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Abstract

Diffuse optical tomography (DOT) retrieves the spatialisgtdbuted optical characteristics of a medium
from external measurements. Recovering these paramétetserm@st involves solving a non-linear and
severely ill-posed inverse problem. In this thesis we psgpmethods towards the regularization of
DOT via the introduction of spatially unregisteredpriori information from alternative high resolution
anatomical modalities, using the information theory cansef joint entropy (JE) and mutual informa-
tion (MI). Such functionals evaluate the similarity betweke reconstructed optical image and the prior
image, while bypassing the multi-modality barrier martégelsas the incommensurate relation between
the gray value representations of corresponding anatbfeetaires in the modalities involved. By intro-
ducing structuraé priori information in the image reconstruction process, we airmiorove the spatial
resolution and quantitative accuracy of the solution.

A further condition for the accurate incorporationafriori information is the establishment of
correct alignment between the prior image and the probetbanyain a common coordinate system.
However, limited information regarding the probed anatasrknown prior to the reconstruction process.
In this work we explore the potentiality of spatially regishg the prior image simultaneously with the
solution of the reconstruction process.

We provide a thorough explanation of the theory from an imggierspective, accompanied by
preliminary results obtained by numerical simulations &l &s experimental data. In addition we
compare the performance of Ml and JE. Finally, we proposethadefor fast joint entropy evaluation
and optimization, which we later employ for the informattbeoretic regularization of DOT. The main
areas involved in this thesis are: inverse problems, imegenstruction & regularization, diffuse optical

tomography and medical image registration.
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Chapter 1

Prologue

1.1 Introduction

Diffuse optical tomography (DOT)Arridge, 1999 Boas et al. 2001 Gibson et al.20053 is a non-
invasive, functional medical imaging modality that utiizthe translucency of tissue to light at near
infrared (NIR) wavelengths. The imaging process involhesttans-illumination of the probed anatomy
from multiple source sites and the subsequent measurerhtrg bight exiting the anatomy at detector
sites. Sources and detectors are exclusively located osuttiece of the anatomy. By probing with
NIR light, DOT aims to retrieve quantitatively and spatjadiccurate estimates of the physical proper-
ties which govern the propagation of light inside the probadtomy. In optical imaging, the optical
properties of interest are usually expressed in terms bf Agsorption and scattering or in terms of ab-
sorption and diffusion. These quantities have direct piiggical relevance. Regarding the former, the
main absorber of NIR light in tissue is haemoglobin - the gipal oxygen carrier in blood. The retrieval
of accurate estimates of the absorption distribution sLiéscan be interpreted in terms of medical im-
portance such as blood volume, blood flow and blood oxygema&in in multi-spectral studies. The
properties of light scattering differ among the variousuis types, hence its spatial distribution can be
regarded as an indicator of the underlying anatomical stragBoas et al.2007]. In addition, scattering
changes have been related with functional responses, suahdarlying neural activityGratton et al.
1997. Itis evident that the physiological information relateith the optical properties of tissue can
have high medical significance. Potential applicationspifcal imaging include screening for breast
cancer as tumours are optically visible due to the increaaedularization; tumour malignancy classifi-
cation from the relative levels of oxy- and deoxy- haemoglellenoted asibO, andHHD respectively

- which can be retrieved by multi-spectral optical imagiBg#s et al.2001]; neonatal brain imaging for
the detection of haemorghages and brain oxygenation leweiscle haemodynamics and mo@iljson

et al, 20053.

Figurel.1 showcases two selected DOT clinical imaging studies inrai@é&miliarize the reader
with the resolution levels of the modality. The presentesesaregard a neonatal brain haemorrhage
[Hebden et a)2003 and a breast imaging study for cancer screen¥fagds et al.2005. Corresponding
intra-subject images obtained from alternative highdtggm modalities - used to validate the DOT

results in the aforementioned studies - are also preseotedstial comparison.
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Figure 1.1: Presentation of selected DOT clinical studies to illustigathe type of contrast and resolution found
in practice. Subfig. 1.1a Ultrasound scan of infant brain revealing a large haemgetia the left ventricle.
Subfig. 1.1b DOT 3D scan of the same infant acquired at 780mm NIR wavehenghe absorption image
is solely presentedSubfig. 1.1c MRI scan (difference image between post- and pre- contigestitamage
application) revealing a tumour in the right bre8sibfig. 1.1d Corresponding DOT images of the right and left

breast respectively. Only the absorption images are pregen

The low resolution of DOT would be immediately apparent ty ssader accustomed with alter-
native high resolution modalities, such as magnetic resomanaging (MRI)/functional magnetic reso-
nance imaging (fMRI) and X-ray computed tomography (CT)w@recompared to the lower resolution
positron emission tomography (PET), single photon emissmmputed tomography (SPECT) and ul-
trasound imaging (Ul). Although the low resolution is a weaks of DOT compared to other modalities,
nevertheless there are clear motives justifying the onggeffort for its improvement as DOT presents a
number of advantages compared to its alternatives, in tefriiee medical significance of the retrieved
information as well as the practicalities of the imagingqass. Regarding the former, DOT's sensitivity
to bothHbO, andHHDb is unique, with the exception of psychoacoustic imagiXg fnd Wang 200§
which compared to DOT has superior spatial resolution byt small penetration depth. The modality
has very fast temporal resoluti¢r: 1s) (decreasing with the thickness of the probed medium) which
enables continuous monitoring of the physiological preessWe already mentioned that in addition to
the sensitivity ofibO5, HHb, blood flow and volume, DOT is also sensitive to neural atitveas it af-
fects the scattering of light. In the practical setting, D@Telatively inexpensive modalitix £300K)
compared to the costs of MRI/fMRI and PE¥ £1m) or even SPECT and CT£300K — £1m) [Cor-

reig, 2010. In addition, the instrumentation is highly portable, #anto Ul, which enables continuous
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monitoring of a patient at bedside and does not require tmeahilisation of the patient - dictated by
MRI/fMRI, PET or SPECT - as the NIR probe is attached direttlthe skin of the anatomy. Breast
imaging with DOT does not require the compression of thedireampared to what is required by X-ray
mammography. Finally, its operation does not entail angtgaisks for the patient as, compared to CT,
PET and SPECT, NIR light has no ionising effects. In addiiod contrary to fMRI, DOT imaging does
not require the application of contrast agents, which theitability for neonatal studies is still under
investigation. The potential benefits of DOT imaging in no@ak are too many to be ignored. The ongo-
ing research towards the improvement of modality - in terfrte® quantitative and spatial resolution as
well as the consistency of the retrieval of accurate reswims to render DOT a significant technology
on its own or in conjunction with established imaging tedbg@s. More detailed comparison between

DOT and additional modalities can be found Bojas et al.200%, Correig 201Q.

1.2 Problem statement, aims and contributions

Problem statement and aimdDiffuse optical tomography recovers the optical propsrtiéthe probed
anatomy by utilizing the measured light exiting its surfatbese properties are represented in the form
of images, hence the computation scheme resulting in tinesgds is termeninage reconstructioand

the actual recovered propertiessadution It is essential that the solution is spatially and quativiedy
accurate, in the sense that it reflects titue and unknown solution, that is the true optical properties of
the probed anatomy. From a mathematical perspective, ttuzeey of the solution is formulated as a
non-linear inverse problem, as the quantities of intereshat directly accessible for measurement due
to the non-invasive nature of DOT. Unfortunately the inegpsoblem is severely ill-posed, a condition
which compromises the consistent retrieval of accuratetisois.

The aim of this work is to improve the accuracy of the obtaireswnstructions by utilizing priori
information regarding the true solution. This informatisrincorporated into the inverse problem via
a process known aggularization which effectively attempts to alleviate the negative effeof ill-
posedness. The nature of prior information considered igwork regards thetructure of the true
solution or in other terms, thgpatialdistribution of the true optical parameters. It should bekasized
that the prior information is strictly limited to structurén simpler terms, we have prior knowledge
on structural features that should appear in the opticalnstcuction, for example tumours or distinct
anatomical classes, however we have no information regguttlie optical quantities which correspond
to these features.

Potential sources of such structuaapriori information are medical images of the same anatomy,
obtained from high-resolution imaging modalities. We réfethese images asferenceor prior images.
These secondary modalities consistently recover higtdyrate spatial and quantitative estimates of the
physical quantities which govern their operation - for ep#arthe magnetic properties of tissue targeted
by MRI. Given that both DOT and the secondary modality prdigesame anatomy, they should return -
to some extent structurally similar images. However, the actual values which populateesponding
anatomical areas in the optical and secondary imagimesenmensuratelselated, due the very different

physical nature between of the optical and secondary diemiti
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Figure 1.2: Aim 1: Introduction of structural information in DOT from dfa-resolution images witmcom-

mensuratgray values

Figurel.2 schematically showcases the task at hand. The prior imageately reflects the struc-
ture of the true solution. In effect, the prior provides ésipinformation regarding the features which
should appear in the reconstruction and also to ‘where&tfestures should appear. In accordance to the
point noted earlier, the values which populate the truetgsiand the prior image are incommensurately
related. The principal problem which this thesis seeks beesds to isolate the structural information in
the prior image from the actual values populating it and thdize it for improving the optical solution.
Ideally, the method should be able to retrieve the sameisoluggardless of the choice of values in
the prior image. The values in the prior should have minineging effect on the reconstructed optical

values.

One should notice that we emphasized that it is the prior wvdictates ‘where’ features should
appear. The prior is superimposed onto the solution - whidatter undergoes reconstruction - and it
enforces its structure. The process can be vaguely relatedrbon copying’. In the previous discussion
we implicitly assumed that the features between the pridrthe true solution were accurately spatially
aligned or co-registered. However, in the real world thiadition is not always guaranteed. If the
probed anatomy is subjected to a spatial deformation betteedata acquisition processes of the two
modalities or if the modalities image the anatomy from aadléht angle or distance, then the priorimage
- although correct in its content (one-to-one feature goadence with the true solution) - cannot
be trusted in terms of ‘where’ its features should appear.efomned tumour due to compression in
Mammography of the breast would be the same tumour imaged@y. Plowever because the latter
images the breast without compression, the size and lochgtween the two tumour representations

would differ, rendering the prior information inaccurate.

Figure 1.3 showcases this problematic case. The prior image has tlmectaontent, but it is

translated, rotated, scaled and locally deformed. By blirdiforcing its mis-registered structure to
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Figure 1.3: Aim 2: Introduction of structural information in DOT from difai-resolutionunregisteredmages
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DOT, the obtained reconstruction is evidently biased. ghiss rise to the secondary aim of this work,
that is the incorporation of unregistered prior informatia DOT, while minimizing the bias due to

spatial mis-alignment.

The notions of image structure or structural informationextensively used throughout this thesis.
Natural images, such as the ones depicting anatomy, aotisted. In this context structure is manifested
as strong dependencies in the values populating spatialkrpal pixels WWang et al.2004. In contrast,

a grainy - for example white noise - is considered unstrectuHowever, a widely accepted definition of
structure has been proven too elusive to find. This does moées a surprise as according\Nielsen and
Lillholm [2004§ ‘image structure is a collection of operationally definethige features’. Operationally
defined features can be edges, corners or even local texdtiezrs. As the set of these features varies
according to the task-in-hand, image structure can be pectdifferently in different applications. One
definition which approaches the perception of structurbigwork, is given bywang et al[2004. They
define structural information as features in the image whighinvariant to changes in global intensity
(luminance) and contrast among regions. Such featuresocax&mple be thpresencesdges formed
between regions. We emphasize presence, as when contiasebaegions changes, the magnitude of
the gradients usually employed to identify edges, changeged. The structure of an anatomy depicted
in the image should be invariant to the actual gray valuesifadipng the pixels. In a more general note,

image structure should be invariant to dnjectivetransformation of the images’ gray values.

In this work, structure is not modeled explicitly. We do nrpkcitly identify operationally defined
structural features. We are not interested in the indididtracture of the considered images. We are
interested in assessing the structwsiatilarity between two images. Information theoretic functionals
which are exhibit a level of invariance to bijective trarmsfations of the pixel values of one image and

thus they can assess structural similarity without the rdexplicitly defining structure or the features
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which comprise it.

Contributions We approach the first task by proposingiaformation theoretiadegularization scheme
for DOT. Information theoretic functionals such as jointrepy (JE) and mutual information (MI) en-
able the measurement of structural similarity betweenimudtdal images, due to their inherent capacity
of by-passing the multi-modality barrier of the incommenade relation between their values. During the
reconstruction process, these functionals penalize &intial solutions which are not structurally simi-
lar to the prior image, effectively enforcing the structofehe latter on the obtained solution. The same
functionals, due to their structural similarity evaluatmapacity, can distinguish two spatially aligned im-
ages from two unregistered ones. We propose a simultaneoosstruction/registration (SRR) scheme
which treats the spatial location/shape of the prior as &monvn quantity, which we attempt to recover

simultaneously with the optical solution.

In addition, we characterize the ability of the functiontlsncorporate registered structural infor-

mation from reference images wittcorrect content for example prior with missing or extra features.

Finally, we propose an extension to an already availablersehwhich enables the efficient manip-
ulation of the marginal entropy of a single image, to the adgbe JE and ultimately Ml between two
images. The scheme is crucial for achieving informatiotb#c regularization in tractable run-times.
In addition, we characterize two possible formulations emplementations of entropy, regarding their

accuracy and speed.

The next point is of importance. In the introductory sectidrthis chapter, we outlined the ad-
vantages of DOT compared to alternative high resolutionatitiels. In our list we included cost and
portability. If the robustness of DOT imaging could only béaganteed in the case of multi-modal si-
multaneous imaging in conjunction with a high resolutiordality such as MRI or CT, the low cost and
the portability of DOT is irrelevant. The ultimate aim in nivodal DOT imaging would be to use a
single intra-subject image from a high resolution moda#yprior for all subsequent DOT studies, given
that the prior information does not compromise the new mi&@tion obtained by each DOT scan. Such
scheme can only work if we can compensate for deformatioiseoprobed anatomy, which can take
place between the acquisition of the high-resolution imeaggthe subsequent DOT studies. This capa-
bility would re-establish the viability of the high resdlu prior image to provide information for the
individual follow-up DOT studies. In the most ideal casee@ould use @robabilistic high-resolution
atlasas axe for DOT studies, completely removing the need for a higleletson scan prior to DOT
imaging. Again, compensating for mis-registration betwtee atlas and the anatomy probed by DOT

would be an essential requirement. This work contributestds this ultimate aim.

The information theoretic regularization of DOT and theadfint computation scheme has been
already publishedArridge et al, 2008k Panagiotou et gl2009ab]. Parts of this work have also con-
tributed to publications in other modalities (PET/SPECKaZantsev et al.201Q Pedemonte et al.
2010a Somayajula et al201Q as well as one undergoing completidhgdemonte et al20108. We

aim to publish the SRR scheme for DOT in the near future.
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1.3 Structure of the thesis

The structure of this document is as follows. The next parbraprised of three chapters and introduces
the relevant theory. The discussion is self-contained ®iitiphasis on providing intuition via the use of

examples which were produced specifically for this workesslstated otherwise.

« Chapter2 introduces the general concepts of inverse problem thebingse include the formal
definition of the quantities, spaces and operators invdlvedh inverse problem, its forward coun-
terpart, the problematic condition of ill-posedness amdapproaches which can alleviate it - with
emphasis on regularization. The discussion addresseditedin and non-linear inverse problems.

In addition we briefly introduce non-linear optimizationiehis later employed in this work.

« Chapter3 focuses on DOT. Firstly, the discussion introduces the dnmehtal physical concepts
on which the operation of the modality is based. The forwaablem of DOT is presented and
involves the physical models of light propagation in tissisewell as approaches towards their
implementation. The discussion proceeds by formulatirgitiverse problem of image recon-
struction as an objective function minimization task. Hinahe chapter concludes by presenting
selected literature, specifically focused on regularirathethods proposed for DOT with empha-

sis on multi-modality.

» Chapterl introducesnformation theorywithin which the two core concepts of this work - entropy
and M, are defined. The chapter starts by a brief introdadiioprobability theory and random
variables which are completely fundamental to informattoeory. Entropy and Ml are formally
introduced, along with a discussion from an imaging persypecon their inherent multi-modal
image similarity evaluation capacity. Finally, we disctiss differences between the discrete and

continuous formulation of the aforementioned concepts.

» Chapter5 concludes the theoretical section by introducing meditege registration. The dis-
cussion is focused on the three major algorithmic parts eting every registration algorithm,
specificallyspatial transformationsvith a reference to interpolatiosimilarity measureand reg-
istration specificoptimizationapproaches. Regarding the first, we touch the concepts exdrlin
and non-linear transformations. In the discussion regardimilarity measures, we revisit the
information theoretic concepts of chapterto comment on their capacity on measuring image
dissimilarity due to spatial misalignment and not simplheda differences between the informa-
tion depicted in two spatially aligned images. The disaussegarding optimization only refers

to registration specific approaches often employed to ingomnvergence.

The third part encompasses the contribution of this workiatrdduces the proposed methods and the

obtained results.

« In chapter6 we present the efficient joint entropy evaluation and déikigacomputation scheme.
In addition, the chapter evaluates the accuracy of two pigf@rmulations by comparing them
against gold standards. Computational complexity esémand run-time performance charts are

explicitly provided.
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* In chapter7 we present the information theoretic regularisation of D@ the incorporation of
spatially registered, high resolution images with incommgate values. An intuitive discussion
regarding the regularizing capacity of JE and Ml is providBde chapter presents results obtained
from specifically designed numerical simulations - both 2id 8D - as well as an experimental

study.

 Finally, in Chaptei8 we present the extension of information theoretic regeddion of DOT in
order to enable the incorporation of unregistered priotge proposed SRR scheme compensates
for potential global and also local (non-rigid) mis-regidion between the optical solution and the
prior images. Preliminary results on 2D simulations arespnéed as indicators of the validity of
the method. The discussion re-examines the capacity ofnrétion theoretic functionals to be

used for the combined purpose of regularizing DOT and dgiamegistration scheme.

Finally, the thesis concludes in Chapfgmwhich summarizes the findings of this work and also it

suggests potential future extensions towards the impremeonm the current performance of the method.
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Chapter 2

Inverse Problems

2.1 Introduction

This chapter introduces the theoryionferse problemgefers to the specific challenges surrounding them
and outlines a sample of the basic approaches towards tiietio. Inferring information regarding
unobservable parameters of interest from secondary mealeuguantities, by utilizing some known
relation between the two, is the definition of an inverse @b Considering the following example,
inverse problems are not exclusively a science matter.

Selecting fruits from the market involves tlg@alitative solution of an inverse problem. One is
firstly drawn to a fruit by its appearance. Obviously, one @sity if not utterly interested in consuming
its interior, however not all markets are gracious enougdlltaw the customer to try the product before
paying. In the latter case, the information of interest iBrdiely unobservable. The consumer though,
not willing to compromise the quality of the meal, attempténfer information regarding the condition
in the interior of the fruit, by making numerous external asarements’, such as assessing its smell,
texture, weight, plumpness or even echo to knocks on itsdaynUnderstandably, the customer relates
the outcome of these ‘measurements’ to the unobservaklédnstate of the probed fruit, based on past
experience. For example, the reader might be familiar wighfact that by thumping a ripe watermelon,
the produced effect is a dull hollow sound. In the market enesguired to invert this process and
assess the watermelon by the produced sound. The procqdy ginolves thumping the fruit and if
the produced sounehatcheghat of a ripe one (recalled by past experience), the puecisafinalized -
always conditioned to fair pricing.

Considering the fact that most readers have tried bad fithits constitutes an initial indicator that
the retrieval of an accurate solution of an inverse problgeim imany cases a non-trivial task. To the
surprise of the author, the inverse problem in the non-imeasuantitativeassessment of the interior
quality of watermelons has already been studigi@fma-Iglesias et 312004.

In a more general note, assume a physical system under Staichntola[2004 divided the study

of such a system in three parts:

1. Theparametrization of the systemhich regards the discovery of a minimal set of model param-

eters - denoted as which can completely characterize the system
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2. theforward modelingwhich regards the discovery of the physical laws enabfimggiven values
of the model parameters € X, predictions on values of some secondary observable deanti
y € Y. The physical relation betweenandy is realized in the form of an operatdt enabling

the uni-directional mapping

F XY 2.1)

3. and thdnverse problemwhich regards the inference of specific values of the modedpeters
x given that the secondary quantitighave been observed. Ultimately, the inverse problem is

expressed as finding the mapping frdmo X

Fl:Y—X (2.2)

The reason inverse problems arise - or equivalently the teeader = indirectly fromy, is solely
due to the inaccessibility of the former to be subjected teadimeasurement. This can be either due
to physical limitations or because the time instance at Wwhicharacterized the system, has already
elapsed.

Retrieving a quantitatively accurate estimaterafan prove to be a challenging task. The are nu-
merous causes which can potentially compromise the effoldiding i) the insufficient amount of useful
datay being available, either due to high levels of noise contatidm or due to the limited number of
data acquisition events, ii) the complexity of the physjmalcess itself, iii) the inherent sensitivity of
some forward operators to the numerical manipulation agpt them during their inversion. Regard-
ing the latter, this sensitivity can be a product of the diisation process employed to approximate
a naturally continuous problentpnsen 1998 Vogel, 2003. These factors contribute to a condition
known asill-posednesswhich is introduced in Se@.3 and explicitly describes the characteristics of a
problematic inverse problem.

Alleviating the effects of ill-posedness requires spézél treatment and the employment of ad-
vanced numerical methods. Methods specifically design#@ &t ill-posedness are commonly referred
to asregularization methods

The discussion continues in Sectidr? where the spaces involved in the inverse problem are for-
mally defined. Sectio.3 outlines the Hadamard postulates of ill-posedness, dentiaverse theory.
The discussion continues in Seét4 by describing the linear inverse problem. Although the ntapic
of this Thesis involves a non-linear inverse problem, thalysis of the linear case provides detailed
intuition by explicitly revealing the manifestation of-flosedness and the actual effect of the various
methods employed to address it. Sectiohgeneralizes on the linear case and formulates the nornrlinea
inverse problem. Finally, Sectioh6 describes a sample of iterative objective function optation
methods which can be utilized by both the linear and noralima/erse problems.

It should be noted that preceding sections are based on therdeistic setting, defined with point-
based solution estimators. For a statistical approachetantrerse problem, the reader is redirected to

the excellent textsaipio and Somersal®005 Kolehmainen2001 Tarantola2004.
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2.2 Parameter and data space

Considering the definition of a physical system of the presisection, let: = {z,,z,,..., 2, }T be
its parametrization witl: € X. Focusing on the inverse probleifijs then referred to as thgarameter
spaceor solution space Similarly lety = {y,,y,,.--, ¥y }T denote the observable quantities where
y € Y andY is known as thedata space Let X ¢ RN, Y ¢ RM. The top indexz*) is used to

distinguish between different vectarspopulated by different valuegxi = 1..., N.

Both vector space$ andY are considered to be metric spaces. These are spaces whdigtdmces
between points lying in the space - for examplez; € X - can be measured using some distance
functionD(z;,z;) € R, Vi, j, for which it holds 1)D(z;,z;) > 0 with the equality holding only
whenz; = z; 2) D(x;,z;) = D(xj,x;) and 3)D(x;, z;) < D(x;, xx) + D(xg,x;). In practice,X
andY are typicallyN and M dimensional Hilbert spacds or Banach spaceB. A Hilbert spaceH is
a vector space where the embedded norm used to measurettredsbetween points is expressed in
terms of the inner product. Let vectarsv € RY each comprised by;wv;, s = 1...N. ThenR"Y is a

Hilbert space under the Euclidean inner prodctv), = u™v = Y"1 | u;v; and the induced norm is

the Euclidean nornfjul, = v/{u, u), = />, u? [Vogel, 2003. Banach spaces are more general as

the embedded norm does not have to be strictly defined in tefthe inner product. Banach spaces are

a generalization of Hilbert spaces.

2.3 lll-posedness

Hadamard 1907 outlined the following three postulates which are consédeas prerequisites in order

a system to be well-behavedgnsen1998 Vogel, 2002:
(i) Existence of the solutiofror eachy € Y there exists a solution for which F(z) = y
(ii) Uniqueness of the solutioiThe solutionz is unique

(iii) Continuity. Small changes iy should not result in arbitrarily large perturbationszin Hence,

assumingF(x1) = y; andF(z2) = yo, thenz; — x5 whenever; — ys

When all three postulates are met, the problem is classifieted-posed In any other case the prob-
lem isill-posed The forward problem in this work is well-posed as it meetsta above postulates.
The inverse problem however is very often ill-posed due &orthmerous factors, some of them briefly
outlined in Sec.2.1. It should be mentioned that in the strict sense, a finite dsional inverse prob-
lem cannot béll-posedwith respect to the third postulate (continuity), as théord\z|| / || Ay|| stays
always bounded, hence no “arbitrarily” large perturbagioncur Hansen1998 Kaipio and Somersajo
2005 Kolehmainen2007. However unless the discretisation is very coatig®z|| / || Ay|| - although
bounded, can be significantly large. Therefore the disinstrse problem will be far too sensitive to
errors iny during numerical manipulation and effectively ill posedheEe problems are often referred to

asdiscrete ill-posed inverse problerfldansen1999.
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2.4 Linear case

This section is based on a collection of excellent sourdesjriost prominent ones beinG¢lub and
Van Loan 1996 Hansen1998 Kaipio and Somersal@005 Kolehmainen2001; Strang 1988 Vogel|,
2003 and Section 2.6 infress et a)19924. Let F € RM*Y pe a linear operator formed as\a x N
matrix. Specifically for the linear case, the forward magpifiEq. 2.1is realized for specific values of

x as

Fx=y. (2.3)

Important definitions regarding operators sucltFaaclude therangeand thenull space The range

R(F) of Fis defined as

R(F) = {y € Y|y = Fu, Yo € X}, R(F) C Y (2.4)

and the null space Nulk)

Null(F) = {z € %|Fz = 0}, Null(F) C X. (2.5)

Another crucial concept is theank » of F. It is the number of linearly independent rows and
columns inF, with r < min(N, M) [Strang 198§. Thenullity is defined as the number of the linearly
dependent rows itF and equals the dimensionality of the null spacéon(Null(F)) = M — r. This
is based on theank and nullity theoremvhererank + nullity = M [Farenick 200Q Strang 198§. We
also define théeft-null spaceNull(FT) and therow-spaceR (F7T). For these spaces it holds that

R(F) =Null(FT)* (2.6)
R(FT) =Null(F)* (2.7)

where_L denotes therthogonal complement

2.4.1 Singular Value Decomposition

The singular value decomposition (SVD) is a powerful faization method providing insight regarding
potential problems during the attempt to solfe = y with respect taz. In addition it enables the
computation of F—! if that exists or in any other case it can provide the best comjse solution.

Under SVD,F is represented as the product of three matrices:

N
F=UsV" =3 wlivf (2.8)
=1

whereY € RM*N is the diagonal matrix
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S Orx(i=) € RMXN, (2.9)
Or—ryxr  Oar—r)x(N—r)
whereX, = diag(A1, A2,...,Ar) @andXy > Ay > --- > X\, > 0. The diagonal entries; are known
as thesingular valuesRankr equals the number of non-zero entries in the diagonal.df ¢ RM*M
andV € RV*N are matrices defined &5 = (u1, ua, ..., ux) andV = (v, vs,...,vx). The column

vectorsu; € RM andv; € RY are known as thieft andright singular vectorsand satisfy

ujug =0, vl =0dy; (2.10)

Foi=Xwi 5 Flug = \v; (2.11)

whered;; denotes the Kronecker delta defined as:

0, Vi #j
5 = #J (2.12)
1, Vi=j
The condition number of the matrik is defined as the ratio between the largest and smallestlamgu

value:

cond(F) = % (2.13)

and it is an indicator of the sensitivity ¢f to numerical manipulation.

A squareF is an essential condition in order for an inver&e! to exist which would satisfy both
solution existence & uniqueness. In most inverse probl&nssrectangular with\/ £ N, hence there is
an immediate breach of the first two postulates of well-posed (see Se@.3). More specifically in the
under-determinedase(N > M) there are infinite solution&ull(F) # {0}), with {0} denoting the
empty set. In thever-determinedase(N < M) there will be no solution - except for some very “thin”
subset of potentiaj, specifically if the latter is expressed as a linear commnatf the columns ofF
[Strang 1984. Finally, even when\/ = N, the problem can have infinite solutionsg-ik min(M, N).
The conditionM # N can be easily identified by the size f Rankr < min(M, N) can be evaluated
by SVD. In all cases, the adherence of the inverse probletretfirst two postulates have to be restored
and SVD can provide the next best compromise solution. S\Wlatso identify the reasons for breaches

of the third postulate. These identified cases are classifigdee distinct categories:
(i) The problem is rank-deficient with < min(N, M).

(i) Assume the case of maximum possible rank min(M, N). LetY, be comprised by two distinct
sets{ A1, A2, ..., Ag} @and{Ag41, Ak+2,- .-, \r}, Where the entries in the latter tend to zero. Then
the problem is known to beumericallyrank deficient with numerical rank, asr — k rows and

columns aralmostlinearly dependent. The— k equations form the numerical nullspacefof
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(i) The singular values irt,. decay gradually to almost zero without the existence of indisgap as

in (i7). This is the case of discrete ill-posed problems with iltestmined rank.

The following sections outline the most popular methodtaraach the problematic cases outlined

above and also provide an intuitive interpretation.

2.4.2 Linear least squares

The method of least squares (LS) is used to restore solutisteace by attempting to find the best
compromise solutiort, . to the true solutior:* when the latter is unreachable or inseparable from a set

of possibly infinite solutions.

2.4.2.1 Mostly one solution

The systemFz = y hasat mostone solution whem = N < M (full column rank), as there are no
linearly dependent columns hence N@#) = {f}. In the practical setting however, the measured gata
would unavoidably be contaminated with some form of randaisey which can render it unreachable
by F or equivalentlyy ¢ R(F). In that case Eq2.3does not have an exact solution. Hence there is
a breach of the Hadamard postulate of well-posedness iiagagdlution existence. However, the need
to find a “practical” solution estimate to the given problem still exists. The effort in this casesufges

on the retrieval of thdest compromise solution estimate, € R(F), where the modeled dataz, .

is maximally proximal to the true measurementsThis proximity is assessed bysamilarity measure
D(%) also known aslata discrepancy functionalr data fit term In the case of LS, the data fit term is

expressed by the squared Hilbert norm (see Seétign Consider the following term

D(z) = |Lw(y — Fa)|*. (2.14)

Under the assumption that individual observatiog Y are uncorrelated, thefiy, is a diagonal
matrix which can be used to assign different weights to iiddial measurements, when the latter are not
trusted equally. Essentially, whehy = I thenZ minimizes the average error in a@lf equations and
Eqg. 2.14is the standard LS. If the diagonal element£ig vary, then the weighted average distance of
Fi, . fromy might be closer to some individual measurements Y than others. FoLy # I, Eq.
2.14is known as theveighted least squardanctional.

The retrieval of a solution estimaie . satisfying Eq.2.14can be formulated as a problem of error

minimisation

&, =argmin|&(z) = || Lw (y — Fz)|?] . (2.15)

x

In that caset, ; should lie in the bottom of some multidimensional basin ia golution space,
therefore satisfying the conditia®€(z, ,)/0x = 0. Therefore, Eq.2.15is expanded and the corre-

sponding derivatives are set to zero
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0E(&,4)/0x =0 (2.16)

0 . N
% [(y - fos)TW(y - fos)} =0 (217)
F'W(y-Fi&,)=0 (2.18)

whereW = LL.Lw. Eq. 2.18is known as thenormal equations The normal equations have a
geometrical interpretation. Let = (y — F #,.). Ase sets Eq. 2.18to 0, thene € Null(F7).
Considering Eq2.6, thene L R(F) which is the shortest distance between the noisy gataR (F)
and the rang& (F) of reachable data.

Figure2.1schematically shows the action #fand the involved spaces in the discussed case. We
have assumel/ = I. Least squares computes®n, mapped byF to the orthogonal projection afin
R(F). The distance L R(F) is minimal. Because all columns ifi are linearly independent (= N),
it holds Null(F) = . In addition ifr < M, then Nul(FT) # 0.

Figure 2.1: Action of a linear forward operator with full column ramk= N < M and data not being inside
the range of the forward operator gr¢ R(F). In this case a solution does not exist asing X maps - via
the application ofF to y. Least squares establish solution existence (first Hadhp@stulate) by retrieving
the best compromise solutidn, ;. The retrieved: maps toy, , € R(F) which is minimally distant from the
measured; ¢ R(F).

Whenr = N < M then(FTW F) is square symmetricandinvertible. After some rearrangement

Eq. 2.18returns the LS solution estimate

Bs = (FTWF) ' Frwy, (2.19)

whereF1 = (FTWF)"'FTW is the weightedMoore-Penrosgseudo-inverse originally defined for

W = I [Moore 192Q Penrose19559. The linear system of Eq.2.18 can be solved by a choice
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of methods such LU or QR decompositioriddlub and Van Loan1996 Press et a].1992f or by
more advanced iterative methods with reduced memory rexpgints such as thgeneralized minimum
residual method GMRES) [Saad and Schult2986 or the linear conjugate gradients (CG) method
[Shewchuk1994.

2.4.2.2 Infinite solutions

Let againFz = y, but withr < N leading to Nul{F) # {0}. The problem falls in the first of the
cases outlined in Sectidh4.10of rank deficiency due to linearly dependent columns. The @8ti®n
z, . still exists, but is now not unique. This constitutes a bheatthe Hadamard postulate of well-
posedness regarding solution uniqueness. In fact, ther@fémite z, . that map toy, .. To restore the
second Hadamard condition, SVD can be employed. From altisak, . minimizing || Fz — y|°,

SVD singles out as a unique solutién,, ,,, the one which has shortest lengjthi|. This is expressed as

By, = arg ,min{ £(x) = 2@ |E(x) = 1w (Fr - y>||2}. (2.20)

x

Figure2.2graphically shows the action & for this case. As < N then Nul(F) # 0. Any xz € X can
now be split into two components. € R(F ) andz,, € Null(F), which are orthogonal to each other.
Effectively, |z||* = ||z.||> + ||z.||>. Everyy € Y comes from a unique, [Strang 1989. The infinite
solutionsz, ; are comprised by that, and the infinitez,,. In the schematic, the component of the
solutions that map tg, . is denoted as,, , and is in fact the SVD solution. The infinite solutions form
the linez, . parallel to Nul{ F) passing fromi . ,. From all solutions that project to, ., &, is the
shortest one a§i,, , || < ||1Z,4]|VE,s. In effect, i, , is singled out by zeroing the null component
| = 0.

Whenr < N then(FTF)~! [Strang 1989. The LS pseudo-invers&' is hence not defined and

Zgyp, O

cannot be obtained by EQ.19 Fortunately ashortest length.S solution vector can be

SV D

computed using the SVD pseudo-invefSg given by

Fr=vxtuT (2.21)

whereX* is alN x M matrix formed by replacing all non-zero entries in the diegmf theX by their

reciprocal or

2;1 07'><(M—7')

ot = (2.22)

ON—ryxr O(N—r)x(M—r)

Considering Eg2.8, the solution estimate using the SVD pseudo inverse is diygftrang 1989

lthe same notation is adopted for both LS and SVD pseudoseser
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‘%SVD 1Zsvpll < 12,6l LS|SVD

‘ VR

e=y—F-2
4
/
/

F- ffsvD

Null(FT)

Figure 2.2: Action of a linear rank-deficient forward operator with< N and data not being inside the range
of the forward operatoy ¢ R(F). In this case NullF) # 0. The infinite set of solutions , ; are comprised
by thez,, , part and the infinite null componenis, € Null(F). The SVD establishes solution uniqueness

by singling out a solution estimatg,,,,, from the infiniteZ, ;, by setting the null component to zero via

Tgyp = arg min{ [|Z, [/}

TrLs
b Fly (2.23)
_ Y, 2.24
; N (2.24)

The above minimizepFx — y||2 only for ther linearly independent equations. For the rest nothing can

be done as they have a form

T
Unt—ryx NESM—ryx N (Viri—r)xN) " Esvp = YM—r)x1 (2.25)

O(war)xN "%SVD = YM—-r)x1 (226)

due to the O population in the sub-matrix¥ /)« v Any of the infinite LS solutiong, ; satisfies

the M — r equations. To summarize, the SVD solutiby, , is the unique, shortest length LS solution.

2.4.2.3 Numerically rank deficient system

From the previous sections it is evident that solution exise and uniqueness can be restored. The in-
verse problem can still violate the third Hadamard postéutdittontinuity. This is the case of the second
and third categories outlined in Sectiam.1 Regarding the cas@i), a subset\,._, of the singu-

lar values tend to zero with a clear gap from the remainipg The almost- — k linearly dependent
columns/rows can cause numerical instability during th@patation ofz ., ,. Considering Eq2.24

as)\; becomes increasingly small it amplifies potential ergof®r example due to noise contamination)

which can significantly affect [Hansen1990h 1998. Problems characterized by this gap in the

SV D
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singular values can be numerically treated bytti@catedSVD or truncated singular value decompo-
sition (TSVD) [Hansen1987 1990k 1998 Varah 1979. The method simply replaces the problematic
small \; with 0. Effectively it removes the almost linearly depentesarts of the linear system. In prac-

tice a threshold is involved to separatg(,_, from ). The TSVD solution can then be expressed by

the standard SVD solution (EG.28 multiplied by afilter functionw, (A\?) [Vogel, 2002

1, M>71
wT()\Q) = (2.27)
0, X2<r
Then the TSVD solution is given by
Lrsyp = ZwT(Af) ;\ Vs (2.28)

i v

By setting the cluster of smaN to 0, TSVD removes measured data. However, the removed data
does not contain useful information but on the contrary wdwdve rendered the system numerically
unstable. TSVD effectively is an effort towards the numartceatment of a problematic linear system
and to re-establish the problem’s adherence to the Hadgpoatdlates of well-posedness. In this sense,
TSVD improves all three Hadamard’s postulates as a best omige solution in the LS sense always
exists, it is unique as SVD chooses the one with minimum keagid it is stable by zeroing the error
generating\(._). As TSVD restores well-posedness it is considered to be alaggation method
[Hansen19924. Alternative methods exist to filter the smal] such as the Tikhonov regularization

introduced Sec2.4.3

2.4.2.4 Discrete ill-posed problems with ill-determinadk

Regarding caséiii) of Section2.4.1where the singular values gradually approach zero, reigatan

is again required as similar to the previous section smadjudar values result in instability. One of the
problems in this category is that it is now not obvious whergtincateX (this is the matrix containing
A) prior to inversion. Using a low threshotdin TSVD, might not remove enough — 0 to adequately
improve the stability of the linear system. In contrast,ghlai would stabilize the system but could also
remove essential, information rich data measurementsrogghes towards the numerical treatment of
this kind of problems include TSVD, although this time theicke of thresholdy should preferably be
based on a more elaborate strategy.

Regarding the TSVD case, it has been suggested that a rédesordex: to apply the truncation in
the diagonal ot would be the one where thiiscrete Picard conditiolease to be satisfied. This was
firstly understood byVarah 1979 and discussed in further detail inlansen1990ab]. Considering Eq.
2.28 the discrete Picard condition states that in order foryistesn to be numerically stable then the rate
of decay oﬂ uZTy’ should be in average faster than In any other casg, — 0 would significantly affect
the solution. Alternative popular regularization methaudude the Tikhonov regularizatiofPpillips,

1962 Tikhonoy, 1963, the maximum entropy methd@urch et al, 1983 Cover and Thomasl 991
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Jaynes1987 and many more. The method of Tikhonov regularization wéldsed as an example in

order to discuss the effect of regularization in both thedinand non-linear setting.

2.4.3 Generalized Tikhonov regularization

Let an objective function be comprised by a data discrepamegsure such as the LS in EG.15
Generalized Tikhonov regularizatiovdgel, 2007 is applied by introducing a penalty tenin(z) to the

objective function according to

o = arg min[£(z) = [|Lw (Fz — y)||* + 79 ()] (2.29)

The term¥(x) is a scalar function. It effectively imposes soft constisio &, by variably penal-
izing candidate solutions, depending on how much they deviate from the solutionsfgatg ¥ (x).
More specifically, the solution of EQ..29is related to the solution of the following constrained peot
[Bjorck, 1994

argmin|||Lw (Fz —y)||°|, subjectto¥(z) < 7,7 € RT (2.30)

The actual form of¥(z) is usually problem specific. The scalare R in Eq. 2.29is known
as theregularization parameteand weights the penalization imposed byz). The selection of- is
of high-importance and is a field of research on its own. Swallies forr lead to reduced regular-
ization, therefore the obtained solution estimates canxpeated to be noisy and incorrect due to the
untreated ill-posedness conditions. In contrast, highn lead to the over-regularization of the problem
where¥ (x) dominates the solution, rendering the measured glataignificant. A sample of schemes
facilitating elaborate approaches towards the selectioninclude the L-curve, the generalized cross
validation and the discrepancy principle. For a detailetassion the reader is referred to Chapter 7 in
[Vogel, 2003, [Hansen199g and the references within.

Ordinary Tikhonov regularizationfolehmainen2001; Vogel, 2007 refers to a particular type of
U(x) - specifically quadratic functionals. These are widely addpegularizing schemes for many

inverse problems. The generic form for these penaltiespsemssed as

wu):Hmsz@ﬂf (2.31)

whereL ¢ RM*N s a regularization operator arid” is the initial estimate of*. The specifics of,
distinguish between the Tikhonov regularization methads= I results in the zeroth-order Tikhonov
(TKp) regularization scheme. When the diagonal entrids differ, the scheme corresponds to weighted
least squares where variable penalty weights the indiViginiies x inz. L can also be a differential
operator of various orders. The first order differentialraper results in the popular first-order Tikhonov
(TK;) regularization, which penalizes for non-smooth soluioie then expand(z) of Eq. 2.29

with the term¥ () being given by Eq2.31, derive its partial derivatives and set then0tdn a manner
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similar to the derivation of EQR.18 Then, after a rearrangement of the terms, one obtains tireented

normal equationsq{olehmainen2007]

(FYWF + 7L L)e = F*Wy + 7 LT Lz, (2.32)

whereW = L}, Ly . Revealing some of the effects of the regularization is ipts®y expressing Eq.
2.29with ¥ (z) of Eq. 2.31in a stacked formHlansen1998 Kolehmainen2001; Varah 1979

- (2.33)

2
FLw Lwy
1/2L 7.1/2Li,(0)

Using this notation the contribution of the regularizatiomction towards the alleviation of ill-
posedness becomes apparent. Givenjfhhaas linearly independent columns, then the augmeftetl
Eq. 2.15is now a full column rank resulting in a unique solutidjdrck, 1994.

By settingL = I andi(?) = 0 one obtains the standard FKegularization scheme

ey = A1G Min|E(2) = | Lo (Fa = y) > + 7| (234)

x

with corresponding normal equations

(FTWF 4 11)iy, = FTWy. (2.35)

After rearranging Eq.2.35t0 &, = (FTW.F + 71)"*FTWy, it can be expanded using the SVD
expression of Eq2.8. In addition, by considering Eq2.10and2.11[Vogel, 2003, it results in

T

N
. )\Z—(ui y)
= E )\12 e v; (2.36)

i=1

By considering the SVD pseudo-inverse solution (EQ4), then Eq.2.36reveals that the TiKregular-
ization effectively acts as a filter for small singular vadu&imilar to the TSVD notation (E®.27), the

TKy filter function is given:

)\2

)\2
wr(A%) = A+ T

(2.37)

It should be noted that all objective functions expressatiéninear case can also be solved using
iterative minimisation schemes. We describe some promopimization methods in the context of the
non-linear inverse problem in Se2.6. For the case of. = V, one obtains the TK It penalizes for
non-smooth features - specifically the gradients.ifts SVD filter analogue can be derived in a manner

similar to TKy.
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2.5 Non-linear case

The classification of an inverse problem as non-linear rgaigfers to the nature of the forward operator
which now describes a more complex relationship betweandy. The non-linear realization of the

forward mapping of Eg2.1for specific values: is expressed as

y = F(x). (2.38)

Assuming Gaussian noise contaminatiorygirridge, 1999 Viola, 1995, the LS data fit term can be

employed as an objective function

E@) =y — F@)|I” + 79() (2.39)

It should be noted that in the non-linear case, an inversseugo-inverse operat@ ! is not realized.

The final solution is obtained by an iterative minimization 6{z) expressed as

& = arg min|&(z) = [ly - F(a@)|® + 70 ()] . (2.40)

g,
The above minimizes the discrepancy between the modeledashat the measured data subject
to the soft constraints imposed (). By itself, the LS functional guarantees solution existehg
obtaining the best compromise solution, however this 8munight not be unique and the continuity
betweenxz and F(z) might not be guaranteed (2nd and 3rd Hadamard postulateglbpesedness).
Although, the explicit action o’ (x) cannot be demonstrated in a manner similar to the linear, #tase
purpose is to help meet the last two of the Hadamard postulife:) can either be a least squares based
functional, similar to the ones described in the linear casecan have alternative forms. For example

see the diffuse optical tomography (DOT) relevant regmédidn functionals introduced in Seg.6.

2.6 optimization

2.6.1 Non-gradient based optimization

Approaches towards the minimisation of Ej40can be classified as those which utilize the gradient
of £(x) and those which do not. An example of a non-gradient optitimrascheme is based on evolu-
tion strategies, for example differential evolutiddtgrn and Pricel997. These are population based,
stochastic global function minimisers, which track thewdtaneous evolution - or equivalently improve-
ment - of multiple initial estimates. The fithess of each egdlestimate is constantly tracked and the
fitter survive. These methods have better chances in igamgifjlobal optima than their gradient based
analogues, which update a single parametrization, dueettatie number of initialization states. For
example, the method of differential evolution - termed asoba optimization method - the suggested
number of simultaneously tracked estimate$(is’ with N being the number of unknownSforn and
Price 1997. Consequently, in order for such schemes to be computtjomactable, they require fast

evaluations of (x) in order to maintain a low overall computational cost.



2.6 optimization 49

Another non-gradient based method is the downhill simplethod byNelder and Mead1969.
According toPress et al[19924, ‘a simplex is the geometrical figure consisting, & dimensions,
of N 4 1 points (or vertices) and all their interconnecting linersegts, polygonal faces, etc. In two
dimensions, a simplex is a triangle.” The method is initiadl by defining an initial simplex. This is
done by choosing it& + 1 points. The method now proceeds by evaluating the objefttivetion at all
N + 1 points of the simplex. Once the evaluation has taken plaeemiethod continues by identifying
the point with the highest objective function value and nwiteéo the opposite face - via a reflection
through the centroid of the remainidg points. If the new point corresponds to an improved estimate
the simplex is additionally stretched across the direaticthe initial reflection. If the objective function
does not return a lower at the new point, the simplex is coteth These moves allow the simplex to
move throughout the multi-dimensional solution space, a as change its shape, in order to move
towards the minimum and eventually bracket it. The lattkesgplace when the whole simplex moves to
some basin of attraction and starts contracting until itagaeach the bottom of the basin. The method
terminates when all the simplex points are in close proxinaitcording to some threshold criteria. The

final estimate is a function of all the simplex points, for eyde the the simplex’s centroid.

2.6.2 Gradient based optimization: First order methods

Optimization methods can utilize gradient information afieus orders, provided that the objective

function is sufficiently smooth and differentiable up to tiequired order. They proceed in an iterative

fashion, where an initial solution estimat€’ is sequentially improved until some convergence criteria

are satisfied.

2.6.2.1 Gradient descent

The elementary optimization method utilizing the gradigfé () is the steepest descent methBddss
et al, 1992 Shewchuk1994. Given some solution estimaig¢*), then next update**+? is obtained
by taking a step of siz& across a line passing from*) and pointing to the direction wheg(z(*))

decreases most rapidly. This direction is given by the neggradient of Eq2.50,

d® = —9&=™) /ox (2.41)
_ <Z <y ~ fi(zw)))) () (2.42)

whereJ*) = 9F (2*))/9z is theJacobian The solution update is then expressed as

2D — 2 (B) (k) g(k) (2.43)

where step\(¥) denotes the length traversed ovéf) and can be computed by a line-search approach
(see2.6.9. Starting fromz(*) and assuming that the minimisation acra$% is accurate, then the
improved solution:(*+1) must reside on a new minimum with respecitdHenced€ (z(*+1)) /o = 0.

This implies that if the minimum is not global and an anothigeation d*t1) of decrease exists at

z(¥+1) it should have a zero directional component actd$s This can only happen #*+1) | q(%).
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Briefly, in every iteration gradient descent searches fenthxt update at a direction orthogonal to
the descent direction of the previous iteration. Consetiyehroughout the entire minimisation process
the method can revisit many times at the same direction. ddridead to slow convergence rates. Figure
2.3graphically shows search directions obtained by the mettigdadient descent.

L2
4

Figure 2.3: Successive descent directions produced by the gradienemiemethod. Courtesy of Jonathan
Shewchuk. SourceShewchuk1994.

2.6.2.2 Conjugate gradients

Conjugate gradientdNocedal and Wright1999 Press et al.1992h Shewchuk1994 is an alternative
optimization method which also utilizes first order derivatinformation. In Sectior.6.2.1it was
shown that gradient descent exhibits slow convergencecasite-visit previously searched directions.
Ideally one would seek to visit each direction only once. €ider again the solution space of Figure
2.3 and the first descent direction starting frart). Ideally, the size of the step across the depicted
direction should be larger so the next orthogonal directvonld lead directly to solution in the middle
of the basin.

Unfortunately, the computation of such step requires thatism to be knowra priori, in which
there would be no reason to search for it in the first pl&teejvchuk1994. Conjugate gradients was
motivated by the fundamental concept that descent direstihould not be revisited more than once.
It achieves this effect by enforcing directions to Aeorthogonal orconjugate rather than orthogonal.
In the linear cased corresponds to the linear forward operafor The A-orthogonality between two

vectorsd?), ¥ is satisfied when

(d(j))TAd(k) =0 (2.44)

The geometrical meaning of-orthogonality is the following. Any twod-orthogonal vectors in
the solution space of(z), would be orthogonal in the transformed solution spacesframed byA.
By ensuring such condition among descent directions, thtbaddeads to convergence in a number of

iterations equivalent to the dimensionality of the solntagpace $hewchuk1994.
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Figure2.4shows the successive improvement of the solution using Gen€thod. In a 2D space,
the solution is obtained in two successive improvementse-foneach direction. The depicted vectors

are A-orthogonal

Figure 2.4: Successive descent directions produced by the CG methodrteSg of Jonathan Shewchuk.
Source Ehewchuk1994.

In the non-linear case first order CG method, the operatisrnot explicitly required . The succes-
sive solution updates are produced accordingtd?) = z(*) + A\(*)q(*), The CG update direction for

the first iteration is set to the negative gradient

4O = g© (2.45)

The updates at subsequent iterations need to establishgamyj with all the previous directions.
Conveniently, one does not need to explicitly store all pnes directions in memory to achieve this
condition. An elaborate update scheme can ensure conjadacyew search direction with all the pre-
vious ones, by using information solely from the last viditérection. The new directions are computed

according to

A = _g(k) 4 gk) gh=1). (2.46)

Proposed schemes for computing the tgtfl include the Fletcher-Reeves upddféecher and Reeves
1964

T
) (g<k>) .(g<k> _ gk 1>) 0

(g<k—1>)T . k=D
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and the Polak-Ribiere updatedlak and Ribiergl969.

(g<k>)T e

<(g<k—1>)T .goc—l)) |

It should be noted that the condition of conjugacy among tbeyced updates is degraded through

5(’6) —

(2.48)

out the minimisation process. To deal with this problembgbavior, the algorithm requires restarts
which involve setting the update direction to the negatiagigntd*) = —9&(z*))/0x. These restarts
can either be repeated every fixed number of iterations oneter an explicit test of the level of con-
jugacy fails. Details about restarting and testing confygaan be found inghewchuk1994. The first
order CG minimisation method with fixed restarts is desatilpeAlgorithm 2.1

As a final note, there is second order CG method where thegunalaf the operatad of the linear
CG, is explicitly formed a®?F (z)/dz - known as thedessian As the Hessian changes throughout the
minimisation this results in loss of conjugacy between sgsive update directions and the restarting

mechanism need to be applied. Details of the second ordera@®eafound in in Fhewchuk1994.

