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A bstract

The motion of ideal shallow water vortices near piecewise flat topography 
is studied w ithout background rotation for two choices of bottom  topogra­
phy. First, topography is chosen in the form of a rectilinear step change 
in depth. Finite area monopolar vortices which propagate steadily, without 
change in shape, parallel to the step are computed numerically. Next, the 
general motion of a pair of point vortices of arbitrary circulation near an 
escarpment is found explicitly using Hamiltonian techniques. Some vortex 
paths are periodic and for specific initial conditions each vortex comprising 
the pair translates parallel to the step. Comparisons to point vortex tra ­
jectories are made with vortex patch trajectories computed using contour 
dynamics. Agreement between the two trajectories is close provided a vor­
tex patch is sufficiently away from the escarpment. Then, the scattering at 
a rectilinear step change in depth of a shallow water vortex pair consisting 
of two patches of equal, but oppositely signed vorticity is studied. Using the 
constants of motion an explicit relationship is derived relating the angle of 
incidence to the refracted angle after crossing. It is found tha t for certain 
initial conditions a pair can be totally internally reflected by the escarpment. 
For large depth changes numerical computations show the coherence of the 
vortex pair is lost on encountering the escarpment.

The second part of this work concerns the dynamics of shallow water 
vortices near circular topography. Finite area monopolar vortices which 
translate w ithout change in shape around the topography are computed near 
a seamount or well including the limiting cases of each: an island or deep 
well. The behaviour of a vortex pair propagating toward circular topography 
is examined. Using Hamiltonian techniques, trajectories of point vortices 
exterior to the topography are found and are compared to trajectories of 
vortex patches computed using contour dynamics. Point vortex trajectories 
can be periodic and, for specific initial conditions, each vortex orbits the 
topography with the same frequency.

Finally, laboratory experiments are performed to find the behaviour of 
a dipole propagating toward a step change in height. Dipoles approaching 
the step from either deep or shallow water at normal and oblique incidence 
are considered. Qualitative observations agree well with theoretical predic­
tions: a dipole increases its separation when crossing from deep water and 
decreases for a dipole crossing from shallow water. Furthermore, for dipoles 
approaching from shallow water with a sufficiently large incident angle the 
dipole was observed to perform total internal reflection.
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C hapter 1

Introduction

The surf-zone can be thought of as the region of wind generated breaking 

waves incident to the shoreline where many im portant environmental pro­

cesses act including, for example, the transport of sediments and pollutants. 

The region is dynamic and is frequently characterized by a non-uniform 

wave train propagating toward the beach, breaking as they enter shallow 

water. As these waves break, they lose energy and transfer momentum 

into the anomalous fluid, thus generating various fluid motions over a wide 

range of scales. These include low frequency wave motions known as ‘surf- 

beat’ (Munk, 1949), resulting from two distinct wave train sets approaching 

the shore at the same time, currents flowing parallel (along-shore) and per­

pendicular (rip currents) to the shoreline, and, intense localised swirling 

currents, commonly known as eddies or vortices.

Considerable progress has been made in the understanding of surf-zone 

dynamics since the theoretical study by Longuet-Higgins & Stewart (1964). 

They dem onstrated tha t a uniform, obliquely incident wave train on a slop­

ing beach gives rise to an along-shore current. They coined the term ‘radi­

ation stress’ to describe the excess flow of momentum due to the presence
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Figure 1.1: Rip currents as observed on Rosarita Beach, Baja California 
Mexico, October 1956 (from Peregrine, 1998).

of waves. Further theoretical work (Longuet-Higgins, 1970a,b) clarified the 

way in which the along-shore component of the incoming momentum flux 

acts to drive the along-shore current.

Perhaps more infamous than along-shore currents are riptides or rip cur­

rents which are relatively narrow strong currents reaching up to 2  m /s flow­

ing roughly perpendicular to the shore and are observed frequently - see 

figure 1.1. Understanding the frequency and occurrence of rip currents is 

im portant since they are hazardous to bathers and have occasionally re­

sulted in drowning when swimmers are swept offshore. Furthermore, they 

are often observed to carry debris and sediment (giving the current a dis­

tinctive colour to the surrounding fluid) out into the offshore region making 

them a key transport mechanism.

Shepard, Emery &; La Fond (1941) gave the first qualitative description 

of rip currents and the process was divided into three main parts (see figure
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Figure 1 .2 : A schematic of a rip current starting as a feeder region the 
current moves into a neck which spreads into the head from Shepard et al. 
(1941).

1.2). F irst the current is formed in the feeder region where flows are close to 

the beach and roughly parallel to the shore. The feeder current then flows 

outward into the narrow neck region where the current is fastest. Flows in 

the neck are thought to extend through the whole fluid depth since along 

the path of the neck a channel is often found carved out of an otherwise 

uniform bar in the bottom  topography (formed by breaking waves in deep 

water). Beyond the breaking waves the current dissipates into the head 

where quasi-two dimensional eddies are observed.

Peregrine (1998) presents a theoretical study into the generation of vor­

ticity (by breaking waves) with direction perpendicular to the plane of the
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Figure 1.3: Schematic of a pair of eddies generated by, (a) gap in a pair 
of breaking waves and (6 ) from a single breaking wave incident to a beach. 
Vorticity is indicated by circular arrows, (from Peregrine, 1999).

waters surface. T hat is, the resulting eddying motion rotates in a two- 

dimensional fluid column over the entire depth of the fluid. A measure of 

the vorticity generated by breaking waves is found by considering the circu­

lation around a circuit tha t cuts the edge of a breaking wave once. It follows 

tha t the rate of change of circulation due to an intersecting wave is propor­

tional to the rate of change of energy dissipation. It is also argued tha t the 

generation of rip currents could be the result of an eddy couple translating 

away from the shore. The significant result of this work is the generation of 

vorticity which is manifested by vortical structures in the surf-zone which 

can ‘pair-up’ to mutually self advect off shore.

Peregrine (1999) further discusses vorticity generation in the surf-zone 

and gives schematic arguments on how such eddy pairs could form (see 

figure 1.3a). Here a gap in an otherwise homogeneous wave front, which is a 

common feature at beaches, results in an eddy pair. In the leftmost snapshot
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a breaking wave starts to approach the beach. Vorticity is then generated at 

the edges of each of the waves. As the breaking waves translate closer to the 

shore the vorticity rolls up forming an eddy, which in turn, influences the 

dynamics of the waves. After the breaking wave has ceased there exists in 

the wake a pair of vortices which translate away from the shore. Peregrine 

(1999) shows another mechanism for eddy generation, where a pair translates 

toward the shoreline - see figure 1.3(6). Here an incident wave propagates 

toward the shore and starts to break. As before vorticity is generated at the 

edges of the wave. When the breaking wave has dissipated it leaves behind 

a pair of vortices this time translating toward the beach.

Observations and field experiments have verified the existence of rip 

currents and vortical structures. Smith & Largier (1995) examined, using 

sonar, the currents off a pier at the Scripps Institution, California. Rip 

currents were observed to occur in an episodic manner in unpredictable 

locations with a frequency of one to four rip currents per hour. These 

currents were quasi-two-dimensional and observed to be rich in sediments 

and bubbles confirming their importance for surf-zone mixing and transport. 

Individual eddies associated with the rip current were also observed, with 

a vortex pair often detaching from the initial ‘rip’ and carrying patches of 

surf-zone water offshore.

Field experiments observing other ‘transient’ rip currents have also been 

carried out. Johnson & Pattiaratchi (2004) used drifters and wave recorders 

to investigate the currents around a uniformly sloping beach in Leighton 

beach, Perth, Western Australia. These ‘rips’ behaved initially like a jet 

which flows offshore into a spreading head region around 20-30m away from 

the shoreline. Rip currents were observed along with dipolar and monopolar 

vortex structures suggesting the ubiquity of vortices in the surf-zone.
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Considerable advances in computing have led to several studies simulat­

ing complex three-dimensional free surface wave breaking in the surf-zone. 

Slinn, Allen, Newberger & Holman (1998) solve the nonlinear shallow water 

equations with additional terms for bottom  friction and forcing representing 

dispersion and momentum input in the along-shore direction for obliquely 

incident breaking waves. Periodic boundary conditions are used with barred 

beach topography without a rip channel. Com putations show tha t shear in­

stabilities in the alongshore current give rise to a ‘turbulent-sea’ of quasi two- 

dimensional vortex structures. In fact, vortices are shown to exist readily 

in the surf-zone with vortices often pair up to form dipoles which propagate 

offshore up to distances of 700m. Monopoles are also observed to translate 

at a (nearly) constant speed parallel to the shore, occasionally overtaking 

one another.

Ozkan-Haller & Kirby (1999) also use numerical techniques to simulate 

the surf-zone again using the non-linear shallow water equations with addi­

tional terms to account for forcing and damping effects. A uniform, obliquely 

incident wave train over barred beach was used to simulate an actual barred 

beach at Duck, North Carolina. The subsequent com putations again show 

the ubiquitous nature of vortices in the surf-zone, with eddies often ejected 

out of the near-shore region and are advected over 1 0 0 m offshore where they 

weaken due to viscous effects.

Chen, Dalrymple, Kirby, Kennedy & Haller (1999) used the nonlinear 

Boussinesq equations to investigate the surf-zone. This method allows the 

coupling of wave/current interactions. The beach topography is barred, 

but includes a rip channel with two separate simulations are made, one 

based on an actual beach the other on an idealized rip channel. Using 

a uniform normally incident wave train results show tha t for both beaches
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strong vortices of opposite-sign are generated at the edges of the rip channel. 

Eddies then pair up and propagate away from the shoreline, translating 

beyond the breaking region in a perpendicular direction to the incoming 

waves before changing direction (due to instabilities in the rip current) and 

then propagating almost parallel to the shoreline.

Boussinesq modelling has also been used to study the generation and 

evolution of transient rip currents by Johnson & Pattiaratchi (2006). Here 

a random, directionally spread wave field was used so th a t no along-shore 

current was formed. Both monopolar and dipolar vortex structures were 

associated with rip currents with the latter often propagating offshore. Rip 

currents were found in the surf-zone with rip activity increasing with shal­

lower beach slopes. It was suggested tha t a ‘rip index’ warning based on the 

sea state and slope of the beach could help lifeguards.

Bidder &; Jacobson (2001) study the effects of breaking waves on a barred 

beach. Here the incoming waves are not uniform in the along-shore direction, 

but have finite length which lead to strong dipolar structures. Using the con­

servation of potential vorticity, the evolution of these vortices is found over 

the varying bottom  topography. Then, a wave-mean theory is proposed for 

the surf-zone where alongshore currents interact with the dipolar structures 

generated by the finite length wave train. A numerical procedure is used to 

dem onstrate these energetic dipolar structures propagate perpendicularly to 

the shoreline.

The above observational and numerical studies clearly dem onstrate the 

common occurrence of vortices, both monopoles and dipoles, in the shallow 

water surf-zone. Such surf-zone regions are characterized by the presence 

of variable topography (i.e. sloping beaches, sand bars etc) which, in turn, 

play an im portant role in the dynamics of surf-zone vortices. This has
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lead to several recent theoretical studies of shallow water vortices in the 

presence of variable topography. These studies are distinct from the large 

body of work on the dynamics of shallow water oceanic vortices in the rapidly 

rotating limit i.e. small Rossby number (Ra = U / f l ) .  Instead, the following 

work considers the less well known dynamics of shallow water vortices over 

variable topography without rotation, i.e. R 0 =  oo. This can be justified 

since the length scales associated with surf-zone vortices is small compared 

to geophysical scales such tha t the Coriolis force arising from planetary 

rotation can be neglected.

It is a well known phenomenon tha t a vortex near a solid wall will trans­

late as if under the influence of a vortex of opposite-sign circulation located 

at the optical reflection in the wall. Known as the method of images, this 

technique has proved extremely powerful to determine fluid motion where 

boundaries with simple geometries exist. It is perhaps less well known that 

image methods can be used for other topographic configurations. Surf-zone 

vortices over a uniformly sloping beach may be considered to be a sector of a 

vortex ring and therefore have the ability to self-propagate (Peregrine, 1998; 

Johnson, 1978). Exploiting this idea Thorpe & Centurioni (2000) consider 

a wedge of inviscid fluid and use the method of images to determine the 

evolution of vortices and for jets parallel to the edge of the wedge. These 

jets are used to model the development of instability of the alongshore cur­

rent using an axisymmetric jet as its image system. Previous results on 

jets carry over immediately, with instabilities in jets leading to two dimen­

sional vortex structures. They conclude tha t vortices are common features 

in disturbances in alongshore flows.

Richardson (2000) considered the motion of shallow water vortices at 

zero Froude number (i.e. the rigid lid approximation) with variable topog­
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raphy. In the limit of small vortex radius compared to the characteristic 

length scale for variations in depth, it is found that, to leading order, a 

vortex moves along contours of depth at a speed proportional to the local 

gradient in the logarithm of the depth. The resulting formula were solved 

for two vortices on beaches whose depth varied in one dimension only. First, 

using an exponential depth profile an exact solution for the Green’s func­

tion is found enabling trajectories for point vortices to be found explicitly. 

The trajectories show a vortex pair initially in shallow water translates into 

deeper water with decreasing separation. Second, a numerical procedure was 

used to compute the trajectories of a vortex pair near a smooth step. As 

the pair translated from deep to shallow water the individual vortices were 

advected closer together. It was also noted tha t an obliquely incident dipole 

pair translating in shallow water could be reflected by the topography.

In another recent study, Johnson & McDonald (2004) investigate the 

motion of a vortex in a non-rotating homogeneous fluid with zero Froude 

number near a step change in depth. It is found tha t owing to the presence 

of the step a vortex in relatively deep water is under the action of ‘partial’ 

image of opposite-sign circulation and with reduced strength. Furthermore, 

a vortex in relatively shallow water is influenced by an ‘partia l’ image of 

same-sign circulation. Note tha t these images are virtual and do not actually 

exist; they merely represent the effect of the boundary conditions at the 

step. An example is given of a vortex patch pair impinging on the step 

with normal incidence. Explicit knowledge of the Green’s function allowed 

a com putational method to evaluate the time dependent evolution of finite 

area vortex patches. The resulting trajectories of a vortex patch pair were 

compared to the trajectories of idealized point vortex motion (which cannot 

cross the escarpment) which were derived from Hamiltonian techniques. The
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two sets of trajectories compared favourably provided the vortex patches 

were well spaced. Like Richardson (2000), it was found th a t vortices moving 

from deep water into shallow water had increased separation and larger 

cross-sectional area from mass conservation. Likewise, vortices translating 

from shallow to deep water had smaller separations after crossing the step 

and therefore translated quicker.

This thesis is concerned by the dynamics and evolution of two dimen­

sional beach vortices near piecewise flat topography. Like the studies of 

Thorpe & Centurioni (2000), Richardson (2000) and Johnson & McDonald 

(2004) the complex problem of breaking waves in the surf-zone is divorced 

from the two-dimensional dynamics. Throughout this thesis, a rigid-lid or 

zero Froudc number is assumed and vortices are taken to be two-dimensional. 

The consideration of piecewise flat topography is clearly an approximation 

to a smoothly varying beach profile. However, it docs enable exact Hamil­

tonian methods to be used for point vortices and highly accurate numerical 

method to compute vortex patch motion.

The following work is broadly divided into two main sections according to 

the choice of topography. First, vortex evolution is found near an infinitely 

long step change in depth. Chapter 2 describes the fundamental equations 

of used in this research and their associated conservation laws. A brief 

description of the numerical method of contour dynamics used extensively in 

this research is also given. Chapter 3 forms the basis of a recent publication 

in Phys. Fluids, (Johnson, Hinds & McDonald, 2005), which computes 

steadily translating monopoles w ithout deviation in shape, V-states near 

an escarpment. Using asymptotic techniques the V-state shape is found in 

the limit of large distance away from the escarpment and simple model is 

found to simulate the speed of a vortex when it straddles the escarpment.
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Chapter 4 considers the general problem of two interacting vortices near a 

step using both Hamiltonian and numerical techniques. C hapter 5 recently 

been published in J. Fluid Mech. (Hinds, Johnson & McDonald, 2007), 

where a vortex patch pair with oblique incidence to a step is studied in 

detail. An analytical result is found which explicitly relates the incident 

angle to the transm itted angle in terms of the depth ratio of the topography 

and the centroid separation. Vortex patch pairs will always attem pt to cross 

the escarpment except for certain initial conditions for a dipole approaching 

the step from shallow water where, interestingly, it is found th a t a pair will 

be reflected by the step.

The second part of this work considers isolated topography in the form 

of a circular step change in depth. Chapter 6  computes monopolar V-states 

which translate with constant angular frequency. Both shallow water in­

terior and exterior to the topography are considered as well as computing 

V-states for the limiting cases of finite height topography: an island and an 

infinitely deep well. Chapter 7 then calculates the trajectories of a vortex 

pair, having equal and opposite-signed circulation impinging on the circu­

lar topography. Two cases are examined in detail, first when the dipole 

interacts with a seamount and second when the dipole is incident to a well. 

A critical trajectory is found which separates possible point vortex motion 

into different families. Comparisons with vortex patch motion arc made 

with good agreement.

Laboratory experiments are described in chapter 8 , in which dipolar 

vortices impinge on a escarpment. Comparisons are made with analytical 

results in previous chapters. Finally conclusions are presented in chapter 9.



C hapter 2

Fundam ental Equations, 

C onservation Laws and  

N um erical M ethod

This chapter is used to state the main principles and assumptions frequently 

used in this thesis. Furthermore, the fundamental equations which govern 

the dynamics of the fluid are stated as well as giving a brief overview of the 

numerical techniques used.

2.1 M odel formulation and equations

The surf-zone is characterized by continuous wave breaking which leads 

to vigourous fluid mixing and yields various rapidly flowing quasi two- 

dimensional currents and jets which interact on small (compared to the 

E arth ’s) length scales. Following previous analytical studies of Richard­

son (2000); Johnson & McDonald (2004) and Thorpe & Centurioni (2000) 

this thesis neglects the complex wave mean-flow interaction problem and
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instead considers an idealized surf-zone modelled by a two-dimensional, ho­

mogeneous, inviscid, non-rotating fluid which is governed by the shallow 

water equations

%  =  - v *  (21a) 

^  + V - ( H  u) =  0, (2.1b)

where D / Dt  — dt + u • V is the material derivative, u =  (u,v)  is the two- 

dimensional velocity, p is the pressure owing changes in depth H  =  h — Hr 

where h is the height at the fluid surface and hn  is the height of the bottom 

topography (for a detailed description see Pedlosky, 1987). Note the effect 

of the E arth ’s rotation has been neglected in (2.1a). This is justified since 

the Rossby number U / f L  (where /  ~  10~ 4 is the Coriolis param eter) is 

typically very large for these vortices since L ~  1 — 10m and U ~  1 m /s .  

Taking the curl (2.1a), and defining the vertical component of vorticity as 

uj = (V x u) • k =  vx — uy gives

duj dto Duj ( du d v \
dt + Ud  ̂+ Vd^+UJ{te  + & y ) - ° ’ ( 2 ' 2 )

or, upon using (2 .1 b)

g  =  °, (2-3)

where q = uj/ H  is the potential vorticity, a conserved quantity governing the 

dynamics of the fluid. Equation (2.3) is of pivotal im portance to this study 

and is central to many geophysical fluid processes. It states tha t following 

fluid particles q is conserved. T hat is, if particle passes into a different depth 

/ / ,  its vorticity uj is adjusted accordingly, e.g. passing into deeper water, its 

vorticity increases.

Consider a fluid in which the free surface is flat, such th a t the Froude
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number is zero, commonly referred as the rigid lid approximation. Then 

equation (2 .1 b) allows the introduction of a volume flux stream  function 0  

(since H  is constant in time)

{u,v)  =  (2.4)

such th a t the instantaneous distribution of q determines the velocity field 

through (2.4) and the inversion of the vorticity-streamfunction relation

V • ( i f - 1  WO =  u j . (2.5)

Assume a piecewise constant vorticity distribution th a t vanishes at suffi­

ciently large distances. Then assuming constant H  (2.5) can be inverted

using G reen’s functions such that

'ip(x,y) = j  J  u ( x  , y ) G { x , y , x  , y ' ) d x d y ' , (2 .6 )

where

V 2G =  5(x -  x')S{y -  I (2.7)

2 .1 .1  In te g ra l in v a r ia n ts  o f  a v o r t ic ity  d is tr ib u t io n

By mass conservation the volume

V =  J  H d x d y , (2 .8 )

gives a second constant of motion (where here and below the integral is 

taken over the compact support of the vorticity). The circulation

T =  I qHdxdy,  (2.9)
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yields a third constant of motion since

J  uJtdxdy —  —  J  V .(uuj)dxdy =  0 . (2 .1 0 )

The remaining constant of motion above arbitrary bottom  topography is the 

kinetic energy, £

For topography th a t varies in one dimension only it can be shown tha t the 

linear impulse,

gives another constant of motion, details of which are given in the next 

chapter.

2.2 Contour D ynam ics

In general to follow the motion of a distribution of vorticity it is necessary 

to invert (2.5) numerically and use the resultant velocity field in (2.4) to 

advect the potential vorticity. For piecewise-constant patches of potential 

vorticity, contour dynamics is a particularly efficient and accurate method 

to achieve this. This section briefly details the method which was originally 

pioneered by Deem & Zabusky (1978) and enhanced by Dritschel (1988) 

whose algorithm is the basis of the numerical computations in this work.

For a infinitely large two-dimensional plane the Green’s function for (2.7) 

is given by

ojipdxdy (2 .1 1 )

(2 .12)

G[{x -  x ) ,  (y -  y')] =  lo g \(x -  x ' )2 +  (y -  y ' f f i  =  logr. (2.13)
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For piecewise constant H , the form of G will be given later in this thesis. 

The velocity can be written from (2.4)

m  =  - ~ u{x' ,y ' )
dG dG 
dy  ’ dx

dx'dy' (2.14)

Suppose tha t the potential vorticity distribution can be divided into N  dis­

tinct, piecewise constant patches of potential vorticity qj in regions D j ,  

j  = 1 , . . . ,  N  to obtain N  integrals

(u,v) — E2 tr ^
j

- E2 tr 4 ^

CO n

CO o

Dj

Dj

y — y' x  — x'

dG _ d G  
dy' ’ dx'

dx'dy , 

dx'dy'  (2.15)

then by applying Green’s theorem

IL ~ n )  dxdV = b{PAX + Rdy)’ (216)

where C  is the boundary of the region D. For u set P  =  — G and R  =  0 and 

R  = —G and P  = 0 for v, giving

( ^ v )  = & G(rj ){dx' ,dy ') .  (2.17)
j  C -i

where Cj  is the boundary of region D j ,  (Xj , y j ) is a point on Cj  and r |  =  

(x — Xj ) 2 +  (y — y j )2. Im portantly AcOj is defined as the jum p in vorticity 

across a contour Cj .  Each Cj  encloses a jum p in vorticity with no mass flux 

crossing a contour.

Equation (2.17) forms the basis of contour dynamics and shows how 

the velocity field arising from a distribution of piecewise constant potential 

vorticity can be evaluated by a summation of line integrals. Usually this is
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more efficient and accurate than using finite difference or spectral methods. 

The evolution of patches in time can then be found using, for example, a 

fourth order Runge-Kutta algorithm on (2.17) to update the position of the 

contour given the velocity points around the patch.

In implementing contour dynamics the total number of nodes, is in gen­

eral, not constant, owing to the material deformation of the patch. As the 

patch stretches there is an increase in finer scales which need to be properly 

accounted for. This is based on the creation or deletion of nodes locally in 

order to achieve a distribution in which the local node spacing lies within 

a prescribed resolution. Node distribution around the contour is based on 

cubic interpolation between neighbouring nodes and is implemented at each 

At .

Contour dynamics was adapted by Dritschel (1988) to allow contours 

to break or merge known in a process he called contour surgery. This as­

pect of the algorithm also permits the removal of long thin filaments which 

are smaller than a predefined scale. This procedure lightens the computa­

tional load since very thin contours are dynamically insignificant flow fea­

tures (since they have small circulation owing to their small area) and require 

a large number nodes to model their evolution (for further details see Pullin, 

1992).

The basis of the computational work in this thesis uses the contour 

surgery algorithm based on the original 1988 code kindly provided by Prof. 

D. Dritschel. This has subsequently been modified to account for the piece- 

wise constant topography (see Johnson &; McDonald, 2004).



Chapter 3

Steadily Translating Vortices 

near Step Topography

3.1 Introduction

As discussed in Chapter 1 the shallow water associated with the surf zone 

on a beach is known to support two-dimensional eddy structures. Recently, 

Johnson & McDonald (2004) found the Green’s function for a point vortex 

in a shallow, inviscid fluid near a step of finite depth ratio separating half 

spaces of constant depth. They noted that a point vortex propagates parallel 

to the step at a speed dependent on the depth ratio, the distance of the 

vortex from the step and the strength of the vortex. The explicit form 

for the Green’s function enabled the time-dependent behaviour of finite- 

area patches of constant vorticity to be studied using an adaption of the 

numerical method of contour surgery (Dritschel, 1988). The collision of finite 

area vortex pairs of equal and opposite vorticity with the step was analysed 

and it was shown tha t finite area vortices approaching at normal incidence 

always cross whereas a point vortex never does. It was argued tha t this
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followed from the fact tha t the along-step speed of a point vortex increases 

without limit as the vortex approaches a step whereas the along-step speed of 

a finite area vortex had a finite maximum. No computations or models were 

however presented to support this conjecture and it is one of the purposes of 

this chapter to present relevant computations and a simple predictive model 

for monopolar patches of uniform potential vorticity translating steadily 

parallel to a step. If such structures exist and, further, if they are stable, 

then they are likely to play an im portant role in transport processes in the 

surf zone.

In the absence of topography, the calculation of two-dimensional dis­

tributions of patches of constant vorticity governed by the Euler equations 

in steady translation or rotation-V-states have been the subject of much 

research (see Deem & Zabusky, 1978; Pierrehumbert, 1980; Saffman & Tan- 

veer, 1982; Wu, Overman & Zabusky, 1984; Dritschel, 1995). Indeed, the 

computation of such steady solutions was one of the original uses for the now 

well-established numerical method of contour dynamics. Typically, trans­

lating V-states have been found (Pierrehumbert, 1980; Saffman & Tanveer, 

1982; Deem & Zabusky, 1978), which consist of a pair of symmetric, but 

oppositely signed patches of vorticity. Equivalently Wu et al. (1984) found 

monopolar V-states near a wall. In the context of the present work in which 

topography is present, the limit in which the depth on one side of the step 

vanishes is equivalent to this classic V-state problem. It is shown by direct 

computation here, however, that for arbitrary depth changes a monopolar 

vortex patch, which may, or may not, straddle the step, propagates steadily 

parallel to the step with finite speed.

