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The deformation and failure of fully-clamped rectangular plates subjected to zero-period, uniform-momentum impulsive loads are studied. Analytical predictions are given for the critical velocities corresponding to the transition between deformation modes. Three-dimensional (3D) numerical analyses
were performed using the non-linear ﬁnite element (FE) code ABAQUS/ExplicitÒ to predict the maximum
central deﬂection and deformation mode of rectangular plates for different combinations of aspect ratios
and impulses. Two competing mechanisms of bulk material failure, viz. by the nucleation, coalescence
and growth of voids and by shear band localisation, are implemented in the FE model to simulate tensile
tearing, resulting in progressive ductile fracture, at the support. The numerical results are validated
against experimental data for square mild-steel and aluminium plates where they are found to be in good
agreement. Deformation maps delineating the different deformation régimes for different combinations
of blast impulse and aspect ratio are constructed for plates of equal mass. The effects of imposing a ﬁniteperiod, as opposed to a zero-period, impulsive load upon the deformation mode and maximum
deﬂection are also discussed.
Ó 2013 Elsevier Ltd. All rights reserved.
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1. Introduction
The classical experiment of Menkes and Opat [1] showed that
the mode of deformation in a fully-clamped monolithic beam
subjected to impulsive loading is dependent upon the nondimensional impulse I* and is classiﬁed according to: mode I
(large inelastic deformation), mode II (tensile-tearing and deformation) and mode III (shear-band localisation). Nurick and Shave
[2] also observed the same for impulsively-loaded square plates. In
addition, they proposed that the mode II deformation may be subdivided into three distinct régimes of mode II* (through-thickness
tearing along the support), mode IIa (complete detachment from
support with maximum central deﬂection increasing with I*) and
mode IIb (complete detachment from support with maximum
central deﬂection decreasing with I*). To the best of the authors’
knowledge, nearly all the available experimental data in the literature [3e5], with the notable exception of [6], were for square
plates. Hitherto, it remains unclear how aspect ratio g affects the
mode of deformation in rectangular plates where g > 1. In a similar
vein, little is known of how the ﬁxing conditions at the support
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affect the tearing mechanism in the plate which, in turn, has an
effect upon the plate performance. The aforementioned issues are
addressed in this paper which will present the results of a detailed
numerical study to elucidate how combinations of blast impulse
and aspect ratio affect the deformation mode and how limits to
deformation, caused by necking localisation and/or ductile fracture
at the support, affect the overall performance of rectangular plates
to impulsive loadings. The motivation of this work is to establish a
protocol that would allow the effects of support conditions to be
incorporated into the assessment metric when evaluating the blast
performance of monolithic and sandwich plates; this is part of a
wider study into the combined blast and impact loading of structures to be reported elsewhere.
The present study focuses on the response of rectangular
monolithic plates to zero-period, uniform-momentum impulses. It
is assumed that the loading is imparted by a blast pulse of a much
shorter duration compared to the characteristic time needed for
the plate to reach its maximum transverse displacement [7,8].
Critical impulses corresponding to the transition between deformation modes are derived analytically in Section 2. Threedimensional FE simulations are carried out using ABAQUS/
ExplicitÒ to compute the plate resistance to impulsive blast loads.
Only aluminium and mild-steel plates are considered in this study
to allow validation with experimental data in existing literature
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Vm2, Vm3

Nomenclature
a
b
D, q
E
h
I*, bI
l
m ¼ rh
M ¼ rabh
M0
n
t
td
T
u, v, w
Um
V0 ¼ bI=m

half length (longer side) of plate
half width (shorter side) of plate
material strain rate parameters
Young’s modulus
plate thickness
non-dimensional impulse and impulse per unit area
length of plastic hinge
mass per unit area
total mass of plate
fully plastic bending moment
material hardening coefﬁcient
width of modiﬁed boundary condition
period of blast pulse
plate response time under zero period impulse
displacements along x, y, z directions
membrane strain energy
initial velocity

[3e5]. The material description is based on the conventional J2
plasticity constitutive relation where progressive degradation of
material stiffness is introduced through a continuum damage
mechanics framework, an approach widely used to model progressive damage and fracture in ductile materials [9,10]. Particular
emphasis is placed on addressing the issue of stress convergence
in those elements located next to the support, along the plate
boundary, where stress singularities may manifest to give unexpected outcomes. Deformation maps are constructed which allow
the maximum central deﬂection of rectangular plates to be read
off for different combinations of blast impulse and aspect ratio,
and vice-versa.

2. Critical impulse at mode transition e predictions
Nurick and Shave [2] categorised the impulsive response of a
square plate according to: mode I (large inelastic deformation),
mode II* (through-thickness tearing at the support), mode IIa
(complete detachment from support where central deﬂection increases with I*), mode IIb (complete detachment from support
where central deﬂection decreases with I*) and mode III (failure by
shear-band localisation). Experiments by Ramajeyathilagam and
Vendhan [6] showed that the impulsive response of rectangular
plates with aspect ratio g > 1 are broadly similar to the square
plates in [2]. In this section, critical impulses corresponding to the
transition between deformation modes I / II* and IIb / III are
derived. Under the action of an impulsive load, the plate may be
assumed to acquire an instantaneous velocity of V0 ¼ bI=rh where bI
is the impulse per unit area, r is density and h the plate thickness.
Xue and Hutchinson [7] have shown that such an idealisation is
valid if the duration of the blast pulse is much shorter compared to
the structural response time needed by the plate to reach permanent set. Note that the impulse per unit area bI is related to the nondimensional impulse I* through

I* ¼

bI
V0
pﬃﬃﬃﬃﬃﬃﬃﬃ ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h rsy
sy =r

(1)

where sy is the static yield strength of the plate material in uniaxial
tension.

