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g = 〈cosθ〉

g ≈ 0.9
µs

µ′s = µs (1− g )

l =µ′−1
s [m]

!
ŝ ·∇+µa +µs

"
L(r, ŝ) =µs
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p (̂s, ŝ′)L(r, ŝ) ŝ′,
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ŝ′ ŝ
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ra

rb

φa,b = k0n0|rb − ra |,

k0 n0

r
A(r, t ) =A0(r)cos(ωa t +φ(r)),

A0(r) φ(r) r
ωa ξ r

ξ (r, t ) = k̂a(r)A0(r)cos(ωa t +φ(r))



ra + ξ(ra,t)

rb + ξ(rb,t)

rb

ra

Unperturbed
Optical Path

Perturbed Optical Path
(Time Varying)

Unit optical wavevector (Ω) 

k̂a(r) = ka(r)/|ka(r)| ka

r

∆φda,b
(t ) = k0n0k̂ · (ξ (rb , t )− ξ (ra , t )),

k̂

φda,b
(t ) = k0n0

$
|rb − ra |+ k̂ · (ξ (rb , t )− ξ (ra , t ))

%
.

rc k̂b ,c

ra rc

∆φa,c = k0n0

&
k̂ · (ξ (rb , t )− ξ (ra , t ))+ k̂b ,c · (ξ (rc , t )− ξ (rb , t ))

'
.

ra rc

∆φa,c = k0n0

&
k̂ · ξ (rb , t )− k̂b ,cξ (rb , t )

'
.



rb j
k̂ j = k̂ k̂ j+1 = k̂b ,c

∆φ j =−k0n0(k̂ j+1− k̂ j ) · ξ (rb , t ).

n/ p 1.466×
10−10

η=
n
p
ρv2

a ,

ρ va

ξ = p/(ρvaωa)

∆n(r, t ) = n0ηkaA0(r)cos(ωt +φ(r)).

Optical Scatterer

ra

rb
∆n0

Optical Path

Time Varying Acoustic
 Amplitude (Blue)

ra

rb

∆φna,b
= k0n0ηka

∫ rb

ra

A0(r)cos(ωt +φ(r)) r.



φna,b
= k0n0

∫ rb

ra

!
1+ ηkaA0(r)cos(ωt +φ(r))

"
r.

ra rb

∆φa,b = k0n0

⎡
⎣k̂ · (ξ (rb , t )− ξ (ra , t ))+ ηka

∫ rb+ξ (rb ,t )

ra+ξ (ra ,t )
A0(r)cos(ωt +φ(r)) r

⎤
⎦ ,

φa,b = k0n0|rb − ra |+∆φa,b .

|ξ (r, t )|
|rb − ra |



G(τ) = 〈E(t )E∗(t +τ)〉t
t τ E(t ) E∗(t )

S(ω) =
∫ ∞
−∞

G(τ)exp(− jωτ) τ.

l /λ0≫ 1
〈Es=s1

(t )E∗s ̸=s1
(t + τ)〉t = 0 Es (t )

s

G(τ) = 〈E(t )E∗(t +τ)〉t =
∫

s
p(s)〈Es (t )E

∗
s (t +τ)〉t s ,

p(s) s
p(s )

g = 0 l = l N + 1
N ≈ s/l

G1 G2



Brownian Motion Harmonic Acousto-Optics
(Neglecting Brownian Motion)

G

τ

G1

τ

ωa ωω

I I

〈Es (t )E
∗
s (t +τ)〉t =

,
exp
-
− j
&N+1∑

j=1

(∆φn, j (t +τ)−∆φn, j (t ))

+
N∑

j=1
(∆φd , j (t +τ)−∆φd , j (t ))

'/0

t

,

∆φn, j

j ∆φd , j

j

ka l ≫ 1



p(s)

s



GΓ(τ) = 〈EΓ(t )EΓ(t +τ)〉t .
Γ

τ = 0

G(Γ) (r) =G(Γ)(0,r) = L(Γ)(r).