2.6.3 Gradient based optimization: Second order methods

Under the condition thaf () is twice differentiable, then at each iteratibng (z(*)) can be expanded

in the vicinity of z(*) by utilizing the Taylor series expansiokdstanis 2007

> OmE(x®) i
E(z) = ZO %7‘2;1 ) (z — a®)™. (2.49)

Consider the second order approximation, obtained bynggeiti= 2 and given by

E(x) =&@=W) + (%j)) + % (J: - ac(k))T 82%(7;@) (z — z®)) (2.50)

By definition, the minimizer:(*+1) of Eq. 2.50is a stationary point with zero gradient

&k k k
AE (x(k+1)) B AE (x) N (;p("’“) 7$(k))T 92E(x™)

oz T Oz 0x?

=0 (2.51)
Under the assumption that the inverse of the Hes(;&ri(:c(’“))/c’):cz)_1 exists, Eq. 2.51 after re-

arranging leads to

-1

i 92& (k) & (z(F)
SUHD) _ () <%> y % (2.52)

The gradient of the objective function used in Bdh2is given by

85(31;@) =2 <Z (?Jz - fi(:v(k)))> (’)j’-‘éa;(k)) + T@\I/((?::cr(k)) (2.53)

i
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1 Setthresholdsiopai, €iter, iterMax > 0

2 Setinitial line-search step lengthx(®) > 0

3 Set iteration countet — 0

4 Set number of iterations before restart,

Compute:£ ()

Compute gradienty(?) = 9&(x(9)) /92

Define: £(z(~Y) = —c0

g while E(z(k)) > €global && <E(z(k)) — E(z(kfl))) > €iter && k < iterMax do

[62]

(2]

~

o | if k==0/|| N, iterations elapsed since last restagn

10 p® = 40
11 else
12 Bk =

(g(k))T : (g(k) - g(k—1>)>/<(g(k—1))T -g(k_l)) Fletcher-Reeves OR
(g(k’))T .g(k’)> / ((g(kl))Tg(k1)> Polak-Ribiére update

13 pk) = —g®) 1 gk p(k=1)

14 end
15 | Perform line search far(*) and compute step-sizex(¥)

16 | Parameter update{st1) = (k) 4 \(k) (k)

17 Increment counterk «— k + 1

18 end

Algorithm 2.1: The non-linear Conjugate Gradients algorithm.

The Hessian term?£(z(*)) /022 is given by

D2E(z ) *) D2 F (zF)) T k) 92 (z%)
— =2 Z<yz.7:1(:r )> 7+2{J } J +TT

(2.54)

By settingS®) = 3, <yl — fi(m(k))> J*) | the Newton-Raphson update is then expressed as

2 )y L
gD —g(B) 4 \() (S(k) + {J(k)}T J® T%) X (2.55)
k
g 0%@™) (2.56)
Ox

The termS(*) is computationally costly to compute and can also lead t® ddshe positive-definiteness
of the HessianRress et al.1992h Schweiger et a).2005. By ignoring this term this leads to the
dampedGauss-Newton updatélpcedal and WrightL999 Schweiger et al2005
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B —1
2B+ —g(®) 4 \(®) <{J<k> }T J® 4 782%(735;))> X (2.57)
x
k
Sk _ TM (2.58)
ox

Another alternative is to replacg®) with ¢(*) I, wherec*) > 0 is a control parameter aricthe identity

matrix. This leads to the Levenberg-Marquardt updatvgnberg1944 Marquard; 1963

-1

T 2 (k)
$(k+1) :ZE(k) + ({J(k)} J(k) + 7—% —+ C(k)1> X (259)
(k)
(Soc) _ T%) (2.60)
ox

Notice that\(*) is not included in this update. The magnitude of the updateigrolled byc*). The
Levenberg-Marquardt belongs to a category of methods krastnust-regionmethods. For*) >> 0
the method behaves as gradient descent whereaSfo« 0 it behaves as the Gauss-Newton scheme.
There is another category of methods, ternge@si-Newtormethods which do not require the
explicit computation of the Hessian matrix. These methadsassively build approximations of the
Hessian matrix or its invers@fess et al 1992l using the gradient of the objective function. Effectively
they utilize first-order derivative information howeverese to the minimum - these methods enjoy the
guadratic convergence rates of the Newton method. One setfonhis known as Broyden-Fletcher-
Goldfarb-Shanno (BFGS). A limited memory version known iagted memory BFGS (L-BFGS), is
used for the optimization of problems with large number afalales, where the approximation of the
Hessian is never realized in full, hence there is no needte &t This method is employed for non-rigid

registration in Chaptes.

2.6.4 Line search

A line search describes a minimisation across a line. The tesually refers to a scheme employed by
gradient based optimization schemes in order to estimattetigth ofA(*) which needs to be traversed
in the update direction at every iteration. The estimateg & the minimizer locedal and Wright
1999

A = arg min[E(A) = E(@®) +xd™] . (2.61)
x>0

There are various approaches which produce estimate4bfOne attempt to find the exact min-
imizer of the above function, however this can prove to bexgersive process given that it has to be
repeated at every iteration. Many approaches compromitigecaccuracy of the step length and employ
aninexactline search which retrieves an approximation of the exantmizer \(*). For a review of this
methods the reader is directed Bezaraa et al1993 Nocedal and Wright1999 Press et al.19924.

One such method which is employed for the purposes of thikweodescribed here which uti-

lizes aninverse quadratic interpolationPress et al.1992H. It uses multiple evaluations of the global

litis called inverse because ultimately it retrieves theciiss and not the ordinatress et al.19921
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objectives (z(¥)) for different sizes, but no gradient information.

Briefly, let £(z(*)) be the error at iteratioh. Having computed the update directid® for &, the
step) is set to some initial value and the potential update= z(*) + \d*) for the given\ is computed.
If Z(\) < £(z™)) in Eqg. 2.61, the method doubles the step and re-evaluates the objeatiadi times,
the method stores in memory the threere recensuccessive step estimates < A, < Ag as well
as their corresponding objective err@8\, ), =(\,) and=(Ag). The process keeps on producing new
As = 2Ag and updating\,, A, to be its immediate predecessors until an increase in tioe @curs or
E(A\3) > E(M\y). The method assumes that the solution space forms a qualaati of attraction in
the neighbourhood of the true step. It thus uses an inveraérgtic interpolation by fitting a quadratic
Q(A\) = c1A? + ca\ + c3 to the three\,, A\, and)s. These produces three equations from which
co andeg are computed. The minimum of the quadratic, correspondirtiget final step estimate is then
AM) = — L2 The quadratic interpolation is graphically shown in FigRis.

A similar process takes place if the error correspondinchinitialization step is higher than
the initial error. In that case, the steps are not doublechbivted. The full algorithm is described in

Algorithm 2.2

I I |
)\(y )\m, >\(1\) )\b

Figure 2.5: Inverse quadratic interpolation computed on successieedéarch\ estimates. The final estimate
) is located at the minimum of the quadratic curve fitted onXhe\s estimates bracketing the minimum,

in the interim\,,.

2.7 Summary

We have presented a brief introduction to the basic condeptsserse problem theory. Specifically,
we have outlined the three Hadamard postulates, whosehceastitutes a case of ill-posedness man-
ifestation in an inverse problem. The case of the linearrse@roblem was described as it explicitly
reveals the effects of ill-posedness. In addition, we thiiced the concept of regularization which oper-
ates toward the alleviation of these problematic charesttes which plague an inverse problem and its
effects can be explicitly observed in the linear case. We lsdso formulated the case for the non-linear
inverse problem and the generalized Tikhonov reguladeacheme. The non-linear inverse problem
is ultimately formulated as an optimization problem. A s&n@f optimization schemes was briefly

discussed.
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9

10

11

12

13

14

15

16

17

18

Set threshold:egeqren, > 0
Set initial step sizes\, < 0, \g «— A*~1 whereA(*=1 s the step used in iteration
E—1.1fk=1then)g 1
Compute objective function updates,, = £(z*) + \,d¥)) and&s = E(xF) + Agd*))
Bracket the minimum:if £5 > &, then
Set: A\, — Ag/2and compute,, = £(z*) 4+ X, d*)
while (&€,, — £4) > €scarch 0O
Am — Am /2, Ag < Ag/2, computes,,
end
else
Set: A\, — Mg, A\g < 2Ag and compute,,,
while (&, — €3) > €search O

Aa — Am, Am — Ag, Ag < 2)g, computes,,

end
end
Obtain\(®) via quadratic interpolation of,, A, As:

Ea—¢& Ea—Em -1
a e (Aa_kg - AQ_M) (As = Am)

Ea—E&;
Co = /\a*)\?ﬁ — Cl()\(x + )\@)

)\(k) = —02/(201)

Algorithm 2.2: Pseudo code for inexact line-search based on inverse afiaiditerpolation.




Chapter 3

Diffuse optical tomography

3.1 Introduction

Imaging with diffuse optical tomography (DOT) is a notorstyinon-trivial problem. There are chal-
lenges in all aspects of its operation namely data acquisiforward modelling and the solution of the

underlying inverse problem which is severely ill-posed.

The structure of this chapter is as follows; Sectig briefly introduces the fundamental optical
quantities of interest. Sectich3touches the imaging schemes. The forward problem in DOTsis di
cussed in SectioB.4. It refers to the radiative transfer equation (RTE) as a rhotlight propagation,
provides physical insight and outlines the derivation & diffusion approximation (DA) to the RTE
which is used in DOT. Approaches towards the solution of tiedbe also outlined, with emphasis
given in the description of the finite element method (FEM)ich is the method employed in this work.
The formulation of the inverse problem in DOT and approatbesrds its solution are outlined in Sec-
tion 3.5. The discussion continuous in Se&.6 which discusses various regularization schemes which
have been utilized in DOT, with emphasis on multi-modalippkcations. SectioB.7 discusses the va-
lidity of using anatomical images as priors in functionaldical imaging modalities. Having introduced
the physics of DOT imaging and the inverse problem, the @rdptally concludes with Se&.8where

we explicitly discuss the sources of ill-posedness in DOWel as noise and resolution issues.

3.2 Fundamental optical quantities

As light traverses through a turbid medium, its propagaisosffected by a number of physical events
rising from the interaction of light with the anatomicalstture. Two of these events are light absorption

11, @nd scattering:;. Before the introduction of these concepts consider thaitiefa of radiance

3.2.1 Radiance

The radiancd (r, §,t) is a fundamental quantity in optics. It is defined in units ofwer, per area, per
unit solid angle oMV m~2sr~1. Consider Fig.3.1 Radiance is defined so that the amount of radiant
power dP, of some specified frequency interval, v 4+ dv}, transported by photons passing through an

elementary areaaddefined by its normal unit vectay,, at time instance, towards a directios and
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confined to an element of solid anglgid given by [Jshimary 1979

dP = I(r, §,t)cos) dv da ds (3.1)

Figure 3.1: Radiance of light is reduced during its traversal of a nattecing but homogeneously absorbing

medium

3.2.2 Absorption

Absorption occurs when the interaction between mattertamahtident electromagnetic radiation is such
that this leads to partial or complete conversion of thesfath thermal energyHohren and Huffman
1983 Hecht and Zaja2003.

Let an absorbing compound be dissolved in a non-scatteredjum, resulting in a homogeneous
solution. Given collimated radiation through such a meditinen the reduction din radiance (or
intensity) I as light travels an infinitesimal distancé-dsee Fig.3.2 - depends on a material constant

called theabsorption coefficient, (unitsmm—1)

dl = —p, Idi (3.2)

——

1

Figure 3.2: Radiance of light is reduced during its traversal of a nattecing but homogeneously absorbing

medium

Figure 3.2 graphically illustrates this effect. Given incident radia [, the radiance after some

distancd can be computed by rearranging BqR and integrating ovelrresults in
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I = [ye Hal (3.3)

Eq. 3.3reveals an exponential attenuation lofvith respect to the traversed distance. From a
physical point of view, the reciprocadl/ ., (mm) corresponds to thmean free patlthat a photon can

travel without being subjected to an absorption ev8ahjmidt 1999.

3.2.3 Scattering

Scattering occurs when the interaction between matterranithtident electromagnetic radiation is such
that it leads to a change in the direction of propagation eflétiter. DOT considers elastic scattering
which dictates that the energy of the incident radiationwal as its wavelength - is preserved resulting
only in a change of directiorHecht and Zaja2003.

Similar to the case of absorption, assume a non-absorbimtjumeof length! which is trans-
illuminated by incident light of intensity,. The relation between input and output intensitigand I

depends on thecattering coefficients (mm=1):

I = Ipe H (3.4)

Figure3.3 graphically illustrates this effect. The reciproda. (mm=1)is the mean free path which a

photon can travel without being subjected to a scatteriregev

— 1 —
I }9 I

s

Figure 3.3: Radiance of light is reduced during its traversal of a noseaing but homogeneously scattering

medium

The notions of directionality and angles are fundamenttdédescription of scattering phenomena. The
normalizedphase functior®(s, $ /) is interpreted as the probability of a photon initially teding ats

being scattered into a directiér, hence it hold$

0(s',5)ds = 1. (3.5)

4
Assuming that the scattering is axially symmetric relativehe initial direction of propagation, then

©(8', 5) only depends on the scattering anglbetweers ’, . Effectively,d is the polar angle consider-

ing a spherical coordinate system, for which it halds cog¥) = §'- 8, with the latter denoting theot

Isee Sec4.2for an introduction to probabilities
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product The dependence of the phase functiort iwan be explicitly denoted b® (s, 5) = ©(5 ' - §).
The scattering characteristic of the medium is describethbynean cosine of the scattering angle de-

fined as

6= /1 uO (u)du. (3.6)

—1
where© = 0 corresponds to a uniform angular distribution of the scatteangle (isotropic medium),
© > 0 corresponds to forward scatterifg < 90°) and® < 0 to backward scatteringy >
90°)[Schweiger1994.

3.2.4 Index of refraction

The refractive index; of a medium(2; describes the reduction in the speggd that light propagates

within it, with respect to the speedof propagation in a vacuum.

c

T = (37)

cQ,

3.3 Imaging schemes

DOT is a non-invasive modality, thus the imaging procesdesothe medium from a configuration
of sources/detector fibres placed on its surface. The esdfiphe fibres are attached directly to the
surface of the anatomy, for example sé&ebden et a).2004 Hillman et al, 2007 or via a fluid-
coupled patient interface, for examplerffield et al, 2007. The spatial arrangement and the number
of sources/detectors on the surface both play a pivotalinolee spatial and quantitative accuracy of
the reconstructed imagésjgue et a).19993. Figure3.4 graphically illustrates a test medium with its

spatial domain denoted Ky and its surface witly$2.
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Figure 3.4: The imaging process in DOT involves non-invasive imagin@lopnfiguration of sources/detectors

placed on the surfacg? of the probed domaif.

Irrespective of the geometry, imaging with DOT can be cfaito three distinct schemeg)

continuous wave (CWH{ii) time domain (TD) andiii) frequency domain. CW systems involve the
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trans-illumination of the medium by a source emitting ligtitconstant intensity. By measuring the
exiting light, the level of attenuation of the incident ligk obtained. In the TD case, the medium is
irradiated by ultra short picoseconds pulses of light. Thetpns comprising each pulse follow different
paths across the medium and exit the medium at differenstirR@&oton counting detectors record for
a short interval the individual photons exiting the mediumd aneasure their flight times relative to a
reference pulseHillman et al, 2000 Schmidt et al.2000. This results in a build up of a histogram of
photon flight times for each source-detector pair, knowrhaseémporal point spread function (TPSF)
extending over several nano-secondslpy et al, 198§. UCL has developed a time resolved optical
tomography system known as MONSTIR, employing 32 sourcediard 32 detector optodesdgbden
et al, 1999 Schmidt et al. 2004. Finally frequency domain systems involve amplitude matkd
sources, usually in the order of few hundred MHz. Measuresnefithe reduction in amplitude and the
phase shift are obtained at the detector locati@ibgon et al.20054. For more information about
recent developments in imaging systems please@bson et al[20053 and the references within.

Figure3.5graphically illustrates the input/output of the three inmapgschemes.
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Figure 3.5: Graphical illustration of imaging schemes in optical tomegghy. CW systems measure the dif-
ference between incident/measurable light intensityqéeacy domain systems measure the phase shift and
amplitude reduction as a response to light of modulatediandpl. Finally TD systems emit pico-second pulses

and build a TPSF. Each part of the TPSF corresponds to thelpititip of photons arriving at a specific time.

3.4 Forward problem in DOT

Chapter2 defined the forward problem as a mapping from the spéoéthe parameters describing
the physical system of interest, to the sp&cef the measurable quantitigs Let ) C R™ be a sim-
ply connected domain denoting the medium to be probed witi ,D@th 92 explicitly denoting its
boundary and- € Q arbitrary spatial locations. In the context of optical tayrephy, X consists of
two independenspaces ok = {Z(4)(Q),2®)(Q)}. The parameters of interest are then expressed as

a pair of continuous scalar functiorﬁs(r), b(r)) € X. The physical quantity represented dfy) and
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b(r) depends on the employed forward modeivhich models the propagation of light. In the case of
this model being the RTE, the two quantities @c@(r), us(r)) denoting the light absorption and scat-
tering, whereas in the case of the simpler DA employedyT", u(r) is replaced with the diffusion
coefficientx(r) introduced in Sec3.4.2

The forward problem regards the modelling of the imagingcpss by computational means. It
commences by simulating the trans-illumination of the ragtirom N, given sourceg(m), m € 0.
Light enters(2, interacts With(a, b) - where the latter are assigned with known values - and piatpag
according to the physical laws dictated by the forward motleé portion of the incident radiation which
is not converted to thermal energy due to absorption eveittstee medium. A simulated measurement
process captures the exiting light &, detectorsw(m), from which the measurable quantitigsare

derived. Effectively, the forward problem solves the e@rat

ys(m) = Fs(a(r),b(r)) (3.8)
wheres denotes the index of some specific source.

3.4.1 Radiative Transfer Equation

The RTE is a physical model which describes the transporhefgy in random media comprised by
particles which can absorb, emit and scatter radiatieimejhdrasekhad 95Q Ishimary 1979. It does
not model any phenomena described by the wave nature of digttt as interference or diffraction
and it requires a selection of wavelengths that are smdibar the objects under stud@ibson et al.
2005a Ishimary 1979. The standard derivation assumes that the refractiveiredeonstant within the
medium, although modifications allowing the latter to salitivary have been proposed, for example
see Ferwerdal999 Marti-Lopez et al.2003. The RTE is widely considered as an adequate model for
light propagation within the tissuéfridge, 1999.

LetQ C R? be the domain of the medium, a position vectar 2 and time variablé. Considering

the flow of light atr, then the equation of transfer is expressed as

(%% + 8-V +pa(r) + Hs(r)> I(r,3,1)
= ps(r) \ O(57,8)I(r,s',t)ds" + q(r, 5,t) (3.9)

wherel(r, §,t) is theradianceat positionr, towards a direction defined by the unit vectand at time
t; ©(5', 8) is the normalized scattering phase functigfr, $, t) denotes a source term located-a&nd
emitting radiation in directios; -V is the divergence operataris the speed of light propagation in the
medium and finally:, andyu, are the absorption and scattering coefficierBags 1994.

The RTE can be interpreted as an energy conservation egu&ionsider an elementary volume
centered at such as the one depicted in Figy6. For time instance, the term(p, (1) + s (r)) I(r, 8, t)
in the LHS of the RTE describes the loss of energy,idue to absorption and scattering events taking

place inr. The RHS of the RTE corresponds to the gain in energ§ in The first term denotes the
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portion of light scattered i /, from the total light incident in- from all . The second term describes

gains from emission within the elementary volume:iif the latter encloses a source term.

dl

da

Figure 3.6: Light incident on an elementary volume. Part of the incidagitt can be absorbed and part of the

light can be scattered. In the case that the volume enclosasree, emission can also occur

Finally, three quantities of interest derived frdnmclude

photon density : ®(r,t) :/ I(r,s,t)ds (3.10)
4

photon current: J(r,t) :/ §I(r,§,t)ds (3.11)
4

exitance: I'(r,t) :/ §I(r,8,t) - 8,d3 (3.12)
4

wherephoton densityor fluence ratgis the total radiant energy in course of transit at someuoiitme
in r due to the radiation from all angles. In contrphbton currenior net fluy defines the rate of flow
of radiant energy across an elementary volu@kgndrasekhad950. Exitancedescribes the energy
transfer per unit time, through a unit area defined by its rabréy, integrated over the solid angle
[Kolehmainen2001].

Analytical solutions to RTE are non-trivial to derive, eptdor very simple geometries. In the
case of complex geometries, numerical methods have to béogetpwhich require the discretisation
of the involved quantities. One can easily see that due tio #mgular dependencd, ¢ and© are
effectively spherical functionsnapping spherical coordinatés, ¢) to some scalar value. A natural
way to represent functions of this type, is via a sphericatromics basis expansion. This enables their

approximation as a linear combination of a finite number agidfunctions and coefficients.
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whereY; ,,, are the spherical harmonic basis functiohs;,, ¢;..» and®©; are the basis coefficients and
Y* denotes the complex conjugate. The approximations of the&lhg spherical harmonic expansion
of the three quantities are known Bs approximations and are obtained by assuming that= 0 for
alll > N [Arridge, 1999. Apparently the accuracy of the approximation increasi#s iv

Due to difficulties in computing numerical solutions for tR&E in complex geometries and for
arbitrary parameter distributions, most of the currentrapphes in optical imaging using the DA to

model the light propagation inside a diffusive medium, giyrise to DOT.

3.4.2 Diffusion approximation to the Radiative Transfer Equation

The DA is an approximation of the RTE. In diffusion theorye ttadiance (or diffuse radiance in this
case) is assumed to encounter many particles and undergg animber of scattering events. This
results in aralmostuniform phase functio®(s’, $). However a slight directionality in the propagation
should still exist, otherwise for a completely uniform padsnction, the net diffuse flux would be zero
[Ishimary 1978. Derivations of the DA can be found irAfridge, 1999 Ishimary 197§. Briefly,
consider the spherical harmonic expansion of the previeasa. The DA is a special case of thg
approximation of theRT E [Tarvainen et a.2008. The P, approximation of the RTE is obtained by
setting the term$; ,,, (. ¢), q1.m (7, t) and©, in Eqs.3.13-3.15to zero, for all|l| > 1. After some lengthy
computations and assuming thdg = 1 [Arridge, 1999, we arrive at the approximationsshimary
1978 Kolehmainen2001; Schweiger1994

. 1 3 .

I(r,8,t) NE@(T, t)+ e J(r,t) and (3.16)
. 3 .

q(r, 5,t) Nqu(r, t)+ el q(r,t), (3.17)

where®(r,t), J(r,t) denote the diffuse photon density and diffuse photon ctimed are given by
Egs. 3.103.11; qo andg; are the isotropic and anisotropic components of the so@rnte éxpressed

respectively as

qo(r,t):/4. q(r,t,§)ds (3.18)

and
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q1(r,t) = /4 §-q(r,t,8)ds. (3.19)

Inserting Egs3.16and3.17in the RTE (Eq.3.9) one arrives at the pair of equations

<%% + ua(r)) ®(r,t) + V- J(r,t) = qo(r,t) and (320)
(538 +#alr) 4 10) T80+ 39100) = () (321)

where®(r,t) andp’(r) = (1 — ©1)u, is thereduced scattering coefficieanhd®; = © is the mean
scattering phase function defined in BEg6.
As mentioned in the start of the section, DA is a special c$ieead”1 approximation which led to

the pair of Equation8.20and3.21 It is special as it should satisfy the conditiodsiidge, 1999

oJ (r,t)
ot

The first condition states that the anisotropic componethte§ource term(r, t) is not considered.

q1(r,t) =0, =0. (3.22)

The second condition implies that the photon current doéstmnge, which is clearly erroneous in the
time dependent case as it would require the light propagatide instantaneous within the medium.
The condition however can be justified by specifying thatk p”. inside the medium.Arridge, 1999
Hillman, 2002. Then Eq.3.21is simplified into Fick’s Law Arridge, 1999

J(r,t) = —k(r)Vo(r,t) (3.23)

where

1
A PG (324

is thediffusion coefficient The DA in the time domain is obtained by inserting E2j23in Eq. 3.20

leading to

=V - (k(r)V®(r, 1)) + pa(r)®(r, t) + %8@({(;; ) = qo(r,t), req. (3.25)

The frequency domain case is obtained via the Fourier Toamsdf Eq.3.25giving rise to

-V (n(r)VC'I'D(T,w)) + ba (r)®(r,w) + %é(r,w) = Go(r,w), req. (3.26)

whered denotes the complex photon density ggds a source at from which an amplitude modulated
input signal of frequency = w/2 is introduced $chweiger and Arridgel 997 and expressed using
complex notation for amplitude and phase. FigBréshows the complex photon density fields obtained
from the trans-illumination of the circul&?, from an amplitude modulated source (100MHz), populated

by the depicted optical distribution @fia (r), 12} (7).
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Figure 3.7: Visualization of the photon density fields (amplitude anég®) for the frequency domain case,
for a given optical parameter distributiofa)-(b): p./u, distributions. The optical values for backgrouhd
perturbation areg, =0.025 | 0.07 mm ™" andus =2 | 4 mm ™. Sources and detectors are shown with green
and red colours respectivelfc)-(d): For allr» € Q the fields represent tHeg-amplitude and phase difference

with respect to the incident radiation.

3.4.2.1 Validity of the Diffusion Approximation

The approximation of the RTE by the DA requires that < us and the light propagation to be only
weakly anisotropicGroenhuis et al1983 Schweiger et a]1995. The diffuse light propagation should
be slightly anisotropic otherwise the photon current wolbédzero and there would be no net light
propagation [shimary 1978. Conditiony, < us holds for many anatomical regions of interest, for
example breast or the brain. The presence of non-scattexgigns, namely the CSF layer around the
brain and in the ventricles does not allow the DA to accuyateddel the propagation of lighDehghani

et al, 1999. The ability of DA to image media with non-scattering reggohas been evaluated by a
number of groups.Okada and Delpy2003 investigated the effects of thickness of the CSF regions
on the accuracy of the reconstructed images whe@lson et al[2005d commented on the extent
that different reconstruction techniques cope with thebfmmatic non-scattering regions. A number
of methods have been proposed to cope with this specific mstie as the radiosity-diffusion hybrid
model [Firbank et al. 1994 or the hybrid model ofTarvainen et al[200§ which utilizes the RTE in

those regions for which DA does not hold and the latter is wsertywhere else. Simpler schemes
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include the proposal dfoyama et al[2003 which showed that by assigning a valuedf= 0.3mm !
to a priori identified low-scattering regions in the probed medium bégsan adequate modelling of
light propagation by the DA. Similar findings were recentlybished byOki et al.[2009. Another
problem regards the unsuitability of DA to model light prgation in the vicinity of the light sources
as propagation is highly anisotropitarvainen et al[2005 proposed a hybrid model, employing RTE

near the source locations and DA everywhere else.

3.4.2.2 Boundary conditions
The boundary conditions in the RTE are obtained by noting timaphotons at the boundary travel
inwards except from source terms, whéris the normal ta)2 at m. [Arridge, 1999 Ishimary 1978

Schweiger et a].1995

I(m,3,t)=0, fors-&, <o, (3.27)

The diffusion equation cannot satisfy this condition ekadtie to the simple angular distribution as-
sumed for the diffuse radiationishimary 1974. Instead, there are a number of boundary conditions
which can be adopted. One is the Dirichlet boundary cond{i@BC) which physically is equivalent to

a perfect absorbing medium surrounding the doniaand is expressed as

d(m,t) =0, Ym € 9. (3.28)

A more realistic alternative in physical terms is imposedhs Robin boundary condition (RBC),
which models the effects of a non-scattering medium sumgn2 [Schweiger et al.1995 and is

expressed as

from @.3.23

O(m,t) + 26(m)s, - VO(m,t) ®(m,t) + 23, - J(m,t) = 0. (3.29)

If one needs to model the case of refractive index discrgpaithin 2 and the surrounding

medium, one can employ a modified RBEchweiger et al.1995

O(m,t) + 248, - J(m,t) =0 (3.30)

whered = (14 R)/(1— R) and whereR is the internal reflection of uniformly diffuse radiatio®foen-
huis et al, 1983 Schweiger et a]1995. Suggested values f@t were computed infgan and Hilgeman
1979 Alternative formulas forA have been proposed, for example s&eohson 1993 Keijzer et al,
1984.

3.4.2.3 Source conditions

Two possible type of sources include the pencil-beam caliéd source (CS) and the diffuse source
(DS) [Arridge, 1999 Schweiger et a].1995. The first cannot be modelled exactly by the DA. Instead,

its effects can be approximated by an isotropic point source
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qgo(r,t)=0(r—rs)Q(t), reQ (3.31)

where () is the source strengttSghweiger and Arridgel997 and r; is situated at a depth of one
scattering length /i), belowm € 9Q where light is truly incident. The diffuse source scheme is
expected to produce accurate results at distances grbateohe mean free path length fregmbut not
closer. In contrast, DS sources can naturally be modelleiéuthe DA as an inward directed photon
current distributed across a boundary segnééig C 02 [Schweiger et al.1995. This requires the
modification of the DBC condition (see E§.29 to

d(m,t) =0, VYm e {90\ 0Q,} (3.32)

k(m)s, - V®(m,t) = —Ts(m,t)w(m), Vm € 0Q, (3.33)

wherel'(m, t) is the source flux along the boundary secti$t, andw € [0, 1] is a function weighting
the flux according to each distance fram [Schweiger1994. The negation of’s; explicitly shows
that flux is directed inwards 1@ [Kolehmainen20017]. Similarly, implementing the DS under the RBC,

results in the modification of E.29alongof2, resulting to Kolehmainen2001]

—4Ts(m, t)w(m) m € 00
®(m,t) + 26(m)As, - VO(m,t) = (3.34)
0 m € {00\ 09}

3.4.2.4 Measurable quantities
The quantity physically measured on the boundary - or edpritly the one modelled by the forward

problem - is the diffuse outgoing radiation or exitance (Ed.9. It is given by

D(m,w) = T(m,w = 0) + A(m)elwtTom)] (3.35)

wherel" %) (m, w)T'(m,w = 0) is the DC component and“) (m, w) = A(m)e'wt+¢(m™)] s the

AC. It can also be re-written as tiNeumanrdata

119 (m,w) = —cr(m)s, - VO(m,w) (3.36)

The measurement types in the frequency domain case agghtee shiftp between source and

measurement signabfhweiger and Arridgel 997

Im [F(AC) (m, w)}

Re [1:‘(’40) (m, w)}

1

(3.37)

y,(m)= argl’' ) (m, w) = tan™
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and the modulation depth 4, defined as amplitude of the measured signal normalizedép @ com-

ponent

mod (ﬁAc) (m,w)) ‘f‘(AC)(m,w)
y, (m,w)= = == (3.38)
A I'(m,w =0) I'(m,w =0)

In the TD case, the TPSF corresponds to the temporally demenliffuse exitanc&(¢). It can
be interpreted as the distribution of the arrival times & tletected photons. Figue8 shows a cir-
cular domain with known ., and ., distributions which is irradiated from a single sou@e The
corresponding TPSFs built at four different detectorsssitee shown and as expected, vary for differ-
ent source-detector pairB¢lpy et al, 198§. Commonly, one derives more practical data types which
usually integrate out the temporal dependency and redueentasurement to a single scalar value

[Schweiger1994. Example measurement types includeridge, 1999 Kolehmainen2007]

YEere = ﬁ/@ ['(t)dt normalized integrated intensity (3.39)
1 oo
Yy = (") = EIL ) [m t"I'(t)dt n'" temporal moment, (3.40)
__ L [T th
Y, = BT @] /_Oo(t {Et")IT'(t)dt n'" central moment (3.41)

whereE[['(t)] = f0°° I'(t)dt. For further discussion about data types s&eifige, 1999 Arridge and
Schweiger1993h Hebden et a).1998 Pineda et a).2004.

3.4.3 Finite element method

The FEM is a general technique for the numerical solutionifbéigential and integral equations which
appear in science and engineeridghnson1987. Some of its principal characteristics are that it
supports domains of arbitrary shape and quite arbitrarywfary conditions, it is robust and it has solid
mathematical foundatioriarlet and Lions1997. The existing literature covering FEM is vast and the
reader can easily find extensive and dedicated reviewsdiegegeneral FEM, for example sedhnson
1987 Zienkiewicz and Taylar200d. In the field of biomedical optics, FEM was introduced foeth
purpose of solving the DA in complex geometries in the ea8i90s Arridge et al, 1993 Schweiger
1994 Schweiger et a).1993 1992 1995 and since then it has been adopted by numerous research
groups for the same purpose. For the purpose of modellinBim this work, we have employed the
implementation in the TOASHTsoftware package developed by Schweiger and Arridge at UCL.

In this case FEM is based anethod of weighted residual$egerlind 1984 Zienkiewicz and
Taylor, 200( to construct an integral formulation of the differentigjuation to be solved. Consider the
frequency-domain formulation of DA described by Eg§.26. The FEM method for the time domain
is based on a similar derivatioS¢hweiger and Arridgel 997. Suppose thad* is the solution to Eq.
3.26 therefore satisfying

1TOAST stands for Time-resolved Optical and Scattering Tgraphy. As of today, additional information and downloags ¢

be found ahttp://web4.cs.ucl.ac.uk/research/vis/toast/intralh
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Figure 3.8: (a)-(b) Absorption/scattering distributions (c) sourtgeand detectord1 . .. 4) (d) log-TPSF ob-

tained from each detector for irradiation fraghin the noise free TD case.

{% -V k(r)V+ ,Lta(T)} ('I')*(T,w) —go(r,w) =0, Vreq. (3.42)

®* is continuous ovef). We seek a solution estimafe(r, w) — ®*(r,w). In order to render the
problem manipulable by a computer, the problem under censitbn must be completely defined by a
finite number of unknowns. One way to achieve this is by apiprating® with a finite basis represen-
tation, where it is expressed by linear combination of adinttmber of basis functioris(r) and basis

coefficientd® ¢ RY or

N=
M (r,w) = Z (W)= (r) (3.43)

Q is now divided into a finite numbe¥, of non-overlapping elements forming an unstructured mesh
which completely covers) soQ2 = Uf;lej. Elements are joined dYxs node locationsV" defined at
the vertices of the elements. The elements are usually gfleishape such as triangles in the 2D case
or tetrahedra in 3D, however higher order shapes can be égedxample 2D mesh is shown in Fig.
3.9. Given this configuration, a simple approximation of thestamlution can be obtained by adopting

piecewise lineakE. The basis functions used to approximate the solution asevkras shape functions
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Figure 3.9: An unstructured mesh produced by the Figure 3.10: Linear shape functio®; centered on
triangulation of a circular domaif. It consists of node\;

1021 nodes and 920 elements

in the FEM, due to the shape of their support area. The supp&f, is finite and extends to all adl
containingV; (see Fig.3.10).
Given arbitrary functioV satisfying the same boundary conditioniafArridge et al, 1993, then

the method of weighted residuals requires that

/QW(T) H% SV RV + ua(r)} BN (r, ) — ('jo(r,w)] do = 0. (3.44)

Integrating Eq.3.44by parts using the Green’s first identiyignkiewicz and Taylqr200q

/ AV - (bVe)dQ = — / Va(bVe)do + 7{ a(bVe)d(9Q) (3.45)
Q Q o0

results in

/Q [H(T)VW(T) SV (r,w) + pa (W) D" (1, w) + Z%}V\/(r)(i)h(r,cu) aQ =

/W(r)(jo(r,w)dQnLjé —T'(m,w)W(m,w)d(0N) (3.46)
Q o9

Eq. 3.46is theweak formof Eq. 3.44as it is comprised by lower order derivativesif, at the price of
requiring the first derivative ofV. In effect the weak form is more realistic than the origirahfiulation
which implied excessive 'smoothness’ &f by incorporating its second derivativezi¢nkiewicz and
Taylor, 1987. Regarding exact form ofV, there are a number of possible alternativ@efkiewicz
and Taylor 200J. A very common choice is the same shape functibosed for the approximation
in Eq. 3.43 This is known as th&alerkin formulation. Eq.3.46 can be re-written in a matrix form
([Schweiger1994) as
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(K(n) +Cpa) + %M) ' =-Q+p (3.47)
where

K, - /Q K(r)VE; () - Zi(r)de, Q) = / =, ()i (1, )dO

Cyi = /Q 1 (1)E; (1) (1), B,(t) = fi =)l (m.)d(09)

M, = /Q =5 (r)Zs(r)de, &' = [dsl;(w),d&g(w),...,é%g(w)f. (3.48)

The time domain analogue of EQ.47 can prove more complex to solve due to its dependency
on the time variable. Methods for modelling time dependency under the FEM sgtire discussed in
[Arridge et al, 1993 Schweiger1994. For the implementation of the boundary and source cooruti
in FEM see Bchweiger et a]1993.

3.4.3.1 Forward model and FEM
The complex photon density nodal coeﬁicierﬁ% rising from illumination ofQ2 from sources, with

s=1...,5 and for specific scalar functions,(r), x(r), are retrieved by solving E.47

# = (K0 + Clu) + 22M1) @+ 9) (3.49)

The continuous photon densiﬁx/; across the domain is retrieved by E843 This gives rise to
the outgoing measurement distributiongay:, w) corresponding to the Neumann data (B¢36). The

forward mapping fromu,,  to y,(m, w) for a specific source is denoted as

Yo (m,w) = Fy(tia, k;w). (3.50)

Following the notation ofArridge [1999; Schweiger et al[2003, a measurement modgl is

defined to sample the outgoing distributions in the boundany detector sites indexed

Yea(w) = Maly,(m.w)] = /8 wm)y,(m,) (3.51)

wherewqy(m) represents the finite aperture of detecatoit should be noted tha/ < D whereD is
the number of the full set of detector sites. The reason ferdistinction is that in the inverse problem
it is possible to use a subset of the detectors for each &atiwmurce. For example, one can deactivate
detectors too close in proximity with an activated sourcthasletected signal corresponds to superficial
photon paths.

Effectively this concludes the forward opera®mefinition mapping.,, x € Xtoy, , € Y for all

source/effective detector combinations, denoted by
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[ @)y, ] Ma[Fi(jta, 5)]
Y(w) _ |:y2’1(w)7 y2,2 (W) .. .y2,D (W):| _ ]:(,u, o w) _ Md [.7:2 (,ua, K w)]
| [V @@y, @] MaFs{jtar;0)]

(3.52)

It should be noted that € RM*S (vectorized form) and each complex measurementgonsists

of the amplitude and phase part (see Sectign2.9.
3.4.4 Alternative approaches

3.4.4.1 Analytical methods

Analytic solutions to the diffusion equatidh26 can be obtained by applying the appropriate Green’s

operator Arridge, 1999.

(r,w) =G (r,w) [do] (3.53)

:/ G(&))(T, ' w)do (1, w)d™r. (3.54)
Q

In the case that the source teiiy (its time-domain representation) iséafunction the solution
becomes, from the convolution of E§.54 just the Green’s function itself. The pulsed sources used
in optical imaging can be considered a sufficient approximnab ad-function [Arridge and Hebden
1997. The exact form of Green'’s functior&® for simple geometries (spheres, slabs and cylinders)
with homogeneous optical distributions can be found in shieed literature, for example seéiridge
et al, 1992.

3.4.4.2 Monte Carlo methods

Monte Carlo methods have evolved to be the “gold standawtirigue for modelling of light in tissue
[Binzoni et al, 2008. Introductory texts specifically for the field of biomediagtics include Flock

et al, 1989 Jacques and Wan995 Prahl et al, 1989 Wilson and Adam1983. In brief, the rules
which govern photon propagation insifewith known (1), 1, (r), are perceived as random variables
(RVs). Such rules represent the mean free path betweenpdiosoand scattering events and the scat-
tering angle in the case of the latter. The RVs are accomgdnjewell defined probability density
functions (PDFs) derived from the given,(r), us(r). The propagation path of individual photons is
modelled by repeatedly instantiating the RVs to computethe position of the photon. The instantia-
tion of RVs is accomplished by employing random number gatioes which produce samples from the
PDFs. The disadvantage of these methods is the increasqulitational complexity rising especially
for complexu,(r), 1. (r). Accuracy depends on sufficient statistics and the lattuires the tracking

of a high number of individual photons, where each indivichath is characterized by multiple RVs
instantiations. Rendering the task computationally &hlet is crucial and has driven dedicated stud-

ies such asAlerstam et al. 2008, which introduces a parallel processing approach utiiznodern
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multi-core GPUs. Monte Carlo methods are mainly used fovéod modelling when DA does not hold
[Boas et al.2002 Okada and Delpy2003 or for validating newly proposed models due to their “gold
standard” status, for examplel¢ino et al, 2003 Schweiger et al 1995 Sikora et al.2004.

3.5 Inverse problem

The inverse problem in DOT seeks to recover continuoussitalationsy, (), «(r) which resemble the
true optical parameter distributions; (), *(r) within Q, given measured dataand known incoming
radiation from sourceg on o).

The continuous representation of the strictly positivdactunctionsy, () and«(r) cannot be
handled by computers. Following the paradignSahweiger and Arridgg2003. the solution can be
expressed as an expansion of a finite set of basis fundiioris),i = 1 — N/2 defined inQ, along
with a set of basis coefficients, ,~, € RV/2 1. Given the coefficients, the continuous solution can be

defined anywhere via

N/2
pa(r) = pa’(r) = > pa b (r), and (3.55)
=1

N/2

k(r) ~ KP(r) = Z k=, b (r) (3.56)

wherez®(r) # x(r) due to the approximation nature of the basis representalioa basis used to rep-
resent the reconstructed images will be referred teohigtion basisas the number of coefficients define
the dimensionality of the problem. Schweiger & Arridgxhweiger and Arridge2009d investigate the
effects of different basis representations in the recantitin. The same paper provides information of
how to switch between different basis representationss irter-basis mapping is used for example in
TOAST, to map from the solution basis to the nodal basis usdeEiM forward solver. The problem

now reduces to the retrieval of the finite basis coefficieetsaded by

T
Ha = |:,ua1a,ua27 e ’MaN/2:| (3.57)
T
K= [HUHQ,...,I{N/Q]

(3.58)

To simplify the notation, both unknown quantities are comeloi under a common variable name,

giving rise to

Ty 1= Ha y T4 S IRN (359)

K
The termz * denotes the true unknown solution comprisedd)yand«*. The aim is to find the
optical parameter estimate, which best fit the experimentally measured datdn the deterministic

paradigm this is expressed as

INote that the absence of the positional veetdifferentiates the basis coefficientis , ~ from the continuous scalar functions

defined earlier
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2y =argmin€(xzy) = D(y, F(zy)) + 7V (24 )] (3.60)

4

whereD(y, F(z4)) measures the discrepancy between measured data and rdatfteand? ()

is the regularization function weighted by(see Chapte?). Regularization is crucial as it alleviates
ill-posedness and increases the chances that the rettigvathtches:*. The most common choice for
D(y, F(x4)) is the squared, norm||y — F(z, )|, valid when the noise in the data follows a Gaussian
distribution [Arridge, 1999 Arridge and Schotland2009 Viola, 1995. Indeed, photon detection can
be modelled by Poisson statistics. With a sufficiently langenber of detected photons, the Poisson
statistics can be approximated by a Gaussian distributidh,a variance proportional to the magnitude

of the measurementéfridge and Schotlan®009 Guven et al.2005 Oh et al, 2002 Ye et al, 2001].

3.5.1 Linear case

One needs to differentiate between the linear and non+liceese in DOT. The linear case which can be
referred to as difference diffuse optical tomography (DD @3es the difference between two acquired
data sets o’ = y — y(© and attempts to recover the difference in the corresporafitigal properties

2 = x4 — 24, Linearisation ot in the vicinity of z. (%) is given by the Taylor series

y =y + F (o) (g — 2. O) + F (@ D)2y — 2 O) 4 (3.61)

whereF’ and F” are the first and second orderéchetderivatives Arridge, 1999 Schweiger et a).

2009. Retaining only the first order terms in E§.61then the problem is expressed as

Yo = Jaf. (3.62)

whereJ € R?2M*N is a discrete approximation of th€ matrix known as théacobianor sensitivity
matrix. In practice, the DOT inverse problem can be assumed to barliwhen initial estimate , (*) is
close tor_ * and the measured dagaare close to the simulated measuremefits = 7 (x,(9)). Thisis
typically the case in difference imaging where measuremarg taken before and after a small change
in the optical propertiesGibson et al.20053. Solving Eq. 3.62in conjunction with some adopted
regularization technique, can be approached by direcemative methods such as the ones discussed in
Chapter2. DDOT example studies includ&yerdell et al. 2004 Gaudette et al200Q Gibson et al.
2005H.

3.5.2 Non-linear case

The non-linear case simply seeks to solve B@Owhen the assumptions about linear dependence be-
tween data and optical parameters do not hold. Numericalinear optimization techniques such as
the ones introduced in Sectién6 can be used. Most studies in DOT employ gradient based scheme
although non-gradient methods have been also proposeéxbompleHielscher et al[200q0 employed

an evolution strategy for reconstructing the optical patars of homogeneous targets. The method
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however becomes non-tractable as the number of unknowresises as it requires multiple evaluations
of the costly forward operator. The most common first derreamethod is the non-linear conjugate
gradients, for example seArridge and Schweigerl 998 Hielscher et al.1999 Klose and Hielscher
2002 Panagiotou et 312009h Roy and Sevick-Murac&007] with most studies employing Bolak -
Ribiereupdate scheme. Methods utilizing the second derivativeisually characterized by faster con-
vergence rates, given that the basin of attraction at thénmiim can be approximated by a quadratic.
However, they also require more memory in order to explictbre the Hessian matrix. Schweiger &
Arridge [Schweiger et a]2005 applied a Gauss-Newton scheme and investigageenberg-Marquardt
anddamped Gauss-Newt@themes for restoring global convergence (see 3¢c3. They also pro-
posed the use of a generalized minimal residual (GMRES)drgiethod. The Hessian is sequentially
accessed via matrix-vector products and never explic#glized in full, hence the need of storage is
converted to additional but manageable computationalfooghe extra product computation&lose
and Hielschef2003 investigated the performance of the Quasi-Newton mettaotscompared them
with the GN approach where&oy and Sevick-Muracpl999 proposed the use of truncated Newton

methods.

3.5.3 Jacobian computation

Arridge [1999 classifies the available methods for computihgn three categories{i) semi-analytic
(i) Monte-Carlo andiii) numerical partial differential equation methods. This kvorakes use offii)
specifically the FEM based implementation found in TOASTIsTik based on the concept of photon
measurement density functions (PMDFs) introduced in itdydic form by Arridge [1995 and with a
detailed analysis of the FEM based analogue discussédrijge and Schweiggrl9953.

For anys ™ source andi™" detector the forward and adjoint photon density field$, w) and

<'I'>§(r, w) are computed. The PMDFs are then defined for any sourcefdefedr as

b8, .. Vb, Vi
= (3.63)
ys,d ys,d

Figure 3.11 graphically shows the concepts of the PMDFs and their maiatid the forward and

SHa
Qs,d -

adjoint fields for two absorption distributions. Effectiyethe PMDFs depict the sensitivity of the data
to perturbations at any,, <. The vectors in Eq3.63are mapped into the solution basis and are then

split into real and imaginary parts to construct the rowshefdacobia € R2M >V,

YA /ou,, oy /o
g Yy [Opa, Oy [0k (3.64)
8y(¢)/8ua, 5y(¢)/a,§
A g wlla Ak e
J;du) :Re[gg,d} , J;d ) :Re[gsjd} (3.65)
e = g] o aG = m g
3.5.4 Solution scaling and positivity

Obtaining a solution estimate, by solving Eq. 3.60requires essential transformations in order to

improve the chances of the optimization algorithm to retrig an accuraté . and ensuring its positivity.
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Absorption distribution Absorption — new source position
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Figure 3.11: TOAST generated PMDFs using FEM. For simplicity, only alpgion images are included and
only the amplitudeA part of the PMDFs3.11a3.11bTwo . distributions which differ regarding the location
of the source). 3.11¢3.11dforward (or direct) and adjoint fields correspondinglég (Re [(D] ) The
perturbation can be seen in all fields.11e3.11f PMDFs corresponding ttng (Re [@jg;] ) Two additional
PMDFs are included where the perturbation in each case wasvesl, for comparison reasons. Each of the

twoPMDFs (** and3"¢) corresponds to a row if.

3.5.4.1 Parameter normalization

Optical imaging differs from most modalities as it simukaiisly reconstructs not one, but two physical
quantitiesi, andx. The range of values of each quantity differs as they reptediéferent physical
guantities withx > p,. In an iterative optimization scheme unless the paramet@ate for each and

1t 1S proportional to the range of the optimized quantitiess ohthe quantities can potentially dom-
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inate the optimization process. Such problematic behaaarbe treated by rendering both quantities
dimensionless, effectively normalizing their individeaintributions during the search for the optimum.
Schweiger and ArridgEL9994 proposed the normalization of each of the two parts_pfwith the mean
value of the distributions used for initialization, givinige tofi, = 1./, andi = k/k or by making
use of the combined notatiah. = =, /Z,. This can also be achieved by optimizing flog(z ), a

choice which we also employ for the reasons described below.

3.5.4.2 Positivity of solution

The solution estimaté . in Eq. 3.60must be strictly positive. Unconstrained optimization &ed to
negative optical quantities which is physically impossibApproaches which can address this problem
and can be inspired by other modalities such as positrorsamitomography (PET), include the general
theory of constrained optimizatioMpcedal and Wright1 999 Press et al.19924, augmentation of the
objective functional to include penalties for negativeusioins (same principle as generalized Tikhonov
regularization) Mumcuoglu et al.1994, modifications of the line search process such as the lrent-|
search Kaufman 1987 Mumcuoglu and Leahy1994 and active sets{aufman 1993. PET solutions
however are not required to be strictly positive but only-m@gative. This enables DOT to adopt simpler
approach described ifSEhweiger and Arridgel999a Schweiger et a).2005. The parameter vector
is logarithmically transformed during the optimizationtd). 3.60giving rise tox = log(z). When

an estimatez is reached, a strictly positive solution is obtained via angntiation. Combining the

parameter normalization described earlier, the full pat@miransformations are given by

v =38(24) = log(x4+/24) (3.66)
vy =8 (z) = exp(x)Zy (3.67)

The optimization is now performed with respect to logarittetly and normalized vector of optical
parameters. By adopting an., data discrepancy functional, the updated objective fonaif Eq.3.60

becomes:

2

j—F(S (=)

C1

+ 70 (2) (3.68)

x

& = arg min [5(:5) =

The normalizing constant; is usually employed in an iterative optimization schemedbtke
initial error to a value of 2, regardless of the considefgdrridge, 1999. This enables a consistent
choice of the regularizing weight, whose value now only reflects the percentage of the regakéoh

required for the provided data set. The actual form;af

T
e =[5 FS (1), (5 - F(ST ()] (3.69)

wherep, (9, k(9 denote the estimates at initialization. Tig  parts inc; normalize the corresponding

parts of (j — F(S~*(z)) in £(z). The final solution estimate obtained by E§.68 which adheres
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to the positivity condition, is obtained by, = S~!(2). As it was already noted, the logarithmic
transformation has the additional effect of renderingtheandx components in: dimensionless, which

further helps in the parameter normalization.

3.5.4.3 Data scaling

Data y is subjected to transformation

j = Y. _ creRe log (yA (m, w)) (3.70)
)7¢ cimIm Y, (m)

The logarithmic transformation of the amplitude part of ttaa is widely used in DOT. The mea-
sured signal is exponentially attenuated as the souresfetseparation increases. Consequently, dis-
tant source/detector pairs are heavily penalized comparén the ones in closer proximity. It is there-
fore natural to apply the logarithmic scaling as it redudes impact of this erroneous effect. Con-
stantscre, cim effectively normalize théog-amplitude and phase which have completely different range
[Schweiger et a].2005. SeeSchweiger and Arridg§19994 for a similar discussion regarding the

time-resolved case.