w0, wf

g ¼ a/b
gc
Dsmax

εa, εb, εe, εrup

ε_

q
k
l
n
r
sY, sd
fx ; fy ; fz
c ¼ b/h
j
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transition velocities from mode I / II and mode
II / III
central deﬂection before and at failure
aspect ratio of plate
critical shear strain
critical shear sliding distance
membrane, bending, effective and uniaxial rupture
strains
strain rate
angular displacement at plastic hinge
curvature
non-dimensional velocity
Poisson’s ratio
density
static and dynamic yield strength
rotation about the x, y, z axes
ratio of half width to thickness of plate
area fraction of plate detached from boundary

2.1. Maximum central displacement e mode I
If V0 < Vm2 (critical velocity corresponding to mode I / II* transition), a rectangular plate undergoes permanent inelastic, or mode I,
deformation. The theoretical models of Jones [11] and Yu and Chen
[12], developed within the constitutive framework of limit analysis,
have been shown to predict well the maximum mode I transverse
displacement w0/h of a plate. In general, for a rigid, perfectly-plastic
rectangular plate, w0/h is a dimensionless function of the form

"
w0
w0
l
¼
h
h

¼

rV02 a2
M0

#
a
; g1
;g ¼
b

!



(2)

where h is the plate thickness, M0 ¼ sy h2 =4 is the fully-plastic
bending moment per unit length, sy is the static yield strength,
V0 is the instantaneous velocity acquired by the plate, r is density,
and a and b are the half length and width, respectively, of the
plate. For completeness, the results from [11,12] are summarised
here.
Ignoring membrane effects, Jones [11] showed that the
maximum central deﬂection of a rectangular plate, with length 2a
and width 2b (a > b), subjected to a uniform impulsive velocity V0 is

h
i
1
ð3  x0 Þ ð1 þ GÞ2  1
w0
¼
h
2½1 þ ðx0  1Þðx0  2Þ

(3)

G ¼ ðl=6Þð3  2x0 Þð1=gÞ2 ½1  x0 þ 1=ð2  x0 Þ
and
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x0 ¼ ð1=gÞ½ 3 þ ð1=gÞ2  ð1=gÞ are both functions of the plate
where

aspect ratio g and the dimensionless impulse intensity
l ¼ 4I2 g2 c2 , where c ¼ b/h.
If, however, w0 approaches or exceeds O(h), then membrane
forces become important since it dissipates energy, stiffens the
structure and reduces the transverse displacement of the plate
signiﬁcantly. Yu and Chen [12] account for the effects of membrane
forces by introducing a kinematically admissible time-dependent
velocity ﬁeld that traces the transient phase of motion of the
plates. The temporal evolution of w0/h are a set of coupled ordinary
differential equations (ODEs) that have to be solved numerically
using the fourth order Runge-Kutta method.
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Table 1
Number of elements in each direction of the uniform-mesh for part 1.
Mesh

Number of elements
in z-direction

Number of elements
in x- and in y-directions

1
2
3
4
5
6
7
8
9
10

1
2
3
4
5
6
7
8
9
10

21
42
63
84
105
126
147
168
189
210

Both models above do not account for the inﬂuence of material
strain rate sensitivity and is valid only for aluminium plates since
they are relatively rate-insensitive. For strain rate sensitive material, such as mild steel, the static yield stress sY which appears
within l in [11,12] must be replaced with nsY where


n ¼ 1þ

4V0 w0
pﬃﬃﬃ
3 2Db2

1=q
:

(4)

Both D and q are material parameters given in Table 2.
2.2. Effective strain distribution
The initiation of plate tearing at the support marks the transition
from mode I / II* deformation. To predict the critical velocity corresponding to this transition, the effective strain distribution in the
plate must be found. Within the constitutive framework of limit
analysis, travelling plastic hinges, or hinge lines, develop in rigid,
perfectly-plastic plates along the principal stress-moment directions.
Following [4,5,13,14], the total strains εt at the hinge is given by

εt ¼ εm þ εb ;

;

where c is an unknown coefﬁcient. The components of the membrane strain in the mid-plane of the plate are found by substituting
Eq. (7) into the kinematic relations given by

 2
εm
=2a2
x ¼ u;x =a þ w;x

(8a)

2

εm
=2b2
y ¼ u;y =b þ w;y

(8b)

h

y ¼ y=b

and

z ¼ z=h;

(6)

the displacement proﬁle of the plate, under the action of an out-ofplane (z-direction) loading, is approximated with the following trail
functions that satisfy the boundary conditions[15]

u ¼ csinðpxÞcos





(7)

Table 2
Properties of plate material used in the FE model.

Um ¼

Eh


2 1  n2

Z Z

2
m 2
m m
ðεm
x Þ þ ðεy Þ þ 2nεx εy

ð1  nÞ m 2
gxy dxdy
þ
2

Young’s
modulus,
E (GPa)

Static yield
stress,
sy (MPa)

Poisson’s
ratio, n

D
(s1)

q

2760
7830
7830

69
197
197

283
237
292

1/3
1/3
1/3

e
40.4
40.4

e
5
5

(9)

where n(¼1/3) is the Poisson’s ratio, the unknown coefﬁcient c in
Eq. (7) can be found, following the approach of Timoshenko and
Krieger[15], by minimising the membrane strain energy with
respect to c, i.e.

vU m
¼ 0;
vc

(10)

to give

(11)

Substituting Eqs. (11) and (7) into Eq. (8) gives the components of
the membrane strain along a hinge line.
The bending strain associated with the rotation of the plastic
hinge is approximated using [16]

εb |hk=2

Density,
r (kg/m3)

(8c)

where ðÞ;x hvðÞ=vx. Given that the membrane strain energy is



3ða þ bÞðpw0 Þ2 4 a2 þ b2  3abð1 þ nÞ


c ¼ 
:
ab 9p2 a2 þ b2 ðn  9Þ  128abð1 þ nÞ

py

2
 
px
v ¼ csinðpyÞcos
2
 
 
px
py
w ¼ w0 cos
cos
2
2

Al 6061-T6 [23]
Mild steel [2]
Mild steel [4]

i

gm
xy ¼ u;y =b þ v;x =a þ w;x w;y =ab

(5)

where the membrane εm and bending εb strains are derived separately below.
The membrane strain is derived ﬁrst by considering a fullyclamped rectangular plate as shown in Fig. 1. Introducing the
following non-dimensional coordinates

x ¼ x=a

Fig. 1. Schematic of a fully clamped rectangular plate with an aspect ratio of g > 1.

