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Abstract

We study elliptic differential and pseudo-differential operators with periodic coeffi-
cients. For a wide class of such operators we prove the Bethe-Sommerfeld conjecture,
i.e. that the spectrum can have only finitely many gaps. We also study the inte-
grated density of states of periodic Schréedinger operators and prove a lower bound
for its variance in the high energy regime. This results in the lower bound for the

non-integrated density of states of such operators.
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Chapter 1

Introduction

We will consider periodic elliptic differential and pseudo-differential operators acting
in R?. By periodicity of an operator H = Op(h) we understand that there exists
full ranked lattice I' such that h(x +~, &) = h(x, &) for every v € T.

Let I C R? (d > 1) be a lattice. Denote by O its fundamental domain: © = R?/T.
For example, for O one can choose a parallelepiped spanned by a basis of I'.

I is a lattice dual to I

M ={n:(n~) €2rZvyer}

and its fundamental domain is denoted by OF.

Under very broad conditions, spectra of elliptic differential operators with peri-
odic coefficients in L*(R?), have a band structure. In order to describe this band
structure it is convenient to introduce the Floquet-Bloch decomposition (see, e.g.,

[28]) and thus express our operator H as a direct integral
H= / H(k)dk.
of

Here H (k) is a pseudo-differential operator, acting on O with a symbol h(x, & +k),
where h(x, €) is the symbol of the original operator H. The parameter k is usually
called the quasi-momentum.

All the operators H(k) have compact resolvents, therefore their spectra are

purely discrete, and by applying a simple perturbation theory argument, one can
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see that their eigenvalues A;(k) are continuous functions of the quasi-momentum

k. Here by \;(k) we denote the j-th eigenvalue of the operator H(k) counting the

multiplicities and arranged in the increasing order . Now the spectrum of the initial

operator H can be represented as the union of the closed intervals ¢; = [JA;(k)
Kk

which are called spectral bands:
o(H) = Jt,
J
possibly separated by spectrum-free intervals (gaps) (see [28] and [18]).

The natural first question to ask in this setting is how does the spectrum look
like a set.

Since the 30’s it has been a general belief among physicists that the number
of gaps in the spectrum of the Schrédinger operator Hy = —A + V' with a pe-
riodic electric potential V' in dimension three must be finite. After the classical
monograph [2] this belief is known as the Bethe-Sommerfeld conjecture. It is rela-
tively straightforward to see that this conjecture holds for potentials which admit
a separation of variables, as shown in [5], p.121. But for general potentials this
conjecture turned out to be quite difficult, thus the first rigorous results appeared
only in the beginning of the 80’s. Though the original conjecture was stated only for
three-dimensional space, we will say that ‘Bethe-Sommerfeld conjecture holds’ for
an elliptic pseudo-differential periodic operator in general dimension if the number
of gaps in its spectrum is finite.

In the case of the Schrodinger operator Hy it is known that the number of gaps
is generically infinite if d = 1 (see [28]). For d > 2 there has been a large number of
publications proving the conjecture for Hy under various conditions on the potential

and the periodicity lattice.

Define the counting function:

N(A H(k)) = #{j : Aj(k) < A}



Due to the mentioned boundedness of the counting function N (A, H(k)), each
interval (—oo, A| has non-empty intersection with finitely many spectral bands. We
define two quantitative characteristics of overlapping of the bands:

1. The multiplicity of overlapping, which measures the number of bands covering
given point A:

m(A) = #{j: A e 3}

2. The overlapping function, which shows how far the bands penetrate into each
other. This function ((\), A € R is defined as the maximal number ¢ such that the
symmetric interval [A — ¢, A 4 t] is entirely contained in one band, i.e.

() = ¢ H) = max; max{t : [\ —t,\+t] C {;}, A€ o(H); 1.0.1)
0, N ¢ o(H).

Both these functions were first introduced by M. Skriganov (see [34]). The
quantities m(\) and ((A\) can be linked with the counting function N(A) of the
operator H (k):

m(\) = maxi N\, H(k)) — ming N\, H(k)),

C(\) = sup{t : ming N(\ + ¢, H(k)) < maxx N(\ — ¢, H(k))} (102)
Here we assume that A is not an end point of any ¢;.
3. The integrated density of states (IDS) for H is defined as
N(}) := lim Z™N(X; HY), XeR (1.0.3)

Here, HJ(DL) is the restriction of H to the cube [0, L]¢ with the Dirichlet boundary
conditions, and N(A;-) is the counting function of the discrete spectrum below A.
The existence of the limit in (1.0.3) is well known, see e.g. [28], [32]. Moreover there

is a nice explicit formula

N(\) = #/N(/\,H(k))dk.

9



Also we can formulate in terms of the IDS that a point belongs to a gap: A
belongs to a gap if and only if the IDS is a constant in a neighborhood of \: there
exists a number ¢ > 0 such that for any \; € (A—¢, A\+¢) it we have N(A;) = N(A).
Similarly, to say that A belong so the band is equivalent to saying that m(\) > 1 or
¢(A) > 0.

Now we briefly discuss a history of the subject until now. The first rigorous
results for the Bethe-Sommerfeld conjecture for the Schrodinger operator relied on
number-theoretic ideas, and they appeared in [27], [4] (d = 2) and [33], [34], [35]
(d > 2). At that time it was found that the complexity of the problem increases
with the dimension: the validity of the conjecture for dimensions d > 4 was estab-
lished by M. Skriganov only for rational lattices, see [34]. Later, the conjecture for
arbitrary lattices was extended to d = 4 in the work of B. Helffer and A. Mohamed
[8]. The definitive result was obtained in the paper of L. Parnovski [21] where the
Bethe-Sommerfeld conjecture was proved for the Schrodinger operator for any pe-
riodicity lattice in all dimensions d > 2, with an arbitrary smooth potential V.
We observe that the complexity of the problem increases dramatically when instead
of the bounded potential perturbation one introduces in the Schrédinger operator
a periodic magnetic potential a = a(z) = (a1, a,...,aq), H = (—=iV —a)> + V.
Bethe-Sommerfeld conjecture for this operator was proven in the case of d = 2,
see [19], [14]. The Bethe-Sommerfeld conjecture for the polyharmonic operator in
L2(RY)

H=Hy+V, Hi=(-A)™, m>0

with a periodic real-valued function V', was also studied by various authors. The
first result is due to M. Skriganov (see [34], [35]), who showed that the number of
gaps is finite if 2m > d; d > 3. Then the polyharmonic operator was studied by
Yu. Karpeshina in [10] (see also [12] and references therein) in the framework of the
analytic perturbation theory. The high energy asymptotics of the Bloch eigenvalues
found in [8] implied the Bethe-Sommerfeld conjecture for 4m > d + 1; d > 2.
Later, L. Parnovski and A. Sobolev [22], [23] extended the result for potential
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perturbations to the case 8n > d + 3, d > 2. For the Schrodinger case m = 1,
the latter condition is equivalent to the requirement that d = 2,3 or 4. These are
exactly the dimensions for which the conjecture was justified in [8]. In the paper [1]
G. Barbatis and L. Parnovski considered the case of a pseudo-differential operator
of the form:

H=(-A)"+B, m>0, (1.0.4)

with a pseudo-differential perturbation B of order a < 2m — 1 and arbitrary d >
2 and proved Bethe-Sommerfeld conjecture. Note that this class does not cover
the case of magnetic Schrodinger operator. Finally, the paper [24] extended the
results of [1] to the case of arbitrary perturbations of order smaller than 2m. Thus,
in particular, they have settled the Bethe-Sommerfeld conjecture for the magnetic
Schrodinger operator.

Note that all these operators considered so far are perturbations of the Schrodinger
operator (—A)™. One of the aims of this thesis is to extend these results to a slightly
wider class of pseudo-differential operators.

Now we want to discuss different methods used by researchers in order to tackle
this problem.

Due to its physical relevance, the case of the Schrodinger operator, has been
studied better than the general one.

There are three main methods in dimensions d > 2 of dealing with this type of
problems in literature, which lead in one way or another to the justification of the
conjecture.

The first one is due to M. Skriganov, and it presents a combination of number-
theoretic ideas and analytics tools. The main object of studies in this context is the
dependence of the counting function N (A, H(k)) on the quasi-momentum. For the
first time this approach was used in [27] by V. Popov and M. Skriganov to give the
first rigorous proof of the conjecture for the case d = 2. Then M. Skriganov (see [34]
and references therein) obtained a proof for all dimensions d > 3 for rational lattices

. For d = 3 the result was extended to arbitrary I in [15]. A slightly simpler proof
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in the case d = 2 was given by B.E.J. Dahlberg and E. Trubowitz in [4]. The case of
rational lattices was revisited in paper [36] by M. Skriganov and A. Sobolev. In [36]
the original Skriganov proof [34] was simplified by separating the number-theoretic
part from the spectral one.

The other two methods are indirect in the sense that the finiteness of the number
of gaps in both of them is inferred from other spectral properties of the operator
in question, the study of which presents a separate difficult problem. The first of
these indirect approaches was described by Yu. Karpeshina in [12] and based on the
high energy asymptotics of the Bloch eigenvalues and corresponding eigenfunctions
of the operator H (k). It was first applied by O. Veliev (see also [41]) to prove the
validity of the Bethe-Sommerfeld conjecture for d = 3. Another proof can be found
in the book [12] by Yu. Karpeshina. We point out that in [12] the conjecture was
also proved for a wide class of singular potentials, including Coulomb potentials.

The third method was first introduced by L. Parnovski in [21]!. He has shown
that, by obtaining a very precise asymptotics of the eigenvalues and using certain
arguments from the geometrical combinatorics it is possible to prove the Bethe-
Sommerfeld conjecture without requesting any information on the eigenfunctions.
Afterwards in paper [24] this method was improved by combining it with the gauge
transformation method.

The fruitful technique of gauge transformation was first introduced by A. Sobolev
in [39]? and [38] and was also used in [24]. This method consists of constructing
two pseudo-differential operators, H; and H,. Here, H, = 'Y He™ ", where ¥ is is
a bounded periodic self-adjoint pseudo-differential operator of order 0. Thus, the
eigenvalues of H; (k) coincide with the eigenvalues of H (k). The operator Hs is close
to H; in norm; also, operators Hy(k) are ”almost diagonal” and, in particular, have
a lot of invariant subspaces. These invariant subspaces can be generated by two

different types of eigenvalues of H (k). Eigenvalues of the first type are called stable

or non-resonant eigenvalues and in order to study them one employes the perturba-

'For 2008, L. Parnovski receives the Annales Henri Poincaré Prize for this paper
2For 2005, A Sobolev receives the Annales Henri Poincaré Prize for this paper
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tion theory of simple eigenvalues. The corresponding invariant subspaces of Hy(k)
are one-dimensional. The second type, called unstable or resonant eigenvalues, is
much more complicated so that the perturbation theory for multiple eigenvalues is
required in order to describe their behaviour, and thus they are not so well con-
trolled. The corresponding invariant subspaces of Hy(k) are generated by clusters
of unstable eigenvalues.

The approach suggested in the papers [39] and [38] can be viewed as a variant of
the method of “near-similarity” put forward by G. Rosenblum in [29] for the PDO’s
on the unit circle. Rosenblum’s idea was to construct for a given elliptic PDO A
a suitable Fourier Integral Operator S such that the operator S~1AS up to some
negligible terms coincides with a PDO with constant coefficients.

Then this method was further developed in the the joined work [24] of L. Parnovski
and A. Sobolev to prove Bethe-Sommerfeld conjecture for the polyharmonic opera-

tor.

Let us give some notational conventions.

We use notation f < g or g > f for two positive functions f, g, if there is a
constant C' > 0 independent of f, g such that f < Cg. If f < g and g < f, then
we write f < g.

Now we discuss the results related to the studies of the asymptotic behaviour of
functions describing the spectrum.

As we have seen, the condition that A belongs to the gap can be reformulated
in terms of either of 3 functions: N, m, (. Thus, together with proving Bethe-
Sommerfeld conjecture, one can try to obtain additional information about the be-
haviour of this functions. In particular following facts are known: in dimensions

d = 2,3,4 it have been proved in [34], [35], [4], and [23] that for large A we have
m(\) > AT

CA) > AT
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In [21] it is shown that in arbitrary dimensions
C) > AF

Notice that when we increase the dimension, estimates for the multiplicity of
overlapping improve at least when d < 4, whereas the estimates for the overlapping
function are becoming worse. This explains why it is becoming more difficult to
prove the conjecture as the dimension increases.

If we denote by Ny(\) the density of states of the unperturbed operator Hy =

—A, one can easily see that for positive \ one has
No(A\) = Cg\Y/?

where
Wy d 7Td/2
2md T T a)2)

is the volume of the unit ball in R?. There is a long-standing conjecture that the

Cq=

density of states of H enjoys the following asymptotic behaviour as A — oo:

N(X) ~ X2 (Cd + iejw) : (1.0.5)

j=1

meaning that for each K € N one has

N()\) = 242 (Cd + Z eij) + Ri(N) (1.0.6)

j=1
with R (\) = o(A27%). In those formulas, e; are real numbers which depend on the
potential b. They can be calculated relatively easily using the heat kernel invariants
(computed in [9]); they are equal to certain integrals of the potential b and its
derivatives.

Indeed, in the paper [17], all these coefficients were computed; in particular, it
turns out that, if d is even, then e; vanish whenever j > d/2. Formula (1.0.5) was
proved in the case d = 1 in [31]. There were important results due to A. Sobolev,
who obtained the complete asymptotic expansion of N()\) in the case of d = 1 and

pseudo-differential perturbation in [38]. Later, using similar methods, he obtained
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3 asymptotical terms of N(A) (i.e. K = 21in (1.0.6)) for the two-dimensional case in
[39]. In paper by L. Parnovski and R. Shterenberg [25], the complete asymptotics
(1.0.5) was obtained in the case d = 2.

In the paper of B. Helffer and A. Mohamed [8] the authors, using microlocal
machinery, derived a suitable two-term asymptotic formula for the integrated density
of states of the operator H at large energies (i.e. K = 1). This was later used to
show the validity of the Bethe-Sommerfeld conjecture for d = 2; 3; 4.

By Yu. Karpeshina in [13] it was proved that formula (1.0.6) is valid with K =1
and R(\) = O(A\7%) with some small positive § when d = 3 and

when d > 3.

Finally, the complete asymptotic expansion of the integrated density of states of
a Schrodinger operator is proved in the work of L. Parnovski and R. Shterenberg
26].

These were the results in the asymptotical behaviour of the IDS.One can also
study the size of the local variation of the IDS. For example, in [21] it was shown

that for each n € N and € = A\™" we have
N\ +¢) — N\ < eXd=272, (1.0.7)

The second objective of this thesis is to obtain a lower bound similar to (1.0.7).

This naturally leads us to the discussion of the results of the thesis.

As we have already noted, all the mentioned results concern the operators with
the principal symbol [€[*™. Naturally, one would think of generalizing to a wider
class.

Consider a pseudo-differential operator H with a homogeneous principal symbol
ho(&) = ho(t€) = t™ho(€). Consider its level set M(€") = {& : ho(§) = ho(&7)}. If
this level set is the surface of a cube, then due to result by M. Skriganov in [34] we
know, that one can add a perturbation of arbitrarily small order so that the resulting

perturbed operator has infinite number of gaps. This phenomenon occurs because
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for the cube there are points where spectral bands do not intersect but only tough
each other, that is to say that there are points where ¢ = 0. In view of this, we
want to assume the strict convexity for the level set, that is we require all principal
curvatures to be positive.

In chapter 2 we extend the results of L. Parnovski and A. Sobolev to this class of
operators. When doing this, we apply method similar to those of [24]. Thus, in some
steps we will repeat the calculations from the work [24] with minor adjustments, in
order to make this thesis self-contained.

On the other hand there are some essential differences that arise if the principal
symbol is not |€|*™. The most tricky part is how to redefine the resonance sets.
In particular, due to this difficulty we have to define two different classes of reso-
nance sets (“narrow” and “wide” ones) and play around with their properties. The
definitive result on this matter is presented in Chapter 2, see theorems 2.1.1, 2.1.2.

The next question we want to consider is the lower bound for the non-integrated
density of states, that is the rate of increase of the IDS. As we have already seen for
Schrodinger operators, there is an upper bound, which assumes that the variation is
calculated between the points located not too close to each other (i.e. & can decay
like the power of A but not faster).

It turned out that similar lower bound can be proved for arbitrarily small values
of e. When ¢ tends to zero we can prove that non-integrated density of states,
thought of as a measure, is bounded below.

These results were published in [20], and in chapter 3 we present them similar
to the published version. Therefore several definitions of the resonance sets are
different in chapter 2 and 3. Also chapter 3 is less self-contained than chapter 2: in

chapter 3 we use several results from [21] without proof.
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Chapter 2

Bethe-Sommerfeld conjecture for

pseudo-differential operators

The exposition of this chapter follows that of [24], in particular sections 2.4 (Proper-
ties of periodic PDO’s) 2.5 (A ”gauge transformation”), 2.8 (Estimates of volumes)
follow with minor changes corresponding sections of [24]. The other sections however

contain the material, which is completely new.

2.1 Periodic pseudo-differential operators. Main

result

2.1.1 Classes of PDO'’s

Before we define the pseudo-differential operators (PDO’s), we introduce the rel-
evant classes of symbols. Let I € R? be a lattice. Denote by O its fundamental
domain. For example, for O one can choose a parallelepiped spanned by a basis of
. The dual lattice and its fundamental domain are denoted by ' and Of respec-
tively. Sometimes we reflect the dependence on the lattice and write Or and OTF.
In particular, in the case I = (27Z)? one has " = Z? and it is natural to take

O = [0,2m)%, O = [0,1)%. For any measurable set € C R? we denote by || or
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vol(C) its Lebesgue measure (volume). The volume of the fundamental domain does

not depend on its choice, it is called the determinant of the lattice I and denoted
.,e4 we denote the standard orthonormal basis in R%.

d(r) = ’O| By €1, ey,
Let p € R be some value, that will be later chosen large enough.
Now we introduce a notation: let A,,,, > 1 be a number such that
1
< ho(€) < Apaz, VE: €| =1

Amax
Clearly, A, exists, due to the compactness of the unit sphere. Denote
(2.1.1)

p2m
< ho(§) < Amaxpzm}'

S(p)=1{¢&: A

For r € R denote by O, the following set of vectors:

O,={0¢cTl:|0|<r}.
(2.1.2)

Here
r<p”

where s < 1 is some fixed number independent of p. The value of s will be chosen

later.
For any v € L*(0) and f € L*(RY) define the Fourier coefficients and Fourier

/ e 18X f(x)dx, € € R?
Rd

d
2

transform respectively:
(27)

! / e~10x0y (x)dx, @ € T, (Ff)(€) =
O

u(0) =
= A
Let us now define the periodic symbols and PDQO’s associated with them. Let

b=0b(x,£), x,& € RY, be a [-periodic complex-valued function, i.e.

bx+7,§) =b(x,§), Vy eT.
Let w : RY — R be a locally bounded function such that w(€) > 1 V&€ € R? and
(2.1.3)

w(€&+mn) < Cw(€)(n)", V& n e R,
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for some x > 0. Here we have used the standard notation (t) = /1 + [t|2, Vt € R%
We say that the symbol b belongs to the class S, = S, (w) = S,(w,I), v € R, if for
any [ > 0 and any non-negative s € Z the condition

1617 = maxsup(6)' w(€) " IDEH(O,£)] < oo, 8| =51+ 52+ 50, (214)
’ s|[<s ¢.0

is fulfilled. Here, of course, b(8, £) is the Fourier coefficient of the symbol b(-, €) with
respect to the first variable. The quantities (2.1.4) define norms on the class S,. In
the situations when it is not important for us to know the exact values of [, s, we
denote the above norm by |b]™). In this case the inequality A < C|b]) means that
there exist values of [ and s, and a constant C' > 0, possibly depending on [, s, such
that A < C Ibll(? Similarly, when we write |b]") < C]g|©?) for some symbols
beS,,g€S,,, wemean that for any / and s the norm |b|l(ll) is bounded by |g]\%2’
with some p and n depending on [, s, and some constant C' = () ;. Here we of course
assume that b belongs to some set of symbols ang g is dependent on b; an example
of using this convention can be seen in formulas (2.5.20)-(2.5.23). In general, by C, ¢
(with or without indices) we denote various positive constants, whose precise value
is unimportant. Throughout this chapter we adopt the following convention. An
estimate (or an assertion) is said to be uniform in a symbol b € S,, if the constants in
the estimate (or assertion) at hand depend only on the constants Cj 4 in the bounds
|b|l(78) < (5. This is sometimes expressed by saying that an estimate (or assertion)
is uniform in the symbol b satisfying |b]) < C.