Section 3.2 describes the governing equations and the properties of a 

point vortex near an escarpment. Section 3.3 gives the numerical method
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and also describes the form of the steadily propagating solutions. Section

3.4 notes analytical approximations to the solutions and give a model for 

predicting vortex speeds. The robustness of the computed steady solutions 

is tested in section 3.5 using time-dependent contour dynamics, first by 

tracking the evolution of a flow initialized with a V-state and, second, by 

following a circular patch and computing its evolution toward a V-state. 

Conclusions are given in section 3.6.

3.2 Prelim inary equations

It has been shown already that the motion is governed by the conservation 

of potential vorticity, viz. (2.3)

where q — u / H  is the potential vorticity for to = vx — uy the vertical com­

ponent of vorticity. Consider a vorticity distribution that vanishes at suffi­

ciently large distances. It has been shown that the energy and circulation 

are constants of motion above arbitrary bottom topography. Now consider 

topography independent of x and introduce

qt +  u.Vq = 0

J  Yujdxdy. (3.1)

Then, with the area element dxdy  understood
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The first integral vanishes as u  —> 0 at large distances and the second gives

^  =  f  ujvH =  J ( v x -  Uy)vH =  J \ ( \ v 2H ) x -  (uvH)y +  ( vH)yu\. (3.3)

The first two terms vanish as the velocity decreases at large distances and 

so by continuity

dX 
d t

f ( u H ) xu = -  J ( ± v ? H ) x = 0 . (3.4)

Hence the quantity I , the impulse of the vorticity distribution, is conserved 

throughout the motion.

Since the depth H  cannot vanish in the interior of the flow, Y  is a strictly 

monotonically increasing function of y. Thus

Y ( y mi n ) r  < I  <  Y{yrnax)I \  (3.5)

where y m,in and y max are the minimum and maximum extents of the vortex 

distribution in the (/-direction. Since Y ( y )  is monotone, this implies that

with given T  and T there can be associated a unique value of y,  y c say, given

by

Y ( y c) = f ,  (3.6)

with ymin < He < Umax and this quantity remains constant throughout the 

motion. Thus with any vortex distribution there can be associated a unique 

centre of vorticity, above x-independent topography, ( x c, y c) where x c is the 

usual x-mean,

Xc =  (3.7)

and y c is the conserved quantity given by (3.6), lying within the extremes
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of the vorticity distribution in the ^-direction.

For topography consisting of a single step along y — 0 between flat 

regions in y < 0  and y > 0 ,

, H + y > 0,
H { x , y ) = {  (3.8)

H~ y <  0 ,

for H + and H  constant, Y  can be taken to be Y  =  Hy.  Then

T =  J  qHdxdy,  1  =  J  qH2ydxdy,  yc = I / ( F H 0), (3.9)

where Ho = H(sgn[I /T]) . The centre of vorticity coincides with the centroid 

of the vorticity distribution for vortices located entirely on one side of the 

step, but differs for distributions with vorticity on both sides of the step and 

thus, in particular, for vortices straddling the step.

For the step topography (3.8) the Green’s function can be determined 

from requiring pressure and mass flux to be continuous across the escarp­

ment. This yields continuity conditions on G and 1 / H d G / d n  where n  is 

the normal to the discontinuity in depth. Thus the streamfunction due to a 

point potential vortex q =  Q5(x — xo)S(y — yo) is

. - ( Q / 2lr)H (Vo)[]og,\z -  zo\ +  a lo g |z  — ib| sgny], yoy > 0, *(z) = {
~ ( Q / 2 n ) p log \z -  zo|, yoy  < 0,

(3.10)

for complex 2  =  x  +  iy, zo =  rco +  iyo,

7 - 1  „ 2 H + 7
« =  '71 P ~  —t t p  3.117 + 1  7 + 1

and 7  — H~  / H + with a similar form for the streamfunction found by Bidlot
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6  Stern (1994) and Richardson (2000). Here a  gives the strength of the 

image of the vortex in the step and (3 the shielded strength of the original 

vortex on the opposite side of the step. For a vortex in deep water (e.g.

7  < 1 and yo > 0 ), the flow in y > 0  is driven by an additional, oppositely 

signed image (of strength a  < 0) at - yo  < 0. The flow in y < 0 is driven 

simply by the original vortex, but with reduced strength (3. A vortex in 

shallow water (yo < 0 , 7  < 1 ), has an image of same-sign circulation with 

strength a  and a shielded strength (3 in deep water (y > 0).

The image strength a  and the shielded vortex strength (3 have ranges 

— l < a < l , 0 < / d <  2 / / + , with extreme values corresponding to a wall 

( 7  =  0) and a infinitely deep drop-off ( 7  —> 0 0 ) respectively. A vortex in 

deep water has a usual image, with opposite-sign circulation as the step is 

‘wall-like’, whereas a vortex in shallow water has an image with same-sign 

circulation as the step acts as an ‘anti-wall’. It follows that a point vortex 

thus propagates parallel to the step under the influence of its image with 

velocity

3.3 Steadily-Propagating Finite Area Vortices: V-

Propagating finite area vortices can be constructed using the Green’s func­

tion (3.10) and the algorithm for two-dimensional vortices in the Euler equa­

tions based on previous work by Wu et al. (1984). Essentially V-states 

are found by evaluating the streamfunction found by immersing a circular 

monopolar vortex in a constant velocity field i.e. Uy.  Starting with an ini­

tially circular contour of constant potential vorticity, velocity components

(3.12)

States
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are computed at N  nodes along the vortex boundary which is param eter­

ized with angle 6 such that the radial distance from a fixed point inside the 

vortex (of free choice) is given by R(0).  Then

^ (R , 9) +  Uy  — const,  (3.13)

is required, where ^  is the streamfunction of the vortex only. Differentiating 

with respect to 0 gives

d ^  dx d'h dy TTdy
~dxd0 +  ~dyd0 + do =  ’ ^

or discretizing for N  nodes

V{Axi + (U -  Ui)Ayi = 0, (3.15)

where u* is the mean value of the velocity between adjacent nodes. A x  and 

A y  are functions of R  and #, therefore by considering the i th and (i +  l ) th 

node it is possible to construct a tridiagonal system which can be inverted 

to evaluate R ( 6 i )  simultaneously. Repeating this process iteratively, it is 

possible for a V-state to be converged upon i.e. until the translational veloc­

ity has converged to six significant figures on using 4704 nodes for a patch 

with unit radius. If the vortex straddles the step, the sections of the vor­

tex on each side are treated separately with the area and relative vorticity 

adjusting to conserve potential vorticity and volume.

Figure 3.1 shows V-states for varying yc for 7  =  1/2, 1/3, 1/5 with 

volume chosen, without loss of generality, as 7tH + s o  each V-state has unit 

mean radius in deep water, y > 0  (note here and below deep water always 

resides in y > 0). Each frame of Figure 3.1 is a steady, monopolar V-state,
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(a)

(c)

Figure 3.1: V-states at nine centre of vorticity positions for depth ratios 
7  =  H ~ / H + . (a) 7  =  1/2, (b) 7  =  1/3, (c) 7  =  1/5. The dotted line gives 
the escarpment dividing deep water in y > 0  from shallow water in y < 0 . 
The corresponding centre of vorticity positions and translational velocities 
are given in table A.
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translating parallel to the step. Table A gives the corresponding centre of 

vorticity positions and translational velocities.

The form of a V-state can be anticipated from an analogy with equilib­

rium states of self-gravitating bodies (Johnson, 1978). A monopole in deep 

water (y > 0 ) has in shallow water (y < 0 ) a repulsive image of strength 

proportional to the depth ratio. A V-state with centroid position far from 

the escarpment is influenced only slightly by this image and remains al­

most circular. A V-state with centre of vorticity closer to the escarpment 

is more strongly influenced by its image and is repelled and elongates along 

the escarpment, flattening on the side closest to the escarpment to resemble 

two-dimensional Euler vortices near vertical walls, (Pierrehumbert, 1980; 

Wu et al., 1984; Saffman h  Tanveer, 1982). This becomes more pronounced 

as 7  decreases so the flow is shallower on the far side of the step.

A monopole in shallow water (y < 0) has in deep water (y > 0) an 

attractive image. A V-state with centre of vorticity position close to the 

escarpment is attracted by its image and stretches toward the escarpment, 

narrowing parallel to the escarpment. V-states wholly in y < 0 the contour 

are ‘tear-like’, with average radius increased to \ / l / 7  to conserve volume. 

They resemble a single vortex forming half of a same-signed two-dimensional 

Euler vortex pair, cf. Dritschel (1995), although there the pair rotates and 

here the single vortex translates rectilinearly. V-states straddling the escarp­

ment are attracted in y > 0 and repelled in y < 0. Large depth contrasts, 

i.e. for small 7 , the boundary curves significantly where it crosses the es­

carpment.
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3.4 Analytical Approxim ations For V -States

Appendix B notes tha t the boundary of a vortex patch of unit average radius 

in deep water can be written in polar coordinates with origin at the centre 

of vorticity as

2 3
R{9) =  1 +  cos 29 — —  sin 3# +  0 ( e 4), (3.16)

where e_ 1  1 is the distance from the step to the centre of vorticity,

with a similar expression for patches in shallow water. Figure 3.2 shows 

for 7  =  1/3 a comparison between a numerically computed V-state contour 

and the V-state from (3.16) when the V-states are touching the step (i.e. 

the value of e is equal to the distance from the step). Even in this most 

extreme case (e =  1.15 for a V-state in deep water and e = 0.514 for shallow 

water) expansion (3.16) agrees well with the computed V-states. In deep 

water the approximate V-state flattens along the side closest to the step and 

in shallow water the V-state stretches towards the escarpment. Figure 3.3 

compares the aspect ratio A of a V-state, defined as the ratio of the longest 

^/-direction chord of the V-state to the longest x-direction chord, from (3.16) 

with numerical results for 7  =  1/3. They agree closely until the V-state 

touches the escarpment (straddling occurring for —2 . 0 2  < yc < 0.811 ), the 

limit of validity of the analytical model. From deep water, the aspect ratio 

decreases as the centre of vorticity of the V-state approaches the escarpment, 

with A a minimum when the V-state touches the escarpment, and then 

increases rapidly as yc decreases for V-states over the step. A maximum 

aspect ratio is reached before decreasing to unity once the V-state is away 

from the step in shallow water.

This analysis does not apply to vortices straddling the step and a dif-
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(b)

Figure 3.2: A comparison between the analytical V-state boundary for 7  =  
1/3 when e is taken so tha t the contour is just touching the escarpment 
(dashed line with centroid +) and a numerically computed V-state when 
the V-state is just touching the escarpment (solid line with centroid x). (a) 
A deep water (y > 0) V-state. (b) A shallow water (y < 0) V-state.

ferent model is described in Appendix C for this case. The sections of the 

V-state on either side of the escarpment are taken to be segments of ellipses. 

The aspect ratios of each segment are precisely those determined by the an­

alytical approximation (3.16) when the V-state touches the escarpment and 

the volume associated with the V-state is held constant. This determines 

the approximate V-state uniquely and provides a continuous transition be-
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Figure 3.3: The aspect ratio, A, of a family of V-states with depth ratio 
7  =  1/3 as a function of the centre of vorticity yc. The solid line is the 
numerical value and the dashed line the aspect ratio from (3.16). The dashed 
line stops when the approximate V-state touches the escarpment and the 
diamonds on the solid curve show where the numerically computed V-state 
first touches the step.

tween the solutions for V-states touching the escarpment in deep and shallow 

water.

Figure 3.4 compares translational speeds from this model with those 

from the numerical solutions at various depth ratios 7 . Away from the step 

point vortex speeds closely matches V-state speeds, but closer to the step 

the V-state travels more slowly compared to a point vortex. This deviation 

occurs earlier with smaller 7  as the larger depth ratio distorts the V-state 

more strongly from circular. The V-state has a unique maximum, finite, 

translational velocity which increases with decreasing 7 . The value of yc 

where the maximum is attained is well predicted by the elliptical segment 

model although the magnitude is slightly over estimated. All V-states have
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Figure 3.4: The translational velocity, U , as a function of the centre of 
vorticity yc: the numerical result (solid line), a point vortex of equivalent 
circulation (dashed line) and the V-state model as described in Appendix C 
(dashed-dotted line), (a) 7  =  1/2. (b) 7  =  1/3. (c) 7  =  1/5.

finite translation speed unlike point vortices whose translational velocity 

becomes unbounded in the limit yo —> 0 (as in (3.12)). This is captured 

by the elliptical segment model (in Appendix C) and shows tha t it is the 

finite separation of the centroid position of each segment patch forming the 

straddling V-state that limits the translational velocity.
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Figure 3.5: A comparison between the initial and final states of a flow started 
from a V-state. Here the depth ratio is 7  =  1/2. The solid line is the initial 
V-state (with the centre of vorticity marked by +) and the dashed line the 
contour after 25 turnover times (with centre of vorticity marked by x).

3.5 V -States In T im e-D ependent Flows

3 .5 .1  F lo w  in it ia liz e d  from  a c o m p u te d  V -s ta te

To test the robustness of the computed V-states, the time-dependent equa­

tions of motion were integrated using a fourth order in time Runge-Kutta 

scheme. The flow was initialized with a computed V-state above a doubling 

of depth ( 7  =  1/2) and figure 3.5 compares the initial computed V-state 

against the shape of the patch after 25 eddy turnover times (during which 

time it has propagated over 38 radius lengths). There is minimal vorticity 

shedding throughout the evolution (after 1 0  turnover times approximately

0.283% of patch volume has been lost and even after 25 turnover times 

only 0.676% of the volume is lost) caused by the finite resolution of the 

time-dependent code and subsequent vortex surgery. The removal of small 

filaments generated during the motion also causes the centre of vorticity to 

be displaced slightly. Both these effects are remarkably small given the long 

duration (in space and time) of the integration. This and other integrations, 

not shown here, show tha t the computed V-states appear stable in the sense
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that their shape remains coherent and relatively invariant over long times. 

Although V-states have a weak tendency to shed vorticity, particularly over 

large depth contrasts, they propagate large distances with little change in 

form.

3 .5 .2  F lo w  in it ia liz e d  from  a c ircu lar p a tch

A further set of time dependent numerical integrations have been performed 

to find whether computed V-states act as attractors to the flow, i.e. whether 

a vortex patch tha t is not an exact V-state will evolve to approach a V-state. 

Figure 3.6 shows the evolution of an initially circular patch for 7 = 1 / 3  with 

the area of the initial vortex being split equally between the deep and shallow 

side of the step and for 7  =  1/5 with the ratio of the area 011 the deep to 

shallow side being 1 : 3 .  Each evolution is followed for 25 turnover times 

while the vortices propagate over 75 radius lengths. The last frame in each 

series shows the V-state with the same volume and centre of vorticity as the 

final frame of the patch evolution. The strong similarity of each of these 

final pairs of frames shows that V-states can indeed act as attractors to the 

flow. For 7 = 1 / 3  there is little vortex shedding and yc is approximately 

constant for the main vortex patch. However for the larger depth contrast of 

7 = 1 / 5  vortex shedding is significant with 4.83% of the initial patch volume 

lost from the main patch. This means that although the centre of vorticity 

yc remains constant when calculated over all space (including filaments) as 

required, but yc for the main patch changes as vorticity is shed. Further 

integrations, not shown here, show that vortices of arbitrary shape above 

a step shed vorticity through filamentation and tend towards a V-state. 

The depth contrast strongly affects the rate of convergence to a V-state. 

For the same initial configuration (with equal areas in deep and shallow



CHAPTER 3: Steadily Translating Vortices near Step Topography 33

Figure 3.6: The evolution of a vortex that is initially circular and directly 
over an escarpment. Frame are at equal intervals of time t, scaled on the 
eddy turnover time, (a) 7  =  1/3, (b) 7  =  1/5. The last frame in each series 
is the V-state with the same centre of vorticity as the penultim ate frame.

water) convergence when 7  =  1/3 is relatively quick -  after 5 turnover times 

the volume of the main patch is within 0.844% of the final volume of the 

main patch whereas for 7 = 1 / 5  similar convergence takes approximately 15
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turnover times.

3.6 Conclusions

Self-propagating, monopolar V-states, consisting of a single patch of con­

stant vorticity near an infinitely long step of constant height ratio have 

been obtained numerically and described analytically for non-rotating, in- 

viscid flow in the limit of zero Froude number. It has been shown that the 

fundamental conserved quantity for rectilinear topography, in addition to 

the energy, is the centre of vorticity, yc, and tha t this differs from the vortex 

centroid. General trends of the properties of the V-states are given as func­

tions of yc and the depth contrast 7  =  H~  / H + . V-states in shallow water 

are ‘tear’ shaped with the vortex stretched towards the escarpment by an 

attracting image in deep water. V-states in deep water flatten along the side 

closest to the escarpment, with flattening becoming more pronounced as the 

V-state approaches the escarpment as in Euler equation V-states near walls, 

(Wu et al., 1984; Saffman & Tanveer, 1982; Pierrehumbert, 1980; Deem h  

Zabusky, 1978). V-states have been derived analytically for yc 1 and with 

an elliptical segment model for V-state straddling an escarpment, allowing 

a qualitative prediction of the finite translation speed of the vortices.

Time-dependent flows initialized with a V-state showed little change in 

vortex shape even after 25 turnover times and the vortex had propagated 

over 75 radius lengths, showing tha t V-states are robust features of the flow. 

V-states were also shown to act as attractors to the flow in tha t initially 

circular patches above a step shed vorticity to approach a V-state. The 

combination of these properties means that V-states should be observable 

in both the surf-zone and the laboratory. They are likely to be im portant 

transport mechanisms in the surf-zone with their ability to capture and
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transport anomalous fluid over large distances parallel to isobaths (or depth 

contours).



Chapter 4

Interactions of Two Vortices 

w ith Step Topography

4.1 Introduction

Chapter 3 examined the interaction of a single vortex with an infinitely long 

escarpment. The principal aim of this chapter is to understand the general 

dynamics of two arbitrary vortices interacting with topography.

In the absence of topography it is a classical result by Kirchoff (1876) 

and developed further by Lin (1941) that the equations of motion for an N  

point vortex system in an arbitrary domain are Hamiltonian. The Hamilto­

nian structure has been exploited in many studies of point vortices (see for 

example Aref & Stremler, 1999; Aref, 1978).

The motion of a point vortex pair near a wall has been studied in detail 

(e.g Saffman, 1992). This is a special case of four vortex motion where two 

image vortices (having opposite-sign circulation to the vortices) are used 

to account for the presence of the wall. Typically the motion for two vor­

tices having same-sign circulation near a wall is either; orbiting, where both
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vortices rotate about their centre of vorticity, or leap-frogging, where one 

vortex overtakes the other and is then overtaken itself. Motion of vortices 

having opposite-sign circulation is also characterized by orbiting (without 

leap-frogging) and pairing-off, where vortices translate parallel to the wall 

toward each other and then pair-up to translate away in a direction perpen­

dicular to the wall.

Love (1894) found tha t two point vortex pairs existing in two-dimensional 

inviscid fluid can exist in a stable leap-frogging trajectory along an axis of 

symmetry, or equivalently, a point vortex pair near a wall leap-frog parallel 

to the impermeable barrier. More recently, this analytical work has been 

verified computationally by Acheson (2000) and experimentally by Yainada 

& Matsui (1978), where three-dimensional vortex rings (whose motion is 

used as an analog for two point vortex pairs) ‘mutually slip’ through each 

other before becoming unstable.

The motion of two vortex patches near a wall has been studied by Over­

man & Zabusky (1982) over a wide range of parameters. Using contour 

dynamics, initially distant vortex patches having opposite-sign were allowed 

to approach each other. Several numerical experiments where vortices have 

opposite-sign are described: a distant pair (with equal and oppositely signed 

circulation, but unequal area) translated mainly under the influence of their 

image in the wall until they become close. They then ‘exchange’ into an 

asymmetric quasi-steady configuration travelling away from the wall. The 

trajectories in the remaining experiments could be categorized as orbiting 

where patches passed around a fixed point until the contributions from their 

images were strong enough for the vortices to break the orbit and translate 

parallel to the wall. Other experiments used vortices of the same-sign, but 

different magnitude circulation where one vortex was allowed to catch up
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with the other. Although the patches deformed severely, the trajectories 

could be categorized as orbiting (since there was no repeated overtaking, 

i.e. leap-frogging).

Motivated by these results, the aim for the present work is to classify the 

possible motions of two vortices near topography in the form of an infinitely 

long step. Even with this simple choice of topography the problem yields 

a large number of parameters namely; depth ratio, the initial positions of 

the vortices, the circulations of each vortex and, for vortex patches, their 

volume. These parameters determine the conserved quantities of linear im­

pulse, energy and circulation. For brevity, focus is given here to motions 

with varying impulse, energy and the sign of each vortex.

After stating the preliminary equations section 4.2 continues by deriving 

the motion of point vortices, casting their dynamics in Hamiltonian form. 

Section 4.3 gives examples of possible motion for two point vortices, with 

examples given for vortex pairs having the same and opposite-sign circula­

tion. Section 4.4 uses contour dynamics to compute the motion of two vortex 

patches of constant potential vorticity and their trajectories are compared 

to point vortex motion for equivalent constants of motion. Section 4.5 com­

putes a special trajectory where two vortex patches translate parallel to the 

step. A brief discussion of results is given in section 4.6.

4.2 Prelim inary equations and H am iltonian for­

m ation

As in chapter 3, a two-dimensional, non-rotating, ideal fluid in the limit of 

zero Froude number is assumed and the topography is taken to be a finite 

step change in height (where the fluid has depth H + in y > 0 and H~  in
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y < 0). Fluid motion is governed by the conservation of potential vorticity 

q =  uj/ H  and the total kinetic energy

is a constant of the motion and recalling ^  as a volume flux streamfunction 

giving velocity components (u,v) = Here and below, u> is

taken to decay sufficiently rapidly at infinity to give convergent integrals. 

For topography that varies in one direction only (the y direction, say), the 

linear impulse

gives the third constant of motion. However, for vortex patches only, a 

fourth constant, the volume

of each patch (with the integral taken over the support of either patch) 

remains constant by mass conservation. Conservation of q and V together 

imply the circulation of each vortex patch is individually conserved.

Consider N  point vortices situated near unbounded stepped topography 

each having potential vorticities Qo, . . . ,  Q n  and positions zo, . . . ,  zjy where 

z\ = x\  + i y i , . . .  , zn  =  x n  +  iyNi with each unique Zj with yj ^  0 , j  =

t J  i i u d x d y , (4.1)

(4.2)

where Y(y)  = J y H(y' )dy'  gives a second constant of the motion, where the 

circulation

T =  / tudxdy,

J  H(y) dxdy (4.4)
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1, . . . ,  N.  Then the complex potential, w , at the point z has the form,

N

3 M  =  ] T  QjHjG(z-, = (4.5)
j=i

It follows (see, for example, Saffman, 1992) tha t differentiating (4.5) with 

respect to z at z = Zj gives

N  q  q

QjHj{uj  — ivj) = ^   ̂Q j Hj QkH{zk) —  G(zj,  z^) +  Qj Hj  g ( z , Zj) ,
k=l J z=zi

(4.6)

where H(zj )  is the height of fluid depth at point Zj and g(z, Zj) =  G(z,  zj) + 

^7rlog \z — zj\ is differentiable everywhere H  is (Johnson & McDonald, 2004). 

Further, g is the contribution to the streamfunction at z due to vortex zj 

and can be regarded as the image system of vortex j  owing to topography. 

Define

N  N  |  N

H ( zu . . . , zn ) =  - ] T  Q j Hj QkH(z k)G(z j , zk) +  -  ^ Q ' j H j g i z j i Z j ) ,  
j=1 k=j+l j —1

(4.7)

then it follows that

^  r r  / • X dn dn ,dUtv j) -  + i g^  . (4.8)

Hence by (4.8) H  is of Hamiltonian form and the co-ordinates of the vortices 

follow curves of constant Tt.

For N  =  1 using the Green’s function for a point vortex near an escarp­

ment, (3.10), a point vortex can only exist in deep water or shallow water. 

Then the double sum in (4.7) vanishes and the vortex follows constant curves 

of ^ ( Q\ Hi ) 2g(z\,  zi) = constant , or ^[zi] =  constant.  For two vortices with 

arbitrary circulations there are four possible point vortex configurations and
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three independent Hamiltonians. These are from (4.7),

(i) Both vortices exist in deep water, [deep, deep] :

f td .d  =  - T  { Q m H +  f  (log |*i -  Z2 I+ « log |*i -  *2|)

V - a Q l i H + f  log |2 y, | +  Q \ ( H +f  log \2y2\} . (4.9)

(ii) One vortex is in deep water the other is in shallow, [deep, shallow] : 

Hi, ,  = - T  | /3Qi Q2H +H~  log|*! -  z21 + ( / / + ) 3 log |2yi \

- \ a Q l ( H - ) 3 log\2y2\ \ .  (4.10)

(Hi) Both vortices exist in shallow water, [shallow, shallow] :

W.,. =  { Q i Q 2 {H~)3 (log 1*1 -  z2\ + a  log 1*1 -  *2 1)

log \2y\| — X- a Q l ( H - f  log |2y2| |  , (4.11)

with subscripts 1 and 2 describing the position of each vortex. The fourth 

vortex configuration (the opposite of (ii)), where vortex 1 is in shallow water 

and vortex 2 is in deep water, [shallow,deep] has Hamiltonian of the same 

form as [deep,shallow] with subscripts 1 , 2  interchanged.

For a given depth ratio, 7 , the dynamics of point vortex motion is con­

strained by the constants of motion, namely the circulation T =  Q H , the

energy S (given by the Hamiltonian) and for topography tha t varies in one

dimension the impulse T

I  = ^ 2 Q i H ? yi . (4.12)
i

It is this set of parameters which uniquely defines the trajectories of point 

vortices near stepped topography. Equivalently, point vortex motion can be 

uniquely defined in terms of the parameter set (1,T,£) .  For two vortices 

with like sign circulation (of different magnitude) it is useful to introduce
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the new variables

£ = x i - x2, rj = y i - y 2. (4.13)

This allows the y position of each vortex, using (4.12), to be written in terms 

of the impulse and 77 i.e.

„ 1 =  A  +  9 A  y2 =  U U )
yx Q2H$ + Q 1H*'  V2 Q 2H l  + Q i H$'  [ ' '

For a specified depth ratio, 7 , impulse and circulation, the Hamiltonian can 

only vary in the relative x  positions of the vortices i.e. vary as a function of 

£ — x\ —X2 only. It follows that identical trajectories exist when the vortices 

are translated in the x-plane. Thus it is not necessary to specifically define 

the actual x-positions of the vortices, but only their relative distance. This 

implies tha t knowing the system location in (£, 7/)-space uniquely defines 

the (x,y)  positions of the vortices (up to translations in the x-plane). By 

contouring the Hamiltonian in (£, 7/)-space, all possible vortex trajectories 

with param eters <f, J ,  T can be drawn at once. In what follows, without loss 

of generality, x\  < x 2 (i.e. vortex 1 is to the left of vortex 2 ) and in all 

figures the depth ratio 7  < 1 (such that deep water exists in y > 0 ).