(12)

where h is plate thickness and k is the curvature of the plastic hinge
deﬁned as

k ¼

q
l

(13)
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where q is the rotational angle of the rigid zones circumscribed by
the plastic hinge lines and plate boundary and the hinge length is
assumed to be l ¼ 2h in this study [4,5,14].
The effective strain εe can be expressed as [16]

1
εe ¼
3



b w0
;
ε e ¼ ε e g; n ; c ¼
; x; y
h
h

(15)

Adopting an effective strain failure criterion, through-thickness
tearing (mode II*) is assumed to occur when the material ductility

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx  x1 Þ2 þ ðy  y1 Þ2
¼ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx2  x1 Þ2 þ ðy2  y1 Þ2

(14)

is exhausted, i.e. the effective strain reaches the uniaxial rupture
strain εrup of the plate material. Since εe is always greatest at
ðx ¼ 0; y ¼ 1Þ for all rectangular plates (quarter model) with
aspect ratio g > 1, tensile tearing will initiate there. Substituting
x ¼ 0 and y ¼ 1 into Eq. (15), and replacing εe and w0 with εrup and
wf, respectively, gives

εe g; n; c;

whereupon the effective strain distribution along each hinge line
can be found once g, c and w0/h are speciﬁed.
Fig. 2a shows the ﬁnal hinge pattern in a rigid, perfectly-plastic
rectangular plate (g > 1) subjected to an impulsive load [11,12]. A
square plate, by contrast, develops only two diagonal hinge lines
that meet at the origin 0, i.e. the hinge line labelled 4 does not
develop in Fig. 2a. A non-dimensional local coordinate cxy is
deﬁned, in accordance to Fig. 2b, as follows

cxy

2.3. Transitional velocities from modes I / II* and IIb / III

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

3 t 2
g þ gtzy 2 þ gtyx 2 :
2 ðεtx  εty Þ2 þ ðεty  εtz Þ2 þ ðεtz  εtx Þ2 þ
2 xz

For a thin plate, it is reasonable to assume that
εtz ¼ gbyx ¼ gtzy ¼ gtxz ¼ 0 [17,18]. Substituting the components of
the total strain into Eq. (14) leads to a dimensionless function

wf
h

¼ εrup

0  cxy  1

(16)

where (x1,y1) and (x2,y2) are the start and end coordinates of a hinge
line, respectively.
The effective strain in a square plate is found to be greatest next
to the mid-point support at ðx ¼ 1; y ¼ 0Þ and ðx ¼ 0; y ¼ 1Þ as
shown in Fig. 3a. Symmetry dictates that only a quarter of the plate
needs to be modelled. Depending on the level of imperfections,
tearing could potentially initiate at both, or either, locations. By
contrast, Fig. 3b shows that the effective strain in a rectangular
plate with aspect ratio g ¼ 2 is greatest at the mid-point of its
longer side. Fig. 4 gives the effective strain distribution in rectangular plates of different aspect ratios along the clamped edge of 0 
x  1 and y ¼ 1. Note that the effective strain εe is always highest at
ðx ¼ 0; y ¼ 1Þ which is consistent with the location of tear initiation observed experimentally in [6].

(17)

whereupon the maximum displacement of the plate wf/h just
before the initiation of tear can be found iteratively. The transitional
velocity Vm2 from mode I / II* follows immediately from Eq. (2).
Predictions for Vm2 are compared with the numerical and experimental results in Section 4.2.
Assuming that the criterion for shear failure in mode III takes
the form

Dsmax ¼ kh
;
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(18)

where Dsmax is the critical shear sliding distance and k is a constant
obtained by calibration to experiments, Jones [13,16] showed that
the transitional velocity Vm3 corresponding to mode IIb / III
deformation may be expressed as

rﬃﬃﬃﬃﬃ
Vm3 ¼ C

sy
:
r

(19)

For beams with a rectangular cross-section where b/h [ 1, Vm3
is known to be insensitive to geometry but dependent only on
material properties [13]. Since a/h and b/h[1, it is reasonable to
assume that Eq. (19) is also valid for the thin plates studied here.
Calibrating Eq. (19) to the experimental data for mild-steel plates in
[2] gives C ¼ 2.39. The prediction for Vm3 will be shown to compare
well with the numerical results in Section 4.2.

3. Finite element implementation
3.1. FE model and loadings

(a)

(b)

Fig. 2. (a) Final plastic hinge pattern in a rigid, perfectly-plastic rectangular plate
where g > 1. The four hinge lines for a quarter of the full plate are labelled. (b) A nondimensional local coordinate cxy along each hinge line.

The numerical analyses are performed using ABAQUS/ExplicitÒ.
Full 3D simulations were carried out to model the progressive
ductile fracture that occur along, or near to, the plate boundary in
experiments [2,6]. All plates modelled have length 2a and width 2b
(a>b) if their aspect ratio g > 1. If g ¼ 1, they have equal length of 2a
on all sides. Only a quarter of the solid plate is modelled since
reﬂective symmetry exists on two planes along ðx ¼ 0; 1=2  z 
1=2Þ and ðy ¼ 0; 1=2  z  1=2Þ. Displacement boundary conditions as shown in Fig. 5b are imposed on both the symmetric
planes. Eight 8-node brick elements (C3D8R) with reduced integration and hour-glass control were employed through the thickness of each plate. Convergence studies, see Section 3.2, conﬁrm
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(a)
Fig. 3. Effective strain distribution in (a) square (g ¼ 1) and (b) rectangular (g ¼ 2) mild-steel plates (see Table 2 for material properties) subjected to identical zero-period impulse
per unit area of bI ¼ 167:4 Ns=m2 (I* ¼ 0.0768). Their corresponding maximum transverse displacements are w0/h ¼ 8.75 and w0/h ¼ 4.6, respectively. Note that a ¼ 0.0445 m and
h ¼ 0.0016 m for both plates. (a) [g ¼ 1] (b) [g ¼ 2].

