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Abstract

Gaussian process (GP) models are widely used to perform Bayesian nonlinear re-
gression and classification — tasks that are central to many machine learning prob-
lems. A GP is nonparametric, meaning that the complexity of the model grows as
more data points are received. Another attractive feature is the behaviour of the
error bars. They naturally grow in regions away from training data where we have
high uncertainty about the interpolating function.

In their standard form GPs have several limitations, which can be divided into
two broad categories: computational difficulties for large data sets, and restrictive
modelling assumptions for complex data sets. This thesis addresses various aspects
of both of these problems.

The training cost for a GP has O(N?) complexity, where N is the number of training
data points. This is due to an inversion of the N x N covariance matrix. In this
thesis we develop several new techniques to reduce this complexity to O(NM?),
where M is a user chosen number much smaller than N. The sparse approximation
we use is based on a set of M ‘pseudo-inputs” which are optimised together with
hyperparameters at training time. We develop a further approximation based on
clustering inputs that can be seen as a mixture of local and global approximations.

Standard GPs assume a uniform noise variance. We use our sparse approximation
described above as a way of relaxing this assumption. By making a modification
of the sparse covariance function, we can model input dependent noise. To han-
dle high dimensional data sets we use supervised linear dimensionality reduction.
As another extension of the standard GP, we relax the Gaussianity assumption of
the process by learning a nonlinear transformation of the output space. All these
techniques further increase the applicability of GPs to real complex data sets.

We present empirical comparisons of our algorithms with various competing tech-
niques, and suggest problem dependent strategies to follow in practice.
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Outline

Gaussian processes (GPs) define prior distributions on functions. When combined
with suitable noise models or likelihoods, Gaussian process models allow one to
perform Bayesian nonparametric regression, classification, and other more com-
plex machine learning tasks. Being Bayesian probabilistic models, GPs handle the
uncertainty inherent in function modelling from noisy data, and give full proba-
bilistic predictions or ‘error bars’. Chapter 1 gives an overview of Gaussian process
modelling, with a focus on regression, but also briefly discussing classification and
other tasks.

One of the main problems with applying GPs successfully in machine learning is
the computational difficulties for large data sets. GP training scales cubically with
the number of training data points IV, and predictions are quadratic in N. Given
the plethora of large data sets being currently collected, especially for web-based
applications, this is a big problem for GP methods. GPs in their standard form have
therefore been limited in their applicability to data sets of only several thousand
data points.

Chapter 2 discusses methods to deal with this problem. In this chapter we give a
review of previous approximation techniques, and we introduce the sparse pseudo-
input Gaussian process (SPGP) which we proposed in [Snelson and Ghahramani,
2006a]. The SPGP consists of an approximation based on a small set of M pseudo-
inputs, which are then optimised to find the best solution. The training and pre-
diction costs are then reduced respectively to O(NM?) and O(M?). We explain the
relationship between this new method and the many similar previous approaches,
both from a theoretical and empirical point of view. From a theoretical perspective
we present minimal KL divergence arguments for the SPGP approximation to the
GP, and we highlight some of the deficiencies of previous approximations. Empir-
ically we demonstrate strategies for obtaining the best performance when we care
most about reducing training time or reducing prediction time.

12



OUTLINE

All the approximation methods we discuss in chapter 2 can be considered global
approximations, in the sense that they use a small number of support points to
summarise all N training points. In chapter 3 we examine the use of local GP ap-
proximations for dealing with the same computational problem. The basic idea is
an old one: to break the input space down into smaller regions and use local pre-
dictors for each region, thereby saving computation by only utilising nearby data
points. We then propose a new method that is a combination of the local type of
approximation and the global type of chapter 2, and we show how it can be natu-
rally derived as an extension of the theoretical framework for GP approximations
presented by Quifionero Candela and Rasmussen [2005]. We examine the types of
data that are best dealt with by a local approach or by a global approach. The new
approximation we present subsumes both types of method. This chapter is based
on [Snelson and Ghahramani, 2007].

In chapter 4 we increase the range and complexity of data sets that can be handled
by the SPGP that we presented in chapter 2. One of the problems with the SPGP
in its initial form is that the optimisation of the pseudo-inputs becomes unfeasible
for very high dimensional input spaces. We address this problem by learning a low
dimensional projection of the input space within the model. The pseudo-inputs
then live in this low-dimensional space. This can be seen as a particular super-
vised dimensionality reduction for regression. We then examine the capabilities of
the SPGP for modelling input dependent noise, or heteroscedasticity. The SPGP
covariance function, as well as being computationally efficient, is inherently more
flexible than the underlying GP in this regard. We also develop a simple extension
of the SPGP that further improves its ability to model heteroscedasticity, and we
test the methods in an environmental modelling competition. This chapter is based
on [Snelson and Ghahramani, 2006b].

In chapter 5 we make another extension of the GP to increase its modelling flex-
ibility. One limitation with GP regression is the Gaussianity assumption of the
process itself. There are many types of data that are not well modelled under this
assumption. One simple example is data naturally specified in positive quanti-
ties. Standard practice is to apply some sort of preprocessing transformation before
modelling. We present a simple extension of the GP that learns such a transforma-
tion as part of the probabilistic model itself, transforming to a space where the data
is modelled well by a GP. This gives rise to a process which is non-Gaussian in
the original data space, and further increases the applicability of GPs to real world
modelling and machine learning tasks. This chapter is based on [Snelson et al.,

13



OUTLINE

2004].

Finally we conclude and suggest some ideas for future work in chapter 6. Ap-
pendix A explains some notation used throughout the thesis, and appendix B pro-
vides some mathematical background. Both may be useful to those unfamiliar with
GP models.

14



Chapter 1

Introduction to Gaussian processes

1.1 A brief history of Gaussian processes

The Gaussian process (GP) is a simple and general class of probability distributions
on functions. When viewed in this general setting, Gaussian processes of many
types have been studied and used for centuries. The well known Wiener process
[e.g. Papoulis, 1991] is a particular type of Gaussian process. However this thesis
is concerned with the more specific use of Gaussian processes for prediction. The
setting we will be considering is that of regression — prediction of a continuous
quantity, dependent on a set of continuous inputs, from noisy measurements.

The history of the use of Gaussian processes for prediction is still a long one. Prob-
ably due to the most widely studied Gaussian processes being stochastic processes
in time (e.g. the Wiener process), Gaussian processes were first used for time series
prediction. Work in this area dates back to the 1940’s [Wiener, 1949, Kolmogorov,
1941].

Gaussian processes have been widely used since the 1970’s in the fields of geostatis-
tics and meteorology. In geostatistics, prediction with Gaussian processes is termed
kriging, named after the South African mining engineer D. G. Krige by Matheron
[1973]. Naturally in spatial statistics the inputs to the process are the two or three
space dimensions.

GPs were then applied by statisticians to the slightly more general multivariate
input regression problem [e.g. O’'Hagan, 1978]. It is fair to say however that their
widespread use in statistics is still largely confined to the spatial statistics sub-field.

15



CHAPTER 1. INTRODUCTION TO GAUSSIAN PROCESSES

This thesis is concerned with the use of GPs for prediction in a machine learning
context. Whilst the core problem of regression is a standard statistical one, machine
learning problems have directed researchers to use and develop GPs along slightly
different lines. Williams and Rasmussen [1996] first described Gaussian process
regression in a machine learning context. At that time neural networks [e.g. Bishop,
1995] were in vogue as general purpose function approximators, and Williams and
Rasmussen [1996] were partly inspired by the link shown by Neal [1996] between
GPs and neural networks.

Over the past decade or so, there has been much work on Gaussian processes in
the machine learning community. The definitive book on GPs in the context of
machine learning is the recent one by Rasmussen and Williams [2006], and most
of the material covered in this introductory chapter, and a lot more, can be found
there.

1.2 The regression problem

Machine learning problems can be broadly divided into three fundamental classes:
supervised learning, unsupervised learning, and reinforcement learning. See [e.g.
Hastie et al., 2001, MacKay, 2003] for textbooks describing the field as a whole.
The most widely studied and easiest of these tasks is supervised learning, which
concerns learning a relationship from inputs to targets (or outputs). Supervised
learning may be further subdivided into two primary tasks: classification and re-
gression. In classification the outputs are discrete labels, whereas in regression the

outputs are continuous variables.