4.3 Trajectories of point vortices

There is a wide range of possible trajectories for two vortices near stepped 

topography. Here they are split into two groups: when both vortices have 

the same-sign circulation and when they have oppositely signed circulation. 

This is motivated by the contrasting trajectories of point vortices near a wall 

by changing the sign of one vortex (see for example Aref, 1983a; Saffman, 

1992). Each vortex configuration is described in terms of the depth ratio
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7  =  H  / H + and its conserved quantities: impulse, energy and circulation.

4 .3 .1  T ra jec to r ie s  o f  p o in t v o r te x  pa irs w ith  like s ig n ed  cir­

c u la tio n

As noted in chapter 3, a point vortex cannot cross the escarpment. It follows 

that there are limits on possible 77 for a two vortex system, which can be 

written in terms of T, from (4.12)

First, assume both vortices are in deep water (i.e. [deep,deep] configuration) 

and assume for now T  > 0 (such that Q i ,2 > 0). The maximum value 

of r] =  2/1 — ?/2 occurs when 7/2 =  0 , tha t is when vortex 2  approaches 

the escarpment. It follows that at maximum y separation, 7/ =  Xf Q\ H\ .  

Similarly the minimum value of 77 is given by 7; =  —T I Q 2 H 2 , when vortex 1 

is close to the step. Thus since a point vortex cannot cross the escarpment 

the bounds of realizable vortex motion for [deep,deep] configuration are

If Z  < 0 it is not possible for both vortices to translate in deep water, since it 

would require 7/ 1,2 < 0 , however, it is possible for both vortices to translate 

in shallow water [shallow,shallow]. Similar arguments to the above yield the 

following bounds, on the other possible configurations:

(i) [deep, shallow]: For T  > 0, 77 has a lower bound with no upper bound

1  =  QiHfa,  +  Q2H l y 2. (4.15)

I  1
(4.16)

Q2H l  <TI< Q i H l

i.e.
X

(4.17)
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The direction of inequality is reversed for T  < 0.

(n) [shallow, deep]: For X > 0, r\ has an upper bound with no lower bound

i.e.

( 4 - 1 8 )

For X < 0 the direction of inequality is reversed.

{Hi) [shallow, shallow]: For X < 0 bounds for realizable trajectories satisfy

<?2# f  ' Q,H?'

with no motion allowed for X > 0 since this would require both vortices 

existing in deep water (this is the converse of the initial example given).

4.3.1.1 T rajectories o f vortex pairs w ith  like sign circulation and 

p ositive im pulse

Figure 4.1 gives typical trajectories obtained by contouring the appropriate 

Hamiltonian for each depth configuration, for two vortices with positive 

impulse in (£, rj)-space.

For large r\ figure 4.1 shows the configuration is such tha t vortex 1 is in 

deep water and vortex 2  is in shallow water [deep, shallow] with a typical 

trajectory given by figure 4.1(a). In this regime the motion of each vortex 

is dominated by its topographic image, only when £ —> 0  do the vortices 

interact strongly, forcing each other away from the step. After reaching 

maximum y separation, i.e. maximum 77, the pair separate and interact only 

weakly. Further, the shallow water vortex is forced closer to the escarpment 

until it is arbitrarily close and propagates parallel to the step with increasing 

speed whereas the deep water vortex translates closer to its lower bound,
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Figure 4.1: Possible (£ ,7 )-space trajectories for two point vortices with 
same-sign circulation near stepped topography with depth ratio 7 = 1 / 2  

and impulse I  =  75tt, Q\H\  = 7 r and Q 2 H 2 = 37t. Dotted lines separate 
the possible regimes of flow and indicate where its partnering point vortex 
approaches the escarpment. The remaining figures represent typical trajec­
tories in (x,y)  space and ( £ , 77) space for (a) [deep,shallow], (b) [deep,deep] 
and (c) [shallow,deep] flow. Here and below dotted lines, where shown, indi­
cate the appropriate bound to vortex motion determined from the impulse.
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given by (4.17) (i.e. y\ =  T / Q \ H + marked here and below on the figure by 

a dotted line) and also translates parallel to the step albeit at a much slower 

rate.

Typical trajectories for the [deep,deep] configuration are closed in (£, 77)- 

space which represents leap frogging vortices in (cc, y)-space, as shown in 

figure 4.1(6). As such, the trajectories are similar to those of like signed 

vortices near a wall (Aref h  Stremler, 1999; Saffman, 1992). Trajectories in 

(£, ?7)-space become more circular when the vortices are closer together, as 

the topography has a lesser effect on the dynamics of the motion and the 

vortices act like two signed vortices orbiting each other.

In the final configuration, [shallow, deep], trajectories in (£ ,77) and (x,y)  

spaces have similar properties to [deep, shallow] motion. For large 77 the 

vortex motion is dominated by their respective images. Similar to [deep, 

shallow]; as the vortices interact strongly the shallow and deep water vor­

tices are advected away from the step. After reaching maximum 77 both 

vortices are forced closer to the step and separate: the shallow water vor­

tex approaches the escarpment and translates quickly, and the deep water 

vortex approaches its bound found from (4.18).

4.3 .1 .2  T rajectories o f vortex pairs w ith  like sign circulation  and 

negative im pulse

Figure 4.2 show contours of the Hamiltonian in (£,?7)-space for 7 = 1 / 2  and 

negative impulse. Again, the trajectories fall into three regimes.

For the [deep,shallow] configuration, vortex motion is periodic with typ­

ical trajectories given by figure 4.2(a). For [shallow,shallow] it is not the 

case tha t all trajectories are closed (as in [deep, deep] configuration in the 

previous example). However, two separatrices exist in (£, 77)-space which dis-
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Figure 4.2: Possible (7/,^)-space trajectories for two point vortices with 
same-sign circulation near stepped topography with depth ratio 7  =  1/2 
and T  =  —507r, Q \H \  =  7r and Q 2 H 2 — 27r. Dotted lines separate the 
three regimes and indicate where a point vortex approaches the escarp­
ment. The remaining figures represent typical trajectories in (x, 7/)-space 
and (£,?7)-space for (a) [deep,shallow], (b) [shallow,shallow] and (c) [shal­
low,deep] configurations.
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tinguish between periodic motion in (x, y )-space (i.e. closed loops in (£, 8)- 

space), and trajectories which are aperiodic. As the pair translates in shal­

low water each vortex will experience an image of the same-sign circulation. 

When the partnering vortex in the pair dominates over the partial image, 

trajectories are periodic (with example trajectories shown in figure 4.26). 

If the partial image dominates over the partnering vortex, periodic motion 

does not occur and one vortex will approach the step, eventually becoming 

arbitrarily close to the escarpment (see Appendix D, figure D .l). It fol­

lows there exists stationary point in (£ ,77) space where the relative distance 

between the vortices remains constant and the vortices translate steadily 

together parallel to the step. These points and the resulting separatrices 

separate periodic motion which form closed loops in (£, ryj-space and motion 

where a vortex will approach the escarpment. These two-vortex equilibrium 

states can be found easily by equating the velocity parallel to the escarp­

ment of each vortex and solving for y\$  positions when £ = 0 (see Appendix 

E).

The last regime in figure 4.2 is [shallow,deep]. Here trajectories are closed 

loops in (£, ryj-space, but do not represent orbiting or leap-frogging. In this 

configuration the vortices move in tandem along the step, but on opposite 

sides of the escarpment executing small amplitude oscillations.

4 .3 .2  T ra jec to r ie s  o f  o p p o s ite ly  s ig n ed  p o in t v o r te x  p a irs

For oppositely signed vortices introduce (£, (S)-space where

$ =  V 1 +  2/2 , (4.20)
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such tha t y i y2 can now be written in terms of T  and 8 i.e.

m m s i  + l  \ Q x \ H l S - I
2/1 \Qi\H\ + \Q2\H%' V2 \Q\\H% +

The Hamiltonian (4.9), for each depth regime is the same as for like-signed 

vortices, but the bounds for realizable motion are subtlety different. Con­

sider the [deep,deep] configuration for example: a positive impulse with 

Q \H \  > 0  and Q 2 H 2 < 0 (i.e. T  has the same-sign as Q \H \)  gives,

1  = \Qi\Hfyi -  \Q2\H%y2, (4.22)

where y \^  > 0. There is no upper bound on 8, however there is a lower 

bound when y2 approaches the escarpment, given by,

'  =• 1o h

When T  has the same-sign as Q 2 H 2 the same argument applies yielding 

(4.23) with subscripts 1,2 swapped. For the other regimes:

(i) [deep,shallow]: When the impulse has the same-sign as Q\H\  then 

realizable trajectories exist for 8 such that,

1  X
< 8  < ■■■ (4.24)

\Q2 \Hl \Qi\Hl'

It is therefore possible for either vortex 1 or vortex 2 to approach 

the step. However, when X has the same-sign as Q 2 H 2 , there are no 

realizable trajectories.

(ii) [shallow,deep]: This configuration is constrained in a similar way to
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[deep shallow]; when 1  has the same-sign as Q 2 H 2 , 5 is bounded by

\Q2\Hl

so tha t both vortices can get close to the step. When I  haves the 

same-sign as Q \H \  there are no possible trajectories.

{in) [shallow,shallow]: Similar to the [deep,deep] case; when 1  has the 

same-sign as Q\H\  there is no lower bound on (5, but an upper bound 

exists:

“ - w m r  ,4 2 8 )

When T  has the same-sign as Q2 H 2 > the same inequality applies with 

vortex subscripts swapped. Therefore only the vortex with the same- 

sign as T  can approach the step.

4.3.2.1 T rajectories o f vortex  pairs w ith  opposite-sign  circulation  

and positive  im pulse

Example trajectories (obtained by contouring the appropriate Hamiltonian) 

of point vortices with positive impulse and depth ratio 7 = 1 / 2  are given in 

figure 4.3.

For large 5 both point vortices propagate in deep water (i.e. [deep,deep]) 

and trajectories are analogous to a pair near a wall. Trajectories which 

are closed in (£, £)-space correspond to a pair orbiting periodically about 

a fixed (with respect to the y axis) point. However, figure 4.3(a) shows an 

example of an open trajectory in (£, £)-space together with the corresponding 

trajectory in the physical plane. A separatrix divides these differing types 

of motion with the hyperbolic point representing a two-vortex equilibrium
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Figure 4.3: Possible ( 7 7 , $)-space trajectories for two point vortices with 
oppositely signed circulation near stepped topography with depth ratio 
7  =  1/2 and T  =  507T , Q\H\ = —7r and Q 2 H 2 =  27r. Dotted lines sep­
arate the possible regimes of flow and indicate where a point vortex would 
come close to the escarpment. The remaining figures represent typical tra ­
jectories in (x, y) space and (£, 77) space for (a) [deep,deep], (b) [shallow,deep] 
and (c) [shallow,shallow] flow.
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state, discussed in more detail in Appendix E. Perturbations to this state 

either result in a vortex being advected close to the step (open trajectories 

in (£, J)-space), or for the vortices to orbit each other with a large time 

period (closed trajectories in (£, $)-space). A full list of the different types 

of trajectories for this [deep,deep] regime is given in Appendix D, figure 

D.2. In the [shallow,deep] configuration, there are two equilibrium states 

for two vortices: one located at a centre in (£,$)-space where perturbations 

from this point are shown in figure 4.36 and the other at a hyperbolic point. 

As expected, small perturbations from a the hyperbolic point will lead to 

one vortex approaching the escarpment or translating periodically with large 

time period. In contrast, small perturbations from the centre lead to periodic 

motion such that both vortices translate almost parallel to the step. A 

detailed classification of the types of trajectories are given in Appendix D, 

figure D.3.

In the final regime, [shallow, shallow], a single two-vortex equilibrium 

state exists at a center in (£, 5)-space. Therefore all other trajectories in 

this regime are periodic which represent sinusoidal-like oscillations in (x, y)- 

space, typically given by figure 4.3(c).

4.3 .2 .2  T rajectories o f vortex pairs w ith  opposite-sign  circulation  

and negative im pulse

Figure 4.4 gives an example of point vortex trajectories for 7 = 1 / 2  and 

negative impulse. For the [deep, deep] configuration a typical trajectory is 

shown in figure 4.4(a). For large separation the vortices are dominated by 

their respective partial images and translate parallel to the step. As they 

approach each other they do not move in an orbiting trajectory (in contrast 

to [deep,deep] for positive impulse), instead after reaching maximum 5 the
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Figure 4.4: Possible (£, J)-space trajectories for two point vortices with oppo­
sitely signed circulation near stepped topography with depth ratio 7 = 1 / 2  

and X = —507r, Q\H\  =  —7r and Q2 H 2 — 37r. Dotted lines separate the 
possible regimes of flow and indicate where a point vortex would come close 
to the escarpment. The remaining figures represent typical trajectories in 
(x, y) space and (£,77) space for (a) [deep,deep], (b) [deep,shallow] and (c) 
[shallow,shallow] flow.
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vortex closest to the step approaches the escarpment translating quickly as 

it does so. Whereas the vortex further away from the step approaches its 

bound given by (4.23) and translates parallel to the step, but more slowly 

owing to its distance from the step.

For [deep,shallow] configuration similar trajectories (typically given by 

figure 4.45) in (£, J)-space arise except that the vortices are located on oppo­

site sides of the step. For the [shallow,shallow] configuration trajectories in 

(£, J)-space are closed loops representing leap-frogging motion in the physi­

cal plane (figure 4.4c).

4.4 Vortex patch motion

Using the modified contour dynamics algorithm described in chapter 3, the 

interaction of two vortex patches near an escarpment is studied. Comparison 

to the point vortex trajectories discussed earlier in this chapter is made 

whenever possible, bearing in mind that vortex patches unlike point vortices 

are able to cross the step.

It has been shown for constant-depth flow (Johnson & McDonald, 20045) 

that provided vortex patches remain circular, their centroids are constrained 

to follow the paths of singular vortices with equivalent circulation and en­

ergy. This argument has been extended by Johnson & McDonald (2004) 

to piecewise-constant depth profiles for any vortex that is not straddling 

a discontinuity in H . It was established that provided patches remain co­

herent and close to circular after crossing, the energy associated with the 

pair remains constant (see Appendix F). Along with the circulation (which 

is sufficient for normally incident vortices), the energy of the vortex patch 

is then used as the matching condition enabling point vortex and vortex 

patch trajectories to be compared even when a patch crosses the step. This
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procedure is used in this chapter, with the impulse acting as the additional 

constraint required to recover the y positions of both vortices.

4 .4 .1  L ike s ig n ed  v o r te x  p a tch es

Two examples are given of vortex patches with like sign circulation. First, 

figure 4.5 gives an example of two vortices initially in a [shallow, deep] 

configuration with 7  =  1/2. Vortices are initialized such that T  =  657T with 

Q\H\  =  7t/2 and Q 2 H 2 =  27t.

Comparisons of the trajectories pair of point vortices and of vortex patch 

centroids is excellent, as indicated by the plot in (£, r;)-space where trajec­

tories of centroid positions are plotted for each point vortices and vortex 

patches and the trajectories are shown to be almost identical. In (:r, i/)-space 

the motion is characterized by the weaker, shallow water vortex (vortex 1 ) 

being advected toward the escarpment by the stronger, deep water vortex 

(vortex 2). The weaker vortex then accelerates under the influence of its like 

signed image and translates almost parallel to the step. Unlike a point vor­

tex, the weaker vortex patch then crosses the step and the regime switches 

to the [deep, deep] configuration. The vortices then leap-frog before the 

patch crosses the escarpment once more. This periodic motion corresponds 

in (£, r;)-space to a closed circuit straddling the escarpment where the weaker 

vortex crosses the step.

The second example involving like signed vortex patches is given in fig­

ure 4.6. Here the circulations are given by Q\H\ = 2tt and Q 2 H 2 =  ^  with 

T = —507T. Motion is initialized with both vortices in shallow water (i.e. 

[shallow,shallow]), with the weaker vortex (vortex 2 ) being advected toward 

the escarpment by its topographic image. Again the comparison between 

vortex patches and point vortices is excellent with the trajectories being vir-
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Figure 4.5: A comparison between the trajectories of the centroid positions 
of vortex patches and point vortex trajectories in (a) (£, r/j-space with (6), an 
exploded view of the dotted region and (c) real {x,y)~space. The circulation 
of vortex 1 is n /2  and the circulation of vortex 2 is 27r with I  =  657r. Long 
dashed lines in (a) indicate the path of a point vortices with equivalent 
configurations in phase space and short dashed lines indicate where the 
trajectory encounter the escarpment. Dashed lines in (c) indicate the path 
of vortex 2 and the solid line shows the path of vortex 1, arrows are drawn 
at equal time intervals to indicate the speed of propagation. The horizontal 
dashed line shows the location of the escarpment.

tually indistinguishable in (£, ryj-space. After crossing, leap frogging motion 

occurs with the weaker vortex in deep water and the stronger vortex (vor­

tex 1) takes to cycloid-like trajectories. This periodic motion corresponds in 

(£, ?7)-space as a closed trajectory straddling where the weaker vortex crosses 

the step.
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Figure 4.6: A comparison between the trajectories of the centroid positions 
of vortex patches and point vortex trajectories in (a) (£,'/'/)-space (6 ), an 
exploded view of the dotted region and (c) real (x, y)-space. The circulation 
of vortex 1 is 27r and the circulation of vortex 2 is tt with 1  = — 507r. Dash 
conventions are given in the previous figure apart from vortex 1 in (c) is 
shown by a dashed line.

4 .4 .2  O p p o s ite ly  s ig n ed  v o r te x  p a tch es

Figure 4.7 shows the trajectories of two vortex patches with Q \H \  =  37t, 

Q 2 H 2 =  —tt/2, X =  — 5 5 7 r and 7  =  1/2. Motion is started in the [deep, 

shallow] configuration with both vortices initially orbiting each other. The 

weaker vortex then approaches and subsequently crosses the step so that 

the patches assume the [deep,deep] configuration and again undergo orbiting 

motion, this time in deep water. After reaching their maximum y separation 

the vortices mutually self advect toward the step. The weaker vortex crosses 

the step (i.e. to [deep,shallow]), with the stronger vortex accelerating as
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Figure 4.7: Comparison between point vortex trajectories and vortex patch 
centroid trajectories for oppositely signed vortices in (a) r},6 space (6), an 
exploded view of the dotted region and (c) real (x, y ) space with Q\H\  =  47t 
and Q 2 H 2 — here T  =  507r. Dashed conventions are the same as in 
previous figures with a solid line indicating vortex 1 in (c).

it approaches the escarpment and leaves the vicinity of its partner owing 

to ‘pairing-off’ (or exchanging) with its image. As the separation of the 

vortices increases the dynamics of each vortex is dominated by its respective 

image. Consequently their y positions remain relatively constant so tha t in 

(£,5)-space the trajectory tends toward 5 = constant. After sufficiently 

long time (notice the arrow separation in the shallow water vortex) the 

stronger vortex will eventually cross the escarpment resulting in a [shallow, 

shallow] configuration (not shown) and the vortices will (very slowly owing 

to their large separation) orbit about their center of vorticity. The pair will
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Figure 4.8: Comparison between point vortex trajectories and vortex patch 
centroid trajectories for oppositely signed vortices in (a) r/,<5 space (6), an 
exploded view of the dotted region and and (c) real (x, y ) space with Q \H \  — 
—4tt and Q 2 H 2 = T  here 1  =  367T. Dashed conventions are the same as in 
previous figures with a solid line indicating vortex 1 in (c).

eventually cross into the [shallow,deep] regime and the above motion will 

repeat.

Figure 4.8 gives another example of trajectories for oppositely signed 

vortex patches. The initial configuration is [shallow,shallow] and begins with 

both vortices orbiting about their center of vorticity. The weaker vortex then
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Figure 4.9: (a) a two-patch equilibrium state where both vortices exist 
wholly in shallow water and have the same-sign and the depth ratio 7  =  1 / 2 . 
The remaining figures show the subsequent evolution of the patches. Here 
Q\H\ = 0.108 and Q 2 H 2 — 0.00687 with T — —0.165. A cross indicates the 
center of vorticity of each vortex patch.

crosses the escarpment changing the regime to [deep,shallow]. After reaching 

maximum y separation the stronger vortex is forced away from the step with 

the weaker vortex crossing the step and the motion is repeated.

4.5 Two-patch equilibrium states

Motivated by the existence two-vortex equilibrium states for point vortices 

(as described by section 4.3), such equilibrium states for vortex patches 

are sought numerically, using the method described to find monopolar V- 

states near step topography in chapter 3, section 3.3. Figure 4.9(a) shows an 

example of a two-vortex equilibrium state with the remaining frames showing 

the (unstable) evolution of a two-vortex patch equilibrium state where both
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Figure 4.10: (a) a vortex patch equilibrium state where one vortex straddles 
the escarpment with vortices having opposite-sign and 7  =  1/2. The remain­
ing figures show the subsequent evolution of the patches. Here Q\H\  =  0.223 
and Q 2 H 2 — —0.223 with T  = 0.855. A cross indicates the centre of vorticity 
of each vortex patch.

vortices exist wholly in shallow water and have the same-sign such that 

the vortices translate without change in shape parallel to the step. To the 

author’s knowledge the first known example of two-patch equilibrium state 

where both patches have the same-sign circulation. As expected, from earlier 

work with point vortices in shallow water (section 4.3), this configuration 

is unstable with the weaker vortex being severally distorted by the stronger 

vortex. Subsequent evolution (not shown) shows the weaker vortex splitting 

and eventually become insignificant to the dynamics of its partnering vortex. 

Figure 4.10(a) shows and example of a patch equilibrium state (with vortices 

having opposite-sign) where one vortex straddles the escarpment with the 

remaining plots show the subsequent evolution of the patches. This specific 

configuration is also found to be unstable with each vortex not translating 

parallel to the step. Section 4.3.2 stated that two-vortex equilibrium states 

existed for point vortices having opposite-sign (and I  >  0) at a center
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Figure 4.11: A vortex patch equilibrium state with each vortex existing on 
opposite sides of the step having opposite-sign and 7 = 1 / 2  (dashed line). 
The solid curve shows the evolved equilibrium state after 5 turnover times 
(of the deep water vortex). Here Q\H\ — —0.593 and Q 2 H 2 — 0.2233 with 
J =  -1.84.

in (£, 8)-space. Motivated by this observation an equivalent vortex patch 

equilibrium state is sought. Figure 4.11(a) gives and example of such a 

configuration. In contrast to the previous examples this configuration is 

stable, since the patches translate (virtually) parallel to the step.

4.6 Discussion

Trajectories for two interacting point vortices near step topography have 

been found which has been written explicitly in terms of the Hamiltonian and 

conserved quantities, (r,T, S). Trajectories were divided into four regimes 

depending on the placement of vortices in either deep or shallow water. 

It was found that point vortex trajectories are either periodic or aperiodic 

(where one vortex would approach the escarpment). Periodic trajectories 

can be classified in the following way; (z) orbit about each other, (zz) leap 

frog, (zzz) translate in a sinusoidal-like way or (zz;) exist as a steadily propa­
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gating configuration -  a two-vortex equilibrium state. The latter configura­

tion exists at a hyperbolic point on the separatrix of the contoured Hamilto­

nian in (£, ?7)-space for like signed vortices, or at a centre of the Hamiltonian 

in (£, 5)-space for oppositely signed vortices. Although analysis of their sta­

bility is not given here, it is predicted that perturbations to a two-vortex 

equilibrium state configuration at the hyperbolic point is unstable, while a 

perturbation to a two-vortex equilibrium state about a centre would be sta­

ble and lead to small amplitude periodic motion. In addition to point vortex 

equilibrium states, vortex patch equilibrium states were found numerically. 

Configurations where both vortices exist wholly in shallow water having the 

same-sign and a state where a vortex straddles the step having opposite- 

sign were found to be unstable shown using time dependent integrations. 

A two-patch equilibrium configuration which existed at a centre in phase- 

space was found and this state was robust to time integrations confirming 

the stability of equilibrium states about centres. A detailed investigation of 

the stability of two-vortex equilibrium states is not given here and requires 

further research.

Trajectories of two vortex patches found using an adapted contour dy­

namics algorithm, compared well to point vortex trajectories for equivalent 

values of energy, impulse and circulation. Examples displaying periodic mo­

tion (with one vortex patch crossing the escarpment) were given for both like 

signed and oppositely signed vortices. In making comparisons, point vortex 

trajectories with equivalent circulation, energy and impulse were assigned 

to vortex patch trajectories. When a vortex patch crosses the escarpment a 

new point vortex trajectory must be assigned to the vortex patch trajectory. 

It is im portant to emphasize that there is no free choice in this assignment. 

Considering a vortex patch pair not only does the energy depend on patch
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Figure 4.12: Two numerical simulations of a dipolar vortex patches, both 
simulations have Q\H\ = —7r, Q 2 H 2 — 27r with T — 507T. However in one 
case vortex 2 has the same volume (2>t) as vortex 1 where the second run 
has vortex 2 having volume Qtt with vortex 1 having volume 2 tt. (a) (£, 5 ) -  

space trajectories, the larger volume computation being the trajectory which 
experiences a larger position in (£, 6)-space, (b) Real (x, y)-space, arrows are 
given to the larger volume simulation, all other line conventions are the same 
as used previously.
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Figure 4.13: (a) (£, 77)-space motion for an initial vortex pair with Q\H\ — 7r, 
Q2 H 2 — 37r and 1  = —657T here 7  =  1/5. The dashed line is a compari­
son with a point vortex system with an equivalent configuration. (b) Real 
space trajectories, the interaction of vortex 2  with the third vortex is clearly 
observable.

separation, but also the size of each patch (Appendix F derives the appropri­

ate expression for the energy). Thus changing the size of a patch (with fixed 

circulation) defines a new energy and thus trajectory. Figure 4.12 compares 

the different trajectories tha t occur for patches with different volumes.

In particular, the two simulations are initialized in the [shallow,deep] 

configuration with the same parameters with the exception tha t in the sec-
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Figure 4.14: Evolution of the vortex pair from figure 4.13. Time increases 
down the page from left to right. The third vortex formed by the collision 
from vortex 2 and the subsequent orbiting around vortex 2 is clearly visible.

ond computation, C[arge, the volume of the shallow water vortex is three 

times as large as the shallow water vortex in the first computation Csmau. 

Starting at the same point the two different simulations are comparable to 

one another until the shallow water vortex is close to the escarpment. In 

Ciarge the shallow water vortex will impinge upon the step earlier than the 

smaller shallow water vortex in Csmaii, and hence realize a different trajec­

tory in the [deep,deep] regime (similarly if the vortex was smaller then it
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would impinge the escarpment later giving rise to another trajectory).

Comparison between trajectories of patches and point vortices is excel­

lent provided the patches remain coherent. It is possible for a patch to 

deform and possibly split in to two or more separate vortices. This is espe­

cially the case for patches encountering large changes in depth.

