictory situation is overcome by relating T,(L) directly
to the correlation length £ The left hand graph in Figure 5.3 plots In L against

1/T, which by extrapolation suggests a correlation length behaviour given by

£(T) = 0.0195 exp (5.0156/T) . (5.6)

This is consistent with (5.4), but is characterised by an unexpectedly small prefactor
and large numerator in the exponential. It is noteworthy that (5.6) also compares
favourably with the analytical expressions derived by Shenker and Tobochnik [250]
and by Takahashi [253], which behave as T exp(2n/T') and exp(27/T), respectively.
It is also insightful to follow the behaviour of an alternative definition of the
susceptibility
Xo = %(mQ). (5.7)
The authors in references [250] and [253] predict xo to behave as exp(47/T), al-
though in their analytical expressions the precise value of the pre-exponential fac-
tors are in disagreement. This behaviour is thought to be valid at low temperatures,
and is plotted on the right hand side of Figure 5.3 along with the results of a high
temperature series expansion [254]. The figure also displays MC data from systems
of size N = 256 and N = 4096, which can be seen to be strongly affected by finite
size at low temperature. However, up until the point at which it tails away, the
Monte Carlo data appears to favour a crossover from the high temperature regime

to the low temperature behaviour predicted by Shenker and Tobochnik [250].
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Figure 5.2: Top: Magnetisation data for a 2d Heisenberg system of size L = 64, compared with
the spin wave expression (5.3). Middle: Susceptibility data for the same model for a number of
system sizes. Bottom: Variation of 7., determined from the peaks in the susceptibility curves, as
a function of system size L. On this basis one is misled to the conclusion that the 2d Heisenberg
model undergoes a phase transition.
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Figure 5.3: Left: Comparison of the different expressions for the correlation length ¢ derived in
references [250] and [253] and in this work (Equation (5.6)). Right: Logarithm of the susceptibility
Xo as a function of 1/T for the 2d Heisenberg model. The dashed black and red lines show the
analytical results of Shenker and Tobochnik [250] and of Takahashi [253], respectively. The dashed
green line is the result of a high temperature series expansion [254]. The circles show MC data
for two systems of different sizes.

5.1.1 Crossover Due to Single Ion Anisotropy I. Simple
Case

As discussed in Chapter 1, it is generally the case that the spins lying on a crystal

lattice are subject to anisotropy inducing crystal fields through spin-orbit coupling,

which destroy the rotational invariance of the ideal Heisenberg Hamiltonian. One

common manifestation of this phenomenon is single ion anisotropy which corre-

sponds to a perturbation as follows

H =Hues+ DD _ (S7)°. (5.8)

At high temperatures there is still a paramagnetic phase, but at low temperatures
the spins order and the energy of the system depends on the direction in which
they align. If D < 0, then the energy is lowered by aligning the spins along the 2

axis and at low enough temperatures

(S7) = +1 (5.9)

a state analogous to the low temperature behaviour of the Ising model. Conversely,
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XY

paramagnet

Ising

Figure 5.4: Phase diagram for the Heisenberg model in the presence of single ion anisotropy.

if D > 0, then the spins order in the zy plane, writing S; = (5%, 5Y), at low

temperatures it is found that

(Is.P) =1, (5.10)

which is behaviour characteristic of the XY model.

A consequence of these considerations is that for large D, the phase transition
from the paramagnetic phase as T is reduced will be either Ising or XY like, de-
pending on the sign of D. For D = 0 the transition is in the Heisenberg universality
class, but for any finite D, the RG flows will end up at the stable low temperature
Ising or XY fixed points. In the language of the Renormalization Group, the sym-
metry breaking term is said to be relevant at the Heisenberg fixed point. Small
values of D will grow under renormalization, and will push the system towards a
new fixed point, either Ising or XY, as shown schematically in the phase diagram
in Figure 5.4. Around each of these fixed points there will be different scaling
phenomena from those of the Heisenberg fixed point.

To test these ideas, Monte Carlo simulations were performed on the model
defined by (5.8) on a range of different system sizes. The magnetisation curves for
different values of D for a system of size L = 32 are plotted in Figure 5.5. As

expected, for negative D a crossover is observed toward Ising behaviour, whereas
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Figure 5.5: Monte Carlo magnetisation curves for the Heisenberg model in the presence of single
ion anisotropy. For negative D the crossover is toward Ising behaviour, for positive D it is toward
XY behaviour.

for positive D the crossover is toward XY behaviour. The crossover toward the
Ising regime has been studied in the past [84], the main conclusion being that in
so far as the critical behaviour of the order parameter is concerned, the Ising value
of B = 0.125 remains observable even for very small anisotropies |D/J| ~ O(0.01).

The question naturally arises as to whether the crossover toward the XY limit
is equally fast. As discussed in Section 2.4.2, the signature of XY critical behaviour
is an effective critical exponent 3 ~ 0.23 [77], which, as shown in Figure 2.19, is
observable in numerical simulations. Figure 5.6 plots the logarithm of m against
the logarithm of the reduced temperature ¢t = |1 —T'/T¢|, where T, has been located
as the point at which there is a peak in the susceptibility. For all the values of
D studied, 0.1 < D < 10, the slope of these curves has been determined to be

B ~ 0.23, thus confirming the important influence of planar anisotropy.

5.1.2 Crossover Due to Single Ion Anisotropy II. Complex

Case

Another form of anisotropy which is commonly encountered is cubic anisotropy,

specified by the Hamiltonian

H = Hues + EY_ [(S)'+ (S¥)* + (57)]. (5.11)
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Figure 5.6: Log-log plot of the order parameter m against the reduced temperature ¢ of the data
on the right hand side of Figure 5.5. For all the values of D studied, 2dXY critical behaviour is
observed.

This is not invariant under continuous rotations, but is invariant under discrete
rotations of the spins through 7/2. Cubic anisotropy turns out to be irrelevant
at the Heisenberg fixed point in d = 3 [255]. A two-dimensional system cannot
have cubic anisotropy but may instead have tetragonal anisotropy, as defined in

the following Hamiltonian derived from crystal field theory [105]

H=-JS;-Sy+ Z [D(Sf)2 +a(S?)* + %e(sgi +SH)|, (5.12)
i=1,2
where D > 0 represents an axial anisotropy that confines the spins to the zy plane,
as observed for the Hamiltonian (5.8), a is a quartic axial anisotropy and e is a
four-fold in plane anisotropy.

The expression (5.12) turns out to convincingly describe the behaviour of quasi
two-dimensional insulators such as KyFeF4 and RbyCrCly [105,256]. J is found
to be positive (ferromagnetic) for RboCrCly and negative (antiferromagnetic) for
KyFeF,. Although this does lead to important experimental consequences (see
Section 5.3), this difference is irrelevant for the purposes of the present discussion,
therefore only the ferromagnet is considered for now. Furthermore, although (5.12)

could represent either a quantum mechanical or a classical Hamiltonian, with the
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operators replaced by classical spin components in the latter case, it is helpful
to reduce it into an effective classical form with a four-fold in-plane anisotropy
by substituting Sy = S, + +iS, and using the identity cos2 = cos?§ — sin?é.
Ignoring the small axial term in a (which is effectively absorbed into D), one

eventually obtains

H=-J Z S;-S;+ D Z cos® ¢; + hy Z cos(46;). (5.13)

(i.5) i i
The precise relationship between the parameters J, D and e in (5.12) and the
parameters J', D' and hy in (5.13) is discussed in Section 5.3.

The properties of (5.13) have been investigated by performing Monte Carlo
calculations on system of different sizes, with different values of D’ and h42. Some
typical magnetisation curves are displayed in Figure 5.7. The most noticeable
feature is that for small four-fold anisotropies, the critical regime appears to be
unaffected. A departure from XY-like behaviour is only observed for stronger
values of hy, of the same order of D’. This raises a number of issues. Does the
Monte Carlo data imply XY behaviour is robust to four-fold crystal field effects in
experiment? If so, can this stability be quantified? Can the nature of the apparent
crossover undergone in the presence of strong hy be elucidated? In particular, to
what universality class is the crossover to? It is in order to address these questions
that the next section turns to the XY model in the presence of symmetry breaking

crystal fields.

5.2 Influence of Symmetry Breaking Fields on
the 2dXY Model

The relevant Hamiltonian for two-dimensional XY spins on a periodic lattice sub-

ject to symmetry breaking crystal fields is the XYk, model

*Note that, in keeping with the rest of the numerical work presented in this Thesis, spins of
unit length are assumed.
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Figure 5.7: Monte Carlo magnetisation data for the model described by (5.13) with D’ = 0.5 and
different values of hy.

Hinyy = —J Y cos (6; — ;) — hy > _ cos (ph). (5.14)
(i,5) i

From an experimental point of view, the most interesting scenarios are p = 1 — 4
and p = 6. Setting p = 1 corresponds to the application of an external magnetic
field. If there is a two-fold symmetry - two equivalent minima in the energy at an
angle m apart - the system has the critical behaviour of the Ising model. With a
three-fold symmetry axis, so that the minima in energy are at an angle 27/3 apart,
the critical behaviour is that of the three-state Potts model.

The properties of systems with four-fold or higher symmetry are more com-
plex, and have been considered in an approximation of the Hamiltonian (5.14) by
JKKN [68]. Their main predictions are as follows. If the symmetry axis perpen-
dicular to the plane has a five-fold or higher symmetry, as it will if the anisotropy
is due to crystal fields in a triangular lattice (p = 6), then the anisotropy can be
shown to lock the magnetisation into one of the preferred directions at sufficiently
low temperatures. At intermediate temperatures the a,nisotropy becomes irrele-
vant, so that the system behaves as if it were isotropic, with algebraically decaying

long range order, whose exponent changes continuously with temperature until it
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Figure 5.8: Temperature-field phase diagram for the XY model in the presence of a four-fold and
six-fold crystal fields. The filled circles denote critical points with continuously varying critical
exponents.

reaches a critical value at which free vortices can form spontaneously. The case
of anisotropy with four equivalent axes in the plane lies on the boundary between
these two types of behaviour: algebraically decaying order occurs at only one tem-
perature, but the exponent at this temperature has a non-universal value. The
physical origin stems from the fact that, for p > 4, thermal fluctuations can take
spins from one crystal field minimum to another without destroying the local or-
dering. For p = 4 the required jumps, Af = /4 are the same as those required,
on average, to create a vortex around a square plaquette. Hence, the temperature
at which the spins jump the crystal field barriers is the same as the KT transition
temperature. The phase diagrams for systems with four-fold and six-fold crystal

fields are shown in Figure 5.8.

5.2.1 Numerical Results

To test the predictions of JKKN, Monte Carlo simulations were performed on the
XYh, model (5.14), placing the spins on a square lattice with periodic boundary
conditions. The model was studied for different values of p and field strengths
hp, and for a variety of system sizes L. At each temperature, the thermodynamic

quantities were measured by averaging the results of 5 independent runs of 10°
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Figure 5.9: Magnetisation data for the XYhy and XYhs models with N = 10, with anisotropies
of strength h, = 0,0.01,0.1 and 0.5.

MCS/s, disregarding the first 10* MCS/s for equilibration. Near the transition

temperature, simulations with 10° MCS/s were performed.

Two- and Three-fold Field

Figure 5.9(a) displays magnetisation data obtained from MC simulations of the
XYhs model, for anisotropies of strength hy/J = 0, 0.01, 0.1 and 0.5. It is apparent
that 2dXY critical behaviour is destroyed even for very weak values of h,, and there
is a rapid crossover to 2d Ising critical behaviour as hy — o0o. Thus, the XYhs model
is unstable with respect to the two-fold anisotropy, consistent with the predictions
of JKKN. A similar instability is observed in the XYh; model (Figure 5.9(b)),

although in this case the crossover is toward the three-state Potts class.

Six-fold Field

The effect six-fold crystal fields have on the finite sized 2dXY model is more pe-
culiar. With increasing anisotropy strength the three phase behaviour predicted
by JKKN becomes apparent. As the temperature is increased the system goes
through a low temperature phase in which the spins order in one of the directions
preferred by the anisotropy, an intermediate regime in which it behaves as if it were
isotropic, and a high temperature paramagnetic phase. However, whereas at the

thermodynamic limit the intermediate phase is dictated by the low temperature
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Figure 5.10: Magnetisation data for the XYhg model with anisotropies varying strength, with
N = 10%. With increasing h,/J the three phase behaviour of the system becomes apparent.
However, the critical behaviour of the magnetisation is characterised by the exponent 8 ~ 0.23
for all values of hg.

prediction of n(T") given by Equation (2.66), on a finite lattice the work of BH
implies a 8 = 0.23 regime. This restoration of continuous spin symmetry is clearly
observable in numerical simulations. Figure 5.10 compares magnetisation data of
the XY model with crystal fields of increasing strength. For all values of hg, the
critical behaviour of the magnetisation is characterised by the exponent § ~ 0.23.
The conclusion is therefore that the six-fold crystal field acts as an irrelevant per-
turbation on the 2dXY model, on any length scale: the XYhg model does not define
a new universality class.

It is remarked that the XYhg model behaves in a manner closely related to
the mechanism of two-dimensional melting proposed by Halperin, Nelson [236] and
Young [237]. This accounts for the observation of XY-like critical behaviour in the

xenon physisorbed on graphite system discussed in Section 4.2.2.