3.6 Regularization and multi-modality imaging

Due to the severe ill-posedness of DOT, the choice of thelagigation functionall’(x) is an essential
matter as it drastically affects the the spatial and quaiinté accuracy of the retrieved optical solution
Z4. The basic theory and concepts behind regularization wizéybcovered in Chaptet. This section
provides a small sample of the various regularization s&sewhich have been published in the DOT
specific literature. The classification of regularizatioethods can follow various schemé&ipio and
Somersal$2009 approach the regularization according to the Bayesiamfibaition, giving rise to prior
densities. The main identified categories are Gaussiantsnahich correspond to a least squares

functional in the deterministic setting as well as non-Garsdensities, soft and hard-priors.

3.6.1 Quadratic penalties (Gaussian priors)

The most common regularization term in DOT is the quadraticfional

U(x) = HL(JL’ — x(o))H2 (3.71)

which in the Bayesian formulation corresponds to Gaussemsities Kaipio and Somersald@005
Kolehmainen 2001. In the case ofl. = I, this is known as thavhite noiseprior or zeroth-order
Tikhonov (TKp) introduced in Sec2.4.3 It has been used in multiple studies in DOT includiBgyer-
man et al.2005 Model et al, 1997 Pogue et a).1999.

In the case of. # I but still a diagonal matrix, the regularization penalizéedent regions of the
image with different weighting. Such spatially varying udgrization scheme was initially proposed in

[Arridge and Schweigefl 9934 and has been also adopted Arfidge and Schweiged 995k Li et al.,
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2003 Pogue et a).1999h Zhang et al.20053. Specifically,Li et al. [2003; Zhang et al[20053 used
variable regularization weights for different tissue typgesignated by prior X-Ray anatomical images.
Lower regularization was applied to areas correspondifesions, as according to the authors, a smaller
7 value reduces the penalty for the reconstruction of optioatrast and thus increases the probability
of finding contrast in the designated region. Co-regisiratvas guaranteed due to the DOT/X-Ray
simultaneous probing apparatus.

Smoothness priors can be introduced by the first-order Tila¢TK; ) (see Sec2.4.3. Thisis one
of the most common regularization schemes in DOT employedXample in Arridge, 1993 Arridge
and Schweigerl 9950 Schweiger et al2009.

Considering the nature of the linear operatorecent studies have defined more advanced forms
in order to includea priori information from alternative modalitieBfooksby et al.2005a Dehghani
et al, 2007 Yalavarthy et al.2007ab]. The methods displayed edge preserving characteristiesev
a smoothing operator is firmly applied within regions idéetl to belong to the same tissue type but
with a reduced effect near region borders. The identificaticthe regions is accomplished via a labeled
anatomical prior. These type of regularization effectnisla form of edge preserving prior.

Heiskala et al[2009 employed both TK and TK; regularization in their simulated brain imaging
studies where they used the RTE as a propagation model uhdente Carlo forward solving scheme.
In addition, they have made use of unregisteagutiori information provided by a probabilistic atlas, in
order to improve the accuracy of the forward solver. The pbilistic atlas was firstly non-rigidly regis-
tered to match the boundary in the domain where light profi@gaould be modelled. The MRI based
atlas was assigned with optical values according to theatitee and finally provided the probability of

each tissue type at each location inside the head for theeMoatio simulations.

3.6.2 Non-quadratic penalties

Ly-norm The incorporation of thé,; norm as regularization functional, defined as

N
Vi, (@) = |lall,,  wherelz], =) |ail, 3.72)
i=1

was studied for DDOT as well as for the case of fluorescence b@Tao et al.2007 Mohajerani et a.
2007. For information regarding fluorescence DOT $¢éistein et al.[2003. The above functional is
known to promote the reconstruction of sparse solutionis astfew as possible non-zero elements. Note
that both DDOT and fluorescence reconstruct difference @adgnce non-zero pixels can be a part of
the solution. The ideal form of a functional that would pérehon-sparse solutions would be thg
norm||z||, = {7 : z; # 0}|. However its minimization is classified as an NP-hard problRlatarajan
1995 hence a compromise is achieved by thenorm which is convex and can be optimized. More

information about’,, L, and sparsity can be found @andés et a[2007.

3.6.3 Edge preserving regularization

Total variation The total variation (TV) was initially introduced in imageqgeessing as an image en-

hancement tool, for example for the purpose of de-noisinfdablurring Pobson and Santosa996
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Rudin et al, 1992 Vogel and Oman199g. Since then it has been proven as an effective regular-
izer in imaging inverse problems, across modalities indgdOT. Its functional form is given by
Urv(z) = [, |Va(r)| dr. However, due to the discontinuity of the absolute valuefiom at the origin,

TV is usually approximated by

Ury(x) = /QE(Vz(T))dT, where (3.73)
£ty =12 +p2-p, B—-0". (3.74)

Additional choices fok(t) can be found inYogel, 2003. TV measures théotal lateral surface
area of the graph ofr [Vogel, 2003. It promotes piece-wise constant reconstructions as daths
out fast intensity oscillations or weak edges - possiblypbging to artefacts - but allows the formation
of jump discontinuities TV measures théotal lateral surface areaf the graph ofr [Vogel, 2003.
Reviews which refer to TV include<aipio and Somersal®005 Vogel, 2003 whereas DOT studies
include Kolehmainen et a]200Q Paulsen and Jian@996 Tarvainen et a].20053.

Arridge et al.[20083 recently proposed a modified TV, enabling the explicit dastion of regions
in the reconstructed image basedanpriori information, where data-driven edge formation would be
least penalized. A reference image; providing the edge information can be obtained by applyohgee
detection methods on higher resolution images of the tangetium obtained by alternative imaging

modalities. The modified Ty is defined as

Ury,, (2) = / ¢(IVa(r) p)dr,  where (3.75)
Q
&(t) = BV[12 + 6% - 2, (3.76)
IVz(r)|p = 1/ (Vz)TD(r)Vz, s animage to image mapping and (3.77)
D(r) =exp {—'v%ﬂ} I, is asymmetric tensor function. (3.78)
ref

with I being the identity matrix andhes being a threshold controlling the influence of the edges in
wrer. EQ. 3.78returns small values in with high [Vaer(r)| which propagat@+y,, , (x) and reduce the

penalty for edge formation im(r).

Anisotropic diffusion regularization Anisotropic diffusion regularization was proposed for DOY
Douiri et al.[20053ab]. In the imaging paradigm, diffusion can be interpreted ggacess of equili-
bration of the grey value concentrations in the image. Incdee of directionally invariant or simply
isotropic diffusion, “equalizing” the concentration ofayrvalues results in noise removal but this results
in smoothing of important structural features such as ttexfaces between physiologically different re-
gions. The proposed anisotropic scheme preserved edgésdiyry the diffusion process in directions
orthogonal to the edge but not parallel to it. The regulaigrafunctional is identical to Eq3.73but
with £(+) being theHubertfunction
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Vel if [Va(r)| < 8

E(IVa(r)]) = (3.79)

B|Vx(r)| — %2, otherwise,
and where3 is now a scale parameter adjusted in each iteration. Sinailhve transition from TV to
TV et, Douiri et al.[2007 proposed a modification to the anisotropic diffusion regiziation, in order to
enable the introduction & priori information from a reference imagees. et Would indicate regions

in Q where the diffusion process would be blocked, thereforeddgnation would be promoted.

Anisotropic smoothness regularizatiorKaipio et al. [1999 proposed an edge preserving regulariza-
tion method for the severely ill-posed problemeadéctrical impedance tomographiyWebster 1990.
Although this Chapter reviews DOT related methods, we refdras it is formulated in a similar man-

ner with TV, but with

&(x) =2%, and (3.80)

D(r) =1 — (14 | Varer(r)||*) ™ Varei(r) Vares(r) T (3.81)

It is worth noting that the authors refer to the TV and its defency on the total length of the edges
to be reconstructed which is not the case in this method. Apesivon between this method and LV
does not exist in the literature.

Hiltunen et al[200g proposed an alternative approach for anisotropic smasthnegularization.
The approach was based on an alternating optimization sehare at each iteratidnan improvement
to optical estimate:(*) was firstly computedz(*) was perceived as the best current smooth approxi-
mation estimate of the true underlying distributioh The second part of the iteration used as a
pilot in order to improve the estimate of a secondary scataction\(*) (). A(*)(r) was responsible for
scaling the effect of regularization at pre-specified dicets - effectively providing anisotropic smooth-
ing. A\(*)(r) computation was based on the already available estim&tewhich provided information

about the presence of edges in the image.

3.6.4 Hard constraints and other types of prior information

Regularization provided by penalty functionals under teaeagyalized Tikhonov regime are effectively
soft constraints. They dictate a preference to some speaiiition subspaces by penalizing the rest but
they don't strictly enforce these constraints. On the @mthard constraints must be satisfied by the
totality of the problem’s parameters. A regularizationestie involving hard constraints was proposed
by Schweiger and ArridgE1999 for DOT. They employed a magnetic resonance imaging (MRigs

of an adult head, pre-segmented into four distinct regi@meesponding to skin, bone, grey and white
matter. The regions provided by the MRI spatially corresfashto the true regions in*. Rather than
using literature values as an initialization for the ineeselver, they approached the reconstruction in
two separate parts. In the first part the solver was constidmretrieve a single optical estimatg for

all pixels identified to belong to the same anatomical regiofConsidering all regions, this approach
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drastically reduced the dimensionality of the problem fromtentially thousands of degrees of freedom
(that is one for each pixel) to just eight - a singlg and u, value for each region. The reduction of
the dimensionality rendered a usualigder-determinegroblem to arover-determineane, removing
effectively the need of regularization. The piecewise tamsestimate was used as a initialization guess
for a second optimization using soft constraints, theeefesulting in a more realistic, continuously

varying final optical estimate.

Dehghani et a[2003 used the above scheme to analyse the resolution of the siragmall animal
imaging. Similarly,Ntziachristos et al[2007 studied the performance of MRI guided diffuse optical
spectroscopy of breast lesions. The apparatus of the systemed scanning with both modalities
without change in the positioning of the patient, thus etifay co-registration of the involved medical
signals. This allowed the voxels in the solution domain ef tiptical image to be labeled according to
the tissue type of the breast to which they were superimpddesgldetermination of the tissue type was
accomplished by the co-registered MRI signal. AsSeliweiger and Arridgel 9994, by restricting all
pixels in the optical domain belonging to the same tissue tgpbe completely correlated, the under-
determined problem of DOT becomes overdetermined as théauai unknowns drops dramatically.
Jiang et al[2008; Xu et al.[200g used the method to incorporate prior information in trasstal

ultrasound imaging (Ul) driver, DOT imaging.

Pogue and Pauls¢©998 used the information from a segmented coronal MRI slicaugeq from
arat, in order to create a realistic finite element mesh basgetkrical phantom to be probed. The three
distinct regions of bone, muscle and brain tissue in the f@maywere assigned with optical values from
the literature, known to correspond with each of the ideatil tissue types. The numerical phantom
was then used for the simulation of the data acquisitiongsecThe solution of the inverse problem was
regularized by restricting the reconstruction of the agdparameters in regions which would correspond
to brain or bone structures, hence reducing the dimensipradlthe problem. The initial guess for
the reconstruction was based on literature suggestedsvaltlee method differed from the scheme of
Schweiger and Arridgg1999 which was discussed earlier, as it would not apply hard tairgs on

the brain and bone regions but allowed the optical paramtterary freely.

Guven et al[2005 proposed a method towards the incorporation of a multi-ahettuctural prior
imagezet in DOT, explicitly designed to reduce undesirable, errarsebias due to different features
betweencs andz*. The method involved a hierarchical Bayesian approachidgfmulti-stage priors.
The first prior conditioned the optical solution initiallyithy respect to the unknown hyper-parameters,
namely the the mean and standard deviation of the opticatisnl A second stage prior - or hyper-prior

- conditioned these secondary hyper-parameters with cegpthe anatomical image.

An alternative form of priors proposed in DOT regaggsectral priors It is known that the opti-
cal properties of tissue vary as a function of wavelengttThe absorption coefficient of a mixture of
chromophores can be expressed as the sum of the producks obnicentration of each chromophore
¢; with its extinction coefficient; or 1,(A\) = >, €;(N)¢;. The wavelength dependent extinction co-

efficient of chromophore represents the level of absorptemnu.mol of the chromophore, per liter of
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solution, permm. Li et al. [2009 proposed the use of multiple spectral and spatial priorsptical
tomography. Making use of MRI images, spatial prior infotimiafor the distribution chromophores of
water and lipid could be incorporated into the optical im&eproblem. The remaining chromophores
targeted by DOT, namely oxy- and deoxy- haemoglobin weréketd by the acquired optical data. The
reconstruction of the same chromophores from differeritaptvavelength data acquisitions comprised
a form of spectral prioBrooksby et al[2005 compared structural with spectral priors concluding that
the former improve spatial resolution, the latter improuautitative accuracy and their combined usage
returns superior images overall. Similar studies includer[u et al, 2005 2003. Intes et al[2004,
extended the flexible hierarchical Bayesian schem&hbyen et al[2009 to introduce physiological
information from chromophore concentrations obtainednfroulti-wavelength probing. He reported
results of optical absorption parameter reconstructiangiéb, mimicking typical values encountered in
a human breast, assisted by MRI derived priors.

Zhuetal.[1999 2003 2005 proposed the simultaneous probing of breast tissue witndIDOT,
for lesion detection. Their apparatus consisted of a hasd{frobe combining on the same application
surface 12 optical source fibers, 4 optical detector fibeds2ihpiezoelectric crystals comprising the
ultrasound array. The combined apparatus guaranteedisnffan-registration between the optical and
Ul signal. While the Ul signal provided very accurate lozation of a tumour, the optical data provided
information regarding the haemoglobin concentration @f tinmour, allowing classification between
malignant cancers and benign lesions. Regularization wagded via the method of reducing the
unknowns and therefore improve the under-determined tionddf the problem. They used the Ul
signal to identify the location of the lesions and proceebigdncreasing the resolution of the optical

solution at the identified region while reducing the resoluat the background.

3.7 Reference images: anatomical and functional correspalence

Introducing structural informationin DOT from referenegjuires the underlying true optical parameters
to be distributed in a manner similar to the secondary gtiastiepicted in the reference images.
Reference images.s are usually supplied from alternative imaging modalitiestying for anatom-
ical characteristics (MRI, X-ray computed tomography (QOJ) or physiological function (functional
magnetic resonance imaging (fMRI) and PET). These modsl@onsistently retrieve images of higher
spatial resolution compared to that of DOT. In this sensest#ttondary quantity depicted by the images
refers to the underlying physical quantity targeted by ¢haternative modalities such as the magnetic
properties of tissue and possible contrast agents, X-Rayution, acoustic properties of tissue or
radioactive tracer uptake characteristics of the probedoeny. In order for the structural similarity
betweenc* andz; to hold, it is understandable that features comprising fitecally probed medium
should also exist in the medium probed by the secondary ritpdalnderstandably, the probability of
the latter condition being satisfied increases when both @@ reference modality probe the exact
same organ, in an intra-subject study and preferably atthet same time. One should aim to match the
field of view of both modalities during the set up of the expental data acquisition process so spatial

co-registration of the features potentially visible intbatodalities is maximized.
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Even in the ideal case described above, difficulty arises@$ B a functional imaging modal-
ity whereas a number of the high-resolution modalitiesrretanly anatomical information. Variable
amounts of blood, oxygenation levels or even electricavatibn Gratton et al[1997; Stepnoski et al.
[1997] can locally dominate the distribution of the optical projes while being undetected by other
modalities. This undoubtedly creates structural diffeenbetween:* and s and compromises the
quality of the prior information introduced by the lattet.id known however that distinct anatomical
areas corresponding to different tissue types, are craizetl by different optical properties - at least
at a baseline level. The literature which provides suggesities for the optical coefficients of various
tissue types comprising distinct anatomical regions igmsite, for example sgeheong et al[199(0;
Durduran et al[200; Okada and Delpy2003; Troy et al.[1994 and the references within. Because
different tissue types have different optical values (faraple in brain all CSF, white, grey-matter, skin,
bone correspond to different optical properties), the tpiical solutionz* must structurally resemble
a high-resolution anatomical images from another modality at least at that baseline level, fyisig
the use of the latter as priori information. Studies which successfully use anatomicialrpnforma-
tion in functional imaging modalities such as DOT or PET utt# Ardekani et al[1996; Boverman
et al.[2005; Brooksby et al[20053 2004; Comtat et al[2002; Gindi et al.[1993; Li et al. [200];
Ntziachristos et alf200Q 2007; Rangarajan et a[200(; Som et al[199]; Zaidi et al.[2003; Zhu
et al.[2009. Introducing functionala priori information on a functional modality is another possi-
bility. Spatial correspondence between various functisigmals has been established, for example in
the DOT/fMRI case inZhang et al[20054, in PET/fMRI caseJudenhofer et a[200g. Culver et al.
[2009 discusses the possibility of introducing prior infornzatin DOT from reference images obtained
by PET. The finding of these studies are encouraging towards-modal functional imaging using

methods such as the one proposed in this work.

3.8 lll-posedness, noise and resolution

3.8.1 lll-posedness

There are various factors which contribute to the ill-posExs of DOT. One contributing factor is the
multiple sources of noise which can potentially contamérihe measured data Noisy measurements
can be unreachable by the forward operator of DOT - in theestired they do not live ifR (F(z)) for
all feasibler. An additional reason foy ¢ R (F(z)) is that the DA is not valid very close to the sources
[Arridge, 1999. Effectively these factors lead to a breach of the first plasé of well-posedness - that
is the existence of the true solution®Bfx) = y (see Sec2.3). This case is usually treated by accepting
the best unique compromise solution, sucl as(see the intuitive discussion of Set:4.2for the linear
case analogue df which is based on the same principle).

Solution unigueness, the second postulate by Hadamaraolyipromised as the problem is in most
cases under-determined. This case usually manifests irilgiies where the dimensionality of the so-
lution, determined by the number of voxels comprising isudstantially larger than the dimensionality

of the measured data. Regarding the uniqueness of the@olotithe CW-DOT, it is compromised
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by the fact that we solve simultaneously for the distribaitid two physical processes (absorption and
diffusion/scattering) rather than one, proved even in timé Where the complete data is measured on
the boundaryArridge and Lionheart1998 Harrach 2009. The non-uniqueness condition is also not
met in the frequency domain DOT when the distribution of tbfactive index in the probed domain
is considered as an unknowArfidge and Lionheart1999. Furthermore, an inherent and unavoidable
source of ill-posedness in DOT is the diffuse nature of ligtpagation in tissueBoas et al.2007.
Additional practical issues which further complicate DOfidacan potentially affect the well-
posedness of the system include the approximation of thee ghysical propagation of light by the
various light transport models such as the DA, the non-ceteptollection of the exiting light from
the medium, which effectively renders the measured datamgke of the complete data; the non-linear
relationship between unknowns and data in the light trarispodels; and discretisations such as the

representation of the continuous solution by a finite nunalbenknowns.

3.8.2 Noise

In Subsec3.8.1we refered to the effects of noise in the well-posednesseéiistem. There a various
source of noise in DOT discussed in detail 8chmidt 1999.

When imaging across mediums of large thickngss6cm), the intensity of the exiting light is
several orders of magnitude lower than the one of the intideiation. Only few photons exit the
medium. In this case, DOT imaging is performed using the phweulsed laser sources and photon
counting techniques incorporated into TD syste@ggon et al.20053. In that setting, the data is
contaminated by Poisson distributed noise arising fromstieehastic nature of the photon counting
process. This results to signal-to-noise ratio which ontyréases with the square root of the number
of traced photonschmidt 1999. Hebden et alf1998 notes that a measurement arising from a TPSF
built by 10° photons has less tha®% noise. One should consider tig% of the probing laser pulses
(modulated in the order to 10 of MHZz) do not produce a photdeat®n event$chmidt 1999. The
efficiency of the MONSTIR optical tomography system of UChat is percentage of generated photon
count events given the number of photons arriving at thectimtsites, i9.04 [Schmidi 1999. Then,
to ensure that the measured data at the sector sites is ba36f photons counts, each source has to
be activated for a certain amount of time, producing pulddgbt. All the photon counting events
from this prolonged activation result to a single TPSF whtoén results to a single measurement (see
Subsec3.4.2.9. For example, probing throughgam object withy, = 0.0lmm ="' andy), = 1mm=!
this would result to a required activation 4f [Hillman, 2003. One can conclude that the shot noise
dependence to photon counts dictates the temporal remoloftithe system, which depends on the size
of the probed object.

There are additional sources of noise in DOT, other than finementioned. The measurements
can be contaminated by noise arising from the coupling ofitires with the skin and accuracy of the
representation of the fibres location during the FEM modgjlrandom noise due to detection of stray
room light and from thermally induced emission in thigoton multiplier tubesised by the detectors;

systematic noise due to detection of stray laser lightriatidaser reflections in the system et8chmids
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19949.

3.8.3 Resolution

The temporal resolution in DOT is dictated from the numbegtadtons required to achieve an acceptable
signal-to-noise ratio as well as instrumentation issuagli8s targeting function in the superficial layers
of the anatomy can achieve very fast temporal resolutienss), as the source/detector array is usually
located in a surface region close to the targeted area,tiggcmeasuring the reflected light. High
depth measurements require transmission measuremesitsy irom probing configurations where the
sources and detectors are located on opposite surfaces wfgtiium. The intensity of the exiting light
in the transmission measurements is lower than that of teffemeasurements, effectively limiting the
temporal resolution (see Subs&c8.9).

The spatial resolution of DOT reconstructions cannot bédyeasantified as it is affected by many
factors, both physical and study dependent. The resoligionerently limited by the diffuse nature of
light propagation in tissue. Its effect is schematicallpwbased in Fig.3.12where a homogeneously
absorbing medium - both in X-Rays and NIR light -with an emtetl perturbation is probed by CT
and DOT. The X-Rays travel in straight lines, thus the prafflehe detected intensity consists of high-
frequency components which reflect the ability of CT to resapatial details. In contrast, the diffuse
nature of near infrared (NIR) light results to spread ouffifge carrying little spatial information re-
garding the perturbations location. By taking into congdien the multiple sources of noise and the

ill-posedness of the inverse problem, the already limiggatial information is further compromised.

(a) (b}

Figure 3.12: Diffuse light transport. (a) A schematic view of computethtwraphy (CT)-like projections along
straight lines, where included objects ca&tBshadowsAi on the opposite detector array. (b) Photon density
wave from a single source propagating through a diffuse amedvith an embedded object. Detectors placed

around the surface maximize data information. Courtesyabfweiger et al[l2003

Another important characteristic of the resolution of D@ that it is spatially dependent as it
deteriorates in higher depths, where the distance from émtihces and detectors is increased. Photons

traveling across the centre of the medium are more likelyeabsorbed due to the higher number
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of interactions with the molecular structure of the tissitigh depth imaging requires transmission
measurements resulting from sources/detectors locatdéimetrical locations. In contrast, features
close to the surface can be more accurately resolved, dueetbigher number of photons following
superficial paths. The are photons emitted and later detbgtepatially proximal source/detector pairs.
Effectively this constitutes a reflectibmeasurement. However, regions in the reconstruction ¢tose
the boundary are susceptible to artefacts. Consider tleeveilasre photons emitted from a source travel
in superficial layers and are detected by an adjacent deteStperficially traveling photons however
will not travel the full circumference of an object as thetpabuld be very large and they will probably
get absorbed. Superficially travelling photons will onlydetected at locations proximal to the source.
This means that the reconstruction of the pixel values abnsgclose to the surface depend on a limited
number of measurements from the few contributing sourtedtier pairs, located close to these regions.
This can be thought of as a locally under-determined prolaechartefacts can manifest. The intuition
regarding the depth dependent resolution of DOT has leagatadly varying regularization schemes
discussed in Se@.6.1, where boundary regions are over-regularized to suppresfaets whereas deep
locations are under-regularized to preserve the limitéatination coming from these regions.

In addition, the resolution of DOT is dependent on the adturglet it attempts to reconstruct. Some
regions can be completely invisible if they can be surrodnole high absorbing layers which do not
allow light to travel inside them. A similar behaviour can bleserved in scattering, where a region
might become invisible when a surrounding layer scattgt# lio directions other than its interior. The
resolution of DOT increases with the number of sourcesttiete employedNtziachristos et al2001].

It is evident that quantifying the resolution of DOT is a cdiogted task as there is not standard
imaging apparatus as well as due to its dependency to théfispext each case. Resolution levels re-
garding the position of a perturbation, have been repoddiktas low ag@mm in simulated studies -
see for exampleNtziachristos et al.2007. The overall size of a perturbation however can be under-
estimated. In a more general note we refer to the resolutiezid of DOT reported bZorreia[201Q,

which vary between — 3cm.

3.9 Summary

This chapter has introduced the main concepts of DOT imadihg discussed topics varied from intu-
ition on the physical aspect of light propagation in media, teview of the mathematical formulation of
the forward problem, the light propagation models of RTE &sdA with weight on the FEM for the
practical implementation of the latter. In addition, thedrse problem was formulated with emphasis to
regularization and multi-modality imaging. Solving theénse problem of DOT is a very challenging
task and this drives dedicated research from numerous tabaéthe world. Additional details regard-
ing DOT can be found in the suggested topical reviesifige, 1999 Arridge and Schotland2009
Boas et al.2001; Gibson et al.20054 and the references within.

1In this context reflection means that photons are exitingriedium from the same side of the medium they entered.



Chapter 4

Information theory

4.1 Introduction

The aim of this chapter is to introduce two of the fundameotaicepts of information theory (IT),
namelyinformation entropyd and mutual information (Ml). In the context of this work, batoncepts
will be approached from an imaging perspective.

Probably the most notable contribution to the developméirtformation theory was made in the
context of telecommunications. Its mathematical fourtdetiwere laid by Claude E. Shannon in his
1948 seminal papéA Mathematical Theory of CommunicatioffShannon1948§. The main problem
addressed by Shannon’s work regarded the efficient encadimgssages produced by an information
source, in order to transmit them over a communication celai8hannon defined the channel’s transfer
capacity considering its noise characteristics - as theycoanpromise the accuracy of the communi-
cated message at the receivers’ end - and the rate of inflamteansmission from the source. He then
provided a ground-breaking proof which stated that if therse’s rate of generating information was
less than the maximum capacity of the channel, a message ttwr be encoded, communicated and
finally received with arbitrarily small uncertainty abobetaccuracy of its contents. By also defining the
absolute maximum rate of transmission of information in @ychannel, Shannon effectively defined
the limits of efficient, error-free communication.

One question which needs to be answered regards to whatyegacstitutes information and how
is it defined. Shannon was prompt to declare that the semaspiect of the information produced by a
source or in a less rigorous and more abstract terminologymeaning is irrelevant to the engineering
problem (telecommunications in that context). Informatio IT is defined as ‘the reduction incer-
tainty, from the level prior to the receipt of the message to thellafter it has been received’. The
uncertainty after the receipt of the message, reflects opdhsibility that the received message differs
from the actual message sent from the source, due to noisgnsioration during transit. In this case, the
uncertainty after the arrival of the message is a measureisén

The next obvious question which arises regards the unogrtadr equivalently the choice - among
the outcomes of the involved random processes - for exarhplemmessage generating source or the un-
certainty in the receiver’s end due to noise contaminatianing transit - and how it can be measured.

Shannon identified three postulates (see 3€8.1) which should be met by any uncertainty measure.
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The only measure which meets all three postulates was aedlgrShannon conclusively and unequiv-
ocally and isentropyH . Entropy can be considered as a measunmegrtainty, randomness, choice or
disorder, as all terms are equivalent in this context.

Consider the following example. In the single performanta @oin toss, there is uncertainty
involved regarding the outcome or its prediction. When tbim ¢oss is performed and the outcome
headds recorded, the observer has receiiddrmation As it was noted, information in the context of
IT has nothing to do with the semantic aspects of the mesgexpeiming that there are no errors during
the observation of the toss outcome, there is zero uncgrtabout the outcome heads being realized
and the information gain (uncertainty reductionfds. fore — Hobserved = Hpefore-

In the unlikely case of a coin witheadon both sides, there is no uncertainty involved prior to
the coin toss. The outcome will always be heads. In this dageperformance of the experiment is
completely irrelevant. There is no information to be gaibgdhe observer as the outcome is knoavn
priori. Observing the outcome carries no information whatsoevenaertainty is already zero.

The beauty of IT is that its rules and theorems operate orttsieact level. Quoting Kullbackqull-
back 1959, “information theory is a branch of the mathematical theofypeobability and statistics. As
such, its abstract formulations are applicable to any proitiatic or statistical system of observations”
Indeed, IT has found widespread use in numerous scientf@pdines such as engineering, computer
science, physics, economics and many more; see for exa@pleef and Thomasl99] where each
chapter elaborates on a different application of IT. Recemted references for IT include the original
Shannon’s papeShannon194§ as well as Ash, 1990 Cover and Thomad991;, Mackay, 2003 and
theexcellentintroductory primer §chneider1995.

The structure of this chapter is as follows: Sé2 introduced fundamental concepts of probabil-
ity theory such as random processes, random variables (Bx)ability density functions (PDFs) and
sample statistics in the uni-variate and bi-variate sgttBec.4.3defines the Normal - or Gaussian den-
sity - used extensively in this work. Set.4 describes parametric and non-parametric density estmati
techniques. Sec4.5 introduces the information theoretic functionals of epyroconditional entropy,
joint entropy (JE) and MI. In addition it discusses the cquiseof empirical and differential entropy
(DE). The entire discussion draws analogues to the imagintegt to assist clarity and provide further

intuition.

4.2 Random processes, probabilities and random variables

4.2.1 Random process

A random process is a process whose outcome cannot be peedith certainty. Examples include
the toss of a coin resulting to heafls) or tails (¢) or the arrival of a person in the train station at a
certain timet within a specific time interval; < t < t,. Given such a process, it is possible to de-
scribe some of its aspects usiget theoryterminology Papoulis and Pillai2001. The sample space
Q¢ ={¢1, (e, ..., ¢y} ofarandom experiment, is the set comprised byNaflossibleexperimental out-

comesg;, i = 1,2,...N. Itis also known as theertain eventas one of its elements will always be real-
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ized. The empty-se)} is known as thémpossible event), consists o2” subsets known as tlewents
comprising the events’ seb* = {{0},{C},{¢}, .- - {¢, &} {G, &) {6, G, G, ., Q)
Q* = Q\ {0}. For example in the single coin toss process, the event${dre {h}, {t},{h,t}}.
We denote the individual events &* by w;,.

The sample space of a random process cdiniie, countable infiniteor uncountable infiniteThe
coin toss repeated a fixed hnumber of times falls in the firggmaty, the repetition of the coin toss until
heads are realized falls to the second category (possielet®are®* = {{h},{th},{tth},...})
whereas the event of arriving at the station at some timaimst fall to the third category, due to the

continuous nature of time.

4.2.2 Probabilities

The potential events € ®* can be assigned with a probabilifyr(w) which can be interpreted as

measure of the uncertainty regarding their occurreReppulis and Pilla200]. Pr(w) should satisfy

Pr(w) >0, 4.1
Pr(Q) =1and (4.2)
Pr(w; Uw;) =Pr(w;) + Pr(w;), if w; Nw; for ¢ # j (4.3)

wheren andU denote set operations of intersection and union respéctivr mutually exclusive

events it holds that

Pr(wy Uws U...) = Pr(wy) + Pr(wz) + ... (4.4)

It should be noted that in practical situations one usuallysiders a subset of &*. This practice
removes the need of explicitly assigning a probability feery singlew € &*. It rather focuses on the
ones which correspond to the information attempted to tegiiefl by the observer of the random process.
For example, considering an experiment defined by two canisecoin tosses, one might be interested
in the probability of tails being realized in the second toBSe event corresponding to this outcome is
w1 = {ht, tt}. Considering the information of interest, a reduced sevehes which considered for this
experiment ar& = {wq, w7}, wherew; U w; = Q with w7 being the complement af;. The triplet

(Q, &, Pr) constitutes th@robability spaceof the random proces&hipio and Somersaj@005.

4.2.3 Random variables

In the heart of probabilistic methods lies the concept ofrdrelom variable (RV). In this work RVs are
denoted by boldfaced letters, for exampleGiven an experiment with a sample spékg x is defined

as a function which maps ever#g to numbers: € R(x), or

X(w) = . (4.5)
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If R(x) = R, the RV is continuous whereasfis discrete if it is only defined at given values
R(x) = {z;},i = 1,2,.... Consider also two additional concepts, thal and thesample A trial
refers to a single performance of a random experiment whe@tcomew; gives rise to a particular

valuez; = X(w;). A sampleA (denoted by capital letters) is comprised for a collectibiVarials

A:{al,ag,...,aN} (46)

wherea; = z;, denotes the value ofrealized in the'” trial. It should be noted that different trials can

be assigned with equivalent valuesiof

4.2.4 Probability distribution and density functions

Probability distributions Let w;, ¢ € I denote all events for whick(w;) < z or under the more
compact notatiox < x (the eventy; is not explicitly shown). The probability distribution fation of

of x is defined as

Fx(z) = Pr(x < z), Vz € [a,b) 4.7)

wherePr(-) denotes the probability of some eveRit(a) = 0, Fx(b) = 1 andFx(z + h) > Fx(z), Vh >
0.
Probability mass and density functionsThe probability density function (PDfpk(x) of an RV X is a

function whose integral within some interval,, 2] €  equalsPr(z, < x < x;). Itis defined as the

derivative ofFy(z) with respect to:

dFy
px(x) = da(cz) (4.8)
. Fx(z 4 Ax) — Fx(x)
_Alclpgo A >0, Vz 4.9

where pi(z) > 0, Vz due to the monotonically increasing nature Bf(x). For any PDF,

fR(x) px(z)dz = 1 should always hold.

Discrete casdn the case of a discrete RWsthe concept of a continuous density is not defined. It is
replaced by a collection of discrete masses centered aetideV values. The probability mass function

is defined asPapoulis and Pillai200]]

Pfz)= Y Pr(x=umz)é(z —x) (4.10)

z; ER(X)
whered(z — x;) is the Kronecker’s delta defined in E2.12 Note that the capitaP(-) is explicitly used
for the discrete case. The discretecorrespond to the jump-discontinuity pointsif{x) in 4.2a In

addition it holds thad _, ) Fx(@i) = 1.
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Figure 4.1: Images and randomness. A randomly generated point is ddpiste text)

4.2.5 Images and randomness

We pause the reference to the underlying theory in order & dm analogy between the concepts
described in this section and the imaging setting. Consldeimage of sizéV depicted in Fig.4.1 It

is printed on the page, its grey values, structure and seéxad and there is no obvious connection to
the notion of randomness. In order to enable the applicatictatistical tools - such as the information
theoretic concepts introduced in this chapter - one is redub introduce the notion of randomness. As
there is no apparent random process, itpgo usto devise one.

Consider the following. The reader can cover the image wiglieae of paper which only only
depicts the pixel grid of the image, but not the actual grdyevanformation. Then he/she can ask a
second person to randomly choose a pixel locationt = 1,2,... N - such as the one depicted by the
red dot. In this context, the random process regards thergigme of ;. This description gives rise
to a sample spac®; = {{r1},{r2},...,{r~}} comprised by all possible outcomes There are2"
potential events i®*, for example{r, }, {r13} or {r7, 4, 7N}, where the latter regards the case-pf
belonging to a collection of pixels locations. Because wadibwant to compute the probability for all
these events, we select the sul#et &* comprised solely with the same eventf

A random variables is now devised which maps eventto a number:. In this casevechoose the
numberz to take three discrete values, equivalent to three distjrey levels of the image. These are
x = {0 (black), 128 (grey), 255 (white) }. We could have chosenzaof different nature, for example
the arbitraryx(r;) = r2, however grey values are preferable in this case.

One can now ask the question, what is the probabjhty;) = 255}7?. Itis sensible to expect that
as the number of white pixels is greater than the other twg gatues, the evehix(r;) = 255 would
be more probable. Note that the choicerpfnust be completely random. If the person who choeses

is biased and selects locations in the middle of the imaga®, the probability ok(r;) = {{0}, {128}}

1the actual event is the generationgfand however we now refer to the value assigned bg the event
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s : 10
—oTrials € A i -0 Trials
— Continuous cdf I — Probability density function py (2; A)
08 |—-Discrete cdf :

—y Probability mass function Py(c; A)

Px (a3 A)

0.2

|
(]

A

I I I I I
50 100 150 200 250 300 350

5 . . . . . . . . .
=f50 100 -50 0 50 100 150 200 250 300 350 400 -50
a€Ax a€Ax

o o
— N
o @ o
T
ol 00— —f——

-0.

Figure 4.2: Examples of probability distribution - (discrete/contius) (Fig. 4.29 and probability
mass/density functions (Figt.2h). The continuous distribution and density are estimatethfa finite sized
sampleA. The trialsa depict the values of the trials. Each depicted trial acjuedirresponds to numerous

trials sharing the same value

becomes dominant. To avoid possible bias a random procedsiimy the generation of two or more
r, we would require the sampled locations toibhdependentandidentically distributed(i.i.d.) in a
uniform manner.

Assuming the i.i.d. condition, the probabilifyr(x = x,) is given by the probability mass function
depicted in Fig4.2h Apparently, the amplitude of the individual masses reftecthe size of the three
regions. ThePr(x = xy) values have a frequency interpretation, correspondinggmtimber of pixels
xy, considering the full sizév of the image. EffectivelyPr(x = ) = N, /N.

The continuougx(z) assumes that € R. In that case, although not reflected on the image itself,
one would expect that values— 255 would be more probable than values close to 0 or 128. Firthly,

image itself can considered as a samplef trials« = x(r;) = x, where all possible; are considered.

4.2.6 Expectation, variance and standard deviation of a ragom variable and

sample statistics
Expected valuePredicting the outcome of a single trial of an R¢annot be done with certainty. There
are however secondary quantities expressed in termswfiich are not considered to be random. An
example of such quantity is the long term average valuekofown as theexpected valudJsing the fair
coin toss paradigm, let describe the realization dfeadssuch ax(w = heads) = 1, X(w # h) = 0.
For a number of coin tosse$ >> 0, the number ok = 1 would approachV/2. For an RVx € R(x)

the expected value or itaeanE [x] (also denoted a%) is defined as

- x px(x)dz, continuous case
Ex = Jeerio @) (4.11)

ZzieR(x) x; P«(x;), discrete case.
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Variance and standard deviationThevarianceV ar(x) of an RV- also denoted ag - is a measure of
the dispersion of the random variable around its nieadtis defined as the average squared difference

of every value of the possible realizationsxdrom the mearx or

fzen(x) (x — Ex [X])* px(x)dz, continuous case

Var(x) =03 = E [(x = X)*] = (4.12)

Dsier( (@i — Ex[X 1)° Pi(z;), discrete case.

Taking the square of the difference ensures that the ardplitii the deviation from the mean is
measured irrespective of the direction of the deviatione &ponent however propagates to the actual
unit of variance, which now equals the squared unikofBy taking the positive root oV ar (x), a
measure of spread is obtained in the original units. Thissumesis thestandard deviatiomenoted by

ox given by

Var (x) (4.13)

Sample statisticsThe true expectatio [x] and variancd ar (x) of x arepopulation parametersAs
the population in its totality can be unavailable or too &atg process, an estimate is usually retrieved
from an N4 sized sampled of x. If the sample based estimate matches the true populatramgter,

the estimator is callednbiased Spiegel and Stepher00g. The sample mean is defined as

1 A
E4 [X] = N_A Zai (414)

Contrary toE [x], the sample mean is an RVipla, 1999. For largeN 4

W Ea [X] = Wm 5 v, Z ai — Ex (4.15)
The sample meafi 4 [x] (also denoted ad) is an unbiased estimator of the true expectatipiix]
given thatV, — oo [Viola, 1995. Similarly, an unbiased estimator for the sample variargigen that

A has been estimated from sample and is not kaguiori- is given by Papoulis and Pillai2007]

Na

Vara (x) = NAl_ - > (i — A)? (4.16)
1=1

4.2.7 Systems of two random variables

Often the physical system under investigation involvesertban one random processes. Each process
is described by a dedicated RV. Assume the simplest case oftvaniate system, one that is described
by two RVsx andy. Although random to some degree, the outcome of one proeesbecdependent

on already realized outcomes of the other. This implies atfanal relationshify = f(x). Dependency
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among RVs cannot be determined by the distributions anditiehdefined in Sec4.2.4 One has to

consider theijoint behavior. The bi-variate setting gives rise to the jointrgve

{x=2a,y=1y}, discrete RV case (4.17)

{x,y} € D, D= {{za,zs},{ya,w}} € Oy, continuousRV case. (4.18)

The bi-variate analogues of Sed.2.4are the joint distributiorFy y(z,y) and joint probability
mass/density functions (JPDFxy(x,v), pxy(z,y). They correspond to the probability of the joint
event being realized, for discrete and continuous RVs rtisedy. Two RVs are statistically independent
[Papoulis and Pillai2007] if

Pxy(T,y) = px(x) - py(y). (4.19)

In the context of the joint setting, the statistics of theividlial RVs are calleagnarginal This gives rise

to the marginal PDFs

px(@) = Y peylwy), and py(y) = D pey(a,y). (4.20)

yeER(Y) TER(X)
Another function which arises in the joint setting is prottigbdensity ofx, conditionedon the fact that

some eveny = y has already been observed. The conditional probabilifyz | y) is expressed as

eyl | ) = 22, (@21

Finally, theBayes’formula relates the two conditional probability functiamsng fromx andy, accord-

ing to

_ pyx(y | 2)px(x)

Randomness in pairs of imagef an analogy to the discussion of Set2.5 a random process in a
system of two images randomly probes two imagey at corresponding spatial locations There is
now uncertainty in predicting joint events of typr(r;) = z,y(r;) = y}. The probability of specific
outcomes arising is provided by y(x,y). Figure4.3 depicts the formed probability distribution and
mass/density functions by the two images. Apparently, tobability of the outcoméx = 255,y = 0}

is dominant due to the size of the overlap between the regiopslated with these values.

4.3 The Normal density

Of the various density functions that have been investijatene has drawn more attention other than the

normal density - also known &@aussiandensity Puda et al, 2001]. A justification for the increased
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Figure 4.3: Joint probability distribution and mass/density functidretween two images

Px,y (z,y; A, B)

attention of the normal density comes from ttentral limit theorem Given N independent random
variablesx; of arbitrary densitiegx(x), then the sunx = ZJ.V X; constitutes an RV with mean =

va u; and variance > ZN o7, wherey,;, o; are the means and standard deviations of the individual
RVs. The central limit theorem states thafésncreasesy, () approaches the normal densiBgpoulis
and Pillaj 200%, Rice, 2007. In essence the central limit theorem states that the ggtgesffect of the
sum of a large number of small, independent random distedsawill lead to a normal densitppuda

et al, 200]. The normal density is defined as

T — )2
N(p,0%) = \/21_7“7 exp <—%> (4.23)

wherey, ando? denote the mean and variance of the dengifyu, 02). x ~ N (i, 0%) denotes that is
normally distributed. Examples of uni-variate normal dées are shown in Figd.4a The multivariate

normal density im dimensions is defined as

1

1 -
EISTER] —~X-M)T'=H(X-M) (4.24)

N(Maz):pX(X): 2(

exp

whereX now refers to al—dimensional column vector of the individual RXg M is ad—component
vector of consisting ofi;, 3 is ad x d covariance matrix withx| and X~ being its determinant and
inverse Puda et al. 200]. If Vi, j it holds thatx; andx; are independent, then all the off diagonal

components oX are zero. Examples of multivariate normal densities argvahio Fig. 4.4-4.4¢

4.4 Density estimation

The task of estimating PDFs is central to probabilisticiefeee. Two of the different approaches towards

density estimation includparametricandnon parametricdechniques. The following sections briefly
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Uni-variate normal density

Bi-variate normal density

i, =0,0,=1
TR
T

y:u,=0,0,=2

40 1oz a3 4 s 5 4 s o2 10 1
xp =00=1 X1 =0,0 =05
= 0.0 = 0.0,

(b) ©

Figure 4.4: Examples of normal densities4.4a Uni-variate densities\/(0,0.5), N'(0,1), N (0,2). 4.4b
Isotropic bi-variate density withu, = 0,4y, = 0,0, = 1,0, = 1. 4.4c Anisotropic bi-variate density

with iy = 0, uy = 0,0, = 0.5,0, = 2

introduce them.

4.4.1 Parametric techniques

Parametric techniques assume that the tre) approaches some already known, parametrically de-
fined PDF class. For example assume thi normally distributed opy(z) ~ N (i, ?). In that case
the task of estimatingy(z) simply reduces to the estimation @fando?. Under a more general setting
the parameters which completely describe the assumed pararform ofpy () are denoted aé. The

dependence ofto ¢ is explicitly expressed in the form of a conditional densisyx (z | 0) ~ N (u, 02).

4.4.1.1 Maximum likelihood estimator

Let 6* denote the true unknown parameters. The maximum likeli{fdig estimator assumes thét
is a fixed, non-random quantitPfpoulis and Pilla2001]. Let A = {a1, as, ..., an} be a sample of,
comprised by i.i.d. trials drawn fromy(x). As 6* uniquely determinesy(z), it should also determine
the distribution of the triala; € A. The dependence of to 6 is expressed by.(A|0) = px(A | 6)
interpreted as thikelihood of the samplel [Viola, 1995. It corresponds to the probability of being
realized for giverf. Due to the i.i.d. and the multivariate version of Eql9, the joint probability of the

realizations in the sample is expressed as
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L(AI0) = ] px(ai | 0) (4.25)

a; €EA
By definition, the ML estimat(éML of #* is the one that maximizes the likelihood of the sample

[Papoulis and Pillai200]

Orr = argemax[L(A|9) =p(A]0)]. (4.26)

It is typical to maximize thaog of Eq. 4.25as the product is turned to a sum and the optima are

preserved due to the monotonic transformation byldegransform

O =arg maxl(Al6) = log (px(4 | 0))] (4.27)
=arg max|l(Al6) = Y px(ai | 9)] (4.28)
o a;€EA

where we have used the same notatigp;, for the estimates retrieved by both standard ML and its
logarithmically transformed variant. As it was noted, paedric methods assume that(4 | 9)

is given. To give an example of ML estimation in action, assuthatx ~ A (u,0?). Then

1(A;p,0?) = > acalog (\/2170 exp {—%D By differentiating and setting the derivatives to
zero, the obtained parameter estimatesjare + > a; ando? = & SV (a; — 1) [Duda et al,
200]. These expressions show that the estimated mean and eamdr based on a samplé is the

mean and variance of the true distributitfiy, o2).

4.4.1.2 Bayesian estimation

Contrary to the ML estimator, the Bayesian approach regaaisan RV- hence denoted &s which
are distributed according to some PR§(0). The termpg () constitutesa priori information which
the Bayesian approach enables its incorporation in theattin. From Bayes Law (Egt.22) and by

considering a sample, the estimator is defined as

po(0 | 4) =XA1Dpe(6) (4.29)

px(A)
wherepg (6 | A) is known as th@osterior densitgxpressing the probability of the parameters of interest
given a sampled of x, px(A | 9) is the likelihood function defined earliefy (9) is theprior densityand
px(A) = [px(A | 0)pe(0)dd > 0 is the total probability of A Puda et al, 2001 Papoulis and Pillai
200]. The second conceptual difference between the Bayesidrivinapproach is that the former
retrieves a density function - the posterior - and not a pestimate. Givempg (0 | A), it is now possible

to derive point based estimators such asttaimum a posterioidefined as

Oniap :argema){pg(é’ | A) o< px(A | 0)pe(0)] (4.30)
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where the denominatgs (A) in Eq. 4.29can be omitted as it simply acts as a normalising constant
[Kaipio and Somersal®009 and does not depend ah In addition to point based estimators, the

Bayesian approach enables interval estimates such as

p{91 <0< 92} =7 (431)

wherel — ~ is the confidence levePapoulis and Pilla200]. More detailed explanation can be found

in [Duda et al.2002; Gelman et al.2003 Papoulis and Pilla2007].

4.4.2 Non parametric kernel density estimation

Contrary to the methods introduced in the previous section, parametric techniques do not assume
that the form of the underlying densities is known. The eation of the density is based solely on the
available sample. This results in more generic estimatbisiwcan model densities of arbitrary shape.
One such method which is also employed in this work is the parametric kernel density estimation
(KDE) - also commonly referred to as the Parzen window estinf®uda et al. 2001, Izenman 1997,
Parzen1962 Silverman and Greer1986 Simonoff 1996 Wand and Jone4995.

Let p«(x) be the true PDF af and A a drawn sample. For the uni-variate case, an estifhéte A)

of the truep} (x) can be obtained at sorme by utilizing a N —sized sampled of x via

1 N
Del(r:4) == > Ku( - aq). (4.32)
1=1

Its bi-variate analogue, utilizes tw¥-sized sampled andB and the estimated joint probability density

function (JPDF) is given by

N,

. 1

Pxy(z,y; A, B) =N ZKE(SC—auy—ﬁi)- (4.33)
i=1

In both expressiondy,,(+), K (-, -) arekernelsor window function®f width « or covariancee respec-
tively. In essence, the window function weights the comnttidn of its triala; € A according to each
distance frome. If K,(-) is smooth and differentiable and satisfie, (z)dz = 1, then the estimate
px(X; A) will be continuous and differentiab@uda et al[2001. A common choice is the normal den-
sity. Alternative distributions which have been used asé&bsrin the literature include the Uniform,
Triangle, Epanechnikov and Cosine kern&g\jerman and Greeri984.

Regarding the retrieval of accurate PDF estimates, thecehmii the kernel width: is more im-
portant than the choice of the actual kernel tyBéverman and Greeri984. Various methods fot
selection are discussed in literature such as the L-curgeoeralized cross-validation. For a detailed
introduction on kernel width selection methods, the re&lisrredirected to specialized literature and the
references withinHall et al, 1991, Hansen1992a 1998 Jones et a).1996 Raykar and Duraiswami
2006 Silverman and Greeri986 Turlach 1993 Vogel, 2003. In addition, many optimization problems
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which involve a KDE incorporate the bandwidth of the kermetlie overall set of optimized parameters

- see for examplefazantsev et a1201Q Viola, 1995.

Finally, KDE can be characterized by high levels of compatetl complexity. Estimating the
px(x; A) for M values ofx (see Eq.4.32) results in a complexity o (N M), which is dependent on
the sample size. Numerous methods have been proposed tereficomplexity. These include data
reduction methods which utilize binning or clustering wgges to reduce the size of the available data
and approximate kernel decompositions which decoupledird p where the density is estimated from
the remaining sample point$, so the summation ovet in Eq. 4.32can be performed separately in
a manner akin to orthogonal series density estimalaesiman 1991. See [Girolami and He 2003
and the references within for fast KDE estimation. Violadja, 1995 used a stochastic approach to
optimize entropy which requires a PDF estimate. In each é@acdtion of the optimization, the KDE
utilized a randomly selected sample drawn from the RV sampleAlthough this constitutes a data
reduction strategy considering a single iteration, threg the entire optimization routine the majority

of the sampled was utilized.

Figure 4.5 shows a uni-variate density estimator in action computingestimate from a finite
sample from a continuous RV. The advantage of continuousiyegstimates over discrete ones - for

example the depicted normalized histograms - is the patlatifferentiability of the former.

0.25F

)

Oc) histogram
o
n

Figure 4.5: Non-parametric kernel density estimation. The black lineder the horizontal axes denaté
samplesz; drawn from some continuous R¥, forming the finite samplel. px(x; A) denotes the continuous
probability density estimate &f at regular spaced locatioiis K, (¥ —a;) denotes a Gaussian kernel centered at
each sample point;. Effectively, the PDF estimatg (¢, ; A) at a pointz ;, equals the sum of the contributions

from all kernelsK, (Z; — a;), Vi.
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4.5 Information theoretic functionals

45.1 Entropy
Sectiord. lintroduced entropy as measure of uncertainty in the confdXt Letx ~ Px(x) be a discrete
RV, with z = {21, 22, ..., xx} andpy(z).