Γ
r

G(Γ)(r) =G(Γ)(0,r)−G(Γ)(T /2,r),

(Γ)(r) =
G(Γ)(r)

G(Γ) (r)
=

G(0,r)−G (T /2,r)
G(0,r)

= 1− g
11

2
T ,r
2

,

T g (τ,r)

S (Γ)(ω,r) E(t )

ω = 0
N N

(Γ)
N (r) =

S(Nωa ,r)
S(0,r)

,

≈ 1 ≪ 1

L(Γ)(r) =G(Γ)(0,r) = 2
∫ ∞

0
S (Γ)(ω,r) ω,

(Γ)(r) =

∫∞
ωa

S (Γ)(ω,r) ω
∫∞

0 S (Γ)(ω,r) ω
.
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j

L j (r, ŝ) = lim
T→+∞

1
T

∫ T
2

− T
2

Ej (t )E
∗
j (t ) t

Ej

Lj (r, ŝ)
j

L(r, ŝ) =
∑

j L j (r, ŝ)



Gj (r, ŝ, t ,τ)

G(t ,τ) = lim
T→+∞

1
T

∫ T
2

− T
2

E(t )E∗(t −τ) t ,

Gj (r, ŝ, t ,τ) = lim
T→+∞

1
T

∫ T
2

− T
2

Ej (t )E
∗
j (t −τ) t .

Gj (r, ŝ, t ,τ)

N −1 rk 1≤ k ≤N −1
k ∈ !

ξs (r0, t ) = 0

φd (r, t ) =−n0

5
k0,k+1−k0,k

6
· ξs (r, t ),

k0 ,k k0, k+1

rk j N N − 1

φ j (t ) =
N−1∑
k=1

φd (rk, t )+
N∑

k=1

φn(rk−1,rk, t ),

j r0 rN = r
φd φn

mj = |φ j (0)| ϕ j = ∠φ j (0)

φ j (t ) = Im
7

mj exp( j [ωa t −ϕ j ])
8

.

Ej

Ej (t ) = aj exp
5

j
7
ω0 t − k l j +φ j (t )

86

aj

l j j ω0



Gj (r, ŝ, t ,τ) = lim
T→+∞

1
T

∫ T
2

− T
2

aj exp
5

j
5
ωo t − k l j +m sin(ωa t −ϕ j )

66

× aj exp
5
− j
5
ωo(t −τ)− k l j +m sin(ωa(t −τ)−ϕ j )

66
t .

T = 2π/ωa

Gj (r, ŝ, t ,τ) =
1
T

∫ T

0
a2

j exp
5

jωoτ+ j mj sin(ωa t −ϕ j )+ j mj sin
5
ϕ j +ωa(t −τ)

66
t

Gj (r, ŝ, t ,τ) =
1
T

∫ T

0
a2

j exp( jωoτ)
∞∑

n=−∞
Jn(mj )exp( j nωa t )exp(− j nϕ j )

×
∞∑

k=−∞
Jk (mj )exp(− j kωa t )exp( j k(ωaτ+ϕ j ) t ,

Jn n

Aj (n) = Jn(mj )exp(− j nϕ j )

Bj (k) = Jk (mj )exp
5

j k(ωaτ+ϕ j )
6

Gj (r, ŝ, t ,τ) = a2
j exp( jωoτ)

× 1
T

∫ T

0

∞∑
n=−∞

Aj (n)exp( j nωa t )
∞∑

k=−∞
Bj (k)exp(− j kωa t ) t

n = n′ k = k ′

Aj (n
′)exp( j n′ωa t )Bj (k

′)exp(− j k ′ωa t ) =Aj (n
′)Bj (k

′)exp( j n′ωa t − j k ′ωa t )

Aj (n
′)Bj (k

′)
1
T

∫ T

0
exp( j n′ωa t − j k ′ωa t ) t

1
T

∫ T

0
exp( j n′ωa t − j k ′ωa t ) t =

9
1 k ′ = n′

0



Gj (r, ŝ, t ,τ) =
∞∑

n=−∞
a2

j exp( jωoτ)Aj (n)Bj (n)
1
T

∫ T

0
exp( j nωa t− j nωa t ) t .

Gj (r, ŝ,τ) =
∞∑

n=−∞
a2

j exp( jωoτ)Aj (n)Bj (n),

Aj (n) Bj (n)

Gj (r, ŝ,τ) =
∞∑

n=−∞
a2

j exp( jωoτ)Jn(mj )exp(− j nϕ j )Jn(mj )exp
5

j n(ωaτ+ϕ j )
6

,

Gj (r, ŝ,τ) =
∞∑

n=−∞
a2

j J 2
n (mj )exp( jωoτ)exp( j nωaτ).

J−n(z) = (−1)nJn(z)
n = 0

Gj (r, ŝ,τ) = a2
j exp( jωoτ)

×
:

J 2
0 (mj )+

∞∑
n=1

J 2
n (mj )exp( j nωaτ)+

∞∑
n=1

J 2
n (mj )exp(− j nωaτ)

;
.

exp( j x)+ exp(− j x) = 2cos(x)

Gj (r, ŝ,τ) = a2
j exp( jωoτ)

:
J 2
0 (mj )+ 2

∞∑
n=1

J 2
n (mj )cos(nωaτ)

;
.

