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Abstract

In this thesis we study the André-Oort conjecture, which is a state-
ment regarding subvarieties of Shimura varieties that contain a Zariski
dense set of special points. In particular, we investigate two different
strategies for proving the conjecture. The first is the so-called Pila-
Zannier strategy, which is a striking application of the Pila-Wilkie
counting theorem from o-minimality and has led to a number of un-
conditional proofs in special cases. We present one such proof here,
for Hilbert modular surfaces, and also explain how the Pila-Zannier
strategy generalises to all Shimura varieties. We subsequently exhibit
a result on torsion in the class groups of algebraic tori, obtained from
an investigation into some of the relevant arithmetic.

The second strategy originated in the work of Edixhoven and ul-
timately led to a proof of the full conjecture under the generalised
Riemann hypothesis by Klingler, Ullmo and Yafaev. However, this
proof diverged from the original strategy of Edixhoven, which used
only tools from arithmetic geometry, in that it also relied on ergodic
theory. Here we explain how to eliminate ergodic theory from the
proof, first in a special case and then in general, by introducing a
new lower bound for the degrees of special subvarieties. First, how-
ever, we give an introduction to the theory of Shimura varieties for

the purposes of studying this subject.
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1 Introduction

The focus of this thesis is the following conjecture:

Conjecture 1.1. (André-Oort) Let S be a Shimura variety and let 2 be a
set of special points in S. Every irreducible component of the Zariski closure

of Usex s is a special subvariety of S.

Shimura varieties are a distinguished class of algebraic varieties that
parametrise important objects from linear algebra called Hodge structures.
Often these Hodge structures correspond to families of Abelian varieties.

Additional structure on a Shimura variety S arises through the existence
of certain algebraic correspondences on S, or subvarieties of S x S, called

Hecke correspondences. We can think of these as one-to-many maps
T:5— 8.

We endow S with a set of so-called special subvarieties, defined as the set of
all connected components of Shimura subvarieties and the irreducible com-
ponents of their images under Hecke correspondences. This is analogous to
the case of Abelian varieties (resp. algebraic tori), where special subvarieties
are the translates of Abelian subvarieties (resp. subtori) by torsion points.
A key property of special subvarieties is that connected components of their
intersections are themselves special subvarieties. Thus, any subvariety Y
of S is contained in a smallest special subvariety. If this happens to be a
connected component of S itself, then we say that Y is Hodge generic in S.

We refer to the special subvarieties of dimension zero as special points.

Special subvarieties contain a Zariski (in fact, analytically) dense set of spe-



cial points. The André-Oort conjecture predicts that this property charac-
terises special subvarieties.

Our investigations are inspired by several different approaches to Conjec-
ture 1.1. In [KY] and [UYa], Klingler, Ullmo and Yafaev combine ergodic
theory with tools from arithmetic geometry to prove André-Oort under the
generalised Riemann hypothesis (GRH). On the other hand, in [Pill1], Pila
gives an unconditional proof via o-minimality of the conjecture for a product
of modular curves.

In this thesis, we explain how to remove the complicated theorems of
ergodic theory from the proof of Klingler, Ullmo and Yafaev, thus yielding a
new proof of the André-Oort conjecture under the GRH using only arithmetic
geometry. In order to achieve this, we present a new lower bound for the
degrees of special subvarieties. We test our strategy on a product of modular
curves.

Firstly, however, we explore the strategy employed by Pila, and eventually
obtain an unconditional proof of André-Oort for Hilbert modular surfaces
(this is a joint work with A. Yafaev). We also obtain results under the GRH
on the size of n-torsion in the class of group of an algebraic torus, which
originated from investigations into Galois orbits of special points. These

play a central role in both of the aforementioned approaches.

1.1 History

We appeal to [Pin0bal. Recall the following theorem:

Theorem 1.2. (Mordell-Weil) For any Abelian variety A over a number
field K, the group of rational points A(K) is finitely generated.
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Mordell also made the following conjecture in the case K = Q, famously

proved by Faltings in 1983:

Conjecture 1.3. (Mordell) For any irreducible smooth projective algebraic

curve Z of genus at least 2 over a number field K, the set of rational points

Z(K) is finite.

Another way of interpreting this conjecture is in terms of Abelian va-
rieties: if Z(K) is empty then there is nothing to prove. Otherwise, we
can embed Z into its Jacobian variety J such that Z(K) = J(K)NZ. By
the Mordell-Weil theorem, J(K) is a finitely generated group. Thus, we
have motivated a generalisation: consider an Abelian variety A over a field
of characteristic zero; for any finitely generated subgroup A C A and any
irreducible curve Z C A of genus at least 2, is the intersection Z N A finite?

This point of view signalled a further line of enquiry. In their efforts to
prove the Mordell conjecture, Manin and Mumford both raised the following

question:

Conjecture 1.4. (Manin-Mumford) Let A be an Abelian variety over C
and let Ay, denote its subgroup of all torsion points. Let Z C A be an
irreducible closed algebraic subvariety such that Z N Ay, is Zariski dense in

Z. Then Z s a translate of an Abelian subvariety of A by a torsion point.

Now let Ay be a finitely generated subgroup of A. Define its division
group to be

A:={a€ A|3IneN:naec A}

Lang combined the previous conjectures into the following:

10



Conjecture 1.5. (Mordell-Lang) Let A be an Abelian variety over C and
A the division group of a finitely generated subgroup of A. Let Z C A be an
irreducible closed algebraic subvariety such that Z N A is Zariski dense in Z.

Then Z is a translate of an Abelian subvariety of A.

Let us briefly recall the definition of a Shimura variety from [Edi01]. Let
S denote Resc/rGy,c, the algebraic group over R obtained by restriction
of scalars from C to R of the multiplicative group. A Shimura datum is a
pair (G, X), where G is a connected reductive affine algebraic group over
Q and X is a G(R)-conjugacy class in the set of morphisms of algebraic
groups Hom(S, Gr), satisfying the three conditions of Deligne [Del77]. For a
Shimura datum (G, X) and a compact open subgroup K C G(Ay), we denote
by Shx (G, X)(C) the complex analytic variety G(Q)\(X x G(Ay))/K, which
by [BB66] naturally has the structure of a quasi-projective algebraic variety
over C, denoted Shg (G, X)c. The projective limit Sh(G, X)¢, over all K, of
the Shx (G, X)c is a scheme (not of finite type) over C on which G(Ay) acts
continuously. A morphism of Shimura data from (G, X;) to (G2, X) is a

morphism G7; — G5 mapping X; to X, and induces a morphism
Sh(Gl, Xl)(C — Sh(GQ, XQ)(C-

Given a Shimura datum (G, X) and a compact open subgroup K C
G(Ay), the special subvarieties of Shx (G, X)c are the irreducible compo-

nents of the images of the maps
Sh(G', X")¢ — Sh(G, X)¢c 5 Sh(G, X)¢ — Shi (G, X)c,

where g € G(Af) and (G', X’) is a Shimura datum such that there exists a
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morphism (G', X’) — (G, X). The special points are the zero-dimensional
special subvarieties.

Therefore, the André-Oort conjecture is the Manin-Mumford conjecture
written in the context of Shimura varieties. Special points take the place
of torsion points and irreducible components of Shimura subvarieties and of
their images under Hecke correspondences take the place of Abelian subva-
rieties translated by torsion points. The group structure of torsion points
is replaced by an invariance under all Hecke correspondences, whereas both
types of points carry an associated Galois action and form dense subsets
for the strong topology. These analogies prompted André [And89] and Oort
[Oor97] to independently pose special cases of the conjecture named for them
today.

Far reaching generalisations of the two conjectures have led to several new
questions in the context of mixed Shimura varieties, encapsulating André-
Oort, Manin-Mumford, Mordell-Lang and others. Such problems are widely
referred to as the Zilber-Pink conjectures (see, for example, [Pin05a], [Pin05b]

and [Zi102)).

1.2 Literature review

The André-Oort conjecture is named for Yves André and Frans Oort, both
having proposed the conjecture in lesser generality. In 1989, André [And89]
postulated that any curve in an arbitrary Shimura variety containing in-
finitely many special points was special, whereas, in 1994, Oort [Oor97] for-
mulated the conjecture as we know it today for the moduli spaces of princi-

pally polarised Abelian varieties.
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Initial progress on Oort’s question was made by Moonen [Moo98b], who
answered it affirmatively for any set of special points and a prime p such that
each point has an ordinary reduction mod p of which it is the canonical lift.
Yafaev [Yaf05] would later find a suitable generalisation of this criterion for
an arbitrary Shimura variety and prove the corresponding conjecture in that
case.

In 1998, André [And98| proved his conjecture for a product of two mod-
ular curves. Edixhoven [Edi98] obtained the same result under the GRH,
but with a method that he was later able to generalise to the case of an
arbitrary product of modular curves [Edi05]. Edixhoven [Edi01] also proved
the conjecture under the GRH for Hilbert modular surfaces.

Edixhoven and Yafaev [EY03] settled unconditionally the case of a curve
in an arbitrary Shimura variety containing an infinite set of special points
whose corresponding Q-Hodge structures lie in one isomorphism class. This
result was motivated by its applications to transcendence theory and, more
specifically, to the algebraicity of values of hypergeometric functions at alge-
braic numbers (see [CWO01] and [Wol88]).

Yafaev [Yaf0l] generalised Edixhoven’s strategy to the product of two
Shimura curves and later obtained under the GRH lower bounds for Galois
orbits of special points, allowing him to give a conditional proof of André’s
original conjecture [Yaf06]. Meanwhile, Clozel and Ullmo [CU05] gave an
unconditional proof of the conjecture for sets of strongly special subvarieties
using equidistribution. Collaborations between Ullmo and Yafaev [UYa] and
Klingler and Yafaev [KY] culminated in a proof of the conjecture in full gen-

erality under the GRH, which combined equidistribution with the geometric
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arguments first introduced by Edixhoven.

Hope of an unconditional proof of the conjecture has arisen via a new
strategy of Pila-Zannier [PZ08], implementing Pila’s generalisation [Pil09b]
of the so-called Pila-Wilkie counting theorem [PWO06], which provides strong
bounds for the number of points of bounded degree up to a given height on
sets definable in o-minimal structures. Pila has given unconditional proofs
of the conjecture for a product of two [Pil09a] and, subsequently, arbitrarily
many [Pilll] modular curves. With Yafaev [DY11], we implemented this
method to give an unconditional proof in the case of Hilbert modular surfaces.

At this point, there were several obstructions to the development of a
proof via o-minimality in full generality. The principal obstruction, which
remains a problem today, is the lack of unconditional lower bounds for Ga-
lois orbits of special points. However, Tsimerman [Tsil2] recently obtained
unconditional bounds for the moduli spaces of principally polarised Abelian
varieties of dimension at most 6. Consequently, Pila and Tsimerman [PT13]
gave a proof of the conjecture for the moduli space of Abelian surfaces, also
exhibiting special cases of the remaining obstructions. Namely, in the case
of the moduli spaces of principally polarised Abelian varieties, they gave
upper bounds for the heights of pre-special points in fundamental domains
and, for the moduli space of Abelian surfaces they proved the so-called Ax-
Lindemann-Weierstrass criterion. Ullmo and Yafaev [UY14] later gave a
proof of this criterion in the co-compact case, which was followed by a proof
due to Pila and Tsimerman [PT14] for the moduli spaces of principally po-
larised Abelian varieties and, finally, by a proof in full generality due to Klin-

gler, Ullmo and Yafaev [KUY13]. Ullmo [Ull13] had previously explained how
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the result of Pila and Tsimerman would prove the conjecture for products of
the moduli space of principally polarised Abelian varieties of dimension at
most 6.

Finally, it also worth mentioning a few related results. Firstly, Kiihne
[Kith12] has obtained an effective statement of the André-Oort conjecture
for a curve in C?. Secondly, Habegger and Pila [HP12] and Orr [Orr13] have
both implemented techniques from o-minimality to prove certain cases of the

aforementioned conjectures of Pink.
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2 Shimura varieties

Firstly, we provide an introduction to the theory of Shimura varieties, as
formulated by Deligne in his foundational articles [Del71] and [Del77]. This
is not intended, by any means, to be a full treatment of the topic but rather a
preparatory guide. We refer the reader to [Mil04] for a comprehensive account
of Shimura varieties and for further details regarding the topics introduced
here.

We are primarily interested in the connected components of Shimura va-
rieties. These initially arise as quotients I'\D, where D is a certain type
of complex manifold called a Hermitian symmetric domain, and I" is a con-
gruence subgroup, acting via holomorphic automorphisms. The prototypical

example is the case of the upper half-plane
D=H:={2€C:¥z) >0}
and I' = SLy(Z), where any element of SLy(R) acts on H by

a b az+b

c d : cz+d

2.1 Hermitian symmetric domains

We refer the reader to [Mil04], §1 for a more detailed introduction to Her-
mitian symmetric domains. Unfortunately, the definition is not particularly

enlightening:

Definition 2.1. A Hermitian symmetric domain is a connected complex

manifold D such that
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o D is equipped with a Hermitian metric.
e The group Aut(D) of holomorphic isometries acts transitively on D.

e There exists a point T € D and an involution ¢ € Aut(D) such that T

1s an 1solated fixed point of .

e D is of non-compact type.

In fact, by [Mil04], Lemma 1.5, the neutral component Aut(D)" acts
transitively on D and, by [Mil04], Proposition 1.6, it coincides with Hol(D)™,
where Hol(D) denotes the group of all holomorphic automorphisms. Note
that, given the transitivity of the Aut(D) action, the third condition is true
for all points.

Returning to our earlier example,
Hol(H) = SLy(R)/{£id}
and, since SLy(R) is connected, it consists only of isometries. The element

0 1
-1 0

fixes only i € H, whereas ¢? = —id. Hence, the image of ¢ in Hol(H) is an
involution of H with an isolated fixed point.

However, from this definition follows a key property of Hermitian sym-
metric domains. By [Mil04], Theorem 1.9, if we denote by U(R) the circle
group {z € C : |z| = 1}, then, for each point 7 € D, there exists a unique

homomorphism

u, : U(R) — Hol(D)™"

17



such that, for all z € U(R),
o u (2)(1)=r".
e u,(z) acts as multiplication by z on the tangent plane of D at 7.

For example, consider the point + € H and let

a b
h:U(R) = SLy(R) : z = a +ib+—
—b a
Then, for all z € U(R), h(z) fixes i and
d (az+b A+ 2
dz \—=bz+a)|, (a—0bi)2 =z

Therefore, if we define
u: U(R) — SLy(R)/{=id} : z — h(v/z) mod + id,

which is well-defined since h(—1) = —id, then u(z) acts on the tangent plane
of H at ¢ as multiplication by z.
Furthermore, note that, if ¢ € Hol(D)" and 7 € D, the uniqueness of ug,

implies that it must be the conjugate

1 -1

gurg~ 1z = gur(z)g

Therefore, since Hol(D)* acts transitively on D, if we fix a point 75 € D, we
have a Hol(D)"-equivariant bijection between D and the Hol(D)*-conjugacy

class of wuy,.
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2.2 Conjugacy classes

By [Mil04], Proposition 1.7, for any Hermitian symmetric domain D, there
exists a unique semisimple algebraic group G over R of adjoint type such

that
G(R)" = Hol(D)*.

By a linear algebraic group G over R, we simply mean a group that can be
defined as a subgroup of GL,(R) by real polynomials in the matrix coeffi-
cients. For example, U(R) is an algebraic group over R whose elements may

be realised as those

a

c d

€ SLy(R)

such that @ = d, b = —c and, thus, a>+b* = 1. However, since U(R) is defined
by polynomials, we can think of U(R) as the real points of what is usually
considered the algebraic group, which we denote U. Then, for any R-algebra
A, U(A) is simply the group of solutions in A to the above polynomials.

By a semisimple algebraic group we mean a connected (for the Zariski
topology) linear algebraic group that is isogenous to a product of almost-
simple subgroups. By a simple algebraic group we mean a connected linear
algebraic group that is not commutative and has no proper normal algebraic
subgroups other than the identity. By an almost-simple subgroup we mean a
subgroup that is a simple algebraic group modulo a finite centre. By adjoint
we are referring to a group with trivial centre and, for an algebraic group G,

we write G® for G modulo its centre.
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As shown in [Mil04], §1, every representation
U(R) — GL,(R)

is algebraic i.e. the image is given by polynomials in the matrix entries. In

particular, for any 7 € D, we may consider the homomorphism
u, : UR) - GR)"

as an algebraic morphism u, : U — G, yielding a morphism
u, : U(A) — G(A)

for any R-algebra A.
The group U is connected, commutative and consists entirely of semisim-
ple elements. We refer to an algebraic group of this sort as a torus and, for

any representation
U — GL,,

the image of U(R) in GL,,(C) can be simultaneously diagonalised by a single
element. Furthermore, the eigenvalues are given by homomorphisms Uz —
G, called characters, where we write Uc for U considered as an algebraic
group over C and G,, for the algebraic group such that, for any C-algebra
A, G,,(A) = A*. The characters are algebraic since, by definition, they are
one-dimensional representations and, in this case, each character is of the
form z — 2", where n € Z.

By [Mil04], Theorem 1.21, the homomorphism u, always satisfies the

following three properties:
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e Only the characters z + 1, 2+ 2 and z — 2~ ! occur in the represen-

tation of U(R) on the Lie algebra g¢ of Gc.
e Conjugation by u,(—1) is a Cartan involution of G.
e u,(—1) maps to a non-trivial element in every simple factor of G.

The Lie algebra of G is the tangent plane of G(C) at the identity. One

definition is the kernel of the map
G(Cle]) = G(C)

induced by €+ 0, where €2 = 1. Then G(C) acts on g¢ by conjugation. For
the definition of a Cartan involution see [Mil04], §1.

On the other hand, if G is any semisimple algebraic group over R of
adjoint type and v : U — G is a homomorphism satisfying the above three
properties, then the G(R)"-conjugacy class of u naturally has the structure

of a Hermitian symmetric domain D, for which
G(R)" = Hol(D)*

and u(—1) is the involution associated to u when regarded as a point of D.

2.3 The Deligne torus

Let S denote the real algebraic group such that S(R) = C*. This is a torus,

usually referred to as the Deligne torus, and we have a short exact sequence

1-G,>S—>U-=1,
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which on real points corresponds to

zr—)z/z\

1 R 2

U(R) — 1.
Therefore, any homomorphism v : U — G yields a homomorphism
h:S— G,

defined by h(z) = u(z/z). Furthermore, U(R) will act on g¢ via the char-
acters z — 1, 2 — 2z and 2z — 27! if and only if S(R) acts on g¢ via the
characters z — 1, z — z/Z and z — Z/z.

Conversely, let h : S — G be a homomorphism such that S acts on g¢
via the characters z — 1, z — z/z and z — Zz/z. Then w(G,,(R)) acts
trivially on gc, which implies that & is trivial on w(G,,(R)), since the adjoint
representation of G on g is faithful. Thus, h arises from a homomorphism
u:U— G.

Therefore, to give a G(R)"-conjugacy class D of homomorphisms u :
U — G satisfying the above three properties is the same as to give a G(R)"-

conjugacy class X+ of homomorphisms h : S — G satisfying the following:

e Only the characters z — 1, z +— z/Z and z — z/z occur in the repre-

sentation of S(R) on gc.
e Conjugation by h(i) constitutes a Cartan involution of G.

e The element A(7) maps to a non-trivial element in every simple factor

of G.
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2.4 Hodge structures

Therefore, the question should be why are we interested in such conjugacy
classes of morphisms h : S — G ? To understand this, we need the definiton
of a Hodge structure. For further details, we refer the reader to [Mil04], §2.

For a real vector space V', we define complex conjugation on
V(C):=VgC
by v ® z := v ® Z. A Hodge decomposition of V' is a decomposition

vie)= € v

(p,q)EZXZ
such that VP4 = V9P A Hodge structure is a real vector space V with a
Hodge decomposition. The set of pairs (p,q) such that VP4 # 0 is called
the type of the Hodge structure and we refer to a Hodge structure of type
(—1,0),(0,—1) as a complex structure.
For each n € Z,

@ VP

ptg=n

is stable under complex conjugation and equal to V,,(C) for some real sub-
space V,, of V. The decomposition V = &,,V,, is called the weight decompo-
sition of V. If V' =V, then V is said to have weight n. The Hodge filtration
associated with a Hodge structure V' of weight n is

F = { . FP D F}H‘l BDEEE }7 FP -— @szvr,n—r.

A Z-(resp. Q-)Hodge structure is a free Z-module (resp. Q-vector space)

V' of finite rank (resp. dimension) equipped with a Hodge decomposition of

VR)=V®R
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such that the weight decomposition is defined over Q.
We can identify S with a closed subgroup of GLs as follows: for any

R-algebra A, we realise S(A) as those matrices of the form

b
-b a

€ GLy(A).

Diagonalising, Sc is isomorphic to G2, with complex conjugation on S(C)

corresponding to (21, z2) + (Z3,%21). Therefore, the elements of S(R) map to
the elements (z, %), stable under conjugation. More generally, the characters

of S¢ are the homomorphisms
pq
(21, 29) V> 2723,

for any (p,q) € Z x 7Z, with complex conjugation acting as (p, q) — (¢, p).

Consequently, to give a representation of S on a real vector space V is
the same as to give a Z x Z-grading of V(C) such that VP4 = VP for all
p and ¢, which is precisely the definition of a Hodge structure on V. We
thus define morphisms, tensor products and duals of Hodge structures as
morphisms, tensor products and duals of representations of S. We normalise
the relation so that (21, 29) acts on VP47 as z; 72,9, A complex structure on a
real vector space V is then precisely a Hodge structure S — GL(V') coming
from a homomorphism C — End(V).

Forn € Z and R =Z, Q or R, we let R(n) be the (R-)Hodge structure
V = R, where S acts on V(R) = R by the character (2Z)" and, hence,
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This is referred to as a Tate twist. For an (R-)Hodge structure V' of weight

n, a Hodge tensor is a multilinear form ¢ : V" — R such that the map
VoVe - @V = R(—nr/2)

is a morphism of Hodge structures.
If we denote by C' := h(i) the so-called Weil operator, then a polarisation

on V is a Hodge tensor
Y:VxV =R
such that
Yo V(R) x V(R) = R : (z,y) — ¢(z, Cy)
is symmetric and positive definite. A polarisation on an (R-)Hodge structure

V =®,V, is a system (1), of polarisations on the V.

2.5 Abelian varieties

Consider an Abelian variety A over C of dimension g. Then A is isomorphic
to a complex torus C9/A, where A is the Z-module generated by an R-basis
for C9. The isomorphism A ® R = CY defines a complex structure on A ® R

and there exists an alternating form
V:AXA—7Z

such that g (z, Cy) is symmetric and positive definite and

wR(Cajv Cy) = @ZJR(% y),
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for all z,y € A®R. In other words, A = H,(A,Z) is a Z-Hodge structure of
weight —1 equipped with a polarisation. In fact, by [Mil04], Theorem 6.8, the
functor A — H;(A,Z) is an equivalence from the category of Abelian varieties
over C to the category of polarised Z-hodge structures of type (—1,0), (0, —1).
Therefore, the answer to the question of the previous section is that one
can study the problem of parametrising Abelian varieties in terms of Hodge
structures.