In their simplest form Gaussian process models are used for regression, and this
thesis will concentrate on the regression task. Although the regression problem is
one of the simplest and most general statistical problems, it is at the core of many
machine learning tasks. Reliable general methods for regression are therefore of
prime importance to the field as a whole, and can be utilised inside more complex
and specific learning tasks. Gaussian processes have been developed beyond the
basic regression model to be used in classification [e.g. Williams and Barber, 1998,
Kuss and Rasmussen, 2005], and even unsupervised learning [e.g. Lawrence, 2005]
and reinforcement learning [e.g. Engel et al., 2003] contexts. Although this thesis
will not specifically cover these extended models, much of what we will develop
can be applied to these more complicated tasks too.

16



CHAPTER 1. INTRODUCTION TO GAUSSIAN PROCESSES

In a regression task we have a data set D consisting of NV input vectors x1, X2, ..., Xx
(of dimension D) and corresponding continuous outputs y1,¥2, . . ., yn. We assume
the outputs are noisily observed from an underlying functional mapping f(x). The
object of the regression task is to estimate f(x) from the data D. Clearly without
further assumptions this problem is ill-defined, and moreover we are dealing with
noisy data. Therefore any approach we might take is an exercise in reasoning under
uncertainty. For this reason, we really want not just a single estimate of f(x), buta
probability distribution over likely functions. A Gaussian process regression model
is a fully probabilistic Bayesian model, and so it allows us to do just this. This is in
contrast to many other commonly used regression techniques, which only provide
a best estimate of f(x).

A Gaussian process defines a probability distribution on functions p(f). This can
be used as a Bayesian prior for the regression, and Bayesian inference can be used
to make predictions from data:
p(DIf)p(f)
p(fID) = —=—. 11

(Ip) =B (1)
This is a high level description of how a GP solves the regression problem outlined
above, giving us probabilistic predictions of possible interpolating functions f.

1.3 Gaussian process definition

A Gaussian process is a type of continuous stochastic process, i.e. it defines a prob-
ability distribution for functions [e.g. Papoulis, 1991]. Another way to think of
this is as a set of random variables indexed by a continuous variable: f(x). Sup-
pose we choose a particular finite subset of these random function variables f =
{f1, f2, ..., fn}, with corresponding inputs (indices) X = {x;,x2,...,%xy}. Ina GP,
any such set of random function variables are distributed multivariate Gaussian:

p(fIX) = N(u,K) , (1.2)

where N(u, K) denotes a Gaussian distribution with mean p and covariance K.
The final requirement is that these Gaussian distributions are consistent; that is the
usual rules of probability apply to the collection of random variables, e.g. marginal-
isation:

mm=/%mmﬁy (1.3)
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CHAPTER 1. INTRODUCTION TO GAUSSIAN PROCESSES

A GP is a conditional probabilistic model. This means that the distribution on the in-
puts p(x) is not specified, and only the conditional distribution p(f|X) is modelled.
For this reason, throughout the thesis we will often drop the explicit notational
conditioning on the inputs, with the understanding that the appropriate inputs are
being conditioned on: p(f) = p(f|X). For further notational devices used through-
out the thesis see appendix A.

1.4 Covariances

To specify a particular GP prior, we need to define the mean p and covariance K
of equation (1.2). The GPs we will use as priors will have a zero mean. Although
this sounds restrictive, offsets and simple trends can be subtracted out before mod-
elling, and so in practice it is not. It is worth noting however, that the posterior GP
p(f|D) that arises from the regression is not a zero mean process (see section 1.5.1).

The important quantity is the covariance matrix K. We construct this from a co-
variance function K (x,x’):
Kij = K(xi,x;) . (1.4)

This function characterises the correlations between different points in the process:

K(x,x') = E[f(x)f(X)] , (1.5)

where £ denotes expectation and we have assumed a zero mean. We are free in our
choice of covariance function, so long as the covariance matrices produced are al-
ways symmetric and positive semidefinite (v Kv > 0, Vv). Specifying the covari-
ance matrix K via a covariance function guarantees the consistency requirement of
section 1.3.

The particular choice of covariance function determines the properties of sample
functions drawn from the GP prior (e.g. smoothness, lengthscales, amplitude etc).
Therefore it is an important part of GP modelling to select an appropriate covari-
ance function for a particular problem. An important aspect of GP research is the
development of different more flexible covariance functions. In fact it is one of
the goals of this thesis to develop a particular class of flexible and computationally
efficient covariance functions. However as a starting point there are a number of
well known and widely used covariances which we discuss in the next sections.
The class of covariances we will develop in this thesis are built from one of these

18



CHAPTER 1. INTRODUCTION TO GAUSSIAN PROCESSES

simpler covariances.

1.4.1 The squared exponential (SE) covariance

The SE covariance function is the most widely used in machine learning. It pro-
vides very smooth sample functions, that are infinitely differentiable:

2
r
Keg(r) =a?exp | ——= ] , 1.6
se(r) P ( 5 /\2) (1.6)
where r = ||x—x/||. The SE covariance is stationary (a function of x —x’ — invariant
to translations) and more specifically isotropic (a function of r — invariant to both
translation and rotation).

The two hyperparameters a and A govern properties of sample functions. a controls
the typical amplitude and A controls the typical lengthscale of variation. We refer
to any hyperparameters of a covariance function collectively as the vector 8. Fig-
ure 1.1 shows three sample GP functions using the SE covariance, with (a) and (b)
using different lengthscale and amplitude hyperparameters. A function is created
in practice by finely discretising the input space and drawing a sample from the
multivariate Gaussian equation (1.2) with zero mean p = 0 (see section B.2 for im-
plementation details). We see that the samples are very smooth functions which
vary around the f = 0 axis due to the zero mean.

The smoothness of the sample functions arises from the form of the covariance
equation (1.6). Function variables close in input space are highly correlated, whereas
function variables far apart relative to the lengthscale A are uncorrelated. A criti-
cism of the SE covariance is that it may be unreasonably smooth for some realistic
regression tasks. For this reason some practitioners prefer the Matérn class of co-

variance (see section 1.4.2).

The structure of the covariance can also be understood visually by plotting the
values in the covariance matrix as colours in an image. This is done in figure 1.2. A
1D input space has been discretised equally, and the covariance matrix constructed
from this ordered list of inputs is plotted.! The region of high covariance appears
as a diagonal constant width band, reflecting the local stationary nature of the SE
covariance. Increasing the lengthscale X increases the width of the diagonal band,
as points further away from each other become correlated.

!The ordering is necessary for visualising the structure, and so this demonstration is only possible
in1D.

19



CHAPTER 1. INTRODUCTION TO GAUSSIAN PROCESSES

~15 =10 -5 0 5 10 15
(a) Lengthscale A = 5, amplitude a = 1

_3 L L 1 L 1 J
-15 -10 =5 0 5 10 15
(b) Lengthscale A = 1, amplitude a = 0.5

Figure 1.1: Three sample GP functions with the SE covariance

20



CHAPTER 1. INTRODUCTION TO GAUSSIAN PROCESSES

Figure 1.2: The SE prior covariance matrix for a set of equally spaced ordered
points. Magenta indicates high covariance, and cyan low.

1.4.2 The Matérn covariance

Ktat(r) = o 12,1(;) (‘/i_”’)x( 2;”") : (17)

where K, is a modified Bessel function, I'(-) is the Gamma function, and a, v, and
A are hyperparameters.

The Matérn covariance is isotropic, and again hyperparameters a and A control
amplitude and lengthscale respectively. v controls how rough the sample functions
are. In fact for v — oo we regain the SE covariance, but for finite v the sample
functions are significantly rougher than those from the SE.

The special case of v = 1/2 gives the exponential covariance, and the well known
Ornstein-Uhlenbeck process [Uhlenbeck and Ornstein, 1930]. Figure 1.3 shows
sample functions from the OU process, with lengthscale and amplitude parame-
ters the same as in figure 1.1a. Comparing the two, we can see how much rougher
functions the Matérn covariance produces.

1.4.3 Nonstationary covariances

We briefly list a few examples of common nonstationary covariances. The linear
covariance produces straight line sample functions, and using it in GP regression
is therefore equivalent to doing Bayesian linear regression (see section 1.6):

Kiin(x,%') = 0p + o3xx'T . (1.8)
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CHAPTER 1. INTRODUCTION TO GAUSSIAN PROCESSES

" ‘,“w ’\"w .~

) ‘w

-3 1 1 L f ! J
-15 -10 =5 0 5 10 15

Figure 1.3: Three sample GP functions with the Matérn covariance, v = 1/2, length-
scale A\ = 5, amplitude a = 1

The periodic covariance can be used to generate periodic random functions (1D):

2sin2(‘”_2”' ) 19)

Kpe:(z,2") = exp(——/\2—
The Wiener process, or continuous time Brownian motion, is a one-dimensional
nonstationary GP:

Kwien(z,2') = min(z,z’) , z, ' >0. (1.10)

A nonstationary neural network covariance function can be constructed as a limit
of a particular type of neural network with an infinite number of hidden units
[Williams, 1998].

