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G—CONVERGENCE, DIRICHLET TO NEUMANN MAPS
AND INVISIBILITY

DANIEL FARACO, YAROSLAV KURYLEV, AND ALBERTO RUIZ

ABSTRACT. We establish optimal conditions under which the G-
convergence of linear elliptic operators implies the convergence of the
corresponding Dirichlet to Neumann maps. As an application we show
that the approximate cloaking isotropic materials from [19] are indepen-
dent of the source.

1. INTRODUCTION

We start with the definition of the Dirichlet to Neumann map (Voltage
to current) map. Given an elliptic matrix o € L*(Q), for a given boundary
data ¢ € HY2(9Q), there is a unique solution u € H'(Q) to the Dirichlet
problem:;

(1.1) {V-(JVU)zO in Q

Mm:@

When the boundary is sufficiently smooth, the measurements on the
boundary consist of the classical Dirichlet—to-Neumann map

(1'2) Aa(()p) - <O’Vu, V>‘897

where v denotes the exterior unit normal to the boundary. In this way
Ay - HY2(0Q) — H-Y2(09Q). Tt follows by integration by parts that A,
can also be described in the weak form as

(13) () ) = /Q (oVu, V),

where ¢ € HY/2(0Q) and ¥ € H'(Q) is an extension of 1 into Q. In case
0L lacks of a proper normal, the weak formulation is still valid.

The Calderén inverse problem consists of the stable determination of o
from A, see [30) 20, 28], [7] for the uniqueness in the isotropic case, [3| [5,
9, 10, 13], 16l [12] for stability and [27] 28] for the reconstruction. Much less
is known in the anisotropic case except in dimension d=2 [8]. Notice that
when the Dirichlet to Neumann map is known for all energies, uniqueness
and stability are studied also for the anisotropic case, see e.g. [22] [6].

The results from [3], 9} 10, 13} 16, 12] require some uniform control of the
oscillations of o (conditional stability). Unfortunately, wild oscillations of a
sequence of conductivities o, creates an instability of the Calderén problem.
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This is well expressed in terms of the G-topology [I5 2I]. It is not hard
to see that if o, G-converges to o, the corresponding Dirichlet to Neumann
maps converge weakly. Namely, for each o, € HY?(99),

(14) <A0h (90)7¢> - <AU(()0)71/}>

Now, if o, G-converges to o but does not convergence pointwise, we
deduce that the convergence (L)) does not imply any sort of LP convergence.
(Notice 0,0 could be choosen to be C*!).

However, the stability estimates are normally stated in terms of the oper-
ator norm and (L4)) by itself does not imply the convergence in the operator
norm [|[| z¢g1/2(50)— m-1/2(90))- In [, it is proved that if, in addition to the
G—convergence, we have that 0, =0 =1 on Q5 = {z € Q : d(z,00) < 4},
with €2 being the unit disc and ¢ = I, then in fact the G-convergence implies
the convergence in the operator norm. On the other hand, the stability at
the boundary of the inverse problem implies that, in order to obtain operator
norm convergence, some control on the behaviour of the conductivities at the
boundary is needed. For example, it was proved, see [31], [11]], [4] and [14],
that, for isotropic conductivities, if limy o0 [|Ap, = Apll g1/2 g-1/2(90) = 0
then

(1.5) i {|pn = pll o< (a0) = 0

Thus, the G-convergence by itself can not guarantee the operator norm
convergence. Let 0 C R™ and define, for K > 1,0 > 0,

1
Mg(Q) = {o € L=(Q, M™*"): §|£|2 <ot - ¢ < K¢
(1.6) for almost every = € Q and £ € R"};
Qs ={z € Q:d(z,00) < d}.

The following theorem seems to be essentially sharp (see comments be-
low).

Theorem 1.1. Let Q C R be a domain. Assume that

(1.7) lim 5 ¢ <limsup llon — UHL°°(95)> =0

6—0 n—o0o

and that o, € Mg converges to o in the sense of the G—convergence. Then
nh—)Héo HAUn — AO’HHl/Q(BQ)—)H_I/Q(aﬂ) =0.

Let us emphasize that no regularity assumption is made on the domain
or on the conductivities. The condition (7)) can be read as a weak version
of

(1.8) lim ([[Vy (on — o)1 (90) + lon — ol (00)) = 0.
n—oo

Note that the above conditions are natural, since the convergence of the
D-N maps is known to imply convergence of the conductivities and their
normal derivatives at the boundary under mild regularity assumptions ([31],
[, 11, [ 4, 14]). Moreover, in Theorem 4.9 we provide an explicit example

which shows that, just the convergence o, to o in L*(09) together with
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their convergence in LP(Q2), for any p < oo, are not sufficient for the norm-
convergence of the DN maps.

The proof of Theorem [[1] is very different in spirit to that from [I] and
we believe it to be of an independent interest. The proof in [I] uses the
decay properties of the spherical harmonics away from the boundary. Under
some regularity assumptions on o, which in turn imply certain properties
of the corresponding Poisson kernel, a related strategy works (estimating
decay properties of solutions with oscillating boundary data away from the
boundary). To prove theorem [Tl we argue in a different manner. Namely,
we sudy the behaviour of the solutions near the boundary. If, for example,
on =0 on Q\ Q' where Q' CC Q, then the difference of two solutions of the
Dirichlet problem associated with o, and ¢ solves the same elliptic equation
in Q\ Q. It turns out that the resulting operators from the boundary
into Q\ Q' are compact in a proper space. Our way to codify this is to
factorize A,, — Ay = T o A,,, where T  is compact. The arguments behind
this procedure are quite robust and allow to relax the condition o, = ¢ on
Q\ Q to (D).