We use the classes S, mainly with the weight w(€) = (€)%, 8 € (0, 1], which
satisfies (2.1.3) for k = . Note that S, is an increasing function of v, i.e. S,, C S,,
for 75 < 1. For later reference we write here the following convenient bounds that

follow from definition (2.1.4) and property (2.1.3):

D66, )| < [bI12) () w(€), (2.1.5)
Db, & +n) — Dgh(6,€)| < C[bl;71(8) " w(&) ™ ()= n], s =s|,
(2.1.6)

where a constant C' = max{1,c" 5"V}, where c is the constant from (2.1.2). For a
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vector n € R? introduce the symbol

bn(x,€) = b(x, € +m),n € RY, (2.1.7)

so that En(O,s) = b(0,€ +n) . The bound (2.1.6) implies that for all || < C we
have

-1
16— b, |0 < [0l I, (2.1.8)

uniformly in n: |n| < C.
Now we define the PDO Op(b) in the usual way:

w(x) = ! x, &)X (Fy
OpOux) = o [ o O T et

the integrals being over R?. Under the condition b € S, the integral in the r.h.s.
is clearly finite for any u from the Schwarz class S(R?). Moreover, the condition
b € Sy guarantees the boundedness of Op(b) in L*(R?), see Proposition 2.4.1. Unless
otherwise stated, from now on S(R?) is taken as a natural domain for all PDO’s
at hand. Observe that the operator Op(b) is symmetric if its symbol satisfies the

condition

b(6,€) = b(—0.¢ +6). (2.1.9)

We shall call such symbols symmetric.

Our aim is to study the spectrum of the operator

[ H = Op(h), h(x,€) = ho(€) + b(x, &),

ho(€) = a(§)[€[*™, m >0, (2.1.10)

| bes,((€)). 78 < 2m,

with a symmetric symbol b. Here & = %, a - is a positive smooth (we require the
continuity of the first derivative) function, m € R.

Also we put one more restriction on the function a: the set
{€ € R : ho(§) < 1}
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is strictly convex.

The operator Op(b) is infinitesimally Hy-bounded, see Lemma 2.4.2, so that H
is self-adjoint on the domain D(H) = D(H,) = H*™"(R%). Due to the M-periodicity
of the symbol b, the operator H commutes with the shifts along the lattice vectors,
ie.

HT,=T,H, veT.

with (Tyu)(x) = u(x 4+ =). This allows us to use the Floquet decomposition.

For an arbitrary point £€* € R?\ {0} we consider a level set

M(&") ={& : ho(§) = ho(€7)}-

Since the function hy is smooth and grows in any direction from the origin (i.e.
increases when the argument is multiplied by a constant greater than 1) and is zero
at the origin, then any level set is a smooth convex surface, homeomorphic to a
sphere. Also it is clear that £* € M(&").

Now define a function 1 : R4\ {0} — S9! at £* as the unit outer normal vector

to the set M(&") at the point &,

2.1.2 Floquet decomposition

We identify the underlying Hilbert space 3 = L*(R?) with the direct integral

&= [ $Hdk, H=1L*0).
ot

This identification is implemented by the Gelfand transform

(Uu)(x,k) = e Hkx) Z e My (x + ), k € RY, (2.1.11)

a5
which is initially defined on v € S(R?) and extends by continuity to a unitary

mapping from H onto &. In terms of the Fourier transform the Gelfand transform

—

is defined as follows: (Uu)(0,k) = (Fu)(6 + k), 6 € T'T. The unitary operator U

reduces T, to the diagonal form:
(U‘T‘YUilf)< ’ 7k) = eik-‘)’f( ’ 7k)7 Vyer.
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Let us consider a self-adjoint operator A in H which commutes with T for all
v erl, e AT, = T,A. We call such operators (I'-)periodic. Then A is partially
diagonalised by U (see [28]), that is, there exists a measurable family of self-adjoint

operators (fibres) A(k),k € Of acting in $), such that
UAU* = / A(K)dk. (2.1.12)
of

It is easy to show that any periodic operator T', which is A-bounded with relative
bound € < 1, can be also decomposed into a measurable set of fibers T'(k) in the
sense that

(UTFH)(-,k)=T&)(Uf)(-,k), ae. ke,

for all f € D(A). Moreover, the fibers T'(k) are A(k)-bounded with the bound e,
and if 7" is symmetric, then the operator A(k) + T'(k) is self-adjoint on D(A(k)).
Suppose that the operator A (and hence A(k)) is bounded from below and that
the spectrum of each A(k) is discrete. Denote by \; (A(k)),j =1,2,..., the eigen-
values of A(k) labeled in the ascending order. Define the counting function in the

usual way:
N(XAK)) = #{j: Nj(Ak)) <A}, AeR.
If A= Op(a) with a real-valued symbol a € L (R?) depending only on &, then A(k)

is a self-adjoint PDO in $) defined as follows:

= Z e™*q(m + k)i (m).

v d(r) melf

If a(§) — oo as |&€] — oo, then the spectrum of each A(k) is purely discrete with

Ak)u(x) =

eigenvalues given by A™ (k) = a(m + k), m € I'f. Consequently, the number of
eigenvalues below each A € R is bounded from above uniformly in k € Of. If T is
a periodic symmetric operator which is A-bounded with a bound ¢ < 1, then the
spectrum of A(k) + T'(k) is also purely discrete and the counting function is also
bounded uniformly in k. In particular, the above applies to the elliptic operator H

defined in (2.1.10). In fact, applying the Gelfand transform (2.1.11) to Op(b), one
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finds that, similarly to A considered above, the operator H (k) is a PDO in $ of the

form

H(K)u(x) = Z e™*h(x, m + k)i(m), k € R%. (2.1.13)

V merlt
The values H(k) for k € O determine H (k) for all k € R? due to the following

unitary equivalence:
Hk+m)=ce ™ H(k)e™, mecTll
This implies, in particular, that
N(Hk+m)) =X\ (H(k), j=1,2,..., (2.1.14)

for all m € I'". The images
keOf

are called spectral bands of H. The spectrum of H is the union
H) = U O'j.
J

Due to the mentioned boundedness of the counting function N (A, H(k)), each in-
terval (—oo, A] has non-empty intersection with finitely many spectral bands.

The main result of this section is the following Theorem:

Theorem 2.1.1. Let H = Hy + Op(b) where Hy = Op(a(€')|€]*™), with some
m >0, and b € S, (w), w = (£)°, with some v € R and § € (0,1) satisfying the
condition

2m —2 > fB(y — 2). (2.1.15)
Here a(-) - is a positive smooth (the first derivative should be continuous) function
and & = ‘% Then the spectrum of the operator H contains a half-line, i.e. there
exists a number N\g € R such that [\g,00) C o(H). Moreover, there is a number

S € R and a constant ¢ > 0 such that for each X\ > X\ we have ((\; H) > c\5. The

constant ¢ and parameter N are uniform in b satisfying |b]) < C.
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If one prefers stating the conditions on b in terms of the “standard” classes

S.((€)), one can re-write Theorem 2.1.1 as follows:

Theorem 2.1.2. Let H = Hy + Op(b) where Hy = Op(a(€')|€]*™), with some
m >0, and b € S,(w), w = (£), with some a < 2m. Here a(-) - is a positive smooth
function and & = %
there exists a number Ao € R such that [\g,00) C o(H). Moreover there is a number

S € R and a constant ¢ > 0 such that for each X\ > X\ we have ((\; H) > c\%. The

Then the spectrum of the operator H contains a half-line, i.e.

constant ¢ and parameter Ny are uniform in b satisfying |b]) < C.

To deduce Theorem 2.1.2 from 2.1.1 it suffices to note that S,((€)) C S, ((&)?) for
any 3 € (0,1) and v = a~!, and that for this v the condition (2.1.15) is equivalent
to

B>g—m+1. (2.1.16)

2.1.3 Some notational conventions

For any measurable set € C R? we denote by P(€) the operator Op(x( - ;C)), where
X( - ;€) is the characteristic function of the set €. We denote H(C) = P(C)H,
H = L*(R?). Accordingly, the fibres P(k, C),k € OF, of P(€), which act in §, are
PDO’s with symbols )+ x(m+k; C). In other words, each P(k; €) is a projection
in $ on the linear span of the exponentials

En(x):= %eim'x, mcl:m+keeC (2.1.17)

The subspace P(k; €)$ of § is denoted by H(k;C).

Suppose that H(C) is an invariant subspace of the operator H defined in (2.1.10),
that is (H — iI)'H(C) € H(C). Then the subspace H(k;C), k € O, is invariant
for H(k). We denote by H(k;C) the part of H(k) in $(k;C), so that

H(k)=H(k;€)® H(k;R*\ €), k € O,

where @ denotes the orthogonal sum. If H(C) is invariant for H, then we denote by

N(A, H(k); €) the counting function of H(k;C) on the subspace $(k;C).
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Each & € R? can be uniquely represented as the sum € = m + k, where m € I'f
and k € 0. We say that m =: [£] is the integer part of & and k =: {&} is the
fractional part of &.

The notation B(xg, R) is used for the open ball in R? of radius R > 0, centered
at xo € R%. We also write B(R) for the open ball of radius R centered at 0.

2.2 Elementary estimates for the sets A(0)

In this section we are going to define the elementary resolvent set A(6) and establish
its basic properties.

The sets we are interested in will be described in terms of a number p. All the
considerations will be taken for “sufficiently large” values of p. Exact conditions on
p will be defined on the way.

The set A(0) is the set of the points such that when we move from them by
the vector @, the value of the function hg changes by sufficiently small amount. A
precise definition will be given later.

Note the following auxiliary fact.

Lemma 2.2.1. Let b(r) = . r%ine max. sin 3;, where (; is the angle between the
1,-,0,€0r 1=1,..,
vector 0; and the linear span of the remaining k — 1 vectors and {61, .., 0} are linear

independent. Then there ezists a value ¢ > 0 such that b(r) > re.

Proof:

Follows from Lemma 5.1 in [24] O

First we will obtain a necessary condition (in terms of the vector function )
for the vector £ to be in the set A(8) N S(p) for large enough positive values of
p> (0|7

Then some more useful facts will be proven, and the section is finished by an
upper bound for the volume of the set A(8) N .S(p).

Consider a positive value «, exact conditions for it will be stated later (in

(2.2.13)).
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First, let us introduce the definition for A(8).

Definition 2.2.2. Let 8 € R? be an arbitrary vector. Then the set A(6) C R? is

defined as follows:
A(O) = {& : |70(&)] < p™|0I}, (2.2.1)

where

70(§) = [ho(§ +6) — ho(€)].

Lemma 2.2.3. For any € € R? and a positive t € R, we have:

(&) = ().

Proof:

Since the function hg is homogeneous of order 2m, it holds that

ho(t€) = t°"ho(€),

therefore the homothety with the factor ¢ maps the level set M (&) onto M (t§).
Thus, the directions of the normals at the point € (to the level set M(€)) and t&
(for the level set M (t€)) coincide. O
So the value of (&) depends only on &' = %, and does not depend on |£].
0ho(€)
O

Giver a vector v # 0, by the derivative we denote the derivative of the

function ho(€) in the direction of the vector v at the point &, that means:

Oho(§) im ho (§ +ty) — ho (§)
Oy =0 tlv| '

Lemma 2.2.4. For unit vectors «, (3, v, such that v = Aa + B, we have that

Oho(€) _ ,Oho(€) | ONol€)

5 = AT T (2.2.2)
Proof:
Oho(§) lim ho (§+1ty) —ho(§) lim ho (€ + Ata + Btf) — ho (§)
oy 0 tlyl =0 t N
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ho (€ + Ata + Btf3) — ho (€ + Bt3) + ho (& + Bt3) — ho (€)

= lim _

t—0 t
_ lll% ho (€ + Ata + Bttﬁ) — ho (€ + BtB) N 15% ho (€ + Bttg) — hyo (€) _

(this equality is justified, by decomposing hq into Taylor’s series)

g M0 EHALB) — o (&) L ho (€4 BB) —ho(§) _ ,0ho(§) | ,Oho(€)
=0 t =0 t da 95

O

Now we are ready to prove first estimate for the set A(0).

Proposition 2.2.5. There exists a constant Cy, such that for sufficiently large val-

ues of p and any 0 such that 1 < |8] < p*, the following inclusion holds:

A(8) N S(p) € ACY(O) N S(p), (2.2.3)
where
@) (p) . 1(0,9(8)) at1-2m
ACY(9) {g e S(p): ‘—IOI ‘ < Chp } (2.2.4)

and the set A(0) is defined by (2.2.1)

Proof:
Let us transform the difference ho(€ 4+ 0) — ho(&).

Since hg is homogeneous of order 2m,

ho(§ +8) = & ho (6 + |£|) (2.2.5)

Let us decompose the function hg in the right hand side of (2.2.5) into Taylor’s

12l £| < p*~! we assume to be sufficiently

series (here we use smoothness of hg, the value =

wfer2) -

Therefore, substituting this decomposition into (2.2.5) we obtain

8ho< )

small)

8ho( )

011€17" + O (lgl**) .

holE + 6) = [¢f™ (ho@') + &) 016151 4 0 (g 2)) (2.2.6)

Now denote by le})(g) and 0$(£) vectors of length |@|, in directions parallel and per-
pendicular to ¥ (&) correspondingly.
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Let us decompose 0 into linear sum of this vectors:

0 = cos(Z(0, 1/1(5)))92,(5) + sin(Z(0, ¢(€)))0$(€)

Note that since the vector 8- ¢) 1s tangent to the level set, the derivative %OT(S/) = 0.
¥(§) 99 ¢)
Therefore,
Oho (&' Oho (&'
0t) — cos((0.0(€)) 2oE),

I
08¢
Applying this expression for the derivative to (2.2.6), we obtain (for the simplicity
of the notation, temporally denote cos(Z(0,¢(&))) = W):

om oho(§)
ho(€ + 6) = [€] ( ()+W89

101161 + O (I&[* 2)) . (2.2.7)
(©)

Now let is transform the formula 79(&) = |ho(€§+6) —ho(&)|, using the expression

for ho(€ + ) from (2.2.7) and canceling the terms |£|*"ho(&'):

10(6) = o€ + 6) — ho(€)] = € | I g1 4 0 (g>2)) =
7JJ(E)
_ ‘Wﬁho( )|0H€|2m L4 O(|gPmre) (2.2.8)

90
To obtain a condition that the vector & € A(8), use for 79(£) right hand side of

(2.2.8)
ahO( ) <pa|0|}'

A(O) C {5 ‘W v

[B1€[*™ " + O(lg[*™ %)

P(&)

Dividing by |€[*"~! and using that Amz{pmp < €] < A},{g’;p

Oho ()

A(0) C {E. ‘W 9] 0] + O(p* 1)

< A;wpa+1—2m|0|} : (2.2.9)
V(€)

Therefore (remembering that W = cos(£(0,4(&))) = <9’%ﬁ£)>), we obtain

(8.416)) oholg)
5 6]+ O )

< Afnaxp””m\@!} =

A(0) C {£ :

w(s)
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(0,9(8)) 9ho(&)
I

ol o8,

The last inequality can be fulfilled by the choice of 5. Here a4+ 1 — 2m is some fixed

= A(0) C {E : 10|

< 2A3mpa+1-2m|9|} .

number in the interval (—1,0) (we will make in (2.2.13) an assumption about value
of a) and the value 25 — 1 can be chosen to be as close to —1 as needed.
The statement of this proposition immediately follows if we introduce a notation:

1 . 1 1
min min

242 "6 ¢ ||[Vhl|  Ci

The internal minimum is nonzero as a minimum of a strictly positive continuous
function considered on a compact. The external minimum exists because |@] > 1.
O

Our next aim is to obtain some explicit estimates for the set A(0): we will

estimate the volume of the intersection A(@) with the set S(p), defined in (2.1.1).

Proposition 2.2.6. There exist constants Cy, C > 0 independent of p such that

Cal€y = &l < [¥(&1) — P(&r)] < C3l€, — &l

where &,,&, are two arbitrary points on the unit sphere S9!,

Proof:

We will prove the upper bound, the lower one can be proved similarly.

First, assume the proposition is true for the dimension 2. Then we can derive this
result for higher dimensions in the following way. For any intersection of a sphere
with a plane containing the origin, this constant can be chosen (if the proposition
holds for d = 2). Therefore, the minimum of these constants taken for different
planes will satisfy our statement (since there exists a plain containing our arbitrary
points &, &, and the origin). The minimum exists (and is also non-zero) since the
constant continuously depends on the chosen plane, and the set of all such planes is
a compact. Thus without loss of generality we can only consider the case d = 2.

This means that the points &;, €, are on a smooth curve on the plane. Also note
that the curvature of this curve is positive at every point (since the level sets are

strictly convex). Denote by £* > 0 the minimum of the curvature.
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Suppose the statement is false. Then (due to the compactness of the set S9! x
59-1) there exists a convergent sequence of pairs {(£\"”, €")} en, such that the

(M) g™
W tends to zero. Denote the limit of the sequences {55")}%1\;,
1 TS2

{&5"}nen by &7 and € correspondingly.
If & # &5, then

expression

0 i [0E) — & 9(E) (&)
e g - gy -6
But the last expression cannot be zero, since the normal vectors in different
points of the strictly convex surface can not coincide. Therefore, &7 = £3.
Denote by k the curvature at the point £}. Then the value of

(&) — v(&)l
517élgn—>§f |£1 - €2|

for this curve coincides with the same limit for the circle of the radius % For the

circle this limit can easily be calculated explicitly since for any non-collinear vectors

[P(&1)—v(€)l
€1 =&l

conclude that on the curve that we consider

(&) —v(&)l
Sﬁflgll’ﬁf |€1 - €2|

&, & we have where R is the radius of the circle. So we can

1
R?

=rk>K" >0.

Thus we arrive at a contradiction. [

This statement has a usefull corollary.

Corollary 2.2.7. Suppose vectors & and 0 satisfy the inequality |£| > 2|0|. Then
we have
4C1|0|

V(€ +0) —v(§)| < €l

(2.2.10)

Proof: Applying the Triangle inequality to the left hand side of (2.2.10) we can

rewrite it using the homogeneity of the function ¥ (&) as

e+ 0) - (@) < o (S L2 ) v + ot + o) - v (EEEED) -
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- (esar) vl

The second summand equals to zero, since ¥ (&) does not depend on the length of

the vector. Due to Proposition 2.2.6 we obtain

£+ 0)
(€ +8) - |_‘w( o) ) m)‘g
Gy | (€+0)€] ‘ )
€+ 6] ¢ |5Hg g,’(5+0)\€! £lE+ 9.

Let |€ + 0| = €| + C, where |C| < |6|. Then

(€ +0)I&] - £IE+ 6] = (€ + 0)[&] — £I¢] — C& < [£]1C + |6]] < 2[¢]|6].

Thus we conclude that

2046 _ 436
€ol = el

V(€ +6) —v(§)] <

Let us consider an arbitrary two-dimensional plane P, containing the origin and
the vector @, and consider the unit circle S; on this plane. Since the level sets of
the function hg are convex, there exist exactly two points on this unit circle where

the tangent vector to the level curve is collinear to the vector 8. Denote them by

51752'

Now, for an arbitrary point & # &,, &, on the unit circle, we define the function

as follows:
F(&) :==min{£(0,¢(&) —v(£)); £(0,¢(&) — v(€)},

where Z(01,02) is the acute angle between the lines containing the vectors §; and ds.

Lemma 2.2.8. For the function, constructed as above, the following holds:

max F(§) <

e

Proof:
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Denote 7, 1= mEaX F (), where the maximum is taken over the unit circle. Ob-
viously, 12 < 7.
Let us prove that 7o < 7 by contradiction. Indeed, assume v, = 7, then there

exists a sequence {E(k)}kzl’g’m, such that

lim min{Z(60,v(&;) — v(€X)); £2(6,v(&,) — v(EW)} =

k—oo

SE

We choose a convergent subsequence of this sequence and denote by é its limit.

Then we can state that

=

2(0,9(&) — (&) = £(0,0(&) — v(E)) =

NN

= (0,0(€)) — (&) = (8,4(&) ~v(é)) = 0.

Given that (8,1(&,)) = 0, we can conclude that <0, w(é)> = 0. This implies that
either é =&, or é = &,. Neither of this can be true since when we are approaching
the point &, (or &,) the expression F'(§) tends to zero.