There are many other examples of covariance functions, both stationary and non-
stationary. It is also possible to combine covariances in sums, products and con-
volutions to obtain more flexible and complex processes. See [Rasmussen and
Williams, 2006] for further details.



CHAPTER 1. INTRODUCTION TO GAUSSIAN PROCESSES

1.5 Gaussian process regression

So far we have defined a Gaussian process, and we have seen how the choice of co-
variance function leads to different typical sample functions from the GP. Within
a class of covariance function, a small number of hyperparameters control global
properties such as lengthscale and amplitude. Our task is to use GPs to do regres-
sion. To do this we use the GP to express our prior belief about the underlying
function we are modelling. We define a noise model that links the observed data to
the function, and then regression is simply a matter of Bayesian inference.

We start with the zero mean GP prior on the function variables:
p(f) = N(0,K) . (1.11)

We assume that the observed data y is generated with Gaussian white noise around
the underlying function f:

y=Ff+te, 8[e(x)e(x’)] = 0’25xx1 ’ (1.12)

where o2 is the variance of the noise, and § is the Kronecker delta.? Equivalently,
the noise model, or likelihood is:

p(ylf) = N(f,0%1) , (1.13)

where I is the identity matrix. Integrating over the unobserved function variables
f gives the marginal likelihood (or evidence):

p(y) = / df p(y|f)p(f)
=N(0,K +o%I) .

(1.14)

1.5.1 Prediction

For this section refer to section A.2 and section A.3 for a more detailed explana-
tion of data point and covariance matrix notation used. Suppose we have our N
training input and output pairs (X, y), together with a set of T input locations X

2We have used a slight abuse of notation when using the Kronecker delta with continuous indices
x and x’. We mean that § = 1 only when x and x’ refer to the same data point. Otherwise § = 0,
even if we happened to sample two data points at exactly the same x location. This reflects the fact
that the noise is independent for each data point.
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at which we want to make predictions — the test inputs. These variables are all
observed. We also have some sets of unobserved variables: the latent function
variables at both training and test locations, and the test outputs themselves. We
refer collectively to groups of these points as: (X, f,y) = ({xn}, {fn}, {vn}),, and
(X, £, y7) = ({x¢}, {2}, {v:})L . We first note the joint training and test prior:

p(f’ fT) = N(Oa KN+T) ) (1153)
KN KNI'

K = . 1.15b

o [KTN KJ (1.15b)

Inclusion of the noise model gives the joint distribution on training and test outputs
(from equation (1.14)):

p(y,yr) =N(0,Kn,r +0°T). (1.16)

The predictive distribution is obtained by conditioning on the observed training
outputs (and using the inverse of a partitioned matrix identity of section B.1.2):

p(yrly) = N(pz, Br) , (1.17a)
pr = Ky[Ky 4+ 0217ty

ei_1 ) (1.17b)
ETZKT—KTN[KN+U I]— KN’I‘+U I.

Notice how the predictive mean and variance (f,., 1) in equation (1.17b) are con-
structed from the blocks of the GP prior covariance K+ of equation (1.15b). This
construction will be useful to remember later on when forming the predictive dis-
tribution for various GP approximations.

It is important to appreciate that equation (1.17) is a correlated prediction. As well
as giving you the mean and marginal variance at each test point, it tells you the
predictive correlations between any pair of test outputs. In fact, the GP predictive
distribution is actually a full Gaussian process in its own right, with a particular
non-zero mean function and covariance function:3

n(x) = Kyn[Ky + o1ty

(1.18)
B(x,x') = K(x,x') — Kun[Kn + 021 T Ky

Refer to section A.3 to explain the slight abuse of covariance notation in equa-

3Actually, as written here without the noise, this is the posterior process on f rather than y:

p(f(X)ly)-
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Figure 1.4: The GP predictive distribution. The single test point predictive distri-
bution (1.19) is shown as mean and two standard deviation lines in black and grey
respectively. A sample function from the full posterior process (1.18) is shown in
green.

tion (1.18).

Whilst these predictive correlations are potentially useful for some applications, it
is often just the marginal variances (diag X;) that are computed and used as mea-
sures of predictive uncertainty. In this case it is sufficient to consider a single gen-
eral test input x,, at which the predictive mean and variance is:

Hx = K*N[KN a7 0'21]_1}'

(1.19)
(73 = K* - K*N[KN = 0'21]_1KN1 o 02 .

Computing the inverse of Ky + %I costs O(N?3). We see that the mean predic-
tion is simply a weighted sum of N basis functions: p, = K.ya, where a =
[Ky + 0?I]"'y. Therefore, if we precompute o the mean prediction per test case
costs only O(N). For the variance no such precomputation can be done, and the
cost is O(N?) per test case. The most stable and efficient method of implementa-
tion of equation (1.19) is via Cholesky decomposition of the covariance matrix (see
section B.2 for details).

Figure 1.4 shows a plot of the GP predictive distribution for a simple 1D data set
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using SE covariance. The hyperparameters are assumed known and given. Mean
and two standard deviation lines (equation (1.19)) are plotted in black and grey,
and this will be the standard way of showing GP predictions throughout the thesis.
Note that this prediction includes the noise variance (p(y.|y)). A sample function is
also plotted from the posterior process (equation (1.18)) in green. This is noise free
(»(f(x)|y)). Notice how the sample function varies around the mean function, and
we can imagine how averaging many such sample functions would give rise to the
mean function. The plot shows how the predictive variance grows in regions away
from training data until it reaches K (x, x)+0? (in the case of a stationary covariance
such as SE, K(x, x) is a constant, a?). It is evident by looking at equation (1.19) how
the local nature of the covariance function causes this to happen. The property
of increasing predictive uncertainty away from training data is an intuitive and
desirable property of GPs.

1.5.2 Hyperparameter learning

One of the major advantages of GPs over other methods is the ability to select co-
variance hyperparameters from the training data directly, rather than use a scheme
such as cross validation. The reason we can do this is because the GP is a full prob-
abilistic model. Ideally we would like to place a prior and compute a Bayesian
posterior p(@|y) on hyperparameters. However this is not analytically tractable
in general. Instead we can use the marginal likelihood (equation (1.14)) as an ap-
propriate cost function. More specifically we minimise the negative log marginal
likelihood £ with respect to the hyperparameters of the covariance @ (including the
noise variance o2):

L = —logp(y|@)

1 (1.20)
=3 log det C(0) + %yTC‘l(B)y + glog(Qﬂ') ,

where C = K + oL

As with any other procedure where we are optimising parameters using the train-
ing data we have to worry about overfitting. As we have seen in section 1.4, covari-
ance functions tend to have a small number of hyperparameters controlling broad
aspects of the fitted function, and therefore overfitting tends not to be a problem.
Secondly, we are not optimising the function variables f themselves, but rather inte-
grating over their uncertainty. The GP hyperparameter optimisation takes place at
a higher hierarchical level, and hence is sometimes referred to as type II maximum
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likelihood.

The minimisation of the negative log marginal likelihood of equation (1.20) is a
non-convex optimisation task. However gradients are easily obtained and there-
fore standard gradient optimisers can be used, such as conjugate gradient (CG)
techniques or quasi-Newton methods. To compute the derivatives a few matrix
identities from section B.1.3 are useful, and for implementation section B.2 is again
relevant. The precise details will of course depend on the choice of covariance
function. The cost of computing the log marginal likelihood and gradients is again
dominated by the inversion of the covariance matrix C.

Local minima can be a problem, particularly when there is a small amount of data,
and hence the solution ambiguous. In this situation local minima can correspond
to alternative credible explanations for the data (such as low noise level and short
lengthscale vs. high noise level and long lengthscale). For this reason it is often
worth making several optimisations from random starting points and investigating
the different minima.