Consider the case of Abelian varieties of dimension one, otherwise known
as elliptic curves. An elliptic curve over C is the quotient of C by a free
Z-module A of rank 2. Two elliptic curves C/A and C/A’ are isomorphic if
and only if A’ = aA for some a € C*. We recall the exposition found in
[Har13].

Often, when considering elliptic curves, we fix C and vary A. Instead,
however, we may fix A := Z? and vary the complex structure on Z? @ R = R?

i.e. we vary the morphism
h:C* — GLy(R),

coming from a homomorphism C — My(R) of R-algebras. Given such a

morphism, we obtain an isomorphism of complex vector spaces iy, : R? — C

defined by
i (2) = h(z) i, (1) = h(2) - e,
where we choose ¢y = (1,0) € R?. The quotient C/i;(Z?) is an elliptic curve.
Therefore, let

a b
-b a

ho : C* — GL2(R) : a +ib —
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and let h := yhoy™!, where

xXr
y= ) e aL.®).

Note that, for any such h, the standard symplectic form given by

is a polarisation for the corresponding Z-Hodge structure.
For hy(z), the z-eigenspace in R? ® C is the complex subspace generated
by (—i,1). The Z-eigenspace is its complex conjugate, generated by (i,1).

Therefore, for h(z), the z-eigenspace is generated by

xr Yy —1 —Ti+y

w z 1 —wi + 2

or, equivalently, (75, 1), where 7, := xi + y/wi + z, and the Z-eigenspace is
generated by (75,,1). Note that this latter subspace is precisely the middle
term in the filtration associated to the Z-Hodge structure given by h.

Now, i;, extends C-linearly to a map

T T,
’L'h7(clR2®<C:C' " @ C- " —C
1 1

and, since it commutes with the action of C on both sides, we deduce that
inc is the quotient of R?® C by the z-eigenspace. Therefore, since ij(eg) = 1

and i,((0,1)) = in(—mneo + (1, 1)) = =,

in(Z*) = 7.® Ly,
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We conclude that C/ij,(Z?) varies over all isomorphism classes of elliptic
curves as h varies over the GLy(R)"-conjugacy class of hy. The map h +— 7,
is a GLy(R)"-equivariant bijection between this conjugacy class and H.

For Abelian varieties of dimension g, the situation is similar. We replace

72 by 729 and fix the standard symplectic form given by

0 —id
id 0

—J =

We let
ho : C* — GLgy(R) : a + bi — a + bJ,
which factors through the group
GSpyy(R) = {g € GLoy(R) : ¢'Jg = det(g) J}.

Then the GSp,,(R)"-conjugacy class of hy corresponds to the set of Z-Hodge
structures on Z* having type (—1,0), (0, —1) for which .J induces a polarisa-
tion. Using the description of the Hodge filtration, as in the case of elliptic
curves, one can identify this set in a GSp,,(R)*-equivariant manner with a

Hermitian symmetric domain
H,:={Z=X+1iY € My,(C): Z=2"Y >0}

called the Siegel upper half-space of genus g.

2.6 The Siegel upper half-space

Having fixed a ¢ € N, we denote the Hodge structure corresponding to a

point 7 € H, by V; and we denote the corresponding Hodge filtration by F’.
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For any given (p,q) € Z x Z, the dimension d(p, q) of V77 is constant as 7

varies over IH, and we have a continuous map
7= VP Hy = Gagpg (V(C)),

from Hy to the complex projective variety of d(p, ¢)-dimensional subspaces
of V(C).

Furthermore, the subspace dimensions of F. are also constant as 7 varies
over H, and, if we denote by F4(V(C)) the complex projective variety parametris-

ing such filtrations of V(C), then the map
[ [Fr]H, = Fg(V(C))

is holomorphic. In light of these properties, we refer to the set of Hodge
structures corresponding to the points of H, as a holomorphic family of
Hodge structures.

Finally, the differential of f at 7 is a C-linear map
le.,- : TTHQ — T[FT]Fd(V((C))

from the tangent plane of H, at 7 to the tangent plane of F,(V(C)) at [F].
By [Mil04], (17), Tip,1Fa(V(C)) is a subset of

P Hom(F?,V(C)/F?)
p
but, in this case, the image of df. is actually contained in the space
P Hom(F?, P~ /FP)
p

and we say that this holomorphic family of Hodge structures is a variation

of Hodge structures.
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2.7 Families of Hodge structures

We abstract the above situation as follows: let V' be a finite dimensional
R-vector space and let T" be a finite set of tensors on V', including a nonde-

generate bilinear form ty. Fix an n € N and let
d:7Zx7Z—N

be a symmetric function such that d(p,q) = 0 for almost all (p, ¢), including
every (p,q) such that p + ¢ # n.

Consider the set S(d,T) of Hodge structures on V' such that, for all
(p,q) € Z X Z,

dim VP = d(p, q),

every t € T'is a Hodge tensor and t; is a polarisation. This is naturally a

subspace of

Il Gapa(V(C)

(p,q):d(p,q)#0
and so S(d,T) can be given the subspace topology and, by [Mil04], Theorem
2.14, (assuming it is non-empty) any connected component has a unique com-
plex structure such that the corresponding set of Hodge structures constitute
a holomorphic family. Furthermore, if such a family is actually a variation
of Hodge structures, then the corresponding connected component S* has
the structure of a Hermitian symmetric domain. In fact, every Hermitian

symmetric domain is of the form S* for a suitable V, T and d.
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2.8 The algebraic group

Recall the topological space S(d,T) from the previous section and let S+
be a connected component. Fix a point hg € ST and let G' be the smallest

algebraic subgroup of GL(V') such that
h:S— GL(V)

factors through G for every h € ST i.e. the intersection of all subgroups
having this property. As in the proof of [Mil04], Theorem 2.14 (a), for any
g € G(R)*", ghog! € ST and, in fact, the map

g+ ghog ' : GR)T — ST

is surjective. In other words, ST is the G(R)"-conjugacy class of hy.

2.9 Shimura data

Motivated by our example of Abelian varieties, we want to consider Z-(or
Q)-Hodge structures. This will be achieved by choosing an algebraic group
G defined over Q and embedding this into GL(V') for some Q-vector space

V. The Z-structure will come from the choice of a lattice in V.

Definition 2.2. A Shimura datum is a pair (G, X), where G is a reductive
group over Q and X is a G(R)-conjugacy class of morphisms h : S — Gg
such that, for one (or, equivalently, all) h € X,

e Only the characters z — 1, z — z/Z and z — Z/z occur in the repre-

sentation of S on the Lie algebra g of G2.
o Congugation by h(i) is a Cartan involution of G*.
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o For every simple factor H of G, the map S — Hpg is not trivial.

By a reductive algebraic group we refer to a connected linear algebraic
group with trivial unipotent radical. The unipotent radical of an algebraic
group is the unipotent part of its radical, which is the neutral component
of its maximal normal, solvable subgroup. The semisimple groups are those
algebraic groups with trivial radical. In particular, they are reductive.

Now let (G, X) be a Shimura datum. By the first of the axioms above,
G (R) = R*, which is naturally a subgroup of S(R) = C*, acts trivially on
924, As the action of G on g*? factors through G and the action of G* is
faithful, the image of R* in G(R) must belong to the centre. In particular,
the restriction of any h € X to G,, is independent of h and we refer to
its reciprocal w as the weight homomorphism since, for any representation
p : Gg — GL(V), pow defines the weight decomposition of the Hodge
structure given by po h on V.

Now let p : Gg — GL(V) be a faithful representation. By [Mil04], Propo-
sition 5.9, X has a unique structure of a complex manifold such that the
family of Hodge structures induced on V by p o h as h varies over X is
holomorphic. In fact, the first axiom implies that it is a variation of Hodge
structures. Therefore, from our earlier discussion of families of Hodge struc-
tures, X is a finite disjoint union of Hermitian symmetric domains.

Alternatively, consider a connected component X of X. By [Mil04],
Proposition 5.7 (a), we may consider Xt as a G*(R)"-conjugacy class of
morphisms S — G2, Let h € X+ and decompose G&! into a product of
simple factors H; (over R) so that h = (h;);, where h; is the projection of h
to H;. By [Mil04], Lemma 4.7, if H;(R) is compact then h; is trivial. Other-
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wise, given the conditions satisfied by h, there exists a Hermitian symmetric
domain D; such that H;(R)" coincides with Hol(D;)* and D; is in natural
one-to-one correspondence with the H;(R)-conjugacy class X;" of h;. There-
fore, the product D of the D; is a Hermitian symmetric domain on which
G*(R)™ acts via a surjective homomorphism G*(R)* — Hol(D)" with com-

pact kernel and there is a natural identification of D with X+ = [, X;".

Definition 2.3. A morphism of Shimura data
(G1, X1) = (Go, X3)

s a morphism ¢ : G1 — Gy such that, for every h € Xy, poh € Xy. If ¢ is

a closed immersion, we refer to (Gy, X1) as a Shimura subdatum.

Definition 2.4. Let (G, X) be a Shimura datum. Let X! be the G*(R)-
conjugacy class of morphisms S — G233 containing the image of X. Then

(G* X?) is a Shimura datum called the adjoint Shimura datum and
(G, X) = (G*, X

1s a morphism of Shimura data.

2.10 Congruence subgroups

Let G be a reductive subgroup of GL,, defined over Q. We denote by G(Z)
the group G(Q) N GL,(Z). Recall the following definition, independent of
the embedding of G in GL,:

Definition 2.5. A subgroup I' of G(Q) is arithmetic if T N G(Z) has finite

index in I and G(Z) i.e. I' and G(Z) are commensurable.
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Now suppose that (G, X) is a Shimura datum. We would like to consider
the corresponding Hodge structures up to isomorphism and this is the role
of the group I We may also wish to distinguish additional structure to
that already encoded in the group GG. The most obvious such structure is

distinguished by the following class of arithmetic subgroups:

Definition 2.6. The principal congruence subgroup of level N is defined as
the group

I'(N):={g€ G(Z) : g=1id mod N},
where the congruence relation is entry-wise.

In the case of Abelian varieties, where G = GSp,, and we consider the Z-
Hodge structure on A = H; (A, Z), the group I'(IV) also distinguishes between
different bases for the N-torsion subgroup %A/A, rather than simply the
isomorphism class of A along with its polarisation.

Of course, the definition of the principal congruence subgroup depends on
the embedding of G in GL,. Therefore, we define a congruence subgroup of
G(Q) to be a subgroup containing some I'(N) as a subgroup of finite index.
This notion does not depend on the embedding.

2.11 Adéles
The ring of finite (rational) adeles A; comprises the elements

a= (o) € HQP

such that, for almost all primes p, o, € Z,. It is endowed with the topology

for which a basis of open sets are those of the form Hp U,, where U, is open
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in Q,, and U, = Z, for almost all p. Similarly, for an algebraic group G,
defined over Q, one can choose an embedding into GL,, and define G(A) as

those elements

9= 1(9p)p € H G(Qp)

p

such that g, € GL,(Z,) for almost all p. However, this definition of G(Ay)
is independent of the embedding into GL,, and so is the basis of open sets,
defined analogously to the above.

By [Mil04], Proposition 4.1, for any compact open subgroup K of G(Ay),
K N G(Q) is a congruence subgroup I' of G(Q) and every congruence sub-
group arises this way. Loosely speaking, considering the congruence relation
defining I' prime-by-prime gives rise to K, and vice-versa.

Later, we will also need the more general definition of Ag f, the finite
adeles over a number field E, which we define as Ay ® E or, equivalently, as

the ring of elements
a=(ay) € H E,,

over all finite places v of E, such that, for almost all v, a,, € Op,. The adele
ring A arises when we include factors for the infinite places of E. Therefore,

any o € Ag can be written as a pair (ae, of), where ay € Ap ;.

2.12 Neatness

Let G be an algebraic subgroup of GL,, defined over Q. The following defi-
nition is independent of the embedding into GL,,:
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Definition 2.7. An element g € G(Q) is neat if the subgroup of Q" generated

by its eigenvalues is torsion free.

One says that a congruence subgroup I' is neat if all of its elements are
neat. There is also a notion of neatness for compact open subgroups of
G(Ay), for which we refer the reader to [KY], 4.1.4. In particular, if K is
neat then so is the congruence subgroup G(Q) NgKg™*, for any g € G(Ay).
Every compact open subgroup K of G(Af) contains a neat compact open

subgroup K’ of finite index in K.

2.13 Shimura varieties

Finally, we give the definition of a Shimura variety:

Definition 2.8. Let (G, X) be a Shimura datum and let K be a compact
open subgroup of G(Ay). The Shimura variety attached to (G, X) and K is

the double coset space
Shi (G, X)(C) := GQ)\X x (G(Ay)/K).

This definition invariably seems abstruse at first. However, it is a simple
calculation to see that
Shy (G, X)(C) = [[ T\ X,
gec
where C is a set of representatives for the double coset space G(Q)\G(Af)/K
and I, := G(Q) N gKg™! is a congruence subgroup. Note that, by [PR91],

Theorem 5.1, C is a finite set. However, since we are interested in connected
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components, choose a connected component X of X and denote by G(Q)

its stabiliser in G(Q). Then

Shy (G, X)(C) = J T, \XT,

geC+

where Cy is a set of representatives for the double coset space G(Q)\G(Af)/ K
and I'y := G(Q); NgKg ' By [Mil04], Lemma 5.12, C; is also a finite set.

2.14 Complex structure

Any arithmetic subgroup I' of G(Q) acts on X through G*(Q) and, by
[Mil04], Proposition 3.2, its image is also arithmetic. For any arithmetic
subgroup I' of G(Q), the intersection I' N G(Q) acts on XT. We say that
its image under the map G*(R)™ — Hol(X™*)* is an arithmetic subgroup of
Hol(X+)*.

If T is neat then the image of I' N G(Q)4 in Hol(X™)T is neat and, in
particular, torsion free. By [Mil04], Proposition 3.1, such an arithmetic sub-
group of Hol(X )" acts freely on X and the corresponding quotient has a
unique complex structure such that the quotient map is a local isomorphism.
In general then, T\ X ™ has the structure of a (possibly singular) complex

analytic variety.

2.15 Algebraic structure

The fundamental result of Baily and Borel [BB66] states that the quotient
of X by any torsion free, arithmetic subgroup of Hol(X )" has a canonical

realisation as a complex quasi-projective algebraic variety. In particular, if
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K is neat, Shg (G, X)(C) is the analytification of a quasi-projective variety
Shi (G, X)c.

A further theorem of Borel [Bor72] states that, for any smooth quasi-
projective variety V over C, any holomorphic map from V(C) to Shx (G, X)(C)
is regular. For example, given any inclusion K; C K5 of neat compact open

subgroups of G(Ay), we have a natural morphism of algebraic varieties
Shy, (G, X)¢c — Shg, (G, X)c.
Therefore, varying K, we get an inverse system of algebraic varieties
(Shx (G, X))k

and we write the scheme-theoretic limit of this system as Sh(G, X)¢. On the

system there is a natural action of G(Ay) given by
-g : Shg (G, X)(C) — Shy-1x,(G, X)(C) : [x,a]x — [z, a9],-1k4

where we use [-,-]x to denote a double coset belonging to Shx(G, X)(C).
By the theorem of Borel, this action is algebraic. Therefore, for any given

g € G(Ay), it induces an algebraic correspondence
Shi (G, X)c < Shgngrg-1 (G, X)c 2 Shy-1xgni (G, X)c = Shg (G, X)e,

where the outer maps are the natural projections. We refer to this corre-
spondence as a Hecke correspondence.

Finally, if we have a morphism

f : (Gl,Xl) — (GQ,XQ)
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of Shimura data and two compact open subgroups K; C G;(Ay) and Ky C
G2(Ay) such that f(K;) C K», then we obtain a morphism

ShK1 (Gl, X1>(C> — ShK2 (GQ, X2>(C),
which, again by the theorem of Borel is a regular map
ShKl (Gl, Xl)(C — ShKQ(GQ, Xg)(c.

We refer to the images of such maps as Shimura subvarieties. We also obtain

an induced morphism
Sh(Gl, Xl)(C — Sh(GQ, XQ)(C

of the limits, by which we mean an inverse system of regular maps, compatible

with the action of G(Ay).

2.16 Special subvarieties

Special subvarieties constitute the smallest class of irreducible algebraic sub-
varieties containing the connected components of Shimura subvarieties and
the irreducible components of their images under Hecke correspondences.

The precise definition is the following:

Definition 2.9. Let Shi (G, X)c be a Shimura variety. A closed irreducible

subvariety Z is called special if there exists a morphism of Shimura data
(G X') = (G, X)
and g € G(Ay) such that Z is an irreducible component of the image of

Sh(G', X")¢ — Sh(G, X)c 5 Sh(G, X)¢ — Shi (G, X)c.
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The situation is analogous to the case of Abelian varieties, where the
special subvarieties are the Abelian subvarieties and their translates under
torsion points.

By definition, if we let K’ C G(Ay) be a compact open subgroup con-

tained in K and consider the natural morphism of Shimura varieties
T ShK/(G, X)(C — ShK(G, X)(C

e If Z is a special subvariety of Shx/(G, X)c, then 7(Z) is a special
subvariety of Shy (G, X)c.

e If 7 is a special subvariety of Shx(G, X)¢, then any irreducible com-
ponent of 7717 is a special subvariety of Shg: (G, X)c.

2.17 Special points
The natural definition of a special point is the following:

Definition 2.10. A special point in Shx (G, X)c is a special subvariety of

dimension zero.

However, we can characterise special points in a more concrete manner:
consider a special point [h,g]x € Shg(G, X)(C). Let M := MT(h) be the
Mumford-Tate group of hi.e. the smallest algebraic subgroup H of G (defined
over Q) such that h : S — Gg factors through Hg and let X, denote the
orbit M(R) - h inside X. Then (M, X,) is a Shimura subdatum of (G, X)
and, if we let X}, be the connected component M(R)™ - h of Xy, then the
image of X}, x {g} in Shx (G, X)(C) defines the smallest special subvariety

containing [h, g|k. Therefore, X, must be zero dimensional and so M must
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be commutative. It is a general fact that any subgroup of G defined over Q
and containing h(S) is reductive. Therefore, M is a torus.

On the other hand if T is a torus in G and h € X factors through Tk
then [h, g]x € Shg(G, X)(C) is clearly a special point for any g € G(Ay).
Therefore, we may define a special point as any point [h, g|x € Shg (G, X)(C)
such that MT(h) is a torus. Of course, the choice of h is only well-defined up
to conjugation by an element of G(Q), but this doesn’t affect the property
of MT(h) being a torus.

2.18 Canonical model

Now we would like to define a model for Shx (G, X )¢ that is canonical in a
sense we will make precise. As we have seen, Shy (G, X)(C) is often a moduli
space for Abelian varieties and the main theorem of complex multiplication
gives us a description of how Galois groups act on sets of CM-Abelian vari-
eties. Therefore, we would like the Galois action on Shy (G, X)(C) to agree
with this description, whenever it applies. In order to achieve this, the canon-
ical model will satisfy a generalised version of this description given in terms
of Deligne’s group-theoretic (G, X) language.

Recall that a model over a number field E for a complex algebraic variety
V' is a variety V| defined over £/ with an isomorphism ¢ : Vo c — V, though
we will follow convention and omit any mention of this isomorphism. First
we define the field of definition £ := E(G, X) of the canonical model. It is
referred to as the reflex field and, as we will see, it does not depend on K.
This independence is one reason for having several connected components in

the definition of a Shimura variety. We refer the reader to [Mil04], §12.
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For a subfield k of C, we write C(k) for the set of G(k)-conjugacy classes

of cocharacters of GG, defined over k i.e.
C(k) = G(k)\Hom(G,, x, Gi).

Any homomorphism k& — £’ induces a map C(k) — C(k’), so Aut(k’/k) acts
on C(k).
For h € X, we obtain a cocharacter

2 (z,1) ~ h
Ly, - Gm@ H—) an’(c = S(C = G(c

of G¢ and so the G(R)-conjugacy class X of h maps to an element ¢(X) €
C(C). The reflex field E is then the fixed field of the stabiliser of ¢(X) in
Aut(C). By what follows, we will see that £ is a number field.

Suppose that
[h, gl € Shr (G, X)(C)

is a special point i.e. M := MT(h) is a torus. Therefore, since all cocharacters
of M are defined over Q and y, factors through Mg, py, is defined over a finite
extension Ej of Q. Note that Ej does not depend on the choice of h. By
[Mil04], Remark 12.3 (b), E' is contained in Ej,.
For any t € M(E}), the element
IT «®
0:Ep—Q
is stable under Gal(Q/Q) and so belongs to M (Q). The so-called reciprocity
morphism is defined by
rnc A = M(Ag)ram [ o(un(a)).

0:Ep—Q
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Finally, recall the (surjective) Artin map
Artg, 1 A, — Gal(E®/E)
from class field theory and let Art;Ji denote its reciprocal.

Definition 2.11. We say that a model of Shi (G, X)c over E is canonical

if every special point [h, g|x in Shi (G, X)(C) has coordinates in E* and

U[h7 g]K = [h7 Th(sf)g]Ka
for any o € Gal(E;°/Ey) and s = (s«,57) € A}, such that Arty (s) = 0.

By [Mil04], Theorem 13.7, if a canonical model exists, it is unique up to
unique isomorphism. The difficult theorem is that canonical models actually
exist. For a discussion, see [Mil04], §14.

A model of Sh(G, X)¢ over E is an inverse system of varieties over £, en-
dowed with a right action of G(Ay), which over C is isomorphic to Sh(G, X)¢
with its G(A[) action. Such a system is canonical if each component is canon-
ical in the previous sense.

By [Mil04], Theorem 13.7 (b), if for all compact open subgroups K of
G(Ay), Shg(G, X)c¢ has a canonical model, then so does Sh(G, X )¢ and it is
unique up to unique isomorphism. In particular, by [Mil04], Theorem 13.6,
the action of G(Ay) is defined over E. By [Mil04], Remark 13.8, if (G', X') —
(G, X) is a morphism of Shimura data and Sh(G’, X')¢ and Sh(G, X)¢ have

canonical models, then the induced morphism
Sh(G,, X’)(c — Sh(G, X)(C
is defined over E(G', X') - E(G, X).
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3 The Pila-Zannier strategy

A connected component of a Shimura variety arises as a quotient I'\ D, where
D is a certain type of complex manifold called a Hermitian symmetric do-
main, and I is a certain type of discrete subgroup of Hol(D)™ called a con-
gruence subgroup.

Let S denote such a component. By [KUY13], §3, there exists a semi-
algebraic fundamental domain F C D for the action of I'. By [KUY13|,

Theorem 1.2, when the uniformisation map
m:D— S

is restricted to F, one obtains a function definable in the o-minimal struc-
ture Rypexp. From these observations, the André-Oort conjecture becomes
amenable to tools from o-minimality.