Next we turn to applications of our techniques to what is called an ap-
proximate cloaking. In the last decade it has been shown that the fail-
ure of uniqueness in the Calderén problem is related to the modeling of
invisible materials and what is called acoustic and electromagnetic cloak-
ing, see [17), 291 24} [18]. It is shown there that the available conductivities
yielding perfect cloaking are singular and anisotropic. Recently it has been
shown that they can be approximated by elliptic isotropic materials in the G-
convergence sense [19], see also [23] 26] 25] for different approachs. Leaving
precise formulations of the involved operators and a general case to section
3, assume that = Bz, i.e. the ball of radius 3 in R? and ¢ € L°(By) is an
arbitrary potential. Consider the D-N maps associated with the Dirichlet
problems, with spectral parameter A, for the free space,

{—v - Vu = \u
ulgo = @
cf. (L)), and for cloaked space,
{—grjl/QV ~op,Vu 4+ qu = \u
ulpo = ¢.
Here the weight factors g, and the isotropic conductivities o,, = 7,1, which

are supported in {z : 1 < |z| < 2}, are chosen independent of g. Denoting
by AJ,, and A} the corresponding D-N operators, we have

(1.9)

(1.10)

Theorem 1.2. The exists a sequence g, v, such that, for all except a count-
able number of X,

A A
HAn - AoutHHl/Q(BQ)—)H*l/?(aQ) —0, asn— oo

This theorem means that, by a proper choice of g,, 7,, one can better
and better hide from an external observer any potential in By. The novelty
here is that we have an operator norm convergence instead of the strong
convergence in [19]. We refer the reader to section 3 for the more general
case as well as the explanation of the nature of the exceptional points A.
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Let us note that, motivated by the applications to acoustic, quantum and
electromagnetic cloaking, we extend our results of the type of Theorem [I.T],
to the operators

(1.11) Lou=—-Vy, -0,Va,u+quu, ulgg =0,

where V4 = V +iA with A being a real one-form. However, for the sake of
brevity, we do so only for the case when o, =0, A, = A, ¢, = ¢ in Q\ Q.
Finally, we point out that, since the G-convergence rules out general sta-
bility results with respect to LP classes, one is tempted to conjecture that
the convergence of the D-N maps implies the G-convergence. Recall that
if F'is a diffeomorphism of €, which is the identity at the boundary, then
Ap«(s) = As. As discussed for example in [2], the isotropic conductivities
are G-dense in the set of anisotropic conductivities, so that the only hope is
to recover from the D-N maps the G-limit up to a gauge transformation. In
contrast to the previous results on the conditional stability, the compactness
of the sets My in the G-topology indeed provides a stability result which is
unconditional respect to regularity (we still require ellipticity).

Theorem 1.3. Let d = 2,0, € M. Then

(1.12) lim A, = A,

n— o0

weakly in H_l/Q(OQ) if and only if there exists a sequence of quasicon-
formal maps F,, : Q — Q, F,|sq = id|gq, such that, in the sense of the
G—convergence,

(1.13) Fi(on) = o.

Let us emphasize that since there is no requirement at the boundary here
we speak only of weak convergence of the D-N maps.

The paper is structured as follows. In section 2 we start by proving the
convergence of the D-N maps for the operators of form (LLI1l), assuming
that o, = 0, A, = A, ¢, = ¢ in a neighborhood of the boundary, see Theo-
rem 2.1l Note that this is the case which will be needed for applications to
aprroximate cloaking considered in section 3. In section 4 we prove Theo-
rem [[LT] and in section 5 we prove Theorem
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2. OPERATORS WHICH COINCIDE NEAR THE BOUNDARY

Let Q@ C R™ be any bounded domain. We consider the conductivity
equations with magnetic potential A, and electrical potential ¢, € L>(Q)
and the spectral parameter A € C. Namely, for u € H'(£2,C) we define the
Dirichlet problem for the corresponding differential operator L,:

(2.1) Lou=—Va,  -0,Va,u+quu, ulpgg=>0.
Here

(2.2) on € M, K>1, ie. %1 <on(z) <KI,z€Q,
and

(23)  An € LY(QURY), |Anlle S K, gn € LZ(UR), [lanlloo < K,

where for simplicity we assume all K’s to be the same. The magnetic gradi-
ent is given by V4, u = Vu + iA,u. Note that conditions (2.2)), (Z3]) imply
the existence of A(K'), such that

(=00, A(K)) N'spec(Ly,) = 0.

If A\ ¢ spec(Ly), then for a given boundary data 1) € H'/?(99) there is a
unique solution u, = u4(\) € H () to the Dirichlet problem;

{Lgun = (L — A =0

(2.4) e
nlg — 7

For the regular domains we define the Dirichlet to Neumann map, A} :
HY2(0Q) — H~Y2(0Q) by

Ai\z(¢) =v: UnvAnun-

It follows by integration by parts that Af‘z can also be described in the weak
form as

(2.5) (AX (), @) = /Q 00V Atin - VB + (g — NunD),

where ¢ € HY2(0Q) and ¢ € H'(Q) is an extension of ¢ to Q. We will

denote the solution of ZZ) by ul or even u, (we omit the dependence on
A). In this section we prove that

Theorem 2.1. Let L, L be operators of form (3) which satisfy (23), (2.3).

Assume that there is ' with O CC Q such that opn=0,A,=Aandqg, =q
on Q\ Q. Then, if the operators L, G- converge to L, we have

(2.6) IAD — Al gr1/2y gg-1/2 — 0.

Here A ¢ spec(L) and, for any K C C being a compact set such that K N
spec(L) = (), the convergence is uniform for X € K.

The proof of the theorem is rather long and will consist of several steps.

Let us first note that there are several equivalent definitions of the
G—convergence of operators, see e.g. Th. 13.6 and Example 13.13, [15]
which essentially amount to the convergence of the solutions. For our pur-
pose we use
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Definition 2.2. The operator L, G-converges to L if, for any f € H~(Q)
and A < A(K), it holds that

(2.7) (L = A)7Hf = (L= A)71f, asn— oo,
weakly in H} ().

The following two lemmata follow more or less straightforward from the
definition of the G-convergence. To this end we first introduce the quadratic
form, ¢,,, associated with L,,,

(2.8) Mm:/wﬁ@%va+%M{ue%my
Q

Lemma 2.3. Let now A € K. Then, for any f € H=(Q),
(2.9) (B = AD)7Uf = (= X)7Yf, asn — oo,
weakly in H}(Q) and uniformly in K.