1.5.3 Automatic relevance determination

One can make an anisotropic (but still stationary) version of the SE covariance (sec-
tion 1.4.1) by allowing an independent lengthscale hyperparameter \; for each in-

put dimension:

D 2
1 Tg—
Ksg-arD(x,x') = a®exp l—2 E (de4> } . (1.21)
d=1

When combined with the techniques of section 1.5.2 for determining hyperparam-
eters, this covariance is said to implement automatic relevance determination [Neal,
1996]. If a particular input dimension d has no relevance for the regression, then
the appropriate lengthscale Ay will increase to essentially filter that feature out. This
is because the evidence will suggest that the underlying function is very slowly
varying in the direction of that feature. This means that alternative ad-hoc feature
selection methods are not necessary.

We will use this ARD version of the SE covariance throughout the thesis to illus-
trate our examples and in experiments. However most of the methods we develop
apply generally with any choice of covariance function, such as those discussed in
section 1.4.
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1.6 Relation to Bayesian linear regression

In the first part of this chapter we have described GPs as priors directly on the
space of functions, specified with a suitable covariance function. This viewpoint
is sometimes referred to as the function space viewpoint, and is arguably the most
intuitive way to understand GPs. However, there is an alternative way of viewing
GPs called the weight space viewpoint, which is closely related to the well known
Bayesian generalised linear regression model.

Suppose we define our function to be a weighted sum of a set of M basis functions:

M
F0) =Y wmem(x) = w' p(x) . (1.22)
m=1

If we now place a Gaussian prior on the weights:
p(w) =N(0,Zy), (1.23)

then we have equivalently defined a Gaussian process prior on the function f with
covariance function:

K(x,x) = E[f(x) f(x')]

1.24)
=¢' (x)Zuo(x) . (

This type of GP is called degenerate because it can always be converted back to the
weight space viewpoint and represented with a finite set of basis functions. The
covariance function (1.24) is of rank M, meaning that any covariance matrix formed
from this covariance function will have maximum rank M. The linear covariance
function mentioned in section 1.4.3 is exactly of this type.

As we have seen, the function space viewpoint allows us to specify a covariance
function directly, rather than in terms of basis functions. However Mercer’s theo-
rem [e.g. Schélkopf and Smola, 2002] tells us that we can still decompose the co-
variance function in terms of its eigenfunctions and eigenvalues, theoretically at
least: -
K(x,x) =Y Ahi(x)phi(x') . (1.25)
i=1
In this way we convert back to the weight space viewpoint, in the sense that we
now have a description in terms of basis functions like in equation (1.24). If the sum
of equation (1.25) has a finite number of elements, then we have a degenerate GP,
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but for general covariance functions (e.g. SE) the sum will have an infinite number
of elements with possibly no analytical expressions for the eigenfunctions, and the
GP is said to be non-degenerate. It is this type of GP that we are most interested in,
since they are nonparametric flexible models for functions.

From a practical computational point of view, let us suppose we have a degenerate
GP with M basis functions, and N training data points. We know that to make
predictions we must invert the N x N covariance matrix Ky + 021 If N < M then
it is most efficient to invert this directly at a cost of O(N3).# However, if N > M,
it is best to do the regression in the weight space viewpoint. The covariance matrix
formed from equation (1.24) can be written Ky = VVT where V is the N x M

1
matrix #¥ 32, and the matrix inversion lemma (section B.1.1) provides the link:
(VVT +6%1y) ' =07y — 07 2V(@ Iy + VTV) VT, (1.26)

Note that the RHS of equation (1.26) only involves inverting an M x M matrix rather
than N x N. Any evaluation needed for prediction is then dominated by the cost
of constructing VTV which is O(NM?). Put simply, if N > M linear regression
should be solved in the traditional way, not via the GP formulation.

Of course, for the non-degenerate case that we are most interested in we do not
have a choice of practical solution method. If we tried to convert to the weight
space viewpoint then we would be trying to invert an infinite dimensional matrix!
In fact in this way we see the power of GPs (and kernel methods in general)® —
we are effectively utilising an infinite set of basis functions but with finite compu-
tation. This type of model is called a nonparametric model because the complexity
of the solution is increasing as we receive more data (we can see this by looking for
example at the GP predictive mean in equation (1.18) which is a weighted sum of
N kernel evaluations). This nonparametric property is desirable because it means
that we are not limited in function complexity as we receive more data. However
the price we pay is a cubic scaling in IV rather than linear if we were to stick to a
fixed finite set of basis functions.

“Construction of the covariance matrix would be more expensive at O(M N2).

The GP is a particular type of probabilistic kernel method. The GP covariance matrix can also be
called a kernel matrix. The general GP can be regarded as ‘kernelised’ Bayesian linear regression, by
the process described in this section. See [e.g. Scholkopf and Smola, 2002] for more details on kernel
methods.
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1.7 Gaussian process classification

In this thesis we focus on Gaussian process regression, but GPs have been applied
successfully to classification too, and for completeness we briefly discuss this here.
In a classification task we have discrete outputs, e.g. binary y = %1, rather than
continuous. A GP classification model uses a Gaussian process prior p(f) for an
underlying function f(x), just as for regression. However, instead of the Gaus-
sian regression noise model equation (1.13), a discrete distribution is obtained by
squashing the function f through e.g. a sigmoid:

p(y = +1{f(x)) = o(f(x)) - (1.27)

The non-Gaussian likelihood of equation (1.27) causes a problem: we cannot in-
tegrate out the unknown function variables f analytically as we did to compute
the marginal likelihood in equation (1.14). The usual method for dealing with this
problem is to make a Gaussian approximation to the posterior p(f|y). For exam-
ple, Williams and Barber [1998] use the Laplace approximation that approximates
p(fly) around its mode. Kuss and Rasmussen [2005] show empirically that the EP
approximation [Minka, 2001] is more accurate. The EP approximation is an iter-
ative algorithm that approximates each data point likelihood term p(y.|f.) by a
scaled Gaussian in f, thereby giving an overall Gaussian approximation to p(f|y).
Other approaches include the variational methods of Gibbs and MacKay [2000] and
Girolami and Rogers [2006].

The need for approximation is not specific to classification, and applies equally to
any non-Gaussian likelihood, e.g. a heavy tailed regression noise model.
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Chapter 2

Computationally efficient
Gaussian processes

One of the fundamental problems we try to address in this thesis is the computa-
tional difficulties of applying Gaussian processes to large data sets. This is a prob-
lem particularly apparent in the machine learning field where large data sets are
commonplace. The full procedure of GP regression consists of three stages, which
we will call hyperparameter training, precomputation, and testing. Hyperparam-
eter training is usually performed by the optimisation of the marginal likelihood
as outlined in section 1.5.2. Each gradient computation requires inversion of the
covariance matrix Ky + 021, and hence cost will be O(N3x number of gradient
evaluations in the optimisation).

We define the precomputation stage to include any computations that can be done
given a set of fixed hyperparameters but before seeing any test data. The O(N3)
inversion of the covariance matrix is again the dominant part of this stage. If the
hyperparameter learning has been done as described above, then these two stages
may as well be amalgamated and called ‘training’. However it is sometimes use-
ful to make computational comparisons where the hyperparameters have perhaps
been obtained in a different way, or are even given a priori. In this case then the
precomputation stage alone is the relevant one. In fact some authors, particularly
from the kernel machines literature [e.g. Smola and Bartlett, 2001}, call this stage

training.

Finally we have the testing stage, where we make predictions at a set of T test
points. As explained in section 1.5.1, after the precomputation stage, each predic-
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tion costs O(N?) leading to an overall test cost of O(N2T).

For a large training set both the training and test times become prohibitively ex-
pensive due to the poor scaling with N. As we saw in section 1.6 the reason for the
poor scaling is the desirable nonparametric nature of the GP itself. Therefore we
seek methods that overcome the computational difficulties whilst still preserving
the desirable properties of the GP.

The cost time of relevance depends very much on the particular application. The
user may be concerned with the total training and test time. Alternatively the user
may be able to afford a very large offline training time, but requires fast online
predictions. As we shall see different methods will be suitable for these different
requirements.

2.1 Summary of previous approaches

There has been a lot of work done over the past two decades that attempts to ad-
dress the computational problem, by developing efficient approximations to the
full Gaussian process. Although the approaches have been developed from differ-
ent angles, many are closely related to each other. We will examine some of the
approximations in much more detail later, but here we give a high level overview.