An example of a vortex pair colliding with a large depth contrast depth 

ratio is given in figures 4.13, 4.14. Here the configuration is initially [shallow, 

shallow] with Q \H \ = n, Q 2 H 2 — 37t, T - —657T and 7  =  1/5. Up until 

vortex 2  is forced into deep water the motion compares well to point vortex 

motion as shown by the dashed line. As vortex 2 crosses there is a large 

amount of shedding and results in a tertiary vortex, vortex 3 as shown 

in figure 4.14. Although relatively small (about 11% of the original size 

of vortex 2) this third vortex plays a significant role in the dynamics. In 

(£,£)-space this is shown in figure 4.13 by the ‘wobble’ in [shallow, deep] 

configuration. Once this third vortex has formed comparing with a pair of 

point vortices is no longer sensible since the two vortex assumption which 

leads to the derivation of the Hamiltonian is no longer valid.



Chapter 5

V ortex Scattering from Step  

Topography

5.1 Introduction

Chapter 4 studied the interaction of two vortices with step topography. It 

was found tha t distant vortices of opposite-sign can translate parallel to 

the step and ‘pair-off’ into a pair which translates away from the step. This 

phenomenon has been studied with vortex patches having unequal area near 

a wall by Overman & Zabusky (1982) where patches paired-off to translate 

at a constant angle of incidence and for a vortex patch pair having normal 

incidence to a step change in depth by Johnson & McDonald (2004).

Motivated by these observations the present chapter considers the dy­

namics of a vortex patch pair of opposite-sign with same magnitude trans­

lating at an arbitrary angle of incidence to rectilinear step (figure 5.1). Fluid 

is modelled as in the previous chapters by a two dimensional, non-rotating, 

ideal fluid in the limit of zero Froude number and the topography is taken 

to be a finite step change in depth (where the fluid has depth H + in y > 0
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and H~  in y < 0). Further, chapter 4, section 4.2 shows (provided there is 

minimal shedding and shape of each patch remains close to circular) that 

from the conservation of energy, circulation, volume and linear impulse a 

trajectory of a pair can be determined including the case where the vortices 

cross the escarpment.

Section 5.2 outlines the mathematical formulation of the problem and 

derives an explicit relationship determining the angle of reflection given the 

initial separation of the pair, the angle of incidence and the size of the vortex 

patches comprising the pair. In section 5.3, the evolution of such pairs is 

computed numerically using an adapted contour surgery algorithm based on 

Dritschel (1988), for various angles of incidence from both shallow and deep 

water. These computations results are then compared to tha t predicted by 

the relationship of section 5.2. Section 5.4 presents conclusions.

5.2 M athem atical formulation

The energy of a vortex pair consisting of two finite area, equal volume, 

circular patches of uniform vorticity, centred at (2 7 , 2/1 ) and (£2 , 2/2 ) near a 

finite escarpment with depth H + in y > 0 and H~  in y < 0 when the pair 

translates in deeper water is (Johnson & McDonald, 2004)

2 (2/ 12/2 ) 1 / 2
+  i  ’ (5-D

where 7  =  H ~ / H + is the depth ratio, a  =  ( 7  — l ) / ( 7  +  1) the image 

strength due to the topography, a the patch radius, r the vortex pair centroid 

separation and r' =  [ (2 7  -  x 2)2 +  (2/1 +  2/2 )2]1/2- The depth ratio lies in 

the range 0 < 7  < 0 0  so the image strength satisfies — 1 < a < 1. For 

a pair far from escarpment, the topographic image terms are negligible,
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Figure 5.1: Sketch of a vortex pair crossing a step (along y — 0, indicated 
by the dashed line). The subscripts i and t denote the quantities before 
and after crossing the step i.e. ‘incident’ and ‘transm itted’. The centroid 
separation is denoted r with the normal angle to the step 0.

thus (yi2/2 )1//2 ~  V and r' «  2y, where y is the normal distance from the 

escarpment to the centre of vorticity of the vortex pair. Then the energy of 

a pair in deep water (y > 0) is

F2H + (  1 \£  =  _ ( l o g x + _ ) ,  ( 5 .2 )

for x — r/a,  the ratio of centroid separation to patch radius. Conservation 

of circulation, with (5.2) and its equivalent form in y < 0 where H~  replaces 

H +, gives the relation between pair separation either side of the step

Xt = X,I/7exp[(l/7  -  l)/4], (5.3)
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where subscript i denotes a quantity incident on the step and t denotes the 

transm itted quantity, assuming the pair has crossed the escarpment. For 

7  < 1 (i.e. a pair crossing from deep to shallow water), the patch separation 

increases after crossing and for 7  > 1, the separation decreases. The vor­

tices are assumed to remain circular after crossing the step so the centroid 

separation must be at least twice the radius of the vortices comprising the 

pair, i.e. \ t  > 2. For each there is a sufficiently large increase in depth 

for which \ t  — 2. This critical depth ratio 7  ̂ > 1 (where subscript d denotes 

debris) follows from (5.3) as

logXi +  l/4  
log 2 + 1/4

For depth ratios larger than 7 ,̂ the numerical integrations (in §5.3 and 

Johnson & McDonald 2004) show that the vortices are pulled so close to­

gether that they shed vorticity. This region of parameter space is described 

here as the ‘debris region (Figure 5.2). Constancy of V, from (4.4), gives 

2H +iraf = 2H~iraf,  and so the incident and transm itted radii are related 

by

ai = y / l  at- (5.5)

Conservation of linear impulse, X, gives

I  =  T / / + ( - ? / h  +  y 2i)  =  T H ~ ( - y u  +  y 2t),  (5.6)

relating the vortex separation perpendicular to the step before and after 

crossing. In terms of the quantities r^t and defined in figure 5.1, (5.6) 

becomes

77 sin 0; =  7  77 sin 9t. (5.7)
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Figure 5.2: The evolution regimes determined by the depth ratio 7  and 
the initial vortex separation Xi- ‘Coherent pair’: a pair incident to a step 
will cross with the vortices in the pair remaining coherent. ‘Debris’: where 
significant vortex shedding will occur upon crossing. The dividing curve is 
the critical depth ratio 7 ,̂ from (5.4).

Combining (5.3), (5.5) and (5.7),

=  x ] / 7 _ 1  \ f l  exp [(I/ 7  -  l)/4], (5.8)sin (71

an explicit relation between the incident and transm itted angles in terms 

of the depth ratio 7  and the incident vortex separation Xi- An immediate 

consequence of (5.8) is that 6t = 6{ for two values of depth ratio. First the 

trivial case when there is no change in depth (H + — i / - , and 7  = 1 ), and 

when

2 7 ? ! }  = l ° g X i  +  l / 4 - (5.9)
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Furthermore there is a depth ratio, 7 max, where the refracted angle after 

crossing is a maximum, 7 max =  2(logX i + 1/4). Since ymax > Id , a pair 

crossing from shallow water to deep water at any incident angle cannot 

reach its maximum refracted angle and importantly never refracts towards 

the normal since if 7  =  ymax +  e then we would expect 6t < 9max ■ Eventually 

for a sufficiently large 7  =  7  say, 6t < 0 * but since ymax > 7 d th en 7  > 

7 d. Therefore a pair cannot be refracted towards the normal crossing from 

shallow water.

Figure 5.3 shows the transm itted angle Ot as a function of the depth ratio 

7  for fixed incident angle, 0 * and incident vortex separation, Xi- The depth 

ratio 7  lies in the range 0  < 7  < 0 0 , corresponding to a pair incident on 

a wall ( 7  =  0 ) and a pair incident on a infinitely deep drop-off ( 7  —> 0 0 ). 

If 7  < 1 (so that the pair crosses into relatively shallow water), the pair is 

refracted towards the normal of the topography (i.e. 9t < 9{). As 7  —> 0 (so 

that the topography becomes more ‘wall-like’), 9t —> 0  for all non-zero 0 *. 

In this limit, the vortices forming the pair separate as they approach the 

step. They subsequently propagate far along the wall as monopoles before 

crossing where they translate with large separation almost perpendicularly 

away from the escarpment in shallow water (cf. Johnson & McDonald, 2004). 

When 7  > 1 (so the pair would cross from shallow water into relatively deep 

water), an incident pair would be refracted away from the normal (as could 

be deduced from time reversal with the results just noted). However for 

certain incident angles, the transm itted angle can be equal to n/2.  This 

corresponds to the pair translating parallel to the step after it has crossed. 

Let this critical incident angle be 0C, so

sin 0C = y  ' v'7  txp  [(I/-, -  l)/4 j. (5.10)
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Figure 5.3: The refracted angle (in units of 7r), 9t as a function of depth 
ratio 7  for vortex separation \ i  — 7.5 at varying angles of incidence 6C 
(a) 9i=n/4,  (6 ) 9i=7t / 8 , (c) 0* =  0.1197T, (d) 0j=7r/16, (e) 9i—tt/32. The 
short dashed line is where the step is absent, 7  — 1 and 9i = 9t . The line 
7  = 7 d  is shown long-dashed with the debris region, 7  > 7 a hatched. Solid 
marks show the range of depth ratios where the incident pair can be totally 
internally reflected.

For incident angles greater than 0C, with all other parameters fixed, the vor­

tex pair undergoes total internal reflection (TIR): it does not cross the step, 

but is instead reflected and translates away from the step at its incident 

angle. Total internal reflection here is analogous to Snell’s law for refrac­

tion of a light ray as it enters a medium with a different refractive index. 

The angle of incidence (measured relative to the normal to the interface) 

decreases when light passes into a medium of higher refractive index and 

increases passing into a medium of lower refractive index, with deeper water 

corresponding to a lower refractive index in the present work.
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It has been established that a pair crossing the step with depth ratio 

greater than 7 ,̂ given by (5.4), will shed vorticity as it crosses the step. 

This debris region is cross-hatched in figure 5.3 and here the pair does not 

have a well-defined transm itted angle. However, for 7  > 7 ^,  the pair can still 

undergo TIR, as on curve (b) in figure 5.3. Here there is a range of depth 

ratios, 7  (delimited by solid diamonds in figure 3) where a pair undergoes 

TIR and remains coherent despite lying inside the debris region. Similarly 

for curve (a) in figure 3, solid squares mark out where a pair with incident 

angle 9i =  tt/4 will perform total internal reflection. For larger depth ra­

tios, a translating pair could exist in the debris region, reflecting without 

shedding. However, for depth ratios greater than the right-hand diamond, 

an incident pair is unable to undergo reflection and instead crosses the step 

and, being in the debris region, undergoes significant vortex shedding.

Figure 5.4 shows the transm itted angle, 9t as a function of incident angle, 

9i for different depth ratios for two cases; (a) — 3 and (b) \ i  — 7.5. The

dash-dotted line shows where 9t =  9{ and 7 = 1  when there is no change of 

depth. The marked region on each figure shows the debris region for depth 

ratios up to 7 max, shown with a dotted line, which is the value of 7  where 

the largest 9t occurs for a given 9{. This region is split into two further 

regions. In the shaded region shedding occurs unless the depth ratio is large 

enough so tha t 9{ > 9C and the pair undergoes TIR. In the cross-hatched 

region, the pair crosses leading to vortex shedding.
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Figure 5.4: The refracted angle, 6t as a function of incident angle, (both 
in units of i t )  with incident separation (a) \ i  —  3 for different depth ratios, 
(z) 7  =  1.3, (zz) 7  = 1.2, (Hi) 7  =  1.1 and (b) \  — 7.5 for depth ratios (z) 
7  = 1.5, (zz) 7  =  1.25, (Hi) 7  = 1.1. The dash-dotted line shows where 
6t = Oi, or 7  = 1. The marked region shows the debris regime for values 
of 7  between 7 d, shown by a long dashed line, up to 7 max shown with a 
dotted line. The shaded region shows where a pair may undergo TIR  if the 
depth ratio is sufficiently large. In the cross-hatched region, the pair always 
crosses the step shedding vorticity. The contours below the dash-dotted line 
are the reciprocals of the contours for 7  >  1 .
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5.3 Numerical com putation of vortex-pair scatter­

ing

The instantaneous velocity field for a given vorticity distribution uj follows 

from inverting

V  ■ {H~l Vip) (5.11)

to obtain the streamfunction ip. For piecewise constant cj, contour surgery 

(Dritschel, 1988) gives a particularly accurate and efficient numerical algo­

rithm for this inversion, allowing contours of potential vorticity to split and 

merge as dictated by the flow and removing filaments which form during the 

integrations provided they are dynamically insignificant.

Details of the specific algorithm used here, which takes into account 

finite-height topography and the possibility of a vortex straddling the es­

carpment can be found in Johnson & McDonald (2004) and Johnson et al. 

(2005). The computations here use a resolution with, on average, 150 nodes 

around a vortex patch (of unit radius), initialized sufficiently far from the 

step that the effect of the partial images owing to the topography is small 

(here r ' /2y  < 1, cf. (5.2)). The total decrease in vortex patch volume 

through surgery is less than 1 % unless stated.

5 .3 .1  R e fra c tio n  a t s te p  to p o g ra p h y

Figure 5.5 compares the theoretical prediction (5.8) for 9t with numerical 

results for a vortex pair colliding with a step for various incident angles 6i 

for Xi — 20 and 7  =  2. The solid line is that predicted by (5.8) for a pair 

being refracted as they cross the step and the dashed line shows where the 

pair is reflected, i.e. 9{ > 0C. The marked data points give the incident and 

refracted angles for a given numerical computation. The agreement between
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Figure 5.5: Comparison between analytical and numerical results for a vor­
tex patch pair colliding with a step. The transm itted angle 9t is given as a 
function of the incident angle 9{ (in units of tt) over a step which doubles in 
depth, 7  =  2  and an initial separation \ i  = 20. The solid line shows where 
the pair is refracted and the long dashed line shows where the pair undergoes 
TIR. Vertical dotted lines show where 9{ = 9c. Each marked point plots the 
incident and refractive angles for a single computation with asterisks show­
ing where shedding is < 1 % of the pair’s volume, and diamonds showing 
where vortex shedding is > 1 %.

the theoretical and computational angles is remarkable when shedding is 

negligible (< 1% of the pair volume), as indicated by an asterisk. In this 

case, there is only a brief time where each vortex of the pair straddles the 

escarpment, where shedding occurs. Diamonds show where shedding is more 

significant (>1% , but still small compared with the size of the vortex). Here, 

vortices spend several rotation periods over the step, where shedding is at a 

maximum and the agreement, although not as close as for the non-shedding 

case, is still excellent.
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Figure 5.6: Trajectories of patch centroid positions when a pair is refracted 
by step topography. The initial conditions are the same for each computa­
tion, 6i = 0 .2 2 2 , with arrows drawn here and hereinafter at equal time inter­
vals. (a) The depth halves and (initially in deep water) the pair cross the step 
and translates in shallow water with increased separation and Ot — 0.0162. 
(b) The depth doubles and the pair initially in shallow water cross the step 
with decreased separation and 9t =  0.684

Figure 5.6(a) shows centroid paths for each patch of a pair propagating 

from deep to shallow water with 7  — 1/2 and (#j,#t) =  (0.222,0.0162). The 

pair is refracted toward the normal after crossing the escarpment into shallow 

water. As the pair crosses the step, the separation distance between vortex 

centroids increases under the influence of the oppositely signed images in 

the step. Figure 5.6(5) shows a pair propagating from shallow to deep water 

with (0{,0t) = (0.222,0.684). In this case, the separation between vortex 

centroids decreases under the influence of same-signed images in the step, 

which now acts as an ‘anti-wall’ (Johnson & McDonald, 2004).
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Figure 5.7: Patch centroid trajectories for an incident vortex pair at the crit­
ical angle. Weak vortex shedding at the step means one vortex is stronger 
than the other and the pair eventually recrosses the escarpment, after prop­
agating 300 radius lengths parallel to the step.

5 .3 .2  T h e  cr itica l a n g le  and  to ta l in tern a l re flec tio n

Figure 5.7 shows patch centroid trajectories for a vortex pair propagating 

from shallow to deep water at the critical angle of incidence so the pair is 

refracted parallel to the step. In the absence of vortex shedding, the pair 

would propagate parallel to the step on the deep side. A small amount of 

vortex shedding as the pair crosses the escarpment means that the vortices 

no longer have precisely equal and opposite circulation. The path thus 

eventually curves back toward the escarpment and the pair cross back into 

shallow water. The effect is extremely small: the pair travels nearly 300 

radius lengths parallel to the step before it recrosses the escarpment. A 

similar phenomenon called the Goos-Hahnchen effect occurs in optics: a 

light beam undergoing TIR propagates a few wavelengths parallel to the 

interface between different media before being reflected (Yeh, 1998).

Figure 5.8(a) shows a trajectory for 6i > 0C, so the pair undergoes TIR. 

At no stage do the vortex patches straddle the escarpment and so shedding



CHAPTER 5: Vortex Scattering from Step Topography 81

 ©- -
shallow  z

deep
- 5

4 00 20- 2 04 0

30

shallow
deep

- 1 0 0 - 5 0 0 50

Figure 5.8: Trajectories of patch centroids for a vortex pair incident from 
shallow water, (a) 9{ > 0C, the angle of incidence is greater than the critical 
angle and the pair is reflected. (6 ) 9i ~  9c, one vortex momentarily straddles 
the escarpment, shedding vorticity and the pair is captured in relatively 
shallow water.

is minimal. Figure 5.8(6) shows another case of TIR, but with 9{ > 9C, so 

that one of the vortex patches comprising the pair momentarily straddles 

the escarpment. Since this vortex sheds some vorticity, the vortex pair 

is no longer comprised of patches with equal and opposite circulation and 

subsequently the pair ‘bounces’ along the escarpment.

5 .3 .3  T h e  d eb ris  reg ion

Figure 5.9 gives an example where the depth ratio is greater than 7 ^, so the 

trajectories lie in the debris region. The incident angle is chosen so the pair 

neither reflects nor crosses the escarpment coherently to translate away at 

a constant transm itted angle. On approaching the step, the pair is forced



CHAPTER 5: Vortex Scattering from Step Topography 82

closer together under the influence of the partial images present from the 

step. The pair crosses the step and, since 7  > 7  ̂ so Xt < 2, the pair sheds 

vorticity leaving one patch with larger (in magnitude) circulation than the 

other. The subsequent pair trajectory, figure 5.9(a), is almost circular and 

the pair eventually recrosses the step and, in the shallow region, the pair 

follows a curved path with much larger radius (figure 5.96). The pair cross 

the step for the third time into deeper water where, after more shedding, the 

paths follow tighter circular paths, with a drift parallel to the escarpment.

5.4 Conclusions

The conservation of potential vorticity, energy, linear impulse and mass give 

an explicit relation for the angle of refraction and separation of vortex cen­

troids for a vortex pair colliding with a rectilinear step, providing the vortex 

patches remain close to circular.

A pair initially translating in deep water with depth ratio 7  =  H ~ / H + < 

1 , always crosses the escarpment and is refracted toward the normal to 

the step and cannot undergo TIR. The evolution of a vortex pair initially 

in shallow water, 7  > 1 , depends on the size of the angle of incidence 9{ 

compared to the critical angle 0C which is determined by the height of the 

escarpment and the initial separation of the pair (see (5.10)). If 9i < 0C, the 

pair refracts away from the normal. If Qi = 0C, the pair translates along the 

escarpment and if 0 j > 0 C, the pair undergoes total internal reflection.

If the depth ratio is greater than a critical value 7  ̂ (determined from 

(5.4)) then vorticity is shed by the patches when 0* < 0C, and subsequent 

paths are curved.

Numerical integrations of the full equations of motion supported the 

analysis with results for the angle of refraction agreeing closely with pre-
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Figure 5.9: Trajectories and the evolution of a vortex pair with initial sep­
aration Xi — 7.5. The large depth increase, 7  =  2.5 > 2.4 =  7  ̂ means 
the trajectory lies in the debris region, (a) Crossing and recrossing, (6 ) the 
subsequent evolution over a much larger time.

dictions provided vortex shedding was small. They also showed tha t for 

6c, it is possible for the pair to be captured at the escarpment and 

‘bounce’ along the step.



Chapter 6

Trapped Vortices in Steady  

R otation about Circular 

Topography

6.1 Introduction

Geophysical vortices ranging in size from surf-zone vortices to large-scale 

ocean eddies are characterized by their long life times. Given this, it is 

likely that these vortices will encounter topographic obstacles. For example, 

observations in the Canary Basin by Richardson & Tychensky (1993-1995) 

have shown that Mediterranean salt lenses, or more commonly known as 

meddies, interact strongly with seamounts in the North Atlantic. Meddies 

are subsurface eddies which do not extend throughout the fluid depth but do, 

however, interact with seamounts as if they were islands such tha t Meddies 

are able to pass around the seamount, occasionally bifurcating in so doing. 

Field observations by Fratantoni & Johns (1995) describe North Brazil Cur­

rent Rings hundreds of kilometers in diameter colliding with islands in the
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Caribbean.

Motivated by this work, a recent paper by Johnson & McDonald (20046) 

consider the motion of vortex patches and point vortices around two imper­

meable unconnected circular cylinders. Using conformal mapping techniques 

it was possible to find the Hamiltonian governing point vortex motion which 

preserved the zero normal flow condition around the cylinder. A critical path 

for a point vortex was found which divides the class of solutions which orbit 

one or both cylinders. Paths of vortex patch centroids obtained using a mod­

ified contour dynamics routine were compared with this separatrix vortex 

with good agreement even though the patch is able to deform from its initial 

circular shape. For the limiting case where one of the cylinders has large 

curvature so that it can be considered a straight wall, an incoming patch 

(propagated by its image in the wall) could bifurcate with portions of vortic­

ity passing around different sides of the cylinder. A more general approach 

to point vortex motion around multiple cylinders of arbitrary size has been 

carried out recently by Crowdy & Marshall (2005). Here the point vortex 

Hamiltonian around a finite number of circular boundaries of arbitrary size 

is obtained analytically.

Dewar (2002) considered the scattering of baroclinic eddies by circular 

topography. Here a ‘cloud’ of vortices in a three-layer model is used as an 

analog to baroclinic eddies. Interactions with the topography can be gauged 

by the resulting redistribution of the point vortices. It was found that upon 

collision with the topography, the vortices comprising the eddy underwent 

significant dispersion leading to the conclusion that a continuous baroclinic 

eddy might split after impact with the seamount. Further, Stern (1999) 

studied the interaction of baroclinic vortices near circular topography using 

shielded (with zero-net circulation) vortices.
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The principal aim of this chapter is to find V-states around finite height 

circular topography including the limiting case where the cylinder passes 

through the whole of the fluid depth (island) or when a vortex is trapped in 

a circular domain (infinitely deep well). Although circular obstacles are not 

common features in the surf-zone, they will occasionally be present, and they 

represent an idealization for any isolated topographic features. Moreover, 

for completeness and in complement to chapter 3, it will be interesting to 

investigate the properties of V-states near finite height circular topography.

The main problem involves solving for the appropriate Green’s func­

tion form the equation representing conservation of potential vorticity with 

pressure and normal mass flux continuous across the escarpment. Unlike 

previous studies involving contour dynamics in the presence of boundaries 

(e.g. Johnson & McDonald, 20046) where the streamfunction was found by 

first ignoring the boundaries and then adding an irrotational flow such that 

the normal velocity was zero at the boundaries, here a different method is 

presented which avoids these extra computations.

After stating the preliminary equations section in section 6.2, section

6.3 details the new computational method based on Green’s functions. Sec­

tion 6.4 presents results for V-states with steady angular velocity about the 

topography. The robustness of the computed steady solutions is tested in 

section 6.5, using time-dependent contour dynamics, first by tracking the 

evolution of a flow initialized with a V-state and, second, by following a 

circular patch and computing its evolution toward a V-state. Conclusions 

are given in section 6 .6 .
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6.2 Prelim inary Equations And Conserved Quan-

Section 2.1 shows tha t fluid is governed by the conservation of potential 

vorticity q =  uj/ H ,  where u) is the vertical component of vorticity [uj — 

vx ~  uy). From this it is shown that circulation, T and kinetic energy £  are 

invariants. Further, for topography that varies in one dimension only section

3.2 shows that the linear impulse Z is also conserved. In this case of circular 

topography, a conservation law is now found where the fluid depth H  is a 

function of r alone. With polar coordinates (r, 9) introduce the quantity

and consider the angular impulse of a vortex patch with uniform vorticity ui

where the integration is taken over the support of u. Then, using analogous 

manipulations to those from section 3.2, it can be shown that J  is a constant 

of the motion. Further, since R  is a monotonically increasing function of r, 

a centre of vorticity (rcv,9cv) can be associated with any bounded vorticity 

distribution u> where

tities

(6 .1)

RuJrdrdO (6 .2)

(6.3)

and 9CV is the usual #-mean

f 9 u r d r d 9
(6.4)
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Since R  is a monotonically increasing function rcv lies within the extremes 

of the vorticity distribution in the r-direction. An equivalent vortex patch 

for a given distribution q is thus given by a point vortex with the same 

circulation, T, lying at the centre of vorticity.

For circular topography consisting of a single step at r =  1 between flat 

regions of depth H~  in r  < 1 and depth H + in r > 1, R  can be defined as

As for rectilinear step topography, the centre of vorticity of a patch corre­

sponds to the usual vorticity centroid for patches located entirely on one 

side or other of the step at r — 1 , but differs for distributions with vorticity 

located on both sides i.e. for vortex patches straddling r =  1 .

6.3 An Alternative Approach To D eterm ine Ve­

locities

Since Deem & Zabusky (1978) formulated contour dynamics it has been 

highly successful in investigating of the evolution of piecewise-constant vor­

ticity. This method has however proved difficult to implement and expensive 

in the presence of boundaries other than semi-infinite domains bounded by 

a single planar wall or channels with two parallel rectilinear walls (Haynes 

et al.i 1978). Recently several studies, (Johnson & McDonald, 2004a,6), 

have presented a method for incorporating boundaries using contour dy­

namics. First, solve the problem using contour dynamics by ignoring the 

boundaries. Then find the exact irrotational solution typically using confor- 

mal mapping that cancels the flow along the boundaries. The two solutions

r 2 if r < 1 ,

\ H +(r2 -  1 ) + if r  > 1 .
(6.5)
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are then superposed to give the total velocity.

A different approach is presented here that avoids these extra compu­

tations by modifying the Green’s function in the contour dynamics inte­

grations. This method applies to flows with finite depth changes and also

extends to free-surface flows where the governing equation is the homoge­

neous Helmholtz equation instead of Poisson’s equation considered here.

Let the Green’s function giving the streamfunction, ip(x, y ) be G(x, y, xq, yo) 

so for some distribution of vorticity u>(x,y).

ip{x,y) = j  J  u ( x 0,yo)G(x,y,xo,yo)dx0dyo, ( 6 . 6 )

where V 2G = S(x — x')5(y — y') and the integral is taken over all regions 

with non-zero vorticity, u>(xo,yo). Now suppose that the partial derivatives 

of G are related to those of some function G through

dG . . dG , s dG ,
t o  = 9 n { x ’y )dT0 +9l2{x' y )W o '  (6'7a)
dG , , d G  , , d G  ,
^  = 9^ X' y ) d ^ +922(X' V)Wo  (6'7b)

Then the horizontal velocities components are

dip M  f  f  f  dG , d G \  , ,„ +  ro = _ _  +  l _  =  y ^ W0( _ _  + J_  j  d a ; o d ! / 0

= (922 ~ W1 2 ) f  uoGdxo -  (g2 1 — ig\\) (p uj0Gdyo, (6 .8 )
J J a n

by Green’s theorem with the integral taken anticlockwise around dll ,  the 

boundary of 71. Writing z =  x + iy, zq = xq -\- iyo shows tha t (6 .8 ) reduces
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to the usual unbounded domain expression (Saffman, 1992),

u +  iv =  (b loqG<\zq, (6-9)
'dn

when G depends on the distance \z — zo| alone so G can be identified with 

G, giving gu  =  - 1 , g u  =  0 , g21 =  0 , g2 2 =  - 1 .

