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Abstract

GPS receivers in challenging signal reception areas can find it difficult to main-
tain continuous signal lock for the up-to 30 seconds needed to obtain the broad-
cast ephemeris from the satellites. It can take many minutes for receivers to
obtain the ephemeris parameters from enough satellites to obtain a position
fix. As well as users expecting a rapid time-to-first-fix (TTFF) when perform-
ing a warm start, the advent of the E-911 legislature in the USA also provides
motivation for rapid TTFF with accurate positions.

In this thesis, a scalable orbit prediction algorithm is developed to calculate
an extended ephemeris of GPS satellites of up to 7 days on a mobile device to
within an accuracy of 20 m rms (radial). The algorithm numerically integrates
force models from a set of initial conditions, position and velocity, determined
solely from the broadcast ephemeris. Forces used include Earth gravity mod-
els of varying resolution, third-body gravity effects, solar radiation pressure,
relativity, and solid Earth tides. Adding these forces improves the ephemeris
accuracy at the cost of the execution time, so research is undertaken to produce
ephemeris data quickly whilst maintaining similar accuracy.

An orbit determination algorithm is developed that uses a least-squares tech-
nique to optimise the computed orbit over multiple sets of previously observed
broadcast ephemeris data. This modifies the estimate of the initial condi-
tions made available to the orbit predictor, which then provides a modified
ephemeris which has a substantially lower root-mean-square error. The algo-
rithm again uses a suite of force models, and only broadcast ephemeris orbit
data was utilised, no other satellite ephemeris is required. Studies determining
the effect of modifying the a priori weights and the number of sets of ephemeris
data used for observations are undertaken and results demonstrated on a HTC
TyTN II mobile device.

The orbit determination technique presented in this thesis is novel, in that it
utilises only broadcast ephemeris parameters previously acquired by a single
GPS receiver to modify the initial position and velocity for the orbit prediction
algorithm. Previous techniques used either empirical modelling or least squares
techniques to modify empirical parameters of the orbit prediction algorithm.



By far the greatest obstacle to the progress of science and to the undertaking of
new tasks and provinces therein is found in this - that men despair and think
things impossible.

Francis Bacon (1561-1626)

To my parents.
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Chapter 1

Introduction

1.1 Introduction to Satellite Ephemeris

Throughout human history, mankind has sought to understand heavenly bodies. Some
civilisations worshipped them as deities, and many made measurements of their motion
across the sky, with the aim of predicting their motion. Various bodies were found to
rise and set in the sky with predictable patterns, and the periodicity of seasons with their
equinoxes discovered. The Greeks labelled some of the celestial bodies planets, since they
were observed to wander across the sky. The paths of these trajectories was found to be
surprisingly complex, but tables were produced of the observed angular positions. More
will be said about the history of these observations in Section 3.2, but this enables the
concept of a satellite’s ephemeris to be introduced. An ephemeris (plural ephemerides)
is a series of parameters, either observed or predicted, that can be used to map a body’s
motion in time. These parameters can either be the body’s position vector elements in
some reference frame, or orbital parameters such as angles that enable the user to compute
the satellite position. With the advent of the Space Age, brought in with the Soviet launch
of Sputnik 1 in 1957, more and more artificial (man-made) satellites are being launched
into space, providing a greater need for accurate ephemerides - partly to avoid satellite
collisions (such as the 2009 collision between the two communications satellites Iridium 33
and Kosmos-2251), but mainly to enable ground stations to track and hence communicate
with satellites properly. One type of satellite constellation is the United States’ Global
Positioning System, which is used for end-user positioning on the Earth and provides the
satellite constellation for study in this thesis.

1.2 Motivation

1.2.1 GPS as an Industry

The number of personal GPS receivers sold worldwide has been increasing dramatically in
the past few years, from 4.5 million units sold in 2006 to over a predicted 2 billion by 2020
[Craft, 2006]. Whilst GPS was originally designed for military use, approximately 95%
of receivers are for the civilian market [Jacobson, 2007], providing sales of approximately
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Agency Performing GNSS Market ($Bn)
Estimation 2001 2003 2005

ABI Group 4.2 6.0 8.7
CGSIC 16.0
IEK/ITRI 13.0 17.8
Booz-Allen 8.5
B of A Analyst 3.1 4.2 9.7
Frost and Sullivan 3.2 4.5 6.4
(North America only)
Average 5.2 9.2 10.6

Table 1.1: Global GNSS markets, estimated.
Taken from Jacobson [2007].

Forecast Region Market 2006 2008 2010 2018 2020
ABI World All 22
European World All 312 331
Organisations
US DOS World All 20
GJU World All 103 359
F&S World Chipsets 0.6
F&S World Vehicles 2.7
Canalys World All 22
Canalys N. America All 9.5
RNCOS World All 30 757
Advanced Europe All 154
Xinhua China All 1.2 30
Kolodziej India All 0.02 0.45
Jacobson World All 20 25 31 312 338

Table 1.2: Future GNSS markets, estimated.
Billion US Dollars. Taken from Jacobson [2007].

$20Bn by the year 2006. Quantifying the number of GPS receivers sold is not straight-
forward, since GPS chips are integrated into many devices such as mobile telephones,
combined sensors (such as GPS combined with Inertial Mobile Units) and navigation
systems that use multiple GPS receivers and signals. As a result, it is difficult to determine
if a sale of a particular unit constitutes a sale of one GPS receiver. However, various studies
have been undertaken to estimate the size of the GNSS industry at various epochs of time,
and Jacobson [2007] lists some. These are shown in Table 1.1.

Predicting future growth of the GNSS or GPS markets is even more problematic
due to uncertain initial conditions for the models coupled with uncertainty as to which
services and products will experience growth and which will stagnate. Again, Jacobson
[2007] collates various market reports into estimated GNSS markets and provides his
own estimate. These can be seen in Table 1.2. While these have large uncertainties, a
compound growth of around 20% per annum is generally observed.
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1.2.2 GPS as Critical Infrastructure

Some of the growth discussed in Section 1.2.1 is driven by increasing user requirements,
and some by government intervention. In the United States, the Federal Communications
Commission (FCC) has introduced the Enhanced 911 (E911) scheme, Phase-II of which
requires that all mobile telephones that make a 911 emergency call in the US be locatable
with an accuracy of 50 m (1σ of calls) for handset-based technology. Similarly in the
European Union, the Enhanced 112 (E112) scheme is an EU recommendation to provide
the location of a 112 emergency call in the EU since 2003, although it is not a requirement
and no accuracy of position is stated in the recommendation [Liikanen, 2003].

In order to meet these legislative requirements, mobile telephone network operators
need to provide an ephemeris for the GPS satellites to the receivers1. This is because
the broadcast ephemeris requires 18 s of uninterrupted lock to the satellite signal to be
fully acquired, and so enable mobile telephones to automatically report the GPS-estimated
position of the handset. Clearly this is undesirable for when a mobile telephone has been
switched on for the express purpose of making the emergency call, but in challenging signal
reception environments such as urban canyons, GPS receivers may have been switched on
for many minutes but not acquired the broadcast satellite ephemeris. So an external
satellite ephemeris needs to be supplied to the receiver.

1.2.3 Increased Processing Power

A key factor enabling GPS receivers to be included in mobile telephones is the maturing
of mobile telephone technology. Whilst the frequency of Central Processing Units (CPUs)
has remained approximately stationary since around 2003, the processing power available
at that clock speed has increased, and improvements in microchip design have meant that
the thermal design power output, which is how much heat that must be dissipated from
the processor, has been drastically reduced for a given CPU clock speed. CPUs in 2003 at
clock speeds of 1 GHz required a cooling fan to stop the CPU overheating, whereas they
are now available for smart-phone use with no fan required. Table 1.3 shows the CPUs in
use in various devices, with their thermal design power output and typical applications.

Such increases in the processing power available to software engineers for mobile
devices means that it is becoming feasible to generate an ephemeris for GPS satellites on
the mobile device itself. The satellite’s trajectory in inertial space is solely determined by
the position, velocity and acceleration of the satellite along the trajectory. The position
and velocity of the satellite at a given epoch can be found from a previously available
ephemeris of the satellite, whist the acceleration of the satellite can be computed using
various force models. If these force models are independent of each other, then their
accelerations can simply be combined additively, to model the net acceleration of the
satellite, and hence produce an ephemeris of the satellite for rapid use. This is the approach
taken in this thesis. This approach is known as self-assisted GPS; the assistance data is
not communicated to the device over a network, but is calculated by itself.

1Note that the location of the relevant cell-tower is not known to sufficient accuracy.
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Manu- CPU Architec- Frequency Power Application
facturer ture (MHz) (W)
Intel Atom Z500 ×86 800 0.65 Mobile

Internet
Devices

Intel Atom N2800 ×64 1870× 2 6.5 Netbooks
Qualcomm Snapdragon ARM 1000 0.5 Smartphones

QSD8250 e.g. Nexus One
Samsung Cortex-A9 ARM 800× 2 0.5 Smartphones

MPCore e.g. iPhone 4S
AMD Athlon ×86 1000 65 2000

Desktop PC
Intel i7-3960X ×64 3300× 6 130 2012

Desktop PC

Table 1.3: Comparison of CPUs in Smartphones and related devices.
Power denotes thermal design power, the amount of heat required to be dissipated from
the processor. The last two processors are present in desktop PCs in 2000 and 2012

respectively, and are shown for reference.

1.3 Aims and Objectives

1.3.1 Overall Aims

As will be shown in Section 3.1, it can take many minutes for a GPS receiver to fully receive
the broadcast ephemeris from the GPS satellites, during which time the receiver cannot
therefore estimate the receiver (antenna) position with data solely from the satellites.
One method to obtain a position fix quicker is to estimate the satellite position based
on previous observations of the satellite position and velocity, married with force models
to estimate how the satellite has moved in the subsequent time. This gives a receiver
an estimate of the satellite position which it can use until a fully decoded ephemeris is
available. If this predicted ephemeris is valid for many days while still having an acceptable
level of performance, then it is called an Extended Ephemeris.

The position of the satellite centre-of-mass at a given epoch is not exactly where the
position calculated from the broadcast ephemeris parameters (and an antenna phase-offset
correction model) estimates it to be. Orbit determination of the GPS satellite therefore
needs to be performed. Most GPS orbit determination algorithms utilise multiple simul-
taneous observations from a network of GPS receivers. For stand-alone devices producing
extended ephemerides, then only the observables of previously acquired sets of broadcast
ephemeris parameters can be used. Thus an initial position and velocity can be estimated
from multiple sets of broadcast ephemeris that minimises the weighted square of the orbit
residuals (the difference between the observed orbit and that predicted by the extended
ephemeris) over a period of time where the receiver does have the broadcast ephemeris
available. Both orbit prediction to produce the extended ephemeris data, and orbit deter-
mination from multiple sets of broadcast ephemeris data, are produced on a mobile device
in this thesis.
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This thesis describes a proof-of-concept design, and so some of the methods of imple-
mentation shown may not be the best method for development on a device being released
commercially. As such, emphasis is placed on the theoretical development and inherent
accuracies of the force modelling for a mobile device, but not on the practical imple-
mentation. There may well be more numerically and computationally efficient ways of
implementing some concepts.

1.3.2 Specific Objectives

Using these concepts, the objectives of this thesis can be given:

• To predict an extended ephemeris for GPS satellites on a mobile device, using
only the broadcast ephemeris; no other almanac or ephemeris data will be used.
Ephemerides for 24 hours, 3 days and 7 days prediction times will be produced.

• To determine an ephemeris of the GPS satellites that statistically produces the best
orbit over a given period of time, in the weighted least squares sense, using multiple
sets of broadcast ephemeris data but no other observables.

• To look at ways of optimising the orbit prediction and orbit determination algorithms
that still produces an ephemeris better than that requested by the FCC’s E-911
requirements, in the geocentric range direction and also in the determined receiver
position.

• To develop optimal weighting mechanisms based on a priori variance analysis and
the geometry of the satellite-Earth-Sun configuration.

The periods of 24 hours, 3 days and 7 days are chosen for the orbit prediction since
they are of particular interest to mobile device owners - they represent standard periods
of time that users may go without receiving a new ephemeris. These represent periods of
time of one day, over a weekend, and over a week respectively.

The following metrics will be utilised as appropriate to determine the success of the
various predicted orbit models.

• Root-Mean-Square (rms) of the magnitude of the difference between the predicted
orbit and a precise orbit provided by an external agency such as the Jet Propulsion
Laboratory (JPL) or the International GNSS Service (IGS).

• The rms of the radial component of the difference between the predicted orbit and
the precise orbit, after the prediction durations mentioned above of 12 hours, 3 days
and 7 days.

• The 95% Percentile of the (absolute) magnitude of the orbit prediction error. This
should be similar to twice the 1σ RMS if the errors are approximately Gaussian.
However, this will provide a form of outlier rejection.

• Time to produce the predicted orbit.
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• Time to produce an estimate of the initial position and velocity from the orbit
determination algorithm.

• The error in the calculated position of a GPS receiver using the calculated extended
ephemeris.

It should be emphasised that the accuracy of the predicted orbits is difficult to determine
since knowledge of the true position of the satellite is limited. Instead one must use a truth
model of an ephemeris that is trusted to be a good estimate of the satellite trajectory. One
can use precise ephemerides provided by external agencies such the International GNSS
Service (IGS), as it will be shown that these are found by to be accurate to a few cm.

1.4 Research Limitations

As well as stating the aims of this thesis, it is worth emphasising the scope and limitations
of the thesis. Not all sections of satellite orbits will be studied, due to the desired aim of
an application on a mobile device. As a result, the following needs to be emphasised:

• Single frequency and exclusively broadcast ephemeris: Only the broadcast ephemeris
in the Navigation (NAV) data message will be utilised, since civilian receivers are be-
ing utilised. While GPS modernisation will lead to having further types of ephemeris
broadcast by the satellites, a dual-frequency, or triple-frequency, GPS receiver will
add to the expense and so may not be utilised by GPS receiver manufacturers at the
lower end of the market.

• GPS Only: Only the US GPS system will be studied. While the methods for orbit
determination and orbit prediction will be applicable for any GNSS satellites, in
practice only GLONASS will be available as an alternative working constellation
during the four years of this study. GLONASS has a significantly different system
architecture to GPS, and so would require significant effort to be included with GPS
in this study.

• No Clock Modelling: GPS satellite clocks are atomic frequency standards that have
high stabilities of the order of 10−13 at an averaging time of 1 day. However, due
to the ranging signals propagating at the speed of light, nanosecond changes in the
clock offset from the reference timescale are noticeable; a 1 ns clock error biases
the pseudorange by just under 30 cm. While a simple quadratic model eliminates
the dominant terms of the satellite clock error, better results can be obtained by
stochastic models. However, such models would require a large research effort to be
performed well, and so this is left as future work.

1.5 Thesis Structure

This chapter provides an introduction to the concept of extended ephemerides, and what
the aims, objectives and scope of this thesis is. Chapter 2 describes the Global Posi-
tioning System and other GNSS systems, and also how these GNSS systems are being
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updated. Chapter 3 describes the problem being addressed in more detail, and how ex-
tended ephemerides can be used to reduce the time to first fix. It also provides a literature
review of the methods of extended ephemerides. Chapter 4 describes the mathematical
theory of all the models and techniques used in this thesis, and Chapter 5 describes how
these models are implemented in computer code on a development PC and a mobile device.
Chapter 6 describes how these algorithms were tested to be working properly, and gives
rise to Chapter 7 in which the results of the algorithms to produce extended ephemerides
are analysed, along with the effects of modifying various parameters of the models. Chap-
ter 8 discusses the possible impact of the extended ephemeris generation shown here on
the GNSS industry and what benefits potential mobile device manufacturers may accrue.
Chapter 9 then provides a summary and conclusion to the thesis to emphasise the main
results.
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Chapter 2

Global Navigation Satellite
Systems (GNSS): An Overview

The United States’ Global Positioning System is the most well-known and the most used
satellite navigation system for ground-based users, but it is not the only such system.
Whilst its prominence means that it will be used as a case-study for this thesis, other
satellite-based navigation systems are available. Such systems are collectively known as
Global Navigation Satellite Systems (GNSS). This chapter provides a background to the
four global satellite systems that are currently available or being developed. Whilst self-
assisted GPS is currently commercially attractive to mobile device manufacturers, in the-
ory it can work just as well for any of the other GNSS systems.

2.1 Global Positioning System

The United States’ Global Positioning System (GPS) is the world’s foremost Global Nav-
igation Satellite System, designed to continuously provide global positioning and timing
information for as many users as required. Whilst originally designed for military use, GPS
has seen a huge growth in positioning and timing for civilian applications. As a result, the
system is still maintained by the US Department of Defense, but the US Departments of
Homeland Security and Transportation also direct policy [Peters et al., 2008].

The accuracy of GPS positioning and timing for receivers is not guaranteed, since the
ranging errors are dependent on the user environment and also the atmospheric conditions
at the time. As a result, the GPS system only provides a guarantee of the accuracy of
the signal in space, i.e. when each ranging signal leaves a satellite. For civilian users, this
is a positioning accuracy of 12.8 m (2σ) and a timing accuracy of 40 ns (2σ), with an
integrity of ≤ 1 × 10−5 probability, over one hour, of the signal-in-space user-range error
(URE) exceeding that broadcast in its data message [Tables 3.4.1 and 3.5.1 in GPS-SPS-
SIS [1995]]. An introduction to GPS can be found in e.g. Parkinson & Spilker [1996],
Kaplan & Hegarty [2005], and Misra & Enge [2006], but a brief introduction is given here.

GPS is discussed traditionally with reference to the Space Segment, the Control Seg-
ment and the User Segment. The Space Segment has a minimum of 24 satellites to pro-
vide global coverage, although in mid-2011 the constellation consists of 32 satellites due
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2. GLOBAL NAVIGATION SATELLITE SYSTEMS (GNSS): AN
OVERVIEW

Block No. Year of No. in use Major Developments
Introduction in 2011 from previous Block

I 1978 0 Proof of concept.
II 1989 0 Full design features.
IIA 1990 11 Increased memory

for 180 day’s orbit data.
IIR 1997 12 Ability to calculate

their own ephemeris.
IIR-M 2005 8 Second civilian ranging

signal (L2C) added.
IIF 2010 1 Third civilian ranging

signal (L5) added.

Table 2.1: Description of GPS Satellite Block Numbers.
Taken from Misra & Enge [2006] and Leick [1995].

to some satellites exceeding their design lifetime. The satellites have undergone multiple
design generations, called Blocks, which changed elements of the hardware such as the sig-
nals broadcast, the on-board frequency standard used to generate the carrier signals, and
adding the ability to determine their own positions should the communications link to the
control segment become unavailable. A brief description of the different Blocks used, their
year of introduction to the constellation, and major developments from previous Blocks,
is given in Table 2.1.

Each satellite is recognised by a Satellite Vehicle Number (SVN), which is a unique
identification number. The satellites broadcast on two carrier frequencies, called L1

(1575.42 MHz) and L2 (1227.60 MHz), both derived from a common frequency (10.23
MHz) from an on-board atomic frequency standard. Modulated onto the L1 carrier is
a Coarse Acquisition (C/A) code which is a pseudo-random number array that can be
replicated in the receivers, and can be used as a ranging signal from the receiver to the
satellite. Each satellite broadcasts a particular repeatable component of the array, so
another way to distinguish satellites is by the particular section of the pseudo-random
number array (PRN ) that a satellite is broadcasting. However, the PRN number given
to a satellite is occasionally reassigned as new satellites are launched, whereas the SVN
number is unique to each individual satellite. Each satellite C/A code is 1023 bits long,
and has a chipping rate of 1.023 Megachips per second. As a result, the C/A code is
repeated every millisecond1.

A data message, called the Navigation Message, is modulated onto both frequencies.
The Navigation Message provides an ephemeris for that particular satellite. It contains
37,500 bits of data, transmitted at 50 bps. The Navigation Message will then require 12.5
minutes before repeating. GPS Block IIR-M and IIF satellites modulate another ranging
signal on the L2 carrier, called L2C, which gives users another ranging code to lock to (this

1Each satellite also broadcasts a Precise (P) ranging code modulated onto both carrier frequencies,
with a very long (≈ 1014) sequence and a chipping rate of 10.23 Megachips pre second. However, these are
encrypted to become Y codes, and so are unavailable for civilian use without significant signal processing,
and so are not considered in this thesis.
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SVN PRN Block Launch Date
23 32 IIA 1990-11-26
24 24 IIA 1991-07-04
26 26 IIA 1992-07-07
27 27 IIA 1992-09-09
30 30 IIA 1996-09-12
33 3 IIA 1996-03-28
34 4 IIA 1993-10-26
36 6 IIA 1994-03-10
38 8 IIA 1997-11-06
39 9 IIA 1993-06-26
40 10 IIA 1996-07-16
41 14 IIR 2000-11-10
43 13 IIR 1997-07-23
44 28 IIR 2000-07-16
45 21 IIR 2003-03-31
46 11 IIR 1999-10-07
47 22 IIR 2003-12-21
51 20 IIR 2000-05-11
54 18 IIR 2001-01-30
56 16 IIR 2003-01-29
59 19 IIR 2004-03-20
60 23 IIR 2004-06-23
61 2 IIR 2004-11-06
48 7 IIR-M 2008-03-15
49 1 IIR-M 2009-03-24
50 5 IIR-M 2009-08-17
52 31 IIR-M 2006-09-25
53 17 IIR-M 2005-09-26
55 15 IIR-M 2007-10-17
57 29 IIR-M 2007-12-20
58 12 IIR-M 2006-11-17
62 25 IIF 2010-08-27

Table 2.2: List of GPS satellites broadcasting in March 2011.

has lower power than the C/A ranging code, but has forward error correction to provide
a basic level of signal integrity). The satellites currently in orbit, as of March 2011, are
given in Table 2.2, listed by their SVN number along with their current PRN number,
their launch dates and satellite block type.

The Control Segment of GPS consists of a Master Control Station (MCS) based at
Falcon Air Force Base near Colorado Springs, Colorado USA, and monitoring stations
situated around the world. The various monitoring stations receive the GPS satellite
ranging signals, and communicate this data to the MCS. The MCS uses this information
to compute the broadcast ephemerides and (long-term) almanac for each of the satellites,
as well as predicting the offset of each satellite’s clock from the reference system time.
This information is communicated back to a subset of the monitoring stations, which have
satellite communication equipment to upload the new data to the satellites. The locations
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of the various monitoring stations are shown in Fig. 2.1.

Figure 2.1: Locations of the GPS Monitoring Stations.
The sites maintained by the United States Air Force are shown in blue, the sites

maintained by the National Geo-spatial Intelligence Agency are shown in green. Adapted
from Misra & Enge [2006].

The User Segment consists of devices that the user utilises to receive the GPS signals
broadcast from the satellites. The receiver determines from the ranging code a biased
estimate of the range to the satellite, which is called a pseudorange. Environmental effects
such as the electron content in the ionosphere, water vapour and gases in the troposphere,
and clock errors on the receiver will bias these pseudorange measurements in both a time-
correlated and spatially-correlated manner. Also, signals may be received after reflecting
off surfaces such as the sides of buildings; such non-line-of-sight, also called multipath,
received signals will always be biased to be longer than the true geometric range. The
fact that the receiver clock is offset, and not synchronised to, the reference timescale of
the GPS system means that this will also bias the ranges.

Pseudoranges from four satellites are required to obtain a receiver position fix - three
to solve for the three-dimensional position of the receiver, and one for the receiver clock off-
set from the reference timescale. Receiving from more satellites will give a better position
fix1.

Modelling the various factors that cause the pseudorange to vary from the true geo-
metric range is a large research area, in which GPS measurements can also aid atmospheric
models. For instance, modelling the ionosphere delay on the ranging code can be performed
by either utilising the Klobuchar model [Klobuchar, 1987], whose parameters are included
as part of the broadcast Navigation message, whilst the troposphere delay can be mod-
elled by use of e.g. the Saastamoinen model [Saastamoinen, 1973] or the Hopfield model
[Hopfield, 1969].

Section 2.1 refers thus far to the legacy GPS system, and the signal structure that has
1Assuming the satellites are healthy.

25



2. GLOBAL NAVIGATION SATELLITE SYSTEMS (GNSS): AN
OVERVIEW

been present on signals broadcast by Block I, II, IIA and IIR satellites. With the advent of
the Block IIR-M and IIF satellites, more ranging codes and frequencies are being included
into those broadcast by GPS satellites.

The IIR-M and IIF satellites include a new civilian ranging signal on the L2 carrier
frequency, known as L2 Civil (L2C ). This is split between a moderate length code, denoted
L2 Civil Moderate (L2CM), and a longer code, denoted L2 Civil Long (L2CL). L2CL
contains 767,250 chips at a chipping rate of 511.5 kbps, giving a repeat period of 1.5 s.
L2CM is a shorter sequence of 10,230 chips at the same chipping rate, giving a repeat
period of 20 ms. L2CM also contains a separate data message in a different format to the
Navigation message, denoted CNAV for C ivil NAV igation data, modulated onto it, which
is described later. The principle is that receivers use the L2CM as a standard ranging code
for positioning in benign signal-reception environments to enable the ionospheric delay on
the C/A and L2CM codes to be estimated; the L2CL ranging code is present to enable
long periods of coherent integration in challenging signal-reception environments without
the need for receivers to remove any data messages first.

A third carrier frequency is being broadcast by the IIF satellites. Denoted L5, it has
a central frequency of 1176.45 (115 × 10.23) MHz1. This frequency purposely lies in the
Aeronautical Radionavigational Services (ARNS) bands regulated jointly by the Federal
Aviation Authority (FAA) and the International Civil Aviation Organisation (ICAO), and
so can be used for safety-of-life navigation. Modulated onto the carrier is a ranging signal
with two components. One is in-phase and denoted I5, and the other in quadrature-phase
and denoted Q5. Both have a length of 10,230 chips at a chipping rate of 10.23 Mcps,
giving a duration of 1 ms. Similar to the L2C code, these ranging codes components
are differentiated by their purpose for the user; Q5 is a pure ranging code for signal
acquisition in challenging signal reception environments, whilst I5 has the CNAV data
message modulated. These ranging codes are specified in the GPS IS 705A document.

A further civil ranging code is planned to be included on the L1 carrier frequency
for Block III satellites. The L1C is specified in the GPS IS 800 document, and has two
channels, denoted L1 Civil Pilot (L1CP ), which contains no data message, and L1 Civil
Data (L1CD) which contains the CNAV-2 data message. The minimal received power
is designed to be -157 dbW. Each ranging code has 10,230 bits at a chipping rate of
1.023Mbps, giving a duration of 10 ms.

A new data navigation message has also been designed to be included on the GPS
carrier signals. Currently this is modulated with the L2CM and I5 ranging codes, and is
labelled the CNAV data message. It is specified in the GPS IS 705A document. Similar
to the Navigation message, the CNAV message contains ephemeris, clock data, and health
information for the broadcasting satellite as well as a constellation almanac. The main
advantage of the CNAV message is that it has Cyclic-Redundancy Check (CRC) error
detection, which enables receivers to determine if bits have been received correctly. CNAV
is broadcast at 25 bps via a packet-based system, and each packet is 300 bits long and
hence it takes 12 s for a receiver to obtain a packet.

1It is also being broadcast by the Block IIR-M satellite SVN 49, without any ranging codes or data
messages; however this satellite has been set to unhealthy due to inter-frequency biases.
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The ephemeris data for the satellite is spread over Message Types 10 and 11 in the
CNAV message, and so will take a minimum of 24 s for a receiver to receive the two
packets required. The ephemeris parameters in Message Type 10 are shown in Table 2.3
and those in Message Type 11 are shown in Table 2.4. The satellite clock parameters are
included in many packets, but not in the packets containing the ephemeris data. It is also
worth noting that Message Type 32 contains the Earth Orientation Parameters needed
to model an inertial reference frame from the WGS-84 reference frame that the satellite
position is calculated in when following the GPS ICD instructions (see Section 4.3.3 for
the algorithm in question). The role these parameters play in predicting orbits will be
shown in Section 4.2.4.

Parameter Description No. of Bits
top Time of parameters 11
∆A Offset of semi-major axis 26
Ȧ Rate of change of semi-major axis 25

∆n0 Offset of mean motion at top 17
∆ṅ0 Rate of change of mean motion 23
M0 Mean anomaly at top 33
e Eccentricity 33
ω Argument of perigee 33

Total 201

Table 2.3: The CNAV ephemeris parameters in Message Type 10.
Red denotes parameters different to those in the Navigation message.

Parameter Description No. of Bits
Ω Right ascension angle 33

∆Ω̇ Rate of change of right ascension 17
i0 Inclination angle 33
i̇0 Rate of change of inclination angle 15
Cis Sine correction to inclination 16
Cic Cosine correction to inclination 16
Crs Sine correction to the range 24
Crc Cosine correction to the range 24
Cus Sine correction to argument of latitude 21
Cus Sine correction to argument of latitude 21

Total 220

Table 2.4: The CNAV ephemeris parameters in Message Type 11.

The CNAV data message contains other advantages over the legacy Navigation mes-
sage. These include more bits to transmit each data parameter, which gives more precision
of the resultant satellite position (but not necessarily improved accuracy), and makes GPS
week roll-overs much less frequent. The number of satellites whose ephemerides are in-
cluded can also be increased to 63 over the intrinsic limit of 32 in the Navigation message,
and there is also a GNSS timescale offset parameter included, which enables GPS to be
integrated with other GNSS satellite systems in a full GNSS receiver position fix.
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An alternative data message, denoted CNAV-2, is planned to be modulated onto the
L1CD signal. It contains 1800 symbols in three subframes, and is modulated onto the
ranging codes at a rate of 100 symbols per second. Subframe 1 is 52 symbols long, and
contains a counter that counts how many 18 s frames have passed by since the start of the
3 hour window over which this set of ephemeris parameters are valid. Subframe 2 contains
the satellite ephemeris parameters for the broadcasting satellite, and is 1200 symbols long
and is in the same format as for the CNAV data message. Subframe 3 is 548 symbols
long, and contains data in a packet format for the constellation almanac, the offsets of
GPS system time from other constellations such as Galileo, and estimates of various earth
orientation parameters. Subframes 1, 2 and 3 are continuously broadcast in that order,
but the content of subframe 3 varies depending on which packet is included. So a full
ephemeris can take anything from 12 to 18 s to receive.

2.2 GLONASS

The Soviet Union developed in the 1980s a radio-navigation positioning system similar
to GPS. The second GNSS system, GLObal’naya NAvigatsionnaya Sputnikovaya Sistema
(GLONASS), began development in 1976, with the first satellite being launched in 1982.
Satellites were launched throughout the 1980s and early 1990s, but the collapse of the
Soviet Union in 1991 caused financial difficulties for the system. Russia’s economic growth
in the early 2000s led to the development and launch of new satellites in the early 2000s,
and as of June 2011 there is a constellation of 26 satellites.

The GLONASS satellites orbit in three planes, separated in longitude of ascending
node by 120◦. The satellites are launched into higher inclination angles of 64.8◦ to provide
high elevation angles for receivers in former Soviet countries, and an orbital radius of
approximately 25,500 km to provide high enough signal strength at Earth surface altitude.
Such orbital characteristics give an orbital period of 11 hours and 15 minutes, which gives
a repeated ground-track every 8 sidereal days. Since each orbital plane should contain
8 satellites equally spaced, this means that a receiver should observe a satellite to follow
the same trajectory in the sky each day - a receiver’s skymap should be the same each
day just with different satellites. Each GLONASS satellite carries laser retro-reflectors for
satellite laser ranging, an orbit determination technique (see Sec. 3.2.2).

The first test satellites had a lifespan of only one year. The fully-operational satellites
were designed to last 2-3 years, substantially less than the GPS satellites. The second-
generation satellites were called GLONASS-M, and had a mass of approximately 1415 kg
[Polischuk et al., 2002]. Fourteen were launched between 2001 and 2007. The latest satel-
lites to be launched are designated GLONASS-K, are expected to have a longer lifetime
of around 12 years, and have a smaller mass of 750 kg [Polischuk et al., 2002]. This will
enable the satellites to be launched from smaller and cheaper rockets.

The GLONASS satellites broadcast a civilian unencrypted ranging code on both L1

at 1602 MHz and L2 at 1246 MHz1. Each satellite broadcasts the same ranging code but
1Note that these carrier frequencies are slightly different to their GPS equivalents.
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on a slightly different frequency given by the equation

L1,k = 1602 + (k × 0.5625)MHz
L2,k = 1246 + (k × 0.4375)MHz

where k is an integer from -7 to +6 (including zero). Such a system is called Frequency
Division Multiple Access (FDMA) since satellites are distinguished via their broadcast
frequency. Antipodal satellites have the same k value, since users should not be able to
observe signals from both. This enables a maximum number of 28 satellites. GLONASS-K
satellites are expected to be broadcasting extra signals on similar frequencies to the GPS
system (1575.42 MHz and 1176.45 MHz) distinguished by CDMA [Urlichich et al., 2011].
This should enable GLONASS to be integrated more easily into a multi-constellation
GNSS positioning solution.

The ground control segment is of a similar design to that of GPS, except that all the
monitoring stations are in former Soviet Union territories, which does not provide a global
coverage and hence degrades the system geometry for the orbit determination algorithm,
giving slightly less receiver positioning accuracy to GPS. The monitoring stations are lo-
cated in St. Petersburg, Ternopil, Yeniseysk and Komsomolsk-on-Amur, while the ground
control centre is based in Moscow.

2.3 Galileo

The European Galileo Navigation System has been in development since at least 1999,
when European governments agreed on a strategy to develop a Global Navigation Satel-
lite System that was fully under European civilian (as oppose to American or Russian)
control. Named after the astronomer Galileo Galilei, the system is designed to be similar
in architecture to GPS. The satellites operate in a Medium Earth Orbit and broadcast
ranging signals and navigation data via CDMA. The ground segment is designed to have
two independent Ground Centres (in Fucino, Italy and O’faffenhoffen, Germany) as well
as multiple monitoring stations (called Sensor stations) distributed around the world. See
Fig. 2.2 for the locations of the monitoring stations.

Whilst the system architecture is similar to GPS, Galileo’s design places greater em-
phasis on the services available to users. These are (a) a free Open Access Service, available
to all users, (b) a Commercial Navigation service, available for paying customers providing
a more precise ranging code and a guaranteed service, (c) a Search and Rescue service
for locating distress beacons, (d) a Safety of Life Navigation service that is for emergency
vehicles etc, and (e) a Public Regulated Service, an encrypted service for government use.
See [Dutton et al., 2002] for a full description of these services.

Galileo is planned to have 30 satellites in Medium Earth Orbits, with a semi-major
axis of approximately 29,900 km and an inclination of 56◦. The satellites will be arranged
in three orbital planes, separated in longitude of ascending node by 120◦, and will have
a mass of approximately 675 kg and a broadcasting power of approximately 1500 W.
Each satellite will have two rubidium and two passive hydrogen maser atomic frequency
standards, the latter of which should improve the stability of the carrier signal.
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Figure 2.2: Location of Galileo Ground Stations.
Adapted from Falcone [2008].

Two Galileo In-Orbit Validation Element (GIOVE) satellites have been launched to
test the satellite technologies and secure the frequencies Galileo is authorised to broadcast
on, a summary of which can be seen in Fig. 2.3 [Hein et al., 2002]. The first, GIOVE-A,
was launched in December 2005 and only had the rubidium clocks on-board. The second
satellite, GIOVE-B, was launched in April 2008 and tested the passive hydrogen masers.
The first two satellites to be used in the Full Operational Capability were launched in
October 2011, as In-Orbit-Validation satellites. These broadcast more of the planned
signals, and are closer to the final satellite specification.

Galileo will have three frequencies for users: E1 (1584.5 MHz), E5 (1189.5 MHz) and
E6 (1257.5 MHz). The ranging codes are described in the Galileo SIS ICD. E1 contains two
ranging codes, denoted E1-B and E1-C, which are the data and pilot channels respectively.
E1-B will contain an I/NAV data message for safety-of-life users; E1-C will have no data
messages modulated, to aid correlation. E5 contains four ranging codes, two of which are
in-phase and two are in quadrature-phase. The quadrature-phase codes contain I/NAV and
F/NAV data messages (FNAV being the data message for the Open Service) respectively,
and the same for the in-phase codes. E6 contains two ranging codes: a data channel
labelled E6-B which has the C/NAV commercial data message modulated, and the pilot
E6-C code.

2.4 Beidou

The Beidou navigation system is being developed by the Chinese government. Work
started on the original Beidou-1 system in 2000, and has started on the replacement
system Beidou-2 in 2007. The two have very different system architectures, and so it is
worth emphasising the two different systems. Beidou is the Chinese name for the North
Star; the name Beidou is used since this star is used for navigation, and so the phrase
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Figure 2.3: Galileo frequency structure.
GPS and GLONASS signals are also shown for reference.

Taken from [Hein et al., 2002].
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Beidou was a natural choice for the name of the system. Information on both forms of
Beidou is limited since an Interface Specification document has not been made available to
the public on either system. As such information here is taken from [Hofmann-Wellenhof
et al., 2008] and is assumed to be provisional.

Beidou consists of three satellites located in geostationary orbit over China and several
ground stations. Users purchase a receiver that sends a signal to each of the three satellites,
which is timestamped at the satellite and compared to the local satellite clock. The
difference is sent from the satellites to a ground station, which calculates the horizontal
position of the receiver along with the offset of its local oscillator from that of Beidou
system time. The receiver height is taken as the height of the terrain at that position,
so altitude is not available to the users. This position is then sent back to the satellite
from the ground station, and from there back to the receiver. Since the receivers only give
users a horizontal position, and positioning is available only over the area in view of the
geostationary satellites, take-up of receivers has not been as quick as GPS receivers, not
helped by the increased cost of the receivers due to the need to broadcast to the satellites.
Beidou satellites have a mass of approximately 1000 kg, and are located at approximate
longitudes of 140◦E, 80◦E and 110.5◦E.

Beidou-2, also known as Beidou’s English translation Compass, is a Global Naviga-
tion Satellite System that is currently being populated. It is designed to consist of 27
Medium Earth Orbit satellites, 3 satellites in geosynchronous orbits, and 5 satellites in
geostationary orbit. One test MEO satellite has been launched as of June 2011, with the
dual aims of maintaining broadcasting rights on various frequencies and also to provide
the system engineers with experience of MEO orbits. The Compass satellites are expected
to have an inclination of 55.5◦, an orbital semi-major axis of 27,550 km and an eccentricity
of almost zero [Hofmann-Wellenhof et al., 2008]. Multiple ranging codes are available and
can be seen in Table 2.5. The signals are all CDMA; for the modulation of each see p.187
of Groves [2011]. Compass is scheduled to have coverage over China by the end of 2012,
and reach a full constellation of 35 satellites by 2020.

Name Carrier Data Service
Frequency (MHz) (Symbols/s)

B1− CD 1575.42 100 Open
B1− Cp 1575.42 - Open
B1D 1575.42 100 Authorised
B1p 1575.42 - Authorised
B2aD 1176.45 50 Open
B2ap 1176.45 - Open
B2bD 1207.14 100 Open
B2bp 1207.14 - Open
B3 1268.52 500 Authorised

B3−AD 1268.52 100 Authorised
B3−Ap 1268.52 - Authorised

Table 2.5: Compass signal plans.
Taken from [Groves, 2011].
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2.5 Summary

This chapter has provided a basic introduction to the United States’ Global Positioning
System (GPS) and the signals broadcast by the satellites in that system. It also has
given an introduction to the configuration of other Global Navigation Satellite Systems
(GNSS), including GLONASS, Compass/Beidou and the planned Galileo system. These
provide context for the extended ephemerides produced in this thesis, since the ephemeris
generation could be equally applicable to any of the satellite constellations of these systems.
Future upgrades of the systems has also been discussed.

Having looked at the constellation and systems of these GNSS, it is now relevant to
discuss the GPS system in more detail, and how a GPS receiver acquires information from
the satellite. This will demonstrate why assistance information is desirable for the GPS
receiver in difficult signal acquisition environments, and is discussed in the next chapter.
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Chapter 3

Description of Research and
Literature Review

In this chapter, an introduction is given to the broadcast ephemeris parameters transmitted
by the GPS satellites on the L1 frequency, along with a description of how GPS receivers
acquire the C/A ranging code and use it under different receiver acquisition scenarios.
Various methods known to improve the time to a first position fix are presented, including
the method of extended ephemerides, which is the method used in this thesis. A literature
review of extended ephemerides is presented, with emphasis placed on the force modelling
used in predicting orbits via numerical integration. Finally, a discussion of the sources
for all the data files used in this thesis is discussed, including both the Jet Propulsion
Laboratory (JPL) and International GNSS Service (IGS) precise ephemerides used as
truth models.

3.1 GPS Satellite Ephemeris

In order to describe the problems GPS receivers may face in obtaining all the broadcast
ephemeris parameters, and providing motivation for researching extended ephemeris of
GPS orbits in this thesis, it is beneficial to understand first the nature of the broadcast
ephemeris. In this way, the difficulties for the end user will become apparent, and the
situation will suggest various possible solutions, which will be looked at in turn.

3.1.1 The Broadcast Navigation (NAV) Message

GPS satellites utilise a radio frequency link L1 with a carrier wave frequency of 1575.42
MHz. This carrier signal is modulated with a composite modulation of the C/A Pseudo-
Random Noise (PRN) ranging code and the broadcast Navigation (NAV) message1. The
ranging code follows a set algorithm for its generation from a seed, and so can be repro-
duced by a GPS receiver. The PRN code is split into segments, each of which is exclusively
broadcast by one satellite. The Navigation message is 37500 bits long and transmitted

1There is also a P(Y) ranging code modulated on L1 for military applications, but this is not considered
in this thesis due to its nature as an encrypted signal.
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at 50 bits per second (bps) by a satellite. Each satellite broadcasts its own navigation
message. The message is divided into 25 frames, each of which is sub-divided into five
sub-frames. Subframes 1, 2 and 3 contain the health flag, clock and ephemeris parameters
of the broadcasting satellite, and are identical for all of the 25 frames, unless a new set
of ephemerides has been selected to replace the old one. Subframes 4 and 5 contain the
almanac, which provides lower-accuracy ephemeris data for all GPS satellites currently
active, the parameters of the Klobuchar ionospheric model [Klobuchar, 1987] for GPS
receivers to mitigate the ionospheric delay on the L1 frequency, and an estimate of the
offset between the GPS timescale and the world civil timescale UTC. The structure of
subframes 1, 2 and 3 are depicted in Figure 3.1. The ephemeris parameters are shown in
blue, the satellite clock parameters are shown in purple, and the Issue of Data Ephemeris
(IODE) in red. The IODE variable gives an index to denote which set of ephemerides
are being transmitted. It is so important it is given twice - once at the beginning of a
satellite’s ephemeris, and once near the end. Its importance is due to the fact that the
IODE variable effectively says whether a newly received ephemeris should replace the one
already obtained, or whether the current ephemeris should still be utilised. As will be
seen in Section 3.1.3, in the situation of a receiver experiencing loss-of-lock to a GPS
satellite signal, this means that the IODE variable determines whether receivers perform
a warm start or a hot start, in the terminology of the GPS receiver community. A similar
parameter to IODE is the Issue of Data Clock (IODC ), which provides an index denoting
the set of satellite clock parameters being transmitted.

The ephemeris takes the form of osculating Keplerian elements, which are orbital
parameters that kiss the determined orbit at the centre of their validity window. A more
complete description of these elements, along with the algorithm used to compute an
estimate of the satellite position from them, is given in Section 4.3.3. The ephemeris
parameters in subframe 2 are shown in Table 3.1 along with the number of bits for each
parameter, whilst those located in subframe 3 are shown in Table 3.2.

Parameter Description No. of Bits
IODE Issue Of Data Ephemeris 8
Crs Amplitude of the sine correction 16

to the orbital radius
∆n Mean motion offset 16
M0 Mean anomaly at toe 32
Cuc Amplitude of the cosine correction 16

to the argument of latitude.
e Eccentricity 32
Cus Amplitude of the sine correction 16

to the argument of latitude√
A Square root of the semi-major axis 32
toe Time of ephemeris 16

Total 184

Table 3.1: The ephemeris parameters in subframe 2 of the Navigation message.

Typically the satellite ephemeris and clock parameters in the Navigation message
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Figure 3.1: Structure of GPS Navigation Message, Subframes 1, 2 and 3.
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Parameter Description No. of Bits
Cic Amplitude of the cosine correction 16

to the inclination
Ω0 Longitude of the ascending node 32
Cis Amplitude of the sine correction 16

to the inclination
i0 Inclination angle at toe 32
Crc Amplitude of the cosine correction 16

to the range
ω Argument of perigee 32
Ω̇ Rate of change of right ascension 24
i̇ Rate of change of inclination 14

Total 182

Table 3.2: The ephemeris parameters in subframe 3 of the Navigation message.

are updated every 2 hours, and they are valid for four hours. However, the GPS IS 200E
document allows for a transmission interval of up to 144 hours, in which case the ephemeris
is valid over 146 hours. The almanac in subframes 4 and 5 is updated at least every 6
days, and is valid for at least 60 days.

For a transmission rate of 50 bps, then it takes 6 s for each subframe to be decoded.
Hence the time to receive a broadcast ephemeris from the satellite is at best 18 s, assuming
the receiver starts from the beginning of subframe 1. The receiver must maintain constant
lock during this period to obtain a complete ephemeris for the satellite1. However, the
time the receiver takes to provide the end-user with a position fix is dependent on also
acquiring the ranging signal to four satellites, so a closer look at the way receivers obtain
this is needed.

3.1.2 Basic GPS Receiver Architecture

As discussed in Section 2.1, the GPS carrier signals are modulated with the ranging codes
and data messages. The signals from the satellite have a very low received power at the
receiver’s antenna, and so it is worth elaborating on the basic architecture of a simple GPS
receiver. Fig. 3.2 depicts the simplified architecture of a basic GPS receiver hardware.

The received power of the GPS satellite signals at the receiver antenna is very weak,
around -160 dbW [Kaplan & Hegarty, 2005]. The received signal is passed to the radio-
frequency (RF) front-end of the receiver. The front-end amplifies the signal and also
converts it to a much lower frequency, labelled an intermediate frequency (IF), which is
around 10 MHz. This process adds much thermal noise to the signal, making the carrier-to-
noise density ratio (C/N0) at the end of the front-end very small (see Fig. 3.3). A copy of
the carrier is generated by a local oscillator, at a frequency that is approximately the IF2.
A mixer modulates this copy with the IF, but in anti-phase, to try to remove the carrier

1In practice, the receiver only needs to observe each bit of the Navigation message; hence it can lose
lock for any length of time less than the duration of one bit, i.e. 20 ms. Any loss-of-lock for longer than
this time means that the receiver cannot tell whether the bit has changed.

2In reality, the intermediate frequency will be biased by the Doppler shift, whilst the locally-generated
copy of the carrier will be biased by the receiver frequency error.
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Figure 3.2: Basic GPS receiver hardware design.
Taken from Figure 2.12 of van Diggelen [2009].

signal. This output is then sent to the correlator, which correlates the signal with a locally
generated copy of the PRN code. The receiver will perform this over many epochs, and
integrate the results. Assuming the noise is normally distributed, then it will destructively
interfere from one epoch to the next; however, the signal will be constructively interfered
since it is common to all of the epochs1. Hence the signal-to-noise power ratio (SNR) of the
output from the integrator can be used to determine if the correct locally-generated code
and frequency have been determined. If not, the frequency of the locally generated copy
of the carrier needs to be modified to correct the frequency offset of the local oscillator
from that of the IF, and also to correct the Doppler shift of the IF, whilst the code delay
may also need to be modified. This vector-space of frequencies and codes the correlator
searches over is called the code-frequency search space.

Figure 3.3: Carrier-to-Noise density ratio (C/N0) and Signal-to-Noise ratio (SNR).
C/N0 is determined at the output of the RF front-end, and is estimated from the

thermal noise of the RF electronics. Only the SNR can be measured.
Taken from Figure 6.1 of van Diggelen [2009].

It is worth emphasising that ranging to the satellite by this method is biased by
atmospheric effects (ionosphere and troposphere delays), clock biases from the reference
timescale (both receiver and satellite clocks), and hardware delays. Multipath, where
received signals bounce off surfaces before reaching the receiver antenna, can also occur,
biasing the observed range. As a result, the range obtained via the code correlation

1This is assuming any data message bits do not change over the integration period.
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technique is biased and hence is labelled a pseudorange. To avoid these biases affecting
the resultant position determination, the effects of each of these biases should be modelled
and the pseudorange corrected before being used to determine the receiver position.

Ranging to the satellites can also be obtained by the phase of the carrier signal
broadcast by the satellite. This is performed by the receiver by integrating Doppler mea-
surements of the carrier frequency each measurement epoch. Care must be taken when
using the carrier phase observed at the antenna, since the results are further biased by an
unknown integer number of wavelengths along the signal path (and also an integer num-
ber of cycles from the cycle accumulator inside the GPS receiver), known as the Integer
Ambiguity; other constant biases occur due to internal delays inside the receiver and the
satellite, which are non-integer. Various methods exist to determine the integer ambiguity
term, for instance the LAMBDA method by Teunissen [1995].

3.1.3 Receiver Signal Acquisition Scenarios

It is beneficial initially to distinguish between three different receiver acquisition scenarios.
These are commonly known as cold start, warm start and hot start.

A cold start commonly occurs when a receiver is first switched on or performs a
factory reset. The almanac ephemeris, IODE and IODC parameters are all missing in the
receiver’s memory, or are present but no longer valid. This has the result that the receiver
needs to acquire the satellite ranging code without the aid of the almanac. The ephemeris
and satellite clock parameters need to be fully decoded, which will take 30 s, whilst the
duration of the acquisition of the ranging code will be receiver-dependent but is typically
of the order of 20-30 s. The almanac, along with the ionosphere model parameters and the
UTC offset parameters, are not required for a position fix in modern receivers, but will
be helpful to aid subsequent starts. The full set of ephemeris, clock, almanac, ionosphere
and UTC parameters takes 750 s to be decoded. The long validity of the almanac means
that cold starts happen very rarely.

A warm start occurs when a receiver tries to determine a satellite position when
the IODE does not coincide with that in the receiver’s memory, or when the IODC and
IODE variables do not agree; however, the receiver memory does contain a valid almanac,
and hence an approximate position for that satellite can be computed. The receiver then
attempts to acquire all the new ephemeris information into its memory. As with acquiring
lock to GPS satellites in any circumstance, the receiver attempts to correlate the C/A
PRN code with a locally generated copy. For a warm start, because the almanac is valid,
this greatly assists the search, since the receiver can narrow down the search to be among
satellite PRNs that might be in view according to the almanac, and the Doppler-shift
of the received carrier can also be estimated to aid the frequency search. Warm starts
generally occur when a receiver loses lock for a few hours, for example when turned off
overnight.

A hot start occurs when a receiver tries to determine a satellite position when the
IODE value in the Navigation message coincides with the most recent one in the receiver’s
memory and also with the IODC variable in the receivers memory. Since an updated
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Start Type IODE Ephemeris Clock Data Almanac
Hot Start X(< 18 s) X X X
Warm Start <18 s 12-30 s 6-30 s X
Cold Start <18 s 12-30 s 6-30 s 750 s

Table 3.3: Time for various starts to obtain parts of the Navigation message.
X denotes that current data is already available for the receiver to utilise in that

particular type of start.

ephemeris is broadcast by the satellite typically every two hours the IODE and IODC will
only change then. As a result, this situation is often associated with receivers losing lock
intermittently. The receiver can quickly obtain a position fix after acquiring the ranging
code, since a valid ephemeris is known. Hot starts usually occur when a GPS receiver has
lost lock for a few minutes, by going into a tunnel, a building or travelling through other
difficult signal acquisition environments.

A summary of the data that is available to the GPS receiver in each of the three
signal acquisition situations is given in Table 3.3. If data needs to be decoded from the
Message, then the maximum time for each component to be downloaded is shown.

3.1.4 Time To First Fix

Users of GPS receivers are interested not just in the accuracy and precision of the position
fix given by the receiver, but also how quickly the receiver can return a position fix after
signals start to be received from the satellites. The time for a GPS receiver to return
an initial position fix from the GPS data received when re-acquiring after a loss-of-lock
is called the Time To First Fix (TTFF). The TTFF is determined by both the time
for a receiver to calculate the positions of four satellites, and the time to correlate the
corresponding four ranging codes with its own locally-generated copies. Calculating the
satellite positions is almost instantaneous once the ephemeris is available, and so the time
to calculate the satellite positions is almost entirely dependent on the time to acquire the
latest ephemerides, as shown in Table 3.3. The time to correlate the observed ranging
code depends on both the receiver design, and the strength of the received signals.

GPS receivers can perform hot starts in any time up to 18 s, since the IODE occurs
near the start of subframe 2 and near the end of subframe 3. Receivers check the IODE
values against the last received versions, and perform a hot start if they agree. In reality,
they provide a position fix almost immediately and then update it when the IODE flag
becomes available to check, giving the appearance of an almost-immediate hot start. Note
that unlike warm and cold starts, continuous lock need not occur for hot starts, since
only the IODE bits need to be continuously observed, which takes 0.16 s. Warm starts
will require anything from 18 s continuous lock to over 30 s, depending on when lock first
occurs, as subframes 1 to 3 need to fully received. Finally, cold starts will require at least
18 s and often substantially more due to the correlator needing to search over a much
larger code-frequency search-space, although this has been improved recently due to the
increase in parallel correlators used.
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The above times to acquire the broadcast ephemeris are for continuous lock - in cer-
tain environments this is difficult to obtain for more than a few seconds. For instance, van
Diggelen [2009] reports many hours before first fix is obtained in Macau, an extreme ex-
ample of an urban canyon where skyscrapers occlude the signals from the satellites except
in a few directions. Other difficult environments that result in long times to determine
receiver position include inside buildings and car parks, tunnels, and large displacements
between previous lock, such as when alighting from aircraft after an intercontinental flight
(although the latter is made more complicated by the receiver trying to use the almanac
and predicting incorrectly which satellites are in view). Even in environments not as
challenging for signal reception for GPS receivers, it can still be a problem to achieve con-
tinuous lock for the 18 s required. Lundgren & van Diggelen [2005] report taking nearly 8
minutes for TTFF whilst driving down an American freeway, which is in a relatively open
environment.

3.1.5 Improving TTFF with Inertial Sensors

If a device that contains a GPS receiver also contains inertial sensors, such as accelerom-
eters and compasses, such sensors can provide another estimate of an object’s motion.
These sensors can only determine the change of distance or velocity however, and so can-
not be used to obtain an initial fix, and so will not help with the TTFF when performing a
cold or warm start. However, they can be used to improve the TTFF for a hot start when
ranging codes are temporarily unavailable, such as when a user drives through a tunnel.
The velocity estimates from these inertial sensors can be used to estimate the Doppler
shift on the GPS carrier signal observed, and hence reduce the frequency component of
the code-frequency search-space. See Chapter 10 of Groves [2011] and Chapter 11 of Far-
rell [2008] for more information and examples of use. Such inertial sensors can be available
on mobile devices due to the development of micro-electromechanical systems (MEMS);
MEMS gyroscopes, accelerometers and compasses are available relatively cheaply. Note
that integrating the output of such sensors means that normally-distributed measurement
noise becomes random-walk noise (or even higher order terms) for estimated position, and
so the error of the result from inertial sensors will accumulate with time.

3.1.6 Improving TTFF with High-Sensitivity Receivers

High-sensitivity GPS receivers have also been developed. These receivers employ a huge
number of parallel correlators, which enables the receiver to search many regions of the
code-frequency search space in parallel. This in turn enables each correlator to spend
many milliseconds integrating the signal in that search-space bin. Having such long coher-
ent integration times can be problematic however, since the Navigation data message bits
may change the polarity of the signal being integrated, so care must be taken. Incoherent
integration may occur instead, where the signal to be integrated is squared before being
correlated, thus there is no problem with the parity, but at the expense of squaring the
noise too. A more complete description is in Chapter 6 of van Diggelen [2009]. Such tech-
niques do not help the receiver acquire the ephemeris of the satellites, but they do improve
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the TTFF by improving the speed at which the ranging code is correlated. Examples of
high-sensitivity receivers implemented include Ford et al. [2004] and Anyaegbu [2008].

3.1.7 Improving TTFF with Assisted-GPS

One obvious way to improve the TTFF is to supply the broadcast ephemeris in the Nav-
igation message that the satellite is waiting for. The receiver can then simply use the
ephemeris given to it instead of trying to decode an ephemeris from received signals from
the GPS satellites. Such an approach is an example of Assisted GPS (A-GPS).

There are two main approaches to A-GPS. One approach is for the receiver to send the
values of its observed pseudoranges to a central server, which will calculate the receiver
position. The receiver only has to acquire the ranging codes from the satellites. This
approach is known as Mobile Station A-GPS [de Salas & van Diggelen, 2011], and requires
the least processing power on the mobile device - all the position calculations are performed
on the server, the receiver does not need a satellite ephemeris at all. The receiver can even
receive information from the server about the Doppler-shift of the expected signals, along
with an estimate of the receiver frequency error and what satellites might be in view, to
aid the code-frequency search-space.