Proof. Using the coercivity of ¢,, the proof follows the lines of [I9, Lemma
2.7]. Note that this fact does not require the coincidence of o, A, and g,
with o, A and ¢ near 952 since it follows from the uniform ellipticity of forms
?,, together with the strong resolvent convergence of (2.7)). O

Lemma 2.4. Let L, G-converge to L and X\ ¢ spec(L). Then, for each
Y € H2(0Q),
(AN — AN () — 0 in HV2,

Proof. Denoting by u,,, u the solutions to (2.4]), we have, by Theorem 22.9
[15], that

Cnltn] = Mun||* = £lu] — Mu||?, as n — oo.
Polarising this equality, we arrive at
(AR (), 0) = (A (®). ).
O

We denote by H'(Q\ €') the functions in H(Q\ ) with trace 0 on Q.
A key fact in our arguments is the following Caccioppoli type inequality.

Lemma 2.5. Let w € HY(Q\ ) be a weak solution of
(2.10) Pw=f+divF on Q\,

for f € L2(Q) and F being a vector field in L>(Q\ Q). Then, for any Q",
O e, Q' €Q, there exists a C = C(2,9,9" K, \) such that

(2.11) / Nwﬁgc</ |wF+/ |FP+/ |ﬂﬁ.
Q\Q” O\ O\ O\

Moreover if we choose ' = Qa5 and Q" = Qs the estimate is

(2.12) / IVw|? gc(ﬂ/ |w|2+/ |F|2+/ |f|2>.
Qs Qa5 Qas Qa5
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Proof. Choose n € C®(R™\ @) such that n =1 on Q\ Q" and = 0 near
0fY. Since w has zero trace on 92, n?w € H(Q\ ). Thus it is a proper
test function for the weak formulation of (ZI0). Thus,

o 2 _ 2N 2/ 2 -
/Q (77w Varw) /Q BT /Q N +/Q LI

Hence

| oo n? (oV qw, V qw) ‘

2
< (2/9\an<aww,vn>w\+{/Q\QI<F,V(77 w)>\+0/Q

=1 =I5
We can bound the first term on the right hand side by

I < ‘2/ N(oV aw, V aw)* (aVn, V)2 |w]|
o\

1/2 1/2
< 2K ||V </ n2<avAw,vAw>> </ |w|2>
oo o

sm(/ n2<ovAw,vAw>>+16K2\|Vn||%oo / ol?,
O\ Q\QY

where we have used that ¢ < KI. Hence we absorb the term
1/2 ([ n*(oV.aw, Vaw)) by the left hand side to obtain

wPs [ 1Pl
Q\Q

\

[ RoVaw, Vaw)| < V|3 / ]?
Q\Q

o\
P / (F,V (iPw)| +C / fl.
o\ O\

Now we deal with the term Iy = ]fQ\Q, (F,V(n*w))|. By integrating by
parts and the definition of V 4 we have that,

< / (F. 2V | + | / P2 (F,V aw)] + / (F, i Aw)|
o\ o\ o\

Next, we use the Cauchy-Schwartz inequality for the first and the third terms

of the right and the Holder inequality for the second, in order to bound I
by

sc</ \Fn\2+/ \Vnr2\w\2>+/ nQIF!\VAwH/ !F!2n2+/ | Awf?
Q\Q Q\Q Q\Q Q\Q/ Q\Q

<c / P IFP4C V3 / |w|2+</ n2|F|2>1/2</ P21V awl?)2.
Q\Q Q\Q O\ Q\Q

Since,

1
([ R vl <o [ iERg [Vl
o\ o o\ 2K Jo\or

we have obtained the bound

1
Q1) B<C [ PIFP g [PVl 4Ol [l
o\ o\ o\

(2.13)
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Now we incorporate estimate (ZI4) into (2I3]) estimating the term
fQ\Q/ | fn?w| by Cauchy-Schwarz. We obtain that

| n*(oV aw, V aw)|
o\

1
<C nz\F\2+—/ n2\VAw!2+CHVnH%oo/\W\2+/!f!2-
Q\Q 2K Q\Q

. 1
Since =1 < o,

1
: / NV awf? < | / oV 4w, V)
Q\Q Q\Q

and thus we can absorb the term 5k fQ\Q, 7%V 4w|? to the left hand side to
obtain the bound

(2.15)

/ |nvAw|2sc</ PP+ V3 / fol? + / |f|2>,
o\ O\ o\ o\

where C' depends on (K, A, ¢) but not of Q/, Q.

In order to obtain (2I1]) we simply expand V 4w and observe that n =1
on Q\ Q.

In order to obtain (Z12)) we define the cut-off more carefully. Let ns €
C%1(Q) be defined by

(2.16) ns(x) = n(d(x, 082)/9),

where 7(s) € C§°(Ry), n(s) =1 for s < 1, n(s) =0 for s > 2. Observe that
supp(7s) C Qg5 and

(2.17) 1sllcor(qy < Co 1.
Plugging 7s into (2I5)) yields (Z12)). O

Let us fix a boundary value ¢ € H/2(9Q) and, as in the beginning of this

section, denote the corresponding solutions to (2.4]) by ul, with u? being
the solution to (Z4) for L*. It will be convenient for us to work with the
difference

dY(\) = d¥ =u¥ —u¥ € HY(Q).
Due to ([22) and ([23), it follows that
HdﬂHl(Q) < HUWHI(Q) + HuwHHl(Q) < CllYoll 200y
It is convenient to state the above inequality as a separate lemma.

Lemma 2.6. Let

(2.18) AN() = d¥ AN HY2(00) — HY(Q\ Q).

love?

Then these operators are uniformly bounded wrt n and X € K.

We prove now the strong convergence of the Dirichlet to Neumann maps.
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Proposition 2.7. Let £,,, £ and K satisfy conditions of Theorem[21l. Then,
for any ¢ € HY/?(9Q),

lim [(AR = AN (@) gr-1/2 = 0,
the convergence being uniform for A € K.