that this is sufﬁcient to capture necking localisation, progressive
damage and ductile fracture with acceptable ﬁdelity.
Xue and Hutchinson [7,8] have shown that the impulsive blast
response of a structure is sensitive to the response time T needed to
attain maximum deﬂection for a zero-period impulse. This time scale
determines whether it is acceptable to idealise a ﬁnite-period loading
as a zero-period impulse, i.e. the plate acquires an instantaneous
initial velocity of V0 ¼ bI=m. The response time of the square plate in
the experiments of Nurick and Shave [2], with dimensions
0.089(2a)  0.089(2b)  0.0016(h) m and material properties given in
Table 2, is found numerically to be 120 ms. Since the typical blast
duration is td ¼ 15 ms in [2], the loading imparted by the blast pulse
may be idealised as a zero-period, uniform-momentum impulse
because td/T ¼ 0.125  1. In a similar vein, since the response time of
the rectangular plates are also of the same order of magnitude as the
square plates in [2], assuming that the blast duration remains at
td z 15 ms, the zero-period idealisation would remain valid.
3.2. Boundary, or support, conditions
Fig. 5a gives the standard fully-clamped boundary condition
(BC) used by existing numerical studies in [2,5,6,14]. It can be

Fig. 4. Effective strain distribution on the longer edge of rectangular mild-steel plates
with different aspect ratios. All plates have identical material properties subjected to
the same loading as in Fig. 3.

shown that key local stresses at the plate boundary do not converge
with repeated mesh reﬁnement due to stress singularities [19e21].
To accurately model progressive ductile fracture along the boundary of the plate, a modiﬁed BC given in Fig. 5b is used here [21,22].
The asymptotic identiﬁcation of stress singularities in structural
dynamics problem will be pursued elsewhere in [22]. Here, it sufﬁces to demonstrate that both the standard and modiﬁed BCs
predict nearly identical central deﬂection for the plates, but only
the latter gives converged local stresses along the plate boundary.
The efﬁcacy of the modiﬁed BC is further demonstrated in Section 4
by the excellent agreement between the predicted maximum plate
deﬂection by the FE model and the experimental results of [2,4].
Three additional parts (parts 2e4 and parts 5e7) are added to
each side of the original solid plate (part-1) to form an extended
boundary as shown in Fig. 5b. Note that the standard fully-clamped
BC of Fig. 5a are imposed on parts 4 and 7. All the additional parts
have equal width s and identical material properties as the solid
plate, apart from a gradation of their elastic modulus E, by a factor a.
Symmetric BCs are applied, just like to the solid plate. The parameters s ¼ h/6 and a ¼ 10 are obtained by calibration to the
experimental data of Nurick and Shave [2].
Fig. 6 plots the predicted maximum in-plane stress syy and
equivalent plastic strain εpl for different mesh density used in part1. The number of elements along each direction of the uniformmesh is listed in Table 1. For a square plate without imperfections, the maximum values for syy and εpl are found at ðx ¼ 1; y ¼
0Þ and ðx ¼ 0; y ¼ 1Þ where tearing is expected to initiate from
either, or both, locations. It is evident that syy and εpl do not
converge for the standard BCs shown in Fig. 5a. Instead, convergence is achieved with the modiﬁed BCs. Fig. 6 shows that mesh
size No.8 gives sufﬁciently accurate results and is used here.
Fig. 7a shows that the differences between the predicted
deﬂection proﬁles by the two BCs are negligibly small. Similarly, for
the time-history of their central deﬂections as shown in Fig. 7b. In
general, w0/h are unaffected by the presence of stress singularities
at the boundary; therefore, evaluation of performances, based on
maximum transverse deﬂection of the plates, lead to identical
conclusions for either BCs provided necking localisation and ductile
fracture did not intervene.
Since only the solid plate (part 1) acquires a uniform velocity, a
proportion of the internal and plastic energies are absorbed by the
extended boundary (parts 2e7). Fig. 8 gives the time history of the
energies dissipated. It shows that no more than 15% of the initial
kinetic energy, acquired by part 1, is absorbed by the extended
boundary throughout the entire response duration. Although this
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(a)
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(b)

Fig. 5. (a) Fully-clamped and (b) modiﬁed boundary conditions adopted in this study. u and f refers to displacement and rotational degree of freedom, respectively, in the direction
indicated by their subscript. a > b for rectangular and b ¼ a for square plates.

(a)

(b)

Fig. 6. Predicted maximum (a) in-plane stress syy and (b) equivalent plastic strain εpl at ðx ¼ 1; y ¼ 0Þ and ðx ¼ 0; y ¼ 1Þ. Results are for square mild-steel plate of dimensions
0.089(2a)  0.089(2b)  0.0016(h) m subjected to a non-dimensional impulse of I* ¼ 0.632 (or bI ¼ 1378 Ns=m2 ).

would lead to a somewhat smaller ﬁnal plate deﬂection in mode I,
the good comparison between FE predictions and experimental
results in [2,4] suggests that the level of energy loss is acceptable.
3.3. Materials and damage models
3.3.1. Plate materials
Two plate materials are modelled in this study aluminium
(6061-T6) and mild-steel; both have existing experimental data on
their impulsive response [2,4,23]. Table 2 lists the properties of the
respective plate material. Notice that the static yield strength of
mild-steel used in [4] is slightly higher than in [2].

(a)

The material description adopted is based on the conventional J2
plasticity constitutive relation with isotropic hardening. Material
strain rate sensitivity is accounted for through a dynamic ﬂow
stress, evaluated at a uniaxial plastic strain rate ε_ , by adopting the
Cowper-Symonds constitutive relation [16]



sdy ¼ sy 1 þ

ε_
D

1=q 

:

(20)

Both D and q are material parameters given in Table 2. The
aluminium plates are assumed to be rate-insensitive.