Four-fold Field

Figure 5.11(a) displays the magnetisation versus temperature for the XYh, model
with different crystal field perturbations, for a system with N = 10* spins. A

number of features are immediately apparent. For hy/J = 0, the finite size 2dXY
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Figure 5.11: Monte Carlo data for the XY model in the presence of a four-fold crystal field, with
N = 10%. Plot (a) displays the magnetisation of the XY model in the presence of increasingly
strong anisotropies. Plot (b) displays the same data as a function of the reduced temperature t,
in a logarithmic scale.

behaviour described in Section 2.4.2 is recovered. For hy/J — oo, on the other
hand, the four-state clock model is recovered, which reduces to two perpendicular
Ising models and is consequently in the Ising class (see page 161). In between these
two limiting regimes, the MC data suggests the occurrence of critical behaviour
intermediate between the XY and Ising models, which presumably represents an
example of the non-universal exponents anticipated by JKKN. However, the onset
of non-universal behaviour is not immediate. For small values of hy/J, a restoration
of continuous spin symmetry analogous to that seen in the XYhg model is observed,
and the magnetisation falls exactly on the data for zero field. A departure from XY
critical behaviour only occurs in the presence of anisotropies as strong as hy/J ~
0.5. Figure 5.11(b) displays In(m) against In(7" — T,(L)), which confirms that the
magnetisation exponents lie in the interval 1/8 < [(h4) < 0.23. The crossover
to Ising exponents is slow: for hy/J = 1, f(hs) =~ 0.2 and to approach 8 ~ 1/8

requires hg/J in excess of 5.

Determination of Non-Universal Exponents From Numerical Data Al-
though the main method to estimate [ from experimental data is likely to be the
direct measurement of the gradient of the magnetisation plotted in a logarithmic

scale, Monte Carlo data allows a more thorough scaling analysis to be performed,
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Figure 5.12: Fourth order cumulant U plotted against temperature for the XYh,4 model, with
different h4 and different lattice sizes.

as introduced in Section 2.2.4. Here, the critical exponents of the XYh, model with
hs =1, 2 and hy — oo (four-state clock model) are determined, and compared with
the results of Rastelli et al. [174].

A useful quantity to consider is the fourth-order (‘Binder’) cumulant [56,57]

(mi)

3(mi)?’

which takes a universal value in the limit L. — oo. For temperatures above the

Uy=1- (5.15)

critical temperature T¢, the cumulant approaches the Gaussian value U; = 0 and
for temperatures below T it approaches a maximum value Uy, = 2/3. As discussed
in Section 2.3.3 for the related quantity @)y, the Binder cumulant is invariant
under renormalization [56,57], allowing the critical temperature to be located by
monitoring the crossing point of Uy, for different lattice sizes. In Figure 5.12, the
cumulant is plotted against temperature for different lattice sizes with hy = 1, 2 and
oo. The critical temperature is located at T, = 1.008(2), 1.065(2) and 1.135(3) for
hsy = 1, 2 and oo, respectively, in good agreement with previous measurements (174,
257].

In order to evaluate the critical exponents, it is necessary to first obtain the
correlation length exponent v. This is notoriously problematic to extract from
numerical simulations [53]. Based on the renormalization arguments in Section

2.3.3 it can be shown [56] that an estimation of v that is independent of other
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Figure 5.13: Fourth order cumulant Usy plotted against Uss for different values of hy.

exponents may be achieved by using the relationship

(aULI) _ bl/l/, (516)
UL ) p_r.

where L' = bL and b is a scale factor greater than unity. In this way, ¥ may be

computed by evaluating the slope of Uy, against U at the intersection point with
the diagonal line given by y = z.

Figure 5.13(a) plots Uss against Uyg for hy = 0, 1, 2 and oco. It is noteworthy
that the data for hy = 0 falls onto the diagonal line up until a temperature 7' = 0.94,
which is close to typical values of 7™ for the finite size 2dXY model. This implies the
slope of the curve (OUL /0U;) = b/ = 1 in the temperature range 0 < T' < T*,
and that ¥ — oo, consistent with the exponentially divergent correlation length
predicted by KT theory [61]. Figure 5.13(b) shows that this behaviour remains
present in the presence of fields hy < 0.5. This persistence of the KT phase to
four-fold fields is also observable in other thermodynamic quantities (such as the
magnetisation in Figure 5.11), and is discussed further in the next section.

For stronger nonzero fields, a single crossing point with the y = z line is ob-
served. The coordinates of this point were determined numerically by a least-
squares fit of the data to second, third and fourth order polynomials. The deriva-
tive of each polynomial at the crossing point was also determined, thus allowing v
to be estimated. This procedure was repeated for L' = 16, 24 and 32, and L = 32,
48 and 64. As a measure of the reliability of the method, the four-state clock model
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Table 5.1: Critical exponents for the XY h4 model determined from numerical simulations.

This work Rastelli et al. [174]
ha | v g g v B g
1 [1.19(4) 0.19(4) 2.00(15) | 1.22(3) 0.23(3) 2.15(17)
2 | 1.09(8) 0.16(3) 1.87(10) | 1.07(9) 0.17(5) 1.89(13)
0o | 1.00(5) 0.11(2) 1.76(7) | 1.00(3) 0.14(2) 1.75(6)

was considered, which as will be discussed in Section 5.2.2, belongs to the Ising
universality class. For the systems studied, v was found to range from 1.03 to 0.97.
A noticeable feature of these estimates is that for decreasing system sizes, higher
values of the exponent are obtained. Nevertheless, once averaged they compare
favourably with the theoretical value v = 1. On this basis, the measured values
of v reported in Table 5.1 for the XYh4 model with hy = 1 and hy = 2 are to be
considered reliable.

Table 5.1 also reports estimates for the exponents 3 and v. These were obtained
by taking advantage of the relationships (2.40) and (2.42): plotting the logarithm
of the maximum in the susceptibility against the logarithm of the lattice size L,
gives a line with a slope equal to /v. Similarly, plotting the magnetisation mea-
sured at the temperature at which the susceptibility has its maximum against the
logarithm of L yields the ratio §/v. The non-universal field dependent nature of
the exponents is thus clearly confirmed, provided hy > 0.5, and the estimates are
in good agreement with previous work [174]. In particular, it is noteworthy that in
the limit hy — o0, critical behaviour of the 2d Ising model is recovered, as expected

theoretically.

Marginal Nature of the Four-fold Field

For hy < 0.5, the numerical data presented in this and in previous works [173-175]
suggest there is a re-establishment of continuous symmetry, such that XY-like
behaviour remains present. This special phenomenon is consistent with h4 being
a marginal perturbation. In general, a system susceptible to a perturbation scales
as [258]
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(%2) _ (h_Jp) , (5.17)

where £ is the scaling factor. If the perturbation is relevant (y, > 0) it grows under

rescaling and a crossover to the universality class of reduced symmetry occurs at a

characteristic crossover length scale £,

(%)l . (E;) ~1 (5.18)

J 1/yp
~ [ — . 1
/., ( h,,) (5.19)

On the other hand, if y, < 0 the perturbation is irrelevant. For a marginal per-
turbation, such as the four-fold field in the 2dXY model, the crossover exponent

ys = 0. In this case crossover can only occur, at best, due to logarithmic corrections

(h_;) — alog(t) (h—;) , (5.20)

and will consequently be only observable on exponentially large length scales

to scaling

£, ~ exp (%) . (5.21)

Qany
If this length scale is larger than the effective system size, 2dXY behaviour persists.
Hence, for small and intermediate crystal field strengths the finite size scaling ap-
pears compatible with that of the continuous symmetry of the 2dXY model, as in
the six-fold case. This fact is substantiated by the detailed finite size scaling analy-
sis performed above, which shows no evidence of any crossover occurring for small
fields. This is an experimentally relevant point, since it provides a satisfactory
explanation as to why the crossover to the non-universal behaviour predicted by
JKKN is suppressed in many magnetic 2dXY systems. For example, the canonical
2dXY system RbyCrCly [96] is in effect subject to four-fold crystal fields, yet it
displays 3 ~ 0.23. Given it has a coupling constant J ~ 14 K, this particular ma-
terial would require unphysically strong fields hy =~ 7 K in order for this behaviour

to be altered. This fact is discussed further in Section 5.3.
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5.2.2 Clock Models and Extended Universality

In the h, — oo limit, the Hamiltonian (5.14) is called a clock model since the
only allowed states consist of spins pointing in p discrete directions symmetrically

distributed around a circle

H, = —JZCOS (6; — 6;) with 6; =27 (é) (6=1,...,p). (5.22)
(i) P

This model interpolates between the spin-up or -down Ising limit (p = 2) and

the continuous 2dXY limit (p = oo). It may consequently be studied to track

how the phase transition of the Ising model, characterised by spontaneous broken

symmetry in the ordered phase, gives way to the Kosterlitz-Thouless transition, in

which broken symmetry is absent.

The model has a diverse phase diagram [259]: for p = 2,4 it belongs to the
Ising universality class, with a low temperature ferromagnetic phase and a high
temperature paramagnetic phase; for p > 4 it has three phases - a low temperature
ordered and a high temperature disordered phase, as in the Ising model, and also a
‘quasi-liquid’ intermediate phase. MC simulations performed on the model (5.22)
confirm this behaviour: the specific heat data for the p = 6 and p = 8 models
clearly has two peaks. Focusing on the p = 8 data, the quasi-liquid regime is
shown to lie in the region T} < T < T5.

The transition at 75 has been conjectured to be KT-like by various authors [259-
262]. Indeed, in its vicinity the specific heat and magnetisation data obtained from
the MC calculations for the six- and eight-state clock models is shown in Figure 5.14
to match exactly on to that of the XY model. With regards to the magnetisation
data, the restoration of continuous spin symmetry is identical to that described for
the XYhg model. Lapilli, Pfeifer and Wexler (LPW) [263] have recently presented
a more rigid argument in order to verify this equivalence. On the basis of known

results on the generalised Villain model [68], they define a temperature

472

B p2TKT’

Teu(p) (5.23)
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Figure 5.14: Comparison of p-state clock models for p = 4, 6 and 8. Left: specific head data;
Right: magnetisation data. The quasi liquid phase for the eight-state clock model lies between
the temperatures 77 and 75.

above which the macroscopic thermal averages of discrete clock models with p > 4
become identical to those of the continuous XY system. This collapse of thermody-
namic observables creates a regime of what LPW refer to as extended universality,
and an emergent symmetry not present in the original Hamiltonian. This remark-
able phenomenon is distinct from conventional universality, because the symmetry
is present over an extended range of temperatures and not just at the critical point.

Equation (5.23) thus provides a criterion which allows for the nature of the
transition at 7T, to be established, depending on the value of p. For p > 8, T, lies
in the quasi liquid phase below T5, thus guaranteeing that the transition T5(p >
8) is of the KT type. Conversely, for p < 7, T, lies above T,, which implies
that the transition Ty(p < 7) is not a KT transition. LPW substantiate these
predictions by showing that, following a free energy stability argument proposed
by Minnhagen and Kim [264], a twist of the spins at 7, costs much more in energy
for p < 7 than it does for p > 8, suggesting that the spin wave stiffness does not
jump discontinuously to zero as L — oo for p < 7. The Monte Carlo simulations
performed in this work, summarised by the magnetisation data shown in Figure
5.14, also confirm the predictions of LPW. An important observation is that, despite
not strictly undergoing a KT transition according to the LPW criterion (5.23), the
six-state clock model remains indistinguishable from the XY model, in so far as

the measurable critical behaviour is concerned.
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The four-state clock model is manifestly different from clock models with p > 4,
and in actual fact belongs to the Ising universality class. This is straightforward
to show on a mean field level, since one may think of this model as two orthogonal

Ising models [265]. Consider the partition function

Q = exp (—J Z S; 'Hmf> : (5.24)

where H,s = 2JM + H is the molecular field term described in Section 1.4.2.
For the two state Ising model the summations in (5.24) are trivial since S; = +1.

Therefore

leing =Tr €Xp (_;Bsz : Heﬁ)

(5.25)
= exp (fHes) + (—OHeg) = 2 cosh (GH.g) .

For the four-state clock model S; may take up four values, two of which are de-
generate: S; = £S5,, £S5, = £1,0,0 (see the bottom left hand diagram in Figure
5.16). Consequently

Q4stat&s ="Tr €xXp (_ﬂsz : Heﬁ)

= exp (6Heg) + exp (—BHe) + 2 (5.26)
= [exp (ﬂI_QIefT) + (-%)} i = 2[1 + cosh (GHg)] .

Thus the partition function of the four-state clock model is simply the square of

the partition function of the Ising model with an interaction potential J/2:

2

Qastates(6, J) = [leing (%)] . (5.27)

To test this equivalence, MC simulations of the four-state clock model were per-

formed. The results for the magnetisation are plotted in Figure 5.15, and clearly

illustrate that the data for the 2d Ising model falls exactly on top of that of the
clock model, provided the energy scale is halved.

Another generalisation of the Ising model is the Potts model, which is defined

by the Hamiltonian
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Figure 5.15: Comparison of the four-state clock model and the Ising model. By changing the
temperature scale of the Ising model by a factor of %, the magnetisation curves (and indeed all
other thermodynamic quantities) are identical to each other for both models.