2.1.1 Subset of data (SD)

The most obvious and simplest technique to reduce computation is to ignore a large
part of the training data! A GP prediction is made based only on a subset of size
M of the training data. We call this technique subset of data (SD). Whilst it seems
too obvious and simple to be worthy of much mention, it is after all the bench-
mark against which other techniques must be compared. In fact, in some cases it
may be the best one can do, because it has no extra overhead compared to some
of the more sophisticated approximations, both in terms of computation and mem-
ory. For highly redundant data sets, where extra data points bring very little extra
information about the function, then there is no point wasting computation on a
sophisticated approximation for little gain in performance.

SD also serves as a prototype for most of the other techniques as it highlights the
different options that are available. The reason for this is that most of the more
sophisticated approximations are also based on a subset of the training data just
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like SD; the difference being that these approximations also include some informa-
tion from the rest of the training data. We can therefore use SD to outline three
important steps relevant to all the GP approximations:

Subset selection

When using SD we clearly have a choice of selecting the subset of M data points
from the total NV training points. The simplest scheme is to choose randomly, and
due to its negligible overhead it is often very effective. However more sophisticated
schemes can be used based on various information criteria that score how much one
learns about the function by including a point into the subset. The informative vector
machine [Lawrence et al., 2003] is an example of the SD method using a differential
entropy score for subset selection.!

As explained above, for more sophisticated approximations that we will discuss
the same choice exists. In this context the subset is variously known as the active
set, the support set, or the inducing set. Again we may choose randomly, or use
other information based selection criteria.

Hyperparameter selection

For SD we will generally obtain hyperparameters by maximising the SD marginal
likelihood, or in other words the GP marginal likelihood on the subset:

psp(Yar) = N(0, K, + 0%I) . (2.1)

We could however choose to use more sophisticated GP marginal likelihood ap-
proximations, that take into account all of the training data.

Prediction

Having obtained hyperparameters and made a choice of subset, we can choose
an approximation to make predictions. For SD this is simply the GP predictive

! Although not a GP model, an SVM can be similarly seen as a method for selecting a subset of
data on which a predictor is based.
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distribution based solely on the subset (from equation (1.19)):

#§D = Kuu[Kn + UzI]_IYM 2.2)

(020 = K, — Kuns [Knr + 020 ' Kpgw + 02 . '
We can see that even for something as trivial as SD, various different strategies exist
to balance predictive performance against computation. Which strategy will be
best depends a lot on the requirements of the user in terms of training versus testing
time as discussed at the beginning of section 2.1. For example, a more sophisticated
subset selection method could be chosen at the expense of greater training time but
improved test performance for given test time. We do not even have to choose the
same subset for hyperparameter learning as for prediction. To save on training time
a smaller subset could be used to determine hyperparameters, with extra points
being included for the prediction stage. If using a subset selection method, we also
have the tricky issue of whether and how to interleave hyperparameter learning
with the subset selection until some sort of convergence.

The reason we exhaustively list such options for SD is that all of the above applies
to more sophisticated approximations too. In practice the best choices depend very
much on the particular data and priorities of the user, and individual empirical
trials are probably the best way to sort this out. The purpose of this thesis is not
to attempt an exhaustive empirical comparison with all approximations and all
strategies. Rather we will present new approximations and options, and suggest in
which regimes they will be most useful.

2.1.2 Low rank approximations

At a high level, most of the more sophisticated approximations that have been de-
veloped can be understood as some kind of reduced rank approximation to the co-
variance matrix:

Ky~VVT (2.3)

where V is an N x M matrix. We know from the discussion of the relationship be-
tween GPs and linear models in section 1.6 that this is equivalent to approximating
the full non-degenerate GP with a finite (M dimensional) degenerate linear model.
From this discussion, and via the matrix inversion lemma equation (B.1), we also
know how the computational saving is made. The training cost is reduced from
O(N3) computation to O(NM?). Similarly prediction time is reduced to O(M?)
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per test point after precomputation.

The success of such a low rank type approximation depends on the fact that for
typical covariances (e.g. SE, section 1.4.1), the eigenvalue spectrum decays fairly
rapidly (reflecting the smoothness of the prior). One might think of trying to di-
rectly find a low rank approximation to Ky by doing an eigendecomposition and
keeping the M leading eigenvalues. However this does not really help us because
the eigendecomposition itself is O(N3) in general. Instead a subset of the input
points (just like in SD) is used as a basis for a low rank construction, with these
M points determining the regions in input space where the approximation is good.
One particular construction which forms the heart of many of these GP approxima-
tion methods is the Nystrdm construction:

Ky =~ KNMK;llKMN ) (2.4)

where Ky, is the covariance between the training points and the subset (see sec-
tion A.3). This construction can be derived from various different angles [Smola
and Scholkopf, 2000, Williams and Seeger, 2001], but one way of understanding it
is as approximating the eigendecomposition discussed above. In fact we will use
this construction so much that we use a separate symbol for this low rank covari-
ance:

Q(x,x) = Kun K3 ' Ky - (2.5)

Here we have used a small abuse of notation (see section A.3) to refer to the covari-
ance function Q(x,x’) rather than the covariance matrix of equation (2.4).

The subset of regressors (SR) approximation consists of the degenerate GP using Q as
its covariance function. The fact that this approximation can be derived in various
ways, and that there exist different strategies for choosing the subset, means that
it appears in various guises in the literature [e.g. Wahba, 1990, Poggio and Girosi,
1990]. Smola and Bartlett [2001] use SR in conjunction with a greedy forward selec-
tion method to choose the subset.

From the discussion of linear models in section 1.6 it should be clear that there is
something unsatisfactory about approximating the full non-degenerate GP with a
degenerate one as SR does. We lose some of the power of full nonparametric mod-
elling, where the complexity of the function grows with more data. See [Quifionero
Candela, 2004] for more details. As we shall see in section 2.3.2, this is a big prob-
lem for SR because it gives rise to far too small predictive variances in regions away
from subset points.
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The projected process (PP) approximation is a fix to this problem: whilst based on the
same low rank Nystrom construction of equation (2.4), it is not strictly a degenerate
process. It does still however have some technical problems which we discuss in
section 2.3.8. Seeger et al. [2003] use PP with a greedy forward selection method
based on information gain, and Keerthi and Chu [2006] use PP with a matching
pursuit algorithm for selecting the subset.

A general term for these type of approximations is sparse Gaussian processes. This
is slightly misleading, as the matrices involved are not sparse but low rank. How-
ever, it does convey the idea that the approximations are based on a small subset of
the training data points.

2.1.3 Other approaches

The sparse online GP methods of Csat6é and Opper [2002], Csat6 [2002] are closely
related methods to those of section 2.1.2, which process data sequentially, and are
designed to deal with non-Gaussian likelihoods such as for classification. We will
discuss the relationships in more detail in section 2.3.7, but we note that the ap-
proximation presented in [Csat6, 2002], when applied to regression, is a sequential
version of PP.

The Bayesian committee machine (BCM) [Tresp, 2000] is another approach to speed
up GP regression based on partitioning the data set. It is related to the low rank
approximations of section 2.1.2, but has a somewhat different flavour. It is transduc-
tive rather than inductive, meaning that the approximation used is dependent on
the test inputs, therefore requiring one to know the test inputs in advance of train-
ing/precomputation. The principal problem with the method is a high test cost
of O(NM) per test case, rather than the O(M?) of the approaches of section 2.1.2.
However the BCM can be modified to be used in an inductive way, and we will
discuss this further in chapter 3.

Gibbs [1997] used an approach based on early stopping in an iterative conjugate
gradient (CG) solution to the equation (Ky + o2I)a = y. The problem with this is
that it still scales quadratically in N. Recently Yang et al. [2005] have proposed the
improved fast Gauss transform (IFGT) to speed up these CG iterations to give a linear
scaling with N. Other recent methods that also rely on speeding up kernel matrix-
vector products within CG include [Gray, 2004, Shen et al., 2006, de Freitas et al.,
2006). This type of method shows some promise, but at present it is not feasible for
more than a few input dimensions, and the speedups seem very sensitive to par-
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ticular lengthscale regimes. Also hyperparameter optimisation is complicated and
predictive variances expensive to obtain, when using CG iteration based methods.