(b)

Fig. 7. (a) Deﬂection proﬁle along the x-axis (the same for y-axis due to symmetry) and (b) time-history of the central deﬂection of the plate. Results are for square mild-steel plate
of dimensions 0.089(2a)  0.089(2b)  0.0016(h) m and subjected to a non-dimensional impulse of I* ¼ 0.632 (or bI ¼ 1378 Ns=m2 ).
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pl
function of stress triaxiality h and strain rate ε_ ; and, a function of
pl
the shear stress ratio qs and strain rate ε_ . When the criteria in
Eqn. (21) are met, a damage evolution law is deﬁned for each
pl
criterion, in terms of the effective plastic displacement u_ as
follows [24]

pl
pl
u_ ¼ Lε_

(22)

where L ¼ 2  104 m is the characteristic length of the ﬁrst-order
element used in the present FE model. Assuming a linear relationship exists between the evolution of the damage variable d and
pl
the effective plastic displacement u_ , the damage variable would
increase according to [24]

Fig. 8. Time history for the dissipation of non-dimensional internal ðU T =hsy Þ and
plastic ðU p =hsy Þ energies by a square mild-steel plate of dimensions
0.089(2a)  0.089(2b)  0.0016(h) m subjected to a non-dimensional impulse
I* ¼ 0.632 (or bI ¼ 1378 Ns=m2 ).

Table 3
Material parameters used by the damage model.
Damage model

εpl
or εpl
s
d

εpl
f

upl
f

Ductile
Shear

0.2
0.2

0.55
0.4

0.00011
0.00008

3.3.2. Damage criteria and evolution [24]
Failure of solid plates subjected to impulsive loading can be
attributed to two competing bulk material failure mechanisms, viz.
ductile fracture and/or shear band localisation [2,4,23]. The progressive damage model for ductile materials in ABAQUS/Explicit is
used here.
The criteria for initiation of ductile (ud) and shear (us) damage in
the FE model are given by

ud ¼

Z

dεpl
¼ 1 and us ¼
pl  _ pl 
ε h; ε
d

Z

dεpl

pl 
pl 
εs qs ; ε_

¼ 1

(21)

where ud and us are state variables that increases monotonically
with the incremental change in equivalent plastic strain. Here, the
pl
equivalent plastic strains εd (at the onset of ductile damage) and
pl
εs (at the onset of shear damage) are assumed, respectively, to be a

(a)

pl
pl
Lε_
u_
d_ ¼ pl ¼ pl
uf
uf

(23)

pl

where uf is the effective plastic displacement at failure given in
Table 3. For simplicity, it is assumed that the damage associated
with each criterion contributes to the overall damage variable in a
maximum sense, which is the default used in ABAQUS. In the
present study, any element where their material stiffness is fully
degraded, i.e. d ¼ 1, is deleted from the mesh. Whilst it may be
argued that element deletion leads to a loss of mass which will
affect the impulsive response of the plate, it was found not to
affect the results signiﬁcantly since less than 5% of the total
number of elements are deleted in each of the plate modelled
here.
Table 3 lists the parameters used in the damage models. Note
that the parameters for shear damage are obtained by calibration to
the experimental data of Nurick and Shave [2].

4. Validation of analytical and numerical predictions against
experiments
In this section, the analytical and FE predictions are validated
against experimental data for square mild-steel [2,4] and rectangular aluminium [23] plates. Note that the blast loadings in [2,4,23]
may also be idealised as zero-period impulses. The aluminium
plates in [23] have dimensions 0.1286(2a)  0.0763(2b)  h m, with
a range of thickness h. The square mild-steel plate specimens used
in [2,4] have dimensions of 0.098(2a)  0.098(2b)  0.0016 m. The
properties for the two different plate materials are listed in Table 2.
Only the mode I central deﬂection are available in [23] whilst data
on all three modes of deformation are provided in [2,4].

(b)

Fig. 9. Comparison of the mode I central deﬂection for (a) aluminium [23] and (b) mild steel [4] plates with FE and theoretical predictions at different levels of I*. The aluminium
and mild-steel plates has an aspect ratio of g ¼ 1.685 and g ¼ 1, respectively.
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Fig. 10. Deﬂection proﬁle of a mild steel plate (g ¼ 1) subjected to an impulsive load
per unit area of bI ¼ 1872 Ns=m2 (or I* ¼ 0.86).

4.1. Maximum plate deﬂection
Fig. 9a shows that the mode I central deﬂection is in good
agreement with the theoretical predictions by Yu and Chen [12];
in particular, for the thinner specimen (h ¼ 3.1 mm) where
membrane effects are dominant. The modiﬁed BC appears to
better predict the central deﬂection of the thicker plate specimens (h ¼ 6.2 mm). This is because relaxation of the in-plane and
out-of-plane degree of freedom at the plate boundary, gives a
somewhat larger w0/h than the standard BC would otherwise
allow. Failure to account for material strain rate sensitivity would
lead to over-prediction of w0/h with I* as shown in Fig. 9b. In
general, there is good agreement between experiment data and
the current FE predictions.
Fig. 10 plots the deﬂection proﬁle along y ¼ 0 for a square mild
steel plate subjected to a non-dimensional impulse I* ¼ 0.86. Its
central deﬂection is well predicted by the current FE model. This
lends further support to the contention that replacing the standard
BC with the modiﬁed one in Fig. 5b has hardly any effect upon the

Fig. 11. Comparison of the numerical central (maximum) deﬂection with the experimental data at different levels of I*. Each red cross indicates a transition in deformation
mode predicted by the current FE model. All plates have aspect ratio of g ¼ 1. (For
interpretation of the references to colour in this ﬁgure legend, the reader is referred to
the web version of this article.)
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Fig. 12. Side pull-in distance versus non-dimensional impulse for mild-steel plates
(g ¼ 1).