H=-J) 5(6:6;). (5.28)
(i,5)
0 is a Kronecker delta function so the energy of the neighbouring spins is —.J if they
are in the same state and zero otherwise. With increasing p this model remains
a two level system, but becomes characterised by a large degeneracy. This is in
contrast to the clock model, in which the energy is given by the vectorial product
of the two neighbouring spins.

Despite their obvious difference, illustrated clearly in Figure 5.16, there is a
degree of confusion in the literature between the clock and the Potts models®,
possibly due to the fact that in his original paper [80] Potts investigated both. In
fact, for p = 2 and 3, the clock and Potts models are equivalent, and belong to the
Ising and three-state Potts universality classes, respectively. For p > 4, however,
the two models are different. With p = 4 the Potts model belongs to a universality
class of its own, characterised by its own critical exponents [43], distinct from those

of the four-state clock model, which belongs to the Ising universality class. With

bSee for example Won et al. [266].
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Figure 5.16: Comparison of the energy profiles for the clock and the Potts models. The former
is characterised by a vectorial product between the spins, whereas the latter is characterised by
a large degeneracy. For p = 2 and 3 it can be seen that the two models happen to be equivalent.
For p = 4 this is not the case: the four-state clock model belongs to the Ising universality class
whereas the four-state Potts model belongs to a universality category of its own.
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Figure 5.17: Comparison of magnetisation data for the four-state Potts and clock models. The
curves are clearly characterised by different critical exponents [.

p > 4 the Potts model displays a first order transition. On the other hand, as
p — oo the clock model tends to the XY universality class, as discussed above.
As the data in Figure 5.17 attests, the difference between the four-state Potts and
Clock models is clearly observable in MC simulations. From the slopes of the
log-log data, very good estimates for the critical exponents were possible, in close

agreement with the exact values of BY°%s = 1/12 and f{'°% = 1/8.

5.2.3 RG Analysis of the Villain Model

The work of JKKN finds the four-fold anisotropy to be a marginal perturbation to
the 2dXY model, which gives rise to a special behaviour characterised by continu-
ously varying exponents as a function of hy. The phase diagram on the left hand

side of Figure 5.8 is most succinctly described by the authors themselves [68]:

All three lines display continuously variable critical exponents with a
conventional phase transition across T¢(hs). Although the exponent
n(h4) remains fixed at i to lowest order in hy, we find that the correla-

tion length exponent v(hy) diverges, v(hy) ~ 1/|hy4|, as hy — oc.
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The objective of this section is to make these predictions more quantitative, and to
calculate the values taken by the critical exponent 3 as a function of crystal field

strength hy.

Villain Model

The non-universal critical exponents can be calculated analytically within the
framework proposed by JKKN. They showed that to describe the KT phase transi-
tion and the effects of weak crystal field terms, it is sufficient to replace the 2dXY
Hamiltonian by the generalised Villain Hamiltonian [68, 72]

2 .
kBT —KZ (1 — —(6; — 0; — 27my;) ) + Zzpn,-&i

@.9) : (5.29)

+In(yo) Z Sk +In(yp) Z ns.

where K = J/kpT. The first term is recognisable as the HXY model (2.82), in
which the integers m,; maintain the periodicity of the original XY Hamiltonian
for rotations over an angle 27. Sy is a directed sum of integers m;; around a
square plaquette of four sites centred at R S R = My1 + M1y — M3o — My3, takes
the values Sg = 0,+1,4+2... and is therefore a quantum number for a vortex of
spin circulation centred on the dual lattice site R. Yo is a small parameter related
to the chemical potential u and fugacity y for the creation of a vortex anti-vortex
pair on neighbouring dual lattice sites: y = yoexp(—fu) ~ yoexp(—72K/2). In
the original Villain model yo = 1 but it is introduced here as a phenomenological
small parameter which is renormalized in the subsequent flows. Similarly, y, is a
fugacity for a locking process of spins along one of the p-fold field directions with
integer n; being a measure of the strength of this process at site .

The justification for using the generalised Villain model relies on a duality
theorem, which holds provided the term exp|[h, cos(pf)] in the partition function of
the XY model can be replaced by a periodic function with the same symmetry [72]:

ghwcoslpd(r)] _ z ePUr)O(T) (nyp)n?(r) (5.30)

n(r)=—oc
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Since terms with |n(r)| > 1 contribute negligibly for small y,, it is possible to make

the identification

1
U ~ 5hy (5.31)

in this limit. By invoking the hypothesis of universality, whereby the precise form
of the interaction should be immaterial provided the correct symmetry is main-
tained, Villain has argued [72] that no important physics is lost by considering the
analytically more tractable Hamiltonian (5.29), which has the additional advantage
of allowing vortices to be introduced explicitly into the problem, separately from
Spin waves.

Thus, for weak crystal fields y, = %hp, reproducing the field contribution to the
partition function of the 2dXY model to leading order in y,. On the other hand, for
strong fields y, — 1, and (5.29) transforms into a discrete p-states model. However,
it must be stressed that this model is not the p-state clock model: although the
Villain model maintains the global rotational symmetry, it destroys the local O(2)
symmetry of the pair interaction. This results in the neighbouring spins orientated
perpendicularly having an energy less than half that of antiparallel spins, which in
turn means the ordered state has lower lying excitations than the corresponding
clock model. The difference between the two models is highlighted in Figure 5.18,
and makes it clear that for quantitative studies of the strong field limit one should
use Hamiltonian (5.14) rather than (5.29).

With y, set equal to zero, a real space renormalization analysis for the spin-spin
correlation functions resulting from (5.29) leads to the Kosterlitz RG flow equations
(2.78) and (2.79) for an effective coupling constant K.z and vortex fugacity y. For
Keg = 2/m and y = 0, the flows yield the KT transition. In the presence of a p-fold

held ghec oM cauatigns R pdifiskend aithird sanetinn 15, 89Rebatadt expressions.

This is pointed out in a list of errata [267].
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Figure 5.18: Comparison between the XY and HXY (Villain) models in the h4 — oo limit.

(K—l)l — K—l g <47T3yge—7r2}{ fa %prgK—2e_p2K—l/4> hl(b), (532&)
Yo = Yo + (2 — 7K)yo In(b), (5.32b)

2
Yp = Yp + (2 o %K‘l) Yp In(b), (5.32¢)

where b is the scale factor and where the equations are valid as b — 1. These recur-
sion relations imply that y, will grow under renormalization below a temperature
given by p?/(47%K) = 27, which is consistent with the fact that the magnetisation
locks into one of the p directions favoured by the perturbation. There is a series of
temperatures

2 p?

— < Kar < o, (5.33)
in which only Gaussian spin waves are present, and both the symmetry breaking
perturbation and vortex excitations are unimportant. This intermediate phase is
characterised by algebraically decaying correlations, and upon substituting (5.33)
into (2.67) it is found that n(7") ranges from n = % to n = 4/p?, as the temperature

is decreased. Evidently this stability region is only present in systems with p > 4,
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and the system is unstable with respect to vortex unbinding and p-fold fields when
p =1, 2, or 3. The borderline case of four-fold symmetry requires more study, and

is considered more carefully in the next section.

Influence of hy

Inserting p = 4 in the set of RG equations (5.32) results in the identification of fixed
points at K* = 2/7 and y} = +y*4. It is then possible to calculate the linearised
transformation matrix at each one of these points

(K1Y Yg Ay,
OK-1 OK-1 QK1

—1\/ a 7 a ’
M= [2& ) %% % | (5.34)
v, o Gw
KT %y Oys
Oya dys A

where the asterisk denotes that the matrix is evaluated at the fixed point. It is
found that [268]

l+a 6 =6
M=~ 1 0]/, (5.35)
-y 0 1
with
a = 167%(27 — 1)§%e~*" In(b) (5.36a)
v = 873je~*" In(b) (5.36b)
4
6= —gn(b), (5.36¢)

and where yo = y4 = 9. Solving for the eigenvalues it is found that

1
A=1,1+ % £ >/a? 87, (5.37)

Upon writing A = b7, the three scaling exponents corresponding to the RG flow
are extracted. One relevant exponent is found, which is interpreted as o; = 1/v,
the index which takes the coupling constant away from the critical value at the

now regular second order phase transition. An irrelevant variable o is also found,
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which is interpreted as driving the vortex fugacity to zero. Finally, a marginal
variable, o3, is found, which corresponds to the scaling exponent of the four-fold
crystal field. Taking h4 = 0, all eigenvalues become marginal in a manner consistent
with the particular scaling properties of the 2dXY model. In the small field limit,
0, = 4we "hy, 09 = 0 and 03 = —4mwe~"hy. This gives the non-universal correlation
length exponent v ~ 1.8/hs. In the strong field limit, y4 = 1 yields v ~ 0.47,
which should be compared with the exact result for the Ising model, v = 1. The
agreement is not good, as might be expected given the distortion of the four-fold
interaction imposed by the Villain model. This result further emphasises the fact
that a quantitative calculation for the strong field limit requires a different starting

Hamiltonian to Equation (5.29).

Calculation of the Critical Exponents

To calculate § from the scaling relations, a second relevant scaling exponent, or
critical exponent, is required. In this case the anomalous dimension exponent 7
may be calculated directly from the correlation function. At the KT transition
n = 1/4, giving the universal jump in the spin stiffness, K = 2/7. On the basis of
the weak scaling properties of the 2dXY model discussed in page 82, the finite size
scaling exponent 3/v = 1/8 is a universal number despite the fact that the true 8
and v are not defined. Furthermore, a striking result in the presence of a four-fold
field is that n remains unchanged to lowest order in hy. Therefore, since n = 1/4
also for the two-dimensional Ising model, it is reasonable to assume 1 = 1/4 and
B3/v = 1/8 for all values of hy [174,269).

The Villain model therefore predicts a range of non-universal magnetisation

1/1.8
= (H) (5.38)

for weak field, to 3 = 1/8 in the strong field limit. For weak crystal fields, 3 is

large and the magnetisation would develop very slowly with temperature below the

exponents ranging from

transition, if this were the dominant scaling. However, as shown numerically, there

is no crossover for accessible system sizes and the large 8 values are masked by
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the finite size magnetisation of the 2dXY model itself. It is only for larger values
of hy that one can expect to see non-universal exponents for 1 /8 < B(hy) < 0.23,
confirming both numerical and experimental observations above. Putting 8(hs) =
0.23 in Equation (5.38) gives hy/J & 1, a ratio of order unity, in agreement with
the above general arguments, and comparable with the numerics, where the change

of regime occurs for hy/J = 0.5.

5.2.4 Critical Isotherms

The magnetisation-field exponent § is related to the anomalous dimension exponent

n through the hyperscaling relation

d+2—n
0= —— 9.39
d—2+n (5.39)
which in two dimensions implies 6 = 4/7 — 1. From Equation (2.67) it follows that

the spin wave magnetisation (2.65) may be rewritten as

1\ D)/ 1\ Y6+

i.e. 0 is related to the spin wave stiffness by § = 87Kz — 1. Indeed, this rela-
tion has been used in order to precisely locate T* from measurements of §(7) in
Rb,CrCly [270,271], since 6(T*) = 15, by definition.

To gain a more complete picture of the scaling behaviour of the XYh, model,
it is therefore informative to follow the behaviour of §(T), and hence 7(T), as
a function of the strength of the four-fold anisotropy. The plot 5.19(a) displays
magnetisation versus field data collected from Monte Carlo simulations on a pure
XY model of size N = 1032. From the procedure described in Section 2.4.2,
T*(L = 32) = 0.943. At this temperature, measurement of the slope of the isotherm
in the log-log plot 5.19(b) yields an estimated value 6 = 14.3, which is consistent
with the value predicted by theory, § = 15. On a finite size XY model, the effective
Curie temperature is shifted logarithmically with system size, T, (L) — Tkt ~ E%
(c.f. Equation (2.80)). As ¢ decreases continuously through the transition, at
Te(L = 32) = 1.078, which is in the vicinity of the peak in the susceptibility y, a

much lower value § = 10.3 is obtained. In turn this implies  ~ 0.35, a number
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Figure 5.19: Magnetisation-field Monte Carlo data for a 2dXY system of N = 1032 spins. Plots (a)
and (b) display data for the pure 2dXY Hamiltonian in linear and logarithmic scales, respectively.
Plots (c) and (d) display isotherms for the 2dXY model in the presence of different crystal fields.

considerably in excess of the value n = 1/4 expected at the thermodynamic limit,
where T, = T* = Tk.

In the limit of the four-state clock (Ising) model, on the other hand, an isotherm
with slope ~ 1/15 is only measured in the vicinity of the critical temperature
T.(L = 32) = 1.14 (plots 5.19(c) and 5.19(d)), which is consistent with the truly
ordering nature of the 2d Ising phase transition. In this regime the finite size shift
is a more conventional power law, T,(L) — T, ~ f}/—,,, as discussed in Section 2.2.4.

In the presence of hy, the finite size shift of the XY model is seen to cross over
to that of the Ising model. Nevertheless for small fields (hs/J < 0.5), v ~ 1/hy is

large, and finite size effects remain dominant, consistent with the marginal nature
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of the perturbation. In particular, one may argue that n appearing greater than
1/4 in experiment is an indication of the presence of finite size effects. For stronger
anisotropies (hy/J > 0.5), there is a departure from 2dXY-like scaling. For hy/J =
1, for example, where [ displays a non-universal value, § = 15 is only measured
much closer to the peak in the susceptibility, i.e. near T,. For hy/J = 5 the data
is less convincing, but the situation appears to be similar.