Thus, we conclude that the values of the function F'(§) are separated from 7. [J

Proposition 2.2.9. For the set A©)(0) defined in (2.2.4) and sufficiently large value

p there exists a constant Cy such that:

vol(A9(8) N S(p)) < Cyep®~2mH,

Proof:
Firstly, one should note that

vol(ADB) N S(p)) _ o volar(A€(8) NS4
vol(S(p)) T volg (S47)

(2.2.11)

(here vol;_; - is a natural measure on S%°1). This follows from the observation that
the set Al©)(8) is a cone.
Now let us consider a set Dg C S?! consisting of all the points, where the vector

0 is a tangent vector to the corresponding level set. This set is a d — 2-dimensional
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surface embedded into the sphere (the dimension of the surface is one less then the
dimension of the sphere).

Let us consider an arbitrary two-dimensional plane P, containing the origin and
the vector 8, and consider the intersection of this plane with the unit sphere S?=(it
is a unit circle ).

Denote the points &, £, and the function F' according to the notation introduced
before Lemma 2.2.8.

By Lemma 2.2.8 we can conclude that the values of the function F(£) are sepa-
rated from 7.

Using the uniform continuity of F(-) (as a function of P) and the compactness
of 5% we see that there exists a positive v < Z, such that for any £ € S** we

have F'(§) <~

|<97Tb(|£)>|

0
(0, 9(&) | _ [(6,4(8) = (0, ¢(&)) | _ [(0,%(8) —v(&)) |
6] 6] 6| -
> PREI=SEI_yg) — (el cosn = Cacile gl
Now applying the formula (2.2.3) we obtain:

Cy 03

Denote C5 := cos~y. Let us transform the expression in a following way:

€€ A90)NS(p) = € — & < prtim,

so we use similarity transformation with ratio %))
CyC:
EcAIO) NS = 22 —¢,| < po?m, (2.2.12)
c

Clearly, there exists a constant C; (which does not depend on ¢), such that

CoC
voh({g € 8" == — &) < p" ") < A o

max

V011<A(C (@) N Sh) < Cye
vol; (S1) = P

max

a—2m

Integrating in the cylindrical coordinates we arrive at the estimate

vold_l(A(c)(O) N Sdil) < Cyc
voly_1(S9-1) - A2

max

a—2m
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Due to (2.2.11
( ) vol(A9(8) N S(p))

vol(:S(p))

S C4cpoz—2m.

O

Remark. If m > ¢ then the proportion of the volume of S(p) occupied by A(8),

tends to zero when p goes to infinity.

We introduce a notation a; = a+2—2m. The value of the original o we consider

to be such that a; € (0,1), so
a € (2m—2,2m—1). (2.2.13)

(Obviously, we can increase a without loss of generality)

2.3 Resonance sets

Consider the set ©,.. For each point & we denote by Y (&) the set of points that can

be reached from & in several “steps”, with the following rules:

Rules 2.3.1. 1. Each step is a translation by a vector £6 where 6 € O,..
2. We are allowed to make a translation step in the direction @ only if both the

starting and the end points of this step belong to the set A ().

This way all the points in R? can be divided into equivalence classes Y (£), where
Y (&) = {n : n is reachable from &}

We say that a subspace U C R? is a lattice r-subspace if U is spanned by some
linearly independent lattice vectors from the set ©,.. The set of all lattice r-subspaces
of dimension n is denoted by V(n) and V = Ui:o V(n).

The main goal of this section is the construction of the sets Z(0), Z*(U), B € V

satisfying following properties:

Properties 2.3.2. i. If U; # Vs, then =Z(V;) N =Z(Vs) = 0.
ii. For each ¥ Z=(U) C =Z*(V).
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iii. R = JZ(U) (the union includes U = {0}).
iv. If € 6%5( U), then Y (&) C Z(V).
v. For any set U there exists a direction, such that if n is a shift of £ in this
direction and both & and i belong to Z*(0) then Y (&) + n — & C =*(V).

vi. vol U  Z*(%W) | is not too big.
U:dim (V) >1
The construction will be performed in several steps. On each step we will intro-

duce a new class of sets, based on the classes already defined. In the last step we

will define the set Z* (7).

2.3.1 The set =\ ()

The crucial fact we use here is the statement 2.2.5. It shows us that a point &
belongs to the set A(€) if and only if the scalar product (1(£),80) is less then a
certain value. It is fairly clear that the set of all & defined by bounding (¢/(£), 0)
from above is constructed in a simple way. Therefore, we would prefer to work with

a more convenient set = ul (Q]e) instead of the set A(0), where
09 .= span{0},

and the set = _1 (‘1]9) is defined as follows (for a lattice subspace U let as denote the
length of the orthogonal projection of the normal vector (&) on the space U by

((&))w):
Definition 2.3.3. 1. For an arbitrary vector 8 and a number ¢ > 0
=17(0%) = {€: [(1(€).0)] < cl]}.

2. For a lattice subspace U € V

[1]

(B) = {€: |(¥(€))w] < c}

Note that c here is the parameter describing the width of the zone, which can

depend on p later on.
For any ¢ > 0 if U = {0} then Z!(Y) = R
Let us prove a helpful fact:
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Lemma 2.3.4. Let 04,0, ..., 0, be some vectors in a k-dimensional space, satisfying
the following property: for any k — 1-dimensional plane we can choose i € {1,..,k}
so that the angle between this plane and the vector 6; is at least 3*, where 5* is a
fized acute angle.

Then for any unit vector x the following inequality holds:

[(z, 0:)]|

max > sin 3*.

1<i<k |0y

Proof:
Consider an arbitrary unit vector z. Choose a vector 6;, from the set {0;}—1

so that the angle between 6,, and the plane orthogonal to x is at least 3*. Then

0.
£(0;,, 1) < g -3 = |(x|;9|1>| >sing*. O

Remark. At this point one should note that due to Lemma 2.2.1, for linearly
independent vectors from the set ©, there exists § such that §* = 23 satisfies the

conditions of the Lemma 2.3.4, and at the same time following estimate for 3 holds:
sin 3~ r—*. (2.3.1)

Let us keep in mind this condition, though we will still use 3, when proving
“general” facts. Afterwards, when obtaining final estimates we will replace (3, using

the expression (2.3.1). Also without loss of generality we can consider the case of

B <3

Lemma 2.3.5. For an arbitrary affine space L (with a condition 0 & L) there exists
a unique point € (L) € L, such that L is tangent to the level set M = {& : ho(§) =
ho(€")} at the point €.

Proof:
The fact that the level sets for the function hg are strictly convex immediately
implies that there can be no more than one point £ satisfying the condition of the

lemma. Let us prove that there exists at least one such point.
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We will consider two cases.

. dimL =d — 1. Let My = {£ : ho(§) = A} be some level set. It is strictly
convex so it has exactly two tangent planes parallel to L. And only one of them
can be transformed into L by a homothetic transformation with a positive scaling
factor. Clearly, this homothety transforms the set M, into some other level set Mpg
(due to the homogeneity of the function hy).

Obviously, L is tangent to Mp which gives us the existence of £*.

2. dimL < d — 1. Then we can consider a new linear space Ly = span{L,0}.
Consider the function hg restricted to the space Ly. All its main properties are
preserved: homogeneity and strict convexity of the level sets.

Now for this new space Lo we can apply the result proven in the first case (since
the dimension of L is one less then the dimension of Ly). Consequently there exists
a level set M = {& € Ly : ho(&) = A}, such that L is a tangent plane to M. That
means that #(L N M) = 1, and therefore

#LN{E R ho(§) =A}) =1.

Also since L C Ly, we have LNW =L N (W NLy) for any set W.
So we have proven that L has exactly one common point with M, which means

that L is tangent to it. [J

Lemma 2.3.6. Let L be the collection of all planes which do not contain zero. Then
the following inequality holds (here (x)y, is the orthogonal projection of the vector x

on the plane L):

C = inf inf [(¥(§) — (€7 (L)))z]

LelgeLgAe (L) [P(€) — (& (L))]

> 0,

Proof:

For a plane L which does not contain zero, we define the value C(L) as follows:

I - wE @)
W= B e —sEw)

First, let us show that for every L, C(L) > 0.

37



Let us assume the contrary: C'(L) = 0. That would mean that there exists a
sequence {&; }ren C L, such that the sequence of vectors (&) tends to ¥ (£*(L)) or
to —1(&*(L)). The case of ¥ (&*(L)) is trivial and has to be considered separately:

(V&) — »(&" (L)) >sm( V(&) ¥(€°(L))))
[W(&) — (@)~ L((&),»(€ (L)

e 106 — (€ L))l
Ve TV E )= e i) o

Now consider the case where (&) tends to —(&£*(L)). Since the vector (&)

SO

does not change when we multiply & by a positive coefficient, consider a sequence
{&; }ken, where & - is the point of the intersection of semi-infinite line starting at
the origin and containing the point &, with a unit level set M (1). For this new
sequence the property that ¢(&}) tends to —¢(£"(L)) will also hold.

Since the level set is compact, we can choose a convergent subsequence of the
sequence {&; }ren. Denote its limit by £&*. By construction, the half-line starting at
0 and containing £ has either to intersect the plane L or to be parallel to it. But
since (&%) = —(&"(L)), this half-line intersects the plane —L, that means that
our assumption was false. Therefore, we have proven that C'(L) > 0.

Now we are ready to prove the lemma. Assume that C' = 0. Then there exists a
sequence of planes {Lj}ren, such that that corresponding sequence C(Ly) tends to
zero. Therefore we can choose a sequence of planes of same dimension for which this
property will also hold (denote this dimension by p). Now, since C(L) = C(vL),
where v is a positive number, we can choose a sequence of planes of same dimension
tangent to a unit sphere again satisfying the property for C'(Ly).

Now we can choose a convergent subsequence: first we choose subsequence such
that the tangency point (on unit sphere) tends to some limit (since the sphere S¢ is
a compact); and then we choose a convergent subsequence from the of the set planes
with the same tangent point on the unit sphere S?"'=? (this can be done since the
set of the subspaces tangent to a sphere is compact in the natural metric).

Thus from the condition that C'(L) > 0 for each plane L we see that C' can be

chosen as a positive constant depending only on the original function hg.[]
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Lemma 2.3.7. Consider a lattice subspace G € V and an arbitrary point € € R\ Y.
We construct a plane L = € + 0 . Then there exists a point £ € L, such that
1. For any &, € Eﬁ“’(m) N L the following inequality holds:

| o

[¥(&o) — (&) < =

Q

2. If for some &, € L it is true that

(&) —¥(€)| <c,
then &, € =\ (V) N L.

Proof:

Let £ be the point obtained by applying Lemma 2.3.5 to the set L.

Let us prove the first statement of this lemma.

Consider an arbitrary point &, € E§°) (20) N L. Denote by 1y the orthogonal
projection of the vector ¥ (&,) — ¥ (&*) onto L. Note that by the Lemma 2.3.6

o] > Clr(&) — (&)
But on the other hand

(&) = (&)l = [(¥(&0))e] < € (2.3.2)

(here we were using the definition of the point &* and the fact that &, € Z\%()).

Consequently applying (2.3.2) we obtain:

o o (&) — (€))Ll _ ¢
[¥(&0) — »(€7)] < z <&

This concludes the proof of the first statement of the lemma.
Now let us prove the second part. If [(€,) — ¥ (€")] < c, then for each 6 € U

we have
(&), 0)] = [(¥(&) — ¥(£7).6)] < clb],

which finishes the proof. [
We denote by £*(L) the point £&* constructed for the plane L using Lemma 2.3.5.
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2.3.2 The set Y (&)

The set Y (&) was defined in the beginning of Section 2.3. Here we will obtain several
estimates for the vectors belonging to such set.
Consider a k-dimensional lattice subspace U € V. Denote the orthogonal pro-

jection of the vector £ on the space Uy, by (£)w, .

Proposition 2.3.8. There exists a monotonically increasing sequence of the real
numbers {c;}4_, independent of p, such that if we can reach the point m starting
from the point & following Rules 2.3.1 (1 and 2) by means of translation steps from
the set Uy, N ©, (i.e. for each j, the vector 8; we use on the j-th step belongs to
U, N O, ) then

1. [(€) — $(m)] < cup(sin B)O-29-, where A_ = min{0, A},

2. (Y(&)), < crp™H(sin B)*72, (Y(n))m, < cup™ ! (sin B)* 2.

For convenience in writing out some expressions below we will denote ¢, =

@1-1 where ¢, is independent of p.

Proof:

Ckp

The proof goes by induction. Firstly, we consider the base case k = 1. In this

case the space Uy, is spanned by a single vector 8, € ©,.

(¢(€))Qﬁ - |01| :

The statement that 7 is reachable from the point £ using only translation steps by
0, means that & € A(6;). Therefore, Proposition 2.2.5 implies that for sufficiently

large values of p there exists a constant Cjy such that

(1(§),61) a1—
T < Cop 1’

which finishes the proof of the second statement of this lemma in the base case k = 1
(one just has to choose ¢; > Cy).
Now consider the first hypothesis of the lemma in the base case k = 1. Consider

a point £&* = £"(€ + V). By Lemma 2.3.6 applying the fact that £ € A(6,)

V(&) — ()] < (&) =&+ [4(€7) —v(n)| <
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< 2 (10(8) — w(€ ) + (0(€") — v(m)a) <
< (€l + ZH0E D+ o] < 2y

So choosing the first constant to be ¢; = 4Cy/ C we claim both parts of the lemma
k =1 to be true in the base case.

Now we move on to the induction. Assume that the statement is true for £ and
let us prove it for £ + 1 (denote the corresponding lattice subspace by Uy.1). We
prove the induction step for the case when £ > 1. If £ = 1 all the considerations
are similar. Consider the first step when the amount of linear independent vectors
0 used as the translation steps on our way from the point & to 1 becomes more
then k; that means that there exists a point m; such that we reach 1, from & only
by means of translations by the vectors from the set Uy, and from the point 1, we
make a step using for translation the vector 0, & Uy.

The base case of the statement applied to the point 1, and the vector .1 gives

us

(1/}(771>>m‘9k+1 <ci. (233)

The inductive hypothesis applied to the point 1, and the space Uy states that

(¥ (1)), < ci(sinB)* 2. (2.3.4)

Due to the monotonicity of the sequence {c;} we see that the right hand side of
(2.3.4) is larger than the right hand side of (2.3.3), thus we can state that

m € E99 (Vi)

with the parameter ¢ = cj,(sin ) 2"

Consider a plane L = € + U1 (note that m; € L). Without loss of generality
we can assume that 0 ¢ L due to the contiuity of the function ¢(-)). Applying now
the first statement of Lemma 2.3.7 to the plane L, we find a point £* = £*(L) such
that

[¥(m) —¥(&)] <

Qi o
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By the induction hypothesis

(&) —(ny)| < cp(sin B)* 2 =

due to the triangle inequality
* . _ C
= (&) — P(€9)] < cr(sin B)* 72 + : N

& (&) —v(€7)] < cr(sin ﬁ)?’*% T c—éj(sinﬁ)l% <

(given that cjyq > 4ck(1/C + 1))

< Ck2+1 (sin ﬁ)1—2k _ Ck2+1 (sin 5)3—2(/%1). (2.3.5)

Similarly, it is easy to show that

(m) = ()] < T (sin B2,

SO
[(n) = (&)] < cppa(sin B)* 2D,

Therefore, by (2.3.5) and recalling the Definition 2.3.3 we have proven that

£ € Egc )(karl)a

with the parameter ¢’ = ¢y (sin 3)' 2%,

Now for an arbitrary element of E§°) and any vector 8 € U, 1 N O, we can state

that
(¥(€),0) < |0]ci(sin 5)' 7" & (¥(€))1g) < crralsinf) 7.

We plug the vector @ = 6 in this inequality and apply it the the second part
of the induction hypothesis. Given that we already obtained the upper bounds for
the orthogonal projections of the vector 1 (&) on the linear spaces Uy, and (6 1),
we can write down an upper bound for the projection on the space Ui,; as the

maximum of those two projections divided by sin 3:

((€)) s < Crnn(sinB) % = ey (sin 8)2 244,

This way we have proven the induction step for the second part of our statement.

The induction step for the first part immediately follows from (2.3.5). O
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Corollary 2.3.9. There exists a constant Cs, such that under the assumptions of

the 2.8.8 (and the assumption that &, m € S(p)) we have

€ —m| < Cs5p™ (sin )29,

Proof:
Follows from Proposition 2.3.8 and Proposition 2.2.6. [J

2.3.3 The set =,(0)

Definition 2.3.10. Let U € V. Then we define =5(Y) as follows:

@)= [J 7T, forn=dim(D),

ge={" (1)
with the parameters ¢, = Cp®", where the sequence {ay}{_; is increasing and each
a, € (0,1). Here C' is an arbitrary constant chosen so that C' > ¢; where ¢4 is the

last term of the sequence in the conditions of the Proposition 2.3.8.

Proposition 2.3.11. Consider two different lattice subspaces U1,Bs, Vi # Vs.

Then for sufficientlysmall parameter s

Eg(ml) N EQ(%Q) C Eg(ml + Q]Q)

Proof:

If 20, C Y, the statement turns into the obvious one, so we can assume without
loss of generality that neither of these spaces is a subset of the other.

Consider an arbitrary point from the intersection & € Z5(U;) N Z2(Ws). Denote

by k£ the maximum of the dimensions of U; and U,. According to the Proposition

2.3.8:

cep™ ! (sin )2,

Ckpal -1 (sin ﬁ)272k.

< =
o o
g g
IN A
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Given that we have upper bounds for the projections of the vector 1(€) on two
linear spaces, we can write down the estimate for the projection on the U; + U, as

the maximum of these two projections divided by sin 3:

(V(&))wum, < crp™(sin B)' 2.

Therefore, the point € belongs to the set Z1(U; + Us) (and thus also to the set
=5(U1 +Vy)) whenever

™ (sin )1 <,

where [ is the dimension of U; U Y,. Obviously, [ > k, and because C' > ¢,

ckpo“_l(sinﬂ)l_m€ < C’po”_1 = (sinﬁ)l_QI€ < pMTer

Now one can see that for our goal the sequence {ay} has to be chosen in such a
way that
(sin B)' 2k < powriTon, (2.3.6)

Apply the formulas (2.1.2) and (2.3.1). Using (2.3.1) we obtain

(Sin ﬂ)l_% < pak+1—a1 o T—g(l—zk) < C,Oa’““_al,
and then applying (2.1.2) we conclude that

,r,g(Qk;—l) <p0¢k+1—04k <:p%q(Qk:—l) <pock+1—a1‘

Recall that the value ¢ is fixed, and the parameter s can be chosen sufficiently

small so that for any k it will be true that
#(2k — 1) < agq1 — oy, (2.3.7)
since {ay} is strictly increasing. Also as a corollary

%§<2k — 1) < (ak+1 — 041) = p”§(2k—1) < pak+1—a1'
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In this proof we obtained all the necessary conditions for the sequence {ay} no
other will appear.
Here we have obtained all the conditions on the terms of the sequence {ay} when

k <d—1. Also we will postulate that
ag = ag_q + »d>. (2.3.8)

Obviously, for sufficiently small value of the parameter s all the terms of the se-
quence {ay} will belong to the interval (0,1).

Let us make an easy remark:

Lemma 2.3.12.
£€=(T) & YT(E C =(D).

Proof:

= By definition of Z5(0), if & € Z5(Y), then there exist a n € =7 (V) such that
&€ € Y(n). Therefore Y (&) = Y(n) C Z5(V)

<« Is also true since £ € Y ().

O

Now we are going to estimate the volume of the union of the sets Z,(*0) (aiming

to satisfy point vi of Properties 2.3.2 ):

Proposition 2.3.13.

VOl( U 52<m)> < pd—3+20¢d+(2d—2)%<_

Vidim V>1

Proof:

Consider the lattice U and the set Zo(U). Let §& € Z5(W). Then (due to the
definition of =Zj) there exists a point n € Eﬁ“d), such that & € Y(n). (Let L be
a linear space spanned by the lattice ¥ and the point €. Consider a point £*(L),
defined in Lemma 2.3.7 (We do not need to consider the case of 0 € L since we are

interested in the volume).
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Due to Lemma 2.3.7 following holds:

() — (& (L)) < Ceq. (2.3.9)

From Proposition 2.3.8 we have:

(&) — ()] < cap®P. (2.3.10)

Therefore (right hand side of (2.3.10) is greater the right hand side of (2.3.9))
(&) — (€ (L))] < 2eqp®2.
Now we can apply again Lemma 2.3.7 and conclude that
ge=,

where ¢* = 2¢yp(2d-3)%

Thus,
U =mc | =w. (2.3.11)

2:dim U>1 :dim V>1
One can easily note that

=) c =),

where U, is a one dimensional lattice subspace of .
But for a one dimensional lattice U; due to Proposition 2.2.9 the following
inequality holds
vol(Zl) () < ¢ pttea?.