Shannon in $hannon 1949 identified three properties which should characterize asuse

H (Px(z;)) of the uncertainty irx. These are:
1. H should continuously depend d®(z;)

2. Ifall events are equi-probable or equivaler®yfx;) = %, Vi, thenH should be a monotonically
increasing function ofV. In other words given that all possible outcomes are equiatjy to be
realized, then as the number of possible outcomes increaséses the uncertainty of predicting

their realization.

3. H should be independent on the grouping of events. For exaleiplieere be choice from three
eventsQ, = {{z1},{z2},{z3}} with corresponding probabilitie®; = Py(z;),i = 1,2,3
(see Fig. 4.6). The choice can broken down to two successive choices. Téteidibetween
{{z1},{w23} } with x5 3 = {x2, 23} and corresponding probabilitl, 3. On the condition that
x2 3 is selected, the second choice is betwéém}, {z3}}. H should then equal the weighted

sum of the individual values dff or

H(Py, Py, P3) = H(Py, Py3) + Pa3- H(Py(2,3}, P3j{2,3}) (4.34)

whereP; (2 3y = Bi(z; | 22,3)

L1

Psi2,37™> 3

Figure 4.6: Entropy and independence to grouping of evehtst schematic ungrounded eventRight

schematic: grouped events

Shannon proved that the only function satisfying all of thewae postulates is thentropyof x defined as

H(x)=-— Z px(x) log (Px(x)) (4.35)

=— Fx [log (Px(x))] (4.36)
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An alternative derivation of the entropic functional carfbend in [Schneider1995. We briefly repro-

duce it in the context of imaging, due to its highly intuitimature.

Let an imageA of size N populated by three distinct grey valuBSx) = {{z1},{x=2},{z3}}.
Probing A at a randomly generated locatiep can lead to three possible outcomés) € R(x). We
call thisuncertainty of three outcome€onsider now that the image is also probed in a second totati
rj, i # j and we seek to predict the outcome of the joint ef&it; ), x(r;) }. The joint event of this case
now has nine potential outcomes, thiée; ) for every one of the three potentiglr;). This corresponds
to 9-uncertainty If we would introduce a third processry. ), the number of joint outcomes would rise
to twenty seven. To generalize, fgiprocesses each with; outcomes, the number of joint outcomes
(or joint uncertainty) i [ K. It would be more convenient if the joint uncertainty wouiskrlinearly
with the total number of individual outcomé$ = >"7 K;. The latter can be achieved by measuring the

uncertainty with a logarithmic measu¢K) = log(K).

Consider again the case of a single process iith= 3 equi-probable outcomes. Applying the

uncertainty measure results in

u(K) =log(K) (4.37)
~ log (%) (4.38)
= —log (Px(xi)),Vi: 1,....K (4.39)

where we have employed the equalitg(K?) = p - log(K) and the frequency interpretation of prob-
ability. We know however that < P (z;) < 1, Vi (see Sec.4.2.9. For highly probabler;,
Py(z;) — 1, leading to minimal uncertainty(Px(z;)) — 0*. On the contrary, for highly improba-
blez;, P(z;) — 0T andu(P(z)) — oo. The nature of:(Px(z;)) as a measure of uncertainty is now
apparent. The term(Px(z;)) is also known asurprisal, in terms of observing; [Schneider1995
Tribus 19617].

To complete the intuitive example, one needs to considec#ise where the various are not
equi-probable. In that case it is reasonable to evaluatawbmge uncertaintywhich can be expressed
as an expectation (see Séc2.69 of the individual uncertainties of the possible eventsghiggd by their
probability of occurrence. This results in the entropy terhiq. 4.35and completes the derivation.
The entropyH (Px(z)) - or simply H(x) - is a measure of the average uncertainty per outcome of
The units of H(x) depends on the on the basef the logarithm. In the case éf= 2, uncertainty is
measured iitsand in the case of the natural logarithm, the unit is nés/er and Thomad991. For

H(x) it always holds

H(X) >0 (4.40)
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4.5.2 Joint entropy, conditional entropy and mutual information

The concept of entropy extends in the multi-variate settjivgng rise to additional quantities. Assume

the simplest case of a bi-variate system with Rvandy.

Joint entropy JE H(X,y) [Cover and Thoma4991 corresponds to the average uncertainty in predict-

ing joint events{x = z,y = y}. Itis defined as

Hx,y)== > Y PBylwy)log (Pylz,y)) (4.41)
2ER(X) yER(Y)
= — Exy [log (Pxy(z,y))] (4.42)

whereEy y [-] is the bi-variate expression of the expected value. Foraaks the following holds:

H(x,y) < H(x) + H(y) (4.43)

with the equality being realized in the case of complete preahelence between the RVs. Similar to the
marginal casel (x,y) > 0 always holds.

Conditional entropy Conditional entropyH (x]y) - also known asquivocation- corresponds to the

average uncertainty ofgiven thaty has been observed. Conditional entropy is expressed as

H(Xly) == > pey(@ y)log (Bay(zly)) (4.44)
YyER(Y)
= — Exy [log (Pyy(,y))] (4.45)

If x depends oty, then by observing the uncertainty ok should always decrease. This results to the

inequality

H(x|y) = H(x), (4.46)

with equality being realized in the case of complete indeleeice betweexandy. In that case, knowing
y does not reduce the initial uncertairfi(x).

It should be emphasized thAt(x | y) is not a measure of dependentfdla, 1999. Low H (x | y)
values can be observed either due to high dependency bexaty or simply becausr is inherently
characterized by low uncertainty on its own - or equivaleifl(x) is low. In order to measure uncer-
tainty, one needs to consider the relative decrease in tanesy from the initial valued (x) to H(x | y).

This is accomplished by Ml introduced next.

Mutual information Mutual information was introduced b$hannon1948§ under the nameate of

transmission|t is ameasureof dependency and is expressed as
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MI(x,y) =MI(y,x) (4.47)
=H(X)— H(x|Yy) (4.48)
=H(y) = H(y | x) (4.49)
=H(X)+ H(y) — H(X,y) (4.50)

The first two equations define the information betwren as the reduction of the initial uncertainty after
the observation of the second RV has taken place. This isstenswith the definition of information in
the introductory section. Considering Ef43 thenM I(x,y) > 0 for all cases.

The relation between information theoretic functionals ba depicted &enn diagramof Figure4.7
[Cover and Thoma4991.

Figure 4.7: Relationships among information theory concepts expteisstihe form of a Venn diagram

4.5.3 Differential entropy

In the case of continuous RVs, then the sums of Bg%5 4.42and4.45are replaced by integrals and the
probability masses with probability densities. The combias entropy - also known as DE - is defined

for both marginal and joint cases respectively as

h(x) :/ px(z)log (px(z))dz, and (4.51)
zER(X)

h(x,y) = / / pry(@,y)log (puy(z,y))dz dy. (4.52)
zeR(x) Jyer(y)

Most inequalities of the discrete case hold in the contisianalogue, with some exceptio@jver and
Thomas 1991 Shannon1948 Viola, 1995. The most notable is that contrary to Ef40, h(x) can be
negative. This is due to the fact that{z) in u(x) = — log (p«(x)), are continuous densities which can
take values greater than 1, resulting to negative entrolpyesaAn extreme example regards the entropy
of the Dirac delta functiod(z), for which it holds > _4(z)dz = 1 and

(4.53)
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In this casehx(é(:c)) = —oo. The continuous entropy may attain valuestab or —oo [Ash, 1990. In
addition, contrary to the discrete case, continuous eptdggs not measure uncertaintyan absolute
way[Shannon194§. Changes in the coordinate system - for example the spagiaffects the entropic
values. Contrary to the discrete case, DE is not invariaatltkind of transformations. It is invariant
to translations oh(x + ¢) = h(X). However, it is not invariant to linear changes wittex) = h(x) +

log |¢| or in the case wherg is a random vector subjected to a linear transformation bperator
F, thenh(Fx) = h(x) + log|det(F")| [Cover and Thomad99]. See Sec.4.5.5.3for a case study.
For more general transformatiogs= f(x), the value of DE changes according#¢y) = h(x) +

[ px(x) log ‘%‘ dz, with ‘%‘ dz being the Jacobian of the transformatior: f(x) [Reza 1994. It has

to be noted however that by assuminiix@dcoordinate system, DE constitutes a measure of uncertainty
relative to that system§hannon1948§ Viola, 1993. It should be emphasized that mutual information

is always positive even in the case that is expressed irrdiffal entropy terms.

4.5.4 Empirical entropy

Consider the case of DE, as it is employed later in this THesithe purpose of information theoretic
regularisation, mainly due to the continuous nature arfémihtiability of the functional. The entropic
definitions assume thak(z) is known. In practice this is often not the case and the in&iom one
has regarding is contained in some available sample. let= {a1,as,...,an} be N-size sample of

x. One attempts to retrieve a continuous estinfiafe; A) (see Sectiod.4.2 from A. Using the PDFs/
JPDFs, theempiricalentropyiz(x; A) of the sample can be estimated. Firstly, one can approxithate
integral formulation with numerical integration schemastsas the the trapezoidal rule. In that case
px(X; A) is estimated in regularly spaced locatienwhich partitionR(x) in equal intervals of spacing

Az. The Shannon’s integral formulation of empirical entropy ¢hen be approximated by

he(x; A) == Y pulwi; A)log (px(wi; A)) A, (4.54)
z; ER(X)

An alternative approach is to employ the expectation foatioh of Eq.4.36 which in this case corre-

sponds to the sample mean (see £4.4) expressed as

N
he(x; A) = " log (px(ai; A)) (4.55)
=1

The discrete empirical entropy uses discrete estimgtés; A), for example a normalized histogram.
Finally, a crucial detail should be emphasized regarding £§5 Assume that one employs a KDE
which optimizes the kernel width simultaneously with a minimization of the expectation fotation
of the entropy. Viola Yiola, 1995 explained in p. 47 of his Thesis, that if the same sample é&lus
for the estimation ofx(a;; A) as well as for Eq.4.55 thenw will always converge t@*. This is
expected, as the obtaingd(a;; A) would consist oDirac deltas centered at eaah, a configuration
which corresponds to the minimufi{x) = —oco. To bypass this problem Viola proposed splittiAg

in two parts, one for obtaining the PDF and the other for gntrestimation. In this work we do not
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optimize foru. The reader is directed to our recent work of applying infation theoretic regularization

in positron emission tomography (PET) simultaneously &itdearch for [Kazantsev et al2014.

4.5.5 Images, information theory and multi-modality data

Section4.2.5introduced randomness in the imaging setting, in the caomtegredicting the grey value
x;, = X(r;)! of an image at some random location Sectior4.5. lintroduced the concept stirprisal
or uncertaintyin observing somey,, given its probability of occurrence and the entropy whiglthie
average uncertainty given possible events and weightedidiy individual probability of occurrence.

We now describe the information theoretic concepts in theggimg setting.

4.5.5.1 Minimum/maximum entropy images

Consider Fig4.8. It depicts a homogeneous image and an image with uniforistyilouted grey values,
both of sizeN. The P(z;Image are also depicted for each case. Regarding the first imageeif
attempts to probe the image at randemthe resulting value will always be, = 128. This is depicted

by Py(z;Image ) = 1. The surprisal for;, = 128 is u(128) = — log (Px(128;Image 1) = 0 and as

x = 128 is the only possible outcome(128) is also equivalent to the average surprisal or simply the
empirical entrop;ﬁ(x; Image 1. There is no uncertainty in the outcome of this random praces

On the contrary, most pixels of the second image are assigitliedifferent values. The probability
of any outcomery, is Px(xx;Image 3 = 1/N. This is the case of highest uncertainty and Image 2
corresponds to the maximum entropy configuration with maxmsurprisak.(1/N). If one would
consider a larger image with uniformly distributed valubg entropic content would be even higher as
1/N | which would lead to an increase in surprisal.

In general the following holds. Images with few features amall number of distinct grey values
have low entropic content. Their PDFs are highly clustexeith few modes corresponding to high
probability entries. On the contrary, highly disorderecgas with many distinct grey values have high
entropic content. Their PDFs are highly dispersed, withyreriries of low probability.

It is essential at this point to draw an analogy with the papaiaximum entropy method (MEM)
[Burch et al, 1983 Gull and Daniel] 1978 Jaynes1982 1957ab; Skilling and Bryan 1984. In the
imaging context, MEM was proposed as a regularization ntetbpthe inverse problem in astronomy
by Gull and Daniell[1978. The favoured reconstructed image was the one which fitieddata but
was also characterized by maximum entropy. However, indbatext and contrary to what has been
described in this section, the maximum entropy image wasdgemeous. The reason for this complete
reversal of entropic interpretation, is due to the employnod a different random process, devised to
introduce randomness in the image. The random processtisdttang described the formation of the
image and not its probing in random locations. To describgtbcess, they assumed the proverbial team
of monkeys withV photons in their disposalfynes1984. The photons were then throwandomlyby
the monkeys, on a dark image defined by a grid of pixels of eapga. This could lead to the formation

of various images, wherd’; denotes the photons - or the grey value - inthepixel. The entropy of

11t should be noted thaik is different thani as the former indexes gray values, whereas the latter mizetibns. It is possible

thatzy, = x(r;) = x(r;) fori # j
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0.8

0.6

Figure 4.8: Minimum/maximum entropy images: Image 1 is homogeneouh &ihighly clustered PDF and
corresponds to the minimum entropy configuration. Imagesain#ormly distributed grey values with a highly

dispersed PDF and corresponds to the maximum entropy coatiigin for an image of this size.

a given image was defined as the natural logarithm of the nuofheays the monkeys could generate
it, with the probability of a specific image being proport@bto its multiplicity N!/ [T, ;. The most
probable image and the one favoured by MEM, was the one wittirman multiplicity, which results

in N; = 1/N,Vi. This image is formed in a setting of total uncertainty reljag the landing position of
each photon, heneaaximum entropy methotlsing our interpretation of randomness, we could rename
the method asninimum entropy methodt is worth to note that MEM is thenly method which does
not introduce correlations in the reconstructed imagepbdyhose that are required by the data. It is the
least-biasingregularization method anehaximally non-committahbout what is not known regarding
the solution Bkilling and Bryan1984.

Similar to the case of a single image, the minimum and maxireatnopy image pairs are de-
picted in Fig. 4.9. In the first image pair, any randomly selectedreturns a certain outcome
{x(r;) = 128,y(r;) = 128}. The JPDF is maximally clustered, populated with one ergryasponding
to the certain probability of the above event. On the cogttamo images with uniformly distributed grey
values have the highest uncertainty with each outcéxge), y(r)} having a probabilityl /N - with N
being the number of pixels. The JPDF is maximally disperseekpected.

4.5.5.2 Information theoretic functionals and multi-miitga

From the entropy definition of Eq4.35 4.51and their multivariate counterparts, it is evident thatbot
marginal and JE and consequently their derived functiorati@lnot depend directly on the actual grey
values of the images under consideration but rather on tbeiesponding probability masses/densities.
Consequently, two images with different levelsabisolutegrey values, which however are characterized
by similar probability distributions, are expected to haimilar entropic content. It is exactly this non-

direct dependence on the grey values which attributes téuthetionals a level of inherent invariance
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Figure 4.9: Minimum/maximum joint entropy images: The first pair is caispd by two homogeneous images
with a highly clustered JPDF and corresponds to the minimaint pntropy configuration. The second pair
consists of two images with uniformly distributed grey \&duand a highly dispersed (close to uniform) JPDF.

It corresponds to the maximum joint entropy configurationifieage pairs of this size.

to the incommensurate grey values between multi-modal @nagd makes them ideal as multi-modal

structural similarity measures.

We now emphasize the differences between marginal enti&gnd MI. Consider Figuré. 10,

Marginal entropy Image 2 is created by transforming the grey values of Imageearding to an arbi-
trarily selected, non-linear, injective transformation2 = —2(Im1)?+3(I'm1)—log((Im1)+1). The
marginal entropy depends solely on the marginal PDFs dmpiatthe last row (reflected across the
axes for visualization purposes). The two images have iicirgtructure but the grey values populating
the corresponding features are non-linearly related. Hewéhe PDFs of both images are identical in
entropic terms, as they assign equal probabilities to thesaumber of events. Entropy does not depend
on the actual value of the events or equivalently on the location of the clusters in the PDEt-dnly on

their probability. The entropic levels of the images areaauith H(Iml) = H(Im2) = 0.9035 nats.

The third image in Fig4.10reveals the lack of intra-image spatial dependence of pytionage
3 is created by applying a random spatial permutation on itkedgof Image 1, hence they both share
identical PDFs and consequently entropic value. In thig,cago structurally dissimilar images have
equal entropic content. One can conclude thatdifference between the entropy of two imaggot

be used as a measure of their structural similarity.

JE/MI Consider now the JE and MI of three image pdimage 1Image 2, Z = [1, 2, 3] in Fig. 4.1Q
as a measure of similarity between incommensurate imageth B and MI depend on the JPDFs of
the formed image pairs, however the latter depends alsoeththmarginal terms (see E4.50. The
axis of the JPDFs correspond to the grey value of the imagesvied in a pair and the entries describe
the probability ofPr({x(r) = z,y(r) = y}). The JPDF is constructed by sequentially accessingthe
pixel positions of the involved images and for every positipthe algorithm retrieves the grey value pair

{x(r),y(r))} and increment its probability in the initially empty JPDRpé. This implies that both JE
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Figure 4.10: Entropy, multi-modality and spatial dependendep row: Three images of equal size. Image
2 was created by applying an arbitrary non-linear injectie@sformation, in this casen2 = —2(Im1)? +
3(Iml) —log((Iml) 4+ 1). Image 3 is created via a random permutation ofghel locationsof Image 1,
consequently it shares an identical PDF with Imag®lildle row: Marginal PDF of Image 1 and three JPDFs
formed by image pair§lmage 1lmageZ}, Z = [1, 2, 3]. Bottom row Marginal PDFs of the three images,

shown with their vertical axis inverted.

and MI - due to their dependence on the JPDF - consider dyat@kesponding pixels between images.
This is the source of spatial inter-image pixel-wise degerwa in JE and MI. It should be emphasized
however that the functionals do not imply any spatial depeiced among the various pixel valugghin

a single image.

The JE of the first two image pairs i$(Im1, Iml) = H(Im1,Im2) = 0.9035. JE is invariant

to grey value transformations on images, given that the 3PAD& populated with the same number of
clusters and with equivalent probability between casegs#&ah cluster. The same holds for the MI case
asMI(Iml,Iml) = MI(Iml,Im2) = 0.9035. In this case one takes into account the similarity
between the marginal PDFs of the images. The PDF of Image a@nstant. The PDF of Imag#

corresponds to same levelsBf Z), VZ (same number of clusters, equal amplitude).

Finally, consider the image paftmage 1Image 3. According to the earlier discussion regarding
the marginal entropy approach of Fig. 10 its entropy is equivalent to the previous images. Consider
the JE of the formed pairs, it is evident thafImage 1, Image Bhas additional clusters, hence more
outcomes are possible and with increasing choice the wingrrises. This reflects to JE which is now
increased td? (I'm1, Im3) = 1.8070 as well as to Ml which decreasesAé1(Im1, Im3) = 0.0001,

as the images in the third pair are structurally independemdrefore, JE and M| can measure structural
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similarity between multi-modal images, contrary to the giaal terms.

Additional differences among the JE and MI functionals exfge revisit both similarity measures
in Sec. 5.6.4.1in the context of image registration, where the informatiapicted in the assessed
images can be altered due to spatial transformations amabl@overlap regions. Finally, in Se¢.3we
compare the capacity of JE and M, to act as means of introdacpriori structural information in the

image inverse problem of diffuse optical tomography (DOT).

4.5.5.3 Discrete vs differential entropy in the imaging teom
Consider4.11 It demonstrates the absence of full invariance in the céshifferential entropy under
linear transformations (see Set5.3. The first two images are the ones depicted in Big.Owhereas

Image 3 is created by rescaling Image 2 in the grey value rahigeage 1 via

Im2 — min(Im2)

Im3 = min(Iml
m3 = min(Iml) + maz(Im2) — min(Im?2)

(maz(Iml) — min(Iml)). (4.56)

We seek to compare the empirical DE of the depicted imagesloT we employ a KDE which
produces the continuous density estimates depicted imirterow.
The DE of the three images ahg¢Im1) = 8.83443685, h(Im2) = 15.06297344 andh(Im3) =
8.83441969 nats.h(I'm3) andh(Iml) differ exactly by
Iml) — min(Iml
log (‘c _ max(Iml) — min(Im ))D 7 (4.57)

max(Im2) — min(Im2

wherec is the slope of the linear transformation, consistent wlth theory in Sec4.5.3 DE is in-
variant to the additive component of the linear transforamati(3) ~ h(1) mainly because they are
in a common range with equal binning intervals. Hence, gaaromparing the differential entropy of
images, it is preferable to compensate for linear chandkeredy explicitly compensating fdog(|c|)

or equivalently re-scaling one of the images in the rangé@fecond. The reason for whiaf3) does
not completely matcth(1) is due to the difference in the corresponding PDFs, speliyfitze partial
overlap of the two clusters in the third PDF, which is absarthe first. Note that such need does not
exist in the case of discrete entropy. All probability masaee normalized hence their sum is invariant
to the coordinate system (see Figl10. Finally, it should again be emphasized that when the doatd
system is kept fixed, entropy is a valid measure of uncegtdetween random variables defined on that

coordinate system.

4.6 Summary

This chapter has introduced the main concepts of informatieory, specifically marginal, joint and

conditional entropy as well as MI. In addition, the empitieatropy of a sample was also introduced.
This discussion was preceded by a brief introduction to tinelédmental probability theory concepts that
information theory is based upon. The differences betwkerehtropy of discrete and continuous RVs
were specifically outlined. The subject of PDFs estimati@s wriefly covered by outlining a sample

of parametric and non-parametric methods, focusing onatier] The discussion was held from an
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Figure 4.11: Differential entropy and images. Top row shows three imadlesf the same size. Image 1 has
three distinct grey values. Image 2 was created by applyirgrlitrary non-linear injective transformation, in
this caselm2 = —2(Im1)? + 3(Iml) — log((Im1) + 1). Image 3 is created by re-scaling Image 2 to the

same grey value range of Image 1.

imaging perspective with the appropriate schematics tistassuition. Finally, the inherent capacity of

the information theoretic functionals to serve as multidalsimilarity measures was discussed.



Chapter 5

Medical image registration

5.1 Introduction

Image registration is the collective term for all methodsiag to establish the accurate alignment of
images, so that their corresponding features become Bpatigperimposed, given a common coordi-
nate system. The alignment of images has proven to be a héghlyht after capacity and it has found
numerous applications in various scientific disciplineduding art, astronomy, astro-physics, biology,
chemistry, criminology, genetics, physics, remote sepysecurity, machine vision and medicirtad-
cher and ModersitzkR008§.

The structure of this chapter is as follows: Sectiof briefly introduces a sample of applications
of image registration to medical imaging. W3 the three fundamental parts of an image registration
algorithm are introduced - namedymilarity measuresspatial transformationandoptimization along-
side with the corresponding notation. Sectiodbriefly outlines the classification criteria of the various
registration problems. The last sectioBsx5.7) revisit the parts of spatial transformations, similarity
measures and optimization in more detail by presenting gkaof the various algorithmic and concep-

tual choices existing in the literature, on these topics.

5.2 Applications in medical imaging

In the context of medical imaging, image registration is ghhj active subject of research and this
reflects on the size of the corresponding specialized titega The increased attention is not surprising
as the alignment of medical images is of widespread interersiss the full spectrum of the available
imaging modalities. Image registration applications ammarous.

One of its applications regards difference imaging, to Wingage registration has been established
as an indispensable part. Difference imaging simply dessrthe process of subtracting two intra-
modal images of the same subject, resulting in a third imagiewdepicts the differences between the
considered images. The differences which have high signiie from a medical perspective include
changes in physiology for example disease progressioridemmgy individuals or a population group
where statistical outcomes are retrieved (cohort studiesj et al, 2001, 1996 Freeborough and Fox
1998 Mahanand and Kuma2009; response of disease to therapy in follow up studie&f al., 2009;

and changes in contrast in pre- and post- contrast ageritatiph in diagnostic studiefRRueckert et a).
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1999 (see Fig.5.1). One expects the difference image to solely depict chaimgasysiology. However

the identification of changes in physiology between the iesag usually compromised by unavoidable
extra features appearing in the difference images due thtiamisalignment of the involved scans.
Medical image registration can compensate for the lattdraid towards the easier extraction of the

information of interest.

(@] (d)

Figure 5.1: Medical image registration and difference imaging. Imadegict difference images formed by
pre- and post- contrast 3D MRI scans of the breast, visuhlimmaximum intensity projectiorfa) Difference
between pre- and post- contrast images where no registratie been applied. Motion of the breast during
the scans results in spatial misalignment of the corredpgrfdatures(b) improvement after rigid registration
(translation/rotation)c) improvement after affine registration (rigid transformas + scaling, shearing etc)
(d) improvement after non-rigid registration (local deforinas). The vast majority of corresponding features
present in both pre- and post- contrast images become Iypatigned and hence they cancel each other in the
difference image. The only prominent feature correspoadsttimour, as it corresponds to a difference due to
contrast variability and not spatial misalignment, hetcainnot be compensated by image registration (source:

[Rueckert et a).1999)

Automated image registration facilitates the executiothete much needed alignments. The non-
rigid spatial alignment of huge data-sets in cohort stydiash as serial 3D volume scans - effectively
4D datasets - acquired from multiple subjects, is a highigrieive process even for modern computers
and from a numerical perspective is characterized by thulssef degrees of freedoms. The execution
of such tasks would be infeasible without automated imagistration schemes. Even simpler tasks -
such as affine registrations of relatively small data-setsuld require significantly increased amounts

of time, effort and cost. In some tasks, arguably the autedheggistration schemes frequently perform
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better than the human threshold of assessing mis-registrathich has been identified to be limited to
spatial displacements equal or greater than 0.2Fitagatrick et al. 1998 Friwald et al.2009 Holden
et al, 200Q.

Image registration is also extensively used in surgicahpilag and interventions. Intra-operative
low resolution images can be registered to high resolutiergperative ones, in order to update the latter
to the current state of the operated anatomy after defoomaitiie to surgical intervention. In addition,
surgical equipment can be tracked in real time using ultradoor visual markers and subsequently
registered against the medical images. Images and susgjogdment are visualized in a single view,
allowing the surgeons to perform the surgery knowing exabi position of the equipment inside the
anatomy and its proximity to vital organs or the target abmadity. The registration of patient, anatomy
and surgical equipment to a common coordinate system isalsessary for robotic surgery and remote
surgery. Camarillo et al. 2004 Gering et al. 2001, Pott and Schwar2002 Satava1999 Stoll and
Dupont 2005. Other tasks which would be difficult to perform without igeregistration include
real time compensation for target anatomy deformation dyghy/siological function, for example the
compensation for lung motion due to respiratory functiamjmt radiotherapyQoselmon et al.2004
Murphy, 2004 or focused ultrasound treatmeiRigs et al.2010.

Articles reviewing medical image registration specifieléture includeBrown, 1992 Hill et al.,
2001 Maintz and Viergeverl998 Maurer, Jr., C.R. and Fitzpatrick993 Van den Elsen et gl1993.

A sample of books focusing on the topic Bitzpatrick et al. 200Q Hajnal 200]. For non-medical
applications please segifova, 2003.

5.3 Definitions and notation

As in previous chapters, a digital imagés considered to be a mapping from discrete spatial position

in some domaiifl,, to grey values: € R. This mapping is explicitly expressed as

X:reQy—xz=x(r) €R (5.1)

An image registration process spatially transforms onggamatermed asnovingor source- so
it becomes aligned with targetimage which remains unaffected by the transformation. @ensn
the 2D case, the static imageand the moving imagg. Let x be defined over the simplest discrete
geometrical arrangement, that is a rectangular pixelgyidth spacingAx, Ay in the direction of each
of the the Cartesian axes, wilti pixels. The nodal locations on the grid correspond to thelpdcations
r ={ry,re,...,7k,...,rn}. Eachry is a vector and can be expressed and/or indexed in terms of its
axial components; = r;; = {x;,y;},withi¢ =1,2,..., N, j =1,2,...,Ny,andN, - N, = N. The
movingy(r'), ' € §y is defined in a similar manner. However it can differ frarwith respect to the
number, locations and spacing between the pixels.

Image registration algorithms can differ with respect tdaias algorithmic details, however they

all share three distinct algorithmic parts. These are:
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1. A spatial transformation scheme
" =T(";0), (5.2)

which is applied on the spatial coordinatés= y of the moving image, resulting in the trans-
formedr” € Q,r and which is controlled by a finite number of parameter§he grey values

y = y(r') are considered to be spatially coupled with the locatidnspon whichy are initially
defined prior to the transformation. As eachis subjected to the spatial transformation result-
ing in a newr”, the latter is assigned with the gray valye’) of the original location”’. The

transformed moving image is denotedyds(r"), or equivalentlyy” (7 (r'; 6)).

Spatial transformations operate in conjunction withirerpolation schemeThe application of
the spatial transformation of E§.2would most often result in continuous locatiorfs However,

as was already noted earlier, image similarity measuresroperate between images defined
at common spatial locations. Given thadr equivalentlyx is unaffected from the transformation,
theny? (") has to be re-defined overc Q. The latter is accomplished by the interpolation
scheme. The transformed image, after the application ointleepolation scheme is denoted as
y*(r). The different superscript betwegh(r) andy? (r”) emphasizes that the gray values of the

former are a product of interpolation.

2. Asimilarity metric®¥ (x(r),y*(r)) which quantitatively evaluates the level of similarity ween

two images and ideally attains its maximum value when atewaggnment is established.

For any given alignment configuration based on some estiofafe the similarity is evaluated

between the overlapping regionsoéndy*, commonly denoted for both images@g, <.

3. A solverwhich seeks a parameter estimétéor whichy®(7(+';0)) = y*(r) becomes aligned
with x(r) and similarity between the two images is maximized. Mogimfthe solver is comprised
by an iterative optimization scheme which maximizes theilanity measure - or equivalently

minimizes a dissimilarity measure (negative similarity)hwrespect t@. This is expressed as

0 = arg minlg(e) = —\If(x(r),y‘I (T(r"; 9)))] ;e Qs (5.3)
0

5.4 Classifications of registration problems

Image registrations methods can be classified accordingtordoer of criteria characterizing the under-
lying task. Unfortunately, there is no single, universaltgepted image registration methodology which
can perform equally well for all given problems. Probablg thost notable attempt to classify regis-
tration problems was byan den Elsen et a[1993, which was also adopted baintz and Viergever
[1999 in his extensive literature review. The identified classifion criteria are worth noting as they
bring to some perspective the full extent of medical regig&in applications. Extensive literature for each
of the categories can be found in the review papeMayntz and Viergevef199g. The classification

categorizes registration problems according to:
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» The dimensionality of each of the involved imageih cases including 2D/2DJacquet et a|.
2009, 3D/3D [Rueckert et a).1999, 2D/3D [Huang et al.2009 Turgeon et al.2005, studies

involving time series and more.

» The nature of the spatial transformatiarhich needs to be employed to bring images to alignment.
Rigid transformations perform translational and rotationaligganents Fuo et al, 1994, affine
which perform rigid transformations as well as scaling amelesing Jenkinson and Smitt2001]
andnon-rigid transformations which compensate for local deformatidReviews of non-rigid

registration problems includ€fum et al, 2004 Lester and Arridgel1999.

» The domain of the transformatias classified a§) global where the transformation applies to the

full image orii) local when it only affects a smaller region.

» The nature of registration basig he task of aligning images can in some cases be converted to
task of aligning secondary features. Achieving alignmetideen corresponding inter-image fea-
tures is assumed to establish registration between thee@miéges. Similarity measures usually
operate on the feature space. This class refers to the caiaiiin of registration problems de-
pending on the type of features employed. These can be furdiegorized ag extrinsig, involv-
ing features explicitly added to the probed anatomy eig)énvasively - for example stereotactic
frames or implantable markersipurer, Jr., C.R. et 811997, or b) non-invasively - for example
fiducial markers attached to the skiBrpeuwer et a).1998 Walvoord et al. 200§ and more.ii)
Intrinsic methods involve image-derived features suclesets of independent point landmarks
[Chui and Rangarajar2003, which they not necessarily have to represent explicit@mnéal
sites, but can be any matching locations which can be corijdemd unequivocally identified as
spatially corresponding in the involved imagéskpr and Pernus1999. Such locations usually
havegeometrical significangdor example curvature extrema such as local peaks, pitaditle
points [Audette et al.200J. b) Segmentation derived, higher order structures such as tine
surfaces, expressed in full (dense-points or paramdy)aalin reduced form, for example crest-
lines identified in surface§hirion, 1996. Audetteet al. provides a specialized review on surface
based registratiorNudette et al.2000. c) Finally, other than independent points or surfaces,
one can employ the actual pixel values directly as featukésgyrise to intensity based methods
[Lemieux and Barkerl998 Maes et al.1997 Woods et al.1993 or can further reduce the uti-
lized data by using derived statistical quantities fromghay values, as for example is done by
the method of moment#\pert et al, 1990 Faber and Stoke|y1989.

« the relationship between the modalities of the involvedgesagiving rise toi) mono-modali)
multi-modaliii) modality to model D’Agostino et al, 2007 -for example the alignment of a
medical image with a model of statistical nature such as baiiistic atlas of anatomyazziotta
et al, 1999 or function [Lancaster et al2000. iv) The last category involves registration of high-
resolution pre-operative images of the probed anatomywerdgesolution intra-operative images

of the probed anatomyJering et al, 2001, Raabe et al.2003. This enables the information in
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the pre-operative images to be updated and match the ipgreative patient's anatomy, potentially
altered due to the surgical intervention. Given also theAktedge of the exact physical position
of the patient in space via stereotaxy one can achieve ratjist of real-time tracked surgical
instruments@ering et al. 2001]. The combination of the above methodologies gives riseftatw

is known as image-guided surgery

» The subject of the imagesfers to the actual patient subjected to scanning, giisggtoi) intra-
subjectii) inter-subject andii) atlas, where a modality-atlas registration takes placehénast
two cases, the notion of exact anatomical correspondere® mat exist, however it is expected
that a level of correspondence can be recovered due to hgsnflloum et al, 2003. This can
also be the case in the intra-subject case, when the imagpawds of time-series and the anatomy

changes due to pathology or medical intervention.

» The object depicted in the imagesfering to the actual anatomical part depicted in the iesag
Registration between different anatomical parts invotliferent degree of complexity. Registra-
tion between head imageStudholme et al1994 can potentially be established using rigid/affine
transformations in the intra-subject case, or non-rigidifiter-subject. However registration be-
tween for example cardiac imageddkela et al, 2007 or thoracic imagesGoerres et al.2007

can prove more complex due to the dynamic movement of the betire lungs respectively.

« The level of interaction/supervision by an expert, dutimg registration process.

5.5 Spatial Transformations

This section briefly introduces a subset of the spatial foansationsr” = 7 (/; ) employed in regis-

tration applications. The discussion assumes the case ohages.

5.5.1 Linear transformations

Linear transformations are a fundamental part of most tegisn algorithms. They are usually em-
ployed to recover the potentially large initial misalignméetweerx andy, before employing more
accurate methods, for example sBeigckert et a).1999. One of the main characteristic of these trans-
formations is that they are applied uniformly to all pixelstioe transformed region. In the majority
of the cases, the transformation is global as it involvestiteey. However, there have been studies
which divide the involved images to regionsldocks which are subsequently matched via local linear
transformations. The final transformation is constructeddmbining the effect of the local transforma-
tions, usually by employing an interpolation scheme. Faneple see the locally affine transformation
discussed inCommowick et al.200§ Pitiot et al, 2004.

The general form of a 2D linear transformation consists of sbntrol parameter®d =
{01,0,...,6s}, which uniformly transform the pixel locations = [><’;y’]T to the resulting co-

ordinates”’ = [x”;y”]" according to
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XN = 91X/ + 92y/ + 93, (54)

y" = 04X 4 05y + 5. (5.5)

The above can be also expressed in a matrix form

x!! 91 92 93 x'
y' | = 0s 05 06 || Y (5.6)
1 0 0 1

or even more compactly as

" =M-7 (5.7)

Variants of linear transformations are defined for différmmfigurations of matrix M and are discussed

in the following sections.

5.5.1.1 Rigid transformations

Rigid transformations are transformations which presdis&nces, non-zero angles and straightness of
lines [Fitzpatrick et al.1998. They consist ofranslationsandrotations

Translations Translations regard the displacement ofréll= [x’,y’]" in straight lines and at the same
direction, by fixed distance= [T, Ty]T, for each spatial component. The transformation is express

asr” = r’ + t orin its equivalent matrix form” = T - v/, with the matrix being defined as

x" 1 0 Ty x'
y" =0 1 Ty |y (5.8)
1 0 0 1 1

RotationsRotational transformations in the 2D case depend on a spayiemeter, that is the anghe

of rotation, expressed irmdians In the 2D case the rotation is performed around the axiogahal to
]T

the Cartesian plane at the oridih 0] . The matrix M in Eq.5.6is replaced by the rotation matri,

giving rise tor” = R - 1/, whereR is explicitly defined as

x! co®® —sin® 0 x'
y" | =] sin® co® 0| |y (5.9)
1 0 0 1 1

5.5.1.2 Non-rigid transformations
ScalingA scaling transformation effectively multiples each of thartesian coordinates determining a

pixel location by some scalafg andS,. The transformation is performed by a scaling ma$tigiving



120 CHAP. 5: MEDICAL IMAGE REGISTRATION

rise tor” =S - v’ or equivalently

x!! S« 0 0 x'
y// — 0 Sy 0 . y/ (510)
1 0O 0 1

where the structure & is revealed. In the case 6f = Sy, the scaling is callesotropicand preserves
the straightness of lines and angles but not distances.
ShearingShearing transformations which preserve straight linesparallelism but they don preserve

angles among lines. Shearing transformations are definedhibgtrixSh giving rise tor” = Sh -’ or

equivalently
x! 1 Sh, O x'
y” = Shy 1 0 . y/ . (511)
1 0 0 1 1

Affine transformations Affine transformations are the most general of the linearsf@mations de-
scribed by Eq5.7. The parameter®in Eqs.5.5-5.6are not restricted. Affine transformations preserve

the straightness of lines and parallelism but not andgtéggatrick et al, 1999.

5.5.1.3 Composition of multiple transformations

Conveniently, the nature of the linear transformationdb@sseveral transformations to be performed by
the application of a single matrix. The matrix is constrddig multiplying the matrices of the individual
transformations in the reverse order which the latter apdieghto the image. For example, if one seeks
to firstly scale, then rotate and finally translgtethen the transformation matrix which achieves the
sought outcome is defined as™ T - R - S and is applied to the moving coordinates according to Eg.
5.7.

5.5.1.4 Origin of transformation

The choice of the origin of transformation can affect theutirsg y*. The default origin for rotation,
scaling and shearing is the Cartesian ori@i;[)]T. This detail should be considered especially in cases
where the main feature depicted in the image is not centeitbe arigin. In that case, small transforma-
tions can result in large displacements of the main featndedaastically reduce the similarity between
x andy®. The effect on applying transformations about the Cantesiain is depicted in the top row of
Fig. 5.2 The imagey to be subjected to transformation is depicted at the tap-léfe dark background
depicts the extended spatial domain in order to emphasizedhsformation effects. The second image
showy? resulting from a rotation about the origin, situated at tvedr-left corner ofy. The gray region
corresponds to the initial location gfand is included to assist visual comparison. For a smaltioota

of 30° the overlap reduces significantly. Apparently, a rotatib®c= 90° would lead to &2,.,~ = {0},
where{0} is the empty set. Similarly, considering the Cartesianiorig the origin of transformations

can result in large displacements for relatively smallisggdnd shearing transformations.
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One way to alleviate this problem, is to choose a differeigfiorof the transformations. One can
use the actual geometric centre of the image - that is theeefithe pixel grid however a better choice is
the centre of mass (c.0.m.) known as the image’s zeroth getEnetrical moment. The usage of c.o.m.
is a better choice when the main feature depicted in an imggeti centered at the geometric centre
of the image. In order to choose the new origin, the c.o.mhefilnage is translated at the Cartesian
origin prior to the transformations, then the transforimasiare applied and finally the resulting image

is translated back to the initial c.0.m. location. The c.oofran image is denoted as= [X’, y], with

% — Zizji'y(réj) o _ Ziij'y(réj)
S, ) T T TS, )

Considering the composition of transformations (see Séc1.3, then the execution of a rotation,

(5.12)

scaling and shearing with respect to c.0.m. at the givenrpweruld be expressed a8 = M - v’ with
M=T.'-Sh-S-R-TmandT» = [¥,y]", T2 = [-%, —¥]".
The effect ony® of applying transformations with respect to c.0.m. is degaldn the bottom row

of Fig.. 5.2. The resulting overall displacement is apparently smétian the previous case.

Original image Roation (about origin) Scaling (from origin) Shearing (from origin)
150 150

100 100

-50 -50
-50 0 50 100 150 -50 0 50 100 150 -50 0 50 100 150  -50 0 50 100 150

Translation Rotation (about centre of mass)  Scaling (from centre of mass)  Shearing (from centre of mass)
150

100

) 0 50 100 150

Figure 5.2: Effects of the choice of origin of linear transformations.ighlighted features: c.o.m. (red),
Cartesian axes origin (blueColumn 1 Top: Moving imagex. Bottom: Translated by = [—25, 30]". Gray

region depicts location of initiat Column 2 Top: Rotation about origi® = —30°, Bottom: Rotation about
c.0.m. - samé® Anisotropic scaling from origin witts, = 1.5 andS, = 0.5. Bottom: Scaling from c.o.m. -
same scaling factor<Column 4 Shearing from origin, wittbh, = 0.5 andSh, = 0. Bottom: Shearing from

€.0.m. - same shearing factors.

The c.o.m. as well as higher order image moments can be usgghtases for driving image
alignment. Although not very robust, they can provide atidhregistration estimate for more accurate
methods. Firstlyy is transformed so its c.0.m. coincides with the c.0.mx.offhis compensates for

translational misalignment. Rotational misalignmentznx andy* can be compensated by aligning
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the principal axes of the involved images which are retutmethe first order moments. Higher order
moments can compensate for additionally types of misalgmtreuch as scaling. Se&lpert etal, 199Q
Lester and Arridge1999 Maintz and Viergever199g and the references within, regarding principal

moments and registration.

5.5.2 Non-linear transformations

Non-linear transformations differ from the linear globeadrisformations as they affect the pixelsyin

in a non-uniform manner and the resulting transformatioes@n-rigid. Various schemes have been
proposed to facilitate such transformations. Elasticdf@mations assume the the moving image can
be modeled as a deformable elastic baBlgjfsy and Kovéi¢, 1989. Under this assumption, the image
can then be deformed by the application of some externaéfortiis external force is opposed by the
internal forces of the elastic body, resisting the deforomat In the image registration paradigm, the
driving force is proportional to the gradient of the simiprmeasure with respect to the deformation
of y. Consequently, the external forces tries to ajtém a manner which increases its similarity with
the targek. The registration converges when external and internaefocancel each other, establishing
a state of equilibrium. Elastic transformations can praarictive in retrieving local transformations,
due to the internal forces which act antagonistically toekternal force Crum et al, 2004 Lester and
Arridge, 1999.

An alternative approach which does not carry this restnigtinvolves the modeling gfas a viscous
fluid [Christensen et gl1994. The motion of the fluid’s particles, in this contexe €y, is described by
a velocity field evolving over time and which satisfies the &Stokes partial differential equation of
conservation of momentunb[Agostino et al, 2003. Once again the force which drives the registration

is the derivative of the similarity measure.

5.5.2.1 Demon’s registration

Thirion [1998 approached the registration of intra-modal images asfagilifn process. He introduced
the concept oflemon’sin imaging, originally conceived by Maxwell to illustratep@radox of Ther-
modynamics (see Thirion’s article). In the context of immagidemons are defined on image feature’s
interfaces, which are perceived as semi-permeable membrddemons act as actuators, based on the
concept of polarity which dictates if region ynshould movensideor outsidea spatially neighbouring
region inx, via the latter’s interface. Hence, demons drive regionstofdiffusethrough contours of.

To determine polarity and compute the demons forces, Thirged a similarity measure known @s-
tical flow, which in temporal studies assumes that the intensity okel pilisplaced between successive
time frames, remains constant. In non-temporal studies,simply assumes that inter-image features
indicating corresponding physiological locations mustharacterized by similar intensities, hence the
method applies only to the intra-modal case. Additionalinfation on demons’ algorithm can be found

in [Pennec et 811999.
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5.5.2.2 Thin plate splines

Splines are smooth piecewise polynomial functions whicabénthe spatial transformation to be ex-
pressed as a basis expansion. The expansion requires gsattsfdefined in the moving image which
act as the basis coefficients. As these control points apdagisd, a basis function of choice models a
smooth displacement of all locations defined among theseal@oints. One of the two spline methods
introduced in this paper is the thin plate spline (TFR)¢kstein 1989. Employing TPS implies that the
image is modeled as a thin metal plate. ket y) define the surface of the thin plate as an elevation from
the Cartesian plane. Then, the spline will take a form whighimmzes its bending energ¥fiksson and
Astrom, 2004

0= [ [ ((Ga) +2 (o) + (55) e 619)

The function which minimizes the above equatio&{s,y) = >, c;u (

T
[Xa y] — ¥i
are mapping coefficients; are the control points and(x,y) = —r? - log(r?) is the TPS radial basis

function withr = /x2 + y2 [Bookstein 1989. The basis function in TPS has global support which can

) , Wherec;

prove costly to compute for all control point locations. R#gtion with TPS uses landmarks in both
x andy at corresponding physiological locations. One then attertgomatch the landmarks, whereas
the rest of the space is bent as little as possible. The néredpased transformation is defined in more

detail as it is employed later in this work.

5.5.2.3 B-Spline Free form deformations

B-Spline Free form deformations (FFDs) were introduce&bgerberg and Parf$986 and have been
employed for various image processing tasks, for exampéga@metamorphosid ¢e et al, 1994.
Rueckert et al[1999 proposed their employment as a spatial transformatioersehfor the purpose
of non-rigid medical image registration. Modeling nonidigransformations o with FFDs is accom-
plished by manipulating a lattice of control points, arradgver the domaify. As these control points
are displaced, their surrounding pixels are also subjdotadlisplacement, weighted according to their
distance from the perturbed control point via B-Spline tiorts. Figure5.3depicts a control point grid
overlaid on an image and the resulting transformed imagetalwentrol point perturbation. Lep;;
denote the control points indexed by uniformly spaced with spacinyy in both Cartesian directions.
Then, the transformation ef can be expressed as a linear combination of the B-Splins hasitions

and the control pointg;;, expressed ad pe et al, 199¢
X// X/
=7 e (5.14)
y/I y/

3 3
= Z Z By (s)Bi (t)<p<i+k><j+1>7 (5.15)
k=0
wherei = [X'| — 1,7 =|y'] = 1,s =x' — |X'] andt =y’ — |y’|]. The termsB;, and B; correspond to

=0

the uniform cubic B-spline functions defined as
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Image / Control point grid Transfomed image / control point grid

Figure 5.3: Non-rigid transformation based on B-Spline Free Form Deftions.Left: Image with superim-

posed control point griRight: Transformed image due to perturbations on the control poaations

Bo(t) =(1 - 1)*/6, (5.16)

By (t) =(3t> — 6t* + 4)/6, (5.17)

Bo(t) =(—3t> + 3t + 3t + 1) /6, (5.18)

Bs(t) =t*/6, (5.19)
with0 <t < 1.

Considering Eqg.5.15 FFD transformations are locally controlled in the sensg the B-spline
basis functions have a finite supportof\y [Ino et al, 2005. This means that if &;; is perturbed, it
will only affect pixels under the B-Spline support. This smonstrated in Figs.4.

The local nature support has a number of implications. liisteads to a reduced computational
cost in estimating the pixel transformations resultingrrthe control point perturbations, compared with
spline methods using basis of global support such as the RB&Kert et a).1999. One only needs to
compute the transformations for the pixels in the local hbaurhood. The other implication is crucial
to the registration paradigm. Assume that the same feasudepicted inx andy in different spatial
locations, with an in-between distansed Ap. Although the alignment of the features would maximize
the similarity measure, the transformation applied/ tcannot facilitate a displacement of pixels to a
distance greater thatAp. To deal with this inherent constraint and increase the oésiof global
convergence, FFD based registration methods employ assafrieontrol point lattices of increasing
resolution. Initial coarse lattices enable alignment ofesponding features which are further away, as
the correspondingA is now large and is potentially greater than the spatialldcgment which needs
to be recovered. When registration using the coarse lditisebeen established, the algorithm refines it
to a higher resolution allowing highly localized misaligents to be matched more accurately. Lattice
refinement has been described Byrsey and Bartel§198g. Figure 5.5 depicts an example coarse
lattice and its refined version. The final transformationligito each’, is constructed by summing the

k=1,...,Ltransformationg* (r'; ©*) applied to the same point, from dllcontrol-point lattices>*
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Image / Grid Control point perturbation Difference image
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Figure 5.4: Local support of B-Spline free form deformatiofsp: Coarse gridBottom: Dense gridLeft: Ini-
tial image. Control point and local support4h ¢ highlightedMiddle: Extreme perturbation of control point
and transformed imagRight: Squared difference between initial and transformed image. perturbation is

confined in the region of local support only.

[Rueckert et a).1999 or
L
r = Z T* (T/; <,0k) (5.20)
k=1

Finally, in order to enforce smoothness in the deformationdeled by FFDRueckert et al[1999
proposed the usage of the TPS as a regularization in the FiEtnaion framework. The registration
increases the similarity by perturbing the control poibis, similar to TPS registration, the movement
of pixels located among the control points is constraineithep minimize the thin plate bending energy.

The corresponding objective function is defined as

0= argeminlﬁ(e) = —W(X(T),yT(T(T/;Q))) + TJ(T(T’;H))] ;€ Qs (5.21)

wherer is the regularization parameter weighting the contributibthe TPS.

5.5.3 Interpolation
There exist various interpolation schemes which can be @edlin order to re-define the transformed
imagey? () - having continuous locations - 6* (1), € Qy.<, with r coinciding with the regular

grid g where the targex is defined upon. Schemes include bi-linear, bi-cubic, splicero padding
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Image with overlayed control point grid Initial and refined grid

Figure 5.5: Control point grid refinementLeft: Initial coarse lattice to model global transformatiofght:

Refined lattice to model highly localized transformations.

fast Fourier transform (FFT) based interpolati@ndcewel] 1999 Press et al.19921 and more. Apart
from the choice of the actual interpolation algorithm, ore tthe choice of éorward or a backward
interpolation scheme. Consider the case of bi-linear jitiation (defined in Se.3.1). Consider Fig.
5.6. A forward interpolation scheme, directly populater) from the values/? (") defined at the
continuous”. This case however can be problematic. It is possible thaesomight not be assigned
with a valuey® (r), if they do not lie inside the support of the interpolationries. On the contrary,
the backward interpolation scheme (see Fig?) guarantees that such a problem does not occur. All
locationsr are explicitly visited. For any, the inverse transformatidh—!(r; §) - given that it exists -
results in the continuous € Q. The scheme continues by assignifigvith ay” () via interpolation -
hence thé notation ag/ is not defined in continuous locations. In this scheme, putkation takes place
in ©y and not inQ,r of the transformed coordinates. The value is finally traresféo the considered
resulting iny*(r) = y?(#). In the case that' ¢ ), theny®(r) can be assigned with a neutral value,

for example one which can be perceived as background.

5.6 Image similarity evaluation

The choice of the metri@ (x(r),y*(r)) is crucial to the performance of the registration processe T
main reason is that different metrics can have - by desigfferdnt capacities, rendering them suitable

for specific categories of registration tasks.