6 .3 .1  Im a g e  S y s te m  G r e e n ’s fu n ctio n s

A useful application of (6 .8 ) follows for a Green’s function where boundary 

effects can be represented by a finite system of image vortices. Let a vortex 

at zq have N  images Z k(zo) =  X k(zo) + iYk(zo), (k = 1 , . . . ,  N)  and thus the 

Green’s function has the form

G ( x ,y , x 0,y0) =  ^ 2 G k(\z -  Z k{z0) |2), (6.10)

where the sum is taken over k =  0 , . . . ^  with Z q(z) =  zo, the identity, 

giving the vortex itself. The Green’s function depends solely on the distances 

from the observation point z to the vortex and its images. By symmetry 

between the reference zo point and the observation point z of the Green’s 

function

G ( x ,y , x 0,y0) = G(x0,y0,x ,y )  = ^ G fc(|z0 -  Z k(z)\2). (6 .1 1 )
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Differentiating (6.11) with respect to x gives 

—  { x , y , x 0,y0)

=  - 2 ^ 2 G ' k (\z0 -  Z k(z)\2) | [ x 0 -  X k( x , y ) ] ^ -  +  [y0 -  Yk{x ,y )}~^-1  ,

- -E  {g«» - + g(i»- «•»>}.
(6 .12)

and ^  similarly. These are of the required form, (6.7a), to apply to (6 .8 ) 

giving

. ^ f ( d Y k t .dYk \  ( d X k , . d X k \  1 , r1<n
u + lv = l 2 2 { { - g ^  + ^ ) ^ - { ^  + ^ ) v* } ’ (6 1 J )

where

uk + ivk = f  u kGk(\z0 -  Z k (z)\2)dz0, (6.14)
J a n

the velocity induced by the vortex zq at the kth image Z k(z) of the obser­

vation point 2 . The velocity at the observation point 2  is simply the sum of 

multiples of the velocity induced at each of the n image point of 2 , found 

simply by integrating the Green’s functions Gk around dTZ alone. This is 

particularly efficient when using contour dynamics since no additional cal­

culations are required to determine the boundary effects. When the images 

are absent (6.13) reduces to (6.9) as expected.
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6 .3 .2  C ircu lar top og ra p h y , an  ex a m p le

Consider axisymmetric topography as described earlier. The Green’s func­

tion has been derived by Johnson (1978) and is given here in complex form

G (z ,z0) = {

H + [log |z -  z01 +  a  log |1 -  l / (z z 0)|], \z\ > 1, \z0\ > 1,

H +[(3 log \z -  zq\ -  a  log |^0|], \z\ < 1, \z0\ > 1,

H+[(3 log \z -  z0\ -  a  log \z\], \z\ > 1, |z0| < 1,

H  [log \z Zq\ Oi log |1 2 2 0|], \z\ < 1, |z0| < 1,
(6.15)

where z denotes the conjugate of 2  and

a = —— j3 — 1 +  a, (6.16)
7 +  1

which are derived from the boundary conditions of continuous mass flux and 

normal pressure continuous across the escarpment. Here the depth ratio is 

defined as 7  =  H ~ / H +. The Green’s function G is continuous across the 

escarpment at \z\ =  1 and is symmetric with respect to 2: and zq, as required. 

Moreover in the neighbourhood of the vortex at zo,

G(z, z0) —> —(H(zo)/2n) log \z — 2 0|, as z —> zq, (6+7)
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as required. Now G is of the form (6.10) with Z\(z)  =  1/z  so the complex 

velocity, using (6.13), is (assuming unit vorticity)

H+[(u0 + ivo) +  a(u\ -  i v \ ) / z 2}, \z\ > 1, \z0\ > 1 ,

H +(3(uo +  zu0), \z\ < 1, \z0\ > 1,

H +[(3(uq + ivo) — i a H +A/z],  \z\ > 1, |zo| < T

H~[(uq +  ivo) — a{u\ — i v \ ) / z 2 — i a A / z ], \z\ < 1, |2 q| < 1,

1
u+iv  =  —  < 

2 tt

(6.18)

where A  is the area of the patch in |zo| < 1 arising from (6 .6 ) and the 

subscripts 0 , 1 represent contributions from the vortex and its image point 

respectively.

From (6.18), for the case of \z\ < 1, |2 o| < 1, two singularities of equal and 

opposite strength exist at 2  =  0. Appendix H gives an alternate formulation, 

valid for all \z\ < 1 , |^o| < H but particulary accurate near the origin.

Using (6.18) to calculate the velocity field, the usual image vorticity 

analogs no longer hold. For example, a point vortex in relative deep water 

outside the topography ( 7  < 1 and ro > 1 ) the usual way to find the velocity 

is to consider two image vortices of strength a; one positioned at z = 1 / z q  

with oppositely signed circulation and one at the origin with the same- 

signed circulation (see, for example, Milne-Thomson, 1955). In the above 

formulation the same point is advected by a single (image) point vortex at 

2  =  1 /io  with modified strength by a factor I / 2 2, from the first line of (6.18) 

(henceforth this is what is meant by modified image vortex). The flow inside 

the cylinder is driven by a vortex outside the cylinder modified by the factor 

(3 (second line of (6.18)). A vortex inside the cylinder in shallow water, a 

the vortex is advected by a modified image at 2  =  I / 2 0  with strength —a 

and a image vortex at the origin with strength — a  (last line of (6.18)). Flow



CHAPTER 6: Trapped Vortices in Steady Rotation about Circular
Top ography___________________   94

outside the cylinder when the vortex is inside the cylinder is driven by the 

vortex with strength (3 and a image vortex of strength - a  (third line of

(6.18)). Similarly to rectilinear topography (see 3.2) the image strength a 

and the residual vortex strength (3 have ranges — l < a < l , 0 < / 3 < 2  with 

extreme values corresponding to a circular wall ( 7  =  0 ) and a deep well, 

7  —>• 0 0  respectively.

6.4 Equilibrium States For Vortex Patches Around  

Circular Topography

Finite area vortices which rotate around the circular topography at constant 

angular velocity without change in form (equilibrium states or V-states) 

can be constructed numerically using an algorithm which ensures the vor­

tex boundary is a streamline. The necessary velocity field along the vortex 

boundary is computed using contour dynamics with Green’s function (6.15). 

Details of the algorithm are given in Appendix G and closely follow previous 

work by Wu et al. (1984). That is, starting with an initially circular contour, 

velocity components are computed at N  nodes along the vortex boundary 

using contour dynamics. The nodal positions are then adjusted iteratively 

so that the boundary is parallel to the local velocity by satisfying a N  x N  

tri-diagonal system of algebraic equations at each iteration. This iterative 

process of using contour dynamics to find the velocity at each node and then 

adjusting the boundary by solving the tri-diagonal system of equations is 

repeated until a tolerance, e (equal to 1 0 ~6), for the steady angular velocity, 

D, is met after typically 50 — 60 iterations using a resolution of 4704 nodes 

around a circular patch of unit radius. For vortices straddling the topog­

raphy, contributions to the velocity field owing to vorticity distributions on
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each side of the step are computed separately.

6 .4 .1  V -s ta te s  near fin ite  h e ig h t to p o g ra p h y

In contrast to rectilinear topography, circular topography has an additional 

length scale: the radius of the topography, g. Therefore, unlike chapter 3, 

the volume and centre of vorticity are insufficient to give a unique V-state, 

and here, the radius of the cylinder must also be specified. Figure 6.1 gives 

examples of V-states near finite height circular topography with unit radius 

for two examples of depth ratio: figure 6.1(a) describes V-states for 7 = 1 / 2  

with deep water outside the cylinder and figure 6 .1 (6 ) gives examples of 

V-states for 7  =  2  with deep water inside the cylinder.

Figure 6.1 shows examples of V-states near circular topography including 

the case where the V-state straddles the step. As mentioned earlier, to 

uniquely define a V-state near circular topography it is sufficient to specify 

the volume and center of vorticity and the radius of the circular topography. 

The radius here is fixed at g — 1, and several V-states are drawn to highlight 

the different shapes attained with different volumes.

Figure 6.1(a) gives V-states near a seamount with 7  =  1/2. V-states 

with centroids near the center of the topography will have a quasi-circular 

shape since the contributions from its images points will be close to sym­

metric. Small (in comparison to g, the radius of the topography) V-states 

which exist wholly outside or inside but close to the step have similar shapes 

to V-states near rectilinear topography existing in deep and shallow water 

respectively (chapter 3, section 3.3), where inside the topography V-states 

will be attracted by a positively signed image and outside repelled by an 

oppositely signed image. However straddling V-states and (if the volume of 

the V-state is sufficiently large) enveloping V-states (i.e. where the vortex
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Figure 6.1: V-states near finite height topography, (a) depth ratio 7  — 
1 / 2  such that deep water is outside the cylinder and (b) 7  =  2  with deep 
water inside the cylinder. Each frame shows seven V-states plotted on 
top of one another with collated vortices in each frame have mean radii 
| ,  | ,  1, 2, 3 with one of the patches in each frame just touching the
escarpment. The dotted line here represents the location of the finite height 
topography.

completely envelopes the topography such that the whole seamount exists 

inside the vortex) will, in general, have distorted shapes. The shape of off

centre enveloping V-states is due to the asymmetric distribution of the im-
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age points, where straddling V-states will have contributions by oppositely 

signed image points from deep water and same-signed image points from 

shallow water.

Figure 6.1(6) gives V-states near a well with 7  =  2. In this case the 

shape of the V-states is different to the previous case (where 7  =  1/2). 

However each shape can be explained in a similar way: vortices exterior 

to the well will have image points of the same-sign as the vortex, with 

vortices interior to the well have image points with opposite-sign to the 

vortex. Consequently vortices exterior to the well are stretched toward the 

topography with vortices interior to the well, flattening along the edge of the 

topography. Similarly to the previous example, straddling vortices will have 

two image contributions from deep water (the wells interior) and shallow 

water (the wells exterior).

Figure 6.2 compares the angular velocity (plotted as a function of rcv) 

of a computed V-state with a point vortex having equivalent circulation 

(normalized to 7r) and centre of vorticity for two values of depth ratio; (a) 

7  =  1/2, (b) 7  =  2 . Each curve in each frame represents a different choice 

of patch volume; 7r/16, 7t / 4  and 7r.

As expected for vortex patches having small volume the angular velocity 

agrees well with the angular velocity of a point vortex. This is especially true 

at large distances from the step where the patch is close to a circular shape 

(note also for small patches the profile of the angular velocity compares 

well to the rectilinear case see chapter 3, section 3.4, since the effect of 

the topographic curvature is small). For larger patches the comparison to 

a point vortex is less favourable since the shapes of these V-states are no 

longer circular. In fact for patches whose area is comparable to the area 

of the interior topography, comparisons with a point vortex is not expected
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Figure 6.2: The angular velocity U of the V-state about the topography as 
a function of center of vorticity rcv for (a) 7  =  1/2 and (6 ) 7  =  2. The long 
dashes represents an equivalent point vortex both interior and exterior to 
the topography with boundary given by the dotted line. A solid line shows 
the velocity of a patch with volume 7r/16 shorter dashes with volume 7r / 4  

and dash-dotted line n. The circulation of each patch and point vortex is 
normalized such that the circulation is n.
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to have close agreement. Indeed, when the patch volume is tt, for 7  =  1/2 

the boundary of the patch lies over the step. Any V-state with off centre 

centroid will straddle the topography. However, for larger patches exterior to 

the boundary a comparison to a point vortex is accurate since, as explained 

earlier, far away from the topography a patch will tend to a circular shape 

regardless of the size of the patch.

6 .4 .2  L im itin g  cases for fin ite  h e ig h t c ircu lar to p o g r a p h y

For rectilinear topography the limiting case of the topography corresponds 

to the escarpment passing through the entire fluid depth i.e. a wall. This 

case where a vortex translates parallel to a wall has been subject to much 

research (see Deem & Zabusky, 1978; Wu et al., 1984; Pierrehumbert, 1980; 

Saffman &; Tanveer, 1982). For finite height circular topography there are 

two limiting cases for vortex motion: first when the vortex translates exterior 

to the cylinder (cf. island) and second when the vortex is trapped inside 

a circle (cf. deep well) neither which have been previously studied. The 

Green’s function for each case is given by (6.15) with a =  ±1 depending if 

the vortex is interior or exterior to the cylinder with the appropriate branch 

of the Green’s function chosen (note there will be no contribution in (6.15) 

from terms involving \z\ < 1 , \zo\ > 1 or \z\ > 1 , |zo| < 1 ).

Figure 6.3(a) gives examples of V-states trapped inside a well of unit 

radius, with 6.3(6) gives of V-states outside an island. The limiting V-state 

in each case does not touch the topography, but gets to within a distance of 

less than 1 % of the boundary radius. Shapes of V-states in both cases may 

be anticipated from extreme cases of finite height topography: small vortices 

(compared to the cylinder radius) exterior or interior to the cylindrical wall 

near the solid boundary will resemble V-states near a rectilinear wall, (Deem
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(b)

Figure 6.3: V-states for limiting cases of finite height topography which 
passes through the whole depth of the fluid, (a) 7  —> 0 0  and each V-state 
is trapped inside circular topography, (b) 7  =  0 with V-states are trapped 
outside circular topography. The dotted line here represents the boundary 
of the topography. Locations and mean radii of the V-states are given in 
Appendix I
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& Zabusky, 1978; Wu et a/., 1984; Pierrehumbert, 1980; Saffman & Tanveer, 

1982). Whereas V-states away from the boundary will interact weakly with 

the topography and remain close to circular.

The angular velocity of the V-states as a function of rcv in the case of 

limiting finite height circular topography (i.e. an island or deep well) is given 

in figure 6.4 for two different patch volumes; 7t/16 and 7t / 8 . A comparison 

to a point vortex with equivalent centre of vorticity and circulation is also 

given. There is good agreement between computed V-states and a point 

vortex where comparisons are possible. That is, each of these lines term inate 

where the patch is touching the boundary of the topography and so no V- 

states can be computed beyond this value of rcv. However, the angular 

velocity of the V-state starts to deviate away from the point vortex when 

V-states are close to the boundary and are no longer circular in shape.

6.5 V -States In T im e-dependent Flows

6 .5 .1  U s in g  a c o m p u te d  V -s ta te  to  in it ia liz e  flow

Equilibrium states for vortex patches near variable height circular topogra­

phy have been computed. As in the rectilinear case (see chapter 3, section 

3.5) to investigate the robustness (i.e. stability) of these computed states, 

the time dependent equations of motion were integrated using a fourth-order 

Runge-Kutta scheme and contour surgery (Dritschel, 1988). In each case the 

flow was initialized with a computed V-state. Two examples of these inte­

grations are given by figure 6.5. The first figure 6.5(a) has 7  =  1/2 and 

shows the vortex patch after 25 eddy turnover times (equivalent to over two 

complete revolutions around the topography) together with the initial com­

puted V-state as a comparison. Figure 6.5(6) shows the analogous case for
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Figure 6.4: The angular velocity f i a s a  function of center of vorticity rcv for 
limiting cases of finite height topography (i.e. extending over the whole fluid 
column), (a) exterior to the cylinder and (6 ) interior to the cylinder. The 
long dashes represents an equivalent point vortex both interior and exterior 
to the topography with boundary given by the dotted line. A solid line 
shows the velocity of a patch with volume 7r/16 shorter dashes with volume 
7r / 8 . Each of these lines terminate where the patch is touching the boundary 
of the topography and so no V-states can be computed beyond this value of 
rcv. The circulation of each patch and point vortex is normalized such that 
it is equal to 7 r .
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Figure 6.5: Comparison between the initial and final states of an evolved 
flow started from a computed V-state, (a) an example of a flow with 7  =  1/2 
and (6 ) with 7  =  2. The dashed line represents the initial V-state (with the 
centre of vorticity marked by +) with the solid line the time evolved patch 
after 25 eddy turnover times (with centre of vorticity marked by x). The 
dotted line here represents the escarpment for the circular topography.

7  =  2  (for clarity each evolved patch is rotated such that 6CV =  0 ).

The time evolved vortex patch and the original V-state for each depth 

ratio compare favourably, suggesting they are highly durable, stable struc­

tures. However, there is a small amount of vortex shedding during the 

integrations owing to the finite resolution of the time-dependent numerical 

algorithm (Dritschel, 1988). The removal of tiny filaments generated during 

the motion also causes the centre of vorticity to be displaced slightly. Both 

these effects are remarkably small given the long duration (in space and 

time) of the integration.

6 .5 .2  U s in g  a circu lar p a tch  to  in it ia liz e  th e  flow

Computed V-states have been tested for robustness by starting them in a 

time dependent flow. However it is of interest to ascertain whether arbitrar­
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ily shaped patches can evolve towards equilibrium states. This issue was 

addressed for rectilinear topography (chapter 3, section 3.5.2) with the con­

clusion that there is a strong tendency for a vortex to shed vorticity in such 

a way that a V-state is approached. To answer this question time dependent 

integrations are executed using an initially circular vortex patch to initialize 

the flow. Figure 6 . 6  shows eight snapshots of the evolving flow for two cases: 

(a) 7  =  1/5 and (6 ) 7  =  1/3. In both cases the circular patch is initially 

straddling, in other integrations which are not shown here, the patch does 

not initially straddle the escarpment and no shedding occurs. The patch 

subsequently rotates about the circular topography in a similar fashion to 

that of a vortex patch near a wall or rectilinear escarpment, (chapter 3, 

section 3.5.2). Each set of integrations is run for 50 eddy turnover times.

Figure 6 . 6  suggests that circular patches will approach equilibrium states 

provided the patch is able to shed a non-negligible amount of vorticity. Fur­

ther integrations, not shown here, show that larger depth contrasts increases 

the quantity of vortex shedding so that quasi-V-state shapes are found with 

fewer turnover times than for smaller depth ratios. Moreover, for small 

depth contrasts quasi-V-state shapes are found to form more slowly due to 

the minimal vortex shedding.

The ability of a vortex to shed vorticity is a vital mechanism for a patch 

to attract towards an equilibrium state however, too much shedding will 

cause the patch to lose coherency. Figure 6.7 contrasts the evolution of two 

identical patches with different depth ratios, 7  =  3  and 7  =  2. It is evident 

that the larger contrast in depth causes the patch to shed severely, whereas 

the smaller depth contrast the patch sheds vorticity only slightly resulting 

in the formation of a stable a quasi-V-state shape.

The mechanism which is responsible for this destructive shedding is ow-
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Figure 6 .6 : The evolution of a vortex that is initially circular and directly 
over the topography, (a) a patch evolved with 7  =  1/5 and (6 ) 7  =  1/3. 
Frames are at equal intervals showing the initial configuration up to 50 
turnover times.

ing to the conservation of potential vorticity. For large depth contrasts, say 

7  =  7 1  > 1, filaments in deep water (here r > 1) have vorticity u>. If a 

filament is forced over the escarpment its vorticity increases to 71  cu, thereby 

having a strong impact on the flow. Whereas for smaller depth contrasts, 

0  < 7  =  7 2  < 1 , filaments in shallow water, inside the boundary will have 

vorticity 7 2 a; and will have a weaker impact.
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Figure 6.7: The evolution of a vortex that is initially circular and directly 
over the topography. Frames are at equal intervals showing the initial con­
figuration up to 10 turnover times. The initial configurations are the same 
up to the depth ratio, (a) 7  = 3 and (b) 7  = 2 .

6.6 Conclusions

A novel approach in computing the velocity field using contour dynamics, 

avoiding extra computations or modifications to the Green’s function is pre­

sented and was used to find V-states around circular topography of arbitrary 

height. Similar to V-states near rectilinear topography (chapter 3, section 

3.3), V-states for circular topography in shallow water are ‘tea r’ shaped with
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the vortex stretched towards the escarpment by an attracting image in deep 

water. V-states in deep water flatten along the side closest to the escarp­

ment, with flattening becoming more pronounced as the V-state approaches 

the escarpment as in Euler equation V-states near walls (Wu et al,  1984; 

Saffman & Tanveer, 1982; Pierrehumbert, 1980; Deem & Zabusky, 1978). 

The contrast in angular velocity between a computed V-state and a point 

vortex was found to be small provided the V-state remained close to circu­

lar. Importantly, unlike a point vortex, the angular velocity of a V-state is 

finite even when the V-state is straddling the topography.

Time-dependent flows initialized with a V-state showed little change in 

vortex shape even after 25 turnover times, showing tha t V-states are ro­

bust, stable structures. Further time dependent flows starting with circular 

patches propose that V-states act as attractors provided tha t a vortex is 

able to efficiently shed vorticity. It was found that non-straddling patches 

do not approach a V-state since there is minimal shedding. Vortices which 

straddle and have large depth changes the vortex will not remain coherent 

as in figure 6.7. The combination of these properties means they are likely 

to be im portant transport mechanisms around small islands and wells with 

their ability to capture and transport anomalous fluid.



Chapter 7

Interactions of Vortex Pairs 

w ith Circular Topography

In the absence of background currents or potential vorticity gradients (com­

monly provided by the variations in the Coriolis parameter, / ,  see for exam­

ple McDonald, 1999), vortices are advected by other vortical structures and 

can often be found in pairs. Indeed, Peregrine (1998) shows tha t vortices 

frequently ‘pair-up’ forming dipoles which are robust vortical distributions 

with the ability to survive for several rotation periods, (Gorshkov, Ostrovsky 

&; Soustova, 2000). Therefore, it will be likely that transient vortex pairs will 

encounter topography. The case of a vortex dipole approaching a solid cylin­

der which occupies the whole fluid depth has been studied both numerically 

and experimentally. Orlandi (1993) investigated the interactions of a Lamb 

dipole with a circular cylinder. In the inviscid case, dipoles were found, 

upon collision, to bifurcate and translate around the topography, meeting 

again as they translated away from the cylinder. W ith non-slip boundary 

conditions, a dipole impinged on a cylinder significantly smaller than the 

mean radius of the dipole, chosen to complement laboratory experiments
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by Homa, Lucas & Rockwell (1988). Secondary vorticity was generated at 

the boundary, which in turn advected the primary vorticity away from the 

cylinder. Further laboratory experiments by Verzicco, Flor, van Heijst &: 

Orlandi (1995) found that the diameter of the cylinder played a significant 

role in the generation of wall generated vorticity.

The aim of this chapter is to understand the interactions of vortex pairs 

near finite height topography. This is motivated from the little attention 

given to dipoles which approach circular topography ‘off-centre’, that is, 

with a trajectory not aligned along an axis of symmetry. Moreover, this is 

in complement to chapters 4 and 5 where the dynamics of vortex pairs near 

rectilinear topography was examined.

Section 7.1 considers a point vortex pair close to finite height circular 

topography. It is found that a pair can exist in four spatial configuration 

regimes and the motion for the pair is found by deriving the Hamiltonian for 

each configuration. Section 7.2 examines in detail the trajectories of distant 

point vortex pairs approaching the topography in the form of a circular 

seamount well both studied. It is found that the resulting trajectories can 

be divided into four classes: (i) an approaching pair can bifurcate with 

each vortex in the pair passing on opposite sides of the topography, (ii) 

an approaching pair does not bifurcate and passes the same side of the 

topography, (Hi) each vortex is trapped in orbits about the topography 

with different frequencies and (iv) an equilibrium state where each vortex 

is trapped by the topography, having identical rotation frequencies. Section 

7.3 computes the evolution of a vortex patch pair and the trajectories of 

the patches are compared to point vortex motion. Finally, conclusions are 

presented.
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7.1 Equations and Hamiltonian structure

Attention here is confined to a vortex pair of equal and oppositely signed 

circulation with each vortex centred at (r\ ,9\)  and (r2 ,02) interacting with 

finite height circular topography consisting of a single circular step at r =  1 

between flat regions of depth H~  in r  < 1 and depth H + in r > 1 , where r 

is the radial distance from the origin. The energy, S  and angular impulse,

J  are as written in chapter 6 , i.e.

S — J  cu'iprdrdO, J  — J  RturdrdO, (7.1)

where the integrals are taken over the support of the vorticity lj =  r ~ x{dr{r u q )-  

dour ), 'ip is a volume flux streamfunction and R(r)  is constrained to be a 

strictly monotonically increasing or decreasing function of r (see chapter 6 , 

section 6.2). The circulation T, and for vortex patches, the volume, V give 

the remaining constants of motion and are defined as in chapter 4 section

4.2 given by (4.3) and (4.4) respectively.

As discussed in chapter 4, vortex paths follow from the Kirchoff-Routh 

path or vortex Hamiltonian (without background flow) viz. (4.7),

1 N  N  N

zN) =  ~ X  X  QjHjQkH{zk)G{zj , zk) +  -  Y ^ Q 2j Hjg(zj ,Zj ) ,
j=1 k=j+ 1 j = 1

where H ( z j ) is the height of the fluid at point Zj and g(z, Zj) = G( z , Zj) +  

1/27T log \z — Zj\. As in the case of rectilinear topography (see chapter 4), a 

point vortex cannot cross the circular step, therefore, point vortex trajec­

tories can be divided regimes depending on the location of vortices being 

exterior or interior to the circular topography. Using (4.7) and (6.15) the
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four different regimes are

1. Both vortices are exterior to the circular topography, r i , r 2 > 1, [ext,ext]:

2. One vortex is interior the circular topography (call this, without loss of 

generality, vortex 1 ) with one vortex exterior (vortex 2 ), r\ > l , r 2 < 1 , 

[ext,int]:

3. Both vortices are inside the circular topography, r i , r 2 < 1, [int,int]:

The case where one vortex is interior to the topography while the other is 

exterior is closely related to [int,ext], with subscripts 1 , 2  swapped.