Proof. Let us fix a boundary value ¢ € H 1/ 2(89) and define u%,uw, dl =
AN as above. Observe that, with ¢ € H'(Q), v = 0 in @, ¥|sq = 1,

ul =P+ L, = MN)'F, w =9+ (L - )7,
where
F=Va-0Va)—(qg—NipeHYQ), supp(F)cQ\Q.
Then it follows from G-convergence that that
dv — 0,

where convergence is weak in H!(Q\ €) and strong in L2(Q\ ). (A direct
proof under condition [[7is given in Lemma [4.2]). We continue by applying
Caccioppoli inequality (23] and taking into the account that

(2.19) Va-oVad? —(g—NdY =0 inQ\Q,
we see that

dllovor — 0 in HY(Q\ Q).
This implies the desired result taking into the account the weak definition
of the Dirichlet-to-Neumann map (23] and the ability to take ¢ there so
that ¢ =0 in Q" and

191l @) < Clll gz on)-

O

In order to utilize that the functions dY satisfy [2.19]), we introduce the
following subspace:

Definition 2.8. We denote L2(2\ ) to be the L2(Q\ ')-closure of the
set {u:ue€ HL (Q\Q)and Lru=0inQ\ Q'}.

Lemma 2.9. Let v € L2(Q\ V). Then v € ﬁIlloc(Q \ Q) and is a solution
in Q\ Q' of equation (Z19).
Proof. Let vy, C ﬁIlloc(Q \ Q)N L2(Q\ Q) satisty (ZI9) and

m o —vllr2 @) = 0.

Then, for any " such that Q' c Q" C Q, v, is a Cauchy sequence in
HY(Q\ Q). Indeed, since vy, vanish on 99, this follows from Lemma
Thus, vy — v strongly in I—Q[lloc(Q \ ). As a strong limit of solutions is a
weak solution to (2.I9]), the claim follows. O
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Lemma 2.10. Fiz A € K. Let A} be defined by (ZI8) and T : L2(Q\Y) —
H='2(09Q) be defined for o € H'Y2(09Q) as

(2.20) (TA(v), ) = /((UVAU,VA@ + (4 = A)v)),

where ¢ is a H'(Q) extension of ¢ such that ¢ =0 on Q. Then
A= AN =T o A
Moreover, the operators AQ are uniformly bounded and the operator T is

compact.

Proof. Notice that the composition makes sense since
Range(A)) € L2(Q\ Q) € HL(Q\ Q).

The factorization is obvious and the uniform boundedness of A7 is proven
in Lemma Let us show that 77 is compact. To this end it is sufficient
to show that, if vy € L2(Q\ Q') is a bounded sequence, then T*(v;) is
precompact in H~1/2(9Q).

Let us take a sequence of nested compact sets Q' C Q" c Q" c Q.

It follows from Definition together with Cacciopoli inequality (2.5])
that

vl @0 < CllvllLz@ar)-

By Banach-Alaoglu theorem there is a (not relabeled) subsequence vy, such
that

VE = Voo € HY(Q\ Q") =0,

where the convergence is weak in H(Q\Q”) and strong in L*(Q \ ). Then
Voo 18 also a solution to the equation

LMs =0 0n Q\ Q.
Thus, it follows by Caccioppoli inequality (23] that
(2.:21) [k = vos |l 71 \y — 0
Now, by the definition of T,
IT 0= Tolgs = sup (09 alt—ve), Vadh+a-N(oe-0:)9)
el 172 p0,=1}

where we take the extension function ¢ so that supp(@) C 2\ Q”. Choosing
¢ so that

18]l 1) < Cllel mzen),
we see that

1T 0k = Trvecll 172 < CKvi = vecll s eyorm 1@l v,

which tends to zero by @2I). Thus, the desired compactness of T*(vy) is

proved.
O

We are now in position to complete the proof of Theorem 211
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Proof. Notice that (H/2)*(0Q) = H~/?(9Q). Taking ¢ in (Z3) to be
the solution of (24]) with X instead of A\ and ¢ instead of v, we see that
(A} — AN - HY2(0Q) — H~1/2(0Q) satisfies
(A3 =A%) = (A3 =A%),
Thus,
(A) =AY = (TH o d}) = ()" o (T,
where (T2)* : HY/2(99) — L2(Q\&') is a compact operator. Thus, for every

¢ > 0, there exists a finite dimensional projection operator P, : H'/ 2(00) —
H'Y2(0Q), such that

(2.22) (T = Pl iz o0) - 2 < €
Since P. is finite dimensional, it follows from the strong convergence of
A) — A*, Proposition 27, that
. A A
nh—g)lo ||An — A )P6||H1/2(89)~>H*1/2(89) = 0.

Moreover, the above limit is uniform wrt A € K. On the other hand, since

H(.Af‘z)*HLE(Q\Q,)_,H_UQ(E)Q) < C(K), A € K, we obtain from (2.22)) that

H(Ai\z - AA)(I - P€)||H1/2(8Q)*)H*1/2(8Q) < Ce.

Since € is arbitrary, these estimates prove the theorem. ]

Remark 2.11. Assuming o, A € C%1(Q\ '), equation (Z8) remains valid
for the operator norm in H'/? (092). Moreover, assuming further smoothness
of o, A and q, we obtain equation (24) with the operator norm from H/2
to H® with larger s.

3. APPLICATION TO CLOAKING

In this section we apply the previous construction to study an approxi-
mate invisibility as introduced in [19]. To start, we recall the main result in

[19].
Let us consider Q = B,, r = 3, where B, C R? is a ball of radius r
centered at 0. Denote by L,,; the operator

Lout = =Va . - VA, U+ qoutt,

D(Apwt) = {u € HY(Q) : Va,,, - Va,,ucL*(Q)}.

Here the magnetic potential A,,; and electric potential g, satisfy,
Aot - 2] € (R, qous € L¥(Q),

see (15) and preceeding discussion in [19], where /3 stands for A, and k;
stands for guy:. Denote by A}, the Dirichlet-to-Neumann map correspond-
ing to Loy — A.

Next, consider the Dirichlet-to-Neumann map A?{,m,e associated to the
approximate cloaking. To this end, consider the Dirichlet problem of the

type (2.4)),
(3.2) {L)I%,m,su = _ggwl/QVA “OReVAU+ qu—Au=10
u‘aﬂ = 1/}7

(3.1)

out out
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cf. (126), (127) in [19]. Here og  is a regular, isotropic G—approximation to
the singular cloaking conductivity os and g,, is a truncation of g5, namely,
gm(x) = max{m~, gs(z)}, where g, = (det 05)?/(»=2). To define og, R > 1,
we start with the diffeomorphism Fr = (Fi g, For) : (B3 \ B,) U Bg — Q,
where F g is the identity on Br, while

x x
Fp(e) = (‘2—’ ¥ 1) D p<lel <2 p=2AR-15 Fin) =, lal>2
Then or = (Fr)«(Y0, 70), where ’yéj = 0% so that o degenerates on 0B
when R = 1 but is bounded for R > 1, with however lower bound going to
0 if R — 1. We note that in [19], for technical reasons, -y is substituted by
270 in Bpg, however, the constructions in [19] can be readily modified for the

considered case.