5.6.1 Sum of squared differences

In the case of intensity-based registration basis, the dusquared differences (SSD) between the scalar

gray valuese andy of spatially corresponding pixel locations in imagesndy is defined as

Ussp(X(r),Y (1) = —— D (X() —=yE()*, Vg € Qe (5.22)

TEQ T
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Figure 5.6: Forward interpolation. Locations’ € Qy are transformed to the continuou§ € Q,. The
transformed imagg™ has to be defined on the same ggiavith x, to enable similarity evaluation. Forward
interpolation extrapolateg” (") to grid locations € .=, resulting iny* (). Due to limited support some

r are not assigned with a value.

y*(r) =

12

y(r')
o1’ €, 7 =T7'(r;0) y*(r)

’ I’ location with unassigned value
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Figure 5.7: Backward interpolation. All locationsare explicitly visited. For any, the inverse transformation
results in the continuou®. Then,# is assigned with a valug’ (#) via interpolation - hence th& This value

~/

is finally transfered to the consideredresulting iny* (r) = y* ().
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SSD can be expected to effectively evaluate the similagtyveen the involved images in cases where
the gray values of corresponding structures present inib@bes, differ only by Gaussian noisédla,
1995. Understandably the above condition can only be met inth@imodality case, but even when
the latter is the case, still it cannot be guaranteed. Fomplg in magnetic resonance imaging (MRI)
images, although the noise in the area corresponding tortieed medium is approximately Gaussian,
in the low intensity areas - corresponding to the air betwg@bed medium and scanner - it follows
a Rician distribution [Fitzpatrick et al. 2000 Gudbjartsson and Pat2995. One way to bypass this
problem is by excluding the pixels contaminated with nons§#an noise - if the latter can be identified
- as done byHajnal[2007]. In addition, SSD has been consistently employed as aaiityilmetric in
corresponding points in landmark- and surface- based rdsthim that case, similarity is interpreted
by means of spatial distance between corresponding pdimtthat sense, SSD measures the squared
Euclidean distance by replacingr) andy? (r) in Eq. 5.22with the individual, corresponding land-
marks coordinates, identified in both target and source @magelevant work includes tlogthogonal
Procrustesmethod Arun et al, 1987 Fitzpatrick et al. 1999, the head-and-haglgorithm [Pelizzari

et al, 1989 and theiterative closest poiniBesl and McKay1992 Maurer, Jr., C.R. et gl199§.

5.6.2 Correlation techniques
Cross correlation (CC) or cross-covariandl[et al., 2007] is an intensity based measure which exhibits
additional flexibility with respect to SSD. Specifically,can evaluate the similarity between images to

which their corresponding gray values are linearly relateid expressed as:

Voo (x(r),y5(r) = > x(r)y*(r) (5.23)

TEQ T

A normalized variant of CC, is the normalized cross coriefa{normalized cross correlation
(NCQ)) - also known as correlation coefficient. NCC is equoal tif the relationship between the two
signals is perfectly linear and zero if the relationshipasdom. It is insensitive to differences in mean
signal intensity and it is also insensitive to noise in the-latensity areas which cause problems to SSD
[Lemieux and Barkerl998 Lemieux et al.1994. NCC is defined as:

. S en, o (X(r) = )7 (r;) — y7)
Unoo(x(r),yT (1) = s (5.24)

(Sco 6 - 22) " (S0, 07 ) ~V7)?)

Xy T Xy~

wherex, yZ denote the mean gray values in each image. The correlatibnitgies can be used in multi-
modal applicationsJunck et al. 1990. Multi-modal images are usually non-linearly related @i
renders both functionals ineffective. Still, there haverbstudies succeeding to register multi-modal
images, by applying the functionals on secondary imagespcised by the edges, ridges or segmented
regions of the original oneg\fbel et al, 2001, Maintz et al, 1995. It is important to emphasize on this
concept that even whenandy” are multi-modal, it is possible to derive secondary imagesvhich

similarity is more trivial to evaluate.
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Finally, a most recent correlation related similarity measvas proposed yoche et al[19983ab]
known as correlation ratio. It is inherently more suitalwerhulti-modal applications as it is not limited

to image pairs related by a linear relationship, but by a ngereericfunctionalrelationship.

5.6.3 Ratio-Image Uniformity and Partitioned Intensity Uniformity

Ratio-Image Uniformity and Partitioned Intensity Unifatynare intra-modal and multi-modal similarity
measures respectively, proposedidgods et al[1992 1993. RIU involved the computation of a ratio
imagez = x/y7 and a subsequent computation of the normalized standaidtidevof z. When
the involved images were aligned, the normalized standavéhtion would be minimized. Partitioned
intensity uniformity is in effect a generalisation of thedioaimage uniformity concept, but for multi-
modal images. Itis based in the assumption that althougk-iraage, corresponding regions of specific
anatomical structure or functional activity were depicksddifferent gray values due to the different
modalities, within each image the gray values populatinipgls region would be similar. Partitioned
intensity uniformity requires a segmentation process deoto identify distinct regions ir. The value
of pixels populating this region would comprise an intenpartition. The algorithm would then attempt
to estimate a7 for which, the gray values of its pixels that spatially cepended to a single region of

X, would need to exhibit minimal standard deviation from timeean value.

5.6.4 Information theoretic similarity measures in image egistration

Information theoretic functionals, such as the ones intoed in Chapte#, have been the dominant
choice for image registration similarity measures. Sectic.5discussed their inherent invariance -
partial in absolute terms for the case of differential epyr¢see Sec4.5.3 - to the gray values of the
involved images. Understandably, this capacity has magta tHeal candidates for medical image regis-
tration problems, especially multi-modality ones. jointrepy (JE) was proposed for image registration
purposes inCollignon et al, 1995 Studholme et a].1995. Mutual information which is the most
widely employed registration functional was independeptbposed for this purpose Bjola [1995;
Wells et al.[1994 (MIT, USA) and Collignon et al.[1995; Maes et al[1997 (University of Leu-
ven, Belgium). A survey for mutual information (Ml) basedjisration was conducted Bluim et al.
[2003. Rueckert et al[200( proposed the usage of higher order mutual informationyéento intro-
duce the inter-pixel spatial dependence within a singlegnavhich lacks in most information theoretic
implementationsSomayajula et a[2009 introduced spatial information implicitly, by consideg the
mutual information between the intensities of the imageselbas an extended feature space derived by
the application of differential and low-pass filter operatdrhe information theoretic registration litera-
ture is vast. In this section we revisit the concepts intoadiin Chapte# and we explain the differences

among information theoretic functionals in the registratiramework.

5.6.4.1 Joint entropy vs Mutual information

The JER(X(r),y*(r)), r € Qyys is expected to attain a minimum when two images depicting sim
ilar information are correctly aligned. It can be shown hegrethat for specific types of images this

minimum is not global. Lower JE minima exist for incorredgaiment configurations between the test
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images, compromising the overall accuracy of the registratia JE.

Specifically, the problematic behavior manifests in imagbsre the main depicted feature does
not occupy the entire image area, allowing a substantialb@uraf pixels to comprise thieackground
region. The background pixels usually differ only by noiad appear to be almost uniformly distributed
considering the dynamic range of the entire image. The nrecominima in the JE case manifest when
the overlap domaif,., = betweerx andy® is comprised by a large number of these background pixels
and with partial or total absence of the the main feature.

Fig. 5.8showcases the problematic JE case, which does not affectdvi@sequently gives a clear
advantage of the latter over JE. An image depicting a trassvaice of an MRI volume is translated

over its identical copy, creating,.,~ with variable depicted information.

Image 1 slides over Image 2 Joint Entropy Mutual Information

1
0.8
0.6

0.4
0.2

0
-200 -100 0 100 200 -200 -100 0 100 200
Partial overlap Joint PDF (overlap area) Marginal PDFs for overlap area

Full overlap (correct alignment) Joint PDF (overlap area) Marginal PDFs for overlap area

-

Figure 5.8: JE vs MI in image registrationTop row - left: Image 1 slides over identical Image 2 creating
different overlap area§),.,~. Right: Plots of JE and MI versus translation of moving image. Thererr
corresponding to the following cases are highlightigtiddle row - left:  Partial image overlapRight: JPDF
and PDFs (only one is depicted as they are identical for bottges) for the highlightef,.,~. This is the JE
global minimum case and evidently does not correspond todirect alignmentBottom row - left: Correct
alignment. Q. ~ comprises by the entire image area. Ml accurately attailstzaggmaximum. JE attains a

local minimum.Right: JPDF and PDFs for overlap area are also depicted.

The overlap configuration depicted in the middle row, cqroggls to the global minimum of JE
which manifests whei),.,~ is populated entirely by background pixels. The JPDF of therlap
area is maximally clustered, comprised by a single high gibdity cluster corresponding to the event
{x = backgroundy = backgroungl (see Sec4.2.5for a description of random events in the imaging
context). On the contranMI (x(r),y*(r)) = h(x(r)) + h(y*(r)) — h(X(r),y* (7)), r € Qyys=, de-
pends on JE as well as on the marginal entropy terms. Thelgtabdamum of Ml - attained for correct

alignment - corresponds to a balance between the miniroizafih (x(r), yT(r)) and the maximization
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of h(x(r)) andh(y*(r)). In the depicted case (middle row), the marginal PDFs ahdy for Qs

are maximally clustered as th@,,~ is uniform. These PDFs correspond to the minimum marginal
entropies, contrary to what is needed fd8r maximization. Actually, the value attained by Ml in this
case approaches the global minimumMif. The uniform images have zero marginal uncertainty (see
Sec.4.5.5. From Eq.4.48 given that the marginal uncertainty (or entropy) is alseagro, it cannot be
further decreased by the conditional uncertainty, heneedno MI.

The bottom row depicts the case of correct alignment. Jinatteaminimum as the JPDF is highly
clustered, however not as clustered as the JPDF betweemifoenuimages. Hence JE attains a mini-
mum however it is not global. MI benefits by the reduced JEeahowever its maximum is additionally
amplified by the dispersed PDFs, corresponding to increB<edr)) andH (y*(r)).

To conclude, Ml attempts to register areas which are sirbilhiare also populated by pixels which
exhibit high variation in intensities. The condition is méten the main feature in the image is depicted
in Q,.y=. On the contrary, JE attempts to register areas which aréasibut are comprised by pixels
of ideally uniform intensity, a behavior which can compremthe alignment effort. It has to be noted
that MI contains two local maxima which can compromise thevery of alignment if the initial mis-

registration is high.

5.6.4.2 Normalized mutual information

The previous section established that Ml is more robust #fiaas a similarity measure for image reg-
istration. However, there are still cases where MI fails ¢ore maximum similarity for the correct
registration and favours inaccurate alignment configansti These problematic cases depend on the ra-
tio of the pixels inQ,.,~ which are labeled as background, over the number of pixels.ix depicting
the main feature. Consider Fi§.9.

The left column shows the target image with variable sized 6éview (FOV). As the FOV scale
increases, the background of the images is extended orlg imarizontal direction. Let the targetimages
act also as the moving images, by rotating them about theeimc.in a range of anglés = —30° — 30°
with increments ofA® = 5°. The right column of Fig.5.9, depicts two alignment configurations
for FOV scale 3, highlighting the correspondifiy.,~. The schematic depicts one of the two cases
of highest misalignment considered in this té8t = —30°), whereas the bottom schematic depicts
the correct alignment configuration, where both images areectly superimposed® = 0°). We
proceed by computing the discrete marginal entropiés), H (y), JE and Ml on the,.,~, formed by
the transformed moving image and the target image of thespoanding FOV scale, for all angles of
rotation and for all FOV scales. The results of these evaloatare depicted in the five plots of Fig.
5.10

As expected, the entropic functionals attain smaller v@faehigher FOV scales, as the background
increases. The fourth plot showcases the problem regaMingt the first FOV scale, Ml correctly
attains a maximum for correct alignment cas&of 0°. This is not the case however for FOV scale 3,
where the maximum is now replaced by a minimum. Registrdiipmaximization of Ml would not be

able to recover the rotational misalignment for the imadés@y scale 3.
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Target image

FOV 3

Target image

—30°

Moving image

FOV 3 . 0°

Figure 5.9: Framework for testing the response of MI to the ratio of theelsi in theQ,. = which are labeled
as background, over the number of pixels in the same domaiictdey the main feature_eft: Target images
at three FOV scales (see textRight: Maximum mis-alignment configuration & = —30° and correct

alignment a® = 0°. €, /= is highlighted for clarity.

The explanation of this unexpected behavior can be givemhgidering the marginal and JE terms
in MIl. The correct alignment depicted in Figh.9 has minimum JE due to alignment. However, the
marginal entropies attain very low values due to the larg&k@und in2,.,~, which reduces uncer-
tainty. In the case of maximum misalignment JE increasesdfipnition, as the JPDF becomes more
dispersed (not depicted). However, due to the smaller brackgl size, the corresponding marginal en-
tropies are now higher than before hence the higher overalfdconclude, the M| optima are obtained
by a fine balance between the sum of the marginal entropy tandghe JE term. For cases such as
the one discussed above, this balance faviyrs: configurations which do not correspond to the true
alignment.

To alleviate this problematic effect, various modified Mhétionals have been proposed, which
normalize the effects of the background size. These areatdély known as normalized mutual infor-
mation (NMI). The reader is refered téi{ll et al., 2007 for the various expressions. We refer to the

most prominent one proposed Byudholme et al[1999 which is defined as

NMI(x(r),y*(r)) = D) e Qyys. (5.25)

For a mathematical explanation of why the above functionet¢sssfully normalizes Ml se&lelbourne
et al, 2009. The NMI values for simulation of Fig.5.9 are shown in the fifth plot in Fig.5.10
Evidently NMI exhibits increased invariance to the size lvd background inf2,.,~ and successfully

attains a maximum fo® = 0° at all FOV scales.
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Figure 5.10: Response of the information theoretic functionals to théous alignment configurations of the

test case described by Fig.9.

5.7 Optimization

Optimization in the image registration context regardsrétgeval of an accurate estimate of the spatial
transformation parametefsapplied ony®, so that the latter becomes similartavith respect to some
similarity measure. Many approaches from the optimizatiated literature have been adopted in order
to perform the above task, including ordinary gradient Hasdhemes such as the one usedindckert

et al, 1999; methods which perform gradient based optimization inatisastic framework\iola,
1993; genetic and evolution based optimizatidPrice et al. 2005 Rouet et al.200qJ and more. A

sample of similar optimization schemes were introducedderseral context in See.6.

5.7.1 Multi-resolution pyramids

More interesting to review are image registration specifipraaches which are often employed to im-
prove global convergence. Intensity based similarity iogtare often plagued by local minima which
compromise global convergence. See for example the MI pl&ig. 5.8. One approach towards the
alleviation of these local minima is to employ a multi-rag@n pyramid schemeMaes et al. 1999
Thifjvenaz et a].1998 Thifjvenaz and UnsgR00d. The basic principle of such schemes is quite
simple. The images to be registered are sub-sampled toezgasolution levels. Registration is firstly
performed on the coarser resolutions where local minimadeapefully smoothed out due to the lesser
details depicted in the involved coarse images. When thienggation has converged and registration
has been established, the scheme continues by registerages at a finer resolution level. However,
the initial transformation parameter estimate for eacbltg®n level is obtained by the converged reg-

istration of the previously visited coarser level. The @ss continues until the algorithm registers the
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images at their original resolutions. Registration in searesolution usually compensates for large
spatial discrepancies whereas local misalignments amdédm the finer resolution levels. Figubel 1
repeats the test of Figh.8, but in a coarser resolution. The involved images were deampled from

the original128x128 to 33x33. Apparently, the local minima at the Ml plot have been smedtbut.

Image 1 slides over Image 2

Joint entropy Mutual Information Normalized mutual information

3 18

L R S - N

-1 -0.5 0.8
-40 -20 0 20 40 -40 -20 0 20 40 -30 -20 -10 0 10 20 30

Figure 5.11: Information theoretic, intensity based similarity me&suand image resolution levels. Image 1 is
translated across Image 2. Similarity measures are coghpartéhe various overlap configurations. Due to the
coarse resolution of the images, the global optima havege laasin of attraction, whereas local optima have

been largely smoothed out.

5.7.2 Interpolation artefacts and blurring

As was already noted at the start of this chapter, interjpmldas required to transfer the transformed
y7Z (7; ) to ther, where the target image(r) is defined, in order to enable similarity evaluation. The
gray values of the resulting imagé (r, 6) are a product of interpolation. Accordingttbll et al. [2001],
subversion interpolation can result in blurringydf. Details are removed from the image which leads
to an entropy reduction and potential introduction of loeglrema in the solution space. One way
to alleviate this problem is to apply a low-pass filter on thages prior to registration. Hill argues
that although the loss of resolution that results from this-gmptive blurring is a disadvantage, the
registration errors caused by the interpolation errorshEagreater than the loss of precision resulting
from blurring. To conclude, pre-blurring the images priorrégistration can increase the chances of

global convergence.

5.8 Conclusion

This chapter has briefly introduced the concept of imagestegion. It introduced the three funda-
mental algorithmic parts comprising a registration schemaenely the spatial transformations, similar-
ity measures and optimization. Regarding spatial transétions, both linear and non-linear schemes

were discussed with emphasis on the B-Spline free form deftions adopted later in this work. A
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brief reference to inverse interpolation as a part of spatasformations was also given. A sample
of intensity-based similarity measures was introducesdver more emphasis was given to the ones
based on information theoretic functionals, which are thre concepts of this work. Intuitive examples
comparing the capacity of each of the functionals and shsingahe strengths and weaknesses were
also provided. Finally, we referred to a small sample of apphes which aid optimization convergence

in the image registration setting.
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Chapter 6

Efficient entropy and derivative computation

In this chapter we propose a computationally efficient impatation of the entropic terms involved
in the information theoretic regularisation of diffuse iopt tomography (DOT), introduced in Chapter
7. The regularisation scheme is incorporated in the genesaddwork of the inverse problem which
employs a gradient based optimization for the search of phieal quantities of interest. Consequently,
the efficient evaluation of the information theoretic fuongls - namely joint entropy (JE) or mutual
information (MI) - as well as their derivatives with respéeithe optimized quantities is required. The
proposed implementation achieves computational savintieei evaluation of both functionals and their

derivatives.

The method is inspired by the work 8hwartz et alf2009 who proposed a scheme for the efficient
computation of the empirical marginal entropy (see Sectiand) and its derivative. The contributions
of the work presented in this chapter include:

I) The extension of the fast marginal entropic functional aratigent evaluation in order to enable the
efficient evaluation of JE and its derivatives.

II) The derivation of the fast marginal and JE derivatives fer¢ase of the Shannon integral entropy
formulation Shwartz et al[2009 reported the derivatives with respect to the expectatased formu-
lation of entropy)

[lI) By utilizing the same principle which leads to computatioc@mplexity reduction for the case of
empirical entropy, we also apply the same scheme on the datigruof the classic Shannon’s entropy
integral formulation, as well as its derivatives. We finaympare both entropic estimators - the empir-

ical and classic Shannon integral - for accuracy and spegdianuss the findings.

The method is published ilPRnagiotou et gl2009 where it was used to incorporate structural
priors in DOT. In addition, it has been used for informatibadretic regularization of positron emission
tomography (PET) using structural priot§gzantsev et 812010 Pedemonte et al2010a Somayajula
et al, 201d as well asPedemonte et a]2010H which is work-in-progress.

The structure of this chapter is as follows: Sectiohdescribes the method for efficient evaluation
of the marginal entropy of two entropic estimators. The rodtis based on a scheme for fast probability
density function (PDF) evaluation, via the interpolatidrcontinuous quantities on a regular grid and

then utilizing the fast Fourier transform (FFT) to efficigraompute the kernel density estimation (KDE)
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due to the convolution structure of the latter. The saméa@eptesents a series of validation simulations,
designed and performed to test the accuracy of the entrapimators. In addition we test how the
entropic estimates are affected by different choices ddipaters, in the employed non-parametric KDE
process, such as the kernel width and numbers of quantiaitis. Sec6.2describes a computationally
efficient scheme for computing the derivatives of the two givaal entropy estimators. In a similar
manner, section.3 and6.4 extend the efficient entropy evaluation and derivativenestion to the JE
case. Finally, Sec6.5comments on the efficient estimation of the Ml between twalcan variables

(RVs).

6.1 Computationally efficient marginal entropy evaluation

Let x be the underlying RV governing the gray values of an imagee iftage itself is considered to
be a sample ok, where the gray value of each pixel is considered an indep@rdal of x at some
locationr; € Q. In effect this implies that all gray values are assumed tmtbependent and identically
distributed (i.i.d.) - hence no spatial inter-pixel depence within a single image is considered. This
clearly an erroneous assumption which does not reflectyesdi natural images - including medical
images - are structured. Pixels which belong to the sameuiedl class are more likely to attain similar
values. Hence, the PDF describing their gray values is tioneid with respect to spatial location, or
similarly the values of their neighbours. However, the imgledent and identically distributed (i.i.d.)
assumption is commonly adopted by entropy estimation nastiromedical imaging.

We define a sampld asA = {«a1, as,...,an}, whereN denotes its size and, = x(rx) denotes
the gray values for pixel locationg € €. We note thaty;, € R, Vi.

The aim is to estimate the marginal entropyAf Firstly, the Shannon’s entropy a&f re-iterated

here for convenience, is expressed as

) = = [ (o) og (i ) (6.1)

wherep} is the true PDF ok. The expression can be approximated using standard nuahietegration
techniques, such as Riemann integration using the trag@zaile. One can utilize the sample to
obtain estimategx(,; A) of p;(z), at regularly spaced locatiotts= {z,,7,,...,Z}, ¥, € R. The
spacing between the sample point&\g =z, —2,, i =1... N — 1. The approximation of Ec6.1

is expressed as

N
he(x; A) = = px(,; A) log (pu(i,; A)) Al (6.2)

=1
Consider also the expectation formulation of Bdl which will be referred for convenience as empirical

entropy. For the case of the finite samplét is given by

N
he( A) = — 1 3 log (pela; 4)). (6.3)
k=1
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Both formulations include a summation over PDF entriediegititi for the case of Shannon en-
tropy or directly atn for expectation formulation. The next section describesatiopted approach for
computationally efficient marginal PDF estimation propblsg [Silverman 1982 Silverman and Green
1984.

6.1.1 Efficient marginal PDF estimation

For the purpose of PDF estimation, we employ a non-paraaiedriel density estimation (KDE) which
returns a continuous estimate and does not reguim@ri assumptions regarding the form of the under-

lying unknown density (see Sectidn4.?).

Consider a KDE such as the one introduced in Secfigh2 which utilizes the entireV-sized

sampleA in order to obtain continuous estimates. We provide theesgion here for convenience

| N
px(x; A) = N ZKu(IL' — ag). (6.4)
k=1

We employ a Gaussian kernel of standard deviation

K (i o 1 (:i'] - Ozk)2
u(Z, — o) = Vo exp (_T) . (6.5)

The computation of the PDF at a single point requikekernel evaluations. Hence, populating the
entire N grid points in order to perform the numerical integratiorStfannon integral of Ec.2 leads
to a computational complexity (61)(]\qu). In the case of empirical entropy of E.3, the complexity
is O(N?).

The complexity of both estimators can be improved by redytie complexity of the employed
KDE. As will become apparent, the KDE is a convolution opierat Before proceeding, consider the

following definitions.

The convolution between two continuous functigifs), g(z) is expressed as

fa)wgla) = [ " fe - s)gls)ds = / " f(9)g(a — s)ds. (6.6)

The convolution of a signaf(z) with a shifted Dirac delta functiodi(z — a) (see Eq4.53for the
definition of§(« — a)) returns the shifted original sign#@l« — a) [Chui, 200§ or

fl@)xd(x —a)= /700 flx—38)d(s —a)ds = f(z —a). (6.7)

The convolution structure of the KDE becomes now apparent as
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N
plrA) = 3 K- ) (68)

k=1
N S

6.7 % Z/ Kz — 5)5(s — a)ds (6.9)
k=1 —°

6.7 1

Y Ky Lol (6.10)

= Ku(x)*%lll(x—ak) (6.11)

where lll(z — a) = Zf;l d(z — a)dz is a continuous impulse train.

In addition, the convolution theorenBfacewel| 1999 states that the convolution between two
functionsf(z), g(z), is equivalent to the product of their Fourier transformésequently subjected to
an inverse Fourier transform. L&t{f(z)}, § {g(«)} denote the Fourier transforms of each function

andg ! {-} be the inverse Fourier transform . Then the convolutionriieds expressed as

F(@)xgl@) =3 {3 L)} % § {g(0)} } (6.12)

Silvermanet al. [1982 1984 was the first to propose the employment of the Fourier tamsf
in order to perform a convolution with significantly reduosakt. It is known that in the case of dis-
crete signals - meaning that< A are regularly spaced - one can employ the FFT implementafion
the Discrete Fourier transform, which transformsMrsignal in the frequency domain (N log N)
[Bracewel] 1999 Cooley and Tukeyl19645.

We employ Silverman’s approach, where the initial non-spacedV-size sampled is re-sampled
on a grid of N regularly spaced locatiorswith spacingA#. Note that this is the same grid of locations
where the numerical integration of Shannon entropy will befgrmed. The resulting regularly spaced
version of A is expressed ad = {&;, do, . . ., Gy}, whered; = w(z,). The weightw(z,) represents
the density of the original continuous samplén the vicinity of Z,. To understand the nature @f %)
consider the following. In the case of the continuoiseacha;, € A corresponds to an impulse
0(x — ax). The density ofA would be encoded in the frequency which these non-equigspagaulses
appeared in the continuous impulse train. However in the oél, the comprisingt are defined over
fixed equispaced locatioris hence the density cannot be represent in terms of the fnegider which
they appear in the domain. Instead, the density is encodegnpjitude so eactt, is associated with
the weightw(z,) which reflects the density of theriginal sample pointsy in the vicinity of Z,. Each

weightw(Z,) is computed via a linear interpolation

H(

N
) Z i — ), (6.13)

whereA(-) is a triangular kernel defined as
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1— ([ul /AZ), if ju < Az

0, otherwise.

A(u) = (6.14)

Figure6.1graphically shows the re-sampling of a continuous sampléth frequency-encoded density,

to the equispaced with amplitude encoded density.
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Figure 6.1: The continuous gray values € A are interpolated to a regularly spaced gtidThe originally
frequency encoded density dfis now reflected by the weights() fixed over the equispaced

It is apparent from the nature of-) that eachy;, € [fj , X contributes solely to the weights of

1]
its neighbouring, , &, , with the individual weights being(z,) = (1 — b;)/N andw(z,,,) = b; /N,

with b; = ( ]ak -, ] /Ag“c). The values irb, Vk are the normalized distance between each continuous
ay, € A and its left neighbouring,. Shwartz et al[2005 proposed that the valuég can be stored into

an array, in order to reduce the complexity of subsequeetpotations, as they are later used to transfer
guantities defined in to & and the opposite. For that purpose, one additional quargiygs to be stored

in an array, which is the index of left neighbourifigof eachcay,. This is explicitly stored in a second

arrayi;, = 1. Figure6.2graphically represents the nature of the entrieis in

| AZx |
fi;fu o ffi+1‘: Tij 41
o
I | |
by 1— b

Figure 6.2: Graphical representation of the entries in arsayvhich is used for fast interpolations between
andco. Array b stores the normalized distance between a continaquand its immediate neighbout; for

which Z; < a;. The arrayi stores the index of the left neighbouring grid point.
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A probability density estimatg’(z, ; /i) is retrieved forz,, Vi, by weighting the contribution from
all w(#) using the kernel functior,(-). This gives rise to théinned kernel density estimatfsil-
verman and Greeri 9864 which effectively is equivalent to the discrete versionkaf. 6.11where the
continuous impulse train is replaced by a discrete impuéga tomprised by weights (). The binned

kernel estimator is expressed as

O B A
Pi(; A) = ;Ku@c — &, )w(E;) (6.15)
=K, (&) %w(i’) (6.16)

which is effectively the discretized analogue of E§8. It should be noted that the binned estimator
pL(i; A) becomes an arbitrarily good approximatiorpig:; A) asN increases\and 1994. We thus

write:

Ph(E; A) — py(i; A), asN 1 (6.17)

In practice, N between 100 and 500 is adequate for the retrieval of an aecR@F estimateHall
and Wand 1996 Wand 1994. The binned KDE of Eq.6.15has a complexity on(NQ) which is
smaller than the complexiti€d( N N) and©O(N?) reported in the start of this section. It is important to
emphasize that the new complexity is independent of the keesige. It has a reduced valuesis< N,
where the latter holds especially in the 3D case. Howeverjihportant to note that as all entriesin
contribute toA via the interpolation scheme, so effectively the entireiinfation inA is utilized by the
binned KDE.

Given thatw(#) and K, () are now defined at equispaced points, the most significaottied in
complexity is achieved by performing the convolution in fraurier domain using the FFB[lverman

1982 Silverman and Greer198§.

RV N
P A) = Ku(#)  w(@) (6.18)
1
= ]fl{f{Ku(:i)} X f{ﬁw(:ﬁ)} } (6.19)
We choose to limit the suppostpp(K,) of the kernelK, (%) to a distance obu from its mean
1 = 0. We thus pre-sampl&,, on a regular grigy of size N and with the same spacinyi separating
the equidistant. Theng = {—&x=t —Ne=l 41 o, A=l _ 1 M=l Az with —6u <
f% and% < 6u. The actual sizé&Vk is not user-defined as it dependswandAz. Its size is
computed in real-time according to the valuesi@nd Az.
We can now comment on the complexity of E§.19 where K, (&) is replaced with its finite

support analogués, (§). Both discrete signal#’,(g) andw(x) are padded with zeros up to a size
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Npad = N + N — 1 prior to the FFT to ensure that no spurious frequencies wreddlt by wrap-
ping effects due to circular convolutioBfacewel] 1999. Hence the complexity of Eq.6.19 is
O(Npad log(Npad)). However most papers for exampl@Hwartz et al.2005 Silverman 1982 Sil-
verman and Greerl986 do not consider convolution complexity with respect to thdended (via
padding) domain and simply report the dominant complexi/\ > Nx) of O(N log (N)) for Eq.
6.19. In this work we adopt the same approach. This is a significsthiction fromO(NQ) of the non-
FFT binned KDE - given the relatively small, and a vast reduction from the complexities reported in
the start of this section. Figui3 shows the binned KDE in action. The continuous triale A are
interpolated to the regular gritlproducing the amplitude encoded weightt). Evidently, the entries

of & which are assigned with a weight(i) are the ones immediately neighbouring a continueus
This results in a sparsely populated impulse train. The teig(z) sum to one, so one can perceive
them as discrete probabilities. Effectively(i) constitute a normalized histogram where the kernel is
the triangle functiom(-) and not the standard box function. The convolution - via FI6T w(Z) with

the sampled Gaussian kerri€}, () results in the density®(i; A) and populates ali which are within

a distance ofu from a continuous entry. The density estimate obtained by the explicit (hon-binned
non-FFT) KDEpy(Z; A) are also shown for comparison. In this instance the noredlkror between

the two sets of estimates(s3% which is considered acceptable.

Figure 6.3: Graphical illustration of the binned kernel density estionaSee text for the corresponding discus-

sion.

6.1.1.1 Binning range and spacing

One is required to define the regularly spaced gridhere PDF is estimated. Our approach of setting

the grid of % is graphically illustrated in Fig6.4. Prior to setting, the binning rang& (i) has to be
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defined. For this purpose, we firstly identify the rarf@eA) of the initial sampled. According to the
discussion in the previous section, the standard KDE rstiyfx; A) # 0 for all = inside the support
of the kernelgs,, centered at all regularly spaced trials= A. Consequently the estimatgd(x; A) is
expected to be non-zero for a distanee- «;| < 0.5supp(K,) = 6u from the two extreme continuous
trials a1, ay. In the case of Fig6.4, the kernelds,, centered at the extremeare highlighted. Hence,
the final binning rang& (&) equals the rang®(A) plus a further extension at both ends ®©gu, in
order to accommodate the area of non-zero kernel support.

After computingR(z), the spacing\z betweent is given byAz = (& — i,)/N whereN is the

a priori defined number of regularly spacgéd

Figure 6.4: Binning range for PDF sampling. Regular gtids not visualized. The Gaussian kernels centered

at the extreme sample points are highlighted.

6.1.2 Fast marginal entropy estimation (Shannon formulaton)
Utilizing the binned, FFT enabled KDE of Sectiéril.], it is possible to efficiently obtain an estimate
of the entropy of some underlying R¥/from an available continuous sample The Shannon'’s classic

integral formulation of entropy (Eb.2) using the efficient KDE is expressed as

hb(x; A) = Z A)log(pb(i,; A)) Ak (6.20)

The governing complexity in Eq6.20is the one of the KDE which iﬁ)(N log(N)). This is a vast
reduction from the initia@(NN) of the initial entropy estimator of Ed.2which is based on the slow
KDE estimator of Eq.6.8. In addition, it does not depend on the size of the image - ordirectly

during the interpolation steps. As an indicator of the agdsiecomputation cost reduction, consider a 3D
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image withV = 1003 voxels. Assume a grid of size N = 1000 used for the numerical integration of
the PDF. Then the computational cost of the fast Shannopmnastimator is six orders of magnitude

smaller than the non-FFT based estimator.

6.1.3 Fast marginal entropy estimation (empirical formulaion)

The empirical entropy formulation utilizing the fast KDE is

hb X; A ——Zlog (px (ag; A ), (6.21)

wherep?(ag; A) is defined over the original continuous locatians€ A and is computed via an extra
interpolation step from the equispacg:; /Vl). Specifically, the interpolation is based on Bql4and

is expressed as

N
Prlan; A) =" Aoy — ) pa(,: A) (6.22)

j=1
One can use the arrdydefined in Sectiot®.1.1for interpolation purposes and compute the entire
o (ou; A),sz as an inner product of vectors, by utilizing efficient linedgebra libraries. The interpo-

lation is then expressed as

ﬁmmﬁﬁ:O—hJ-ﬁ@mﬁ%+m-ﬁ@mﬂwﬂﬁk:LZ“wN (6.23)

Although the extra interpolation step has a complexityfV), the overall complexity of Eq.
6.21is based on the dominad(N log(N)) of the computation of(#; A). Hence, the empirical

formulation is directly comparable in computational cestis with Shannon’s formulation of E§.20

6.1.4 Comparison of the entropic estimators

We seek to evaluate the Shannon’s entropy formulzftﬁt{w; /Vl) of Eq. 6.20and the empirical entropy
h?(x; A) of Eq. 6.21, both utilizing the binned FFT accelerated KDE.

Entropic estimators compared to a ‘gold standard’Evaluating the accuracy of the two entropic esti-
mators can be accomplished by comparing their estimatéssigame ‘gold standard’ entropic value of
a known density. As a gold standard, we employ the Normalien§(0, o) which for given standard
deviationo, its entropy can be analytically derived and expresseasdr and Thomad99Z, Viola,
1999

h(x ~ N (p,0)) = %log(Qweaz) (6.24)

Letx ~ N(0,0). Before proceeding to entropy estimation with both methéds important to
choose the width: of the kernel used in the KDE employed by the entropic estinsatThe optimum

u°Pt would minimize a distance measure between the PDF estifhateA) obtained by the KDE and
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the true PDR} (%) = N(0,0). A commonly used distance measure of similarity betweenPBEhe
mean integrated square error (MISE)jlyerman and Greerl9864. By replacing integrals with their

numerical approximations MISE is given by

MISE(u, A) ZE[ i A u) pi(i)rm% (6.25)
=3B [ A - B [l A w)] + B [l Aw)] - i) A (626)
’ 2 2
=3 [ﬂ;(f;fi,u) ~E [ﬁi(f;ﬁ,uﬂ + <E |65 A, )] p;(@) AF (6.27)
- Z Var (;al;(f; A, u)) Ak + Z bias? (ﬁg(gz; A, u)) A (6.28)

The expectation terms in MISE formula denote that the esraveraged over multiple realizationsaf
in order to obtain a more robust statistical estimate.

For the case of a target PDE (%) = N(0,0;), the optimum kernel standard deviatioff* for
which p?(i; A, u°P') minimizes MISE, can be analytically derived and is given Bsifzen1962 Silver-
man and Greerl98q

opt = 1.060; N~ 1/5 (6.29)

whereN the size of the sample used for the PDF estimation.

Now that we have a formula for the optimuzfP', we proceed with the evaluation of the entropic
estimators. We define 60 RW%s ~ N (0, o;) with o; = 0.005 — 2, fori = 1,2,...,60. For eachx; we
obtain 50 sampled,;; indexed byj = 1,2, ..., 50, each consisting aV = 1000 continuous trials. For
sample sizeV = 1000, the optimum kernel standard deviation/®&" = 0.2663 (Eq. 6.29.

Figure6.5ashows the differential entropy estimates obtained for Stthnnon & empirical binned
entropy estimators, each utilizin = 400 regularly spaced locations and the optimum:°®. The
entropic estimates for eaceh are averaged over the 50 samples . In addition, the true entropy of
N (0, 0;) is also plotted for the variable; with 1*(N(0,0;)) = 0.5log(2emo;).

The errors of both estimators compared to the true entrapg@mputed via a normalized MISE.
For the current case a¥V = 1000 sized samples, the errors are presented in the third rowr(ocdd
1 & 2) of Table6.1. The empirical estimator returns an error of less th&h whereas the Shannon
implementation returns an increased erro2%@f. Figure6.5bdepicts a magnification of Figu&5ato
enhance details. Interestingly, the Shannon estimatesaapp overestimate the true entropy values and
deviate from the empirical ones by an almost constant odfisit (x;; A;;, u>™) = hb(x;; Aij, u™) + €,
with e; ~ ¢, Vi ande € RT. We test the total normalized mean squared error beteeghand the mean
valuee, which returned an error df.34% (last column of Tablé5.1). The relatively small value is an
indicator that the entropic estimates obtained by the Straestimator deviate from the ones obtained

by the empirical estimator by the almost constant valte all x;. We repeat the same test for samples



148 CHAP. 6: EFFICIENT ENTROPY AND DERIVATIVE COMPUTATION
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Figure 6.5: Comparison between Shannon & empirical entropy estiméposptimum kernel widthu°". 6.5a
Entropic estimates are obtained from samples drawn fkpm A (0; o;) for variableo; € [0.005,2]. The
analytically derived entropy* (NV(0, 0;)) is also plotted. The monotonically ascending graph is egoeas
N(0,0;) becomes more clustered for smalter hence it is characterized by smaller entrofysb Detail of

6.5a

comprised of either lesser or more trials and we presentdhresponding errors in the other entries of
Table6.1. We observe a progressive improvement in the accuracy bfésiimators as samples become
larger. In addition, for larger samples the Shannon estimainverges to the empirical estimator and
the offset between them approaches a constant value.

From this study we conclude that both estimators can retoemable entropy estimates given that
the utilized samples are large enough. Empirical entropymed more accurate results for all considered

sample sizes.

Entropy estimators and kernel width The next test assesses the effect of the kernel widdim the
accuracy of the obtained entropic estimates. Once agairse u= 400 regularly spaced locations used
by the binned estimators. A single target R A/ (0, 1) is used, from which we retrieve 2000 samples

A;, (i =1 — 2000), each consisting aV = 1000 trials. Estimates?(x; 4;,u;), h2(x; A;, u;) - where
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Table 6.1: Normalized error of the Shannon & empirical entropy estimators against “gold standard”

entropy values
Entropy Estimator Empirical Shannon € (MSE%)
Normalized error { = 100000) 0.008% 0.036% 0.058 (0.04%)
Normalized error = 10000) 0.09% 0.86% 0.0143 (0.14%)
Normalized error y = 1000) 0.4% 2% 0.0358 (0.34%)
Normalized error y = 100) 1.63% 4.2% 0.088 (0.9%)

A, is obtained by re sampling; in & - are obtained for each;. For the kernel standard deviations we
use 60 linearly spaced values = 0.005 — 0.45. We recall that the optimum®P'for A/(0, 1) is 0.2663.
Figure6.6 shows the mean entropy estimates for eaghaveraged over all estimates obtained by using
the 2000 sampled;. The empirical estimator returns its best estimate for aevafu, = 0.3776 > 1"
whereas the Shannon estimator fqr= 0.1313 < «°". The empirical estimator demonstrates higher
invariance to changes incompared to the Shannon estimator and obtains more acestatates for a
higher range ofi. Foru = u°, the true entropy i&*(x) = 1.4189, whereas the two estimators return

hb(x; Ay, u®Pt) = 1.447 andhl (x; A;, u®Pt) = 1.412.

1.6 \
1,551 vvvvvvvvvvv" i
T g
1.5+ . wv““ 7
B ugs = 0.1313 e Ue = 0.3776 ]
2 1.45 s N € ruesmeseensereseeet®
o 000000000000001,/00000000
~ 1.4F vVvv:oocoooﬁ"’......“ —
= uOPt = 0.2663
1351, j
130 —True entropy h*(x ~ N(0,1)) |
v + Shannon estimator h®(x; A, u)
1.25 - Empirical estimator h®(x; A, u) |
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Figure 6.6: Comparison graph among the mean entropy estimates-of\/(0, 1) for variable kernel width:

and of the true entropk(N(0, 1)).

Entropy estimators and regular grid sizeWe now assess the effect of the size of the regulargused
by the binned KDE. Consider the underlying Ry ~ A/(0,1). We instantiate 1000 samplel, each
comprised by 1000 trials. We estimate the entropy of eaclpkansing both estimators, for variable grid
sizesN; € [100, 10000] in 20 logarithmically spaced intervals. The standard dewia: of the kernels

used for each estimator, are the ones which returned theshgspic estimates in Figh.6. Figure6.7
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presents the normalized mean integrated square error bfesticnator when compared against the true
entropy ofx; ~ N(0,1). Table6.2 shows the percentage of the error reduction achieved fterdift
N;. We see that the upper limit of the bin number range< 500) which was suggested by Waet
al. [1996 1994 for the accurate PDF estimation via a KDE method (see S€cl), retrieves 96% of

the total error. We note that by using the optimal kernel nédbr each estimator, both estimators return

comparable errors.
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Empirical entropy
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Figure 6.7: Comparison graph among the mean entropy estimates-of\/(0, 1) for variable grid sizeV

Table 6.2: Percentage of error recovered vs number of bins

Percentage retrieve 94% 95% 96% 97% 98% 99%
N (Empirical) 428 546 546 695 886 1129
N (Shannon) 428 546 546 695 886 1129

As a concluding remark of this section, it is evident thathbemtropic estimators return accurate
estimates, given that an optimal kernel width is used. Thpiecal estimator exhibits less variation
to changes in.. However, it should be mentioned that even for non-optimahe obtained entropic
estimates can still operate as a measure of image uncgr@irgquivalently clustering between differ-
ent PDFs corresponding to different RVs. For example se&hannon estimator in Figs.5, which
monotonically increases with the increasingf the considered RVs; ~ N(0, o). If we are interested
to compare the uncertainty of two samples obtained by the Résabsolute accuracy of the entropic

estimate corresponding to each sample is not as useful actueacy of difference between the two

estimates.

6.2 Computationally efficient marginal entropy derivative estima-
tion

In this section we describe the used scheme for the efficsithation of the derivatives of the two

entropic estimators.



6.2 Computationally efficient marginal entropy derivative estimation 151

6.2.1 Shannon’s entropy derivatives

By applying the chain rule wherever necessary, the devivati Eq. 6.2 with respect to the continuous

a; € Ais
ma%: XJ_V: O 8041 log (px(,; A)) + px(2,; A) aloagﬁilz;ii;f ) aﬁxéij; =
(6.30)
=— Agzﬁ; (log (px(%,; A)) +1) %{;‘;A) (6.31)
Eq.6.8 %Jﬁ; (108 (321 4) + 1) 8Ku(§;i ;) (6.32)
where after considering the Gaussian formulatiok@fz, — ;) (see Eq6.5)
%{;O‘i) = Ku(, — ) (z uzo‘i) (6.33)

The complexity of Eq.6.32is O(N). However, the derivatives are required for Allcontinuous
«;, leading to a total complexity oCD(NN). Once again Eq.6.32 has a convolution structure. By
utilizing the FFT one can achieve reduction in the compaieti cost. In order to do so, all involved
quantities have to be regularly arranged on a common grid. thai reason we firstly compute the
derivative not with respect to the continuows but rather with respect to the regularly spaced gray

valuesz corresponding to the regular grid. Equati®B2then becomes

ho(x: A If al aI(u T, — Vi
%;:A) %Z log (pl(%,; 4)) + 1) (xjmw(:c ) (6.34)
<10g (ﬁﬁ(ii;A))+1> * (%%) (6.35)
fl{f{ log (p2(7:; A)) + 1} X f{%a%ifi)} } (6.36)

The complexity of Eqs.6.346.35is (9(]\72) considering that the derivative is computed for all
i = 1 — N and also given the fact thab(z;; A) is already pre-computedi; during the entropy
evaluation. Hence, computational cost reduction has behiesed considering thé)(NN) of Eq.
6.32simply due to the computation of the derivative with resgect rather thanw. The FFT based
convolution further reduces the complexity@ N log(N)).

Eq. 6.36 computes the derivative & However, the derivative is required at the continuous lo-
cationsa € A. For that purpose we interpolate the computed derivativéiseacontinuous locations
a; €A Vi=1,...,N via

ohb(x; A ohb(x; A Ohb(x; A
5(X7 ): (1_b7,) 5(X7 )+b &(X7 )

S LN (6.37)

8‘%% ' ai(‘]ﬁ-l)
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6.2.2 Evaluation of the efficient Shannon entropy estimatoderivatives

Itis essential to evaluate the accuracy of the FFT accel@etalytic derivatives of Eq$§.34- 6.37. To

do so, we compare the latter against the following deriestiv

1. The non-FFT accelerated analytic derivatives of 32 which do not employ an intermedi-
ate regularly spaced samplefor the purpose of PDF estimation. They rather use the fulEKD
representation of EG.8 which ensures that there are no errors propagating fronirtbarlinter-
polations of the binned KDE. In addition, the FFT acceletaterivatives utilize Gaussian kernels
K, of finite supportsupp(K,) ~ 12u. The non-FFT derivatives use kernels of infinite support,
henceK,(z, — «;) of Eq. 6.32is non-zero for any input. Hence, all trials € A contribute
directly for the PDF estimate at any continuous locationThis test reveals the effects of the
interpolation in the binned entropy estimators, as wellnesdffects of reducing the continuous

N-sized sample to the regularly spac¥esized sample

2. The numerical derivatives obtained by finite differen¢es Let A"~ = {a1,az,...,q; —
h,...,an}and A" = {a1,a2,...,a; + h,...,ayn} denote the original samplé including
a perturbation of a specific trial; by someh — 07. Fora;, Vi = 2 : N — 1, the central

derivatives for the fast Shannon estimator of EcOare given by

by, 10 (y. A+ _ hb(y. Ai—
Ohg(x; A) _ hy(x; A™) — hg(x A™) (6.38)
8041' 2h

whereas foi = 1 ori = N we use the forward and backward ru(e’?s’;(x; AH) — hb(x; A)) /h

and (hl; (x; A) — h(x; Ai*)) /h respectively.

A N = 1000 sized sampled is drawn fromx ~ AN(0,1).We compute the Shannon estimator
partial derivatives with respect @ € A using all three mentioned derivatives. The size of the grid
remainsN = 400. We set a kernel width for the Shannon estimatorpf= 0.1313, which returns
the best entropic estimate with respect to the true entropy @, 1) (see Fig.6.6). Figure6.8 shows
the graphs of the computed partial derivatives superinghoBke normalized error among the depicted
derivatives are given in Table.3. We consider the error between the binned, FFT enabled timaly
derivatives and the ones obtained by the full KDE implemigmrato be acceptable. We note that the
full KDE implementation - no FFT, unlimited kernel supporis-the textbook definition of the KDE.
The substantial match between the two is an encouragin@mgc However, the error between the
analytic derivatives and the derivatives is significant.wider, it shows a dramatic reduction as the
size of the sample increases. Although the graphs appear taeliching, the detail in Fig6.8 shows
that the derivatives are not as smooth as their analytiognak, possibly due to the binned nature of
the estimatorShwartz et al[2005 mentioned that an entropy estimator utilizing the binnechtions
can result in the staircase effect, whereas its analytivatare exhibits higher invariance. We will see
however in the next section that the empirical estimatorcilis computed directly at the continuous

locations, is also affected by the binning process.
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<107 Shannon estimator derivatives
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Figure 6.8: Shannon entropy estimator derivatives. Analytic partit@pic derivatives with respect to individ-
ual trials (FFT and full KDE, non-FFT implementations), aslvas the numerical derivatives based on . Detail

of the main graph also provided

Table 6.3: Errors between Shannon entropic estimator analyc derivatives

Compared derivative quantities | Mean squared errdft)
Sample sizéV = 100
Analytic FFT vs analytic non-FFT 0.13%

Analytic FFT vs humerical 36.07%

Sample sizeéV = 1000

Analytic FFT vs analytic non-FFT 0.11%

Analytic FFT vs numerical 9.5%
Sample sizeV = 10000

Analytic FFT vs analytic non-FFT 0.04%

Analytic FFT vs numerical 2.45%
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6.2.3 Empirical entropy derivatives

The derivative of the empirical entropy formulatiéb(x; A) of Eg. 6.21with respect to the continuous

samplesy € A was derived byshwartz et al[2009. The derivation is given here for completeness

Ohe(x; A o (1 X
73(;; ) Bar, (N;bg (px(ai;A))) (6.39)
1< 1 9 /.
= N ; De(cn A) Dy (px(ai;A)) (6.40)
1 1 0 /1
N ; <% Zj‘vﬂ K, (o — a;)) ((’)aT (N;K“(al a]))) (6.41)
1 & 1 1 & . y
- N Z < ) ~ ZK{L(%‘ — Oéj)(5(i,r) —4(g, r)) (6.42)

N 1 3
~vK 7 — G
o Ly wfuloi—ar) (6.43)

whereK] () = 0K,(-)/0a, is defined according to E§.33 Considering Eq6.33thenK’, (o, —a,) =
—K! (a,,—a;). Finallyd(i, r) is the Kronecker delta, corresponding to the discrete gualof the Dirac

delta function and is given by

d(z) = : (6.44)
0, z#vy
The complexity of estimatin@h.(x; A)/da,. via Eq. 6.43is O(N). As the derivative needs to be
computed for allV trials - € A, the overall complexity i€)(N?).
Both parts of Eq6.43can be computed efficiently by utilizing a regular grid and F/e re-iterate
its derivation for completeness and also in order to reveaiplementation detail which is important
for the purpose of comparison with the Shannon derivatizefiowing notation, Equatiof.43can be

rewritten as

Ohe(x; A) 1 Fi(oy; A)

dar " Nhdand) L2 (649)
where
1 N
Fi(op; A) =+ > K (ar —a;) and (6.46)
j=1
N
a1 K (a; — )
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Fast computation of - FI(TQ))

Considering the KDE formulation of Ec5.8, then F (a,; A) = 9px(a; A)/Oav,.. However, we
have established thak(«.; A) can be also computed using the utilization of the binned KDEa
6.15 which computeg?(z; A) at N regularly spaced locations, followed by an interpolatitapsvhich
transfers the binned PDF estimate to the continuous latstio Computingp?(i; A) for all N regular
locationsz, is the convolution process expressediby:; A) = (%f(a *w)(2) (EQ.6.18).

ComputingF; (&; A) simultaneously for allz can be accomplished by utilizing a property of the
convolution of two functiong, g, which says that the derivative of the convolution equadsitnvolution

of one of the functions with the derivative of the secoBddcewel] 1999. The latter is expressed as

(F@) x9@) = 1'@) *glw) = [@) % (2). (6.48)

Utilizing this property enables the computationfaf as

Fy (; 4) =225 A) Aﬁé"? 4) (6.49)
:%Ku’(:i) r w(F) (6.50)

_ 1{f%dﬁ}xf{%ai§@}} (6.51)

Similar to Eq.6.19 the complexity of the above equatior(%(N log (]\7)) Figure6.9depicts a sample
A; the PDFp%(i; A); the computed weights () and the regularly sampled kernel derivatig’ (i),
which when convolved withw () results inF (#; A) = 9p8(i; A)/0%.

Finally, the computation of} («; A) from Fy (Z; A) is achieved by an interpolation similar to the

one of Eq.6.37.