The purpose of this section is to explain the so-called Pila-Zannier strat-
egy for proving the André-Oort conjecture. This strategy first arose in a
proof of the Manin-Mumford conjecture [PZ08| and was first adapted to
Shimura varieties by Pila [Pil09a]. We will follow the outline given by Ullmo
[Ull13] for Af, where A, is the moduli space for principally polarised Abelian
varieties of dimension g.

The first step is to show that, if Y is an irreducible Hodge generic sub-
variety of S, then the union of all positive-dimensional special subvarieties
contained in Y is not Zariski dense in Y. The second step is to show that
all but finitely many special points in Y lie on a positive-dimensional special
subvariety contained in Y.

Both steps require the hyperbolic Ax-Lindemann-Weierstrass conjecture,
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a geometric statement, itself amenable to proof via o-minimality, which was
first proven in the cocompact case by Ullmo and Yafaev [UY14], by Pila and
Tsimerman for A, [PT14], and finally by Klingler, Ullmo and Yafaev in the
general case [KUY13].

Ullmo demonstrates the first step in his article [Ull13]. Therefore, we
focus on the second step. The strategy will be to compare lower bounds
for the size of Galois orbits of special points with upper bounds for the
heights of their pre-images in the fundamental domain. One concludes by
applying the Pila-Wilkie counting theorem [PWO06], which states that the
number of algebraic points of degree at most k£ and height at most 7', in the
complement of all connected positive-dimensional semi-algebraic subsets of

a set X, definable in an o-minimal structure, is <., x T°.

3.1 Reductions

Let (G, X) be a Shimura datum and let K be a compact open subgroup of
G(Ay). Let X be a set of special points in Shg (G, X)(C) and let Y denote
an irreducible component of the Zariski closure of Usexs in Shi (G, X)c.
Let [h, g]x € Y denote a point such that M := MT(h) is maximal among
such groups. Note that the maximality is independent of the choice of h. We
say that such a point is Hodge generic in Y. Let X, := M(R) - h. Then, by
[EY03], Proposition 2.1, Y is contained in the image of the morphisms

Shg,, (M, Xar)e — Shyrg1(G, X)e -5 Shg (G, X)e,

where K); := M(A;) N gKg™'. Denote by f their composition and let

Yy be an irreducible component of f~'Y. Then Y is a special subvariety
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of Shx (G, X)¢ if and only if Yy, is a special subvariety of Shg,, (M, Xy )c.
Furthermore, Y, is Hodge generic in Shg,, (M, Xy)c. Therefore, we may
assume that Y is Hodge generic in Shg (G, X)c.

Let (G*, X?) be the adjoint Shimura datum associated to (G, X) and
let K1 be a compact open subgroup of G*(A) containing the image of K.
Then Y is a special subvariety of Shx (G, X)c if and only if its image Y in
Shyaa (G4, X2d) ¢ is a special subvariety. Furthermore, if Y is Hodge generic
in Shx (G, X)c, then Y24 is Hodge generic in Shgaa (G4, X?d)c. Therefore,
we may assume that G is semisimple of adjoint type.

Recall that the irreducible components of the image of a special subvariety
under a Hecke correspondence are again special subvarieties. Therefore, if
we fix a connected component X of X, we may assume that Y is contained
in the image S := T'\X T of X* x {1} in Shg (G, X)c, where I := G(Q); N K
and G(Q). is the stabiliser of X* in G(Q). We denote a point in S as [A]

for some h € XT.

3.2 Galois orbits

The first ingredient is a lower bound for the size of the Galois orbit of a
special point. By the definition of special subvarieties, the choice of K is
irrelevant in the André-Oort conjecture. Thus, we may assume that K is
neat and a product of compact open subgroups K, in G(Q,).

Now let [h] € S be a special point. Recall that M := MT(h) is a torus
and let L denote its splitting field, by which we mean the smallest field over
which M becomes isomorphic to a product of the multiplicative group. Note

that this is a finite Galois extension of QQ containing £} and is independent
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of the choice of h.

Let K denote the compact open subgroup M (Ay) N K of M(Ay), which
is equal to the product of the M(Q,) N K,. Let K}} be the maximal compact
open subgroup of M(Ay), which is unique since M is a torus, and equal
to the product of the maximal compact open subgroups Ky of M(Q,).
Note that Ky, = Kjp, for almost all primes p. The following is a natural

generalisation of [EMOO01], Problem 14, posed by Edixhoven for A,:

Conjecture 3.1. There exist positive constants ¢1, By and uy such that, for

any special point [h] € S,
Gal(@/L) - ]| > e B (K : Ky A

where i(M) is the number of places such that Ky, # Ky, and Ay is the

absolute value of the discriminant of L.

Note that, although the groups K}/ and K, depend on the choice of h,
they are well-defined up to conjugation by an element of I' and, hence, the
index [K}; : Ky is well-defined. By [UYb], Théoreme 6.1, this bound is
known to hold under the GRH for CM fields and, by [Tsil2|, Theorem 1.1,

it holds unconditionally in the case of Ay, for g at most 6.

3.3 Realisations

We refer to a point h € X as a pre-special point if [h] € S is a special point.
The second ingredient in the Pila-Zannier strategy is an upper bound for the
height of a pre-special point in a fundamental domain F of X with respect

to I'. As opposed to the case of an Abelian variety, this is a non-trivial issue.
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For a sensible notion of height, we must first choose a realisation X of
X . By this we mean an analytic subset of a complex quasi-projective variety
X, with a transitive holomorphic action of G(R)" on X such that, for any

xp € X, the orbit map
GR)" - X:g9g—g-x

is semi-algebraic and identifies X with G(R)" /K, where K, is a maximal
compact subgroup of G(R)" (recall that G is semisimple and adjoint). A
morphism of realisations is then a G(R)"-equivariant biholomorphism. By
[Ull13], Lemme 2.1, any realisation has a canonical semi-algebraic structure
and any morphism of realisations is semi-algebraic. Therefore, X* has a
canonical semi-algebraic structure.

A subset Z C X is called an irreducible algebraic subvariety of X if Z is
an irreducible component of the analytic set X' N Z , where Z is an algebraic
subset of X. By [Ull13], Lemme 2.1, X' N Z has finitely many analytic com-
ponents and they are semi-algebraic. Also note that, by [KUY13], Corollary
B.1, this notion is independent of our choice of X'. In particular, we have a

well defined notion of an irreducible algebraic subvariety of X*.

3.4 Heights

For the remainder of this article, we will fix as our realisation the so-called
Borel embedding of X in its compact dual XV. We refer to [UY11], 3.3 for
the following definitions:

For a point h € X, let

i e 280 G2~ sc 1 G
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be the corresponding cocharacter and let My be the G(C)-conjugacy class of
pn- Let V' be a faithful representation of G on a finite dimensional QQ-vector
space so that, for each point h € X, we obtain a Hodge structure V}, and a

Hodge filtration
E,={-- DFff D FfI;H BEEEN S Ff{) = @TZPV;S'

Fix a point hy € X T and let P be the parabolic subgroup of G(C) sta-
bilising Fj,. We define XV to be the complex projective variety G(C)/P,
which is naturally a subvariety of the flag variety O¢ := GL(V¢)/Q, where
@ is the parabolic subgroup of GL(V¢) stabilising Fj,. Therefore, we have a
surjective map from My to XV sending py, to Fj,.

The Borel embedding X < XV is the map h — F},. It is injective since, by
[Mil04], §2, (18), the Hodge filtration determines the Hodge decomposition.
In other words, the maximal compact subgroup K., of G(R)" constituting
the stabiliser of hg is equal to G(R)* N P.

However, ©¢ has a natural model © over Q such that, for any extension L
of Q, a point of O(L) corresponds to a filtration defined over L. By definition,
XV is defined over the reflex field E := E(G, X) and a special point h € X*
is defined over the field of definition Fj of .

Therefore, since a pre-special point h € X has algebraic coordinates,
we are allowed to talk about its (multiplicative) height H(h), as defined in
[BGO6], Definition 1.5.4. The following is a natural generalisation of [PT13],

Theorem 3.1, due to Tsimerman:

Conjecture 3.2. There exist positive constants co, B, po and pus such that,
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for any pre-special point h € F,
H(h) < 2By [KYy - K] A4
(h) < 2By Ky« K] AT

Remark 3.3. Let h € X be a pre-special point and let L be the splitting
field of M := MT(h). The dimension d of M is at most the dimension of
a mazimal torus of G and the Galois action on the character group of M is

given by a homomorphism
Gal(L/Q) — GL4(Z).

Since, by a classical result of Minkowski, the number of isomorphism classes
of finite groups contained in GL4(Z) is finite, the degree of L (and therefore

Ey) is bounded by a positive constant depending only on G.

3.5 Definability

In order to apply the Pila-Wilkie counting theorem, one requires the following

theorem:

Theorem 3.4. The restriction mF of the uniformisation map
7: Xt =S

is definable in Rap exp-

This theorem was first proved for restricted theta functions by Peterzil
and Starchenko [PS13]. In particular, this addressed the case of A,. It is
known for general Shimura varieties due to the work of Klingler, Ullmo and

Yafaev [KUY13|.
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3.6 Ax-Lindemann-Weierstrass

The final ingredient is the hyperbolic Ax-Lindemann-Weierstrass conjecture.
In order to state the conjecture, we require the notion of a weakly special

subvariety:

Definition 3.5. A variety V in S is weakly special if the (analytic) connected

components of 7'V are algebraic in X+.

This definition is actually the characterisation [UY11], Theorem 1.2 of the
original definition [UY11], Definition 2.1. However, given some familiarity
with Shimura varieties, the proof is fairly straightforward and this character-
isation is precisely what we need. The term weakly special is motivated by
the fact that all special subvarieties are weakly special whereas, as explained
in [Moo98al, weakly special subvarieties are special subvarieties if and only

if they contain a special point.

Theorem 3.6. Let Z be an algebraic subvariety of S. Mazimal, irreducible,
algebraic subvarieties of m=1Z are precisely the irreducible components of the

preimages of mazximal, weakly special subvarieties contained in Z.

This theorem is due to Klingler, Ullmo and Yafaev [KUY13]. It was first
proven for compact Shimura varieties by Ullmo and Yafaev [UY14] and for

A, by Pila and Tsimerman [PT14].

3.7 Pila-Wilkie

Let A C R™ be a definable set in an o-minimal structure and let A?2 be the

union of all connected positive dimensional semi-algebraic subsets contained
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in A. Recall the Pila-Wilkie counting theorem, first proved for rational points

in [PWO06] and later for algebraic points in [Pil09b]:

Theorem 3.7. For every e > 0 and k € N, there exists a positive constant
¢, depending only on A, k and €, such that, for any real number T > 1, the
number of points lying on A\ A&, whose coordinates in R™ are algebraic of

degree at most k and of multiplicative height at most T', is at most ¢T°°.

In this thesis, the o-minimal structure will be Ry, exp and definable will

always mean definable in R,y exp-

3.8 Final reduction

The final reduction is the following result due to Ullmo, appearing as Theo-

rem 4.1 in [Ull13]:

Theorem 3.8. Let Z be a Hodge generic subvariety of Shi (G, X)c, strictly
contained in S. Suppose that, if S is a product S; X Sy of connected compo-
nents of Shimura varieties, then Z is not of the form Sy x Z', for a subvariety
7' of Sy. Then the union of all positive-dimensional weakly special subvari-

eties of Shx (G, X)c contained in Z is not Zariski dense in Z.

We apply the theorem to Y noting that the assumption in the theorem
is no loss of generality: if necessary, we simply replace S by Sy and Y by
Y’. Thus, we may assume that the union of all positive-dimensional special
subvarieties of Shx (G, X )¢ contained in Y is not Zariski dense in Y.

Therefore, if we are able to show that all but a finite number of special
points in Y lie on a positive-dimensional special subvariety of Shy (G, X)c

contained in Y, then the theorem implies that ¥ = S.
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3.9 Implementation

By Theorem 3.4, m# is definable and so
Y =Y NF

is a definable set. By assumption, Y contains a dense set of special points
and so is defined over a finite extension F' of E.

Consider a pre-special point h € Y and let L denote the splitting field
of M := MT(h). The Galois orbit Gal(Q/LF) - [h] is contained in Y and, if
Conjecture 3.1 holds, then

(Gal(Q/LF) - [h)] > e, By K7y - Ku] AT
where ¢| := ¢;/[F : E]. On the other hand, let
[h, m]K € ShK(G, X) ((C)

denote an element of Gal(Q/LF) - [h], where m € M(Ay) is given by the
explicit description of the Galois action. Since [h,m|x € S, m is equal to
gk, for some ¢ € G(Q), and k € K. Denote by h’ the point of Y such that

(W] = [h, m]g. Then, up to conjugation by an element of T,
M':=MT(¢""-h)=q 'Mq
is equal to MT(R") and
Kip /K = q ' Kipg/q " M(Ap)g N K.
Conjugation by ¢ yields a bijection between this quotient and

K /M(Ap) NgKq™,
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which has cardinality [K7} : K] since ¢ = mk™".

Hence, if Conjecture 3.2 holds, then
H(I') < e BIAY[K - Ky Aks

Therefore, since by Remark 3.3 all pre-special points in X have algebraic
co-ordinates of bounded degree, Theorem 3.7 implies that, for any ¢ > 0,
there exists a constant ¢, depending only on Y and €, such that there are at

most
c(BYM Ky KAL)

pre-special points on Y \ Y belonging to Gal(Q/LF) - [h].

Consequently, we may choose e sufficiently small such that, if either
B [Km . Ky or AL is large enough, then there exists a point in Gal(Q/LF)-
[h] such that the corresponding point h' € Y belongs to a connected positive-
dimensional semi-algebraic set contained in Y. Therefore, by [KUY13],
Lemma B.2, I/ belongs to an irreducible algebraic subvariety of Xt con-
tained in Y and so, by Theorem 3.6, there exists a weakly special subvariety
V' contained in Y such that [h'] € V. Therefore, V' is a special subvariety of
positive dimension and [h] belongs to a special subvariety contained in Y.

Therefore, on Y, in the complement of all positive-dimensional special
subvarieties contained in Y, the quantities B;(M) (K7} : Ky and Ap corre-
sponding to special points are bounded. By [UYa], Proposition 3.21, the
set of tori equal to the Mumford-Tate group of a pre-special point such that
(K7} - K] and Ap are bounded lie in only finitely many I'-conjugacy classes.

In particular, such pre-special points lie above only finitely many points in

S.
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4 Hilbert modular surfaces

The purpose of this section is to prove the following special case of the André-
Oort conjecture via the Pila-Zannier strategy. This represents joint work

with Andrei Yafaev. For background on Hilbert modular surfaces we refer

to [Edi01] and [vdG8T7].

Theorem 4.1. Let S be a Hilbert modular surface and let C C S be an
irreducible algebraic curve containing an infinite set of special points. Then

C s a special subvariety of S.

Let F' be a real quadratic field, O its ring of integers and I' := SLy(OF).
By a Hilbert modular surface we mean S := T'\H?. This is a connected com-
ponent of the Shimura variety Shi (G, X)¢ defined by the Shimura datum
(G, X) := (Resp/gGLyr, H*?) and K = GLy(Or). One can also consider
quotients of H x H by other congruence subgroups of SLy(OF). However, the
André-Oort conjecture for such quotients is equivalent to the one for S. Fur-
thermore, since a subvariety is special if and only if irreducible components
of its images by Hecke correspondences are special, the statement holds for
a curve contained in any component of Shy (G, X)c.

The Shimura variety Shy (G, X)c is a coarse moduli space for pairs (A, 7)
where A is an Abelian surface and i: O — End(A) is a homomorphism.
It admits a canonical model over Q and S is defined over a certain explicit
Abelian extension. Let 7: H? — S be the uniformisation map. We choose
a certain fundamental set F C H? (actually a certain part thereof) for the
action of I'.

Let C' be a curve in S containing an infinite set of special points. In
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particular, C is defined over a number field. We let Z := 77'C' N F and
we denote by Z9 the algebraic part of Z i.e. the union of all connected
positive-dimensional semi-algebraic subsets contained in Z, where H x H is
viewed as a subset of R*.

Suppose that C' is not special. The theorem of Peterzil and Starchenko
[PS13] shows that Z is definable in the o-minimal structure R,y o, Whereas,
as explained in Section 4.2, Z%9 contains no pre-special points. Therefore,
by the Pila-Wilkie counting theorem, the number of pre-special points on Z
up to a height T is <. T for any € > 0.

For a special point x of S, we let (A,,i,) be the corresponding pair as
above. The ring Endp, (A4,) of endomorphisms commuting with the action
of O is an order in a totally imaginary quadratic extension of F. We
let d, := |disc(Endp,(A;))|. In Section 4.1 we show that the height of a
pre-special point in F is bounded by a power of its discriminant. Hence,
Pila-Wilkie implies that the size of the Galois orbit of the special point x is
< di, where € > 0 can be chosen arbitrary small. This contradicts a result
of Edixhoven who showed that the size of the Galois orbit is > d¥*. It
seems very likely that the methods of this section generalise to the mixed
case i.e. the analogue of the André-Oort conjecture for the universal Abelian
scheme over a Hilbert modular surface. To generalise the result to the case of
Hilbert modular varieties of higher dimension, one needs unconditional lower
bounds for the Galois orbits of special points in terms of a positive power of

the discriminant.
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4.1 Bounds on the heights of special points

In this section, we give upper bounds on the heights of coordinates of pre-
special points contained in a certain fundamental set in terms of their dis-
criminant. For an element « of F', we denote by o' the image of a by the
non-trivial automorphism of F. Recall, a point z = (21, z3) of H? is called
pre-special if 7(z) is a special point of S.

Let 2 = (21, 29) be a pre-special point in H2. Then z is fixed by a certain
semisimple element of SLy(F'). From this it immediately follows that z;
satisfies an equation az} + bz; + ¢ = 0 with a,b,c € Op and 2z, satisfies
a'z3+bz+c =0. The field K = F(2) is an imaginary quadratic extension
of F.

We follow [vdGUS82], Section 1.1. Consider the embedding £,: F X FF —
C? sending (a, B) to (az; + B3, a’ 2, + ') and giving rise to the complex torus

A, =C*/L.(OrT),

where Z is an invertible rank one Op-module contained in O, the Z-dual
of Op with respect to the trace. The action of O on A, is given by
m(a): (C1,¢) — (aly,d’¢y). In [vdGUS82], Section 1.1, it is shown that
A, is a polarised Abelian variety. By [vdG87], Section 1.7, Corollary 7.3, the
Abelian variety corresponding to a point x of S is A, = C?/L.(Or ® OF),
where z € 77 !(z). Denoting A, := L,(Or ® OF), we have

Endp,(A,) ={ke€ K: kA, CA,}

The ring Endp, (A,) is an order in K containing Op.
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Lemma 4.2. The relative discriminant ideal
diSCK/F(EHdOF (Az))
is generated by the b* — 4ac (with a,b,c € Op) such that az? + bz, +c¢= 0.

Proof. Let R be Endp,.(A,) and let I be the ideal in O generated by the
b*>—4ac (with a, b, c € O) such that az?+bz; +c¢ = 0. For any such equation,
R contains az; and hence discx/p(R) contains I.

To prove the other inclusion, fix a prime ideal P of O and let Op, be
the completion of O at P. We let M be a maximal ideal of O above P
and Kj; the completion of K with respect to the corresponding valuation.
Let az? + bz; + ¢ = 0 be an equation satisfied by z; with vp(abc) minimal
where vp denotes the P-adic valuation. It follows, in particular, that a, b and
c are relatively prime in the ring Op,. Then, the proof of [Cox89], Lemma

7.5 goes through and shows that the local order
{k? € Ky k(AZ & OFP) CA® OFP}

is Opplaz]. It follows that disck/r(R)Op, is generated by b* — 4ac and is
therefore contained in /Op,. As this holds for all primes P, we conclude that

diSCK/F(R) =1 O]
We write z; = x; + 1y; and we redefine
H(z) := max(H (z1), H(x2), H(y1), H(y2)).

Our aim is to give an upper bound for H(z) in terms of a power of d, :=

|disc(Endp,.(A,))|, whenever z is in a fundamental set for I'. Therefore,
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choose an equation az? + bz; + ¢ = 0 where a, b, ¢ are such that the norm

|Npjg(b? — 4ac)| is minimal. The above discussion shows that
|Nrjg(disck/r(Endo, (A.)))| = | Npjg(b* — 4ac)|.

In [Fre90], Chapter I, Proposition 2.11, it is proved that there exists a
fundamental set (by which we are referring to a set containing a fundamental

domain) for the action of I' = SLy(OF) of the form
KUuViu---UV,,

where h is the class number of F', K is compact and the V; are the so-called
cusp sectors. Here V] is the cusp sector at infinity co. By definition, there is

a constant C' > 0 and T > 0 such that
Vi = {(Zl,Zg) cHxH: Y1Y2 > C, ‘$1’ < T, ‘Ig’ < T}

Noticing that, on I, y; is bounded below and |x;| is bounded, we may
and do (after possibly altering C' and T'), assume that  C V;. Further-
more, for ¢ € O, the transformation (zq,2;) — (€221, 22) is in I'. We
can therefore assume that (y1,y2) is in the fundamental set for the action

(y1,92) > (€*y1, € %ys). We therefore have the inequalities

where A is a constant depending only on F'. For reasons explained in Section
4.4, it is enough to consider the pre-special points in I U V. Therefore, we
consider pre-special points in the set

y?

Fi={(21,20) EM* 1 yyyp > C, A" <
Y192

< A7 ’1’1’ < T7 ’1’2’ < T}
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Theorem 4.3. There exists a real ¢y > 0 such that for any pre-special point

z = (z1,29) € F we have,
H(2) < ¢yd, 2.

Remark 4.4. The proof below generalises to the case of Hilbert modular

varieties of arbitrary dimension.
Proof. Let Dy = |b* — 4ac| and Dy = |W* — 4a’¢|. Therefore, we have
|NF/Q(diSCK/F(EIldOF (Az)))| = D1D2

and dz = DngA%, where AF = |dISC(OF)|
Note that we have

ol = 2lal|1] < 2Tlal, o] = 2|a'||os] < 2T]a'|.

Secondly, since Dy = 4a*y? and Dy = 4a?y3, we have
D, Dy
< — | < —
=y g 1=y
where U := A71C.

We calculate the heights using [BG06], 1.6.5 and 1.6.6. We first examine

the degree two case. If |z;| > 1,

b T
H(z1) = |2a5-| = |b] < 2Ta| < TV P

otherwise

S
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If 3] = 1,

whereas, if |y;| < 1,

The arguments for zo proceed identically.

Next we examine the degree four case, where we use the fact that if we
have a minimal polynomial f over O, the minimal polynomial over Z will
be the product of f and o f, where o acts on the coefficients of f.

We have

by VD1 D,

H(x1)? < |dad'—| = |bb/| < AT?|ad’| < T

daa’ U
or
vD1D
H(z1)? < |dad'| < Y2222,
U
Finally,
D
H(y1)4 S 16&2 12 < 122’
or
D DD
H(y1)4 S 16@20/2@ — 461//21)1 S }] 27
or
D DD
4 2 122 402 1472
H(y)* < 16a°d’ 4@—/2—4(1 Dy < T
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or

DD,
H(y)* =< 16a’a” T6a2a? D1 Ds,.