With A € L>®(Q), g € L*>®(Q), the operator Ly is defined as in ([2) with
or instead of o, and an extra factor ggl/ % in front of the main term in the
right-hand side of (2)). The operator L; represents perfect cloaking but it
is singular. To avoid further confusing in terminology we will denote this
operator by L. The operators L are self-adjoint in L2(Q,g;/2dx). Note
that then

Aout = (F11)"(AlB\B, )y Gout = (F1,1)"(q|B5\B, )5

which, in particular, produces the 1/|z| singularity of Agy;.
At last, the isotropic o are obtained from or by de-homogenization,

see S.3, [19], so that, if A & spec(Lsing), then, for f € L*(Q),

(Erem — M) f = (Lran — M) f,

see Lemma 3.3, [I9]. Note that the condition A\ ¢ spec(Lging) implies
that, for R close to 1, large m and small €, A\ is outside the spectra
of all the operators considered above so all the objects are well-defined.
Then it is shown in [I9], see Corollary 4.4, that there exists a sequence
R(n) — 1, m(n) — oo, €(n) — 0 such that, for any h € H3/2(dQ),

AR () eyt — Mot 17200y = O-

Here Ai‘%(n) m
the operators L) e(n),m(n) Lout and A & spec(Ling)-

Using the methods of section 2, we have

(n).e(n)’ A),; are Dirichlet-to-Neumann maps associated with

Theorem 3.1. The exists a sequence R(n) — 1, m(n) — oo, €(n) — 0 such
that, for any X ¢ spec(Lging),
A
AR )

A
w)mn)en) — Noutllm1/2000) 5 H-1/290) = 0, asn — oo.

Observe that A,,; does not depend upon the behaviour of A and ¢ inside

Bj. Thus, Theorem Bl means that A|p,, q|p, are almost cloaked from an
external observer by a proper choice of og.

Proof. By Theorem 4.3, [19], for f € L*(2) and A ¢ spec(Lging),
(3.3)
. -1 - .
lim (L) cnym@m) — M) f = (Lsing — AI) ' f - in LA(Q, g}/?du),

n—oo
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where the convergence is uniform for A € K, K being a compact in C\
spec(Lging)-
Let, for f € L?(Q\ Bs)

(3-4) RR,m,e()‘)f = ((LR7m7E - )‘I)ilf) ’Q\Bg € Hl(Q \ BQ)a

where in the right-hand side we continue f by 0 to By and we use similar
notation for R (), ete. Our next goal is to show that, for f € L?(Q\ Ba)
and A € K,
(3.5) Rn(A)f = Raing(M) Sy [IRn(M)l 2y < C(K).
Here Rn(A) = REm),m(n),e(n)(A) and the convergence in (3.3]) is the weak
convergence in H'(Q\ By).

Indeed, using Lemmata 2.7, 2.8, [19], for f € L2(Q,g;/2d.%') and A € K,

lim (g — AD 7 f = (Bging — MDY f in HY (9, g1/ da),
and there are C'(K), R(K) > 1 such that, for R < R(K),

H (LR - )‘I)_l |’L2(g;/2dm)~>H(}(g;/2dm) < C(K)

Since og(x) = 70, g(x) = 1 for |x| > 2, these two equations imply that
(36)  Rr(N)f = Raing(M)f in H(Q\ Ba),  [RrOllp2s, i < C(K).

Next, using Lemma 2.11, [19], we see that equation (B.6]) remains valid if
we put in R, () instead of Rp(\) and first take the limit as m — oo and
then as R — 1. Here R () are defined by (3.4]) with Lg .

At last, by means of Lemma 3.3, [19], we see that (3.6]) remains valid, in
the sense of the weak-convergence, if we put Rp m () instead of Ry ()
and (B3] follows.

Since R% ., (Ah = RRem(MNh, if h € L2(Q\ By), it follows from (B.5)

that, for h € (Hl(Q \ B2)> and A € K,
. . . . 2
}lflinl n%gnoo ll_)I%RR’Qm()\)h — Ri(M)h in L7(Q\ Bs),
in the sense of the weak convergence in L?(2\ Bs) and, when R is sufficiently
close to 1, m is sufficiently large and e is sufficiently close to 0,
(3.7) HRn(A)||([°{1(Q\BQ))**>L2(Q\BQ) < C(K),

Then, similar to the proof of Theorem 4.3, [19], there is a sequence R(n) —
1, m(n) — oo, €(n) — 0, such that

(3.8) (Ra(Vh, f) = (RiVA, ), he (H'(Q\By)) , f€ L@\ By).

Moreover, operators R, (\) satisfy (B.1).
To continue, consider the solutions w4 (\) and ulf()\) to the Dirichlet
problems (32) for L) and L;\mg with ¢ € H'/2(dQ). Using a bounded

extension, ¢ € H'(Q), supp(y)) C Q\ Bsjy, we see that v\ =
<uﬁ()\) —u? (A)) |0\ B, satisfies

sing
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where h is given in terms of the extension as

h = vAout : vAout’IJZ; - (QOut - A)f(;
Note that since supp(h) C Q\ Bs 9, we have h € (Hl(Q \ B2)*. Moreover,
(3.9) 1 (Ml 220\ Ba) < CENYNgr290), w-— lim df} () = 0.

where w — lim is the weak limit in L2(Q\ Bo).
Now, notice that L, (d4()\)) = 0 on Q\ By. Thus, we can use the

sing
Cacciopoli inequality (2I7]) to obtain that
(3.10) I8 )z (@B 2) < Iy (M 2282y < CENE] 1172002

and thus, by compactness of the Sobolev embeddding and (B9) (and
Kuratowski-Zorn Lemma), it follows that

(3.11) hrrzn—i%p de()\)HHI(Q\BHM) < ¢ lim |’dx(A)|’L2(Q\B5/2) =0

We can now mimic the arguments in section 2. Namely, recall that, for
¥, € H'/2(09Q), we have that,