The other approach is for the receiver to calculate its position from an ephemeris,
just like a normal GPS receiver, but the satellite ephemeris is supplied to the receiver
from a server, instead of the receiver acquiring the ephemeris in the broadcast Navigation
message from observed GPS signals. This kind of assistance is known as Mobile Station
Based A-GPS, since the receiver position estimation occurs at the receiver itself [de Salas
& van Diggelen, 2011].

When a mobile-based A-GPS receiver receives assistance data from a server as a
Mobile Station Based dataset, then the assistance data consists of the following [3GPP
TS 44.031 v7.9.0, 2008]:

1. Time: The timestamp of the assistance data, in the UTC timescale.

2. Position: For assistance data available over mobile telephone networks, the cell
tower location is made available to the receiver. This can be used as an approximate
receiver position when using the receiver position algorithm on the mobile device.

3. Ephemeris, Broadcast Clock Model: The server or cell tower provides an ephemeris
of the GPS satellites available to the receiver, which can then use this in place of the
broadcast ephemeris. For maximum compatibility, this is in the same format as the
osculating Keplerian elements used in the GPS navigation message structure. The
broadcast clock model parameters are also provided, again in the format used in the
first GPS Subframe.

3.1.8 Issues with A-GPS

Whilst Assisted GPS is of great benefit to GPS receivers in mobile devices, it does have
some drawbacks.
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1. Network Availability. For GPS receivers in areas where mobile telephone coverage is
poor, it may be difficult to obtain the assistance data. Also, some owners of mobile
devices may wish to not have network availability at certain times due to roaming
charges when in a foreign country.

2. Bandwidth. Mobile devices need to have either an internet connection or have the
assistance data communicated over the mobile telephone network. In both cases, an
ephemeris needs to be sent to the mobile device, which whilst small for one device,
can utilise a lot of communications traffic if the number of simultaneous users is
large. With the advent of 3G and 4G data connections for mobile devices, mobile
service operators have had to increase the bandwidth of their servers, so this is less
of an issue than previously.

3. Server Needed. Assistance data needs to be calculated and stored at a server, which
costs money to build and maintain. As the number of clients accessing the server
increases, the server hardware needs to be upgraded to be able to cope with the
increased incoming traffic to avoid server overload. The software that determines
any of the assistance data will need to be written, which will be a one-off cost when
starting the service. The server hardware costs will increase as the number of users
of the service increase, as more server capacity will need to be installed.

4. Cost. The cost of bandwidth of communications, as well as the cost of installing and
maintaining the A-GPS system, will need to be recuperated. The handset developer
or mobile telephone network operator can choose to incur the cost themselves, or
pass the cost onto the mobile device owner. Either way, there is a financial cost to
pay for the assistance data. When spread out over the number of end-users of the
A-GPS service, this will be a small effect however, and may not be noticeable by
them.

3.1.9 Self-Assisted GPS

One way to alleviate some of the drawbacks of A-GPS is via Self-Assisted GPS. In self-
assisted GPS, the estimate of the ephemeris of each GPS satellite is determined on the
mobile device itself. This can either be done empirically, or by integrating various force
models from an initial position and velocity to determine the ephemeris. The main ad-
vantage of self-assisted GPS is that it is not dependent upon an external communications
link to a server or mobile network cell tower. Thus the mobile device will still be able to
calculate its own assistance data if connection to the internet is unavailable, or if the local
mobile network does not supply the data. Furthermore, since the ephemeris is calculated
inside the mobile device, the data does not need to be in the Navigation message data for-
mat, but can be in any format the software engineer deems appropriate. Also, upgrading
the A-GPS service risks problems with backwards compatibility when the data is sent out
from a server; with self-assisted GPS, the internal algorithms or level of assistance data
can be easily modified and the receiver software modified to suit by a simple firmware or
software upgrade on the mobile device. The mobile network operator also will not need
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to operate large arrays of servers to produce the assistance data, which will save money
on operational costs.

There are some drawbacks to using self-assisted GPS however:

1. Satellite Health. Since the satellite health flag is part of the Navigation message
data structure, it is quite possible for a self-assisted GPS receiver to provide assis-
tance data for a satellite that has become “unhealthy” over the period the predicted
ephemeris is valid. As a result, the receiver may calculate assistance data for a
satellite which will not be used in the position-finding algorithm, which is a waste
of computational resources; even worse, the receiver may estimate an ephemeris and
clock parameters for the satellite which are completely erroneous, and which will
result in a poor receiver position estimate due to the large user-range error. This
can in theory be safeguarded against by using various integrity checks, but only if
enough satellites are visible to the receiver.

2. Computational Load. Generating an ephemeris on a mobile device, even for one
derived empirically, requires quite a large amount of processing power. This is now
available for mobile devices at the high-end of the market, where smartphones rou-
tinely have processors now with speeds over 500 MHz. However, these still constitute
a minority of the mobile telephones in use in Europe and the USA, and so most mo-
bile device users do not have the processing power available for self-assisted GPS.
This issue should alleviate with time, as smartphones constitute more and more of
the mobile telephone market.

This thesis will investigate mobile based A-GPS, but with self-assisted GPS ephemeris
assistance data for the satellite ephemeris generated locally on the device. Mobile assisted
A-GPS presents few research opportunities since the same positioning algorithms as on
a standard GPS receiver are utilised, and so there is little scope for novel research in
that area. Mobile telephone networks are less inclined to show interest in it too, since
it places a larger computational burden on the servers, at a time when computational
power on the receivers is increasing. The generation of self-assisted GPS assistance data
via numerical integration has a large scope for research as both an orbit prediction and
orbit determination problem, and the force models provide a physical understanding of
the dynamics of the orbit. Research of empirical models for self-assisted GPS assistance
data is still being performed, as will be shown in the upcoming Literature Review, but is
at a more mature stage of development.

3.2 Literature Review

Orbit determination is the study of locating an orbiting body at a particular epoch. Orbit
prediction is the study of modelling the trajectory of an orbiting body from a known point.
Both have long and illustrious histories in the annals of the history of science, but orbit
determination is the older of the two. As a result, it will be reviewed first.
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3.2.1 History of Orbit Determination

The field of orbit determination is a long and distinguished one. Humanity has been aware
of the Sun, Moon and planets since ancient times, and made crude attempts to predict
the seasons empirically. The knowledge that the trajectories of the stars, as seen from
the Earth, move in apparent circular paths around the Earth with a repeatable period,
was known to both the ancient Babylonians [Swerdlow, 1998] and Hindus [Menon, 1932].
Dicks [1970] cites three reasons why civilisations observe the motion of astronomical bodies.
These are the deification of celestial bodies, linking astronomical events with important
events on the Earth, and to produce calenders. Thus for ancient Egypt, around 2800 BC,
predicting the path of the Sun in the sky became important for the worship of Ra as well
as predicting the flooding of the Nile due to the highest tides.

Anaximander (c. 610-546 BC) built the first celestial sphere, and proposed that
the observed trajectories, which were almost arcs of circles, were actually parts of fully
circular orbits, in which the stars do indeed go all around the Earth. The realisation that
the planets follow irregular trajectories, and were therefore distinguishable from stars, was
made by Anaximenes of Miletus (c. 585-528 BC) [Heath, 1913]. Xenophanes of Colophon
(c. 570-475 BC) suggested that the observed orbits might not be actually circular, only
appear so to observers on the Earth due to the large distances to the bodies1. The
ephemerides that follow from geocentric circular orbits did not match observations well
for the planets, especially for Mars, and so Eudoxus of Cnidos (c. 408-355 BC) produced
a modified geocentric model with circular orbits superimposed on the Platonic model
[Heath, 1913]. Aristarchos of Samos (310-230 BC) suggested a heliocentric model, which
was cited by Copernicus when publishing his heliocentric theory in De Revolutionibus
Orbium Coelestium (1543). The geocentric model was more popular however during the
Classical era, and was refined by Hipparchos (c. 190-120 BC) and Claudius Ptolemy (c.
90-168) [Ptolemy, c. 150]. Subsequent observations of the planets by Islamic astronomers
such as Abu al-Zarqali (1029-1087) made possible tables of ephemerides such as the 12th
century Toledan tables [Toomer, 1968] and the 14th century Alfonsine tables [Chabás &
Goldstein, 2009].

A good place to start a review of the scientific method of orbit determination is with
the work of Tycho Brahe (1546-1601). An astronomer in Denmark and then Prague, Brahe
made copious measurements of the positions of the Sun and planets against background
stars over approximately 25 years, to an accuracy of better than 2 arc-minutes. The task
of making sense of such a large amount of observations fell to Brahe’s assistant, Johannes
Kepler (1571-1630). Kepler rationalised the data by describing the orbits as ellipses, and
then subsequently realised that this was (approximately) true for the orbits of all the
planets around the Sun, including the Earth. Kepler empirically determined the following
laws, known posthumously as Kepler’s Laws2:

1. The orbit of a planet around the Sun is an ellipse, with the Sun at one of the foci of
1Xenophanes actually suggested rectangular orbits of the bodies!
2 Only the third law was actually published by Kepler, in his work Harmonice mundi, the others were

suggested but not published due to inconclusive evidence at the time.
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the ellipse.

2. The area swept out by each planet from the Sun per unit time is a constant.

3. The square of the orbital period of any planet is proportional to the cube of the
semi-major axis of the planet’s orbit.

The discovery that orbits were approximately ellipses meant that orbits could be pre-
dicted relatively easily by re-parametrising the observations into the standard parameters
of an ellipse. This is described mathematically in Section 4.3.2, but it is worth mentioning
these parameters here:

• a - Semi-major axis of ellipse.

• e - Eccentricity of ellipse.

• i - Inclination of orbital plane with respect to the reference equatorial plane.

• Ω - Longitude of the ascending node.

• ω - Argument of perigee, the angle from the ascending node to the perigee.

• ν - True Anomaly, the angle subtended by the orbit around the ellipse from perigee.

(a) Keplerian element angles. (b) Keplerian element ellipse parameters.

Figure 3.4: Keplerian elements of an orbiting body.
Keplerian elements of an orbiting body. The orbiting body is at point P, and the centre
of mass it orbits round is at F. Note that the eccentric anomaly E can be used instead of

the true anomaly ν.

These angles can be observed in Fig. 3.4, where the orbital plane of the body is
in the lighter shade, and the equatorial plane of the more massive body at F is in the
darker shade. For a planet orbiting the Sun, the Sun is at the ellipse focus F; for an
artificial satellite orbiting the Earth then the Earth centre of mass is at F. The red line in
Fig. 3.4 points to the Prime Meridian of the co-ordinate system. Note that the first two
parameters listed above describe the size and shape of the ellipse, the middle two describe
the orientation of the orbital plane with respect to the equatorial plane, and the final two
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describe the motion of the body around the ellipse. The re-parametrisation of the position
and velocity of the orbiting body into this co-ordinate system is important since only the
true anomaly ν varies with time in a truly elliptical orbit.

Sir Isaac Newton (1643-1727) published his Principia in 1687, which provided much
of the background concepts for classical mechanics. Key concepts such as space and time
being absolute (i.e. the same for all observers) and clear definitions of mass and forces
provided a physical framework bedrock for work over the next few centuries. One key
development for orbital mechanics was the theorem that the gravitational force acting on
point masses is negatively radial and inversely proportional to the square of the length of
the vector between them. Observations of real planetary motion gave rise to Perturbation
Theory, developed by Leonhard Euler (1707-1783), Jean d’Alembert (1717-1783), Joseph
Lagrange (1736-1813) and Pierre de Laplace (1749-1827), which explained the secular
variations in the Keplerian elements of various planets and and led directly to the discovery
of Neptune in 1846. Finally, Giuseppe Piazzi (1746-1826) discovered the body Ceres (which
is now classified as a minor planet) in-between the orbits of Mars and Jupiter. Due to the
difficulty of observing Ceres at the time (it was observed only 19 times over 42 days), the
field of Statistical Orbit Determination was developed, mainly by Carl Gauss (1777-1855)
who applied his recently developed Least Squares technique to re-acquire Ceres after a
period where observations were not available. Statistical orbit determination uses more
observations than are parameters to solve for in a problem, and so gives a trajectory that
best fits all the observations.

3.2.2 Orbit Determination of Artificial Satellites

On the 4th of October 1957, the USSR launched the world’s first artificial satellite, Sputnik
I (literally Satellite I ). The primary scientific aim of the mission was to provide information
on the atmospheric density at the nominal altitude of approximately 600 km, but American
scientists at Johns Hopkins University’s Applied Physics Laboratory (APL) realised they
could determine the satellite orbit from the Doppler shift of Sputnik’s pulsed signals.
Sputnik-II, launched in November 1957, produced simultaneous signals on two frequencies,
which enabled better range calculations to be made by modelling the delay due to the
ionosphere.

Using this idea, the US Navy reasoned that if a satellite with known position and
velocity broadcast signals with a known pattern, then users could determine their posi-
tion by measuring the Doppler shift. Thus the US Department of Defense, along with
APL, developed the Navy Navigation Satellite System, also known as TRANSIT. A more
complete description of the system is found in Section 6.2 of Seeber [2003], so only a brief
description is given here. The satellites had an altitude of approximately 1100 km, and a
nominal inclination of 90◦. As well as the two carrier frequencies, there were modulated
clock and satellite ephemeris parameters to enable users to determine the satellite position
at a given epoch. A similar system was launched by the French called DORIS and is still
in use today.

TRANSIT enabled users, usually military users such as submarines, to determine their
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position to within 200 m accuracy [Seeber, 2003]. The US military desired a positioning
system available for all military users with an improved accuracy of better than 100 m,
thus the Global Positioning System (GPS) was born, with a positioning fix for authorised
users expected to be around 10 m. A timeline of the development of GPS up to 1994 is
given in Table 1.1 of Leick [1995].

With the advent of GPS, the Soviets launched their own GNSS system called
GLONASS. This has been covered in more detail in Section 2.2 along with other GNSS.

Whilst GNSS satellites primarily provide range measurements to users by broadcast-
ing ranging codes on microwave frequency carrier signals, two GPS satellites had retro-
reflectors. These are a simple (but precisely engineered) pyramidal glass prism on the
spacecraft that reflect light back towards the source. These are used for a technique called
Satellite Laser Ranging (SLR), which is as follows.

In SLR, a base-station emits a laser pulse up to the satellite, which is reflected by
the retro-reflector back to the SLR station and is detected by a photodetector. The
SLR station times the time-of-flight of the signal, divides it by two, and multiplies it by
the speed of light in vacuum to get the range. If the laser reference point is accurately
surveyed and the internal path of the light inside the retro-reflector is removed from the
calculation, then the position of the satellite’s retro-reflector surface can be determined
to within a few mm. The cost of installing a SLR station is prohibitively high for most
applications though, so this technique is only used to provide precise ephemerides for
certain satellites. For GPS, only two satellites have retro-reflectors, and none are planned
for the Block IIF satellites. However, for various other missions SLR is the primary means
of orbit determination. See Table 8.a of Seeber [2003] for a list of satellites that carry
retro-reflectors for SLR ranging.

It is worth mentioning that the desire for precise ephemerides for satellites is not
restricted just to GNSS satellites. Altimetry Satellites send microwave signals to the
Earth’s surface, where it is partly reflected and returned to the satellite. The satellite
times the duration between the signal leaving and returning to the spacecraft, and hence
estimates the satellite’s height above the reflecting surface. Materials such as water and
ice on the earth’s surface have a high reflection coefficient, and so if the satellite position is
known accurately and precisely, then the changes in the height of the reflecting surface can
be estimated. Hence sea level change, and also ice cap shrinkage, can be estimated using
data from altimetry satellites. The microwave signal is usually a pulse with a frequency of
around 13.5 GHz. Table 3.4 lists some altimetry satellites that have been launched, and
is taken from Table 9.2 of Seeber [2003].

3.2.3 Orbit Determination of GPS Satellites

Prior to the launch of artificial satellites, orbit determination was limited to comet orbits,
since their high eccentricity meant that they were unobservable from the Earth for long
periods of time, unlike the planets [Milani & Gronchi, 2010]. Newton proposed a recursive
geometric algorithm for determining the orbit of a comet based on three observations in
1683, and Euler proposed in 1744 an analytical solution based upon four observations,
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Spacecraft Launch Radar Doppler GPS DORIS SLR
GEOS-3 1975 X X

SEASAT-1 1978 X
GEOSAT 1985 X X

ERS-1 1991 X X
Topex/Poseidon 1992 X X X X

ERS-2 1995 X X
GFO 1998 X X X X

JASON-1 2001 X X X X
ENVISAT-1 2002 X X X

Table 3.4: Examples of Altimetry Satellites.
Radar here means radar altimetry. Taken from [Seeber, 2003, Section 9.2].

again using geometry. In 1809, Gauss generalised Laplace’s perturbation theory method
so that any number of observations could be used. A full description of all these methods
can be found in Dubyago [1961].

With the advent of artificial satellites, orbit determination has received interest not
just from pure academic research groups but also from applied physics and industry. While
the prediction of geostationary and geosynchronous satellites prevalent in the communi-
cations industry is straight-forward, Earth-monitoring satellites used for atmospheric and
ocean studies need to be at lower altitudes and so their orbits become more involved from
an observer’s perspective. Another example where orbit determination is required to a
high degree of accuracy is GNSS, where both industry and science require orbit determi-
nation to at least the metre level. The actual level of orbit prediction accuracy required
is driven by the requirements of the end-user, but in industries such as surveying, and in
sciences such as atmospheric modelling, accuracies at the centimetre level or better are de-
sirable. Thus many laboratories around the world produce high-quality orbit predictions
of GNSS satellites.

3.2.3.1 Orbit Determination from Global Networks

As an example, The Center for Orbit Determination in Europe (CODE) is one of ten
analysis centres for the International GNSS Service (IGS), which produces their own
own orbit solutions for GPS satellites, accurate to better than 4 cm [Kouba, 2003]. The
ephemeris provided is the position and velocity of each of the GPS satellites in a rotating
geocentric reference frame, as well as an estimate of the satellite clock offset from the IGS’s
own system time. Beutler et al. [1994] describes the algorithm for the orbit determination,
but the basic principle is the same for all the IGS analysis centres, so a brief description
is given here.

As depicted in Fig. 3.5, code and phase (integrated Doppler) observations are taken
from a global network of GPS receivers on both the L1 and L2 carriers. If there are n
stations and each can see m satellites for k epochs, then there will be 2nmk observables
available if both frequencies are used. For instance, CODE uses 3 days data at a time to
determine the GPS satellite orbits, so if data is made available every 30 s, then there will

49



3. DESCRIPTION OF RESEARCH AND LITERATURE REVIEW

Parameter Number to be determined
Station coordinates 3n
Station clock offsets kn
Satellite coordinates 6m
Satellite clock offsets km

Empirical Solar Radiation 5m
Satellite velocity thrusts 6m per day

Troposphere delay 28n per day
Integer Ambiguities 2nm per pass
Earth Orientation 5 per day
Geocentre of Frame 3

Table 3.5: Parameters solved for in typical CODE orbit determination routine.
Parameters solved for in typical CODE orbit determination routine. There are n

stations, m satellites and k epochs.

be k = 2 × 60 × 24 × 3 = 8640 epochs of data available. For a tracking network of 200
stations, which can on average see 10 satellites at a time, then there will be 2×200×10×
8640 = 34560000 observations available. These observations are often single-differenced
(differenced between receivers) or double-differences (differenced between receivers and
satellites), which eliminates satellite-specific or receiver-specific effects at the cost of a
slightly reduced number of observations.

Figure 3.5: A network of GPS stations and their observations from GPS satellites.

The parameters solved for in the orbit determination algorithms used by IGS analysis
centres are published on the IGS website. At the time of writing, those for CODE are
shown in Table 3.5. The BERNESE [2007] software is used to determine the six Keplerian
elements of the centre of mass of each satellite at the start of the trajectory. These initial
conditions are then numerically integrated in an orbit prediction algorithm to obtain
the full ephemeris of the GPS satellites over the three days required. The force models
used include the JGM-3 gravity model [Tapley et al., 1996] to degree and order 12, the
gravitational pull of the Sun and Moon, and an empirical solar radiation pressure model
(Fliegel et al. [1992], Beutler et al. [1994]).

The forces used in the orbit prediction are described in general in Section 3.2.5 and
the mathematical description of these models is given in Section 4.4. It is to be noted
that if the force models are not known to sufficient accuracy, then orbit prediction can
be made alternatively using Fourier series of satellite fundamental arguments [Colombo,
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1989], or by utilising empirical velocity and acceleration pulses [Beutler et al., 2006], the
latter being used in CODE’s analysis.

An alternative method to orbit determination by microwave ranging, satellite posi-
tions and velocities may be determined experimentally by utilising SLR on those satellites
that contain the retro-reflectors, giving uncertainties of less than 1 cm [Urschl et al., 2007].
At present these are PRN 5 and PRN 6. There are no plans to include retro-reflectors
on any Block IIF satellites, but they may be included on Block III satellites. Whilst
GPS satellite orbit determination is routinely performed using microwave ranging, SLR
provides a precise alternative for comparison. Combining the two solutions can be prob-
lematic. [Urschl et al., 2007] gives a periodic offset between the two solutions of amplitude
10 cm, as well as a range offset of approximately 3 cm, which probably comes from the
uncertainty in the antenna phase centre and/or the retro-reflector array offsets.

Since many observations are available when such an orbit determination algorithm
operates, a weighted least squares orbit determination algorithm may be used [Tapley
et al., 2004b]. The orbit of each satellite is chosen such that it minimises the sum of the
squared residuals between the computed orbit and the observations made. Alternative
strategies include using the data in a Kalman Filter or a Square Root Information Filter
[Bierman, 1977], which operates using the square root of the Kalman Filter techniques to
aid numerical stability.

An example of the Kalman Filter implementation is the Kalman Filter used at the
GPS Master Control Station to estimate (among other things) the satellite orbit param-
eters. See [Scardera et al., 1996] for more information. An example of the Square Root
Information Filter is the GPS Multisatellite Filter/Smoother developed by the Defense
Mapping Agency for the Johns Hopkins university [Swift, 1987]. The algorithm solves
for the Keplerian elements of each satellite, the position of each monitoring station, and
various force model parameters such as gravity model coefficients and empirical radiation
pressure terms.

Note that the satellite clock offset parameters solved for in orbit determination algo-
rithms are highly correlated with the estimated range, and so can be difficult to separate
from the orbits. For an example of an algorithm exclusively for a constellation of clocks,
see [Brown, 1991].

3.2.4 Extended Ephemerides for Mobile Devices

For mobile devices using only a single-frequency antenna, only the C/A ranging code
and the Navigation message are available. In challenging signal acquisition environments,
there needs to be some other way of obtaining the ephemeris data to enable quicker TTFF
experiences. A-GPS has been described in Section 3.1.7, and mobile-station A-GPS is
routinely performed by mobile telephone networks for certain mobile devices, such as
iPhone (from the 3G model onwards) over the mobile network. The broadcast ephemeris
is obtained by GPS receivers operated by the mobile telephone network operator, who
makes the ephemeris data available to customers when required.

An alternative approach is for an agency to compute their own ephemeris for each
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GPS satellite, and make that available to devices by a communications link. Examples of
this include NemeriX, Global Locate and SiRF, who use this technique in their Nex, LTO
and InstantFix technology solutions respectively [Mattos, 2008].

To reduce or remove the need for an ephemeris to be communicated to the mobile
device from a server, the ephemeris may be computed on the mobile device. These self-
assisted GPS algorithms can be performed either using empirical models, or by using
physical force models.

Empirical models rely on the fact that the ephemeris of a satellite exhibits a trajectory
that is easy to model using curve-fitting techniques or a Fourier series. A truth model of
the satellite orbit is determined from a trusted data source, such as the IGS final orbit
products. The Keplerian elements are then plotted over a long period of time to see
how both they and their time-derivatives vary with time, and these can then be modelled
empirically.

Mattos [2008] models the observed Keplerian parameters of several years of IGS final
orbit data using curve fitting on a powerful computer, which then provides these curve-
parameters as constants of the ephemeris algorithm. The device can then extrapolate using
these curves from the latest expired broadcast ephemeris. The parameters determined are
second-difference statistics to improve the precision of the model, whilst the corrections
can be recovered from the second-difference parameters by two sets of the historical data.
Nine terms are used to describe each Keplerian element, with four from the gravitational
attraction of the Moon, and three from the Sun. Earth gravity is modelled by a constant
and rate terms. Mattos gives an accuracy of the model of 25 m/day2 of satellite orbit
prediction error in the line-of-sight direction.

[Garrison & Eichel, 2006] take a different empirical approach, where the Fourier com-
ponents of the Keplerian elements of a precise orbit are calculated for 6 months of observed
precise orbit data. The receiver can then reconstruct the rate of change of the Keplerian
elements when needed, which can be integrated onto the last observed set of Keplerian
elements. Garrison gives an accuracy of the model of 7.7 m satellite prediction orbit error
after 1 day, and 48.7 m after 3 days.

The alternative to empirical models is to integrate force models to propagate an initial
position and velocity estimate forward in time to the requested epoch. This requires more
computational power on the mobile device, but does produce a more accurate ephemeris.
This approach is taken in [Zhang et al., 2008] for SIRF’s InstantFix II technology. In Zhang
et al., the force models included are Earth gravity via a spherical harmonic expansion of
the Earth’s gravitational potential, a simple model of the gravitational pull of the Sun
and the Moon, an empirical solar radiation pressure model, and tidal effects from the Sun
and the Moon. These forces are summed in an inertial reference frame, and then used to
numerically integrate the last estimate of the satellite position and velocity available to
produce an ephemeris. Zhang gives an accuracy of 44 m satellite orbit prediction error in
the line-of-sight direction (2σ) after 3 days prediction.

Mattos [2008] also mentions the technique of numerically integrating force models,
on ST-Ericsson’s Cartesio technology. This uses a model of Earth gravity that includes
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oblateness, whilst the gravitational pull of the Sun and Moon are also modelled, along
with a simple empirical solar radiation pressure model. Mattos gives an accuracy of 50 m
satellite orbit prediction error after 3 days prediction.

The idea of numerically integrating force models to provide an ephemeris is not new,
but is only recently becoming possible to perform on mobile devices due to the increased
computing power available. All the methods of ephemeris generation mentioned in this
Section so far have assumed that the latest available ephemeris should provide the initial
conditions to propagate the orbit forward. However, Zhang et al. [2008] does perform a
least-squares algorithm to modify the empirical components of the orbit prediction model.
Using 2 days of ephemeris parameters already available, the algorithm produces an im-
proved orbit prediction error of 26 m after 4 days prediction, and this is further improved
to 18 m after 5 days prediction when using 3 days of ephemeris data. Note that this is
not, however, an orbit determination algorithm since the satellite positions and velocities
at the beginning of the estimated trajectories are not being modified from that found via
the broadcast ephemeris parameters. It also requires more computational power since a
least-squares technique needs to be applied to a predicted orbit, so the orbit needs to be
predicted each time the empirical parameters are modified.

This thesis takes an extension of the concept of Zhang et al. [2008] to modify the
initial position and velocity of the orbit that is predicted by numerical integration via
force models. This is essentially an orbit determination algorithm, using any previous
satellite ephemeris data as observation data in the algorithm. The ability to use multiple
sets of broadcast ephemeris data will be in-built into the algorithm, and no other satellite
ephemeris data will be needed. It is worth emphasising that no pseudorange data is used
in either the orbit prediction or orbit determination algorithms (unlike the approach taken
at CODE, say), the observation data is only the broadcast ephemeris data available from
previously acquired data.

3.2.5 Force Models

Once the position and velocity of a body have been determined, the orbital trajectory of
the body can be predicted providing the forces acting on the body are completely known.
One can simply integrate the force equations twice with respect to time to obtain the
position of the body at any subsequent epoch. The position and velocity of a satellite at
a given epoch can be found via the orbit determination techniques reviewed above. Thus
this review of orbit prediction will focus on the force models used.

3.2.5.1 Earth Gravity

The concept of Earth’s gravity being quantifiable began with Galileo, who proved that
acceleration due to gravity is independent of a body’s mass by rolling balls of different
weights (and hence mass) down a fixed incline and timing how long they took to reach
the bottom1 (Galileo [1638], Hawking [2002]). Determining the local gravity field near

1There is only anecdotal evidence that the Leaning Tower of Pisa experiments actually happened, but
they prove the same point.
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the North Pole at Lapland and the equator near Ecuador in the years 1735-44 led to
a realisation that the Earth was approximately an oblate spheroid, as expected from
Newtonian mechanics of a nominal non-rigid sphere that is rotating. The concept of the
geoid was developed, which is the gravitational equipotential surface that coincides with
the mean sea level. Due to variations in mass distribution around the Earth, and hence
differences in local gravity measurements, the geoid is an irregular shape. Modelling the
geoid mathematically is therefore difficult, but can be performed to arbitrary precision
by the use of spherical harmonics, which describe an arbitrary surface closed in on itself
smoothly in three dimensions. The level of precision given in spherical harmonics is by
the degree n and order m of the model. The following terminology is used:

• n gives the number of boundaries in the East-West direction.

• |n−m| gives the number of boundaries in the North-South direction.

• m = 0 is described as zonal harmonics, as there is no variation in longitude.

• n = m is described as sectoral harmonics, as there is no variation in latitude.

• The general case is described as tesseral harmonics.

Figure 3.6: Examples of Spherical Harmonics.
(a) Zonal (n=6, m=0) (b) Sectoral (n=m=7) (c) Tesseral (n=13, m=7)

Taken from [Teunissen & Kleusberg, 1998, Chapter 2].

Fig. 3.6 shows examples of spherical harmonic expansions, shown on a perfect sphere
for easy visualisation. The n = 2,m = 0 harmonic clearly can be seen to be approximating
the equatorial bulge of the earth, and is always the largest coefficient in different Earth
gravity field models after the point mass term of n = m = 0. Different Earth gravity
models have been produced, some of which are listed in Table 3.6.

3.2.5.2 Third Body Gravity Models

Due to the large distances between the satellite and other bodies apart from the Earth
in the solar system, the Moon, Sun and planets can all be approximated as point masses.
This greatly simplifies the estimation of the gravitational attraction due to these bodies,
and the problem reduces to one of determining the position of the body in the solar
system. The mass of all GNSS satellites is much less than that of the bodies as well, so
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Gravity Field Year Degree and Reference
Model Order

EGM 96 1996 360 [Lemoine, 1996]
GRIM5-C1 1999 120 [Gruber et al., 2000]
GRIM5-S1 1999 120 [Biancale et al., 2000]
JGM-3 1996 70 [Tapley et al., 1996]

GRACE GGM01 2003 200 [Tapley et al., 2004a]
GRACE GGM02 2005 200 [Tapley et al., 2005]

EGM 2008 2008 2160 [Pavlis et al., 2008]
ITG GRACE 2010 180 [Mayer-Guerr et al., 2010]

Table 3.6: Various earth gravity field models.

the problem becomes even simpler as the gravitational pull of the satellite on the body
can be comfortably ignored. While astronomical observations were initially performed in
a local topological reference frame, it soon became apparent that comparisons between
observations taken at different locations on the Earth need to be compared in a standard
reference frame. The reference frame chosen is the equatorial reference frame, which
translates and rotates the measurements to make them those that would be observed by
a fictitious observer at the centre of an opaque Earth.

The production of planetary ephemerides has been performed throughout human his-
tory, the most influential of which were the Alphonsine Tables in 1270, and the Prutenic
Tables in 1551, the latter of which were based on Copernicus’ heliocentric model of the
solar system. Johannes Kepler published the Rudolphine Tables in 1627, which were ac-
curate to within 1 arc-minute. Subsequent work tended to focus on cataloguing star,
asteroid and comet ephemerides, although three new planets and numerous natural satel-
lites were discovered in the solar system. This work is still of academic interest [Milani &
Gronchi, 2010]. More recently, a simple ephemeris generation routine has been developed
by van Flandern [1979] which is accurate to a few minutes of arc. The most accurate
ephemerides today are produced by astronomical institutes based on thousands of hours
of telescope observations, due to the large numbers of optical telescopes all over the Earth
which can therefore provide continuous measurements. Examples of this includes the Jet
Propulsion Laboratory’s SPICE algorithm for internal use, from which the derived De-
velopment Ephemerides (DE) and the Fast Interpolated Runtime Ephemeris (FIRE) are
obtained, and also the Russian Ephemerides of Planets and the Moon (EPM ) [Pitjeva,
2005]. Commonly used DE ephemerides are the DE405 ephemeris, which is valid between
the years 1600-2200 [Standish, 1998], the DE410 ephemeris, which is valid between the
years 1901-2019 [Standish, 2003], and the DE421 ephemeris, which is valid between the
years 1900-2050 [Folkner et al., 2008]. These ephemerides are highly accurate and precise,
and progressively more so with each release as data from more satellite missions becomes
available, with accuracies of sub-km reported for the interior planets1, cm accuracy re-
ported for the Moon due to lunar laser ranging, and arc-minutes for the outer planets
[Folkner et al., 2008]. Similar accuracy is reported by [Pitjeva, 2005] for the EPM2004

1With the exception of Mercury.
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planetary ephemerides.

3.2.5.3 Radiation Pressure Models

The discovery that electromagnetic radiation exerts a pressure was experimentally deter-
mined by Pyotr Lebedev in 1900 [Lebedev, 1901] who used a torsion balance in a partial
vacuum (a Nichols radiometer) to prove the concept first theorised by James Maxwell.
In Medium-Earth Orbits, the radiation pressure from the Sun is quite small (∼ 10−5 Pa)
but needs to be considered for precise orbit models that predict longer than a few min-
utes. Radiation pressure is caused due to electromagnetic radiation from other bodies
being incident on the spacecraft and imparting energy, and hence both reactive and re-
flective forces, on the spacecraft. The spacecraft will emit the absorbed radiation as an
approximately black body. Different materials on-board the spacecraft will have different
emissivity coefficients, and so will approximate a black-body to a greater or lesser extent.
So the absorbed radiation will not be emitted isotropically, but with a net resultant flux
and hence force.

Radiation pressure is deemed a non-conservative force, since the work done moving
the spacecraft between two points by this force is dependent upon the path taken1. While
the principle is the same, radiation pressure can be characterised by four terms - Solar Ra-
diation Pressure, Earth Radiation Pressure, Antenna Thrust, and Thermal Re-radiation.

Solar radiation pressure is due to electromagnetic radiation from the Sun hitting the
spacecraft. Since the Sun provides most of the photons directly hitting the spacecraft,
this force has received much attention over the past few decades. The most basic physical
force models assume a “box-wing” approach [Marshall et al., 1991] where the satellite is
modelled by a cuboid with two thin rectangles for solar panels held by infinitesimally thin
arms, as depicted in Fig. 3.7. Mean reflectivity and absorption coefficients for each of the
two elements are determined empirically or estimated.

Figure 3.7: A simple box-wing model of a satellite.
The arms of the solar panels are assumed to be infinitesimally small.

A more advanced model is by Fliegel et al. [1992] which makes use of more detailed
satellite shapes, each with its own reflectivity coefficients. The resultant accelerations are
then modelled by a Fourier series with a low number of terms. This is known as the Rock
radiation pressure model. Other models may provide empirical modification terms to the
Rock model, for instance at CODE [Beutler et al., 1994]:

~aSRP = ~aRock +X (t)~ex + Y (t)~ey + Z (t)~ez (3.1)
1This can be thought of as the spacecraft not conserving mechanical energy since incident or emitted

energy is atomic rather than mechanical.
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where ~ex, ~ey and ~ez are the unit vectors in the satellite’s body-fixed frame (see Sec.
4.2.2), ~aSRP is the satellite’s acceleration due to solar radiation pressure, ~aRock is the
solar radiation pressure model given by Fliegel et al.’s algorithm, and the three terms
X(t), Y (t), Z(t) are given by

X (t) = X0 +Xc cos (u+ φx)
Y (t) = Y0 + Yc cos (u+ φy)
Z (t) = Z0 + Zc cos (u+ φz)

(3.2)

where X0, Y0, Z0, Xc, Yc, Zc, φx, φy, φz are the nine empirical terms to be determined and
u is the satellite’s argument of latitude (i.e. the true anomaly plus argument of perigee).

A similar empirical approach was taken by Beutler et al. [1994] and Springer et al.
[1999] using a different base co-ordinate system but the same core idea:

~aSRP = D~eD+Y ~eY +B~eB+Z1 sin (u− u0)~ez+[X1 sin (u− u0) +X3 sin( 3u−u0 )]~ex (3.3)

where the unit vector ~eD points from the satellite to the Sun, the unit vector ~eY points
along the spacecraft solar panel arms, the unit vector ~eZ points to the geocentre, ~eX = ~eY ×
~eZ , the unit vector ~eB is orthogonal to the D−Y plane, and u0 is the argument of latitude
of the Sun in the orbital plane. There are six empirical parameters (D,Y,B,Z1, X1, X3)
to be determined, which are each a Fourier series of a low number of terms and only
dependent on the elevation angle of the Sun above the orbital plane and the Fourier
amplitudes which are empirically determined. In total, there are 18 empirical terms to
be calculated. Springer et al. [1999] gives an rms error over 7 days data of 5 cm, and an
rms satellite orbit prediction error of 22 cm after 2 days. Comparison of the approach
taken by Springer when enabling satellite velocity impulses each day at noon UTC was
undertaken by Sibthorpe et al. [2011] and found to give rms errors of 1.5 cm after one day
orbit prediction when including the velocity pulses, and 2.0 cm after one day when they
are not included.

An alternative approach was taken by Ziebart & Dare [2001] for GLONASS satel-
lites which uses detailed satellite shapes and an incident pixel ray-tracing methodology.
Multiple reflections are also considered, and each element of the satellite has its own re-
flectivity and absorption coefficients. When combined with a gravity model and other
non-gravitational forces that were empirically determined every five days, then a root-
mean-square (rms) error against SLR ranging of 28 mm was observed. The concept was
subsequently studied for GPS II-R satellites [Ziebart et al., 2005], the JASON-1 altime-
try satellite [Ziebart et al., 2005], and DORIS satellites [Gobinddass et al., 2009]. A full
description of the algorithm is given in Ziebart [2004].

As well as incident radiation on the satellite from the Sun, incident radiation also
occurs from the Earth as Earth radiation pressure. Approximately one-third of all solar
incident radiation on the Earth is reflected by the atmosphere and surface, giving the
earth an albedo diffuse emission of radiation. The rest is absorbed and re-emitted as
longer wavelength infra-red radiation, which along with the thermal radiation emitted by
the earth due to its internal geological mechanics can be modelled by making the Earth
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a black-body emitter. The incident radiation on the satellite can therefore be modelled
in a similar manner to that of Solar Radiation Pressure, but with the added complication
that the albedo radiation flux varies significantly over diurnal and seasonal timescales,
unlike solar radiation flux, due to changes in the cloud cover and ground vegetation. As a
result, modelling Earth radiation pressure is extremely difficult. It is monitored by various
Earth-monitoring spacecraft, such as the those of the Ceres mission [Wielicki et al., 1996].
See Fig. 3.8 for an example of the emitted Earth radiation flux, as observed by the CERES
mission. Radiation pressure from the Moon and other astronomical bodies can be ignored
due to their small angular position in the sky as observed by the satellites and the low
intensity of the radiation flux they emit.

(a) Albedo. (b) Longwave infra-red.

Figure 3.8: Average radiation flux from the Earth’s surface.
Data for January 2011 determined by the CERES mission.
Taken from the NASA Earth Observation web interface:

http://neo.sci.gsfc.nasa.gov/Search.html. Accessed 14th March 2012.

Antenna thrust is a direct result of the GPS spacecraft emitting microwave radiation
towards the Earth, which will have a direct recoil force. As a result, a simple mathematical
model can estimate the recoil force from the emitted power of the spacecraft [Ziebart et al.,
2004].

Thermal Re-radiation is the terminology used to describe the resultant force on the
spacecraft due to non-isotropic emission of black-body radiation from the spacecraft. Due
to the spacecraft components having non-perfect reflectivity, incident radiation that is
absorbed will lead to a higher temperature at some parts of the spacecraft than others. The
spacecraft will also generate heat due to its own electronics being not perfectly efficient,
and this will also be emitted in a non-isotropic manner due to the spacraft not having
radiators symmetrically placed around its surface. The combination of the two effects will
cause photons to be emitted in a non-isotropic manner from the spacecraft, leading to a
recoil force in the opposite direction. For more information, see Adhya et al. [2005].

3.2.5.4 General Relativity

Prior to the middle of the nineteenth century, scientists had assumed that Galileo’s princi-
ple of relativity was true, i.e. that non-accelerating frames were all identical, independent
of their position or velocity. The discovery that space-time is not flat was a convoluted
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discovery, with many scientists at the end of the 1800s working on the problem. Since
waves propagate in a medium, the discovery by James Clerk Maxwell in 1864 that electro-
magnetic waves travel at the speed of light [Maxwell, 1864] implied that the speed of light
would vary at a detector in varying motion relative to that medium. The medium was
denoted the luminiferous aether, and was assumed to permeate all space, even vacuum
since light was well known to travel across vacuum. Since the Earth was orbiting the Sun,
and the Sun was in motion around the centre of mass of the galaxy, it was assumed that
the speed of light would be different when observed perpendicular and then parallel to
this motion. The Michelson-Morley experiment [Michelson, 1881] [Michelson & Morley,
1887] was built to observe such a discrepancy, and famously failed to do so. The speed
of light was observed to be the same independent of the velocity of the observer. Hen-
drik Lorentz suggested a transformation of physical lengths such that objects maintained
their length when observed in the rest (aether) frame but shrunk when observed from a
frame in motion [Lorentz, 1904]. Albert Einstein [Einstein, 1905] showed that this was
true for all lengths in inertial frames, and that the rest frame need not be an aether rest
frame. Importantly, he also suggested the Lorentz transformation on the timescale too,
to provide a local time as well as proper time. This theory became known as the Special
Theory of Relativity, “special” since it did not deal with accelerating bodies, but only with
reference frames in constant velocity. Hermann Minkowski generalised Einstein’s theory
to a four-dimensional space-time which is the form in which relativity is presented today
[Minkowski, 1915].

Generalising the special relativity theory to be able to describe accelerating bodies
proved much more difficult. Einstein realised that the principle of relativity could be
applied to gravitational fields, in which case acceleration and free-fall are equivalent [Ein-
stein, 1908]. Using the mathematics of differential geometry and tensors, and in particular
the work of Bernhard Riemann, Einstein developed the mathematics of General Relativ-
ity by 1915 [Einstein, 1915] including the result of gravitational bending of light. The
full field equations were developed a few months later and published in 1916 [Einstein,
1916]. Due to the non-linearity of the field equations, Einstein assumed that they could
only be solved for real-world systems by approximations such as series expansions1, but
Schwarzschild [Schwarzschild, 1916] showed an exact solution for a universe consisting of
a solitary non-rotating body of constant density. Further exact solutions have been found
for slightly more complicated systems, e.g. a homogeneous isotropic uniformly expanding
universe [Friedman, 1922] [Friedman, 1924]. Further effects such as precession due to frame
dragging were added later [Mashhoon et al., 1984] [Pfister, 2007]. As the name suggests,
general relativity is a more generalised version of relativity than special relativity, and so
general relativity will be used when required in this thesis.

1This is actually how relativity is used in orbit prediction and determination - see Huang et al. [1990]
for an example metric.
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3.3 Data Sources

Whilst this thesis aims to produce extended ephemerides solely from broadcast ephemeris
parameters, more precise, post-processed, ephemerides may be used as truth models to
compare the predicted ephemeris against. Also, for the analysis in this thesis, there is no
actual GPS receiver with an antenna and correlator; the ephemeris is produced entirely
in software from previously available ephemerides, which need to be obtained from other
GPS receivers in a standard format. The types of these data files, and the sources of
where to obtain them, is discussed here. Other non-ephemeris data is also required for the
various frame transformations, and is also discussed,

3.3.1 Navigation Message Data

There are multiple data sources available for the positions of GPS satellites. The one most
easily available is the Navigation message broadcast on the GPS L1 carrier frequency.
Whilst most geodetic GPS receivers allow users to save this navigation message as a NAV
RINEX1 data file [Gurtner & Estey, 2007], only the ephemeris parameters for satellites
observed at that epoch will be recorded. Various organisations combine multiple NAV
RINEX files into one file per day that contains all the available messages. These are
known as BRDC 2 data files, and are available each day from the FTP sites of the IGS
analysis centres.

3.3.2 Precise Ephemerides of GPS Satellites

The IGS also give various orbit data files in the SP3 format [Hilla, 2007]. These are the
satellite positions calculated by the IGS analysis centres, as described in Section 3.2.3.1.
Both Final Product and Rapid Product versions are available, with the Rapid products
available after 41 hours and the Final products available after 18 days. Ultra-Rapid
Products are also available, with the later half of the data predicted rather than estimated.
After the analysis centres have calculated these products, the IGS computes a weighted
mean of the orbits and clocks before making the IGS combined version of these products
available from their FTP site. The Final and Rapid products have rms errors of around
2.5 cm, whilst the Ultra-Rapid product has an rms error of 3 cm [Dow et al., 2009]. The
ephemerides are provided in a reference frame labelled at the top of the SP3 file, which is
usually the IGS’s own reference frame; the data is timestamped in the IGS’s own reference
timescale.

JPL also produce daily data files that contain the positions and velocities of the
satellite at 15 minute intervals, again available on their FTP site. These are in a daily
estimate of the GCRF reference frame, and are timestamped with an estimate of the UTC
timescale.

1Receiver Independent Exchange Format (RINEX) is a group of text formats for Observations of
ranging data (OBS), Navigation data (NAV), and Meteorological data (MET).

2BRDC is a shortening of the word BRoaDCast.
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Block No. ∆x ∆y ∆z
I 0.0000 0.0000 0.0000
II/IIA 0.2790 0.0000 2.3384
IIR 0.0000 0.0000 1.3326
IIR-M 0.0000 0.0000 0.0000

Table 3.7: Example of Computed Phase Offsets.
Units are in metres in the local body-fixed frame.

Taken from Schmid & Rothacher [2003].

3.3.3 Antenna Phase Centre Mean Offset and Variation Models

Care must be taken when comparing GPS satellite positions from multiple data sources,
since the JPL and IGS products refer to the centre of mass of the satellite, whereas the
broadcast ephemeris data refers to the Antenna Phase Centre (APC). Whilst users of the
ephemerides may wish to know the ephemeris of the antenna phase centre to estimate the
receiver position from pseudorange observations, the satellite dynamics are determined
by the location of the centre of mass of the satellite. Thus the position vector of the
broadcast ephemeris needs to be corrected to the centre of mass before any force models
can be applied or comparisons made. Various tables of mean corrections are available, for
instance those observed in Table 3.7 [Schmid & Rothacher, 2003]. The IGS provides a
datafile on their FTP site listing the estimated mean antenna phase centre offsets for each
GPS satellite, along with phase centre variations in certain directions from the nominal
broadcast direction. These are of the order of mm, and so are neglected for this thesis to
aid algorithm execution time.

For this thesis, since the United States Air Force compute the position of the antenna
phase centres from the centre of mass using the phase offsets provided by the National
Geospatial-Intelligence Agency (NGA), which are published on their website 1, these NGA
offsets will be used. Using the same values as the United States Air Force means that the
same ephemerides of the centre of mass can be determined, just as was originally used for
the calculation of the broadcast ephemeris. The published IGS values on their FTP site
are also used as an alternative model.

3.3.4 Earth Orientation Parameters

For the transformation matrices between an Earth-centred Earth-fixed reference frame and
an Earth-centred inertial frame, a certain precession and nutation model of Earth motion
is used. Each model will give slightly different estimated or predicted orientations of the
inertial reference frame. These parameters are known as Earth Orientation Parameters.
For this thesis, previously acquired broadcast ephemeris data is used, and so the Earth
Orientation Parameters can be those estimated rather than predicted. The International
Earth Rotation Service (IERS) provides these parameters for the most popular precession-
nutation model combinations, and produces them monthly on their FTP site, published

1http://earth-info.nga.mil/GandG/sathtml/gpsdoc2011_07a.html. Accessed 10th March 2012.
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in Bulletins A and B. The relevant Earth Orientation Parameters are then used for the
chosen precession-nutation model that is chosen in this thesis.

3.4 Summary of Chapter

This chapter describes the GPS navigation message, and how GPS receivers acquire it from
the broadcast signals on the L1 frequency. The concept of Time To First Fix (TTFF) was
introduced, and how Assisted-GPS (AGPS) may be used to improve it. The benefits and
potential drawbacks of AGPS have been presented, and how self-assisted GPS via the
internal generation of extended ephemerides of GPS satellite orbits on the mobile device
may alleviate these problems. A literature review of orbit determination, including the
techniques required for self-assisted GPS extended ephemeris generation, was presented,
along with a review of orbit prediction techniques via various force models. The math-
ematics of both the orbit determination and orbit prediction models were skipped over,
and so are presented in the subsequent chapter.
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Chapter 4

Theory and Mathematical Basis

In this study, predicting the orbits of GPS satellites requires an amalgamation of mathe-
matical models. Firstly, the satellite position and velocity at the requested epoch need to
be determined from the supplied ephemeris. If the ephemeris is given in a frame that is
non-inertial, the satellite position and velocity need to be rotated into an (approximately)
inertial frame to allow force modelling to be used to predict the satellite kinematics. The
forces acting on a satellite need to be determined, and these then summed and numeri-
cally integrated to give a prediction of the satellite trajectory and hence the position and
velocity at the requested epoch. This chapter looks at the mathematics of how various
models can be derived and configured for each of these stages.

Once an orbit prediction algorithm has been developed, it can be used as part of an
orbit determination algorithm. This is used to provide a better estimate of the satellite
position and velocity at the initial epoch, which can be used instead of the broadcast
ephemeris. This chapter also looks at how this can be performed when previous ephemeris
data is available and how this can be used to determine the orbit at any epoch. This then
can be used as a modified set of initial conditions for the orbit prediction algorithm to
provide a better predicted orbit.

4.1 Introduction to Orbits

As discussed in Section 3.2.1, Kepler discovered that planets, including the Earth, orbit
the Sun following a trajectory closely modelled by an ellipse, as given by Kepler’s first law.
Newton showed that elliptical orbits can be explained by an inverse-square law, known as
Newton’s Law of Gravitation:

~FG = −Gm1m2

|~r|2
r̂ (4.1)

where G is Newton’s gravitational constant, m1 and m2 are the masses of the Sun and
the planet respectively, and ~r is the vector between the two bodies. This is only valid for
inertial reference frames, which is not the case for an Earth-fixed observer. Also, this is
only strictly true for a two-body system where no forces other than gravity are present.
In the solar system, there are many thousand of bodies such as planets, natural satellites,

63



4. THEORY AND MATHEMATICAL BASIS

asteroids, meteors and comets, whilst the Sun emits solar radiation which pushes each
body, which as well as being direct on a given surface can also be reflected from other
bodies. Finally, Eq. 4.1 assumes that each body is spherical with uniform density, which
is clearly an idealised situation. All these effects mean that while Eq. 4.1 is the dominant
force to be considered, it is not the only force to be considered. So an understanding of the
mathematics and physics of these gravitational forces, as well as the other forces on the
body in question, is required to understand the dynamics (forces) which give rise to the
kinematics (motion) of the orbiting body. However, it is crucial to properly understand
the issue of the reference frame, since this describes the mathematical sandbox in which
all mathematical models (and hence links to observations) must be made.

4.1.1 Introduction to Reference Systems and Frames

A reference system is a mathematical basis in which all mathematical models of a system
must be set, where the parameters used to describe the system in question must be linked to
observable physical quantities in the universe. Usually the reference system is described by
ortho-normal parameters, where each parameter has a size of one unit and are orthogonal
to each other in concept space. This means each parameter is independent of each other.
In a reference system in which orbits are described, it is clearly desirable to have a reference
system that spans all of space and the parameters represent variables that describe the
spatial position of any point in the universe. To first order, the universe is Euclidean with
three dimensions, so three spatial parameters need to be used to describe any point in the
universe. Fig 4.1 show three different ortho-normal reference systems.

(a) The Cartesian co-ordinate
system.

(b) The equatorial co-
ordinate system.

(c) The spherical co-ordinate
system.

Figure 4.1: Different three-dimensional reference systems.
Blue symbols denote the three variables used to spatially describe the position P in the

three dimensions.

As can be seen from Fig. 4.1, as well as the three parameters being orthogonal to
each other, a key decision is the orientation of the reference frame, often described as the
orientation of the axes. Having decided the orientation of the axes and the choice of ortho-
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normal parameters, it is required to realise the reference system as a usable co-ordinate
frame in physical space. This has to be done by agreeing what type of co-ordinate system
to use, and how to define the orientation in physical space. Note that the Reference System
describes the mathematical construct to be used, whereas the realisation in the physical
universe is the Reference Frame.

Most reference frames in which satellite orbits are described are derived from many
observations of satellite orbit data, planetary ephemerides, star charts and Very Long
Baseline Interferometry (VLBI) (see Chapter 11.1 of Seeber [2003]). Each reference station
that made observations for that reference frame is given a position and velocity at a given
epoch, and that epoch is the point in time to which the frame is referenced to. For
instance, the ITRF2005 reference frame is referenced to the epoch of 1st January 2005.
Station positions can then be modelled at any subsequent epoch by translating the position
to that at the requested epoch.

Once the frame has been defined, representations in that frame can be transformed to
other frames using rotations, translations and rescaling. For example, ephemerides that
are in the same frame but have different parametrisations can be moved between via such
functions. For instance, since the equatorial co-ordinate system shown in Fig. 4.1b and the
(Earth-centred inertial) Cartesian co-ordinate system shown in Fig. 4.1a have the same
origin and orientation of axes, a Cartesian ephemeris can be determined from equatorial
co-ordinates by the equations

x = r cos (δ) cos (α)
y = r cos (δ) sin (α)
z = r sin (δ)

(4.2)

where the Cartesian co-ordinates are those shown in Fig. 4.1a and the equatorial co-
ordinates are those shown in Fig. 4.1b. The reverse transformation can also be performed:

α = arctan
( y
x

)
δ = arctan

(
z√
x2+y2

)
r =

√
x2 + y2 + z2

(4.3)

Newton’s third law says that the Newtonian laws of motion are only valid in an inertial
reference frame, which is defined by the requirement∑

i

~Fi = 0 (4.4)

where i runs over all the forces ~F acting on all bodies. In principle, all force modelling
should occur in a fully defined inertial reference frame, to avoid fictitious forces having
to be included in the force models. In practice, a fully defined inertial reference frame
is impossible to obtain, and so various approximations have to be made. In the applica-
tion of satellite orbits, one obvious approximation is to ignore the various forces that the
satellite exerts on other bodies, since the mass of the Earth, Sun, Moon and other astro-
nomical bodies are much greater than that of the satellite, so the resultant accelerations
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of these bodies due to the gravitational pull of the satellite can be ignored for all practical
applications. Hence ∑

i

~Fi 6= 0 (4.5)

where ~Fi is the force due to a particular force model. Due to the additive and commutative
nature of forces in inertial frames, the various force models can be simply added together
in any order, so long as they are independent and in the same inertial reference frame.

~Fsat =
∑
i

~Fi (4.6)

4.2 Reference Frames and Timescales

4.2.1 Inertial and Rotating Reference Frames

Since Newton’s laws are only valid in such reference frames, all forces should be deter-
mined in an (at least approximately) inertial reference frame, . But firstly the choice of
inertial reference frame needs to be made, and then the frame transformation methodol-
ogy determined to the WGS84 reference frame that the GPS broadcast ephemerides are
supplied in.

The inertial reference system most commonly used in astronomy and celestial me-
chanics is the International Celestial Reference System (ICRS) [Arias et al., 1995]. The
ICRS is defined in the following way:

• The origin of the reference system is at the centre of mass of the solar system, i.e.
the barycentre.

• The z axis is defined as the direction orthogonal to the equatorial plane, positive in
the northern hemisphere.

• The x axis is defined as the direction from the centre of mass of the Earth to the
Vernal Equinox (mapped onto the equatorial plane).

• The y axis forms a right-handed ortho-normal set.

A realisation of this reference system is given by the Geocentric Celestial Reference Frame
(GCRF), which has the origin at the centre of mass of the Earth, and is measured against
a catalogue of various stars and galaxies by the process of VLBI. The unit of distance
in this reference frame is the metre, as defined by the Bureau International des Poids
et Mesures (BIPM ), the international body responsible for defining and maintaining the
International System (SI) of units [Wallard, 2006]. Note that the reference frame is not
truly inertial - the Earth moves around the Sun, the Sun around the centre of the galaxy,
and the distant bodies in the star catalogues also have relative motion to the Earth.
Also, the observations that defined the reference frame had noise present. As a result,
the orientation slowly moves in time, and it becomes important to note which epoch the
reference frame refers to. For comparisons over long time periods, it is therefore required
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to specify which inertial frame and at which epoch is being used. Whilst this is arbitrary,
the epoch currently used in astronomy is midday 1st January 2000, and the reference
frame at this epoch is called J2000. This tends to be updated to a new version every 50
years.