2.2 The sparse pseudo-input Gaussian process (SPGP)

It should be clear from section 2.1 that for the purpose of analysis it makes sense
to distinguish between the actual approximation and the other aspects of strategy
that go with it, such as determination of the subset. This is because often we can
mix and match strategies with approximations depending on what suits. However
in the literature this has not been done in general, with individual papers tend-
ing to recommend both a particular approximation and a particular technique for
subset selection. This has made the literature somewhat confusing to read as a
whole. In [Snelson and Ghahramani, 2006a] we contributed to this confusion by
doing exactly the same! We suggested a method that consisted both of a particular
approximation and a new way of obtaining a subset. These two parts of the SPGP
can be considered independently for the most part. However there is a lot of in-
tuition to be gained by considering the original derivation of the SPGP as a whole
as presented in [Snelson and Ghahramani, 2006a]. In this chapter we will therefore
first present the SPGP as a complete model, as it was originally derived. We will
then analyse and compare the purely technical aspects of the approximation itself
with others such as SR and PP, independently of the subset selection. To do this we
will make use of the framework suggested by Quifionero Candela and Rasmussen
[2005] for comparing the theoretical aspects of the different approximations.

In order to derive a model that is computationally tractable for large data sets, but
which still preserves the desirable properties of the full GP, we examine in detail
the single test point GP predictive distribution equation (1.19):

e = Kun[Ky + 021]'1y
ol=K, - K.v[Ky + 021]_1KN* +02.

Consider the mean and variance of this distribution as functions of x,, the new in-
put. Regarding the hyperparameters as known and fixed for now, these functions
are effectively parameterised by the locations of the N training input and output
pairs, X and y. The intuition behind the SPGP is that we can replace the real data
set D by a pseudo data set D of parameters, and use the GP predictive distribution
from this pseudo data set as a parameterised model likelihood. The computational
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efficiency of the model will arise because we will use a pseudo data set of size
M < N: pseudo-inputs X = {%,}¥_; and pseudo-outputs f = {fm}M_,. We
have denoted the pseudo-outputs f instead of § because as they are not real ob-
servations, it does not make sense to include a noise variance for them. They are
therefore equivalent to the latent function variables f. The bar notation just serves
to emphasise that these variables are not observed data, but nevertheless live in
the same spaces as their equivalents f and X. The actual observed output value
will of course be assumed noisy as before. These assumptions therefore lead to the
following single data point likelihood:

p(ylx, X, f) = N (Kxn K3 F, Kax — Kxn K5 Kux +02) (2.6)

where Ky, is the covariance between the input x and the pseudo-inputs X, and
K, is the self covariance of the pseudo-inputs (see section A.3 for details on covari-
ance notation). Notice this likelihood is just the GP predictive distribution equa-
tion (1.19) with the real data set replaced by the pseu‘do-data set and with no noise
on the pseudo-outputs.

This can be viewed as a standard regression model with a particular form of param-
eterised mean function and input-dependent noise model. We assume the output
data are generated i.i.d. given the inputs, giving the complete data likelihood:

N
f) = nlf
p(y[f) L[lp(y If) 27

= N(KNMK,T,I?, diag(Ky — Qn) + 021) ,

where we have dropped the explicit conditioning on the relevant inputs from the
notation. We also see the first instance of the low rank covariance Qy = Ky, K3 Ko,
discussed in section 2.1.2, arising naturally in the derivation of the SPGP.

Learning in the model involves finding a suitable setting of the parameters — in
this case an appropriate pseudo-data set that explains the real data well. However
rather than simply maximise the likelihood with respect to X and f it turns out
that we can integrate out the pseudo-outputs f. We place a Gaussian prior on these

pseudo outputs:
p(f) = N(0,Ky) . (2.8)

This is a very reasonable prior because we expect the pseudo-data to be distributed
in a very similar manner to the real data, if they are to model them well. However,
we could consider different priors here to obtain more complex models. For exam-
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ple, we could use a different kernel or different hyperparameters. It is not easy to
place a prior on the pseudo-inputs and still remain with a tractable model, so we
will find these by maximum likelihood (ML). For the moment though, consider the
pseudo-inputs as known.

Now that the model is fully specified we can apply Bayesian reasoning to fill in the
rest of the details. Since all the distributions involved are Gaussian this ends up be-
ing simple matrix algebra. First we find the SPGP marginal likelihood by integrating
equations (2.7) and (2.8) over the pseudo-outputs:

py) = / dt p(y[F)p(E)
= N(O) Qn + diag(Ky — Qn) + ‘721) )

(2.9)

where we have used the Gaussian identity (B.11). This should be compared to the
full GP marginal likelihood of equation (1.14). We can see that the SPGP marginal
likelihood can be obtained by replacing the full GP covariance matrix K by the
low rank covariance Qn everywhere except on the diagonal. On the diagonal the
SPGP marginal likelihood covariance matches exactly.

To obtain the predictive distribution we first find the joint p(y., y) and then condi-
tion on the observed outputs y. The joint is exactly the marginal likelihood equa-
tion (2.9) extended to one new point (x.,y«). When we condition on the outputs
(and use equation (B.4)), we get the SPGP predictive distribution:

P(uly) = N(ps, 03) (2.10a)
pe = Qun[Qu + diag(Ky — Qu) +0°I 'y (2.10b)

02 = K, — Qun[Quw + diag(Kny — Qn) + 021" 1Qus + 02 . '
The forms of equations (2.9) and (2.10b) are written in such a way as to make it
easy to compare to the equivalent equations (1.14) and (1.19) for the full GP. How-
ever, for implementation these need converting with the matrix inversion lemma
because as written they still involve the inversion of N x N matrices. The way this
works is very similar to the method of converting degenerate GPs as discussed in
section 1.6. The difference is that here the covariance matrix is not simply low rank,
but rather low rank plus a diagonal: Qy + A + oI, where A = diag(Ky — Qu).
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The matrix inversion lemma (B.1) applied here is therefore:

[KNMK;!IKMN + (A + 0'21)]—1 =
A+ — (A + 0D 'Ky B K yw(A + 0%1)71 ) (2.11)

where B = K, + K v (A +02I) 71K ). The reason that this remains computation-
ally feasible is that the inversion of A + 021 is only O(N) because it is diagonal. To
obtain the modified form of the SPGP predictive distribution we substitute equa-
tion (2.11) into equation (2.10), and make various simplifications using the substi-
tution Ky (A + 02I)"'Kyy = B — K,,. This finally gives:

Hx = K*MB_IKMN(A + 0’21)_1)' (2.12)

02 =K, - KK} —B HKy. + 0%
Computational cost is dominated by the matrix multiplication K yn (A+02I) 71Ky,
in the calculation of B which is O(NM?). Just as for the full GP we observe that
the mean predictor of equation (2.12) is just a weighted sum of basis functions.
However, here there are only M basis functions in the sum, rather than N: p, =
K.y a. Comparing this mean predictor to the SD mean predictor of equation (2.2),
we see that they both consist of weighted sums of M basis functions. The difference
is that the SPGP weights a take into account information from all data points y,
rather than a subset. Once precomputations have been done, the mean prediction
per test case is only O(M), for both SD and SPGP. Similar reasoning shows that the
variance predictions cost O(M?) per test case. Implementation of equation (2.12)
can be done using Cholesky decompositions throughout (section B.2).

2.2.1 Determination of pseudo-inputs and hyperparameters

The reason we chose the term pseudo-inputs for the support set X on which the
SPGP approximation is built, is to emphasise that they are to be simply viewed
as parameters of the model to be learnt. This is in contrast to previous similar
approaches discussed in section 2.1.2, which built approximations based on a strict
subset of the data set. With this viewpoint in mind, a natural way to learn these
parameters is to maximise the SPGP marginal likelihood equation (2.9), just like we
do to learn hyperparameters in a GP. In fact the pseudo-inputs can be considered as
extra hyperparameters, especially when we note that the SPGP is in fact equivalent
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to a GP with a particular covariance function:
KPP (x, %) = Q(x, %) + b [K (x, %) = Q(x,%)] , (213)

where § is the Kronecker delta as used in equation (1.12). We could have simply
posited this specially designed covariance function, and then derived the marginal
likelihood equation (2.9) and the predictive distribution equation (2.10) from the
usual GP equations. The SPGP covariance function K5FCP is constructed from an
underlying covariance function K (quite possibly stationary), but it is heavily pa-
rameterised by the locations of the pseudo-inputs X (via Q) and is itself nonsta-
tionary. It is therefore a flexible covariance function, with computational efficiency
built in. The SPGP is not however simply a degenerate GP of the type discussed in
section 1.6, due to the extra delta function part of the covariance of equation (2.13).

We can therefore jointly maximise the marginal likelihood with respect to both the
pseudo-inputs and hyperparameters (X, 8) by gradient ascent. The details of the
gradient calculations are long and tedious and are presented in appendix C. The
exact form of the gradients will of course depend on the functional form of the
covariance function chosen, but our method will apply to any covariance that is
differentiable with respect to the input points. The derivatives with respect to all
pseudo-inputs can be computed in O(NM? + N M D) time.