The arguments for z, proceed identically.

4.2 Characterisation of special subvarieties

Let C be an irreducible algebraic curve in S and let Z := 77 1C. Let (21, 29)
be a point of H2. Writing 2; = z + iy and 2z, = u + iv, we can view H?
as a subset of R*. A semi-algebraic subset of H? C R* is, by definition,
the intersection of a semi-algebraic subset of R* with H2. Following Pila,
we define Z*9 to be the union of all connected positive-dimensional semi-
algebraic subsets of Z. We also define Z° to be the union of all connected
components Y of W N H? such that Y is contained in Z, for any positive-
dimensional irreducible complex algebraic subset W contained in C2?. The

argument of the proof of [Pil09a], Proposition 2.2 shows that
Zalg — Zea
Theorem 4.5. If C is not special then Z%9 contains no special points.

Proof. We consider Z° = Z% instead. Suppose that Z° is not empty
(otherwise there is nothing to prove). Let Z’ be an analytic component of
2. As the dimension of Z is one, 7(2') = n(Z) = C. In particular 7(2")
is an algebraic subvariety of S. By [UY11], Theorem 1.2, 7(2') = C'is a
weakly special subvariety of S. By [Moo98a], Theorem 4.3, a weakly special

subvariety (or totally geodesic in Moonen’s terminology) of a Shimura variety
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is special (or Hodge type) if and only if it contains a special point. Therefore,

Z and, hence, Z%9 contains no pre-special points. O

4.3 Definability

We refer to Section 3 of [Pil09a] and references contained therein for notions
of o-minimal structures and definability. We just mention here that an o-
minimal structure (over R) is a sequence, over n € N, of collections of subsets
of R™ which contain all semi-algebraic subsets, stable under the natural set-
theoretic operations and satisfying certain geometric finiteness properties.

In what follows we consider the o-minimal structure Ry, ., Which is gen-
erated by R,, and R.,,. Here R, is the structure afforded by the so-called
globally subanalytic sets and R.,, is the structure consisting of the sets de-
fined by the exponential. In this thesis, we use definable to mean definable
in Ry eqp- A function from A C R"™ to B C R™ is said to be definable if its
graph in A x B C R™"™ is definable.

We will use the theorem of Peterzil-Starchenko [PS13], which we now
describe in greater detail. We follow [PS13], Section 6.3. Let Sp,, be the
algebraic group (over Q) of symplectic 2g X 2g matrices with determinant one.
The group Spy,(Z) acts on the Siegel upper half-space H,. There exists a
semi-algebraic subset F, C H,, which contains finitely many representatives
for each orbit of Sp,,(Z) (hence F, contains a fundamental domain). For
a,b € RY, let ¥, (2, 7) be the corresponding theta function, where 7 € Hy
and z is in the fundamental domain of C? with respect to the lattice defined
by 7. A special case of the result of Peterzil and Starchenko (Theorem 6.5
of [PS13]) is the following:
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Theorem 4.6. For all a,b € RY, ¥,,(0,7) restricted to F, is definable.

As in the previous section, for a subset Z C R", the algebraic part Z9
is defined as the union of all connected positive-dimensional semi-algebraic

subsets of Z. Following Pila, for £ € N and T > 1, we also denote
Z(k,T):={x=(x1,....,2n) € Z:[Q(z;) : Q] < k,max H(z;) < T}

and Ni(Z,T) := |Z(k,T)|. Therefore, the Pila-Wilkie counting theorem

becomes the following;:

Theorem 4.7. Let Z C R"” be a set definable in an o-minimal structure over

R, let k € N and let € > 0. There exists ¢(Z, k,€) such that
Ny(Z\Z2.T) < (Z, k,e)T .
The consequence of these results is the following:

Theorem 4.8. Let C' be an irreducible algebraic curve contained in S. Let F
be the set defined in Section 4.1 and suppose that Z = 7=1C N F is positive

dimensional. Then, for k € N and € > 0, there exists ¢(Z, k, €) such that
N (Z\Z29 T) < c(Z,k,e)T.
Proof. Let
S =T\H? — Spy,(Z)\H;

be the modular embedding (see [vdG87], Chapter IX, §1). This embedding
is induced by an equivariant embedding ¢: H? — H,. After, if necessary,

replacing the set F, by a finite union of its translations by some v € Spy,(Z)
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(this does not affect the conclusion of the Peterzil-Starchenko theorem), we
assume that ¢(F) C F,. The set F is definable since it is semi-algebraic.
The functions 9, ;(0, 7) restricted to H? induce a I'-equivariant holomor-
phic embedding of S into P (C) for some N € N. As C' is an algebraic curve,
its image in PV (C) is given by a collection of polynomial equations in the
V() (0, 7) restricted to ¢(F). It follows from the theorem of Peterzil and
Starchenko that the set Z is definable. The conclusion now follows from the

Pila-Wilkie counting theorem. O

4.4 Proof of the main result

Let C' be a curve in S containing an infinite set > of special points. Suppose
that the closure of C' in the Baily-Borel compactification S of S contains a
cusp P. After, if necessary, replacing C' by a component of its image under
a suitable Hecke correspondence (which does not affect the property of C'
being special), we assume that P = oc.

Let F be the subset of H x H as in Section 4.1. Our assumption that
P = oo implies that, after possibly replacing ¥ by an infinite subset, the
preimages of the points in X lie in F.

Suppose that C' is not special. Let Z%9 be the algebraic part (as defined
in Section 4.2) of Z := FN 7~ 'C. Then Z% contains no pre-special points
of H x H by Theorem 4.5.

Let z be a point in F such that z := 7w(z) € X. We write d, for the
discriminant d, and A, for the isomorphism class of the Abelian variety A,
as in Section 4.1. Note that d, and A, depend only on z and not on the

choice of z.
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As special points are Q-valued, C' is defined over Q and we can choose a
number field L such that C' is defined and geometrically irreducible over L
Hence for all z € 2, Gal(Q/L) - z is contained in C.

Let = be a point in ¥. By [Edi01], Theorem 6.2,

Gal(@/L) - 2] > ead!)?,

for some absolute constant ¢, > 0. Furthermore, as the points of Gal(Q/L)-x
have the same discriminant d,,, for any z € Z such that 7(z) € Gal(Q/L) -z,

we have
H(z) < cldiﬂ,

by Theorem 4.3. On the other hand, consider the number of pre-special
points on Z whose coordinates in R* have height at most cld;lt/ . This is
bounded above by N4(Z\Z“l9,cld;/ %), which by Theorem 4.8 is at most

cecﬁdi/ ? for any € > (0, where ¢, depends only on Z and e. It follows that

2e—1 CCE
¥ < ——

C2

Notice, however, that d, must tend to infinity as x ranges through >:
indeed there are only finitely many orders of degree two over Op with a
given discriminant and for such an order R there are only finitely many
special points x such that Endp,.(A,) = R.

Therefore, choose any 0 < € < % Then the left hand side of the previous
inequality goes to infinity as x ranges through X while the right hand side
remains bounded, which is a contradiction. We conclude that C' is a special

subvariety.
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5 Torsion in class groups of CM tori

Let T be an algebraic torus over Q such that T'(R) is compact. In this
section, we give a lower bound under the GRH for the size of the class group
of T modulo its n-torsion in terms of a small power of the discriminant of
the splitting field of T. As a corollary, we obtain an upper bound on the
n-torsion in that class group, generalising known results on the structure of
class groups of CM fields.

This work is partly motivated by Zhang’s “e-conjecture” [Zha05|, propos-
ing that the size of n-torsion in the class groups of CM fields of fixed degree

grows slower than any positive power of the discriminant:

Conjecture 5.1. Fix a totally real number field F', a positive integer n and
a positive number €. Then, for any quadratic CM-extension L, and any order
O of L containing the ring of integers of F', the n-torsion of the class group
of O has the following bound:

#Pic(O)[n] < C(e)disc(O)°,
where C(€) is a positive constant depending only on €.

Recent results on torsion in the class groups of number fields, due to
Ellenberg and Venkatesh, can be found in [EVO07].

By CM tori we refer to the Mumford-Tate groups of pre-special points.
Understanding n-torsion in the class groups of CM tori arises as a natural
problem in not only the Pila-Zannier strategy for proving the André-Oort
conjecture, but also in the methods of Klingler, Ullmo and Yafaev.

As we have seen, the Galois action on special points of Shimura varieties

is given by the so-called reciprocity morphisms of CM tori. To give a lower
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bound for the size of Galois orbits, one needs to bound from below the size
of the images of the induced maps on class groups. Lower bounds for the
size of class groups modulo n-torsion yield estimates on these quantities (see
[Tsil12] and [UYD] for further details). Our results are primarily of this form.

Note that the Mumford-Tate group of a pre-special point is an algebraic
torus over (Q whose real points are compact. Its splitting field is a CM field.

Let A denote the finite adeles over Q. For an arbitrary algebraic torus
M over Q, we denote by K7} the maximal compact open subgroup of M (Ay).

For any such torus we denote by h,; its class group i.e.
har = M(Q\M (Af)/ K}

Given any n € N we denote by hjys[n| the n-torsion. For an arbitrary number
field F', we denote by Ap the absolute value of the discriminant of F. We

obtain the following bound:

Theorem 5.2. Assume the GRH for CM fields. Let T be an algebraic torus
over Q of dimension d such that T(R) is compact and denote by L its splitting
field. Then

£ te
|he/br[n]| >ca AF
for all e > 0, where c is a positive constant depending only on d.

By its splitting field we refer to the smallest field over which 7" becomes
isomorphic to a product of copies of G,,. Our method relies on the fact that
T is isogenous to a product T x --- x Ty of simple tori. We fix surjective
maps with connected kernels from R := Resy oGy, to each of the T; and

take r to be their product composed with an isogeny to 7. For a prime p
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splitting in L, R(Q,) is isomorphic to the cocharacter group of R tensored
with Q. We use the GRH to find ‘small’ split primes and take an arbitrary
product of powers of uniformisers lying over these primes. We embed this
element in R*(Ay) and assume that it lies in the kernel of the map induced
by r on class groups i.e. the image under r is an element 7k € T'(Q)K7'. The
element 7 gives us elements 7; in the 7;(Q) and we show that L is generated
over Q by the images of the m; under a set of characters forming a basis for
the character groups of the T;. Scaling by the previous primes p raised to the
absolute values of the aforementioned exponents, we may assume that the
images of the 7; belong to Op. Hence, we may take a basis for L over QQ in
terms of these elements, whose Z-span is an order in Oy, yielding a relation
between A and their absolute values. However, these absolute values are
controlled by the primes found under the GRH, a uniform bound on the
coordinates of characters, and the exponents. Since these primes are ‘small’
compared to Ay, we are able to bound the exponents from below. A group
theoretic argument converts this into a lower bound for the size of the class
group modulo n-torsion.

Our method relies crucially on the assumption that T'(R) is compact.
However, note that, while the class group of a CM field L is the class group
of the torus Ry, := Resr oG, whose real points are not compact, this torus

lies in an exact sequence
1M — R, —> G, —>1,

where M is a torus over Q whose real points are compact (its Q-points are

precisely the elements of L of norm 1). This exact sequence of tori induces
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a morphism of class groups
h M — hRL

whose kernel, by the proof of [Tsil2], Theorem 5.1, has order r bounded in
terms of d only. It follows that the kernel of the map

hM — hRL/hRL [n]

is contained in hy[nr] and so the statement of Theorem 5.2 also applies
to CM fields and, indeed, to the extension of any torus by one as in the

statement of Theorem 5.2.

5.1 Corollary on n-torsion.

Before proceeding to the proof of Theorem 5.2 we obtain an upper bound
on the size of n-torsion. All that is required is a simple upper bound on the

class group of T'. We have the following theorem.

Theorem 5.3. Let T be an algebraic torus over Q with dimension d and

splitting field L. Then, for all € > 0,
‘hT’ <<e,d A§+€7
where s is the number of simple subtori of T.

Proof. The statement of [PRI1|, Proposition 2.1 is that 7" lies in an exact

sequence

1—-T—=R;, - M—=1,
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where M is a Q-torus. As before, the proof of [Tsil12], Theorem 5.1. explains

that the induced map on class groups
hT — hRs

has kernel of size bounded in terms of d only. Note that the class group hgs is
simply the s-fold direct product of the class group CI(L) of L. By [DKM10],

(1), we have
CUL)| Keny AE,
where ny, is the degree of L over Q. n

The combination of Theorems 5.3 and 5.2 yield the following bound on

the size of n-torsion in the class group:

Theorem 5.4. Assume the GRH for CM fields. Let T be an algebraic torus
over Q of dimension d with splitting field L such that T'(R) is compact. Then,
for all e > 0,

hrln]| <o A7 2

where ¢ is a positive constant depending only on d and s is the number of

simple subtori of T

5.2 A group theoretic argument.

The proof of Theorem 5.2 will combine ideas of the two papers [AD03] and
[Yaf06]. Following [ADO3], for an arbitrary Abelian group G and [ € N, let
M(1) be the smallest integer A such that, for any [ elements g,...,g9; €

71



G, not necessarily distinct, there exist aq,...,a; € Z, not all zero, with

2221 la;| < A, such that

g1t gt =1

In what follows we will demonstrate that

clog A,
log(1) + loglog Ap’

M (1) > (1)

for any [ € N, provided Ay is greater than a constant depending only on d.

Here we prove that inequality (1) implies Theorem 5.2.

Proof. We follow the proof of [AD03], Lemma 5.1. Let G be a finite Abelian
group, set [ = |G|, and take gy,...,q1 € G. If g; = 1 for some i € {1,...,1},
then we clearly have a non-trivial relation between the ¢g; and A = 1, A
defined as above. Otherwise, an element of G appears twice amongst our g;
and there exist ¢ and 7 such that ¢ # j and gigj_1 = 1. Either way, we have

a non-trivial relation with A < 2. Hence, we have shown that
Mc(|G|) < 2.

Henceforth, let G = hy/hr[n|. Then, by [AD03]|, Lemma 5.1. (iii), we

have
M, (|G]) < nMc(|G)
and, therefore, by the preceding argument,

M. (|G]) < 2n.
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Substituting My,.(|G|) into (1), we obtain the desired result

N
log A’

= ]hT/hT[n]\ >
provided Aj > 2. m

The remainder of this section is devoted to the proof of (1).

5.3 Covering T.

For an arbitrary algebraic torus M over Q, we denote by X*(M) its character
group i.e. the free Z-module Hom(Mg, G,, 5) with the natural Galois action.

The corresponding representation
p: Gal(Q/Q) — GL(X™*(M)),

has kernel Gal(Q/F) for some finite Galois extension F, which we refer to
as the splitting field of M.

We denote by X, (M) the group of cocharacters of M, by which we refer
to the Z-module Hom(G,, g, Mg), again assuming the natural Gal(Q/Q)-

action, also factoring through Gal(F/Q). There is a natural bilinear map
X.(M) x X*(M) — Z,

identifying X, (M) with the dual Z[Gal(F/Q)]-module of X*(M).

Recall that we have a semisimple category whose objects are algebraic
tori and whose morphisms are the usual homomorphisms of algebraic tori
(which form an Abelian group) tensored with Q. Therefore, T" is isogenous

to a product of tori T x - - - x Ty, where the T; are simple i.e. they contain no
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proper subtori. Each 7T; splits over a Galois extension L; and the compositum
of these fields is L. Two algebraic tori are isogenous precisely when their
character groups become isomorphic when tensored with Q.

Consider the torus Resg/qGyy,,r, derived from the multiplicative group
Gy, over a number field I by restriction of scalars to Q. Tori of this form,
along with their finite direct products, are often called quasi-split. They are
characterised by the property that their character groups are permutation
modules with respect to their Galois action. For example, the character
group of Ry is Z|Gal(L/Q)]. In this regard, these tori are the easiest to

study. We will make use of their tractability via the following lemma:

Lemma 5.5. Let M be a simple algebraic torus over Q, split over a Galois

field F'. Then M can be covered by the quasi-split torus
Rp = Resp/G,r.
That is, M can be put into an exact sequence
1—-N—=Rpr—>M—1,

where N 1s a Q-torus.

Proof. The fact that M may be covered by some finite product R, is [PR91],
Proposition 2.2. However, since the Hom functor commutes with products,

an element of
Hom(R%, M)

is a product of morphisms into M, each of which has an image constituting a
subtorus of M. Since M is simple, we may assume that all but one of these

images is trivial i.e. we may assume s = 1. L]
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In light of this, each T; may be covered by a copy of R;. Any such

morphism of tori is equivalent to an injection of character groups
¢ X*(T;) = X*(Ryp).

We have proved the existence of such embeddings, but have not specified
one precisely. We identify X*(R) with Z[Gal(L/Q)] and choose a basis by

enumerating the elements of the Galois group. We denote this basis

{wla aS) wnL}
We define an inner product on Z[Gal(L/Q)] by letting

1 ifi=j

0 ifi#y,

and extending Z-bilinearly.
Consider one of the T;. For a fixed embedding

€ X*(T;) — X*(Ryp),
and a chosen basis

{Xh "'7Xdi}

of X*(7;), where d; denotes the dimension of 7}, let m, denote

max{|(x;, ¥x)|} € N,

for y =1,...,d; and k£ = 1,...,ny. For each T; we choose an embedding of

X*(T;) into X*(Ry) and a basis such that mg is minimal i.e. the coordinates
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of this basis have the smallest upper bound on their absolute values among
all possible choices.

Thus, we have a collection of surjective maps of tori
R; — T;.
We consider their direct product, yielding another surjection
R} =Ty x - xTj.
Now, since T is isogenous to T} x --- x T, we may choose a surjection
ATy x - xTg—T,

with kernel of smallest degree, which we will denote by n,.

We denote the composition of our product map with \ as
r:R; —T.
Lemma 5.6. Consider the morphism
f:R, =Ty x--- xT,

the direct product of the previously defined surjections of R on to the Tj,

followed by raising to the power ny. Then there exists a unique morphism,
g: T =Ty x--- x T,
such that f =gor.

Proof. Let S be the kernel of . By the universal property of quotients, any

morphism from R; vanishing on S factors uniquely through 7. m
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5.4 Uniform boundedness.

Firstly, we recall a standard property of integral matrix groups due to Minkowski.

Theorem 5.7. For any d € N, the number of isomorphism classes of finite

groups contained in GL4(Z) is finite.

We have fixed an algebraic torus 7" over Q of dimension d with splitting
field L. In other words, for any choice of basis, we have a faithful represen-

tation
p:Gal(L/Q) — GL4(Z).

Therefore, by the previous theorem, n;, = |Gal(L/Q)| is bounded in terms
of d only.
Secondly, we refer to a standard result from the theory of integral repre-

sentations of finite groups (see [Tsil2], Theorem 2.1).

Theorem 5.8. Let H be a finite group and let d € N. Then the number of

isomorphism classes of integral representations of H of dimension d is finite.

Recall that we chose a surjection
ATy x - xTy =T,

with kernel of smallest degree ny. Tori over Q of dimension d with splitting
field L induce d-dimensional representations of the Galois group of L. By
Theorem 5.7, there are only finitely many choices for this group. Therefore,
by Theorem 5.8, only finitely many isomorphism classes of such tori exist.

Therefore, n, is bounded in terms of d only.
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Recall that we also constructed
fiR], =Ty x - x Ty,

via the composition of our original direct product of surjections with raising

to the power ny. This corresponds to embeddings
X*(T;) — X*(Ry),

for each 7. We have chosen a canonical basis for X*(Ry) and we choose the
bases for the X*(T;) to be the bases chosen in the previous section multiplied

by ny. The previously stated results yield the following:

Lemma 5.9. The coordinates of these bases for the X*(T;), with respect to

the chosen bases of the X*(Ry), are bounded in terms of d only.

5.5 Uniformisers.

We have identified X*(Ry) with Z][Gal(L/Q)] and chosen a canonical basis
{¢1, ..., %, } by enumerating the elements of the Galois group. The inner

product on X*(Ry) satisfies the invariance property

(o, d") = (b, 07'Y"),

for any ¢ € Gal(L/Q) and ¢,¢" € X*(Ry). Now, X*(Ry) is naturally
isomorphic to its dual Z[Gal(L/Q)]-module Hom(X*(Ry),Z), sending 1; to

(1, —), which we denote ¢;, and extending Z-linearly. Via our perfect pairing

X*(RL) X X*(RL) - Za
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we have an isomorphism of X, (Ry) with the dual of X*(R). We identify ¢;

with its image in X, (Ry). Thus, we obtain a basis

{1, on,}

of X.(Ry), which is that obtained by an enumeration of the elements of

Gal(L/Q).
Let p be a rational prime, completely split in L. The basis

{1/J1a ---7¢nL}

induces an isomorphism of R (Q,) with

19 =x.(r) 2@,

Let P be the element of R.(Q,) such that x;(P) = p and x;(P) =1 for
1=2,...,ny. In fact, P is a uniformiser corresponding to a place lying above
p and the Galois orbit of its image under the above isomorphism corresponds
to a complete set of uniformisers at the places lying above p.

Applying the valuation map
v, Q) = Z

to each factor, we have a morphism from X,(Ry) ® Q; to X.(R). Under
this morphism, P is sent to the basis element ¢; and the Galois orbit of P
yields the complete set of basis elements.

Now let [ be a natural number and let pq, ..., p; be rational primes com-
pletely split in L. For each p;, let P; be the element of R.(Q,,) associated to

pi via the above construction. We embed each R (Q,,) into

Rp(Ay)=(Ay® L)
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in the natural way. For integers ag, ..., a;, we consider the element
[=P"...p"

belonging to R (Ay).

Recall that we have a surjective map of QQ-tori,
r:R; —T.

Following [UYb], we have an induced map on the corresponding class groups,

which we denote
T h RS — hT.

Let H = hps /kerr),. We will show that

clog Ap

[
Mu(l) > log(l) + loglog AL’

for any | € N, provided Ay is greater than a uniform constant. Since H
injects into hr, it is an easy observation that My (1) > Mpy(l), for any
[ € N, thus yielding (1).

Henceforth, let I; denote the embedding of I into the i factor of R3 (A}).
We denote by I the product of the I; i.e. I embedded diagonally into Rj (Ay).

Recall that, by Lemma 5.6, we have the following commutative diagram:

Ry (Ap) = Ti(Ag) x -« x Ts(Ay) — T(Ay)

X /
Tl(Af) X X TS(Af)

with 7 being the composite homomorphism from R (Af) to T'(Ay).
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Assume that I belongs to the kernel of 7, i.e.
r(I) = 7k € T(QXKY,

where this product is unique up to an element of 7'(Q)N K7, which by [Yaf06],
Theorem 2.5 is a finite group of order bounded in terms of the dimension of
T only. Now, f(I) = g(wk), but f is a product of morphisms from Ry (Ay)
into the T;(Ay), so we write f(I) as

(fl([)7 B fs(I))

As ¢ is a morphism into T1(Ay) x - -+ x Ts(Ay), we write g(7k) as

(gl(ﬂ—k)7 HAS) gs<7rk))'

Therefore, we have
fill) = mik; € T,(Q) K7,
fori =1,...,s, where m; = g;(7) and k; = ¢;(k).