<(A§\%(n),m(n),e(n) - Aéut)¢’ 90>

= / <vAoutdx ' vAout@ + (qOUt - )\)d%é> :
\Bi1/4

Here @, supp(¢) C Q\ Byy 4 is the extension of ¢. Thus, cf. the proof of
Proposition 7] we have that

(3.12) ”(Ai\%(n),m(n),s(n) — A3 ¥ll g-1/2(50) < Cde()‘)HHl(Q\BHM)
and hence (B.I1)) yields the strong convergence
(3.13) nlggo H(Af\z(n),m(n),e(n) - Aé\utW”H—W(aﬂ) =0
Next, we introduce the intermediate space
Definition 3.2. We denote LZ(Q\ Byy/4) to be the L*(2\ By 4)-closure
of the set {u € H} (Q\ Byy/4) : Lg‘mgu = 0}.
We factorize the difference of Dirichlet to Neumann maps by
A A 2\ A
AR(n),m(n),E(n) o Aout =T"0 An

Exactly as in the end of proof of Theorem 2-Ilin section 2, A : HY?(0Q) —
L2(Q\ Byy)4), defined by A,(¢) = d¥(X), is uniformly bounded in n and,
due to BI0), BI2), 7* : L2(Q\ Bi1/4) — H~1/2(99) are compact. Since

A A\ A X
<AR(n),m(n),E(n) B Aout) - AR(n),m(n),E(n) B Aout’

this gives rise to the factorization (AM* o (T)* with compact (7*)*. Thus,
we can find P. so that (7*)*(I — P,) is small in norm and prove the theorem.
O

Remark 3.3. By a slight modification of the arguments we can show that
Theorem [31] remains valid if Bg is changed into an arbitrary smooth Rie-
mannian manifold (M, g) with OM diffeomorphic to 0By, cf. [18].
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Remark 3.4. Similar to Remark [Z11, Theorem [31 remains valid for the
operator norm in H'/2(9Q) if o and A are C%'—smooth near 9.

4. General Condition

In this section we relax the conditions on the behaviour of o,, and o near
the boundary under which the G—convergence implies the convergences of
the Dirichlet-to-Neumann maps in the operator norm. It will be desirable
to be able to deal with the situation when, for every n,

lon(z) — o(x)] < Cd(z,00)' ¢, e >0

(this is the condition suggested by G.Alessandrini as mentioned in Introduc-
tion), or when, for some Q' € Q, we have that

nh—g)lo ||O'n - O'||Loo(Q\Q/) =0.

As discussed in the introduction, we prove that actually a condition resem-
bling the convergence of the conductivities and their normal derivatives at
the boundary and weaker than both conditions above suffices.

Theorem 4.1. Let for § > 0, let Q5 = {x € Q : d(z,00) < §}. Assume
that

(4.1) lim 6~ <limsup lon — UHL“’(%)) =0

6—0 n—00

and that o, € Mg converges to o in the sense of the G—convergence. Then
Jim [|Ag, = Aol 172 (60)— 1-1/2(90) = 0

For the sake of simplicity we will consider only the case of the conductivity
equation at A = 0, however, with the obvious modifications the proof will
work as well for the more general operators treated in section 2. We also
recall the smooth extensions and restrictions of Sobolev functions to €.

Let ns € C%1(Q) be supported in 5 with V15| oo (0,5) < C/0, see (216
from the proof of (2IT]).

Then set Y5 = 151 € H'(Q2) and observe that supp(1s) C Qg5 and

(4.2) sl ) < lnsllcor @y lldl o) < C5—1WHH1/2(BQ)-
Now recall Caccioppoli estimate (Z12)),

(4.3) / ywy?gc(a?/ ywy2+/ ]F]2+/ \f\2>,
Qs Qas Qas Qa5

where w € H'(Qys) satisfies ZI0) in Qs

In order to prove the convergence of the Dirichlet-to-Neumann maps in
the operator norm, we treat the current case as a perturbation of the one
considered in section 2, where o, = o near the boundary. As in section 2,
we introduce the function dﬁf = uﬁf —u?.

Let us recall that the G—convergence implies the convergence of the so-
lutions to the corresponding Dirichlet problems (see [15, Thm22.9]). In the
next lemma we give a quick proof under the condition (L) valid also for
the situation in section 3 where we do not have uniform ellipticity.
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Lemma 4.2. Let 0,, G-converge to o. Then, for any ¢ € HY/?(0Q),
(4.4) ”d%)HLQ(Q) —0, asn— oo.
Proof. With 15 as above, we have
L,(u¥ —4s5) =V U5+ V- F,5 LY —ys) =V T,
Vs =—oVips, Fps=(0—0,)Vi)s.
Thus,

n n

Notice that in the case o = o, on Qg, I2 ; = 0. Due to (Z2) and (&2,

d¥ = (L' —L7Y)(V-Us) + L, YV Fo5) = Ins+ 105

15 51 mr2 0y < CUE) 00 = 0l oo (0209 051 7 ()
< C(K)6 Hlow — ol Lo () 191 11172 (062

Thus, due to condition (7)), for any € > 0 there are d(¢), n(d, €) such that
if 6 < d(e), n > n(o,e),
12 sl 2 < €
Fixing 6 < d(¢) and taking into the account that o,, G—converges to o, we
see that
||IT1L75HL2(Q) — 0 asn— oo.

These two equations imply (4.4)). O

Next we represent d¥ in Qo5 as

dﬁ = Uns + Mps,

where v:f 5 mﬁ 5 are the solutions to the following equations
(45) VoVl s =V ((0 — 0n)Vus)
' v;f(; =0 on 0(fas)
and
V-Ume(;:Oin Qos
(4.6) " 0
m,, 5 = dn on 9(€las).

Notice that 1)35 € H} (), mgé € FII(QQ(g).
Therefore, using the weak definition of the Dirichlet-to-Neumann map,
we have

(4.7
(Ao, =AY, 0) = / (Unvux - Uvuw) Vs
Qa5
= / oVdY - Vs + / (on — O')VUZ - Vs
Qos Qa5

= / (on — O')VUZ - Vs + / O'VU;fé -Vs + / anzé - Vs
Qas Qas ’ '

Qo5
= (D5, @) + (Vas¥, ©) + (M50, ©).