By contrast, the GPS broadcast ephemerides are provided in a reference frame that
rotates with the Earth, so the stationary user position is fixed in time. Also, various
models of the Earth, such as spherical harmonic expansions of a property of the Earth such
as gravitational potential, are given as functions of geographical latitude and longitude,
which co-rotate with the Earth. The GPS satellites broadcast their positions via osculating
Keplerian elements in the World Geodetic System 1984 (WGS84), whose realisation is an
example of an Earth-Centred Earth-Fixed, or terrestrial, reference frame. The WGS84
reference system is defined in the following way [NIMA, 2000]:

• The origin of the reference system is at the centre of mass of the Earth.

• The z axis is defined as the direction from the centre of mass of the Earth to the
IERS Reference Pole.

• The x axis is defined as the direction from the centre of mass of the Earth to the
IERS Prime Meridian.

• The y axis forms a right-handed Earth-centred Earth-fixed ortho-normal set.

The realisation of the WGS84 reference system is defined at the 1984.0 epoch, and comes
from a network of various GPS receiver reference stations situated around the world.

The WGS84 reference frame is an example of an Earth-centred Earth-fixed (ECEF)
reference frame; so-called because it rotates with the Earth’s surface as the Earth spins
on its rotation axis. Position co-ordinates of stationary objects will not change in Earth-
centred Earth-fixed reference frames, so they are ideal for describing points of interest
on the Earth for terrestrial users. By contrast, the GCRF reference frame is an example
of an Earth-centred inertial (ECI) reference frame; so-called because it remains fixed (to
first order) to the background stars, and the Earth spins in the frame. Such reference
frames are ideal for describing satellite and planetary motion, since the reference frame is
approximately inertial and so Newton’s laws can be utilised to predict the ephemeris of
the body in question.

An alternative Earth-centred Earth-fixed reference frame is the International Terres-
trial Reference Frame at a given epoch, for instance ITRF 2005 [Altamimi et al., 2007].
This uses a more dense global network of GPS receivers than for the realisation of WGS84,
and also VLBI observations to produce a more stable reference frame. WGS84 has been
aligned closely to the ITRF reference frames over the past decade, and the two are cur-
rently in agreement to better than a metre, and the difference is fairly stable in time
[Merrigan et al., 2002].

It is worth mentioning that both Earth-centred inertial and Earth-centred Earth-fixed
reference frames refer to the centre of mass of the Earth, but the location of this is difficult
to determine. A dedicated study by Vigue et al. [1992] looked at the WGS84 estimate
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of the position of the geocentre, referenced to the geocentre of a GPS-independent frame
(SV5) found via VLBI and SLR, and found that the difference between the two had an
rms of up to 30 cm over a 25 day period, mainly in the z direction.

4.2.2 Satellite Based Reference Frames

Whilst reference frames based on the centre of mass of the Earth are desirable for predicting
orbits and modelling forces, it is beneficial at times to consider satellite based reference
frames. One such frame is the Body Fixed System (BFS), which is useful to describe forces
that are dependent on the spacecraft attitude. This is defined as the following [Sibthorpe
et al., 2011]:

• The origin of the reference frame is at the centre of mass of the spacecraft.

• The z axis is defined as the direction from the centre of mass of the satellite parallel
to the antenna boresight.

• The y axis is defined as the direction from the centre of mass of the satellite parallel
to the solar panel boom arms.

• The x axis forms a right-handed ortho-normal set.

By contrast, the Height Cross-track Along-track (HCL) reference system is defined
in terms of the satellite’s kinematics, and hence is useful to see the effects of forces, and
especially the satellite kinematics, as observed by an idealised geocentric observer. This
is defined as the following [Vallado, 2007]:

• The h axis is defined as the direction from the centre of mass of the Earth to the
centre of mass of the satellite.

• The c axis is defined as the direction from the centre of mass of the satellite to the
normal to the satellite’s orbital plane.

• The l axis forms a right-handed ortho-normal set.

Note that for a circular orbit (i.e. zero eccentricity), the satellite velocity is in the along-
track direction; this is not true in general. Since GPS orbits have a small eccentricity
(e ≈ 0.01), the majority of the velocity will be in the along-track direction.

Both the HCL reference frame and a realisation of a BFS system can be seen in Fig.
4.2. The HCL frame is sometimes referred to as the RSW frame [Vallado, 2007].

4.2.3 Reference Timescales

Reference timescales form an integral part of any temporally-varying observations. A
timescale is the realisation of a theoretical basis of timing events. As such, timescales are
either the events marked by a clock of some description, or the result of an algorithm to
combine clocks into an ensemble.
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(a) The HCL reference frame. (b) The BFS system.

Figure 4.2: The HCL reference frame and BFS system realised on a satellite.
The blue dot represents the centre of mass of the spacecraft.

The reference timescale in which the unit of second is defined is Universal Coordinated
Time (UTC), which is defined by the BIPM in the Circular T bulletin, issued monthly.
Circular T denotes the offsets of the timescales of various laboratories around the world
from UTC, i.e. it reports UTC - UTC(k) for each laboratory k. This is performed on
past data, so laboratories only know how their own timescales UTC(k) differ from UTC
in the past, not in real-time. In practice, the United States Naval Observatory (USNO)
contains the highest proportion of the number of atomic clocks contributing to UTC, and
so UTC(USNO) is a good approximation to UTC, being within a few ns of UTC.

The BIPM calculate UTC in the following way. A laboratory operates its own
timescale and takes regular measurements of the difference of that timescale from that
of other laboratories, either by GPS time transfer [Allan & Weiss, 1980], or by a dedicated
Two-Way Satellite Time and Frequency Transfer (TWSTFT ) link [Kirchner, 1991]. These
measurements are sent to the BIPM who use the ALGOS algorithm [Tavella & Thomas,
1991] to perform a weighted average of each clock link to determine a global ensemble
average. This is known as International Atomic Time (TAI). Leap seconds are then added
to this value to make sure that UT1, which is a global average of mean solar time mapped
to the Greenwich meridian, differs from UTC by no more than 0.9 s. This result is UTC.

The GPS system uses its own internal timescale, called GPS System Time (GPST).
It is kept within 10 ns of UTC(USNO), as determined by a dedicated TWSTFT link
between the MCS and USNO. However, GPST has no leap seconds in it except for those
applied to UTC when the GPST timescale started at midnight January 6 1980 [McCarthy
& Seidelmann, 2009].

Another timescale used occasionally is the Terrestrial Time timescale, which is the
forerunner of UTC and is still used to model dynamical non-relativistic events on the
surface of the Earth.
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Mathematically, these different timescales are related to TAI by the following:

• UTC − TAI = n s

• GPST − TAI ≈ −19 s

• TT − TAI = 32.184 s

where n is the number of leap seconds advised by the International Earth Rotation Service
(IERS) after observing UT1− UTC.

These timescales are not relativistic, in the sense that while general relativity cor-
rections have been applied to the observations that went into the timescale so that they
all refer to a clock ticking on the reference geoid, no provision is made for users mov-
ing at relativistic speeds or at different gravitational potentials to the geoid. Relativistic
timescales are derived from UTC for users who wish to use a timescale where relativistic
effects become important. Applications include clocks on-board spacecraft orbiting other
planets, and space probes with large geocentric velocity vectors such as the Voyager and
Pioneer missions. These reference timescales need to be Coordinated, which means they
refer to a timescale ticking at a certain location. Hence UTC is Coordinated to be ticking
on the geoid. Two other Coordinated timescales in use for missions in the solar system
are Geocentric Co-ordinate Time (TCG), which is referenced to the centre of mass of the
Earth, and Barycentric Co-ordinate Time (TCB) which is referenced to the centre of mass
of the solar system. By convention, both agree with TT on the first of January 1977, which
gives (Wolf & Petit [1995], Seidelmann & Fukushima [1992]):

TCG− TT =
(
6.9692903× 10−10

)
· (TTJD − 2443144.5) · 86400 (4.7)

TCB − TCG =
(
1.4808268457× 10−8

)
· (TTJD − 2443144.5) · 86400 + P (4.8)

in units of s, where TTJD is the Julian Date in the TT timescale, and P is a long-term
periodic factor which can be approximated over the period of decades by

P ≈ +0.0016568 sin (35999.37◦TTT + 357.5◦)
+0.0000224 sin (32964.5◦TTT + 246◦)
+0.0000138 sin (71998.7◦TTT + 355◦)
+0.0000048 sin (3034.9◦TTT + 25◦)
+0.0000047 sin (34777.3◦TTT + 230◦)

(4.9)

where TTT is the number of centuries in the TT timescale since the J2000 epoch. It can
clearly be seen that TCG remains close to TT, whereas TCB has drifted almost linearly
away by many seconds at the current time.

As can be seen above, a useful parameter in various rotation models is the number of
Julian centuries since the J2000 epoch in the timescale X:

TX = JDX − 2451545
36525 (4.10)
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where JDX is the Julian Date of the epoch in question, in theX timescale. This parameter
is of great use when modelling various effects that exhibit important results over decadal
periods of time.

4.2.4 Relating Reference Frames

All Cartesian non-relativistic reference frames can be related to each other by the following
mappings:

• Rotation about the three orthogonal axes.

• Translation between the origins of the reference frames.

• Re-scaling of the unit of distance by a scaling factor.

Each of these mappings can be time dependent, and so can be modelled as a function of
time. Often this is either a constant mapping (i.e. a 7-parameter transformation) or a
linear mapping in time (i.e. a 14-parameter transformation, since the time-derivative of
each component needs to be determined).

It is worth mentioning at this point that the three rotations about the local x, y and
z axes are given by

Rx(φ) =


1 0 0
0 + cosφ + sinφ
0 − sinφ + cosφ



Ry(φ) =


+ cosφ 0 − sinφ

0 1 0
+ sinφ 0 + cosφ



Rz(φ) =


+ cosφ + sinφ 0
− sinφ + cosφ 0

0 0 1



(4.11)

for a given rotation angle φ. These will be of use throughout the subsequent Sections.

4.2.4.1 Earth-Centred Earth-Fixed to Earth-Centred Inertial

The dominant term to be included when rotating from an Earth-centred Earth-fixed ref-
erence frame into an Earth-centred inertial frame is clearly the rotation of the Earth since
the epoch when the two Meridians agree. If the Earth were rotating in isolation far from
any other massive bodies, then the rotation between an Earth-centred Earth-fixed and an
Earth-centred inertial frame would be simply given by utilising the rotation matrix

Θ(t) = Rz(θGMST ) (4.12)

where θGMST is the Greenwich Mean Sidereal Time, the angle the Earth rotates through
a time t after midnight (in the TT timescale) at the Greenwich Meridian.
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In practice, the Earth is not isolated in the universe - the Sun and Moon (and other
astronomical bodies, but to a lesser extent) each exert a torque on the rotating earth due
to gravity, causing a precession of the spin axis with respect to the celestial pole. The
accumulation of these effects can be modelled by two rotation matrices - the long-period
rotation by a Precession matrix P , and the short-period component by a Nutation matrix
N .

Figure 4.3: The concept of precession.
The oblate body in green is spinning about the pink spin axis, whilst under a

gravitational pull of the yellow body, which has the black ecliptic plane.
Adapted from Fig. 7.1 of Stacey [2008].

Consider Fig. 4.3. The mass of an oblate spheroid of uniform mass can be modelled
as two rigidly separated point masses, each of equal mass m. The point mass closest to
the yellow body will experience a greater force than the other point mass, and since it is in
angular motion, will experience a torque greater than that of the other point mass (which
would be in the opposite direction). The net torque on the two point masses causes the
oblate spheroid to precess around the ecliptic pole.

72



4. THEORY AND MATHEMATICAL BASIS

The Earth experiences a precession of its spin axis due to the gravitational pull of the
Moon and the Sun, and the angles between their relevant ecliptics and the spin axis of the
Earth. As well as having profound effects on the climate of the Earth such as Milankovich
cycles [Hays et al., 1976], this also causes a complication when rotating between inertial
and Earth-fixed reference frames.

The aim is to calculate the rotation matrix of the transformation between the inertial
frame at the epoch in question and the inertial frame at a given epoch. The current
reference epoch is J2000. It can be seen in Fig. 4.4 the various angles used in precession
theory are:

Figure 4.4: The angles in precession theory.
The equator of the Earth is denoted by black, whilst the ecliptic is given in red. Dashed
lines denote the position of the planes at the reference epoch; full lines the position of
the planes at the epoch in question. The vernal equinoxes for each epoch are labelled in
blue, and the obliquity angles in magenta. The three angles of the precession theory are
given in green. Subscript i denotes before the precession has been modelled; f denotes

afterwards.

• θ is the angle between the equatorial plane at the reference epoch, and the equatorial
plane at the required epoch.

• ζ is the angle between the longitudes of the Prime Meridians at the reference epoch
and at the required epoch, as measured from the pole of the reference epoch.

• z is the same angle but measured instead from the equatorial pole at the required
epoch.

The period of the Earth’s precession around the ecliptic pole is approximately 25,765
years and is known as a Great Year. The rotation matrix for relating a precessed frame
to that at the reference epoch is given by [Lieske et al., 1977]:

P = Rz(−90◦ − z)Rx(θ)Rz(90◦ − ζ) (4.13)
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By contrast, nutation is the short-period motion of the Earth’s rotation axis with
respect to the space-fixed co-ordinate system [Seidelmann, 1982]. It can be visualised
as a complicated rocking to-and-fro in two angles - the ecliptic angle and the longitude.
They are caused by lunisolar torques (causing lunisolar nutation) and by planetary torques
(causing planetary nutation). The two angles are effectively Euler angles, and can be seen
in Fig. 4.51. They can be modelled as nutation in the ecliptic, and nutation in longitude.

Figure 4.5: The angles to be modelled in nutation.
Red denotes the ecliptic plane, whereas black denotes the equatorial plane. The

equatorial plane predicted by the precession model is given dotted; the true equatorial
plane is given by the full black line. The two angles to be determined in the nutation

model are shown in green.

More advanced theories of nutation also model the effects of the Earth having an
inner and outer core as well as a mantle, all of which contain ferrous material in motion,
which will create a Lorentz force. See Mathews [2002] for an example of such a theory,
currently used in the IERS Conventions [McCarthy & Petit, 2004].

If the nutation in the ecliptic is given by ∆ε and the nutation in longitude is given by
∆Ψ, then the rotation matrix that applies nutation corrections is given by

N = Rx (−ε−∆ε)Rz (−∆Ψ)Rx (ε) (4.14)

Clearly the main rotation to apply from a rotating Earth-fixed reference frame to an
inertial frame is to take into account the rotation of the earth about the equatorial axis.
Since the Prime Meridian moves not just due to the uniform rotation of the earth but also
due to the nutation in longitude, then the rotation angle θGMST is instead replaced by the
Greenwich Apparent Sidereal Time (θGAST ), which is defined as

θGAST = θGMST + ∆Ψ cos (ε) (4.15)

The rotation matrix, instead of the example given in Eq. 4.12, is now given by

Θ = Rz (θGAST ) (4.16)
1Euler angles for a fixed body are pitch, roll and yaw. For a spinning body such as the Earth, other

orthogonal angles are chosen, but the principle is the same. See p. 535 of Gregory [2006] for a full
description.
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It should also be noted that no matter how convoluted or involved the nutation
model, there will always be differences between the observed rotation and that predicted
by the precession and nutation models. This is because the Earth does not have uniform
density, and pressure gradients in the atmosphere and oceans cause fluid dynamics that
are extremely difficult to model in the long term. These cause the axis of the body to
be slightly different to the axis of rotation, causing internal mass movements which cause
the Earth to change its orientation. The largest effect is known as the Chandler wobble,
which has a period of 433 days [Stacey, 2008, Section 7.3]. As a result, the most precise
models for frame transformations of past data need to take into account these corrections.
These corrections are supplied by Earth orientation agencies, such as the IERS, and need
to be used in conjunction with a given precession-nutation model. The parameters are
given as xp and yp, which are the corrections in the x and y directions of the non-corrected
Earth-fixed frame. The rotation matrix is given by

Π = Ry(−xp)Rx(−yp) (4.17)

The complete rotation matrix between an Earth-centred Earth-fixed frame and an
Earth-fixed inertial frame is therefore given by

Recef-to-eci = ΠΘNP (4.18)

and is usually simply denoted by “R”. A position of an event in an Earth-centred Earth-
fixed frame, ~recef , is thus found from the same event described in an Earth-centred inertial
frame ~reci as

~recef = R~reci (4.19)

To transform velocities between reference frames, Eq. 4.19, and hence Eq. 4.18,
should be differentiated with respect to time. In practice, however, the rotation by GAST
is the rotation angle that changes the most rapidly, and so the rate of change of rotation
by θGAST dominates all other terms:

Ṙ ≈ ΠdΘ
dt
NP (4.20)

where, if we (t) denotes the angular rotation speed of the Earth at that epoch,

dΘ
dt

= we (t)


0 1 0
−1 0 0

0 0 0

Θ (4.21)

This gives rise to a rotation methodology for velocities from Eq. 4.19

~̇recef = R~̇reci + Ṙ~reci (4.22)

Moving co-ordinates from an Earth-centred Earth-fixed reference frame to an Earth-
centred inertial reference frame involves inverting Eq. 4.19 and Eq. 4.22 to solve for the
the inertial position and velocity. Note that since the R matrix is a rotation matrix, it
has unit determinant and hence is orthogonal, i.e. R−1 = RT .
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4.2.4.2 Earth-Centred Inertial Frame to Height Cross-track Along-track
Frame.

The HCL frame is defined by the unit vectors ĥ, ĉ and l̂, in the H, C and L directions
respectively. An error vector in an Earth-centred inertial reference frame can be rotated
into the HCL basis by a simple rotation matrix:

∆~rhcl = Reci-to-hcl∆~reci =


ĥx ĥy ĥz

ĉx ĉy ĉz

l̂x l̂y l̂z

∆~reci (4.23)

where the vector subscripts denote the components in the Earth-centred inertial frame,
and the 3 unit vectors are given by

ĥ = 1
|~r|~r

ĉ = 1
|~v×~r| (~v × ~r)

l̂ = ĥ× ĉ

(4.24)

where ~r and ~v are respectively the position and velocity vectors of the satellite in the
inertial reference frame.

4.2.4.3 Earth-Centred Inertial Frame to Body-Fixed Systems.

The BFS system can be realised on a specific satellite by taking into account its orientation
to the Earth and the Sun, since the spacecraft antenna array should point to the geocentre
and the solar panels point to the Sun. Mathematically, the BFS system is defined by
the three unit vectors X̂, Ŷ and Ẑ, where capital letters have been used to distinguish
them from the Earth-centred inertial unit vectors. An offset in an Earth-centred inertial
reference frame can be rotated into a realisation of the BFS system on a given satellite by
the rotation

∆~rbfs = Reci2bfs∆~reci =


X̂x X̂y X̂z

Ŷx Ŷy Ŷz

Ẑx Ẑy Ẑz

∆~reci (4.25)

where the 3 unit vectors are given by

Ẑ = − 1
|~r|~r

Ŷ = 1
|Ẑ×~p|

(
Ẑ × ~p

)
X̂ = Ŷ × Ẑ

(4.26)

where ~r is the satellite position vector and ~p the vector from the spacecraft to the Sun,
both in the Earth-centred inertial reference frame. Note that these unit vectors are more
computationally intensive to compute than those of Eq. 4.24, due to the Sun position
needed to be calculated.

Having determined suitable inertial reference frames and timescales, these can be
utilised for the problems of orbit determination and prediction.
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4.3 Interpolation of Orbits

The timestamp of ephemeris parameters may not be exactly at the epoch that is needed
for determining the position of the body. As a result, some sort of interpolation from
the given ephemeris needs to occur. This section looks at how different algorithms to
determine the satellite position and velocity can be used when certain types of ephemeris
data are available. These algorithms will be used extensively for the ephemerides of GPS
satellites in this thesis.

4.3.1 Orbit Interpolation from Inertial Co-ordinates

If an ephemeris is provided in the form of a series of timestamped satellite positions
sampled in an inertial reference frame, then the satellite position at an arbitrary epoch can
be estimated by a polynomial interpolation. Care must be taken however that the sampling
frequency is not so low that periodic effects with a higher frequency are unobservable. The
algorithm for polynomial interpolation is as follows.

Consider an ephemeris of n positions of a satellite in an inertial reference frame,
labelled x1, x2, . . . xn sampled at epochs t1, t2 . . . tn 1. If a polynomial of order n− 1 is fit
through the data, then the ephemeris can be empirically modelled as

x1 = a0 + a1t1 + . . . an−1t
n−1
1

x2 = a0 + a1t2 + . . . an−1t
n−1
2

...
...

xn = a0 + a1tn + . . . an−1t
n−1
n

(4.27)

However, care must be taken as to the representation of time in this algorithm. If t is
chosen as the Julian Date, for instance, then tn−1

n can be a very large number, leading to
numerical stability problems when implemented on a computer with finite precision. So a
normalisation in the time domain should be performed, with

t′i = ti/ (tn − t1) (4.28)

which gives a more stable solution. Eq. 4.27, with the modified time domain, can be
written as a matrix equation

X = AK (4.29)

where the vectors X and K are respectively given by

X =


x1

x2
...
xn


1The algorithm should be performed on the x, y and z components in turn, but for clarity this

description describes only the x component.
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K =


a0

a1
...

an−1


and the Vandermonde matrix [Hamming, 1973] A given by

A =


1 t′1 . . . t′n−1

1
1 t′2 . . . t′n−1

2
...

... . . . ...
1 t′n . . . t′n−1

n

 (4.30)

To determine the coefficients K, Eq. 4.29 needs to be solved for K, and since A is square,
then this is easily done by

K = A−1X (4.31)

Having determined the coefficients, the time the ephemeris is to be determined for t is
normalised using Eq. 4.28 to become t′ and then the x coordinate required is constructed:

x = a0 + a1t
′ + . . .+ an−1t

′n−1 (4.32)

This is similarly performed for both the y and the z co-ordinates to obtain the full satellite
ephemeris. Note that the Amatrix will be identical for all three co-ordinates, so only needs
computing once. Also, if the time between measurements is assumed to be known, for
instance if the ephemeris is always timestamped at regular intervals, then the algorithm
can be further optimised by pre-computing A−1 off-line, and hence not needing any matrix
inversion during runtime.

The satellite velocity in the inertial reference frame can also be computed from the
ephemeris since velocity is the first derivative of position with respect to time. The em-
pirical model given in Eq. 4.32 can be differentiated with respect to time to obtain

vx = a1 + 2a2t
′ + . . .+ (n− 1) an−1t

′n−2 (4.33)

Note that strictly the formulation above should be performed in an inertial reference
frame, but a polynomial fit on Earth-centred Earth-fixed co-ordinates should work as well
providing the difference between the timestamps of each ephemeris is not more than an
hour or so, since the Earth orientation parameters do not significantly change over this
duration.

4.3.2 Orbit Interpolation from Keplerian Elements

Some satellite ephemerides are provided in standard Keplerian elements, which are
a, e, i,Ω, ω, ν (see Section 3.2.1). The advantage of such a parametrisation is that only
one parameter, namely the true anomaly, changes in time if the orbit is truly elliptical.
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In reality, this never happens since orbits are never entirely purely elliptical, but Kep-
lerian elements let the observer see how the almost-elliptical shape changes with time;
the changes in the shape or the orientation of the orbit are usually easier to determine
with Keplerian parameters. Sometimes the mean anomaly M or eccentric anomaly E is
provided in place of the true anomaly ν, in which case the true anomaly can be simply
found by using the formula

cos (ν) = cos (E)− e
1− e cos (E) (4.34)

and the eccentric anomaly E can be found from the mean anomaly M , if required, by
solving Kepler’s equation as will be shown in Eq. 4.48. The semi-latis rectum p of the
ellipse can be found as

p = a
(
1− e2

)
(4.35)

and, providing the orbit is not equatorial or circular1, the satellite co-ordinates in the
orbital plane (the perifocal frame) are

~r ′ =


p cos(ν)

1+e cos(ν)

p sin(ν)
1+e cos(ν)

0

 (4.36)

and velocity given by

~v ′ =


−
√

µ
p sin (ν)√

µ
p (e+ cos (ν))

0

 (4.37)

where µ is the gravitational parameter µ = GME . Eq. 4.36 and Eq. 4.37 can be rotated
into the inertial frame required by three rotation matrices:

~r = Rz (−Ω)Rx (−i)Rz (−ω)~r ′ (4.38)

~v = Rz (−Ω)Rx (−i)Rz (−ω)~v ′ (4.39)

4.3.3 Orbit Determination from Osculating Keplerian Elements

As seen in Section 3.1, GPS satellites broadcast an ephemeris that provides parameters
that can be used to determine (approximately) the satellite’s position, in the WGS84
ECEF reference frame. The parameters supplied in the Navigation message are not Kep-
lerian elements, but osculating Keplerian elements, since the satellite position calculated
from them “kisses” the calculated trajectory determined by the Master Control Station.

1If this is the case then certain modifications need to be made; see Section 2.6 of Vallado [2007] for a
full description. For GPS orbits this is not relevant however.
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Warren [Warren & Raquet, 2003] shows that the satellite positions found via the Broad-
cast Ephemeris parameters between November 1993 and November 2001 have a mean error
from the IGS final orbit products of 2.88 m, and shows that this has steadily improved
during the analysis period. Bahrami [Bahrami & Ziebart, 2011b] shows that, in the period
between January 2009 and March 2011, this error has reduced to an RMS of 0.25 m in
the radial direction, 0.65 m in the cross-track direction, and 1.25 m in the along-track
direction. Rather than providing a series of inertial coordinates in time which must be
interpolated via a polynomial to the correct epoch (as in Section 4.3.1) and then rotated
to the user’s reference frame, an interpolation algorithm that requires less computational
resources is utilised. Since the orbit is close to Keplerian, an algorithm similar to that
given in Section 4.3.2 is utilised, but with correction terms made to various Keplerian
elements before the are used to rotate into the inertial frame.

4.3.3.1 Orbital Perturbations from a Keplerian Orbit

The orbits of GPS satellites are not purely Keplerian in nature, mainly due to the oblate-
ness term C2,0 of the gravitational potential of the Earth. Lagrangian perturbation theory
[Beutler, 2005a] gives the following equations for the rate of change of each of the classical
Keplerian elements due to the C2,0 perturbation:

da
dt ≈ 3nC2,0

R2
E
a

(1+e cos(v))2

(√1−e2)3 sin2 (i) sin (2Φ)

de
dt ≈ 0

di
dt ≈

3
4nC2,0

aR2
E

r3
√

1−e2 sin (2i) sin (2Φ)

dΩ
dt ≈ 3

2nC2,0
aR2

E

r3
√

1−e2 cos (i) [1− cos (2Φ)]

dω
dt ≈ 3nC2,0

(
RE
a

)2 (1+e cos(ν))3

(√1−e2)7
[
3 sin2 (i) sin2 (Φ)− 1

]
− cos (i) dΩ

dt

dM
dt ≈ n− 3

4nC2,0
(
RE
a

)2 (3 cos2(i)−1)√
(1−e2)3

(4.40)

where Φ = ω + ν, and the rate of change of Mean Anomaly M is given for the anomaly
angle. GPS satellites have an eccentricity approximately 0.02, so making the assumption
in Eq. 4.40 of e ≈ 0, these may be integrated to obtain:

∆A ≈ −3
2a
(
RE
a

)2
C2,0 sin2 (i) cos (2Φ)

∆e ≈ 0

∆i ≈ −3
8

(
RE
a

)2
C2,0 sin (2i) cos (2Φ)

∆Ω ≈ 3
2

(
RE
a

)2
C2,0 cos (i)

[
n∆t− 1

2 sin (2Φ)
]

∆ω ≈ 3
(
RE
a

)2
C2,0

[(
3
2 sin2 (i)− 1

)
n∆t− 3

4 sin2 (i) sin (2Φ)
]
− cos (i) ∆Ω

∆M ≈ n∆t− 3
4C2,0

(
RE
a

)2 [
3 cos2 (i)− 1

]
n∆t = ∆t (n+ δn)

(4.41)
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where the latter term has been explicitly shown as implying a correction to the mean
motion. The terms for ∆A, ∆i, ∆Ω and ∆ω all show twice-per-revolution corrections due
to the C2,0 gravitational potential, and the terms for terms for ∆Ω, ∆ω and ∆M all show
secular terms too. Higher order gravitational potential terms also cause further perturba-
tions to the Keplerian elements [Beutler, 2005b], but to an effect of approximately three
orders of magnitude less than that of the C2,0 term. However, the effect can accumulate
over time since the GPS satellites are in deep 2:1 resonance with the rotation of the Earth,
i.e. for each rotation of the Earth, the GPS satellite orbits approximately twice. Beutler
[2005b] shows that potentially every term Cn,m of order m = 2, 4, 6, . . . (m ≤ n) may give
rise to orbit resonance, depending on the orbital parameters. For GPS satellites, the C3,2

and C4,4 give the most effect due to resonance.

4.3.3.2 Algorithm for Implementation

The algorithm to compute the position of the satellite antenna phase centre is given in
Table 20-IV of the GPS IS 200E [2010], but since it will be used throughout this thesis, it
is given here for completeness.

The following parameters are contained in the Navigation Message for a given time
of ephemeris toe:

•
√
A - the square root of the semi-major axis of the orbit, at the reference time.

• ∆n - the correction to the mean motion.

• e - the eccentricity of the satellite orbit.

• M0 - the mean anomaly of the orbit at the reference time.

• i0 - the inclination of the orbit at the reference time.

• Ω0 - the longitude of the ascending node at the weekly epoch.

• ω - the argument of perigee.

• Ω̇ - the rate of change of right ascension.

• i̇ - the rate of change of inclination.

• Cuc, Cus - corrections to the argument of latitude.

• Crc, Crs - corrections to the orbital radius.

• Cic, Cis - corrections to the inclination.

where the standard Keplerian elements at the reference time of ephemeris toe are em-
phasised in red1. In addition, the following two pieces of information are implicit in the
WGS84 reference frame:

1The mean anomaly M0 is given here instead of the true anomaly to reduce the number of steps
required.
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• µ = 3.986005×1014 m3/s2 - the Earth’s gravitational constant (i.e. Newton’s gravity
constant G multiplied by the mass of the Earth, ME).

• Ω̇e = 7.2921151467× 10−5 rad/s - the average rotation rate of the Earth.

Using this information, the WGS84 satellite position can be calculated thus. The
semi-major axis at the reference time is given by

A =
(√

A
)2

(4.42)

and the nominal mean motion is given by

n0 =
√

µ

A3 (4.43)

whilst the time since the reference epoch toe is clearly given by

tk = t− toe (4.44)

where t is the time, in the GPST timescale, the ephemeris is to be calculated for, remem-
bering to take account of GPS week roll-overs. The actual mean motion at the time of
ephemeris is therefore given by

n = n0 + ∆n (4.45)

and hence the actual mean anomaly given by

Mk = M0 + ntk (4.46)

Determining the solution of Kepler’s Equation

Mk = Ek − e sin (Ek) (4.47)

to find the eccentric anomaly Ek is impossible analytically, so algebraic solutions have to
be used. Many possibilities exist [Davis et al., 2010], but the one used in this thesis is the
Newton-Raphson method:

Ek,i+1 = Ek,i −
Ek,i − e sin (Ek,i)−Mk

1− e cos (Ek,i)
(4.48)

where Ek,i is the ith iteration of the solution of Ek; since the orbits are almost circular
therefore Mk and Ek are similar, and so the first iteration begins with Ek,0 = Mk. Eq.
4.48 should be performed until Ek converges to a given tolerance level, e.g. 10−9 radians.

Having obtained the eccentric anomaly Ek, the true anomaly can be calculated by
either of

νk = arccos
[

(cos(Ek)−e)
1−e cos(Ek)

]
= arcsin

[√
1−e2 sin(Ek)
1−e cos(Ek)

] (4.49)
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but each has a quadrant ambiguity; this can be resolved by combining the two to obtain,
via the atan2 function,

νk = arctan
[√

1− e2 sin (Ek)
cos (Ek)− e

]
(4.50)

The nominal argument of latitude is then given by

Φk = νk + ω (4.51)

The actual argument of latitude, radius, and inclination are given by including their re-
spective second harmonic perturbations given in the navigation message. These harmonic
perturbations are mainly due to the perturbations in the gravitational potential due to
the C2,0 term, as shown in Section 4.3.3.1.

uk = Φk + [Cus sin (2Φk) + Cuc cos (2Φk)] (4.52)

rk = A (1− e cos (Ek)) + [Crs sin (2Φk) + Crc cos (2Φk)] (4.53)

ik = i0 + i̇tk + [Cis sin (2Φk) + Cic cos (2Φk)] (4.54)

Note that the inclination angle has an additional secular drift term added, which is present
mainly to account for the effect of solar radiation pressure [Beutler, 2005b]. The actual
longitude of the ascending node is given by

Ωk = Ω0 +
(
Ω̇− Ω̇e

)
tk − Ω̇etoe (4.55)

So the co-ordinates of the satellite x′k, y′k in the orbital plane reference frame are given
by

x′k = rk cos (uk)
y′k = rk sin (uk)

(4.56)

and the co-ordinates of the satellite in the WGS84 reference frame are given by

xk = x′k cos (Ωk)− y′k cos (ik) sin (Ωk)
yk = x′k sin (Ωk) + y′k cos (ik) cos (Ωk)
zk = y′k sin (ik)

(4.57)

An algorithm to determine the satellite’s velocity in the WGS84 reference frame is
not explicitly provided in the GPS ICD documents, so one possibility is to numerically
differentiate the satellite position ~r(t). If δt is a small time difference, then the differential
can be approximated by a forward difference formula:

~v (t) ≈ ~r(t+ δt)− ~r(t)
δt

or alternatively by a central difference formula:
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~v (t) ≈
~r
(
t+ 1

2δt
)
− ~r

(
t− 1

2δt
)

δt

The problem with these techniques is that the the solution does not have comparable
accuracy to the position solution, due to two reasons. Firstly, the velocity is assumed
to be linear over the time interval δt, and secondly there is a rounding error from the
two position solutions which will combine to give a greater error in the velocity result.
Also, the calculation will take twice as long as the position calculation, since a position
calculation needs to be performed twice.

An alternative approach is shown by Remondi [2004]. This differentiates the satellite
positioning algorithm in the ICD documents (Eq. 4.42 to 4.57) with respect to time. Now
only one algorithm needs to be computed, and there is no loss of accuracy due to the linear
velocity assumption. Not all orbital parameters in the broadcast ephemeris are assumed
to vary in time, the model is limited to inclusion of the time-varying parameters that can
be determined from the broadcast ephemeris. The algorithm is shown below.

Differentiating Eq. 4.46 gives

Ṁk = n (4.58)

and, assuming the eccentricity is constant, differentiating Kepler’s equation (Eq. 4.47)
gives

Ėk = Ṁk

1− e cos (Ek)
(4.59)

whilst differentiating Eq. 4.49 gives

ν̇k = Ėk sin (Ek) (1 + e cos (νk))
(1− e cos (Ek)) sin (νk)

(4.60)

Differentiating the equation for the argument of latitude Φk (Eq. 4.51) is straight-
forward:

Φ̇k = ν̇k (4.61)

and so the rate of change of the corrected argument of latitude and radius are given by

u̇k = Φ̇k + 2 [Cus cos (2Φk)− Cuc sin (2Φk)] Φ̇k (4.62)

ṙk = Ae sin (Ek) Ėk + 2 [Crs cos (2Φk)− Crc sin (2Φk)] Φ̇k (4.63)

whilst the equation for the rate of change of inclination angle can be improved from the
original value of i̇ in the Navigation message to be

i̇k = i̇+ 2 [Cis cos (2Φk)− Cic sin (2Φk)] Φ̇k (4.64)

and the rate of change of the actual longitude of the ascending node is given by differen-
tiating Eq. 4.55:
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Ω̇k = Ω̇− Ω̇e (4.65)

The velocities in the orbital plane are found by differentiating Eq. 4.56:

ẋ′k = ṙk cos (uk)− rk sin (uk) u̇k
ẏ′k = ṙk sin (uk) + rk cos (uk) u̇k

(4.66)

and the velocity in the WGS84 reference frame is therefore given by

ẋk = ẋ′k cos (Ωk)− ẏ′k cos (ik) sin (Ωk) + y′k sin (ik) sin (Ωk) i̇k
− [x′k sin (Ωk) + y′k cos (ik) cos (Ωk)] Ω̇k

ẏk = ẋ′k sin (Ωk) + ẏ′k cos (ik) cos (Ωk)− y′k sin (ik) cos (Ωk) i̇k
+ [x′k cos (Ωk)− y′k cos (ik) sin (Ωk)] Ω̇k

żk = ẏ′k sin (ik) + y′k cos (ik) i̇k

(4.67)

4.4 Orbit Prediction

Orbit prediction is the topic of computing the position and velocity of a satellite at an
epoch after when observations are available. Whilst orbit determination is important to
locate a satellite using observations, predicting an orbit is useful to aid orbit determination
for future epochs, as well as providing an estimated ephemeris for future use.

Predicting an orbit for a satellite orbiting a significantly more massive spherical object
of uniform density from epoch t0 is simply performed by propagating the mean anomaly
M of the satellite in the orbital plane:

∆M(t) = n (t− t0) =
√
µ

a3 (t− t0) (4.68)

where ∆M(t) is the change in mean anomaly from epoch t0 to epoch t, n is the mean
motion, a the semi-major axis of the orbit, and µ = GME as usual. The true anomaly
can then be calculated from Eq. 4.48 and Eq. 4.50.

For real satellite orbits, the Keplerian orbit is only an approximation due to other
forces than the point-mass gravitational force. For a satellite in an Earth-centred inertial
reference frame with position ~r and velocity ~v which experiences an acceleration ~a, then
the position at a future time ti from the current epoch t0 is given by

~r (t) = ~r0 +
∫ ti

t0
~v (t) dt+

∫ ti

t0

∫ ti

t0
~a (t, ~r,~v) dt (4.69)

where ~r0 = ~r (t0) is the initial position at time t0. The problem with this analytical ap-
proach is that the acceleration ~a is a function of satellite position, which is exactly what the
integral is trying to determine1. The functional form of ~r(t) is therefore extremely difficult
to determine, and so for real-world problems, Eq. 4.69 needs to be solved numerically.

1The acceleration may also be dependent on the velocity of the satellite. This is true for satellites in
low-Earth orbits, but is assumed to be generally not the case for medium-Earth orbiting satellites such as
GPS satellites, providing the thrusters are not in use.
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Since integration is merely a summation over infinitely small steps, an approximation
can be made by using a summation over a large number of small finite steps. This process
is known as Numerical Integration.

4.4.1 Numerical Integration

Consider an equation of the form

d2x

dt2
= f

(
t, x,

dx

dt

)
(4.70)

where f is an arbitrary (continuous, differentiable) function. In orbits, this makes sense
physically as an acceleration is a function f of a body’s position ~r and velocity ~v = d~r

dt ,
both of which are functions of time t. So Eq. 4.70 can be written as a vector equation

d2~r

dt2
= f

(
t, ~r,

d~r

dt

)
(4.71)

This second-order differential equation can be transformed into a first-order vector differ-
ential equation by noting that [Hairer et al., 1987]:

d

dt

(
~r
d~r
dt

)
=

 d~r
dt

f
(
t, ~r, d~rdt

)  (4.72)

with the initial conditions

~r (t0) = ~r0
d~r
dt

∣∣∣
t0

= ~r ′0
(4.73)

being the position and velocity at time t0. Eq. 4.72 is of the form

d~y

dt
= g (t, ~r) (4.74)

and can be solved numerically, subject to the initial conditions in Eq. 4.73, by numerical
integration. One approach is to use a Runge-Kutta algorithm (Runge [1895], Kutta [1901]),
which uses the following technique.

To determine ~y at a time h further on from the initial epoch t0, a Taylor expansion,
truncated to order p, may be performed of ~y about the point t0 + h:

ŷ (t0 + h) = ~y (t0) + h
d~y

dt

∣∣∣∣
t0

+ h2

2!
d2~y

dt2

∣∣∣∣∣
t0

+ . . .+ hp

p!
dp~y

dtp

∣∣∣∣
t0

(4.75)

where the “hat” denotes a Taylor-expanded estimate of ~y, to order p. Computing the
differentials in Eq. 4.75 can be burdensome, and so the Runge-Kutta approach instead
estimates Eq. 4.75 by evaluating the function ~g at different times t, weighting the results
and then summing them. The number of stages s denotes how many evaluations of the
function g are made when integrating over a step of h.

~y (t0 + h) ≈ ~y (t0) + h
s∑
i=1

bi~ki (4.76)
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c0 = 0
c1 a1,0
c2 a2,0 a2,1
c3 a3,0 a3,1 a3,2
...

...
...

... . . .
cs = 1 as,0 as,1 as,2 . . . as,s−1

b0 b1 b2 . . . bs−1 bs
ḃ0 ḃ1 ḃ2 . . . ḃs−1 ḃs

Table 4.1: Format of a Butcher Table for Runge-Kutta Coefficients.

where ~ki for stage i are given by

~ki = g

t0 + cih, ~y (t0) + h
i−1∑
j=1

ai,j~kj

 (4.77)

and ai,j , bi and ci are coefficients of that particular Runge-Kutta model.
One can see from Eq. 4.75 that the truncation error for the Taylor expansion of order

p+ 1 is given by

|~y (t0 + h)− ŷ (t0 + h)| ≤ const · O
(
hp+1

)
(4.78)

with the error over the full range of integration being O (hp) giving an order p method.
Thus, for a fourth-order Runge-Kutta algorithm, halving the step-size h will reduce trun-
cation error by at least a factor of 16; halving the step-size for a sixth-order Runge-Kutta
algorithm will reduce the truncation error by at least a factor of 64. Note that the number
of stages s is not necessarily the same as the order of Taylor expansion p; as the order
increases, the number of stages needed to approximate the sum of the differential terms
can increase faster.

The coefficients ai,j , bi, and ci are all provided as part of the particular algorithm.
One convenient method of displaying these coefficients is in a Butcher Table [Butcher,
1964], the format of which is shown in Table 4.1.

A modified approach was proposed by Nyström [1925] in which the approximation

d2~r

dt2
= f (t, ~r) (4.79)

was valid. In this case, when separating ~y into the position and velocity terms, the Runge-
Kutta-Nyström algorithm becomes

~ki = f

t0 + cih, ~rn + cih
d~r
dt

∣∣∣
n

+ h2
i∑
j

aij~kj


~r (t0 + h) = ~rn + h d~r

dt

∣∣∣
t0

+ h2
s∑
i

bi~ki

d~r
dt

∣∣∣
(t0+h)

= d~r
dt

∣∣∣
t0

+ h
s∑
i

ḃi~ki

(4.80)
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in which the ~k equation will be more efficient to calculate than the standard Runge-Kutta
algorithm, as the velocity component does not need to be calculated. The exact efficiency
saving depends on the number of stages s. The Runge-Kutta-Nyström algorithm is of
particular interest to developers of orbit prediction algorithms, since the forces acting on
the satellite are often independent of the velocity of the satellite. Note that for Runge-
Kutta-Nyström algorithms, the b and ḃ coefficients are not necessarily identical, which
they are for Runge-Kutta algorithms.

The Runge-Kutta algorithms are denoted with the terminology “RKp(q)s”, where
“RK” stands for Runge-Kutta, p denotes the order of the Taylor expansion, and s de-
notes the number of stages required, although the latter is often omitted. q shows the
order of expansion used to obtain an estimate of the truncation error, often used when
dynamically modifying the step-size h. This step-size control technique is not used in this
thesis. Similarly, the Runge-Kutta-Nyström algorithms are denoted with the terminology
“RKNp(q)s”.

Having shown how to calculate an estimate of the satellite position at an arbitrary
epoch from a set of initial conditions and a force model, the next stage is to clearly lay
out the forces to be included in function f of Eq. 4.80. To first order, these forces
are independent of each other, and so the individual force models ~Fi can be determined
independently to take account of each effect, and then the total force ~F determined by

~F =
∑
i

~Fi (4.81)

As well as allowing forces to be “turned on and off” to see the effects on orbit prediction,
this also enables force models to be derived and refined in isolation from the other models.
This total force is then used as the function f in Eq. 4.76 or Eq. 4.80.

4.4.2 Gravitational Forces

The Earth clearly exerts the dominant gravitational force on an orbiting satellite due to its
relative proximity and large mass. This has the advantage that the relatively large effect
means that a good force model will go a long way to enabling accurate orbit prediction, but
has the drawback that the model needs to be complex and cannot be a simple point-mass
approximation.

There are many mathematical models that can be used to estimate the gravitational
potential U of the Earth at an arbitrary point ~recef above the Earth’s surface (the point
is usually described in a frame that rotates with the Earth since the gravitational pull
comes from mass which rotates with the Earth). The most common in geodesy is a series
expansion of the gravitational potential, since this allows arbitrary precision by increasing
the number of terms in the expansion. The Earth is modelled as a physical sphere but
with a non-uniform density, and hence a non-uniform mass distribution.

Consider the gravitational potential U of the Earth at a point ~r. The gravitational
potential obeys Laplaces’s Equation at all positions:

∇2U = 0 (4.82)
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If the point at which the gravitational force to be determined is labelled ~recef in an Earth-
centred Earth-fixed reference frame, and has geocentric radius r, geocentric latitude φ, and
geocentric longitude λ, then it is possible to solves Laplaces’s equation at that position by
using separation of variables and series expansions (see Appendix A or textbooks such as
[Vinti, 1998] or [Kaula, 2000]). This gives

U = GME

r

∞∑
n=0

n∑
m=0

(
RE
r

)n
Pnm (sinφ) [Cnm cos (mλ) + Snm sin (mλ)] (4.83)

where G is Newton’s gravitational constant,ME is the mass of the Earth, Cnm and Snm are
coefficients that describe the mass distribution of the Earth, and Pnm(sinφ) the associated
Legendre Polynomial of degree n and order m, defined as the function that satisfies the
recursion formula [Kreyszig, 1993]

Pnm (x) = 1
2nn!

(
1− x2

)m/2 dn+m

dxn+m

[(
x2 − 1

)n]
(4.84)

which is initialised with the value P0,0 = 1. The coefficients Cnm and Snm can (in principle)
be calculated thus [Montenbruck & Gill, 2005]:

Cnm = 2−δ0m
ME

(n−m)!
(n+m)!

∫
V

(
s
RE

)n
Pnm (sinφ′) cos (mλ′) ρ (~s) d3~s

Snm = 2−δ0m
ME

(n−m)!
(n+m)!

∫
V

(
s
RE

)n
Pnm (sinφ′) sin (mλ′) ρ (~s) d3~s

(4.85)

where δ0m is the Kronecker delta, ~s = [s, φ′, λ′]T is the position inside the surface of the
Earth, and ρ(~s) the mass density at each point ~s inside the Earth. The integration is over
all the volume inside the Earth, so ~s varies over all points inside the surface of the Earth.

In practice, solving Eq. 4.85 is impossible since the mass density ρ inside the Earth’s
surface cannot be found for all points. Instead, the Cnm and Snm coefficients are de-
termined experimentally from various gravity field models. Some Earth gravity models
are shown in Table 3.6 in Section 3.2.5.1. The coefficients provided by each model are
slightly different, but are usually provided in normalised form Cnm and Snm to provide
more precision in the input data file. These have been normalised using the equation{

Cnm

Snm

}
=
√

(n+m)!
(2− δ0m) (2n+ 1) (n−m)!

{
Cnm

Snm

}
= Nnm

{
Cnm

Snm

}
(4.86)

where Nnm is the normalisation factor, and need to be un-normalised before use. The
acceleration of the satellite due to the Earth’s gravity can then be modelled by using the
generic formula

~̈rg = mI

mG
∇U (4.87)

The fraction mI/mG is the ratio of the satellite’s inertial and gravitational mass. This
can be assumed to be unity - it is one of the principle assumptions of relativity [Misner
et al., 1973] and has been found experimentally by Eötvos experiments to be 1 ± 10−11

[von Eötvös et al., 1922], [Roll et al., 1964].
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The approach of un-normalising the Cnm and Snm coefficients before use in Eq. 4.83
follows the approach given by Cunningham [1970] and Metris et al. [1998]. However, one
may incorporate the normalisation factor Nnm in Eq. 4.86 into the the associated Legendre
Polynomial equation:

P
m
n (x) = NnmPnm (x) (4.88)

which are known as the fully-normalised Associated Legendre Polynomials, and which
have their own recursive relationships [Abramowitz & Stegun, 1964]. The derivatives of
both the Associated Legendre Polynomials and the fully-normalised Associated Legendre
Polynomials also have their own recurrence relationships [Fantino & Casotto, 2009], which
gives rise to recurrence relationships for the derivatives of the gravitational potential terms
for n and m, and hence the terms of the acceleration computation in Eq. 4.87.

The approach of utilising the fully-normalised Associated Legendre Polynomials is
the traditional approach suggested by Legendre, and provides derivatives with respect to
latitude, longitude and geocentric radius. Care must be taken, however, since the use
of a spherical co-ordinate system leads to singularities at the poles when computing the
derivatives [Pines, 1973], and some of the recurrence relationships that may be used have
been observed to be unstable for high degree and order [Bettadpur et al., 1992]. These
singularities disappear if the derivatives are obtained in a Cartesian co-ordinate system
[Metris et al., 1998].

Since the Earth is not the only astronomical body to exert a gravitational pull on
satellites, the acceleration due to the gravity of the Sun, Moon, and planets also needs
to be considered. These are sufficiently far away that point-mass approximations for each
body provide sufficient accuracy, and so spherical harmonic expansions are not required.
The acceleration of a satellite due to these so-called “third-body” interactions is therefore
given by Newton’s law of gravitation Vallado [2007]:

~̈rp = −G
n∑
i

Mi

(
~r − ~si
|~r − ~si|3

+ ~si

|~si|3

)
(4.89)

where ~r is the position vector of the satellite centre of mass,Mi is the mass of astronomical
body i, ~si is the geocentric co-ordinates of the centre of mass of that astronomical body,
and n is the total number of bodies being taken into account. The acceleration is in the
same reference frame as that of the position vectors ~si and ~r.

The problem therefore becomes one of determining the position of the various as-
tronomical bodies at a given epoch. This is difficult to perform to an accuracy of a few
arc-minutes. As mentioned in Section 3.2.5.2, the most accurate models available are the
JPL DE models, which supplies coefficients ~aj of a Chebyshev polynomial series

~s ≈
n∑
j=0

~ajTj (τ) (4.90)

where the n Chebyshev polynomials are defined as

Tj (τ) = cos (j arccos (τ)) (4.91)
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Body Accuracy
Sun < 300 m
Moon < 1 m

Mercury < 2 km
Venus < 200 m
Mars < 300 m
Jupiter < 30 km
Saturn < 30 km
Uranus ±2 ′
Neptune ±2 ′

Table 4.2: DE421 model accuracies.

The Chebyshev polynomial coefficients are provided for each of an inertial reference frame
direction, and change with time. The coefficients are to be chosen that are closest to the
epoch t that the position is required for. If the start and end epochs of the window in
which the epoch t lies in are labelled t1 and t2 respectively, then the epoch τ in Eq. 4.91
is given by

τ = 2 t− t1
t2 − t1

− 1 (4.92)

and lies between -1 and +1.
Different DE models provide different coefficients ~aj for the Chebyshev polynomials,

but they are all provided in the same format. Folkner et al. [2008] provides the most recent
DE, called DE421. The accuracies given by Folkner et al. [2008] are (approximately) given
in Table 4.2.

An alternative approach is by van Flandern [1979], who uses a linear model for fun-
damental arguments which then are used in a trigonometric series to determine the right
ascension (α) and declination (δ) angles. If the number of days from noon January 1st

2000 and the number of Julian centuries from noon January 1st 1900 are respectively given
by

t = JDTT − 2451545.0 (4.93)

T = t

36525 + 1 (4.94)

then the 31 fundamental arguments Fi of the model, in units of cycles, are given in Table
4.3, where L is the mean longitude, F is the argument of latitude, and G the mean
anomaly. D is the mean elongation of the Moon from the Sun, and Ω is the longitude of
the lunar ascending node. Subscript M denotes values for the Moon, S for the Sun, and
integer values the planet number in order from the Sun. Three intermediate variables are
created for each body using the fundamental arguments in Table 4.3 and a large number of
coefficients provided in lookup tables, denoted by ai . . . fi, αij . . . γij and Ti,V , Ti,U , Ti,W .
These intermediate values are determined by
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i Fundamental Argument, Fi
1 LM = 0.606434 + 0.03660110129t
2 GM = 0.374897 + 0.03629164709t
3 FM = 0.259091 + 0.03674819520t
4 D = 0.827362 + 0.03386319198t
5 ΩM = 0.347343− 0.00014709391t
6 LS = 0.779072 + 0.00273790931t
7 GS = 0.993126 + 0.00273777850t
8 L1 = 0.700695 + 0.01136771400t
9 G1 = 0.485541 + 0.01136759566t
10 F1 = 0.566441 + 0.01136762384t
11 L2 = 0.505498 + 0.00445046867t
12 G2 = 0.140023 + 0.00445036173t
13 F2 = 0.292498 + 0.00445040017t
14 L4 = 0.987353 + 0.00145575328t
15 G4 = 0.053856 + 0.00145561327t
16 F4 = 0.849694 + 0.00145569465t
17 L5 = 0.089608 + 0.00023080893t
18 G5 = 0.056531 + 0.00023080893t
19 F5 = 0.814794 + 0.00023080893t
20 L6 = 0.133295 + 0.00009294371t
21 G6 = 0.882987 + 0.00009294371t
22 F6 = 0.821218 + 0.00009294371t
23 L7 = 0.870169 + 0.00003269438t
24 G7 = 0.400589 + 0.00003269438t
25 F7 = 0.664614 + 0.00003265562t
26 L8 = 0.846912 + 0.00001672092t
27 G8 = 0.725368 + 0.00001672092t
28 F8 = 0.480856 + 0.00001663715t
29 L9 = 0.663854 + 0.00001115482t
30 G9 = 0.041020 + 0.00001104864t
31 F9 = 0.357355 + 0.00001104864t

Table 4.3: The fundamental arguments of van Flandern’s planetary ephemeris model.
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V =
nV∑
i=1

aiTi,V cos

 31∑
j=1

αijFj

+
nV∑
i=1

biTi,V sin

 31∑
j=1

βijFj

 (4.95)

U =
nU∑
i=1

ciTi,U cos

 31∑
j=1

χijFj

+
nU∑
i=1

diTi,U sin

 31∑
j=1

δijFj

 (4.96)

W =
nW∑
i=1

eiTi,W cos

 31∑
j=1

εijFj

+
nW∑
i=1

fiTi,W sin

 31∑
j=1

γijFj

 (4.97)

where the three n values are the number of terms in that series expansion for that body.
The right-ascension angle α can be then determined1 as

α = L+ arcsin
[

W√
U − V 2

]
(4.98)

The declination angle δ is given by

δ = arcsin
(
V√
U

)
(4.99)

and the geocentric range2 ρ is given by

ρ = ∆
√
U (4.100)

where the scaling factor ∆ is a constant value for each astronomical body:

∆ =



1.07693 Mercury
1.23437 Venus
1.83094 Mars
5.30693 Jupiter
9.61711 Saturn
19.24877 Uranus
30.08900 Neptune

(4.101)

The Earth-centred inertial position of the body can then be easily calculated using Eq.
4.2.

4.4.3 Radiation Forces

As described in section 3.2.5.3, photons have momentum which is transferred to spacecraft
when the incident radiation is absorbed by the spacecraft. Similarly, when photons are
emitted by the spacecraft, conservation of momentum means that the spacecraft observes
a recoil force.

1L here denotes the value of L for that body computed in Table 4.3 except for Mercury and Venus, in
which case the value for the Sun is used.

2The range is determined in units of astronomical units (AU) (1AU = 149,597,870,691 m [Standish,
1998]) except the Moon which is given in units of Earth radii (RE = 6,378,137 m [NIMA, 2000]).
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4.4.3.1 Solar Radiation Pressure

Solar Radiation Pressure (SRP) describes the incident solar radiation on the spacecraft
and the resultant force. A mathematical model of SRP is given by Ziebart [2004], and a
brief description is given below.

Consider a spacecraft with solar panels, in orbit around the Earth. If the solar panels
are correctly pointing towards the Sun, then the Sun (as seen by the satellite) should
move only in the X-Z plane of the satellite’s BFS frame (see Fig. 4.6). A vector from the
satellite to the Sun is determined, and an array of incident photons is modelled, parallel
to this vector and coming from the Sun1. The resultant pixel array models the photon
flux from the Sun.

Figure 4.6: The apparent motion of the Sun in the satellite BFS frame.
The Sun is confined to the BFS X-Z plane. The Earth-Probe-Sun angle β is also shown.

As shown in Fig. 4.7, the pixel array is rotated around the spacecraft in its X-Z plane,
to imitate the Sun’s motion. At each Earth-Probe-Sun angle β, as depicted in Fig. 4.6,
the satellite will experience three forces due to the photon flux being incident:

1. Direct Radiation Force - The satellite will experience a force due to the incident
photon transferring momentum to the spacecraft.

2. Specular Reflection Force - A certain proportion of the photons, will be reflected
as specular reflections, i.e. they reflect with the opposite incident angle from the
normal to the spacecraft surface, with a recoil force in the opposite direction.