Although these observations are consistent with experimental measurements,
they correspond less directly to the theoretical predictions. In particular, a con-
sequence of the universal result 7 = 1/4 is an unusually large value for v > 1,
whereas the measured values are systematically smaller than unity. For example
for KoFeF,, which is discussed in further detail in the next section, v = 0.9(2).
This value gives §/v = 0.16, greater than the predicted ratio 1/8, but together
with v = 1.5(5) the set of exponents do satisfy the hyperscaling relations. The
shift in v is therefore consistent with the shift in 1 and it seems reasonable to

assume that these changes are uniformally due to finite size effects.

5.3 Re-evaluation of Experimental Situation

The results of the previous section call for a reinterpretation of the predictions
made by JKKN regarding the behaviour of the XY model with four-fold crystal
fields. The non-universal exponents predicted by their theory are in fact bounded
by the Ising and XY limits, which in practical terms means that the measured
exponent (3 lies in the range 0.125 — 0.23. In addition, the extraordinary scaling
properties of the XY model ensure a stability region in which pure XY critical
behaviour persists, despite the presence of weak fields. Non-universal exponents
are only observable with much stronger anisotropies. Experimental evidence for
this strong field-weak field divide comes from making head to head comparisons

between systems classified in Chapter 4.

5.3.1 Layered Magnets

One of the advantages of layered magnets is that in many cases their properties have

been experimentally investigated to a high degree of precision. Hence, a quantitative
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head to head comes from a comparison between the quasi two-dimensional S = 2
ferromagnet RbyCrCly [256] and the S = 2 antiferromagnet, KyFeF, [105]. While
the ferromagnet shows the characteristics of the pure XY universality class, the
antiferromagnet has non-universal exponents, with 8 = 0.15, consistent with XYhy
behaviour. In both cases the spatial anisotropy of the exchange, with the interplane
coupling J much bigger than the intra-plane coupling J', gives rise to an extended
temperature range with two-dimensional critical fluctuations. A detailed analysis
of both materials [105,256] yields a clear picture of the spins being confined to
the XY plane by a crystal field D which breaks the O(3) spin symmetry. There
is also an in-plane crystal field e with four-fold symmetry. For the purposes of
fitting the spin wave spectra, both Hutchings et al. [256] and Thurlings et al. [105]
applied a low temperature approximation to the Hamiltonian (5.12), which involves
omitting the negligible quartic axial anisotropy, and decoupling the quartic in-layer
anisotropy into an effective quadratic term:

Se(Sty — SL) = 6e{(S7)? — ())[(5) — (1)

1 1

(5.41)
= B[(S7)” - (57"

The neutron scatterring data (see Figure 5.20) may then fitted to the effective

Hamiltonian

H=-J) Si-S;+DY (SH*+EY [(S)?+ (5Y)7. (5.42)
(6,4) i i

The fitted parameters J, D and E can be used to derive estimates for e and h, in

Equations (5.12) and (5.13). The results are summarised in Table 5.2.

For both KyFeFy and RbyCrCly, the values of hy/J derived from e/J are much
smaller than the values required to lie in the non-universal regime of Figure 5.11.
Hence, at first sight it seems that both compounds should fall into the weak field
category. Although this is true for Rb,CrCly, the observed critical exponents for
KyFeF, are clearly inconsistent with this scenario. An explanation for the anoma-
lous behaviour of the antiferromagnet must therfore be included if the theoretical
description is to be made complete. A plausible mechanism which leads to a larger

effective hy, and consequently non-universal critical behaviour, has been identified
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Table 5.2: Main parameters for KoFeFs4 and RboCrCly, as determined from experi-
ment [105,256]. The theoretical values of the spin wave gaps A; and Ay have been
determined from the expressions (5.43) and (A.22).

K2F6F4 RbQCI‘C14

S 2 2
J(K) -15.7 15.121
D(K) 5.7 1.12
E(K) -0.49 0.062
D/JS? 0.363 0.07
e/JS? -0.0024 0.02
hy/JS% -0.0094  0.0026
A1(K) 71(2) -

Ay (K) 24(4)  0.638(70)
A1(K) (theoretical)  75.68 -
Ay(K) (theoretical)  31.36 1.49
I} 0.15(1)  0.230(2)

using spin wave theory, as follows.

Antiferromagnetic Case

The spin wave analysis reported in Appendix A shows that the simple Heisenberg
antiferromagnet has two degenerate spin wave branches, which become dispersion-
less at long wavelength. Applying the crystal fields D and F lifts the degeneracy of
the branches and introduces two gaps for the spin wave frequencies at the magnetic

Brillouin zone centre. For the case F < D one finds

Ay =25VzDJ (5.43a)
Ay = 2SV22EJ. (5.43b)

The first branch, with gap A;, corresponds to the out-of-plane fluctuations and the

¥To ensure a consistent definition of J with the data for KoFeF4, the parameter reported here
for RboCrCly has been multiplied by a factor of two with respect to that of Hutchings et al. [256].

'To compare these results with simulations of systems with unit spins, values of hy/JS? are
quoted, which are equivalent to h4/J in the simulations.
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second, with Ay, to in-plane fluctuations. The gaps open rapidly with perturbation
strength: for KoFeF, it is found from experiment that A; = 71.04 K and A, = 24
K [105]. A; is larger than the transition temperature, Ty = 63 K ~ J52, such that
out-of-plane spin fluctuations are largely frozen out over the whole of the ordered
phase. The spins will therefore be truly confined to the plane with an effective
crystal field, hy, of the order of A,. This gives hy ~ JS?/3 (or hy/J ~ 0.3) which
is the right order of magnitude to fall into the strong field category. One can further
speculate that quantum fluctuations for the in-plane branch and non-linear correc-
tions to the spin wave calculation will renormalize it to even higher values. In this
case, KoFeF4 would clearly be a candidate for non-universal criticality characteris-
tic of the XYhs model. In this respect, it is noteworthy that a ‘spin dimensional
reduction’ due to quantum suppression of fluctuations has recently been observed

in quantum Monte Carlo simulations with a Hamiltonian similar to (5.42) [272].

Ferromagnetic Case

In the case of the ferromagnet RbyCrCly, the field D changes the dispersion relation
w(qg) at small wave vector from quadratic to linear in q. It does not, however,
introduce a gap at zero wave vector. Upon the applicatioh of the second crystal
field, a gap is opened, which varies as v/DE, and is hence an order of magnitude
smaller than those appearing for the antiferromagnetic system. This difference is
emphasised by the experimental data shown in Figure 5.20. The effective field h4
appearing in (5.14) is therefore small for RbyCrCly, which is perfectly consistent

with the observation of the 2dXY critical behaviour in this case.

Criterion for Onset of Non-Universality

The above results may also be obtained using the standard Holstein—Primakoff
approach [273]. In either case, the main conclusion is that the zero wave vector spin
wave gap is determined by the geometric mean of £ and D for the ferromagnet, and
the geometric mean of £ and zJ for the antiferromagnet. Since, E < D < J, it
follows that ATM <« A2FM | explaining why fluctuations re-establish XY symmetry
in ferromagnetic RboCrCly but not in antiferromagnetic K;FeFy. On the basis

of this argument, one is also led to the prediction that systems falling into the
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Figure 5.20: Spin wave energy dispersion in KsFeF4 and RbsCrCly along the in-plane direction,
as measured with inelastic neutron scattering. The data for KoFeF4 and RbyCrCly was measured
at 4.2 and 20 K, respectively. The points are experimental and the curves calculated from the
best fit of the Hamiltonian (5.42). Note the entirely different energies for the two compounds at
small vectors (1 THz ~ 4.14 meV). After Thurlings et al. [105] and Hutchings et al. [256].

non-universal window of critical exponents will mostly be antiferromagnetic.

5.3.2 Ultrathin Magnets

The critical behaviour of ultrathin magnets is also consistent with the mechanism
discussed in this Thesis. Many of the systems listed in Table 4.2 possess four-
fold symmetry, and their measured order parameter exponents have in the past
been explined as non-universal (see for example the work of Rau and Robert [274,
275]). This direct interpretation of the work of JKKN cannot be correct, however,
since the prediction 3 o« J/hy would give, over many experiments, an unbounded
distribution of exponents 3, extending to infinity for limitingly small crystal fields.
It is clear from the observations in Section 4.1.3 that in reality there is a clustering
of values at # ~ 0.23. In light of the present work, these may be classified into the

weak field regime of the XYh, class, which is a consequence of the unique scaling
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properties of the 2dXY model and the marginal nature of the hy perturbation.

5.3.3 Structural Transitions at Surfaces

Oxygen absorbed onto Mo(110) [228] or W(110) [229] and hydrogen on W(110) [224]
have both been claimed to fall into the XYh4 class, representing four-fold equiva-
lents of the two stage melting process for hexagonally coordinated systems [236].
Electron hybridisation between absorbed and substrate particles will result in the
generation of electronic dipoles aligned perpendicularly to the (110) surface. The
resulting 1/ interaction between the particles is repulsive and of sufficiently long
range to ensure crystallisation into a square lattice structure in the absence of a
substrate. The (110) surface provides a substrate potential of the same topology
and which can be made commensurate with the free standing array by tuning the
absorbate density, the clearest example being the (2 x 2) lattice structure. The
result is claimed to be the XYh, universality class and the measured exponent,
B = 0.19 [228,229], is, in light of the current work, seen to be consistent with this.
The same should, in principle, be true for the (2 x 2) ordering transition for hydro-
gen on W(110), but the measured § is consistent with the pure XY model [224].
Hydrogen being so much lighter that oxygen, larger zero point fluctuations should
make the substrate potential less effective at pinning the crystal, putting it in the
category of systems with a weak field h4, consistent with the experimental obser-

vation.

Another Mechanism

A mechanism which has been put forward in order to account for the observed
behaviour of adsorbed monolayers on cubic (100) surfaces occurs through the Ising
antiferromagnet with nearest and next nearest neighbours Jy, and J,,, (Figure
5.21(a)). Provided Jpnn/Jnn > 0.5, this model undergoes a transition to a lay-
ered antiferromagnetic structure, belonging to the XYhy class [276]. This becomes
evident if one considers that the ground state of this system consists of ferromag-
netically aligned rows of up spins alternating with ferromagnetically aligned rows
of down spins. Since there are two ways to achieve this ordering (Figures 5.21(b)

and 5.21(c)), a degeneracy is present which should be considered as the two compo-
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Figure 5.21: Ising lattice with nearest and next-nearest neighbour interactions J,, and Jnnn-
(b,c) Spin arrangements in the antiferromagnetic structure, in which ferromagnetically aligned
rows of up spins alternate with ferromagnetically aligned rows of down spins. These rows can be
oriented in either the z or the y direction.

nents of an XY order parameter. Landau and Binder [277] have studied the critical
behaviour of this model using the same numerical techniques adopted in Section

5.2.1, and have confirmed a non-universal behaviour typical of the XYh4 class.

5.4 Discussion

This chapter has examined how long range order may arise in two-dimensional
spin systems with continuous spin symmetry. An analysis of the pure Heisenberg
model finds its peculiar scaling properties to be consistent with previous studies
in the literature [250,253]. Despite certain similarities with the XY model, most
notably the low temperature behaviour given by the spin wave expression (5.3), the
Heisenberg model does not undergo a phase transition in the thermodynamic limit,
and does not exhibit an effective critical behaviour akin to that observed in the finite
size 2dXY model. Long range order is invariably found to be induced through any
mechanism which destroys the rotational invariance of the Heisenberg spin, such
as single ion anisotropy. The spins may either be constrained to lie perpendicular
to the plane of the lattice (uniaxial symmetry) or parallel to it (planar symmetry).
The former scenario gives rise to a conventional second order phase transition and
critical behaviour belonging to the Ising universality class. The latter gives rise

to a KT transition [61] to a peculiar state of quasi long range order. However,
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on a finite lattice a spontaneous magnetisation is possible, and furthermore it is
characterised by an exponent 3 ~ 0.23. This acts as a signature of 2dXY behaviour
in experiment, and indicates that the physics of many layered and ultrathin magnets
is not dictated by predictions at the thermodynamic limit [77].

The main question explored has been how higher order contributions to the
Heisenberg Hamiltonian influence the behaviour of the model in the XY regime.
This was achieved by considering the XY model in the presence of symmetry break-
ing crystal fields. The XYh,; and XYhs models do not define new universality
classes, and belong to the Ising and XY class, respectively. The XYh; model be-
longs to the three-state Potts universality class. Although this is distinct from
the Ising and XY classes, three-fold symmetry breaks time reversal symmetry, and
consequently does not occur in simple magnetic systems. Much more common is
the four-fold symmetry of the XYh, model, which exhibits a far richer behaviour
involving continuously changing critical exponents as a function of hy. The de-
tailed numerical and analytical analysis presented in this chapter has shown that
in practice the regime in which § is non-universal is restricted to an envelope of
values 0.125 > 8 > 0.23, as illustrated in Figure 5.11, ruling out the relevance of
the four-state Potts class. This finally explains the histogram of measured 3 values
shown in Figure 4.19. Furthermore, on the basis of the RG calculation it is pre-
dicted that the exponent 7 remains constant at 0.25. However, experimental values
are systematically found to be higher due to the finite size effects associated with
the XY model, both in zero and in weak field. The actual values of the four-fold
crystal field that occur in magnetic systems are, at first sight, too small to take
any system away from the XY limit. However, a mechanism has been identified
in antiferromagnets whereby the four fold field is effectively amplified by quantum
confinement of the spins to the easy plane.