Fi(ai A) = (1 - bi)FQ (iqi;A) bR (f(qi+1);A),Vi -1,2,...,N (6.52)

To complete the computation of the first term in E§.45 the px(«.; A) in the denominator of

1 F (ar;A)
N py(ar;A)

in Eq.6.22

is replaced by (a,-; A) which is already precomputed for the purpose of entropyuatain

Fast computation of F(a,-; A)
The computation of:(x; A) can also benefit from fast convolutions via FFT. In a mannet-an
ogous to Eq.6.18- on which the fast computation df; was based on F5(%; A) can be expressed

as

Fg(i’;A) NK/ mlrror( ) _ (; 1)4)

f_l{f{%K;mirror(i)} y f{%} } (6.54)

(6.53)
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Figure 6.9: Fast PDF derivative estimation. A PDF estimate using thadsrestimator is shown b${ (i; Zl).
Its derivative atz is computed by convolving - in the Fourier domain - the regulspaced samplél consisting
of w(#) with the analytic kernel derivativ&’,' (). As a visual qualitative assessment, note that all optima of

thep?(i; A) correspond to zero crossingsaps (i; A)/9i.

where termsu (i), p2(; A) have been precomputed for the entropy evaluationZgfids the derivative
of the kernel sampled &t computed in in Eq6.51and visualized in Fig6.9. The sampled<,, (%) is
mirrored due to the reversal of inputs in EG.47. An interpolation step similar to Eg6.52transfers
Fy(i#; A) to the continuousgh (a, A).

Fy(ai; A) = (1 - bi)FQ (;iqi;A) + b, (;z(qiﬂ);A),w —1,2,...,N (6.55)

It is important to note that the implementation proposedshyvartz et al[2009 differed in the
computation off;(a;; A). In his approach, the factor of E§.53was computed directly at the contin-
uousa. The factor was then interpolated back at the regiJand finally subjected to the convolution
of Eq. 6.53and the interpolation of Eq6.55 We improve on that approach by directly computing
the factor att. Our approach of empirical entropy estimation removes gredrfor the first interpola-
tion hence reduces the complexity 8% V). Shwartz et al[2009 used explicitfor-loopsfor entropy
and derivative computation whereas in our implementatibimeolved quantities are stored in vectors
and matrices which enable the computation of entropy andeitivative by utilizing fast linear alge-
bra libraries. Later, when we evaluate the derivative caw@mmn approaches we will see that the error

between the two approaches is insignificant - see for exaiigiie6.4. The complexity of Eq.6.55
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computed in a manner similar to E§.51, is O(N log (N)).

6.2.4 Evaluation of the efficient empirical entropy estimatr derivatives

Having efficiently computed? (a;; A) and Fy(ay; A), the fast empirical entropy derivatives are ob-
tained by computing the sum of E§.45 An important difference between the Shannon and empirical
derivatives is that the latter requires two 2D FFT in ordecompute each of two derivative terms in
Eq. 6.45 The combined complexity ié)(2]\7 log (N)) which is twice the complexity of the Shannon
derivatives.

We now test the empirical derivatives using the same apprd@cussed at the end of Secti®o. 1
and using thesameN = 1000-sized sampled drawn fromx ~ AN(0,1) and used for the Shannon
derivative evaluation. Again we usé = 400 and we use the optimum. = 0.3776 (see Fig.6.6). The
FFT based derivatives are tested against
i) the ones obtained by numerical ,

i) the ones obtained by explicitly computing E§43without the employment of binned KDE and FFT
as well as

the ones byShwartz et al[2009 implementation. The obtained derivatives are depicteHign 6.10
The normalized errors between the analytic derivativesyiged in Table6.4, are less thari% for
two different sample sizes. However, once again there sifiignt discrepancy between the analytic
derivatives and the . The detail in Fi§.10shows that the stair case effect is also a characteristheeof t
empirical entropy estimator. We note that the derivatiide® N = 1000 sized sample are not depicted.

It is encouraging to see that the derivative error decreas#se sample increases.

x107° Empirical e§timator derivatives
— Trialsa e A
—¥- Analytic FFT derivatives dhl(x; A, u,)/a
— Analytic FFT-Schwartz derivatives Ohl(x; A, u,)/da 7
—e— Analytic derivatives Ohy(x; A, us)/dax

-—-Numerical derivatives based on finite differences

Figure 6.10: Empirical entropy estimator derivatives. Analytic pdretropic derivatives with respect to
individual trials (FFT; full KDE, non-FFT; and Shwartz ingshentation) as well as the numerical derivatives

based on . Detail of the main graph also provided
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Table 6.4: Errors between empirical entropic estimator andytic derivatives

Compared derivative quantities Mean squared errdf’)
Sample sizeV = 100
Analytic FFT vs analytic non-FFT 0.05%

Analytic FFT vs numerical 17%
Analytic FFT vs analytic Shwartz FFT| 0.008%
Sample sizéV = 1000

Analytic FFT vs analytic non-FFT 0.02%

Analytic FFT vs numerical 3.13%

Analytic FFT vs analytic Shwartz FFT 0.0077%
Sample sizéV = 10000

Analytic FFT vs analytic non-FFT 0.012%
Analytic FFT vs numerical 0.7%

Analytic FFT vs analytic Shwartz FFT 0.0078%

6.2.5 Comparison of the derivatives of the marginal entropyestimators

The previous sections evaluated the derivatives of botimagirs independently. It is important to
see how the derivatives compare to each other. We only cengid FFT enabled analytic derivatives
which are of interest in this work. The derivatives depidte&igs. 6.8-6.10differ by a very significant
20% (see Fig.6.12afor their visual superposition). For the estimation of bethpirical and Shannon
derivatives we have used kernel standard deviatigns 0.3444 andu, = 0.1372, which produced the
best entropic estimates with respect to the #tigV (0, 1)). These values differ significantly as well as
the resulting PDFs obtained by the KDE (not depicted). Ireotd check if the discrepancy between the
derivatives is due to the choice of we keepu; fixed and we search in a range of valugs= ¢ - u,
with ¢ = 1 — 2 for an empirical derivative which produces a better matchiresj the Shannon one.
The derivative error with respect to the variaus shown in the left graph of Figs.11 The graph on
the right is similar to the one of Fig5.6, where the entropy estimates are plotted for variabldhe
values ofus, u. and the estimatetl, = ¢ - us, for ¢ corresponding to the minimum in the left graph of
Fig. 6.11, are highlighted. Interestingly, the. is very close to the: which minimizes the MISE value
discussed in Se@&.1.4 Using the newly estimatetl we recompute the derivatives for the same sample
with size N = 1000 and for a bigger sample witth = 10000. The obtained derivatives are depicted
in Fig. 6.12 The match between the derivatives vastly improves vigw@alwell the quantitatively. The
various errors are summarized in Tablé.

As it was already noted, the true derivative is not availdblerovide the ‘gold standard’ point
of reference in order to assess the absolute accuracy ofvthedtimators’ derivatives. However, the
inability to conduct a test against a ‘gold standard’ is netailing. Even if this gold standard existed,

the estimated derivatives could largely deviate from itifaorrectu. In practice, what we are really
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interested in is that thestimatedierivative is an accurate descriptor of the slope oEttenatedentropy.
One would expect that for accurate the empirical (expectation based) entropy formulatioruldo
approach the true entropy for very large samples and th&hhenon entropy would approach the true
entropy for very large samples and dense discretisatior.fdtt that the error decreases as the sample
size increases is an encouraging indicator regarding timpacable nature of the two estimators. In an
imaging perspective, the image itself is the maximum sizede which can be possibly used, hence
its estimated entropy is the best possible value which weobsain. The concept of true entropy does
not hold in that case as there is tiate underlying probability density which describes the gralpea.
Thus, in the imaging perspective, even the search for thst"beloes not really exist due to the luck of a
‘gold standard’ PDF, but it is now a subjective choice givdratwve seek to accomplish. Using small

in the KDE, captures details in the image but simultaneodsBs not assume high correlation between

different gray values. The opposite happens for large

|0h% (x;A,u.)/0a - OhY (x;A,cus)/dal|
|0hL (x;A,c-us) /Oa|

0.45-
041 %
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0.15} | 1.3l v Shannon estimator h%(x; A, u)
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01l | 125l Empirical estimator h)(x; A, u)
005 0 () MISE optimalu
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Figure 6.11: Fitting empirical estimator derivatives to the Shannoridgive, as a function of kernel standard
deviationu. See text for descriptionLeft : Kernel widthu. = ¢ - us used for empirical entropy derivative
estimation. The minimum of the graph corresponds to theavaf¢ which minimizes the derivative difference.
Right : Shannon and empirical entropy for various valuesipfandu.. The values which return the best

entropy estimate as well as the = ¢ - us which minimizes the derivative difference are highlighted
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Table 6.5: Comparison between the Shannon and empirical erdpy derivatives estimates obtained from

the same sample. Two different sized samples are considered

Analytic FFT Shannon vs analytic FFT empiricalNormalized error

Ideal kernek: for both estimators

Sample sizéV = 1000 20.1%
Sample sizéV = 10000 8%
Ideal kernek: for Shannon estimator and fittedfor empirical estimator
Sample sizéV = 1000 7.26%
Sample sizéV = 10000 2.6%

Table 6.6: Marginal entropy evaluation and derivative estimation: Computational complexity of explicit

as well as the FFT based implementations

Non-FFT Order of Complexity FFT Order of complexity
h(x; C) O(NN) hb(x; C) O(N log(N))
he(x; C) O(N?) hb(x; A) O(Nlog(N))
Ohs(x; A)/da; O(NN) Ol (x; A)/da; O(N log(N))
Ohe(x; C)/da, O(N?) OR(x; A)/dev; O(Nlog(N))
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Figure 6.12: Visual comparison between Shannon & empirical entropyretr derivatives of two samples
of different size.6.12aN = 1000, incorrect widthsus, u.; whereas the following subfigures use the optimal

widths for derivative matchings, c-u for two different sample size& 12b/N = 1000 and6.12cN = 10000.
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6.3 Computationally efficient joint entropy evaluation

This section builds on the concepts previously discussdHtisnchapter and extends them to the case
of JE between two RVs. Similar to the definitionxof{see start of Sectiof.1), y is introduced as the
underlying RV describing the gray values of a second image.second image is effectively a sample
of y, expressed aB = {1, 02, ..., Bn } Wheres; = y(r;) for all pixel locations; € Q. We consider
y = Qy and also that both imagesand B have equal sizéV.

When considered jointly, the gray values of imageand B forms a joint sampl€’ which consists
of N trial pairs{«a;, 8;}, Vi = 1,2,..., N. It should be emphasized that each of the joint trial pairs is
comprised byspatially correspondingray values from both images - that is the gray values sangtled
the same pixel location. This constitutes the source of tkelqwise spatial correspondence between
and B, which is captured by joint entropy. However, it should béedahat within a single image, gray
values are considered to be i.i.d.. Hence, no spatial depeedamong the pixels of a single image is
considered via this formulation.

The approximation of Shannon'’s joint entropy integral vieams of numerical integration is given by

muym»:/ | ool € 10g eyl ) ) (6.56)
N
Z ﬁ ,y 77yj7c 1Og (pX,y( 77yj7c)) yva (657)
wherey = {§1,§2, ¥4}, ¥, € Ris adiscretisation of in regularly spaced intervals with spacing

u

Ay = ¥,., — ¥,.,- Throughout this work, we set an equal number of grid locetiy for both i,

The N2 nodal positions of the grid can also be indexed via the shodtation7; ; = {#,.,9,}.

Similar to its marginal analogue of Ecf.3, the joint empirical entropy is expressed in terms of the

continuous joint trial§ «;, 5;} and is expressed as

he(X,y; C) = i (pxyal,@, )). (6.58)

Consider now the joint KDy (2, y; C), which estimates the joint density f¢r, v}, =,y € RT,
by utilizing the joint sampleC. In an analogy with the marginal KDE, the joint KDE with its 2D

convolution (denoted byx) structure made apparent is expressed by

pr X y7 ZKZ aiay_ﬁi) (659)

NZ/ / Ks(x —1)d(s — @i, t — f;)ds dt (6.60)

_@mmHNZ& —ai,y — ) (6.61)

i=1
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whereKs;(z,y) is a bi-variate Gaussian kernel re-iterated here for coevee as

1 1 _
Kx(z,y) = W exp <—§ [z,9]" 57! [Cﬂay]) : (6.62)

2

U 0
with ¥ = [ X ) ] being the covariance matrix ai(l, y) is the 2D Dirac delta function for which
0 wu

=02 6($,y)d1)’, dy = 1, 5(x,y) = 0 for 22 + 3> # 0 andd(x,y) = oo otherwise. Regarding Eq.
6.59 it should be emphasized that the estimatio,of(x, y; C) utilizes a joint sample comprised by
the joint trials{«;, 8;}, Vi=1,2,..., N.

At this point, we should emphasize a very crucial detail. @meensionality of the images consti-
tuting C' does not affect in any way the computation, computationaipexity or implementation of
joint entropy which assumes i.i.d. trials. Due to the spatidependence, both images are considered by
the functional as vectors, where their entries at corredipgrindex locations constitute the joint trials.
Both joint entropy estimators solely depend on the JPDF whitisiensionality is independent of the
dimensionality of the images (1D/1D, 2D/2D or 3D/3D). Th®#Hs always 2D; that is one dimension
for describing the marginal PDF of the gray values of eachetwo images. Hence, the computational
complexity estimates which will be derived apply equallyite 2D/2D or 3D/3D case and depend solely

on the number of pixels in the image.

6.3.1 Efficient joint PDF estimation

The complexity of the joint KDE of Eq6.59for retrieving an estimate for alV2 continuous{z, y}

of the joint Shannon entropy (E®.57) is O(NQN) whereas for the empirical formulation (E§.59

is O(N?). Both costs however are significantly high and they can beaed by following an ap-
proach similar to Sectiof.1.1, which reduces the complexity of the KDE. The continuoustjdii-
als{a;,3},Vi = 1,2,..., N are interpolated to a regular 2D grid with grid locatiofis , 7, } with

i,7 = 1,2,..., N and with spacing€\#, Ag. In a manner similar to the marginal case, the weights
w(Z,y) assigned to the grid locations, represent the density ofdinéinuous joint trial «, 5} in the

vicinity of {Z, §} and are computed via a bi-linear interpolation

N
U 1 y y
w($i7yj) = N Z /\(xl — O, y]‘ - ﬂk) (663)
k=1

where

(6.64)
0, otherwise.

At ) = { (1= (1ul /25) ) (1= (1ol /A3)), i lu] < Az and o] < Ay,

We term the collection o{ii,gjj} asC which corresponds to the regularly arranged version
Figure6.2 graphically shows the quantities involved in the bi-linegerpolation process. In a manner

similar to its 1D analogue (see Figuée?), after the first application of the interpolation process,
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number of the involved quantities are stored in order to besed in subsequent interpolations and save
computational time. For all joint trial§as, 5r},VE = 1,2,..., N, the stored quantities a the
normalized distance of botly, andj3; from their nearest regular Iocati({rii,gjj } with Z, < o and
Y, < Bx. The normalized distances are giventtjy= (oy, — &,) /A% andby = (8x — §,) /Ay. b) the
indicesi, j indicating the nearest regular locatiés, , §, } which was mentioned above. The indices are
stored in the arrays, = 7 andj, = j. The three remaining grid locations enclosing the joiraltcan

the easily be recovered V{gy, + 1,ji}, {ix,jr + 1}, {ix + 1,jx + 1}

b? 1 — b
| | |
7g(i,j) — (F(ik;jk) 7%(1'-1-1,]') — ’F(ik‘i‘lajk:)
(T3, ;) (Bit1,Ys)
(akvﬁk)i
I SRR~ S A
1—bY
L @ - : ‘ 1
I AZ |
(%3, 1) (Ziv1, Pjt1)

T(i,5+1) = T(k,je+1)  TG+1,5+1) = T(ip+1,jk+1)

Figure 6.13: Bi-linear interpolation in JPDF estimation. Graphicalnegentation of involved quantities. These
quantities are normalized distand€sandb? between{ay, 8} and{,, 7, }, which are stored in the homony-

mous arraysi” andb?) and the corresponding indicésj stored ini;, andj; respectively.

In an analogy to its 1D counterpart of E§.16 the joint binned kernel estimator which retrieves a

density estimate at the regular locatidis ;7} and can utilize the 2D FFTis defined by

lFor the purpose of this work we use the open-source Matlab ecbasimplementation of
1D/2D FFT based convolution, implemented by Luigi Rosa. Theource can be found in

http://www.mathworks.com/matlabcentral/fileexchange 14334


http://www.mathworks.com/matlabcentral/fileexchange/4334
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N
b e o A 1 C .. oL
pg,y(‘r’y;c) :N Z KE(‘T _wzay_ym)w(wz’ym) (665)
I,m=1
. | R
:KE(zvy)**Nw(zvy) (666)
1
:f‘l{f{Kz(fé,gj)} X f{ﬁw(fe,gj)} } (6.67)

The FFT based convolution of Eq.6.67 populates the discret&/2 grid with a cost of
o (NQ log(N)).
6.3.2 Fastjoint entropy estimation (Shannon formulation)

The efficient joint entropy binned estimator (integral faation) is obtained by simply replacing the
slowpy y(Z, ; C) in EQ. 6.57, with the binned version introduced in the previous sectitva thus arrive

to

Ro(x,y; ¢ Z Bhy(#,:3,3 C)log (Bl (7,3, C) ) AZAY. (6.68)
i,j=1

The order of complexity |§)(N2 log(N )) largely dominated by the joint KDE. This is a huge reduction
from the |n|t|al(9(N2N) especially when considering the 3D case with laige

Regarding the empirical JE (expectation formulation) in Eq58 we recall that it utilizes the
joint sampleC which is expressed in terms of the continugug(«;, 8;; C). FFT enableqﬁ;‘(_’y(:?:, 7; C‘)
is expressed in terms of the regularly spagédy}. The utilization of the latter in the empirical joint
entropy estimator requires interpolation which enable!rlzlmsitionq}gy(:f, 7;C) — pia, Br; ) The
interpolation is effectively the inverse of the scheme egped in Eg6.63 We utilize the pre-computed

guantities discussed in the text relevant to Figiuto efficiently compute the interpolation as

9

pr akvﬁka

) =(1=01) (1= 8) By (i 5 C) +
(bf (1 k) p)lzy x1k+17y]kaé) +
(1=6%) - (8}) - By (B G105 ) +

v

(bw) (b) By Fis Bni O), Wk =1,2,.. N, (6.69)

~_

The final FFT enabled empirical joint entropy estimator igegiby

N

. 9 1 ~

ho(x,y; C) = N > log i y(ak, Bi; ©). (6.70)
k=1

Considering the interpolations and the summation, thectuthplexity isO (2]\7 + N2 1og(N)) which
reduces to the dominadt(N?2log(N)).
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6.3.3 Validation and comparison of the joint entropic estinators

Similar to the 1D case (see Sectidr .4, both joint entropy estimators are validated by compattireiy
performance in computing the joint entropy of two R$s y} which follow a bi-variate normal density

N (u, X*). The joint entropy of\/ (i, ¥*) is analytically derived@€over and Thomad991 and given
by

B (N (1, =%)) = 0.5log ((m)2 || ) (6.71)

where|X*| denotes the determinantBf. The estimators obtain the estimates by utilizing a jointske
C drawn from{x,y}. Again, in an analogy to the 1D case, the values,oinduy in X of the K, can
affect the estimates. Their analytically derived optimualues which minimize thé/1SE between
Pxy(z,y; C) and N (u, £*) can be found in SilvermarSflverman and Greeri986 and are given by
o = vy = 0.96N /6 x 0.5(c2 + 02), whereay, oy are the true standard deviationsAf(y, ©*).
The optimum covariance matrix fdts, is denoted aXx°,

For the validation of the estimators, we consider multigietriopic normal densitied/ (0, X}),
where(ox); = (oy); in X} vary from0.005 to 2. For eachV (, X7 ) we instantiate multiple samplés;.

Figure6.14graphically shows such a samgledrawn fromN (0, ux = uy = 0.005).

Joint trials {ag, Ok} ﬁi,y(ﬂ%l/; C)
0.02}
0.015 0.02
0.01}
0.01
0.005
> 0 > 0
~0.005
-0.01¢ -0.01
-0.015
~0.02
002} | | |
~0.02 -001 0 001 0.02 ~0.02 -001 0 001 0.02
X x

Figure 6.14: Example of a normally distributed joint sample used in joémtropy evaluation. Visual-
ization of joint trials {«x, Bx} constituting the joint sampl€' drawn from the jointly distributedRV's
{x,y} ~ N(u,%*). Regarding the specifics of this examplg, = oy = 0.005 andu = [0,0]". The

joint PDF estimate is also visualized showing the normaiyributed nature of the RVs.

Figure6.15ashows the plots of both®(x,y; C') andhb(x,y; C) for the various target (0, X7).
For each different?, the depicted value corresponds to the average of multipi@gic estimates.
Figure6.15bshows a detail 06.15a The normalized mean squared errors between the estinaatdrs
the true entropic value, for two different sample si2éss shown in Table5.7. In addition similar to
the marginal case, the Shannon estimates deviate from the aeourate empirical ones by an almost

constant offset.
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& of
=}
=]
® True (analytical) entropy A*(N (1, X)) aeF ® True (analytical) entropy h*(N (u, %))
-4t . . . Py y 2 s ’
—=—Shs fas rony estimat, b .C X
Shannon fast, binned entropy estimator hf(X7y7 o e —=—Shannon fast binned entropy estimator h8(x,y;C)
-6 — Empirical fast binned entropy estimator h%(x,y;C) s . ) . . .
— Empirical fast binned entropy estimator h%(x,y;C)
o 0z 04 06 08 1 12 14 16 18 09" 046 0.8 05 052 05 ose
Standard deviations o = 0x = oy in ¥ of N'(p, %) Standard deviations o = ox = oy in ¥ of N'(, X)

(@) (b)

Figure 6.15: Comparison between joint Shannon & empirical entropy estié® of a sample drawn from nor-
mally distributed RV, y. 6.15a Entropic estimates are obtained for multigle(see text). The analytically
derived entropy:* (N (i, £:)), 1 = [0,0]T is also plotted. The monotonically ascending graph is exgukeas

N (u,X;) becomes more clustered as = oy become smaller. Clustered JPDFs are characterized by lower

values of entropy. The size of the sample for this cag€ is 100 x 100. 6.15h Detail of 6.15a

Table 6.7: Normalized error of the joint Shannon & empirical entropy estimators against the “gold stan-

dard” analytic joint entropy of the bi-variate Normal densi ty

Entropy Estimator Empirical Shannon (MSE%)

Normalized errof N = 100 x 100) 0.3% 1% 1%(e = 1%)
Normalized erro(N = 1000 x 1000) | 0.02% 0.2%  0.9%¢ = 0.3%)

6.4 Efficient joint entropy derivative computation

As in the 1D case, the computation of the partial derivativieBoth 12 (x, y; C') andh?(x,y; C) with
respect to one of the images - that is trials or 8y - can be efficiently computed via 2D FFT based
convolutions. We consider the derivatives with respecto The derivatives with respect {8, can be

obtained by a simple change of variable due to the symmeti¥ of

6.4.1 Shannon’s joint entropy derivatives

The derivatives of the Shannon estima&g(x, y; C') with respect to the continuous gray values of

imagex and for all trial pairs{ax, 5x } are
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Ohs(x,y;C) EQ.6.68 N [Ohuy(#.9,:0) . [
780% = *AxAyijZd Tlog(Px,y(%,yj7))+

dlog (ﬁx,y(ﬂh U5 C)) Apxy(E,, 7,5 C)

Eq

3 e 6.72
pX y( i yj ) 8px,y(l’l , y]. , C) aak ( )
a ) Oy (¥, C)
N

659 i’ y Z (log (e, 0))+1) 0K (@, —an§y, = Br) 6 74

801,]g
with

. . Eq.6.62 . . T, —a;
K5, (&, — o, 7, — Br) a2 —Ks (&, — o, 9, — Br) ( 3 J) (6.75)

Ui

Evaluating Eq. 6.74for all N trials o, has a complexity of)(N2N). The first stage towards
the reduction of the complexity, requires the replacemérnhe derivative estimator with its binned
analogué? (x,y; C) utilizing the binned KDE? y(Z:,9,;C). The joint trials considered in this case are
the regular grid nodal positiods, , #,}, Vk,I = 1 — N. It should be understood that the derivative
with respect to the trials of, has to be computed with respect to thepart of all N2 binned trial pairs

{z,,%,}. The binned version of Ed.74is

Ohb(x,y;C) _ AiAy
N

N
oz, , —

Ny aKZ(‘%l_‘%7?jJ—?j)
(10g (pﬁ(xi,yj;c)) + 1) e l (6.76)
1 k,l

wherez, =z, ,, VI. Hence, the last term of E§.76is effectively0Kx(z, — &,,9, — 9,)/0%,. The
only reason we employ a double index is to emphasize thateheative is computed iiV2 2D grid
locations{i, , #, } and notinN 1D grid locationst, .

Eq. 6.76has a 2D convolution structure and the derivatives afV&lllocations can be computed

efficiently as the product of the 2D FFT of the involved quéesi

ORY(x,y;C) _ L AZAY 0K, (%, 7))
T 1og( yE@ T O) + 1) Hx | — N 5 (6.77)
AZAG OK 5 (%, 7
:fl{f{ log (9%, (2,7; C)) + 1} x ]—'{— fv y9 %(;:,y)} } (6.78)

Similar to the 1D version, the 2D Gaussian kernel is choseimat@ a limited support of 2uy
and 12uy in each direction. Again both quantities are padded witlogerp to a size ofvgad with
Npaa = N+ N —1. This leads to a complexity in EG.780f O(N2,,10g(Npaq)) — O(N?log(N)).
This is a huge reduction compared to the initial compleﬁ?(yV2N of Eq. 6.74 To comprehend the
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computational savings, assume the case of two 2D imag&s-6f1002. Let N = 400 and also assume

a realisticNx = 100. The achieved reduction in the order of complexity is thresecs of magnitude.
Assuming moderate size 3D imagesMf= 1003, then the achieved cost reduction is a massive five
orders of magnitude.

The final derivative is required at the initidl continuous locationa;, and is obtained via the interpola-

tion utilizing the pre-saved quantities depicted in Figl3 The interpolation is expressed as

Ohb(x,y; O)

dauk 1*bi)~(175g).w+

( (’)xim)
Ohb(x,y; C)

() (1-w0) - Ger s
i )

(1=01) - (o) %*

(bﬂ,g) . (bZ) % Vk=1,2,...,N. (6.79)

6.4.2 Empirical joint entropy derivatives

The derivatives of the empirical joint entropy with respiecthe continuous, are given by

aile Y C 0 al .
78;: ) Jon (% > log (px,y(aiaﬁi; C))) (6.80)
i=1
1 Y 1 o .
=N 2 gt 5 ) B (Po1€0550) (6.:81)

P
1 1
__ X
Nizzl l(%zﬁy_l Ks(a; ajﬂiﬁj))

0 [1 &
(97 (N ZKE(%‘ - alwﬁi - ﬁk))] (6-82)

1 1
__N; (%ij_lKE(ai_ajaﬁi_ﬁj)> )
(%ZKé(ai—%ﬁz ﬁj)( (i,k) = 8(j, )))] (6.83)

1%+ 300 K (o — aj, B — B5)

N Py (0, Bi; C)
N 1 ’
1 ~K§ (o — ak, o5 — Br)
+ = § N = 6.84
N =~ Pry(ai, Bi; C) (689

Equation6.84can be re-written as

Ohe(%,y;C) _ 1 Fi(ag, Br; C)
day, N pxy(ai, Bi; C)

— Fa(ow, Br; C) (6.85)
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with
N
1
Fi(og, f1:C) = Y Kok — . B = ;) and (6.86)
]:1
_ 1 ~ K% (i — o, 0 — Bi)
FQ(akvﬁka N ot pxy(a“ﬁ“ ) (687)

Similar to the 1D casef (ax, Oi; C) is computed efficiently in the 2D regular grid by utilizingeth

2D analogue of the convolution property expressed in@E¢8which can be computed via the 2D FFT

Fi(E, 1 C) =5 K (8, 5) » »u (i, ) (6.88)
fl{]:{w(:i,z?)} {5 } (6.89)

The scheme continues by interpolatibn(z, y; C) back to the continuous locations in a manner
similar to the interpolation of Ec6.69, wherep? y(3) inthat Equation is replaced by, (-). Finally, the
denominator of Eg6.86is already available from Ed.69

In a similar mannerF; (&, g; C) is firstly computed over the regular grid according to

1
Fy(i, ;) = K&™" (&,9) * B 3.0)

e
oe{en) s ) .

and it is subsequently interpolated onto the continuowations in a manner similar to E§.79
Eq. 6.84has a complexity of)(N?) whereas bothFy (-), F»(-) have(D(N2 2 log( pad)) —

o w(@ (6.90)
.T

(’)(]\72 log(N)). Actually, the empirical derivative requires two FFT cohutmns - one for each
Fi(-), F»(-) term and is double of the Shannon derivatives. However, tie @irder of complexity

is again reduced to simplSD(N2 log(N)). Having efficiently computed the terms in the empirical JE
expression of Eq.6.85at the regular locations, the derivative at the continueus obtained via an
interpolation similar to the one of Ec5.79 Considering a 2DV = 1002 imageN = 400, then the
reduction is two orders of magnitude whereas for a/8B- 100? and the same sized grid, it is a massive
six orders of magnitude.

Table6.6 summarizes the complexities of the joint estimators anil texivatives.

6.4.3 Comparison of the derivatives of the joint entropy esinators

In order to assess the accuracy of the derivatives of the JEowsider the two images depicted in Fig.
6.16 The second row depicts the FFT enabled analytic derivatifeach estimator with respect to the
individual pixels of image 1. The derivatives are obtainedkernel standard deviations valugsanduy
which returned the best derivative match. The derivativepbotted on a common scale. The lastimage
shows the normalized squared difference between the twgemarhe last row depicts the derivatives

obtained by individual perturbations in the gray value afrepixel, following a similar scheme to the
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Table 6.8: Joint entropy evaluation and derivative estimaion: Computational complexity of explicit as

well as the FFT based implementations

Non-FFT Order of Complexity FFT Order of complexity
ho(%,y; C) O(NN?) xy;C)  O(N2log(N))
he(x,y;C) O(N?) P y;C) 0N log(N)
dh,(x,y; C) /o O(NN?) Oht(x; A)/0a; O(N21og(N))
Oh.(x.y; C)/dar.  O(N?) oht(x; A)/90;  O(N210g(N))

one described in Se6.2.1 The errors associated with Fi§.16are provided in Tablé.9. Although the
error between the two estimator is significant, the errotis véispect to the derivatives can be considered
acceptable.

We have also attempted to convert image 1 to image 2 by faligwi line-search enabled itera-
tive gradient descent scheme, where in each iteration, éhieadive of image 1 was subtracted by the
image itself. However, both estimators stuck in local miaidue the null spaces characterizing the JE

functional. The null spaces are present, due to the gragvalariance of the JE functional.

Table 6.9: Errors regarding the derivatives of the joint Shannon & empirical entropy estimators

Compared derivative quantities

Normalized error(%)

Analytic Shannon vs analytic empirical

Analytic Shannon vs Shannon

Analytic Empirical vs Empirical

9%
2.2%
2.7%

6.4.4 Run time tests

We compute JE and and its derivative for images of differiss using the non-FFT based estimator as

well as the FFT enabled Shannon and empirical estimators sibiv empirical estimator is not plotted

as it is even slower than the non-FFT Shannon analogue. Thpwtational times are presented in Fig.

6.17h Although the order of computational complexity is similaboth images, the exact complexity

of the empirical estimator is higher than the Shannon ondfaadiifference is depicted in the plots.

6.5 Efficient mutual information evaluation via marginalization of

the joint probability density function

The MI functional (Eq. 4.50 requires the estimation of both marginal and JE terms akasetheir

derivatives. One can compute all involved terms with thehoé$ discussed in the previous sections.

Regarding the functional evaluation, the main source offaational complexity reduction is the effi-

cient PDF and joint probability density function (JPDF)imsttion via the linear interpolations on the
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Image 1

Analytic Shannon Analytic empirical Normalized
derivative derivative square error

FD Shannon FD empirical Normalized
derivative derivative square error

Figure 6.16: Derivatives of the Shannon and empirical joint entropymeators. The figure depicts the analytic

and derivatives of the two estimators, with respect to pbdtions applied on the pixels of image 1.

regular grid and and the application of the FFT. The bestaagar for this is firstly to compute the JPDF
and then subsequently derive the marginal PDF via the iategalogue of Eg4.2Q

6.6 Summary

In this chapter we have described in detail the marginal aimi €ntropy estimators expressed either as
an integral formulation (Shannon entropy) or as an expiecté&mpirical entropy). We have extended
the work ofShwartz et al[2005 enabling the efficient evaluation of the joint entropy ewttors and their
derivatives. We have tested both entropic formulationsthai derivatives against ‘gold standards’ and
discussed the response of the former with respect to the auaitbins and the choice of the kernel's
standard deviation used in the non-parametric KDE. Theuati@n against ‘gold standards’ is necessary
to validate the correctness of the entropic estimatorsiémentation. The validated methods are em-
ployed later in this work, for estimating the entropy of ireag as well as the derivative of the entropy

with respect to the images’ gray values - all done for the psepof regularizing the inverse problem
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in optical imaging. Finally we derived the orders of comjitigwnf the discussed concepts and provided
examples showcasing the run time efficiency of each estinaai its derivative. The suitability of the

implementations for image reconstruction are evaluat&ein7.5.
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Entropy evaluation run times
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Figure 6.17: Run times forJE and derivative computation between square images of diffesize. ASIE does

not depend on image dimensionality, we plot the 2D size ofrtteges as well as the approximate 3D volume

equivalent.6.17aComputational time for non-FFT Shannon entropy evaluaiwhFFT Shannon and empirical

entropy evaluation. The slow method is evaluated up to asiZ60x400 due to increased complexitg.17b

Similar plots for derivative estimation.



Chapter 7

Information theoretic regularization in diffuse

optical tomography

7.1 Introduction

In this chapter we propose a regularization scheme for siffoptical tomography (DOT) based on in-
formation theory (IT). The proposed method and part of tiselte presented in this discussion, has been
published in Arridge et al, 2008k Panagiotou et gl2009ab]. The scheme enables the incorporation
of a priori structural information in the inverse problem, aiding todgathe alleviation of the negative
effects of ill-posedness. As a consequence, it results improvement in the quantitative accuracy as
well as in the spatial resolution of the obtained opticaliioh. The scheme addresses the first of the
aims set in chaptet.
Thea priori information is provided in the form of pairs of reference geax/; andxﬁg}, expressed

also by a combined notation

m/”‘a
Lref := Le/f . (7.1)
Tref

The reference images depict some secondary quantitieferfedit physical meaning - for example
the magnetic properties of tissue obtained by a magnetanege imaging (MRI) - which under a
fundamental assumption, are expected to be spatiallyilwigtd in a manner similar to the true - and
initially unknown, optical quantities of interegt, and u.* respectively. The two latter quantities can
also be referenced using a combined notatiorin a manner similar to Eq.7.1. The pre-requisite
regarding the similarity between the reference images hedrtie optical solutions, is solely limited
to their spatial distribution patterns - also interpretedtaucture No assumptions are made regarding
the relationship between the gray values, which populaaéiafy corresponding locations or features,
between prior and optical images. It should be noted thatactjze a single image.er = x} = :cfef
will be available, as most of the high resolution imaging @liiees return a single image - although
one can consider the possibility of using images obtaineh fdifferent modalities foy., and u./, for

example functional magnetic resonance imaging (fMRI) agrpifor absorption and anatomical MRI
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for scattering. In the numerical simulations of this chapte will use both combinations - different and

common priors foy:, andy’,.

Knowing a priori the expected structure of - at least to some extent, allows the penalization
of the optical solutions according to their level of struelulissimilarity with the reference images or
equivalently, the regularization scheme favours solgtisimilar to the reference images. By assigning
different penalties to different solutions, the regulatian effectively changes the solution space. Ideally,
this leads to an improvement in the definition of the optimd hopefully to a treatment of the null-
spaces, which plague the solution retrieval process of theegularised inverse problem. In this work

we consider joint entropy (JE) and mutual information (Md)tae functionals of choice.

Information theoretic regularization with explictpriori information has recently drawn increased
attention. Somayajula et al.l2009 proposed the usage of M| based priors for the linear invpree-
lem in positron emission tomography (PET). The method wathéun extended to enable a scale space
approach. Specifically, the method regularized the PETtisolloy assessing its Ml similarity with the
prior images at various scales. The priors at their varioakes were considered simultaneously, thus the
final PET solution was the one most similar to all scale-gridihe scales at that study were i) the images
at their initial resolution ii) after being subjected to lgass filtering and iii) after the application of dif-
ferential operators. The pixel values at the last two sdalesrporate neighbourhood information - for
example the gradient at a pixel location depends on the satigs neighbouring pixels. Thus, via the
consideration of these scales, the method implicitly mlededpatial dependency between neighbouring
pixels. The latter is missing from the standard IT functidmplementations, based on kernel density
estimation (KDE) methods operating under the independahidentically distributed (i.i.d.) assump-
tion. Nuyts[2007 followed by commenting on the inferiority of the MI functial compared to JE for
the purpose of reconstruction regularization, althoughstudy did not entail an in-depth comparison
between the twoVan de Sompel and Sir., Brady, J20094 incorporated JE priors in the linear inverse
problem of limited view tomography. In a manner similarSomayajula et a[.2007 they studied the
effects of introducing inter-pixel spatial dependencyhia 9E priors, but their approach differed as now
the pixel dependency was explicitly enforced using a Mankmdom field smoothness prior, effective
incorporated as an extra regularization functiondhzantsev et alf201( proposed an optimization
scheme for JE priors in PET where the regularization weigig @ptimized in real-time, simultaneously
with the image reconstructionrPedemonte et a[20104 proposed a class-conditional JE scheme for
introducing priors in single photon emission computed tgraphy (SPECT) reconstruction. Finally,

Tang et al[201( investigated the use of JE prior in reconstruction of 4-Eadats.

The contributions of the work presented in this chaptenidel
1) the first application of IT regularization in a severellpbsed, non-linear inverse problem such as
DOT,
II) an in-depth theoretical analysis and comparison reggrthe capacity of both JE and MI to act as
regularizing functionals, accompanied by custom-madeisitions to support the findings,

1) the use of the efficient scheme for marginal and jointrepy evaluation and gradient computation
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discussed in chaptérfor the purpose of IT regularization. The accuracy of thespngéed results in this
section, is a strong indicator regarding the validity of éficient entropic estimators and gradients.

IV) finally, the application of the priors to 3D experimentita obtained from a phantom study.

The structure of this chapter is as follows: Secfiohre-formulates the inverse problemin DOT in
order to enable IT regularization and discusses the adagtahization scheme. Sectioh3 provides
theoretical intuition between the differences betweenrdEMI regularization. Sectiofi.4 revisits the
choice of binning range during the KDE as well as the standaxdation of the used kernels. Finally
sections’.5-7.7 present 2D and 3D numerical simulations, whereas a studydas experimental data

is presented in Sec..8.

7.2 Formulation of the inverse problem

The proposed objective functidi{z) enabling the IT regularization of DOT is defined as

2

9= FE @D L g e (7.2)

Cc1

|

whereS—1(z) = 4 = [ua,x]" denotes the optical parameters estimates- [ji,,7%]" are the log-
arithmically transformed and normalized analogues (se@e $&.4); the data fit term is thé.s norm;

U(x, xzref) is an IT regularization functional assessing the simyasigtween: andzes weighted by the
regularization parametet, c; is the normalizing constant defined in E§.69 The evaluation of the
forward operatofF (z.) is approached using a finite element method (FEM) based aplprdVe utilize

the TOAST software package mentioned in Sd.3

The solutionz of the scheme is obtained via a minimization scheme

y—F(S (=)

g=argmin|&(x) =
C1

x

+ 7Y (z, Tret) | - (7.3)

The proposed scheme is realised by repladnig, zrt) with either the differential JE or the neg-
ative mutual information -MI. Then considering that= [/i,, R]T, U(x, xret) is defined for the case of

JE regularization as

U (z, zref) =h(x, Tref) (7.4)

=h(fia, :rfé?) + h(F, Fref), (7.5)

whereas for the case of Ml regularization as
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W (z, zrer) = — MI(, rer) (7.6)
_ (h(x) + h(arer) — h(a, x,ef)) 7.7)
= = MI(fia, 7(gf) — MI(F, Frer) (7.8)
= — (A(1a) + h(aleg) = hita, ate))
— (&) + h(seer) = b, mre)) (7.9)

Note that the MI functional is negated. We know that the valti®l increases as solution estimates
x become more similar to the prionses. Considering that (z, zref) is introduced in minimization
framework such as the one described by Eg2, the functional should attain a minimum value for
solutionsz maximally similar tazf, in order for these solutions to be minimally penalized. mbgation

of the Ml is hence essential in order to achieve the desirbd\ier.

The retrieved optical solution estimatds subsequently subjected to a transformation (z) (see Eq.

3.67) which results in the positive and un-normalized estiméth® optical solutionz_, .

7.2.1 Objective function minimization scheme

The minimization of Eq. 7.2 is approached using the iterative non-linear conjugateignts (CG)
optimization method utilizing th€olak - Ribiéreupdating scheme described in S&&.2.2 CG-based
optimization has been used before in diffuse optical imggifor example sedrridge and Schweiger
[1999. Methods based on higher order derivatives (S8.3 exhibit faster convergence however
they are not considered in this context, as the entropidemésldiscussed in Chaptéhave only been
analytically derived up to the first order. To further spe@dconvergence, we adopt the inexact line-
search algorithm described in S@€c6.4 An inexact line-search of this kind has been use&blyweiger
et al.[2004 for the purposes of DOT reconstruction, although the ppalcoptimization in that work is
a second order method. The pseudo code for the CG and thectri@easearch algorithms are provided
in Algorithms2.1and2.2.

The gradieny® = 9&£(z™*))/02*) of Eq. 7.2 at iterationk and with respect to the parameter

vectorz is derived using the chain rule according to

o€ (x(k)) 2 OF (er(k’)) or (k) U (:L'(k) xref)
—m = 7 (k) + ,

oz ¢
Regarding the terms on the RHS of E¢..10 the partial derivative of the forward operator
OF (x4 ®)) /0z(* is the Jacobian matrix introduced in S&c5.3 Its computation can be accomplished
efficiently by utilizing the photon measurement densitydiions (PMDFs) based approach discussed in
the same section. The teréx, () /02(%) is expanded by considering the parameter transformation
discussed in Se@&.5.4and results in

O %) Eq. 3.670 exp(x)T ¢
9z k) B Oz
Eqg. 3.66
="z

(7.11)

(7.12)
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Finally, the derivative of (2*), 2¢f) depends on which IT functional is adopted. In the case of

JE it is simply equivalent to

ov (x(k)azref) _ail(% Lref)

o) _Ohie ) (7.13)
~ ~ T
-~ Ha .
_ 8h(/§zzref),ah(f;7’;ref) (7.14)

which can be efficiently computed using the fast Fourierdfamm (FFT) enabled analytic derivative

estimation scheme proposed in Sécl In the case of Ml the derivative is

(9\11 (:E(k) y I’ref) ah(m) ah(m, wref)

Oz (k) T T ox + ox ’ (7.15)
A ~ ~ ~ T
Oh(jia)  Oh(fia,xhe;)  Oh(E) = O(R, rer)
| _ 7.1
oie T op. 0 on  om (7.16)

Once again, the efficient estimation@f(z) /9 is discussed in Seé.2 One can notice that derivative
of the termiz(:z:ref) of Eq. 7.9is not included in the MI derivative, as it is independent.oAlso note that
the presence a¥h(z)/dx in the derivative of Ml differentiates it from its JE analagun the following
section where we compare JE with MI, the effects of the matderm in the capacity of the functionals

for the purpose of regularization will become clearer.

7.3 Comparison between JE and Ml for regularization purposes:

Theoretical intuition

Section4.5.5introduced JE and MI as similarity measures in the multi-aiatting. In Sec5.6.4
we revisited the functionals to comment on their differemicethe image registration setting, where the
functionals depend on the assessed images but also on thkleaverlap domain between the images.
Here, we revisit the functionals to assess the similarityvbenz; and a continuously varying. In
this section we assess the behaviour of the functionalsjdering not only the differences in their gray
values but also differences on the the structural featuhéshware depicted by them. The reason for this
analysis is to extract intuition regarding the bias expegtdebe introduced in the solution by JE and Ml
regularization, due te not having a ‘one-to-one’ structural feature correspoedemith the truex*.

Before proceeding it is important to reiterate that the mimation of -MI (or equivalently maxi-
mization of MI) corresponds to maximization of the margih&t) and minimization ofy(z, zrf). The
former results in increased variation in the probabilitpsiey function (PDF) whereas the minimization
of JE results in increased clustering in the joint probapdiensity function (JPDF).

Figure7.1is central to this discussion. The first row shows five testgesa all under a common
scale. In order to compare Ml and JE, pairs of images are de&ae this reason we consider five image
pairs{1, Z}, whereZ = 1,2,...,5. As the functionals are defined in terms of the PDFs/ JPDIes, th

visualization of the latter is essential to obtain intuitieegarding the behaviour of the functionals. The
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second row presents the margipél ) of image 1 - present in all five image pairs (first column) ad wel
as the joinip(1, Z), ¥Z (remaining columns). Row three shows thg (ﬁ(l, Z)), which reveals the full
extent of the clustets Finally, the fourth row shows the margin#lZ) which varies among pairs. It is
important to note that the same binning range, binning wédttl kernel standard deviation were used
for the KDE in all cases. The axes of the PDFs/ JPDF are commali PDFs/JPDFs. All PDFs and
JPDFs are displayed under a common scale to enable consiistesl comparison.

The JE and - MI scores for each of the pairs, together with theg'maliz(Z) involved in the Ml
computation, are provided in Tablel. We will refer to these values when we consider the formetspai
individually.

Image 1 Image 2 Image 3 Image 4 Image 5

n n . 1
193

1 p(1 1) 193 p(1 ,2) 193 1 p(1 ,3) 193 1 p(1 ,4) 193 1 p(1 ,5) 193

p(1)
j 1275. . . . .
153

-153 1275 408

p(1,1) p(1,2) p(1,3) p(1,4) p(1,5)
p(1)
-153
-153 127 5

V V V W
p(1) p(2) JE) p(4) p(5)

Figure 7.1: Test images and corresponding PDFs/JPDFs for comparingndBA& Top row: Test images.
Second row: Marginal PDF of image 1 and JPDFs between image ddir& } whereZ = 1,2,...,5. Third
row: Same as second row but JPDFs are nowinscale. Bottom row: Marginal PDFs for each of the test

images.

We should note that Image 1 is present in all image pairs amaiires structurally unchanged. In
order to relate the discussion with the image reconstmdtimmework, image 1 is interpreted ags

whereas the variable imagecompleting the pair corresponds#d - except if stated otherwise.

7.3.1 JE vs MI: Image pair {1,1}

Image paif1, 1} corresponds to the case of a perfegfas it is identical ta:*. 5(1, 1) displays the well
known example - from image registration studies (for exansele Hill et al., 2001]), diagonal cluster

arrangementwhich is characteristic of this case. Thiswasaliscussed in Seé4.5.5 The three clusters

lwe use a KDE with kernel of finite support
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Table 7.1: Joint entropy, negative mutual information and marginal entropy values for the image pairs

in Figure 7.1
Image pair {1,1} {1,2} {1,3} {1,4} {1,5}
h(1,2) 8.834 8.834 8.834 8.834 9.052 nats
—MI(1, Z) -0.904 -0.897 -0.564 0 -0.845 nats
Image 1 2 3 4 5
hZ) 4.869 4.862 4.529 3.965 5.028 nats

in the JPDFs is the minimum number of clusters which can baéargiven the fact that both images
have three distinct intensities and all structural featune spatially registered,(1,1) and—MI(1,1)
attain their theoretical global minimum in this case frotrother possibleZ = 1. For example, because
image 1 and imag# are identical, knowing image 1 maximally reduces the umdsiy of the solution
(image Z) - which is the definition of MI. By using image 1 as &prthe solution imageZ = 1 would
be minimally penalized by the regularization functionads they attain their minimum values - and

consequently the solution imagewould be correctly favoured over the majority of other silns.

7.3.2 JE vs MI: Image pair {1,2}

Image pair{1, 2} corresponds again to the case of a structurally correct gtiowever, the gray values
of image 2 have been transformed according to the arbitrahnibsen non-linear function discussed in
Sec.4.5.5and subsequently rescaled to the range of image 1. Tab&hows that JE is invariant to the
gray value transformation afzs{l, 2) = iz(l, 1) up to the third decimal point. Regarding Ml it is apparent
thatMI(1,2) # MI(1,1) as it carries the error fromh(1) < h(2). We remind we seek to minimize
-MI. This is due to the partial overlap of the two mode$i{2). One would expect that in minimization
framework involving— M I, the functional would favour a solutioi whereh(Z) is maximized. This
corresponds to a highly sprea@l7), which in this case is translated as three completely n@ttaping
modes inp(Z). Due to the partial overlap however this case does not quoresto the global minimum
— M solution. Hence, if image 1 was used as a prior in a recortgtruscheme and the regularization
parameterr was very high, -Ml would bias the gray values of the obtaineldtton in order to form
an optimalp(Z) (with three distinct modes). In other words, it would attéripincrease the contrast
among the formed features. The above effect will be dematestin practice in the case study and
specifically to Figs7.12b& 7.12d which depict reconstructions regularized by Ml for vatéah.

A similar cluster overlap takes place i1, 2) but JE is less affected, as the overlap area in the
p(1,2) is a smaller fraction of the total area of the 2D plane, whetka overlap area i(2) is more
significant considering the support of the enti@). In addition, because the movement of clusters
in the JPDF has an additional degree of freedom (verticakton), there can be configurations where
overlap of modes appears only in the marginal PDF. Such aveaskl manifest if the circular (green)

feature in image 1 was re-coloured to a value closer to theobttee background (brown). This would
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result in the corresponding cluster (green/orange) to nugve the vertical direction and the overlap in
p(1,2) (log-version) would fully vanish. However, the above change iaot result in any change in
p(2) and the overlap would be still present.

To conclude, the maximization dif(Z) in Ml favours highly varying solutions which can be differ-
ent from the true solutio®. In this case JE is superior to M, as the former does not ci:perh.(Z)

and hence does not bias the gray values in the pre-descriteden

7.3.3 JE vs MI: Image pair {1,3}

Image pair{1, 3} corresponds to the case whefg contains features not presentih. In this case we
show that JE displays a level of structural invariance wiiah prove both beneficial and disadvanta-
geous in a reconstruction regime. Apparently the removid@gmaller feature in image 3 does not lead
to a removal of a cluster if(1, 3). As a rule of thumb for these trivial cases, the number oftehssn a
JPDF is always equal or greater to number of different gréyegin the more varying of the two images
- in this case image 1. It becomes greater when there is paviaap between features (see image pair
{1,5}). The above only holds in these non realistic cases, as ffezatice between the gray values in
the most varying image, is large enough to ensure that thalt dontribute to the same cluster, thus
there is one distinct cluster for every gray value.

In {1, 3} there are now two features in image 1 which overlap with thekgeound of image 3.
This results in a characteristic alignment of the corresjranclusters in(1, 3), with respect to the hor-
izontal direction. We should emphasize that as image 1 istaot clusters can only move horizontally.
Because the number and amplitude of cluster(in 3) do not change compared to the previous cases
and because cluster overlap is minimal, thgh, 3) = i(1,1) (see Table7.1). Thus, while using the
incorrect image 1 as a prior, the correct solutiér= 3 could still be obtained (as a feasible solution) -
along with the incorrecZ = 1 andZ = 2 which return the same JE. Hence, as all solutidns 1|2|3
correspond to equivalent levels of JE, then when consigenmimage reconstruction scheme it is up to
the data fit term (data likelihood) to select one of the sohgiZ. That solution would be the one which
maximally satisfies the measured data. Apparently, as JHaézes the likelihood term by reducing the
set of feasible solutions, so does the likelihood term to JE.

On the contrary, Ml is greatly altered due to the large changi¢3), which reflects the removal of
the feature. Two of the modes have now fully merged, creatidgminant mode with high probability.
The reduction in uncertainty in image 3 results in a redug@) which increases -MI. Hence, MI does
not exhibit any invariance in cases such as this.