3. Diffuse Reflection Force - A certain proportion of the photons will be reflected as
diffuse reflections, i.e. the shear components of the recoil forces will be isotropic in

1The rays are assumed parallel; equivalently, the photon source is considered to be at infinity.
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Figure 4.7: Incident radiation on a satellite, modelled as a pixel array.
The array is rotated around the spacecraft in the spacecraft’s BFS X-Z plane.

Taken from [Ziebart, 2004].

distribution, due to the irregular surface of the spacecraft. The shear components of
these recoil forces cancel, giving a net recoil force in the (negative) surface normal
direction.

These three situations are shown in Fig. 4.8. Due to the large number of photons incident
on the spacecraft, all three forces are apparent. Incident radiation, showed by an incoming
photon γ hits a spacecraft surface (diagrammatically shown in blue) at an angle θ to the
surface normal. The resultant force due to each of the three situations is shown in green.

Since many photons impact the surface, it is possible to accurately describe reflections
by the fraction that are absorbed or emitted. It can be shown [Ziebart, 2004] that the
incident force due to a incoming photons of energy flux ε on an area A is given by

Fincident = εA

c
(4.102)

If ν denotes the surface material reflectivity (i.e. the fraction of radiation that is
reflected from the surface), and µ denotes the surface material specularity (i.e. the pro-
portion of the reflection that is specular), then the magnitudes of the three forces are
easily modelled by ∣∣∣~FDRP ∣∣∣ = εA

c
cos (θ) (4.103)

∣∣∣~FSPEC ∣∣∣ = νµ
εA

c
cos (θ) (4.104)
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(a) Absorption (b) Specular Reflection (c) Diffuse Reflection

Figure 4.8: The three types of forces to be considered in solar radiation pressure.
From left to right: absorption force, specular reflection force, diffuse reflection force.

∣∣∣~FDIF ∣∣∣ = 2
3ν (1− µ) εA

c
cos (θ) (4.105)

where the factor of 2/3 in Eq. 4.105 is the proportion of incoming power that is reflected
when assuming a Lambertian diffusion model. Taking the shear and normal components
of the three forces and adding them together gives

~Fŝ = (1− µν) εA
c

cos (θ) sin (θ) ŝ (4.106)

~Fn̂ = −εA
c

cos (θ)
[
(1 + νµ) cos (θ) + 2

3ν (1− µ)
]
n̂ (4.107)

where ŝ and n̂ are unit vectors shear and normal to the incident surface. This algorithm
is applied to all incident rays on the spacecraft, and also on reflected signals that further
incident the spacecraft. The resultant force model is then expressed as a Fourier Series
in terms of the Earth-Probe-Sun angle β, which is a natural choice since the model is
clearly periodic over that angle. The acceleration due to solar radiation pressure can be
calculated by using the computed Fourier coefficients ~ai and ~bi, which are vectors due to
the three dimensions required, and represent accelerations in the body-fixed frame:

~̈rSRP,bfs = 1
2~a0 +

n∑
i=1

(
~ai cos (iβ) +~bn sin (iβ)

)
(4.108)

where n is the total number of Fourier coefficients in the model. Since the energy flux ε
was computed at a reference distance of one astronomical unit, this acceleration needs to
be rescaled to be correct at the actual spacecraft-Sun distance p as well as being rotated
to the inertial reference frame:

~̈rSRP =
(1AU

p

)2
R†~̈rSRP,bfs (4.109)

where the rotation matrix for a displacement between a body-fixed frame and an inertial
frame, R†, is given by the transpose of the rotation matrix used in Section 4.2.4.3.

96



4. THEORY AND MATHEMATICAL BASIS

4.4.3.2 Eclipse Modelling

Once a high quality SRP model is developed, it is important to determine when to apply
it, and when not to due to the satellite being in eclipse behind the Earth. A description of
the problem faced is given by Vokrouhlicky et al. [1993], which describes an introduction
and basic mathematics of eclipses.

The direct solar radiation pressure force needs to be applied only when the satellite
is fully illuminated by the Sun. When the spacecraft can see only part of the Sun because
the Earth occludes it, then this is known as the spacecraft being in the penumbra region.
When all parts of the satellite cannot see the Sun at all due to the Earth blocking the solar
radiation, the spacecraft is said to be in the umbra region. These are shown in Fig. 4.9. An
algorithm to mathematically describe the eclipse configuration for an arbitrarily-shaped
Earth is given in Adhya et al. [2004], and is given below.

Figure 4.9: The umbra and penumbra of an eclipse.
The pink region is the penumbra; the dark red region the umbra. The satellite is at

point P, and can observe the two sun edges A and B, assuming the Earth is not in the
way. Various distances used in the eclipse modelling algorithm are also shown.

Consider a spacecraft at point P with Earth-centred inertial coordinates ~a. Let the
vector from the centre of the Earth to the centre of the Sun be ~s, and let ~sp be the vector
perpendicular to ~s from the centre of the Sun to the point on the Sun’s edge A that is
closest to the satellite. ~a denotes the geocentric vector to the satellite’s centre of mass,
and ~b denotes the vector −→AP .

Any point on the vector −→AP is given by
x

y

z

 =


ax

ay

az

+ λ


bx

by

bz

 (4.110)

where λ is an unknown constant, and where the explicit Cartesian components of each
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vector have been shown. Solving for λ and equating,

x− ax
bx

= y − ay
by

= z − az
bz

(4.111)

A vector perpendicular to the Earth-Sun plane defined by ~s and ~a is given by ~s× ~a;
the unit vector in the ~sp direction is given by

ŝp = [~s× (~s× ~a)]
|~s× (~s× ~a)| (4.112)

so the coordinates in the Earth-centred inertial frame of the two sun edges A and B shown
in Fig. 4.9 are given by

~rA = ~s+ (Rsŝp)
~rB = ~s− (Rsŝp)

(4.113)

where Rs is the magnitude of the solar radius. The vector ~b, the sun-edge to satellite
vector, can be then calculated for each of the two sun-edges A and B:

~bA = ~a− ~rA
~bB = ~a− ~rB

(4.114)

Having developed a generic eclipse model, it is possible to apply a mathematical model
for the shape of the Earth. Re-arranging Eq. 4.111 gives

y = by
bx

(x− ax) + ay

z = bz
bx

(x− ax) + az
(4.115)

The Earth’s shape can be modelled (to first order) by an oblate spheroid with equa-
torial radius p and polar radius q (p ≥ q), which has the equation of shape

x2 + y2

p2 + z2

q2 = 1 (4.116)

Substituting into Eq. 4.115 and re-arranging, for each of the two sun edges a quadratic
equation is formed:

x2
[
b2
y

p2 + b2
x
p2 + b2

z
q2

]
+x

[
1
p2

(
2aybxby − 2axb2y

)
+ 1

q2
(
2azbxbz − 2axb2z

)]
+
[

1
p2

(
a2
yb

2
x + a2

xb
2
y − 2axaybxby

)
+ 1

q2
(
a2
xb

2
z + a2

zb
2
x − 2axazbxbz

)
− b2x

]
= 0

(4.117)

This can be written as a standard quadratic equation

αx2 + βx+ χ = 0 (4.118)

with coefficients
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α = b2
x
p2 + b2

y

p2 + b2
z
q2

β = 1
p2

(
2aybxby − 2axb2y

)
+ 1

q2
(
2azbxbz − 2axb2z

)
χ = 1

p2

(
a2
xb

2
y + a2

yb
2
x − 2axaybxby

)
+ 1

q2
(
a2
xb

2
z + a2

zb
2
x − 2axazbxbz

)
− b2x

(4.119)

For a real solution of Eq. 4.118 to exist,

ϑ = β2 − 4αβ ≥ 0 (4.120)

Non-negative ϑ values imply an intersection between ~b for that sun edge and the Earth’s
shape. In that case, the x value of that intersection in the Earth-centred inertial frame is
given by Eq. 4.118 and the y and z values by Eq. 4.115. So:

• If the distance from the calculated intersection point to the Sun is greater than the
distance between the Sun and the spacecraft, then the satellite must be in full phase.

• Otherwise:

– If ϑ for both sun edges are non-negative, then the spacecraft is in the umbra.

– If only one of the two ϑ values is non-negative, then the spacecraft is in the
penumbra.

– If ϑ is negative for both sun edges, then the spacecraft is in full phase.

The solar radiation pressure acceleration calculated in Eq. 4.109 needs to be multi-
plied by a fraction ι that describes what proportion of the solar radiation is incident on
the spacecraft when compared to the spacecraft being in the same position but being in
full phase. Clearly

ι =
{

0 if satellite is in umbra
1 if satellite is in full phase

0 < ι < 1 if satellite is in penumbra
(4.121)

A model that describes the solar radiation flux in the penumbra which takes into
account a non-spherical earth would be numerically intensive and would not take into
account limb darkening, which is the fact that the Sun is brighter as seen from its centre
rather than as seen from its edges. Refraction in the Earth’s atmosphere would also
need to be considered, which would be difficult to model. Considering that this thesis is
aimed at developing an algorithm for use on mobile devices, a first-order approximation
of a spherical Earth and Sun separated by a large distance will give a good first-order
approximation for penumbra flux modelling.

Consider Fig. 4.9 again. By similar triangles,

sin (α) = RE
x

= Rs
s− x

∴ x = sRE
Rs +RE

(4.122)
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Figure 4.10: The satellite in orbit, crossing the penumbra.

Similarly,
sin (β) = RE

y
= Rs
s+ y

∴ y = sRE
Rs −RE

(4.123)

Now consider a cross-section cut through the satellite at P which is orthogonal to the
Earth-Sun vector rs (see Fig. 4.10). The radius of the penumbra in that cross-section, ph,
is given by

ph =
(
x+ x′

)
tan (α) (4.124)

and the radius of the umbra in that cross-section, uh, is given by

uh =
(
y − x′

)
tan (β) (4.125)

where x′ is the distance the body P is from the Earth in the Earth-Sun plane. No loss of
generality has been made for the shape of the satellite orbit.

The “height” of the start of the penumbra above the umbra in the ŷ′ direction, which
is orthogonal to the Sun-Earth unit vector x̂′ and passes through the spacecraft P , is given
by ph−uh, whereas the “height” of the spacecraft above the penumbra-umbra transition is
given by y′−uh where y′ is the distance of P from the Earth-Sun plane in the ŷ direction.
So the proportion of flux in the penumbra at P for Eq. 4.121 can be modelled by the ratio
of these, i.e.

ι = y′ − uh
ph − uh

(4.126)

4.4.3.3 Antenna Thrust

As described in Section 3.2.5.3, each GPS satellite broadcasts with a power of approx-
imately 77 W. This constant emission of photons causes a recoil force due to Newton’s
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third law. Since photons are massless, the relativistic four-vector length-invariant energy
E of particles of mass m and momentum p, which is

E2 = p2c2 +m2c4 (4.127)

becomes for photons
E = pc (4.128)

So conservation of momentum means that a satellite of mass m and broadcasting photons
with a combined power P = E/τ over a period τ gives a recoil acceleration of the satellite1

~̈rant:

~̈rant = ∆~v
τ

= P

mc
r̂ (4.129)

where ∆~v is the change in satellite velocity over time τ .

4.4.3.4 Thermal Re-radiation

Due to the various electronic systems and atomic clocks onboard the GPS satellite not
having 100% efficiencies, the satellite generates heat. This is vented via radiators on
either side of the satellite. Ideally the temperature of the radiators should be identical
on all sides of the satellite to provide heat transfer in both directions. However, the
internal components will have different thermal conductivities to each other; differing
surfaces of the satellite also have different reflection coefficients giving different amounts
of solar radiation absorbed as heat. A combination of these two effects means that some
components of the satellite will be at different temperatures to others. These effects cause
heat to be transferred from the spacecraft to the background vacuum as photons with
infra-red frequencies in such a way that more heat is transferred from some parts of the
satellite than others. Due to space being approximately a vacuum at the orbital radius of
GPS satellites, the heat transfer occurs almost entirely due to radiation, so rather than the
standard heat equation for conduction being utilised, the energy transfer can be modelled
by the Stefan-Boltzman law:

ε = σT 4 (4.130)

where ε is the energy transfer per unit area per unit time between the two mediums
(spacecraft surface and background vacuum in this case), T is the absolute temperature
of the medium, and σ the Stefan-Boltzman constant,

σ = 2π5k4
b

15h3c2 = 5.67× 10−8 Wm−2K−4 (4.131)

where it has been expressed in terms of the fundamental constants of nature: h (Planck’s
constant), kb (Boltzman’s constant) and c (the speed of light in vacuum) [Mohr et al., 2008].

1The assumption of acceleration being the fraction of the change in velocity to the duration of the
velocity change is valid if we assume that the emitted power P and satellite mass m are both constant.
This assumption can be safely made over short periods of a few weeks or even months, providing the
satellite does not reposition itself by using the thrusters and hence losing mass.
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Eq. 4.130 can be used in energy budget calculations to show how energy is transferred by
radiation.

For GPS spacecraft, the satellite bus temperature is stabilised by use of multi-layer
insulation (MLI) which inhibits the temperature change by radiation. Using an energy
budget, Adhya et al. [2005] shows that the energy incoming to the spacecraft, which is
balanced by that transferred to the spacecraft and that radiated from the spacecraft, is
given by

αW cos (θ) = σεMLIT
4
MLI + σεeff

(
T 4
MLI − T 4

sc

)
(4.132)

where α is the absorptivity of the MLI, W is the solar irradiance at the sun-spacecraft
distance, θ is the angle between the incoming radiation and the surface normal, εMLI and
εeff are the emissivity1 of the MLI, and the effective emissivity. TMLI and Tsc are the
absolute temperatures of the MLI and the spacecraft below the MLI. Eq, 4.132 can be
rearranged to solve for the MLI temperature, which can then be used in Eq. 4.130, and a
similar argument to that of Eq. 4.129 gives the resultant acceleration.

Whilst the dominant thermal re-radiation force is due to thermal radiation from the
MLI, thermal re-radiation also occurs from the solar panels. Adhya et al. [2005] shows how
the temperature can be modelled at both the front and back of the solar panels, Tf and
Tb respectively, and thus the resultant acceleration due to re-radiation from the panels.

Combining the two terms gives

~̈rTRR =
κ∑
i

−2
3
Ai
mc

σεMLIT
4
MLI n̂i −

2
3
A

mc
σ
(
εfT

4
f − εbT 4

b

)
n̂ (4.133)

where n̂ is the normal to the solar panels, m is the mass of the spacecraft, and the
summation is over κ discrete small surface area elements Ai of the spacecraft surface that
are analysed by using a pixel array technique akin to that of 4.4.3.1.

4.4.3.5 Earth Radiation Pressure

The Earth emits heat due to the background space and the Earth being at an approxi-
mately constant temperature difference. The Earth also reflects around 35% of the solar
radiation radiant upon it, although this fraction changes slightly with time and varies
significantly with the part of the Earth being illuminated. In a similar method to solar
radiation pressure studied in Section 4.4.3.1, this can be modelled as the Earth being an
emitter of photons with a given energy flux. No eclipse modelling needs to take place
to describe the change in direct flux, since the Earth will always be fully seen from the
satellite2.

However, since the ground-track of the satellite routinely passes from areas in daylight
to night-time, the incident solar radiation on the Earth’s surface beneath the satellite will
change in time. This is relatively straight-forward to model, but since the Earth has an

1Emissivity is the ratio of radiation emitted by that material compared to the radiation that would
be emitted if it were a perfect black-body. It can be thought of as how well the material approximates a
black body.

2Satellites in low-Earth orbits can be safely neglected from eclipsing considerations.
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atmosphere with thermal insulation, the incident solar radiation is partly stored and then
emitted at a later time. This process varies due to the type of land surface the radiation
is incident upon (for instance, ice has a lower absorption coefficient than vegetation)
and the weather over that area of land (water in a high-humidity atmosphere has a higher
absorption than the normal nitrogen-oxygen dominated atmosphere). Different gases have
absorption spectra peaks at different wavelengths of the incoming radiation, which leads
to different absorption properties over urban areas.

As a result of these effects, modelling the radiation leaving the Earth is extremely
difficult. Various agencies measure the radiation being emitted from the Earth, by using
sensors onboard Earth-monitoring satellites; for example the NASA Clouds and the Earth’s
Radiant Energy System (CERES) mission on the Terra and Aqua Earth-monitoring satel-
lites [Wielicki et al., 1996]. Fig. 3.8 shows the average outgoing radiation from the Earth
over January 2011 (short-wave in Fig. 3.8a from albedo reflection, long-wave in Fig. 3.8b)

Clearly the Earth radiation pressure incident on a satellite is extremely difficult to
model accurately, and so this thesis will not include Earth radiation pressure modelling as a
force model, since the processing power needed would preclude usefulness on the designated
system architecture of a mobile device with less processing power than a desktop computer.

4.4.4 Relativistic Effects

The universe is not flat near the Earth due to the gravitational pull of the mass of the
Earth; there are two relativistic effects that need to be considered. One consideration is
the changing geocentric range to the satellite due to the eccentricity of the satellite orbit.
This is a special relativity correction. The second consideration is that the geocentre and
the satellite are at different altitudes, and hence each experiences a different gravitational
field strength. This leads to a general relativity correction due to the different gravita-
tional potentials at the two locations. The two effects are combined together in a general
relativity formalism.

The parameter in general relativity that describes the curvature of the vector space
in question is the metric tensor gµν , which describes how the length of a four-dimensional
position vector can be parametrised in a given reference frame. In a frame near a massive
uniformly-spinning body it is given by the components [Huang et al., 1990]

g00 ≈ −1 + 2U
c2 − 2U2

c4

g0i ≈ −4 ~V
c3

gii ≈ 1 + 2U
c2

gµν = 0 otherwise.

(4.134)

where i runs over the three Cartesian coordinates x, y, z; U is the scalar gravitational
potential given, to first order, by

U ≈ GME

|~r|

(where ~r is the geocentric position vector of the satellite), and ~V is the potential due to
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the angular momentum ~L of the Earth in inertial space, to first order given by

~V ≈
G
(
~L× ~r

)
2 |~r|3

The satellite equation of motion is given by the Geodesic equation [Misner et al.,
1973, Section 8.5]:

d2xµ

dτ2 + Γµνσ
dxν

dτ

dxσ

dτ
= 0 (4.135)

where Einstein’s summation notation has been used1, and the Christoffel symbols Γµνσ are
given by

Γµνσ = 1
2g

µα
(
∂gαν
∂xσ

+ ∂gασ
∂xν

− ∂gνσ
∂xα

)
(4.136)

where gµα is the inverse of the tensor gµα, i.e. gµαgµβ = δαβ . Inserting Eq. 4.134 into Eq.
4.135, via Eq. 4.136 and using the expressions for U and ~V , gives an acceleration due to
relativity as [Ries et al., 1991]:

~̈rrel ≈ −GME

c2|~r|3
[(

4GME
|~r| − ~v · ~v

)
~r + 4 (~r · ~v)~v

]
+3GM2

E

c2|~r|3
[

3
|~r|2 (~r × ~v)

(
~r · ~L

)
+
(
~v × ~L

)] (4.137)

These two terms are respectively the Schwarschild acceleration, which describes the so-
lution for a non-rotating Earth, and the Lense-Thirring Precession, which describes the
correction due to the reference frame dragging with the rotation of the Earth. Since the
typical magnitude of the Schwarschild solution is 5×10−10 ms−2 for a Medium-Earth Or-
bit satellite, and the typical magnitude of the Lense-Thirring Precession is 5×10−16 ms−2,
the latter is usually ignored for the calculation of Medium-Earth Orbits [Montenbruck &
Gill, 2005].

4.4.5 Earth Tides

The gravitational attraction of the astronomical bodies exerts a force on the surface of
the Earth which, due to the diurnal rotation of the Earth, results in a periodic force. The
resultant motion of the crust of the Earth is called the solid Earth tide, and the motion of
the water the ocean tide. The most convenient way to include the effect of the both tidal
effects is by including the effects as variations to the gravitational potential terms Cn,m
and Sn,m given in Section 4.4.2 [Petit & Luzum, 2010].

The contributions to the Cn,m and Sn,m from the solid Earth tides can be expressed
in terms of a Love number k for each n,m. k is analogous to Hooke’s constant for a
spring; it describes the elastic capability of a body to return to its original shape after
a force has been momentarily exerted on it. A value of k being zero indicates the body

1Einstein summation notation means that AµBµ =
4∑

µ=0

AµB
µ.
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stays in the deformed shape after the force is removed; a value of k being unity indicates
the body returns completely to its original shape. Since the Earth is a complex body
with structural differences internally, a single Love number is a simplification of the real
system. This can instead be modelled by three k values for each degree and order of the
spherical harmonic expansion of the gravity model of the Earth. These are denoted by
kn,m, k+

n,m and k−n,m. As a further complication, the anelasticity of the Earth’s mantle
causes each of the Love numbers to be both a complex number (with the anelasticity
causing a small imaginary component; an elastic model of the Earth has only real values
for the Love numbers), whilst the Love numbers are also observed to be dependent on the
frequency of the tidal effects [Mathews et al., 1995]. The IERS 2010 Conventions [Petit &
Luzum, 2010] contains instructions on how to compute the solid Earth tidal effects up to
degree and order 4 of the spherical harmonic expansion. To first order, one may utilise an
elastic model of the Earth which is truncated at the k2,0 term, and neglect the frequency-
dependence of the Love number. Under such approximations, the change in the Earth’s
gravitational potential due to the solid Earth tide at a geocentric position ~r due to an
astronomical body of mass M at geocentric position ~s is given to first order by [Stacey,
2008, Section 8.2]:

∆U2,0 ≈
k2,0GMR5

E

2 |~s|3 |~r|3
(
3 cos2 (γ)− 1

)
(4.138)

where k2,0 is the Love number relating to the Earth’s oblateness, and γ is the angle between
~r and ~s.

Since the acceleration of a body in a gravitational field is given by the gradient of
the potential at that point in the field, differentiating Eq. 4.138 with respect to satellite
position gives a model of the acceleration due to the solid Earth tide effect for the second-
order Love number, ~̈rSET,2:

~̈rSET,2 = k2GMR5
E

2 |~s|3 |~r|4
[(

3− 15 cos2 (γ)
)
r̂ + 6 cos (γ) ŝ

]
(4.139)

where r̂ and ŝ are the unit vectors in the ~r and ~s directions respectively.
The ocean tides also produce frequency-dependent variations to each of the Cn,m and

Sn,m coefficients used in the gravitational potential of the Earth. The FES2004 ocean tide
model Lyard et al. [2006] provides effects for long period waves, diurnal waves, semi-diurnal
waves, and quarter-diurnal waves, for each pair of coefficients up to degree and order 100.
Petit & Luzum [2010] reports that for a satellite at an orbital altitude of approximately
800 km, the effect is approximately 20 cm; for satellites at GPS altitudes of approximately
26500 km, the effect will therefore be less than 1 mm and hence the result can be safely
ignored.

4.4.6 Atmospheric Drag

Motion of a satellite through a viscous medium such as a planetary atmosphere causes
friction since the satellite surface area, which is hitting the atmosphere whilst the satellite
orbits, cannot push the atmosphere out of the way with no effect on the satellite speed.
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This frictional force is commonly called atmospheric drag, and the acceleration (in the neg-
ative direction to the satellite velocity vector) denoted by ~̈rd. Modelling the atmospheric
drag for satellites in Low Earth Orbits requires detailed knowledge of the composition of
the atmosphere at various altitudes, as well as the scattering mechanisms off the satellite
surface, which in turn requires knowledge of the satellite materials. For a satellite with
cross-sectional area A moving through an atmosphere of density ρ with relative speed to
the atmosphere vrel, the acceleration due to atmospheric drag can be crudely modelled by

~̈rd = −1
2Cd

A

m
ρv2
relv̂rel (4.140)

where m is the mass of the satellite and Cd is the proportionality constant called the drag
coefficient (the factor of one-half is simply a convention from aeronautical engineering).

For medium-Earth orbit satellites such as GPS satellites, ρ in Eq. 4.140 can be
assumed to be zero since the atmosphere is extremely thin at such high altitudes. Thus
the acceleration due to atmospheric drag can be simply written as

~ad = 0 v̂ (4.141)

and so the force can be ignored for the orbit prediction of GPS satellites.

4.4.7 Summary of Force Models

Having obtained detailed force models to describe the acceleration of the satellite due to
various effects, these can be summed together in an inertial reference frame to provide a
model of the total acceleration of the satellite in that reference frame:

~̈r = ~̈rg + ~̈rp + r̈SRP + ~̈rant + ~̈rTRR + ~̈rrel + ~̈rSET (4.142)

where the various accelerations found in Eqs. 4.87, 4.89, 4.109, 4.129, 4.133, 4.137, and
4.139 respectively have been used, and the atmospheric drag has been ignored (Eq. 4.141).
Eq. 4.142 is only valid if all the force models are independent of each other, if they are
in the same reference frame, and if that reference frame is truly inertial. If these three
conditions are met, than the force model of Eq. 4.142 can be used as the function f in Eq.
4.76 or in Eq. 4.80. This enables the numerical integration in the Runge-Kutta algorithm
to predict the orbit of the satellite in the given reference frame.

4.5 Orbit Determination from Multiple Observations

With all sets of ephemerides, there is an error in the calculated parameters. This is due
to a combination of three effects:

• Errors in the observations that were used to determine the ephemeris - Observation
errors.

• Errors in the mathematical model used to compute the satellite ephemeris from the
determined position - Mis-modelling effects.
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• Errors in the number of digits used to display or store the ephemeris parameters -
Quantisation errors.

For ephemerides of GPS satellite orbits, the third of these error sources can be usually
ignored due to the large number of available digits in the SP3 and NAV RINEX data files
- these are shown in Table 4.4.

Format Rounding Error
SP3 ±0.5 mm for position

RINEX NAV ±5× 10−14 per parameter
JPL ±0.5 mm for position

±5µm/s for velocity

Table 4.4: Quantisation error of parameters in GPS data formats.

A combination of the first two effects means that the position of a satellite determined
from an ephemeris will not be exactly where the satellite position actually is. Whilst an
incorrect satellite position of a few metres may not matter for some applications, an error
of this magnitude causes much larger errors when predicting the satellite orbit from these
initial conditions. This is because the acceleration of the satellite is highly dependent upon
its position, so if the position is incorrect, the acceleration will be incorrect, and hence the
computed satellite position will diverge quadratically from the true satellite position1.

Determining the satellite position to a better accuracy than the position found via
the broadcast ephemeris, while denied other orbit data products and only using the com-
putational power of a mobile device, is not a trivial task. Whilst results may be obtained
empirically, they often are determined from orbits from agencies such as the IGS, even if
these are provided to the receiver in the form of hard-coded empirical parameters.

The method used in this thesis is a least-squares orbit determination algorithm util-
ising multiple sets of broadcast ephemeris parameters, and is adapted from Tapley et al.
[2004b].

4.5.1 Least Squares Parametrisation

The concept of Least Squares involves taking a mathematical model based upon certain
freely-varying parameters and determining the values of these parameters such that the
weighted square of the difference between the model with these parameters and a set
of observations is minimised. For the problem of orbit determination, the freely-varying
parameters clearly include the position and velocity of the satellite.

The issue of degrees of freedom needs to be addressed. If there are many simultaneous
observations of a satellite at a specific epoch, from various receivers or stations that can
communicate the observations to each other, then solving for the position of the satellite is
possible, since there are many more observations than there are variables to be determined

1Due to Kepler’s third law, an incorrect semi-major axis of the orbit will give an error in the period
of the orbit, whilst the errors in the inclination, the longitude of the ascending node and the argument of
perigee all combine to also give a periodic error with a quadratically growing amplitude.
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- the system is said to be redundant, and the number of degrees of freedom, which specifies
how many more observations than parameters to solve for, is positive. However, the
atmosphere delays the ranging code in both the ionosphere and the troposphere [Misra &
Enge, 2006], so each satellite-receiver link will have a different delay due to the different
elevation angles to each satellite and hence different signal travel times in the atmosphere.
Additionally, the locations of the receiver antenna phase centres may not be well surveyed,
and so these might be chosen to be solved for. The satellite positions will also be solved for
if a satellite ephemeris is to be determined. Thus the number of parameters to be solved
for can possibly be more than the number of observations available. The parameters to
be solved for are then said to be unobservable.

The problem can be resolved by using a mathematical model to reduce the number
of parameters to be solved for in the least-squares algorithm. This is ostensibly done by
changing the parameters from receiver-satellite link dependent to either satellite-dependent
or receiver-dependent, and can also be performed by making them refer to a certain epoch.
This increase the number of degrees of freedom, since the number of satellite-receiver
links, and hence observations, increases as a times b, where a is the number of satellites
and b the number of receivers; hence the number of links grows faster than the rate of
linearly increasing number of receivers or satellites. Similarly, if there are k epochs, then
the observations will increase linearly with k, whereas the ephemeris parameters to be
determined will stay fixed. For this thesis, only one receiver will provide data to the
orbit determination algorithm, and so observations from multiple epochs, along with a
mathematical model to relate how parameters change with time, is very important to
provide enough observations to give a high number of degrees of freedom, and so provide
a robust satellite ephemeris.

In the case of satellite orbits, the problem is depicted in Fig. 4.11. The true satellite
trajectory is unknown, but observations are made of it at various epochs, shown with the
red crosses. Meanwhile, a mathematical model of the orbit is also determined, which is
entirely dependent on (a) the initial conditions at the start of the trajectory (the green
cross), and (b) the forces acting on the satellite. This is shown by the blue trajectory, and
can be determined at any epoch by use of an orbit prediction algorithm, as described in
Section 4.4.

The parameters to be solved for in a least-squares algorithm are grouped together in
a vector called a State Vector, denoted X. The length of the vector is given by the integer
n.

The observations made each epoch k are denoted by the Observation Vector Yk, a
vector of length m. When the observations over all relevant epochs p are combined in one
vector, this is denoted by ~Y and is a vector of length M = m× p.

4.5.2 Least Squares Orbit Determination

Consider a satellite in orbit around the Earth. The parameters to be determined by the
orbit determination algorithm are grouped together in the state vector, X. The state
vector changes some of its components over time, and so the the state vector at epoch i
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Figure 4.11: The concept of orbit determination from multiple observations.
Observations, marked by the red crosses, are made of an unknown true satellite

trajectory. An estimate is made of the satellite trajectory (in blue) that somehow fits the
observations. It cannot be a simple curve-fitting, since the initial conditions (marked by
the green cross) change the shape of the curve. A set of initial conditions needs to be

determined that best fits the trajectory to the observations available. The figure shows a
1-dimensional example; in reality the curve is in n dimensions, where n is the number of

parameters to solve for. .

is denoted by Xi. It should be emphasised that the variable to be solved for is the state
vector at the initial epoch X, not Xi. The state vector is to be found at epoch t, but
observations can be used from subsequent epochs ti, where t < ti). Also, the observations
Yi at epoch i are related somehow to the state vector at that epoch. These two points can
be stated mathematically by the two equations

Ẋ = F (X, t) (4.143)

Yi = G (Xi, ti) + ε′i (4.144)

where F and G are non-linear functions, and ε′i are the observation errors at epoch i. Eq.
4.144 is of particular interest since it describes the relationship between the observations
Yi and the state vector Xi at epoch ti although with unknown observation errors ε′i. This
is known as the Observation Equation.

An estimate of the state vector, provided by a mathematical model, is also needed.
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This is known as the reference state vector, and denoted by X∗. Estimated values of the
observations at epoch ti are produced by an equivalent equation to Eq. 4.144, but using
the reference state vector at that epoch instead of the true state vector. These are denoted
by

Y ∗i = G (X∗i , ti) + ε′∗i (4.145)

where

X∗i = X∗ (ti) (4.146)

The reference state vector will be close to the true but unknown state vector Xi. The
differences can be expressed as

x (t) = X (t)−X∗ (t) (4.147)

yi (t) = Yi (t)− Y ∗i (t) (4.148)

whilst at epoch ti, Eq. 4.147 gives

x (ti) = X (ti)−X∗ (ti) = xi (4.149)

Differentiating Eq. 4.147 with respect to time,

ẋ (t) = Ẋ (t)− Ẋ∗ (t) (4.150)

Since the reference state vector X∗ is close to the true state vector X, both Eq. 4.143
and the Observation Equation (Eq. 4.144) can be expanded about the reference state
vector at that epoch by a Taylor expansion:

Ẋ (t) = F (X, t)
= F (X∗, t) + ∂F (t)

∂X(t)

∣∣∣
X∗

(X (t)−X∗ (t)) +OF (X (t)−X∗ (t))
(4.151)

Yi (t) = G (Xi, ti) + ε′i

= G (X∗i , ti) + ∂G
∂X

∣∣∣
X∗i

(X (ti)−X∗i ) +OG (X (ti)−X∗i ) + ε′i
(4.152)

where OF and OG denote quadratic and higher order terms in the Taylor expansion. Eq.
4.151 and Eq. 4.152 can be truncated by ignoring the higher order terms. For Eq. 4.152,
this is known as linearising the observation equations. For Eq. 4.151, this is known as
linearising the state vector differential equations. Performing these linearisations, and
inserting into Eq. 4.150 and Eq. 4.148 gives

ẋ (t) ≈ ∂F (t)
∂X (t)

∣∣∣∣
X∗

x (t) = K (t)x (t) (4.153)

yi (t) ≈ ∂G

∂X

∣∣∣∣
X∗i

xi = Hixi + εi (4.154)
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where

K (t) = ∂F (t)
∂X (t)

∣∣∣∣
X∗

(4.155)

H (t) = ∂G

∂X

∣∣∣∣
X∗i

(4.156)

The question remains of how to determine xi. The state vector corrections need to be
mapped from one epoch to another by a mathematical transformation. This is performed
by a matrix called the State Transition Matrix, and is denoted by Φk. It is defined by its
operation on x:

x (t) = Φ (t, tk)xk (4.157)

The two arguments to Φ denote which epochs it is transforming the state vector corrections
between. The first parameter is the epoch it is transforming to; the second epoch it is
transforming from. Tapley et al. [2004b] points out three things to note from Eq. 4.157:

Φ (tk, tk) = I (4.158)

Φ (ti, tk) = Φ (ti, tj) Φ (tj , tk) (4.159)

Φ (ti, tk) = Φ−1 (tk, ti) (4.160)

where I is the identity matrix. Differentiating Eq. 4.157 with respect to time gives

ẋ (t) = Φ̇ (t, tk)xk (4.161)

since xk is constant. Substituting this into Eq. 4.153 and utilising 4.157,

Φ̇ (t, tk)xk = K (t) Φ (t, tk)xk (4.162)

and since this is true for all xk,

Φ̇ (t, tk) = K (t) Φ (t, tk) (4.163)

This can be solved either as a group of simultaneous scalar differential equations, or
by numerically integrating the matrix form shown in Eq. 4.163. Numerical integration
between epochs t and tk can be performed by a Runge-Kutta algorithm. This should be of
the same order as the Runge-Kutta model used to predict the reference orbit as part of the
Orbit Determination algorithm. However, there was not sufficient development time for
this project to successfully implement the RKN7(6) or RK8(7) algorithms for propagation
of matrices, and so the much simpler Euler method was chosen instead:

Φ (tj+1, t) ≈ Φ (tj , t) +K (tj) Φ (tj , t) δt (4.164)

where δt is the time difference between epochs tj and tj+1. Note that this will not degrade
the result of the orbit determination algorithm if a small enough step size is chosen; the
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only result will be a much slower time to produce the Φ matrix at each epoch, since the
K matrix will need to be evaluated more frequently.

The initial value of Φ is given by the n-by-n identity matrix, as can be seen by Eq.
4.158. If a small enough gap δt between epochs is chosen, then the implicit linearity
assumption is valid. Eq. 4.164 is integrated over many epochs from the initial epoch t,
which is the epoch when the estimate of the state vector correctionsX are being computed,
up to the epoch of the observation tk.

Now the state transition matrix has been determined, the various observations from
different epochs can be incorporated into the orbit determination algorithm, since the
state transition matrix can be used to map the state vector corrections to any requested
epoch. Thus, after substitution of Eq. 4.157, the observations in Eq. 4.154 can be written
for all p epochs as

y1 = H1Φ (t1, tk)xk + ε1

y2 = H2Φ (t2, tk)xk + ε2
...
yp = HpΦ (tp, tk)xk + εp

(4.165)

The linearised observation equations are now all in terms of the state vector corrections
at epoch tk, i.e. the epoch for which the state vector corrections are to be solved for.
Note that there are M = p ×m observations. If the linearised observation equations are
concatenated, i.e.

y =


y1
...
yp

 (4.166)

A =


H1Φ (t1, tk)

...
HpΦ (tp, tk)

 (4.167)

ε =


ε1
...
εp

 (4.168)

then Eq. 4.165 can be expressed as

y = Axk + ε (4.169)

y and ε are vectors of length M , xk is a vector of length n, and A is a M -by-n matrix.
The question is now how to solve Eq. 4.169 for xk. If M = n, then A is a square

matrix and so the problem is trivial; for M > n the solution is overdetermined, and needs
to be solved subject to a performance index to determine how to calculate the statistically
best solution.
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The solution required should be one that provides the Best Linear Unbiased Esti-
mate (BLUE) of the variance of the determined state vector correction x̂k1. The BLUE
requirement means that the estimate must be [Leick, 1995]:

• Linear - The state vector correction is assumed to be linearly related to the obser-
vations, i.e.

xk = Dy (4.170)

for some matrix D.

• Unbiased - The state vector correction is assumed to have no bias, i.e.

E {x̂k} = xk (4.171)

where E {x̂k} denotes the expectation of xk.

• Best - The estimation error covariance matrix is given by

Pk = E
{

[(x̂k − xk)− E {x̂k − xk}] [(x̂k − xk)− E {x̂k − xk}]T
}

= E
{

(x̂k − xk) (x̂k − xk)T
} (4.172)

xk needs to be chosen such that Pk is minimised, whilst keeping Eq. 4.170 and Eq.
4.171 true. If

E
{
εεT
}

= Cl (4.173)

then substitution of Eq. 4.171, Eq. 4.170 and Eq. 4.173 into Eq. 4.172 gives

Pk =
(
ATC−1

l A
)−1

(4.174)

and so substitution into Eq. 4.154 gives

x̂k =
(
ATC−1

l A
)−1

ATC−1
l y (4.175)

Note that if the performance index J for solving Eq. 4.169 by requiring a weighted
least squares solution for a given weight W is given by minimising

J (xk) = 1
2ε

TWε (4.176)

then the least squares solution to Eq. 4.169 is given by [Tapley et al., 2004b, Ch. 4.3.3]

x̂k =
(
ATWA

)−1
ATWy (4.177)

Comparison of Eq. 4.175 and Eq. 4.177 shows that the BLUE estimate of xk is
equivalent to the weighted least squares estimate, so long as the least squares weight is
given by

1The “hat” on the parameter shows that it is a best fit solution to the problem, rather than the true
value of the variable.
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W = C−1
l (4.178)

Thus the BLUE solution can be found by utilising the a priori measurement covariance
matrix, Cl.

As can be seen in Eq. 4.149, the BLUE solution xk will be a correction factor to the
reference state vector X∗, but since the a priori measurement covariance matrix is not
known but only estimated, and also a linearisation via Taylor expansions has occurred for
both the observation equations and the state vector differential equations, it will provide
only an improvement to the reference state vector. The algorithm needs to be applied mul-
tiple times, and stopped when the corrections xk become smaller than a user-determined
tolerance requirement.

4.5.3 Precision and Accuracy of the Orbit Determination Algorithm

Determining the accuracy of the least squares orbit determination algorithm is difficult
to perform due to a lack of knowledge as to the true position of the satellite at a given
epoch, since SLR ranging is limited to a few satellites. As a result, measurements from
global networks of GPS receivers that produce high levels of precision can be used as a
truth model. This is the case here, where the IGS final orbit product is used as a truth
model. The precision of the orbit determination algorithm is easier to determine as it can
be found via the various matrices used in the least squares algorithm. Recall that if the
a priori variance-covariance matrix of the observations is given by Cl, then the BLUE
weight is given by

W = C−1
l (4.179)

The variance-covariance matrix of the estimated parameter is given by

Cx̂ =
(
ATWA

)−1
(4.180)

One metric of precision that can be used is the a priori variance of unit weight, which
is given by [Leick, 1995]:

σ2
0 =

E
{
εTWε

}
m− n

(4.181)

Recall that the difference m−n is known as the number of degrees of freedom of the least
squares algorithm. Eq. 4.181 cannot be found exactly; instead it is estimated from the
observations. Doing this produces the a posteriori variance of unit weight:

σ̂2
0 = ε̂TWε̂

m− n
(4.182)

which is calculated from the least squares residuals ε̂, calculated after the algorithm has
been determined to have converged. If the a posteriori variance of unit weight is sta-
tistically significantly larger than unity, then the a priori variance-covariance matrix of
the observations Cl, and hence the a priori variance-covariance matrix of the estimated
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parameter, are overly optimistic and one should re-scale both matrices according to the
mapping

Cl →
1
σ̂2

0
Cl (4.183)

Note that if this re-scaling does occur, it will have no result on the accuracy of the
solution to the BLUE least squares algorithm (Eq. 4.175) since W appears in both the
numerator and the denominator; it does however affect the precision of the least squares
algorithm since it gives more realistic estimates of the variance-covariance of the estimated
parameter.

Each diagonal element of Eq. 4.180 give a metric of precision of the least squares
algorithm in determining the relevant parameter, since it is the statistical variance of that
parameter; this is more realistic after the transformation in Eq. 4.183 is applied.

Thus both the accuracy and precision of the least squares solution can be estimated.
The accuracy can be determined by calculating the root-mean-square (rms) of the calcu-
lated orbit prediction error from a truth model after a certain prediction duration, such as
the IGS final orbit products; the precision can be determined by the relevant components
of Cx̂.

4.5.4 Orbit Determination Using Past Data

The orbit determination algorithm described here works well for optimising the initial
conditions of a satellite ephemeris when observations over subsequent epochs are available.
This is the approach taken in CODE for instance1, and can be seen diagrammatically in
Fig. 4.12a. The window over which the least-squares optimisation occurs is after the
epoch t0 that the state vector is being solved for. This concept is ideal when all the
observations have been made and orbit prediction needs to occur over that same window,
e.g. for producing post-processed precise ephemerides of satellite trajectories in the past.

The point of extended ephemerides is not to calculate an ephemeris for periods when
observations are available, but to produce an ephemeris for periods when observations
are not available (t after tf in Fig. 4.12a). Since the orbit determination algorithm is
optimising the state vector over all epochs of the window shown in Fig. 4.12a, it does not
matter which epoch in the window provides the initial conditions to the orbit prediction
algorithm - the state transition matrix for that epoch can transform the state to that at
any other epoch, which can then be used as the initial conditions for the orbit prediction
algorithm. However, to stop the need to perform this transformation, one can make the
epoch that the state vector is solved for to be at tf . Note also that there is no need to
produce a predicted orbit between ti and tf , since it will simply reproduce the fitted orbit
after the orbit determination algorithm has converged; it is simply the fitted orbit.

To modify the previous description of the orbit determination algorithm to make
these changes, the epoch t0 should be moved to epoch tf , and the state vector modified at

1Note that CODE use data from a network of multiple GPS receivers and uses both pseudorange and
carrier phase observations; the work in this thesis uses only one receiver and only ephemeris data from the
satellite, no pseudoranges. However, the concept of solving for a satellite position at the beginning of an
ephemeris block is common.
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that epoch for all observations between ti and tf . Since the order of observations in the
least-squares computation can be swapped without any effect by moving rows consistently
in the A, b and W matrices, the easiest way to do this is to start the orbit determination
algorithm at epoch t0 and make time run backwards until tf is reached. This is shown in
Fig. 4.12b. Thus the same code can be re-used as for the “standard” least squares orbit
determination algorithm, but with the following minor modifications:

• t0 is moved to the epoch after the last epoch when observations are present.

• ti and tf are swapped round; equivalently the epoch window is made to be of negative
duration.

(a) Standard least-squares or-
bit determination algorithm.

(b) Orbit determination by
using previous observations.

Figure 4.12: Two alternate methods of least-squares orbit determination.
Observations are labelled with green crosses, and a predicted orbit from these

observations is shown in blue. The epoch the state vector is being solved for for is t0.

4.6 Summary of Chapter

This chapter has described the mathematical basis of orbit determination and orbit pre-
diction. Since the orbit prediction is performed in an inertial frame whilst the satellite
positions found via the broadcast ephemeris parameters are in the WGS84 reference frame,
the frame transformation between the GCRF and WGS84 reference frames are presented,
along with other frame transformation algorithms routinely used. A mathematical de-
scription of the various numerical integrators available was presented, along with models
for various forces that are used in the algorithm. Finally, the mathematics of the orbit
determination algorithm was presented, along with methods to determine the precision of
the least-squares solution of the estimated parameter.

The exact choice of precession-nutation model, along with which forces to include in
the orbit prediction algorithm, was left to be decided at the implementation stage. This
is addressed in the next Chapter, where the implementation of these algorithms on both
the development PC and a mobile device is presented.

116



Chapter 5

Methodology

This chapter describes how the mathematical models of orbit prediction and orbit deter-
mination were implemented in computer code. The choice of which programming language
the algorithms are implemented in is discussed, and also the auxiliary functions such as
reference frame transformations and generic code for dealing with GNSS data. Note that
issues to do with optimising the algorithms for use on a limited resources device such as
a mobile device are discussed in Chapter 6.

5.1 Platform Specification

The choice of the programming language used to develop the algorithms needs careful
consideration. As well as requiring the algorithms to run as fast as possible on the devel-
opment computer, the programs need to be able to be ported easily to a mobile device.
These two limitations greatly reduce the possible options. Computer code can be split
into two groups - compiled code where a compiler converts the programming language into
native machine code before the code is executed, and interpreted code which uses inter-
preter software (often called a run-time engine) to interpret the code from its language
into machine code at run-time. Compiled code is in the computer’s machine code, and
so identical algorithms will in theory run at the same speed1. Interpreted code is almost
always slower than compiled code as the interpreter will need time during run-time to
convert the code into machine code; how much slower will depend on the nature of the
code, the efficiency of the interpreter, and how close the language is to machine code.
Note that some languages are both compiled and interpreted (e.g. Java, C].net), since
the code is compiled to an intermediate language similar to machine code, which is then
interpreted to native machine code at run-time. Another factor to consider is whether a
compiler or interpreter exists for the operating system and hardware of the mobile device.

For this thesis, it is desirable to have the software run as quickly as possible, so
compiled languages were required instead of interpreted languages. Due to its speed and
flexibility, C/C++ was chosen as the development language. It is fast at run-time, and can
be compiled to multiple platforms easily due to its nature as one of the most ubiquitous
languages. C++ enables object-oriented programming to occur, with classes utilising the

1In practice, the efficiency of the compiler can make more complex code slightly slower.
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Language Compiled? Interpreted?
Fortran X

C X
C++ X
Java X X
C] X X

Matlab X
Python X

Table 5.1: Possible programming languages for the software development.

concepts of data hiding and encapsulation1 . Its slight speed improvement over Java,
which runs through a virtual machine, as well as the author being more well-versed in
C++, meant that Java was not chosen. Note that the .NET family of languages were
not considered due to the compiled program running through the just-in-time compiler,
as well as being limited to the .NET compact framework subset.

Having decided upon the programming language, the next task was to choose the
development environment. Clearly a language like C/C++ can be compiled on multiple
platforms, and so the choice of the computer to do the development and initial testing on
was arbitrary, so a standard Intel PC running Microsoft’s Windows 7 operating system
was chosen. The C/C++ code was compiled using Visual Studio 2008 due to its auto-
matic generation of the project makefiles, and generally helpful integrated development
environment (IDE), especially for debugging errors. The choice of mobile device for testing
was more difficult, since a compiler was needed for that specific hardware and operating
system. Fortunately, Microsoft have released a version of Windows for mobile devices,
called Windows Mobile. Visual Studio 2005 upwards contains the C/C++ compiler for
Windows Mobile 6.12. As a result, moving software from the development PC to the
mobile device would be relatively straight-forward. A mobile device was chosen with the
Windows Mobile 6.1 operating system, HTC’s TyTN II. The specifications of both the
development PC and the TyTN II are shown in Table 5.2, while a photograph showing
the TyTN II mobile device’s Windows operating system is shown in Fig. 5.1.

5.2 Core Code Implementation

Certain sections of code will be utilised many times, and so care must be especially taken
to develop the code in a bug-free and efficient manner. These libraries are the following:

• Timetag - A C++ class to contain timestamp information. As well as containing the
member variables one might expect (year, month, day, hour, minute, and second),
it also contains the (fractional) Modified Julian Date (MJD) and the ability to

1The other object-orientation features of inheritance and polymorphism were also available, but were
not needed in this thesis since classes were not inherited from each other.

2Due to a software clash between this compiler and the 64-bit Windows 7 on the development PC, the
compilation for mobile devices was done in Visual Studio 2005; however, this should make no difference to
the results.
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Development PC Mobile Device
Name Precision T3500 TyTN II

Manufacturer Dell HTC
Chipset ×86-64 ARM
CPU Intel Xeon E5530 Qualcomm 7200

4 × 2.4 GHz 400 MHz
RAM 12 Gb 128 Mb
OS Windows 7 ×64 Windows Mobile 6.1

Table 5.2: Specifications of the development PC and the mobile device used for testing.

Figure 5.1: The TyTN-II mobile device with the orbit prediction and determination software.
The graphical interface developed was a simple MFC dialogue interface.
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determine the GPS Week Number and the GPS Day of Week. Importantly, member
functions include a function to increase the time by a required number of seconds,
thus enabling time to be stepped through in coding loops. Timetag objects can be
compared (i.e. is one later or earlier than the other, or are they equal) and the
difference between two time objects can also be determined. Finally, the ability to
step between different timescales, as described in Section 4.2.3, is implemented by
standalone functions, which is important mainly for switching to and from the GPS
and TT timescales from UTC.

• Cartesian - A C++ class that contains the standard three dimensional distances
from an origin (length, breadth, height, stored as x, y and z). The value clearly
depends upon which reference frame they are represented in, but that is left for
the software developer to keep track of. Cartesian objects can also be thought of
as vectors of length 3, so as well as the ability to add and subtract two Cartesian
objects, one can determine the dot product and the cross product.

• Matrix - Due to the importance of optimising the matrix mathematics libraries, the
standard C library of Matrix algebra from Numerical Recipes in C [Press et al.,
1992] was implemented. Matrices can be any (integer) size and can be added, sub-
tracted, multiplied, transposed, and inverted. These were checked against the matrix
mathematical tools in Matlab.

5.3 Basic GPS Code

The code to deal with GPS satellites will also be used many times throughout the software
run-time. This includes reading in the ephemeris data files, computing the satellite position
and velocity from the supplied ephemeris, and applying antenna phase centre corrections.

• PRN to SVN and vice versa. This code is a pair of simple look-up tables that
return the PRN number of a given Satellite Vehicle Number (SVN), and vice versa.
PRN to SVN also requires the relevant epoch, since the PRN changes as SVNs are
decommissioned and new ones launched.

• NAV RINEX Reader. A simple class to read in the Navigation RINEX data files
which have been downloaded from the IGS FTP site. Due to the large number of
parameters in each message, these are hidden from the end user as private members
of the class. Functions provided to the end-user include determining the Earth-
centred Earth-fixed position and velocity of the satellite (antenna phase centre) at
a given epoch, by utilising the algorithms in Section 4.3.3, i.e. Eq. 4.42 to 4.57 for
the position computation, and Eq. 4.58 to 4.66 for the velocity computation.

• SP3 Reader. A simple class to read in SP3 ephemeris data files between two given
dates. Again, functions provided to the end-user include determining the position
and velocity of the satellite centre of mass at a given epoch. Care must be taken
with the SP3 files since the reference timescale used to timestamp the data is not
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specified by the data format, and also the reference frame is not specified by the
format; instead it is given in the header of each file. For the data files used in
this thesis, these are the IGS reference timescale and the IGS 2005 reference frame.
For this thesis, we assume that these are identical to the GPS System Time GPST
and GPS’s WGS84 reference frame respectively. For more precise applications, a
frame transformation would be needed to convert between the reference frames as
described in Section 4.2.4, and the IGS clock files to convert the timestamps to an
estimate of the GPST timescale. The functions to compute the satellite position and
velocity in the given reference frame use a polynomial interpolation as described in
Section 4.3.1, where one can choose the order of the polynomial, i.e. Eq. 4.32 for
the position solution, and Eq. 4.33 for the velocity solution.

• JPL Ephemeris Reader. A simple class to read in the JPL GPS satellite ephemeris
data files. The algorithm in Section 4.3.1 is used to estimate the satellite (centre of
mass) position and velocity. The reference frame used was a daily estimate of the
GCRF frame, and the reference timescale used to timestamp the data an estimate of
UTC. The satellites are referenced by SVN number, so the functions that determine
position and velocity convert a requested PRN number to the relevant SVN number.
The file reader also converts the units of the data to m and m/s from the given
km and km/s. Similarly to the SP3 reader, a polynomial interpolation routine, of
user-specified order, was developed for the satellite position (using Eq. 4.32) and
the satellite velocity (using Eq. 4.33).

5.4 Implementation of Mean Antenna Phase Centre Offsets

Since the satellite position determined from the broadcast ephemeris parameters refers to
an estimate of the position of the antenna phase centre, whilst the satellite dynamics are
driven by the forces acting on the centre of mass of the spacecraft, a co-ordinate trans-
formation needs to occur between the two locations. This takes the form of a translation
in the local body-fixed frame of the spacecraft, from the centre of mass to an estimate of
the position of the antenna phase centre1. Two mean antenna phase centre models were
hard-coded, to decrease the CPU runtime; the offsets provided by the IGS, and the offsets
provided by the NGA, with the values taken from their respective websites2 3. These off-
sets were then subtracted from the satellite positions found from the broadcast ephemeris
parameters to provide estimates of the position of the satellite centre of mass. The values
for the offsets are shown in Table 5.3.

1The satellite “antenna” is really a group of antennas facing the Earth, and so a reference point near the
average of the position of the end of each antenna is chosen. Since the path delay of the signal is directly
correlated with the satellite clock offset from a reference timescale, this is entirely arbitrary, providing
one is consistent; however, a antenna reference point is chosen that approximately matches the end of the
antenna array’s physical extent.

2IGS: ftp://igscb.jpl.nasa.gov/pub/station/general/igs05.atx (last accessed May 2 2011).
3NGA: http://earth-info.nga.mil/GandG/sathtml/gpsdoc2010_12a.html (last accessed May 2 2011).
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Block SVN PRN BFS Offset (m)
IGS NGA

∆x ∆y ∆z ∆x ∆y ∆z
IIA 22 †22 0.279 0 2.267 0.2794 0 0.9519

23 †23, 32 0.279 0 2.575 0.2794 0 0.9519
24 24 0.279 0 2.455 0.2794 0 0.9519
25 †25 0.279 0 2.295 0.2794 0 0.9519
26 26 0.279 0 2.307 0.2794 0 0.9519
27 27 0.279 0 2.472 0.2794 0 0.9519
28 †28 0.279 0 2.205 0.2794 0 0.9519
29 †29 0.279 0 2.352 0.2794 0 0.9519
30 30 0.279 0 2.466 0.2794 0 0.9519
31 †31 0.279 0 2.107 0.2794 0 0.9519
32 †1 0.279 0 2.201 0.2794 0 0.9519
33 3 0.279 0 2.619 0.2794 0 0.9519
34 4 0.279 0 2.279 0.2794 0 0.9519
35 †5, 25 0.279 0 2.463 0.2794 0 0.9519
36 6 0.279 0 2.676 0.2794 0 0.9519
37 †7 0.279 0 2.220 0.2794 0 0.9519
38 8 0.279 0 2.405 0.2794 0 0.9519
39 9 0.279 0 2.340 0.2794 0 0.9519
40 10 0.279 0 2.389 0.2794 0 0.9519

IIR 41 14 0 0 1.178 0.0018 0.0002 1.6137
43 13 0 0 1.203 0.0024 0.0025 1.6140
44 28 0 0 0.911 0.0019 0.0007 1.5131
45 21 0 0 1.300 0.0023 -0.0006 1.5840
46 11 0 0 0.971 0.0019 0.0011 1.5141
47 22 0 0 0.792 0.0018 -0.0009 0.0598
51 20 0 0 1.154 0.0022 0.0014 1.6140
54 18 0 0 1.133 -0.0098 0.0060 1.5923
56 16 0 0 1.307 -0.0098 0.0060 1.6630
59 19 0 0 0.668 -0.0079 0.0046 -0.0180
60 23 0 0 0.602 -0.0088 0.0035 0.0004
61 2 0 0 0.614 -0.0099 0.0061 -0.0820

IIR-M 48 7 0 0 *0.700 0.00127 0.00025 0.00056
49 1 0 0 *0.700 0.01245 -0.00038 -0.02283
50 5 0 0 *0.700 0.00292 -0.00005 -0.01671
52 31 0 0 *0.750 0.00160 0.00033 -0.05750
53 17 0 0 0.645 -0.00996 0.00599 -0.10060
55 15 0 0 *0.700 -0.00996 0.00579 -0.01227
57 29 0 0 *0.700 -0.01012 0.00591 -0.01512
58 12 0 0 *0.700 -0.01016 0.00587 -0.09355

Table 5.3: Summary of mean APC offset models implemented.
* denotes preliminary values. † denotes no longer broadcasting.
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5.5 Implementation of Frame Rotations

It is assumed that the Earth-centred inertial and Earth-centred earth-fixed reference
frames have similar scale and origins. Hence the general 7-parameter frame transfor-
mations between inertial and rotating frames become a 3-parameter transformation given
by a three-by-three rotation matrix. For positions, this is given by Eq. 4.18 in Section
4.2.4, and for velocities by Eq. 4.20.