7.2 Trajectories of point vortex pairs

Motivated by work where vortices encounter circular topography and occa­

sionally bifurcate, (Stern, 1999; Richardson &; Tychensky, 1993-1995), the

+ r i r 2cCog

(7.2a)

—  { r i r 2 /Hog[ri + r \ -  2 r i r 2 cos(0 i -  62)\ -  r 1r 2 Qlog[n]

r f a lo g  l - \  +  7 r 2 Qlog[l -  r | ] | .  (7.2b]
l r i  J J

r i ^ a l o g

(7.2c)
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aim of the present work is to examine the trajectories of vortex pairs exterior 

to finite height circular topography for the cases of a seamount, 7  > 1 , and a 

well, 7  < 1. This will include the limiting cases for each: a surface piercing 

island 7  =  0, and a deep well 7  —> 0 0 . Let T =  T 1 — —T2 and rewrite (7.2a) 

to give

Chapter 4 showed that the trajectories of two point vortices near rectilin­

ear topography can be explicitly stated in terms of the conserved quantities; 

circulation, T, energy £ and impulse, J .  For circular topography use the 

angular impulse

Trajectories for the vortices can now be obtained from contours of the Hamil­

tonian, (7.3), in (A, 0)-space. As previously mentioned, a point vortex can­

not cross the step, therefore it follows that there is a minimum value of 

A corresponding to when one vortex of the pair gets arbitrarily close the 

topography,

(7.3)

(7.4)
3

and introduce new variables

(7.5)

such that the radial distance for vortex pairs r \$  can be written,

2H+XT 2/7+AT
(7.6)

'mm r h+ (7.7)
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this lower bound is plotted in the following figures with a bold line, and the 

forbidden area, A < Amin, hatched.

7 .2 .1  P o in t v o r te x  pair ap p roach in g  a sea m o u n t, 7  <  1

Trajectories for a point vortex pair approaching a seamount with 7  =  1/2 

are given in figure 7.1 and can be divided into four different families. First, 

consider the line shaded region in (A, 0)-space with a typical trajectory given 

in 7.1(f). In this region the trajectories in (A, 0)-space are not closed so, as 

expected, the trajectories in physical space are aperiodic. Assuming the 

pair far away from the topography (i.e. A 1), then as the pair approaches 

the seamount the influence of the partial images (of opposite-sign) slow the 

vortices and its path is deflected as the pair passes on the same side of the 

topography (i.e. the trajectory in (A, 0)-space passes through 0 =  0), before 

eventually translating away from the seamount.

Second, consider the unshaded (A, 0)-space. Again the trajectories in 

(A, 0)-space are open, so, trajectories in (x, y )-space are not periodic. An 

initially distant pair, approaches the seamount and is slowed by the topo­

graphic partial images, but now, the vortex closest to the seamount ‘pairs- 

off’ with its partial image and translates rapidly around the seamount leav­

ing its partnering vortex to translate more slowly around the topography. 

Hence the pair bifurcate and each constituent vortex passes on opposite 

sides of the seamount. This is characterized in (A, 0)-space as a trajectory 

which passes through 0 =  n. Soon after, the vortex closer to the seamount 

is advected away from the seamount by the other more slowly translating 

vortex. The pair then translate away from the seamount with the resulting 

trajectory in (#, ?y)-space being deflected considerably by the topography.

The third class of trajectories is represented in (A, 0)-space by the solid
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Figure 7.1: Trajectories of point vortices exterior to circular topography 
with 7  =  1/2 and J  «  228. Shadings in (A, 0)-space show the different 
families of trajectories with examples of each type of trajectory in (x,y)~ 
space given by (i), (ii) and (Hi) where the dotted box is enlarged. The 
cross hatched area, here and subsequently, shows the forbidden area where 
A < Amin with arrows drawn at equal intervals.
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shaded region in figure 7.1. Here (A,0)-space trajectories are closed (since 

(A, 0)-space is periodic in the cf) direction) indicating periodic motion in 

(x, y)-space, where the pair (having different rotation frequencies) is trapped 

about the seamount translating in different directions. Hence, when the pair 

interact strongly with each other (i.e. when 0 ^ 0 ), the distant vortex ad- 

vects the closer vortex away from the seamount. But the vortex closer to the 

seamount is translating more quickly and overtakes the more distant vor­

tex, such tha t the closer vortex is now advected back toward the seamount. 

Therefore the pair describe small amplitude leap-frogging motion. Figure 

7.1(m) gives a typical example.

The last class of trajectories is represented by the hyperbolic point in 

(A, 0)-space. This point represents a two-vortex equilibrium state where 

both vortices are in steady rotation around the seamount with cf) = 0  such 

that they rotate on the same side of the topography. Although analysis 

is not shown here, it is expected that this state would be unstable being 

located at a hyperbolic point. Appendix J shows how such states are found.

Figure 7.2 shows the trajectories of a point vortex pair around an island 

occupying the entire depth of fluid ( 7  =  0 ), this being the limiting case 

of a seamount. The trajectories of the pair can be classified in the same 

way as those for a seamount ( 7  < 1 ): (a) the pair passing the topography 

on the same side (the lined region in figure 7.2 with an example trajectory 

given by figure 7.2i), (b) the pair bifurcating and passing on opposite sides 

(the unshaded region, figure 7.2ii), (c) the pair being trapped around the 

island (the coloured region, figure 7.2in)  and (d) a two-vortex equilibrium 

state located in (A, 0)-space at the hyperbolic point. Similar to the case of 

a seamount ( 7  <  1 ), this dipole equilibrium state is located at 0  — 0  such 

that the pair rotates around the island on the same side (in this case the
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Figure 7.2: Trajectories of point vortices exterior to circular topography with 
7  =  0 and J  «  130. Shadings in (A,0)-space show the different families of 
trajectories with examples of each type of trajectory in (x, y )-space given by 
(i), (ii) and (Hi) where the dotted box is enlarged.
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leap-frogging motion is accentuated since the topographic images are of the 

same magnitude as each vortex).

7 .2 .2  P o in t v o r te x  pair ap p roach in g  a w ell, 7  >  1

A vortex outside circular topography with 7  < 1 (i.e. a well) will experience 

a topographic partial image of the same sign as the vortex. Consider the 

case where J  = 0 such that r\ — r<i — p (say). As the pair approaches the 

well, each vortex will be advected closer to the topography. If the separation 

is not sufficiently large enough each vortex comprising the pair will ‘pair-off’ 

with its image in the well. Subsequently, each vortex will translate around 

the well translating in a direction approaching each other so tha t they are 

on a collision course. Eventually since they have identical radial distances, 

each vortex will meet at a point at the edge of the well. Therefore, there is 

a minimum separation, when the pair is far from the well, below which the 

pair will collide with the step.

To evaluate this separation first write (7.3) in terms of p with 4> — 7r, i.e.

Computing the minimum value of (7.8) will lead to the minimum radial 

distance of the pair to just avoid colliding with the well which can be written 

explicitly as

Using (7.3) the energy for this trajectory can be computed, thereby giv­

ing a minimum value of energy which, if reduced, will lead to an initially 

distant pair colliding with the topography. In (A, 0)-space this will lead to 

trajectories existing in A < Am;n.

(7.8)

(7.9)



CHAPTER 7: Interactions o f Vortex Pairs with Circular Topography 118

12

10

8

6

4

2
j__ 1__ i

0.0 0.5 1.0- 0.51. 0

5

0

5

-5 0 b

/  -N 10

M

5

0

•5

0 5 10•5

(in)

■2 06 4 2 64
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Trajectories for a pair of point vortices with 7  =  2 in (A, 0)-space near a 

well with examples trajectories in (x, y )-space are given in figure 7.3. Sim­

ilarly to the previous case where 7  < 1 , trajectories of a point vortex pair 

fall into four distinct families. However, the behaviour in each regime is 

subtly different. Consider the unshaded region in figure 7.3, with typical 

{x , y )~space trajectory given in figure 7.3(i). Here a distant point vortex 

pair approaches the well, while in the neighbourhood of the well each vortex 

experiences an image of the same-sign circulation. Then, the vortex nearer 

the well slows and ‘pairs-off’ with its image and starts to translate around 

the well, as does its partner, albeit at a slower rate (as it is further away from 

the well). A short time later, after the pair have passed through 0  =  tt, the 

vortex closest to the well leaves the vicinity of the topography as it re-pairs 

with the distant vortex. The pair then translate away from the topography 

such that, eventually, A 1.

The second class of trajectory is associated with the line-shaded region 

of figure 7. 3, with a typical trajectory given by figure 7. 3( h ) .  Like before, an 

initially distant pair approaches the well and is attracted by partial images 

of the same-sign. However in this case the vortex closest to the topography 

becomes almost trapped by the well such that in (A, 0)-space the trajectory 

passes through 0 =  0. After this vortex makes one complete orbit in (x, y)- 

space it re-pairs with the other, more distant vortex and the pair translate 

away from the well. Note that although the vortex closer to the well makes a 

complete pass of the well, this does not constitute periodic motion in (A, 0)- 

space since for this family, trajectories are open i.e. they are not periodic.

The third class of trajectory is when the pair is trapped by the well, 

given by the coloured region in figure 7.3, where the vortices orbit the well 

at different angular speeds. However, in contrast to when 7  < 1, the pair
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translate in the same direction. Therefore when the vortices interact with 

each other strongly, the closer vortex is forced toward the well and no leap­

frogging motion occurs. A typical trajectory is given in (x, y )-space by figure 

7.3(m).

The last class of trajectories, as with the previous section, is located the 

hyperbolic point in (A, 0)-space which divides previously described trajecto­

ries. This point represents a two-vortex equilibrium state where both vor­

tices are motionless, held stationary by the topographic images with 0  =  7r 

such that they exist on opposite sides of the topography. This is in contrast 

to when 7  < 1 where the vortices orbit around the seamount.

Figure 7.4 gives trajectories of a point vortex pair near an infinitely deep 

well with 7  —* 0 0 . Trajectories divide into the same regimes as when 7  =  2  

where the pair either; (a) be deflected by the well with vortices remaining 

on opposite side of the topography figure 7.4(i), (6 ) be deflected with one 

vortex being momentarily trapped by the well figure 7.4(n), (c) where the 

pair is trapped by the well or figure 7.4(m), (d) where the pair are stationary, 

existing in a two-vortex equilibrium state with 0  =  tt (i.e. the vortices are 

on opposite sides of the well).

7.3 Computed vortex patch trajectories

The evolution of a vortex patch pair consisting of two finite area, equal 

volume, patches of oppositely signed uniform vorticity is found using an 

adaption of the contour dynamics algorithm, details of which have been 

given in chapter 6 . Two topographic cases are examined: first when the pair 

translates toward topography with 7  < 1 with both a seamount ( 7  =  1 / 2 ) 

and a surface piercing island ( 7  =  0) studied. Second, the trajectories of 

when the vortex patch pair translate toward topography with 7  > 1 with
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Figure 7.4: Trajectories of point vortices exterior to circular topography 
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families of trajectories with examples of each type of trajectory in (x, y)- 
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both a well ( 7  =  2) and a deeper well ( 7  =  7) examined. The patches are 

initialized far from the circular topography such tha t initially, the effect of 

the ‘partial images’ is small. Furthermore, each patch is centred around a 

point vortex trajectory which has the energy and impulse of the trajectory 

which follows the separatrix in (A, </>)-space. This choice is made so the most 

interesting patch trajectories can be observed.

In all computations the topography has unit radius and the initial sep­

aration of the pair is approximately 6 . 6 6  with each patch having area 7r/2. 

Each patch is discretized into 128 nodes around its boundary and is sub­

jected to a loss of volume of < 1 % unless stated otherwise.

7 .3 .1  V o r tex  p a tch  pair ev o lv in g  tow ard  a se a m o u n t, 7  > 1

Figure 7.5 shows three examples of the evolution of vortex patch trajectories 

with 7  =  1/2, sketched in ( x , y )~space and (A,0)-space where, an equivalent 

(in terms of its energy and impulse) point vortex pair is drawn for compar­

ison in (A, 4>)-space only. Here and below, the three examples shown are 

initialized such that the pair has 1 % less of the energy of a point vortex 

pair which passes through the separatrix, £s, precisely the energy of the 

separatrix and 1 % more respectively.

As expected from chapter 4, the difference between the computed patch 

and an equivalent point vortex trajectories is small. In the example where 

the energy of the pair is less than Es, figure 7.5(a), the patches remain 

close to circular and do not touch the seamount, consequently, point vortex 

and vortex patch trajectories are virtually identical. The agreement is still 

excellent when the patches are initialized with energy equal to £s , figure 

7.5(5). Here the patch closest to the seamount just touches the topography 

before translating away from the seamount. However, unlike its point vortex
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Figure 7.5: Vortex patch trajectories in (A, </>)-space and (x, y )-space for a 
vortex pair (where here and subsequently, dotted lines show the path of each 
vortex centroid) approaching a seamount with 7  — 1 / 2  for three different 
energy states: (a) less than Ss, (6 ) equal to Es and (c) greater than £s. 
Trajectories in (A, 0)-space are compared to equivalent point vortex pair 
(dashed lines, which are obscured by the solid line for the most part) and 
the region where A < Amin is hatched.
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equivalent, the pair does not bifurcate. When the patches are initialized 

with energy greater than Ss, the comparison with a point vortex trajectory 

is less satisfactory since for this case one patch out of the pair straddles the 

seamount, allowing the trajectory to enter A < Am i n -

Figure 7.6 shows three computed vortex patch trajectories with 7  =  0 

such that the topography is, in fact, an island. The first example, fig­

ure 7 .6 (a), shows when the patches are initialized with energy less than 

Ss. In this case the resulting trajectory interacts only weakly with the is­

land (therefore having its trajectory deflected only slightly) and the patches 

remain close to circular throughout its evolution and comparisons with tra ­

jectories for point vortex pairs is excellent. With energy equal to the 

patches interact with the island more strongly, with the patch closest to the 

island slowing under the influence of its oppositely signed image. However, 

similar to the last case the pair does not bifurcate, but translates away from 

the island after being deflected from its original path. Lastly, figure 7.6(c) 

shows the case when the patches are initialized with energy greater than Ss. 

Here the patches do bifurcate as they approach the island, with the vortex 

closer to the topography quickly orbiting the island before re-pairing with 

its partner shedding a small amount of vorticity as it does so.

7 .3 .2  V o r tex  p a tch  pair ev o lv in g  tow ard  a w e ll, 7  < 1

As in section 7.3.2 three different energy states are examined, first when the 

patch pair are initialized with energy such tha t is it 1 % less than £s -  the 

energy of a point vortex pair whose trajectory passes through the separatrix. 

Second when the energy is equal to £s, and finally when the patch pair is 

initialized such that it has energy 1 % more than £s .

Figure 7.7 shows the computed evolution of a vortex patch pair with
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Figure 7.6: Vortex patch trajectories in (A, </>)-space and {x , y )~space for a 
vortex pair approaching an island with 7  =  0  for three different energy 
states: (a) less than Ss, (b) equal to £s and (c) greater than Ss. Trajectories 
in (A, 0)-space are compared to an equivalent point vortex pair (dashed lines, 
obscured by the solid line for the most part) and the region where A < \ min 
is hatched.
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Figure 7.7: Vortex patch trajectories in (A, 0)-space and ( x ,y )~space for a 
vortex pair approaching a well with 7  =  2  for three different energy states: 
(a) less than £s, (b) equal to Ss and (c) greater than £s . Trajectories in (A, 4>)~ 
space are compared to equivalent point vortex pair (dashed lines, which are 
obscured by the solid line for the most part) and the region where A < Amin 
is hatched.
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7  =  2 such that the pair translates toward a well. The first example, fig­

ure 7.7(a), shows the motion of a patch pair with energy initialized such 

that it has energy less than £s. As the pair approaches the topography, 

each vortex is advected toward the well, soon after one vortex straddles the 

well and translates around the step before its partnering vortex advects the 

straddling vortex so that it exists wholly inside the well whereupon it subse­

quently translates about the well before leaving the well under the influence 

of its partnering vortex. This motion compares favourably to the equiva­

lent point vortex motion apart from when the pair straddles the well where 

comparisons between the two can no longer be made. Figure 7.7(b) shows 

the trajectory of a vortex patch pair when the energy is equal to £s. Like 

the previous example, one vortex out of the pair straddles the well. How­

ever, on this occasion, the partnering vortex is allowed to almost translate 

around the well as the straddling vortex describes cycloid-like trajectories 

over the edge, shedding a small, but finite amount of vorticity as it does so. 

Eventually, the vortex breaks free of the topography (under the influence its 

partnering vortex) and translates away from the well. In the final example, 

figure 7.7(c), when the patches have energy greater than £s the patch and 

point vortex trajectories have excellent agreement. In this case one vortex 

just touches the well (before translating away), but does not straddle the 

topography.

Figures 7.8-7.10 shows vortex patch trajectories for a pair translating 

toward a deeper well with 7  =  7. This choice is made as vortex patch motion 

with topography such that 7  —> 0 0  can not be computed effectively using 

contour surgery. Consider a pair translating toward topography with 7  —> 

0 0 . If the separation of the pair is sufficiently small, at least one vortex would 

straddle the well. However, to conserve mass this vortex would shrink to zero
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Figure 7.8: Vortex patch trajectories in (A, 0)-space and ( x , y )~space for 
a vortex pair approaching a well with 7  =  7 having energy less than the 
that which follows the separatrix. Trajectories in (A, </>)-space are compared 
to equivalent point vortex motion (with dashed lines) where each vortex 
remains coherent. With the onset of significant shedding comparisons can 
no longer be made. The region in (A -  0)-space where A < Amin is hatched.

size creating a vortex sheet. Using contour surgery this patch would become 

small enough for the algorithm to assume it has a minor dynamical effect 

and remove the patch using the surgery procedure. Despite this deficiency 

patches that do not straddle the well are still computed efficiently using
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Figure 7.9: Vortex patch trajectories in (A, <£)-space and (x, y )~space for a 
vortex pair approaching a well with 7  =  7 having energy equal to tha t which 
follows the separatrix. Trajectories in (A,0)-space are compared to equiv­
alent point vortex motion (with dashed lines) where each vortex remains 
coherent. With the onset of significant shedding comparisons can no longer 
be made. The region in (A -  0)-space where A < \ min is hatched.

contour surgery. Hence a well with 7  =  7 is chosen to allow a straddling 

vortex to have finite area inside the well.

Figure 7.8 shows a distant vortex pair translating toward the deep well 

having energy less then S3. As the pair approaches the deep well each vortex
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Figure 7.10: Vortex patch trajectories in (A, </>)-space and ( x , y )~space for a 
vortex pair approaching a well with 7  =  7 having energy greater than that 
which follows the separatrix. Trajectories in (A, 0)-space are compared to 
an equivalent energy point vortex pair (dashed lines) and the region where 
A < ^min is hatched.

is advected toward the topography by the images. Soon after, one vortex 

approaches and eventually straddles the well, and due to the large contrast 

in depth this straddling vortex sheds vorticity. Vortex shedding continues as 

the patch translates around the edge of the well until the vortex can no longer 

be considered coherent. The other, more distant vortex, then orbits the well 

at a (reasonably) fixed distance from the centre of the well deviating slightly 

due to the effect of the small filaments. Figure 7.9 shows a vortex patch pair 

translating toward the well with energy equal to Ss. The trajectories for this 

configuration are similar to the previous case. Approaching the well, one 

vortex comprising the pair straddles the well and sheds significant vorticity 

such tha t the vortex quickly becomes incoherent. The more distant vortex 

then translates about the well at an almost fixed distance from the centre, 

deviating slightly due to the effects from the small filaments. Figure 7.10 

shows the vortex patch trajectories of a pair translating toward the well with 

energy greater than £a. In this example the pair is sufficiently far apart so
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Figure 7.11: A two-vortex patch equilibrium state and its subsequent evo­
lution near a seamount with 7  =  1/5.

that neither vortex straddles the well. Consequently, there is no significant 

shedding and the pair translates away from the well with excellent agreement 

to point vortex trajectories.

7.4 Two-Vortex Patch Equilibrium States

Section 7.2 noted a special configuration of a point vortex pair corresponding 

to a stationary point in (A, <j6)-space. These points represent a point vortex 

pair orbiting the topography with identical angular speed for 7  >  1 , and a 

fixed pair for 7  < 1 . Motivated by these results for point vortices, in this 

section analogous states are computed for vortex patch pairs. The numerical 

method is the same as described for finding two-vortex patch equilibrium 

states for rectilinear topography (chapter 4, section 4.5), modified to account 

for the circular topography (Appendix G).
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Figure 7.12: A two-vortex patch equilibrium state and its subsequent evo­
lution near a well with 7  =  3.

Figure 7.11 shows a two-vortex equilibrium state (first frame) with 7  =  

1/5 and the subsequent frames show the evolution of this configuration. 

As described by section 7.2, two-vortex equilibrium states exist (for a pair 

near circular topography at least) at hyperbolic points. Therefore it is not 

surprising that after being initialized as in figure 7.11, the pair breaks from 

its steady orbit and the pair eventually translates away from the topography. 

Figure 7.12 shows another two-vortex patch equilibrium state with 7  =  3 . 

As before, the evolution of the subsequent pair is shown. The pair is held 

stationary for less than half a rotation period by the topography. Therefore, 

the pair eventually translates away from the well, albeit at a much slower 

speed (i.e. more than 6 times slower) than if the topography were absent.

Figure 7.13 gives an example of a two-vortex patch equilibrium state
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2

Figure 7.13: A two-vortex patch equilibrium state and its subsequent evo­
lution near a well with 7  =  2 .

with for 7  =  2  where both patches straddle the topography. Similar to the 

equilibrium states for rectilinear topography where a patch straddles the 

topography, this state for circular topography is extremely unstable. It very 

quickly breaks from its steady state and orbits the topography with one 

vortex shedding significantly.
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7.5 Conclusions

The behaviour of a point vortex pair exterior to finite height circular to­

pography has been found including the limiting cases of surfacing piercing 

topography (an island) and a deep well. The trajectories of point vortex 

pairs was derived explicitly from an appropriately derived Hamiltonian. For 

the topographic cases of 7  > 1 and 7  < 1 point vortex trajectories which 

approach the topography can be divided into four distinct categories: first 

when an a pair passes the topography such that the vortices pass on same 

side of the topography, second when the pair splits as it approaches the to­

pography and passes on opposite sides, third when the pair is found trapped 

by the topography with each vortex in the pair having different frequency of 

rotation, and finally when each vortex in the pair is in a steady configuration 

such that for 7  > 1 each vortex comprising the pair orbits with identical 

frequency, or each vortex is held stationary by the topography for 7  < 1 .

Vortex patch trajectories were computed using contour dynamics and 

comparisons were made with point vortex trajectories with examples given 

when 7  > 1 and 7  < 1. Provided the patches remained close to circular 

during their evolution, vortex patch trajectories compared extremely well 

to point vortex trajectories. Comparisons were less accurate when a patch 

straddled the topography. For the case where 7  > 1 it was observed that 

straddling patches could take to cycloid-like trajectories directly over the 

topography before departing locality of the well. Whereas, for 7  1 it was

observed that provided the vortices were sufficiently close to the deep well, 

vortex patch pairs could be trapped by the topography thereby changing 

from one class of trajectory to another. Finally, two-vortex patch equi­

librium states were computed with examples given for an initially steady 

rotating pair near a seamount, a pair initially held stationary by a well and
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a straddling pair near a well. Equilibrium states were found to be unstable 

(such points begin located at hyperbolic points in (A, 0)-space), with the 

straddling equilibrium state found to be particularly unstable.



Chapter 8

Laboratory Experim ents on  

Dipolar Vortices Colliding  

w ith Step Topography

Two-dimensional dipolar vortices in stratified shallow water have been stud­

ied extensively in laboratory experiments (see for example Flor &; van Heijst, 

1994; van Heijst & Flor, 1989a; Voropaev & Afanas’ev, 1992; Flor, van Hei­

jst & Delfos, 1995). In these studies, vorticity is generated by disturbing 

an initially stationary fluid with a turbulent impulse (usually in the form of 

a horizontal jet) which is forced by a density stratification to collapse into 

quasi-two dimensional flows where a vortex dipole emerges. This phenom­

ena, where larger structures form from smaller structures, is a characteristic 

feature of two-dimensional flows (see for example McWilliams, 1984) and is 

in contrast to three dimensional flows where turbulent flows cascade toward 

smaller and smaller scales (a cigarette plume for example). Velasco &; van 

Heijst (1994) investigated the behaviour of dipolar vortices with background 

rotation on a topographic j3 plane with good agreement with theoretical pre­
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dictions. Vortices were generated by towing a hollow cylinder through the 

tank and pulling it out of the fluid while maintaining its vertical axis. Dipo­

lar vortex structures have also been generated in a thin layer of mercury 

by Nguyen Due & Sommeria (1988) where turbulence was generated by a 

non-uniform magnetic field and by Couder & Basdevant (1986) where a soap 

film supported two dimensional vortex pairs.

There has been less attention given to the dynamics of dipolar struc­

tures in a non-rotating homogeneous fluid. In the absence of topogra­

phy, Sous et al. (2005) describe dipolar vortices in a non-rotating, homo­

geneous, shallow water layer formed using a horizontal turbulent jet. The 

two-dimensional nature of the flow was found to depend on a dimension- 

less parameter C = y^Qt/H 2 (where Q is the injected momentum flux, t is 

the injection duration and H  is the fluid depth) known as the confinement 

number. For C  < 1, the flow was typically three dimensional in nature, 

however for C  > 3 (such that the fluid has small thickness), the initially 

turbulent flow collapses into two-dimensional eddy structures and a vortex 

dipole emerges.

Barker Sz Crow (1977) generated dipolar vortices by forcing fluid through 

a channel whose ends taper into a slit. Centurioni (2002) exploited this tech­

nique to investigate the dynamics of a vortex dipole propagating at normal 

incidence toward a planar sloping beach inclined at a constant angle to the 

horizontal. Vortices were observed to separate as they entered shallower 

water, eventually translating (almost) parallel to the shoreline in opposite 

directions. Observed vortex trajectories were compared to inviscid vortex 

ring trajectories with good agreement provided the vortices are initialized 

close to the topography and the Reynolds number, Re > 1500. In this study, 

unlike Centurioni (2 0 0 2 ) dipoles at oblique incidence are considered, as are
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both of cases of dipoles approaching the topography from shallow and deep 

water.

Johnson & McDonald (2004) examined the behaviour of a vortex pair 

impinging a rectilinear step change in depth at normal incidence. Upon col­

lision with the step the pair’s separation changed, increasing when crossing 

from deep into shallow water and decreasing when crossing from shallow into 

deeper water. This behaviour could be described in terms of the vortices 

interacting with ‘partial images’, owing to the presence of the step, which 

advected each vortex as the pair approached the escarpment. Chapter 5 con­

sidered the more general case of a vortex pair incident to an escarpment at 

oblique incidence. It was shown that a pair crossing from deep into shallow 

water always crossed the step and translated in shallow water with an angle 

refracted toward the normal of the step. Pairs approaching the step from 

shallow water would either cross the step and translate in deeper water at 

an angle refracted away from the normal, or, interestingly, not cross the step 

into deeper water, but instead be reflected at the escarpment and continue 

to translate in shallow water.

In this chapter, an experimental study of vortex dipoles interacting with 

topography is described to illustrate these theoretical predictions. Vortex 

pairs will be generated in a non-rotating homogeneous fluid and allowed 

to propagate (by mutual self-advection) toward an escarpment and interact 

with the step.

Section 8.1 describes the experimental setup and section 8.2 gives qual­

itative descriptions of experiments giving examples of experiments crossing 

from deep and shallow water. In section 8.3 experimental results are de­

scribed quantitatively and are compared to those from inviscid predictions 

from previous chapters. Finally 8.4 presents conclusions.
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Figure 8.1: The experimental testing tank.