Now, recall the bases for the X*(7;) embedded in X*(R;) via the maps
induced by the f;. We denote their elements as x;;, where ¢ = 1,...; s and
J =1,...,d;. Furthermore, let

Tig = Xig(Ti)-
The following lemma is a generalisation of [Yaf06], Lemma 2.13:

Lemma 5.10. The field L' generated over Q by the m; ; is L.

Proof. Clearly L' C L, so let 0 € Gal(L/Q) and assume that o acts trivially

on L'. We need to show that o is trivial. We have a faithful representation
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of Gal(L/Q) on the product of the X, (7;) and, thus, it is equivalent to show
that o acts trivially on each X,(7;) ® Q.

Recall our surjective maps of tori from Rj to the T;, which we denoted
fi. After tensoring our cocharacter modules with Q we retrieve short exact

sequences
0-Q®A —-Q®I - Q®X.(T;) =0,

where I' = Z[Gal(L/Q)] and the A; are I-submodules of X,.(R;) = T'. The
A; correspond to the kernels of our surjections, which we denote NV;. We will

show that ¢ acts trivially on the
Q& (X.(Rp)/X.(Ny)).

We will consider in turn the elements [;. Since f is a product of the
maps f;, we will consider the [; as belonging to Ry (A;) mapping to T;(Ay).
The elements under scrutiny here are the m; € T;(Q), which are diagonally
embedded in T;(Af). Therefore, we relabel p;, P, and a; as p, P and a,
respectively, and project from Ry (Af) to R.(Q)) i.e. we turn our attention
from I; to its image P* € R(Q,), mapping under f; to m;k;,, where k;, is
the p-component of k;.

Since p splits each T}, we also have

Ti(Qp) = X(T) ® Q,,

sending = € T;(Q,) to

(Xz‘,l(l')a -y Xiyd; (z)),
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where we tacitly assume a choice

{:ui,lv L) Hi,di}

of the natural dual basis to our character basis already chosen, as described
earlier for Rr. The valuation v, : Q5 — Z evaluates each factor, inducing an
isomorphism between T;(Q,)/ K7, and X.(T;), where K7}  is the maximal
compact open subgroup of 7;(Q,).

We have the following commutative diagrams
Rp(Qp) —— Xi(Ry)

! |

Ti(Qp)/ Kty — Xu(Th),
where the bottom arrow is the isomorphism just mentioned and the top arrow
is the corresponding surjection for R;(Q,) described earlier. The righthand
arrow is the map of cocharacters induced by f; and the left arrow is f;
composed with factoring out by K77
The element P* is mapped to the class of m; in T;(Q,)/K7} ,, which is

mapped to
(Up(Xi1 (7)), s Up(Xia, (m3))) € Xi(T5).
On the other hand, P® is mapped to

(Up(V1(P)), o 0p(¥n, (P?))) € Xu(Rp),

which is ag;. In this form, the action of a 7 € Gal(L/Q) is clear, sending

this image to

(p (7711 (P?)), oo Up (T 000, ) (P))).
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Note that, since Gal(L/Q) permutes the characters, the Galois orbit of the
image of P® comprises precisely the elements ayp;, which constitute a basis
for X.(R.) ® Q.

We claim that the image of this orbit in X, (7;) consists of the elements

(p (T X02) (7)), ey (7 X00) (m2))) € Xo(T2). (2)

To see this, let 7u;; be denoted by

an kHbi k-

Thus, the image of

d;
> Xig(m)piy € X(T) @ Q)

j=1
under 7 € Gal(L/Q) will be

d;  d;

E n]sz] 7Tz Hi k-
k=1 j=1

The k'™ coefficient here is equal to (77 x; 1) () if we have nﬁc’fjfl = n;}; for all
7,k =1,...,d;, but this is simply the Galois invariance of the inner product
we previously placed on X*(Rp).

Now, since o fixes each m; ; and the characters x; ; are a basis, o clearly
fixes each of the elements of X,(7;) depicted in (2). Thus, by our exact

sequence, o fixes the Galois orbit of the image of P in

Q@ (X.(RL)/X(Ni)).

Since these elements span the above space, the claim follows.
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Remark 5.11. [t is worth noting that any element in R; (Ay) with a nonzero
valuation at a place lying above a split prime in each of the s factors produces

generators for L wvia this argument.

5.6 Small split primes.

The remainder of the proof follows the concluding pages of [UYDb].
We have I = P"--- P € Rp(Ay) embedded diagonally into Rj(Ay).
We denote this element I. The image of  in T1(Ayf) x -+ x Ty(Af) under f

1s
f(l) = (71'1]{?17 ...,7T5]{?5) S Tl(@)KJTSi X+ X TS(Q)K?:

We consider the images ; ; of the m; under the elements x; ; of the char-
acter bases. Due to Lemma 5.9, we have a bound B, say, on the absolute
values of the coordinates of these basis elements with respect to the chosen
basis for X*(Ry). This bound depends only on d. We replace the m; ; by

la] Iall)B

(py "'+ --p ") Pm 4, which therefore belong to Op,.

By virtue of Lemma 5.10, we may form a primitive element

@ = E i
i7j

for the field L, where the a;; are integers with absolute value bounded by
some constant B’ depending only on d. We take the Q-basis {1, o, a?, ..., a"t 71}
for L. Consequently, Z[1, a, a2, ...,a™ 1] is an order in Oy. We denote the

absolute value of its discriminant as A’,. Therefore,

AL > AL
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On the other hand, A’ is the square of the determinant of the matrix
(ri(a?))ig,

where the 7; range over the elements of Gal(L/Q) and 0 < j < ny — 1. An
inequality of Hadamard then states that, given an upper bound C' on the

values of
|Tz‘(04j)|7
we have
A <npEC*e < O,

where ¢; > 0 is a constant depending only on d.

The splitting field L of T is a Galois CM-field. For a character x, we
denote by Y the image of x under the automorphism of L induced by complex
conjugation on C. It is at this point that we use the fact that T'(R) is compact
and is, therefore, a product of circles (see [Vos98|, Section 10.1). This implies
that x; ;jXi; is the trivial character for every ¢ and j (writing the group law
multiplicatively).

Thus, for each 7 € Gal(L/Q),

r(mg)| = 0" p™)”
and, therefore, by the preceding discussion,
7o) < (dB(p" - pj)) P,
Hence, our calculation yields

Cl_lAL S (dB/(p|1‘11| .. -pial‘))anL(nL—l).
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It remains to find the p; for any given [. We require the following corollary
of a special case of the effective Chebotarev Density Theorem, a proof of

which can be found in [ADO03].

Theorem 5.12. Let F' be any number field. Assume the GRH holds for
the Dedekind zeta function of F. Let mp(x) denote the number of rational
primes p completely split in F' such that p < x. There exist positive ab-

solute constants co and c3 that are effectively calculable such that, for all

x> cp(log Ap)?(loglog Ap)?,

me(z) > e3 gz

We assume the GRH for CM fields. Let [ be any natural number. We

require at least [ primes completely split in L, so let
x = c4llogl + ci(log Ar)*(loglog Ap)* > 1,

where ¢4 is a positive absolute constant, such that

> 1.

“ log x

It is uniform since

TS cyllogl

logz ~ logey + 2logl’

and so our requirement is satisfied when, for example, 10;212 > 1.

Thus, by Theorem 5.12, we are able to find [ primes pq, ..., p; completely

split in L such that p; < x. Subsequently, we return to our inequality

Cl_lAL S (dB/(p|1‘11| .. -pial‘))anL(nL—l),

87



taking the p; to be those just found. As before, we let
!
A= Z |ai|7
i=1
yielding
log(D™'AL) < 24ABng(ny — 1) log x,

provided Ay > D, where D = ¢, (dB’)?5":("z=1) Now, there exists a positive

absolute constant cs such that
logx < c5(logl + loglog Ay),

provided Aj exceeds a positive absolute constant. Combining these two

inequalities yields a lower bound for A, which implies (1).
0

Remark 5.13. The constant ¢ given in the statement of Theorem 5.2 can

be taken to be m forany 0 <e< 1.

88



6 André-Oort for a product of modular curves

We now turn our attention towards the strategy of Edixhoven, which was
eventually generalised by Klingler, Ullmo and Yafaev to a full proof of the
André-Oort conjecture under the GRH for CM fields.

In this section, we give a short proof under the GRH of the André-Oort
conjecture for products of modular curves, using only simple Galois-theoretic
and geometric arguments. This will serve as a prototype for our strategy to
prove the full conjecture under the GRH without using ergodic theory. We
also demonstrate a short proof of the Manin-Mumford conjecture for Abelian
varieties using similar arguments.

Therefore, we will prove the following theorem:

Theorem 6.1. Assume the GRH for imaginary quadratic fields. Let S be
a product of modular curves and let ¥ be a set of special points in S. Ev-
ery wrreducible component of the Zariski closure of Usexs in S is a special

subvariety.

Note that S always admits a morphism 7 to the Shimura variety arising as
the quotient SLy(Z)\H"™ and an irreducible subvariety Z of S is special if and
only if 7(Z) is special. Therefore, we will assume S is the Shimura variety
arising from SL3(Z)\H", which we identify with C". Special subvarieties of
C" have the following description (see [UY09], Definition 2.1):

Definition 6.2. Let [ = {1,...,n}. A closed irreducible subvariety Z of C"
is called special (of type Q = Q) if I has a partition Q = (11, ..., I;), with
|I;| = ny, such that Z is a product of subvarieties Z; of C", each of one of

the following forms:
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e [; is a one element set and Z; is a CM point.

o 7; is the image of H in C™ under the map sending 7 in H to the image

of (gs - T)ser, in C™ for elements gs € GLo(Q)™.

Given a special subvariety Z of type Q, we define ¢(S2) to be the number
of CM factors. A special subvariety Z is called strongly special if ¢(Q2) = 0.

The strategy of this paper will be to consider an irreducible subvariety
X in C" containing a Zariski dense set ¥ of special subvarieties. After, if
necessary, replacing > by a Zariski dense subset, we may assume that ¢({2z)
is constant as Z ranges through . Hence, we denote its value ¢(X). Under
the GRH, using Galois-theoretic and geometric arguments, Ullmo and Yafaev
show in [UY09] that, if ¢(X) > 0, then X contains a Zariski dense set ¥’ with
c(X') = 0. Therefore, we consider sets of strongly special subvarieties. These
are dealt with in [CU05] via ergodic theory. In this section, we show that
the irreducible components of the Zariski closure of a set of strongly special
subvarieties are special using only simple geometric arguments.

The André-Oort conjecture for products of modular curves was also tack-
led via relatively elementary methods by Edixhoven in [Edi05]. However, his
method relied intrinsically on the properties of products of modular curves.
The motivation for this work was to develop a strategy that would apply to
a general Shimura variety and, furthermore, to support the exposition of this
strategy.

Given a set of strongly special subvarieties ¥, we consider an irreducible
component X of the Zariski closure of UzexZ. The idea of the proof is

to intersect X with its image under a suitable Hecke correspondence and
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reiterate this procedure, each time with an irreducible component of the
previous intersection. By comparing lower bounds for the degrees of strongly
special subvarieties with the degrees of Hecke correspondences, we arrive at a
nonproper intersection. For each Z in X, we produce a Z’ strictly containing

Z and repeat the argument.

6.1 Degrees of strongly special subvarieties

For some n € N, consider the image of H in C" under the map described in
Definition 6.2 for some ¢y, ..., g, € GLa(Q)*. For simplicity we may assume
that gy is the identity. This image is the modular curve I"\H embedded in
C", with I" :=T'Ngy'Tgy N ...N g;'Tg,, where ' := SLy(Z).

By [KY], Proposition 5.3.2., the projection

7 I"\H — T'\H,
extends to a morphism
7: ["\H— I'"H

of the Baily-Borel compactifications, such that the inverse image 7* Lt of the
Baily-Borel line bundle on I'\H is Ly, the Baily-Borel line bundle on I'"\H,
which is the restriction of the Baily-Borel line bundle on (P§)™. Therefore,

by the projection formula (see citeKY, §1), we have
dengl)n I"\H = deg7 - deg; I'\H,
C

which is bounded below by the index [’ : T”] multiplied by an absolute

positive constant.
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Consider the closures T = SLy(Z) and T” of T and I" in SLy(Z), respec-
tively. We have [[" : T'] > [T : T’], which is equal to

[ [SL2(Z,) : (SLa(Z,) N g5 'SLa(Z,) g2 N ... N g, ' SLa(Zy)gn) ]

p

noting that, for almost all p, g; € GLa(Z,) for all i = 2,...,n i.e. the above
indices at these primes are equal to one. Now suppose that g; ¢ GLa(Z,)
for some i € {2,...,n} and a prime p. Considering Smith normal forms, it
is possible to write g; = yD~', where v,7" € GL2(Z,) and D is a diagonal

matrix of the form diag(p", p~"), for some n € N. Then
SLy(Z,) N g5 'SLa(Zy)ga N ... N g, 'SLa(Z,) g

is contained in the subgroup of SLy(Z,) whose lower left entry belongs to
pZ,. The index of this subgroup can be calculated as in [Mil12], p81 and is
bounded below by p.

Therefore, from the above remarks, we conclude that the degree of I\ H
with respect to the Baily-Borel line bundle on (P¢)" is bounded below by
the product of primes p such that g; ¢ GLs(Z,) for some i € {2,...,n}.

Henceforth, when we refer to the degree of a subvariety of C", we will

omit reference to the Baily-Borel line bundle.

6.2 Choosing a suitable Hecke correspondence

We are considering the Shimura variety Shy (G, X)c¢ defined by the Shimura

datum
(G, X) = (GLg, (H*)")
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and K := GL}(Z), a compact open subgroup of GLI(A). Consider GL,
embedded into GLj via the map

QYT (1:,929392_1, ~-->9n359;1)a

for go, ..., gn € GLy(Q)". We denote its image by H and we write X}, for its
connected component H(R)™ - (i, goi, ..., goi) C H". Let Z be the image of
X} x {1} in Shg (G, X)c. This is the image of H described in the previous

section.

Lemma 6.3. For any o € H(Ay), Z is contained in its image under the

Hecke correspondence T,z2.

Proof. Let (z,1) € Z i.e. z € X};. Let 7 € GLa(Ay) be such that a = ¢(7).
A point (h, g) € Shg(G, X)c depends only on g modulo (A%)" = (Q~ - Z*)"
since these factors are killed in the double coset defining the Shimura variety.

Hence, we consider the image of 72 under the natural map
7 GLy — PGLs,

which is surjective on adélic points since the kernel G,,, is connected. Consider

the simply connected covering
P SL2 — PGL2

Its kernel is isomorphic to po. Therefore, there exists a v € SLy(Af) such
that p(v) = 7(7?). By strong approximation applied to SLs, v = ¢k, with
q € SLy(Q) and k belonging to the compact open subgroup

() 9: 'SLa(Z)g; C SLa(Ay),
=1
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where we define g; := id. Note that 7 restricted to SLy coincides with

p, since p is the universal cover. Now, ¢(gq) belongs to H(Q)*. Hence,

©(q) - = belongs to X},. Therefore, consider (¢(q) -z, p(72)) € T,2(Z). By

the previous discussion, this equals (¢(q) - z, ¢(qk)) = (z,¢(k)). However,
since @(k) € GLY(Z), this point is (z,1). O

Choose a prime p such that g; € GLy(Z,) for all i = 2, ...,n and consider

the element

0
P .= S GL2 (Q)+
0 p2

Let a € H(Q,) be the image of P in GL5(Q,) under ¢. Since the g; belong
to GLy(Z,) for all i = 2, ..., n, the double coset KaK equals KK, where
is P diagonally embedded into GL5(Q,).

Recall that, by [EY03], Theorem 6.1, the connected components of the
correspondence T on C™ are the T, induced by GL5(Q)* acting on H" such
that

GL} Q)" nKBK =[] rs '™

Note, however, that GLy(Q)™ N KK = I'"™ST™. Hence, the correspondence
T} is irreducible and equal to the standard Hecke correspondence 7},» on C".

Combining this observation with Lemma 6.3, we obtain the following result:

Lemma 6.4. Let Z be the image of H in C" as defined above. Choose a
prime p such that g; € GLy(Z,) for allt = 2,...,n. Then Z is contained in

its image under the Hecke correspondence T2 on C™ given by P~.
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6.3 Proof of the main result

Recall the situation in the statement of Theorem 6.1. By [UY09] we may
assume that ¢(X) = 0 i.e. ¥ is a set of strongly special subvarieties. The
GRH will not be used in this case. Using [EY03], Proposition 2.1, we may
assume that S arises as the product of n copies of SLy(Z)\H.

Denote by X an irreducible component of the Zariski closure of Uscxs
in S. Consider a special subvariety Z C X C C". Given our description
of strongly special subvarieties we write Z = Z; x --- X Z;, where each Z;
is the image of H in C™ given by some gi,, ..., gi,. € GLo(Q)*. Therefore,
by the arguments in Section 6.1, the degree of Z is bounded below by the
product of all primes p such that not all g;; € GLa(Z,) for i = 1,...,t and
7 =2,...,n;. We denote this product Mz € N. By Lemma 6.4, for any prime
p not dividing My, we have Z C T)2(Z),

By [Edi05], Section 3, we may assume that X is a hypersurface all of
whose projections to any n — 1 factors of C" are dominant. Under this
assumption, by [UY09], Proposition 3.1, if n > 3, T,2(X) is irreducible for
any p greater than deg X and 13. If n = 2, Z is either a modular curve or
C?, in which case X is a modular curve or C? and we are done.

Consider first the case that X contains a Zariski dense subset ' such
that My is bounded for all Z in ¥ i.e. the elements g;; defining a given Z
must belong to GLy(Z,) for all but a fixed and finite set of primes whose
product we denote M. For any prime p not dividing M, every Z in Y/ is
contained in its image under T}2. Hence, ¥’ belongs to X N T,2(X). This
is a closed set and so X C T,2(X). However, since T,2(X) is irreducible

(provided p is larger than deg X and 13), we must have equality. By [Edi05],
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Lemma 4.4, for any point z € C", the T}2-orbit UZZOT;Q(Z) is dense in C" for
the archimedean topology. Thus, X = C" and we are done.

Therefore, we assume that X contains no such Zariski dense subset.
Hence, we may assume that My is larger than any predetermined constant
for all Z in . We consider an arbitrary Z. By a theorem of Chebyshev,
there exist positive absolute constants ¢; and ¢y such that the number of
primes 7(x) less than a given real number x > 2 is bounded below by ¢; -

g X
and above by ca15—. Therefore, for any fixed 0 < d; < 1 and € > 0,
g x
s My 5
m(My) > —E="> My~
log M7
It is an obvious fact that the number of primes w(My) dividing M satisfies

log M5

W(MZ) = log 2

< M,

Therefore, for My larger than a constant depending only on X, we
can find a prime p; not dividing Mz, smaller than Mgl and larger than
max{13,deg X }. The last condition implies that 7}z (X) is irreducible. There-
fore, the intersection of X and T2(X) is either proper or X = T2(X). If
X =T, (X) then we are done, as explained above.

Therefore, we assume that the intersection is proper. For the prime pq,
Z C T,2(Z), which implies Z C X NT,2(X). We relabel X as X; and let X,
be an irreducible component of the intersection containing Z. Notice that,
by Bezout’s theorem ([RU09], Lemme 3.4), the degree of X C X1 NT(X;)
is bounded above by (deg X1)* - deg T)2, where

degTpp = |T: To(p})|" = pi(p1 + 1)" < pi",
ie. deg X, < p22n < MZTPO

96



So long as 0; and € are small enough, we can fix 0 < d5 < 1 such that

(24 2n)d; + 2¢ < d3. We have

(242n)8 (2+2m)01 (2+2n)8
+2n)o1 4 +2n)o1+€
™ <MZ ) < W < MZ
and
& M52 &
T (MZ) > —Z=> My~
log M7

Therefore, for Mz larger than a constant depending only on X, we can a find a
prime py not dividing M, smaller than M 22 and larger than max{3, deg X5}.
The first condition implies that Z C X3 NT3(X2). The last condition implies
that if this intersection is not proper i.e. X5 C Tz (X3), then X5 is special by
[Edi05], Theorem 4.1. It can only be strongly special since it contains Z. It
is also of higher dimension than Z by comparing degrees. Hence, we replace
Z in ¥ with Xs.

Therefore, assume that the intersection is proper. We perform the above
construction recursively, with suitable d, assuming M is large enough, thus
obtaining subvarieties X, and primes p;. If at some point we have X, C
T2 (X), Xi is a strongly special subvariety containing Z. If this inclusion
does not occur at any of the previous stages, after a finite number of steps

bounded by dim X, we end up in the following situation:
e dim(X;) =dim(Z) +1
o deg(Xj) < Mézwn)ék*l
o degZ > My,
o / C X,
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o p < Mg’“
e p; not divinding My,
o p > deg(Xy)

Therefore, we have Z C X NT, P2 (Xk). By comparing the degrees of Z
and XN T,z (X}), the intersection cannot be proper. Hence, X} is contained
in T}z (Xy) and is therefore strongly special.

We perform this procedure on all of the Z, replacing them in 3 by strongly
special subvarieties of higher dimension. Reiterating the above argument, we

eventually conclude that X must be special.

6.4 Manin-Mumford

We conclude this section by remarking that the techniques exhibited above
apply, in a simpler way, to the Manin-Mumford conjecture for Abelian vari-

eties.

Theorem 6.5. (Manin-Mumford) Let K be a number field, A/K an
Abelian variety over K and V/K a geometrically irreducible subvariety of
A. If V(K) contains a Zariski dense set of torsion points then V is the

translate of an Abelian subvariety by a torsion point.

Many proofs of this theorem exist. Ratazzi and Ullmo have recently
given a proof combining Galois-theoretic and ergodic methods. We refer to
their paper [RU09] for more details. Here we replace the ergodic theory in
their proof with an elementary geometric argument. In this setting, special

subvarieties are the translates of Abelian subvarieties by torsion points.
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Proof. Let (3,)nen be a sequence of special subvarieties, the union of which

is Zariski dense in V. For each n € N we choose a representation
Zn = An + fny

where A, C A is an Abelian subvariety and &, is a torsion point in the
Abelian subvariety A! such that A = A, + A and A, N A} is finite of
uniformly bounded order (see [RU09], Proposition 2.1). Let d,, denote the
order of the torsion point &,.

Whether or not the sequence (d,,),en is bounded is independent of the
choice of the &, ([RU09], Remarque 3.1). In the case that the sequence
(dp)nen is unbounded, Section 3.2 of [RU09] demonstrates that each 3, is
contained in a special subvariety ! of higher dimension (the arguments here
are Galois-theoretic, similar to the Shimura case, but are not dependent on
the GRH). Therefore, we replace (X,)neny with (3))nen and reiterate this
argument unless, at some point, we obtain a sequence (3,),eny With (d,)nen
bounded.