Exactly which reference frame these rotation matrices rotate to depends on what
reference frame the satellite position is given in. For an ephemeris in the WGS84 reference
frame, then the rotation matrix in Eq. 4.18 rotates from the WGS84 reference frame to
the GCRF reference frame, since that is the Earth-centred inertial reference frame used in
this thesis. For ephemerides in other reference frames (such as a realisation of the ITRF or
IGS frames), then a 7-parameter frame transformation will need to be applied to convert
to the WGS84 frame (or equivalently, the WGS84 frame would need to be transformed to
an ITRF frame). Similarly, for long-term ephemerides over months or years, then because
the celestial pole moves slightly, the GCRF frame is not truly inertial so a transformation
to the J2000 frame would need to be implemented as another transformation matrix.
For this thesis, the difference between the WGS84 frame and the IGS frame of the Final
Orbit products is only a few cm, and the length of time of the orbit prediction and the
orbit determination algorithms that have been developed are less than those where GCRF
motion becomes significant for the application on a mobile device, and so both these
effects have been ignored. So all satellite positions in an Earth-centred-inertial frame
are considered to be in the GCRF frame, and all satellite positions in an Earth-centred
Earth-fixed frame are considered to be in the WGS84 frame.

The five rotation matrices in Eqs. 4.18 and 4.20 have been calculated using the
matrices described in Section 4.2.4. As suggested by [Lieske et al., 1977], the various
angles can be modelled by the use of cubic equations for accurate results over decadal use.

The precession of the Earth has a period of thousands of years, and so over short
periods of less than a century or so the three precession anges in Eq. 4.13 can be given by
an empirical cubic equation with time as the independent parameter [Lieske et al., 1977]:

ζ (t) = 2306.2181′′T + 0.30188′′T 2 + 0.017998′′T 3 (5.1)

ϑ (t) = 2004.3109′′T − 0.42665′′T 2 − 0.041833′′ (5.2)

z (t) = ζ + 0.79280′′T 2 + 0.00205′′ (5.3)

where T is the number of Julian centuries (in the Terrestrial Timescale) since the J2000
epoch, as shown in Eq. 4.10. This is the 1976 IAU precession model, and was implemented
in a simple function. The rotations due to precession can then be applied as in Eq. 4.13.

The nutation model used was the 1980 IAU Nutation Model [Seidelmann, 1982]. A
series expansion of the nutation angles in obliquity and longitude, ε and Ψ, gives corrections
in the obliquity angle ∆ε and in the longitude of the vernal equinox ∆Ψ. Each of the two
angles is represented by a series expansion of 106 terms, each made up of a combination
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of 6 fundamental arguments of the elements of the Sun and Moon orbit as seen from the
Earth at the requested epoch:

l = 134◦57′46.733′′ + 477198◦52′02.633′′T + 31.310′′T 2 + 0.064′′T 3 (5.4)

l′ = 357◦31′39.804′′ + 35999◦03′01.224′′T − 0.577′′T 2 − 0.012′′T 3 (5.5)

F = 93◦16′18.877′′ + 483202◦01′03.137′′T − 13.257′′T 2 + 0.011′′T 3 (5.6)

D = 297◦51′01.307′′ + 445267◦06′41.328′′T − 6.891′′T 2 + 0.019′′T 3 (5.7)

Ω = 125◦02′40.280′′ − 1934◦08′10.539′′T + 7.455′′T 2 + 0.008′′T 3 (5.8)

The change in the longitude angle is given by

∆Ψ =
106∑
i=1

(∆Ψi) sin (φi) (5.9)

and the change in the obliquity angle is given by

∆ε =
106∑
i=1

(∆εi) cos (φi) (5.10)

where

φi = pl,il + pl′,il
′ + pF,iF + pD,iD + pΩ,iΩ (5.11)

where the seven coefficients pl,i, pl′,i, pF,i, pD,i, pΩ,i, ∆Ψi and ∆εi are provided for each
value of i in the model. The parameters are shown in Table 5.4.

Table 5.4: The IAU 1980 nutation theory coefficients.

i pl pl′ pF pD pΩ ∆Ψi ∆εi
(0.0001′′) (0.0001′′)

1 0 0 0 0 1 -171996 - 174.2T 92025 + 8.9T
2 0 0 0 0 2 2062 + 0.2T -895 + 0.5T
3 -2 0 2 0 1 46 -24
4 2 0 -2 0 0 11 0
5 -2 0 2 0 2 -3 1
6 1 -1 0 -1 0 -3 0
7 0 -2 2 -2 1 -2 1
8 2 0 -2 0 1 1 0
9 0 0 2 -2 2 -13187 - 1.6T 5736 - 31.T

10 0 1 0 0 0 1426 - 3.4T 54 - 0.1T
11 0 1 2 -2 2 -517 + 1.2T 224 - 0.6T
12 0 -1 2 -2 2 217 - 0.5T -95 + 0.3T

See over.
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Table 5.4: (continued)

i pl pl′ pF pD pΩ ∆Ψi ∆εi
(0.0001′′) (0.0001′′)

13 0 0 2 -2 1 129 + 0.1 T -70
14 2 0 0 -2 0 48 1
15 0 0 2 -2 0 -22 0
16 0 2 0 0 0 17 - 0.1 T 0
17 0 1 0 0 1 -15 9
18 0 2 2 -2 2 -16 + 0.1T 7
19 0 -1 0 0 1 -12 6
20 -2 0 0 2 1 -6 3
21 0 -1 2 -2 1 -5 3
22 2 0 0 -2 1 4 -2
23 0 1 2 -2 1 4 -2
24 1 0 0 -1 0 -4 0
25 2 1 0 -2 0 1 0
26 0 0 -2 2 1 1 0
27 0 1 -2 2 0 -1 0
28 0 1 0 0 2 1 0
29 -1 0 0 1 1 1 0
30 0 1 2 -2 0 -1 0
31 0 0 2 0 2 -2274 - 0.2T 977 - 0.5T
32 1 0 0 0 0 712 + 0.1T -7
33 0 0 2 0 1 -386 - 0.4T 200
34 1 0 2 0 2 -301 129 - 0.1T
35 1 0 0 -2 0 -158 -1
36 -1 0 2 0 2 123 -53
37 0 0 0 2 0 63 02
38 1 0 0 0 1 63 + 0.1T -33
39 -1 0 0 0 1 -58 - 0.1T 32
40 -1 0 2 2 2 -59 26
41 1 0 2 0 1 -51 27
42 0 0 2 2 2 -38 16
43 2 0 0 0 0 29 -1
44 1 0 2 -2 2 29 -12
45 2 0 2 0 2 -31 13
46 0 0 2 0 0 26 -1
47 -1 0 2 0 1 21 -10
48 -1 0 0 2 1 16 -8
49 1 0 0 -2 1 -13 7
50 -1 0 2 2 1 -10 5

See over.
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Table 5.4: (continued)

i pl pl′ pF pD pΩ ∆Ψi ∆εi
(0.0001′′) (0.0001′′)

51 1 1 0 -2 0 -7 0
52 0 1 2 0 2 7 -3
53 0 -1 2 0 2 -7 3
54 1 0 2 2 2 -8 3
55 1 0 0 2 0 6 0
56 2 0 2 -2 2 6 -3
57 0 0 0 2 1 -6 3
58 0 0 2 2 1 -7 3
59 1 0 2 -2 1 6 -3
60 0 0 0 -2 1 -5 3
61 1 -1 0 0 0 5 0
62 2 0 2 0 1 -5 3
63 0 1 0 -2 0 -4 0
64 1 0 -2 0 0 4 0
65 0 0 0 1 0 -4 0
66 1 1 0 0 0 -3 0
67 1 0 2 0 0 3 0
68 1 - 1 2 0 2 -3 1
69 -1 -1 2 2 2 -3 1
70 -2 0 0 0 1 -2 1
71 3 0 2 0 2 -3 1
72 0 -1 2 2 2 -3 1
73 1 1 2 0 2 2 -1
74 -1 0 2 -2 1 -2 1
75 2 0 0 0 1 2 -1
76 1 0 0 0 2 -2 1
77 3 0 0 0 0 2 0
78 0 0 2 1 2 2 -1
79 -1 0 0 0 2 1 -1
80 1 0 0 -4 0 -1 0
81 -2 0 2 2 2 1 -1
82 -1 0 2 4 2 -2 1
83 2 0 0 -4 0 -1 0
84 1 1 2 -2 2 1 -1
85 1 0 2 2 1 -1 1
86 -2 0 2 4 2 -1 1
87 -1 0 4 0 2 1 0
88 1 -1 0 -2 0 1 0

See over.
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Table 5.4: (continued)

i pl pl′ pF pD pΩ ∆Ψi ∆εi
(0.0001′′) (0.0001′′)

89 2 0 2 -2 1 1 -1
90 2 0 2 2 2 -1 0
91 1 0 0 2 1 -1 0
92 0 0 4 -2 2 1 0
93 3 0 2 -2 2 1 0
94 1 0 2 -2 0 -1 0
95 0 1 2 0 1 1 0
96 -1 -1 0 2 1 1 0
97 0 0 -2 0 1 -1 0
98 0 0 2 -1 2 -1 0
99 0 1 0 2 0 -1 0
100 1 0 -2 -2 0 -1 0
101 0 -1 2 0 1 -1 0
102 1 1 0 -2 1 -1 0
103 1 0 -2 2 0 -1 0
104 2 0 0 2 0 1 0
105 0 0 2 4 2 -1 0
106 0 1 0 1 0 1 0

The rotation by Greenwich Apparent Sidereal Time (GAST) is given by the change
in right ascension from the Greenwich Mean Sidereal Time, as given in Eq. 4.15. The
GMST angle can be empirically modelled as a cubic equation [Vallado, 2007]:

θGMST = 67310.54841+3164400184.812866TUT1 +0.093104T 2
UT1−6.2×10−6T 3

UT1 (5.12)

which can be inserted in the Equation of Equinoxes (Eq. 4.15) to obtain GAST. The
rotation matrix for rotation by GAST was then given by Eq. 4.16.

Since the 1980 IAU nutation model was implemented, the observed errors from that
nutation model needed to be implemented. The polar motion for the 1980 IAU nutation
model is supplied by the IERS in a monthly bulletin denoted Bulletin B. The inclusion of
crustal motion given by the IERS polar motion coefficients was included by a class called
IERS_data. Data is read in from a previously concatenated data file containing all the
IERS Bulletin B coefficients, and an interpolation routine used to give an estimate of the
requested coefficient at a given epoch. The interpolation was a quadratic fit over three
points closest to the requested epoch, in a manner similar to the satellite position inter-
polation algorithm in the SP3 class (although this uses a much lower order polynomial).
These were then placed in Eq. 4.17 to obtain the rotation matrix due to residual polar
motion.

The four rotation matrices were used to determine the rotation matrices for both
position (Eq. 4.18) and velocity (Eq. 4.20), and were stored as 3×3 matrices so any
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transformation between Earth-centred inertial and Earth-centred Earth-fixed reference
frames could be determined at that epoch.

The implementation of the rotation of an offset from from the satellite body-fixed
frame to the Earth-centred inertial frame was performed via a simple function, as the
Sun position in the Earth-centred inertial frame was supplied by an external function.
Similarly, the rotation to and from an Earth-centred inertial frame and the Height Cross-
track Along-track (HCL) frame was given by a simple function.

5.6 Orbit Predictor

For the orbit prediction software, a suite of force models were developed along with nu-
merical integrators. These are considered in turn.

5.6.1 Implementation of Force Models

A simple class was created that contained various force model options. These include flag
variables to turn on and off each of the force models, turn on and off the gravity effects
of individual astronomical bodies, choose the model, degree and order of the spherical
harmonic expansion of the Earth’s gravitational field, and modify the number of terms in
the Fourier series for the solar radiation pressure. These members of the force_options
class were then passed as arguments to the various force models discussed below.

5.6.1.1 Earth Gravity

Two different types of model of the acceleration due to the gravitational pull of the Earth
were implemented. The first was a trivial point-mass model, equivalent to setting n = 0
in Eq. 4.87, to give

~̈r = −GME

r3 ~r (5.13)

where ~r is the Earth-centred inertial co-ordinates of the satellite’s centre of mass, and
r = |~r|. The second implementation was a full differential of the potential given in Eq.
4.83. Eq. 4.83 can be written in as

U = GME

RE

nmax∑
n=0

n∑
m=0

[CnmVn,m + SnmWn,m] (5.14)

where nmax is the degree of expansion requested for the expansion. The position-dependent
parameters have been combined into Vn,m and Wn,m:

Vn,m =
(
RE
r

)n+1
Pnm (sinφ) cos (mλ) (5.15)

Wn,m =
(
RE
r

)n+1
Pnm (sinφ) sin (mλ) (5.16)

Due to the recursion relations for the associated Legendre polynomials Pnm(sinφ), the
Vn,m and Wn,m have their own recursion relations:
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Vn,n = (2n− 1)
[
xRE
r2 Vn−1,n−1 − yRE

r2 Wn−1,n−1
]

Wn,n = (2n− 1)
[
xRE
r2 Wn−1,n−1 + yRE

r2 Vn−1,n−1
] (5.17)

Vn,m =
(

2n−1
n−m

)
zRE
r2 Vn−1,m −

(
n+m−1
n−m

)
R2
E
r2 Vn−2,m

Wn,m =
(

2n−1
n−m

)
zRE
r2 Wn−1,m −

(
n+m−1
n−m

)
R2
E
r2 Wn−2,m

(5.18)

where x, y, z are the three co-ordinates of the satellite centre of mass in the Earth-centred
Earth-fixed frame. A function was written to calculate the Vnm and Wnm coefficients at a
given satellite position ~r. They were calculated using Eq. 5.17 for the n = m coefficients,
and then the rest of the coefficients using Eq. 5.18, with the initialisation given by

V00 = RE
r
, W00 = 0 (5.19)

The accelerations due to Earth gravity are then given in the three Earth-centred Earth-
fixed directions by [Metris et al., 1998]:

ẍ =
nmax∑
n=0

n∑
m=0

ẍn,m

ÿ =
nmax∑
n=0

n∑
m=0

ÿn,m

z̈ =
nmax∑
n=0

n∑
m=0

z̈n,m

(5.20)

where

ẍn,m

(m=0)︷︸︸︷= GME

R2
E

[−Cn,0Vn+1,1]

(m>0)︷︸︸︷= GME

R2
E

1
2 [(−CnmVn+1,m+1 − SnmWn+1,m+1)

+ (n−m+2)!
(n−m)! (CnmVn+1,m−1 + SnmWn+1,m−1)

]
(5.21)

ÿn,m

(m=0)︷︸︸︷= GME

R2
E

[−Cn,0Wn+1,1]

(m>0)︷︸︸︷= GME

R2
E

1
2 [(−CnmWn+1,m+1 + SnmVn+1,m+1)

+ (n−m+2)!
(n−m)! (−CnmWn+1,m−1 + SnmVn+1,m−1)

]
(5.22)

z̈n,m = GME

R2
E

[(n−m+ 1) (−CnmVn+1,m − SnmWn+1,m)] (5.23)

The Vn,m andWn,m arrays had to be computed for one degree and order greater than that
required for the force model. Eight different gravity field models were used, each with their
own Cnm and Snm coefficients. Since each has its own data format for the coefficients,
each model had its own file reader to read in the Cnm and Snm coefficients. The eight
models were those shown in Table 3.6, and nmax was the value for the degree shown there.
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The coefficients were un-normalised using Eq. 4.86 during the reading-in. The Earth-
centred Earth-fixed accelerations computed were then rotated to an Earth-centred inertial
frame using Eq. 4.19 using the rotation matrix calculated in Section 5.5.

The approach of Metris et al. [1998] was used above since it provides the terms for
the degree and order of expansion in a Cartesian coordinate system, whilst the approach
of Legendre mentioned in Section 4.4.2 was not used since it provides the acceleration in
a spherical coordinate system, which would need to be transformed into the Cartesian
system as an extra step, adding computation time during run-time. The calculation of the
normalisation factor used to un-normalise the Cnm and Snm coefficients of the gravity field
model can be performed on a separate computer beforehand, with the results stored in a
look-up table and hence do not add to the execution time of each stage of the numerical
integration.

5.6.1.2 Gravity of Other Bodies

The gravitational acceleration due to bodies other than the Earth was implemented by a
simple coding of Eq. 4.89 for all bodies requested by the force_options class. The Earth-
centred inertial position was supplied by two different algorithms - van Flandern’s, and
the JPL Development Ephemeris.

The algorithm by van Flandern was implemented with the series expansions for U , V
and W in Eq. 4.96, 4.95 and 4.97 respectively, along with the quadratic estimations for
each of the 31 fundamental arguments in Table 4.3. The parameters for the fundamental
arguments, along with the parameters a . . . f and α . . . γ coefficients, were hard-coded into
the function rather than loaded when needed, to improve the function run-time. Much
care was taken over the U , V and W calculations since these take up several hundred lines
of code for the a . . . f and α . . . γ coefficients, and need to be entered accurately, so they
were double-checked.

The reader for the Development Ephemeris was developed by another person at UCL,
Dr. Mojtaba Bahrami, for use in his research, and so the code was given to the author
for use in this thesis. Bahrami wrote a class that reads in the Development Ephemeris
data file in binary, to reduce the run-time from that of reading in the data in text format.
Whenever a position of an astronomical body in the ephemeris is requested that is in the
period covered by the ephemeris, the class determines the closest granularity of the data
and then performs the Chebyshev interpolation using Eq. 4.90 and Eq. 4.91 in each of
the Earth-centred inertial frame directions. In the case of the Moon, the origin is in the
Earth-Moon barycentre; for the other astronomical bodies, they are given in the solar
system’s barycentre. Both were translated to an Earth-centred frame by subtracting the
Earth’s position in that frame from the calculated result. Finally, the author wrote a
wrapper function that converted the units from those used in the Development Ephemeris
(km) to the standard SI units (m). It is worth emphasising that any of the Development
Ephemerides could be used, since they all share the same data structure. A flag variable
was therefore used to set which Development Ephemeris was to be used.
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5.6.1.3 Solar Radiation Pressure

The implementation of solar radiation pressure models was performed using the Fourier
coefficients output by Ziebart’s model. The coefficients have been previously computed for
each block of satellite, and are assumed constant. As such, they are available in a small
data file, which are read at the start of run-time for each of the body-fixed axis directions;
the Earth-probe-Sun angle is then calculated via utilising the Development Ephemeris to
obtain the Sun position, as discussed in Section 5.6.1.2. The degree of expansion in the
Fourier series (n in Eq. 4.108) can be chosen, and is a member variable of the force_options
class.

Ziebart’s solar radiation pressure model was utilised due to three reasons. Firstly,
the number of terms in the Fourier series is relatively low compared to those in, say, the
gravity model, and so run-time would not be affected as much as by a high-quality Earth
gravitational potential model. Secondly, the accuracy reported by Ziebart [2004] is of
superior performance to empirical models. Finally, the use of empirical models tends to
absorb errors from mis-modelling of other force models or initial conditions due to the
least squares technique in the orbit determination algorithm solving for these empirical
terms. This can be problematic since such models such as that of [Beutler et al., 1994] are
determined for high-accuracy results1 and use other empirical terms which may absorb
some of the solar radiation pressure effects.

The eclipse modelling was also performed as described in Section 4.4.3.2; in particular,
determining whether the satellite is in the umbra, penumbra, or full illumination was given
by Eqs. 4.120 and 4.119. If the satellite was found to be in full illumination, then the
original solar radiation pressure acceleration was used; if the satellite was in the umbra,
then zero solar radiation pressure acceleration was used. If the satellite was found to be
in the penumbra, then the penumbra scaling factor ι was determined using Eq. 4.126 and
then applied to the full-phase acceleration. The solar radiation pressure was also rotated
to the Earth-centred inertial frame and scaled to be correct at the distance from the Sun
using Eq. 4.109 with the value of one astronomical unit given by 149597870700 m.

5.6.1.4 Other Force Models

Accelerations due to general relativistic corrections were coded using Eq. 4.137 but with
the Lense-Thirring Precession term omitted since its effect is much smaller than the general
Schwarschild solution. The value of GME used was the JGM-3 value [Tapley et al., 1996].

For the acceleration due to antenna thrust, Eq. 4.129 was coded, with the satellite
broadcast power being 77 W [Adhya et al., 2005]. The satellite mass was given in a look-
up table by SVN number; the Block IIA satellites each had their own estimated masses
from Fliegel et al. [1992], whereas the Block IIR and IIR-M satellites had an estimated
mass for that block type [Ziebart et al., 2004, Table 1]. It is recognised that these values

1The algorithm by [Beutler et al., 1994] is intended to allow determination of the empirical terms during
the orbit determination algorithm, not to provide a generic set of coefficients for a given satellite. For an
orbit determination algorithm, this is possible although it will reduce the number of degrees of freedom
since more terms are to be solved for; for orbit prediction, a previously determined set of empirical terms
must be used.
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ci aij
0

1
2

1
8

1
2

1
8 0

1 0 0 1
2

bi 1
6

1
6

1
6 0

ḃi 1
6

1
3

1
3

1
6

Table 5.5: Coefficients of the RKN4 Runge-Kutta-Nyström method.

are uncertain due to the satellite’s losing fuel mass by performing powered orbital shifts
(see [Beutler, 2005b, Fig. 3.15] for the semi-major axis of the orbit changing and being
corrected by orbital manoeuvres).

Other forces implemented were solid earth tides (Eq. 4.139 with a value of 0.2996
for the Love number [Stacey, 2008]), and thermal re-radiation from the solar panels (Eq.
4.133 with Adhya’s results for the emissivity and conductivity of the various materials in
the cross-section of the solar panels [Adhya et al., 2005]). The accelerations due to Earth
radiation pressure and atmospheric drag were not implemented for reasons of difficulty of
modelling and negligibility of results respectively.

5.6.2 Numerical Integrators

Three numerical integrators were coded - one Runge-Kutta, and two Runge-Kutta-
Nyström algorithms. The Runge-Kutta was the eighth-order embedded Runge-Kutta 8(7)
(RK8(7)) algorithm developed by Prince and Dormand [Prince & Dormand, 1981], whose
Butcher table is given in Table 5.6. The Runge-Kutta-Nyström algorithms were the fourth-
order RKN4 algorithm found in Hairer [Hairer et al., 1987], and the RKN7(6) algorithm
by Dormand and Prince [Dormand & Prince, 1978], whose Butcher tables can be found
in Table 5.5 and Table 5.7 respectively.

In order to keep the number of calculations between timescales to a minimum, the
positions and velocities of the satellite are given at a UTC epoch, since the force mod-
els often use UTC (or a related relativistic timescale such as TDB) internally. A small
function was written called apply_force_models which applies each force model in turn,
if the force_options class has those force models enabled, and sums the accelerations. A
constant, but user-specified, step-size h was utilized, which by default was 10 s.
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A flow chart of the orbit prediction algorithm, using the numerical integrator algo-
rithm and the various force models, can be seen in Fig. 5.2.

5.7 Orbit Determination Algorithm

The orbit determination algorithm presented in Section 4.5.2 needed special care to be
implemented due to its complexity. The first choice to be made was the choice of state
vector components to solve for in the least squares algorithm. The Earth-centred inertial
co-ordinates and velocity of the satellite’s centre of mass were chosen. The force models
should all be applied in an inertial reference frame, and so using an Earth-fixed reference
frame would require a frame transformation to an inertial frame each iteration of the
least squares algorithm. The centre of mass of the satellite is the critical location for
the conservative force models which dominate, and so multiple vectors to and from the
estimated antenna phase centre would have to be performed in the least-squares algorithm.
Also, the velocity of the satellite is very important for the orbit prediction algorithm as
well as for determining the Keplerian elements of the satellite at the requested epoch.
Meanwhile, the number of empirical parameters should be kept to a minimum, and so no
empirical parameters will be included in the state vector. So the state vector is

X =



xeci

yeci

zeci

ueci

veci

weci


(5.24)

and so the state vector corrections at epoch ti are given by

x (ti) =



δxeci (ti)
δyeci (ti)
δzeci (ti)
δueci (ti)
δveci (ti)
δweci (ti)


(5.25)

where δ denotes the correction to be applied to the reference state vector component. For
the sake of simplicity of notation, the subscript eci will be dropped throughout the rest of
Section 5.7, but it should always be remembered that the state vector components (and
indeed all the equations in the least squares algorithm) refer to the chosen Earth-centred
inertial frame. Since there are six state vector components in the least squares algorithm,
the variable n, used in determining the size of various matrices, had the value 6.

The observations available at epoch ti are given by the Earth-centred inertial compo-
nents of the satellite position and velocity at that epoch:
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Figure 5.2: A flow chart of the Orbit Prediction algorithm developed.
The version shown here uses the Runge-Kutta-Nyström algorithm; the Runge-Kutta algo-
rithm is almost identical but calculates a ~v′i value along with each ~r′i value to enter into the
function f, whilst the coefficients are also different. s denotes the order of the numerical
integrator used, ti is the starting epoch, and tf the ending epoch.
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Yi (ti) =



xobs (ti)
yobs (ti)
zobs (ti)
uobs (ti)
vobs (ti)
wobs (ti)


(5.26)

which are determined from the broadcast ephemeris parameters in the Navigation message
via the algorithm in Section 4.3.3 for epochs when it is assumed that the ephemeris has
been received. Similarly, the reference trajectory Y ∗i at epoch ti is given by

Y ∗ =



x∗ (ti)
y∗ (ti)
z∗ (ti)
u∗ (ti)
v∗ (ti)
w∗ (ti)


(5.27)

where the superscript ∗ denotes the value of an estimated trajectory, calculated from the
orbit prediction algorithm in Section 5.6. Thus the observation corrections for epoch ti

are given by

yi (ti) =



xobs (ti)− x∗ (ti)
yobs (ti)− y∗ (ti)
zobs (ti)− z∗ (ti)
uobs (ti)− u∗ (ti)
vobs (ti)− v∗ (ti)
wobs (ti)− w∗ (ti)


(5.28)

As a result, the Hi matrix is given via Eq. 4.156 is

H =



∂x
∂x

∣∣∣
X∗i

∂x
∂y

∣∣∣
X∗i

∂x
∂z

∣∣∣
X∗i

∂x
∂u

∣∣∣
X∗i

∂x
∂v

∣∣∣
X∗i

∂y
∂w

∣∣∣
X∗i

∂y
∂x

∣∣∣
X∗i

∂y
∂y

∣∣∣
X∗i

∂y
∂z

∣∣∣
X∗i

∂y
∂u

∣∣∣
X∗i

∂y
∂v

∣∣∣
X∗i

∂y
∂w

∣∣∣
X∗i

∂z
∂x

∣∣∣
X∗i

∂z
∂y

∣∣∣
X∗i

∂z
∂z

∣∣∣
X∗i

∂z
∂u

∣∣∣
X∗i

∂z
∂v

∣∣∣
X∗i

∂z
∂w

∣∣∣
X∗i

∂u
∂x

∣∣∣
X∗i

∂u
∂y

∣∣∣
X∗i

∂u
∂z

∣∣∣
X∗i

∂u
∂u

∣∣∣
X∗i

∂u
∂v

∣∣∣
X∗i

∂u
∂w

∣∣∣
X∗i

∂v
∂x

∣∣∣
X∗i

∂v
∂y

∣∣∣
X∗i

∂v
∂z

∣∣∣
X∗i

∂v
∂u

∣∣∣
X∗i

∂v
∂v

∣∣∣
X∗i

∂v
∂w

∣∣∣
X∗i

∂w
∂x

∣∣∣
X∗i

∂w
∂y

∣∣∣
X∗i

∂w
∂z

∣∣∣
X∗i

∂w
∂u

∣∣∣
X∗i

∂w
∂v

∣∣∣
X∗i

∂w
∂w

∣∣∣
X∗i



(5.29)

137



5. METHODOLOGY

which evaluates to become

H =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


(5.30)

Consider the differential of the state vector, Eq. 4.143. For the state vector chosen
in Eq. 5.24, Eq. 4.143 is given by

F (X) = Ẋ =



u

v

w

ax

ay

az


(5.31)

where ax, ay and az denote the components of the satellite acceleration in the Earth-
centred inertial reference frame. In order to solve the differential equation for the state
transition matrix (Eq. 4.163), a numerical integration by the Euler method, as shown in
Eq. 4.164, was performed. This enables the state vector errors to be mapped from the
epoch the orbit is being determined for (epoch t) to the epoch of the observations to be
added (epoch tk). A step-size of 1 s was utilised. The intermediate matrix in Eq. 4.155 is
given by

K (tk) =



∂u
∂x

∣∣∣
tk

∂u
∂y

∣∣∣
tk

∂u
∂z

∣∣∣
tk

∂u
∂u

∣∣∣
tk

∂u
∂v

∣∣∣
tk

∂u
∂w

∣∣∣
tk

∂v
∂x

∣∣∣
tk

∂v
∂y

∣∣∣
tk

∂v
∂z

∣∣∣
tk

∂v
∂u

∣∣∣
tk

∂v
∂v

∣∣∣
tk

∂v
∂w

∣∣∣
tk

∂w
∂x

∣∣∣
tk

∂w
∂y

∣∣∣
tk

∂w
∂z

∣∣∣
tk

∂w
∂u

∣∣∣
tk

∂w
∂v

∣∣∣
tk

∂w
∂w

∣∣∣
tk

∂ax
∂x

∣∣∣
tk

∂ax
∂y

∣∣∣
tk

∂ax
∂z

∣∣∣
tk

∂ax
∂u

∣∣∣
tk

∂ax
∂v

∣∣∣
tk

∂ax
∂w

∣∣∣
tk

∂ay
∂x

∣∣∣
tk

∂ay
∂y

∣∣∣
tk

∂ay
∂z

∣∣∣
tk

∂ay
∂u

∣∣∣
tk

∂ay
∂v

∣∣∣
tk

∂ay
∂w

∣∣∣
tk

∂az
∂x

∣∣∣
tk

∂az
∂y

∣∣∣
tk

∂az
∂z

∣∣∣
tk

∂az
∂u

∣∣∣
tk

∂az
∂v

∣∣∣
tk

∂az
∂w

∣∣∣
tk



(5.32)

In order to populate Eq. 5.32, three assumptions can be safely made:

1. The instantaneous velocity of the satellite is independent of the position of the
satellite1.

2. The acceleration of the satellite can be assumed to be independent of the satellite ve-
locity. This can be seen explicitly in that none of the force models implemented vary

1Whilst the satellite velocity is highly dependent on its position, that is because the satellite is placed
in a particular orbit. The instantaneous velocity of the satellite is independent of the satellite’s position -
one could boost the speed of the satellite by thrusters and this would change the instantaneous velocity
without changing the position. The only thing that changes is the shape of the orbit.
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their resultant accelerations with changes in satellite velocity1. The validity of this
assumption will be tested by comparing a Runge-Kutta numerical integrator against
a Runge-Kutta-Nyström numerical integrator in the orbit prediction algorithm.

3. The three velocity components are independent of each other, which is true by
definition since they are in the directions of the three Earth-centred inertial reference
frame component directions.

As a result of these three assumptions, Eq. 5.32 becomes

K (tk) =



0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1
∂ax
∂x

∣∣∣
tk

∂ax
∂y

∣∣∣
tk

∂ax
∂z

∣∣∣
tk

0 0 0

∂ay
∂x

∣∣∣
tk

∂ay
∂y

∣∣∣
tk

∂ay
∂z

∣∣∣
tk

0 0 0

∂az
∂x

∣∣∣
tk

∂az
∂y

∣∣∣
tk

∂az
∂z

∣∣∣
tk

0 0 0



(5.33)

The algorithm in Eq. 4.164 is applied to numerically integrate Φ over short periods of 1 s,
with the values of Eq. 5.33 determined at each step, from the start of the arc (the epoch
where the state vector values are being estimated) to the epoch of observation, tk. The
initial value of Φ at the epoch the state vector components are being estimated is given
by the identity matrix, as seen in Eq. 4.158.

The various Hk and Φk matrices were found for all the epochs the observations were
available for, and were concatenated as shown in Eq. 4.165, along with the observation
errors. The A matrix was thus constructed, as shown in Eq. 4.167. The normal equation
of Eq. 4.169 is therefore ready to be solved to give an estimate of the satellite position and
velocity at the requested epoch t. Due to the broadcast ephemeris being made available as
osculating Keplerian elements, the number of observations, m, can in theory be as large as
one wishes by increasing the sampling frequency of the observations2, so only the situation
where M > n was considered.

5.7.1 Weighting Mechanisms

Two cases were studied for the weight matrix W in the Performance Index Eq. 4.176.
These are the following:

• Equal Weights - The simplest solution is to set all observations to have the same
weighting in all components. Since multiplying the components of W by a constant

1In reality, the General Relativity force model varies with velocity, but the effect of such a small change
over a few seconds to the force model is negligible.

2In practice, having lots of observations determined very close together makes the rows of the A
matrix almost identical, and so not much is gained. Care must be taken to avoid the situation that only
observations that are very close to each other are used; this would make ATWA close to singular, and
hence make the determinant large to a numerically unstable degree.
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number has no effect on the Least Squares solution, as can be seen from Eq. 4.177,
the identity matrix was chosen.

• Dynamic Weights - Having weights that change their composition as the satellite
moves in its orbit. The concept is to set the weights to the inverse of the obser-
vations covariance matrix Cl, and the individual components of the Cl matrix are
determined in the HCL frame and then rotated to the Earth-centred inertial frame
before inverting to obtain W .

For the Equal Weights Case, the matrix W is simply given by the identity matrix of
size M :

W =


1 0 . . . 0
0 1 0
... . . . ...
0 0 . . . 1

 (5.34)

Note that the units of the top-left 3-by-3 sub-matrix of Eq. 5.34 are in m−2, whilst the
units of the bottom-right 3-by-3 sub-matrix are in units of s2m−2, since W = C−1

l,eci. So
the three diagonal terms in the top-left of the matrix are the inverse of the variances
in the position observations in the Earth-centred inertial frame x, y and z directions,
whilst the three diagonal terms in the bottom-right of the matrix are the inverse of the
velocity observations in the Earth-centred inertial frame x, y and z directions. As a result,
both the ATWA and ATWb matrices are dimensionless. The identity weight matrix gives
identical weight to both position and velocity measurements; this is not what is observed
in practice, since the variance of the measurements of velocity are approximately a factor
of 1000 smaller than the variance of the measurements in position, for measurements made
from the broadcast ephemeris parameters [Seppänen et al., 2012].

For the Dynamical Weights Case, the matrix W was determined by inverting the ob-
servations covariance matrix, Cl. This covariance matrix needed to be estimated in the
HCL frame before the least squares technique was applied, and then transformed to the
Earth-centred inertial frame. The mathematics of how this was performed is presented,
followed by a discussion of how to estimate the covariance matrix components from pre-
viously observed data.

Recall the Height Cross-track Along-track (HCL) frame, as discussed in Section 4.2.2.
Rotating an error vector ∆~reci from an Earth-centred inertial frame to the HCL frame can
be performed by a rotation matrix R:

∆~rhcl = R∆~reci (5.35)

where the rotation matrix is given by

R =


ĥx ĥy ĥz

ĉx ĉy ĉz

l̂x l̂y l̂z

 (5.36)
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where the unit vectors in the height, cross-track and along-track directions are given by

ĥ = 1
|~r|~r

ĉ = (~v×~r)
|~v×~r|

l̂ = ĥ× ĉ

(5.37)

for a satellite with Earth-centred inertial position vector ~r and velocity vector ~v.
Differentiating Eq. 5.35 with respect to time gives

∆~vhcl = R∆~veci + Ṙ∆~reci (5.38)

where the differential of the rotation matrix is given by

Ṙ =


˙̂
hx

˙̂
hy

˙̂
hz

˙̂cx ˙̂cy ˙̂cz
˙̂
lx

˙̂
ly

˙̂
lz

 (5.39)

and where the differentials of the unit vectors are given by

˙̂
h = 1

|~r|~v −
~r·~v
|~r|3~r

˙̂c = (~a×~r)
|~v×~r| −

[(~v×~r)·(~a×~r)]
|~v×~r|3

˙̂
l =

(
ĥ× ˙̂c

)
+
( ˙̂
h× ĉ

) (5.40)

where ~a denotes the satellite’s acceleration in the Earth-centred inertial reference frame.
Eq. 5.35 and Eq. 5.38 can be combined into one equation, if the position and velocity
errors are combined into one vector of corrections to the observables ∆l

∆l =
(

∆~r
∆~v

)

and one rotation matrix R′

R′ =
(
R 0
Ṙ R

)
(5.41)

which gives a complete rotation matrix equation:

∆leci = R′∆lhcl (5.42)

The corrections to the observations ∆l will have an associated variance-covariance matrix
Cl, which has an associated rotation equation

Cl,eci = R′Cl,hclR
′T (5.43)

where the subscripts on the Cl matrix denote the basis of the components. The weights in
the Best Linear Unbiased Estimate least squares algorithm are then determined by using
the inverse of the variance-covariance matrix:
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W = C−1
l,eci = R′C−1

l,hclR
′T (5.44)

The variance-covariance matrix Cl,hcl can be determined by analysing multiple epochs
of the difference between the broadcast ephemeris and a truth model. For this thesis, the
truth model was the IGS precise orbits ephemeris files of GPS satellite orbits, rotated
into the same Earth-centred inertial reference frame as the broadcast ephemeris positions
were rotated to. The first six months of 2009 were studied and the difference between
the two ephemerides determined every 15 minutes, for all satellites that were healthy at
that epoch. The mean and variances were determined for that satellite - the variance to
populate the variance-covariance matrix, and the mean to check that the least squares
estimate would not be using biased data in the weights. Once the variances have been
determined, they can be placed in the covariance matrix thus

Cl,hcl =



σ2
h 0 0 0 0 0

0 σ2
c 0 0 0 0

0 0 σ2
l 0 0 0

0 0 0 σ2
ḣ

0 0
0 0 0 0 σ2

ċ 0
0 0 0 0 0 σ2

l̇


(5.45)

where σ2
h for instance denotes the observed variance of the orbital error in the ĥ direction,

and σ2
ḣ
the observed variance of the satellite velocity in the ĥ direction. Note that this

model assumes that there is no covariance between the HCL directions, e.g. there are no
σ2
hc terms. This can be assumed due to the long period of data being used to produce the

variances, but will be discussed more in the Future Work section, in Section 9.4. Exact
computation of each of the Cl,hcl components for each satellite is left for the results to
be shown in Section 7.2, but the σh values are approximately 18 cm, the σc values are
approximately 50 cm, and the σl values are approximately 1.3 m, whilst for the velocity
components, the σḣ values are approximately 0.025 mm/s, the σċ values are approximately
0.075 mm/s, and the σl̇ values are approximately 0.2 mm/s.

A flow chart showing the orbit determination algorithm can be seen in Fig. 5.3.
Determining the weights W depends on the weighting mechanism chosen. Calculating the
K matrix means differentiating the acceleration force models with respect to the satellite
position, and so this will be looked at next.

5.7.2 Inclusion of Force Models

The force models need to be differentiated with respect to satellite position ~r in an inertual
frame, and then placed in Eq. 5.33. Numerical differentiation may occur, i.e.

∂~̈r

∂~r

∣∣∣∣∣
tk

≈
~̈r (tk)

∣∣∣
~r+δ~r

− ~̈r (tk)
∣∣∣
~r

δ~r
(5.46)

However, this requires two calls to each of the force models, and will be less accurate than
an exact differentiation. So exact differentials will be calculated for each force model. To
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Initial conditions for this iteration:

i=1; ti = t0+ t; X* = X*(t0); = I

Obtain observation from broadcast 

ephemeris:    Yi = Y(ti).

Rotate to ECI frame, apply APC.

Obtain weights for that epoch, Wi

Numerically integrate the State 

Transition Matrix to epoch ti by 

solving       (ti,t0) = K(ti) (t0,t0)

Integrate the reference State Vector: 

X*i = (ti,t0)X*0

Determine the reference 

observations: Y*i = HiX*i

Determine observation corrections:

yi = Yi - Y*i

Append

yi & Ai=Hi (ti,t0)

to y and A matrices.

ti=tf?

Set

ti = ti+ t

i=i+1

NO

x<xtol?

YES

Update reference state vector:

X*0 = X*0 + x
NO

Return X*0

YES

Figure 5.3: A flow chart of the Orbit Determination algorithm.
The state vector X is to be estimated at the initial epoch, t0, using the broadcast

ephemeris data between epochs t0 and tf . δt is the time between the observations, and
xtol is the tolerance threshold below which the state vector corrections x are deemed to
have shown that the state vector estimates converge. APC denotes the mean Antenna

Phase-centre Correction.
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simplify the process, note that the differentials are additive and commutative:

∂~̈r

∂~r

∣∣∣∣∣
tk

= ∂~̈rg
∂~r

∣∣∣∣∣
tk

+ ∂~̈rp
∂~r

∣∣∣∣∣
tk

+ ∂~̈rsrp
∂~r

∣∣∣∣∣
tk

+ ∂~̈rgr
∂~r

∣∣∣∣∣
tk

+ ∂~̈rset
∂~r

∣∣∣∣∣
tk

+ ∂~̈rant
∂~r

∣∣∣∣∣
tk

(5.47)

where the terms on the right-hand-side are the differentials of accelerations due to, respec-
tively, Earth gravity, gravity due to other astronomical bodies, solar radiation pressure,
general relativity, solid Earth tides, and satellite antenna thrust. Some of these terms are
obtained from other people’s work, and some are original to this thesis; the distinction
will be made when providing each term. Each of these differentials will be a three-by-
three matrix, and will be added element by element, using matrix algebra. Each of these
differentials will now be considered in turn.

5.7.2.1 Differential of Earth Gravity

The differential of the point mass Earth gravity model is straight-forward and is given by
[Montenbruck & Gill, 2005]

∂~̈rg
∂~r

∣∣∣∣∣
tk

= GM

r5


3x2 − r2 3xy 3xz

3yx 3y2 − r2 3yz
3zx 3zy 3z2 − r2

 (5.48)

where r = |~r| is the magnitude of the geocentric satellite position vector, and x, y, z are
the three Earth-centred inertial components of the satellite position at the epoch tk.

The more complicated Earth gravity model using the potential in Eq. 4.83 as shown
in Eq. 5.21 - 5.23 is more difficult to differentiate with respect to the satellite position.
Cunningham [1970]1 provides an elegant solution via complex numbers, with the solution
being the real component at the end of the algorithm. If the differential is split into
components from degree n and order m, just like in Eq. 5.20, and then rotated from the
Earth-centred Earth-fixed frame to the Earth-centred inertial frame, i.e.

∂~̈rg
∂~r

∣∣∣∣∣
tk

= R−1 ·
nmax∑
n=0

n∑
m=0

∂~̈rnm
∂~r
·R (5.49)

(where R is the rotation matrix to rotate from Earth-centred inertial to Earth-centred
Earth-fixed frames, and nmax is the maximum degree requested of the spherical harmonic
expansion) then so long as each of the terms in the right-hand-side are determined at the
same epoch tk, the solution is

1The terms are also provided in a more user-friendly form in Montenbruck & Gill [2005], but with
typographical errors.
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∂ẍnm
∂x

(m=0)︷︸︸︷= GME

R3
E
· 1

2

{
(Cn0Vn+2,2)− (n+2)!

n! (Cn0Vn+2,0)
}

(m=1)︷︸︸︷= GME

R3
E
· 1

4 · {(Cn1Vn+2,3 + Sn1Wn+2,3)

+ (n+1)!
(n−1)! (−3Cn1Vn+2,1 − Sn1Wn+2,1)

}
(m>1)︷︸︸︷= GME

R3
E
· 1

4 {(CnmVn+2,m+2 + SnmWn+2,m+2)

+2 (n−m+2)!
(n−m)! (−CnmVn+2,m − SnmWn+2,m)

+ (n−m+4)!
(n−m)! (CnmVn+2,m−2 + SnmWn+2,m−2)

}

(5.50)

∂ẍnm
∂y

(m=0)︷︸︸︷= GME

R3
E
· 1

2 {(Cn0Wn+2,2)}

(m=1)︷︸︸︷= GME

R3
E
· 1

4 · {(Cn1Wn+2,3 − Sn1Vn+2,3)

+ (n+1)!
(n−1)! (−Cn1Wn+2,1 − Sn1Vn+2,1)

}
(m>1)︷︸︸︷= GME

R3
E
· 1

4 {(CnmWn+2,m+2 − SnmVn+2,m+2)

+ (n−m+4)!
(n−m)! (−CnmWn+2,m−2 + SnmVn+2,m−2)

}

(5.51)

∂ẍnm
∂z

(m=0)︷︸︸︷= GME

R3
E
· 1

2 {(n+ 1) (Cn0Vn+2,1)}

(m>0)︷︸︸︷= GME

R3
E

{
n−m+1

2 (CnmVn+2,m+1 + SnmWn+2,m+1)

+ (n−m+3)!
2(n−m)! (−CnmVn+2,m−1 − SnmWn+2,m−1)

}
(5.52)

∂ÿnm
∂z

(m=0)︷︸︸︷= GME

R3
E
· {(n+ 1) (Cn0Wn+2,1)}

(m>0)︷︸︸︷= GME

R3
E

{
n−m+1

2 (CnmWn+2,m+1 − SnmVn+2,m+1)

+ (n−m+3)!
2(n−m)! (CnmWn+2,m−1 − SnmVn+2,m−1)

}
(5.53)

∂z̈nm
∂z

= GME

R3
E

{(n−m+ 2)!
(n−m)! (CnmVn+2,m + SnmWn+2,m)

}
(5.54)

Note that since

∂ẍnm
∂y

= ∂2Unm
∂x∂y

= ∂2Unm
∂y∂x

= ∂ÿnm
∂x

for instance, the ∂~̈rg
∂~r matrix is symmetric; also, Laplace’s equation (Eq. 4.82) gives

∂ÿnm
∂y

= −∂ẍnm
∂x

− ∂z̈nm
∂z

(5.55)
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Thus all the terms of the ∂~̈rnm
∂~r matrix in Eq. 5.49 can be populated by Eq. 5.50 -

Eq. 5.55, and so the differential of the acceleration due to Earth gravity can be found
from Eq. 5.49. Note that the degree and order of the spherical harmonic expansion may
possibly be allowed to be truncated to smaller degree and order than was used for the orbit
prediction algorithm, and only the central inverse square gravitational attraction and the
zonal harmonics be included. This is covered in more detail in the subsequent section on
Future Works (Section 9.4).

5.7.2.2 Differential of Gravity of Other Astronomical Bodies

For gravitational accelerations due to other astronomical bodies, once the position of
the bodies has been determined from an externally applied ephemeris (e.g. the JPL
Development Ephemerides), then the differential of the so-called third body acceleration
~̈rp with respect to the satellite position ~r is easily determined. Recall Eq. 4.89:

~̈rp = −G
∑
i

Mi

(
~∆i

|∆i|3
+ ~si

|si|3

)

where i is the astronomical body in question, Mi is the body’s mass, ~si is the vector from
the centre of mass of the Earth to the centre of mass of the body, and ∆i is the vector
from the body centre to the spacecraft. Hence

∂~̈rp
∂~r = ∂

∂~r

−G∑
i

Mi

 ~∆i∣∣∣ ~∆i

∣∣∣3
+

(
~si

|~si|3

)

=
∑
i

∂ ~∆i

∂~r

∂

∂ ~∆i

−GMi

 ~∆i∣∣∣ ~∆i

∣∣∣3



= −I3x3G
∑
i

Mi
∂

∂ ~∆i

 ~∆i∣∣∣ ~∆i

∣∣∣3


where I3x3 denotes the identity matrix of rank 3. The solution then is [Montenbruck &
Gill, 2005]:

∂~̈rp
∂~r

= −G
∑
i

Mi∣∣∣ ~∆i

∣∣∣3
I3x3 −

3∣∣∣ ~∆i

∣∣∣2 ~∆i · ~∆i
T

 (5.56)

5.7.2.3 Differential of Acceleration due to General Relativistic Corrections

For General Relativity, the differential of the acceleration due to the relativistic corrections
given in Eq. 4.137 is required. This is original to this thesis, but is relatively straight-
forward to compute. In component form, this is
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∂~̈rx
∂x = GME

c2

[
4GME

(
1
r4 − 4x2

r6

)
− |~v|2

(
1
r3 − 3x2

r5

)
+ 4u

(
u
r3 − 3x

r5 (~v · ~r)
)]

∂~̈rx
∂y = GME

c2

[
−16GME

xy
r6 + 3 |~v|2 xy

r5 + 4u
(
v
r3 − 3y

r5 (~v · ~r)
)]

∂~̈rx
∂z = GME

c2

[
−16GME

xz
r6 + 3 |~v|2 xz

r5 + 4u
(
w
r3 − 3z

r5 (~v · ~r)
)]

∂~̈ry
∂x = GME

c2

[
−16GME

yx
r6 + 3 |~v|2 yx

r5 + 4v
(
u
r3 − 3x

r5 (~v · ~r)
)]

∂~̈ry
∂y = GME

c2

[
4GME

(
1
r4 − 4y2

r6

)
− |~v|2

(
1
r3 − 3y2

r5

)
+ 4v

(
v
r3 − 3y

r5 (~v · ~r)
)]

∂~̈ry
∂z = GME

c2

[
−16GME

yz
r6 + 3 |~v|2 yz

r5 + 4v
(
w
r3 − 3z

r5 (~v · ~r)
)]

∂~̈rz
∂x = GME

c2

[
−16GME

zx
r6 + 3 |~v|2 zx

r5 + 4w
(
u
r3 − 3x

r5 (~v · ~r)
)]

∂~̈rz
∂y = GME

c2

[
−16GME

zy
r6 + 3 |~v|2 zy

r5 + 4w
(
v
r3 − 3y

r5 (~v · ~r)
)]

∂~̈ry
∂y = GME

c2

[
4GME

(
1
r4 − 4z2

r6

)
− |~v|2

(
1
r3 − 3z2

r5

)
+ 4w

(
w
r3 − 3z

r5 (~v · ~r)
)]

(5.57)

which can be simplified as

∂~̈rgr
∂~r = GME

c2

[(
4GME
r4 − |~v|

2

r3

)
I3×3 +

(
3|~v|2
r5 − 16GME

r6

)
~r · ~rT

+4~v ·
(
~vT

r3 − 3~rT
r5 ~v · ~r

)] (5.58)

5.7.2.4 Differential of Solar Radiation Pressure model

For the UCL solar radiation pressure model, differentiating the force model in Eq. 4.109
is made more complicated by the fact that the coefficients ~ai and ~bi are supplied by the
model in the body-fixed system. Explicitly, Eq. 4.109 can be written as

~aSRP = γ

[
1
2~a0,ECI +

nmax∑
n=1

[
~an,ECI cos (βn) +~bn,ECI sin (βn)

]]
(5.59)

where β is the Earth-spacecraft-Sun angle, ~an,ECI and ~bn,ECI are the nmax Fourier coeffi-
cients in the Earth-centred inertial frame, and γ is a scaling factor given by

γ = [1AU ]2 |~p|−2 (5.60)

in which ~p denotes the vector from the spacecraft to the Sun, and 1AU is one astronomical
unit, which is the mean distance from the Earth to the Sun. The Fourier coefficients ~aECI
have been rotated from the Body-Fixed-System to the GCRF Earth-centred inertial frame
by the function 

aECI,x

aECI,y

aECI,z

 =


aBFS,xx̂x + aBFS,yŷx + aBFS,z ẑx

aBFS,xx̂y + aBFS,yŷy + aBFS,z ẑy

aBFS,xx̂z + aBFS,yŷz + aBFS,z ẑz

 (5.61)

in which ~aBFS is the constant Body-Fixed-System Fourier series coefficients, and the unit
vectors x̂, ŷ, ẑ are the unit vectors of the Body-Fixed-System in the Earth-centred inertial
frame. A similar expression exists for the other Fourier coefficient terms ~bBFS .
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To include this model of the Solar Radiation Pressure in the Orbit Determination
algorithms, Eq. 5.59 needs to be differentiated with respect to the satellite Earth-centred
inertial position vector ~r = (x, y, z)T :

∂~̈rsrp
∂~r = γ

[
1
2
∂~a0,ECI
∂~r +

nmax∑
n=1

[
∂~an,ECI
∂~r

cos (βn) + ∂~bn,ECI
~r

sin (βn)
]]

+γ
nmax∑
n=1

[
~an,ECI

∂

∂~r
(cos (βn)) +~bn,ECI

∂

∂~r
(sin (βn))

]
+∂γ
∂~r

[
1
2~a0,ECI +

nmax∑
n=1

[
~an,ECI cos (βn) +~bn,ECI sin (βn)

]]
(5.62)

The first term in Eq. 5.62 requires Eq. 5.61 to be differentiated with respect to the
satellite position vector ~r, so the unit vectors x̂, ŷ, ẑ also need to be differentiated. Firstly,
consider

ẑ =


−x/ |~r|
−y/ |~r|
−z/ |~r|

 (5.63)

where |~r| is the position vector of the satellite given by

|~r| =
√
x2 + y2 + z2

Since
∂ |~r|
∂x

= 1
2 (2x)

(
x2 + y2 + z2

)− 1
2 = x

|~r|
(5.64)

and similarly
∂ |~r|
∂y

= y

|~r|
(5.65)

∂ |~r|
∂z

= z

|~r|
(5.66)

Hence
∂ẑx
∂x = − 1

|~r| − x (−1) |~r|−2 ∂|~r|
∂x

= − 1
|~r| +

(
x
|~r|2

x
|~r|

)
= x2

|~r|3 −
1
|~r|

and
∂ẑy
∂x

= −y (−1) |~r|−2 ∂ |~r|
∂x

= xy

|~r|3

so in summary

∂ẑ

∂~r
=


x2

|~r|3 −
1
|~r|

xy

|~r|3
xz
|~r|3

yx

|~r|3
y2

|~r|3 −
1
|~r|

yz

|~r|3
zx
|~r|3

zy

|~r|3
z2

|~r|3 −
1
|~r|

 (5.67)

The ŷ vector is given by
ŷ = (ẑ × p̂)

|ẑ × p̂|
(5.68)
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so the differential of p̂ needs to be found. Since the unit vector of the spacecraft-Sun
vector is given by

p̂ =


(sx − x) |~p|−1

(sy − y) |~p|−1

(sz − z) |~p|−1

 =


px/ |~p|
py/ |~p|
pz/ |~p|

 (5.69)

where ~s denotes the Earth-centred inertial position vector of the centre of mass of the Sun,
and the modulus of the spacecraft-Sun vector is given by

|~p| =
[
p2
x + p2

y + p2
z

] 1
2 =

[
(sx − x)2 + (sy − y)2 + (sz − z)2

] 1
2 (5.70)

hence

∂|~p|
∂x = 1

2 (2 (sx − x)) (−1)
[
(sx − x)2 + (sy − y)2 + (sz − z)2

]− 1
2

= (x−sx)
|~p|

= −px
|~p|

and similarly

∂ |~p|
∂y

= − py
|~p|

∂ |~p|
∂z

= − pz
|~p|

which gives

∂p̂x
∂x = (−1) |~p|−1 + (sx − x) ∂|~p|∂x (−1) |~p)−2

= − 1
|~p| + (sx−x)

|~p|2
(
−px
|~p|

)
(−1)

= − 1
|~p| + p2

x

|~p|3

and similarly,

∂p̂y
∂x = (sy − y) (−1) |~p|−2 ∂|~p|

∂x

= − py
|~p2|

(
−px
|~p|

)
= pxpy

|~p|3

These can be summarised in the matrix equation

∂p̂

∂~r
=


p2
x

|~p|3 −
1
|~p|

pxpy
|~p|3

pxpz
|~p|3

pypx
|~p|3

p2
y

|~p|3 −
1
|~p|

pypz
|~p|3

pzpx
|~p|3

pzpy
|~p|3

p2
z

|~p|3 −
1
|~p|

 (5.71)

Having obtained Eq. 5.71, it is possible to start to construct the differential of ŷ via
the intermediate steps
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ẑ × p̂ =


ẑyp̂z − ẑz p̂y
ẑz p̂x − ẑxp̂z
ẑxp̂y − ẑyp̂x


hence

∂

∂x
[ẑ × p̂] =


p̂z

∂ẑy
∂x + ẑy

∂p̂z
∂x − p̂y

∂ẑz
∂x − ẑz

∂p̂y
∂x

p̂x
∂ẑz
∂x + ẑz

∂p̂x
∂x − p̂z

∂ẑx
∂x − ẑx

∂p̂z
∂x

p̂y
∂ẑx
∂x + ẑx

∂p̂y
∂x − p̂x

∂ẑy
∂x − ẑy

∂p̂x
∂x

 (5.72)

with similar expressions for differentiating with respect to y and z; also,

|ẑ × p̂|−1 =
[
(ẑyp̂z − ẑz p̂y)2 + (ẑz p̂x − ẑxp̂z)2 + (ẑxp̂y − ẑyp̂x)2

]− 1
2

hence

∂
∂x

[
|ẑ × p̂|−1

]
=

(
−1

2

)
2 (ẑyp̂z − ẑz p̂y)

(
p̂z

∂ẑy
∂x + ẑy

∂p̂z
∂x − p̂y

∂ẑz
∂x − ẑz

∂p̂y
∂x

)
+

2 (ẑz p̂x − ẑxp̂z)
(
p̂x

∂ẑz
∂x + ẑz

∂p̂x
∂x − p̂z

∂ẑx
∂x − ẑx

∂p̂z
∂x

)
+

2 (ẑxp̂y − ẑyp̂x)
(
p̂y

∂ẑx
∂x + ẑx

∂p̂y
∂x − p̂x

∂ẑy
∂x − ẑy

∂p̂x
∂x

)


×
[
(ẑyp̂z − ẑz p̂y)2 + (ẑz p̂x − ẑxp̂z)2 + (ẑxp̂y − ẑyp̂x)2

]− 3
2

= −[(ẑ×p̂)x ∂
∂x

[ẑ×p̂]x+(ẑ×p̂)y
∂
∂x

[ẑ×p̂]y+(ẑ×p̂)z
∂
∂x

[ẑ×p̂]z]
|ẑ×p̂|3

(5.73)
Eq. 5.72 and Eq. 5.73 can be substituted into the differential of Eq. 5.68 which is

∂ŷ

∂x
= 1
|ẑ × p̂|

∂

∂x
[ẑ × p̂] + (ẑ × p̂) ∂

∂x

[
|ẑ × p̂|−1

]
(5.74)

Similar expressions can be found for differentials with respect to y and z.
Similarly, the x̂ vector is given by

x̂ = ŷ × ẑ =


ŷy ẑz − ẑyŷz
ŷz ẑx − ẑz ŷx
ŷxẑy − ẑxŷy

 (5.75)

and so

∂x̂

∂x
=


ŷy

∂ẑz
∂x + ẑz

∂ŷy
∂x − ŷz

∂ẑy
∂x − ẑy

∂ŷz
∂x

ŷz
∂ẑx
∂x + ẑx

∂ŷz
∂x − ŷx

∂ẑz
∂x − ẑz

∂ŷx
∂x

ŷx
∂ẑy
∂x + ẑy

∂ŷx
∂x − ŷy

∂ẑx
∂x − ẑx

∂ŷy
∂x

 (5.76)

with similar equations with respect to y and z.
In summary, to determine Term 1 of Eq. 5.62 one should use Eq. 5.61 with the

expressions calculated via Eqs. 5.67, 5.74 & 5.76.
To evaluate Term 2 of Eq. 5.62, consider the triangle formed by the Earth-spacecraft-

Sun. If the vector space can be assumed to be Euclidean, then the Law of Cosines gives
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|~s|2 = |~r|2 + |~p|2 − 2 |~r| |~p| cos (β)

∴ cos (β) = |~r|
2 + |~p|2 − |~s|2

2 |~r| |~p| (5.77)

Let
α = cos (β) (5.78)

Then

∂α
∂x = 1

2|~r||~p|

(
2 |~r| ∂|~r|∂x + 2 |~p| ∂|~p|∂x

)
+1

2

(
|~r|2 + |~p|2 − |~s|2

) (
1
|~p|

∂|~r|
∂x (−1) |~r|−2 + 1

|~r| (−1) |~p|−2 ∂|~p|
∂x

)
= 1

|~r||~p|

(
|~r| x|~r| + |~p| (−px)

|~p|

)
+1

2

(
|~r|2 + |~p|2 − |~s|2

) (
−1
|~p|

x
|~r|

1
|~r|2 + 1

|~r|
1
|~p|2

px
|~p|

)
= 1

|~r||~p| (x− px) + 1
2|~r||~p|

(
px
|~p|2 −

x
|~r|2
) (
|~r|2 + |~p|2 − |~s|2

)
with similar expressions for differentials with respect to y and z. To increase numerical
stability on calculation with computers, if the unit vectors

r̂ =


x/ |~r|
y/ |~r|
z/ |~r|

 , p̂ =


px/ |~p|
py/ |~p|
pz/ |~p|


are used, then the general form can be given as

∂α

∂~r
= r̂

|~p|
− p̂

|~r|
+ 1

2

( |~r|
|~p|

+ |~p|
|~r|
− |~s|
|~r|
|~s|
|~p|

)(
p̂

|~p|
− r̂

|~r|

)
(5.79)

and since

∂B

∂α
= −1√

1− α2
(5.80)

then Term 2 can be determined via

∂

∂~r
[cos (βn)] = −n sin (βn) ∂β

∂~r
= −n sin (βn) ∂β

∂α

∂α

∂~r
(5.81)

and

∂

∂~r
[sin (βn)] = n cos (βn) ∂β

∂~r
= n cos (βn) ∂β

∂α

∂α

∂~r
(5.82)

which can be used along with Eq. 5.79 and 5.80.
To find Term 3 of Eq. 5.62, recall Eq. 5.60:

γ = [1AU ]2 |~p|−2

and so

151



5. METHODOLOGY

∂γ
∂x = [1AU ]2 (−2) |~p|−3 ∂|~p|

∂x

= [1AU ]2 (−2) |~p|−3
(
−px
|~p|

)
= 2 [1AU ]2

|~p|2
px
|~p|2

= 2γ px
|~p|2

and in general,

∂γ

∂~r
= 2γ ~p

|~p|2
(5.83)

In summary, the differential of the acceleration due to the solar radiation pressure
model is given by Eq. 5.62, into which should be substituted Eq. 5.76, Eq. 5.74, Eq. 5.67,
Eq. 5.81, and Eq. 5.83.