We summarize the above in the following lemma.
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Lemma 4.3. Let Dy s,V 5, My s : H'Y2(09) — H~Y2(09Q) be defined by
the last equation in ([{.7). Then, for each 6 > 0,

(4'8) Aan - Aa = Dn,é + Vn,5 + Mn,é-
We start bounding the first and second terms on the above decomposition.

Lemma 4.4. Let D, s and V, s be defined as above. Then

HDm(S||H1/2(BQ)—>H*1/2(8Q) + HVn75HH1/2(BQ)—>H*1/2(8Q)
(4.9) 1
<C6 op — O'||Loo(Q26).

Proof. The case of D, 5 follows from Cauchy-Schwartz inequality and (4.2)).
The definition of V;, 5 implies that

-1
IVasll z1r200)— -1/2(00) < C0 sup IV 51l 22(6209)
19l 71/2 50y =1

Using v:’fé € H}(Q25) as a test function for the equation (X)), we see that
2
/ |Vv;f75| < K/ |O'V’UZJ’6 : Vv;f’(ﬂ
Qas Qa5

(4.10) K o= 0n)Vuy, - Vo)
26

< Kll(0 = 0n) VU | 12(0,5) V05 | 12(0205)
< Kllo = onll 1o (@) VU 1 22(6005) 1V | 22(0205)

Dividing both terms by HVUZ(;HLQ(Q%) and recalling that HVuﬁfHLz(Q) <
CllYll /290 the claim follows. O

Note that, by continuing v;f s by 0 into Q\ Qys, ([AI0) implies that

(4.11) 10 sl 1) < Clo = Ol o @) 112172y,

Now we deal with the term M, ;. Namely, we prove the strong uniform

boundedness of both M, 5(¢) and M 5(¢)).

Lemma 4.5. Let 1p € HY?(9Q) and 6 > 0. Then there exists a constant
C(K) such that , for any § >0,
(4.12)

limsup || M, 5(¥) || g-1/2(p0y < CO 1im_>Sllp lon = ol Lo () 1V 172 (502) -
n o0

n—o0

Also,
(4.13)
limsup || M s(0) | g-1/200) < C5 ' limsup ||oy, — ol oo () 1Vl 1172 002) -

Proof. Notice that, as follows from (@2l and (7)), for each 6 > 0 and
¢ € HY/2(09),

(4.14) (Mo 5(8), )] < C5 MV sll 205 el 2117200
Now we use mgé —dy = —UZ(S € H}(Qgs) as a test function in equation

(£4). By the stfong ellipticity we get that
IV 5112 (0u5) < K21V | 12(05) < Cll /200
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Now observe that
V-0,Vdy =V - (0, —0)Vu in Qys
d% =0 on 99.

Thus, by (£3) it follows that

C
IVdY 2005 < =Nd8lr2@) + Cll(o — 0n) Vu¥ || 12(0,s)

C
< <l llz20) + Cli(o = on)ll2(@u IV ll2(0)-

Fix § > 0 and let n go to co. Then, using Lemma .2l and ([@I4]), we arrive
at the desired estimate (£.12]).

At last, ([I3]) follows from ([£I2) and (£9) since, due to the fact that the
DN maps are self-adjoint, we have from (48] that

My, 5= Mps+Vas+ Dns— Vs — Dy s
O
Next, following section 2, we reintroduce the following definitions:
Definition 4.6. We denote by L2(95) the L?(Qgs)-closure of the set {u €
H] (Qa5): V-0oVu=0}

We introduce also the modified operators,

(4.15) Aps - HY2(0Q) = L2(Q5),  Ans(¥) = mﬁé,

and

(416) 0 L2(Qus) = H-2(09), (T°(0).¢) = / Vo Vs,
Qo5

so that

(4.17) Mys=T%0Ays.

Here 15 is defined as in the beginning of this section.

Lemma 4.7. The operators T° are compact and, for any fized § > 0, the
operators Ay, s are uniformly bounded wrt n.

Proof. As in section 2, we notice that the Caccioppoli inequality, Lemma 2.5
and the compactness of the Sobolev embedding imply that the restriction
operator,

Ry : L2(Qas) — H' (Qa5/9) — L2(Q5/0) — H (),

is a bounded and, due to the second embedding above, compact operator.
Now the operator 79 : H'(Qs) — H~1/2(9) defined by

<T5(v),¢>:/ oV Vs, € HY?0Q),
Qs

is continuous. Hence 79 = 79 o Rjs is also compact.
As for the uniform boundedness, for a fixed d, of the operators A, s, it
follows from the decomposition of A, 5 in form:

Y€ HY? s dY s € HY(Q) > trace(dy) € HY(090s5) = m 5 € L* ().
U
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We can now return to the uniform estimate for the operators M, s.
Lemma 4.8.

(4.18) limsup [ My, s gr1/2(00)— mr-1/2(90) < Co imsup ||o, — | o0 (©209)-

n—oo n—oo

Proof. By ([@I1), it follows from Lemma L7 that, for any € > 0, § > 0, there
is a finite dimensional projector P. s : HY/2(9Q) — HY2(9Q) such that

(4.19) [My50 (I = Pes) g2 o0)—m-1/200) < €

Then, by using estimate (LI3) and the fact that Range(FP.s) has finite
dimension, it follows that, for a fixed 9,

(4.20)
limsup [[My; 5 © Pesll /200y m-1/290) < CO limsup [0y — o oo (0y)-

Note that the constant C' in the above estimate is chosen independent of
€, 0.
Thus, from ([4I9]) and [@20]), we have

lim sup || My; sl 172 06) s ir-1/2(00) < C6 " limsup |0, — | Lo (ay) + €
n—»00 n—0o0

for arbitrary € > 0. Since
1My 512 00) 172 00) = [ Mnsllg200)—m-1/260)
the claim follows. U

To complete the proof of Theorem E1l, by Lemmata [£3], B4 and EJ we
get that, for every § > 0,

limsup [[Ao, = Aol g2 90) 5 m-1/2(00) < Cé imsup ||oy, — |l Lo (25)
n—o0 n—o0

We complete this section by an example which shows that, in order to
achieve the uniform convergence of the DN maps, one should indeed control
the behavior of o, in some vicinity of 02 and to see, in fact, that the control
of 0,, and even all its derivatives on 0f) is not sufficient.