In this case, since the set of torsion points of bounded order is finite, we
may suppose that each ¥, is of the form A, + &, for a fixed torsion point &.
However, since V' is special if and only if V' — £ is special, we may assume
that >,, = A,, for all n € N.

We denote by [m] the multiplication by m € N map on A and choose
one of the A,. Consider the intersection V' N [m]V. Either it is proper or
[m]V =V, in which case V is special by [RU09], Lemme 3.2. Notice that, by
Bezout’s theorem, the degree of VN[m|V is bounded above by deg V'-deg[m|V/
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where, by [RU09], Lemme 3.1,
deg[m]V < m*4mV . deg V.

It is a classical fact that an Abelian variety contains only finitely many
Abelian subvarieties of bounded degree. Therefore, we may assume that the
A, have degree exceeding any uniform constant. Therefore, by comparing
degrees, if dimV = dim A, + 1 and deg 4,, > m24™V . (deg V)2, we must
have V' = [m]V.

If the intersection is proper we choose an irreducible component W of the
intersection containing A,,. Therefore, A, is contained in the intersection
W N [m|W. Either this intersection is proper or W = [m|W and W is
special, in which case we replace A, in (X,),en by W, a special subvariety
of higher dimension. Again, comparing degrees, if dimW = dim A,, + 1 and
deg A, > m84mV . (deg V)*, we must have W = [m|W.

Otherwise, if W N [m]W is a proper intersection, we take an irreducible
component containing A, and repeat the argument in the previous para-
graph. After a finite number of steps, bounded by dim V| we will have found
a special subvariety strictly containing A,,. We perform this procedure on all
of the A,, replacing them by special subvarieties of V' of higher dimension.
Reiterating the above arguments at most dim V' — 1 times, we conclude that

V' must be special.
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7 Degrees of strongly special subvarieties

In this final section we generalise the strategy of the previous section to
give a new proof under the GRH of the André-Oort conjecture. That is, we
generalise the strategy pioneered by Edixhoven, and implemented by Klingler
and Yafaev, to all special subvarieties. Thus, we remove ergodic theory
from the proof of Klingler, Ullmo and Yafaev and replace it with tools from
algebraic geometry. Our key ingredient is a lower bound for the degrees
of strongly special subvarieties coming from Prasad’s volume formula for S-
arithmetic quotients of semisimple groups. For ease of notation we make the

following convention:

Definition 7.1. Given a set X of special subvarieties of a Shimura variety

S, we denote by X the subset UycsV of S.
Recall the André-Oort conjecture:

Conjecture 7.2. (André-Oort) Let S be a Shimura variety and let ¥ be a
set of special points in S. Every irreducible component of the Zariski closure

of X in S is a special subvariety.

As indicated, this work is complementary to the article [KY], in which
Klingler and Yafaev consider the above conjecture with ¥ replaced by a set of
special subvarieties, rather than just points. Via extra machinery developed
by Ullmo and Yafaev [UYal, the authors prove the conjecture, assuming the
GRH, by repeatedly replacing the elements of ¥ with higher dimensional
special subvarieties. They rely on a lower bound, obtained by Ullmo and

Yafaev, on the degree of the Galois orbit of a special subvariety. As one

101



ranges through the elements of >, this bound is either bounded from above
or tends to infinity. In the case that it tends to infinity, the authors are able
to proceed using their generalisation of a method pioneered by Edixhoven
that compares Galois orbits and Hecke correspondences. Though technical,
the proof relies on the simple geometric idea exhibited above.

In the case that the lower bound is bounded for all elements in ¥, Klingler
and Yafaev appeal to a result by Ullmo and Yafaev [UYa], generalising the
equidistribution of strongly special subvarieties demonstrated by Clozel and
Ullmo [CU05]. Our motivation was to remove this element of the proof, thus
eliminating the dependency on the extremely deep and complicated theorems
of Ratner. In this section, we achieve this aim, thus reproving the following

theorem of Clozel and Ullmo:

Theorem 7.3. Let Z be a subvariety of a Shimura variety S. There exists a
finite set {V1, ..., Vi} of positive-dimensional strongly special subvarieties V; C
Z such that, if V. C Z 1is a positive-dimensional strongly special subvariety,

then V- C V; for somei € {1,....,k}.

Therefore, under the GRH, we are able to prove the André-Oort conjec-
ture solely via the geometric strategy of Edixhoven. In fact, the case dealt
with here is less technical and does not depend on the GRH. We employ sim-
ilar tools from algebraic geometry and the theory of reductive groups over
local fields. The main ingredient is the following lower bound for the degrees
of strongly special subvarieties. We refer the reader to Section 7.1, 7.2, 7.3

and 7.5 for the relevant definitions and explanations.

Theorem 7.4. Let (G, X) be a Shimura datum such that G = G* and fiz a
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connected component X+ of X. Fix a faithful representation
p:G— GL,

and let K be a neat compact open subgroup of G(Ay) such that K is the prod-
uct of compact open subgroups K, C G(Q,). There exist positive constants ¢
and § such that, if V' is a strongly special subvariety of Sk (G, X), defined by
(H,Xpy), then

deg,, V >c-1(H,Ky)’.

This bound replaces the lower bound on the degrees of Galois orbits
used in [KY]. Otherwise, the strategy is largely similar, though somewhat
simplified in this case since we will not need an analogue of [KY], Lemma
9.2.3. Given a strongly special subvariety V', contained in an irreducible
subvariety Z, one obtains a lower bound for the degree of V' in terms of a
product of ‘bad’ primes (see Theorem 7.4). One then obtains a ‘good’ prime
p, small compared to the degree of V', such that there exists a ‘suitable’
Hecke correspondence T at p satisfying V' C T'(V'). Thus, V is contained in
ZNT(Z). However, if the dimension of Z is only one greater than that of V,
comparing their degrees leads one to realise that the intersection Z N 7T(Z)
cannot be proper. Therefore, since Z is irreducible, it must be contained
in T(Z). In this case, a geometric argument implies that there exists a
strongly special subvariety V' C Z such that V' C V’. On the other hand,
if the intersection Z NT'(Z) is proper, one chooses an irreducible component
containing V' and repeats the above procedure.

This result represents the full generalisation of the strategy tested in the

previous section for removing ergodic theory from the proof of the André-
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Oort conjecture. However, we also hope that the bounds presented here will

lead to useful developments in the wider world of the Zilber-Pink conjectures.

7.1 Generalities

Unless stated otherwise, all varieties (except for linear algebraic groups) will
be defined over C and identified with their set of C-points. We will denote
by Ay the ring of finite (rational) adéles and by Z the product of Z, over all
primes p.

For any algebraic group G, we will denote by G®! the quotient of G by
its centre. If G is defined over QQ, and p is a faithful representation, we will
consider G as a subgroup of GL, g,. For such a subgroup, we will denote
by G, the Zariski closure of GG in GL, z,. We will say that G is unramified
if it is quasi-split and splits over an unramified extension of Q,. If G and
p are defined over Q, then the previous definitions make sense for Gg, and
pg, for any prime p. A subgroup K, C G(Q,) is called hyperspecial if there
exists a smooth reductive group scheme G over Z, such that Gg, = Gq,
and G(Z,) = K, (see [BT84], 4.6). By a reductive group scheme, we mean
a group scheme with reductive fibres.

Given an algebraic torus T" over a field k& and a representation
p:T — GL,

let I/k be a Galois extension such that 7; splits. One obtains a decomposition
" = ®,V,, summing over characters x : 1T; = G,,; of T', where V, is the
[-subspace on which 7T; acts via y. We refer to those characters y such that

Vi, # {0} as the characters intervening in {". The characters of T form a
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free Z-module X*(7T') equipped with an action of Gal(l/k). After choosing a
basis for X*(T"), one may refer to the coordinates of a character x € X*(T').

Let X be a complete irreducible variety and let £ be a line bundle on X
with topological first Chern class

ci(L) € HA(X,Z).

Given an irreducible subvariety V of X, we define the degree of V' with
respect to £, as in [KY], 5.1, by

deg, V :=c,(L)"™V N[V] € Hy(X,Z) = Z,

where [V] € Hagimv (X, Z) denotes the fundamental class of V' and N denotes
the cap product between H24mV (X Z) and Hy gimv (X, Z). We will also put

/ c (L)Y = deg, V.
v

When the variety X is a disjoint union of irreducible components X;, the

function deg, is defined as the sum ), deggx,.

7.2 Reductions

Consider a Shimura datum (G, X), a connected component Xt of X, and
a compact open subgroup K of G(Ay). From now on, we will simply write
Shy (G, X) for the corresponding Shimura variety and its C-points. We will
denote by Sk (G, X) the image of X x {1} in Shy (G, X). Recall that the
André-Oort conjecture is equivalent for all choices of K. We may also assume
that G = G*4.

We will write Shx (G, X) for the Baily-Borel compactification of Shy (G, X)
(as defined in [KY], Proposition 5.3.1) and Lk for the corresponding ample
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line bundle (as defined in [KY] Proposition 5.3.2). For an irreducible sub-
variety V of Shg (G, X) we will denote by V the Zariski closure of V in
Shy (G, X). We will write deg,, V for deg, V.

Let @ € G(Ay) and let T, be the associated Hecke correspondence on
Shi (G, X). Recall that, by the definition of a special subvariety, V' is special
if and only if one (or, equivalently, all) of the irreducible components of T, (V)
is (are) special. In particular, in order to prove the André-Oort conjecture, it
suffices to consider sets of special subvarieties ¥ such that the Zariski closure
of 3 in Shk (G, X) is irreducible and contained in Sk (G, X).

We will often have an inclusion of Shimura data (G, X;) C (Ge, X3) and
a compact open subgroup K; := Ky N Gi(Ay) of G1(Af), where K, is a

compact open subgroup of G(Af). We obtain a morphism
¢ : ShK1 (Gl, Xl) — ShK2(G2, XQ)

and, by [UYal], Lemma 2.2, if K5 is neat, ¢ is generically injective. In this
case, we will use the same symbol for a subvariety of Shg, (G, X;) and its

image in Shg, (G2, X5).

7.3 Choosing a measure

Consider a special subvariety V' of Sk(G, X). By [UYal, Lemma 2.1, there
exists a Shimura subdatum (H, Xp) of (G, X) and a connected component
X} of Xp contained in X such that H is the generic Mumford-Tate group
on Xy and V is the image of X7, x {1} in Shx (G, X). We will denote by Ky
the intersection K N H(Ay) and by I'yy the intersection H(Q), N Ky, where
H(Q), is the stabiliser of X}, in H(Q). Thus, V is the image of T\ X}; in

106



Shi (G, X). We refer to (H, Xpy) as the Shimura datum defining V' and we
say that V is strongly special if the image of H in G* is semisimple.

The space X}, is isomorphic to H*(R)* /K, where K, is a maximal
compact subgroup of H*(R)". Let b denote the Lie algebra of H*(R)" and
let h* denote the dual of h. Any real non-zero left-invariant differential form
w of maximal degree r on H*(R)* corresponds to an element of A" b*.

Since h admits a Cartan decomposition € @ p, where € is the Lie algebra
of K., and p is the tangent space of X}, at the point K., we can write
w = we A Wy, where wy and w, correspond to real multilinear forms on £ and
p, respectively. In this paper, we will always choose w; so that, with respect
to the measure it determines, the volume of K is one.

Consider the unique (up to isomorphism) R-anisotropic form H¢ of H?
i.e. the real algebraic group H¢ isomorphic to H* over C such that H¢(R) is
compact. Then H¢(R) is a connected maximal compact subgroup of H¢(C)
containing a copy of K, and the quotient Xy := H(R)/K,, is called the
compact dual of X;;. It contains X}, as an open subset.

Considering multilinear forms on the complexification he := h @ C, w
extends C-linearly to a complex, left-invariant differential form we on H*4(C).
As in [Mum?77], Proportionality Theorem 3.2, the Lie algebra of H¢(R) inside
bc is equal to € @ ip. We will always choose w, so that, with respect to
the measure determined by wc, the volume of H(R) or, equivalently, any
maximal compact subgroup of H24(C), is one. Therefore, the volume of Xy
is also one.

We will denote by i the Haar measure on H*!(R)* determined by w. We

will also denote by u the volume measure on X3 determined by w,. When
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we consider the volume measures induced on arithmetic quotients of either

H*(R)* or X}, we will again use .

7.4 Degrees of strongly special subvarieties

In order to prove Theorem 7.4, we will need the following theorem, relating

the degree of a special subvariety to its volume:

Theorem 7.5. Let (G, X) be a Shimura datum, X+ a connected component
of X, and K a neat compact open subgroup of G(Ay). There exists a constant
c1 such that, if V is a special subvariety of Sk(G,X), defined by (H, Xg),
then

deg, V> cr- T\ X)),
By a constant we will always mean a positive real number.
Proof. By [KY], Corollary 5.3.10,
deg, V > degﬁKH V

and, for the remainder of this proof, V will refer to the connected component
FH\X[—; of ShKH (H, XH)
Consider a smooth compactification V"' of V, thus providing a canonical

birational map
V=SV,

as in the proof of [Mum?77], Proposition 3.4 (b). By [KY], Proposition 5.3.2

(1), the exterior product Q4mX# of the cotangent bundle  on X descends
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to Shg,, (H, Xy) and extends uniquely to an ample line bundle on V' (this
is the restriction of Lk, ). By [Mum77], Proposition 3.4 (b), the pullback
7L, of L, to V' is the unique extension E of [Mum77], Main Theorem
3.1. Of course, Q4™ X# is the restriction of the exterior product Q4™ X# of the
cotangent bundle Q on the compact dual Xg. By [Mum77], Proportionality

Theorem 3.2, we have

degﬂ*LKH vsm _ (_1)dimXH . M(I‘H\XE) _/ 01<QdimXH>dimXH.

X

However, since 7 is birational, the projection formula (see [KY], 5.1) implies

that
degrer, v = degp, V.

Furthermore, up to isomorphism, the number of Hermitian symmetric spaces
corresponding to Shimura subdata of (G, X) is finite. Therefore,
(_1)dimXH . / Cl(QdimXH)dimXH
x5

may assume only finitely many positive values.

7.5 Volumes of strongly special subvarieties

Now we prove a lower bound for the volume of a strongly special subvariety,
concluding the proof of Theorem 7.4. First, however, suppose that G is a
reductive group over Q and L is a finite Galois extension over which G is
split. Since almost all places of L are unramified over Q, it follows that Gg,

is split over an unramified extension for almost all primes p. Furthermore, by
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[Spr79], Lemma 4.9 (ii), G, is quasi-split for almost all primes p. Therefore,
we let 3(G) denote the finite set of primes p such that Gg, is not unramified.

Now suppose that K is a compact open subgroup of G(Ay), equal to a
product of compact open subgroups K, C G(Q,), and fix a faithful repre-
sentation G — GL,,. By [KY], 4.1.5, K, = Gz,(Z,) for almost all primes p.
Thus, by [Tit79], 3.9.1, K, is hyperspecial for almost all p. Therefore, we
let X(K') denote the finite set of primes p such that K, is not hyperspecial.
Finally, we let 3(G, K) denote the set of primes belonging to either ¥(G) or
Y (K) and we let II(G, K') denote their product.

Theorem 7.6. Let (G, X) be a Shimura datum such that G = G* and let X T
be a connected component of X. Fix a faithful representation p : G — GL,
and let K be a neat compact open subgroup of G(Ay), equal to a product
of compact open subgroups K, C G(Q,). There exist positive constants cy
and § such that, if V' is a strongly special subvariety of Sk (G, X), defined by
(H,Xpy), then

w(Te\XG) > ¢ - TI(H, Ky)°.
In the situation described in the theorem, we will use the term uniform
to mean depending only on (G, X), K and p.
Note that, since Ky is neat, I'y injects into H*{(R)™ and so acts freely

on Xj;. Let ad : H — H* denote the natural map. Since K, has volume

one with respect to the measure determined by we, we have
p(Ca\XF) = p(ad(Tu) \H* (R)T).

Since H is semisimple, we have a central isogeny 7 : H— H , where H

is simply connected and whose centre we denote Zz. We denote by Z C Zg
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the kernel of 7. Note that, by [Mar91], Proposition 1.4.5, the maximal split
tori (resp. parabolic subgroups) of H are in bijection via this morphism
with the maximal split tori (resp. parabolic subgroups) of H. Therefore,
S(H) = 2(H).

Since 7 is finite, and therefore proper, K H = W&;(K #) is a compact open
subgroup of [:T(Af) and we let T'yy := H(Q)N Ky, which is equal to 7 (I'py).
Since Ky is necessarily a product of compact open subgroups Ky, C H(Q,),
Ky is also a product of compact open subgroups I?Hp C fI(Qp). Let K7 be
a maximal compact open subgroup of H (Ay) containing Ky and let I'2 =

H@Q)N KZ. Again K7 is a product of maximal compact open subgroups
K2 H(Q)
By [Mil04], Theorem 5.2, H(R) is connected and so acts on H*(R)"

through ad o . Therefore, we have two finite projections
ad(Ty)\H*(R)" « ad o 7(I'y)\H*(R)" — ad o 7(I")\ H*(R)*

yielding the equality

lad o 7(I"2) : ad o w(Ty)]
[ad(Ty) : ad o (L' )]

plad(Ta)\H* (R)T) = - p(ad o m(D)\H™ (R)™).

Lemma 7.7. There exists a uniform constant cz such that the index
[ad o w(I"2) : ad o w(T' )]

is greater than c3[K7 Kyl

Proof. Consider the surjective map

I — ad o m(I")/ad o w(Ty).
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Since I'yy = 7 ('), the kernel is equal to
(adom)M(adom(n H(Ty))) NI

H’

which is readily seen to be Z5(Q)-7m*(I'y). Since the order of Z3 is uniformly
bounded by the proof of [UYal, Lemma 2.4, we turn our attention to the index
[z '], Write

K™= f[ ki Ky,
=1

where k; € K7 By strong approximation (as in [Mil04], Theorem 4.16),
applied to I;T, each k; can be written as ¢;k., where ¢; € I:f(@) and k! € Kp.
Therefore, in the above, we may replace k; with ¢;. Intersecting both sides

with H(Q) we obtain

F% = ﬁ QifH ;
i=1
and so ¢; € Fg. O
Lemma 7.8. There exist uniform constants cy and C' such that
[ad(T'y) : ad o m(T'y)] < ¢, CPHKI
Proof. Consider the surjective map
I'y — ad(Py)/ad o m(Ty).
The kernel is equal to

ad_l(ad e} W(fH)) N FH,
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which is readily seen to be
(7(Tu) - Zu(Q) Ty = 7(Th) - (Zu(Q) NTh) = 7(Th),

where Zy is the centre of H (using the fact that I'y is neat). Therefore, we
turn our attention to the index [ : 7(T))].

Recall that Galois cohomology yields an exact sequence
H(Q) = H(Q) ~ H'(Gal(@/Q), 2(Q)).
Therefore, the quotient 7(I'y)\I'y embeds as a subgroup of the Abelian
group H'(Gal(Q/Q), Z(Q)). On the other hand, 7(I'y)\I'y embeds into

T(Kn)\Ku = [ [ 7(Knp)\Ku,

p

and, again, Galois cohomology tells us that

7T(IN(H;;U)\KH,p — Hl(Gal(@p/@p)a Z(QTP))

However, now consider a prime p such that Hg, is unramified and Kp), is
hyperspecial. Since I:j@p is also unramified, H (Qyp) also possesses hyperspecial
subgroups by [Tit79], 3.8.2. Therefore, by [Tit79], 3.8.1, there exist smooth
reductive group schemes H and H over Z,, the generic fibres of which are
ff@p and Hg,, such that Ky, = H(Z,) and ﬁ(Zp) is a hyperspecial subgroup
of H (Qp). By [Vas12], Lemma 2.3.1, the central isogeny 7g, extends uniquely
to a central isogeny 7z, : H — H. Therefore, the kernel Z of 77, is a finite
group scheme of multiplicative type such that Zq, = Zg,. Over a finite
Galois extension F' of Q, Zg is isomorphic to a product of roots of unity,
whose orders we denote nq, ..., n,. Therefore, by [DG63], Exposé X, Lemme

4.1, if p is coprime to the n;, Zg, is smooth.
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Therefore, by [PR91], Lemma 6.5, for any prime p ¢ >(H, Ky) and

coprime to the n;, we have an exact sequence

H(Z,) — H(Z,) — H'(Gal(Q,"/Q,), Z(Z,")),

where Q" is the maximal unramified extension of Q, and Z;" is its ring of
integers. However, since K Hp clearly contains ﬁ(Zp) and, by [Tit79], 3.8.2,
ﬁ(Zp) is maximal among compact subgroups of H (Qp), we have ﬁ(Zp) =
R

The degree [F' : Q] is bounded by the degree of the splitting field of
any torus containing Z, which we have seen is uniformly bounded. By the
proof of [UYa|, Lemma 2.4, the order of Z is also bounded by a uniform
constant and so the same can be said of |H'(Gal(F/Q), Z(F))|. Therefore,
we may consider the image of m(I'y)\Iy in H'(Gal(Q/F), Z(Q)), whose
image in H'(Gal(Q,/F,), Z(Q,)) is contained in HY(Gal(Qy*/F,), Z(Z}"))
for all places v of F' lying above a prime p ¢ X(H, Ky) coprime to the n;.

We identify the three previous cohomology groups with the groups

s T

[IEysF TIE) \E; and [](OF,)"\OF,

i=1 i=1 i=1
and choose a uniformiser £, € F at each place v lying above a prime p €
Y.(H, Kg) or dividing one of the n;. Therefore, the image of
a(Cy)\Cy — [[(F)"\F*
i=1
is contained in the subgroup generated by Oj and the §,. Now, O} is a
finitely generated Abelian group whose rank and torsion subgroup are uni-
formly bounded and, since the n; are bounded by the order of Z, we are

done.
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We now appeal to Prasad’s formula.

Lemma 7.9. There exist uniform constants cs and 61 such that
p(ad o m(I™\H*(R)*) > ¢5 - IL(H, K.

Proof. Let w := ﬁw*, where w* is the pullback of w to H(R). Denote by
H

it the measure determined by w on H (R) and its arithmetic quotients. By

[Mil04], Proposition 5.1, H(R) — H*(R)* is surjective. On the other hand,

the kernel of the map
m\ 17 m ad
IMAH(R) — ad o m(I"5)\H (R)*

is "2 N Zz(R)\Zgz(R). It follows from the proof of [UYa], Lemma 2.4 that

p(ad o w(I2)\ H(R) )
AT\ H(R))

is greater than a uniform constant.

Since H is simply connected, it is a direct product Hy x --- x H, of
quasi-simple, simply connected subgroups. We can write W = wy A - -+ A w,
where w; is a real non-zero left-invariant differential form of maximal degree
on H;(R). Since ad o 7 is surjective, degree |Z5| and proper, the preimage
of a maximal compact subgroup of H2(C) is a maximal compact subgroup
of H (C), whose volume with respect to the measure determined by w¢ is
one. The w; are, therefore, determined up to multiplication by a non-zero
multiplicative constant. We choose this constant so that the volume of any

maximal compact subgroup of H;(C) is also one. We denote the measures
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determined on the H;(R) by p;. Since K}? is maximal, it is a product of
maximal compact open subgroups Kp C H;(Ay), each a product of maximal

compact open subgroups K7, C H;(Q,). Hence,

ATE\H (R Huz I \Hi(R)),

where I'fj, == H;(Q) N K.