5.7.2.5 Differential of Acceleration due to Solid Earth Tides

Recall that the solid Earth tide corresponding to the C20 term of the Earth’s gravita-
tional potential has itself a perturbing potential given by Eq. 4.138 and thus a resultant
acceleration at position ~r of (Eq. 4.139):

~̈rset = As−3r−4
[(

3− 15 cos2 (γ)
)
r̂ + 6 cos (γ) ŝ

]
where

A = GMER
5
Ek2

2 (5.84)

is a constant, ~s is the Earth-centred inertial position vector of the body causing the solid
Earth tide (for instance, the Sun or the Moon), k2 is the Love number of the C20 potential
term, and γ the angle between ~r and ~s. To include the solid Earth tide model in the orbit
determination algorithm, the differential of Eq. 4.139 with respect to the satellite position
~r needs to be determined.

To that end, note that since

cos (γ) = |~r|−1 |~s|−1 ~r · ~s (5.85)

∴
∂ (cos (γ))

∂~r
= 1
|~r|

(ŝ− cos (γ) r̂) (5.86)

and hence

∂

∂~r

[
3− 15 cos2 (γ)

]
= 30 cos (γ)

r
(cos (γ)~r − ŝ) (5.87)

As a result, the differential of Eq. 4.139 with respect to satellite position ~r is given
by
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∂~̈rx
∂~r = A

|~s|3|~r|5
[
30 x
|~r| cos (γ) (cos (γ) r̂ − ŝ) +

(
3− 15 cos2 (γ)

) (
∂x
∂~r − 5 x

|~r| r̂
)

+ 6 sx|~s| (ŝ− 5 cos (γ) r̂)
]

∂~̈ry
∂~r = A

|~s|3|~r|5
[
30 y
|~r| cos (γ) (cos (γ) r̂ − ŝ) +

(
3− 15 cos2 (γ)

) (∂y
∂~r − 5 y

|~r| r̂
)

+ 6 sy|~s| (ŝ− 5 cos (γ) r̂)
]

∂~̈rz
∂~r = A

|~s|3|~r|5
[
30 z
|~r| cos (γ) (cos (γ) r̂ − ŝ) +

(
3− 15 cos2 (γ)

) (
∂z
∂~r − 5 z

|~r| r̂
)

+ 6 sz|~s| (ŝ− 5 cos (γ) r̂)
]

(5.88)

This is a proof original to this thesis.

5.7.2.6 Differential of Acceleration due to Antenna Thrust

In a similar fashion, the differential of the antenna thrust force model in Eq. 4.127 can
be differentiated with respect to the satellite position ~r. Whilst this is new work to this
thesis, it is straight-forward to compute, and gives

∂~̈r

∂~r
= P

mc |~r|


1− x2/ |~r|2 −xy/ |~r|2 −xz/ |~r|2

−yx/ |~r|2 1− y2/ |~r|2 −yz/ |~r|2

−zx/ |~r|2 −zy/ |~r|2 1− z2/ |~r|2

 (5.89)

where P is the emitted power, m is the inertial mass of the satellite, and ~r the Earth-
centred inertial position of the satellite centre of mass.

5.7.3 Summary of Orbit Determination Algorithm

The orbit determination algorithm was implemented in code as a function following the
structure of the flow-chart in Fig. 5.3. The numerical integration of the state transition
matrix was performed in a separate function and used the Euler approach of Eq. 4.164,
whilst the weights were also determined in a separate function by calculating the weighting
mechanisms as described in Section 5.7.1. A flag variable was used to show which weighting
mechanism would be utilised, and if the dynamic weights case was to be used, the variances
were loaded at the start of the orbit determination algorithm and used to populate the
Cl,hcl matrix in Eq. 5.45. These covariance matrices were then converted to the Earth-
centred inertial frame weights by Eq. 5.44. For the equal weighting case, the W matrix
was set to an m ×m identity matrix. In all three cases, these were then placed into the
overall weight matrix for the least squares algorithm:

W =


W1 0 . . . 0
0 W2 0
... . . . ...
0 . . . 0 Wp

 (5.90)

where Wi is the Earth-centred inertial W matrix for epoch ti.
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Once the orbit determination algorithm has converged, all the least squares matrices
are saved to a log file for a posteriori analysis, and the updated set of initial conditions
can be used as the starting point for the orbit prediction algorithm to see what effect
modifying the initial satellite position and velocity has on the predicted orbit.

5.8 Summary of Chapter

This chapter has described how the algorithms of orbit prediction and orbit determination
have been implemented in C++ computer code. C++ was chosen for its speed as a
compiled low-level language, and to take advantage of its ability for object orientation,
especially encapsulation. Other algorithms such as those for reference frame and timescale
transformations were also implemented, and flow charts showing the flow of data in both
the orbit prediction and orbit determination algorithms were presented. In particular,
the differential of the various force models used in this thesis with respect to the satellite
position, so that they can be used in the orbit determination algorithm, is presented.

Having developed the algorithms used for both orbit prediction and orbit determina-
tion, these need to be tested. Furthermore, there are issues about implementing the C++
code on a mobile device, even for an ISO-defined language such as C++. Both these are
studied in the next chapter.
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Chapter 6

Testing and Optimisation

The code used in the implementation described in Chapter 5 amounts to many tens of
thousands of lines of code. The frame transformation and timescale transformation al-
gorithms, as well as the orbit predictor with its associated force models, and the orbit
determination algorithm with its associated differentials of these force models, are all de-
tailed algorithms each with their own level of complexity. As a result, each piece of code
needed to be thoroughly tested. This chapter describes the tests that were performed to
make sure each function or algorithm performed as expected.

6.1 Types of Testing

Since the code is mainly procedural and functional, the testing follows the concept of Unit
Testing - each unit, i.e. a function or a class, is tested on its own to ensure that it provides
results expected for a given set of inputs. This raises the problem of determining what the
results expected should be. For satellite orbits, for instance, the true orbital trajectory
is unknown due to measurement noise and biases1, so some truth model must be instead
used.

In general, there are two types of tests in this thesis:

• Black Box Tests - Each unit is given standard inputs, and the result is checked
against a truth model. This may be a supplied product, such as the IGS final orbit
product, or example solutions in textbooks where available. The truth model will
also be a noisy model, but the precision of its results can be known, and a truth
model is chosen with a high precision of results compared to the requirements for
the testing.

• White Box Tests - Each unit is given a certain set of inputs, and each internal
computation is checked against the intermediate result in an independent calculation.
This is commonly performed in a spreadsheet since the flow of data can be easily
observed.

1Observations of satellites are usually range or angle measurements, which are used to triangulate the
satellite position. Not only are these affected by measurement noise, but biases on the observations due to
the ionosphere and troposphere are also present. These can be modelled, but there is always some error
in the model, so giving noise on the observed values.
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The black box tests are so-called because the testing does not see inside the “box” - all
that matters is the output from the “box”. Typically this occurs when a truth model is
available, and the unit output can be easily compared against the truth model. White
box testing is performed where no truth model is available, and so the tester must take
extra care that unit is performing exactly as required - the lid of the “box” is lifted and
the innards are checked as well as the outputs.

6.2 Testing of Frame Transformation Algorithms

The testing of the timescale transformations was trivial, and was checked via white box
testing with a spreadsheet. The only complication was the insertion of leap seconds, which
was checked against the BIPM’s Circular T bulletins, and the algorithm to compute the
Julian Date from the calender (Gregorian) date, which was black box tested against the
examples given in [Montenbruck & Gill, 2005] and [Vallado, 2007].

The frame transformation parameters, particularly between the WGS84 and the
GCRF frames, were more problematic to test. [Montenbruck & Gill, 2005, Chapter 5]
provides a detailed example for each of the five matrices in Eq. 4.18 and Eq. 4.20, which
enabled black box testing to occur for each of the five matrices. The results of these tests
can be seen in Table 6.1. As can be seen, the code gives identical results to the truth
model, to the precision of the results in Montenbruck & Gill [2005].

Effect Implementation Error
Precession −5.23× 10−10 1.06× 10−9 3.60× 10−9

−1.06× 10−9 2.74× 10−9 2.50× 10−9

−3.60× 10−9 2.50× 10−9 3.26× 10−9

Nutation −1.19× 10−9 3.12× 10−10 7.55× 10−10

−9.36× 10−10 1.52× 10−9 1.03× 10−9

6.83× 10−10 1.55× 10−10 7.03× 10−10

Polar Motion −5.40× 10−14 3.83× 10−13 −3.24× 10−9

0 −6.87× 10−13 −1.94× 10−9

3.24× 10−9 1.94× 10−9 −7.41× 10−13

GAST 1.94× 10−9 −2.57× 10−10 0
2.57× 10−10 1.94× 10−9 0
0 0 0

R 5.02× 10−9 4.04× 10−9 9.71× 10−10

5.48× 10−10 1.85× 10−9 −3.08× 10−9

−2.55× 10−9 4.17× 10−9 4.42× 10−9

Table 6.1: Implementation Errors in the WGS84 to GCRF rotation matrices.
The rotation matrices are dimensionless, and since the errors given are implementation

errors in the rotation matrices, they are also dimensionless. The truth model in
Montenbruck & Gill [2005] had a precision of ±5× 10−9.

The quadratic interpolation for the IERS bulletin data (polar motion in the x and y
directions as well as UT1 - UTC) was also checked. This was performed by querying the
function for the values for these parameters every minute for three days. The resultant
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values are shown in Figures 6.1 to 6.3.
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Figure 6.1: Interpolation errors for X polar motion.
A quadratic interpolation was used, the slight discontinuities at each midday mark a

shift to a new set of coefficients.
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Figure 6.2: Interpolation errors for Y polar motion.
A quadratic interpolation was used, the slight discontinuities at each midday mark a

shift to a new set of coefficients.

Similarly, the polynomial interpolation of the satellite position with observations from
the IGS final orbit products was also checked1. The precision of the data is relatively much
greater than the Earth orientation parameters, so the optimal order of the polynomial must
be determined, i.e. how many terms to solve for in Eq. 4.27. One epoch was removed
from the data file, midday of MJD 55501 (GPST), and the values at that epoch were then
requested from the position interpolation algorithm. Figure 6.4 shows the magnitude of
the error vector, i.e. the magnitude of the vector from the interpolated position to that
of ephemeris value removed, for PRN 2. The data was sampled every 15 minutes, so the
interpolation here was for 15 minutes from the nearest measurement.

1The JPL precise orbits also were checked in a similar fashion, and gave similar results to those shown
here and so for brevity are not shown.
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Figure 6.3: Interpolation errors for UT1 - UTC.
A quadratic interpolation was used, the slight discontinuities at each midday mark a

shift to a new set of coefficients.
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Since the epoch being requested was an epoch that was removed from the ephemeris
available, the interpolation for this example will be over twice as long as for normally-
sampled data, and so a level of accuracy will be indicated that is more pessimistic than
would normally be expected. The optimal order of the polynomial was determined to be
10, which produced a sub-cm accuracy. As a result, all position estimation via polynomial
interpolation was performed by a 10th order polynomial.

Testing of the algorithms to transform from realisations of body-fixed systems, as well
as the Height Cross-track Along-track frame, to the Earth-centred inertial frame was easier
to test, and was performed by black-box testing against spreadsheet data. The choice of
algorithm for the sun position was found to have negligible effect on the orientation of the
frame.

6.3 Testing of Orbit Predictor

The Runge-Kutta orbit prediction algorithms, along with their Nyström variants, were
difficult to test independently of the various force models that are integrated, since both
errors in the force models and errors in the Butcher Tableau coefficients both give predicted
orbit errors. As a result, the testing of the force models was determined via white box
testing, whilst the numerical integrators were validated by comparing the integrated full
set of force models over a short period, which will be shown in the main results section in
Chapter 7. However, the Butcher Tableau coefficients in Tables 5.5 - 5.7 were all checked
against the values in the original papers, and the factor of

√
21 in Table 5.7 was coded

only once (but referred to when needed) to reduce CPU run-time.
The most complicated force model to validate was that of Earth gravity, since the

recursive relations for the Vnm and Wnm in Eq. 5.17 need care to implement. These
were white-box tested for a given GPS satellite position in a spreadsheet for the GRACE
GGM02C gravity model, and the Cnm, Snm, Vnm and Wnm values up to degree and order
4 were all checked against the C++ function, and were found to agree to within 1× 10−9

for the position-dependent terms, and 4 × 10−18 for the gravity field terms. The latter
were un-normalised before use, as required.

The acceleration due to gravitational pull of other astronomical bodies than the Earth
is easy to test by black-box testing, since Eq. 4.89 is straight-forward to test. Testing the
two algorithms (van Flandern’s and the JPL DE ephemeris) for determining the positions
of the astronomical bodies was more involved however, since the algorithms are more
complicated and the number of coefficients is large. However, both provide a truth model.
van Flandern [1979] provides the right ascension angle, declination angle and geocentric
range to each astronomical body at a reference epoch of MJD 40400.0 (TT). The function
was interrogated at this epoch for each body, and the two agreed to within the resolution
of the result in [van Flandern, 1979]. Meanwhile, the JPL Horizons website1 provides a
web interface for the DE405 planetary ephemeris, which can be used as a truth model
to compare both van Flandern’s algorithm and the implementations of the Development

1 http://ssd.jpl.nasa.gov/horizons.cgi - last accessed on 11th April 2011.
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Ephemerides algorithms.
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Figure 6.5: Errors of van Flandern’s algorithm for planetary ephemerides.
The angular separation of the determined position from that provided by the JPL

DE405 plantetary ephemerides is shown, in units of minutes of arc.

The errors of the van Flandern ephemeris from that provided by the JPL Horizons
website is shown in Fig. 6.5. The accuracy is shown as the equivalent angular error
observed by a geocentric observer, given by the angle

δθ = δs

r

where δs is the difference in the ephemeris, and r the geocentric range of the body. The
JPL DE405 ephemeris implementation was tested against the Horizons website, and found
to agree to an accuracy of at least one metre.

The other force models were also white box tested against sample epochs in spread-
sheets and found to agree completely, unsurprisingly since their implementation complexity
is less than that of the two gravity models.

The numerical integrators were then checked by integrating a position and velocity
from a JPL precise ephemeris, and then compared against the same ephemeris file at a
subsequent epoch. This is a more idealised situation than will be studied in this thesis
(which will use solely broadcast ephemeris data), but provides a check to show that the
numerical integrator is working well. The reference ephemeris was chosen as the JPL
satellite ephemeris since it is in an inertial reference frame, and so there will be no impact
due to frame transformation effects. The step-size of each numerical integrator was reduced
to 0.1 s, to obtain a high-resolution integration and minimise effects due to the linearisation
of the force models over the period between stages of the integrator. The sampling of the
reference ephemeris is 15 minutes, and so this was the period of integration chosen. The
results can be seen in Figures 6.6 - 6.8.

Fig. 6.6 shows that the predicted ephemeris agrees to within 10 cm when predicting
forward 15 minutes, with similar performance shown in Fig. 6.7 and 6.8. The observed
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Figure 6.6: Accuracy of the RK8(7) orbit prediction algorithm over 15 minutes, from initial
conditions supplied from a JPL satellite ephemeris.
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Figure 6.7: Accuracy of the RKN7(6) orbit prediction algorithm over 15 minutes, from initial
conditions supplied from a JPL satellite ephemeris.
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Figure 6.8: Accuracy of the RKN4 orbit prediction algorithm over 15 minutes, from initial
conditions supplied from a JPL satellite ephemeris.

slight discontinuities are due to the change of determined coefficients used to produce the
JPL ephemeris truth model. Since the numerical integration with all three Runge-Kutta
algorithms gives almost identical predicted orbits over the 15 minutes, this means that
the errors observed are common to all three algorithms, namely the errors in the force
modelling. Thus all three numerical integrators are shown to be in close agreement, and
can therefore be assumed to be implemented correctly.

6.4 Testing of the Orbit Determination Algorithm

The orbit determination algorithm can be tested by using a precise ephemeris as the
satellite trajectory being used as the observations. The JPL satellite ephemeris was used
to minimise effects due to frame rotation, and the initial estimate of the satellite position
was displaced from the position from the ephemeris by 10 m in the Earth-centred inertial
x direction. The orbit determination algorithm was run over 2 hours of data, with the
frequency of observations every minute, and the force models used were Earth gravity
(GRACE GGM02C with n = m = 60), the gravity of astronomical bodies out to Jupiter
via the DE405 ephemeris, and the solar radiation pressure model (to degree 50). The
algorithm successfully converged back to within 1.2 cm of the position found from the
precise ephemeris, as can be seen in Table 6.2. The slight difference from the precise
ephemeris is due to a combination of the two ephemerides using different force models and
the effect of linearising the observation equations.

Testing the differentials of the force models with respect to the satellite position was
relatively straight-forward. Numerical differentiation of the force models can be performed
for each resultant acceleration of a force model, to give

∂~a

∂~r
≈ ~a (~r + δ~r)− ~a (~r)

δ~r
(6.1)
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Iteration Correction
x (m) y (m) z (m)

1 -10.005 -0.010 0.004
2 -0.000 0.000 0.000

Table 6.2: The corrections to the satellite position determined by the least squares orbit deter-
mination algorithm.
The observations are taken from the JPL precise satellite ephemeris for 2 hours from

21:00 (GPST) on MJD 53411 for satellite PRN 2, with the original position estimate 10
m in error in the +x Earth-centred inertial direction.

where ~a is the acceleration due to that force model, ~r is the satellite position, and δ~r the
step in satellite position over which the numerical differentiation occurs. This assumes a
linear change in the acceleration term over the change ~r, so to ensure the validity of this
assumption, the distance was chosen to be small compared to the satellite geocentric range.
There is a trade-off to be performed when performing numerical differentiation. Too large
a step-size, and the linearity assumption breaks down between the two positions. Too
small a step-size, and the precision of the computer causes numerical stability problems.
As a result, a step-size of 10 m was chosen. The percentage difference between the two
estimates of the differential of each resultant acceleration with respect to satellite position
is shown in Table 6.3. It is emphasised that these are percentage differences of the numerical
differentials from that found by analytical differentiation.

Having found that the orbit prediction and orbit determination algorithms are coded
such that implementation errors are minimised, it is important to optimise the code as
much as possible since it will be running on a mobile device. This will be looked at in the
subsequent section.

6.5 Optimisation and Implementation Issues

Since the target platform for the orbit prediction and orbit determination algorithms is a
mobile device with limited processing power, it is important to have the algorithms run
as quickly as possible. It would be desirable to have the algorithms use as little memory
as possible, but it is more financially prudent to add available memory than increase
the processing power. Reading data into the algorithms is much slower than having the
data already present. As a result, the various coefficients of each model are hard-coded
into the software where possible. For instance, the Butcher tableau coefficients for the
numerical integrators are hard-coded into the software, since they will be constant every
time the function is called; similarly, the 106 IAU 1980 nutation model coefficients are
hard-coded into the software. This has the greatest effect on the planetary ephemerides
algorithm by van Flandern, since that has hundreds of coefficients that are constant for
each astronomical body. Note that this is is not possible for all coefficients to be used in
this fashion, either because they are prohibitively large in number (such as the gravity field
coefficients Cnm and Snm for each gravity field model) or because they may change. The
former can be alleviated somewhat by having the coefficients read-in by a function when
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Force Model Percentage Difference

Earth Gravity
1.42× 10−5 6.08× 10−5 3.96× 10−6

−2.16× 10−4 3.25× 10−5 3.89× 10−6

−2.16× 10−4 6.09× 10−5 1.46× 10−4

Third Body Gravity
8.89× 10−5 1.07× 10−4 −1.40× 10−4

−3.39× 10−5 −3.06× 10−2 −2.00× 10−4

2.20× 10−5 1.29× 10−4 4.98× 10−5

Solar Radiation
−8.04× 10−5 −8.63× 10−4 −2.31× 10−2

−2.30× 10−4 1.62× 10−3 4.83× 10−2

−3.31× 10−4 1.59× 10−3 6.05× 10−3

Relativity
1.68× 10−5 8.98× 10−5 6.99× 10−5

−9.95× 10−5 5.04× 10−5 2.11× 10−5

1.11× 10−4 8.40× 10−5 1.44× 10−4

Solid Earth Tides
−7.31× 10−5 7.05× 10−5 −3.58× 10−6

8.27× 10−5 8.63× 10−5 4.18× 10−5

8.41× 10−5 9.56× 10−5 1.86× 10−5

Antenna Thrust
4.67× 10−6 2.81× 10−5 −1.36× 10−5

−2.19× 10−4 4.93× 10−5 −1.36× 10−5

−2.19× 10−4 2.80× 10−5 2.62× 10−5

Thermal
−5.28× 10−2 −1.11× 10−1 5.83× 10−1

−4.96× 10−2 −8.02× 10−2 −8.67× 10−1

−6.77× 10−2 2.19× 10−1 7.72× 10−2

Table 6.3: Percentage difference between analytical and numerical differentiation of the acceler-
ations due to the force models.

A step-size of 10 m in the numerical differentiation was used.
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the program initialises, and these coefficients are then passed to the relevant function
when needed. This is the case for the JPL planetary ephemerides coefficients and the
solar radiation pressure models. This represents a one-off cost during the initialisation of
the software, and does not affect the run-time of each algorithm providing that the class
instances that contain this data are passed to the functions by reference.

One area of optimisation that was performed was the un-normalisation of the gravity
field coefficients. In Eq. 4.86, the normalisation constant is independent of the gravity field
model chosen; it is entirely dependent upon degree n and orderm. It might be thought that
such un-normalisation should occur during the initialisation period when the coefficients
are loaded; however, it is more efficient to pre-calculate the un-normalisation coefficients
and store the values in a file. This is then read-in during the initialisation, and so saves the
cost of calculating the coefficients during the initialisation. As a result, a grav_denorm
class was created to store these coefficients. Another reason to pre-calculate the coefficients
is that the values of the un-normalisation coefficients become very small, and so the
precision and accuracy of their internal storage inside the computer memory makes the
result unstable and ultimately (for degree and order greater than 280) useless since such
small numbers get instead stored as zero. As a result, the un-normalisation factors were
calculated using the GNU Multiple Precision Library (GMP) [Granlund, 2011]. In this,
numbers of arbitrary precision can be stored and saved. This library was used to generate
the factorials in Eq. 4.86 and save the resultant un-normalisation factors to 22 digits;
these were then read-in and stored by the main program during initialisation as double

data types. The implicit conversion during loading causes coefficients for n = m > 150
to be set to zero inside the program, since this value is beyond the minimum value for a
double on a 32-bit Windows PC1. The normalisation coefficients were determined up to
n = m = 5000, but the grav_denorm class only read in this data up to the value nmax
used in the gravity field model.

The model of the gravitational potential of the Earth has a factor of (RE r)n for each
degree n, where r is the geocentric range of the position in question, and RE is the nominal
radius of the Earth. For GPS satellites, the geocentric range is approximately 26500 km,
and so this becomes approximately a factor of 1/4n. Each increase by one of the degree
of spherical harmonic expansion would therefore lead to the Cn,m and Sn,m coefficients
having approximately a quarter less effect on the gravitational potential. As a result, one
would expect the effect of higher degree terms in the gravity models to have significantly
smaller effects for satellites at GPS orbital altitudes, and the necessity of producing a
scalable gravity model to such high degree and order as given by the limits of the models
used in this thesis may not be needed. This will become clear when analysing the results
shown in Chapter 7.

Another area of optimisation is the numerical integration in both the orbit prediction
and orbit determination algorithms. To depict this, consider the curve in Fig. 6.9 which

1For other computers such as Apple Macintosh or Linux-based computers, a long double data type
enables a much greater range of numbers. For the Visual Studio compiler, double and long double have
the same range of numbers. For this thesis, the degree and order will be less than 100, and so this is
perfectly acceptable.
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Figure 6.9: An example curve to be numerically integrated.

is to be numerically integrated.
If the curve is to be integrated between epochs t0 and t1, then this can be performed

as usual. If the curve is then to be integrated between epochs t0 and t2, then instead of
integrating over this range, the previously determined integral can be summed with the
integral between epochs t1 and t2. Mathematically, this is written as∫ t2

t0
X(t)dt =

∫ t1

t0
X(t)dt+

∫ t2

t1
X(t)dt

This trivial result is obviously applicable for the numerical integration occurring in
the orbit prediction algorithm, but also occurs when numerically integrating the state
transition matrix to solve Eq. 4.163. Thus the integration of both the state transition
matrix and the orbit itself can be “paused” at any time and used in the orbit determination
algorithm. So, in principle, the number of observations in the least squares algorithm can
be made arbitrarily large; however, observations made very close to each other can be
highly correlated and so the effective number of degrees of freedom does not increase by
much.

A further issue occurs with the numerically integrated state transition matrix. Recall
Eq. 5.33:
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The largest contribution to the ∂~a

∂~r matrix, shown in the bottom-left 3×3 components
of Eq. 5.33, is given by the differential of the acceleration due to Earth gravity, which
is of the order of 10−9. The choice of both having both position and velocity of the
satellite in the state vector means that the bottom-left 3 × 3 sub-matrix of of Eq. 5.33
will be always of the order of 109 times smaller than the 3 × 3 sub-matrix in the top-
right. When Φ is numerically integrated for Eq. 4.163, this then propagates through so
that the determinant of the ATWA matrix is very large - of the order of 1047 when using
twelve hours of observations. As a result, Cramer’s rule shows that the inverse of ATWA

becomes numerically unstable. Mathematically this does not cause problems since the A
matrix should compensate for this to give the determined x̂ value, but computationally
this causes problems with the level of precision available to computers with fixed precision,
and so the BLUE estimate of the least squares solution becomes unstable.

One method to alleviate this somewhat is to change the units of time in the least
squares algorithm. Recall the Euler method for solving Eq. 4.163, i.e. Eq. 4.164:

Φ (tj+1, t) = K (tj) Φ (tj , t) δt+ Φ (tj , t)

Consider the units of each term in Eq. 4.164. Since the state vector consists of both the
satellite position and velocity components, one may note that the two sections of it have
the temporal dimensionality of

x =⇒
(

1
t−1

)
(6.2)

where 1 denotes no temporal dimensionality of the variable, and t−1 denotes an inverse lin-
ear relationship with time. With this in mind, consider the units of the various partitioned
sections of Eq. 4.164:(

1 t

t−1 1

)
=
(

1 t

t−1 1

)
+
(
t−1 1
t−2 t−1

)(
1 t

t−1 1

)
t (6.3)

and hence the
(
ATWA

)−1
matrix has temporal dimensionality of

(
ATWA

)−1
=⇒

(
1 t−1

t−1 t−2

)
(6.4)
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Thus changing the units of time in the least squares algorithm will have a profound impact
on the stability of the resultant solution. Consider a re-scaled unit of time

t→ ft (6.5)

where f is a (dimensionless) constant. One may then map the propagation of f through
the least squares matrices. In particular, one observes

(
ATWA

)−1
=⇒

(
1 f−1t−1

f−1t−1 f−2t−2

)
(6.6)

The choice of the scaling factor f is mathematically entirely arbitrary, but should ideally
enable the actual numbers in the two state vector components (position and velocity) to
have approximately the same magnitude, and hence the

(
ATWA

)−1
to have components

of approximately the same magnitude.
This can be achieved by having the unit of time change from s to rad1 where rad is

one radian of the orbital ellipse. This implies a re-scaling of t with the factor f given by

f = n =

√
GME

a3 (6.7)

where n is the (nominal) mean motion of the satellite, and a is the semi-major axis of the
satellite. Substituting a nominal value of a = 26560 km gives f = 1.46× 10−4 rad/s.

Note that the value of this scaling factor is entirely arbitrary, as it is chosen to
improve the numerical stability of the computation. An alternative approach could be to
use distance units of mega-metres (Mm) for units of distance, and mega-metres per day
(Mm/d) for units of speed. Thus the measurements of satellite position would have a
magnitude of approximately 26.5 units, and the measurements of satellite velocity would
have a magnitude of approximately 360 units.

Applying the scaling factor does not lower the range of values in Φ, but it does lower
the range of values in

(
ATWA

)−1
. The determinant of this matrix now drops to ∼ 1025

for four hours of observations, still a large number but not prohibitively large that the
least squares algorithm struggles to converge. This scaling factor was applied to all the
matrices in the orbit determination algorithm that vary with time, namely K, yi, R and
Φ. The other matrices that have components with dimensions of time were then scaled
automatically as the f factor propagated through the equations. As a result, the velocity
components of x̂ were also scaled by f , and so needed to be un-scaled before being used
to update the state vector at the initial epoch, x0.

The final implementation issue faced was one of software compatibility. Whilst the
Visual Studio compiler compiled code written in ANSI standard C++ for a 32-bit Windows
desktop PC, there were minor issues when compiling for the Windows Mobile operating
system. These were the following.

1Strictly speaking, the unit of rad is only approximate, since the orbital period of the satellite changes
with time; equivalently, the semi-major axis of the satellite orbit changes with time. However, the slow
secular drift of the satellite’s semi-major axis away from a nominal value means that this is a good
approximation.
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• User Interface - The iostream libraries in ANSI C++ are used to provide a basic
user input and output (IO) method for the coder to implement. This is normally
performed through a command line interface in some kind of terminal. For the
Windows Mobile operating system, there is no command line terminal, and so the
iostream library is not present, and hence the user interface needed to be modified
from that written on the development PC. To solve this, a simple Microsoft Foun-
dation Classes (MFC ) front end was written for the software, to enable user input,
and a log file was used to store verbatim diagnostics from the original code. These
were both possible since the MFC and fstream libraries were both fully available
when compiled to both target platforms.

• Timing - The C++ language specifies the ctime library for the result of querying the
computer clock, and hence determine the execution time of various coded algorithms,
with a precision that is dependent on the operating system. The Visual Studio
compiler does include the ctime library on the Windows Mobile operating system,
but the ability to query the clock is omitted. Since the MFC classes were used to
construct a simple user interface to the orbit prediction and determination software,
the timers in MFC were instead used to time events in the software of this thesis.

• Binary Data - The JPL planetary ephemerides were loaded into the computer mem-
ory in a binary format. However, the binary format is dependent on the operating
system used; the binary data produced on a Windows desktop PC cannot be used
properly on a Windows Mobile operating system without much effort. This was eas-
ily solved by compiling the code that produced the binary format of the planetary
ephemerides for the target mobile device and then running it on the device. This
produced a binary file that was fully compatible with the Windows Mobile operating
system.

The second item needed validating, i.e. the MFC timers needed to be confirmed to
give the same accuracy as the ctime timers. Whilst this is impossible to test on the
Windows Mobile operating system, it can be tested on a Windows desktop PC. A simple
MFC program was written to time between two clicks of the mouse, and display the result
on the screen, along with the difference. A sample run of this program can be seen in
Fig. 6.10 As can be seen, the MFC timers agree to the C/C++ timers to within 2 ms,
whilst the MFC timers have a higher precision (at the microsecond level) than the C/C++
timers (which are at the millisecond level).

The Windows operating systems perform event management by itself, with programs
subservient to the operating system. As a result, each time an experiment runs, it will
take a slightly different amount of time to run, even if no other user operations are being
performed simultaneously. To quantify this for the work in this thesis, the orbit prediction
algorithm was performed 8 times with a certain configuration of forces applied, and the
CPU run-time was returned. The duration to predict forward 10 days is shown in Figure
6.11, with a mean of 2536 s, and a standard deviation of 73.3 s.

Thus the 2σ (95%) uncertainty of each observation is 5.8%, and this is the uncertainty
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Figure 6.10: Comparing the C/C++ timers against MFC timers.
The time shown was the difference in time between two clicks of the button.

of all the timed durations in this thesis. Note that this is independent of each timing
method since it comes from the way the operating system prioritises the programs being
executed, and is also (approximately) independent of the duration of the timing events
since the orbit prediction and determination algorithms take longer than the initialisation
stage of the software.

6.6 Summary

In this chapter, each part of the orbit prediction and orbit determination software was
tested to ensure that it produced results that were expected. This was performed by both
black-box and white-box testing. In particular, the numerical integrators were tested by
integrating forward 15 minutes from an ECI position from a JPL GPS satellite ephemeris.
The orbit determination algorithm was tested by using JPL GPS ephemeris data as the
observations and adding an initial error of 10 m to the reference state vector estimate. The
algorithm correctly found the JPL value of the position and velocity after 2 iterations.

Issues of implementing the algorithms on a mobile device running the Windows Mo-
bile 6 operating system were also discussed, including using MFC alternatives to ANSI-
standard functions that were missing from the compiler for Windows Mobile. Also studied

170



6. TESTING AND OPTIMISATION

 2400

 2450

 2500

 2550

 2600

 2650

 2700

 0  1  2  3  4  5  6  7  8  9

C
P
U

 R
u
n
ti

m
e
 (

s)

Experiment

2σ=146.5 s = 5.8%

Figure 6.11: CPU Run-time on development PC for Orbit Prediction of 10 days.
8 identical runs of the experiment were performed.

were methods to improve the numerical stability of the orbit determination algorithm since
the determinant of the ATWA matrix becomes large to an unstable degree. The technique
of changing time to units of radians reduces the determinant of the ATWA matrix from
∼ 1047 to ∼ 1025.

Having shown that the orbit prediction and orbit determination algorithms have been
coded correctly according to their designs, it remains to show the results of both algorithms
on the development PC and on the mobile device, as well as to show the positioning error
for a GPS receiver using the extended ephemerides produced by these algorithms. This is
the aim of the next chapter.
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Chapter 7

Results

This chapter will show how the specific objectives of this thesis laid out in Section 1.3.2
are met. Section 7.1 shows the results of the orbit prediction algorithm when utilising
initial conditions found from the broadcast ephemeris parameters, whilst Section 7.2 shows
the results of the orbit prediction algorithm when the initial conditions are determined
from the implemented orbit determination algorithm. Section 7.3 shows results for both
algorithms implemented on the TyTN-II mobile device, whilst Section 7.4 shows how the
error in the estimated ephemeris impacts the receiver positioning accuracy for a single-
frequency C/A code GPS receiver.

7.1 Orbit Prediction

The two forms of orbit prediction intuitively available to GPS receivers are the following.

• A Keplerian Orbit - The satellite position and velocity at an epoch are converted to
the six Keplerian elements of the satellite orbit at that epoch, and the true anomaly
angle is increased to be that at the requested epoch.

• An Osculating Keplerian Orbit - The osculating Keplerian elements at a given epoch,
found from the broadcast Navigation message, are kept constant and only the time
variable is increased to refer to the requested epoch. This is equivalent to using the
GPS broadcast ephemeris parameters and the associated algorithm for determining
the satellite position from them outside of the validity window of the broadcast data.

A pure Keplerian orbit prediction was performed for GPS satellite PRN 10 on midnight
(GPST) 6th January 2008 for one day, with the results shown in Fig. 7.1 in the HCL
frame. Both the initial position and velocity, and the precise orbit acting as a truth
model, were taken from the JPL precise ephemerides, to minimise the effects of non-
inertialness of reference frames and antenna phase centre calibration issues. Similarly, an
osculating Keplerian orbit was performed for GPS satellite PRN 2 on midnight (UTC)
30th September 2008 for one day, with the results shown in Fig. 7.2.

As can be seen in Fig. 7.1, PRN 10 can only have its orbit predicted forward a few
minutes when modelled by a pure Keplerian orbit before diverging rapidly from the true
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Figure 7.1: A purely Keplerian predicted orbit of satellite PRN 10 from midnight (GPST) on
6th January 2008.
Both the initial conditions and the reference trajectory were the JPL precise ephemerides

for GPS satellites.
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Figure 7.2: An osculating Keplerian predicted orbit of satellite PRN 2 from midnight (UTC) on
8th September 2008.
Both the initial conditions and the reference trajectory were the JPL precise ephemerides
for GPS satellites. This is equivalent to using the algorithm for the Broadcast Ephemeris

parameters for epochs beyond the duration of the validity window given in the
Navigation message.
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orbit. The orbit is in error by the FCC’s required 50 m after only 25 minutes and 4
seconds; this increases slightly to 32 minutes and 29 seconds if the height component is
taken as the metric needed to keep to the E-911 requirement.

By comparison, the orbit prediction of PRN 2 shown in Fig. 7.2 found via the
osculating Keplerian elements shows a significant improvement over the pure Keplerian
orbit prediction method. The predicted orbit from one set of osculating Keplerian elements
keeps within the FCC’s E-911 requirement of 50 m after 4 hours and 15 minutes, over 2
hours beyond when the ephemeris is supposedly valid1. Thus for a few hours, the osculating
Keplerian elements may well be used to predict an ephemeris beyond its period of validity.
However, it is clear that to obtain the required 50 m accuracy after several days requires
a better orbit prediction algorithm. So the accuracy of orbit prediction via numerical
integration of the force models needs to be determined.

The performance of each of the three numerical integrators developed was determined.
The position and velocity of GPS satellite PRN 2 was found from a JPL precise satellite
ephemeris at midnight (UTC) on 10th January 2008, and was predicted forward using
the three different Runge-Kutta algorithms described in this thesis - the Runge-Kutta-
Nyström 7(6) algorithm, the Runge-Kutta 8(7) algorithm, and the Runge-Kutta-Nyström
4 algorithm. In each case an identical set of force models were employed, namely the
GRACE GGM02C Earth gravity field model up to degree and order 40, the gravity of the
Sun, Moon and planets out to Jupiter were included, as well as the UCL solar radiation
pressure model to degree of Fourier expansion 50. Note that what is being investigated
here is not the actual quality of the predicted orbit, since that is common to all three
integrators - what is being investigated is which integrator provides the best prediction
and how long does it take to compute, compared to the others. The results of the three
algorithms predicting forward are shown in Fig. 7.3 - Fig. 7.5, whilst the CPU runtime on
the development PC for all three integrators is shown in Fig. 7.6. Recall that the latter
has a 2σ error of 5.8% on each measurement.

Fig. 7.6 shows an approximately 40% improvement in CPU execution time by the
RKN7(6) algorithm over the RK8(7) algorithm. This is partly because of the lower number
of stages of the numerical integrator, but also due to the Nystr̈om constraint. The latter
lowers the amount of calculations for each stage since the velocity of the satellite does
not need to be determined at each stage of the integration - only the final value for that
step is calculated. The decreased execution time did not come at a significant degradation
of prediction accuracy though, as the two numerical integrators agreed at the 1 cm level
after 8 days. The RKN4 algorithm shows a 44% decrease in CPU runtime from the
RKN7(6) algorithm, but at a significant degradation in the orbit prediction quality. The
height component of the orbit prediction error approximately doubles, and the along-
track component increased by a factor of 49. As a result, the RKN7(6) orbit prediction
algorithm was used to predict the orbits for the rest of this thesis.

Since the GPS satellite dynamics can be considered by studying the forces acting
upon the centre of mass of the spacecraft, it is important to transform to the satellite

1Recall that the time of ephemeris is set at the middle of the validity window; in normal use, this
means a validity window of 4 hours is valid for 2 hours ahead of the time of ephemeris.
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Figure 7.3: Numerical integration via a Runge-Kutta Nyström 7(6) integrator.
Both the initial conditions and the reference trajectory were determined from the JPL

precise ephemerides for GPS satellites.
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Figure 7.4: Numerical integration via a Runge-Kutta 8(7) integrator.
Both the initial conditions and the reference trajectory were determined from the JPL

precise ephemerides for GPS satellites.
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Figure 7.5: Numerical integration via a Runge-Kutta Nyström 4 integrator.
Both the initial conditions and the reference trajectory were determined from the JPL

precise ephemerides for GPS satellites.
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centre of mass from the antenna phase centre, since the latter is the position found from
the broadcast ephemeris parameters. Three antenna phase centre models were studied:

• The phase centre offsets as modelled by the International GNSS Service (IGS).

• The phase centre offsets as modelled by the National Geospatial Intelligence Agency
(NGA).

• No phase centre offsets - the antenna phase centre was assumed to be at the centre
of mass.

The values used for each satellite can be found in Table 5.3. The orbit from the broadcast
ephemeris parameters with these antenna phase centre offsets applied was computed for
each GPS satellite every hour of the year 2009, and compared to a truth model of the
estimate of the satellite position from the IGS final orbit product. The difference between
the two is shown in Fig. 7.7 - Fig. 7.9 for the Height (geocentric radial) component of the
difference vector. This was chosen since, apart from the Block IIA satellites, the offsets in
the BFS z-direction are much greater than the other two components, and will contribute
most to the pseudorange offsets.
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Figure 7.7: Broadcast Ephemeris minus IGS Precise Orbits for Year 2009 with different APC
models applied - Block IIA.
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Figure 7.7: (cont.) Broadcast Ephemeris minus IGS Precise Orbits for Year 2009 with different
APC models applied - Block IIA.
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Figure 7.8: Broadcast Ephemeris minus IGS Precise Orbits for Year 2009 with different APC
models applied - Block IIR.
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Figure 7.8: (cont.) Broadcast Ephemeris minus IGS Precise Orbits for Year 2009 with different
APC models applied - Block IIR.
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Figure 7.9: Broadcast Ephemeris minus IGS Precise Orbits for Year 2009 with different APC
models applied - Block IIR-M.

The mean and standard deviation of each satellite’s orbital error for each of the three
antenna phase centre offset models shown in Fig. 7.7 - 7.9 is shown in Table 7.1. The
standard deviations for each of the three antenna phase centre offset models is identical,
and are shown for the three position directions and three velocity directions in the HCL
frame in Table 7.2. As can be clearly seen in Table 7.1, the NGA satellite phase centre
offsets clearly give a close approximation to the IGS final orbit product over 2009, with
an error within the 1 σ uncertainty determined from the truth model. By contrast, the
IGS satellite phase centre offsets give a computed orbit from the broadcast ephemeris that
differs from the IGS final orbit product by up to 2 m. The error from the IGS phase
centres is statistically significant for most satellites since it is more than 4 σ, i.e. 4 times
greater than the observed uncertainty.
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PRN µ (m) σ (m)
None NGA IGS

2 0.084 0.002 0.698 0.079
3 -0.970 -0.018 1.649 0.236
4 -0.962 -0.010 1.317 0.175
6 -0.971 -0.019 1.705 0.140
7 -0.001 0.000 0.699 0.128
8 -0.950 0.002 1.455 0.265
9 -0.956 -0.004 1.384 0.272
10 -0.958 0.006 1.431 0.234
11 -1.523 -0.009 -0.552 0.135
12 0.107 0.014 0.807 0.108
13 -1.612 0.002 -0.409 0.091
14 -1.603 0.010 -0.425 0.100
15 0.000 -0.013 0.700 0.103
16 -1.671 -0.008 -0.364 0.098
17 0.084 -0.017 0.729 0.093
18 -1.593 -0.001 -0.460 0.103
19 0.018 0.000 0.686 0.088
20 -1.610 0.004 -0.456 0.091
21 -1.588 -0.004 -0.288 0.099
22 -0.053 0.007 0.739 0.107
23 0.008 0.008 0.610 0.085
24 -0.950 0.002 1.505 0.322
25 -0.944 0.007 1.351 0.633
26 -0.968 -0.016 1.339 0.158
27 -0.940 0.012 1.532 0.576
28 -1.506 0.008 -0.595 0.107
29 0.016 0.001 0.716 0.129
30 -0.956 -0.005 1.510 0.219
31 0.058 0.000 0.808 0.108
32 -0.970 -0.018 1.605 0.198

Table 7.1: Mean and Standard Deviations of the broadcast satellite orbit error in the Geocentric
Range direction. Data was sampled every hour for the whole of the year 2009. Three antenna phase
centre offset models were individually applied to the position found from the broadcast ephemeris,
and the difference from the IGS final orbit product determined for each model over the year 2009.
The values are in the negative geocentric range direction (the z direction in the body-fixed frame);
a positive value implies a lower orbit for the position from the broadcast ephemeris parameters,
whilst a negative value implies a higher orbit.
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PRN Position (m) Velocity (mm/s)
σh σc σl σḣ σċ σl̇

2 0.079 0.502 0.882 0.014 0.073 0.140
3 0.236 0.508 1.634 0.035 0.078 0.220
4 0.175 0.460 1.305 0.025 0.068 0.201
6 0.140 0.511 1.129 0.021 0.074 0.191
7 0.128 0.593 1.058 0.020 0.087 0.164
8 0.265 0.755 3.195 0.040 0.011 0.226
9 0.272 0.401 1.567 0.041 0.067 0.278
10 0.234 0.470 1.513 0.035 0.071 0.215
11 0.135 0.435 1.140 0.021 0.063 0.158
12 0.108 0.385 1.027 0.017 0.056 0.141
13 0.091 0.507 0.907 0.017 0.074 0.156
14 0.100 0.385 1.058 0.018 0.058 0.150
15 0.103 0.440 1.155 0.018 0.065 0.162
16 0.098 0.549 1.127 0.016 0.080 0.164
17 0.093 0.440 1.040 0.015 0.063 0.134
18 0.103 0.466 1.019 0.017 0.069 0.147
19 0.088 0.687 1.066 0.015 0.099 0.160
20 0.091 0.414 1.161 0.016 0.061 0.194
21 0.099 0.512 1.153 0.017 0.077 0.199
22 0.107 0.461 1.154 0.018 0.069 0.150
23 0.085 0.434 0.949 0.016 0.064 0.167
24 0.322 0.489 1.710 0.046 0.074 0.199
25 0.633 0.716 1.600 0.043 0.094 0.209
26 0.158 0.332 1.320 0.026 0.055 0.264
27 0.576 0.495 2.483 0.084 0.080 0.415
28 0.107 0.437 1.107 0.018 0.067 0.183
29 0.129 0.471 1.468 0.019 0.070 0.171
30 0.219 0.397 1.353 0.033 0.063 0.194
31 0.108 0.421 1.220 0.018 0.064 0.180
32 0.198 0.649 1.550 0.029 0.096 0.240

Table 7.2: Standard Deviations of the broadcast satellite orbit position and velocity errors in the
HCL frame. The same data was used as in Table 7.1, the standard deviations are shown here for
all three position and three velocity directions in the HCL frame.
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The reason for the IGS satellite phase centre offsets giving an orbit from the broad-
cast ephemeris parameters that is statistically significantly distant from the truth model
supplied by the IGS final orbit product is as follows. Consider the box-wing diagram of
a satellite in orbit shown in Fig. 4.2b. The z direction of the local body-fixed frame
is shown by the arrow. Since the Block IIA satellites, the antenna phase centre of the
spacecraft lies along this vector1. The antenna reference point is not a physical location -
the “antenna” in question is actually an array of antennas broadcasting the various GPS
signals. In reality, a reference point needs to be defined, from which pseudoranges are
said to originate. These pseudoranges are completely correlated with the satellite clock
offset; any change in the satellite clock offset from the reference timescale can be fully
negated by an equivalent change in the location of the antenna reference point, so long as
it is moved along the z direction of the body-fixed frame. As such, the choice of location
of the antenna phase centre of the satellite is arbitrary, providing that point is also used
as the reference timepoint for the emitted signals. Note that this is strictly only true for
satellites where the mean antenna phase-centre offset is entirely in the body-fixed frame
z-direction; for other satellites (i.e. the Block II-A satellites), this is not strictly true, as
there is a small but significant offset in an orthogonal component.

The IGS values for the satellite phase centre offsets are designed to be used with
the IGS clock products; recall that the IGS produce their own timescale IGST, in which
all their products are based. Thus, for instance, an offset of 1.5 m in the body-fixed z

direction implies an equivalent timescale difference between IGST and GPST of ∼5 ns.
Such an offset is conceivable for a difference between two timescales as reported by a clock,
particularly for one of the older Block II/IIA satellites. By contrast, the NGA products are
all referenced to the GPST reference timescale, hence their antenna phase centre offsets
bring the satellite phase centre used in the broadcast ephemeris very close to the centre of
mass of the spacecraft2. As a result, the NGA values for the antenna phase centre offsets
of the satellites will be used throughout the rest of this thesis.

Once the choice of which satellite antenna phase centre offset to use has been de-
termined, then an estimate of the satellite centre of mass position at an epoch can be
determined, and then the RKN7(6) numerical integrator can be used to predict the satel-
lite orbit forward in time. This was performed for the epoch of 00:00 UTC on 30th June
2009 (MJD 55012), predicting forward 10 days from a position and velocity determined
from the broadcast ephemeris parameters, with a step-size of 10 s in the numerical inte-
grator. The major force models were included, to show the quality of predicted ephemeris
available. These were:

• Earth Gravity: GRACE GGM02C model, to degree and order 40.
1The Block II and IIA satellites have an offset of approximately 0.27 m in the body-fixed y direction,

and this is common to both models being studied here.
2One may reasonably point out that the truth model used here is also an IGS product, with events

timestamped in the IGST timescale, and will therefore be influenced by the difference between IGST and
GPST. However, the satellites themselves travel much slower than the data they broadcast; a satellite
travelling at ∼4 km/s with the above-mentioned 5 ns timestamping error will provide an orbit that is in
error by 20 µm, which can be safely ignored.
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• Third Body Gravity: Gravity of the Sun, Moon and the planets, via the JPL DE405
planetary ephemerides, up to and including Jupiter.

• Solar Radiation: The UCL SRP model, to degree of Fourier series expansion 50.

The predicted orbit was compared to the IGS final orbit product every 15 minutes,
and the difference in the HCL frame reported. The three components can be seen in Fig.
7.10 for PRN 2, integrated from initial conditions found from the broadcast ephemeris
parameters. Equivalent charts for the other 27 satellites in orbit and healthy at that time
are of a similar form, and so are shown in Section B.1 in Appendix B.
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Figure 7.10: PRN 2 orbit predicted from initial conditions found from the broadcast ephemeris
parameters at the epoch MJD 55012.0 UTC, minus the IGS final product orbit. The three com-
ponents shown are the Height, Cross-track, and Along-track in the HCL frame.

Each predicted orbit, such as that shown in Fig. 7.10, shows an orbit prediction error
with the approximate form of a sinusoid with an amplitude that grows in a quadratic form.
Each of the three components of the predicted orbit show a different form of quadratic.
This agrees with the form of the predicted orbits found by [Mattos, 2008]. The along-track
(L) component shows the largest error, 146.91 m after 7 days for PRN 2. The Height (H)
component is next largest, for PRN 2 in Fig. 7.10 this is -3.20 m after 7 days (and 4.33 m
after 6 days 20 hours). The cross-track is generally the smallest; for PRN 2 in Fig. 7.10
this is -1.70 m after 7 days.

Any position error in the H direction gives an incorrect velocity vector due to con-
servation of energy; since the velocity is mainly in the L direction, this corresponds to an
error in the velocity which will cause an increasing error in the L direction. Thus the H
and L components are strongly coupled together. The C direction is only defined by the
angle between the H and L components; for GPS orbits this is almost 90◦ due to the almost
zero eccentricity of the orbit. Thus any change in the position or velocity of the satellite
of the order of a metre or so will cause a negligible change of the C error component.
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The orbit prediction error of each satellite will vary depending on where it is on its
orbital plane, that plane’s orientation around the Earth, and the angle between the Earth,
spacecraft and Sun. As a result, the orbit prediction error of one particular satellite is
not representative of the quality of the algorithm. So the root-mean-square (RMS) of all
31 satellite orbit prediction errors at a certain prediction time needs to be determined.
The 95-percentile of the (absolute) orbit prediction error was also determined, as this is
equivalent to a 2 σ error with any outliers rejected in the 5%, assuming the errors are
Gaussian distributed. Both statistics are shown for the GPS satellites predicted on MJD
55012, for 1 day, 3 days and 7 days duration, in Table 7.3.