central deﬂection of the plate. Note, however, that discrepancies in
the deﬂection proﬁles are observed away from x ¼ 0. As x/1, the
modiﬁed BC give a better prediction of the deformed plate proﬁle
compared to the standard one, again, because the former relaxes
the in-plane and out-of-plane degree of freedom along the
boundary.
The predicted central deﬂection is compared to the experimental data of Nurick and Shave [2] where there is a good agreement, see Fig. 11. Furthermore, the FE model successfully predicts a
reduction in w0/h with increasing I* for a plate deforming in mode
IIb. The observed discrepancy between FE predictions and experimental data for mode IIb is because the former records the central
deﬂection of the plate just before it completely detaches from the
support unlike in the latter.
Nurick and Shave [2] reported that, for mode II*, the plate tears
away from the support resulting in ‘pulling-in’ of the mid-side of
the plate. This ‘pulling-in’ distance increases initially with I* but
reduces when the maximum plate deﬂection is reached. The

Fig. 13. Time history of j for different levels of I*. B indicates the instant when plate is
completely detached from its support. Results shown are for a square mild-steel plate
with properties listed in Table 2 with a response time of T ¼ 120 ms.
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(b)

(a)

Fig. 14. (a) Time history of stress triaxiality, have, averaged over all elements in the shaded region, and (b) Comparison of the time-averaged stress triaxiality h for a plate using the
ductile and shear damage model. Results shown are for a square mild-steel plate with properties listed in Table 2 with a response time of T ¼ 120 ms.

general trend of the ‘pull-in’ distance with I* is well predicted by
the current FE model in Fig. 12. The observed discrepancies are due
to the same reason given previously for Fig. 11.
4.2. Critical impulses corresponding to mode transitions
A non-dimensional parameter j is introduced to quantify the
area fraction of plate that has become detached from the support as
follows

j¼

in the shaded region as shown. The width of 0.025b is chosen so
that it covers the region of the plate where the cracks may
conceivably propagate. Note that beyond t 0 , the non-dimensional
time corresponding to have ¼ 0, the plate is completely detached
from its support. Conversely, if I* is insufﬁcient to cause complete
detachment, then have is always greater than zero. At each impulse level, the time-averaged value of the function have ðtÞ,
deﬁned as

Area of plate periphery detached from the support
:
Total area of plate periphery attached to support½ ¼ 2ha or 2hbÞ

Since the mesh is uniform, the numerator of Eq. (24) is easily
calculated by multiplying the total number of deleted elements to
the surface area of the side of an 8-node brick element which is
attached to the support. For a square plate, j is identical on all sides
due to symmetry. If j ¼ 0, no elements are deleted, i.e. the plate
deforms in mode I. Conversely, if j ¼ 1, all elements along the plate
periphery are deleted.
Fig. 13 gives the time-history of j at different values of I* for a
typical square mild-steel plate in [2]. The FE model predicts that an
element is ﬁrst deleted at I* ¼ 0.69 (it would not be possible to
verify this experimentally) and through-thickness tearing occurs at
a higher impulse of I* ¼ 0.75. Complete detachment from the
support occurs whenever I   0:98, i.e. the critical impulse at mode
II* / IIa transition is I* ¼ 0.98. With increasing I*, complete
detachment occurs at increasingly earlier times of t/T as expected.
Notice that j is always less than unity even for high levels of impulse due to crack branching away from the boundary into the
plate’s interior. This will become clearer in Section 5.1.
A procedure to determine the critical impulse corresponding
to mode IIb / III transition is now described. Fig. 14a shows the
time history of three typical stress triaxiality curves have ðtÞ; they
are obtained by averaging the stress triaxiality of all the elements

Zt0

h¼

(24)

 

have t dt

0

t0

;

(25)

is obtained for the two different damage models, viz. ductile and
shear, applied separately to give the curves shown in Fig. 14b. A
unique cross-over point can be identiﬁed which determines the
transition from mode IIb / III. Beyond this cross-over point, only
the shear damage model is used; otherwise, the ductile damage
model is applied in a maximum sense alluded to in Section 3.3.2.
Using this proposed criterion, Table 4 compares the theoretical and
numerical critical impulses (and transitional velocities) with their
experimental counterpart in the literature. The predictions, by FE
and theory (Eqs. (17) and (19)), are in good agreement with the
experimental data in [2] and [4]. The predicted critical impulse is
sensitive to the parameters a and s of the modiﬁed BC (Fig. 5b).
Since the FE model is calibrated to experimental data where the
plate remains attached to the support, the predicted critical impulse for mode IIa / IIb transition is much lower than that
observed experimentally.

Table 4
Critical impulses I* (and velocities V0, m/s) corresponding to mode transitions.
Mode

Theory Eqn. (17) or (19)

FE (Present)

FE[5]

Experiments[2]

Experiments[4]

I / II*
II* / IIa
IIa / IIb
IIb / III

0.78 (135.4)
e
e
2.39 (416.2)

0.75
0.98
1.05
2.42

0.97
1.02
1.27
2.32

0.62
0.98
1.48
2.39

e
1.11 (193.5)
1.45 (251.9)
e

(130.0)
(172.0)
(184.0)
(421.0)

(168.8)
(177.5)
(221.0)
(404.7)

(108.8)
(171.3)
(257.0)
(416.2)
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Fig. 15. Comparison of predicted deformation modes (left column) for rectangular mild-steel plates (g ¼ 1.2) to the ‘post-test’ specimens (right column) of Ramajeyathilagam and
Vendhan [6]. Note that the former shows a quarter of the rectangular plate due to symmetry. Properties of the mild-steel plates in [6] are as follows: r ¼ 7860 kg/m3, E ¼ 210 GPa,
sy ¼ 300 MPa and the rests are identical to Table 2.