In light of the work by Lapilli et al. [263], the links and similarities between
the XY and the clock models have also been investigated. The fact that, above a
certain temperature Tq,, discrete p-state clock models with p > 4 produce identical
thermodynamics to the continuous XY model, provides an example of extended
universality. The restoration of continuous spin symmetry observable in XYh,

systems with p > 4 may be interpreted as the remanence of this phenomenon.
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Chapter 6

Competing Long and Short Range

Interactions

This chapter addresses the question of competing length scales in spin models.
Specifically, the aim is to understand the influence of the dipolar interaction (1.8)

in Heisenberg spin systems using the following Hamiltonian

H=-J Z S;i - S; Exchange (6.1a)
(i.9)
—-D Z (s7)? Single ion anisotropy (6.1b)
i°8;  3(si-ry)(s; -1y . . :
+ gZ [Sr;J _3er i.;(sj . ])J Dipolar interaction (6.1c)
i>j L i

where J is the nearest neighbour exchange coupling, D is the strength of the
single ion anisotropy, which depending on the sign favours either Ising (D < 0)
or XY (D > 0) anisotropy, and g is the strength of the dipolar energy. Although
generally very weak, the dipolar interaction decays slowly as a function of the
distance between spins r;;, and consequently may dominate the physics of certain
systemms.

The complex nature of the Hamiltonian above raises a number of difficulties.
The competition between the exchange and dipolar terms leads to an inherent

frustration due to their having different ground states. The dipolar term represents
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a remarkably difficult object to handle in itself, let alone in competition with other
interactions. It is therefore helpful to construct an increasingly sophisticated model
in steps, by analysing various limiting cases of the above Hamiltonian. The pure
dipolar model is considered first, by setting J = 0 and g # 0, and by looking at
its behaviour in the context of either discrete (D — —oc) or continuous (D = 0
or D — oo) spins. Furthermore, the two main features of the dipolar interaction,
namely its long range nature and its anisotropy, are examined separately. Only
subsequently is the competition between the dipolar term and the short range
exchange term considered. In keeping with the rest of this work, the focus is on

two-dimensional systems [278].

6.1 Long Range Interactions

Consider the simplified Hamiltonian

Si .S.
H = —g Z qul, (62)
1,7 K

in which the interaction decays isotropically with respect to the orientations of the
spins. The special cases a = 0 and @ — oo correspond to equivalent neighbour
models and nearest neighbour, respectively. The latter scenario corresponds to a
model of infinite range weak interactions, and is shown in Appendix C to belong
to the mean field universality class. For Boltzmann-Gibbs statistical mechanics to

be applicable it is necessary that the potential (6.2) be integrable,

/ dr r7 1 < 0. (6.3)
1

This implies that o > d, which is of course the case for the scenario most pertinent
in the present work, which has d = 2 and @ = 3. The full dipolar interaction is

more complicated, since it is anisotropic

5
r;;

si-s;  3(si-ri;)(sj-rij)
H = — i 1) \55 " Tig) .
g Z ) (6.4)
%,J J
It is this anisotropy which renders the integral (6.3) conditionally convergent in
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Figure 6.1: Symmetry breaking between the in-plane and out-of-plane orientation of the spins in
the two-dimensional Ising model. Left: isotropic interaction (6.2). Right: anisotropic interaction
(6.4).

three dimensions, as opposed to logarithmically divergent as would be the case if

the interaction were isotropic.

6.1.1 Discrete Systems

For two-dimensional Ising systems with scalar spin s;, the dipolar interaction breaks
the symmetry between the in-plane and out-of-plane orientation of the spins be-
cause of the angle dependent term in (6.4). Consequently, if the axis of anisotropy
is perpendicular to the plane of the lattice, the Hamiltonian (6.4) is equivalent to
(6.2) with a = 3. If, on the the other hand, the axis of anisotropy is parallel to the

plane, then the two models are different. This situation is depicted in Figure 6.1.

Isotropic Decay

The critical behaviour of the spin models based on Equation (6.2) was considered
within the framework of renormalization group theory in an influential paper by
Fisher et al. [279]. As one of their central results emerged an explicit dependence of
the upper critical dimension on the decay power of the interaction. It is convenient

to employ the standard notation for the spin-spin interaction

g(r) = r~@&+), (6.5)

According to the analysis in [279], universality classes are parameterised by o,
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identifying three distinct regimes: (a) A classical mean-field regime for o < d/2
(i.e. the upper critical dimension is given by dy. = 20). (b) An intermediate regime
d/2 < ¢ < 2, in which the critical exponents are continuous functions of o. (c)
A short range regime, in which the critical properties are those of the model with
nearest neighbour interactions only. One therefore observes that for d = 2, the
dipolar interaction lies in regime (a), close to the boundary with regime (b), and
is consequently predicted to have classical exponents in the thermodynamic limit.

Numerical work on this model was until recently restricted to very small sys-
tems as a result of prohibitively large computational requirements. To illustrate
this problem, the left hand plot in Figure 6.2 displays magnetisation data for the
interesting case in which d = 2 and ¢ = 1, with all interactions ignored beyond a

cutoff r¢y such that

g™ (7)) = 9(r) 7 < Tew (6.6)

0 T > Teut-
Setting Tcyt = 1 recovers the nearest neighbour Ising limit, whereas higher cutoffs
result in qualitatively different curves with considerably higher transition temper-
atures and critical exponents which approach the mean field value of 3 = 1/2. If
the potential is nonzero at r > 7., truncation results in a systematic error in g(r).

One may correct for this by adding a tail contribution

g@l(r) = /00 4mg(r)ri=tdr. (6.7)

Tcut
For d = 2 the integral is finite, therefore as r.; — oo, g*®! — 0. This is clearly
observable in Figure 6.2, since with increasing cutoffs the magnetisation curves
become increasingly hard to discern from each other.

One way to monitor the crossover between the two regimes is to follow the
behaviour of the Binder cumulant defined by (5.15) as a function of 7.,. At the
critical temperature 7¢, the amplitude ratio is known exactly for the mean field
case, U, = 0.275... [280] (see Appendix C), and to a high degree of accuracy in
the 2d Ising case, Uy ~ 0.609 [281]. These values are indicated by the horizontal

lines on the right hand graph in Figure 6.2. It is clear that for increasing cutoffs,
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Figure 6.2: Effects of the increasing range of interaction (6.5) with d = 2 and o = 1, for different
cutoffs. Left: magnetisation curves. Right: Binder cumulants. In both plots an approach to
mean field-like behaviour is clearly observed as a function of increasing cutoff.

UL(T.) tends away from the Ising value towards the mean field value, although the
latter is not actually reached. This is due to finite size effects: in order to observe
the rest of the crossover toward classical behaviour, much larger systems must be
studied, using larger cutoff values.

The Metropolis algorithm, which scales as a function of spin interactions present
in the system, is clearly unsuitable for a large scale study of this kind. A more
fruitful approach is to employ a cluster algorithm that is independent of the number
of interactions per spin [282]. By taking advantage of this method, Luijten and
Blote [283,284] have confirmed the RG picture of Fisher et al [279]. They have
also been able to resolve a long standing controversy regarding the precise location
of the boundary between regimes (b) and (c), locating the crossover at o = 2 — 7,
i.e. at o = I for d =2 [284].

Anisotropic Decay

The Ising spin system based on the full dipolar interaction (6.4) has an antiferro-
magnetic ground state configuration. Monte Carlo calculations [285, 286] suggest
this model is in the same universality class as the 2d Ising model with nearest
neighbour interactions. Indeed, a recent finite size scaling analysis [286] is al-
most identical to that shown in Section 2.2.4, with v = 1.75(2), » = 1.00(2) and
B = 0.125(5).
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6.1.2 Continuous Systems
Isotropic Decay

The work described above by Fisher et al. [279] applies also to continuous spin

systems with algebraically decaying interactions.

Anisotropic Decay

Prakash and Henley [287] have studied the dipolar interaction in square and hon-
eycomb lattices with XY dipoles confined to rotate in the plane of the lattice. For
simplicity, they restricted themselves to a nearest neighbour interaction, thus focus-
ing on the anisotropic nature of the dipolar interaction. In this case the interaction

(6.1c) may be written as

H=J) [cos(6; — 6;) — 3cos(8; — ;) cos(6; — 1)), (6.8)
()
where 6; and v;; are the angles that the dipole at site ¢ and the vector r;; make with
an arbitrary axis in the plane of the lattice. As the authors point out, confining the
dipoles to the XY plane does not lose any of the physics of the three-dimensional
dipolar interaction, essentially because its main effect is precisely that of confining
the spins to the plane of the lattice [288,289].

Due to the competition between antiferromagnetic and ferromagnetic behaviour
of the two terms in (6.8), the continuous degeneracy of the ground state is re-
duced to a discrete symmetry, reflecting that of the underlying lattice. This occurs
through an order by disorder mechanism by which thermal fluctuations select par-
ticular states over others. Intriguingly, Prakash and Henley have argued that the
role of the dipolar anisotropy on the square lattice may be understood by consid-
ering the nearest neighbour XY model in the presence of p-fold anisotropies [68].
This presumably implies the applicability of the results obtained in the previous
chapter. Later work [290,291] on the full dipolar interaction (6.1c) appears to con-
firm this conjecture. Critical exponents determined by numerical simulations on
the square planar lattice, 3 = 0.19(4) and y = 1.37(7) [291], are consistent with an

XY model in the presence of a relatively strong four-fold crystal field, undergoing
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the kind of crossover discussed in Chapter 5. It is interesting to note that these
exponent values are close to those observed in K,FeF, [105] and the O/Mo(110)
physisorbed system [228], both of which represent experimental examples of non-

universal behaviour induced by four-fold crystal fields.

6.1.3 Problems in Simulation

The inclusion of long range interactions is problematic in Monte Carlo simulation.
With regard to dipolar interactions, the problem is complicated by their slowly
convergent nature. Such summations are usually done by implementing the Ewald
technique, which separates the sum into a real-space part and a reciprocal space
part, both of which are quickly convergent. An alternative option is to employ the
cluster algorithm introduced by Luijten and Bléte (LB) [282]. With this method,
the number of operations per spin flip is independent of the number of interactions
between a spin and all the other spins in the system. Thus, the computational effort
for a simulation of an N particle system is O(N) rather than O(N?). In addition,
since the suppression of critical slowing down brings about an additional efficiency
improvement O(L?), where z is the dynamical critical exponent, this algorithm
is roughly a factor NL* = L%* more efficient than a conventional Metropolis
algorithm, in the critical regime. The method is also generalisable to vector spin
models. Although both the Ewald technique and the LB algorithm bring tangible
advantages to simulations of systems with long range interactions, neither has been

adopted in this work.

6.2 Competing Length Scales in the Ising Model

This section addresses the question of interactions with competing length scales
in the Ising model. In the first instance, the influence of infinitely long range
interactions is considered, since these map on to mean field theory. Subsequently

other types of long range interactions are examined.
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6.2.1 Equivalent Neighbour Model

The equivalent neighbour model is defined as

J
Hmf{Sk} = —N Z S Sj (69)
4,3

where the summation is performed over all spins, and not only over the nearest
neighbours of s;. The factor 1/N is introduced in order to ensure sensible thermo-
dynamic behaviour. At the fhermodynamic limit the interactions in this model are
vanishingly weak and infinitely long ranged, and it is shown in Appendix C that
this is equivalent to the application of a molecular field, i.e. the model is mean
field-like and exactly soluble. In order to address the question of competing length
scales, Equations (1.31) and (6.9) may be combined

Htot{sk} = HIsing + Hmf

Jl
=“‘J Si.sj*ﬁzsi-sj’
) 4,

(in

(6.10)

with J + J' = 1 in order to keep track of the energy scale. By varying the ratio
J/J' one would expect to observe some sort of crossover from the nearest neighbour
regime to the equivalent neighbour regime. This Hamiltonian has been studied in
the past for the case in which the short range and long range interactions are
cooperating [292] and for the case in which they are competing [293]. The work of
Baker [292] is of particular relevance, as it highlights the fact that any presence of
such long range interactions is sufficient to force the nature of the phase transition
to be of the Bragg-Williams type i.e. continuous in the energy and discontinuous
in the specific heat.