8.1 Apparatus and experim ental arrangement

The following experiments were performed in a perspex tank having dimen­

sions 1.5 x  1 .0  x  0.5m (see figure 8.1). The vortical flows were confined to 

move over a suspended rigid glass plate (with dimensions 1.31 x  0.81m) to 

assure a constant depth throughout the flow (note, perspex is not used since 

it is known to buckle). The tank was filled with water of constant density to 

a working depth (above the glass plate) of 20 -  30mm which is sufficiently 

shallow to generate two-dimensional vortical structures. Vorticity was gen­

erated using an isolated turbulent jet as described by Sous et al. (2005). A 

computer controlled gate controlled the delivery of fluid at a constant pres­

sure. The nozzle diameter (1mm) was directed at half depth. The fluid was
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injected, into water at rest, over a period L =  0.9s such tha t the injected 

volume was typically 50m/. The Reynolds number Re  =  Ud/ u  where d is the 

nozzle diameter, U being the injection velocity and v the kinematic viscosity 

was larger than 5000 ensuring that initially, a fully developed turbulent flow 

exits the nozzle. The generated dipolar structures propagate toward a step 

change in depth made by installing a glass plate over the suspended bottom. 

An arbitrary incident angle 0* is achieved by orienting the nozzle relative to 

the topography.

The injected fluid was mixed with a strong dye in order to visualize the 

flow (with bottom illumination). Care was taken to ensure the injected fluid 

had the same density and temperature as the water in the tank and that 

a sufficient time (approximately 2 0  mins) had elapsed between successive 

experiments to ensure that any residual motion in the tank to be negligible. 

The evolution of the flow was captured at a rate of 15H z  using a camera 

mounted above the tank with each image corrected for barrel distortion using 

Adobe Photoshop. Quantitative measurements of velocity and vorticity were 

made using the MATPIV software package (J. K. Sveen, University of Oslo). 

Experiments are divided by the choice of depth ratio 7  =  H ~ / H +, into 

two sections. First, a dipole approaches the step from deep water, 7  < 1 , 

and, second, a dipole approaches from shallow water, 7  > 1 . For each 

topographic case three different depth ratios are examined where for each 

depth ratio four different incident nozzle angles (relative to the normal of 

the topography) were tested, 0* =  0 ,7r / 8 , 7t / 4 , 37t / 4 . The following results 

illustrate the observed general flow features.
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Figure 8 .2 : Snapshots taken at regular intervals of 1.87s for a dipole ap­
proaching a step at normal incidence with 7  =  4 / 5  from relatively deep 
water. The last figure shows the computed trajectories of the vortex cen­
troids with the points shown here (and below) taken at 1.33s intervals. The 
dashed line indicates the location of the step.

8.2 Qualitative observations

Figure 8.2 shows the evolution of a dipole at normal incidence to a step with 

depth ratio 7  =  4/5. Frames are taken at 1.87s intervals. Initially (figure
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8.2a) the injected flow is essentially a three-dimensional turbulent jet. The 

flow then quickly collapses into a quasi two-dimensional dipolar structure. 

By mutual self advection the eddies approach the step where their separation 

increases from the influence of the oppositely signed images owing to the 

presence of the step (figure 8.26). As the dipole crosses the step (figures 

8 .2 c-/), the area of the each patch increases by mass conservation (a detailed 

explanation of the topographic effect on the size of the dipole follows in 

8.3.1). Then, the dipole translates away from the step with (approximately) 

normal incidence, as expected from chapter 5. The last figure shows the 

computed trajectories (from the experimental data) for each vortex centroid 

comprising the dipole. The position of the dipole (shown by either circles 

and squares) is computed at 1.33s intervals with the dashed line showing 

the location of the step. Details on how these trajectories were obtained is 

given in Appendix K.

8 .2 .1  D ip o le s  ap p roach in g  from  d eep  w ater: 7 <  1

Figure 8.3 shows another example of a dipole crossing a step from deep 

water, with 7  =  7/10, but with the nozzle at an incident angle of 7r / 4 . Fig­

ure 8.3(a) shows a dipole emerging from the initially turbulent jet and the 

pair propagate toward the step (figure 8.36). Like previously, as the dipole 

approaches the escarpment its separation increases under the influence of 

the oppositely signed images in the step (figures 8.3c-d). The dipole then 

straddles and eventually crosses the step such tha t the dipole exists wholly 

in shallow water with a larger area as a consequence of mass conservation 

(figures 8.3d-i). Furthermore, since the dipole crosses from deep water at 

oblique incidence it is expected (from Chapter 5) tha t the dipole be re­

fracted toward the normal. Using techniques described in Appendix K the
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Figure 8.3: Snapshots taken at regular intervals of 1.87s for a dipole ap­
proaching a step with 7  =  7/10 from relatively deep water at an angle of 
7t / 4  normal to the step.

dipole refracts through an angle of 0.178 which is within 4.36% of the angle 

predicted by (5.8).

The inviscid theory of chapter 5 predicts that approaching from deep
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(a)

Figure 8.4: Trajectories of the vortex centroids for two experiments of a 
dipole approaching a step from relatively deep water at an angle of 37r/ 8  

normal to the step, (a) depth ratio 7  = 4/5 and the pair crosses the step, 
(5 ) 7  =  7 / 1 0  and the dipole does not cross and remains in deep water.

water a dipole will always cross the step. However, experimental observa­

tions do not always support this prediction. Figure 8.4 gives two dipole 

trajectories propagating toward a step with the nozzle at an angle of 3tt/8 

for different depth ratios: figure 8.4(a) with 7  = 7/10 where the dipole 

crosses the step, and 8.4(b)  with 7  = 4/5 where the dipole does not cross 

and appears to perform TIR, rebounding after colliding with the step. This 

observation suggests that there is a critical depth ratio (or equivalently if 

fixing 7  a critical angle) if increased a dipole translating from deep water 

will perform TIR.

8 .2 .2  D ip o le s  ap p roach in g  from  sh a llow  w ater: 7  >  1

Figure 8.5 shows an example of a dipole initially translating in shallow water 

at an angle of 7r/ 4  toward a step with 7  =  6/5, such tha t its separation 

decreases as it approaches the step. Away from the step, in shallow water, 

figure 8.5(a) shows the dipole emerge from the initial turbulence. Then, as 

the dipole approaches the step its separation decreases under the influence of 

topographic images of the same-sign circulation (figures 8.5b -c)  such tha t its
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Figure 8.5: Snapshots taken at regular intervals of 1.47s for a dipole ap­
proaching a step with 7  =  6/5 from relatively shallow water at an incident 
angle of 7r/ 4  normal to the step.

speed increases and it moves over the step relatively quickly (figures 8 . 5 d-g). 

The dipole refracts away from the normal (figures 8.5h-i) through an angle 

of 0.427 which is an overestimate of the predicted refracted angle by 35.4%.

Figure 8 .6  shows a dipole initially translating in shallow water toward a 

step with 7  =  3/2 and at an angle of 7r / 4 . Similar to the previous example,
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as the dipole approaches the step its separation decreases (figures 8.6a-b). 

However in this case, due to the larger step change in depth, the dipole 

is forced closer together than the previous example. In fact, as the dipole 

crosses the step each vortex comprising the dipole interferes destructively 

(figures 8 .6 c-z) and the dipole loses coherency. This is an example of a 

dipole approaching a step in the debris region (chapter 5 section 5.2). The 

critical depth ratio from (5.4) is found (from experimental data) to be 7  ̂ =  

1.25. Therefore, dipoles approaching the step in this configuration would be 

expected to lose coherency.

Figure 8.7 shows a dipole approaching from shallow water at 3n/8  to­

ward a step with depth ratio 7  =  3/2. Away from the step the dipole 

moves at a constant propagation angle. Then, as the dipole approaches the 

step, the dipole does not to cross, but instead performs total internal reflec­

tion, TIR. First, the patch closest to the step straddles the escarpment and 

the dipole translates parallel to the topography (figures 8.7b-e) showing the 

same properties of a vortex patch pair translating in inviscid fluid close to 

the critical angle (see chapter 5, section 5.2). A short time later, the dipole 

moves back into shallow water and the pair translate away from the step 

at an angle comparable to its incident angle (figures 8.7f -i).  This type of 

trajectory (TIR) is to be expected since the critical angle for this config­

uration (calculated from (5.10)) is 1.16 compared to actual incident angle 

1.33. Furthermore, with the incident angle being close to the critical angle 

the observation of the dipole straddling the escarpment is also expected (see 

figure 5.7).
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Figure 8 .6 : Snapshots taken at regular intervals of 2.27s for a dipole ap­
proaching a step with 7  =  3/2 from relatively shallow water at an incident 
angle of n/4  normal to the step.

8.3 Quantitative results

8.3.1 T w o-dim ensional vortex  entrainm ent

It has been observed experimentally that the area of a dipole increases with 

time by capturing anomalous fluid as it evolves, irrespective of topographic 

effects. This phenomenon, known as entrainment, is a common feature of
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Figure 8.7: Snapshots taken at regular intervals of 2.93s for a dipole ap­
proaching a step with 7  =  7/10 from relatively shallow water at an incident 
angle of 3n/8  normal to the step where the dipole performs TIR.
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fluid flows. The seminal paper by Morton, Taylor & Turner (1956) was the 

first to develop a theory on entrainment on a vertically rising plume. It was 

assumed that the rate of entrainment of fluid at any height is proportional 

to a characteristic vertical plume velocity at that height. Their theory was 

compared to experiments with good agreement. Here, a similar assumption 

will be applied to circular, two-dimensional vortices. First assume a rigid 

lid and consider a two-dimensional circular vortex with area A  and over flat 

bottom topography. The angular velocity uq — \w r  is the characteristic 

velocity associated with the vortex with constant vorticity u>. But cj ~  T /A  

and f' rsj ' / A /  ir, therefore

4 1  =  ICue = A C - L H ,  (8 .1 )
at >/7r

where /C is a constant of proportionality. It follows that,

A  = k£2/3, (8 .2 )

where k = ( f ^ ) 2̂ 3- Figure 8 . 8  shows how the area of experimental dipoles 

varies with time to the power two-thirds for two cases: figure 8 .8 (a), when 

the dipole approaches a step from deep water with 7  =  1 / 2  and figure 8 .8 (6 ) 

when a dipole approaches from shallow water with 7  =  3/2. Each frame is 

initialised such that t = 0 represents the start of the turbulent jet. Each 

coloured line describes an individual experiment with identical parameters 

where the dotted black line gives the curve of best fit of the whole set of 

experiments. As observed from figure 8 .8 , the area of a dipole satisfies (8.2) 

since each plot is essentially a straight line up to t 2//3 «  4 s2/3.

It is expected that after crossing the step from deep water the dipole 

should increase its area by mass conservation (as well as entrainment) as
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Figure 8 .8 : The area of the whole dipole as a function of t 2/ 3 (s2/3) for 
a dipole approaching a step at normal incidence with (a) 7  =  1 / 2  and 
the dipole approaches from deep water and (b) 7  =  3/2 where a dipole 
approaches from shallow water. Each coloured line represents an experiment 
with an identical configuration with the black dashed line showing the curve 
which represents the whole set of experiments.

it translates in shallow water. Figure 8 .8 (a) gives strong evidence for this 

behaviour. For t 2/ 3 =  0 — 2s2/ 3 the region is characterized by the turbulent 

jet settling into a dipole structure entirely located in deep water. Then, 

between t 2/ 3 = 2 — 3s2/3, the dipole crosses the step from deep into shallow 

water, and there is a notable increase in the gradient of the line, indicating 

a sharp increase in dipole area. Then at £2/ 3 =  4 — 6 s 2/ 3 the dipole is now
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Figure 8.9: The logarithmic difference as a function of t 2/ 3 between the area 
of a dipole approaching a step to a dipole without topography. The red 
line shows the difference when comparing a dipole approaching a step from 
deep water in which the area increases after crossing the step. The blue line 
shows a dipole approaching a step from shallow water and its area decreases 
after crossing the step.

translating slowly, due to the increased dipole separation in shallow water 

and there is an observed decrease in area. This can be explained from the 

diffusion of dye into the anomalous fluid. A detailed explanation of this 

phenomenon is given in Appendix K.

Figure 8.8(5) shows how the area of a dipole varies with time t 2/ 3 when 

a dipole crosses a step from shallow water with 7  =  3/2. It is expected th a t 

the dipole will have a smaller area after crossing the step. Similar to the 

previous case, the region t 2/ 3 =  0  -  2 s2/ 3 is characterized by the creation of 

the dipole, this time wholly located in shallow water. Then at £2/ 3 «  22 / 3 

the dipole crosses the step into deep water, with an accompanying decrease 

in the rate of increase of area. The area of the dipole then continues to 

increase at a constant rate as the dipole translates in deeper water.

Figure 8.9 compares the above examples to the area of a dipole which 

translates without variable topography. By taking the logarithm of the ratio
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between an experiment with and without topography (i.e. log(.Ano top./Astep)) 

the effect of the step can be observed since increases in area (between an 

experiment with and without topography) will have a positive logarithmic 

ratio whereas decreases in area have a negative logarithmic ratio. The red 

line shows this ratio when the dipole approaches from deep water, which 

shows a relative increase in area, and the blue line shows where a dipole 

approaches from shallow water where there is a marked decrease area. Note 

that the magnitude of the relative difference is not symmetrical, this is be­

cause the depth ratio for the deep to shallow water experiment ( 7  =  1 / 2 ) is 

not the reciprocal of the shallow to deep experiment ( 7  =  3/2). Also note 

that the effect of the topography is always present not just when the dipole 

crosses the step. This is due to the partial images owing to the step which 

are able to influence the dipole at a distance.

8 .3 .2  V o r tic ity  d ecay

Unlike the inviscid theory of the previous chapters the experimentally gen­

erated dipoles are subjected to viscous effects and entrainment. Figure 8.10 

shows the vorticity of both positive vorticity patch, drawn with a red line, 

and the negative vorticity patch, the magnitude of which is drawn with a 

blue line, as functions of time for two experiments: (a) for figure 8 . 2  i.e. 

a dipole approaching from deep water with normal incidence and 7  =  4/5, 

and (b) for figure 8.7 i.e. a dipole approaching from shallow water with in­

cident angle 37t / 8  and 7  =  7/10. Details on how the vorticity of the dipole 

was computed are given in Appendix K. Figure 8.10(a) shows tha t ini­

tially away from the step in deep water the dipole’s vorticity decays with 

time. However, at around 6 s into its evolution, when the dipole crosses 

the escarpment, there is a sudden increase in the rate at which vorticity is
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Figure 8.10: The vorticity of a patch as a function of time for two experi­
ments: (a) same as figure 8 . 2  i.e. a dipole approaching from deep water with 
normal incidence and 7  =  4/5. (6 ) same as figure 8.7 i.e. a dipole approach­
ing from shallow water with incident angle 37r/ 8  and 7  =  7/10. The red 
line is the vorticity of the positively signed vortex, and the blue line is the 
magnitude of vorticity of the negatively signed vortex.

lost. This may be explained from the conservation of potential vorticity: 

when the dipole crosses into a smaller depth, its vorticity decreases so that 

uj/ H  remains constant. As the dipole continues to translate away from the 

step its vorticity continues to decrease at an exponential rate owing to vis­
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cosity and entrainment (where an increase in vortex patch area leads to a 

decrease in vorticity owing to the circulation conservation). Figure 8.10(6) 

initially shows the dipole emerging from the turbulent jet with the vortic­

ity increasing. Then as the dipole translates toward the step, its vorticity 

decays due to viscous effects. The dipole then starts to interact with the 

step at around 6 s. In doing so, as shown in figure 8.7, the negatively signed 

vortex straddles the escarpment (unlike the positive vortex) as it performs 

TIR. Consequently this straddling (negative) vortex increases its vorticity 

by conserving its potential vorticity whereas the positive vortex does not 

(since it does not cross the step).

8 .3 .3  E x p er im en ta l r e su lts  an d  in v isc id  th eo ry : a  co m p a r i­

son

8.3.3.1 The transm itted  angle

The angle of propagation (before and after interacting with the step) can be 

computed from experiments and compared with analytical expressions found 

in chapter 5. Notwithstanding the fact that the experimental vortices are 

different dynamically owing to (z) viscosity, (ii) entrainment and (in) and 

non-uniform vorticity. Following the trajectory of the dipole (for typically 

5 computed centroid points) before colliding with the step, a mean incident 

angle can be computed using linear regression. Similarly, after the dipole has 

either crossed the step or performed TIR, another set of computed centroid 

points are used to find the mean transm itted angle. Theoretically, given an 

initial angle and the depth ratio, the transm itted angle can be computed 

using (5.8) and then compared with actual experimental results.

Figure 8.11 compares the experimentally computed transm itted angle 

with the exact expression found by (5.8). Comparisons are divided into the
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Figure 8.11: Transmitted angle computed from experiment. Experiments 
are divided according to whether a dipole approaches from deep water (on 
the left) or shallow water (or the right). Each topographic case is divided 
further by grouping experiments with the same incident angle taking values 
0i = 0, 7t / 8 , 7t / 4 , 7t / 8 . Circles represent the theoretically predicted transm it­
ted value for each data set with error bars drawn. Squares represent the 
theoretically predicted angle expected from (5.8).

two cases of a dipole approaching the step from deep water (on the left) and 

a dipole approaching from shallow water (on the right). Each topographic 

case is further divided by collating experiments with the same incident an­

gles with each data set representing at least 7 experiments. Comparisons 

for dipoles approaching from deep water are good when the incident angle is 

small, and are less accurate when the nozzle angle increases where inviscid 

theory overestimates the actual transm itted angle. For dipoles approaching 

from shallow water, comparisons are still favourable and for small incident 

angles the comparison is good. However, for larger incident angles the vari­

ance of the data set is large and the comparison is less accurate. For some 

experiments this is a consequence of dipoles performing TIR  when inviscid 

theory would predict the dipole to cross the step.

37T

D e e p  t o  S h a l l o w S h a l l o w  t o  D e e p
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Figure 8.12: A comparison between experimental and a computed vortex 
patch trajectory found using contour dynamics (dashed line) for a pair ap­
proaching a step from deep water at an angle of 0.69 to a step with 7  =  4/5.

8.3.3.2 D ipole Trajectories

Trajectories from two experiments are compared with equivalent (in terms of 

its incident angle and separation) vortex patch trajectories, computed using 

contour dynamics. Figure 8.12 shows the case of a dipole approaching a 

step with depth ratio 7  =  4/5 at an angle (computed from the experimental 

trajectory using linear regression) of 0j =  0.69. Vortex patch trajectories are 

drawn with long dashed lines and are initialized away from the escarpment. 

The two sets of trajectories compare well: experimental trajectories are 

found to have increased separation after crossing the step and translate at 

an almost constant transm itted angle, although greater than predicted by 

inviscid theory. Figure 8.13 gives another comparison between a dipole that 

approaches a step with 7  =  6/5 from shallow water at an angle 0* =  0.95.
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Figure 8.13: A comparison between experimental and a computed vortex 
patch trajectory found using contour dynamics (dashed line) for a pair ap­
proaching a step from shallow water at an angle of 0.95 to a step with 
7  =  6/5.

This example shows where a dipole would be expected, from inviscid theory, 

to cross the step where it will shed vorticity (not shown) since it lies in the 

debris region, but instead the dipole performs TIR.

8.4 Conclusions

Laboratory experiments for a two-dimensional dipole propagating toward a 

step change in depth in shallow water have been carried out. Experimen­

tal dipoles are considered: (i) approaching the step from deep water and 

(ii) approaching the step from shallow water. For each case, experiments 

were carried out for three different depth ratios and for each depth ratio 

four different incident angles were examined. Qualitative observations con­

firm theoretical predictions tha t the dipolar separation will increase when 

crossing from deep water and decrease for a dipole crossing from shallow
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water. For obliquely incident dipoles it was observed th a t the transm itted 

angle (normal to the topography) increased as the dipole crossed from deep 

water and decreased when crossing from shallow water in accordance to the 

theory prescribed in chapter 5. Further, for dipoles approaching a step from 

shallow water with large incident angle total internal reflection was observed 

and in one example, a dipole translated parallel to the step for a significant 

time before crossing back into shallow water, again confirming theoretical 

predictions (see figure 5.7). However, there were some experiments which 

were contrary to theoretical predictions. For example, it was observed that 

a dipole approaching the step from deep water could perform total internal 

reflection, suggesting the existence of a critical depth ratio such th a t be­

low this ratio, a dipole would be reflected at the escarpment and continue 

to translate in deep water. In fact, similar behaviour has been found for 

dipoles approaching a wall at normal incidence, from numerical computa­

tions by Orlandi (1990) and by laboratory experiments by van Heijst &; Flor 

(19896). In these studies, as a dipole approaches the wall an intense thin 

layer of vorticity is induced at the wall which rolls up to form secondary 

vorticity, which in turn, causes a dipole to rebound from the wall. While 

this behaviour is clearly a viscous effect it is unclear how dipoles would re­

act approaching at oblique incidence or whether this phenomenon could be 

observed with finite height topography.

A measure of the rate of entrainment was found and it was predicted 

that the area of the whole dipole varied as a function of time to the power 

two-thirds which was supported by experimental observations. Next, the 

magnitude of the vorticity for each vortex comprising the dipole was com­

puted from the experimental data. Observations of the relative vorticity 

increasing when crossing a step from shallow water and decreasing when
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crossing from deep water were made, again in accordance to the theoretical 

predictions.

Direct comparisons with inviscid theory were made for the transm itted 

angle. There was reasonable agreement despite real fluid effects (viscos­

ity, entrainment and non-uniform viscosity), improving when a dipole ap­

proached at small incident angles. However, in the main theoretical analysis 

over predicted the observed transm itted angle.

Trajectories were compared with vortex patch trajectories computed us­

ing contour dynamics. These agreed well for a dipole approaching a step 

from deep water, but was less favourable for dipoles crossing from shallow 

water, where dipoles which were predicted to cross the step did not, but 

instead performed TIR. This suggests tha t viscous effects allow dipoles to 

perform TIR more than would be expected from inviscid theory. This might 

be explained in a similar way to dipoles which rebound after approaching a 

step from deep water.



Chapter 9

Conclusions and Future 

Work

The dynamics of coastal vortices near piecewise flat topography has been 

studied using analytical, numerical and experimental methods.

The presentation of this research has been divided according to the choice 

of topography: chapters 3, 4, 5, 8  considered an infinitely long step change 

in depth, whereas chapters 6  and 7 considered a circular step change in fluid 

depth. The principal effect of finite height topography is th a t vortices are 

subjected to partial, topographic images resulting from the boundary condi­

tions. These images are virtual in the sense where they do not actually exist 

and no extra vorticity is required to account for the presence of the step and 

are termed ‘partial’ since they have smaller magnitude than tha t of the real 

vortex. However, by describing vortex motion in term s of image vorticity, 

otherwise complex interactions can be simply explained. For a step change 

in depth, the effect of the topography can take two forms: first, when a vor­

tex is located in relatively deep water, the partial image is of opposite-sign; 

second when the vortex is located in relatively shallow water, the partial im­
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age takes the same-sign as the vortex. In this case the topography has been 

called an ‘anti-wall’ by Johnson & McDonald (2004). A consequence of the 

partial image effect is tha t a monopolar vortex will not remain stationary in 

the presence of a step, but will translate in the same direction regardless of 

being in deep or shallow water and in a direction parallel to the topography.

The difference from being in relatively deep or shallow water is perhaps 

most striking when monopolar vortex patches (computed using contour dy­

namics) are near to piecewise flat topography. W hen wholly contained in 

deep water, the patch is subjected to an image of opposite-sign flattening 

the patch along its edge closest to the step, with a shape similar to one 

half of an equal and oppositely signed vortex pair (Wu et al,  1984; Saffman 

&, Tanveer, 1982; Pierrehumbert, 1980). For patches in shallow water, the 

image is of the same-sign as the patch which draws vorticity closer to the 

step. The resultant shape being similar to one of two vortices having the 

same-sign circulation (Dritschel, 1995). These steadily translating, without 

deformation in shape, monopolar patches of vorticity called V-states were 

computed for rectilinear topography in chapter 3 and circular topography 

in chapter 6 .

Previous studies have demonstrated th a t in costal regions vortex struc­

tures are ubiquitous and are frequently found to interact with each other 

(see, for example Peregrine, 1998; Biihler Sz Jacobson, 2001; Ozkan-Haller & 

Kirby, 1999). Motivated by these observations chapter 4 examined the gen­

eral two vortex-vortex interaction problem near rectilinear step topography. 

By considering point vortices, trajectories were obtained explicitly in terms 

of the Hamiltonian and the conserved quantities of circulation, impulse and 

energy. Trajectories could be classified into distinct families, including, in­

terestingly, steadily translating two vortex equilibrium states (i.e. V-states).
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These states could be found in relative distance space at either hyperbolic 

points or at centres. Analogous equilibrium states for two vortex patches 

were computed and were found to be robust configurations when located at 

equivalent (in terms of their conserved quantities) point vortex equilibrium 

points at centres and unstable when situated at hyperbolic points of the 

Hamiltonian in parameter space.

Dipolar vortices (consisting of equal and opposite vorticity) are known 

to be generally more robust than their monopolar counterparts (Gorshkov 

et al., 2000) and are likely to be im portant features of coastal regions. The 

scattering of vortex pairs was examined for rectilinear topography in chapter 

5. By considering the motion of obliquely incident vortex patch pairs only, 

it was found tha t approaching a rectilinear step from deep water, pairs 

will always cross the step and translate in shallow water. In contrast, if 

approaching from shallow water a vortex pair will either cross the step and 

translate in deeper water or, instead, be reflected at the escarpment and 

continue to translate in shallow water at a propagation angle equal to the 

incident angle. This scattering phenomenon might be a significant feature 

of vortex pairs translating near sharp ledges (e.g. wide sand bars).

The scattering of vortex pairs by circular topography was studied in 

chapter 7. Trajectories of pairs were found to be significantly deflected from 

both seamounts (i.e. shallow islands which do not extend through the whole 

fluid depth) and wells (i.e. a circular depression). Similar to rectilinear 

topography, equilibrium states were found for both point vortices where ex­

act trajectories could be found using Hamiltonian techniques and for vortex 

patches computed using contour dynamics. Equilibrium states for pairs near 

a seamount were found to translate steadily around the seamount along con­

stant radial lines, however, pairs near a well were stationary, held motionless
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by the topography.

Many of the theoretical predictions for vortex motion near rectilinear 

topography were verified by a series of laboratory experiments in chapter 

8 . In particular, vortex pairs were observed to perform TIR  if approaching 

from shallow water and having a sufficiently large incident angle. The trans­

mitted angle at which the dipole propagated from experimental data was 

compared with inviscid theory from chapter 5 with reasonable agreement. 

This suggests that the main dynamical features of shallow water vortices are 

captured by considering idealized vortices in shallow inviscid water.