Since we now have M D +|0| parameters to fit, instead of just |@| for the full GP, one
may be worried about overfitting. However, consider for now fixing the hyperpa-
rameters, and look at the case where we let M = N and X = X — the pseudo-
inputs coincide with the real training inputs. At this point the SPGP marginal like-
lihood is equal to that of a full GP. This is because at this point K,y = K,, = Ky,
and therefore Qy = Ky. Similarly the predictive distribution equation (2.10) also
collapses to the full GP predictive distribution equation (1.19). In fact it is easy to
show that if we then keep on adding more pseudo-inputs, i.e. let X = {X, X} for
any extra points X, then still Qv = K. The extra points are entirely redundant
if we already have pseudo-inputs covering all training inputs. These facts help us
intuit that placing a pseudo-input anywhere is always beneficial in terms of getting
closer to the full GP solution. It never hurts to have too many pseudo-inputs, other
than via a wastage of resources if they are overlapping (approximately to within a
lengthscale of each other). One of the major advantages of the SPGP is that by al-
lowing the pseudo-inputs to vary continuously away from the training data points,
we try to make the best use of the limited resources when M <« N, to obtain better
solutions than the more restrictive strict subset based methods.
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A second major advantage of the SPGP is the ability to smoothly optimise both hy-
perparameters and pseudo-inputs together. With other subset selection techniques,
you are forced to try to interleave subset selection with gradient based hyperpa-
rameter learning. Each time the subset is updated, the optimisation landscape for
hyperparameter learning is altered discontinuously. Seeger et al. [2003] discusses
problems getting this technique to reliably converge to suitable hyperparameter
values due to these discontinuities in the learning. The SPGP is a neat way to avoid

these problems.

However, the interplay between pseudo-input and hyperparameter learning is a
complicated one. The SPGP covariance is fundamentally more flexible than the full
GP. In the discussion above we argued that you can never have too many pseudo-
inputs. However, when we consider learning both hyperparameters and pseudo-
inputs, overfitting effects can sometimes occur, due to the interplay between them.
On the other hand this extra flexibility can afford advantages too, with some data
sets being better modelled by the SPGP than the original full GP. We will discuss
these issues further in chapter 4.

A disadvantage of this type of pseudo-input learning is that if either the number of
pseudo-inputs M or input dimension D is very large then the optimisation space
may be impractically big for gradient methods. We present some solutions to this
problem in chapter 4. The optimisation task is of course non-convex, and so we
have local optima problems. However, as we shall show by experiment, the ob-
vious sensible initialisation of pseudo-inputs randomly to data inputs gets around
this problem to a large degree.

An example of pseudo-input and hyperparameter optimisation

Figure 2.1 shows the SPGP predictive distribution for a simple 1D example, both
before and after pseudo-input and hyperparameter optimisation. In figure 2.1a,
the pseudo-inputs have all been initialised close to the centre of the range in an
adversarial position for demonstration. The pseudo-inputs determine the regions
in which the SPGP predictions are good, and hence it is only in the centre of the
range that the predictions are reasonable. The predictions are made poorer because
the hyperparameters have also been initialised to unsuitable values: the amplitude
and lengthscale are too big and the noise level is too small.

Figure 2.1b shows the SPGP prediction after joint optimisation of pseudo-inputs
and hyperparameters. The hyperparameters have adjusted to suitable values, and
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amplitude \ lengthscale noise

(a) SPGP predictions before optimisation. The pseudo-inputs are initialised adversarially to-
wards the centre of the range.

amplitude lengthscale noise

X X XXX XXX X X X
(b) SPGP predictions after pseudo-input and hyperparameter optimisation.

Figure 2.1: SPGP predictions before and after pseudo-input and hyperparameter
optimisation. The locations of pseudo-inputs are marked as back crosses; their
y positions are irrelevant. The values of hyperparameters are displayed as the
lengths of the blue bars.
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the pseudo-inputs have spread themselves along the range of the data, so that pre-
dictions are good everywhere. The predictions are close to those of a full GP with
only 15 pseudo-inputs used. The desirable characteristics of the full GP, such as the
growing predictive variances away from data, are preserved by the SPGP predic-
tive distribution.

Of course in this simple 1D example it would be very easy to spread 15 pseudo-
inputs roughly evenly along the input range beforehand, with no need for any
optimisation. However, the cases we are really interested in have higher dimen-
sional input spaces where it would require far too many pseudo-inputs to tile the
space densely and evenly. In this case the optimisation is a way of finding a best
configuration under the limited resources.

2.2.2 Relation to RBF networks

The idea of basis functions with movable centres (like pseudo-inputs) dates back
to radial basis function (RBF) networks [Moody, 1989]. Using our notation, an RBF
predictor is of the form:

fxa) =) K(Xe,Xm)am (2.14)

for some weights a and SE kernel K. In an adaptive RBF one could move the basis
function centres X,, continuously perhaps by a least squares cost function. In this
respect one could regard the SPGP mean predictor equation (2.12) as a certain type
of adaptive RBF, with @ = B71K v (A + 02I)"ly.

However, the fundamental difference is that the SPGP has sensible predictive vari-
ances akin to a GP, and because it is a full probabilistic model, it has a principled
method for selecting pseudo-inputs and hyperparameters. A Bayesian RBF net-
work could be made by placing a Gaussian prior on the weights a. However this
would lead to exactly the type of degenerate GP discussed in section 1.6. In fact
with a particular Gaussian prior this would generate exactly the subset of regres-
sors (SR) approximation discussed in section 2.1.2. Unfortunately as we see in sec-
tion 2.3.2 SR does not have the type of predictive variances we want, because of
this degeneracy. We could perhaps regard the SPGP as a Bayesian adaptive RBF
network with sensible variances!
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2.3 Theoretical comparison of approximations

In section 2.2 we presented a description of the SPGP, based on the intuitive idea of
a pseudo-dataset parameterising a GP based model, and the subsequent learning
of these parameters. However, as we alluded to, we can also view the SPGP as two
rather separate methods. The first is the particular form of the SPGP approximation
as summarised by the SPGP covariance function equation (2.13). The second is the
determination of pseudo-inputs as a continuous optimisation task, based on the
SPGP marginal likelihood. These two ideas can be used independently if required.
For example, the SPGP approximation can be used in a standalone way by choosing
the pseudo-inputs as a random subset of the training data, or even with a greedy
subset selection technique. Equally the method of gradient based pseudo-input
optimisation could be applied to some previous approximations such as SR or PP.

In this section, we examine the properties of the approximation itself, independent
of how the pseudo-inputs are found, and we compare the approximation to others
in the literature such as SR and PP. To do this we will utilise the framework of
Quifionero Candela and Rasmussen [2005], which brings together these approxi-
mations into one theoretical formalism. Whilst the derivation of the SPGP approx-
imation under this framework is essentially the same as presented in section 2.2,
the emphasis is different. Under this framework the emphasis is on how close the
approximation is to the full GP.

The starting point to any of the approximations is a set of inducing inputs X =
{xm}M_,. Quifionero Candela and Rasmussen [2005] introduced this blanket term
to refer either to a subset of the training inputs (‘active set’ or ‘support set’), or to
continuous ‘pseudo-inputs’ as we use in the SPGP. We will also adopt this termi-
nology as then it is quite clear that we could be talking about either type. The point
is that in terms of the mathematical forms of the approximations, the locations of
the inducing inputs are irrelevant.

Throughout this section we will illustrate the different approximations by plotting
their predictions on the same simple 1D dataset in figure 2.2. Only a very small
number of inducing inputs have been chosen, randomly from the training inputs,
so that some of the failure modes of the approximations are highlighted. Suitable
hyperparameters are assumed known, and the same hyperparameters and induc-
ing inputs used for all the approximations. Figure 2.2a shows the full GP solution
for comparison.
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(a) GP

XX X kX X WX X XX x X

(d) PP (e) FIC

Figure 2.2: Comparison of predictions of different GP approximations. Predictions
are plotted with inducing inputs marked as black crosses.
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The simplest way of using the inducing points is to use them as the training data in
SD as described in section 2.1.1. The SD solution is shown in figure 2.2b, with the
data points upon which it is based highlighted with blue crosses. Based on such a
small number of points the SD prediction is very poor. The solution is clearly very
affected by the z locations of the chosen points. However not only that: in a noisy
regime, at a given z location the choice of individual points can skew the mean
prediction up or down by a large amount. In summary, SD cannot gain advantage
of the averaging effect of all the available data. For the same reason the predictive
variances are generally too large. Of course the SD solution could be substantially
improved by a better choice of points, but the point here is to highlight what hap-
pens in less than optimal situations, which is generally the case when we have
limited resources.