It should be noted that the Metropolis algorithm remains a relatively efficient
choice for the equivalent neighbour model, since the total interaction energy be-
tween one spin s; and all the other spins is given by

J J

- S5 = —]—V‘ (M2 - Si) y (6]_].)
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Figure 6.3: Left: magnetisation exponents  measured as a function of 55 J, for different system
sizes. Right: Specific heat curves for a system of size L = 128 with different values of J. For J =0
there is a discontinuous peak of height C = 3/2, and for J = 1 there is an Ising-like singularity.
To illustrate the impact of long range interactions, the curve for J = 0.99 is also shown. Inset:
Corresponding magnetisation curves.

where M = Nm = Zfil s; is the extensive magnetisation. This is only possible
because the coupling between all spin pairs is equal.
The observed values of 3, measured from the slopes of the magnetisation curves

near T, are plotted in Figure 6.3 as a function of ——;, for systems of size L = 32,

J+J”
64 and 128. It is clear that the impact of long range interactions is immediate.
However, exponents in the mean field regime are seen to depend on the system size:
for L = 128, 3 ~ 0.4 whilst for L = 32, # ~ 0.3. The abrupt crossover to mean
field-like behaviour in the model described by (6.10) is perhaps best illustrated in
the specific heat plot in Figure 6.3: even a small equivalent neighbour contribution
forces a mean field-like discontinuity. That the value of the exponent 3 depends
on system size in the equivalent neighbour limit is explained by the fact that
Equation (6.9) only becomes equivalent to the Weiss molecular field theory when
L — oo. When L is large but finite, mean field theory describes the behaviour
of the model quite well, except in a very narrow region around the critical point.
There mean field theory ultimately breaks down, and a crossover from mean field
critical behaviour to critical behaviour of the Ising universality class is observed.
The nature of this crossover (which is distinct from the competing length scales
crossover of interest in the present discussion) was clarified by Luijten, Blote and

Binder [294]. Their measured [ values as a function of system size are in good
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Figure 6.4: The dimensionless cumulant ratio Uy, as a function of temperature for several system
sizes. Left: nearest neighbour (Ising) model. Right: equivalent neighbour model. The values of
UL at the critical point are comparable to the values reported in the literature [280,281].

agreement with those presented here.

For the same reasons discussed in Section 6.1.1, the Binder cumulant is also a
useful quantity for this model, since it may be monitored to follow the crossover
of the system from the pure Ising to the pure mean field regime as a function of
J/(J + J') (Figure 6.4). Uy is found to interpolate between the theoretically ex-
pected limits abruptly, with the mean field value approached very quickly once the
equivalent neighbour interaction is present. However, the nature of the crossover
is somewhat complicated by finite size effects. Finite size scaling theory predicts
the curves of Uy, for different system sizes intersect exactly at the critical temper-
ature of the infinite system, assuming higher order corrections can be disregarded.
This assumption is not valid for the model described by Equation (6.10), except
for the two limiting cases when J = 0 or 1. For any other value of J, the model
displays nontrivial behaviour at criticality, and U(o0) is no longer identified by the
‘cumulant crossing point’. This is also the reason why it is not possible to obtain
good data collapses for thermodynamic properties such as the magnetisation: the
moments are not governed by simple power laws such as {|m|*) oc L7%%/*, Despite
these issues, it is clear from this study that the impact of long range interactions

may be dramatic.
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6.2.2 Dipolar Coupling I. Isotropic

As discussed above, an isotropic interaction (6.2) decaying as r~2 describes an Ising
system with spins orthogonal to the plane of the lattice. In the presence of the

exchange term, the Hamiltonian becomes

Si'Sj

H=—J) si-s;+gy. (6.12)
%,J

r3.
(i.4) k

J

This model has been the topic of considerable interest because the interplay be-
tween long and short range interactions manifests itself in the formation of un-
usual patterns. Provided the exchange interaction exceeds a positive critical value
J/g = 0.85 [295], the ground state consists of stripes of up and down spins, with
the stripe width increasing with increasing exchange. If J is less than this criti-
cal value, the ground state is a simple antiferromagnetic configuration. Magnetic
striped phases have been observed in ferrimagnetic garnet films [296] and ultrathin
films such as Co/Au(111) [297] and Fe/Cu(100) [298].

Qualitatively one can understand the stability of the stripe domains as a com-
promise between the increase in exchange energy due to the formation of domain
walls and the decrease in the dipolar energy due to the interaction between mag-
netisation currents generated at the domain walls [299]. Monte Carlo simulations
reveal a number of stages in the evolution of the system as the temperature is
increased [300], as illustrated in the snapshots shown in Figure 6.5. At low tem-
perature the domain walls are essentially rigid until the thermal energy becomes of
the order of the energy of an elementary excitation of a domain wall. Above this
threshold, the internal energy of the system increases rapidly along with the fluidity
of the domain walls, although the symmetry between the vertical and horizontal
directions remains broken.

A suitable order parameter to quantify this symmetry breaking is [300]

Ny — Ny
- y
nh+nv

(6.13)

where ny, (n,) are the number of horizontal (vertical) bonds between nearest neigh-
bour anti-aligned spins. The fact that this order parameter vanishes implies a

restoration of the symmetry between the horizontal and vertical directions, and
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Figure 6.5: Typical spin configurations for the dipolar uniaxial model on a square lattice with
J/g = 8.9. The configurations were generated by Monte Carlo simulations at temperatures T'/g =
(a) 3.0, (b) 4.8, (c) 5.2, (d) 6.4, (e) 10.0 and (f) 13.0. (c) and (d) display the so-called tetragonal
phase occurring just above the transition. After Booth et al. [300].

indeed at high temperatures the system does enter a fﬁlly disordered phase. How-
ever, in between the striped and paramagnetic phases, just above the transition
temperature, the situation is much less clear. Spin configurations in this tempera-
ture region (Figures 6.5(c) and 6.5(d)) consist of a patchwork of domains of spins
of a given orientation, forming a labyrinthine pattern Booth et al. [300] refer to as
the tetragonal phase, since it reflects the underlying symmetry of the square lat-
tice. No sharp phase transition between the tetragonal and paramagnetic phases
is observed.

The precise nature of the phase diagram for this model is currently open to de-
bate. Work based on a continuous version of the model [301] recognises the phases
in terms of topological defects, analogous to the dislocations and disinclinations
found in liquid crystals. Depending on the parameters of the model, two distinct
scenarios are predicted. In the first one a low temperature smetic-like phase with
quast long range order undergoes a Kosterlitz-Thouless transition to a nematic-like
phase due to the unbinding of dislocations. At higher temperatures still, orien-
tational symmetry is lost as the system passes over to the tetragonal phase. In

the second scenario the system cannot sustain a nematic phase, and the system

191



Chapter 6. Competing Long and Short Range Interactions

passes from the smetic directly over to the tetragonal phase through a first-order
transition. More recent numerical investigations [286, 302] suggest a similar pic-
ture: depending on the value of J/g the sequence of the observed phases may be
either smetic-nematic-tetragonal or smetic-tetragonal, although in the latter case

the transition may be either first or second order, depending on the conditions.

6.2.3 Dipolar Coupling Il. Anisotropic

The Hamiltonian in this case is

H==J> sisj+gy Srgsj Ik ”7;)‘5‘(8”‘ 7). (6.14)
(6.3 .7 Y K
The J = 0 limit, discussed in Section 6.1.1, is characterised by an antiferromagnetic
ground state and belongs to the 2d Ising universality class. This explains why the
long range character of the dipolar interaction does not affect the universality
class of the two-dimensional Ising antiferromagnet (J < 0) [285], an experimental
example of such a system being the lanthanide material ErBa;Cuz0- [98]. On the
other hand, the presence of ferromagnetic exchange (J > 0) leads to an inherent
frustration since the two terms have different ground states. Due to its problematic

nature, there appears to be little in the literature with regard to this scenario.

6.3 Competing Length Scales in Continuous Spin
Systems

The effect of the dipolar interaction (6.1c) in the two-dimensional Heisenberg sys-
tem (6.1a) is to constrain the spins to the plane of the lattice. This can be un-
derstood in terms of the following qualitative consideration. Since the dipolar
energy is minimised for in-plane spins, and since the zero temperature ordered
state must simultaneously minimise the dipolar and the exchange energies, it is
favourable for the average magnetisation not to have a component normal to the
plane. Furthermore, Maleev [288] has shown by way of a spin wave analysis that

in this case long range order is also stabilised at finite temperatures. Unlike the
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pure Heisenberg system, which has a 1/¢? divergence in the long wavelength limit
(see Appendix A), the inclusion of the dipolar term introduces an anisotropy which
leads to the longitudinal mode (the mode parallel to the wave vector q) diverging
as 1/q. This is sufficient to suppress the fluctuations which would otherwise destroy
the magnetisation.

The inclusion of the magneto-crystalline anisotropy term (6.1b) introduces a
further complication because in this case the tendency of the dipole term to align
the spins in the plane may bé counteracted by a preference for perpendicular align-
ment, provided D is positive. This leads to the well known reorientation tran-
sition [303,304], where the magnetisation switches from out-of-plane to in-plane

anisotropy with increasing temperature [178, 186,298, 305].

6.3.1 Dipolar XY Model

Maier and Schwabl [81, 82] have recently investigated the low temperature be-
haviour of the dipolar XY (dXY) model, namely an XY model in the presence of
the full dipolar interaction. Despite its anisotropic character, the authors are able
to show that, within the framework of the non-linear ¢ model, it is renormalizable,
and that it undergoes a phase transition to the ferromagnetic state governed by a
low temperature fixed point with infinite dipolar coupling. The nature and flow
diagram of the ferromagnetic transition in the dXY model are qualitatively similar
to the Kosterlitz-Thouless transition. However, unlike the short range model the
transition is not driven by vortices, but by the dipolar interaction. The authors
also attempt to investigate the role of topological excitations, but conclude that
there cannot be a vortex unbinding transition as long as the dipolar interaction is
present.

The similarities with the 2dXY model extend also to the critical properties,
which obey weak scaling identical to that discussed in page 82. Both the correla-
tion length £ and the magnetisation m exhibit exponential rather than power law
divergences, for example. However, by expressing the thermodynamic quantities
in terms of the correlation length one obtains power laws analogous to (2.75) and
(2.76), such that the ratios 3/v, v/v, a/v... are defined, and the hyperscaling
relations (2.17)-(2.20) obeyed. It should be noted, however, that the predicted
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values of § = 3 and 7 = 1 for the dXY model are very different to those of the
2dXY model, and are in fact the same as those of the mean field class.

Given its abstract nature, it is difficult to assess the experimental relevance of
Maier and Schwabl’s analysis at present. An outstanding question that certainly
warrants further investigation is that of the scaling behaviour of the dXY model.
Since the renormalization group flow diagram appears to be similar to that of the
short range XY model, and furthermore, since weak scaling is present, then one
might expect similar finite size scaling properties. A Monte Carlo study of the
dXY model as a function of temperature for different dipolar coupling strengths
would consequently provide a much needed experimental handle on the situation.
In particular, one might wish to explore how Prakash and Henley’s [287] order by
disorder mechanism in the pure dipolar limit is affected by the presence of the
exchange interaction. These possibilities are discussed further in the concluding

section.

6.4 Heisenberg Model in the Presence of Shape
Anisotropy

Another approach to dipolar interactions is to recognise that their leading order
effect is shape anisotropy i.e. to constrain the spins to the plane of the lattice. This
naturally leads to asking whether shape anisotropy alone is sufficient to account
for XY behaviour. To investigate this issue, a very simple, though little studied
model is investigated. This shape anisotropic (SA) Heisenberg model is defined by

the Hamiltonian

2
H=-J) s;i-s;+ % (Z sf) , (6.15)
)

(i,j i
where the N? factor in front of the second term ensures sensible thermodynamic
behaviour. The shape anisotropy applies an overall energy penalty to the spins
lying out of the plane of the lattice. In this sense it is mean field-like, and should
be distinguished from the single ion anisotropy (6.1b), which acts as a perturbation

localised on each individual spin.
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Figure 6.6: Left: Monte Carlo magnetisation data of the pure and SA Heisenberg models with
gsa = 1, for systems of size L = 32. Right: log-log plot.

6.4.1 Influence of Shape Anisotropy

The presence of the shape anisotropy term has a subtle influence on the 2d Heisen-
berg model. Figure 6.6 illustrates that whereas the low temperature behaviour of
the model remains unaffected, a positive value of g, greater than O(J) changes
the behaviour of the ‘critical regime’, where the magnetisation descends abruptly
to zero.

The nature of this new behaviour is difficult to ascertain. It is important to
realise that the shape anisotropy only attenuates the z component of the average
magnetisation, despite the fact that individually each spin may point out of the zy
plane. This is not the case in the presence of single ion anisotropy. Alternatively,
this situation may be thought of in terms of spin waves: whereas the single ion
anisotropy attenuates all excitations with a z component, the shape anisotropy
only suppresses the mode with the longest wavelength, ¢ = 1/L. This is sufficient
to single out the zy plane in spin space, and identifies topological excitations which
appear to behave in a fashion analogous to the vortices of the 2dXY model, despite
not being confined to the zy plane. Figure 6.7 displays Monte Carlo snapshots of
the spin configurations at three temperatures in the vicinity of the critical region.
With increasing temperature the appearance of vortex pairs is observed. At higher
temperatures still, these are seen to dissociate.

This mechanism is more reminiscent of the Kosterlitz-Thouless transition in the
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Figure 6.8: Magnetisation against 7'/, for the pure and SA Heisenberg models with gs, = 1, for a
system of size N = 1024. Although the pure and SA models do not appear to differ substantially,
the magnetisation of the latter falls exactly on to that of the XY model, above a temperature
T Inset: magnification of the region above T/T, = 1.