Other, more realistic, choices of topography would yield even better un­

derstanding of the dynamics surf zone vortices. Typically surf zone regions 

have continuously varying depth and it is common to find beaches with sub­

merged sand bars (occasionally separated by gaps) and it would be desirable 

to understand the dynamics of vortices near such topography. It is likely 

tha t numerical methods such as CASL (Dritschel & Ambaum, 1997) would 

be necessary to study such choices of topography. It would also be of in­

terest to consider the weakly rotating problem such tha t 1 < Ro  < oo, in 

contrast to the case Ro = oo considered here and the Ro  <C 1 which has 

been well studied theoretically and experimentally (see McDonald, 2000; 

Tenreiro, Zavala Sanson & van Heijst, 2006). The presence of rotation and 

variable topography inevitably gives rise to the possibility of waves (Rossby 

waves) and the coupled motion of waves and vortices presents a challeng­

ing mathematical problem. In addition, experimental results from chapter 8  

suggest tha t viscous effects are significant for large times and require further 

investigation.



A ppendix A

V -State Centres Of V orticity  

And Propagation Speeds

Frame number
(from  le ft to  r ig h t) 7  = 1/2

Depth ratio 
7  =  1/3 7  = 1/5

Vc U Vc U Vc U
1 2.16 0.0385 2.14 0.0583 2.11 0.0785
2 0.994 0.0805 0.934 0.125 0.864 0.172
3 0.611 0.109 0.619 0.158 0.609 0.206
4 0.403 0.119 0.460 0.169 0.501 0.214
5 0.278 0.122 0.361 0.172 0.431 0.217
6 0.0241 0.122 0.140 0.172 0.266 0.218
7 -0.404 0.110 -0.303 0.158 -0.112 0.205
8 -1.57 0.0550 -2.02 0.0651 -2.73 0.0649
9 -2.48 0.0338 -3.08 0.409 -4.03 0.0417

Table A.l: V-State Centres Of Vorticity And Propagation Speeds. Note 
here tha t in the calculations is was taken tha t to =  1 with 7  < 1 so tha t 
deep water exists in the y > 0  half-plane.



A ppendix B

A nalytical A pproxim ation to  

V -States near R ectilinear  

Topography

Consider, following Johnson (1978), a vortex patch in deep water with 

boundary dV  and volume irH+ so th a t the V-state has unit radius. Take 

the centre of the V-state to be (x, y) = (0, yc) so tha t the vortex is not 

straddling the step. An approximation to the shape of the V-state can be 

found by expanding in terms of e where e =  i/” 1 «  1, Let the boundary of 

the V-state to be z =  iyc +  R{9)e%e where R{9) is given by

R(0) = 1 +  e2F2(e) + e3F3(6) + 0 ( e 4). (B .l)

The Green’s function (3.10) consists of a vortex and an image contribution, 

giving an image and a vortex contribution to the expression for the stream- 

function on the boundary of the V-state. For the V-state to be steadily 

propagating these two terms must sum, with a term giving a uniform back-
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ground flow, to a constant on dV.  The image contribution follows from 

integrating H around dV  as

/X a Q H + f 2n f R(0/)
* = “ a T

r Z T T  f r t y V  )

/ /  log IR(9)el6 +  iyc -  (r'e~%e' -  iyc)\r'drd6. (B.2)
Jo Jo

Evaluating these integrals and taking the real part of the streamfunction 

including the uniform background flow, ri\)B =  —A(e)y (where A(e) =  eAi +  

e2A2 +  e3A3 +  0 (e 4)) gives

_ a Q H + f 1 lo , esin0 e2 cos 20 3
2

'27r

{log 12 yc + +
F2 sin 0 sin 39

24

+ j [e2F2(9') + e3F3(9')]\og\2yc\ + l /2e3(sin9 + sm9')F2(9')d9'j 

-  {(eA! +  e2A2 +  e3A3)(yc +  sin 8) +  e3(AjF, s in 0)} +  C(e4). (B.3)

The vortex contribution to the streamfunction is

■v_ Q J T F  f R{e\ og 
27t Jo Jo

R{9)ei6 -  r'eW r'dr'd9' (B.4)

Q H + 
47r

'27T

{27r[e2F2(0) +  e3F3(0)] +

j f  \<?F2(8') +  e3F3(8')j log |2[1 -  cos(0 -  <9')]|d6»T +  P(e4), (B.5)

Equating coefficients of e in i/>v and il)I+l3 gives

n a QH+ • />  ̂ • a0 =    sin 9 — Ai sin 0, (B.6)

QH+  „  QH+ r2n
47r

cos 29 — X2 sin 0,

2 F2(6) -  Q F l- J  " F2(6') log |2[1 -  cos(0 -  6»')]|d0' 

aQH+
16

Q H +  r, , n, Q H +

(B.7)

F3(8) -  J  F3(0’) log |2[1 -  cos(0 -  8')}\A8’

= - ( A t f i  +  A3) s i n 0 -  F2(8)sin8 + aQJ * + sin3fl.(B.8)
4 48
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These integral equations have exact solutions of form F2 = A 2 cos 26 and 

F3 =  A3 sin 30, for constants A 2 and A3 , yielding the boundary expansion 

(3.16) with background flow A(e) =  —(1/4)eaQH+

If the V-state is on the shallow side the radius R{9) follows by replacing 

a  by —a, scaling by y ~ 1/ 2 to conserve volume, and the background field 

follows by replacing H + with H ~  so

2  3
R(6) =  7 - ]/2 (i _  £ ^ c o s 2 0  +  l ^ s in 3m, (B.9)

4 16

AM =  (B.10)



A ppendix C

Straddling V -State M odel

This section presents a model tha t gives a smooth transition from a touching 

V-state in deep water, through the range of straddling V-states to a touching 

V-state in shallow water. The straddling V-state is modelled, as shown in 

figure C .l, by taking it to consist in y > 0 of a segment of the ellipse 

given by (3.16) that just touches the step from y > 0 and to consist in 

y < 0 of a segment of the corresponding ellipse given by (3.16) that just 

touches the step from y < 0. The total volume of the V-state is fixed and 

so the shape, for a given centre of vorticity, is completely determined. The 

translational velocity of the V-state can then be estimated by taking the 

entire vorticity of each segment to be concentrated at its centroid to give, 

in effect, a vortex pair. Two quantities determine the speed: first the area 

of each segment giving the circulation of each segment, and second, the 

centroid of each segment giving the position of the concentrated vorticity. 

Once these quantities are known calculating the translational velocity is 

straight forward. If the segment on the deep side y > 0 has strength IV and 

centroid position c^, and the segment on the shallow side y < 0  has strength



APPENDIX C: Straddling V-State Model 169

(a)

Figure C.l: The elliptical segment model with depth ratio 7  — 1/3. Dots 
mark segment centroids, (a) A vortex mainly on the deep side. (b) A vortex 
mainly on the shallow side.

Ts and centroid position cs the velocity of the segments can be written

« r d <37-* r„ a r s p r d
47rcd 2n(cd +  cs) ’ 4vrcs 2n(cd +  cs) '

A translational velocity and center of vorticity for the V-state as a whole 

follows from the circulation-weighted averages

utot — {^dud + Fsiis)/(rd + r s), Y(ytot)—T/iTd + Ts), (C.2)

where X is the total impulse of the patch.

To find the area of each segment first take each of the two segments to
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be circular, i.e. consider a truncated circle,

x 2 + y2 < r 2, y > h ,  (C.3)

where h is the distance from the origin to the chord dividing the circle into 

a segment (note tha t in the y-plane h has the range —r < h < r ) .  The area 

A c of a circular segment is

A c(h/r)  = cos ~l (h/r) — ( h / r ) \ / l  — (h / r )2 (C.4)

and the centroid position of the circular segment, cc, is by,

tu t  \ 2(1 -  (h /r )2)3/2 h ( ^
CcWr)  = 3Ac(h/r)  ~  Sgn{h)r-  (C '5)

Let hd be the distance from the origin of the deep sided circle to the es­

carpment then hs, the distance from the origin of the shallow sided circle to 

the escarpment follows from volume conservation i.e. hs — y / l / j h d .  Thus 

all parameters are known, i.e. the area of each segment from (C.4) and the 

centroid positions of both segments from (C.5).

The circulation of each segment is found by considering the area of the 

appropriate segment i.e. Tj =  AitJi, i — d,s  where c a r e  defined from the 

conservation of potential vorticity such that,

ujd =  1, ujs = 7 . (C.6 )

To return to the elliptical model transform from circular coordinates (x, y) 

to elliptical coordinates (x ' , y ') through,
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The elliptical segment has area

A e =  ^ A c. (C.8)

For the elliptical and circular segments to have the same area, ab/r2 =  1. 

The other constraint on a and b follows from the pre-determined aspect 

ratio of the ellipse, A =  6/a, derived from (3.16) for V-states touching the 

escarpment.



A ppendix D

Point V ortex Trajectories 

near Step Topography: 

detailed point vortex  

trajectories

In chapter 4, section 4.3, trajectories of two point vortices near stepped 

topography were presented. Trajectories have been divided into four regimes 

depending on the placement of vortices in either deep or shallow water and 

for brevity only one example trajectory was given. For certain regimes it was 

found tha t point vortex trajectories can be divided further into trajectories 

which are periodic or aperiodic. For completeness, this Appendix presents 

examples of possible trajectories which were not given in the main body of 

the presentation.

This Appendix is divided into two parts: when the vortices have the 

same-sign and when they have opposite-sign. Where the vortices have the
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same-sign, a system with negative impulse and both vortices existing in 

shallow water, [shallow,shallow] is presented, figure D .l. Second, where the 

vortices have opposite-sign two cases are examined; first when the vortices 

exist in a [deep,deep] configuration, figure D.2 and second when they exist 

in a [shallow,deep] configuration, figure D.3. Each figure labels the different 

types of motion in (£ ,77) or (£, (5)-space by roman numerals with example 

trajectories in ( x , y )~space given.
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Figure D.l: A description of point vortex trajectories for two vortices where 
both vortices exist in shallow water having same-sign. Owing to two dipole 
equilibrium states there are five distinct types of motion. Figures on the left 
show the physical (x, y) plane where figures on the right show the trajectories 
in (£,£)-space. A dashed line shows the region where physical motion for 
vortex can exist in.
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Figure D.2: A description of point vortex trajectories for two vortices where 
both vortices exist in deep water having opposite-sign. Owing to the dipole 
equilibrium states there are three distinct types of motion. Figures on the 
left show the physical (x, y) plane where figures on the right show the trajec­
tories in (£, 77)-space. A dashed line shows the region where physical motion 
for vortex can exist in.
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Figure D.3: A description of point vortex trajectories for two vortices where 
both vortices exist in deep water having opposite-sign. Owing to the dipole 
equilibrium states there are three distinct types of motion. Figures on the 
left show the physical (x, y ) plane where figures on the right show the trajec­
tories in (£, ry)-space. A dashed line shows the region where physical motion 
for vortex can exist in.



A ppendix E

C alculating Tw o-V ortex  

Equilibrium  States for 

R ectilinear Topography

Dipole equilibrium states are defined such tha t each vortex in the pair 

translates parallel to the step. To find dipole equilibrium states equate 

the horizontal velocity for each vortex and solve for their y positions with 

77 =  x\  — X2 = 0 and the impulse, 1  = T \H \y i  +  T 2 H 2 y2 -

Assume the dipole comprises of two vortices with strengths and 

positions z \ f 2 - Using the Green’s function, (3.10), the horizontal velocity 

acting on one of the vortices of the dipole can be found,

1 (  Ti a T i  aT i  ^ A
u d,d =  - 7 T   + --  + --------------   ’ E - U

271- V Zl  -  Z2 Z \ — Z\  Z 1 - Z 2 J

I (  a T x , (5T2 \
u d , s  —  ~  +  7 7 7 --------------) ’ ( E - 2 )

27T \ Z i  -  z  1 # 1 ( 2 1  -  Z 2 ) J

for both vortices existing in deep water or one vortex out of the pair lying 

in shallow water. First assume both vortices are in deep water then it
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is required tha t the horizontal velocity of both vortices is the same i.e.

uld = ul,d’ hence solve

% (y\  — y|)(r 2yi -T iy 2) = (r x + r 2)(yi + 3/2)2/12/2+ a(«/i -2/2)1112/2 (Ti - r 2),

(E.3)

along with the impulse, T  = T \ H +y\ +  T 2 H +y2 - For the case where both 

vortices exist in shallow water replace q to - a  in the above expression. For 

vortices existing on both sides of the step, say vortex 1 in deep water solve,

- f  (y\  -  v l ) ( r2yi + t iV2) =  p  ( r 2 +  b .)  y m , (e.4)

again along with the impulse. If vortex 1 is in shallow water solve the above 

with subscripts 1 and 2 swapped.



A ppendix F

Energy o f a V ortex Patch  

near Step Topography

The energy of dipolar vortex patches near a rectilinear step is known (John­

son & McDonald, 2004). For non symmetrical circulation configurations 

further analysis is required. Following a discussion given in Batchelor (1967) 

the form of the kinetic energy will be described for vortex patches near an 

escarpment.

The kinetic energy per unit mass of a patch of vorticity contained within 

an area V  with boundary dT> is,

S — (!- j (u2 +  v2)dxdy  =  ^ [  'iptodxdy — ^ (p ipu • dr, (F-l)
2 J t> 2 2 Jg-p

where symbols take their usual meanings. The first of these two integrals 

converges as V  —> 0 0 , the second does not. However assuming that for 

sufficiently large distances away from the vortex
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where r =  (x 2 +  y2)1//2. Therefore (F .l) can be rewritten as

£ — -  I iptodxdy — —  log r ( / cudxdy 
2 J v  4tt

(F.3)

This shows tha t the second integral holds no information on the dynami­

cal nature of the vortices. Therefore it is possible to define the conserved 

quantity

W can be considered the kinetic energy of a vortex patch which wholly de­

pends on the configuration of the vorticity. Although it cannot be regarded 

strictly as the kinetic energy of the system, it is only required to observe 

conserved quantities in dynamical motion it is sufficient to use W as the 

energy.

The stream function of a vortex patch of radius a and strength Q H  can 

be written as,

with R  defined as the radial point from the center. For [deep, deep] config­

uration, the energy of a pair of vortices is a sum of self interacting energies 

and cross interacting energies such that,

1 j  ipojdxdy (F.4)

(QH/2-x)[\ (R/a ) 2 

(QH/2ir)  log(R/a)

- ( Q H / 2 - n ) [ \ ( R / a f  -  i] y > 0,

~(QH/2 ir) log(R /a ) y <  0,
(F.5)

( H + ) 3
£d,d = -----^ —  { Q 1 Q 2 (log \R2s/a i a 2\ +  ct log \ R ^ / a ia 2\) +

a Q i  log I22/i/a i I +  olQ\ log \2y2 / a 2\ +  7t(Q\  +  Q 2 ) /4} » (F -6)

where R s is the radial separation of the vortices, R's =  \z\ — 2 2 1 and ay 2 is the 

radius of the each vortex respectively. This is the form of the Hamiltonian
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for a point vortex in [deep,deep] configuration with similar expressions being 

derived for the remaining regimes.



A ppendix G

N um erical M ethod  For 

C alculating V -S tates near 

Circular Topography

Steady vortex patches rotating with constant angular velocity about an ar­

bitrary point can be found efficiently by using a combination of contour 

dynamics to compute the velocity field and an algorithm which adjusts the 

contour toward a state such tha t the boundary is tangential to the local 

velocity (Wu et al., 1984). Vortex patches tha t translate or rotate with con­

stant angular momentum about its centroid have already been found by Wu 

et al. (1984). Since the vortex patches studied here rotate about a point 

other than the centroid of the patch itself the algorithm must be modified 

slightly. Essentially, if the vortex patch were to rotate with angular velocity 

Q, then we find the contour tha t would remain invariant in a background 

solid body rotation with speed Q. Therefore on the boundary of the vortex 

patch we demand

V(r,0)  + t ^ 2(<9) =  c, (G .l)
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where 'P is the streamfunction of the vortex induced flow and (r, 0 ) are polar 

coordinates from the centre of the topography (and here the centre of rota­

tion) to the boundary of the vortex. After differentiating (G .l), discretizing 

with N  nodes yields

Uk+i/2 &Vk ~  vk+l/2 A x k +  (D /2)A (rk) =  0, 1 < k < N  (G.2)

where the subscript k + 1/2 is the mean value of the quantity at node k,

i.e. uk+1/ 2 — {uk +  u k-t - i )/2. It is possible to find Q at each iteration by 

computing the velocity at each node and summing (G.2) over the N  nodes.

To iterate the vortex boundary closer to a V-state choose polar coor­

dinates ( R ( 0 ) , 0 )  centred at an appropriate point, (x,y)  such tha t R(O)  

remains single valued for 0 <  0  < n  since every V-state has a line of sym­

metry. Then following Wu et al. (1984), (G.2) can be written as

rk- f k + i / 2^k+i = 0 ,  1 < k < N ,  or, rk- f k} 1/ 2 r k - 1  =  0, 2 < k <  N + 1,

(G.3)

where f k + \ / 2  is defined as

=  uk+1/ 2 s m Q k+i ~  ^ + 1 / 2 cos0fc+ i +  Q{2Rk+i F y s i n S k + i  + x c o s Q k+i) 
k + 1 / 2  ~  uk+i j 2 sin Qk -  ufc+1/2 c o s0 fc +  Q{2Rk T ^ s in 0 fc +  x c o s Q k)

(G.4)

this reduces to the form of the translating vortex near a wall when \ / x 1 +  y 2 —> 

oo and the rotating vortex when y / x 2 +  y 2 —> 0. It is simple to arrange (G.3) 

into a tri-diagonal system and solve for R k,k  =  1 , . . . ,  N.



A ppendix H

C om puting the V elocity near 

the Origin o f a Circular 

D om ain

From (6.18), when \z\ < 1, |zo| < h  two singularities of equal and opposite 

strength exist at z =  0. Here an alternative formulation in terms of an 

expansion tha t is valid for all \z\ < 1, |zo| < 1- The image term in (6.15) 

can be expanded as

— — log \ l - z z i )  =  ——  R e V ^ - ,  (H.l)
2n  27r n

giving on differentiating and taking the complex conjugate,

„ +  iv = efi £  jn -1  f f znAxoAyo = g  IT! f !dyo, 
2tt ^  J J A 2 it n  +  1 J qa

(H.2)
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by Green’s theorem (since dzo/dxo  =  1). Now

<S> zS+1dz0  = 0, (H.3)
JdA

as the intergrand is entire. Combining real and imaginary parts of (H.2) 

and (H.3) gives on taking the complex conjugate,

00 „ n —  1

u - i v  = ---------- — — (f> ion+1d^0, (H.4)
4tt ^  n +  1 JdA

a power series expansion for the velocity near z = 0 .



A ppendix I

V -state C entres of V orticity  

and Initial M ean Radius

Frame 1 2 3
r  c v R T'cv R ^ cv R

0.100 0.270 0.240 0.228 0.380 0.186
0.100 0.450 0.240 0.380 0.380 0.310
0.100 0.630 0.240 0.532 0.380 0.434
0.100 0.810 0.240 0.684 0.380 0.558
0.100 0.878 0.240 0.741 0.380 0.605

Frame 4 5 6
r  c v R T c v R r cv R

0.520 0.144 0.660 0.102 0.800 0.060
0.520 0.240 0.660 0.170 0.800 0.100
0.520 0.336 0.660 0.238 0.800 0.140
0.520 0.432 0.660 0.306 0.800 0.180
0.520 0.475 0.660 0.337 0.800 0.198

Table 1.1: Centres Of Vorticity, rcv, and mean radius, R, for monopolar 
V-States given in figure 6.3(a), which are interior to circular topography. 
Frames are taken from left to right.
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Flame 1 2 3
T cv R T c v R T c v R

1.200 0.060 1.500 0.150 2.000 0.300
1.200 0.100 1.500 0.250 2.000 0.500
1.200 0.140 1.500 0.350 2.000 0.700
1.200 0.180 1.500 0.450 2.000 0.900
1.200 0.195 1.500 0.488 2.000 0.975

Frame 4 5 6
r  c v R T c v R 'T'cv R

3.000 0.600 0.300 1.320 0.600 1.620
3.000 1.000 0.300 1.400 0.600 1.750
3.000 1.400 0.300 1.550 0.600 2.000
3.000 1.800 0.300 1.800 0.600 2.250
3.000 1.980 0.300 2.000 0.600 2.500

Table 1.2: Centres Of Vorticity, rcv, and mean radius, R for monopolar 
V-States given in figure 6.3(6), which are exterior to circular topography. 
Frames are taken from left to right.



A ppendix J

C alculating Tw o-V ortex  

Equilibrium  States for 

Circular Topography

In chapter 7 it was possible to find vortex pairs near circular topography in 

a steadily translating configuration such th a t the frequency of each vortex 

comprising the pair was the same. To compute this frequency, T first find 

the frequency T =  t u q , of each vortex, from (6.15)

X = aFl r 2(r2cos(6>i -  02) -  ri) a r 2{rir2 cos(6>i -  6>2) -  1)
1 r i( r i ~  1) r i (r i “  2rir2 cos(#i — #2 ) +  r | )  r \(r fr^  — 2 r\T2 cos(9\ — 6 2 ) +  1) ’

(J.la)

T _  r i(r! cos(fl2 -  6>i) -  r 2) aT i ( r 2ri cos(0 2 -  6 i) -  I)
2 r 2 ( r 2 — 1) r 2 ( r 2 _  2r2r i cos(02 ~ 0 i) +  r\)  -  2 r 2 r\cos(02 -  0\) +  1)

(J.lb)

Then to find an equilibrium point, set the frequencies of both vortices equal 

to each other with </> =  0 \ — 6 2  = 0 for a seamount and 4> =  7r for a well.

Then solve for r  1 , r<i simultaneously along with the energy or impulse of the
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pair.



A ppendix K

E xperim ental D ata  A nalysis

In this Appendix the techniques used to process the experimental data from 

chapter 8 are described.

K .l M atPIV

Particle image velocimetry (PIV) can essentially be looked upon as an ap­

plication of pattern  matching in experiments. M atPIV  is one of a variety 

of different computer codes available w ritten specifically for this purpose. 

Specific details of the algorithm are not given here and the interested reader 

is referred to h ttp ://w w w .m a th .u io .n o /~ jk s /m a tp iv / for further details. 

However, the fundamentals of how the code works is as follows. Assume 

two successive images (I\ and 1 2 ) have been taken from the experiment. 

Each image is divided into smaller regions called sub-windows whose size is 

a function of the resolution. Each sub-window in the second image is then 

tested to each sub-window first image for correlation, i.e. each sub-window

in the second image is associated with a sub-window in the first image for
1 2which it compares most favourably. If /■ '■ represents sub-window i , j  in the 

first image and second image respectively then this comparison is calculated

http://www.math.uio.no/~jks/matpiv/
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, \ \ i
t

" 1 1 / / /  /

V

-  \ i t /
.  / i i /

Figure K .l: An example velocity field computed using M atPIV, arrows show 
the direction of the velocity at th a t point with the size indicating the mag-

Then by evaluating the distance between sub-windows a two-dimensional 

velocity for at each grid point (i.e. sub-window) can be calculated such tha t 

a velocity field can be drawn (see figure K .l)

W ith knowledge of the velocity at grid points it is possible to calculate 

the associated vorticity at th a t point by calculating

nitude

by

(K.l)
m  n

d V j j  d U j j (K.2)

Several numerical schemes can be implemented to evaluate tUij. M atPIV
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Figure K.2: An example vorticity contour map field computed using M at­
PIV. Blue regions show areas of equivalent negative vorticity where red 
regions show areas of equivalent positive vorticity.

uses the least squares m ethod namely,

u i J  ~  ioAo: (^ V i+2’i  V i + l j  ~  v i ~ h j  ~  v i - 2 , j ) ~

10Ay  (2wi-J+2 +  u i , j + 1 ~  u i , j - 1 — u i , j - 2)5 (K-3)

for constant grid spaces only. Contouring similar values of vorticity will lead 

to a vorticity map similar to  figure K.2.

K.2 D ipole trajectories

The trajectories of a dipole are found by following vortex patch centroids.

The procedure to  compute each patch comprising the dipole is as follows:

1. Prom the vorticity contour map, separate the domain into regions of
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positive vorticity co f  - and negative vorticity a

2. For each set (i.e. positive and negative) evaluate the mean vorticity, 

c5+ for the positive vorticity only and uj~ for the negative vorticity 

only.

3. Remove the background vorticity so tha t only the significant vortical 

motions remain by evaluating

&i,j = -  c5, (K.4)

for both the positive and negative vorticity.

4. Now set any value tha t is less than zero for the positive vorticity or 

greater than zero for the negative vorticity to be equal to zero.

5. To define the centroid evaluate

(Xc' Vc) = £ <  £ , ( * „ « )  ’ (K '5) 

which can then be calibrated to have dimensions m.

By taking successive images at specific time intervals the evolution of the 

dipole can be computed. To complete a thorough investigation, a total of 155 

experiments were undertaken. Evaluating trajectories for each experiment 

is computationally intensive; accordingly, approximately 1 0 — 15 intervals 

are taken for each experiment which leads the trajectories taking a slightly 

jagged appearance.
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K.3 D ipole area

The area of the dipole was computed in a similar fashion to the previously 

described procedure:

1. S tart by considering a ‘base’ image, i.e. an image which captures the 

anomalous fluid and equipment. Discretize this image by associating 

value, &ij, which represents the colour at th a t point (with the colour 

black being equal to 0).

2. Do the same to a single image at a prescribed time during the exper­

iment. Define Cij to represent the colour values for the comparison 

image.

3. Define, 1\ j ,  by

such tha t T>itj > 0 for regions where there is an increase in dye con­

centration.

4. Remove any background concentrations of dye by subtracting the 

mean level of concentration such th a t only the regions of significant 

dye concentrations remain.

5. Now define Di j such tha t

so tha t no negative concentrations exist and to filter the considered 

dipole area so tha t any entrained fluid (having smaller dye concentra­

tions) will have the same weighting as the main dipole.

(K.6)

otherwise,
(K.7)
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6. The area of the dipole can then be calculated by

-4 =  X X > ' J ’ (K-8)
* j

which can then be calibrated to have dimensions m 2.

Figure 8.8(a) shows how the area of a dipole which approaches a step at 

normal incidence varies with t2/3. For later times there is a decrease in the 

area, this can be explained by the dye being dissipated into the anomalous 

fluid. As the dipole entrains an increasing amount of fluid its mean dye con­

centration decreases. For sufficiently large times the mean dye concentration 

of the dipole is comparable to the mean concentration from the whole tank. 

Therefore from step 4 in the above procedure, some of the dipole may be 

considered part of the anomalous fluid which results in an apparent decrease 

in area.

K.4 Incident and transm itted  angle

The incident and transm itted angles for an experiment are found from the 

computed dipole trajectories. Incident angles are found by dividing trajec­

tories into those which are incident to the step (x{, yi), and those which have 

crossed the step (xt, yt). For dipoles which perform TIR, trajectories are di­

vided by the point which comes closest to the step. Using linear regression 

on the mid-points of these vectors, an angle can be defined by taking the 

inverse tangent of the gradient.
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Part II 

Tank Interior
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