Duration H (m) C (m) L (m)
(days) RMS 95% RMS 95% RMS 95%

1 2.52 5.31 0.57 0.68 44.20 82.27
3 7.46 18.12 0.80 1.58 135.76 235.73
7 17.33 44.74 1.65 2.74 363.07 588.01

Table 7.3: RMS and 95-percentile statistics of orbit prediction for GPS satellites. The RKN7(6)
numerical integrator was used, with full IERS frame rotation parameters including precession,
nutation and polar motion. The orbit was predicted forward from initial conditions found via the
broadcast ephemeris parameters using the NGA antenna phase offsets values.

Varying the step-size of the numerical integrator and observing the errors in the
predicted orbit would show when errors in the numerical integration dominate the orbit
prediction errors due to other effects such as frame mis-orientation or force mis-modelling.
These can be found by predicting the orbit with a very low step-size, such as 1 s, and then
increasing it. If this new step-size factors exactly into the duration by which the predicted
orbit is compared to the IGS final orbit product, then the predicted orbit errors obtained
for that step-size can be subtracted from that for 1 s. This will then show how varying the
step-size makes the predicted orbit diverge from that predicted for the 1 s step-size; the
truth models will cancel due to the subtraction. This was performed for predicting the
orbit of satellite PRN 2 over 7 days from the epoch of MJD 55012.0 (UTC), from initial
conditions determined from the IGS final orbit products. The orbit was observed in the
IGS final orbit product every hour, and so the largest step-size studied was 3600 s; only
step-sizes that are factors of this were studied. The results can be seen for each of the
three HCL frame components in Fig. 7.11 - Fig. 7.13 whilst the CPU run-time for each
step-size is shown in Fig. 7.14. The step-size axis is shown on a logarithmic scale to stop
the results bunching at low step-size values, since there are more low-value factors.

The most divergent behaviour is observed in the L direction, where a step-size of 300 s
gives a different orbit by 4.5 m. The differences at this step-size in the H and C directions
are 2.8 cm and 67 µm, and so are negligible by comparison. The choice of what step-size
to have as an optimum value is non-rigorous, but a value of 300 s seems sensible since it
gives < 5 m difference whilst also having a low execution time of 167 s when predicting
forward 7 days, which is 258 times faster than the predicted orbit for 1 s step-size and 4
times faster than a 60 s step-size.
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Figure 7.11: Effects of varying the step size of the RKN7(6) integrator - H difference. The
vertical axis shows the difference from a predicted orbit found via identical force models and Earth
orientation parameters, against that with a smaller step-size of 1 s. This particular graph is for
the Height (H) component of difference in the HCL frame.
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Figure 7.12: Effects of varying the step size of the RKN7(6) integrator - C difference. Similarly
to Fig. 7.11, this particular graph is for the Cross-track (C) component of the difference in the
HCL frame.
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Figure 7.13: Effects of varying the step size of the RKN7(6) integrator - L difference. Similarly
to Fig. 7.11, this particular graph is for the Along-track (L) component of the difference in the
HCL frame.
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Figure 7.14: Effects of varying the step size of the RKN7(6) integrator - CPU run time.
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Figure 7.15: Orbit Prediction with different degree and order of spherical harmonic expansion,
for the IGT GRACE 2010 Earth gravity field model. The degree of expansion nmax is shown along
with the amount of time predicted ahead is shown on the horizontal axes; the orbit prediction error
is shown on the vertical axis.

The accuracy of orbit prediction when using each of the eight Earth gravity field
models shown in Table 3.6 needed to be determined. This was performed by choosing a
certain model with a given nmax value for the maximum degree and order of the spherical
harmonic expansion, and predicting forward 24 hours (predicting further ahead was pro-
hibitively slow to perform). The satellite chosen was PRN 2 on 10th January 2008, and
the initial position and velocity, as well as the truth model trajectory, were taken from the
JPL precise ephemeris for this satellite. The magnitude of the error in the predicted orbit
was found each hour. The degree and order of the expansion was then increased by 1, and
the process started again. As a result, the experiment had three dependent variables -
the choice of model, the degree of spherical harmonic expansion, and the amount of time
predicted forward. As a result, these results are shown on eight separate graphs, each one
being a three-dimensional plot with degree of expansion and amount of time predicted
forward on the two horizontal axes, and the magnitude of the orbital error shown on the
vertical axes. The eight charts all look similar, and so only that for the IGT GRACE 2010
model is shown in the main section of the thesis (see Fig. 7.15); the others are shown
in Appendix B.2. In a similar fashion, the degree of the Fourier expansion in the UCL
solar radiation pressure model was also varied for a fixed gravity model, namely GRACE
GGM02C with degree and order 60. The results of varying the degree of Fourier expansion
of the solar radiation pressure model are shown in Fig. 7.16.

For the IGT-GRACE 2010 Earth gravity model, including degree and order terms
greater than 8 only affect the orbit at the sub-mm level when predicting forward 24 hours,
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and so adding higher order terms of the spherical harmonic model will have negligible
results; even when predicting forward 7 days, this will grow to only a few cm. This is true
for all 8 of the gravity models studied; however, note that the orbit error given by very
high orders when using the EGM 96 gravity field model is 158 mm larger, after 7 days
of orbit prediction, than when using the GRACE GGM02C model. Table 7.4 shows the
difference of the orbit prediction error after 7 days when using each of the 7 gravity field
models, from the GRACE GGM02C model, which provides the lowest orbit prediction
error. In particular, note EGM 96, which gives a larger error of 158 mm. As a result of
Table 7.4, either of the two GRACE models GGM02C or IGT 2010 should be used for
orbit prediction of GPS satellites, each to degree and order 8.

Gravity Model Difference from
GRACE GGM02C
after 1 day (mm)

EGM 96 158
GRIM5-S1 153
JGM-3 9

GRIM5-C1 153
GRACE GGM01C 11

EGM 2008 142
IGT GRACE 2010 2

Table 7.4: Differences of orbit prediction from that of GRACE GGM02C. The orbit prediction
after 7 days for satellite PRN 2 was determined for degree and order 20 for each model, and then
the difference found from the orbit with the lowest observed error, which was GRACE GGM02C.
The value is thus the magnitude of the vector between the two predicted orbits after 7 days orbit
prediction.

Note that the time variability in the lower degrees and orders of the spherical harmonic
expansion, such as C2,0, was not included as part of the gravity models used in this thesis;
as a result, there will be a difference between the IGS and JPL predicted orbits, even for
the same gravity model, since these two organisations routinely include time-varying values
for the lower degree and order of the spherical harmonic expansion of the gravitational
potential of the Earth.

The UCL solar radiation pressure model, when varying the number of terms of the
Fourier coefficients, was seen to converge rapidly to the orbit prediction value found after
a day when using all 50 terms. The model required only 11 pairs of Fourier coefficients to
converge to within 10 cm of that when all 50 terms are included, when predicting forward
24 hours. However, further convergence took much longer; to converge to within 1 mm of
that when all 50 terms were included required 45 terms. Since the UCL solar radiation
pressure model scales as n, and each term is only two trigonometric function calls, adding
more terms to the orbit prediction can be safely performed; hence one can use a degree of
expansion of 45.

It is important to determine the effect of including each astronomical body in the
so-called third-body acceleration calculations. To this end, a simple experiment was per-
formed. Orbit prediction of 7 days was performed for PRN 2 from a position found from
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Figure 7.16: Orbit Prediction with different degree and order of Fourier series expansion, for the
UCL SRP model. The degree of expansion n is shown, along with the amount of time predicted
ahead, on the horizontal axes; the orbit prediction error is shown on the vertical axis.

the broadcast ephemeris (and using the NGA antenna phase centre offset correction), when
using the IGT GRACE 2010 model to its full degree and order of 180. The experiment
was run with no other astronomical body “present” in the gravitational calculations, and
the error in the predicted orbit from that found via the broadcast ephemeris was reported.
The experiment was then re-run by adding new bodies one at a time into the calculations.

The error in the predicted orbit converges to within a few cm after the Sun and Moon
were added, and so to better visualise the adding of subsequent bodies than simply showing
the orbit prediction errors when each astronomical body is added, the difference between
the predicted orbit and that predicted when all bodies are “present” was calculated, and
is depicted in Fig. 7.17. This enables easy observance of which astronomical bodies most
impact the satellite ephemeris observed when all bodies are included in the gravitational
force model. The logarithmic scale on the vertical axis is again used to allocate the large
discrepancy between the effects of the Sun and the Moon, and that of the planets, although
care must be taken upon interpretation of the graph, since the effects of adding a body
are hence also shown logarithmically.

It is also important to determine which planetary ephemeris algorithm to use to
calculate the positions of the astronomical bodies for use in the so-called third-body grav-
itational force modelling. It was established in Table 4.2 that the DE421 ephemeris from
JPL had accuracies of better than a km for most bodies, while Section 6.3 shows that that
the van Flandern model agrees only to the level of 10 minutes of arc. In order to test the
validity of the van Flandern model for orbit prediction, a reference trajectory of PRN 20
was computed from MJD 54475.0 for 10 days using the DE405 ephemeris with only the
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Figure 7.17: Change in predicted orbit after 7 days when a new astronomical body is added.
These are the differences after 7 days from the predicted when all the astronomical bodies out to
Neptune are included.

Sun as a third body; another trajectory using the same force models was computed but
using the van Flandern planetary ephemeris model. The difference between the two was
observed, and the experiment subsequently repeated by adding more astronomical bodies
one at a time. The difference between the two predicted orbits can be seen in Fig. 7.18.
The same experiment was also performed using the DE421 model to see how a trajectory
from that ephemeris compared to one computed using the DE405 ephemeris. This can be
seen in Fig. 7.19.

Fig. 7.17 shows that the Sun and Moon change the predicted orbit after 7 days by
of the order of 10 km, to within 7 cm of that predicted when all the astronomical bodies
studied were included. Jupiter then made the next effect, converging from 5 cm to only 1
mm away from of the final converged value. As a result, only the Sun and Moon should
be needed to predict an orbit forward for at least 7 days to within 10 cm; adding more
astronomical bodies will have sub-cm effect on the predicted orbit, but will add to the
execution time. For instance, adding Jupiter adds 150 s to the execution time to predict 7
days; adding Neptune adds 44 s to the execution time but only modifies the final predicted
orbit by 21 µm. Note also that Fig. 7.18 shows that using the Sun and Moon via the van
Flandern ephemeris gives a 53 m difference from that of DE405, most of which comes from
adding the Moon to the force models. As a result, only the JPL Development Ephemerides
should be used for the planetary ephemerides. The van Flandern model is quicker by about
200 s when predicting forward 7 days when using the Sun and the Moon; however the 50
m error is prohibitively large. The time can effectively be made up again by not including
the gravitational pull of Jupiter and Neptune, for instance.

Whilst it is not generally important which inertial reference frame is used for the
numerical integration, it is important that one is consistent with the frames. In particular,

• The Earth gravity field models are supplied in an ITRF reference frame.
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Figure 7.18: Difference between a predicted orbit using van Flandern’s planetary ephemeris, and
that of JPL DE405. The two trajectories are interrogated after 7 days orbit prediction, and the
difference between the two in the HCL frame shown. The horizontal axis denotes when the given
body is added to the constellation; the bodies are added cumulatively, hence “Neptune” shows a
full array of planets.
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Figure 7.19: Difference between a predicted orbit with the JPL DE421 planetary ephemeris,
and DE405. The two trajectories are interrogated after 7 days orbit prediction, and the difference
between the two in the HCL frame shown. The horizontal axis denotes when the given body is
added to the constellation; the bodies are added cumulatively, hence “Neptune” shows a full array
of planets.
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• The Planetary ephemerides in the JPL Development Ephemerides model are supplied
in the GCRF reference frame.

• The broadcast ephemeris of the GPS satellites provide a satellite position and ve-
locity in the WGS84 reference frame.

• The IGS final orbit products, used as a truth model, are supplied in an IGS reference
frame.

In theory, all computations should be performed in an inertial reference frame, to
minimise the effect of fictitious forces acting on the frame. The choice of which frame to
choose is arbitrary; however it would make sense to use the GCRF frame since that is
the only one in the above list that is an inertial frame. The others should be converted
to one consistent Earth-centred Earth-fixed frame, with a defined rotation matrix back
to the GCRF frame. However, since the ITRF, IGS and WGS84 frames are all within a
few cm of each other, for the application of predicting orbits on a mobile device for up
to a week, this makes negligible difference, and one may approximate these three frames
to be identical. However, one still needs a full rotation matrix between the GCRF frame
and the WGS84 frame. This can be calculated, but is computationally intensive, and
needs to be determined for each epoch in the numerical integrator algorithm. One method
of simplifying the algorithm is to ignore the effect of each of the four following terms:
precession, nutation, effect of UT1 in Earth rotation, and Earth orientation parameters1.
Each of these four terms was switched “off” when performing orbit prediction, leaving the
other three switched “on”. The orbit of each GPS satellite was predicted forward 7 days
fromMJD 55012.0 (UTC) from initial conditions found from the broadcast ephemeris, with
the NGA mean antenna phase centre offset values applied, and compared against that of
the IGS final orbit products. The RMS and 95th-percentile statistics were calculated for
all the healthy satellites2 for each case, and are shown in Table 7.5, along with the various
force models used.

It can be seen from Table 7.5 that the removal of the UT1 effect (strictly speaking,
setting UT1 to zero rather than calculating it from the IERS Bulletin B data) has negligible
effect on the predicted orbit of satellite PRN 2, with only the orbit degrading by 85 cm
in the C direction and by 47 cm in the L direction. These effects are only ∼ 0.3% of the
total predicted orbit error, and so can be safely ignored. Neglecting polar motion however
causes a change in the orbit error in the along-track direction of more than a factor of 13 to
4958 m after 7 days. Even after 1 day, the error in the L direction grows to 741 m, which
is unacceptable. Neglecting precession provides a worse orbit in the C direction, since
the orientation of the Earth gravity model is mis-aligned to the frame the coefficients are
supposed to relate to. In particular, the J2 = −C2,0 term providing the central “bulge” of
the Earth will be modelled as being rotated from its true location. Since the GPS satellites
have an inclination of approximately 55◦, this will mainly affect the cross-track direction

1One cannot ignore rotation by Greenwich Apparent Sidereal Time (GAST) since it is by far the
dominant effect; the predicted orbit would be hundreds of km in error after a few minutes.

2This was 28 satellites - PRNs 1, 5 and 25 were not healthy during this period.
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Effect Duration H (m) C (m) L (m)
Removed (days) RMS 95% RMS 95% RMS 95%
None 1 2.52 5.31 0.57 1.19 44.32 85.60

3 7.46 18.11 0.80 1.59 136.13 236.78
7 17.33 42.73 1.66 2.74 363.98 590.68

Precession 1 2.48 5.35 9.87 16.53 43.15 74.44
3 7.23 17.77 29.88 50.39 132.94 222.13
7 16.83 40.67 69.61 114.81 358.20 604.07

Nutation 1 2.52 5.31 3.28 5.27 44.47 81.60
3 7.46 18.11 9.79 15.18 136.90 232.31
7 17.32 42.71 18.39 30.29 367.11 591.31

Nutation∗ 1 2.52 5.31 2.87 4.63 44.344 81.82
3 7.46 18.11 8.19 12.66 136.72 232.51
7 17.33 42.73 14.91 23.66 366.50 592.95

UT1 1 2.52 5.31 0.53 1.00 44.18 82.26
3 7.46 18.11 0.71 1.43 136.01 236.65
7 17.33 42.74 2.51 4.41 364.45 592.68

Polar 1 4.77 10.07 0.58 1.32 741.53 1091.30
Motion 3 14.47 32.59 1.22 2.20 2220.22 3295.51

7 35.15 81.31 3.00 5.49 4958.16 7602.15

Table 7.5: RMS and 95th-Percentile of orbit prediction when turning off various frame trans-
formation parameters. The orbit prediction is found via the RKN7(6) numerical integrator and
using the GRACE GGM02C gravity model to degree and order 8, the UCL solar radiation pressure
model to degree 45, and gravitation pull of the Sun and Moon via the JPL DE405 model. ∗ denotes
that the first term of the IAU nutation model was kept; the other 105 terms were omitted.
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of the satellite, with the along-track (L) component in a less severe manner. Hence the C
orbit prediction error grows by 67.65 m after 7 days. Since the precession term is a simple
cubic expression to calculate, it takes very little execution time to determine, and so should
be kept. Removing nutation from the calculations provides slightly less deterioration to
the orbit, of 16.73 m in the C direction and 3.13 m in the L direction after 7 days. This
is mainly due to the due to the nutation of the ecliptic coupling with the J2 term. The
difference in execution times for predicting forward with and without nutation are within
the 5% timing error, and so it is debatable whether to remove the nutation entirely or
even just include the first (dominant) term.

Determining the effect of the minor force models, namely the forces on the satellite
due to solid earth tides, relativity, antenna thrust and thermal forcing from the satellite
solar panels, on the orbit prediction algorithm was studied. Each of these forces was added
to the following force models which were used to produce a basic high-quality orbit:

• Earth Gravity: GRACE GGM02C, to degree and order 40.

• Third Body Gravity: Sun, Moon and all Planets out to Neptune, via the JPL 405
Ephemeris.

• Solar Radiation Pressure: UCL model to degree of expansion 50.

An orbit was predicted for each healthy satellite in the GPS constellation over a period
of 7 days from MJD 55012, from initial conditions found from the IGS final orbit products;
these were then compared to the IGS final orbit product which was used as a truth model.
The vector of the difference between the two was computed in the HCL frame, and the
RMS and 95-percentile over all the satellites was determined after 1 day, 3 days and 7
days prediction. These are shown, for when each minor force is added (exclusively) to the
basic force model described above, in Table 7.6.

It can be seen from Table 7.6 that adding Solid Earth Tides makes the most dif-
ference, of 96 cm in the L direction and 53 cm, in the C direction. However, this is an
improvement of approximately 0.3%, and takes an average of 256.94 s longer (19% longer).
This is because the force model needs to re-compute the position of the Sun and the Moon
from the JPL Development Ephemerides, which is computationally intensive. Adding the
relativistic correction improves the orbit by 1.46 m in the L direction, which is still only a
0.5% improvement. However, the execution time of the orbit prediction is only increased
by an average of 29 s. This is because the relativistic correction to the predicted orbit is
dependent only on the mass of the Earth and the satellite position and velocity, all three
of which are determined during the numerical integration algorithm anyway; the resulting
correction can easily be implemented in a few lines of code. The antenna thrust model
actually degrades the predicted orbit, by 1.22 m in the L direction (although it slightly
improves it in the H direction, as expected). The reason for this is not clear; however,
changing the geocentric range without modifying the velocity of the satellite will add total
mechanical energy to the orbit; the velocity will be artificially high. The degradation is
slight; only 0.4%. The radial and cross-track orbit prediction errors are hardly changed
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Minor Force Prediction H (m) C (m) L (m)
Added Duration (d) RMS 95% RMS 95% RMS 95%
None 1 2.73 5.94 0.25 0.48 34.14 49.45

3 8.15 18.04 0.68 1.26 107.23 184.46
7 18.78 43.29 1.65 2.76 309.11 587.79

Solid 1 2.73 5.95 0.17 0.34 33.93 49.05
Earth 3 8.15 18.06 0.47 0.86 106.60 183.53
Tides 7 18.78 43.31 1.12 1.95 308.15 586.73

Relativity 1 2.73 5.94 0.25 0.48 33.84 49.10
3 8.15 18.06 0.68 1.26 106.40 183.44
7 18.78 43.33 1.65 2.83 307.65 585.34

Antenna 1 2.73 5.94 0.25 0.48 34.39 49.73
Thrust 3 8.15 18.03 0.68 1.26 107.93 185.33

7 18.77 43.27 1.65 2.83 310.33 589.80
Thermal 1 2.90 6.46 0.25 0.49 34.49 51.57
Forcing 3 8.61 19.60 0.69 1.26 108.34 190.69

7 19.72 46.52 1.65 2.74 311.50 601.74

Table 7.6: Statistics of Orbit Prediction when adding minor forces. Each force is added exclusively
to the basic force model of Earth, Moon, Sun and planet gravity as well as solar radiation pressure;
the statistics are for the difference from the IGS final orbit product.

by the introduction of these minor forces. Adding thermal forces from the solar panels
of the spacecraft also degrade the orbit in both the radial (0.94 m after 7 days) and the
along-track (2.39 m after 7 days) directions; the reason that only these directions are af-
fected is unclear, but clearly a mis-modelling of the force has occurred and thermal force
effects from the satellite bus also need to be taken into account.

In summary, whilst it is a balance between orbit prediction quality and execution
time of the program, one may conclude that the following forces will give a high quality
orbit, with errors of better than 4 m after 7 days when compared to using all the force
models available:

• Earth Gravity: Either GRACE GGM02C or IGT GRACE 2010, to degree and order
8. Higher order terms only vary the predicted orbit by less than 1 mm after a day.

• Third Body Gravity: Gravity due to the Sun and the Moon, via either the JPL DE
405 or DE 421 planetary ephemerides. The planet with the most effect, Jupiter,
only perturbs the predicted orbit by a few mm after a day.

• Solar Radiation Pressure: The UCL model, to degree of expansion 45. Higher order
terms only vary the predicted orbit by less than 1 mm after a day.

• Minor Forces: The Schwarzschild correction term for General Relativity. Other
forces provide a similar level of effect of a few m after a day, but the Solid Earth
Tide force takes too long to compute. Note that the latter is due to having to re-
compute the position of the Sun and the Moon in the Earth-centred inertial reference
frame; if the the position of these bodies is saved in memory from the Third Body
Gravity modelling, then it becomes a trivial computation and should be included.
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It is also advisable to use a RKN7(6) numerical integrator rather than a RK8(7) algorithm
since it provides an approximately 44% execution time improvement but with an identical
orbit to the cm level. The step-size of the numerical integrator should be no more than
300 s. Precession and nutation should be included along with the Earth Orientation
parameters, but the effects of the change in UT1 over the integration period can be safely
ignored.

7.2 Orbit Determination

Having studied how varying the parameters of the force models, the frame transformation
parameters and the numerical integrator step size all affect the accuracy of the orbit
prediction algorithm, the performance of the orbit determination algorithm can be studied.
In particular, the performance of the algorithm when different numbers of sets of broadcast
ephemeris data are available, and also the effect of adding various force models.

The orbit determination algorithm was used with the same forces present as for the
orbit prediction algorithm, namely Earth gravity model GRACE GGM02C with degree
and order 40, gravity of the Sun, Moon and the planets out to Jupiter, with the UCL SRP
model. The Euler method, with a step-size of 10 s, was utilised to numerically integrate
the state transition matrix, since there was not sufficient development time to implement
a RKN7(6) numerical integrator for the state transition matrix. Observations were the
satellite Earth-centred inertial position and velocity, as determined from the broadcast
ephemeris parameters, every minute. If one set of broadcast ephemeris parameters was
available, this was valid for the two hours after the epoch at which it is nominally given
(to simulate the ephemeris being valid for the usual four hours, two before the nominal
time and two after); if the next set of broadcast ephemeris was made available, then this
would be used to produce the ephemeris for the next two hours, and so on. So for twelve
hours of broadcast ephemeris data being used to modify the initial conditions for the orbit
prediction algorithm, six sets of broadcast ephemeris parameters would be used, with
6 × 12 × 60 = 2160 position measurements and the same number velocity measurements
being used in the least squares technique.

The orbit determination algorithm can be seen to provide a state vector estimate that
converges rapidly to a new position and velocity values when using 6 sets of broadcast
ephemeris parameters (i.e. 12 hours of orbit data), with only two or three iterations
required for a step-size of 2 s in the numerical integration of the state transition matrix
and the orbit predictor. An example of the size of the correction, which was obtained in
only one iteration of the least squares algorithm, is found in Table 7.7.

After the modifications to the initial position and velocity of satellite PRN 2 at MJD
55012.0 UTC as shown in Table 7.7, the orbit was predicted forward 7 days using the same
force models as before; namely Earth gravity model GRACE GGM02C with degree and
order 40, gravity of the Sun, Moon and the planets out to Jupiter, with the UCL SRP
model to degree 50. Other forces were neglected for now. The predicted orbit from before
and after the orbit determination algorithm has been been applied are shown in Fig. 7.20a
and Fig. 7.20b respectively. Fig. 7.20a shows the first 24 hours of Fig. 7.10; the epoch for
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Correction
x̂x -1.161 m
x̂y 0.046 m
x̂z -0.004 m
x̂u 9.572 ×10−5 m/s
x̂v 4.766 ×10−5 m/s
x̂w 2.342 ×10−5 m/s

Duration 822.12 s

Table 7.7: Least Squares corrections to PRN 2 from Orbit Determination algorithm. The orbit
was optimised over 12 hours (6 sets of broadcast ephemeris parameters), from MJD 55012.0 (UTC),
with observations taken every minute. The orbit converged to within 1 mm (magnitude).

Prediction Before (m) After (m)
Duration H C L H C L

1 2.52 0.57 44.20 1.85 0.68 4.65
3 7.46 0.80 135.76 6.87 0.90 34.37
7 17.33 1.65 363.07 16.90 1.69 192.90

Table 7.8: Orbit Prediction RMS values before and after applying the Orbit Determination
algorithm. The RMS orbit prediction errors after 1 day, 3 days and 7 days are shown both before
and after applying the orbit determination algorithm. The orbit prediction algorithm was identical
for both; six sets of broadcast ephemeris parameters were used to optimise the initial position and
velocity.

orbit determination was chosen to be the start of the orbit prediction analysis to enable
easy comparison between before and after applying the algorithm.

Whilst satellite PRN 2 is only one satellite in the constellation, it is useful to show
how the orbit determination algorithm has improved the predicted orbit over a period of
24 hours. Note that direct comparisons between the two predicted orbits at a particular
epoch is not advisible since the phase of the sinusoid shape of the predicted orbit error
changes. As a result, one should look at the bounding error for one particular satellite -
how large is the largest orbit prediction error before this prediction time. The H bounding
error over 24 hours is at 19 hours, and is 55 cm, reduced from that before the orbit
determination algorithm which was 2.86 m after 19 hours. The cross-track component of
the orbit prediction error has grown from 39 cm (observed at 24 hours) to 77 cm (observed
at 24 hours). The largest effect is for the long-track component of the orbit prediction
error, with the error shrinking from 29.61 m (after 24 hours) to 3.16 m (after 16 hours).

This snapshot of how the orbit of a single GPS satellite can have its predicted orbit
improved by modifying the initial conditions of the orbit predictor is indicative of the
performance of the whole constellation of satellites. The improvements when adding 6
sets of broadcast ephemeris parameters (i.e. having an optimisation window of 12 hours)
for all satellites is shown in Table 7.8. Note that the RMS values only are shown; the
95-percentile statistics show a similar improvement but are omitted for brevity.

If the concept of using a priori covariance matrices in the least squares technique
of the orbit determination algorithm is to be performed, the relevant variances need to

200



7. RESULTS

-5

 0

 5

 10

 15

 20

 25

 30

 0  4  8  12  16  20  24

P
re

d
ic

ti
o
n
 E

rr
o
r 

(m
)

Time (hours)

 H  C  L

(a) Before

-1

-0.5

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 0  4  8  12  16  20  24

P
re

d
ic

ti
o
n
 E

rr
o
r 

(m
)

Time (hours)

window

 H  C  L

(b) After

Figure 7.20: Orbit Prediction (a) before and (b) after the Orbit Determination algorithm was
performed. Six sets of broadcast ephemeris were used to optimise the orbit, giving an optimisation
window of 12 hours, as shown. A priori weights were determined from the standard deviations of
the observed orbital error when using the NGA antenna phase centre offset models over the first
six months of 2009.
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be determined, as does how closely they conform to being Gaussian in their distribution.
The standard deviations are shown in Table 7.2 for the offset between the satellite position
found from the broadcast ephemeris parameters and the IGS final orbit product over the
whole year of 2009, sampled every hour. The results were re-computed but sampled
every 15 minutes for the first 6 months of 2009, to give improved granularity of possible
frequencies to search for. It was previously determined that the NGA antenna phase
centre offset values from the centre of mass to the antenna phase centre should be used
as they give the closest to zero-mean offsets over the six months studied. If the standard
deviations are to be used in the covariance matrix of the least squares technique, then
they should be Gaussian in distribution1. The closer the orbital error is to being Gaussian
distributed, the closer the solution provided by the BLUE least squares technique will be
to being optimal.
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Figure 7.21: Position of satellite from the broadcast ephemeris, against the IGS final orbit
product, for PRN 2, for the first 3 days of 2009.

One can see from the broadcast orbit errors in Fig. 7.21 that they are clearly not
Gaussian over the period of a few days at the beginning of 2009. The cross-track compo-
nent displays sinusoidal behaviour with a period given by the orbital period of just under
12 hours; the along-track component displays something akin to a random-walk behaviour.
A spectral analysis of the H component can be performed by using the Fast Fourier Trans-
form (FFT) algorithm, as shown in Fig. 7.22 for the satellite PRN 2. The six months
of data used to calculate the standard deviations shown in Table 7.1 were placed as the
input signal to the Fast Fourier Transform algorithm. An alternate, simpler, technique
to spot periodic effects is the autocorrelation function, which was calculated on the same
data set.

The autocorrelation curve in Fig. 7.23 shows a clear positive correlation at 12 hours,
1The optimisation criteria in the least squares technique tries to minimise the sum of the weighted

square of the residuals; if the a priori covariance matrix contains data that is not Gaussian distributed,
then this will distort the weight matrix and hence the parameter being minimised also; the technique will
not then produce an optimal solution.
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Figure 7.22: Fast Fourier Transform of the first six months of 2009 of the difference between
the position via the broadcast ephemeris and the IGS final orbit product, in the geocentric (H)
direction.

Figure 7.23: Autocorrelation function of the first six months of 2009 of the difference between
the position via the broadcast ephemeris and the IGS final orbit product, in the geocentric (H)
direction.
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as one would expect for a satellite orbiting with a period of approximately 12 hours, and
also a negative correlation with a smaller strength at approximately 6 hours, i.e. half the
orbital period. This can also be seen in the Fast Fourier Transform analysis shown in
Fig. 7.22, as the first observed peak away from the central spike (f = 2.328 × 10−5 Hz
→ T ≈ 12 hours). The FFT algorithm also shows other periodicities, namely at 6 hours,
4 hours, 3 hours and 2 hours, as well as peaks that have much lower strengths. The
peak at approximately 12 hours is clearly due to the satellite orbiting with a period of
just under 12 hours; hence the satellite will be in approximately the same position with
respect to the inertial Earth frame. The period of approximately 6 hours can be argued,
since it is half the orbital period and hence the trajectory is half of an ellipse, the other
half of the ellipse will be very similar geometrically. The more rapid periodicities are
less easily explained by the actual satellite dynamics, but since the satellite is sent a new
set of broadcast ephemeris parameters every 2 hours in normal operation, then this may
well produce periodic effects as the drift of the Keplerian parameters is corrected with
each new set of parameters. It is worth noting that no periodicities are observed with
periods longer than 12 hours, and so using more than 12 hours of ephemeris data will give
negligible improvement to the orbit determination algorithm1.

The question remains as to whether the variance statistics in Table 7.1 are from
Gaussian distributed data. Clearly they are not in the short term, as shown in Fig. 7.21.
However, longer-term analysis of the orbit errors over a period of 6 months shows that
the orbit errors approach a Gaussian distribution. The offsets of the broadcast ephemeris
position (corrected for the NGA antenna phase centre offsets) for PRN 2 were sampled
every 15 minutes, and binned in a histogram for each of the H, C and L error components.
These can be seen in Fig. 7.24, and each one has a Gaussian probability density function
curve with the observed mean and variance placed on top in a red curve.

The 3 histograms in Fig. 7.24 appear to be Gaussian even though in the short-term
of less than a few days they are clearly not. The data fails a χ2-test for being Gaussian
distributed [Bulmer, 1967] at both the 0.01 and 0.05 level of significance, due to the
large tails and high central peak, but even though the statistical test fails, one may still
use the variances determined as coming from approximately Gaussian data in the least
squares technique. The subsequent a posteriori covariance matrix may then be used to
correct the covariance matrix of the estimated parameter before the precision of the orbit
determination algorithm is studied.

One may determine how closely the a priori and a posteriori covariance matrices of
observations agree by analysing the scaling factor σ̂2

0, the a posteriori variance of unit
weight, which was given by Eq. 4.182. The closer to unity this statistic, the closer the a
priori covariance matrix of the estimated parameter is to that observed from the data, i.e.
the a posteriori version. The observed values for the least squares analysis shown in the
results in Table 7.8 are shown in Fig. 7.252.

1The angles of the Keplerian elements will change slowly due to perturbing forces on a point-mass
approximation force, giving longer-period correlations. However, the period of these changing angles is
hundreds of days; see [Beutler, 2005b, Sec. 3.2] for the impact of the J2 term, for example.

2Note that if Φ is “rationalised” by changing the units of time, then Cl is also changed, and the two
effects cancel out.
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(a) H Component.

(b) C Component.

Figure 7.24: Histograms of broadcast ephemeris orbit error, from the first six months of 2009,
for satellite PRN 2.
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(c) L Component.

Figure 7.24: (cont.) Histograms of broadcast ephemeris orbit error, from the first six months of
2009, for satellite PRN 2.
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Figure 7.25: The a posteriori unit variances of the parameters for each satellite in the orbit
determination algorithm. 12 hours of observations were used, from MJD 55012.0 UTC. The desired
unity value is marked with a blue line.
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Fig. 7.25 shows an average value for σ̂2
0 of 1.61 ± 0.73 (1σ), showing that the a

priori variance-covariance matrix is to the correct order of magnitude of the a posteriori
variance-covariance matrix of the estimated parameter. Applying the F-test [Bulmer,
1967] to characterise whether these variations from unity are statistically significant gives
an emphatic yes; the large number of degrees of freedom (> 4000) ensures that this is true
at the 90% confidence interval level. Applying the re-scaling as in Eq. 4.183 gives the
more realistic a posteriori variances as shown in Table 7.91.

Since the amount of broadcast ephemeris data available will vary due to different signal
acquisition scenarios for GPS receivers, the amount of observation data available, and
hence the maximum size of the optimisation window in the orbit determination algorithm,
was varied. The force models were kept the same in all cases; namely GRACE GGM02C
Earth gravity model to degree and order 40, gravity due to the Sun, Moon and planets out
to Jupiter, and the UCL solar radiation pressure model to degree of expansion 50. The
result can be seen in Table 7.10 for both the situation when the a priori weights are given
dynamically (rotated from those determined in the HCL frame from a priori observations)
and where they are given by the identity matrix. The orbit was predicted forward from
the determined position and velocity at the epoch MJD 55012.0 (UTC) by 7 days, and
compared to the IGS final product orbit as a truth model. The RMS difference in the
HCL frame is shown in Fig. 7.26 and Fig. 7.28, for where the initial estimate of satellite
position and velocity were determined from the IGS final orbit product; the case where
the initial conditions come from the broadcast ephemeris parameters is shown in Table
7.11 and Fig. 7.27.2.

Some things can be drawn out from the results in Table 7.10, Fig. 7.26 and Fig. 7.27:

1. The rms prediction error after 7 days decreases as an approximately exponential
decay in the along-track direction as more ephemeris data is made available to the
algorithm, when the weights are found in the dynamic case, i.e. when they are
determined from a priori orbit error information. An exponential decay is also
shown for when the weights are set to the identity matrix, but with a less steep
decay.

2. Using the a priori orbit error information in determining the weights gave an im-
provement of 50.95 m in the rms prediction error in the along-track direction after
7 days when using 2 hours of ephemeris data, compared to when an identity weight
matrix was used. By the time 6 hours of ephemeris data is being used, only an
improvement in the rms of 2.16 m is observed.

3. Adding any number of sets of broadcast ephemeris data improves the rms orbit
prediction error in the Height (radial) component; adding more sets of ephemeris

1Note that the variances for the velocity components here are dependent upon the unit of time, so if
the Φ rationalisation has occurred to improve numerical stability, then the relevant un-mapping needs to
be performed to get the variances in units of m2s−2.

2Note that for the situation where initial conditions were determined from the broadcast ephemeris
parameters, a simplified force model was used, as suggested in the previous section - the degree and order
of the Earth gravity field spherical harmonic expansion was reduced to 8, the SRP model was reduced
to 45 terms, and only third-body gravity of the Sun and Moon were considered. This configuration was
chosen to reduce the execution time of the experiments.

207



7. RESULTS

PRN ECI Position2 ECI Velocity2

(× 10−3 m2) (× 10−12 m2s−2)
σ̂2

0,x σ̂2
0,y σ̂2

0,z σ̂2
0,u σ̂2

0,v σ̂2
0,w

1 - - - - - -
2 1.34 0.59 0.65 6.5 20.7 23.2
3 4.08 1.11 0.76 19.3 43.6 33.6
4 1.20 0.75 0.31 11.1 8.5 19.1
5 - - - - - -
6 2.69 0.55 0.67 18.5 26.1 11.2
7 0.15 0.48 0.39 9.9 5.1 4.1
8 3.23 3.60 0.94 61.9 16.3 48.7
9 1.80 2.47 6.25 55.2 78.5 34.8
10 1.27 0.38 1.74 11.2 37.8 7.5
11 0.93 1.85 2.97 39.3 39.3 20.8
12 0.29 0.55 0.23 4.9 7.9 6.8
13 0.61 2.28 3.38 54.7 17.5 33.2
14 1.96 1.17 3.18 70.8 22.6 11.6
15 0.56 0.25 0.10 1.2 6.6 9.2
16 3.82 1.21 6.46 38.8 112.4 34.0
17 0.26 0.38 0.65 13.1 7.5 3.5
18 0.41 1.67 0.49 16.5 3.8 22.4
19 0.54 0.56 0.29 1.9 10.3 12.2
20 0.45 1.44 0.38 8.7 16.6 12.3
21 1.06 2.89 1.83 55.0 24.1 28.9
22 0.35 0.50 0.46 10.0 4.6 9.6
23 0.66 0.79 0.48 9.7 9.6 17.8
24 0.32 1.01 1.41 19.2 19.0 5.8
25 - - - - - -
26 1.36 3.21 3.94 71.3 23.2 58.9
27 4.30 1.59 6.82 32.8 87.1 72.5
28 1.83 5.32 4.42 59.8 23.7 96.5
29 0.16 0.64 0.64 12.5 6.0 8.2
30 1.12 1.11 1.29 52.1 58.2 97.1
31 0.89 0.51 0.18 6.0 7.4 16.7
Av 1.34 1.74 1.83 27.6 26.7 26.3

Table 7.9: The a posteriori variances of the variance-covariance matrix of the estimated parame-
ter. 12 hours of observations were used, from MJD 55012.0 UTC. The average over all 28 satellites
available is also shown.
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Hours of Prediction Dynamic Static
Ephemeris Duration (d) H (m) C (m) L (m) H (m) C (m) L (m)

0 1 2.73 0.25 34.14 2.73 0.25 34.14
3 8.15 0.68 107.24 8.15 0.68 107.24
7 18.78 1.66 309.10 18.78 1.66 309.10

2 1 2.64 0.59 26.03 2.77 0.59 33.34
3 7.70 0.78 80.52 7.79 0.78 103.78
7 17.70 1.59 247.02 17.75 1.58 297.97

4 1 2.66 0.68 14.60 2.73 0.66 20.09
3 7.72 0.89 50.05 7.80 0.85 65.20
7 17.74 1.67 202.82 17.78 1.64 226.45

6 1 2.69 0.66 12.98 2.72 0.62 13.04
3 7.77 0.88 47.18 7.81 0.83 48.03
7 17.82 1.68 201.27 17.83 1.63 203.43

8 1 2.56 0.63 7.70 2.59 0.59 7.60
3 7.65 0.84 37.99 7.69 0.80 38.09
7 17.71 1.65 194.17 17.74 1.61 194.91

10 1 2.24 0.69 4.86 2.26 0.65 4.42
3 7.29 0.89 34.28 7.33 0.85 33.76
7 17.34 1.68 191.77 17.37 1.64 191.59

12 1 1.85 0.68 4.65 1.84 0.64 4.09
3 6.87 0.90 34.37 6.88 0.85 33.80
7 16.90 1.69 192.91 16.91 1.65 192.77

Table 7.10: RMS orbit prediction errors after modifying the number of sets of ephemeris in the
orbit determination algorithm. Dynamic means that the a priori weights in the orbit determination
algorithm were found for that satellite from 6 months of HCL orbit errors from the IGS final orbit
product, rotated to the ECI frame. Static means that the weight matrix is given as the identity
matrix in the ECI frame. The orbit was predicted forward from initial conditions found from the
IGS final orbit product.
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Hours of Prediction Dynamic
Ephemeris Duration (d) H (m) C (m) L (m)

0 1 2.52 0.57 44.32
3 7.46 0.80 136.13
7 17.33 1.66 363.98

2 1 2.64 0.59 25.84
3 7.69 0.78 80.12
7 17.70 1.59 246.79

4 1 2.66 0.68 14.63
3 7.72 0.89 50.17
7 17.74 1.67 203.04

6 1 2.69 0.66 12.98
3 7.77 0.89 47.21
7 17.83 1.68 201.34

8 1 2.56 0.63 7.72
3 7.65 0.84 38.05
7 17.72 1.65 194.27

10 1 2.24 0.69 4.88
3 7.29 0.90 34.34
7 17.35 1.68 191.86

12 1 1.85 0.68 4.65
3 6.88 0.90 34.45
7 16.90 1.69 192.98

Table 7.11: RMS orbit prediction errors after modifying the number of sets of ephemeris in
the orbit determination algorithm. Only the Dynamic weighting case was chosen; the experiment
was identical to that shown in Table 7.10, but here uses initial conditions determined from the
broadcast ephemeris parameters. As a result, the broadcast ephemeris is the only ephemeris used
for both the orbit prediction and orbit determination algorithms.
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(a) H Component, Dynamic Weights, from initial conditions from the the IGS Final
Orbit product.
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(b) C Component, Dynamic Weights, from initial conditions from the IGS Final Orbit
Product.

Figure 7.26: Varying the number of broadcast ephemeris sets in the orbit determination algo-
rithm. The orbit was predicted forward 7 days from MJD 55012.0 (UTC) from the IGS final
orbit product using the GRACE GGM02C Earth gravity model, the gravity of the Sun, Moon and
planets up to Jupiter, and solar radiation pressure to degree 50 in the UCL model. The RMS orbit
prediction error of all 28 satellites healthy during this time was calculated and the difference from
the IGS Final Orbit product is shown here.
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(c) L Component, Dynamic Weights, from initial conditions from the IGS Final Orbit
product.
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(d) H Component, Static Weights, from initial conditions from the IGS Final Orbit
product.

Figure 7.26: (cont.) Varying the number of broadcast ephemeris sets in the orbit determination
algorithm. The orbit was predicted forward 7 days fromMJD 55012.0 (UTC) from initial conditions
found from the IGS final orbit product, using the GRACE GGM02C Earth gravity model, the
gravity of the Sun, Moon and planets up to Jupiter, and solar radiation pressure to degree 50 in
the UCL model. The RMS orbit prediction error of all 28 satellites healthy during this time was
calculated and the difference from the IGS Final Orbit product is shown here.
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(e) C Component, Static Weights, from initial conditions from the IGS Final Orbit
product.
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(f) L Component, Static Weights, from initial conditions from the Final Orbit product.

Figure 7.26: (cont.) Varying the number of broadcast ephemeris sets in the orbit determination
algorithm. The orbit was predicted forward 7 days fromMJD 55012.0 (UTC) from initial conditions
found from the IGS final orbit product, using the GRACE GGM02C Earth gravity model, the
gravity of the Sun, Moon and planets up to Jupiter, and solar radiation pressure to degree 50 in
the UCL model. The RMS orbit prediction error of all 28 satellites healthy during this time was
calculated and the difference from the IGS Final Orbit product is shown here.
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(a) H Component, Dynamic Weights, from initial conditions from the Broadcast
Ephemeris.
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(b) C Component, Dynamic Weights, from initial conditions from the Broadcast
Ephemeris.

Figure 7.27: Varying the number of broadcast ephemeris sets in the orbit determination algo-
rithm. The orbit was predicted forward 7 days from MJD 55012.0 (UTC) from the initial conditions
found from the broadcast ephemeris using the GRACE GGM02C Earth gravity model, the gravity
of the Sun, Moon and planets up to Jupiter, and solar radiation pressure to degree 50 in the UCL
model. The RMS orbit prediction error of all 28 satellites healthy during this time was calculated
and the difference from the IGS Final Orbit product is shown here.
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(c) L Component, Dynamic Weights, from initial conditions from the Broadcast
Ephemeris.

Figure 7.27: (cont.) Varying the number of broadcast ephemeris sets in the orbit determination
algorithm. The orbit was predicted forward 7 days fromMJD 55012.0 (UTC) from initial conditions
found from initial conditions found from the broadcast ephemeris, using the GRACE GGM02C
Earth gravity model, the gravity of the Sun, Moon and planets up to Jupiter, and solar radiation
pressure to degree 50 in the UCL model. The RMS orbit prediction error of all 28 satellites healthy
during this time was calculated and the difference from the IGS Final Orbit product is shown here.

than just one set makes little difference until 10 & 12 hours of data is made available.

4. Hardly any impact is made in the cross-track direction by using any amount of
ephemeris data in the orbit determination algorithm; a change of at most 8 cm is
observed, which is more then mitigated against by the change in the along-track
direction.

To quantify the effects shown in item (1) above, note the Dynamic situation first,
where the a priori weights are determined from several months of observed orbit data.
Performing the orbit determination algorithm with only 1 set of ephemeris data for 2
hours gives an improvement of 62.08 m in the L direction, followed by subsequent 44.20 m
and 1.55 m improvements as the amount of ephemeris data available is increased. Adding
subsequent ephemeris data makes little improvement to the orbit prediction errors after
already utilising 8 hours of observations. When using the identity matrix to give the
weights in the orbit determination algorithm, the rms orbit prediction error when using 2
hours of previously available ephemeris shows only an 11.30 m improvement; most of the
improvement comes by adding 2 more hours (improving by 71.52 m) or 4 more hours (a
further 23.02 m). By 6 hours of ephemeris data being available, the Dynamic and Static
techniques have become less than 2 m different, which then shrinks to 14 cm for 12 hours
of ephemeris data. The reason for this is that the a priori covariance matrix effectively
provides constraints on the least squares technique via the BLUE algorithm; in particular,
the H component variances are lower than that of the C and L component variances due to
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Figure 7.28: Varying the number of broadcast ephemeris sets in the orbit determination algo-
rithm. The orbit was predicted forward 7 days from MJD 55012.0 (UTC) from the IGS final
orbit product using the GRACE GGM02C Earth gravity model, the gravity of the Sun, Moon and
planets up to Jupiter, and solar radiation pressure to degree 50 in the UCL model. The RMS orbit
prediction error of all 28 satellites healthy during this time was calculated and the difference from
the IGS Final Orbit product is shown here.
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Figure 7.28: (cont.) Varying the number of broadcast ephemeris sets in the orbit determination
algorithm. The orbit was predicted forward 7 days fromMJD 55012.0 (UTC) from initial conditions
found from the IGS final orbit product, using the GRACE GGM02C Earth gravity model, the
gravity of the Sun, Moon and planets up to Jupiter, and solar radiation pressure to degree 50 in
the UCL model. The RMS orbit prediction error of all 28 satellites healthy during this time was
calculated and the difference from the IGS Final Orbit product is shown here.

the observations in the broadcast ephemeris1 being range measurements of one description
or another. The a priori covariance matrix components capture this information, whereas
the standard least squares technique does not. However, the satellite orbiting with a
period of just less than 12 hours means that the over a period of 6 hours, the satellite
will have travelled approximately 180◦ around its orbit. Since the Keplerian elements of
the ellipse change relatively slowly compared to the anomaly angle, the satellite traverses
approximately half of an ellipse in that period, and so the H and L units vectors during
this period will at some point have been parallel to all directions in the orbital plane.
Since the orbit is constrained by the shape of an ellipse due to Kepler’s laws, this provide
an equivalent constraint to that given by the a priori covariance information.

The above experiment is performed for initial conditions found from the IGS final
orbit product. In real-world applications, such a product would ideally not be available to
the receiver and only previously acquired sets of broadcast ephemeris parameters would
be available. To study this, the previous experiment was re-run but for initial conditions
being found from the broadcast ephemeris parameters. The results can be seen in Fig.
7.29.

A comparison between Fig. 7.29 and the Dynamic case in Fig. 7.28 shows that almost
identical results when any (non-zero) number of sets of broadcast ephemeris parameters
are used to modify the initial conditions of the orbit predictor. This is because any error in
the antenna phase centre model can be combined with the error in the position found from
the broadcast ephemeris, and corrected easily enough by the least squares technique. One

1This is also the case for the IGS Final Orbit product, although the errors in this are much smaller.
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Figure 7.29: Varying the number of broadcast ephemeris parameters in the orbit determination
algorithm. The experiment was similar to that of Fig. 7.28, but the initial position and velocity
estimates are obtained from the broadcast ephemeris parameters, not from the IGS final orbit
product.

useful by-product of this is that this implies that the improvement in the rms predicted
orbit error by adding subsequent sets of ephemerides is due to the least squares algorithm
requiring more observation data to improve the velocity estimate. This is because the
position of the satellite is highly dependent on the velocity of the satellite, which changes
rapidly with time1. To quantify this effect, note that the initial rms orbit prediction error
when no orbit determination has taken place is worse by 54.88 m in the L direction than
when the initial conditions from the IGS final orbit product are obtained. This converges
to within 40 cm as soon as when 2 hours of ephemeris data are used, and a similar level of
performance is obtained for all successive number of ephemerides used. Thus the principle
of using only broadcast ephemeris data for orbit prediction is clearly viable, providing the
orbit determination algorithm is used to modify the initial conditions.

One area of optimisation that is also important is to use ephemeris data from the past,
i.e. to use “negative time” in the orbit determination algorithm so that the epoch that the
ephemeris is being optimised for is the current epoch rather than one in the past. Doing so
would mean that orbit prediction would not occur over epochs where ephemeris data was
already available. To study this, the orbit determination algorithm was run with identical
configuration to that used to generate Fig. 7.28, but with time pointing backwards in
the orbit determination algorithm. In practice, this meant that new epochs added to the
b vector were actually earlier observations, and the A matrix correspondingly populated.
This is perfectly valid since rows of the matrices used in the least squares technique can
be interchanged without affecting the result. The results for predicting forward 7 days
from the earliest available ephemeris in each case can be seen in Table 7.12 for when 12

1The position of the satellite is in theory even more sensitive to the acceleration of the satellite, hence
the emphasis on good quality force models in this thesis. However, the force models themselves are not so
sensitive to the satellite position, and so do not change too much over a few cm.
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hours of ephemeris data is available. Note that this is 7 days orbit prediction from when
the orbit determination algorithm is solving for the initial conditions at the earliest epoch;
for when solving for the latest epoch, this epoch is 7 days forward minus the 12 hours
ephemeris data already available.

Epoch Prediction H C L
Optimising (d) Duration (days) (m) (m) (m)

First 7 16.92 14.23 195.24
Last 6.5 17.06 13.44 196.20

Table 7.12: Varying which epoch is optimised for in the orbit determination algorithm. Since
optimising for the first epoch requires predicting the orbit over the 12 hours of data for which one
already has observations, no new information is gained. Hence a fair test is to compare predicting
forward 7 days from such an epoch, against 6.5 days when the last epoch of 12 hours of ephemeris
data has already been observed.

As can be seen from Table 7.12, predicting 6.5 days forward from the last available
epoch gives marginally worse rms predicted orbit errors when optimising for the epoch
of the latest available ephemeris (14 cm worse in the H direction, 80 cm better in the C
direction, and 96 cm worse in the L direction), but the CPU runtime improves by 80 s
on the development PC used to generate the results. The fact that the predicted orbit
is slightly worse when optimising for the last epoch of observations available is probably
due to issues of numerical stability in the least squares technique. The same amount of
observation data and orbit prediction has occurred in both cases. However, the closer
the epoch that the orbit being optimised for is to the middle of the orbit prediction arc,
the smaller the numbers in the A matrix. Since the determinant of the ATWA matrix is
very large anyway, the least squares technique is slightly numerically unstable. In the case
above, it appears to have given an unrealistically optimistic predicted orbit. However, the
effect is any case is quite small, and the improvement in the predicted orbit run-time is
substantial at 80 s.

The residuals ε of the least squares technique used in the Orbit Determination algo-
rithm when observations are used for the first 12 hours of MJD 55012, with six sets of
broadcast ephemeris parameters, are shown in Fig. 7.30a for the position residuals and
Fig. 7.30b for the velocity residuals. This corresponds to the 12 hours case in Table 7.11.

The root-mean square of the position residuals of the orbit determination algorithm
are always less than 1.05 m in the height direction over the 12 hours of observations used,
and less than 0.6 m in the cross-track direction. Both show slight discontinuities every 2
hours due to a new set of broadcast ephemeris parameters being used for the observations.
This effect is more pronounced for the along-track component of the residuals; the RMS
error in the along-track direction is still less than 1 m but displays discontinuities of up
to 0.25 m. The maximum bounding error for the magnitude of all three components over
the 12 hours is 1.44 m.

Since the reference orbit is predicted from one set of initial conditions, it is smooth
over the 12 hours for which the orbit determination algorithm is applied, whereas the
observations used are from the broadcast ephemeris parameters, which produce a discon-
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(a) Position Residuals.
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(b) Velocity Residuals.

Figure 7.30: RMS of Least Squares residuals of the Orbit Determination algorithm. Six sets of
broadcast ephemeris were used, to provide 12 hours of observation data, starting at MJD 55012.0.
The GRACE GGM02C Earth gravity model was used to degree and order 40, along with the
gravity of the Sun, Moon, and planets out to Jupiter from the JPL DE405 planetary ephemerides,
as well as the UCL SRP model to degree 50. The root-mean-square of the residuals over all the
GPS satellites is shown in the HCL frame.
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tinuous orbital trajectory when the new parameters are supplied, every two hours. As a
result, there are discontinuities in the y vector in Eq. 4.169, and hence in ε too. These
can clearly be seen in Fig. 7.30a and Fig. 7.30a.

In summary of the orbit determination algorithm, it can be seen that the following
configuration should be used:

• Number of sets of ephemeris - 4 hours (2 sets) of ephemeris data should be used if
possible, more adds to the execution time whilst not gaining more than a few metres
in the resultant rms orbit prediction errors after 7 days of orbit prediction.

• Epoch of ephemeris to be optimised - This should be the last epoch that observa-
tion data is available for, so that one does not predict an orbit over periods when
observation data is already available.

• Choice of weights - The weight matrix in the orbit determination algorithm should
be based upon a priori estimates of the variances of the orbit error of the satellite
in the HCL frame. This recommendation can be relaxed if more than four sets of
ephemeris data are to be used in the orbit determination algorithm.

7.3 Orbit Prediction and Determination on the Mobile De-
vice

Having determined an approximately optimal configuration for both the orbit prediction
algorithm and the orbit determination algorithm, these were put to the test on both
the development PC and the TyTN II mobile device. Namely, a RKN 7(6) numerical
integrator with a step-size of 300 s was utilised, with Earth gravity modelled by the
GRACE GGM02C model to degree and order 8, the gravity of the Sun and the Moon by
the JPL DE405 planetary ephemerides, the UCL solar radiation pressure model to degree
of expansion 45, and the Schwarzschild metric used for relativistic effects. Orbit prediction
for PRN 2 from initial conditions found from the broadcast ephemeris parameters at MJD
55012.0 (UTC) is shown in Fig. 7.31 when performed on the development PC, and in Fig
7.32 when performed (with an identical configuration) on the TyTN II.

Comparison of Fig. 7.31 with that for a smaller integration step-size of 10 s and with
more complete force models as is shown in Fig. 7.20 reveals a similar behaviour and similar
orbit prediction errors in the H and C directions, but a 63% worsening in the predicted
orbit error in the L direction after 1 day’s prediction, to 29.54 m. Such a degradation is
expected mainly from the increase of the numerical integration step-size rather than from
the reduction in force model terms used. However, the CPU execution time to predict
forward one day is reduced by a large amount, down from 150.95 s to 2.34 s, a reduction
of 98%. Whilst this is only for one satellite, a similar pattern is observed in the change
of both the rms orbit prediction errors and the execution times (see Table 7.13). More
unexpectedly, the orbit prediction on the mobile device, as shown in Fig. 7.32, gives worse
orbit prediction errors than on the PC, despite using an identical configuration. This
must be due to a reduction in the precision of how the mobile device stores floating point
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Figure 7.31: Orbit prediction on the development PC from MJD 55012.0. Orbit prediction from
initial conditions determined from the broadcast ephemeris parameters at epoch MJD 55012.0
(UTC) is performed, with a step-size of 300 s. The execution time for 24 hours orbit prediction
was 2.34 s on the development PC.
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Figure 7.32: Orbit prediction on the mobile device from MJD 55012.0. Orbit prediction from
initial conditions determined from the broadcast ephemeris parameters at epoch MJD 55012.0
(UTC) is performed, with a step-size of 300 s. The execution time for 24 hours orbit prediction
was 127.05 s on the TyTN II mobile device.
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numbers; variables such as the velocity of the satellite or the fractional MJD of timestamps
can cause relatively large orbit prediction errors if these are not handled precisely. Note
that the limited RAM memory of the TyTN-II meant that a maximum amount of orbit
prediction of a few days could occur; further orbit prediction meant loading more orbit
data into RAM than the device could cope with, leading to a software hang.