2dXY model (c.f. Figure 2.17), as opposed to the free vortices appearing in the
pure Heisenberg model (c.f. Figure 5.1). It therefore seems reasonable to ask if the
change in the behaviour of the magnetisation is due to a crossover to such a scenario.
In particular one might expect to observe a critical behaviour characterised by  ~
0.23, as seen in the 2dXY model. Attempts to measure the critical exponents from
logarithmic plots of the magnetisation against the reduced temperature have found
that, within the error margins, the difference in behaviour between the pure and
the SA case is indiscernible, especially for the larger systems studied. Nevertheless
the model does not appear to display a linear region with # ~ 0.23. However, it is
found that by plotting the magnetisation as a function of the reduced temperature
T/T., the SA Heisenberg model behaves exactly analogously to the XY model
above a certain temperature T},, as displayed in Figure 6.8. Despite appearing
very similar, the data for the pure Heisenberg model does not fall onto that of the
XY model.

On the basis of these observations, it is concluded that shape anisotropy alone
is not sufficient to induce 2dXY-like critical behaviour. Nevertheless, the fact

that it uniquely singles out the plane of the lattice does lend the model features
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which are in common with the 2dXY model, the observation of vortices disordering
(Figure 6.7) being the most significant. Further investigation is necessary in order

to quantify the scaling properties of this model with more precision.

6.5 Discussion

This chapter has reviewed the behaviour of discrete and continuous ‘dipolar’ spin
systems with tetragonal symmetry. Depending on the the spin anisotropy, and
the orientation of the axis of anisotropy, mean field, two-dimensional Ising and
non-universal critical behaviour are all possible.

In real systems, the dipolar interaction will always be in competition with the
exchange coupling, and this question of competing length scales has also been
addressed. In Section 6.2, a simplified model with uniaxial spins was studied, and
it was found that the long range interaction always dominates the short range one.
More realistic systems are more problematic to analyse. However a number of

experimentally relevant observations can be made:

1. The primary influence of the dipolar interaction is to constrain the spins to
the plane of the lattice [288,289].

2. For Ising spins interacting through the dipolar coupling, the ground state
of the system is antiferromagnetic, and Ising-like critical behaviour is dis-
played [286]. Consequently, the dipolar interaction does not affect the criti-
cal behaviour of antiferromagnetically coupled systems, and accounts for the

Ising nature of rare earth materials, such as ErBa;CuzO; [98].

3. For XY spins interacting through the dipolar coupling, Prakash and Hen-
ley [287] have shown that non-universal behaviour occurs, which is reminis-
cent of that observed in Chapter 5 for the XY model with four-fold fields.
Other simulations [291] have confirmed a behaviour which is remarkably sim-
ilar to that observed in KyFeF, [105].

Thus, the effect of the dipolar interaction in XY quadratic systems is intriguingly

similar to that of four-fold fields. The question is immediately raised as to what
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happens if the exchange interaction is also present. The work of Maier and Schw-
abl [81] on the dXY model suggests a behaviour superficially similar to the XY
transition, but that is not borne out of the presence of defects. Whether finite size
2dXY behaviour survives the presence of the dipolar coupling is an open question.
Although this has not been directly confronted in this work, an algorithm [282]
which should allow the limitations of the Metropolis scheme to be overcome has
been presented. A

To test the influence of the dipolar interaction, the shape anisotropic Heisenberg
model was studied. The shape anisotropy term was chosen to mimic the effect of the
dipolar coupling and simultaneously maintain numerical tractability. Although its
presence subtly alters the behaviour of the Heisenberg model, it alone is not found
to induce 2dXY critical behaviour. In pragmatic terms, the conclusion this leads
to is that for 2dXY behaviour to be observed, a degree of XY single ion anisotropy
must be present. Tautological though this may seem, one must bear in mind
that in real two-dimensional systems an axial anisoptropy must always occur. This
follows from the fact that in two-dimensions the highest possible symmetry is either
tetragonal or hexagonal, which identifies at least one unique axis of symmetry.
Furthermore, this fact confirms the validity of the work of Prakash and Henley [287]
and of Maier and Schwabl [81]: they are correct in considering the influence of the
dipolar interaction in XY systems.

Referring to the complexity of dipolar interactions in many-body systems, Lars
Onsager is said to have commented that “the theory of dielectrics has more pitfalls
than the gamma function has poles!” [306]. The work reported in this chapter
provides a rather more optimistic view, at least in the context of two-dimensional
systems. A combination of analytical and numerical approaches have proven to be
effective in giving a reasonably complete picture. Furthermore, the development
of the Luijten-Blote algorithm [282] provides an ideal tool with which to explore

outstanding questions, such as the scaling properties of the dXY model.
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Chapter 7
Conclusions and Perspectives

The work presented in this Thesis has addressed the nature of phase transitions
and critical phenomena occurring in two-dimensions. The main achievements are

summarised below.

7.1 Experimental Classification

An exhaustive classification of the experimental literature Cbncerning layered mag-
nets, thin film magnets and physisorbed surfaces has been performed. The critical
behaviour of these systems has been considered in detail, and shown to be domi-
nated by two-dimensional fluctuations. In particular, their order parameter critical
exponents 3 have been reported. These are summarised in the histogram in Fig-
ure 4.23. The main feature of this distribution is its bimodal nature, associated
with the 2d Ising and 2dXY classes, characterised by 8 = 0.125 and 3 = 0.23,
respectively. Nevertheless, a significant number of systems fall outside of these two

categories. In particular:

e Systems with 3 > 0.23 are found to possess a significant degree of three-

dimensional character.

e Certain non-magnetic systems exhibit three- and four-state Potts critical be-
haviour, and display § < 0.125. No magnetic examples of this kind have been

found.
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e There is a middle ground of observed exponents intermediate between Ising
and XY values.

7.2 Theoretical Results

A detailed investigation of the thermodynamic behaviour of two-dimensional spin
systems has been performed, leading to a comprehensive understanding of the large

data set of experimental results summarised in Figure 4.23.

7.2.1 Symmetry Breaking Anisotropies

An analysis of the two-dimensional Heisenberg Hamiltonian has confirmed that
spontaneous ordering can only arise through the presence of perturbations, such
as single ion anisotropy. This leads naturally to a crossover to either uniaxial or
planar spin symmetry, and consequently to the 2d Ising and 2dXY models being
relevant. Although in the latter case the Mermin-Wagner theorem [1] applies, in
practice such systems are not dictated by predictions at the thermodynamic limit,
and their behaviour is dominated by the unique scaling properties of the 2dXY
model.

The model is, however, susceptible to symmetry breaking crystal fields, and the
resulting XYh, model has been studied in detail. The case with four-fold symme-
try is of particular relevance to a great number of experimental two-dimensional

systems, and has been analysed using two different approaches:

e Analytically, within the framework of the generalised Villain model [72];

e Numerically, by performing a finite size scaling analysis.

In both cases the critical exponents have been calculated as a function of the four-
fold anisotropy h4, and a consistent picture developed. The main features of the
XYhy model are summarised in Figure 5.11. Due to the marginal nature of 4, the
model undergoes a unique kind of crossover, characterised by continuously varying
critical exponents. However, the range of possible exponents is restricted. For

hsy — 0, the extraordinary scaling properties of the 2dXY model are recovered,
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the hallmark of which is an exponent 8 = 0.23. For hy — o0, critical behaviour
of the 2d Ising model is recovered, characterised by 3 = 0.125. Furthermore,
2dXY behaviour is found to remain unaffected by the presence of weak fields:
non-universal critical behaviour can only occur in strong fields. Thus a ‘universal
window’ of possible exponent values is identified, bound by the values 8 = 0.125 —
0.23.

Hence, depending on the effective strength of h4, experimental systems may lie
either side of the weak field-strong field divide. For example, many magnetic tran-
sitions such as those occurring in RbyCrCly [256] and Fe on W(100) [191] lie in the
weak field region. However, at least one mechanism has been identified, in antifer-
romagnetic KoFeFy [105], whereby the four-fold field is effectively amplified by the
quantum confinement of spins to the easy plane. Other systems which appear to lie
in the strong-field region, possibly due to the influence of the underlying substrate,
are tungsten and molybdenum surfaces undergoing structural transitions [228,229].

Other symmetries encountered in experiment are not found to lead to new
universality classes: the XYh, and XYhg models belong to the Ising and XY cate-
gories, respectively. The much rarer three-fold symmetry of the XYhs; model leads
to three-state Potts behaviour. Importantly, the XYh, model cannot give rise to
four-state Potts model critical behaviour. Hence the disordering transition ob-
served in oxygen physisorbed on ruthenium [227] must occur through a different

mechanism, which does not appear to be relevant in magnetic systems.

7.2.2 Long Range Interactions

The influence of the dipolar interaction has been more problematic to analyse, due
to its long range and anisotropic nature. Nevertheless, the following simplified

models have been studied and characterised numerically:

e The ‘isotropic dipolar’ Ising model defined by (6.2) has been shown to undergo
a crossover from Ising to mean field behaviour as a function of increasing

interaction range.

¢ The ‘competing length scales’ model (6.10) has been shown to undergo an

abrupt crossover from Ising to mean field behaviour, depending on the pres-

202



Chapter 7. Conclusions and Perspectives

ence of a long range interaction term.

e The shape anisotropic Heisenberg model (6.15), chosen to mimic the influence
of the dipolar interaction on the Heisenberg model, has been found to be
subtly different from the pure Heisenberg model in two-dimensions. Despite
tantalising evidence in favour of a possible KT mechanism being present, the
model does not exhibit 2dXY-like critical behaviour.

Furthermore, the literature concerning two-dimensional spin models in the presence
of the dipolar interaction has been comprehensively reviewed and summarised. Of
particular significance are the works concerning dipolar XY models [81,287]. The
results of Prakash and Henley [287] are especially interesting, given their similarity

with those reported in this work regarding the XYh, model.

7.3 Future Work

Having identified the general mechanism responsible for the ‘middle ground’ critical
behaviour for two-dimensional experimental systems, shown in Figure 4.23, future
work should focus on individual systems to see if a more accurate quantitative
connection between the physical k4 and observed critical behaviour can be clearly
established.

A number of other avenues for future work address more general questions. An
analytical study of the shape anisotropic Heisenberg model would hopefully shed
light on the nature of the topological excitations observed in Figure 6.7, which ap-
pear to behave consistently with the KT mechanism discussed in Section 2.4. An-
other system which has been suggested to undergo a slightly modified KT behavior
is the two-dimensional continous antiferromagnet on a triangular lattice [170], and
it would also be interesting to investigate if these results may be rationalised within
the framework discussed in this work.

Finally, a detailed finite size scaling analysis of the XY model in the presence
of the dipolar interaction is certainly warranted. In light of the Prakash-Henley
conjecture [287], it would be interesting to establish the critical behaviour of this
system, and conclusively ascertain whether it ultimately reduces to the unique

crossover mechanism of the XYh,; model, or if there is a crossover to the dipolar
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class suggested by Maier and Schwabl [81,82]. In principle, numerical investigations
of this system could be aided by a successful implementation of the Luijten-Blote
algorithm [282].

204



Appendix A

Spin Wave Analysis of the
Classical Heisenberg Model

The purpose of this appendix is to derive some basic spin wave results for the
Heisenberg model in two dimensions. The simple Heisenberg ferromagnet is con-
sidered first, since it is both well known and can be compared to the Monte Carlo
simulations presented in Chapter 6. Subsequently, the influence of other perturba-
tions is considered in both ferro- and antiferromagnetic Heisenberg systems, and

the results discussed in Section 5.3 are derived.

A.1 Heisenberg Ferromagnet
The basic Heisenberg Hamiltonian is

H=-J) §;-§;
) (A.1)
=—J) sTsT+slsY + sist,
(i.3)
in which 7 and j indicate nearest neighbour spins, and J > 0. In the spin wave
approximation, one considers a small deviation from the ferromagnetic ground state

by an amount €, 4 for each spin
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= &y, (A2)
Yi

and their effect on the Hamiltonian

1 1
H = ~JZezisxj + g6y, + [1 ~3 (2. + 8_,1)] [1 3 (55,- + 531-)]

(i.9)
1 2 2 2 2 4 4
= —J;&“ez,- gy +1-3 (% +eg, et eyj) + 0 (5, ¢,) (A.3)
.3

JzN J
T JZ (€ai€a; +egiey;) + 2 Z (Ezi + 62]‘ T 631‘ + Ezj) ’
(i.3) )

where z is the number of nearest neighbours. Defining 6 = |r; — j;|, in which r;

and r; define the vectorial position of the spins ¢ and j, and since

ED M CRERT P )RS SICRT N
k3

(i.3)

the Hamiltonian can be rewritten as
J zN J
H= [ Z €z, — Z Z gfigzam]
i &
2
i i &

(A.5)

In turn, (A.5) can be expressed in matrix form

H=-— JZN JZZ (62, Mijex, + £y, Lijey, ) (A.6)

in which M;; = L;;, provided the diagonal elements M;; = z, and the off-diagonal

elements M;; = —1 if i and j are nearest neighbours (|r; —r;| = §), and 0 otherwise.

Defining the pair of Fourier Transforms
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1 . .
& = Eq: exp (iq - r;) €5, (A.7a)

€q= Z exp (—iq - r;) &r, (A.7b)

one can express (A.6) as

1 , -
E 2 . ___§ :E : Q- T T \NA.. ,iq "rj T
E:L‘,-szgwj = N2 € zE:q Ml] € ]€q/
i i ad (A.8)

1 . , -
= i(a+q’) " r; T _x o iq -8
=z _S_ E e E €afq’ M;se .
i q9q é

Using the standard relation

li iq-r;) =N .