2.3.1 A unifying framework

The framework of Quifionero Candela and Rasmussen [2005] looks at how the set
of inducing points can be used to approximate the full GP prior p(f, f+) over train-
ing and test function variables. Given a set of inducing inputs, the GP prior can be
split into two parts:

p(f, £r) = / dF p(£, £/F) p(F) (2.15)

where the inducing variables f are marginalised out. No approximation has been
made in this step. In the first stage to all the approximations, Quifionero Candela
and Rasmussen [2005] make the approximation that f and f are conditionally in-
dependent given f:

p(£, £r) = g(f, £r) = / dF q(£-[F) o(£[F) p(E) . (2.16)

We will examine this assumption in more detail in chapter 3. Here the prior on
the inducing variables is exact: p(f) = M(0,K,,). The various different sparse ap-
proximations are then derived by making additional approximations to the training
and test conditionals g(f[f) and ¢(fr|f). First we should note that the exact forms
of these two conditionals are simply the noiseless correlated GP predictors (equa-
tion (1.17b)):

p(f[f) = N(KNMK;II?’ Ky — QN) (2.17a)
p(fr[f) = N (Ko K, Kr - Qr) . (2.17b)
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2.3.2 Subset of regressors (SR)

The subset of regressors (SR) approximation is derived in this framework by using
deterministic approximations (delta functions) for the conditionals:

q(f[f) = N (Kn KT, 0) (2.18a)
q(fr[f) = N (KK}, 0) . (2.18b)

The exact means from equation (2.17) are retained, but the covariances are entirely
dropped. Whilst it seems strange in this framework to use deterministic approxi-
mations, SR was not originally derived in this way. However it is exactly the drop-
ping of these covariances that causes problems for SR.

When we integrate out the inducing variables f in equation (2.16), we arrive at the
SR approximate prior:

asr(f, fr) = N(0,K3R ;) (2.19a)
K¥ ., = lg" %’”} . (2.19b)

As we stated in section 2.1.2, this also corresponds to a degenerate GP with covari-

ance function Q(x, x’).

Figure 2.2c shows the SR prediction for the same 1D data set as discussed earlier
for SD. The SR mean predictor is for the most part very good in comparison to SD,
because it takes advantage of the averaging effect over all the training data. The
approximation is still governed by the location of the inducing points, so in areas
away from them, the mean prediction can be poor (tends back to zero mean). The
big problem with SR is that the predictive variance is small away from inducing
inputs (tends to the noise level ?). This is disastrous, because the regions away
from inducing inputs are precisely the regions where the approximation is poor,
and hence uncertainty should be high. Figure 2.2c shows data points falling well
outside the two standard deviation predictive envelopes. This problem is caused
by the deterministic nature of the approximations of equation (2.18), because uncer-
tainty that should be present is not included. It is also essentially the same problem
as faced by any degenerate GP, or finite linear model, as compared to the full non-
parametric GP.

Quifionero Candela and Rasmussen [2005] suggest renaming these different ap-
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proximations with more descriptive names relating to their approximation frame-
work. Under this scheme SR becomes the Deterministic Inducing Conditional approx-
imation (DIC).

2.3.3 Projected process (PP)

The PP approximation solves some of the problems of SR, by reinstating the test
conditional covariance. The training conditional remains deterministic like SR:
q(f[f) = N (Kw KT, 0) (2.20a)
q(£r|f) = p(£-|F) . (2.20b)
Again, whilst it seems strange to leave the training conditional deterministic, PP
was not originally derived in this way (see section 2.3.6).
When we integrate out the inducing variables f (equation (2.16)), we arrive at the
PP approximate prior:
qPP(f’ fT) = N(Ov K)Pi]llT (221&)

f{PP _ QN Qm"
T 1Qw Koo

Notice how the test self covariance block of the PP prior covariance is now exact:

(2.21b)

K. This ensures that the PP predictive distribution has full variance away from
inducing inputs. Figure 2.2d demonstrates this effect showing that PP has much
more desirable predictive variances than SR. The predictive means of SR and PP
are exactly the same. However the remaining deterministic training approximation
equation (2.20a) causes PP to ‘break’ in the low noise regime (see section 2.3.8).

PP has exactly the same marginal likelihood as SR:

arp/sr(Y) = N(0,Qn + 0°I) . (2.22)

Since the training and test variables are treated differently under PP, unlike SR it
does not correspond to a GP model with a particular covariance function. Under
Quifionero Candela and Rasmussen [2005]’s naming scheme PP becomes Determin-
istic Training Conditional (DTC).
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2.3.4 The fully independent (training) conditional (FI(T)C)
approximation

FIC is the approximation we developed for the SPGP as described in section 2.2, re-
named according to Quifionero Candela and Rasmussen [2005]’s naming scheme.
To derive FIC within this framework, we make the approximation that the func-
tion variables in both the training and test conditionals of equation (2.17) are fully
independent:

q(f[f) = [[ p(£alf) (2.23a)
q(E:[f) = [[ p(£lE) - (2.23b)
t

Note that the independence approximation is a way of reinstating part of the lost
training conditional covariance of PP, whilst keeping the model tractable. If no
independence approximation were made we would be back to inverting the full
training covariance Ky + 0%I. We are retaining the marginal variances in the con-
ditionals, but dropping any correlations (replacing the full conditional covariance
with a diagonal one). This independence approximation is equivalent to the i.i.d.
assumption we made in the earlier derivation of the SPGP in section 2.2.

With these approximations we compute the integral of equation (2.16) to obtain the
FIC approximate prior distribution:

aric(f, £r) = N(0, Ki$) (2.24a)
RI;/IST _ Qn + diag[Ky — Q] QNI‘ ' (2.24b)
Qv Qr + diag[Kr — Q]

Notice that since the training and test variables are treated in exactly the same way,
there was no need in this case to first separate them out as in equation (2.16).
All function variables are conditionally independent given f. Therefore, as we
noted in the derivation of the SPGP (equation (2.13)), the FIC approximation corre-
sponds to a standard GP model with a particular covariance function: KFIC(x, x’) =
Q(x,x") + dxx [K(x,x) — Q(x,x)]. In contrast to PP, the delta correction means that
all the marginal variances of the FIC prior match the full GP exactly: K(x, x).

The FIC predictive distribution is formed from the blocks of equation (2.24b) in the
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same way as equation (1.17) for the full GP:

p(yzly) = N(p5<, =7C), (2.25a)
HEIC = Qv [KE,IC -+ 021]—13' (2.25b)
EEIC = KEIC - QTN[KIJ:‘/IC + 021]—1QNT +0%1.

The FITC approximation differs slightly from FIC in that only the training condi-
tional is factorised. The test conditional remains exact:

q(£[F) = [ p(£alF) (2.26a)
q(fr E‘) = p(le_f) . (2.26b)

The FITC predictive distribution is therefore identical to FIC apart from the approx-
imate K¥IC being replaced with the exact K in the predictive covariance. However
the difference is only apparent if you want to make correlated predictions. Since the
diagonal of KF'C is exact (diag K€ = diag Kr), the marginal predictive variances
of FITC and FIC are exactly the same. In either case therefore the FI(T)C single test
case predictive distribution is exactly as reported in equation (2.10) for the SPGP:

pFIC = Q, [KEC + 521) 1y (2.27a)
(697 = K, — Quu[KEC + 2171 Qu. + 7. @27)

Figure 2.2e shows the FI(T)C predictions on the 1D example. In this case the pre-
dictions are very similar to PP, but this is not always the case (see section 2.3.8).

Whilst it is perhaps a little tedious to have gone through two derivations with
essentially the same content in this section and in section 2.2, the different em-
phases have their own merits. The original SPGP derivation inspired the treatment
of the pseudo-inputs as parameters. This framework of Quifionero Candela and
Rasmussen [2005] is the more useful for theoretical comparison to other approxi-
mations. We suggest that the term FIC or FITC is adopted when referring purely to
the approximation, and the term SPGP is reserved for the entire process of the FIC
approximation together with gradient based pseudo-input learning.

51































































































































































































































