The total number of one-dimensional subspaces can be estimated by #(0,) <
Cp™ for a positive constant (', therefore, applying (2.3.11), we obtain
vol< U EQ(QI)) < prlpttar=2e, (2d=3)=
:dim V>1
Finally, keeping in mind the fact that cg =< p®~! (see Proposition 2.3.8), we obtain
an estimate

V01< U Ez(m)) < p%d+d+a1—2+oz1—1+(2d—3)%§ — pd—3+204d+(2d—2)%§‘
B:dim V>1
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2.3.4 The set =(V)
Take a lattice subspace U € V. Then the set =(U) is defined by the formula

=(V) = (V) \ ( U 52(m,)) :

Dijbil
We aim to prove that for sufficiently large values of p the new defined sets Z(J)

do not intersect.
Proposition 2.3.14. If 0, # Vs, then =(V1) N =(Vs) = 0.

Proof:
By definition and Proposition 2.3.11:

E(‘I]l) N E(mg) C Eg(%l) N EQ(%Q) C Eg(‘lh + m2>

But by construction =(U;) N Z2(W) = O for any U, such that Yy C Y, thus it also
holds for U =0, + V. So

E(T1) NE(V2) = E(T1) N (E(V1) NE(V2)) C (V1) NE(T1 + D) =0. O
Proposition 2.3.15. If £ € Z(U) then Y (&) C Z(V).

Proof:

Suppose the opposite: let n € Y(£) and n ¢ Z(V). Then there exists some
U’ O U such that n € Z5(Y’') holds. Now, applying the fact that £ € Y(n) and
Lemma 2.3.12 we can conclude that & € Z,(0’). Hence & ¢ =Z(*0), which contradicts

the assumption of our Proposition. [J
Lemma 2.3.16. If 0 and B, are such that @ ¢ BV, then

A(8) N E(Ty) = 0.

Proof: Clearly,
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Lemma 2.3.17.
Uz =r". (2.3.12)

Proof: Obvious.

2.3.5 The set =*(°U)

We build a new family of sets in the following way: for each U we
1. build the set Z(7),

2. construct the intersection Z(0) N L4 where

mazx P

Lapaep = {8 7 [€] = Amaap}

3. “extend” this intersection towards the origin for & € S(p).

The set that we obtain as a result of this sequence of steps we denote by =Z*(J).

Let us recall that in the Property 2.3.2 (iii) we red for existence of a direction,
such that if 7 is a shift of € in this direction and both & and 1 belong to =* () then
Y(&)+n—&CE(D).

Define the mapping F in the following way:

F(&) =& (§+ 7).

Taking some point & from the set Z(U) we construct the plane L = € + 0 and
apply Lemma 2.3.7 to obtain the point £*.
Now we define =*(0). If dim(*U) > 0, then we have
— —_ 1
=) = {€+9F(€) s € €2V N Lapr € (—55—0) 0500

max

For X = {0}
—r\ |J =)
dim U>1
The sets
B:=2(X)=R'\|J |J E@) and D=R"\B. (2.3.13)

m>120eV(m)
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are called the non-resonant set and resonant set of RY respectively. The sets in-
troduced above obviously depend on the parameter p. Whenever necessary, the
dependence on p is reflected in the notation, e.g. Z(U; p), B(p), D(p).

Similarly denote

B, =2 =R\ |J |J @) and D,=R"\B,. (2.3.14)
)

m>120eV(m

For simplicity we introduce slightly abused notation. Consider a point & and a
lattice subspace . The point £*(€ + U) € € + U is the tangency point to the level
set containing € (as in Lemma 2.3.5).

For an arbitrary vector pu € S(p) denote by o the vector
Mg =+ AL (n + V) €T (2.3.15)

clearly, there exists a unique A € R with such a property), and p — we denote
y y B = Ky

Note an immediate consequence of the definition of set =, and Proposition 2.3.8:

Lemma 2.3.18. Let U € V(n), n = 1,2,...,d, and € € =Z3(U). Then for suffi-
ciently large p we have:

€] < 297" (2.3.16)

Proof: By Definition 2.3.10, £ € Y (n) for some n € Z;(Y). Thus, by Proposi-

tion 2.3.8,

< + max |m—n| < 2p* 13 <
‘€/w| > ”'hml meré)| ul P =

< 2pa1717,d2 _ 2pa171+%d2 < 2pad,171+%d2 — 2pad71.
In view of monotonicity of «;’s and of (2.3.8), this proves (2.3.16).

Lemma 2.3.19. Let U € V(n), n = 1,2,...,d, and € € =Z*(U). Then for suffi-
ciently large p we have:

€] < 2p% 7 (2.3.17)
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The proof can be easily obtained following the proof of the previous Lemma.
This Lemma shows that the resonant sets =*(0),0 # X, are “small” relative to

the non-resonant set B* = =*(X). More precisely, we show that the resonant set D*

has a small angular measure. To this end for each 8 € O, define
AO) = {E R : [v(€) - 6] < 20 7"6]}.
By Lemma 2.3.19, for any U € V(n),n < d — 1 we have

=2 c J AO).

0cUNO,-

PAB (41416@) c Uaons (4Afn)

0cO,

so that

An elementary calculation shows that

A6)\ B (4Afnax) C S(8;p) x [4A€m’oo) :

S(0;p) = {Q €S+ [1(Q) - ] < 8Ananp™ 1 71(0]},

for all sufficiently large p. Let

S(p) = | S(8:p), T(p) =S\ S(p). (2.3.18)
0c0O,

Lemma 2.3.20. Let the sets S(p) C S 1, T(p) C S be as defined above. Then
volga-1 S(p) < p* 1, volga1 T(p) < 1, (2.3.19)
for sufficiently large p.
Proof: The elementary bound
volga-1.5(0; p) = / / sin? % wdwdQ < p*-17,
§4-2 J| cos w|<B8Amazpd—17"

together with the observation that the number of the sets /~\(9) is bounded above

by card ©, < r?, gives the estimate

volga-1 S(p) < rip*i-171 <« pra~t,
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The second bound in (2.3.19) immediately follows from the first one by definition
(2.3.18).

In what follows, apart from the non-resonant set B(p), the set

B(p) = T(p) x {4A’T’m,oo> (2.3.20)

will play an important role. Since D C S(p) x [m, oo), and B = R4\ D (see
(2.3.13)), we have

B(p) C B(p).

2.4 Properties of periodic PDQO'’s

In this section we follow the path of the corresponding section in [24]. Main correc-
tions are induced by the change of the considered cut-off functions in the formuli
(2.4.8), (2.4.9).

In this section we collect various properties of periodic PDO’s to be used in what

follows.

2.4.1 Some basic results on the calculus of periodic PDO’s

We begin by listing some elementary results for periodic PDO’s, some of which can
be found in [38].

Recall that S(R?) is taken as a natural domain of Op(b). Unless otherwise stated,
all the symbols are supposed to belong to the class S, = S, (w;I), v € R, with an
arbitrary function w satisfying (2.1.3) and a lattice . The functions w and the

lattice [ are usually omitted from the notation.

Proposition 2.4.1. (See e.g. [38]) Suppose that |b|l(2)) < 0o with some l > d. Then
B = Op(b) is bounded in H and ||B]| < C|b|l(f)()), with a constant C' independent of
b.

Since Op(b)u € S(RY) for any b € S, and u € S(R?), the product Op(b) Op(g),
beS,,g€S.,,is well defined on S(R?). A straightforward calculation gives the
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following formula for the symbol bo g of the product Op(b) Op(g):

(bog)(x,€) = 260€+¢) (¢, &)e'Oro,
and hence
@(x,é) Z b(O,&+ d)j(d. &), x T, £ eRY (2.4.1)
d(l’) Pl

Here and below 0, ¢ € ', In particular, one sees that Op(b) Op(w®) = Op(bw?) for
any 6 € R. This observation leads to the following Lemma. We remind that the
symbol b,, is defined in (2.1.7).

Lemma 2.4.2. Let b € S, (w) with w(&) = (€)%, 8 € (0,1]. Then for any u € S(R?)
and any | > d, we have

_ 18

om’

| Op(®)ull < CIOIF I (Ho + 1) ull, ¥ (2.4.2)

with a constant C' independent of b,u. In particular, if v5 < 2m, then Op(b) is
Hy-bounded with an arbitrarily small relative bound.

Moreover, for any n € R% and any [ > d,
Bla—1)

2.4.3
. (243)

1(Op(b) = Op(bp)ull < Clnl 1611 [[(Ho + I)7ul|, 4 =
where the constant C' does not depend on b,u, and is uniform in n: |n| < C.

Proof: Define G = BOp(w™7). As we have observed earlier, G = Op(g)
with ¢ = bw™7, so that ¢ € Sg(w) and |9|z(,%) = |b|l%). Hence, by Lemma 2.4.1,
|GII < C1b]3y and

| Op(®)ul| = |G Op(w™)ul| < C16];3 || Op(w)ull. (2.4.4)

As Op(w?) < C(Hy + I)7, 7 =vB(2m)~L, we get (2.4.2).

The bound (2.4.3) follows from (2.4.2) when applied to the symbol b — b, and
from the estimate (2.1.8).

The bound (2.4.2) allows one to give a proper meaning to the operator (2.1.10),
since b is infinitesimally Hy-bounded. The bound (2.4.3) will be useful in the study
of the Floquet eigenvalues as functions of the quasi-momentum k.

For general symbols b, g we have the following proposition (see e.g. [38]).
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Proposition 2.4.3. Letbe S, , g€ S,,. Thenbog € S, 4,, and
[bog] 2 < C1b] V9],

with a constant C' independent of b, g.

We are also interested in the estimates for symbols of commutators. For PDO’s

AV, 1=1,2,...,N, denote

ad(A, \Ifl, \I’Q, ceey \IIN) = z[ad(A, \Ill, \1127 ceey \I/N_l), \I’N}?
ad(A; U) =4[A, 0], ad™(A4; ) =ad(A4; ¥, ¥, ... U), ad’(A;¥) = A.

For the sake of convenience we use the notation ad(a; 1, s, . .., ¥y) and ad” (a, )
for the symbols of multiple commutators. It follows from (2.4.1) that the Fourier

coefficients of the symbol ad(b, g) are given by

ad(b,g)(x. €) = Z 0.&+ ¢)i(d. &) — b(6,£)§(. & + )],

0+<b X

x €T, £ e R (24.5)

Proposition 2.4.4. (See e.g. [38]) Letb€ S,, and g; €S,,, j =1,2,...,N. Then
ad(b; g1,...,9n) € S, with

and

N
| ad(b; g1, ..., gn) | < CIOI ] 195177, (2.4.6)
j=1

with a constant C independent of b, g;.

2.4.2 Partition of the perturbation

From now on the weights in the definition of classes S, = S,(w) are assumed to
be w(€) = (£)° with some 3 € (0,1]. Here we partition every symbol b € S, into

the sum of several symbols, restricted to different parts of the phase space. These

23



symbols depend on the parameter p > 1, but this dependence is usually omitted
from the notation.

Let « € C*(R) be a non-negative function such that

0<1<1, ofz)= Amaz (2.4.7)

For L > 1 and @ € T, 0 # 0, define the following C*°-cut-off functions:

o= ()
8= 1_L(|£+—p6'/2’_1>’ (2.4.8)
(5(6) = 1_L(1_|£+_p0/2|>’

and G D) = L(I(Qlﬁ(ﬁ;é)/z)ﬂ) N

wo(§; L) = 1—Co(& L),
where (&) = |€[¢(€), and (€) is a unit normal vector at the point £ to the surface
defined by {< : ho(s) = ho(€)}-
Note that eg + {5 + (5 = 1. The function ¢ is supported on the set [€ +60/2| >

p(1+ m), and (g is supported on the set | +60/2] < p(1 — 2A71m.r)‘ The function

eg is supported in the shell p(1— 1) < [¢] < p(1+ m) Omitting the parameter

Amaac

L and using the notation ¢g for any of the functions ¢5 or {g, we point out that

co(§) = e—o(§+0), lo(§) = (_o(& +6),
(2.4.10)

vo(€) = p-0(§+0), Co(§) =Co(£+0).

Note that there exists constant C' > 0 (not depending on p) such that

oU(€)
81‘1'

<C
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for any vector & and component .
Therefore,

IDipa(&; L)| + |DiCo(€; L) < L7HICHI,

Since afterwards we are going to choose L = p”, we can conclude that the above

functions satisfy the estimates

|Dgeg(€)] + |Dilo(€)] < p 8,

(2.4.11)
Do (&; L)| + [Dglo(é; L) < L.
Let
0,=06,N={0cl:0<|0 <r}, 6°=0,u{0}, (2.4.12)
with » = p*. Using the above cut-off functions, for any symbol b € S,(w) we

introduce six new symbols b*7, b€ b2, b€ bR bR in the following way:

VI (x, & p) = \/_%ZG eiox, (2.4.13)

b (x, & p) = W% b(0.€)(5 (&)™, (2.4.14)

P :p) = ATZ Eeol&: ")eo€)™,  (2415)

H(x,& VA A €)Co(&; p")eo(€)e’™, (2.4.16)

b3E(x, & GT Z £)ex, (2.4.17)
V() 45,

b7(x,&;p) = 0°(&;p) = ;(F)B(O, £)- (2.4.18)

The superscripts here are chosen to mean correspondingly: LF =‘large Fourier’ (co-
efficients), LE = ‘large energy’, NR = ‘non-resonance’, R = ‘resonance’; € =‘small
energy’, o =0-th Fourier coefficient. Sometimes the dependence of the introduced
symbols on the parameter p is omitted from the notation. The corresponding oper-

ators are denoted by
Ly _ Op(bﬂ?> BLE Op(bLE) BCNR Op(bNiR>
* = 0p(b"), B% = 0p(b*), B° = Op(v").
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By definition (2.4.7),
b:bO—Fbsg—f-bR—f-bNR—f-bLS—l—bL?.

The role of each of these operator is easy to explain. The symbol b7 contains only
Fourier coefficients with |@| > r, and the remaining symbols contain the Fourier
coefficients with |@] < 7. Note that on the support of the functions Y™%(8, - ; p) and
bR(0, - ; p) we have

1 1
g < p” 1-— < 0/2] < 1
ol p(1- o) <lero<o(1e ) =
sl ) S g <o (14 L (2.4.19)
P Ama:p 2p o =0 Amam 2IO . o
On the support of b%¢(0, - ; p) we have
(7] 1 1 1
— < — < — —p*. 4.
‘§+2‘_p(1 2Amax)’ |§|_p<1 2Amax)+2p (2.4.20)
On the support of b*¢(x, - ;p) we have
£+ R BT L (2.4.21)
2ma) TP T 20, ) T2 .

The introduced symbols play a central role in the proof of the Main Theorem 2.1.1.
As we show in the course of the proof, due to (2.4.20) and (2.4.21) the symbols b*7,
b%¢ and b*~¢ make only a negligible contribution to the spectrum of the operator
(2.1.10) near the point A = p>™. The only significant components of b are the
symbols b™* b* and 6°. The symbol 6™ will be transformed in the next Section
into another symbol, independent of x.

We will often combine BX, B*¢ and B*?, BS¢: for instance B®**¢ = B® 4 B*¢
BRALELT — BRLE L BLT A similar convention applies to the symbols. Under the
condition b € S,(w) the above symbols belong to the same class S,(w) and the

following bounds hold:

071+ 11+ 1050+ 1 1)+ 1)+ 171 < ol (2.4.22)
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Indeed, let us check this for the symbol b, for instance. According to (2.4.19) and
(2.4.11), on the support of the function ZA)NR(O, -3 p) we have

‘DSSOG(&PBN < p Pl <« sl

This immediately leads to the bound of the form (2.4.22) for the symbol v™*.
The introduced operations also preserve symmetry. Precisely, calculate using

(2.4.10):

bR(—0,€ +0) = b(—0.€ +0)C_o(& +0;p%)e_o(€ +0)

b(6, €)Co(&; p%)ea(€) = 178, €).

Therefore, by (2.1.9) the operator B* is symmetric if so is B. The proof is similar
for the rest of the operators introduced above.

Let us list some other elementary properties of the introduced operators. In
the Lemma below we use the projection P(C),C C R whose definition was given in

Subsection 2.1.3.

Lemma 2.4.5. Let b € S (w), w = (€)°, B € (0,1] with some o € R. Then the
following hold:

(i) The operator Op(b%¢) is bounded and

1 Op(b%8)|| < |b] {3 pPmaxe0),

(o (oo (1))
o (2o (- 51) -

Moreover,
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(ii) The operator B® satisfies the following relations

2(8(o(1-5a))) = me (e (e () -
(b))
=B%® (1—? (B (p (1+ 4Aiaz)>)) =0, (2.4.23)

and similar relations hold for the operator BN* as well.

Moreover, for any v1 € R one has b™% b® € S, and
[PF )+ R0 < pPOm b)) (2.4.24)

,S,

for all I and s, with an implied constant independent of b and p > 1. In

particular, the operators B™*, B® are bounded and
| BN+ 1B < o™ 1015,

for any l > d.

(oo 5i))) = (o o 1 52))

() If R < Apazp, then

(iii)

IP(B(R)B|| + B P(B(R))|| < [bligrmp?m=@0  (2.4.25)
for any p > d and any [ > p.
In what follows a central role is played by the operator of the form
A:= Hy+ B° + B%® (2.4.26)

with some symmetric symbol b € S,. In the next Theorem we study the continuity of
the Floquet eigenvalues \;(A(k)), j = 1,2,..., as functions of the quasi-momentum
k. Here, A(k) are the fibers of the operator (2.4.26). For any vector n € R? we

define the distance on the torus:

|n|r = min |n — mj|. (2.4.27)
melt
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Theorem 2.4.6. Suppose that p > 1 and

B(y—1)<2m—1. (2.4.28)
If for some j
Ni(A(k)) < p*™, (2.4.29)
then for any | > d we have
Aj( Al 1)) = X (AK)] < (L+ [0 Imlrs™ (2.4.30)

The implied constant in (2.4.30) depends on the constants in (2.4.29).

Proof: The proof coincides with the proof of Theorem 3.6 in [24].

2.5 A “gauge transformation”

In this and all the subsequent sections we assume that S., = S, (w) with w(&) = (£)”,
B € (0,1]. Recall that we study spectral properties of the operator H defined in
(2.1.10). Our ultimate goal is to prove that each sufficiently large A\ belongs to the
spectrum of H. We are going to use the notation from the previous section with the

parameter p = Az > 1

2.5.1 Preparation

Our strategy is to find a unitary operator which reduces H = Hy + Op(b) to an-
other PDO, whose symbol, up to some controllable small errors, depends only on
&. The unitary operator sought is constructed in the form U = e with a suitable
bounded self-adjoint [-periodic PDO K. This is why we sometimes call it a “gauge

K as an element of the group

transformation”. It is useful to consider e’
U(t) = exp{iKt}, VteR.

We assume that the operator ad(H,, K) is bounded, so that U(t)D(H,) =

D(H,). This assumption will be justified later on. Let us express the operator
Ay =U(—t)HU(t)
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via its (weak) derivative with respect to t:
t
A= H+/ U(—t")ad(H; K)U(t")dt'.
0

By induction it is easy to show that

A = H—i—Z—adJ (H; K)+ R, (2.5.1)

j= 1
1 1
Rg\i[)—&-l Z:/O dt1/0 dt2/0 U(—tM+1)adM+1(H;K)U(tM+1)dtM+1.

The operator K is sought in the form

M
K =Y K, K, = Op(r), (2.5.2)
k=1

with symbols x; from some suitable classes S,,0 = 05 to be specified later on.