Theorem 4.9. For any o > 0, there exists a sequence o, € M;44(B(0,1)),
on =1 0n8s,, 6, = 0, such that o, — I in the sense of the G—convergence,
but

) (6%
limsup [|(Ag,, — AD)l g1z gr—1/2 > 162+ a)

Proof. Take o > 0, Q = B(0,1) C R?, and consider the family of isotropic
conductivities, o, R < 1,
or =vr1 = (XB(0,1)(T) + aXB,R)-BO,R?)(T)) ]

For these conductivities we have, on one hand, that when R — 1, then op
G-converge to I. On the other hand, we have the expression,

(Ar — A1)e™ €)= 8} |k|my,,
where
2a(2 + a)(R2Fl — RAIKI)
(24 a)? — a2R2k — (2 + o) (R2IKl — RAIKI)’

mi —
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Taking the H*—norm on 0B(0,1) of the form

el = ol + 37 kP2 a2, if u =3 uge™,
k#£0
we thus have

(AR = AD)e™ | y-s2 = kY2 = [ €] 1.

Then, assuming R > (3/4)'/* and choosing k = [@], we see that

o

Ar — A 1 > ——————.

H( R 1)HH1/2—)H 1/2 16(2 _|_ a)
Hence, choosing 0, = og(y), R(n) — 1 as n — oo, we see that there is no
convergence A,, — Ay in the operator norm. O

5. STABILITY WITH RESPECT TO THE G-CONVERGENCE

Stability with respect to the G-convergence has been proved in 2D by
Alessandrini and Cabib in [2] assuming further that V-o = 0. As discussed
also in that paper, the lack of uniqueness in the Calderén problem in the
anisotropic case prevents stability in the general case. Compactness argu-
ments show that this is the only obstruction. Moreover in dimension 2, it is
known [8, Theorem 1] that the lack of uniqueness is due to a quasiconformal
change of variables. Since changes of variables preserve the G-convergence,
the unconditional stability, in the introduction, follows. We will first recall
the basic definitions, then prove that indeed the G-convergence is preserved
by the change of variables and finally will combine it all to prove Theo-
rem

For a constant K > 1, a K-quasiconformal mappings is a homeomophism
F : C — C which belongs to VV&)’?(C) and such that

(5.1) |DF(2)||> < KJr, Jp=det(DF).

Given 0 € Mg(RQ), its associated quadratic form I, : H}(Q) — R is
defined by

lo[u] :/<0Vu, Vu),
Q
cf. Z8). Let F =1 at 9Q. Then Fi (o) is formally given by

(5.2) Ip, (o) (U, v) = lo(F*(u), F*(v)) = lo(uo F,vo F).

Expressing the push forward Fl in coordinates, we have

=x°

F.(0)(y) = J5 (@) DF(2)o DF (@)1,
It is straightforward to see that that, if /' is K —quasiconformal, then

(5.3) F, : MK(Q) — MKQ(Q)

Together with the fact that F' = I on 0f), this implies that F} is bijective
in H}(Q) and, by duality, in H1(Q2). Explicitly, if f € H~1(Q) we solve

(5.4) Av=Ff feH Q) withve H}(Q),
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and notice that
(5.5) F*(f)=V - (F(I)V(vo F7Y)) e H1(Q).
Now, since (f, F*(p)) = (F*(f), ) it follows that

(5.6) Ly oy (F*(£)) = F* (L (f))

Lemma 5.1. Let F' be a quasiconformal homeomorphism fizing the bound-
ary of a planar domain Q. Let o,,0 € Mk (Q2). Then o, — o in the sense of
G convergence if and only if Fy(oy,) — Fi(0) in the sense of G convergence.

Proof. By the definition of the G-convergence and (&.0]) it is enough to show
that if u,, € H}(Q) converges weakly to u then F*(u,) converges weakly to
F*(u). Since F, : H(Q) — H(Q), there is C' > 0 such that

et 0 F~ s < C.

By the weak compactness of H}(Q), it follows that the sequence u,, o
F~! has a subsequence converging weakly in H} and, therefore, strongly
in L?, to some v € H&. On the other hand, the subsequence of u,, has
a further subsequence which converges almost everywhere to u and thus
F*(up) — F*(u) almost everywhere. By the uniqueness of the weak limits
v=F*(u). O

Proof of Theorem Due to Lemma [2.4] it is sufficient to prove that
(C12) implies (TI3).

Recall that Mg is compact ([I5, Theorem 22.3]) and metrizable ([15]
Corollary 10.23]) with respect to the G-topology. Hence, if (12 is valid,
the sequence o, (and any its subsequence) has a subsequence Tn(k)s k =
1,2, ..., which converges in the G—sense to a limit conductivity denoted by
7, 6 € Mg. It then follows from the weak definition of the DN map, (2.5,
that

A, = As.
Thus, since the G-topology is metrizable, if we define, for K > 1,
(5.7) MK(U):{ﬁéMRZ AJ:A(}},

it follows that
lim dg(oy,, Mg (o)) =0,
n—oo

where dg is a distance in My inducing the G—topology.
The above arguments work in any dimension but in 2D the sets Mz (o)
are described in [§, Theorem 1]. Namely,
(5.8)
Mg (o) ={6 € Mg : 6 = F"(0) for some quasiconformal map F with Fjpq = I},

Thus, it is enough to prove that
lim dg(o, Mg2(0y)) =0,
n—o0

see (B.3]). We prove this by contradiction. Assume that there is € > 0 and a
subsequence n(k), such that

da(o, My) > €, where My, = Mg (0p))-
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Since Mg-(f2) is G-compact there is a non-relabelled subsequence of )
which is G—convergent to ¢ € My-. Since, for any ,, € Mg2(0,,), we have
As, = A,,, and A,, — A, in the weak sense, we see that Ay = A,. By [§],
there is a quasiconformal F, with F' = id on 0f2, such that

F.(¢)=o0.

Now Lemma [0 implies that Fi(op,) € My converges to o. This is a
contradiction.
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