5. Predicted impulsive response for rectangular plates
The fully validated FE model of the previous section is now
employed to compute the zero-period impulsive response of

(a)

rectangular plates with aspect ratio ranging between 2  g  5. All
rectangular mild-steel plates modelled have the same total mass as
the square ones (M ¼ 0.0992 kg) used by Nurick and Shave [2].
Likewise, for their material properties listed in Table 2. The results

(b)

Fig. 16. Ductile damage state variable ud for a rectangular plate with aspect ratio g ¼ 2 subjected to an impulse I* ¼ 0.55. The plate is deforming in mode I.
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for square mild-steel plates from [2] are also included for
comparison.
5.1. Deformation modes
Fig. 15 shows that the current FE model successfully captures the
different modes of impulsive response observed in a typical rectangular plate (g ¼ 1.2). Comparison is made here to the ‘post-test’
specimens of [6] where a set of clear photographs are available,
instead of with those in [2,4]. The zero-period, uniform-momentum
idealisation is also valid in [6]. For rectangular plates deforming in
modes IIa and IIb, a crack propagates along each side of the plate
boundary. At some point, their crack paths are deﬂected inwards,
circumventing the corner of the plate. When the two crack paths
meet, complete plate detachment occurs. It is not entirely clear why
the crack path deviates from the plate boundary as it approaches
the corner although this occurs irrespective of the value of the

aspect ratio. This is the reason why j is always less than unity in
Fig. 13 regardless of the value of I*.
Fig. 16 shows the distribution of the state variable ud for a typical
rectangular plate (g ¼ 2) subjected to a non-dimensional impulse
I* ¼ 0.55. When ud ¼ 1, the material stiffness at that point begins to
degrade in accordance to the evolution law given in Eqn. (22). It is
noteworthy that ductile damage, by nucleation, growth and coalescence of voids, initiates well before the transition from mode
I / II*. Current simulations showed that the ﬁrst element to be
deleted, i.e. the material point where its stiffness is fully degraded,
always occurs at ðx ¼ 0; y ¼ 1; z ¼ 0:5Þ, on the surface incident to
the blast irrespective of I*. It is, therefore, surprising to see in
Fig. 15b (right-side image) that tearing appears to initiate on the
shorter side of the plate in [6]. This experimental anomaly must be
due to material and/or geometric imperfections since it was, also,
predicted that tearing must initiate at the mid-point of the longer
side by the total and/or effective strain theory of [6].

Fig. 17. Time evolution of the equivalent plastic strain contour in a rectangular plate (g ¼ 2) and the three types of mode II response predicted by the current FE model.
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5.2. Types of mode II response
The mode II response of a plate was previously categorised as
mode II* (through-thickness tearing at the support), mode IIa
(complete detachment from support where central deﬂection increases with I*) and mode IIb (complete detachment from support
where central deﬂection decreases with I*) [2]. However, the current FE simulations showed that non-through-thickness tearing
typically precedes mode II*. In light of this, it is advantageous to reclassify the mode II response into three distinct types according to
the magnitude of the non-dimensional impulse I*, viz. Type 1 (nonthrough-thickness tearing), Type 2 (through-thickness tearing) and
Type 3 (complete detachment from support). As a result of this reclassiﬁcation, the prediction by Eq. (17) should now be for mode
II(Type 1) / II(Type 2).
Fig. 17 shows the equivalent plastic strain contour for a rectangular plate (g ¼ 2) subjected to different levels of impulse. At
I* ¼ 0.78, Fig. 17a shows that non-through-thickness tearing occurs
along the support, referred to as a Type 1 response hereinafter. As
predicted in Section 2.3, the ﬁrst element to be deleted occurs at
ðx ¼ 0; y ¼ 1; z ¼ 0:5Þ, on the incident face along the mid-point of
the longer side of the plate. By contrast, Type 2 response entails
through-thickness tearing of the plate at the support as depicted in
Fig. 17b. Fig. 17c shows a typical Type 3 response where I* is sufﬁciently large for complete detachment of the plate to occur. Notice
the plate remnant at the corner of the support caused by the deviation of the crack paths (Fig. 17c) which is also evident in the
experimental results shown in Fig. 15c.
5.3. Failure maps
To ensure that comparison is made between plates of equal total
mass and thickness, the aspect ratio (deﬁned as the ratio of the
longer to shorter side) is varied by choosing the longer and shorter
pﬃﬃﬃ
pﬃﬃﬃ
sides of the plate to have length of a g and a= g, respectively,
where a (¼ 0.0445 m) is the half length of the square plate in [2]. In
this manner, the plate thickness (h ¼ 1.6 mm) and plate mass
(M ¼ 0.0992 kg) remain equal between plates of different aspect
ratio g. Fig. 18 shows how the non-dimensional central deﬂection
w0/h varies with I* for different aspect ratios ranging from 1  g  5.
Analytical prediction of the critical impulses corresponding to the
transition from mode I / II(Type 1) and from mode II(Type 3) / III
are indicated by the two dash-dot lines. The overall trend of the
central deﬂection with I* is broadly similar to a square plate. For a
plate deforming in modes I or II(Type 1 and 2), its central deﬂection
reduces with increasing g at a given I*. By contrast, w0/h is insensitive to g. The increasing-decreasing trend of w0/h with I* is clearly
evident in the mode II(Type 3) response.
There is an excellent agreement between the mode I central
deﬂection and the theoretical predictions of Yu and Chen [12].
Equation (17) under predicts the transitional impulse at mode
I / II(Type 1) because of the different constitutive assumption
used in the formulation of the analytical prediction and in the FE
model. The former is based on the constitutive framework of limit
analysis resulting in a higher w0/h than the latter which considers
isotropic hardening. Consequently, a plate made of a rigid-perfectly
plastic material would fail at a lower I* as seen in Fig. 18. Both the FE
results and theory predict that the critical impulse at mode
I / II(Type1) transition increases with aspect ratio g. By contrast,
the transition at mode II(Type 3) / III is insensitive to plate geometry but depends only on material properties and is well predicted by Eq. (19)
Fig. 19 shows a deformation map, constructed from the data in
Fig. 18. The contours of dotted line join constant value of w0/h
within that particular mode of deformation. This gives a map which