Platform Step-size RMS Prediction Error Execution
(s) H (m) C (m) L (m) Time (s)

Desktop 10 2.52 0.57 44.20 144.32
Desktop 300 2.52 0.53 44.21 2.26
Mobile 300 2.44 17.98 63.98 153.09

Table 7.13: RMS Orbit Prediction errors and execution times for predicting forward 24 hours.
The orbit prediction errors are for predicting 24 hours forward. A step-size of 10 s also implies a
gravity field model with degree and order 40 and astronomical bodies out to Jupiter; a step-size of
300 s also implies a gravity field model with degree and order 8, combined with the gravitational
pull of the Sun and the Moon and a slightly reduced number of terms in the UCL solar radiation
pressure model to 45.

The results of the orbit determination show a similar effect to that of Table 7.13, and
can be seen in Table 7.14. The CPU execution time shown there is solely for the orbit
determination algorithm to modify the initial position and velocity estimate; predicting
orbits from these initial conditions requires a further computation time given by the rele-
vant row in Table 7.13. As can be seen in Table 7.14, the combined effects of the increased
step-size of the numerical integration, less ephemeris data available, and a degraded suite
of force models show in the degraded predicted orbit error in the L direction, which is
worse by a just under a factor of 4 when compared to when 12 hours of ephemeris data is
available. The C component is degraded by 10%, and the H component by 31%. However,
the CPU execution time is improved by 453 s, which corresponds to a 55% reduction.
Note that the orbit determination performed on the mobile device has not improved its
orbit prediction error in the C direction, implying that the least-squares technique can
improve the magnitude but not the direction of the velocity estimate of the satellite. The
L component when computed on the mobile device does show a 69% improvement on its
value before the orbit determination algorithm (c.f. Table 7.13), but takes over 2 hours
per satellite to produce this improved set of initial conditions for the numerical integrator.

7.4 Receiver Positioning

Whilst determining the orbit prediction error, either by rms or 95-percentile statistics, is a
useful base metric for determining the quality of the orbit prediction algorithm both before
and after orbit determination has occurred, GPS receiver users, and hence manufacturers,
are also interested in the receiver positioning error when using these extended ephemerides.
In particular, it becomes important how far ahead an orbit can be predicted before the
receiver positioning error grows to above 50 m, which is the positioning error required by
the FCC to maintain compliance with the E-911 requirement.
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Platform Hours of RMS Prediction Error Execution
Ephemeris H (m) C (m) L (m) Time (s)

Desktop 12∗ 1.85 0.68 4.65 825.08
Desktop -4 2.43 0.75 16.55 371.43
Mobile -4 2.75 19.45 20.04 7955.62

Table 7.14: RMS Orbit Prediction errors and execution times after Orbit Determination. The
orbit prediction errors shown are for predicting forward 24 hours from the epoch where the position
and velocity are being estimated. 12 hours of ephemeris data also implies a gravity field model
with degree and order 40 and astronomical bodies out to Jupiter, with a step-size of 10 s in
the subsequent orbit prediction numerical integration; -4 hours of ephemeris data also implies
optimising for the latest epoch of observation data available, using an Earth gravity field model
with degree and order 8 and gravitational effects due to the Sun and Moon and a slightly degraded
SRP model. The execution time here refers to the time that the orbit determination algorithm
takes to converge the position elements of the estimated state vector to within 1 mm. ∗ denotes
24 hours from the epoch being solved for, i.e. orbit prediction for 12 hours after the time of the
last available ephemeris data.

To this end, a receiver positioning experiment was developed. Since developing Precise
Point Positioning software 1 for testing receiver positioning under different conditions is
beyond the scope of this thesis, the software developed by another PhD research student,
Dr. Mojtaba Bahrami, for his research [Bahrami & Ziebart, 2011a] was utilised to save
development time. Bahrami’s software allowed orbit files in the SP3 format to be utilised
instead of the broadcast ephemeris NAV RINEX data files, and OBS RINEX data files
from a GPS receiver could be used to estimate the position of the receiver. Various
pseudorange error mitigation techniques could be implemented to model the effects of the
the ionosphere, the troposphere, and multipath. Since the satellite clock offsets from the
reference timescale need to be given and these are beyond the scope of this thesis to model,
they were supplied from the broadcast ephemeris parameters. The testing configuration
for the receiver positioning software can be seen in Table 7.15.

The W matrix shown in Table 7.15 is a square matrix of rank d, where d is the
number of C/A code observations used to determine each position estimate. All other
elements to the diagonal elements are zero, giving an assumption that the observations
are not spatially or temporally correlated. The HERT IGS station is a reference site for the
ITRF05 reference frame, and so the initial position estimate for the receiver positioning
estimate is taken from the ITRF SINEX file for the station. Note that this position is
in the ITRF05 reference frame; one underlying assumption in this experiment is that the
ITRF05 and WGS84 reference frames are identical [Ferland & Piraszewski, 2009]. The
GPST timescale is used throughout the experiment, and the receiver position determined
is the Antenna Reference Point (ARP). Also note that the satellite clock terms from the
broadcast ephemeris refer to the ionosphere-free linear combination estimate; the TGD
value in the broadcast ephemeris parameters was used to make the clock term refer to the

1Precise Point Positioning is a technique for positioning of GNSS receivers using alternate ephemerides
than those broadcast, often with models to reduce the positioning error. The satellite ephemeris used is
often an ephemeris provided by a global network, such as the IGS; for this thesis, PPP software can be
used but with the alternate ephemeris developed in this thesis.
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Model Feature Description
Initial Receiver Position ITRF05 SINEX Position
Receiver Position Every 30 s, independent of
Estimation previous estimate - a

kinematic approach
Satellite Position Lagrangian interpolation of degree 9,
Estimation from SP3 data files generated from mobile device.
Reference Frame WGS84
Start Date 10th January 2011 (MJD 55571)
End Date 20th January 2011 (MJD 55581)
IGS Station Studied HERT (Herstmonceux, Sussex, UK)
Observations Used C/A Code on L1
Satellite Antenna Phase NGA Model
Centre Correction
Receiver Antenna Phase IGS ANTEX data
Centre Correction
Receiver Type Leica GRX1200 GGPRO
Receiver Antenna Type Leica AT504 GG
Receiver Mask Angle 7◦
Ionosphere Model Klobuchar Model [Klobuchar, 1987]

(parameters determined from last
Broadcast Ephemeris available)

Troposphere Model RCA Model [RTCA DO-229C, 2001, Section 4.2.4]

Observation Weighting in
Positioning Algorithm W =

 f (ρ1)
f (ρ2)

. . .


−1

where f (ρi) = σ2
r

sin2(ei)
where ei is the elevation angle
of observation i, and σ2

r

is the a priori variance of the
vertical pseudorange
(assumed to be σr = 30 cm)

Table 7.15: Configuration of the receiver positioning algorithm.
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P1 clock term1.
The experiment was performed with the above configuration with six different orbit

solutions:

1. IGS Final Orbit product files.

2. An ephemeris from a full set of broadcast ephemeris parameters.

3. Extended Ephemeris from the orbit prediction algorithm used in this thesis, calcu-
lated on the development PC, from initial conditions found directly from the broad-
cast ephemeris parameters. A step-size of 300 s was utilised, along with the GRACE
GGM02C Earth gravity field model with degree and order 8, third-body gravity of
the Sun and the Moon, the UCL SRP model to degree 45, and using Schwarzschild’s
general relativity term.

4. Extended Ephemeris from the orbit prediction algorithm used in this thesis, calcu-
lated on the development PC from initial conditions found from the orbit determi-
nation algorithm, run on the development PC. Two neighbouring sets of broadcast
ephemeris parameters were used, to give an optimisation window of four hours.

5. Extended Ephemeris from the orbit prediction algorithm used in this thesis, calcu-
lated on the TyTN II mobile device from initial conditions found directly from the
broadcast ephemeris parameters. An identical set of force models to (3) was used.

6. Extended Ephemeris from the orbit prediction algorithm used in this thesis, cal-
culated on the TyTN II mobile device from initial conditions found from the orbit
determination algorithm run on the TyTN II mobile device. An identical set of force
models to (4) was used.

The solution using the IGS final orbit product can be used as a “best-case” solution, and
the case where the broadcast ephemeris is used can be thought of as the position solution
that a standard GPS receiver would obtain if it could hot-start throughout the duration
of the experiment.

The number of satellites used in the positioning solution can be seen in Fig. 7.33. The
mean number of satellites used in the positioning solutions was 7.98 over the 10 days, and
varies between 5 and 12. The average Dilution of Precision (DOP) value for the horizontal
direction (HDOP) was 1.00, and 1.59 for the Vertical Dilution of Precision (VDOP) over
the period of 10 days, and these values were approximately constant over the duration of
the positioning solution being determined. How these values changed over the observation
period is shown in Fig. 7.34. Since the receiver-satellite geometry was (approximately)
identical in all cases, the DOP values and the number of satellites used for each position
fix is the same for all four scenarios. The mean HDOP value of 1.00 shows that the
distribution of satellites in the local E-N plane is a good even spread; the higher value for
the HDOP is normal since satellites are distributed above the receiver but not below it.

The difference between the ITRF 2005 SINEX recorded position of the HERS station
and that found by the positioning algorithm when using the IGS final orbit product, and

1Note that this is not strictly the same as the C/A clock term, but for this thesis they are assumed to
be identical.
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Figure 7.33: The number of satellites used in the receiver position estimation.
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Figure 7.34: The Dilution of Precision (DOP) found in the receiver position estimation.
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also when using the broadcast ephemeris parameters, is shown in Fig. 7.35, for the three
local directions East, North and Up. As expected since multiple sets of valid ephemeris
data is made available and the one closest to the the epoch in question chosen, the receiver
position estimate does not diverge more than 10 m from the ITRF SINEX position. The
standard deviations for the position estimate for the two cases where the orbit files used
were IGS final orbit products and broadcast ephemeris parameters, is shown in Table 7.16.
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Figure 7.35: Residuals of the receiver position estimation, when using the IGS final orbit product
and the broadcast ephemeris.

Whilst intuitively it may be expected that the position solutions that utilise the
IGS final orbit product give lower standard deviations than that utilising the broadcast
ephemeris, this is not necessarily so, as can be seen in Table 7.16. The IGS final orbit
products are determined when using IGS clock products rather than the broadcast satellite
clock parameters used here, and the IGS satellite antenna phase centre model used is also
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Figure 7.35: (cont.) Residuals of the receiver position estimation, when using the IGS final orbit
product and the broadcast ephemeris.

Orbit Data Standard Deviation (m)
Used E N U
IGSF 0.78 1.23 1.76
BRDC 1.28 0.78 1.23

Table 7.16: Standard Deviations of the residuals of the receiver position estimation.
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different to the NGA values used in this thesis. These factors, along with the mismodelling
due to the use of the Klobuchar ionosphere model and no multipath model, means that
there is little difference between using the two orbit products. Both cases show receiver
position accurate to within 10 m for all epochs.

Fig. 7.36 shows the receiver position error when using the extended ephemeris gen-
erated on the reference PC. Note that since multiple satellites are used in the positioning
algorithm, the receiver position error will not follow smooth sinusoidal curves; a more
complex but still periodic position error is therefore observed1. For the case where the ini-
tial conditions were determined from the broadcast ephemeris parameters, the bounding
error was 152.72 m East (after 9.61 days), 237.44 m North (after 8.27 days) and 317.28
m Up (after 8.22 days). For the case where the initial conditions were determined by the
orbit determination algorithm, the bounding error improved to be 142.33 m East (after
9.80 days), 105.16 m North (after 9.89 days) and -263.71 m Up (after 9.84 days). These
correspond to an improvement of 7%, 56% and 19% in the 3 directions respectively. Of
further interest is the epoch by which the 50 m positioning uncertainty is reached, to give
compliance to the E-911 directive. For the case where the initial conditions are determined
from the broadcast ephemeris parameters, this was after 1.22 days; for the case where the
initial conditions are modified by orbit determination using 4 hours of ephemeris data,
this improves to 3.70 days, just over 3 times as long.

The results of the positioning algorithm using the extended ephemeris produced on
the mobile device is shown in Fig. 7.37. Only 24 hours of orbit prediction was performed,
due to the large CPU execution time for the orbit determination algorithm; also, loading
more than a few days of ephemeris data into the TyTN II device caused it to hang. The
trends shown in Fig.7.37 are the same as shown in Fig. 7.36 but with greater errors
due to the less precise orbit used. For example, the peak, in the case where the initial
conditions are found without performing the orbit determination algorithm, in the North
residuals at 18 hours 40 minutes is 24.11 m when using the ephemeris generated on the
mobile device; when using an ephemeris generated using initial conditions determined from
the orbit determination algorithm, this reduces to 15.64 m. For the limited amount of
satellite ephemeris data available for analysis, it can be determined that in both the case
where the initial conditions for the orbit prediction are determined from the broadcast
ephemeris parameters, and the case where the initial conditions are determined by the
orbit determination algorithm, the FCC E-911 requirement of the receiver position being
within 50 m is met for all epochs observed, i.e. at least one day predicting. For reference,
the bounding position error after 22 hours of orbit prediction from initial conditions found
from the broadcast ephemeris parameters is 35.25 m when the initial conditions are found
without performing the orbit determination algorithm, and this reduces to 24.72 m when
the initial conditions are found via the orbit determination algorithm.

1The reason that the amplitude of the periodic receiver error is not a simple function is because each
of the satellite orbit errors has an amplitude that is quadratic in nature, with negative or positive terms.
These combine together to give a complex form for the amplitude of the receiver positioning error.
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Figure 7.36: Residuals of the receiver position estimation, when using the extended ephemeris
generated on the development PC. OP here denotes where orbit prediction occurs from initial
conditions found from the broadcast ephemeris; OD denotes where orbit prediction has occurred
from initial conditions found via the orbit determination algorithm.
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Figure 7.36: (cont.) Residuals of the receiver position estimation, when using the extended
ephemeris generated on the development PC. OP here denotes where orbit prediction occurs from
initial conditions found from the broadcast ephemeris; OD denotes where orbit prediction has
occurred from initial conditions found via the orbit determination algorithm.
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Figure 7.37: Residuals of the receiver position estimation, when using the extended ephemeris
generated on the mobile device. OP here denotes where orbit prediction occurs from initial condi-
tions found from the broadcast ephemeris; OD denotes where orbit prediction has occurred from
initial conditions found via the orbit determination algorithm.
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Figure 7.37: (cont.) Residuals of the receiver position estimation, when using the extended
ephemeris generated on the mobile device. OP here denotes where orbit prediction occurs from
initial conditions found from the broadcast ephemeris; OD denotes where orbit prediction has
occurred from initial conditions found via the orbit determination algorithm.
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7.5 Summary

This chapter has detailed the results of both the orbit prediction and orbit determination
algorithms. When using the initial conditions found from broadcast ephemeris parameters,
the rms orbit prediction error after 7 days was found to be 17.33 m, 1.65 m and 363.07
m in the satellite H, C and L directions respectively. This was determined when using an
RKN7(6) numerical integrator with a step size of 10 s, and using the GRACE GGM02C
Earth gravity model to degree and order 40 with the UCL solar radiation pressure model
and the gravitational effects of the Sun, Moon and planets out to Jupiter. The effects of
varying all of these parameters, as well as the Earth orientation parameters used in frame
transformations, was determined to find a more efficient method of generating a similar
quality ephemeris.

The capability of the orbit determination algorithm was then determined, reducing
the rms orbit prediction error of the satellites to 16.90 m, 1.69 m and 192.90 m in the
satellite H, C and L directions respectively, when using 6 sets of broadcast ephemeris
parameters. The effect of varying the number of sets of broadcast ephemeris parameters
was determined, and it was found that 4 hours of ephemeris data provides the largest
improvement in the satellite orbit prediction error. The impact of using a priori covariance
estimates was looked at, and found to improve the predicted orbit error if 2 or 4 hours of
ephemeris data was used; if more was used then it made only an improvement of about a
metre after 7 days subsequent prediction.

The effect of using the generated extended ephemerides in a receiver positioning al-
gorithm was studied by performing a kinematic positioning solution for the IGS station
HERT. The Klobuchar ionospheric delay model was utilised with the RTCA tropospheric
delay model and the NGA satellite antenna phase centre offsets with the IGS ANTEX
receiver antenna phase centre offsets. When using the broadcast ephemeris data through-
out the 10 day experiment, the receiver position is within 10 m of the ITRF05 position of
the antenna; when using the extended ephemerides produced on the development PC, the
position error grows to 50 m after 1.22 days when no statistical orbit determination has oc-
curred, and 50 m after 3.70 days when the orbit determination algorithm has been applied.
These metrics are important to show compliance with the FCC E-911 requirements.

The results shown in this Chapter have been analysed for their positioning accuracy,
both for the satellite and the receiver positioning, but it is also worth discussing the
impact of such extended ephemeris results on the GPS industry and how they may affect
the positioning of mobile devices. This is the aim of the next Chapter.
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Chapter 8

Discussion

Whilst the previously discussed analysis of the results in Chapter 7 are important for
providing a technical viewpoint on the quality of the results, it is worth discussing the
impact of these results on the GPS mobile device industry and how devices with such
extended ephemeris generation capabilities might fit into the mobile device market. This
is the aim of this short chapter.

It should be emphasised that this thesis is a proof-of-concept, and emphasis has not
been placed on the efficiency of the algorithms used, but on showing that the various
algorithms can be implemented to produce a long-term extended ephemeris on a mobile
device. As a result, the discussion in this Chapter will concentrate on the discussion of
the theoretical development and the inherent accuracies of the force models utilised.

8.1 Orbit Prediction

Predicting an orbit as accurate as possible is required to produce an accurate position fix,
although other factors such as ionospheric delay, tropospheric delay, and multipath will
also influence the position accuracy and precision. An orbit prediction error of 17.33 m
after 7 days orbit prediction, in the geocentric radial direction, is markedly better than
the results given by empirical modelling in [Mattos, 2008] (25 m/day2) and [Garrison &
Eichel, 2006] (48.7 m after 3 days), and even by the force modelling approach taken by
[Mattos, 2008] (50 m after 3 days) and [Zhang et al., 2008] (44 m after 3 days). It is even
better than that given by [Zhang et al., 2008], which utilised 3 days of prior ephemeris
data to improve the empirical parameters of the force models, when the results for this
thesis had the orbit determination algorithm applied. The effect of the orbit determination
algorithm on the satellite orbit improves the orbit prediction error mainly in the along-
track direction, since it improves the velocity estimate of the satellite. As a result, it has
some improvement on the positioning performance of the GPS receiver, but mobile device
manufacturers may feel that the orbit prediction results are good enough without the
added CPU execution times of the orbit determination algorithm. This may be added in
“top of the range” models where more computational power is available, or applied when
the mobile device is connected to an external power supply.
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8.2 CPU Execution Time

For many users of mobile devices, producing an extended ephemeris should happen whilst
there are idle CPU cycles available, i.e. whilst the mobile device is not performing many
other tasks that are utilising the CPU. One attractive feature of the orbit prediction
algorithm, and also of the orbit determination algorithm, is that it is sequential in nature
and hence can be paused at any stage when CPU cycles are needed for other applications.
When that task has finished, then the orbit prediction algorithm can be restarted without
any loss of efficiency.

The CPU execution time of the orbit prediction algorithm on the TyTN II mobile
device, with a 400 MHz CPU, was found to be around 2.5 minutes per satellite per day
of predicted orbit, so a constellation of 30 satellites being predicted forward a week will
require 8 hours 45 minutes. This is feasible for an overnight calculation by the mobile
device, or maybe for half the satellites predicted on one night and half on the other.
The situation will be improved as more powerful CPUs become available in more modern
mobile devices; also, little optimisation on the coding has been performed in this thesis
since it is not of research interest whilst the choice of algorithms and their design has been.

For instance, the Samsung Galaxy S II mobile telephone, released in 2011, has a
dual-core 1.2 GHz ARM Cortex-A9 CPU, which has approximately 6 times the processing
power of the HTC TyTN II mobile device used in this thesis. The multiple cores of such
a CPU means that different force models, and different frame transformation models such
as precession and nutation, can be performed on each core. Note however that this will
not work for the stages of the numerical integrators (both in the orbit predictor and for
calculating the reference trajectory in the orbit determination algorithm), since each stage
is dependent upon the previous stage. The operating system, which among other things
allocates which programs have access to which CPU cycles, may choose to entirely place
the extended ephemeris calculations onto one core of the mobile device, whilst other tasks
such as internet browsing and media playing may utilise the other core.

The orbit determination algorithm utilised in this thesis is prohibitively expensive
in terms of CPU execution time on the TyTN II mobile device, taking over 2 hours per
satellite when using 4 hours of prior ephemeris data to perform, so a full constellation of
30 satellites would take around 2.5 days to compute. Note that this is for 2 iterations
of the least squares technique, the latter being needed to check that it has converged to
within 1 mm. If such a result is assumed rather than confirmed, then the CPU execution
time can be halved. Also, since the orbit determination algorithm is only being performed
over 4 hours of prior ephemeris data, then a reduced degree and order of expansion can
be used in the Earth gravity field model, since the predicted orbit only need to be within
1 mm within 4 hours, not the 24 hours suggested for the orbit prediction algorithm. This
will save substantial CPU execution time. Also, optimisation may well occur if the Euler
method for numerically integrating the state transition matrix is replaced by a higher
order algorithm such as an RK 8(7) algorithm. Such an modification would use more
memory on the device, but since the Samsung Galaxy S II for instance has 1 Gb of RAM,
this should not be an issue.
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8.3 Receiver Autonomy

This thesis has the aim of producing extended ephemerides of GPS satellites by utilising
only the prior broadcast ephemeris parameters acquired. This means that not just no
other ephemeris data is made available to the algorithms, but no other data of any kind
except that that can be hard-coded in (such as antenna phase-centre offset models, for
instance). This has proven to be practically impossible due to the Polar Motion for the
1980 IAU precession-nutation model being required for tolerable orbit prediction results.
Other parameters such as the UT1 - UTC offsets can be ignored. It may be possible to
model the polar motion parameters using a combination of Fourier analysis and stochastic
models, since they are the result of both periodic motion of convection currents in the
Earth, which are semi-deterministic. However, the problem may be alleviated by using
the CNAV data message when that becomes available on the L1 carrier, as is expected
for the GPS Block III satellites, which has the polar motion parameters included in the
data message. Whilst dual-frequency receivers in mobile devices are not expected to be
common, such receivers could use the CNAV message data currently being broadcast on
the L2C signal.

8.4 Impact on the Receiver Industry

Due to the large number of GPS receivers being included in mobile devices, an improve-
ment in the time-to-first-fix will be attractive to many companies. The design of the
extended ephemeris algorithm used in this thesis has aimed to use no external ephemeris
data (other than the broadcast ephemeris data already acquired). As more and more
devices are becoming connected to the internet, either by WiFi or the mobile telephone
networks, the issue of reducing the amount of data to be transmitted periodically to the
GPS receiver is less of a problem than a few years ago, although it is still worth taking into
account. However, the issue of the cost of maintaining the servers providing the ephemeris
data remains, and self-assisted GPS is still an attractive prospect. The CPU execution
time shown in this thesis is acceptable for the orbit prediction algorithm on current (high-
end) mobile device hardware, but the orbit determination algorithm requires much CPU
execution time, which needs to be utilised along with other applications on the device.
The constant use of CPU cycles will require more battery life, which has been growing
at a slower rate than the CPU frequency. One area where self-assisted GPS may achieve
greater market penetration is in the area of Portable Navigation Devices (PNDs), espe-
cially in devices for bicycle and automotive navigation. Such devices traditionally have
not had internet connectivity, and so self-assisted GPS with extended ephemerides will
provide a satellite ephemeris that is not available over the internet. In particular, PND
automotive devices can have constant power from the vehicle battery, and also no other
applications will be running on the device so more CPU cycles will be available for the
extended ephemeris algorithms.

238



8. DISCUSSION

8.5 Regulatory Implications

The FCC E-911 requirement says that calls made from mobile telephones should be able
to be located to within 50 m 1σ of the time. The European Union has no such legal
requirement, but there is a recommendation that the position is reported when mak-
ing emergency calls, and this may well be formalised when Galileo becomes operational.
The results shown in this thesis of producing a position fix using extended ephemerides
within 50 m after 1.22 days when using orbit prediction straight from previously acquired
ephemeris data will enable rapid position fixes to be obtained to within 50 m for the sit-
uation when a receiver has lost lock over night, such as for a mobile device being indoors
overnight or in a handbag during a working day. A position fix can be obtained within 50
m after 3.6 days when the orbit determination algorithm has produced a modified initial
position and velocity for the orbit prediction algorithm. This is a position fix that meets
the E-911 requirement for a receiver that has lost lock over a weekend; this corresponds
to a situation where a vehicle has been left in the garage over the weekend, or for a mobile
device that has been switched off during a weekend away in a country with a different
mobile telephone network, and has been switched on upon the user returning.
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Chapter 9

Conclusions

This thesis has shown a scalable orbit prediction algorithm for producing extended
ephemerides of GPS satellites, for use on a mobile device. The forces and step-size of
the integrator can be modified to fit the computational power available on the mobile
device, and the quality of the semi-inertial reference frame can be similarly chosen.

This thesis also demonstrates an orbit determination algorithm for estimating the
initial position and velocity of each satellite in the inertial frame. This is required due to
the broadcast ephemeris of the satellite having an uncertainty in the position and velocity
of the centre of mass of the spacecraft. The orbit determination algorithm utilises a
least-squares technique to minimise the weighted square of the observed residuals from
a reference trajectory determined from some calculated initial conditions. The a priori
weights can be determined from previously observed data, or can be trivialised to the
identity matrix to increase processing speed.

This chapter will summarise the key findings of this thesis, and emphasise how the
results from Chapter 7 achieve the stated aims and objectives of this thesis. This chapter
will also look at future work that can be performed on the topic of extended ephemerides
for mobile devices, and how the limitations of extended ephemerides can be mitigated by
future developments.

This thesis is a proof of concept, and emphasis has been placed on the theoretical
development on a mobile device, and not on optimising or providing a practical accuracy
of the force modelling and orbit determination for a mobile device. The section of this
chapter that looks at future work will suggest some techniques that may help improve the
computational efficiencies of the algorithms, but the list is not exhaustive.

9.1 Key Findings

The prediction of GPS satellite orbits is useful for determining the location of GPS re-
ceivers in mobile telephones, in order to enable a rapid time-to-first-fix when the current
broadcast ephemeris data has not been acquired by the receiver. This is true both for gen-
eral users who wish a rapid (and reasonably accurate) position fix quickly when acquiring
signals after a period of more than a few hours without signal reception, and for the mobile
communications companies in order to comply with the FCC E-911 mandate. To recall,
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this requires that all calls to the emergency services be located with an accuracy of 50 m
(for 1 σ of calls made). Whilst cell-ID technology can provide positioning with a precision
of a few hundred metres, positioning at the required level means GPS receivers need to
be working on telephones, and have an ephemeris available almost instantaneously rather
than waiting to acquire a valid ephemeris from an external source. This provides a legal
positioning metric for this thesis. Predicting the satellite position via a pure Keplerian
orbit is the simplest solution, along with using the broadcast ephemeris parameters outside
of their validity window, but both techniques only meet the 50 m positioning error for the
satellite for times up to approximately 25 minutes, and 4 hours 15 minutes respectively.
So a predicted ephemeris from numerical integration of force models was presented as a
possible solution.

Predicting the orbit of a GPS satellite with an RKN7(6) numerical integrator from
initial conditions found simply from the broadcast ephemeris parameters, and utilising
forces such as the gravity of the Earth, Sun and Moon, as well as the UCL solar radiation
pressure model, gives a predicted orbit of within 50 m (rms) over at least 24 hours.
Most of this is in the along-track direction, which will have a small effect on satellite
range error (and hence receiver positioning error) due to the satellite orbit having almost
zero eccentricity and being at such a high observed altitude; if only the geocentric range
component is considered, then the satellite orbit can be predicted well over 7 days in
advance and have an error less than 50 m. When using an RKN7(6) numerical integrator
with a step-size of 10 s, along with a set of force models that include the GRACE GGM02C
Earth gravity model with degree and order 40 of expansion, the gravity of the Sun, Moon
and planets out to Jupiter, and the UCL solar radiation pressure model of degree 50, the 1σ
rms values for predicting forward 1 day are 2.52 m in the geocentric height component, and
44.20 m in the along-track direction; these grow to 17.33 m and 363.07 m respectively for
predicting forward 7 days. This orbit prediction algorithm was developed and implemented
in order to meet the first objective listed in Section 1.3.2.

These results can be improved by estimating the initial conditions of the numerical
integrator by utilising an orbit determination algorithm. When using six sets of broadcast
ephemeris parameters to provide 12 hours of data over which to optimise the orbit, the
initial conditions are improved. The 1σ rms values for predicting forward one day from
these modified initial conditions are 1.85 m in the geocentric height component and 4.65 m
in the along-track direction; these grew to 16.90 m and 192.90 m respectively for predicting
forward 7 days. This orbit determination algorithm was developed and implemented in
order to meet the second objective listed in Section 1.3.2.

The above calculations are for when a small step-size is chosen in the RK7(6) numeri-
cal integrator with a large number of force model terms, which led to long CPU execution
times - 144 s to predict forward 1 day on the development PC, and an additional 825 s to
perform the orbit determination algorithm. Various techniques were applied to see if the
execution time could be reduced substantially whilst giving a small amount of degradation
in the orbit prediction error. These findings are summarised below, and were studied in
order to meet the third objective listed in Section 1.3.2.
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• Choice of Numerical Integrator - The RKN7(6) numerical integrator was found to
give a predicted orbit to within 1 cm after 8 days to that for the RK8(7) algorithm,
with a 40% lower CPU execution time. The RKN4 algorithm gives a further 44%
CPU execution time, but with an inferior predicted orbit by several km after 8 days,
so was not used.

• Step-size of Numerical Integrator - The step-size of the RKN7(6) numerical integra-
tor was varied and found to cause the most impact in the along-track component of
the predicted orbit error. A step-size of 300 s gave a degraded orbit prediction by
4.5 m, but gave a CPU execution time that was 258 times faster than that when
1 s step-size was used. The degradation in the geocentric height and cross-track
components are negligible by comparison.

• Earth Gravity Field Model - The GRACE GGM02C Earth gravity field was found
to give the lowest orbit prediction error compared to 7 other gravity field models,
although the IGT GRACE 2010 model only differed by 2 mm after predicting for-
ward one day. The three GRACE models studied all gave RMS orbit prediction
errors within 11 mm of each other after predicting the orbit forward one day, which
is to be expected since there is significant overlap of observations that went into the
three models. The GRACE family of models are the most accurate gravity mod-
els determined to date [Mayer-Guerr et al., 2011], and so any of three used in this
thesis (GGM01C, GGM02C and IGT-GRACE 2010) can be used for accurate orbit
prediction of GPS satellites. Increasing the degree (and equivalent order) of the
spherical harmonic expansion was found to improve the orbit prediction error; how-
ever, having more than degree and order 8 produced a prediction orbit error of less
than 1 mm different to that of an orbit using a degree of 100 after 24 hours; adding
more than degree and order 12 improved the predicted orbit by less than 1 µm.
Since the CPU execution time for this force scales as ∼ 1

2n
2 where n is the degree

of expansion, reducing the number of terms is clearly desirable. Implementation of
gravity models should include the time-varying gravity field coefficients, which was
not implemented in this thesis.

• Solar Radiation Pressure Model - The UCL solar radiation pressure model was
utilised, and showed significant variation in the predicted orbit error at the cm
level after 24 hours prediction. Adding terms of the Fourier series after 45 however
varies the orbit prediction error after 24 hours from that of when all 50 are available
by less than 1 mm. Unlike the series expansion for Earth gravity fields, the SRP
force scales as ∼ n, so having to use higher order terms is less of an issue. Note that
this is a purely solar radiation pressure model, other non-conservative force models
such as Earth radiation pressure and thermal re-radiation which are available in the
UCL suite of non-conservative force models were considered but found to be too
numerically intensive for use on a mobile device.

• Third Body Gravity - van Flandern’s algorithm for planetary ephemerides produces a
predicted orbit that differs from that using the JPL DE405 planetary ephemerides by
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approximately 50 m after 7 days, mainly due to van Flandern’s algorithm producing
an incorrect estimate of the position of the Moon. The DE405 algorithm is about
200 s slower, but the DE405 algorithm can be used for only including the Sun and
the Moon into the Third Body gravity modelling; the next most important body
was found to be Jupiter and improved the orbit prediction error by only 5 cm after
7 days and adds 150 s to the computation time.

• Minor Forces - The forces due to models of Solid Earth Tide and General Relativity
were each added in turn, and found to only vary the orbit prediction error by a few
metres after 7 days prediction. Solid Earth Tides was found to improve the orbit the
most, by around 1 m, but took an extra 257 s to compute. Adding Schwarzschild’s
model of the general relativity improved the orbit by 1.46 m in the along-track
direction, and only added 29 s to the execution time.

• Earth Orientation Parameters - The 4 models used to relate ECEF to ECI reference
frames (i.e. precession, nutation, polar motion and GAST angle) were each studied
in turn to see if they were needed in the frame transformation algorithms. GAST and
precession were found to give large orbit prediction errors if they were removed, and
relied on very simple models to compute. Removing the IAU 1980 nutation model
gave an orbit approximately worse by 20 m, mainly in the cross-track direction,
whilst not reducing the CPU execution time significantly. Removing polar motion
caused orbital errors to grow by several km after 7 days, but removing the UT1
correction term to GAST only degraded the predicted orbit by a few metres.

The number of sets of broadcast ephemeris parameters available to the orbit deter-
mination algorithm was also modified to see how the resultant satellite position error im-
proved when adding more observations to the orbit determination algorithm. The idea of
using a priori covariance information for the observations rather than a standard identity
matrix was also studied. It was found that adding increased sets of ephemeris improved
the orbit prediction error in an asymptotic way, with most of the improvement in the
along-track direction; 12 hours of ephemeris data gave a predicted orbit error of 193 m
in the along-track direction after 7 days, taking 825 s to perform the orbit determination
algorithm. Using 2 sets of ephemeris and a priori weights gave a slightly degraded orbit
error of 203 m, but at a reduced CPU execution time of 371 s for the orbit determination
algorithm. Using a priori weights made a large difference when only 2 or 4 hours of prior
ephemeris data was available (51 m and 24 m respectively), but only a few metres dif-
ference when more ephemeris data was available. Analysing the performance of the orbit
determination algorithm when different weighting mechanisms and different numbers of
sets of broadcast ephemeris parameters were available was performed in order to meet the
fourth objective listed in Section 1.3.2.

Whilst the position error of extended ephemerides can be of interest as a metric of
the performance of the algorithms and the assumptions made, users are generally more
interested in the positioning performance of a GPS receiver using such an ephemeris. It
was decided to determine the position of the HERT IGS station, since the position of this

243



9. CONCLUSIONS

station is precisely known since it is a reference station for the ITRF 2005 reference frame.
The position solution was calculated using a standard GPS positioning algorithm, utilising
the Klobuchar ionospheric model and the RTCA troposphere model, to simulate the mod-
els available to single-frequency receivers in mobile devices. When utilising satellite orbits
determined on the development PC when utilising initial conditions found directly from a
set of broadcast ephemeris parameters, it takes 1.22 days before the receiver position error
grows to above 50 m, which increases to 3.70 days when utilising the initial conditions
from the orbit determination algorithm which has used two sets of broadcast ephemeris
to provide four hours of observation data in order to modify the initial conditions. The
receiver position bounding error after 10 days was found to be 152.72 m East, 237.44
m North and 317.28 m Up when using initial conditions found directly from one set of
broadcast ephemeris parameters; this was reduced to 142.33 m East, 101.97 m North and
263.71 m Up after orbit determination with 4 hours of ephemeris data was performed.
Identical experiments running identical code on the TyTN-II mobile device shows inferior
results due to less precision of the various parameters of the force models, frame rotation
parameters, and satellite ephemerides, whilst the limited memory of the device precluded
analysis for many days. The bounding positioning error after 22 hours orbit prediction
was found to be 35.25 m when the initial conditions for the orbit prediction algorithm were
found directly from the broadcast ephemeris; this reduced to 24.72 m when using 4 hours
of previously acquired ephemeris data in the orbit determination algorithm to modify the
initial conditions.

9.2 Principle Innovations

This thesis has presented several novel ideas and implementations, which are listed here.

• An orbit determination algorithm has been developed that only uses observables
from previously acquired sets of broadcast ephemeris parameters in the Navigation
message. Previously, orbit determination algorithms on desktop computers used
networks of GNSS receivers with their ranging data as observables to orbit deter-
mination algorithms Dach et al. [2007]. Orbit determination algorithms on mobile
devices have been limited in their implementations, the closest being that of [Zhang
et al., 2008] which modifies empirical parameters of the orbit prediction algorithm.
The work presented in this thesis instead uses previously acquired sets of broadcast
ephemeris parameters to modify the initial position and velocity of the satellite,
found from one set of broadcast ephemeris, which are then used in the orbit predic-
tion algorithm.

• The differential of various force models with respect to the satellite position vector
has been computed, including the UCL solar radiation pressure force model, the
Schwarzschild general relativity force model, a constant antenna thrust force model,
and a solid Earth tide model force model for an oblate spheroid Earth. These
differentials are used in the propagation of the state transition matrix of the orbit
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determination algorithm, and will be of use to all developers of orbit determination
software that utilise such force models.

• An analysis of the effects of a priori weights in an orbit determination algorithm,
when using observations of satellite position and velocity determined from broadcast
ephemeris parameters. In particular, studying how varying the number of sets of
broadcast ephemeris parameters used alters the dependence of the estimated satellite
trajectory on specific a priori covariance matrices of observations.

• The orbit determination algorithm has been implemented on a real mobile device,
namely a HTC TyTN-II mobile telephone. Various methods of improving the execu-
tion time of the orbit determination algorithm have been analysed, such as determin-
ing the effect of utilising different numbers of previously acquired sets of broadcast
ephemeris parameters.

9.3 Recommendations

As a result of the findings of this thesis, the following recommendations can be made for
producing extended ephemerides for mobile devices.

1. Orbit prediction via empirical models needs an increasingly complex model to achieve
the same level of performance as when using numerical integration of force models of
the level of complexity found in this thesis. Since computational power is increasing
for the use of producing extended ephemerides, producing extended ephemerides by
force modelling should be performed on a mobile device with a CPU core frequency
of not less than 200 MHz.

2. A Runge-Kutta-Nyström numerical integrator should be used to predict the orbit, of
at least order 7 and with a step-size of at most 300 seconds. Increasing the order of
the numerical integrator may lead to a corresponding relaxation of the requirement
in the step-size. Keeping to this step-size requirement is required to control the orbit
prediction error, especially in the cross-track direction.

3. An Earth gravity field model of degree and order of no more than 8 should be used
for predicting forward a week; predicting forward 2 weeks should use no more than
degree and order 12.

4. A solar radiation pressure model should be used that consists of more than just a
few terms. This thesis recommends using 45 terms in the UCL model; an alternative
empirical model may require more terms for equivalent performance.

5. Third body gravity models for the Sun and the Moon should be included from a
planetary ephemeris that is accurate to better than 1’ of angular position error.

6. Orbit determination of the GPS satellites should only occur on mobile devices with
at least a 1 GHz CPU, due to the large execution time. Only one iteration of the
least squares technique may be performed if the execution time needs to be further
reduced.
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7. As much prior ephemeris data should be used in the orbit determination algorithm,
up to 12 hours if possible. The improvements in the predicted orbit become small if
more than 4 hours are used however. 4 hours should always be available since the
broadcast ephemeris is being used to provide the initial conditions anyway, and the
ephemeris validity window should be for 4 hours.

8. a priori variance-covariance information should be supplied for each satellite to be
used in the covariance matrix of the observations. For satellites already launched,
this can be hard-coded into the extended ephemeris software; for new satellites a
block-specific mean may be utilised as an approximation. These may be replaced in
firmware updates for the mobile device.

9.4 Future Work

This thesis has presented an orbit prediction algorithm along with an orbit determination
algorithm that both produce results as good as, or better, than those published previously
[Mattos, 2008] [Zhang et al., 2008], due to a more complete set of scalable force models
and utilisation of an orbit determination algorithm. In particular, the concept of solely
utilising broadcast ephemeris parameters, without using any pseudorange observations as
is common in precise orbit determination algorithms, has been incorporated to modify
the initial conditions for the orbit prediction algorithm. However, future work should
be performed so that the extended ephemeris can be improved further and utilised on a
commercial basis.

Whilst this thesis has looked to some degree to make the implementation efficient,
there is much scope for increased efficiencies, since this thesis is aimed at being a proof of
concept and not at demonstrating the most practical or efficient methodology. In particu-
lar, the use of recursive relationships for the normalised associated Legendre polynomials
for the spherical harmonic expansion of the gravitational potential of the Earth should
be implemented. This will improve the run-time efficiency since the normalisation factors
need not be loaded at start-up and implemented at run-time. Determining which par-
tial differentials of the force models should be included into the numerical integration of
the state transition matrix, and which can be safely ignored as being of negligible effect,
should also be studied. For instance, it may well be that only the central inverse square
law attraction and a few of the zonal harmonics may be required for the partial deriva-
tives. A more efficient numerical integrator, such as a multi-step method, may be more
efficient, but since this will need to be re-initialised each time the numerical integrator is
paused due to user activity on the mobile device, research should be performed to see if
this is more efficient in practice. Also, since both the orbit prediction and orbit determi-
nation algorithms are highly sensitive to the precision of both the state vector components
and the force models (and derivatives) themselves, research should be undertaken to see
how double precision numbers are handled on a mobile device with different processor
architectures.

Whilst Runge-Kutta and a Runge-Kutta-Nyström numerical integration techniques
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have been used in this thesis, other numerical integration techniques may be used. Rather
than the family of Runge-Kutta techniques, an alternative using Multistep Methods may
be used [Montenbruck & Gill, 2005, Sec. 4.2]. In Multistep methods, an estimate to
the solution of Eq. 4.74 can be found by approximating ~y by a polynomial of order p,
with the coefficients of the polynomial a function of ~r and ~v at the p previous epochs.
The advantage of this technique is that the number of function calls of g (~r,~v) used to
determine the position and velocity vectors is reduced - it is the same as the order p of
the polynomial used, whereas for the Runge-Kutta family of integration techniques, the
number of stages s grows at least as rapidly as the order p of the integration technique.
Furthermore, for each subsequent epoch, only one call of g is required, since the previous
other p − 1 polynomial coefficients have been utilised in the previous epoch. Utilising
coefficients from p previous epochs to estimate the current epoch’s position and velocity
is known as an Adams-Bashforth Method; utilising coefficients p− 1 previous epochs, and
also the current epoch, to estimate the current epoch’s position and velocity is known
as an Adams-Moulton Method. The latter has a lower truncation error since there is not
the added error from not using coefficients of the polynomial at the epoch in question.
However, this would require an estimate of the position and velocity at the epoch to
be solved for. To get round this problem, a Predictor-Corrector algorithm can be used,
where an initial estimate of the position and velocity at the current epoch can be obtained
by an Adams-Bashforth method, which is then updated by an Adams-Moulton method.
The advantage of these techniques over the Runge-Kutta approach is that g (~r,~v) only
needs to be determined twice, not s times. A disadvantage of the Predictor-Corrector
technique is that, if the orbit prediction algorithm is stopped, for instance if the mobile
device needs to use the processor for other software on the device or to make a telephone
call, then either the process of re-computing all the coefficients needs to be done again, or
the coefficients need to stored in non-volatile memory so that the algorithm may be re-
started at a subsequent time. Further research should be performed on real-world mobile
device usage to determine if the number of restarts due to interruptions of the numerical
integration technique outweighs the benefit of having reduced function calls when the
algorithm is uninterrupted.

The practice of using associated Legendre Polynomials for the computation of the
gravitational potential of the Earth and its derivatives with respect to position should also
be studied, since fully-normalised associated Legendre Polynomials would have meant that
the normalisation factors did not need to be read-in at run-time, but would be implicitly
applied instead. It should be experimentally determined on a mobile device if the run-
time lost by transforming the derivatives of the gravitational potential from a spherical
coordinate system into a Cartesian system is greater than the run-time saved by not
loading the normalisation coefficients during software initialisation. However, since the
normalisation factors are only required up to degree and order 8, as suggested by the
Recommendations in Section 9.3, it may be even more efficient to include the normalisation
factors as a lookup table internal to the algorithm.

Since the polar motion parameters are needed for frame transformations between an
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ECI and ECEF reference frame, they are needed as part of both the orbit prediction and
orbit determination algorithms. The Navigation message which contains the broadcast
ephemeris parameters does not include any of these Earth orientation parameters, and
so they will need to be modelled somehow to make the extended ephemeris generation
truly stand-alone. Due to the chaotic motion of the liquid outer core, the polar motion
parameters are complex to model. It may be that a mixture of a deterministic and a
stochastic model is needed to model the residual polar motion effectively. Interestingly,
the polar motion parameters are included in the CNAV data message broadcast on L2,
and so these will be made available to standard single-frequency C/A code receivers when
CNAV starts to be included on the L1 frequency.

Similarly, the offsets of the GPS satellite clock from the relevant timescale (usually
GPST) are required for a receiver to determine its position. This thesis has made no
effort to predict the satellite clock offsets over time, but this is clearly needed to produce a
fully-working extended ephemeris. Much research has been undertaken to predict atomic
clock behaviour in ground stations e.g. [Davis et al., 2005] [Greenhall, 2006] and also in
composite timescales [Lewandowski et al., 2006]. Less research has been performed on
modelling the performance of the on-board satellite clocks, since decorrelating the clock
offset term from other effects such as satellite orbit mis-modelling and receiver multipath
proves difficult. However, research into satellite clock behaviour is starting to occur [Se-
nior et al., 2008], and the results of such studies can be used along with the developed
mathematics of ground-based studies such as [Greenhall, 2006] to produce a clock model
that has both stochastic and deterministic components.

More work may wish to be performed on the a priori covariance information modelled
in this thesis. Determining a priori variances that are indeed Gaussian (which can be
verified by passing a chi-squared test) would be advantageous, as would seeing if block-
specific means of the variances provide a useful estimate. This thesis has assumed that
there are no cross-correlation terms between any of the HCL position directions; it would
be beneficial to determine if this assumption is indeed valid for both the position and
velocity covariances.

Finally, the predicted orbits shown in this thesis show a clear sinusoidal error with
a period approximately equal to the orbital period of the satellite and an amplitude that
can be modelled by a quadratic. Commercial release of an orbit prediction software util-
ising the force model approach shown in this thesis may wish to take advantage of these
deterministic orbit prediction errors by modelling them empirically to further improve the
orbit prediction error. If so, it is critical to show that the empirical function, which is of
the form

~r =
[
A+Bt+ Ct2

]
cos

(2πt
T

+D

)
where t is the time predicted forward and τ is the period of the observed oscillations, has
similar values for the 4 empirical constants A, B, C and D for all time for a particular
satellite. If these four parameters are shown to be slowly varying, then they could be
modelled using a low-order polynomial. Such a combination of numerical integration

248



9. CONCLUSIONS

via force models coupled with a subsequent empirical modelling of the expected orbit
prediction error could lead to a much-improved predicted orbit.
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Appendix A

Proof of the Spherical Harmonic
Expansion of the Gravitational
Potential of the Earth

Consider the gravitational attractional force ~F of a massive body at a point with geocentric
radius r, geographic longitude λ and geographic latitude φ. If it has gravitational potential
U , then Newton’s third law gives

~∇ · ~F = ∇2U = 0 (A.1)

This is known as Laplace’s equation. In the spherical co-ordinate system shown in Fig.
A.1, this is written fully as

∇2U = 1
r2

∂

∂r

(
r2∂U

∂r

)
+ 1
r2 sinφ′

∂U

∂φ′

(
sinφ′ ∂U

∂φ′

)
+ 1
r2 sin2 φ′

∂2U

∂θ2 = 0 (A.2)

Figure A.1: The mathematical spherical coordinate system denoted for a point P.

To change to the geographical system, note that

φ′ = π/2− φ
∴ ∂φ′

∂φ = ∂φ
∂φ′ = −1
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and also that

θ = −λ
∴ ∂θ

∂λ = ∂λ
∂φ = −1

and sin θ = −sinλ

while double-angle formula give

sin
(
φ′
)

= sin (π/2− φ) = cos (φ)

Applying these transformations yields

∇2U = 1
r2

∂

∂r

(
r2∂U

∂r

)
+ 1
r2 cosφ

∂

∂φ

(
cosφ∂U

∂φ

)
+ 1
r2 cos2 φ

∂2U

∂λ2 = 0 (A.3)

This can be solved by a separation of variables technique. Let U be the multiple
of two functions - one containing the radial component r, and the other containing the
angular terms φ, λ

U(r, φ, λ) = R(r)× Y (φ, λ) (A.4)

Applying this solution for U , and dropping the parameters of R and Y ,

Y
1
r2

∂

∂r

(
r2∂R

∂r

)
+ R

r2 cosφ
∂

∂φ

(
cosφ∂Y

∂φ

)
+ R

r2 cos2 φ

∂2Y

∂λ2 = 0

Multiplying by r2/RY :

1
R

∂

∂r

(
r2∂R

∂r

)
+ 1
Y

[
1

cosφ
∂

∂φ

(
cosφ∂Y

∂φ

)
+ 1

cos2 φ

∂2Y

∂λ2

]
= 0

Since the spherical and radial components have been successfully separated, they can
be split into two separate equations:

1
R

∂

∂r

(
r2∂R

∂r

)
= l (A.5)

1
Y

[
1

cosφ
∂

∂φ

(
cosφ∂Y

∂φ

)
+ 1

cos2 φ

∂2Y

∂λ2

]
= −l (A.6)

Consider the equation involving the radial component, Eq. A.5.

r2∂
2R

∂r2 + 2r∂R
∂r
− lR = 0

This is the Euler equation, and has the solution

R =
∞∑
i=0

air
i+c (A.7)

where i and c are integers. Calculating the differentials,

∂R

∂r
=
∞∑
i=0

(i+ c) airi+c−1
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∂2R

∂r2 =
∞∑
i=0

(i+ c) (i+ c− 1) airi+c−2

Substituting in,

2
∞∑
i=0

(i+ c) airi+c +
∞∑
i=0

(i+ c) (i+ c− 1) airi+c − l
∞∑
i=0

air
i+c = 0

∞∑
i=0

[2 (i+ c) + (i+ c) (i+ c− 1)− l] airi+c = 0

∞∑
i=0

[(i+ c) (i+ c+ 1)− l] airi+c = 0

This must be true for all powers of r. For i = 0, then

c (c+ 1) = l

Let l = n(n+ 1). Then

c =
{

n

−n− 1

Hence the radial solution is given by

R (r) =
∞∑
n=0

[
Anr

n +Bnr
−n−1

]
(A.8)

which can be checked by substitution.
Recall the spherical solution. Applying the same technique of splitting the spherical

harmonic term Y into a latitudinal term φ and a longitudinal term λ,

Y (φ, λ) = Φ (φ)× Λ (λ) (A.9)

gives Eq. A.6 as

1
cosφ

1
Φ
∂

∂φ

(
cosφ∂Φ

∂φ

)
+ 1

Λ
1

cos2 φ

∂2Λ
∂λ2 = −l

Multiplying by cos2 φ,

cosφ 1
Φ
∂

∂φ

(
cosφ∂Φ

∂φ

)
+ l cos2 φ+ 1

Λ
∂2 Λ
∂λ2 = 0

This can again be separated into two independent equations:

1
Λ
∂2Λ
∂λ

= −m2 (A.10)

cosφ 1
Φ
∂

∂φ

(
cosφ∂Φ

∂φ

)
+ l cos2 φ = m2 (A.11)

Eq. A.10 gives
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∂2Λ
∂λ

= −m2Λ

which can easily be solved as

Λ =
∞∑
m=0

[Am cos (mλ) +Bm sin (mλ)] (A.12)

To solve Eq. A.11, recall that l = n(n+ 1). This gives

cosφ 1
Φ
∂

∂φ

(
cosφ∂Φ

∂φ

)
+
[
n (n+ 1) cos2 φ−m2

]
= 0

Let w = sinφ. Then

w = sinφ
∴ ∂w

∂φ = cosφ =
√

1− w2

Substituting in,(√
1− w2

) (√
1− w2

)
∂
∂w

((√
1− w2

) (
−
√

1− w2
)
∂Φ
∂w

)
+
[
n (n+ 1)

(√
1− w2

)2
−m2

]
Φ = 0

(
1− w2

) ∂

∂w

[(
1− w2

) ∂Φ
∂w

]
+
[
n (n+ 1)

(
1− w2

)
−m2

]
Φ = 0

∂

∂w

[(
1− w2

) ∂Φ
∂w

]
+
[
n (n+ 1)− m2

(1− w2)

]
Φ = 0 (A.13)

This is the Associated Legendre Differential Equation, which has the solutions given
by the Associated Legendre Polynomials

Φ = Pmn (w) = Pmn (sinφ) = (−1)m Pnm (sinφ) (A.14)

So the full solution is

U =
∞∑
n=0

∞∑
m=0

[
Anr

n +Bnr
−n−1

]
(−1)m Pnm (sinφ) [Am cos (mλ) +Bm sin (mλ)] (A.15)

Boundary conditions can now be applied. Physically, the gravitational potential
should be zero at an infinite distance from the mass, i.e.

lim
r→∞

[U ] = 0

which gives An = 0, and leaves

U =
∞∑
n=0

∞∑
m=0

Bnr
−n−1 (−1)m Pnm (sinφ) [Am cos (mλ) +Bm sin (mλ)]

The second boundary condition is that the gravitational potential should scale as
[length]−1, since the gravitational force scales as [length]−2. Let k be an arbitrary length
scale, and let B′n = Bn/k

n. Then
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U = 1
r

∞∑
n=0

∞∑
m=0

B′n

(
k

r

)n
(−1)m Pnm (sinφ) [Am cos (mλ) +Bm sin (mλ)]

The third boundary condition is that setting n = m = 0 gives the gravity monopole
term

Un=m=0 = GME

r

where G is Newton’s Gravitation constant, and ME is the mass of the Earth. This gives

U = GME

r
= B′0A0

1
r

∴ B′0A0 = GME

Multiplying top and bottom of the right-hand-side by GME ,

U = GME

r

∞∑
n=0

∞∑
m=0

(
B′n
B′0A0

)
(−1)m

(
k

r

)n
Pnm (sinφ) [Am cos (mλ) +Bm sin (mλ)]

To incorporate the scaling constant k into the bracketed scaling factor, multiply top
and bottom of the right-hand-side by (RE)n:

U = GME

r

∞∑
n=0

∞∑
m=0

B′′n

(
RE
r

)n
(−1)m Pnm (sinφ) [Am cos (mλ) +Bm sin (mλ)]

where

B′′n =
[(

k

RE

)n B′n
B′0A0

]
=
[( 1
RE

)n Bn
B0A0

]

If
Cnm = B′′nAm (−1)m , Snm = B′′nBm (−1)m (A.16)

then the final result is given by

U = GME

r

∞∑
n=0

∞∑
m=0

(
RE
r

)n
Pnm (sinφ) [Cnm cos (mλ) + Snm sin (mλ)] (A.17)

The Cnm and Snm coefficients are simply re-scaled versions of the original An, Bn
and Cn coefficients, and are determined experimentally.
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Appendix B

Additional Figures of Results

This Appendix contains various figures that are supplied for completeness of the thesis.
Typically, one or two figures are included in the thesis for the results of orbit prediction as
a sample; the predicted orbits of the other satellites in the GPS constellation are shown
in this Appendix so as not to break up the flow of the Results chapter.

B.1 Orbit Prediction on the Computer

These are the results of predicting the orbit of the GPS satellites, using the RKN7(6)
numerical integration algorithm, from initial conditions determined from the broadcast
ephemeris parameters, with the NGA antenna phase-centre offset applied. The graph for
PRN 2 has been shown in Fig. 7.10 already; the rest are shown here.
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Figure B.1: Predicted orbits of GPS satellites.
The initial conditions were from the broadcast ephemeris, and the RKN7(6) numerical

integrator was used. The start epoch was MJD 55012.0 UTC.
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Figure B.1: cont.
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Figure B.1: cont.
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Figure B.2: Predicted orbits of GPS satellites (cont.)
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B.2 Orbit Prediction using Different Gravity Models

Varying the model of the gravity field of the Earth produces slightly different predicted
orbits of satellites. Here are shown the 8 differen gravity field models analysed in this
thesis, when predicting forward for satellite PRN 2 for one day from 10th January 2008.
The graph for IGT GRACE 2010 has already been shown in Fig. 7.15; the full set of eight
graphs for each of the models is shown here for competeness.
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(b) GRIM5-S1.
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(c) JGM-3.
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(d) GRIM5-C1.
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(e) GRACE GGM01C.
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(f) GRACE GGM02C.
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(g) EGM 2008.
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(h) IGT GRACE 2010.

Figure B.3: Orbit Prediction when varying the degree of the gravity model.
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