Substitute this formula in (2.5.1) and rewrite, regrouping the terms:

Al H0+B+Z Z Z d(H;KkUKkz?"'aKkj)
I=j k1+ko+-+kj=l
+RM+1 + RM-{-D
|
R == S ad(H; Kiy, KiK. (2.5.3)

=1 """ kit+ko+-+k;>M+1

Changing this expression yet again produces

A = H0+B+Zad Hy; K;) +Z Z > ad(Ho; Ky, Ki,, .. Ky,)
: I=j kit+kot-+k;=l
M

M
1
D S ad(B Ky, Ky, Ky) + B+ B,

|
j=1 J: I=j ki+kot-+k;=l

Next, we switch the summation signs and decrease [ by one in the second summation:

M M 1
1
Ay =Ho+ B+ ad(Ho K)+ > > = Y ad(Ho; Ky, Ky, - Ki)
=1 =2 j=2 J: k1+ko+-+k;=l
MA11-1
Z Z by > ad(B; Ky, Kiy, .., Ki,) + R+ R,

k1+ko+-+kij=l-1



Now we introduce the notation

Bl = B,
-1 1
B, = Z = Z ad(B; K, , Ky, ..., Ky,), 1> 2, (2.5.4)
=17’ kitko+ehy=l—1
l
1
T, = Zﬁ Z ad(Ho; Ky, Kiy, - .. Ky,), 1> 2. (2.5.5)

=2 7" k1+kat-+ki=l
We emphasize that the operators B; and T; depend only on K, Ky, ..., K; 1. Let

us make one more rearrangement:

M M M
Ay =Hy+ B+ ad(Ho, K))+ > B+ Y T+ Ry,
=1 =2

=2

Rars1 = Baryr + RY + R, (2.5.6)

Now we can specify our algorithm for finding K,’s. The symbols k; will be found

from the following system of commutator equations:

ad(Ho; K1) + BY™ =0, (2.5.7)
ad(Ho; I) + BN + TN =0, 1> 2, (2.5.8)

and hence )
Ay = Ag+ X 4 XBELELT L Ry,

Xy = 2?11 B, + le\iz 1, (2'5'9)

| Ao = Ho + X37.

Below we denote by x s the symbol of the PDO X},. Recall that by Lemma 2.4.5(ii),
the operators B)® T™* are bounded, and therefore, in view of (2.5.7), (2.5.8), so is
the commutator ad(Hy; K). This justifies the assumption made in the beginning of

the formal calculations in this Section.

2.5.2 Commutator equations

Recall that

(@) = € (£
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with m > 0. Before proceeding to the study of the commutator equations (2.5.7),

(2.5.8) note that for £ in the support of the function 8%(@, - ; p) the symbol

79(§) = ho(& +6) — ho(§) (2.5.10)

can be estimated as follows.
Let us estimate 79(€) = ho(& + ) — ho(&) on the support of the ¥ (x, &; p).
The upper bound follows from the Taylor expansion for the 7(&) and (2.4.19).

For simplicity we introduce one more notation: a(§) = a <5>, in terms of this

€]
function we can rewrite

ho(€ + 8) — ho(€) = |€]*™ (a(& + 0)(|€ + 0]|€]7")*™ — a(€)) =

= g™ ((a(& +0) — a(€))(1€ + 0[1€] )™ +a(&)((1€ + 6l1€] )™ — 1)) -

Note that a(€)((|€ + 0]]&€]71)?™ — 1) < 1. Also, note that there exist a value
B* > 0, such that for any 6, £ in region defined by (2.4.19)

(€+60\ (& .16
a(|a ) G(KO‘SB\Q' (2510)

Obviously, B* can be chosen once for all p > py (nothing changes when we simulta-

(€ +6) —a(§)| =

neously proportionally increase both vectors 8 and &, that means that increasing of

p is equivalent to contracting of the area, that we consider). Then

‘ho(f + 0) — h0<€)’ < ‘S’Qm(B*yaHﬂfl + (’6 + 0H£’71)2m) < ‘o‘mefl'

For the lower bound, let us note that on the support of ¥™*(x, &; p),

(O.0E+6/2) _ 1 _ [(8.4E+0/2) _ 5,
e S

(because (€ + 0/2) =< E(€ + 0/2)).
By Proposition 2.2.5 if |8] < p* then

T0(€) < p710] = |Bv(€)] < |0]p> . (2.5.12)
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Consequently, when considering
a+l—-2m=pF-1a=2m -2+ [,

we can conclude that

(6, 9(8))|
6]

so by (2.5.12)

(6, 9(€ +6/2))]
6]

~
—~

> p" = (0, 0(€)) > 18],

T6(€) > p®|60] = p*"*170).

Now let us estimate derivatives of 7g.

Note that using considerations similar to (2.5.11), for any s we can obtain

0
D3¢ + 0) — Da(g)| < BS%. (2.5.13)

Thus, we conclude that
[Dgro(€)| < [0]p™" 1.

Now for the inverse one can write out:

_1 B 1
o (&)= 5T 8~ h(©)

=

for |s| = 1 we obtain

Diro(¢) 0> !
< = .
(hO(E + 9) — hO(E))2 |0|2p4m74+2,8 ‘0|p2m72+2ﬁ

Similarly, for any s we obtain

[Dere (§)] =

IDEr, ' (€)] < ] p 22 (B8 || ~lyy=(Bm-DIT s (2.5.14)

for all & in the support of the function I;NR(O, - ;p). This estimate will come in

handy in the next lemma.

Lemma 2.5.1. Let G = Op(g) be a symmetric PDO with g € S,,. Then the PDO
K with the Fourier coefficients of the symbol k(x,&; p) given by

ANR .
g (075710)’ 0%07

70,8 p) =1
’ 7o(£) (2.5.15)

(0,&;p) =0,

63



solves the equation

ad(Ho; K) + Op(¢™*) = 0. (2.5.16)

Moreover, the operator K is bounded and self-adjoint, its symbol k belongs to S,

with any v € R and the following bound holds:
|61 < PO g (2.5.17)

where

c=w—-2m—-2)p"" - 1. (2.5.18)

Proof: For brevity we omit p from the notation. Let ¢t be the symbol of
ad(Hy; K). The Fourier transform £(6, £) is easy to find using (2.4.1):

£(6,€) = i(ho(€ + 0) — ho(€))7(0,&) = iTe(£)(8, €).

Therefore, by definition (2.4.15), the equation (2.5.16) amounts to

iTo(€)R(6,€) = —g™(0,& p) = —3(6,&; p)pa(&;0°)eo(£), 16] <.

By definition of the functions ¢y, eg, the function & given by (2.5.15) is defined for all
&. Moreover, the symbol # satisfies the condition (2.1.9), so that K is a symmetric
operator.
In order to prove that k € S, for all v € R, note that according to (2.4.24) and
(2.1.5),
DEg™ (0. & p)| < " [g| (w0

Together with (2.5.14) this implies that
[DZ(6, & p)| < p " lal w10,

so that k € S, and it satisfies (2.5.17).

The estimate (2.5.17) with v = 0, s = 0, and Proposition 2.4.1 ensure the bound-
edness of K.

Let us apply Lemma 2.5.1 to equations (2.5.7) and (2.5.8).
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Lemma 2.5.2. Let b € S+ be a symmetric symbol, p > 1, and let

;

o= 7 -02m-2)p7" -1,

o= Jjlo—=1)+1, (2.5.19)

G= Jlo—1)+@m-2)5"+2,

Jj=1,2,.... Then there exists a sequence of self-adjoint bounded PDO’s K;, j =
1,2,... with the symbols r; such that k; € S, for any v € R, (2.5.7) and (2.5.8)
hold, and

I,{jl(v) < pﬂ(Uj_’Y)(IbI("/*)>j7 j>1. (2.5.20)

The symbols b, t; of the corresponding operators B;, T; belong to S, for any v € R
and

10,17 + |41 < S ([p] D), 5 > 2. (2.5.21)
If PPV |b|0") < 1, then for any M and k = Zj\il k; the following bounds
hold:
Iﬁl(v) < pﬁ(oﬂ)lbl(v*)’ Vv € R; IxMI(V*) < Ibl('v*), (2.5.22)
[ Rara || << (Jo]07)MFE pfears, (2.5.23)
uniformly in b satisfying pP“=V 6] < 1.

Let us now summarize the results of this section in the following Theorem: the
implications of the above Lemma for the operator H = Hy + Op(b), defined in
(2.1.10).

Theorem 2.5.3. Let b € S« (w), w(§) = (€)%, € (0,1], v* € R be a symmetric
symbol, and let H be the operator defined in (2.1.10). Suppose that the condition
(2.1.15) is satisfied. Then for any positive integer M there exist symmetric symbols
Kk = Ky, T = xy, and a self-adjoint bounded operator Ryq satisfying the following

properties:
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1. k€S, forallyeR, z €S-, and

I,{l(“/) < ,O/G(U—w)lbl(v*)7
|x|(v*) < |b|(7*),
IR << (o] O7) M+ pPear,
uniformly in b satisfying |b]0") < 1;

2. The operator Ay = e B He' | K = Op(k), has the form

Al = A() + X:R + XSS’LE’L? + RM—i—la A[) = HQ + X°. (2524)

2.6 Invariant subspaces for the “gauged” opera-
tor

In this section we will consider modified sets Y 1,(&) which are defined as follows:

Definition 2.6.1. Consider a point & and the set Y (), defined in the beginning
of Section 2.3. Let U be the corresponding lattice subspace, then we have following
inclusion: Y (&) C £ +U. The point £" (€ +U) € £+ U is the tangency point to the

level set containing &€ (as in Lemma 2.3.5). Denote
Ap=sup{A: €+ A€ (€+D) € S(p)}

(the set S is defined in (2.1.1))and &, = € + A& (€ + 7).
The set Y1 (§) is defined as the projection of Y (&) on & + U along the vector

£(E+7).
Let us prove some of the properties of Y (§).

Lemma 2.6.2. 1. The set Y1 (&) is finite.
2. If [€] > p/Amaz, then

max = min = |&|.
n(s)'"' TL<5)|"7’ €|
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3. If& € X(£), A €R and both points &, and &, + AE* (& + V) belong to the
set S(p), then &, + AE" (& +0) € Y (£ + AL (£ +D)).
4. X(&) € YXL(§).

Proof:

1. It is sufficient to prove that the set X' (&) is bounded (since it is a subspace
of a lattice). Due to the Proposition 2.3.8 and the Corollary 2.2.10 we can conclude
that if &, € Y1(&), then

[(&1) —¥(§)| < cqsin ﬁ)3_2d =
= 16— & < F(sin B = . (2.6.1)
2

So the set Y1 (£) is bounded (all its points are have at most distance C' to the
point &), and therefore finite.

2. Immediately follows from (2.6.1).

3. Follows from the fact that £, = n, where n = & + A£" (£ + V).

4. Follows from the fact that for an arbitrary vector & € Z5(0) and a positive
number A we have that £ + A" (§ + V) € =Z2(V) (which is clearly true, since the
set Z9(%Y) is a convex cone and £*(§ + V) € =,(V)). O

The resonant sets Z(¥) are designed to describe the invariant subspaces of the

periodic PDO’s having the form
A= Hy+ B° 4+ B, (2.6.2)

with the symbols ho(€) = [€]*™ and b € S, (w), where v € R, w(§) = (£)7, 8 € (0, 1).
By (2.1.5) and (2.4.22),

D300, )| + [Dgh"(8,€)| + IDgh™(0.€)| < bl (€)0M%O)", (2.63)
for all s. We always assume that (2.1.15) is satisfied, so that
2m >0, 2m—1> [B(y—1),2m —2 > B(y — 2). (2.6.4)

This guarantees that the symbol b and its first two derivatives grow slower than the

principal symbol hgy and its corresponding derivatives respectively.
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In order to use the resonant sets =*() constructed previously, set

051:57

and assume that the condition (2.3.7) is satisfied. In addition to the symbol (2.4.16),

for any lattice subspace U € V(n), n =1,2,...,d we define

by(x, & p) = !

> b(8.&p)Co(€: p7)ea(€)e ™ (2.6.5)

(1) ocernw

It is clear that the above symbol retains from b® only the Fourier coefficients with
0 € *U. Introduce also the notation for the appropriate reduced version of the model
operator (2.6.2):
Ay = Hy + B° + By, By = Op(by).

Recall (see Subsect. 2.1.3) that for any set € C R? we denote by P(€) the operator
x(D; €), where x( - ;C) is the characteristic function of the set €. Accordingly, for
the operators in the Floquet decomposition acting on the torus, we define P(k; C)
to be x(D + k; ©).

In what follows the estimates which we obtain are uniform in the symbol b,

satisfying the condition |b]") < 1.

Lemma 2.6.3. Let b be as above. Then for sufficiently large p, and any U € V(n)

we have

B*P(2(V)) = B3P(E(V)) = P(2(V)) BEP(E(V)), (2.6.6)

and

B¥(k)P(k; X (1)) = P(k; Y () By(k)P(k; Y (), (2.6.7)
for any k € O and any p € Z(V) with {u} = k.

Proof: Assume without loss of generality that b has only one non-zero Fourier

coefficient, i.e.

DA(x, & p) = — (B, & p)Col(€: p)co(€)e™, (2.6.8)

vd(r)
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so that by = 0 if @ ¢ Y. According to (2.1.13),

1

(B0 = gy 3 F0m i)
(BH(0)P(k; Y (1)) (x) = % S R0, m 4+ K™%0 (m), (2,6.9)

m:m+keY(pn)

for any v € L*(T%). Observe that by virtue of (2.4.9) for any € := m + k €

supp Co( - ; p°) we have (use Corollary 2.2.10)

[(1(€),0)] < [(0,v(§+6/2))[ + [{0,v(§ +0/2) —¢(&))] <
< (p"7)2+2C5r/p)|6] < 77116,

that is € € A(@), and a similar calculation shows that £ + 68 € A(0) as well. By
Lemma 2.3.16, Y(u) N A(0) = @, if @ ¢ T, so it follows from (2.6.9) that

BX(k)P(k; Y () = BEW)P(k: Y(w) =0, if 0 ¢ .

In the case @ € U, by the definition of Y, the points £ :=m+k € Y(u) and £ + 0
belong to A(8), so that & + 60 € Y (p). This completes the proof of (2.6.7).
Using (2.3.16) we get from (2.6.7):

B*(k)P(k; E*()) = P(k; Z(V)) By(k) P(k; Z(0)).

Taking the direct integral in k yields (2.6.6).

2.6.1 Operator A in the invariant subspaces

Let us denote equivalence relation < by £ < n if n € Y(&).
Due to Properties 2.3.2 (i,iii), the formulas (2.6.6) and (2.6.7) imply the following
orthogonal decomposition for the Floquet fibres A(k):
Ak) =PAKED) =P P AxlcY(w). (2.6.10)

VeV VeV pe=()/—
{m}=k
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Since card Y'7,(p) < 00, see Lemma 2.6.2, for each g € =Z*() the operator Ag(k; Y r(w))
is finite dimensional (therefore it also holds for the operator Ay(k; Y ())). Denote
N(p) = Y(p) — p. In the basis

E[u]-l—m(x)a m € N(N)

(see definition (2.1.17)) of the subspace $(k; Y (u)), the operator A(k; X (p)) re-
duces to the matrix A(p) with the entries

Amn(p) = ﬁ a(m—n, pu+n;p), mn e N(p). (2.6.11)

(Similarly can be defined a matrix AL for the operator A(k; Y1 (u))).

Denote by A\;j(A¥(w)), j=1,2,...,N(u) = card N(u) the eigenvalues (counting
multiplicities) of the matrix A (), arranged in descending order. It is easy to check
that the matrices A*(p) and A*(p') with p/ € Y (p), are unitarily equivalent !, so
that the eigenvalues do not depend on the choice of p, but only on the set Y ().

Lemma 2.6.4. Let \;(A"(p)) be the eigenvalues introduced above. Then for suffi-
ciently large p, for all |pu| > p, and for all j =1,2,..., N(u) one has

i (AE = min 2m — max mo— P
i(A~(p) nm(mw nemmlnl 1]

uniformly in .

Proof: The operator A has the form Hy+ 5%, and since a8 < 2m (see (2.6.4)),
by Lemma 3.2 in [PS], the perturbation b>%® is infinitesimally Hy-bounded, so that
cHy—C < A < CHy+ C with some positive constants C, ¢, C. Therefore, the same
bounds hold for the fibers Hy(k) and A(k). As a consequence, the restriction of

both operators to the subspace $(k, Y1 (w)) satisfy the same inequalities:
cHo(k; X1 (p)) — C < A(k; Yp(p)) < CHo(k; Xr(p)) + C.

Now the claimed inequalities follow from Lemma 2.6.2.

Tt is sufficient to note that if m’ =m+pu—p andn’ =n+p — ¢/, thenm’ —n’ ' =m —n

and ' +n' = p+n.
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If Y (p) is non-critical?®, the set N(u) remains constant in a neighbourhood of p.
Since the entries of the matrix A depend continuously on p, we conclude that the
eigenvalues \;(A( - )) are continuous in a neighbourhood of such a point p.

Moreover, by virtue of Lemma 2.6.2, for any p € Z(*U) the set N(u) remains
constant if p,q; is kept constant, and hence it makes sense to study the eigenvalues

as functions of the component v = p o;. Define the matrix

~ v
At) = A" (g + te(v)), e(v) = Zk
with a real-valued parameter ¢ > ¢, := |v|. By (2.6.11) the entries of this matrix
are
. 1
Amn(t) = d(r)a(m —n, oy +n+te(v);p), m,n € N(u). (2.6.12)

By the definition of Y, the matrix A is well-defined on the interval [t, Tp].

Lemma 2.6.5. Let (2.6.4) be satisfied. Suppose that p € =Z*(0) and || < p. Then

A (A1) = ACA(R)) = o2 (1 — 1), (2.6.13)
for any t1,ty < to, to < t1 < to, uniformly in j =1,2,... ,N(p), p and .

Proof: Clearly, v € S(p), so that tyg = |v| < || < p. By elementary perturba-

tion theory, it would suffice to establish for the matrix

./Zl(tl, t2) = A(tg) - ./Zl(tl)
the relation

(A(tl,tg)u7 u) = ,02m_1<t2 — t1)||u||2, tl,tg = p, to >t > to,

for all u € $. The entries of this matrix are

to d~
mn(t)dt, Yma(t) = —Amn(t).
| om0, Y = o rnalt)

2That means that for a small perturbation of the vector u by a vector A the set Y () is moved

by the same vector. Clearly, the set of all critical points is a zero measure set.
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We show that the matrix Y(t) satisfies
(Yt ) =< 22 ull2, ¢ < p, (2.6.14)
for all u € 9, uniformly in g, U, and the symbol b. Denote

B = My +te(v), v = )y

Lemma 2.3.16 implies that N(&) € 2. Therefore, Y(¢) is the sum of the matrix with

diagonal entries

d .
Zrho(py +m) = [py +m[" 7, m € N(p),

and the matrix Z(t) with the entries

Veb**(m —n,&;p) - e(v)

Zonn(l) = .
o () am) €= 4n

By Proposition 2.3.8, |u; + m| < p, and hence

p<Lt<|pu+m|<p, meN(p). (2.6.15)
Thus
d _
Eh(’(”’t +m) < p* L (2.6.16)

Also, by (2.6.3),
[Zann ()] < (m =)~ g, + | @D < (m - m) D7,
for any [ > 0. Assuming that [ > d, from here we get:

12()]| < max )y " [Zma(t)]

< Cypl Y8 sup max(m — n) ! <« Cpl@=D8,

This, together with (2.6.4) and (2.6.16), leads to (2.6.14), which implies (2.6.13), as

required.
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2.7 Global description of the eigenvalues of the
operator A(k)

In this section we continue the study of the discrete spectrum of the fibres A(k).
Our aim is to construct a function g : R? — R, which establishes a one-to-one
correspondence between the points of R? and the eigenvalues of A(k). More precisely,

we seek a function g such that

1. for every € € R? such that |€| < p the value g(£) is an eigenvalue of the
operator A(k), k = {£}, and

2. for every j € N such that \;(A(k)) < p there exists a uniquely defined point
€ with {£} = k such that g(§) = \;(A(k)).

In other words, we intend to label the eigenvalues of A(k) by the points of the lattice
", shifted by k. The construction of the convenient function g is conducted using
the decomposition (2.6.10), individually in the invariant subspaces generated by the
sets Z* (V).

Since the sets =* may be intersected, we introduce an auxiliary function g(-) on

*

each of the sets Z*(0) (we omit the dependance on Z* in notation), and then will

consider the possible situation of it being multivalued.

2.7.1 Construction of the function g(-,-)

We begin with the non-resonant set B = Z(X), X = {0}. On the subspace H(Z(X))
the symbol of the operator A is x-independent, and it is a®(&) = ho(€) + b°(£).
Therefore the eigenvalues of the operator A(k) are given by a®(pu+k), pu € I, u+k €

—_

Z(X). Clearly, it is natural to label the eigenvalues by lattice points. Let us define

9(§, %) = a®(§), £ € E(X) = B.
According to (2.6.3),
82
el

G(€,%) = ho(€) + (), '%w(s)]sc@%*”ﬁ, ‘

b"(e)\ < Oy
(2.7.1)
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for all £ € B.