By [Vas07], 3.3, each H; is of the form Resg,,qH;, where K; is a totally
real number field and H! is a simply connected absolutely quasi-simple group.
Now,

Hi(Qy) = Resie, o H{(Qy) = H{(K; @0 @) = | [ Hi(K:0)
vlp
where the product runs over the places v of K; lying above p and K, is the
completion of K; with respect to the valuation determined by v. Thus, Kjr
is a product of maximal compact open subgroups K}}‘;’v C H/(Kiy).

Since H;(R) = H'u|oo H{(K;,), we can write w; = Ay|ooWi v, Where w;,, is a
real non-zero left-invariant differential form of maximal degree on H}(kK;,).
We choose the w;,, so that the volume of any maximal compact subgroup of
H!(C) is one. Note that, by [Pra89], 3.5, for each archimedean place v of K,
the Haar measure p;,, determined by w;,, on H](R) is precisely that defined
in loc. cit. 3.6. Therefore, by loc. cit. Theorem 3.7, u;(T'f;, \ H;(R)) is equal

to

dlrnH
Di. [Nk, jo(AL/x,)

[ m | [KZQ]

i 17.7 !

s (Hl W) i, (H;) - &,
J:

where
e Dy, is the absolute value of disc(Kj;).
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e [; is the splitting field of the quasi-split inner form H,; of H;.
e Nk, is the norm on Kj.

e A;, /K, is the relative discriminant of L; over K.

e s; is the integer defined in [Pra89], 0.4.

e 1, is the absolute rank of H,.

e The m,; ; are the exponents of the simple, simply connected, compact,

real-analytic Lie group of the same type as H;.
o 7x,(H!) =1 is the Tamagawa number of H; (see [Pra89], 3.3).
e & is the product, over all finite places v of K, of local factors & .

Note first that dim H/, s;, r;, the m; ; and [K; : Q] are all positive integers,
with the possible exception of s; when L; = K, in which case it becomes
irrelevant. It is also worth noting that they are all uniformly bounded.

Recall that Ay, g, is an ideal in Ok, with the property that the prime
ideals dividing it are precisely those that ramify in Oy, i.e. those places v of
K such that H; g, , does not split over an unramified extension of Kj,. Its
norm N, o(ArL,/k,;) is divisible by precisely those primes p such that there
exists v lying above p and dividing Ay, /k,.

By [Pra89], 2.10, &, > 1 for all non-archimedean places v of K;. Fur-
thermore, if H; K,, 18 not quasi-split, K}?g,y is not special, or H{’Kw splits

over an unramified extension of K;, and K}},  is not hyperspecial, then
'Rl

1,V 1 —
fi,uzq;{;—i_ (QZ,U+1) 17
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where ¢;,, is the cardinality of the residue field k;, of K, and r;,, > 1 is
the rank of H; g, , over the maximal unramified extension of K;,,. Therefore,
let 3; be the set of primes p such that, for some place v of K; lying above
p, either H; K, 18 not quasi-split, H; Kin does not split over an unramified
extension of K;,,, or K ?fg,u is not a hyperspecial subgroup of H;(K;,,). Then
there exist uniform constants c¢g and d, such that
(T \H(R)) > oD T ™
PEX;
However, recall that
Hig, = | [ Resk../0, Hi ..
vlp
Therefore, by [BT65], 6.19, the set ¥(H;) is contained in the union of ¥; and
the set of primes p dividing Dg,. On the other hand, suppose that K}Z‘:U
is a hyperspecial subgroup of H/(K;,) for each place v of K; lying above
a prime p. For each such subgroup, there exists a smooth group scheme

with generic fibre H ;. , such that Hj, is reductive

o

/
iOr, , Over Ok,

and H} ,  (Ok,,) is equal to K, . Let

i,v

R !
Hi,Zp = H ReSOKz‘,v /ZPHLOKZ- e
vlp

Then, the generic fibre of H; z, is H; g, and H;z,(Z,) = K}, ,. Furthermore,
if p does not divide Dk, then
H@Fp = H ReSOKZ—,U®Zpr/FpH;,OKi’U®ZPFP = H Reski,u/FpH;,ki,U
vlp vlp
is a reductive group over F,. Therefore, the set X (K7} ) is also contained in

the union of ¥J; and the set of primes p dividing D, from which we conclude
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there exists a uniform constant d; such that
i (TH \H;(R)) > cq - II(H;, K} ).

However, the union of the ¥(H;) is equal to X(H) and the union of the
Y(K},) is equal to B(KF).
[

We will require the following lemma in the proof of Lemma 7.11 and also

to obtain suitable Hecke correspondences:

Lemma 7.10. Let T be a mazimal torus of Hq,. There exists a basis of
X*(T) such that the coordinates of the characters of T intervening in @Z are

bounded in absolute value by a uniform constant.

Proof. By [CU06], Proposition 2.1, since H is the generic Mumford-Tate
group on Xy, there exists a dense set of special points X}, in Xy such that,
for x € X};, the Mumford-Tate group MT(z) of = is a maximal torus in H.
Choose an x € X}, and let M := MT(z). Denote by L the splitting field of
M and by Ry, the torus Resy Gy, 1.

The reciprocity morphism 7, : Ry, — M corresponding to x is surjective

and induces an embedding
X*(M) — X*(Ryp).

Enumerate the elements o € Gal(L/Q), thereby producing a basis B := {b, }
of X*(Ryr). By [Yaf06], Section 2, with respect to this basis, the characters
of M intervening in Q" have coordinates bounded in absolute value by a

uniform constant.
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Since any two maximal tori of H@p are conjugate by an element of H(Q,),

we may conjugate T2, by an element of H(Q,) to obtain a surjective mor-

. . . . .
phism 7" — RL,QI, — T; T, Thus, we obtain an embedding

x:@p '

X'(Tg,) — X*(R.g,)

such that, with respect to the basis B, the coordinates of the characters of
T intervening in @Z are uniformly bounded in absolute value. Since our
representation was faithful, these characters generate X *(T@p) and so there
are only finitely many possibilities for this submodule of X*(R L?@p). For each
such possibility, choose a basis for X*(7; @P) and consider the maximum of the
absolute values of the coordinates of the characters intervening in @Z with
respect to these bases.

O

Lemma 7.11. There exist uniform constants c; and cg such that, for any

pé E(f[, Kg) greater than c7, such that I?H,p - K%‘yp,

[ngp - Kpp) > csp.

Proof. We will imitate the proof of [UYa], Proposition 3.15. Since Kg’p
is hyperspecial and Hg, is unramified, there exist smooth reductive group
schemes H and H over Z,, the generic fibres of which are ﬁQp and Hg,,
such that Kg’p = ﬁ(Zp). By [Vas12], Lemma 2.3.1, the central isogeny mq,
extends uniquely to a central isogeny 7z, : H — H and we denote the kernel
Z.

The map

Kup\H(Z,) — Kp,,\H(Z,)
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is injective. However, recall from the proof of Lemma 7.8 that the cokernel is
no larger than H'(Gal(Qy"/Q,), Z(Zy")). Furthermore, if F is the splitting
field of Z and v is a place of F' lying above p, the kernel of the restriction
map to H'(Gal(Qy*/F,),Z(Zy")) is uniformly bounded. However, as we
have seen, H'(Gal(Qy"/F.,), Z(Z}")) is itself uniformly bounded. Therefore,
it suffices to show there exist uniform constants ¢; and cg such that [H(Z,,) :
Ky, > csp, whenever p > ¢7.

Let T be a maximal torus of H. The group (Kg, N T(Z,))\T(Z,) is a
subset of Ky ,\H(Z,) and so a lower bound for the size of this group would
suffice. Let T' denote the generic fibre of T and note that, by [Tit79], 3.8.2,
the hyperspecial subgroup T(Z,,) is the maximal compact subgroup of 7'(Q,).
Therefore, if K, = Gz,(Z,), a condition satisfied for all primes p greater than

a uniform constant, Tz, is only a torus if
Krp = GLn(Zp) NT(Qy) = K N T(Qp) = Kpip N T(Zy)

is equal to T(Z,).

We claim that it is possible to choose T such that 7z, is not a torus. In
particular, since, by [DG63], Exposé XXII, Section 8, every semisimple ele-
ment of H is contained in a maximal torus, we are claiming that H(Z,)\ Ky,
contains a semisimple element. To see this, note that, by [DG63|, Exposé
XXII, Corollaire 1.10, the functor of maximal tori of H is representable by
H/N, where N is the normaliser of a maximal torus in H. By the paragraph
following [DG63], Exposé XXII, Lemme 4.5, and by [DG63], Exposé XXI,
Proposition 5.9, the universal maximal torus T of H (see [DG63], Exposé
XXII, Section 8) has the same dimension as H. However, the morphism

u : T — H is quasi-finite. Hence, by [DG63], Exposé XXII, Proposition
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8.1, the semisimple elements of H constitute a constructible set of dimen-
sion dim H, which therefore contains a Zariski open set. On the other hand,
H(Z,) \ Ku, is open in H(Z,) for the p-adic topology and so the claim
follows.

By [PR91], 3.3, pl34, every maximal compact subgroup of GL,(Q,) is
conjugate to GL,(Z,) by an element of GL,(Q,). Hence, there exists a
g € GL,(Q,) such that

T(Zp> = gGLn(Zp>g_1 N T(Qp)-

We let Ty denote g~'T'g. Hence, GL,,(Z,)NT5(Q,) is a maximal compact open
subgroup K7 , of 15(Q,) and, since Kr, = GL,(Z,) N T(Q,), conjugation

by g~! establishes a bijection

Kr\T(Z,) ¢ (97 CL(Z,)g N To(Q)\KF, .

The latter index is the size of the orbit K7; - g_IZZ in the space of lattices
of Qp. Note that K7} = Tyz,(Zy). Since T splits over an unramified exten-
sion of Q,, so too does Ty and so, by [Tit79], 3.8.2, K7}  is a hyperspecial
subgroup. Therefore, Ty 7, is a torus.

By [DG63], Exposé X, Lemme 4.1, there is a canonical isomorphism

1%

X" (Thg,) = X (Toz,)

identifying the characters intervening in @Z and FZ. Thus, with respect to
the image of the basis obtained using Lemma 7.10, the coordinates of the
characters of Ty, intervening in FZ are bounded in absolute value by a

uniform constant.
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Therefore, by [EY03], Lemma 4.4.1, for all subspaces W of FZ, the group
of connected components of the stabiliser of W in Tjz is of order bounded
by a uniform constant. Since 17, is not a torus, Tpz, does not fix the lattice
g~ 'Zy in the sense of [EY03], Section 3.3. Therefore, [EY03], Proposition
4.3.9 implies that there exists a uniform constant cg such that the size of the
orbit Ty z,(Zy) - 9~ ' Zy is greater than csp.

O

Lemma 7.12. There exists a uniform constant co such that, if p ¢ S(H, Kp)

is a prime greater than cg, then p ¢ X(H, Ky).

Proof. Since Hg, is unramified and K ip is hyperspecial, there exist smooth
reductive group schemes H and H over Z,, the generic fibres of which are
fop and Hg,, such that I?H,p = ﬁ(Zp). By [Vasl12]|, Lemma 2.3.1, the central
isogeny g, extends uniquely to a central isogeny 7z, : H — H.

Let K77, be a maximal compact open subgroup containing Ky ,. There-
fore, K7, contains the image of K Hp- Since, by [Tit79], 3.8.2, K Hp 1S Max-
imal, [OhO1], Proposition 3.3 implies that Kj; = H(Z,).

Since }?H,p = ﬁ(Zp), the map

ﬁ(Zp> - KH,p\H(Zp)

is trivial and we have seen that the cokernel is uniformly bounded. On
the other hand, the proof of Lemma 7.11 shows that, if p is greater than
a uniform constant and Kp, C H(Z,), then [H(Z,) : Ky, is at least a

uniform constant times p. O
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Proof. (Theorem 7.6) Recall that

lad o W(FTH”) cado W(fH)]
[ad(T'y) s ad o (T )]

Therefore, by Lemma 7.7 and 7.8, we have

p(Tu\Xp) = - p(ad o w(TE)\H*(R)™).
pTR\XG) > ey OO [ Ryl plad o m(T)\H* (R)"),
so, by Lemma 7.9,
p(D\X}) > escptesCFEEDL (K™ Ky] - TH(H, K7™
Lemma 7.11 implies that there exist uniform constants c¢;o and d4 such that
p(D\XH) > 100 PUEEDLTI(H | K ).

Therefore, the result follows from Lemma 7.12.

Proof. (Theorem 7.4) Follows from Theorem 7.5 and Theorem 7.6. O

7.6 Choosing a suitable Hecke correspondence

In this section, we prove an analogue of [KY], Theorem 8.1, demonstrating
the existence of suitable Hecke correspondences. Recall that, if (G, X) is a
Shimura datum, G®! decomposes into a product of simple factors, which we
denote G;. Thus, X* decomposes into a product of factors X; and, if X7 is
a connected component of X, then it decomposes into a product of factors
X, If the image K* of K in G*™(A;) is equal to a product of compact
open subgroups K; C G;(A;), then Sgaa(G*, X?) is equal to the product of
the Sk, (Gy, X;). If K is a compact open subgroup of G(Ay) we will use the
notation K” to denote the product [],_, Ki.
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Theorem 7.13. Let (G', X') be a Shimura datum such that G' = G, let
K’ be a neat compact open subgroup of G'(Ay), equal to a product of compact
open subgroups K, C G'(Qy), and fiv a faithful representation

p: G — GL,.

There exist positive integers k and f such that, if V' s a strongly special
subvariety of Sx/(G', X"), defined by (H, Xy), p ¢ X(H, Ky) is a prime such
that K, = G (Z,) and (G, X) is a Shimura subdatum of (G', X") such that
V' is contained in Sk (G, X), where K = K' N G(Ay), then there exist a

compact open subgroup
I, C K, :=K,NG(Q,)
and an element o € G(Qy,) such that

[Kp : Ip] < pf-

If I C K is the compact open subgroup KPI,, C G(Ay),
7:Sh;(G, X) — Shg (G, X)

18 the natural morphism, and VC Si(G, X)¢ is an irreducible compo-

nent of Y (V), then V C T,(V).

For every ki, ko € I,, the image of kiaks generates an unbounded sub-

group of G;(Q,) for each i.

o [I,: I,Nal,a '] < p.
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In the situation described in the theorem, we will use the term uniform
to mean depending only on (G', X'), K" and p. Firstly, we will deal with the
matter of including a strongly special subvariety in its image under a Hecke

COI"I'GSpOIldGIlCeI

Lemma 7.14. There exists a uniform integer A such that, for any o €

H(Ay),
V C TaA(V).

Proof. By definition, V' is the image of X}, x {1} in Shg(G,X). Thus,

consider a point (z,1) € V with z € Xj,. Let
m:H—H

be the simply connected covering, whose degree we denote d, and consider an
a € H(Ay). Therefore, for any positive integer A divisible by d, there exists
afe H (Ay) such that 7(8) = . By strong approximation applied to H,
b = gk, where g € f[((@) and k € 7 !(K). Note that, since 7 is proper,
7 }(K) is a compact open subgroup of f:l(Af). Since H(R) is connected,
7(q) € HR)" and 7(q) - v € X},

Thus, consider the point

(m(q) - z,m(B8)) € Toa (V).

By the previous discussion, this is equal to (x,1). Since, by [UYa], Lemma
2.4, d is bounded by a uniform integer D, setting A = D! finishes the proof.
]

In order to find suitable Hecke correspondences, we will also need the

following two results on maximal split tori:
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Lemma 7.15. Let p ¢ X(H, Ky) be a prime such that K, = G% (Z,). Then

there exists a mazximal split torus S C Hgq, such that Sz, is a torus.

Proof. Since p ¢ 3(H, Ky), there exists a smooth reductive group scheme
H over Z, such that Hy, = Hg, and H(Z,) = Kp,. Let S be a maximal
split torus of H and let S denote its generic fibre. By [Tit79], 3.8.1, Sz, is a

torus if and only if

Sz,(Zy) = GL,(Zy) N S(Q,) = Kp, N S(Qy)

is equal to S(Z,). However, since Ky, = H(Z,), Sz,(Z,) contains S(Z,) and
so, by [Tit79], 3.8.2., they are equal. ]

Lemma 7.16. Assume Hg, is quasi-split and let S C Hg, be a mazimal
split torus. There ezists a basis of X*(S) such that the coordinates of the

characters of S that intervene in Q) are uniformly bounded in absolute value.

Proof. Let T" C Hg, be the centraliser of S in Hg,. Since Hg, is quasi-
split, 7" is a maximal torus of Hg,. By [Wat79], 7.4, there exists an isogeny
T — S x A, where A is the maximal anisotropic subtorus of 7', and the

degree d of this isogeny is bounded by [Ly : Q4™ T

, Where Ly is the splitting
field of T. Note that dim 7" is bounded by the absolute rank of G and, as we
have seen, [Ly : Q] is bounded in terms of the dimension of 7.

Consider the map of characters
x> xs+xa:X(T)— X*(S)®d X" (A)

induced by the inclusions S C T'and A C T'. The characters of S intervening

in Q) are precisely the x5 such that x € X*(T') intervenes in @:
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Now consider the embedding
¢ X*(S)®d X" (A) — X*(T)

induced by the above isogeny. By Lemma 7.10 there exists a basis {ey, ...e, }
of X*(T) such that the coordinates of the characters of T intervening in @Z
are bounded in absolute value by a uniform constant B’. Given a character
of T', its coordinates increase in absolute value by at most a factor of d under
¢ o p.

Thus, let {x;} be the characters of T intervening in @Z and let {x; s+xXia}
be their images in X*(S5) @ X*(A). Write the image of x; s + x; 4 under ¢ as

r
E n; €.
J=1

Hence, |n; ;| < B :=dB’ for all i and j and n;; = n; s + n; 4, where

r r
an,jej and an’,A,jej
j=1 j=1
are the images of the x; ¢ and x; 4 under ¢, respectively. Therefore, either
Inis;| < B for all ¢ and j, or there exist ¢ and j such that |n;s;| > B, in
which case n; g; and n; 4; are of opposite signs.

Assume the latter, letting x; denote the corresponding character and
letting n;g; denote the coefficient with absolute value at least B. Since
our representation of 7" was defined over Q,, for each 7 € Gal(@p JQp), TX:
also intervenes. Since S is split, 7x; s = X;s for every 7 € Gal(@p/(@p).
Therefore, the image of 7y; in X*(S) @ X*(A) varies over x; s + Tx;.a and,
since A is anisotropic,

Z TXi,A = 0.

TEGal(@p/Qp)
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Thus, there exists a 7 € Gal(Q,/Q,) such that the coefficient of e; corre-
sponding to the image of 7x; 4 under ¢ is of the opposite sign to n; 4;. But
then this coefficient is of the same sign as n; g ;, which implies that the sum
of these two coefficients has absolute value greater than or equal to B, which
is a contradiction.

Therefore, with respect to the basis {ey, ..., e, } of X*(T'), the coordinates
of the characters of S intervening in Q) are bounded in absolute value by B.
Since our representation is faithful, these characters generate X*(5) and so,
as a submodule of X*(T'), there are only finitely many possibilities for X*(S).
For each such possibility, choose a basis and consider the maximum of the

absolute values of the coordinates of the characters intervening in Qj. O

Proof. (Theorem 7.13)

By Lemma 7.15, since p ¢ X(H, Ky ), we can find a non-trivial, maximal,
split torus S C Hg, such that Sz, is a torus. Furthermore, by Lemma 7.16,
there exists a basis of X*(S5) such that the coordinates of the characters
intervening in Q) are uniformly bounded in absolute value. Let 7, : G — G;

denote the natural morphisms.

Lemma 7.17. The images m;(S) are non-trivial split tori.

Proof. Let 7 : H — H denote the simply connected cover and let S denote a
maximal split torus of FIQP such that 7(S) = S. We can write S as a product
of maximal split tori S; in the quasi-simple factors H; of ﬁQp' The map g,
composed with the inclusion of Hg, in the product of the m;(H)g, is given
by maps f; each a product of morphisms g;; : H; — m;(H)q,-

By [Mil04], SV3, m;(H) is non-trivial. Therefore, for each i, one of the
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gi,; is non-trivial. Since H; is quasi-simple, ker g; ; is finite and, therefore,

gi,;(S;) is non-trivial. .

As K}, = G (Z,), the compact open subgroup K, := K, N G(Q,) of
G(Qy) is equal to Gz,(Z,) and, for any o € S(Qy),

(K, : K, NaKya '] = [K, : K,NaGz, (Z,)a™"].

By [EY03], Lemma 7.4.3, for ¢; = m;)g and e = A (the positive integer given
by Lemma 7.14), there exist a uniform constant k£’ and an element o € S(Q,)

such that no m;(a) lies in a compact subgroup of S;(Q,) and
(K, : K, NGy (Z,)a™ ] < P

Next we define I, following [KY], 8.3.2. Since S is a split torus and Sz,
is a torus, Gz, (Z,) = K, is in good position with respect to S (using the
terminology of [KY], 4.1.6).

Let f be the constant, defined in [KY], Lemma 8.1.6 (b), for the group
G’'. We claim that there exists an Iwahori subgroup I, of G(Q,) such that

(K, K,N L] <p.

To see this we let K; be any maximal compact subgroup of G(Q,) containing
K,. Since K, is in good position with respect to .S, so too is K;. Thus, by
[KY], Lemma 8.1.6 (b)(i), there exists an Iwahori subgroup I} C K} in good
position with respect to S satisfying [K, : IJ] < p/. Thus,

K, : K,nL)]<p.

Let S’ be a maximal split torus of G, containing S such that I} is in

good position with respect to S’. Let M be the centraliser of S" in Gg,. Let
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B be the (extended) Bruhat-Tits building of Gg, and A C B the apartment
of B associated to S’

The group M(Q,) acts on A as follows: we denote by
OI‘dM . M(Qp) — X*(M)Qp
the homomorphism characterised by

(ordyr(m), x) = ord,(x(m))

for all x € X*(M)q,, where ord, is the normalised additive valuation on
Q; and X,(M)q, (resp. X*(M)q,) denotes the group of cocharacters (resp.
characters) of M defined over Q,. Let A C X,(M)q, be the free Z-module
ordy (M(Q,)). Then M(Q,) acts on A via A-translations.

Let K" be a special compact subgroup containing [Z} and let x € A be
the unique special vertex fixed by K. Recall the element o € S(Q,) chosen
above. The vector ordy(a) € A is non-trivial. Let C' be the chamber of A
fixed pointwise by II} (it contains z in its closure). Consider the chamber
C" = C + ordy(a). Let C C A be the unique Weyl chamber with apex x
containing C’. Finally, let I? be the Iwahori subgroup of G(Q,) fixing the
unique chamber of C containing x in its closure.