We mentioned that the structural invariance of JE can alsdisgsvantageous. Consider the case
where image 1 reflects botht and prioraes - this is again the case of a correct prior. Assume also that
due toill-posedness* cannot be correctly reconstructed and that the best rettiestimate: resembles
image 3. In this case, the extra feature in image 1 is wrongggimg from image 3. However, we have
already established that, if image 1 is acting as a priogrétecally it cannot enforce the reconstruction
of the extra feature in image 3 due to the aforementionedtstral invariance. This is an important

limitation of the JE.
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On the contrary, Ml is not prone to this problematic case hfeatures in the prior are strongly
enforced to the solution, due to maximization of the margéerdaropy term. There is no structural
invariance to MI. Unfortunately the latter is very ill-befga and as we said it can induce further variation
in the reconstructed image, such as extra variance or thaasigof artefacts which appear due to noise.
Both behaviours are once again demonstrated in practiteiogase study of Sec.5and specifically in
Fig. 7.12 We will revisit these topics later.

Finally, we should emphasize that the structural invagaoicJE is only partial. For example see
Fig. 7.2and the considered image pa{rs 1}, {1,2} as well as{3,3} and{3,4}. JE is the same for
image pairs{1,1}, {1,2} for the reasons already discussed (corresponds,to}-{1, 3} of Fig. 7.1).
Consider now{3,3}-{3,4}. Image 4 is created by removing a feature from image 3. Homyé¢ke
gray value of the removed feature is also assigned to anpéreof the image which is not affected by
the removal. Apparently the removal of the rightmost feaizneates an extra cluster in the JPRIRd
increases the joint entropy. Information theoretic fumctils - especially under the i.i.d. assumption -
treat features with equal or similar gray values as one, etemn these features are located in different
parts of the image. Although such features are not proximal $patial sense, they contribute to the
same clusters of the JPDF. Hence, by changing one part ofrtage, it is possible to bias spatially
distant parts just because they are populated with valogkasito the altered part. Once again, we have
observed this in practice and it is discussed in Case Il af Se5.2as well as in Fig.7.8 where the

corresponding JPDF are depicted.

7.3.4 JE vs MI: Image pair {1,4}

Image pair{1,4} highlights the above findings using the extreme case of a gemeous solution. As
now the solutior? is homogeneous, all gray values pairs formed between thgasshare the common
gray value ofZ, which causes all clusters in thi€1, 4) to vertically align. Againp(1,4) has three
clusters, minimally overlapping henéél, 4) = A(1, 1).

Another important detail regarding JE is revealed. Theie@ralignment of the clusters maximally
reduces their in-between distance and consequently theitap. This is more noticeable when kernels
of substantial width are used in the KDE. Two clusters withstantial overlap can resemble a single
cluster, hence JE is reduced. Thus there is the possiliilitythe JE between & and an incorrect
‘homogeneous’ solutiom can score a smaller value than the correct solution whickmbges the prior.
We note that this behaviour is due to approximation of thg gedue pairs as 2D Gaussians of substan-
tial width. Theoretically this does not reflect reality ag tBaussians should resemble 2D Dirac delta
functions.

The preference of homogeneous solutions by JE has also bessived in practice. Over-
regularization with JE can lead to the removal of featuremfthe solution in order to favour the for-
mation of dominant clusters in the JPDF. The removed imaagifes are usually the ones not strongly

supported by the data. High valuesoftan break any resistance posed by the likelihood regarding

1in {3, 3} we had two clusters corresponding to the superimposedrésafaircle/circle),(background/background).{th 4}

we still have those but also (circle-background)



184 CHAP. 7: INFORMATION THEORETIC REGULARIZATION IN DIFFUSE OPTICAL T®MIOGRAPHY

Ima]e 1 Ima]e 2 Ima‘e 3 |
p(1,1) p(1,2) p(3,3)

mage 4

p(3,4)

Figure 7.2: Demonstration of JE partial structural invariance. Theaeah of pair in{1, 2} is similar to the
{1,3} in Fig. 7.1and preserves the number of clusters in the JPDF. Howeerethoval of a non-unique
feature in{3, 4} does alter the JPDF. Tlyeaxis in the JPDFs correspond to the first (unchanged) immagadh

pair.

the removal of features, hence the effect is observed. Oaia ahe above effect will be demonstrated
in practice in the case study5 and specifically to Figs7.12a& 7.12¢ which depict reconstructions
regularized by JE for variable

Regarding -Ml, it is evident (Tablé.1) that its marginal ternﬁz(4) attains its global minimum for
this case f(4) now contains a single mode, although a narrower mode wosldtri an even lower
value) which results in a great reduction in MI. In this cadse global minimum of MI=0 is attained.
Another minimum proximal to the global one is realized wheerg pixel in Z is assigned with a
different gray value or equivalently whei{Z) tends to be uniform (the corresponding image is not

depicted).

7.3.5 JE vs MI: Image pair {1,5}

Finally image pair{1,5} corresponds to the case where the solutibhas features not present in the
prior space. The minimal number of clustergifi, 5) is now determined by, however an additional
cluster manifests due to the partial overlap present indhsg. By examining the values in Tabld it

is apparent that this case does not constitute an optimuanfpof the functionals.

7.4 KDE binning range/ kernel standard deviation

7.4.1 Binning range

The binning range of the KDE was discussed in S2&.1.1 In the context of that discussion, we seek

a density estimate from a known sample - for example onesketti from a Gaussian density. In the



7.5 Case study 1: 2D numerical simulation 185

reconstruction context and in the case of a joint functienal. the JE or MI, we have two samples. The
fixed prior xef and the solutiorr which evolves during the iterative optimization. The bimpirange
regarding the gray values of,; is estimated in a manner similar to Séc1.1.1 In contrast, the range
of z is not knowna priori, asx is subjected to constant improvement.

We approach this problem by preceding the IT regularizednsituction with a fixed number of
iterations based on a more generic reconstruction scheifigngt regularization functionals such as
first-order Tikhonov (TK) or total variation (TV). The solution estimaig,; obtained by the latter is
used as an initial solution estimate for the IT enabled retantion. We assume that a significant part
of the rangeR (&) - wherez is the solution ultimately obtained by the proposed redgzdaion scheme,
is captured byR (Zinit). In order to be able to process potential values outsidedhige, the final range
R (%) of the equispaced birsutilized by the KDE, is computed by extendif®(Zini) by a fixed amount
c at both its ends. ThuR (i) = {min (R (&init) ) — ¢, max (R (&init) ) + c}. Throughout this work we
choose a = 1.5R (Zinit). We note that the extension & (Zinit) is required in both directions as the
is not strictly positive ag, but it is expressed in a logarithmic scale so it is unbouraddmbth ends.

Finally, in the case that some reconstructed values stilofatside R (i), we have facilitated a
scheme of dynamic extensionBf() which appends sufficient amount of bins in any needed daecti
The newly appended bins have the same 4izeof the initial #. The magnitude of the extension is large
enough to bring any.u: ¢ R (&) insideR (&), as well as a further.5supp(K,,) from the outermosto,

for the reasons discussed in Sécl.1.1

7.4.2 Kernel standard deviation

The kernel standard deviatianis not considered as an optimized quantity in this work, big fixed
during initialization. Its value is naturally a function tife gray values in: andzer, from which we seek
to retrieve density estimates. In this work we consides a function of the rand® (Zinit), specifically
as its percentage. Thugc) = ¢R (Zinit) With ¢ € (0,1). We have identified an empirical optimum
¢ in a pilot reconstruction - where the true solution is coasédl known, and we maintain the same
choice for all subsequent data sets. To identify the optinnenperform multiple reconstructions from
the same data set, for multiple valuescofThe obtained reconstructions for eacfr) are compared
against the true solution and the vatuehich returns the most accurate reconstructions is noees

the optimum and employed in all subsequent studies. Weathplberform this process ii.5.2

7.5 Case study 1: 2D numerical simulation

7.5.1 Simulation description

We test the method on a 2D simulated case. We seek the reaafvitig optical absorption and reduced
scattering coefficient parameter distributions, denoted band ./, respectively, in a circular object of

25mm diameter. As a light transport model we employ the DAefRTE which is expressed in terms of
11, and the diffusion coefficient wherex is computed from Eq3.24 We simulate the probed anatomy
by mapping the target optical distributions on the nodesmofiastructured mesh, consisting of 7261

10-noded triangles and a total of 32,971 nodes. The targeabpguantities are depicted in Figures.
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The trans-illumination of the medium and the data acqoisifirocess is simulated from 32 sources and
32 detectors arranged on the boundary at equidistant argpdaing, with sources and detectors being
interlaced. The sources are amplitude modulated at a freguef 100MHz. The sources are activated
sequentially. For each source, we solve the frequency doBwiusing the TOAST FEM implementa-
tion. For each source, the exitance at the boundary is megbyrall 32 detectors. Considering the full
set of 32 sources, this leads to a total of 1024 detectedIsigiile full set of collected data constitutes
the simulated measured data The measurable quantityat the boundary consists of the logarithmi-
cally transformed amplitude as well as the phase of the tiadiaxiting the medium. The acquirgds

finally contaminated with 1% of multiplicative Gaussian sei

0.05 4
0.04
1 4 3
0.03
2
0or B 6
1
Figure 7.3: Targetu, andy,, images for 2D simulations. The optical coefficients for thiedled regions are:

fta - 1: 0.037,2: 0.0167,[3,4,5]: 0.05,6: 0.0125,7: 0.025mm "
- 1:1.33,2: 3,3: 1.975,4: 1,5: 2,[6,7]:2 mm "

The reconstruction process is based on the iterative maaiCG scheme method, which starts by
some initial guess(®) and is then successively improved until pre-defined coraresg criteria are met.
In this case, the initial guess®) = [1,(?), 11, (¥)] is the result of 10 iterations of CG minimization of Eq.
7.2with ¥(z) being a TK penalty withr = 1e—4. The initial guess for the initial TKreconstruction is
homogeneous for both optical quantities, populated wightéinget background parameters = 0.025
andu, = 2mm~1.

The FEM mesh used for solving the DA during the reconstragtimcess is different from the one
used in the simulation of the data acquisition process. nsists of 3511 nodes and 6840 three-noded
triangles, using linear shape functions. Adopting diffén@meshes for the generation of the initial data
and during the reconstruction process ensures that théatiorudoes not involve an inverse crime. The

reconstruction is performed on a 128x128 solution basils gquare pixels.

7.5.2 Comparison between Shannon and empirical entropy imipmentation

Before we proceed with testing the capacity of JE and MI tailegze DOT with different priors,
we have to choose between the Shannon and empirical enwomylations introduced in Chaptér
We execute the forward problem on the software phantom, derato simulate the data acquisition

process. We subsequently create 20 different data setsrigimmating the measured data with 20
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different realizations ol % Gaussian multiplicative noise. For each data set we perRiidE-based
reconstructions based on the Shannon and empirical enfoopylations for variable kernel standard
deviationsu. The s introduced by the JE for this test is shown in the third coluhiFig. 7.5 We
compare the accuracy of the reconstructions with the grannt. Executing the comparison over a
wide range ofu is essential, as the two formulations perform optimally iffecent values (see Sec.
6.1.4. A commonr = 0.02 was employed for both formulations. The error between rstantionst

and true solution:* was measured by the normalizéd metric.

R (e — w2l e —u’*ll)
Lo(%,2%) = = ( a4 2 2 (7.17)
@) =5\l ]

Figure7.4shows the error plots for the Shannon and empirical entropytlation. The Shannon
formulationmarginallyoutperforms the empirical formulation when compared ait tdesolute minima
of 0.6761nats and 0.06783 nats respectively. Althoughthikentimber of reconstructions (20) might
not be large enough to credit statistical significance tostidy, it is a strong indicator regarding the
validity of the findings of Sec6.1.4 that is, at their optimuna both formulations perform comparably.
Henceforth, we employ the Shannon formulation due to iteebetin-time performance in evaluating the

JE and its derivative between images (seetGéq).

Shannon integral entropy formulation Entropy formulation based on expectation (empirical)
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Figure 7.4: Comparison between Shannon & empirical entropy estim&ongariable kernel width:°". Nor-
malized reconstruction error f@ubfig. 7.4aShannon formulatiosubfig. 7.4b Empirical (expectation based)

formulation. Minima at: Shannon 0.6761nats Empirical:6083 nats

Case study 1 - continuedrigure 7.5 introduces thec* and four different pairs ofes (columns 2-4)
one foru, and one fog., all with incommensurate gray values in relation to itie The reconstructed
region consists only of the circular domain and the soudetettors have been placed on its boundary.
The remaining region is masked out and serves only for visatidn purposes.

It is important to comment on the structure of thg as they are designed to assess the capacity of

both JE and MI for various cases.

» Case I. The first set consists of the perfegt in structural terms as it shares the exact number of



188 CHAP. 7: INFORMATION THEORETIC REGULARIZATION IN DIFFUSE OPTICAL T®MIOGRAPHY

features withe* and with the exact number of distinct gray values. It sho@@&mphasized that
when multiple features in* share the same gray value, their corresponding featurggsishare

also a common gray value.

* Case Il. Thezs of the second set have been created by summing:theand zﬁ;} of Case |,
adding an additional feature arf; and re-scaling the gray values arbitrarily between 1 and 3.8
for both images. The significance of this reference set iobaws. Firstly the prior space has
features which do not appear in the target space. Secondpdhe way that/; and zﬁ;} are
created, more regions share similar gray values [1,2 B}ix@ce they are less distinguishable by
the KDE. This is the main reason that a continuous KDE is ngestiethat the entropic estimates

and their derivatives are continuous and enables them abveegegions with similar values.

e Case lll. The thirde.s is missing features which are found:iri. The purpose of this test is to

access if the inaccuratges suppress the reconstruction of the true features.

« Case IV The final set consists of non-piecewise constant The are replaced by.s with a
generic structure based on the ones of Case |, but with gtagwvahanging according to a radial
gradient. To complicate things further we add 5% of multiplive Gaussian noise to the prior

image. The noise was simulated via

Tref = (mref)ﬂ + 5% x |.Tiref| X n, (7.18)

Where(:cref)% is the reference image, represented &5 & 1 vector, prior to noise-contamination;
andn is aN x 1 vector consisting of random trials drawn from a Gaussiarsiten/ (u, o2), with

meanu = 0 and standard deviation= 0.05.

Figures7.6 and 7.7 present the obtained reconstructions for bathand 1./, respectively. Each
figure in columns 2-4 show the reconstructed images obtaisid) both JE (top row) and Ml (bottom
row), using the corresponding image pairs. We have usedathe &ernel width: (optimum from Sec.
7.5.2 for both JE and Ml as they both computed using the Shannagopnimplementation. In the first
column we present the initial guess used for the IT recon8tn and also a converged reconstruction
using TK; regularization to be used for comparison purposes. Figiuf&and7.10depict the profiles
of the images ag-axis coordinates 40 or 100 depending on which is more ranggabking into account
the features in thes andx* spaces. The formed JPDFs are depicted in Fi@. Note for example
that the added noise in the fourth prior is reflected in thdiler@gray/dashed line). A discussion of the
obtained results now follows.

Regarding Case |, it is apparent that both JE and MI perforih @ensistent to the our discussion
in Sec.7.3, we emphasize that the/ I reconstruction of.’, exhibits higher variation in the background
region - which should be homogeneous, possibly due to thémizaetion ofﬁ(:z:) term.

Case Il is far more revealing about the superiority of JE aeflects on the theory in Sed.3.

We observe that the extra features in the reference imagee ke distinct footprint in the MI based
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reconstructions. The fact that the extra featuresdnappear with distinct gray values inis due to the
effect of the marginal entropy terf: discussed in Se&.3. Apparently, MI based priors wrongly bias
the solution in the case of extra features in the prior spateontrast, in the case of JE, the enforced
blob can attain the gray value of the background so effdgtiv@lisappears (vertical alignment in the
JPDF as discussed in Fig.1). This is a significant advantage of JE over MI. The effectthefextra
feature inx.ef can be observed in the JPDFs in Fig8.

In Case Il we observe that the featureszihwhich do not have a corresponding feature in the
reference image are successfully reconstructed, althnaghs resolved as in cases | and Il. However,
the accuracy of the reconstruction regarding these feafarketter than the corresponding one in the
T K, reconstructions, which should be expected s, smooths out the region borders corresponding
to high gradients. Another possible explanation is thatimyiging accurate prior support to the rest of
the domain, the overall reconstruction is improved. Thesrttodelling of the overall light propagation
becomes more accurate and as a by-product, it leads to tmeuegprecovery of the features which miss
explicit prior support. Hence, their improved spatial feon compared td" K, can be considered as
a by-product of the overall improvement of the reconstarctit should be noted that the IT functionals
are not easily predictable in their behavior. By adding anaeing a blob in the prior space, the effect in
the reconstruction is not necessarily constrained in th®neof the missing/extra blob. These changes
propagate through the PDF/JPDF and affect spatially distgiions in the reconstruction, although their
gray values are proximal in the PDF/JPDF space. One cary sasilthat the removal of blob [4] affects
the contrast of the reconstructed blob [1]. This is a poé¢ntiawback of the IT functionals. This effect
is observable in the JPDFs in Fig.8.

Finally, case IV shows that even with the added complexiuaed by the gradient/noise in the
prior space, both functionals display increased invagaiacthe complex incommensurate gray value
relationship betweemn andxf, producing acceptable reconstructions.

Tables7.2and7.3show the normalized Sobolev norm distantergopoulos1984

[l — |13

=113

IV (@ — 2*)|I3

+0.5 ,
V|3

|z —2*||5, =05 (7.19)

evaluated between the target and reconstructed images famd .., respectively. It is apparent that in
all cases JE is better in quantitative and qualitative tettasuperiority is also evident in the profiles of
Figs.7.9& 7.10

Table 7.2: Sobolev norm distance between target and reconstted absorption distributions

Recon. TK1 1 2 3 4
JE 0.44 0.15 0.22 0.29 0.22
Ml 0.44 0.20 0.29 0.31 0.30
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Target

Ref.4

Figure 7.5: Target distributions and the 4 reference images pairspinecensurately related to the target gray
values. Ref 1 displays full correspondence between itsifeatand the ones in the target distributions. Ref. 2
contains features not existing in the target space. Refnfdsing features. The gradient in Ref. 4 is enforced
by centring a 2D Gaussiamr{ 50 pixels) on top of Ref. 1 and multiplying the pixels valueslerneath. We

also add 5% Gaussian multiplicative noise.

Recon TK1 Recon. 1 Recon. 2 Recon. 3 Recon. 4
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Figure 7.6: i, reconstructions by introducing the available referencagenpairs with joint entropy or mutual
information. The converged TK1 reconstructions are predifior comparison along with the initialization

guess.
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Figure 7.7: p, reconstructions by introducing the available referencagenpairs with joint entropy and mutual

information.
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p(TK1,Ta) p(Recon. 1,Ta) p(Recon.2,Ta) p(Recon.3,Ta) p(Recon. 4,Ta)

top: JE
bottom: Ml
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Figure 7.8: Effect of information theoretic regularization on JPDFSubfig. 7.8a p,. Depiction of the

JPDFs for the case ¢f,. Visualization scale cut-off threshotdapplied to reveal all clusters. All values ¢
are shown as brown. For all JPDRsaxis: prior,y-axis: Recons3™ col.: Clusters indicate value of region
[7]. JE cluster unaffected. MI cluster shows dispersiory-axis (disordered background). This increases
fz(Recon.Z and reduces-M 1. 4™ col.: Arrows point to the cluster of white regions [3,4,5]. Tailreesponds
to the reconstructed blob 4 lucking explicit prior suppafE preserves dominant top cluster corresponding to
[3,5]. MI does not, hence [3,5] are affected - see increaseince in [3]. Subfig. 7.8k .. 3": JE mostly
unaffected. Few new values created due to minimal bias frdna @rior feature [7]. MI - dispersion (overall
disorder in [3 + gray background]) and significant change tdugtrong bias from extra feature (small arrow)
" col.: Arrows point to value of the black blob lucking support. IRRTANT: notice that the removal of
the blob [4] from the prior, affects its reconstruction blgcathe reconstruction of blob [1] in JE and more in
MIl. REASON: Blobs: [1,4] are spatially distant but close RDFs. Overall usage of priors cluster JPDFs

compared to TK1 case, which is interpreted as improved ashénd resolution.
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Table 7.3: Sobolev norm distance between target and reconmstted scattering distributions

Recon. TK1 1 2 3 4
JE 0.42 0.23 0.23 0.24 0.27
Ml 0.42 0.296 0.28 0.30 0.34

Case I: uq, Profiles at y = 40 Case II: g, Profiles at y = 100
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Figure 7.9: Profiles foru, aty = 40 or y = 100 for reconstructions using TK1, JE and MI. We also provide
the profiles forz* andzrer. The choice ofy targets the profiling of different features and was madenkito

account the feature correspondence betweeandz; space for each case.
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Figure 7.10: Profiles foru, aty = 40 ory = 100.
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In order to fairly compare Ml and JE, each was weighted byrtineiividually computed optimum
7, in order to ensure that the observed biasing tendenciesnatra product of unfair weighting of one
of the methods. This ensures that the results reflect thedtiea capacity of each method and no unfair
under- or over- regularization of one of the methods is tglptace. For both methods and for each
different reference image pair, we performed multiple restauctions using the same data but variable
TE [10*4, 10], ranging in 40 logarithmically spaced intervals and th&hich returned the best match
for each case was adopted.
Figure7.12shows thqi,, andji/, reconstructions obtained using prior pair #2 of Fidp, for the variable
7 and for both JE and MI. The corresponding error plots for #raes prior case, are shown in Figl1l
as an indicator. The reconstructions corresponding to thema of the plotted errors are highlighted in
Fig. 7.12

One can observe that JE regularization removes featuresnaseases whereas Ml fully enforces
the priorares. This is due to the absence and presence of the marginal tetime two methods. In the
JE case, the removal of features leads to vertical alignwofethie clusters in the JPDFs (not depicted),
their in-between distance is minimized and JE decreasegnfirces all features (maximum amount of
clusters in the PDF/JPDF) and induces higher contrast arfeatgres to increase the distance among
clusters. The final JE reconstruction in Fig.12ais consistent to the theory. Although all features
appear, the global contrast is significantly reduced. Thkecgon in the contrast among the depicted
features - except feature 6 (black circle) - significantlystérs the JPDF (not depicted for this case) thus
reducing JE. We have observed in other studies which we hesfermed (not included here) that for

7 > 0, the reconstructions approach the homogeneous image.

JE - Normalized Sobolev norm error (LOG) MI — Normalized Sobolev norm error (LOG)

&)

" ¥ Total error ) Total error
—.[lg €rTor —-[lq €rTOor h

— ), error

—u, error

[\ -4\’
20 5 10 15 20 25 30 35 40 O 5 10 15 20 25 30 35 40
Reconstruction index Reconstruction index
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Figure 7.11: Reconstruction errors (against true solution) for the iesagepicted in Fig.7.12 MI errors
corresponding to indice36 — 40 have been truncated as the correspond to very high valuesoamgromise

the clarity of the rest of the plot. Minima are explicitly iicdted
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Figure 7.12: Reconstructions using prior pair #2 for 4€-spacedr values. Reconsl — 12 have been
removed (under-regularized, solely data-driven). Theysamilar to the first two depicted recons. Minimum
error recons. have been highlighte&ubfig. 7.12aJEu, Subfig. 7.12bMI- u, Subfig. 7.12cJEw., Subfig.
7.12dMlI- it
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7.6 Case study 2: 2D MRI-derived target, MRI prior

7.6.1 Simulation description

This study corresponds to a more realistic case. The steiofiihe simulated target anatomy is provided
by a coronal slice of a 3D MRI scan of the breast. A simple segat®n process classified the tissue
to two different types - adipose and glandular. The idemtifiegions were re-assigned with optically
meaningful values - although the choice was arbitrary ares amwt reflect the literature reported optical
values of the considered tissue types. In addition, an@atiffnon-MRI derived) elliptical perturbation
was added to thg} to simulate a tumour and was assigned with a vébluehigher that the background
adipose tissue antl5 x higher than the glandular tissue. Tumours have higher pbiearlevels due
to extra vascularization. The resulting optical image plthe role of the probed medium. The target
optical values are summarized in TalGl€.

1

Table 7.4: Case study 2: Target optical values. The values arin mm™". The have been arbitrarily

selected and they do not reflect literature reported opticalzalues of the considered tissue types.

Tissue type Ha M
glandular 0.04 2
adipose 0.01 1
tumour 0.06 -

The MRI providing the structure of* will be used as the priogs image. This case is more
complicated compared to the previously presented casg &iuthe following reasons. The MRI is not
piecewise constant - whereas the target optical image id it @ontains micro-features and noise which
is also absent from the target. In addition, the explicitiged feature in* does not have a corresponding
entry in zrf, hence it does not benefit from explicit prior support. Westhest the flexibility of the
methods to reconstruct it. To complicate things even funtteeadd a circular feature on the MR
We saw in Sec7.3(discussion regarding image pdir, 3}) that partial overlaps such as the ones induced
by the added feature, compromise the JE structural invegidfinally, the regions comprising the target
image are non-convex, thus creating small structural detdiich their retrieval is an added challenge

for the relatively low resolution of DOT.

7.6.2 Meshes and reconstruction initialization

We utilize the same meshes of the Case study 1 (see7Sgc. Similar to that case, we ensure not to
commit an inverse crime by using different meshes for fodxgata generation and also for the recon-
struction process. Finally% of Gaussian distributed random noise was added to the sigdudiata.

The initialization guessini; used in the IT reconstruction scheme was provided by a cgaderV-
regularised solutiotiy . This reconstruction will also be used in order to evaluageiotential achieved
improvement by the informational theoretic regularisascheme. Figuré.13presents the true solution

x*, prior zref, the initialization estimaté;,; - obtained by a converged TV reconstruction - as well as the
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formed PDF(Zinit, zref). The above quantities are presented for hattand u’,. All reconstructions
presented in this case are visualized using the colour rahgfee targetr*. The magnitude of the
challenge is evident. The initial estimate, especiallyha tase of., fails completely to reproduce
structural detail. The simulated tumour is reconstructét l@ewer contrast and an additional feature -
not corresponding to the true solution also appears. Thealared L, error between the retrieved,
and the trug:* is 22.01%. The scattering reconstruction is marginally better tésylto anL, error of

20.75%.

Absorption target Absorption prior Absorption TV converged PDF: TV - Prior

® -

Scattering TV converged PDF: TV - Prior

>
y 9
]
q i
i
1' .
.
- 'I
Y ¥

Figure 7.13: Case study 2: Initial imagestop row: AbsorptionBottom row: Scatteringlst col. : Targets

2nd col. : MRI-priors 3rd col. : TV-converged reconstructiairy - used also as the initial estimatg;: 4th

col. : JPDFs betweefiry andxres

7.6.3 Information theoretic regularization

Similar to the previous case, we have performed multiplerdEMI reconstructions with variableg-
spacedr, similarly to Case 1. These reconstructions are depictédgn7.14 The top two subfigures
correspond tqu, and ./, for the case of JE, whereas the bottom two showand y/, for the case of
MI. In every image, the dashed box indicates the reconstnugthich matches best (ih, norm terms)
the target solution for the depicted optical quantity. Tthesoptimumu, andy/, reconstruction can be
retrieved for different values af. The continuous box indicate the reconstruction which minés the
combinedu, andy’, error and it is this which is ultimately chosen.

In Subfig7.14a(JE+w,) we once again observe that JE reduces contrasirazeases. This is not
observed in the scattering reconstructions. A potentiglamation is that the initiglh/, obtained from the
TV reconstruction is more accurate than the corresponginigitialization. In the case of Ml contrast
progressively increases as expected from the theory.

The optimal reconstructions corresponding to the minimomiginedZ,, error are depicted in Fig.

7.15 There is an evidentimprovement in the reconstructione@ally in the case gf’,. We mentioned
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(d)

Figure 7.14: Reconstructions using 40g-spacedr values. Top to bottom: JE-Absorption, JE-Scattering,
MI-Absorption, MI-ScatteringContinuous boxesindicate reconstruction corresponding to minimum tdtal

error whereaslashed boxesndicate recons. with minimum error for that case (JE/MY/ 11%).
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that this can be the case due to the better initiafjuess. Another possible reason for the superiority of
the retrieved.’, overp, is inadequate normalization between the two, during theropation. Thusy/,
can potentially be subjected to higher regularization thanSuch problems do not occur in alternative

modalities which retrieve a single image.

JE: Absorption reconstruction JE: Scattering reconstruction MI: Absorption reconstruction MI: Scattering reconstruction

PDF-JE: Absorption — Prior PDF-JE: Scattering — Prior PDF-MI: Absorption — Prior PDF-MI: Scattering — Prior

HAEDS

Figure 7.15: Case study 2: Reconstructed imagésp row: Reconstructed imagegrom left to right: JE-

Absorption, JE-Scattering, MI-Absorption, MI-ScatteyiBottom row: Final JPDFsFrom left to right: The

reconstructed images (image above each PDF) vs thesgior

Regarding the comparison between JE and M, it is apparantMih promotes the formation of
structure more strongly due to its marginal term, which iSrjzed when the obtained image exhibits
higher variation. The same term promotes higher contraatden the reconstructed values (see discus-
sion in 7.3.2), thus emphasizing all regions which differ from their sumdings. Hence, we observe
higher absorption in the tumour region, but for the samear&saccurate values (centre-right) in the
reconstructed image are also emphasized. JE on the othsbrdhamto the lack of the marginal term does
not emphasize neither the artefacts as well as the tumotin rBethods however improve on the initial
TV reconstruction.

The normalized., errors between the retrieved, 1, reconstructions against their targets and also
the total error are provided in Table5. In this case MI outperforms JE. It should be noted that ttet be
JE+, reconstruction is not the one indicated in Fig15but it occurs for higher value (see dashed
boxes in7.14). It results in an error of.26% and achieves a reduction 85% from the initial error -
which is higher than the one achieved by MI. However, for ti@e highr, the error of the JE enabled

1 econstruction is far higher, increasing the total error.
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Table 7.5: Case study 2: Normalized., errors

Images considered Normalized L2 error Reduction
la! T = Ty 22.01% -

la! T - Ty 11.18% -

Total initial error 16.60% -
Wit -Tyg 20.75% —5.72%
whir* - 2E 8.11% —27.47%
Total JE final error 14.43% —13.07%
it - T 19.29% —12.36%
it - T 7.34% —34.3%
Total Ml final error 14.43% -19.9%
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7.7 Case study 3: 3D reconstruction of a software phantom

7.7.1 Simulation description

In this study we test the method in the 3D DOT problem. The 3&ds usually more ill-posed than the
2D setting as the ratio of the number of unknowns (equallieg/oxels in the 3D volume) to the acquired
data increases. In addition, a significant potion of thetltght exits the domain goes undetected, as the
detectors are now arranged over a 3D surface and not a 2D anund

In this case, the test domain consists of a cylindrical dbjeth radius of25mm, and height of
50mm. Sources and detector sites were placed in 5 rings aroumdahge of the cylinder, at elevations
-20, 10, 0, 10, 20 from the central plane. 16 sources and léctes were arranged in each ring,
totalling a set of 80 sources and 80 detectors. Data was r@chfar all source/detector combinations
resulting to 6400 acquisition events The domain was reptedeoy a FEM mesh which consisted of
83142 nodes and 444278 4-noded tetrahedral elements. Tioaldiackground parameters were set to
pa = 0.0l mm~tandu, = 1 mm~—!. Spherical and elliptical perturbations have also beemdéfiwith
increased absorption and scattering coefficients. Thageraent of target objects is shown in Figure
7.16. The measurements consisted of logarithmic amplitude hadgat a source modulation frequency

of f = 100 MHz, contaminated with 0.5% of multiplicative Gaussiastdbuted random noise.

7.7.2 Reconstruction and initialization

The reconstruction is performed oB32x 32 x 32 grid of bilinear voxels. Figur&.17shows a converged
reconstruction using TV regularization which used a regzédion parameter value = le — 5. The
display range in the corresponding images is optimally astegbto enhance visual clarity. However,
the solutions obtained using the JE and MI priors are diguldy the same range of the true solution.
Hence, we also present Figurel8which shows the same reconstruction, but now scaled acaptdi
the range of the true solution. The reconstruction is dediat order to enable visual comparison with
the IT reconstructions in order to showcase the magnitutiesafnprovement. The same reconstruction

was used as the initialization guess for the IT reconsiusti

7.7.3 Information theoretic regularization: correct prior

In this case we utilize a prior imagges Which shares the same structure with the true optical smluti
However, its gray values are incommensurately relatedetdrtte optical parameters. The priorimage is
depicted in Fig.7.19 Figures7.20& 7.21present selected reconstructions using JE and MI regatariz
tion. The display range of the presented results is thatefrie solution for bothu, andy. It has to

be noted that the selection of the presented images ovenaiitees obtained for different regularization
weightingr, was based on qualitative criteria (visual inspectionis &vident that both methods improve

on the initial TV solution as the correctly retrieve the urigieg features of the true solution.

7.7.4 Information theoretic regularization: incorrect pr ior

In this case we utilize a prior imageer is not an accurate structural representation of the trugisal
It contains extra features with respect to both tijeand .. As in the previous case, its gray values

are incommensurately related to the true optical parametgre prior image is depicted in Fi§.22
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Figures7.23& 7.24present selected reconstructions using JE and MI regat&iz The display range
of the presented results is that of the true solution for hotland ... Once again the reconstructions
were selected based on visual inspection.

As expected, the JE reconstruction induces less bias die textra features in the obtained solu-
tion. Neither the ellipsoidal nor the spherical perturbathave a significant impact on thé andu,
solutions respectively, from which they should be absemweler, we observe that the small features
which do not exist in the..*, do appear in the obtained,. A possible explanation for this result is
that these features share similar gray values. Accordinpeadiscussion of in Sec7.3.3 this can
compromise the structural invariance of JE.

In the case of Ml reconstruction, bias from the extra feais@pparent. We note that all the recon-
struction which we have examined had noticeable bias - éxtbemnes which were under-regularized
and did not significantly improve from the TV reconstructiéior higher values of the spatial resolu-

tion increased along with the bias.

w 2=7 w:z=24 . y=16

uo z=7 i z=24 py=16

Figure 7.16: Left: Cylindrical software phantom with embedded absorptiod)(end scattering (blue) per-
turbations. The position of the cross-sectional planed tmedisplaying the reconstruction results is indicated
in gray. Right: cross sections = 7, z = 24 andy = 16 through the absorption (top and scattering target. The

top three images show, and the bottom threg?, .
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Figure 7.17: Converged TV reconstruction: Visualized using optimaptiiy range to enhance features
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Figure 7.18: Converged TV reconstruction: Visualized using the samglajsrange as the true solution
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Figure 7.19: Prior image 1: The prior has one-to-one feature correspueevith the true solution. Gray

values are incommensurately related to the true solution.
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Figure 7.20: Converged JE reconstruction using the structurally copeor 1
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Figure 7.21: Converged Ml reconstruction using the structurally carpeor 1
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Figure 7.22: Priorimage 2: The prior has extra features when considéhniatyueu.,, and trueu’, solution. Gray
values are incommensurately related to the true solutitre. displayed isosurface image is not representative
of the gray values as the high background value dominatesdbarface rendering. It is solely displayed as an

indicator of the locations of the various features.
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Figure 7.23: Converged JE reconstruction using the structurally ireszirprior 2
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Figure 7.24: Converged MI reconstruction using the structurally ineotrprior 2
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7.8 Case study 4: DOT/MRI experimental phantom multi-
modality study

In this study we test the IT regularization scheme on expemial data. We seek to retrieve the optical
properties of a cylindrical phantom. The phantom is probedrboptical tomography system and is also
subjected to an MRI scan. The aim is to reconstruct the dpicgertiese of the phantom using its

MRI representation as the structural prigg:.

7.8.1 Phantom description

The phantom was construcfetly a two-component, room temperature vulcanizing silic(BeAS-
TOSIL RT 601, Wacker Chemie AG). The cylinder’s height wa8rh2n, whereas its inner diameter was
69mm. Alternative building materials for the phantom irtd#y polysaccharide gels, gelatin, polynivyl
alcholol [Mazzara et a).1996 Ohno et al.2008 Surry et al, 2004. Silicone was the material of choice
due to its minimal deterioration over time, as well as duehease which one can construct regions
with different magnetic contrast within it.

Silicone is clear and colourless and its optical propedasbe modified by adding scattering and
absorbing ingredients. The scatterer used in this instamseli0O, powder whereas the absorbing
properties were assigned by adding a near infrared (NIRYBye Jet 900 NP, Avegia Biologics Ltd.)
to the silicone. Similar ingredients have been previoushduin resin based optical phantorf&pank
and Delpy 1993 Firbank et al,1995. The dye was first mixed with a small amount of ethanol with th
help of an ultrasound cleaner. Then the result was mixedtétsilicone in a plastic stirring pof’iO4
was mixed with the hardener, again with the help of ultraseibration. The hardener was then added
to the stirring pot and mixed carefully to minimise bubblenfiation. The concentrations of ingredients
to achieve approximately desired optical properties w&@42 mg/dl for7iO, and 0.5 mg/dl for the
NIR dye. The stirred silicone was poured in a mould made admyivhich was first treated with silicone
spray. The mould consisted of a hollow cylinder, bottomelkatd three cylindrical pegs, which leave
holes for the perturbations in the cast. The parts werelathto each other with screws.

The cured phantom was removed from the mould. Material faretidifferent perturbations were
poured in the holes of the phantom. The first perturbationdwatle the concentration @fiO2 com-
pared with the background. The second had double the caatientof the near-infrared dye and a MRI
contrast. The third perturbation had only MRI contrast.icBite itself can be seen in an MRI image
and its magnetic properties can be altered with differerdupagnetic substances. In this phantom, the
MRI contrast was created with Dotarem (Guerbet S.A.), whimhtains gadoteric acid. Its paramagnetic
nature is based on gadolinium. Itis used as an MRI contrasttagnd normally given by injection. After
the perturbations were cured, the holes were filled witleaile with the same optical properties as the
background material. The phantom can be seen inFith

The background optical properties of the phantom were aqupately set tou, = 0.01 and y/,

mm™! at a wavelength of 785nm. The base of the three cylindricatiea were formed on a plane

1The phantom was constructed by Atte Lajunen, DepartmentiahBdical Engineering and Computational Science, Aalto

University
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parallel to the base of the cylinder and at an elevatione66.25mm from the base. The cavities were
filled with dyes of different concentration of the backgrdun order to provide optical contrast. Cavity
A was filled with double the concentration of the NIR dye aighie achieve twice the absorption of
the background. The aimed optical quantities of the baakucare{2u,, us}. Cavity B had solely
MRI contrast, resulting in optical propertiés,, 1} same as the background. Finally, cavity C was
filled with the scatterefl’iO, in double concentration of that used for the backgroundyltieg in
optical parametersu,, 2y} relative to the background. The magnetic properties oftga®i were
aimed to be similar to the background ones, thus C shouldrheally absent in the corresponding MRI
reconstruction.

The internal structure of the phantom as well as its absmmfsticattering/magnetic properties are
graphically depicted in the schematic of Fij26 In addition, we provide two sets of MRI images cor-
responding t@) planes parallel to the base of the cylinder, located at 8@vay =33.7mmy =63.7mm
& y =78.7mm from the badg) planes vertical to the base of the cylinder and in the frorbdck direc-
tion, which depict the phantom at various depths, spedy§icaldistancesz =19.4mmz =36.7mm &z
=49.6mm from the front.

It should be noted that provided distances are estimatednaot by the information depicted in the
full set of slices obtained by the MR, given that the firstslcorresponds to the base and and the last to
the top of the cylinder and by utilizing the known height amahdeter of the cylinder. For example, we
utilize the down-sampled MRI image volume 3 x 32 x 32 (x,y, z) resolution and we then identify
the first image slice in the 3D volume stack (starting fromdpknder’s base), where the cavities firstly
appear. Let the index of that slice lie We simply compute its distance from the base in mm by
y = (120/32) = k. We have applied a similar process for all provided distan@de utilized MRI was
down-sampled from its origin&b6 x 256 x 40 resolution to match the resolution of the optical solution
discussed earlier. The reported positions of the congid@emes are computed from the down-sampled

MRI - as the prior and resulting optical solutions are algwesented in this lower resolution.

7.8.2 Data acquisition process

The optical probing of the phantom and the acquisition ofrtdevant dathwas obtained using a fre-
guency domain optical tomography system describedliadila et al, 2002 Nissila et al, 2005. The
wavelength of the incident radiation was set to 785nm. Theealpprobing was performed by 15 NIR
sources and 16 detectors arranged over a two-ring geonseteyKig. 7.26), with sources and detec-
tors being interlaced and arranged with equidistant amgydacing. The corresponding planes of the
two rings were located at elevations pE65mm andy =70mm from the base of the cylinder. These

distances were communicated to us by the scientific stgfbresible for the actual measurements.

7.8.3 Reconstruction setting and initialization

The image reconstruction process utilizes an unstructmigtular mesh with 70218 nodes and 26878

elements. The obtained optical solutions are retrievedaratready reporte8R x 32 x 32 grid - which

11 The data acquisition process was performed by Dr. llkkailisDepartment of Biomedical Engineering and Computetio

Science, Aalto University
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Figure 7.25: Case study 3: Photograph of probed phantom

View: Front to Back X Sources View: Top to Bottom
® Detectors
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A: MRI, Absorption
B: MRI planes
C: Scattering considered

Figure 7.26: Case study 3: Structure of MRI/DOT phantoferturbation A: i) MR contrast ii) Absorption
twice as the background?erturbation B: MR contrast only.Perturbation C: i) MR contrast ii) Scattering

twice as the background.
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also determines the dimensionality of the inverse probléfa.firstly perform an initial reconstruction
using a converged TV regularization. We then use this retdeoptical solution as the initialization
estimatez;,; for the reconstruction which introduces the MRI prigg using the IT functionals. We
were given an estimate of the true background optical qtiesiof the phantom, by the scientific staff
responsible for its creation, @f, = 0.008mm~! andy’, = 0.75mm~!. These values are employed as
the homogeneous initial guess for the TV enabled recortgiruc

We now discuss the obtained results with the consideredadstiiFor each method, all, images
are displayed in common scale. Similarly fdr. We note that we show multiple images for each optical
quantity, corresponding to the views considered in Fig6 We also need to note that for somgre-
constructions, there are few pixels in the boundary - clos®urce positions - which attain significantly
higher values than the rest of the image. Specifically thesdghave a value of 1.78m !, whereas
the rest of the reconstruction is limited to m#~!. We thus impose an upper limit of hidn~! to
the display range to enhance visual clarity. When scalirggdeeen applied, it is explicitly stated in the
caption.

Figure7.27showcases the converged TV reconstruction. Regardingtipart, the reconstruction
of perturbation A (see Fig7.26) is correctly reconstructed - however its spatial resoluts compro-
mised by overestimating its original size. In additionsitaipparent that although perturbations B & C
were aimed to be invisible in absorptions terms, this isrtyeot the case. Regarding itg, part, the
obtainediry is clearly erroneous. Perturbation C which contains aeeatin2 x the concentration of
the background, attains the higher values however itsapasolution is significantly compromised. In
addition, perturbations A & B which were designed to be iiblesin ./, terms, have a clear footprint in
the obtained:7y .

It is understandable that quantitative analysis of theinbthreconstructions is not trivial in this

case as the true solution images are not available.
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Figure 7.27: Case study 3: TV-reconstructed volume at selected viewspl®y range cut-off has been applied.
Scatterin@€olumns 1-3: AbsorptionColumns 4-6: ScatteringTop row: Top-to-Bottom viewBottom row:

Front-to-back view
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7.8.4 Information theoretic regularization: original pri or

The MRI volume is now employed to act as the prigs for the IT enabled reconstructions. It is depicted
in Fig. 7.28 The non-trivialness of the task at hand becomes evidert sTriacture betweem* andu.*
differst, however they will receive explicit regularizing suppanr a single prior. Hence one-to-one

correspondence betweep and eithen:* of 1. * is unavoidably compromised.

B

Figure 7.28: Case study 3: MRI prior volume at selected views. Displageacut-off has been appliedop

row: Top-to-Bottom viewBottom row: Front-to-back view

7.8.4.1 Joint entropy reconstruction

We firstly test the JE functional. We have performed multiigleonstructions for various regularizing
weightsr and qualitatively have selected the best. Alternative viayelect the best include methods
such as the L-curvé{ansen199§. Figure7.29shows the obtained results. By visual comparison means
only, the structura& priori information improves the spatial accuracy of the recomséd absorption
perturbation A. Perturbation B exists i but not inz* and has a noticeable impact in bgth and

. reconstructions. One would expect that JE due to its stractavariance discussed in Se@..3.3
would induce bias to the* from the extra prior feature. However, because all MRI \ésfeatures have
similar gray value representations, the JE invariancerigogcomised due to the reasons discussed in Sec.
7.3.3 Finally, we can observe that perturbation C is now undenegéd, as due to the highused for

this case, JE tends to reduce the contrast in the image asultsén clustering in the JPDF and hence

reduction in the entropy.

7.8.4.2 Mutual information reconstruction

The reconstructions utilizing the MI functional are shownFig. 7.30 Regarding the:, part of the
reconstruction, Ml achieves an accurate reconstructidgheoperturbation A, in both spatial and quanti-

tative terms, as its attained, value is approximatel@ x the background absorption. The strength with

LAlthough a picture of: andy’,* cannot be provided, their expected structure is deducedgby’ 26
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Figure 7.29: Case study 3: JE-reconstructed volume at selected vievegteBogColumns 1-3: Absorption

Columns 4-6: Scatteringlop row: Top-to-Bottom viewBottom row: Front-to-back view

which MI enforces the prior features - due to its marginat@py term - is evident in the 2nd and 3rd
column bottom images, where the structure of the cavitydarty depicted. Unfortunately, for the same
reason we observe significant bias in tiiepart of the reconstruction from perturbations A & B. Feature
C is practically unchanged - structure wise - due to the ld@&kxplicit prior support, however its contrast

increased due to the marginal term in MI.
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Figure 7.30: Case study 3: Ml-reconstructed volume at selected viewatt&mngColumns 1-3: Absorption

Columns 4-6: Scatteringlop row: Top-to-Bottom viewBottom row: Front-to-back view

7.8.5 Information theoretic regularization: alternative prior

In this case, we tamper with the prior image by performing amahrotation - no automatic registration
involved - around its axis passing from the centres of its hases. The magnitude of the rotation
was qualitatively selected so that perturbation B wouldllzmead with the centre of the ‘reconstructed’
perturbation C depicted in the converged TV reconstructldris simple alteration enables the scattering
perturbation C to receive explicit support from the prioaipe, which now has a distinctive feature in the

corresponding location. However, even in this case the poatains one extra feature when compared
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to thep* andy’*. The altered prior image is depicted in Fig31
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Figure 7.31: Case study 3: MRI prior volume at selected vieWsp row: Top-to-Bottom viewBottom row:

Front-to-back view.

7.8.5.1 Joint entropy reconstruction

We re-examine the performance of the JE for the new prior. kveley the same regularizing weight
used in the case of the original prior. The major differemcthis case regards the improved reconstruc-
tion of the scattering perturbation B. This is a direct resfithe explicit support by the corresponding
feature depicted in the news. However, the contrast of the reconstructed C decreaseparech to
the one initially retrieved by TV. One should notice that gegturbation C in the MRI image is visible.

However, it minimally affects the obtained reconstruction
I D []
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Figure 7.32: Case study 3: JE-reconstructed volume at selected viewhdorase of rotated prior. Display
range cut-off has been applied. Scattel@gumns 1-3: AbsorptionColumns 4-6: Scatteringlop row: Top-

to-Bottom viewBottom row: Front-to-back view

7.8.5.2 Mutual information reconstruction

Finally, we apply the new prior image using MI. The bias inalhsorption reconstruction simply changes
position following the perturbed - due to rotation - MRI fesd. It should be noted that the third and
less visible feature in the MRI has a notable impact in hottand ., reconstructions compared to the

JE case and this is attributed to the marginal entropy terthaérMI functional. The reconstruction of
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the scattering perturbation C in this case is not as accuiateerms of spatial accuracy - compared to
the JE case and this is an unexpected result as MI enforcesust more strongly than JE. A potential
explanation for this behaviour is that the third featureespng in the reconstruction - corresponding
to perturbation B - is strongly opposed by the data resultsérentrapment of the optimization in local

minima.
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Figure 7.33: Case study 3: Ml-reconstructed volume at selected viewshiicase of rotated prior. Display
range cut-off has been applied. Scattel@gumns 1-3: AbsorptionColumns 4-6: ScatteringlTop row: Top-

to-Bottom viewBottom row: Front-to-back view

We should emphasize on the complexity of the above expetahstudy. The magnetic properties
of the phantom were specifically designed to produce an MRberwhich did not have an one-to-one
feature correspondence with the target optical solutidiis @lone tests the ability of the functionals to
introduce partially correct structural priors while minzimg the bias inflicted in regions of the optical
solution, which receive inaccurate prior support. One elgpthat the data would oppose the bias in
these regions and if a functional exhibits a level of flexilibias would be minimized.

However, in the TV enabled reconstruction of Fig27it is evident that the data itself promoted
the creation of features in parts of the solution - more djwadly in the 11/, part - which by design were
not attributed with optical contrast. The location of thémgefacts’ coincided with the cavities in the
phantom, which by design should have been invisible/toA possible explanation for this result is that
the interaction of the propagating light with the cavitias,well as at the interface which they shared
with the main body of the phantom, ultimately resulted tottgeang. In this case the IT regularization
functional are asked to produce an impossible result. Thttd incorporation of regionalipcorrect
prior information which promotes the formation of featutbat are supposedly not a part of the true
solution, however the formation of the same features imaltély favoured by the data itself.

We conclude from this study that the JE absorption recoasstmu of Fig 7.29 produced a more
spatially accurate result while the inflicted bias from ti&&features in the prior was not substantial.
The result by Ml in Fig. 7.30was spatially and quantitatively accurate however bias igiser. In
addition, the scattering result in the case of the JE rotpteat is encouraging (see Fig.31). The

accuracy of the reconstructed features which receive@coprior support, is a positive indicator about
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the performance of the method when the entire prior is anrateuepresentation of the underlying true
optical solution.

Before we summarize on the findings of this chapter, as a odimg remark we need to comment
on both JE and MI. The inability of JE to strongly enforce stuue is simultaneously an advantage (less
bias) and disadvantage (weak enforcement of the priortstrelc The recent studies which take into
account spatial intra-image, inter-pixel dependencetfseecviewed IT regularization literature in Sec.
7.1) suggest that JE can be modified to enforce prior informatione strongly. Such alterations will
possibly reduce any flexibility of the functional in indugifess bias and also it will suppress data-driven
features not supported by the prior. However for all featwhich are in one-to-one correspondence
with the prior image, it is safe to assume that a JE methodinfita-image spatial dependency explicitly
modeled, would perform better than the version of JE basateni.d. assumption. Our feeling is that
if one requires a regularization method which strongly ecds prior information, JE is probably more
suitable than the unpredictable and bias-inducing MI. W @i test structurally dependent JE in the

severely ill-posed inverse problem of DOT in the near future

7.9 Summary and discussion

We have presented an IT regularization framework for DOTictviatilizes the functionals of JE and MI.
We assessed the regularizing capacity of the consideretidmals and highlighted their in-between dif-
ferences from a theoretical perspective. JE was found pajipartial invariance to potential structural
differences between the reconstructed solution and tloe jpnage, which enables it to inflict less bias
in the case where the prior contains features not existirtigartrue optical solution. However, for the
same reason JE cannot strongly enforce the prior’s strictuithe reconstructed solution. In addition,
we found that due to the nature of the KDE employed for the psemf PDF estimation, JE can lead
to solutions which are characterized by low contrast betvike depicted features, as this corresponds
to increased clustering in the JPDF and reduces JE. Theeedemonstrated in practice, with over-
regularized JE reconstructions which progressively resddeatures weakly supported by the data. In
contrast, Ml was shown to strongly enforce its structure tdue inclusion of the marginal entropy of
the optical image, in its formulation. Ml does not exhibiyastructural invariance, thus features in the
prior space will most probably bias the reconstructed imagtess if they are un-regularized. In addi-
tion, the marginal term in Ml promotes highly varying optisalutions, hence it can emphasize artefacts

and induce added variation in the solution.