Suppose now that € € Z(U) with some non-trivial lattice subspace 0. Let us
label all points n € Y(§), & € Z(U) in the increasing order of the difference
|n — &"(n + V)| by natural numbers from the set {1,2,..., N(€)}; if there are two
different vectors m,n € Y (&) with [n—&"(n+D)| = |n— & (n+V)|, we label them
in the lexicographic order of coordinates of point 1,g;, 75, i.6. We put 1,9 (with
Mp—& (N+D) = (M, 2, .., Ma)) before 7y (With 7y;— & (N+D) = (71,72, - - -, 71a))
if either 1, < 71, or n; = 71 and 7y < 1)y, etc. Such a labeling associates in a natural
way with each point € Y. (£) a positive integer £ = {(n) < N(&). Clearly, this
number does not depend on the choice of the point & as long as & remains within

the same Y, set. In particular,

" = A (Ho(k: Yo(m))). (2.7.2)

i
Now for every 7 € R? we define

Note that in view of Lemma 2.6.4

9(m,B) = [nl*", In| > p, (2.7.3)

for sufficiently large p.

2.7.2 Definition of function g(-)

Our goal is to construct a function uniquely matching an eigenvalue to a point. The
function g(-, ) depends on the set U and can assign two or more eigenvalues to one
point, when we change 8. So we introduce one more function g(-).

This function will not possess same nice properties as §(-,0), since Y does not
obey some of properties of Y, (i.e. changes other way under small shifts in the
direction £*(0), see Lemma 2.6.2). But we will derive required properties of g(-)
from those of g(-,*D).
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Let us define the function g(-) similarly to the function g(-,-), replacing Y (&)
by Y (€):
Following previous consideration we label the points n € Y (), & € Z(J), asso-

ciating a number ¢(n) to each point 1 and denote

g(m) == Xy (A(n)).

Similarly,
g(n) = >, |nl > p, (2.7.4)

for sufficiently large p.

2.7.3 Properties of the function (-, ")

In order to analyze the continuity of g(-,-), we assume that 7 is a non-critical point,
i.e. the set N( - ) remains constant in a neighbourhood of 1. Furthermore, in
the non-critical set, ¢(n) remains constant, if the point £* () stays away from the
Voronoi hyper-planes associated with pairs of points from the set Y (n). Recall
that the Voronoi hyper-plane for a pair n,,1, € R? is the set of all points z € R?
such that |9, —z| = |, — z|. Thus, the function g(-,-) is continuous on an open set
of full measure in RY.

In each set Z*(U) the labeling function ¢ possesses the following important prop-

erty.

Lemma 2.7.1. Let n,n € Z*(V) satisfy n — n := v is proportional to £ (n + V).
Then £(n) = {(n).

Proof: Recall that by Lemma 2.6.2 Y (n) +v = Y.(7).
Let us note that, if we move the point 1 by a vector v || £ (n+2), the set Y 1(n)
and the point £*(n+*U) are also moved by the vector v. Therefore, the distance we

are interested in does not change:

=& (M+D)|=|n-&(n+T)|
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Similar equality holds for any point in X' (n). Thus, when arranging points of the
set Y1 (n) by the distance from £*(7)+0), the point ) will obtain the same number
as the point i when arranging the points of the set X' 1,(n) according to their distance
to the point £*(n + V).

Also note that, similarly, the order would not change when we have several points
from Y (m) equidistant from the point £*(n + B), since for any point pu € Y1(n)
we have p g = fiygy, With 1t = p + v. Recall that we have defined pq; in (2.3.15).

Therefore, {(n) = {(n + v).

The next lemma allows us to establish smoothness of the function g with respect

to the variable 1 ;.

Lemma 2.7.2. Let B € V(n),1 <n <d-—1 and let (2.6.4) be satisfied. Suppose
that n € Z*(V) and |n| < p, and let v = n ). Then for sufficiently large p, on
the interval [to, Ty), to == |v|, To : %n € S(p), the function §(t;m) = §(n,(V) +
te(v), V) satisfies

g(ta,m) — §(t1,m) =< p"" " H(ta — 1), (2.7.5)
for any ty,ts € [to, To] such that t; < ty and t1,ts < to, uniformly in n € Z*(V) and
.

Proof: Let us remind that by construction of the set =Z*(0) we have n,(0) +
te(v) € Z(0) for all t € [ty, Ty]. Thus, by Lemma 2.7.1, £(n) = {(n,5 + te(v)) =: {
for t € [to, Tp). Therefore,

g(t:m) = Ae(A" (e + te(v))).

It remains to apply Lemma 2.6.5.
For the following Lemma recall that the distance on the torus | - |t is defined

in (2.4.27).

Lemma 2.7.3. Let B € V(n),1 <n <d—1 and a,b € R? be such that |a| < p.

Then there ezists a vector n € I'T such that
G(b +n,0) — g(a, V)| < p*™'|b —alr, (2.7.6)

76



for sufficiently large p.
Suppose in addition, that m € ', m # 0, is a vector such that |a + m| < p.

Then there exists an € ', such that n # 1 and
9(b +1) — g(a+m)| < p*'[b—alr, (2.7.7)
for sufficiently large p.
Proof: As ;@) (A(k)) = g(a, D), by (2.7.3), we have
s (A(k))| = p™.

Denote k = {a}, k; = {b}. Recall that the condition (2.4.28) is satisfied due to
(2.6.4), so by Theorem 2.4.6

N (AK)) = Ay (Alk))| < p" 7k — k| = p™" b — alr. (2.7.8)

Let p € R? be a vector such that {p} = k; and §(p, D) = Aj@a)(A(k1)). Now (2.7.8)
implies (2.7.6) with n = p — b.

In order to prove (2.7.7), we use (2.7.8) with a4+ m instead of a. Then, as above,
one can find a vector p such that {p} = k; and §(p, V) = A\j@a+m)(A(ki)). Since
J is one-to-one, we have J(a + m) # J(a), and hence p # p. As a consequence,

n =p — b # n, as required, and (2.7.8) again leads to (2.7.7).

2.8 Estimates of volumes

In this section we continue the investigation of the operator of the form (2.6.2), with
a symbol b € S, (w), w(§) = (€)°, with parameters v, 3, satisfying the conditions
(2.6.4). Let g : R? — R be the function defined in the previous section, and let
B(p), D(p) and B(p) be the sets introduced in Section 2.3 respectively.
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Let § € (0,\/4], A = p*™, and let
(

A(p,0) = Ar(g; p,0) := L%Jfl(w‘li)_l([A =0, A+4)),

BL(pa 5) = BL(g; P, 5) = -AL(pa 5) N BL(ﬂ)a

(2.8.1)
‘DL(pa 6) = ‘DL(?]; P, 6) = -AL(pa 5) N DL(P),
\@L0%®:=@L®u%®:=fh(m5N7@L@)
Also )
A(p,d) = A(g; p,0) == g~ ([A = 6, A +]),
B(p,0) = B(g;p,6) :== Alp,6) N B(p),
(2.8.2)

D(p,d) = D(g; p,6) := A(p,6) N D(p),

B(p, ) = B(g; p,8) := Alp, ) N B(p).

\

The estimates for the volumes of the above sets are very important for our argument.

First, let us prove an auxiliary statement.

Lemma 2.8.1. For an arbitrary U : dim0 > 1 it holds that
vol(g_l([)\ — 5, A+ 9])NY) < vol(g(-, %)_1([)\ — 5, A+ 4])).

Proof:
Denote I := [A — , A + d]. We are going to show that for any & € Z(0) there

exists a unique vector n € Z*(*¥) such that

9(§) = 9(n. V) (2.83)
E-ne
Indeed, there exists i, such that g(§) = A\/(A(€)). Note that A(§) is unitarily
equivalent to PHP where P is the projection onto an invariant subspace of H.
Therefore A(£) is unitarily equivalent to PA(&€)P. Thus, there exists some number
[ and i € Y(£), such that \;(A(€)) = Ni(AX(n)) and (2.8.3) holds.
Denote for each &: v(§) = € — n(&), where n(&) - is the vector from the relation

(2.8.3).
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Therefore,

vol(g (1) ND) = > volfg € g7 (1) : (&) = pu} =

pEZL

= 5" volfn(€) € §(-,B) "1 (1) : 7€) = p} < vol(g(-,B) (1))

HEZL

Corollary 2.8.2. [t holds that
VOl(D(p, 5)) < VOI(‘DL(pa 6))

Lemma 2.8.3. Let A be the operator (2.6.2), and let «, 3 satisfy the conditions
(2.6.4). Then for all sufficiently large p and any § € (0, p*™ /4] the following esti-

mates hold

vol B (p, 8) = dpt=2™, (2.8.4)

and

vol(Dy(p,8)) < dptt=2mtad, (2.8.5)
Here ag € (0,1) is defined in (2.3.8) above.

Before proving this lemma we find a convenient representation of the set B L(p,90).
Since By (p,0) C B(p), for all & € By (p,d) the function § is defined by the for-
mula (2.7.1), and in particular, it is continuous. For all Q € T'(p) (see (2.3.18) for

definition), we introduce the subsets of the real line defined as follows:
I p,0) ={t >0:p*™ =0 < §(tQ, %) < p*™ +4}. (2.8.6)

By (2.7.1), for t € I(2; p,0) we have p/Anae < t < Apazp, and hence tQ € @L(p, J).
If p is sufficiently large, by virtue of (2.7.1), for these values of ¢ the function §(¢€2, X)
is strictly increasing, and hence I(2;p,0) is a closed interval. Moreover, (2.7.1)

implies the relation

11(82: p,0)] = 5p" " (2.8.7)

for its length, uniformly in €2. By construction,

Br(p,0) = | I(p,0)0. (2.8.8)
QeT(p)
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Proof:[Proof of Lemma 2.8.3] In view of Lemma 2.3.20 and of the bound (2.8.7),
we obtain from (2.8.8):

vol By (p,d / / t37dtdQ = §p?m,
T(p) 4 1(£;p,0)

This proves (2.8.4).
Proof of (2.8.5). By definition (2.3.13) and relation (2.3.12),

Dp)= U =z@pc U =@Wo)
BCV(n),1<n<d BCV(n),1<n<d
Let us estimate the volume of each intersection =*(U;p) N Ap(p,d). Clearly,
= (RY) NAL(p,d) = @, thus we assume that n < d — 1.

Consider a vector x € U and a vector €, |€2| = 1, collinear with £" (). Denote
Sx, p)={t>0: x+tQ2 € =(TV;p)}.

Due to Corollary 2.3.9 it holds that if S(x, Q;p) # &, then |x| < 2p®-1. Con-

sider the subset
S p,6) ={t € S(x, Lp) : P — 6 < Gx +1Q,D) < p™" + 6} (2.8.9)

In view of (2.7.3), t < p. By (2.7.5), the function §(t) = g(x + tQ2,Y) is strictly
increasing and continuous, and hence, S(x, €2; p, d) is an interval. The bound (2.7.5)

also guarantees the upper bound

1S(x, Qs p,8)| < 6p" 2,

for the length of this interval, uniformly in x and €. Now we can estimate the

volume of the intersection:

vol(Z(W; p) N AL(p, § / / / t L dtdQ dx

Ix|<2p%d—=1 Sd=n—1  S(x,;p,8)

< pint / / 1S Qi p, 5)]dS dx

‘X‘<2po‘d71 §d—n—1

< 5p1 2m d n— 1<pad,1)n < 5pd7172m+ad,1'
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To prove the last step it is enough to show that

—Nnt+aoagn<—-1l4+a4.1<
4 (—1 + ozd_l)n < =14 ag_1.
Recall that the number of distinct subspaces U C V does not exceed Cr with
some universal constant C', so that

vol 'DL(p7 (5) < 5pd—1—2m+ozd71rd2 < 5Pd_1_2m+ad,

where we have used the conditions (2.3.8). Now (2.8.11) is proved.
Applying the fact that on non-resonance sets the values of functions g and ¢

coincide and Corollary 2.8.2, we obtain

Lemma 2.8.4. Let A be the operator (2.6.2), and let «, 3 satisfy the conditions
(2.6.4). Then for any § € (0,p*™ /4] and for all sufficiently large p, the following

estimates hold

vol B(p, §) = 6p*~2m, (2.8.10)
and
vol(D(p, ) < dptt—2mtea, (2.8.11)
Here, ag € (0,1) is the number defined together with oy, as, ..., aq_1 above.

The next section is devoted to the most important statements about the volumes

of our sets.

2.9 More subtle volume estimates
We aim to construct an upper bound for the volume of an intersection set:
B(p,6) N (B(p,3) + b).

First we need to introduce extra notation.
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Denote
b(£') = (a(€))m (2.9.1)

and

3=

hi(€) = b(€)[E]* = (ho(€)) (2.9.2)

We consider the function b defined on the unit sphere only, and the function hy

- in the whole of R,

Let b be a vector such that

1 < |b| < p. (2.9.3)

Due to the definition of the function g (see Subsection 2.7.2), in the non-resonant

set B(p) it can be expressed in a following form, with some nice properties on G:

9(8) = 9(&, X) = ho(§) + G(§).

Since g satisfies properties (2.7.1) and (2.6.4) (to be more precise, the property
(2.7.1) is true for g, but on the non-resonant set the functions g and ¢ coincide), we

can conclude that the following properties hold for G:

|G(&)| < p~, where k < 2m, (2.9.4)
IVG(&)| < p¥, where w < 2m — 1, (2.9.5)
|H(G(&))| < p?, where 7 < 2m — 2 and H is the Hessian, (2.9.6)

(i.e, all second derivatives of G are O(p?)).

Remark. Note that (2.9.5) implies the formula

|G(€+b) — G(&)| < |blp?, where o < 2m — 1. (2.9.7)
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Also, we will be assuming that the values of p and § are constrained by the

following relation:

0 <p”, »x<2m—1 (2.9.8)

Consider a set A.(p,0) = {€ € Z(X) : |ho(&) + G(€) — p*™| < ¢} and a set
Ap(p,9), denoted as follows:

Ap(p,0) ={€ € A.(p,d) : E+Db € A.(p,9)}.

Obviously,

B(p,d) N (B(p,d) +b) C Ap(p,9). (2.9.10)

Our aim is to estimate the volume of the set Ay(p,d) for “sufficiently large p” and
arbitrary d, satisfying the condition (2.9.8).

First we will consider the case d = 2, and then derive the general result from
that. Consider a plane with orthonormal basis z1,x,. Without loss of generality
we can assume that zp is collinear to b. We emphasize that we will be estimating
only the part of the set Ay (p,d) which belongs to the upper halfplane. A similar
estimate can be done for the lower “half” of the set.

First let us prove several auxiliary facts.

Lemma 2.9.1. If |H(G(£))| < p” for some v < 2m — 2, then the function ho(€) +

G(&) is convex (all its level sets are convex) for sufficiently large values of p.

Proof:
The function hy(€) + G(&) is convex if and only if the Hessian

H(ho(§) + G(&)) = H(ho(§)) + H(G(E))

is a positive matrix.
Due to Euler’s homogeneous function theorem, for a homogeneous function f

of degree m the first-order partial derivatives are homogeneous of degree m — 1.
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Therefore, its second-order partial derivatives are homogeneous of degree m — 2.

Thus, the following equality holds:

H(ho(€)) = €] H(ho(&")).

Now we use the strict convexity of the hg(£"). This property implies that for any

non-zero vector x € R4, |x| =1,
X" (H (ho(&')))x > 0.

Due to the compactness of the unit sphere, there exists a positive constant v > 0

such that for any vector x, |x| = 1, it holds
x* (H (ho(€)))x > ».

Therefore,

x"H (ho(€)))x > p*" 2.

If |H(G(§))| < p7, where v < 2m — 2, then for sufficiently large p
x"(H(ho(§)) + H(G(&)))x > p™ 7,
thus the matrix H(ho(§)) + H(G(&)) is positive. O

Lemma 2.9.2. There exists a positive constant C';; such that for an arbitrary 6
the intersection of the line passing through the origin and € and the set A.(p,d) is
a segment of the length not greater then Cy;p'~2™¢ (where C1; does not depend on

9).

Proof:
Consider the function hy(&€)+G(€) on the line containing the origin as a function

of one variable and differentiate it in the direction 6:

(&) £ CE)) _ O | (96(6).0) > Cule™™ + [VG(E)] > Cupp™™

(here we used (2.9.5), and denoted by C}2 maximum of the function a).
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Therefore, this line makes a cut in the set A,(p,d) of length not greater than
Cnplme(S. O
Now we are going to prove one more auxiliary statement. Recall that we consider

only the upper halfplane.

Lemma 2.9.3. For any ¢ > 0 there exists a value p. such that for any p > p.,
b :|b| > 1 and § satisfying (2.9.8), we have that the set Ay (p, ) can be covered by

a ball of the radius pe.

Proof:
Obviously, it is sufficient to prove the statement for the maximal possible value
of 9, that is § = p*. Let us take a look at the whole picture scaled down by a factor

x—2m

p. After this rescaling we will have 1 instead of linear size p, dpe, = p instead
of doq = p*, and we will be interested in a ball of radius ¢ instead of pe. This way
we can reformulate our statement: we have to prove that there exists a large enough
value of p such that the set Ap(p* 2™, 1) can be covered by a ball of radius e for
any vector b of length greater than or equal to %.

For convenience let us consider a horizontal vector b. Denote by &, the highest
point of the curve U defined by U = {£ : ho(§) + G(€) = 1}. Let us consider a ball
of radius § with center at the point &.

In Figure 2.1 we show the layer A, (p* 2™ 1), the unit level set U in the middle
of the layer, the point &, and the ball around it. Denote by 7" the distance between
the points of intersection of the ball and U. Let yy be the least of the ordinates of
these two points.

Let us prove the following fact.

Fact: There exists a value py such that for any p > py and any vector b satisfying
%} < |b| < I, the set Ap(p°~2™, 1) lies inside the ball B.(&,) of the radius ¢ and the
center &.

Define the function v(-) as follows: the value v(y) equals the sum of lengths of
the sections cut by a horizontal line of height y on our layer A, (p™ ™, 1).

Denote by Y the right one of the points of the intersection of B.(§,) with U.
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* ]

Figure 2.1: Layer

Denote by v the acute angle between the horizontal line and the tangent to the
curve at the point Y. It is clear that for all the other points on U in the top right
quarter of the plane outside the ball, this angle (between the horizontal line and the
tangent one) will be greater than or equal to ~.

Let us show that for any y < yo the function v(y) has an upper bound: v(y) <

Cpu—Qm
sin 7y

. This can be seen on the picture. The distance we are interested in for the
drawn horizontal line is the length of the interval CE. It can be estimated from
above by |C'F|. For the triangle CDF we can apply the sine theorem and recall
that the value of the angle CF'D is at least .
Thus we obtain that |CF| < ‘CDEE%. Obviously sin ZCDF < 1, and we
know that |C'D| x p*2™.
Now let us finally prove our Fact. Choose a value pg, so that for any p > pg we
will have ,
Cp*=m 1
Spim <
This value exists due to 3 —2m < —1 (according to 2.9.8). This concludes the proof

of the Fact.
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Now let us consider a horizontal vector b, such that % < |b| < £ and shift our
layer by b. Below the height y, the distance between the left and the right parts
of the layer is greater then % (if not, just increase p, this condition can be satisfied
independently of the previous one). Also, below the height yo the horizontal line
cuts in the layer sections of total length less than fl). This means that all the set
Ap(p2™, 1) has to be above the height yq.

Now let us note that we can choose a value p;, so that for any p > p; all the
points of the layer lying above 7y, will be inside the ball with the center &, and the
radius ¢ (recall that up to this moment we were using the ball of the radius §).

Now we can apply the uniform continuity argument. Assume that the statement
of the lemma is false. Then there exist sequences p, — oo and by, such that for
any k the set Abk(pZ_Qm, 1) can not be covered by a ball of the radius £. Vectors by,
belong to a compact set, therefore we can choose a converging subsequence of this
sequence. Thus without loss of generality in order to keep notation simple, we will
assume that the sequence {by} converges. Take its limit. Consider two cases:

1. If this limit is a zero vector, there exists a number k*, such that for any
k > k* we have # < byl < % Then for sufficiently large values of pp we arrive at
a contradiction to the Fact.

2. If this limit is a nonzero vector, it means that the set Ay, (p7>™, 1) tends to
a point, and again we arrive at a contradiction.

O

Fix the values of p,d6 and b. Consider the angle between & and & + b for all
£ € Ap(p,0) and its sine. Denote by 5*(b)(= *(b, p,0)) the angle for which this
sine is minimal. Obviously, this angle depends also on the values of p and ¢, but for

convenience of the notation we will omit this dependence.