Define I, as the intersection K, N I} N I>. Since I stabilises a chamber
in A it is also in good position with respect to S’ and, therefore, S. Thus,
I, is in good position with respect to S. It follows from [KY], Lemma 8.1.6
(b)(ii) that

K, : L] =[K,: K,n[,N]<[K): NI <pl,
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which is the first condition of Theorem 7.13. By Lemma 7.14, we have
Vc TaA(V), which is the second condition of Theorem 7.13.

Let S} := m;(S") and denote by M; := m;(M) its centraliser. Let C; be
the unique chamber of the Bruhat-Tits building B; of G;q, fixed by the
Iwahori subgroup m;(I2) and let x; be the vertex in the closure of C; fixed
by m;(K}"). Finally, let C; be the unique Weyl chamber of the apartment A;
corresponding to S; with apex x; and containing C;.

For M; we have a homomorphism
OI‘dMi : Mz(@p) — X*<Mi)(@p,

defined analogously to ord,;,. We denote the image ordys,(M;(Q,) by A,.
Thus, M;(Q,) acts on A; by A;-translations. We denote by A} C A; the
positive cone stabilising C;. By virtue of our choice of I?, since m;(cr) does
not lie in a compact subgroup of S;(Q,), ordyy, (7(«)) lies in A;\{0}. Hence,
ordyy, (m; (@) must also belong to A;\{0}. Thus, by [KY], Proposition 8.1.4,
for any ki, ko € Ig (in particular for any ki, ke € I,), m;(kiatky) generates
an unbounded subgroup of G;(Q,). This is the third condition of Theorem
7.13.

Finally, from the previous discussion we have
[, : I,NatL,a™
= [I,: ,na*K,a™]-[I,na*K,a™ : I, N a*[,a™"
< (K, K,Na K] K, 1)
< [Ky: KyN oGy, (Zy)a™ - [K, : L) < p* = ph.

This is the fourth condition of Theorem 7.13.
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7.7 The geometric criterion

Next we explain the procedure via which we replace strongly special subvari-
eties with higher-dimensional strongly special subvarieties given the existence

of suitable Hecke correspondences:

Theorem 7.18. Let (G, X) be a Shimura datum and let K C G(Ay) be a neat
compact open subgroup, the product of compact open subgroups K, C G(Q,).
Let Xt be a connected component of X and let V' be a special subvariety
of Sk(G, X). Suppose that V is properly contained in a Hodge generic irre-
ducible subvariety Z of Sk (G, X) and assume that there exist a prime p and
an o € G(Qy) such that

o ZCT.Z).

o [For every ki, ke € K, the element kyaks generates an unbounded sub-

group of G;(Q,) for each i.

Then Z contains a special subvariety V' containing V' properly. Moreover, if

V' is strongly special then V' is strongly special.

This theorem is very similar to [KY], Theorem 7.2.1 and the proof here
is nearly a carbon copy of the proof found there. Our situation is slightly
simplified by the fact that Z is geometrically irreducible. Ensuring that V"’

properly contains V' is where we require the stronger condition on «.

Lemma 7.19. If the conclusion of Theorem 7.18 holds for all Shimura data
(G, X) with G semisimple of adjoint type, then it holds for all Shimura data.
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Proof. Consider the situation in Theorem 7.18. We have a finite morphism

of Shimura varieties
f:Shg(G, X) — Shyaa (G, X29).

Let Z2 be the image of Z under this morphism. Similarly, let V# be the
image of V. Thus, V® is a special subvariety of Spaa(G24, X2d).

Let a® denote the image of a in G*(Q,). The inclusion Z C T,,(Z) im-
plies that Z2d C T,.a(Z2%). As K* is a product of compact open subgroups
Kgd C G*(Q,), the second condition of Theorem 7.18 implies the analogous
condition for o and K;jd.

As irreducible components of the preimage of a special subvariety by a
finite morphism of Shimura varieties are special, it is enough to show that

724 contains a special subvariety V'2d containing V24 properly. O

Therefore, we henceforth assume that G is semisimple of adjoint type.
We fix a Z-structure on GG by choosing a finitely generated free Z-module W,

choosing a faithful representation
€:G— GL(Wy)

and taking the Zariski closure of G in GL(IW). We may choose £ in such a
way that K is contained in GL(Wj). This canonically induces a Z-variation
of Hodge structures F on Shg (G, X) and, in particular, on Sk (G, X) (see
[EY03], 3.2).

Let z be a Hodge generic point of the smooth locus Z%" of Z. Let
m1(Z™, z) be the topological fundamental group of Z*™ at the point z. We

choose a point z € X lying above z. This choice canonically identifies the
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fibre at z of the locally constant sheaf underlying F with the Z-module W'.
The action of m(Z%™, z) on this fibre is described by the monodromy repre-

sentation
p:m (2% 2) - m(Sk(G,X),2) = GQ); N K — GL(W).

Since Z is Hodge generic in Shi (G, X), the Mumford-Tate group of Fzsm
at z is G. Thus, by [Moo98a], 1.4, given that the group G is adjoint, the
group p(m(Z°™, z)) is Zariski dense in G. Having fixed a prime p (as in
Theorem 7.18), [KY], Proposition 4.2.1, implies that the p-adic closure of
p(mi (2", 2)) in G(Z,) is a compact open subgroup K, C K.

We have a Galois, pro-étale cover
TK, Sth(G, X) — ShK<G, X),

with group K, as defined in [KY], Section 4.1.3. Let Z be an irreducible
component of the preimage of Z in Shy» (G, X) and let V be an irreducible
component of the preimage of V' in Z. By [KY], Lemma 7.2.3, we have

Lemma 7.20. The variety 7 is stabilised by the group K, and the set of

wrreducible components of WI_{i(Z) 1s naturally identified with the finite set

K,/ K],

The inclusion Z C T,(Z) implies that Z is an irreducible component
of 7T;(i (To(Z)). However, these components are of the form Z - kjaks for

ki, ks € K. Therefore, there exist kq, ks € K, such that 7 =27- kiaks.

Corollary 7.21. Let U, be the group generated by K, and kyaks. The variety
7 is stabilised by the group U,.
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We now conclude the proof of Theorem 7.18. Again, let m; : G — G; de-
note the natural morphisms. By the condition placed on «, the group m;(U,)
is unbounded in G;(Qy) for all i. Let G, = []; H; be the decomposition
of G, into simple factors. Up to renumbering, we can assume that the

projection of U, to H;(Q,) is unbounded in H;(Q,). Let
T ﬁl — H1
be the universal cover of H;. We have [KY], Lemma 7.2.6:

Lemma 7.22. The group U, N H1(Q,) contains the group T(f[l(@p)) with

finite index.

Let K1 be the compact open subgroup 7 (K},) of G g, and let K, -, be
the projection of K to G.1q, = [[;=1 Giq,- As U, is an open subgroup of
G(Q,), it contains a compact open subgroup of (1 g, and, in particular, a
compact open subgroup U, of K, 1 N[],., H;(Qp). Similarly, U, contains a
compact open subgroup U, -1 of K, ~i. By the previous lemma, U, contains
the unbounded subgroup T(f[l((@p)) - Up1 - Up~1. We make the definition
[KY], Definition 7.2.7:

Definition 7.23. We replace U, by its subgroup 7(Hy(Q,)) - Upy - Uy 5q. We
denote by V' the Zariski closure of WKP("} -U,).

Since, 7 is stabilised by U,, the variety V"’ is a subvariety of Z. Therefore,
let K; := m(K) and let IC be the neat compact open subgroup [[, K;. We

have the natural finite morphism
f:Shg(G, X) — Shi(G, X)
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of Shimura varieties and we let V' := f(V’) and V := f(V). The proof of
[KY], Lemma 7.2.8 demonstrates that

V' = Sk, (G1, X1) x Vo,

where V's; is the special subvariety of [[.., Sk,(G:, X;) given by the pro-

i>1
jection of V'. Hence, V' is a strongly special subvariety of Sk (G, X) and,
therefore, since f is a finite morphism of Shimura varieties, V’ is a strongly
special subvariety of Sk (G, X). Furthermore, after possibly renumbering the
G, (which we are free to do due to the condition placed on «), we may assume

that V' properly contains V. Therefore, V' is properly contained in V', which
concludes the proof of Theorem 7.18.

7.8 Proof of main result

Finally, we prove Theorem 7.3. In fact, we will prove the following, equivalent

statement:

Theorem 7.24. Let S be a Shimura variety and let ¥ be a set of strongly
special subvarieties contained in S. Let Z be an irreducible component of the

Zariski closure of 3 in S. Then Z s a strongly special subvariety of S.
Lemma 7.25. Theorem 7.24 is equivalent to Theorem 7.3.

Proof. Consider the situation described in Theorem 7.24. If we assume that
Theorem 7.3 holds then there exists a finite set {V4, ..., Vi } of strongly special
subvarieties contained in Z such that, for every V € X, V is contained in

one of the V;. Therefore, X is contained in the union of the V;, which is itself
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contained in Z. Since Z is an irreducible component of the Zariski closure of
3}, it must be equal to one of the V;, proving Theorem 7.24.

Now consider the situation described in Theorem 7.3 and consider the
set X of all strongly special subvarieties of S contained in Z. If we assume
that Theorem 7.24 holds, the Zariski closure of X is a union of finitely many
strongly special subvarieties Vi, ..., V. Thus, any strongly special subvariety

contained in Z is contained in one of the V;, proving Theorem 7.3. O

Note that, in order to prove Theorem 7.24, we may assume that the
elements of ¥ are of equal dimension. We first prove the following Theorem,

following the proof of [KY], Theorem 9.2.1:

Theorem 7.26. Let (G', X") be a Shimura datum such that G' = G"4 and

fix a faithful representation
p: G — GL,.

Let K" be a neat compact open subgroup of G'(Ay), equal to a product of
compact open subgroups K}, C G'(Q,), such that K’ C GL.(Z). Let k and f
be the positive integers given by Theorem 7.13.

Let X3 be a set of strongly special subvarieties contained in Sg/(G', X').
Assume that the elements of ¥ are of equal dimension d and that the Zariski
closure Z of X is irreducible. For each V € X, let (Hy, Xy) be the Shimura
subdatum defining V' and put Iy :=11(Hy, Kg).

Let (G, X)) be a Shimura subdatum of (G, X") such that Z is contained and
Hodge generic in Sk (G, X), where K := K'NG(Ayf). Letr :==dimZ —d > 0
and make ONE of the following assumptions:

e The Ily are bounded as V' ranges through .

138



o For each V € X, there exists a prime p not dividing Iy, such that
K}, = Gy (Zy,) and

pFED (deg,, Z)Y < c- 119

Then, for each’ V- € X, Z contains a strongly special subvariety of Sk:(G’, X')

containing V' properly.

In the situation described in the theorem, we will use the term uniform

to mean depending only on (G, X’), K’ and p.

Proof. Firstly, we consider the case that, as V ranges through X, IIy is
bounded. That is to say, the primes dividing any given Il belong to a fixed,
finite set, whose product we denote II.

By Theorem 7.13, for any prime p not dividing IT such that K, = G’Zp (Z,),

there exists a compact open subgroup
I, C K, := K]’D NG(Qy) = Gz,(Zy)

and an element o € G(Q,) satisfying the four requirements of Theorem 7.13,
for each V' € ¥. However, in this case we will choose these objects slightly
more precisely: recall that, by Lemma 7.15, for each V' € 3, there exists a
non-trivial maximal split torus Sy C Hy,g, such that Syz, is a torus. Since
Sy is split, it is conjugate via an element of GL,(Q,) to a subtorus of the
diagonal matrices. By Lemma 7.16, after possibly replacing 3 by a Zariski
dense subset, we may assume that this torus is fixed i.e. that the Sy are all
conjugate by elements of GL,(Q,) to a fixed torus S := Sy, for some V; € X.
Let I, C K, and a € G(Q,) be the objects given by Theorem 7.13 applied
to V.
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Now consider another V' € ¥ and let g € GL,(Q,) be such that gSyg~" =
S. Since Sy, is a torus, S stabilises the lattice gZ;. Therefore, by [EY03],
Lemma 3.3.1, since Sz, is a torus, there exists an element ¢ € Zg(5)(Q,)
such that gZ; = cZ,, where Zg(S) is the centraliser of S in G. Therefore,
there exists k € GL,,(Z,) such that g = ck and so the Sy are all conjugate
by elements of GL,(Z,). If we further assume that p is a prime such that
Gf, is smooth, the final paragraph of the proof of [EY03], Proposition 7.3.1,
explains that, again, after possibly replacing 3 by a Zariski dense subset, we
may assume that the Sy are all conjugate by elements of K, and, therefore,
by elements of I,,.

Therefore, for each V' € ¥, we let gy € I, be such that Sy = gng‘jl.
It follows that I, and ay := gvag‘71 satisfy the requirements of Theorem
7.13 applied to V. Furthermore, if we let I C K be the compact open
subgroup K*I, C G(Ay), then the Hecke correspondences T, on Sh;(G, X)
all coincide with T,.

Let
7:Sh;(G, X) — Shg (G, X)

be the induced morphism of Shimura varieties and let Z be an irreducible
component of the preimage 77(Z). For each V € ¥, let V C S;(G, X) be
an irreducible component of the preimage 7(V) contained in Z. Each V is
a strongly special subvariety of S;(G, X) defined by the Shimura subdatum
(Hy, Xy). Denote the set of the V by . By the second requirement of
Theorem 7.13, we have V C T, (V) for every V € &. Hence, X is contained
in ZNT,(Z) and, therefore, Z C To(Z).

As « satisfies the third requirement of Theorem 7.13, we can apply The-
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orem 7.18 to this a and conclude that, for each Ve i, there exists a special
subvariety V' c Z containing 1% properly whose image in Shy/ (G', X') is
strongly special. As 7 preserves the property of being special, exhibiting a
special subvariety V' C Z containing V' properly is equivalent to exhibiting
a special subvariety V'icZ containing 1% properly.

Thus, we consider the case that Il is unbounded as V' ranges through
Y. Hence, we may assume that Il is larger than any uniform constant. We
proceed by induction on r. Consider first the case r =1 and let V' € X.

By the second assumption of Theorem 7.26, there exists a compact open
subgroup I, C K, and an element a € G(Q,) satisfying the four requirements
of Theorem 7.13 applied to V. Let I C K be the compact open subgroup
KPI, C G(Ay) and let

T Sh[(G,X) — ShK(G,X)

be the induced morphism of Shimura varieties. It follows from the first
requirement of Theorem 7.13 that the degree of 7 is bounded above by p/.

Let V € Si(G, X) be an irreducible component of the preimage 7~ 1(V).
It is a strongly special subvariety of S;(G, X) defined by the Shimura subda-
tum (Hy, Xy) of (G, X). By the projection formula (see [KY], Proposition
5.3.2 (1)) and Theorem 7.4,

deg,, V> deg, V >c- I,

Let Z be an irreducible component of the preimage 7 1(Z) containing V.

Thus, Z is Hodge generic in Sh;(G, X) and

deg,, 7 < pldy.
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As 7 preserves the property of being special, exhibiting a special sub-
variety V' C Z containing V properly is equivalent to exhibiting a special
subvariety V' C Z containing V properly.

By the second requirement of Theorem 7.13, we have VC Ta(f}). Hence,
VCcZNTy(Z ). Given their dimensions, if Z and T, (Z ) intersect properly

then V is an irreducible component of the intersection. Thus,

c- 109 < deg,, vV < degﬁj(z NT.(Z))

< (degg, Z)?- [, : [,Nala '] < p"*3 . d2,

contradicting the second assumption of the theorem. Therefore, the inter-
section cannot be proper. Thus, ZcT a(Z ) and, since « satisfies the second
condition of Theorem 7.18, there exists a special subvariety V' C Z contain-
ing V properly whose image in Shy/ (G', X') is strongly special.

Therefore, we consider the case » > 1. Suppose that the conclusion of
Theorem 7.26 holds for all subvarieties V' and Z of Shix(G, X) as in the
statement of Theorem 7.26 such that 0 < dim Z — d < r and consider the
case that dim Z = d + r. We have ‘N/, Z, a compact open subgroup I C K

and an a € G(Q,), constructed as in the case r = 1, where
deg,, Ve 113,

and degﬁl 7 <pf.dy.

Suppose that Z C TQ(Z). In this case we can apply Theorem 7.18 to
deduce that there exists a special subvariety V' cZ containing 1% properly
whose image in Shy/(G’, X') is strongly special.

Therefore, suppose that the intersection ZNnT a(Z) is proper. By the

second requirement of Theorem 7.13, V C Z N TQ(Z ). Choose an irreducible
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component Y C S;(G, X) of ZNT,(Z) containing V and denote its image in
Shi (G, X) by Y. Thus, Y is irreducible and satisfies ry := dimY —d < r. To
show that ry > 0 it suffices to check that V is not a component of ZN7T,(Z).

However, if this were true we would have
c Ty, < p"** - dy,

as in the case r = 1, contradicting the second assumption of Theorem 7.26.

Let (P, Xp) be a Shimura datum of (G, X), defining the smallest special
subvariety of S;(G, X) containing Y. Let X} C XT be the corresponding
connected component of Xp. Define Kp := KNP(Ap) and Ip := INP(Ay).
We have the following commutative diagram:

Shr, (P, Xp) —— Shi(G,X)
E |-
Shi, (P, Xp) —— Shg(G, X).
Let Vp be an irreducible component of ¢~*(V) contained in Sy, (P, Xp) and
let Vp = 7(Vp).

Let Yp C Si,.(P, Xp) be an irreducible component of ¢~*(Y) containing
Vp. In particular, Yp is a Hodge generic subvariety of S7, (P, Xp). Define
Yp := 7(Yp), a Hodge generic subvariety of Sk, (P, Xp).

We have

degy,., Yp < deg,, Vp <deg,V <deg,(ZNTu(Z)) < P - &2,

where the first inequality comes from the projection formula, the second
comes from [KY], Proposition 5.3.10, the third is due to the fact that Y is an
irreducible component of Z ﬂTa(Z ), and the last inequality was demonstrated

previously.
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Lemma 7.27. The data P, Xp, X}, Kp,Vp and Yp satisfy the conditions of
Theorem 7.26 (in place of G, X, X, K,V and Z, respectively).

Proof. Firstly, note that the image of Vp in Shy/(G’, X’) is strongly special
since it is still defined by the Shimura datum (Hy, Xy ). Let rp := dim Yp —
dim Vp. Thus, rp = ry > 0. We must verify that P, Xp, X5, Kp, Vp and Yp
satisfy the second condition of Theorem 7.26 for the same prime p.

From the above inequalities we have
pERNZT  (degp, Yp)¥T < pERDFTT L g

and, as rp + 1 < r, we deduce from the second assumption of Theorem 7.26

that
O

As rp < r, by the induction hypothesis, we can apply Theorem 7.26
to P, Xp, X}, Kp,Vp and Yp. Thus Yp contains a special subvariety Vj,
which contains Vp properly and whose image in Shy/(G’, X') is strongly
special. This implies that Z contains a special subvariety V', which contains
V' properly and whose image in Shg/(G’, X') is strongly special.

O

Therefore, in order to prove Theorem 7.24, it suffices to prove the follow-

ing lemma:

Lemma 7.28. Let V € X. There exists a uniform constant cy1 such that, if

Iy > c11, then there exists a prime p not dividing Iy such that K], = G’Zp (Z,)
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and
pF2D2 (deg, Z)* < c- T3

Proof. By a theorem of Chebyshev, there exist absolute positive constants
c12 and ¢;3 such that the number of primes 7(x) less than a given real number
x > 2 is bounded below by Clgﬁ and above by Clgﬁ. Therefore, for any

fixed v > € >0,

Y

11
Iy > I
m(II},) > log 1T} > 11,

If we denote by w(Ily) the number of primes dividing IIy, we have the

trivial estimate

Note that K|, = G7 (Z,) holds for all primes p greater than a uniform

constant. Therefore, if we set v = ( —e > 2e > 0, provided Ily is larger

J
k+2f)2r
than a uniform constant, we can find a prime p satisfying the requirements

of the lemma.

7.9 The André-Oort conjecture

We will prove the following theorem, which appears as [KY], Theorem 1.2.2.
The difference between our proof and the one appearing there is that ours

does not depend on any results from ergodic theory.

Theorem 7.29. Let (G, X) be a Shimura datum and let K be a compact open
subgroup of G(Ay). Let ¥ be a set of special subvarieties in Shx(G,X) and
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let Z be an irreducible component of the Zariski closure of ¥ in Shi (G, X).

We make ONE of the following assumptions:
o Assume the generalised Riemann hypothesis for CM fields.

o Assume that there exists a faithful representation G — GL,, such that,
with respect to this representation, the generic Mumford-Tate groups

MTy of the V € ¥ lie in one GL,(Q)-conjugacy class.
Then Z is a special subvariety of Shi (G, X).

Proof. Fix a connected component X of X. We may assume that Z lies in
the connected component Sk (G, X). Now, [KY], Theorem 2.5.3, produces
a dichotomy: either the subvarieties V' have Galois orbits whose degrees are
bounded from below by an invariant unbounded as we range through > or
there exists a finite set {717, ...,T,.} of subtori of G, anisotropic over R, such
that each V' € X is Tj-special for some i € {1,...,7} (see [UYa], Definition
3.1 and Definition 3.2 for the definition of T-special).

If the former occurs then [KY], Theorem 3.2.1, implies Theorem 7.29.
Otherwise, we may assume that every V' € ¥ is T-special for some fixed
subtorus T of G such that Ty is anisotropic. Thus, by [UYa], Lemma 3.3 and
Lemma 3.5, there exist ¢ € G(Q), 6§ € G(Ay) and, for each V € X, a ¢T'q '~
Shimura subdatum (Hy, Xy) of (G, X), where Hy is the generic Mumford-
Tate group of Xy, such that V is the image of X;> x {6} in Sk(G,X) (see
[UYa|, Definition 3.1 for the definition of a T-Shimura subdatum). Hence,
after replacing Z by an irreducible component of its image under a suitable
Hecke correspondence, we may assume that each V is a standard T-special

subvariety of Sk (G, X), associated to a T-Shimura subdatum (Hy, Xy ), with
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H = MT(Xy) (see [UYa| Definition 3.2 for the definition of a standard 7-
special subvariety).

Thus, by [UYa], Lemma 3.6 and Lemma 3.7, for every V € ¥, (Hy, Xy) is
a Shimura subdatum of a fixed 7-Shimura subdatum (L, X). Therefore, we
may assume that X is contained in Sy yni (L, X1). Let (L*, X39) be the
adjoint Shimura datum and let K7 be a compact open subgroup of L*(A)
containing the image of L(Af) N K. Thus, we have an induced morphism of

Shimura varieties
f : ShL(Af)ﬁK(La XL) — ShKL (Lad,ng).

Let V2 be the image of V under f. Since T is the connected centre of Hy
and T is contained in the centre of L, V2! is defined by a Shimura subdatum
(H{,, X{,) of (L, X aa) such that H{, is semisimple. Since Z is special if
and only if its image under f is special, we have reduced Theorem 7.29 to

Theorem 7.3.
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