±ωa

j

Gj (r, ŝ,τ) = a2
j

⎡
⎣J 2

0 (mj )+ 2
∞∑

n=1
J 2
n (mj )cos(nωaτ)

⎤
⎦ .

j

a2



mj

LΓd

LΓd =
∫

4π

∫

Ω
L(r, ŝ)L∗(r, ŝ) r ŝ



L(r, ŝ) L∗(r, ŝ)
Ω

4π

L(r, ŝ)

Φ(r) =
∫

4π L(r, ŝ) ŝ

∫

4π

∫

Ω
L(r, ŝ)L∗(r, ŝ) r ŝ≈

∫

Ω

-∫

4π
L(r, ŝ) ŝ

/-∫

4π
L∗(r, ŝ) ŝ

/
r.

rs LΓs (rs , ŝ)
ra k rb

n P n
k (rb ,ra

rs

P n
0 (r,rs ) = Φn(r)/LΓs (rs , ŝ) Φn(r) r

n
rd

P n
0 (r,rd )

P (rd ,rs )≈
∫

Ω
P (rd ,r)P (r,rs ) r.

P n
0 (rd ,rs )≈

∫

Ω

∞∑
k=0

P n
k (rd ,r)P k

0 (r,rs ) r.

(n+ 1)

LΓd ,0(rd )≈ LΓs (rs)
∫

Ω
P 0

0 (rd ,r)P 0
0 (r,rs ) r,



P 0
0 (rd ,r) = P 0

0 (r,rd )

LΓd ,1(rd )≈ LΓs (rs)
∫

Ω
P 1

0 (rd ,r)P 0
0 (r,rs )+ P 1

1 (rd ,r)P 1
0 (r,rs ) r.

P 1
0 (rd ,r) P 1

1 (rd ,r)≈ P 0
0 (rd ,r)

Γ
1

Γ
1 ≈

∫
Ω P 1

0 (rd ,r)P 0
0 (r,rs )+ P 0

0 (rd ,r)P 1
0 (r,rs ) r

∫
Ω P 0

0 (rd ,r)P 0
0 (r,rs ) r

.
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Kernel&
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Configuration
Mesh
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Texture memory

Mesh
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Execute one 'run'
of many thousands 
of photon packets

Simulation kernel (thousands of instances)
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of photon
packets?

Terminate

'Detected' photon
packet parameters
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(MATLAB)

Temporary data file
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photon packet 
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Gather internal 
fluence data and 

write output

Global memory
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'Detected' photon
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Output data file
(MATLAB)
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packet exited simulation
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r = (0,0,0)



[0,1]





µa
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µt = µa +µs

s =
− log(1− ξ )

µt

ξ [0,1)



<



(2,3,4), (1,3,4), (1,2,3),
(1,2,3)

p0 p3

V (p0,p1,p2,p3) =
1
6
[(p1−p0)× (p2−p0) · (p3−p0)]

· ×

V (ra ,rb ,p1,p2)

V (ra ,rb ,p2,p0)

V (ra ,rb ,p0,p1)



Va =V (p0,p1,p2,ra) Vb =V (p0,p1,p2,rb )
Va > 0

Va/(Va +Vb )

αi

ni

nt

n2
t < n2

1(1− cos2(αi ))

ŝ← ŝ− 2n̂cos(αi )

n̂

R(αi ) =
1
2

⎡
⎣ sin2(αi −αt )

sin2(αi +αt )
+

tan2(αi −αt )
tan2(αi +αt )

⎤
⎦

αt ni sin(αi ) = nt sin(αt )
ξ [0,1) ξ ≤ R(αi )

ξ > R(αi )

ŝ← ni

nt
ŝ−n

<
ni

nt
cos(αi )+

=
1− sin2(αt )

>



p(cos(θ)) =
1− g 2

2(1+ g 2− 2g cos(θ))3/2

g ̸= 0 cos(θ)

cos(θ)|g ̸=0 =
1

2g

⎡
⎣1+ g 2−

<
1− g 2

1− g + 2gξ

>2⎤
⎦

g = 0

cos(θ)|g=0 = 2ξ − 1

ξ (0,1)