Fig. 18. Variation of the maximum mid-point deﬂection with non-dimensional impulse I* for rectangular plates with different aspect ratio. All the plates shown have the
same thickness h ¼ 1.6 mm and a total mass of M ¼ 0.0992 kg.

is really useful to designers. Any pair of values of I* and g now locates a point on the map. From the map, one can determine the
deformation mode and read off the mid-point deﬂection of the
plate (by interpolation using two known values if required).
Alternatively, it allows a designer to determine the critical
non-dimensional impulse I*delineating different modes of deformation, and the corresponding central deﬂection of the plate, at a
given aspect ratio g. Note that the map assumes zero-period
impulsive load (i.e. td/T ¼ 0). For the corresponding ﬁnite-period
loading case (i.e. td/T s 0), one would expect a lower central
deﬂection at the same I* and the boundaries in the deformation
map of Fig. 19 will change. This is explored in the next section for
the case of a square plate.
Previously in Fig. 19, the mass per unit area m(¼rh) of all the
plates were kept constant at m ¼ 12.53 kg/m2. Let this be increased
by a factor k > 1, from rh to rkh. To keep the same mass of
M ¼ 0.0992 kg between plates,
pﬃﬃﬃ its longer
pﬃﬃﬃ and shorter sides must be
reduced accordingly to a= k and b= k, respectively. The effects of
plate thickness (or mass per unit area m) upon the deformation
mode are explored in this manner. Fig. 20a shows how the
boundaries, delineating the different modes, shift with the factor k.
For a given g, the critical impulse I* corresponding to the transition
from mode I / II(Types 1 þ 2) and from mode II(Types
1 þ 2) / II(Type 3) increases with plate thickness. By contrast, the

Fig. 19. Deformation map for a rectangular mild-steel plate with a constant mass per
unit area of m ¼ 12.53 kg/m2 and a total mass of M ¼ 0.0992 kg.
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(b)

(a)

Fig. 20. Deformation maps showing the changing boundaries according to different plate thickness h.

(a)

(b)

Fig. 21. (a) Inﬂuence of blast duration td/T upon the area fraction of plate j that becomes detached from the support; (b) Effects of the blast duration upon the boundaries corresponding to the transition from mode II(Types 1 þ 2) / II(Type 3) and from mode II(Type 3) / III. Results shown are for square mild-steel plate subjected to a non-dimensional
impulse of I* ¼ 0.92.

boundaries corresponding to mode II(Type 3) / III transition do
not appear to change signiﬁcantly which is consistent with the fact
that the corresponding transitional impulse I* depends only on
material properties. On the other hand, Fig. 20b re-plots the
deformation map for bI (impulse per unit area) versus g. Increasing k
(or the plate thickness) leads to a corresponding increase in bI (see
Eq. (1)) which is consistent with Fig. 20b.
5.4. Effects of ﬁnite-period impulse upon the failure mode
Xue and Hutchinson [7,8] have previously shown that the ratio
of the blast duration to the overall response time of the structure
(td/T) determines whether the blast loading may be approximated
as a zero-period, uniform-momentum impulse. In this section, results from numerical simulations are presented which examine the
inﬂuence of td/T upon the deformation mode of square mild-steel
plates.
Fig. 21a shows the effect of increasing td/T upon the area fraction
of plate (j) that becomes detached from the support. Note that the
plate is loaded by a zero-period impulse at td/T ¼ 0. The results
show that for the same non-dimensional impulse of I* ¼ 0.92, j
decreases with increasing blast duration. If td/T > 0.9, the mode of
deformation switches from mode II(Types 1 or 2) to mode I. Hence,
the response of the plate is also dependent upon the nondimensional blast duration td/T.
Fig. 21b shows how the boundaries corresponding to the transition from mode II(Types 1 þ 2) / II(Type 3) and from mode

II(Type 3) / III shifts in accordance to the blast duration. Increasing
the blast duration has an effect of delaying the transition between
deformation modes. For instance, a square plate which was previously deforming in mode II(Type 3) at I* ¼ 1.5, under the action of a
zero-period impulse, now deforms in mode II(Type 1 or 2) if td/
T  2.0. In a similar vein, the plate deforms in mode II(Type 3)
instead of mode III at I* ¼ 2.5 if td/T  3.0. It is not unreasonable to
expect the blast response of the rectangular plates to be similarly
affected by the non-dimensional blast duration td/T; its detailed
study will be reported elsewhere.
6. Conclusions
A fully-validated FE model has been presented which is capable
of modelling the impulsive response of rectangular mild-steel plates
for a wide range of aspect ratios and non-dimensional impulse I*. An
analytical solution has been developed, within the constitutive
framework of limit analysis, which successfully predicts the location
of tear initiation and the critical impulses at mode transitions. Predictions by the theory is shown to be in good agreement with the
results from FE and, also, with experimental results. The nonconvergence of key local stresses near the plate boundary, due to
stress singularities, has been addressed which, subsequently,
allowed ductile fracture along the plate boundary to be modelled,
within the framework of damage mechanics, using ﬁnite elements.
The parametric study reveals a number of key features regarding the
impulsive response of rectangular plates as follows:
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e The impulsive mode II response has been reclassiﬁed into three
distinct types, depending on whether tearing initiates at the
support.
e The central deﬂection of a rectangular plate deforming in
modes I and II(Types 1 þ 2) decreases with aspect ratio for the
same I*.
e With increasing plate aspect ratio and thickness, a higher nondimensional impulse I* is needed to cause non-throughthickness and through-thickness tearing at the support.
e The mode III response is insensitive to aspect ratio g and plate
thickness. For thin plates, the critical impulse for transition to
mode III transition is a function of material properties.
e An increase in the blast duration delays the transition between
deformation modes for plates of the same dimensions and
subjected to the same non-dimensional impulse I*.
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