Proposition 2.9.4. Ifsin 5(b) > 0, then there exists a constant C > 0 independent
of b such that for any sufficiently large p and arbitrary value of & satisfying the
condition (2.9.8) we have:
052p274m
1(Ay(p,0)) < ————.
VO( b(pu )) — Slnﬁ(b)
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Proof:

We construct the proof of this statement according to the following plan:

1. For each point £ : ho(€)+G(€) = p*™ and a number € we construct a rectangle
Rec(&, ¢), whose side lengths depend on p.

2. Choose €* so that for sufficiently large values of p the set Ay (p,d) is covered
by the rectangle Rec(€,e*).

3. Then we will show that the set Ay (p,d) is covered by the rectangle Rec(& +
b,e*) — b.

4. We will estimate the area of the intersection for the rectangles from the
2nd and 3rd steps by the area of the intersection of two infinite strips of width
2C116p'~?™ (the constant C}; has been defined in Lemma 2.9.2) and with the angle
between them bounded from below by the value 3(b).

So let us proceed according to plan.

1. Fix 0 > 0. Take an arbitrary value € < 1. For each point & : ho(€) + G(§) =
p*™ denote by Rec(€,¢) a rectangle with the sides ep and 2C}10p' 2™, such that
the side of length 2C};6p'~2™ is parallel to the vector € and the point £ is the center
of the rectangle.

2. Denote by £(§) the maximal width of the rectangle Rec(&,¢), such that
its sides of length ep do not intersect with the set A.(p,d). The function (&) is

continuous and thus attains its minimum on the compact. Denote:
et = mﬁin (&)

(so far we were doing everything for a fixed value of p).

Clearly, for any € we have (§) > 0. Therefore also € > 0 (as a minimum of a
uniformly continuous strictly positive function defined on a compact set).

For this €* the following holds: for any rectangle Rec(&, ) its sides of length
£*p do not intersect with the set A, (p, ). Moreover, clearly, this remains true when
we increase the value of p.

Consider a positive €* < % and a value p.-, defined above.

38



For any value p > p. and any point £ € Ay (p, ) we have:
Ap(p,d) C Rec(&, ).
3. One can easily see that
Ap(p,d) + b C Rec(& + b,e") = Ap(p,d) C Rec(& +b,e") — b.

4. Obviously, if & € Ap(p,d) and n = £ + b, we have:

Aw(p,d) C Rec(&,¢") N (Rec(n,e*) —b) =

= vol(Ap(p,d)) < vol(Rec(&,e") N (Rec(n, ") — b))
(20115p1—2m)2 - 052p2—4m
sinZ(&,n) — sinpg(b)’

<

which finishes the proof.

OJ

Consider the function b(-) defined in (2.9.1) on the unit sphere. It is continuous,
smooth, and defined on a compact. Consequently, there exists a positive constant s

such that

b(&') — ()| < s|£(&m)| &mneR\ {0} (2.9.11)
Let us divide the set Ay (p,d) into two parts: Ap(p,d) = Ay U Ag, where

Ar={£:£ € Ap(p.0), & <p ™"}, Az =Ap(p,d) \ A

(here (&,,&,) are the coordinates of the vector € along the axes 1,25 and u > 0 is

a constant to be determined later).
Lemma 2.9.5. vol(A;) < dp'—2m~,

Proof:
Let us estimate the volume of the set A;. Suppose, & € A;.
Applying (2.9.4), we conclude that ho(€) > p*™.
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Consider the function b(-) and denote by b and B its lower and upper bounds
correspondingly: 0 < b < b(+) < B.

hi(€) > p* = B(& + &) > p°,

and since &, < p~*, we have

&> p (2.9.12)
Counsider a function
h
rale) = 5.

Let us note that hy(€) = ho(&') = b(E').

Then for the derivative we write put the following expression:

oh B 1y [(Oha(€
=2 (&) = m(b(g))™|g)Hm D ﬁ!éﬂ + 2ha(€)E, ) - (2.9.13)
ox ox

Consider the value 8]%—;5/). Let x be a unit vector in the direction of the axis

x, and A be a real number. Take the triangle ABC with the vertices A = &',
B = ¢+ Ax and C' = 0. This derivative can be written as the following limit:

Ohy op 4o ha(§ + Ax) — hy(€]) ha (€ + Ax)') — ha (&)

B (&) = lim A = lim A

Recalling (2.9.11), we obtain an inequality:

0 "4 Ax. &
(€ + Ax)) — ha(€) < s2(€' + Ax,€) = 5o (€) < Jim S

s/(

Consider a fraction %. Applying the law of sines to our triangle and keeping

in mind that Z (¢ + Ax, ¢') ~ sin(¢’ + Ax, ¢'):

sin(§' + Ax,£')  sinZC  sin/B
A - |AB|]  |AC]

By the definition of the set A; and the property (2.9.12), the value sin ZB does

not exceed p~!'7*, and the side |AC| has length of order p, therefore




N Oho(&) < gt Ohy (&)
ox oz

. 2] m—
Using (2.9.5), we conclude that %(E) > p?mh

h
%] + 2h2(8)€, > p = %({) > Pl

1-2m—u

Consequently, the volume of the set A; does not exceed dp (we estimate

the area as the product of the width (6p*~2™) and the height (p~*)), which finishes
the proof of the Lemma. [
Now let us estimate the volume of the set As, using the Proposition 2.9.4. Note

that for any vector £ € A, it holds that sin Z(€, € +b) > p~'~*, and thus
VOl(.AQ) < 52p3—4m+u = VOl(-Ab(,O, 5)) < 52p3—4m+u 4 5,01_2m_u.

Now we will derive a result for higher dimensions from the proven facts for d = 2

(Proposition 2.9.4 and Lemma 2.9.5):
Theorem 2.9.6. If d > 2 then for any u > 0
VOl(.Ab(p, (5)) < 62p1+d74m+u + 5p172m7u(d71).

Proof:
Let us estimate the volumes of the sets A; and A, separately.

Consider the set A;. It is contained in a cylinder of radius p™*, so the two-

dimensional result we have to multiply by p~(¢=2):
VOI(‘Al) <K 5p1_2m_up_u(d_2) — 5p1—2m—u(d_1).

Now consider the set A,. Similarly it is contained in a cylinder of radius p and

thus we multiply the two-dimensional result by p?=2:
vol(Ay) < §2 At p(d=2) _ 52 lkd—dmtu

Therefore,

vol(Ap(p, 8)) < §2pltd—dmtu 4 g5 yl-2m—u(d=1)

Corollary 2.9.7. As soon as conditions (2.9.3) - (2.9.8) are satisfied, for anyu > 0

we have
vol(B(p, 8) N (B(p,d) + b)) < §2plHd-tmtu y 5pl-2m-uld=1), (2.9.14)
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Moreover,

vol U <B(p, ) N (B(p,0) + n)) <« §2plrE—Amtu g l-2mtd—ud=1) (9 g 15)
nert\{0}

Another important ingredient is the following estimate on the volumes:

Lemma 2.9.8. Let B(p,d), D(p,d), 6 € (0,p*™/4], be as defined in (2.8.2). Let

u > 0 be some number, then

vol [ (B(p,a)m (D(p,5)+n))
nert\{o}

< 52p1+2d—4m+u + (5p1—2m+d—u(d—1) + 5pd—1—2m+o¢d‘ (2916)
Proof: Let us split D(p, ) in three disjoint sets:
Do(p,6) = {& € D(p,5) : € +n ¢ B(p,d), forall neclT\ {0}},

‘Dl(pv 6) = {£ S ®<p7 5) :

there exists a unique n =n(¢) € I\ {0} such that £ +n € B(p, )},
®2(p7 5) = (D(p, 6) \ (QO(p’ 6) U (D1<:07 5)) .

The definition of Dy(p, §) immediately implies that
B(p, ) ﬂ( U (Dolp.6) + n)) _ (2.9.17)
nelft\{0}
For the set Dy(p, d) we have the inclusion
U Dap.0)+n)c | (B(p.d)+n). (2.9.18)
nert\{0} nelt\{0}
Indeed,for each € € Dy(p, d) there are at least two distinct lattice vectors ny, ny # 0
such that & + n; € B(p,0) and € + ny € B(p,d), so that any lattice vector m # 0

is distinct either from n; or from ny. Thus, assuming for definiteness that m # ny,

we get

E+m=£€+4+n+(m—n) € (B(p,d) +m—mny) C U (B(p,d) +n).
nert\{o}
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This proves (2.9.18).
Now observe that by definition of D;(p,d) the sets Di(p,d) N (B(p,d) + n) are
disjoint for different n € I'"\ {0}. Therefore

vol | J ((Dl(p,5)+n)ﬂ3(p,5)>: 3 vol(ﬂ)l(p,5)ﬂ(3(p,6)+n)>

neri\{o} nelf\{0}
< vol Dy(p,d) < volD(p, ).
Together with (2.9.17) and (2.9.18) this produces the bound
vol [ J (93<p, H)N(D(p, 5)+n)> < vol D(p,8)+vol | J (93(,0, 5)N(B(p, 5)+n)).

nert\{o} nelf\{o}

The estimate (2.9.16) follows from (2.9.15) and (2.8.11).

2.10 Proof of the Bethe-Sommerfeld Conjecture

In this section, we prove Theorem 2.1.1. We do it in several steps. First we prove it
for the model operator A defined by (2.6.2) with conditions (2.6.4) satisfied. After
that we invoke Theorem 2.5.3, which states that the original operator H can be
reduced to the model operator up to controllable error terms. At the second step
we show that these errors do not destroy the spectral band overlap, obtained for the

model operator.

2.10.1 Theorem 2.1.1 for the model operator (2.6.2)

Our proof of the spectral band overlap for the operator A relies on the following
elementary Intermediate Value Theorem type result for the function g(€) defined in

Section 2.7. As before we assume that A = p?™.

Lemma 2.10.1. Let & = £(t) C B,t € [ty,ta], t1 < ta, be a continuous path. Suppose
that g(&(t1)) < A—=9, g(&(t2)) > A+9 with some § € (0,\/4), and for each t € [ty, o]
the number g(&€(t)) is a simple eigenvalue of A(k),k = {&(t)}. Then there exists a
to € (t1,t2) such that A = g(&(to)), so that A € o(A). Moreover, ((\; A) > 9.
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Proof: Since g(&(t)) is a simple eigenvalue of A(k) and {£(t)} = k for each
t € [t1, 2], we have ¢g(&(t)) = A\;(A(k)) with j independent of the choice of t. Since
g is continuous on B, the function g(&(t)) is a continuous function of t € [t1, t5], and

hence the intermediate value theorem implies that there is a ty € (t1,%2) such that

Ni(A({&(t0)})) = A. The bound ¢(A; A) > 6 follows from the definition (1.0.1) of
C(A A).

Our next step is to prove that there is a path with the properties required in
Lemma 2.10.1. In fact we shall prove that the required properties will hold for an

interval 1(£2; p,0) C (0,00) (see (2.8.6)) with some Q2 € T'(p).

Lemma 2.10.2. There exists a constant Z > 1 with the following property. Suppose
that for some Q@ € T(p) and some t € I(2;p,0),6 € (0, p*™/4], the number g(n),
n = tQ is a multiple eigenvalue of A(k),k = {n}. Then for any T € 1(§; p,d) there
exists a vector n € [T\ {0} such that 7Q +n € A(p, Z6).

Proof: Since the number g(n),n = tQ, is a multiple eigenvalue, by definition
of the function g( - ), there is a vector p € I'' \ {0} such that g(n) = g(n + p). In
view of (2.7.3), | + p| < p. Since on the non-resonant sets the functions g and ¢
coincide, by Lemma 2.7.3, for any 7 € I(£2; p, &) there exist two vectors my, my € ',
m; # my such that, with & = 7€,

lg(n) — g(§ +my)| < p*" iy — €| <9,
(2.10.1)

l9(n +p) — g(§ +ma)| < p*" i — €] <6
Here we have used the bound [t — 7| < dp*~?™, which follows from (2.8.7). As m; #
ms,, one of these vectors is not zero. Denote this vector by n. Since g(n) = g(n+p),

it follows from (2.10.1) that

l9(§ +n) — g(n)| <0,

so that € +n € A(p, Z0) with some constant Z independent of £ and p, as required.
The next Lemma is the key point of our argument: it shows that at least for one
Q € T(p) the interval I(€2;p,d) consists entirely of the points ¢ such that g(t€2) is

a simple eigenvalue.
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Lemma 2.10.3. There exists a vector Q € T'(p) and a number c; > 0 such that for
§ = cgp? 174207 gnd each t € 1(2; p,0) the number g(€), € =t is a simple
eigenvalue of A({€}). Moreover, ((p*™; A) > 6.

Proof: Suppose the contrary, i.e. if p is sufficiently large, then for any Q € T'(p)

there is a t € I(£2; p, ) such that g(¢€2) is a multiple eigenvalue of A(¢€2). Then due
to formula (2.8.8), Lemma 2.10.2 implies that

B(p,0)c | J (Alp,61) +n) (2.10.2)

nelt\{0}

with &, := Z8. Since B(p,d) C B(p,d;), we can re-write (2.10.2) as

B(p,d) C U ((A(p, 61) +n) mB(P> 51))

nelf\{o}
= U ( pa(sl mea61>U U ( pa(Sl me751>
nelrt\{o} nelf\{o}

(2.10.3)

Let us estimate the volumes of sets on both sides of this inclusion. For a fixed
u > 0, whose value is chosen a few lines down, we can use (2.9.14) and (2.9.16) for
the volume of the right hand side. For the left hand side we use (2.8.10), so that
(2.10.3) results in the estimate

d—2m < 52p1—4m+2d+u +5p1—2m+d—u(d—1) 44 d—1—2m+o¢d’

op p
which simplifies to

1< 5p172m+d+u _i_plfu(dfl) _._p71+ad.

Choose u = 2(d—1)"! and § = c3p?™~1797% with a suitably small c3. Then for large
p the right hand side is less than the left hand side, which produces a contradiction,

thus proving the Lemma.

2.10.2 Proof of the Main Theorem

We assume that the conditions of Theorem 2.1.1 are satisfied. The proof uses the

reduction of the operator H to Ay, established in Theorem 2.5.3. The first step is to
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show that the spectrum of A; is well approximated by that of the model operator
(2.6.2) with B replaced with X, i.e.

A=Hy+X°+ X%
Let numbers a; < 1,7 =1,2,...,d be as defined in Subsection 2.3.3.

Lemma 2.10.4. Suppose that the conditions of Theorem 2.1.1 are satisfied. Let Ay
be the operator (2.5.24), and let r = p* with a number » > 0, satisfying (2.1.2) and
the inequality

d?s < (2m — vB)ay. (2.10.4)
Then for any L > 0 there exists an M (i.e. the number of steps in Theorem 2.5.3)
such that

N(p—p~" A(k)) < N(p, Ai(k)) < N+ p~", Alk)) (2.10.5)

for all p € (1 —cg)®™p*™, (1 + c4)*™p*™) with any cq < 17—

max

Proof: By Theorem 2.5.3, ||Ryri1] < p%+1, uniformly in b : 5] < 1 (see
(2.5.19) for definition of €pr41). The condition (2.1.15) is equivalent to o < 1,
so that ¢, — —oo as j — oo. Thus for sufficiently large M = M(L) we have
|Rars1]] < p~t/2. As a consequence,

N(p—p"/2,A1(k)) < N(p, A (k) < N(p+p~"/2, A1 (K)),
Ay = A4 XSELELT (2.10.6)

for all ;1 € R. Due to (2.6.10), the operator A; can be represented in the block-matrix
form:

= PBrED)APED) + P PED))XZETP(E(D)).

0eV 0,20€V,

Since the number of distinct subspaces 20 € V is bounded above by Cr? with some

universal constant C' > 0, the second term satisfies the two-sided estimate

—CrdQ@iP 2(9)) | X [SELELTP(Z(T)) < @ P(Z(V)) X SELELTP(= (1))

VeV 0,20€V,

< Or" @PPED))| X [FEETP(E(D)).

VeV
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Here we have denoted | X|5¢847 = | X8¢| + | X*¢| 4 | X*7|. Consequently,

A< A < A,

with
Ay = P PED)) (Ag £ Cr® | X|PEELT) P(Z()).

0eV

Since A are orthogonal sums, the problem is reduced to estimating the counting
functions of A (k) on each invariant subspace $(k; Z(0)). From now on we assume
that U is fixed and omit it from the notation.

If U € V(r,d), ie. U =R then = = Z(Y) C B(0,2p"), see Lemma 2.3.18.
Clearly, ||HoP(Z)|| < p*™@d. Also, by (2.4.22),

|x0|(v) + |x88|(v) + |x28)|(7) + |I£?|(v) < |b|(’7),
and hence, by Lemma 2.4.2,
|X°PE) + T PE) X PEEETPE| < prioe,

2mag

In view of (2.10.4), the right hand side of the last inequality does not exceed p
Consequently, |ALP(Z)|| < p*>™*, which implies that N(u, A+ (k);Z) = 0 for all

1> (p/2)*™.
Now, let us fix B € V(r,n),n < d — 1, and prove the bounds

N(p—p "2, Ap(k); ) < N(p, Ar(k);E) < N(p+p "/2, Ay(k);Z),  (2.10.7)

for sufficiently large p. Split = into three disjoint sets:

@)
o
|
—N
2%
Mm
[

R
N
|

o
I
3
Q
8
N——
AN
o
~
g8
AN
e
VR
—_
+
o
=l
s
8
N——
——

_ 1 _ 1
ec~{eezilgul <o (1- =)} = {eezin (14— ) <lewal |

Note that by definition of the operator Ag (see (2.6.5)) all three subspaces H(Cy),
H(C<), H(Cs) (see Subsection 2.1.3) are invariant for Ag. Since |€gy] < 2p%-1 (see
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Lemma 2.3.18), we have

_ 1 3

=0 (0r (1)) e (00 (o))
=nB(p(14+ - ce.ueycBlop(1+—
= 1% 8Amaw < 0 P 4Ama;p :

Therefore, by Lemma 2.4.5,

P(E)XNP(F) = P(C)|X*IP(CL), P(E)XP(E) = P(Cs) | X4[P(Cs).
Thus, ALP(Z) can be rewritten as
ALP(E) = Fi + Cr® (P(E)| XM P(Z) — P(C)| X5 P(Cs)),
with

Fip = P(C.)(Ag + Or¥ | X)) P(CL) @ P(Co) AP (Co)
@ P(Cs)(Ag + Or¥ | X |FTEEYP(C.).

By (2.4.25),
r% | P(CL U Co)[ XL + r || XET|P(C U Cp)|| < &Pt pfmax(0)

for any p > d and [ > p uniformly in b satisfying |b]) < 1. Asr = p*, 3 > 0, by
choosing a sufficiently large [, we can guarantee that the right hand side is bounded

by p~t /2. This leads to the bounds
N(p—p~"/2, Fe(k); E) < N(p, Ax(k);Z) < N(p+p7/2, Fa(k); ), (2.108)

for all 4 € R. Consequently, (2.10.7) will be proved if we show that

1 2 1 2m
T — = — < pu< .
N(ILL, F:t, ) N(M7 Am7 )’ <p (]‘ 8Amaz‘>) SR (p (1 * 16Ama$>)
(2.10.9)

To this end note first that the definition of C. and €. implies

HyP(e.) < (p (1 - jm))m P(C.), HoP(C.) > (p (1+ ] Afm))zm?(e».
(2.10.10)

98



Also, by Lemma 2.4.5,
HXOH + ||X§|| + OTdQHXSEH < Td2p,@max(%0)'

Under the condition (2.10.4) the right hand side of this estimate is bounded by

o(p*™), p — oo uniformly in b. Together with (2.10.10), this implies

) 1 2m
N (1, A Cr ()| XSEP(CL); €2) = N(p, A €2), i > (p (1— )) |

8Amaa?
(2.10.11)
Furthermore, in view of (2.4.22) and (2.4.2),
P17+ X3 + Cr® [ X[S0)P(€,) < v (Ho + 1) P(C5), 7 = 12

Using again (2.10.4) and remembering (2.10.10), we conclude that the right hand
side is bounded above by o(1)HyP(Cs), p — oo, uniformly in b. Together with
(2.10.10), this implies that

N (s, A+ CrP(€.)| X[5FE4P (€. ), €.) = 0, pi < (p (1 - jm))m
(2.10.12)
Putting together (2.10.11) and (2.10.12), we arrive at (2.10.9). In combination with
(2.10.8) this leads to (2.10.7). Together with (2.10.6) they yield (2.10.5).