ψ= 2πξ

w← w −w
µa

µt

w

m
ξ [0,1] ξ > 1/m

w← mw

N
h = |rb− ra|/N

φn(ra ,rb , t )≈ k0n0ηh
N−1∑
k=0

P0(rk)exp
!

j (φa(rk)−ωa t )
"



rk = ra + (k + 0.5)(rb − ra)/n

rc

pc (r, t ) = P0(rc)exp( j [φa(rc )+ka(rc) · (r− rc)−ωa t]).

ra rb

φn(ra,rb, t )≈ k0n0ηP0(rc)exp( j (φa(rc )−ka(rc) · rc−ωa t ))
j ka(rc) · (rb − ra)

×!exp( j (ka(rc) · rb ))− exp( j (ka(rc ) · ra))
"

.
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PN

PN

G(rb , ŝ,τ) =G0(rb , ŝ,τ)

+µs

∫ rb

r0

∫

4π
p (̂s, ŝ′)G(|rb − ra |, ŝ,τ)g 1(̂s, ŝ′,τ)exp(−µt |rb − ra |) |rb − ra | ŝ′.

rb ŝ
G0

ŝ′ ŝ ra r0

rb

g 1(̂s, ŝ′,τ)



g 1

g 1(̂s, ŝ′,τ) = exp
-
−1

3
k2

0 6DBτ(1− ŝ · ŝ′)
/

,

DB 6DBτ = 〈∆r 2(τ)〉 〈∆r 2(τ)〉
ŝ · ŝ′

τ≪ (2DB k2
0 )
−1

g 1(̂s, ŝ′,τ) = 1− 2DB k2
0τ+ 2DB k2

0τ
4π
3

1∑
m=−1

Y ∗1,m (̂s
′)Y1,m (̂s).

PN

G(rb , ŝ, t ,τ) =G0(rb , ŝ, t ,τ)

+µs

∫ rb

r0

∫

4π
p (̂s, ŝ′)G(ra , ŝ′, t ,τ)exp(−µt |rb − ra |)Ψ(rb ,ra , ŝ, t ,τ) |rb − ra | ŝ′.

Ψ(rb ,ra , ŝ, t ,τ)
ra

rb ŝ ŝ′ ra

Ψ(rb ,ra , ŝ, t ,τ) = exp( j∆ϕ),

∆ϕ = 2Λ sin
11

2
ωaτ

2
sin
1

ka ·
rb − ra

2

2

×
-

Sa (̂s · ŝa) sin
1
ωa t +

1
2
ωaτ−ka ·

ra + rb

2
+φ−φa

2

− η

(̂s · ŝa)
sin
1
ωa t +

1
2
ωaτ−ka ·

ra + rb

2
+φ

2@
,



Λ = 2k0n0P0/(kaρv2
a ) k0 n0

P0 ρ

va η Sa φa

ŝ
ŝa

N

Ψ(rb ,ra , ŝ, t ,τ)≈ 1−Ψ(̂s, ŝa ,τ)N = 1− |rb − ra |
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G(r, ŝ,τ) =
- 1

4π
G(r,τ)+

3
4π

F(r,τ) · ŝ
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ŝ.

η

η2

4π

∫

4π

(ka l )2

(ka l )2 (̂s · ŝa)
2+ 1
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(ka l )2 (̂s · ŝa)
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S1(r, ŝ) = 0 !−∇ ·D∇+µa +µs h2(r,τ)
"

G(r,τ) = S0(r,τ).

G(r,τ)+ 2An̂ ·D∇G(r,τ) = 0,



n̂ A= (1+R)/(1−R)
R

A = 1
GΓ(r,τ) = G(r,τ)/2

r ∈ δΩ

(ka l )≫ 1 h2(r,τ) (ka l )

(ka l )

µs g
µ′s = µs (1− g )

µs µ′s
10% ka l ≈ 2

l = ls/(1− g )
g =

∫
4π p (̂s, ŝ′ )̂s · ŝ′ ŝ
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ŝ ·∇+µt

"
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=µs[1− (1− g )h(r,τ)N ]
∫

4π

-∫

4π
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/
ŝ′
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[A0[x]+H(τ)]G(τ) = q,

A0[x]i j =
∫

Ω

∑
k

-
uD,k (r)Dk∇ui (r) ·∇uj (r)+ uµ,k (r)µa,k ui (r)uj (r)

/
nr

+
1

2A

∫

δΩ
ui (r)uj (r)

n−1r,

H(τ)i j =
∫

Ω

∑
k

uh,k (r)hk (τ)ui (r)uj (r)
nr.
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