Jim_ Zexp (iq-r;) dq,0 (A.9)
(2

ensures that the only non-zero terms occur when q' = —q. Furthermore, since

eged, = |€%], one obtains

3 My, = 05 M
i 7 q 6
SIEUES Y
q 4

(A.10)
1 .
_ z|2 - iq*é
= Zzlsql <1+ ~ Ze )
q 5
= Z IEzIQ'Ym
q
where
Yq =2~ Zeiq'é
5 (A.11)

=4 — 2cos(gza) — 2cos(gya)  in 2d,

and a is the lattice constant. M;; is thus diagonalised by q with eigenvalues
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Aq = AY = 7q. Substituting back into (A.6) finally gives

JzN J x
H=- 2 + 9 {Z [7q|€q|2 + '7q|€1c11|2]} i (A.12)

q

Expression (A.12) is essentially the Hamiltonian for an array of coupled har-
monic oscillators, in which |¢%|* and |e%|? are canonically conjugate pairs of vari-
ables. By analogy with the‘ simple harmonic oscillator, in which the position z
and the momentum p are the conjugate variables and the frequency of oscillation
isw= W, one arrives at the familiar result for the dispersion relation of the

spin waves

w(q) = Jyq = 2 — 2cos(qa) ~ Jq’d?, (A.13)

which is valid for small q.

A.1.1 Expression for the Magnetisation

Equation (A.12) allows for the evaluation of the correlation function, and therefore
of thermodynamic averages such as the magnetisation, in terms of solvable Gaus-
sian integrals. Such a derivation is carried out explicitly for the 2dXY model
in references [307] and [308], in which case the magnetisation is found to be
(m) = (1/aN)T/®" where a = 1.86. Since the Hamiltonian of 2dXY model is

JzN
2

J
Hxy = — +§

Z"/qlezl{l ) (A.14)

it is argued here that the extra degree of freedom in (A.12) leads to a factor of two

being introduced in the relevant expression for the Heisenberg model

(m) = (a—lﬁ) v (A.15)

As the Monte Carlo simulations in Chapter 6 show, this expression is accurate at

low temperature. A formal derivation of this result is presented in reference [251].
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A.1.2 Influence of Anisotropies

In Section 5.3 a more complex Hamiltonian than (A.1) is considered, which includes

the terms

DY (S +E YIS~ (S (A.16)

It is of experimental relevance to understand how the results of the previous section
are altered by the presence of these anisotropies. Setting D > 0, E = 0 and s! = ¢,
s? =€, and s¥ = /1 — €2 — €2 is found to eventually lead to the expression

JeN T oD\ | .
H=— 5 + 5 {Z [('Yq + 7) |€q|2 + vqlezf} } . (A.17)
q

This leads to the following dispersion relation

w(q)=J \/ (vq + ?) Yo (A.18)
For g < 2D/J
w(q) ~ J ? q=Vv2DJq (A.19)

which is linear in q. If, in addition to the presence of D, E < 0, determination of

the eigenvalues of M;; and L;; gives

2(D + E)

J
4F

Ag="Tqt+ (A.20a)

Thus

w(q) = J\[(vq + g@—}@) <7q + %) (A.21)

In the limit in which q — 0 and F <« D, (A.21) approximates to
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w(q — 0) ~ 2v2DE, (A.22)

i.e. the presence of the four-fold field term F opens up a gap in the spin wave

spectrum.

A.2 Heisenberg Antiferromagnet

The calculation for the Heisenberg antiferromagnet (J < 0) proceeds in a similar
fashion, with the additional complexity that it is necessary to define two sublattices
A and B in which the spins point in opposite directions. The total Hamiltonian is

therefore

Z Z SA.SB,+ = Z Z SE.s4,. (A.23)

It can be shown that

JzN J A2 A2 A_B AcB
eI LSt s - ST A,

i ia 6

J
+ 5 I:Z 2(52)2 + (551-)2 - Z Eggf(iw) + gfisg(iw):l )

iB iB )

(A.24)

It is convenient to define the Bravais lattice vectors as R = nja; + naaq, where, in
terms of the unit vectors Z, § along the z, y axes, a; = a(Z + ¢) and ay = a(Z — )
(see Figure A.1).

The matrix form of the Hamiltonian is

N J
H=-— JZ 52D eaMel +epLifep . (A.25)

,J] a8
The tensor Maﬁ Lgﬁ ,
a and [ are the sublattice indices, is essentially made up of four different two-

dimensional matrices: MSA, M;‘;B , MBA and MBB The elements of these matrices

are derived in a manner analogous to the previous section. The diagonal elements

in which ¢ and j are the Bravais lattice site indices and

are
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A B

O e O
¢ e
o e o

Figure A.1: Bravais lattices for the square antiferromagnet.

AA _ wBB _

MAB = MBA — g’ (A.26)

and the off-diagonal elements are

AA BB
J

M;‘}.B =3 where i —j=ay, —aj, as —a; (A.27)
J
MgA =5 where ¢ —j =a;, —ay, a; — a,.
Defining
1 .
gf/B =~ Zexp (zq . riA/B) 62/3, (A.28)
q

in which r;, = R and r;, = R + d, allows the Hamiltonian to be rewritten as

JzN J
H=-="*3 {Z [Nalegl” + /\Zlféﬂ} : (A.29)

q

where

(A.30)
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w(q)
T

0.5+

Figure A.2: Dispersion relation (A.32) for a one-dimensional antiferromagnet.

Calculating the frequencies for each q demands knowledge of the conjugate vari-
ables. A systematic method for doing so is beyond the scope of this work, however
it is known that as q — 0, two degenerate branches are expected. This infers

MY = 2 + g is conjugate with A\J = z + 74 and vice versa. Therefore

w(@) =J\/(z+7a) (=) (A.31)

The degeneracy becomes clear by considering a one-dimensional antiferromagnet,

in which case 74 = 2cos(ga) and z = 2, such that

wia(@) = 2JV/[1 + cos(qa)] [1 — cos(qa)], (A.32)

which is plotted in Figure A.2.

A.2.1 Influence of Anisotropies

The inclusion of the terms in (A.16) leads to a behaviour which is altogether dif-
ferent from the ferromagnetic model. Setting D # 0 leaves L(q) unaffected, but
changes M(q) in such a way that determination of the eigenvalues gives the solu-

tions

212



Chapter A. Spin Wave Analysis of the Classical Heisenberg Model

Aq = Tq (A.33a)
2D

In turn, this leads to the frequency spectrum

w(q) = J\/<z + ? + 7q) (2 F 7q)- (A.34)

Thus, the presence of D lifts the degeneracy of the two branches

(g — 0) = J\/<z + ? + wq) (2= ) = J\/(2z + ?)w (A.350)

w(qy — 0) = J\/(z - ? — ’yq) (z+7q) =2V2DJ, (A.35b)

introducing a gap in one of them. For D and E # 0, the eigenvalues for M(q) are

Aq = Ya (A.36a)
20D+ FE
A=z + % + g, (A.36b)
and those for L(q) are
A4 = Tq (A.37a)
4F

The dispersion relations therefore become

wlay) = J\/ ( e %) (2 = 7a) (A.38)

w(ae) = J\/ (z TR vq) (2 + 7). (A.38b)
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In the limit q — 0, and to leading order in D and E two gaps appear,

w(qy — 0) = 22v2zEJ (A.39a)

w(gz — 0) =2+/2(D+ E)J, (A.39b)

as in Thurlings et al. [105].

A.3 Concluding Remarks

The above results can be reproduced using the more common Holstein—-Primakoff
operator method [273]. Nevertheless, it is interesting to find that this fundamental
difference in behaviour between the ferro- and antiferromagnetic Heisenberg models

is observable in a classical calculation.
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Appendix B

Conventions for Describing

Ordered Surface Structures

The classification of ordered surface structures involves describing the overlayer
structure (defined by the two vectors b; and bs) in terms of the underlying struc-
ture of the substrate (defined by a; and a,). There are two commonly adopted

conventions in order to achieve this.

B.1 Wood’s Notation

Wood’s notation involves specifying the lengths of the two overlayer vectors, b;

and by, in terms of a; and a, respectively. This is written in the format

(M . @) , (B.1)

laa]  |ag|

e.g. a (2x2) structure on an fcc(100) surface, such as the one depicted in Figure
B.1, has |b;| = 2a; and |by| = 2|ay|. However, because the overlayer mesh contains
an atom in the centre, its full description is ¢(2 x 2) (centred two by two). One
could equally well define the unit cell of the overlayer in terms of a primitive cell
(the vectors b} and b}). In this case, the overlayer structure is rotated with respect
to the substrate unit cell, so the angle of rotation of b} from aj is also included.
Hence, an alternative name for this overlayer is p(v/2 x v/2)R45°, where the ‘p’
stands for primitive (although often this is simply omitted).
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coes
6900

‘.V
I >

4‘.‘ >

Figure B.1: Adsorbed monolayer on an fcc(100) surface. The relation of the substrate vectors
with respect to the overlayer vectors may be expressed in two different ways.

To summarise, Wood’s notation may be described as

M (hkl) (M « [Pl

lai] ET

) ~Ro®— A (B.2)

where M is the chemical symbol of the substrate, (hkl) is the Miller index of the
surface plane, a is the angle between the substrate and overlayer meshes, and A is
the chemical symbol of the surface species. For example, Pt(100)(1/2 x v/2)R45°-S
should be read as “sulphur chemisorbed on Pt(100) adopting a (v/2 x v/2)R45°
structural arrangement”.

It is important to note that Wood’s notation is only appliccable if the angle

between b; and b, is the same as that between a; and as.

B.2 Matrix Notation

The more general matrix notation defines the vectors b; and b, independently,
as linear combinations of to the substrate vectors a; and a,, and expresses these
relationships in a matrix format. For example, the (v/2 x v/2)R45° phase in Figure

B.1 is written as
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()= (51 ()

b1=1-a1+1-a2 (B4a)
b2 =—1- a + 1- ag. (B4b)

implying that
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Appendix C

Some Notes on Mean Field

Theory

The aim of this appendix is to show that mean field theory becomes exact for
the Ising model, provided the same interaction acts between all pairs of spins.
Assuming there are N spins (and N >> 1), then there are N2 /2 pairs of spins,
and the interaction must be proportional to 1/N in order for the energy to be
proportional to N. The Hamiltionian of the model is given in Equation (6.9) but

is reproduced here for convenience

J
H{si} = -sti'sja (C.1)
i,J

where the sum runs over all pairs of spins, and not merely over nearest neighbours.

Equivalently, by using (6.11) one can write

H{si}z—% (Zs) _N

J ) (C.2)
= 3 (2 =)
= —% (Nm? —1),

since the total magnetization is m = Zf\;l s;/N and s? = 1. Thus in this model the

energy of each configuration depends on sy, ..., sy only via m. This simplification
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allows the sum over spin values in the partition function to be replaced by a sum
over the allowed values of m, weighted by the number of spin configurations for

each value

+m J
Z =Y W(m)exp {—Eﬁ(NmQ -1). (C.3)

In a given configuration, if N, spins are oriented upwards and N_ = N — N, are

oriented downwards, then the total magnetic moment is

m = = . (C.4)

There are C’ﬁ+ such arrangements of spins

W(m) = CY, = (J]vt) - (%(1]1 m>)

N (C.5)
"l Fa -
so the partition function is
S N! J .
Z:; [%(1+m)]![%(1-m)]!exp {—éﬁ(Nm —1)}. (C.6)

This is effectively the approximation made by Bragg and Williams in 1934 [309].

The free energy is

F=—-kTlhZ= g (Nm? — 1) — kT In W (m). (C.7)

As N — o0, one may use Stirling’s approximation z! ~ x¥e™* which gives

1 9 14+m 14+m 1—m 1—m
F——éJNm +NkT[ 5 ln( 5 >+ 5 ln( 5 )J, (C.S)

in which the second term is recognised as the entropy of mixing. By minimising F'

with respect to m
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OF 1 (1+m)
S —0=- - . .
o Jm + 2len a—m) (C.9)
Since tanh™' z = 1 In[(1 4+ z)/(1 — z)], the familiar mean field expression (1.41) is
recovered
Jm

which displays a phase transition at a critical temperature T, = J/k. In the vicinity
of the transition, where m — 0, F' may be expanded in a power series to obtain

the form anticipated by Landau [35]

2 kT
F(m,T) = %(kT —J)+ gmt 4 (C.11)

with all higher order terms of even power in m having positive coefficients.
A number of useful results may be derived by replacing the sum in Equation

(C.3) by an integral (which introduces an error of order 1/N)

7z = / T W (m) [1 + O(1/NY]. (C.12)

-m
In particular, the value of the dimensionless ratio @ = (m?)2/(m?) at criticality
may be found [280,282,310], by expressing the average square magnetisation and

the fourth power of the magnetisation as

(m?) = /_ mdm m*W(m) [1 + O(1/N)], (C.13)
(m*y = /_ mdm miW(m) [1 + O(1/N)]. (C.14)

By expanding In W(m) for N — oo as shown above, and expressing the resulting
integrals in terms of the Gamma function, it can be shown following some laborious
algebra that [282]
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L)
I'(3)

4

2 F(i 3 1
Q=4[ ] {re] Nl (—)
1 1
~ (0.456947 4+ 0. 214002\/N + O N)

(C.15)
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