Proof: [Proof of the Main Theorem| By Theorem 2.5.3, it suffices to prove that
C(p*™, A1) > cp® with some S for sufficiently large p. It follows from Lemma 2.10.3
that ((p*™; A) > ¢p® with S = 2m —4 —d —12(d — 1)~!. Using the bounds (2.10.5)
with L > —S, we get the required estimate ((p?™, A;) > p° from the definition
(1.0.2). This completes the proof of Theorem 2.1.1.
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Chapter 3

Lower Bound on the Density of
States for Periodic Schrodinger

Operators

3.1 Introduction

Since now we will consider a different problem we would like to refresh various
definitions and the framework of the subject. Let H = —A + V be a Schrodinger
operator in Ly(R?) with a smooth periodic potential V. We will assume throughout
that d > 2. The integrated density of states (IDS) was defined in (1.0.3). The
existence of the limit in (1.0.3) is well known, see e.g. [28, 32]. For Hy := —A the
IDS can be easily computed explicitly (e.g. using the representation (3.2.6) below):

(2m)~4d w2 X > 0;
No(N) = (3.1.1)

0, A<0.
Here wy = 27%2/T(d/2) is the surface area of the unit sphere S%! in RY.
This chapter concerns the high—energy behaviour of the Radon-Nikodym deriva-
tive of the IDS
g :=dN/d),

100



which is called the density of states (DOS) (see [28]). Our main result is that for

large values of A
9(0) = 9oV (1 - o(1)), (3.1.2)

where

go(N) = dN(N)/ dX = (27) " Uwg\4=2/2 /9,

We remark that (3.1.2) should be understood in the sense of measures; in particular,
we do not claim that g(\) is everywhere differentiable.

It has been proved in [21] that the spectrum of H contains a semi-axis [\, +00).
This result has an obvious reformulation in terms of the IDS: each point A > Aq is
a point of growth of N. It was also proved in [21] that for each n € Nand e = A™"
we have

N +e) — N(\) <« e ld=2/2, (3.1.3)

Later, Yu. Karpeshina suggested that using the technique from that [21], one should
be able to prove the opposite bound

N +e) = N(A) > e/ (3.1.4)

when A is sufficiently large, not just with ¢ = A= (when the proof is relatively
straightforward given [21]), but also uniformly over all e € (0,1]. In this Chapter

we prove that for large A

N(A+e)—N(\) > 2@—;)(@(“)/2(1 —o(1)). (3.1.5)

Note that (3.1.5) implies the claimed bound (3.1.2).

The main result of this Chapter is

Theorem 3.1.1. For sufficiently large X and any € > 0 the integrated density of
states of H satisfies (3.1.5).

The proof of Theorem 3.1.1 is heavily based on the technique of [21] and uses

various statements proved therein. In order to minimize the size of the Chapter,
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we will try to quote as many results as we can from [21], possibly with some minor
modifications where necessary.

The chapter is organized as follows. In Section 3.2 we introduce the necessary
notation and quote the results of [21] which we need for the proof of Theorem 3.1.1.
Sections 3.3 and 3.4 contain some auxiliary results, and the proof is finished in

Section 3.5.

3.2 Preliminaries
We study the Schrodinger operator
H=-A+V(x), xe&R (3.2.1)

with the potential V' being infinitely smooth and periodic with the lattice of periods
A. We denote the lattice dual to A by Af: the fundamental cells of these lattices are

denoted by Q and QF, respectively. We introduce

Q :=sup {|¢||€ € QT}. (3.2.2)

Let
D:=—-iV, D(k):=D+k. (3.2.3)

The Floquet-Bloch decomposition allows to represent our operator (3.2.1) as a

direct integral:

H= | @oHk)d, (3.2.4)
Qf

where

H(k) = D(k)* + V(x) (3.2.5)

is the family of ‘fibre’ operators acting in L(2). The domain © of each H (k) is the
set of periodic functions from H?(Q2). The spectrum of H is the union over k € Qf
of the spectra of the operators (3.2.5). Let {);(k)}, j € N be the set of eigenvalues
of H(k) (counting with multiplicities). Then the integrated density of states (1.0.3)

102



admits the following representation:

N(\) = (27r)_d/m#{j: Ai(k) < A} dk, (3.2.6)

see e.g. [28].

We denote by | - |, the surface area Lebesgue measure on the unit sphere S?1 in
R and put wy := |S4!|, = 2742 /T (d/2). By vol(-) we denote the Lebesgue measure
in RY. We write B(R) for the ball of radius R centered at the origin. The identity
matrix is denoted by I. By A = p? we denote a point on the spectral axis. We also
denote by v the Lo,—norm of the potential V', and put J := [A — 20v, A 4 20v].

Any vector & € R? can be uniquely decomposed as € = n + k with n € AT and
k € QF. We call n =: [£] the ‘integer part’ of € and k =: {£} the ‘fractional part’ of
€. For £ € R?\ {0} we define r = r(€) := |€| and & := £/|€]. For any h € Lo(Q)

we introduce its Fourier coefficients

hn = (vol )~1/2 /Q h(x)exp (—i(n,x))dx, ne€ A" (3.2.7)

Given two positive functions f and g, we say that f > g, or ¢ < f, or g = O(f)
if the ratio g/ f is bounded. We say f =< g if f > g and f < g. Whenever we use
O, o, >, <, or < notation, the constants involved can depend on d and norms of
the potential in various Sobolev spaces H®; the same is also the case when we use
the expression ‘sufficiently large’.

Let

A= {5 e RY, [1g2 - )| < 401;}. (3.2.8)
Notice that the definition of A obviously implies that if € € A, then HS\ — p’ < p L
We put
R = R(p) := p"/ G0 (@+2) (3.2.9)
(so that the condition stated after equation (5.15) in [21] is satisfied). For j € N let
AT :
O :=A"NB(jR)\ {0}.
Let M := 5d? + 7d. We introduce the set
B = {E € A“(E,n’)‘ > p?, for alln € @%M}. (3.2.10)
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In other words, B consists of all points & € A the projections of which to the
directions of all vectors n € ©f,, have lengths larger than p*/2. We also denote
D:=A\B.

The main result we will need follows from Corollary 7.15 of [21]:

Proposition 3.2.1. There exist mappings f,g : A — R which satisfy the following
properties:

(i) F(€) is an eigenvalue of H(k) with {€} = ki |£(€) — [¢]?] < 2. f is
an injection (if we count all eigenvalues with multiplicities) and all eigenvalues of
H(k) inside J are in the image of f.

(ii) If & € A, then | f(€) — g(&)] < p~**.

(iii) For any & € B

9(&) = 1¢I°
201 (3.2.11)
+Z Z Z Cn1 ..... nj<€7n1>7nl "‘<€7nj>7nj‘
=1 ny,..,n;€0%, 2<n1+-+n; 2M
Remark 3.2.2. Formula (3.2.11) implies that
0g/or(&) < p, forany &€ B. (3.2.12)

For each positive § < v we denote by A(J), B(J), and D(d) the intersections of
g ([p* — 6, p* + 8]) with A, B, and D, respectively.
It is proved in Lemma 8.1 of [21] that

vol (D(8)) < p* ™36 (3.2.13)

The following statement (Corollary 8.5 of [21]) gives a sufficient condition for the

continuity of f:
Lemma 3.2.3. There exists a constant Cy with the following properties. Let

I:={&@) : t € [tmin: tmaz]} € B(v).
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be a straight interval of length L < p~'8. Suppose that there is a point t, €
(toin, tmaz] With the property that for each mon-zero n € AT g(E(tO) + n) is either

outside the interval
[Q(E(to)) — Cip 7 = CipL, g(&(to)) + Cip % + ClPL}
or not defined. Then f(&(t)) is a continuous function of t.
By inspection of the proof of Lemma 8.3 of [21] we obtain

Lemma 3.2.4. For large enough p and 6 < p~' the following estimates hold uni-
formly over a € AT\ {0}: if d > 3,

vol (3(5) N (B() + a)) < (62973 + 5p~); (3.2.14)
ifd=2,
< %2 la| <2p—1,
vol (B(a) N (B(5) + a)) <6652 |lal—20] < 1, (3.2.15)
=0, la] > 2p+ 1.

\

3.3 Prevalence of regular directions

In this section we prove that for most directions & the image of the function f of
Proposition 3.2.1 is an isolated eigenvalue of H ({£}) continuously depending on €|
if it belongs to a neighborhood of p?.

Lemma 3.3.1. For p big enough and
0<6< p’d’3
there exists a set F = F(p) on the unit sphere ST1 in R with
[Flo = wa(l—o(1)) (3.3.1)

such that f(€) is a simple eigenvalue of H({€}) continuously depending on r = |€|
for every &€ = (r, &) € f71([p* — 0,p* 4+ 0)) with & :=¢/|€] € F.
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Proof:It is enough to consider 6 := p~¢=3. For each & € S9! let
I (0) == {r&',r > 0} N B(9). (3.3.2)
Let &1 := {€& € S4I(6) # 0, I (6) N D(8) = 0}.
For any m € ©},, the area of the set of points & € S?~! satisfying
|(rg' )| < p'7?
is evidently O(p~/2) if r > p/2 (the latter is true for all 7€’ € A). Since the number
of elements in Of,, is O(R?), by (3.2.9) and (3.2.10) we have

1SN\ Tl = o(1). (3.3.3)

By definition B(6) = BNg~([p* — d, p> + d]), hence (3.2.12) implies that for big
p the length l¢/(5) of Ix(9) satisfies

le(0) < ép~", €& €9y (3.3.4)
Let
F:={¢ € F | f is continuous on I¢(8)},
and
&(6) :={& e B(0)|¢ € F1\F}.

Lemma 3.2.3 tells us that for each point &€ € (J) there is a non-zero vector n € Af

such that
l9(€+n) —g(&)| < Ci(p™ 2+ ple(8)) < (p 42 + ). (3.3.5)

Since |g(€) — p?| < 6, this implies
g€+ 1) = p*| SColp P+ O) =0 < p TP =4,

and thus € + n € A(d;); notice that Cy > 1 and so d; > 0. Therefore, each point
£ € &(6) also belongs to the set (A(d;) — n) for a non-zero n € Af; obviously,

In| < p. In other words,

&) C U (A(61) —n) = [ J(B(d1) —n) U J(D(61) —n). (3.3.6)

neATNB(Cp), n#0 n#0 n#£0

106



To proceed further, we need more notation. Denote Dg(d7) to be the set of all points
v from D(6;) for which there is no non-zero n € AT satisfying v — n € B(6); D1(d;)
to be the set of all points v from D(6;) for which there is a unique non-zero n € AT
satisfying v — n € B(9); and Ds(d;) to be the rest of the points from D(d;) (i.e.
Dy (d1) consists of all points v from D(d;) for which there exist at least two different
non-zero vectors ny,ny € AT satisfying v — n; € B(d)). Then Lemma 8.7 of [21]
implies that we can rewrite (3.3.6) as
£6) c | J(B(s1) —n) U | J(D1(61) — n). (3.3.7)
n£0 n£0
From this we conclude that
yo ( (6) —n mza(a)) U ((@1(51) —n) mos(a)), (3.3.8)
n0 n70
since €(0) C B(9).
The definition of the set Dq(d;) and (3.2.13) imply that
vol ( U((®:(6) -n) 0 13(5))) < vol (Ds (1))
n£0
< vol (D(6;)) < d1p™ 7% < opT7/3,

(3.3.9)

For d > 3 Lemma 3.2.4, inequality § < ¢, and the fact that the union in (3.3.8)

consists of no more than Cp? terms imply

vol ( U ((3(51) —n)n B@))) < pUS2 T 4+ 6p7 ) < 5(pT 0 + 1), (3.3.10)

n#0

For d = 2 we obtain by Lemma 3.2.4

a( U (mon e )

neAT\{0}

R (3(5) N (B(5,) + n))
neAt\{o}
nl<2p-1 (3.3.11)

+ Y v01(3(5>m(3(51)+n))
neAf\{0}
lIn|—2p]<1

3/2 2

< B2 4 (832 4 5,p7%) < Sp
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where we have used that
#{n € AT“|n| —2p| < 1} < p.
Applying (3.3.9), (3.3.10), and (3.3.11) to (3.3.8) we obtain for all d > 2
vol &(8) < 6p?~ /3, (3.3.12)

By definition,

e@) = |J Ie09).

geF\F
Hence by (3.3.4)
1F1\ Flo < 6 p* 4 vol £(9). (3.3.13)

Combining (3.3.12) and (3.3.13) we conclude that for big p
|F1\ Flo = o(1). (3.3.14)

We have
1SN Flo =[S\ Filo + [F21 \ Fle. (3.3.15)

Substituting (3.3.3) and (3.3.14) into (3.3.15) we obtain (3.3.1).
Now we notice that for every & € F the interval I(9) has the following property:
for each point &€ € I () and each non-zero vector n € Af such that € + n € A we

have |g(& +n) — g(&)| > 2p~¢73. This implies f(& +n) — f(£€) # 0. Therefore, f(£)
is a simple eigenvalue of H ({£ }) for each & € I¢(§). The lemma is proved.

3.4 Some properties of operators on the fibers

In this section we discuss some properties of operators H(k), k € Q. In Lemma 3.4.1
we prove that the Fourier coefficients of the eigenfunctions of these operators satisfy
certain decay estimates if the corresponding eigenvalues are big enough. Using
this, we obtain an estimate on the rate of change of such eigenvalues with k in

Lemma 3.4.2.
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For m € R let

1/2
ym .— ( Z |n|2m|Vn|2> ‘
neAt

Since V is smooth, V(™ is finite for any m > 0. Recall that Q is defined by (3.2.2).

Lemma 3.4.1. Fix m € N and » € (0,1). For k € QF let ¢ be a normalized
eigenfunction of H(k):
H(K) = i (3.4.1)

with the eigenvalue
¢ > max {36Q%»% %, (1 + m%)Q/(d_l)%_M/(d_l)}. (3.4.2)
Then there exists M, = M,,(d, A, V) € Ry such that for all n € AT with

In| > (14 ms)\/C (3.4.3)
the Fourier coefficients of 1 satisfy
|| < Mppse ™ [n|~Gm+1/2, (3.4.4)

Proof: We proceed by induction. Suppose that either m = 1, or m > 1 and the

statement is proved for m — 1. Substituting the Fourier series

Y(x) = (vol Q)71/2 Z Unexp (i(n,x)), x€Q

neAf

into (3.4.1) and equating the coefficients at exp (i(n,x)) on both sides, we obtain
by (3.2.5):
0+ K[ + Y Varth = (Y. (3.4.5)
leAf
Since |k| < @, by (3.4.2) and (3.4.3) we have
2ln||k| < »#n|?/6 + 631 Q* < xn|?/3. (3.4.6)
For sc € (0,1), it follows from (3.4.3) that
n)* = ¢ = (1= (1+3) %) [n]* = (2 + 5)(1 + 5) *|n|* > xn|*/2. (3.4.7)
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Combining (3.4.6) and (3.4.7) we obtain
n+k[* = ¢ > nf* - 2n|[k| - ¢ > »n|*/6,

and thus by (3.4.5)
[tn] < 65¢ 0|72 [Vt (3.4.8)

IeAT

If m = 1 we estimate the sum on the r.h.s. by V(© using Cauchy-Schwarz
inequality (since ¢ is normalized) and obtain (3.4.4) with M; := 6V(0).

If m > 1, we estimate

Y. Vel < sl D VL (3.4.9)

1EAT: |1—n|<|n[1/d m: [m|>|n|—|n|!/¢ 1EAT: |1<|n|1/d
By (3.4.3), (3.4.2), and monotonicity of the function ¢(t) = t —t'/? for ¢ > 1 we have
] = " > (14 ma)y/C = (Lm0 = (14 (m = 1)2) V/C
According to the induction hypothesis

sup |?/)m| < %1—mMm_1(1 _ |n|(1—d)/d)173m/2|n|1—3m/2‘ (3'4.10)

m: |m|>|n|—|n|!/4

Since s € (0,1), from (3.4.3) and (3.4.2) we conclude
n| > (1+ m%)\/z > (et m)Y @D 5 d/d-1)
hence
(1 — |1/ gz, (3.4.11)
Let
W .= supr*d#{l c AT“I] < 7"}.
r>1

Clearly, W < oco. By Cauchy—Schwarz inequality

> MWV O]z, (3.4.12)
IeAT: 1||n|t/d
Substituting (3.4.10), (3.4.11), and (3.4.12) into (3.4.9) we get
> [Va_ith| < 28721 =mpy i 2y O pp i PO-m)/2, (3.4.13)

IeAT: |I-n|K|n|t/d
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On the other hand, since ||¢|| = 1, applying Cauchy—Schwarz inequality we obtain
Yo Wanth| < [nfUm2 N IE DR g, |
IEAT: [l—-n|>|n|1/d 1EAT: [I|>|n|1/d

< |n|3(1—m)/2< Z |1|3(m—1)d|v1|2> 1/2 < V(3(m—1)d/2)|n|3(1—m)/2.
1eAT: |1|>|n|t/d

(3.4.14)

Inserting (3.4.13) and (3.4.14) into (3.4.8) we arrive at (3.4.4) with
M, = 6(23m/2_1W1/2V(0)Mm_1 + V(3(m—1)d/2))‘

Lemma 3.4.2. For any n € (0,1) there exists {y > 0 such that if (k) = (o is a

simple eigenvalue of H(K) for some k € QF then
V¢l < 2(1+n)V/<. (3.4.15)
Proof: Let ¢ (k) be the eigenfunction corresponding to ¢ (k) with
(k)| = 1. (3.4.16)
Then
ViC(k) = Vic((), Hv () = (), (MeHW)e)).  (34.17)

By (3.2.5) and (3.2.3),
ViH (k) = 2D(k).

Substituting this into (3.4.17) we obtain:

)] < 2D | =2( 3 kP (3.418)

Let
m:=[(d+1)/3] +1 (3.4.19)

and
wx:=n/2m+1). (3.4.20)

We assume that
¢ :=((k) > max {36Q%»% 2, (1 + m%)2/(d*1)%*2d/(d*1)}. (3.4.21)
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Since by (3.2.2) |k| < @, by (3.4.16), (3.4.21), and (3.4.20) we have
ST I+ kPa)|" < (1+ (m+1/6)%)°¢C < (1+n/2)%C.  (3.4.22)
In|<(1+ms)v/C
For |n| > (1 4+ ms¢)/C we apply Lemma 3.4.1 obtaining
Yo kP < M2 YT n kP (3.4.23)
In|>(1+m3)v/C In|>(1+m3)v/C

By (3.4.19) the r.h.s. of (3.4.23) is finite and is O(¢™'/2). Thus, choosing (, big
enough, by (3.4.18), (3.4.22), and (3.4.23) we obtain (3.4.15).

3.5 Proof of Theorem 3.1.1

We are now ready to finish the proof of the main result. It is enough to prove

Theorem 3.5.1. For any a € (0,1) there exists py > 0 big enough such that for all
P Z Po
N(p? +0) — N(p* = 0) = (1 — a)(27) Cwadp?™2 (3.5.1)

for any

0<d<p 4 (3.5.2)

Indeed, the original statement of Theorem 3.1.1 can be obtained by partitioning
of the interval [\, A + €] into subintervals with lengths not exceeding 2A\(~%=3)/2 and
adding up estimates (3.5.1) on these subintervals (with p? being respective middle
points).

Proof:We first express the growth of IDS in terms of the function f of Proposi-
tion 3.2.1(i) using (3.2.6):

N(p? +0) — N(p* = 8) = (2m)"*vol (f'[p* — 6, p> +6)). (3.5.3)

We can write
L(f ' p* = 0,0 +6)) = N Nrd=tdr dg’ 3.5.4
ol (7 =4 0) = [ [ eranag s
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where y is the indicator function of f~!([p* — 6, p? + 6)). To obtain a lower bound
we can restrict the integration in (3.5.4) to & € F defined in Lemma 3.3.1. Then

for any n € (0,1) there exists pg > 0 such that for any p > py we have
|Flo = (1 — n)wy, (3.5.5)
and for any ¢ € F the support of x(-,£’) contains an interval [ry, ry] with
1—np<ri<ri+(1—n)p 10 <r. (3.5.6)

Indeed, the first inequality in (3.5.6) follows from Proposition 3.2.1(ii),(iii). The last
inequality in (3.5.6) follows from Lemmata 3.3.1 and 3.4.2.
Thus for all p > po by (3.5.5) and (3.5.6) we obtain

OO nN,.d—1 / _ \d , d—2 /
L] xeenttarag = [t

> (1 o n)dJrlwdpdeé’

(3.5.7)

Combining (3.5.3), (3.5.4), and (3.5.7), and choosing 7 small enough we arrive at
(3.5.1). The theorem is proved.
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