Chapter 8

Information theoretic regularization in diffuse
optical tomography with unregistered

structural priors

8.1 Introduction

In this chapter we propose an extension to the informatieorttic regularization scheme proposed
in Chapter7, in order to enable the incorporation of spatially unresgistl prior information in diffuse
optical tomography (DOT). The scheme addresses the sedorid &hapterl.

Consider the three spaces central to this discussion. Tdreg@e true and unknown solutioft;
the space of the optical solution undergoing reconstractie with the final estimates explicitly being
denoted byz; and the space of the supplied priogs - which by definition is considered spatially
unregisteredvith respect tac*.

In the context of the discussion held in Chaptet s was characterized as accurate if it contained
all the features present ift (one-to-one feature correspondence). In that contgxaccuracy reflected
on its contents. Even in the case where an accuratés available, potential for error still exists. One
needs to know exacthyherethea priori supplied features should appeatirotherwise by forcing them
to appear at incorrect locations, we bias the reconstmuetinl compromise the accuracy of the obtained
result. In effect, we seek@er which is in accurate registration witkt. This prior isx7;.

When the above registration condition is not guarantepdori, we need to explicitly compensate
for it. Only when registration is establishedes can accurately regularize the inverse problem and lead
to the accurate retrieval of a solution estimatehich resembles*. The task at hand was described in

Sec.1.2with Fig. 1.3schematically showcasing the task at hand.

Figure8.1shows the potential bias which can affect a reconstructitnen s are blindly trusted,
without having established its accurate spatially regigin with z*. Rows correspond to absorption
and scattering. The first column depicts the true opticaltsmis corresponding tp, andy/,. Column
two depicts a correct priat}, in terms of content and alignment. The prior in DOT can be casegd

by two different images, one far, and one for:.. Column three depicts a spatially mis-registeragl
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Column four depicts the difference images formed by subitrga;e from thex?, revealing the extend
of the misalignment. Columns four and five depicbbtained by a converged reconstruction via mutual
information (MI) and joint entropy (JE) regularization pestively. Thea priori structural information

is enforced to the reconstruction in a manner similar todoarcopying’. The bias in the reconstructions
is apparent, especially at the regions where the informatepicted inz.; does not correspond to the
true structure ofc* at the same region, due to misalignment. We should commetheffact that,
although both reconstructions are not accurate quaktigtione can observe that the bias is greater in
the case of MI. According to the discussion in Chaptethis is expected as Ml priors enforce all their
features due to the marginal entropy term in MI. On the coptiiE induces reduced bias compared to
MI at the locations where s andz* are not in agreement. We specifically indicate a sample @fsare
in the JE reconstructiof; which have been affected by inaccurateriori information, but are not
highly biased. Increased bias is observed in the vicinitthefdominant elliptical and circular features.
It should be noted that different regularization weightsevehosen for the JE and MI reconstructions as
the dynamic ranges of the functionals differ. This ensuhad the amount of bias induced by Ml is not
a product of over-regularization but it reflects the natbediavior of the functional. The same approach

ensured that the decreased bias induced by JE is not a pafdutder-regularization

Difference image
Unreglstered prior (registered — MI reconstruction withJE reconstruction with

True solution Correct prior (non-rigid + affine)  unregistered prior) unregistered prior  unregistered prior

Figure 8.1: Depiction of bias in reconstructions induced by the intictthn of spatially unregistered priors.
Top row: absorptionBottom row: ScatteringFirst col.: Target optical images* Second col.: Registered
priors x;; Third col: Unregistered priowes (non-rigid + affine)Fourth col.: Difference imagesajy; — wref)

Fifth and sixth col.: Reconstruction vidE andMI regularization{ .z, £ arr)

The obvious problem which rises in the attempt of estabiighegistration between,; andz*,
is that the latter is unknown prior to the reconstructiongess. Effectively one is asked to register
Zref @gainst an unknown quantity. Firstly, not all informati@gardingz* is completely unknown. We
have found two categories of methods in the imaging liteeatagarding the establishment registration
betweenses andz*.

The first involves simultaneous probing of the probed angtioyriwo (or more) imaging modalities.
This approach does not require any knowledge’of Spatial registration involves the alignment of the

images given a common coordinate system. This alignmenehenyis not necessary driven by the
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actual information depicted in the two images - as we alrezatgd one of them is unknown. One
simply needs to ensure that the involved coordinate systems alignment, under the assumption of
course that inter-image corresponding features occupiafipaorresponding areas in both co-ordinate
systems. The alignment of the two coordinate systems candragteed by simultaneous probing of the
anatomy by the involved modalities - the one which corresisdnz* and the ones which providee.
The latter can be more easily demonstrated by consideriagalogy with photography. One can place
a camera on a fixed tripod and take a picture of a scene. Thecathera is replaced by a second camera
- assumingly infra-red in order to maintain the conditiomuilti-modality. Given that calibration has
taken place, i.e. both cameras use lenses of equivalentiéocghs, the resulting pictures should depict
exactly the same scene. Differences in the depiction ofdhrifes of the true scene might exist between
the obtained images, due to the different nature of the twiecas. Some features might be more blurry
and some features may be absentin one of the images, bug tttisa product of mis-registration. Spatial
alignment between corresponding features is guaranteelebynaging setting and our best estimate
regarding the true location of the features is depicted @ithage obtained by the higher-resolution
camera. In general, the highest-resolution images are@mlasr.;. There are reported studies in
the literature which introduce prior information in DOT bgcondary modalities, where registration is
guaranteed by concurrent probing. For example see the DttAsound imaging (Ul) scheme iZlfiu

et al, 2009 or a multi-wavelength DOT-magnetic resonance imaging (MRupling [Brooksby et al.
2004. The concurrent imaging approach enables the establishafecorrespondence only in intra-
subject studies. If the actual probing is serial, meaniagjttie data acquisition by both modalities is not
exactly simultaneous but one precedes the other, the $ubjest remain still and the imaged anatomy
should not be subjected to deformations, otherwise therlyidg physiological information scanned
by both modalities, at different times, is not in registatiby definition. For example, the accurate
registration in serial scanning of organs such as the heéwnhgs, cannot be guaranteed as such organs

are constantly subjected to deformation due to their nbfunation.

The second category of methods explicitly address the fiatenisalignment between* andxes
as a part of the overall task. All these methods are basedemsatine concept. The global location/shape
as well as the local form of ¢ is parametrized with respect to some spatial transformatézameters
0. These transformation parameters are included in the stteobptimized quantities. Effectively,
the overall task involves a simultaneous reconstructemigtration (SRR) approach. This method has
been used in super-resolution imaging where a number oféselution images are combined to form
a high-resolutionimage. In order for the images to be comdhithey should be registered. ki et al,
2007 Tom and Katsaggelp4995 Zhi et al, 2009 an SRR scheme is adopted. In medical imaging the
same method has been adopted for positron emission tomgg¢BRT) and limited view tomography
[Bowsher et a].2006 Van de Sompel and Sir., Brady, M20094. The study byBowsher et al[200q
assumed an intra-modal case and which was rigidly mis-registered with*. Van de Sompel and Sir.,
Brady, M.[20094 considered non-rigidly deformed, multi-modal priorangar to what we propose

in this work. Our proposal for DOT differs as we reconstrwed images and not one. In addition,
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we propose a multi-resolution scheme in terms of the B-8plire form deformation (FFD) control
point grid. Finally, we proposed the use of a sole functidnalboth reconstruction and registration,
which guarantees the consistency of the objective functlmoughout the process. To the best of our
knowledge no such scheme has been proposed for DOT.

The contributions of the work presented in this chaptenidel

1) the first application of information theoretic regulaion with unregistered priors in a severely ill-
posed, non-linear inverse problem such as DOT, which regtire registration of the prior against two
reconstructed images,

I1) the proposition of conditional entropy (CE) as the fuootl of choice, for the purpose of driving the
SRR scheme and finally

III) a scheme of elaborate solution resets which enableretinieval of improved solutions.

The structure of this chapter is as follows: Secti®ba re-formulates the inverse problem in DOT
in order to enable information theoretic regularizatiothwinregistered anatomical priors. The section
contains a discussion regarding the performance of thernrdtion theoretic functionals to perform on
both solution regularization and prior registration tasRection8.3 introduces the proposed elaborate,
alternating optimization scheme comprised by the a B-8gjind refinement as well as a solution reset
scheme. The chapter continues in S8c4, which describes a series of test cases based on simulated
data, designed to test the validity of the proposed schemeelias the obtained results. SectiBrb
presents a comparison of the results, obtained from thepred test cases. Finally, Seg.6 briefly

discusses the presented topics.

8.2 Formulation of the inverse problem

The SRR scheme involves the retrieval of estimates reggsin quantities: the optical solutioh
and the optimal spatial transformation parameenghich bringzs in registration withz*, leading to
ix; — x5 The objective function of the proposed SRR scheme - hereetkfiirectly in terms of a

minimization scheme - modifies E@.2to the following form

2

M JFT\IJ(:E(T),x?{;f(T(T/;@))) . (8.1)

{i,é} =argmin|&(z,0) = .

x,0

wherez (7 (1';60)) = z74(r) is the transformed prior imagees, originally defined inr’ . The su-
perscript¥ explicitly emphasizes that interpolation is applied to defihe transformed image over the
coordinate system of(r) (see Sec.5.3 for registration specific notation). We should remind that

andazres - as well as its transformed analogtjg;, are comprised by two distributions, either the optical

" in the

absorptionu, andy, images in the case af or the corresponding reference imagés andz;;

case ofrrer. RegardingV (:c(r), T (T(r’; 9))), it should be noted that regularization is computed over

the locations- which are defined inside the overlap dom&ip = of x andz ;. Finally, it should be
W

emphasized that both reference imaggs andz;;,

are subjected to the same spatial transformation,

defined by a common transformation parameter vet:tor
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8.2.1 Regularization functional

In a combined reconstruction registration scheme, thetiomal ¥ (:z:(r), 2 (T(r'; 9))) is required to

perform two tasks. These are

» The regularization of the optical solutian This is accomplished by penalizing all solutians

which are not ‘similar’ to thea priori suppliedze; and

» the assessment of similarity betwee®) andz(r), with r € Q.. in order to drive the spatial

registration process.

Section5.6.4discussed the use of information theoretic functionalgHerpurposes of image reg-
istration. It conclusively demonstrated the inferiorityJ compared to Ml, as well as the inferiority
of MI compared to normalized mutual information (NMI), fdre purpose of assessing similarity in the
variable overlap domain and ultimately driving a registnrascheme.

On the contrary, the discussion in Chapferegarding the regularization with registered priors,
showed that the inclusion of the marginal entropy téstm) in the MI can introduce bias to the image,
rendering JE as the preferable choice for the regularizdtinction. This is also demonstrated in the
reconstructions provided at the introductory section &f thapter (see Fig.1). It should be noted that
h(z) also exists in the NMI term which was not tested for regulstién purposes, however its effects
should be similar to its un-normalized variant, the MI.

We are now faced with the choice of a functional which wouldfgren best for both cases. The
only other study employed a SRR scheme based on informdteoretic priors employed as well an
alternating approach was Man de Sompel and Sir., Brady, N20094. In that study® (z(r), z5(r))
was set to JE during the reconstruction step and was theahsaitto negative NMI during the regis-
tration step. Such an approach can work in practice if onaresghat both JE and NMI are subjected
to minimization and return an improved estimate, at eveep stf the alternating approach. Such an
approach however effectively changes the objective fondftq. 8.1) between the two steps and raises
guestions regarding its pure mathematical validity. Byndaso, one simply discards the JE derivative
with respect td@ and similarly the NMI derivative with respect to

In our approach we propose to use a functional which perfdretter than JE in registration (al-
though it is inferior to both MI and NMI) and as well as JE in oestruction. By using the same
functional for both steps, we keep the global objective fiemcunchanged. The proposed functional is
formulated by dropping the marginal entropy tefifx:(r)) of the reconstructed image from the negative
MI, however it retains the marginal term of the transformedgen (z%(r)). Consider the Ml formu-
lations of Eqs4.47-4.49. By dropping the marginal term on the RHS, effectively theuténg function
is the CEh(x | z%). In practice we drop the term from tmegativeM| (as we don’t maximize M1 but

minimize its negative), hence the employed functional el as

W (a(r), a(r) = = (Alare() = h(a(r), 2%(r)) ) (8.2)

:h(x(r) | :17%(7’)). (8.3)
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We now examine the behavior of the above functional (Bo3) during the reconstruction and

registration steps of the alternating optimization scheme

1. Reconstruction step : The optimization ofr is driven by the derivative of E@.2 with respect to
z. The derivativedh (z (1)) /Ox is zero asry; does not depend an Hence, the derivative of
U (x(r), z7(r)) With respect tav is equivalent to the one of JE and consequently it resultsen t
same image update in the context of an iterative image rémtion scheme. The terin(z5(r))
is constant during the reconstruction step. One has to réreethatr < €2, .s . For all locations
€ D\ Qyypx, the derivativeV ((r), (1)) /O is simply set to zero. This means that all parts
of the solutionz which are not overlapping with},, are not subjected to regularization until the
registration process advances and they become a pﬁgtagff In theory, we can employ a second,
solely data-driven regularization functional such@slvariation(TV') to provide regularization
for the parts ot which are not in2,,. .= . Such a modification is not however considered in the

current implementation.

2. Registration step : Considering the registration step and by recalling r&@(T(r’;H)) =
z5¢(r), both terms in Eq.8.2 depend orf. We need to examine how (z(r), z%(r)) behave
in a registration framework. Firstly, it is a dissimilaritgeasure so it attains its minimum when
the images are similar. This involves the minimization ofdEq. 8.2, which we know from Sec.
5.6.4attains a minimum at the correct alignment, however thisinmiimn is not global. Recall
that the global minimum in JE registration is achieved whethb(r) andxz(r) are populated
by uniform values in the area of overléh. s 1. The retained marginal termh (z5(r)) in Eq.
8.2 partially alleviates this effect as it attains its globalximaum for uniform images, opposite to

what is needed in the minimization &f(xz(r), z%(r)).

We repeat the tests of Se®.6.4to test the behavior of CE in a registration framework. Hirate
repeat the test of Subseb.6.4.1(Fig. 5.8) where one image is horizontally translated over itself and
the functionals are computed for the various overlap conditions. Figure3.2 shows the plots of the
various information theoretic functionals, including Gke new functional proposed in this work. CE
attains a stronger minimum at the correct registration cnegbto JE, however it is still the global one.
One can only expect that registration can be recovered iinitial misalignment falls inside the basin
of attraction of the desired minimum - hence it depends ordgoitialization. It should be emphasized
that both Ml and NMI are also plagued by local optima, heneg tbo depend on accurate initialization
- although they attain their global one at the correct regiistn. Local minima can be alleviated by
multi-resolution strategies.

We also repeat the test of SubsBd.4.2 which was used to compare NMI to MI. The functionals
are tested for various alignment configurations formed byrget image against itself, where the latter
is rotated between-30° — 30°. In addition we considered three different sizes of its lgacknd -

varying in the horizontal direction, which we called fieldwvaéw (FOV) scales. It should be noted that

IThis results in a joint probability density function (JPD#f)a single entry of maximum probability and correspondshi t

global minimum ofJE
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Figure 8.2: Conditional entropy in translational transformations. k¥peat the test of Fig5.8 and plot all

information theoretic functionals in order to compare thegainst conditional entropy.

the tests of Se®.6.4.2which resulted in the plots of Fig. 10were performed using the discrete entropy
formulation. Figures8.3and8.4 show similar plots - including the proposed functional of @Egated
so it can be compared with NMI), for the discrete and contirsucase respectively. It is apparent that in
the discrete case, the CE - and similar to NMI, does not havptthblem which manifests in M1 with the
maxima becoming minima. Hence, for each FOV scale the Clhattaglobal optimum for the correct
alignment.

An interesting finding which has not been reported in theaiaghitensive medical image registration
literature, is that in the continuous case, the NMI does raihtain the beneficial capacity of its discrete
analogue, that is being invariant to the size of the backuoncluded in theﬂw;z%. It rather exhibits
the same problematic behavior as MIl. The same result wasnebitdy both empirical and Shannon
implementations. On the contrary, CE exhibits comparablgakior in both discrete and continuous
formulations. It has to be noted that this is simply an obetow for this case and we have not extensively
tested its general validity. A recent publication by Caéilal. Cahill et al.[200§ has brought attention
to the non full invariance of NMI to the size of background.eitproposed solution requires known
background/foreground statistics which is not a method @atwo adopt in this case. In practice, CE
performs more than adequately its registration dutie@afly in cases where the largest part of both

x andxes are inside the common overlap domain.

8.3 Objective function minimization scheme

We employ a gradient based minimisation scheme to retries@wgion estimate from Eq8.1. The

scheme requires the derivatives of its comprising termis vaispect ta: andé.
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Marginal entropy (target image) Marginal entropy (transformed image) Joint Entropy

F.O0.V. scale 1 -50  angle ©° 1

Mutual Information Normalized mutual information

Figure 8.3: Information theoretic functionals against different daprconfigurations manifesting from rota-

tional misalignment and for various sizes of field of viewsEriete entropy case.

Marginal entropy (target image) Marginal entropy (transformed image) Joint Entropy

F.O.V. scale 1 -50 angle ©° 1 -50 1 -50
Mutual Information Normalized mutual information proposed functional

1 -50 1 -50 1 -50

Figure 8.4: Information theoretic functionals against different daprconfigurations manifesting from rota-

tional misalignment and for various sizes of field of view:nflnuous entropy case.

8.3.1 Derivatives with respect to optical solution

The gradient of the data-fit terfy®) = 9£(z(*))/0z()) was discussed in Se@.2.1 In the same
section we discussed the marginal and joint entropy dérastvith respect ta. Regarding the regular-
ization functional, as it was noted in Sex2.1, its derivatived ¥ (z(r), z/5(r)) /0z is equivalent to the

derivative of JE (see Eq..14).
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8.3.2 Derivatives with respect to transformation parametes

The gradient of the data-fit term with respecbtis zero, as none of its terms depend on it. Regarding
the regularization functional, we employ numerical detiixes. Consider transformation parameters
0 = {01,0s,...,0k,...,00}. Perturbing a single parametér by someAd,, — 0, gives rise ;" =
{01,02,...,0, +A0,....00} andl, = {01,0,...,0, — AB,... 0y }. Then the central numerical

derivatives of the regularization functional are defined as

G\Il(m(r),x%f(T(r’;G))) B \I/(x(r),x%f(T(r';Gz'))) — \Il(x(r),x%(T(r';H;)))

a6, = 510, , Vk. (8.4)
We also note that
' T
ov (z(r),x%f(’f(r’; 9))) B ov (ua(r), zﬁ‘e‘;i(’f(r’; 9))) ov (u;(r),xﬁgf (T(r’; 9))) r
BT = BT + BT y V6
(8.5)

One can decompose the transformation parametéstdfasine, 97rp }. OFFp IS comprised by
the perturbations of FFD grid nodes ; (see Eq.5.15. Each nodal location is perturbed by a fixed
amount - common for all nodes, in bottandy directions. Choosing the perturbation amountgfine
is not a trivial task, especially #asine is explicitly comprised by parameters expressing traiwsiat
rotations, scaling and shearing and not by the general gifireemeters of Ech.6. In the former case, the
perturbations of the different transformations composgiregcombined global affine, have to be scaled
as they have dis-analogous effect on the optimized funatidror example a rotational perturbation by
0.1 radian results in smaller transformation of the movimgge compared to a scaling transformation
of 0.1. One can perceive the ‘amount’ of transformation agnation of the number of displaced pixels
as well as the displacement magnitude. The employed paaksggeempirically derived constants to
scale the different types of individual global transforioas. This is a common approach employed by
many prominent registration package#é more elaborate, geometry based approach was proposed by
Studholmeet al. [Studholme et a]1994. Finally, it should be mentioned that probably the bestapt
from a computational complexity perspective, is to em@oglyticderivatives with respect té. These

can be obtained via chain rule according to

0w (w(r),ay (T0:6))) 00 (ar), w4 (T('56))) 9y (T(:6)) 9T (+'56) 86
00y, Oz e (T (r';0)) oT (r';0) 00 '

ref

The first term in the RHS involves the derivative of the emromarginal/joint) with respect to

the image gray values, which we discussed in Chafitefhe second term is simply the gradient of

1see for example Insight's ITKttp://www.itk.org/ or

Imperial’s IRTK http://www.doc.ic.ac.uk/~dr/software/


http://www.itk.org/
http://www.doc.ic.ac.uk/~dr/software/

8.3 Objective function minimization scheme 225

the imageV,x5(r) = Viamg(r) + Vyzge(r). The latter term depends on the actual transformation
employed. Analytic affine derivatives for the affine caseevesed byiola [1995 whereas analytic
B-Spline FFD derivatives were employed Modat et al.[2009, who also presented a GPU enabled

implementation in the same study.

8.3.3 Simultaneous reconstruction/registration (SRR)

We minimize the objective function of Ec.1 using a multi-resolution approach, where the variable
resolution regards the spacing of the B-Spline FFD contoohtpgrid and not the resolution of the
involved images. The control point grid refinement is abtjunecessary as it is the only way to recover
both large as well as local spatial misalignments (see Sé&c2.3. During the SRR, it is assumed that
global affine misalignments have already been recoverad dlgood initialization estimate is essential.
Facilitating the affine registration as a part of the SRR issfile, but not realized in the implemented

scheme.

8.3.3.1 Initialization

Prior to the SRR scheme we obtain initial estimaigs andéinit of the optical solution and transforma-
tion parameters respectively. The former is obtained bgarstruction using a regularization functional
such as TV or first-order Tikhonov (TR In this work we employ the former. Specifically for the re-

construction initialization we minimize

B = arg min[&ycc(x) = g — F(2)|* + 1TV ()] 8.7)

The second estimat@,;; is obtained by registeringer against the now availabléy;. The process

involves an initial affine registration scheme which reaswgobal misalignments

03ne — arg Min[&,eq () = U (2(r), 25 (r'; 03119)) ] (8.8)

gaffine

followed by the B-Spline FFD non-rigid registration

009 — arg min[&, ey () = W (x(r), 2 (r"; 079 470 T (T (17;0))] (8.9)

init o
gnon-rigid

whereJ(T(r’; 9)) is the thin plate spline (TPS) penalty function introduced®ec. 5.5.2 which pe-
nalizes for non-smooth transformations. Both schemegaiti multi-resolution approach, the former in
terms of the resolution of the images, whereas the lattearing of both image resolution and B-Spline

control point grid spacing. We will refer to the combineddgél+affine) initial estimate a,i.

8.3.3.2 lteration in simultaneous reconstruction/regtgin

Regarding the SRR scheme, we seek to minimizeBERQ.In practice we employ an alternating approach,
where each iteratioh is split in two steps. The two steps are performed in sucoassid update the

optical and registration part of the solution respectively
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Step SRR, /, The first step updates the optical solution via a minimizatiblimited iterations

2 = arg min|Esnn, , (2M)) = [l = F@O)|2 + 7 (@D (), ag(;09)]  (8.10)

x

wherez(®) 9(¥) are the estimates at the start of the iteration. In the fiesaiion these are replaced
by Zinit andéinn. In this step, both data-fit term and regularization depema and hence both terms
are evaluated. In the current implementation, the minitiorain this step involves five iterations of

conjugate gradients (CG) utilizing a line-search strategyompute the update step.

Step SRR, /, The second step updates solely the non-rigid transformatoameters. It assumes that
global mis-registration has been recovered. In additiba,ibvolved images are considered in their
full resolution without pre-applying blurring, in order toaintain consistency of the overdl(z, 6), by

assessing the similarity between the same images in boths#&tR. The update is obtained via the

minimization scheme

0D = arg min|Espp,,, (07) = U (a1 (1), age(r'; 0P + 70 (T (1 9<’“>))} (8.11)
0

The scheme utilizes*+1) which was computed iISRR,/, and is now considered as the current best
estimate and a fixed quantity. This step involves the evianaf only the regularization term (as the
data-fit term does not depend 6n which now acts as an image registration similarity measiie
minimization in this step is performed via five iterationdiofited memory BFGS (L-BFGS) (see Sec.
2.6.3, utilizing a line-search strategy to compute the updagp 8. The final estimates obtained by
SRR at convergence are denoted:agr anddspxk.

Figure8.5 schematically shows the geometrical principle of the aliing approach. Successive indi-
vidual updates in orthogonal axial directions can lead tolat®n similar to the one that would have
been obtained by &uly-simultaneous approach (in reality the orthogonal axe®gt®gonalV- and
M-dimensional spaces, with and M being the dimensionality of the individual spaces). Howgeve
the magnitude of the individual updates should be keptivelgtsmall, in order for the alternating op-
timization path to be comparable with the combined one. @tise, one could perform a full optical
reconstruction followed by a full registration and claimimgltaneous scheme. Such an approach could
compromise convergence, as excessive individual stepsecapped in local minima (see Subfighh).
This is the reason we are forced to limit the number of iteratiperformed in each of the SRR steps. It
should be noted that the choice of five iterations was rattstrary. We have tried schemes with less
iterations in each of the SRR steps, however the method vedisitively slow. Identifying the optimum

number of iterations is a topic open for further research.

8.3.3.3 B-Spline grid refinements and solution resets

To guarantee global convergence of the B-Spline registraiuccessive control point grid refinements

are necessary. L€ét; denote the grid resolution, where increasimgrresponds to increasing resolution.



8.3 Objective function minimization scheme 227
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Figure 8.5: Simultaneous reconstruction/registration: Alternatipgimization schemeSubfig. 8.5a Small
successive updates can lead to solution estimates simiattte one retrieved byteuly-simultaneous scheme.
Subfig. 8.5h If very big steps are allowed, local variations in the sioltspace can compromise one step and

jeopardize the combined convergence.

Refinements:SRR at( is initialized with the aforementione{cfmn, éinit} . Each full SRR results in es-
timates[;ici , égl} . The next SRR level+-1 is initialized by {;i"init, écl} . Effectively, all the intermediate
SRR resolution levels prior to the last, solely update

Solution resets:We have observed that by performing SRR more than once orathe grid levelG;,
the retrieved optical solutions are improved. In each igpetwe reset the optical solution to the initial
Zinit, however we do use tfﬁ??ef - corresponding to lagt estimate - computed from the previous SRR
realization. LetG? denote the: performance of the SRR fa¥;. We initialize G} with {iinn, égifl},
whereéGH corresponds to the converged estimate from the previouweraént levet — 1. Fori = 1
we use[iinn, éinn}. Then forallG?, z # 1, we use[iinn, égjfl}.

The data-flow diagram of the proposed implementation isadegiin Fig.8.6.

8.3.3.4 Discussion

The reason we employ an alternating approach is the follgwirwe try to optimize both: andd simul-
taneously, we need to normalize the effects of the pertiiisbfz andé (this is during the derivative
evaluation) on the combined objective function (Bdl) and consequently the overall optimization. The
normalization is required in order to avoid having the deschrection being dominated by one set of
parameters. However such a task is non-triviat @ndé represent very different quantities in physical
terms. In addition, the gradieM,& (z, 0) is subjected to the scaling by the regularization parameter
which is applied tol (z(r),x%(’f(r’; 9))) in Eqg. 8.1 The usually small values of vastly minimize
the effect ofV,& (x, 6) in the optimization compared 9 ,£ (z,0) and practically render the moving

imagex s spatially stationary during the full optimization procedis is unacceptable as, the longer
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probed anatomy/ initial homogeneous true solution
scaled measured data  solution estimate x*
Y
—_—
e sources
° detectors _______ o _____
|Obtain initial estimatesl .

supplied prior

|Reconstruct onlyl

Tinit = arg min [Erec(z) =
T

j—F@)|* +nTV()]

(minimization until convergence OR fixed number of iterations)

|Register only: Tyer against Tinjt |

Oinitc = arg min [Ereg(0) = U (2(r), 2Z,(";0))]

» “ref

(minimization until convergence OR fixed number of iterations
- affine OR non-rigid OR both )

|Simultaneous reconstruction/registration (SRR) |

{i",é} = argmr;lin [SSRR(I; 0) = ||y — F(z)|® + T\IJ(:U(T), x?ef(r’; 9))}

FOR each B-Spline FFD refinement level G; (coarser — finer)

Initialize with: 1. current prior estimate =(r'; 0)

2. and with the initial solution estimate Zipi¢

for any iteration k, obtain updates via:

(where arg min in both steps is limited to few iterations)
END

END
END

REPEAT SRR a fixed number of times z for grid level G; resulting to notation G7

(9 = éinit or used converged estimate from G;_; or from Glz’l)

WHILE convergence not established (85 RRy /s ESRR, m < threshold) then

STEP 1: update solution estimate only using current registration parameters estimate

2*+D) — arg min [Esr, (205 60) = |l — F@®)|? + 78 (00 (1), 257 60))]
T

STEP 2: update registration estimate using the updated optical solution of STEP 1

gk+1) = argomin [ESRR2/2 (1), g(k)) = \I/(x(k+1)(r),xif(r’;e(k))) -+ TgJ(T(r’,G““)))]

correct prior

TsRR

&“;Ief (7"/; QSRR)

final
estimates

Figure 8.6: Data flow diagram in the proposed simultaneous registragoanstruction scheme

T remains stationary at a wrong location, the more it biasesfical solution. In turn, the biased op-

tical solution satisfies the registration similarity me@sieading to a vicious circle antf; is eventually

stuck in a local minimum.

In order to consider a fully simultaneous optimizatiorfdir, #) one needs to normalize the effect

of V& (z,0) and the scaled transformation derivativ@% ¢ (x, 6). This would enable the employment

of truly simultaneous optimization schemes which wouldikiHaster convergence than the alternat-
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ing approach. Unfortunately, the exact mathematics ofesiiig such normalization and keeping the

derivatives consistent with the objective function arerently not clear.

Finally, it is essential to emphasize a compromise whichtbdzse made. We stressed earlier that
the same functional must be used for both regularizatiorregidtration purposes, otherwise the objec-
tive function changes during its minimization. Although astablish this conceptually by proposing the
use of CE which can adequately perform in both tasks, in pette implementation of the functional
differs between the two steps. Although the proposed efficéatropy evaluation scheme is fast for
reconstruction purposes, it is not fast enough to faaditae computation of the B-Spline FFD trans-
formation derivatives via numerical differences. The nemdf required evaluations is incapacitating,
given the current MATLAB based implementation. The curRR scheme employs a discrete CE
implementation for the registration task. This comprondaa be lifted in the future by either em-
ploying implementation in more efficient programming eowniments or simply by utilizing the analytic

derivatives of the information theoretic similarity meessiwith respect to transformation parameters.

8.4 Testing framework and results

We test the validity of the proposed SRR scheme by obtainmetinpinary results from case studies
based on numerical simulated data. Fig@réintroduces the images involved in the simulation. The
images depicted in the top row - apart from the third columerrespond to absorption whereas the

bottom row corresponds to scattering.

i ) Initial regular FFD non-rigid Affine transformed
ur: True solution  %peft Correct prior FFD grid transform prior

ontrol point
perturbation

7 g oty 7Y

FFD non-rigid
transform

)
) e :
w¥: True solution  Tpef Correct prior

Figure 8.7: Simultaneous registration/reconstruction test imagep.row: AbsorptionBottom row: Scatter-

ing First col.: Target optical images* Second col.:True, registered priors;s Third col. - top: Initial FFD
B-spline control point arrangement (overlaid ofy;) Third col. - bottom: Perturbed FFD B-spline control
pointsFourth col.: Non-rigidly transformed priors via control point pertutiom Fifth col.: Subsequent affine
transformation of the non-rigidly transformed priors. 3 the priorzr which is considered as the supplied

unregistered reference image.
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The first column depicts the true optical solution and thgdgtareconstruction image. The second
column depicts the correct reference imagel§; )* and(:cﬁfe/;)* comprisingz;.;, which are in accurate
spatial registration with:*. The top image in the third column depicts a regularly spdfed B-spline
grid defined over the domaif,,, of the truex;. It should be noted that two extra rows and columns
of control points are defined outside the domain of i@ in a manner similar to Fig5.4, but they
are not visualized. The grid spacingli§ pixels in both axial directions. The bottom image of the
third column shows the non-rigidly deformed control poiritigvhich is used to create the non-rigidly
transformed prior images. The perturbation magnitude arettibn of every control point, has been
randomlygenerated individually across each of the axial directioaady. More specifically, for any

control pointy located afpy, ], its new horizontal location was generated according to

(p;ransformed: 04+ 0.03 x h x ny (8.12)
(p;ransformed: oy + 0.03 X v X ng (8.13)

where h corresponds to the maximum horizontal distance betweencwvdrol points (rightmost-
leftmost), similarlyv denotes the maximum vertical distance between any two @optints on the
grid andn4, ns are random trials realized froi'(0,1). In the depicted case, the maximum realized
control point perturbatioQ/Awf + ApZ was17.78 pixels and the minimurn.52 pixels.

Finally, the fifth column further transforms the non-rigidgss via an affine transformation with
arbitrarily selected translatios, = 5, T, = —5; rotation® = —15°; scalingSx = 0.93;S, = 0.8 and
shearingsh, = —0.5, Shy = 0.5. The resulting images are considered to be the prior imagesed in

the following studies.

8.4.1 Casestudy 1

The setting of the case study is equivalent to the one detiibSec.7.5. We use the same meshes and
the same data-set contaminated with of random, normally distributed noise. Case 1 tests SRRan th
case of non-optimal initialization and its ability to re@s\targe prior misalignments as well as a signif-
icant portion of the optical solution. Finally, in this case further compromise the consistency of the
objective functional by using different overlap domainstfte regularization and registration similarity
measures. The former is evaluated by definition in the craggion which is populated by The latter
however considers that the boundary is known, hence we alssider the dark blue background values
surroundinge. In many applications of DOT, the surface of the domain isquiecally known, for
example in the case of brain imaging where the surface camtaned via photogrammetrgé Souza

et al, 20049. As we will see in the next case study (Seg.4.2), the inclusion of the background of
Tre (Which constitutes the initial estimate of,) in Qw% does not compromise the effort towards the

validation of the proposed SRR scheme. In Case study 3 (se®& 363 the above compromise is lifted.

8.4.1.1 Case 1:; Initialization

Let 27y, (z75)int and(z75) srr denote the correct prior image (7 (1, 0)) for 6 = 6*, as well as the

pre- and post-SRR priors corresponding@ andfszr. Prior to the SRR, we obtain the initial esti-
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Absorption reconstruction: Absorption prior: Initial JPDF: Recon. estimate JPDF: Recon estimate
Absorption true solution Initial estimate registration estimate (y—axis) vs prior (x—axis) (y—axis) vs True solution (x-axis)

Scattering reconstruction: Scattering prior: Initial JPDF: Recon. estimate JPDF: Recon estimate
Scattering true solution Initial estimate registration estimate (y—axis) vs prior (x—axis) (y-axis) vs True solution (x-axis)

Figure 8.8: Case 1: limited initialization for the SRR schenférst col.: True solutionsSecond col.:Initial
reconstruction estimateg; obtained from 10 iterations using TV regularizatiomhird col.: Initial prior
(z)int alignment estimate. The correspondifig is obtained by a full affine registration of thge against
Zinit. Fourth col.: JPDF: Initial solution estimatesni (y-axis) vs initial priors estimatér )it (x-axis) Fifth

col.: JPDF: Init solution estimate&i: (y-axis) vs True solutions™ (x-axis).

mates[jsinn, éinn} . For this case, the former is obtained by a reconstructiizing TV regularization,
limited to 10 iterations only. Regardir@}]it, it is initialized by registering:er against the obtainet}
with affineregistration only - giving rise tdz)init. The first three columns of Fig3.8 depictz™; Finit
and(z % )init, for both absorption and scattering.

The depicted JPDFs in columns four and five correspod fuit, (2g)init) @andp (Zinit, 2*). JPDF
p(&init, *) exhibits increased disorder, ag;; is an inaccurate estimate of in terms of quantization
and spatial resolution. The increased disord@?@ﬁ]init, (:p%)mn) is due to the same reasons, and due to
the spatial misalignment between the two images. The adaiticluster corresponds to the background,

which is solely considered during the registration sinitijagvaluation

8.4.1.2 Case 1: SRR results

At this point, the SRR algorithm commences. We use CE for beihlarization and reconstruction. We
employ 400 bins for the JPDF evaluation of both images, hewas previously noted the registration
functional uses the discrete entropic formulations to eeride problem computationally tractable. We
note that we choose to visualize the continuous versiqﬁl(ﬁﬁm, :p%) and not the discrete histogram
used for registration purposes as the continuous imagdbiexmore clarity. The continuous JPDF
is explicitly computed at initialization (Fig.8.8) as well as when the scheme converges, solely for
visualization purposes.

Regarding the SRR, we use three resolution levels for thelBwS grid with respective control
point spacings7; = [32,32], G2 = [16, 16] andG3 = [8,8]. We employ three solution resets for the
first level and two for the remaining levels.

It should be mentioned that the last two columns of the intobary Fig.8.1, depict the reconstruc-
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Absorption solution: Absorption prior: Final JPDF: Recon estimate JPDF Recon estimate
Absorption true solution Final estimate registration estimate (y-axis) vs prior (x—axis) (y—axis) vs True solution (x-axis)

Scattering solution: Scattering prior: Final JPDF: Recon. estimate JPDF: Recon estimate
Scattering true solution Final estimate registration estimate (y-axis) vs prior (x—axis) (y—axis) vs True solution (x—axis)

Figure 8.9: Case 1: results obtained by the SRR scheme. Image descritidar to Fig.8.8. Reconstructed
images are evidently close to the true solution, as priove Baccessfully recovered the true solution structure.
The JPDFs of the third colummtérr — x*) are clustered due to the increased resolution and accuoate c
trast/minimized variance of the recovered solution. ThBR®of the fourth columni{srr — (zr%)srr are

clustered due to the same reasons, as well as due to the iedpregistration.

tions obtained by blindly applying the unregistered refieeeimages of this case. FiguBed presents
the obtained results from the SRR scheme. The reconstrimtegks are evidently improved from the
reconstructions depicted in Fi@.1. This is mainly due to the fact that the SRR scheme has reedver
a substantial level of the initial misalignment betweenuheeglsteredxref)mn and thez*. The JPDFs
p(Zsrr,x*) andp (&srr, (v srr) exhibit the expected increased clustering compared to sheetie

at initialization (Fig.8.8). The clustering is interpreted as a reduction in JE - whidihé dominant part
of CE and results in the minimization of both the registnatimd reconstruction parts of the algorithm. It
is apparent in the registered images, that the currentftianation implementation induces new values
in (z%)srr. Possibly these would be eliminated by the use of higher g 7> on the functional
J(T(r';6™))) which penalizes non-smooth transformations. These neuesalesult in spreading of
the JPDFs (similar effect to blurring) and a subsequenese in entropy. This is a problematic is-
sue which can jeopardize convergence. Its resolution igiofgsy importance, compared to the other

potential future improvements.

Table8.1reports normalized, errors between the image pairs formed by: the convetged(see
Sec.8.4.2for the fully converged TV solution) antk r r against:*; as well as the pre-SRR&)init and
the post-SRRz%) s rr against the true’;. The SRR scheme utilizing the unregistered prior, achieves
a reduction of36.3% compared to the full TV reconstruction error. The relevagistration error is
reduced by SRR by a significa#8.1%. It should be noted, that the errors would be expected to be

reduced even further, if the transformation induced actsfaffecting ther L, were to be alleviated.

ref
Figure8.10presents the corresponding error plots recorded durin§®# optimization. The plot-

ted values correspond to the state of the various quanétitise end of each SRR iteration, in other
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Table 8.1: Case 1: NormalizedL, errors: 1) z* vs converged TV-basedtinit 2) z* VS £srr 3) Trer VS

(ret )init 4) Ties VS (Trer) SRR

Images considered Normalized L2 error
T, Tinit 19.8%
x*, SRR 12.6%
Trers (Trepinit 17.6%
Tiap (Tret) SRR 10.1%

words just after the registration st&ff2 R, . All plots are characterized by spikes which correspond
to the grid refinements as well as to the solution resets. A iaclude thel, errors between the
x undergoing reconstruction as well as the prig subjected to transformation, against and z7.,
respectively. It should be noted that although the datalaegation and registrations errors decrease
during resets/refinements, tiig errors can exhibit increase. A possible explanation far ighavior is
once again the presence of interpolation artefacts indbgeegistration. More specifically, the regu-
larization functional is minimized while matches the:%, - whether the latter contains artefacts or not.
There is no feedback mechanism betweenftherror and the)(z, zvef) as Ly errors are simply based
on the unknown:* and are computed for validation purposes only when SRR has t@mpleted. The
decrease in the regularization, data & registration ercarsiot fully guarantee reduction in the recon-
structedL,, error if these artefacts are not treated. It should be ndiedthe above is the current best
explanation we can provide. Other reasons might contrifautiee increase in thé, errors. Finally, the
registration and regularization error differ due to thecdite and continuous implementations respec-
tively as well as due to the different overlap region consdeéetween the two. We note that all errors
exhibit significant decrease between their initial and firzdlies.

Finally, Figures3.11and8.12present the converged optical solutions: and the priore{i:if)gf,
at the end of each SRR performance for the correspor@jm@iﬁerence images are also provided (see

caption for details). Note the further registration whiakes place between solution resets.
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Figure 8.10: SRR error plotsFirst Row: Left: Total error(D(y, F(z))+7Y(z, 2rer)) (in this casel (z, zrer)
corresponds to the continuous implementation usetiii, ;) Right: Data errorD(g], ]-‘(x)) Second Row:
Left: Registration errols(z, zj5;) (discrete CE)Right: W (z, z7%) Continuous CEThird Row: Left:
NormalizedL- reconstruction errofl| (e — uh)/pall + |(ps — ™) /s> 1) /2. The spikes indicate B-Spline
grid refinements/resets. We remind that the algorithm usds g7}, G3, G3, G3, G5, G3, G3]. Thex-axis

values denote the number of iterations in each grid level.
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(@ (b)

Figure 8.11: Case 1: SRR output at the various FFD grid refinement/regelsleCols. (a),(c): pa, 15 Row 1:
z* Row 2-4: SRRG; = [32, 32]. Resets71, G, G3. Rows 5-6:SRRG: = [16, 16]. Resets73, G2. Rows
7-8: SRRG; = [8, 8]. Resets3, G3. Cols. (b),(d): Intra-row differences in cols. (a),(bRow 1: srr-z*
[8-1] (also interpreted as registration accuracy:agsr — () szr in structural termsRows 2-7:Intra-SRR

diff/s. [2-1], [3-2] etc.Row 8: Zsrr — Zinit.
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Figure 8.12: Case 1: SRR output at the various FFD grid refinement/reselsleCols. (a),(C): ki, =
Row 1: (z/5)nt ROW 2-4: SRRG; = [32, 32]. Resets71, G3, G5. Rows 5-6:SRRG- = [16, 16]. Resets
G3, G3. Rows 7-8: SRRG3 = [8,8]. Resets:s, G3. Cols. (b),(d): Intra-row differences in cols. (a),(b).
Row 1: (z1) s rr-(rer)init (Magnitude of total recovered alignment) [8Rdws 2-7: Intra-SRR diff/s. [2-1],

[3-2] etc. Row 8: (/%) srRr — (Tisg)init-
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8.4.2 Case study 2

The setting of this case is identical to the one of the prevgaction in terms of data used, overlap regions
considered and supplied prior image (see Fgi), however this time the scheme is initialized by the
best possible estimat%init, éinit}. The optical initialization estimat@;,;; is obtained by a converged
TV reconstruction. The transformation parameters m&silmate%mt is obtained by reg|ster|n;gref

Zinit until convergence. The registration process involves éineafegistration scheme using a multi-
resolution pyramid approach, followed by a - new to this casen-rigid registration using a multi-
resolution pyramid approach as well as successive B-sglideefinement.

We should also note that the registration non-rigid initedistration estimate could be improved
by either employing more elaborate registration scheméy &irther optimizing secondary parameters,
such as smoothing penalties, grid resolutions etc. The iitapbpoint is that the same registration
scheme is employed during the SRR approach hence the edilaiprovement between initialization and
post-SRR is of importance. We note that the non-rigid regfiisin part employs the same smoothness
penalty utilized duringg RR,/». The initialized optical solution as well as the prior triovened by the
initial éinit are depicted in Fi@.13

Absorption reconstruction: Absorption prior: Initial JPDF: Recon. estimate JPDF: Recon estimate

Absorption true solution Initial estimate registration estimate (y—axis) vs prior (x-axis) (y—axis) vs True solution (x-axis)
Scattering reconstruction: Scattering prior: Initial JPDF: Recon. estimate JPDF: Recon estimate
Scattering true solution Initial estimate reglstratlon estimate (y-axis) vs prior (x-axis) (y-axis) vs True solution (x—axis)

Figure 8.13: Case 2: limited initialization for the SRR scheme. Imagecdption similar to Fig.8.8. Solution
is initialized by a full TV reconstruction. Prior alignmeistinitialized by a full affine registration against the

initial solution estimate, followed by a full non-rigid risgration.

The significance of this case [mramounttowards the validation of the proposed concept and we
now explain the reasons. Case 1 utilized less accurataliniition guesses for both prior alignment
and solution estimate. The effect of the regularizing fioral ¥ (z, z.%) is weighted by usually low
values ofr to avoid extreme bias from the introduced prior - except ex¢hses where one consciously
chooses to do so, due to high trust in the supplied prior. &wrr, the regularizing effects o¥ (that
is the enforcement of the prior’s structure sphbecome more noticeable during the last iterations of
the reconstruction, when the gradient of the data-fit t&g@(gj,}"(z)) (in this case thd., norm

between data and modeled data) is reduced - due to proximttyet minimum, to a level comparable
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with therV, ¥ (x,0). At this level the next updates are influenced by both dataregalarization, at a
comparable level.

We need to ensure that the level of registration achievetlémtevious case, is not a result of a
largely data-driven reconstruction which strongly oppbse even disregarded thiecorrect bias from
the unregistered and possibly under-regularized pricinduhe early iterations, during which it holds
Vo.D(y,F(z)) > 7V, ¥ (z, z). A data driven initial reconstruction would avoid local riniva due
to incorrect bias from the prior and proceed mostly undeririflaence ofVID(gj,]-"(z)), until near-
convergence 0P (y, F(z)). At that point, the recovered data-driven solutiowould be more accurate
than the TV-based (10-iterations); used in Case 1 and would expectedly be able to further drive a
better registration of the prior from that point on. At thatdi stage, the now more accurately registered
prior would have a non-biasing but rather positive regalag effect (as its structure would be close
to registration with the unknown true solution), all objees would further descend in unison and the
final high resolution solution would be obtained. In a morae terms, we need to ensure that the
encouraging results obtained in Case 1, were not simply dustmf the registration of:; against a
more accurate, data-driven

For this reason, it is crucial that we can further improvertggstration error between prior and,
compared to the one formed by thest-possiblénitialization estimate(x%f)mn andz*. This analysis
has not been performed by any other publication involvinRSHgure8.14shows the obtained results.
It is clear that the reconstructions are qualitatively drethan the ones obtained by TV. The reported
errors in Table3.2 quantitatively show d9% improvement oftszr overzini and a highly significant
reduction in the error 080.1%. This result is a strong indicator regarding the validitytlod method.

In Case 1 we compromised by considering the boundangptluring registration similarity evaluation.
In this case, although the boundary is still a part of the layeregion during registration, the boundary
mismatch betweehr%)mn and(x%f)SRR is minimal. Thus, the reported decrease in the errors islgnain
due to local improvement in the registration:gf; againstr (and not its boundary) and the subsequent
improvement of the latter due to more accurate reguladnatrinally, Figs.8.15& 8.16show the state

of the reconstruction and the transformed priors duringy#r®us SRR B-Spline control grid refinement

and solution reset stages.

Table 8.2: Case 2: NormalizedL; errors: 1) z* vs converged TV-basediinit 2) 2* VS Zsrr 3) zrg VS

(xif)init 4) wer VS (xéf)SRR

Images considered Normalized L2 error
x*, Tinit 16.8%
z*, TSRR 13.6%
Thets (Trer)init 12.6%
o (Trer) SRR 8.8%

The intra-SRR output images are presented in FgE>8.16 SRR error plots are not provided for this
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case.

Absorption reconstruction: Absorption prior: Initial JPDF: Solution estimate vs JPDF: Recon estimate
Absorption true solution Initial estimate registration estimate prior (y-axis) vs True solution (x-axis)

Scattering reconstruction: Scattering prior: Initial JPDF: Solutlon estimate vs JPDF: Recon estimate
Scattering true solution Initial estimate reglstratlon estimate (y-axis) vs True solution (x—axis)

Figure 8.14: Case 2: results obtained by the simultaneous reconstnict@istration scheme. It is evident that
the registration has further improved from the best possititialization estimate. All JIPDFs exhibit increased

clustering which indicates reduction J.
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@) (b) © (d)

Figure 8.15: Case 2: SRR output at the various FFD grid refinement/regeisleCols. (a),(C): fta, 15 ROW 1:
x* Row 2-4: SRRG, = [32, 32]. Resets71, G, G3. Rows 5-6:SRRG> = [16, 16]. Resets{3, G3. Rows
7-8: SRRG3 = [8, 8]. Resets73, G3. Cols. (b),(d): Intra-row differences in cols. (a),(bRow 1: #srr-z*
[8-1] (also interpreted as registration accurac¢agr — () srr in structural termsRows 2-7:Intra-SRR

diff/s. [2-1], [3-2] etc.Row 8: Zsrr — Tinit-
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Figure 8.16: Case 2: SRR output at the various FFD grid refinement/resetsleCols. (a),(C): zli, =l
Row 1: (zre)int Row 2-4: SRRG1 = [32,32]. Resets71, G1, G3. Rows 5-6:SRRG» = [16, 16]. Resets
G3, G3. Rows 7-8: SRRG3 = [8,8]. Resets:3, G3. Cols. (b),(d): Intra-row differences in cols. (a),(b).
Row 1: (zr) s rr-(Zrer)int (Magnitude of total recovered alignment) [8Rdws 2-7: Intra-SRR diff/s. [2-1],

[3-2] etc. Row 8: (m?ef)SRR — (wif)init-
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8.4.3 Case study 3

Finally, in this case we do not consider the boundary a$ a known quantity. The same circular domain
of imagex is now solely considered &%, where both regularisation and registration similarityasueres
are evaluated. Of course, in case of partial overlap betweefull (squarenz% and()y, it holds that
ngf =N ngf. We use the same initialization used in Case 1 (see &i).(10 TV iterations/ full
affine registration) as well as the same smoothness penalghting. The obtained results from this
case are presented in Fif.17 It is evident that, as in the previous cases, thatr improves on the
convergediry (see Fig.8.13. Table8.3reports the corresponding errors. Reconstruction imgrbye

19.5% whereas registration biyt.7%, according to the employef,, norm.

Absorption solution: Absorption prior: Final JPDF: Recon. estimate JPDF: Recon estimate
Absorption true solution Final estimate registration estimate (y—axis) vs prior (x—axis) (y—axis) vs True solution (x-axis)

= e —~
— =
Scattering solution: Scattering prior: Final JPDF: Recon. estimate JPDF: Recon estimate
Scattering true solution Final estimate registration estimate (y-axis) vs prior (x—axis) (y—axis) vs True solution (x-axis)

Figure 8.17: Case 3: results obtained by the Simultaneous reconstniagstration scheme. Registration
between corresponding features has been largely estadblishocal non-rigid transformations have signifi-
cantly compromised the resolution of the prior at featunenofaries. The obtained All JPDFs exhibit increased

clustering which indicates reduction Jit.

Table 8.3: Case 3: NormalizedL, errors: 1) z* vs converged TV-basediinit 2) 2* VS Zsrr 3) zjg VS

(Zref)init 4) Tret VS (Tref) SRR

Images considered Normalized L2 error
x*, Tinit 16.8%
z*, TSRR 12.9%
ey (Tref)init 28.6%
Tregs (Trer) SRR 20.8%

As boundaries are not considered by the similarity meashesinitial circular boundary of %, is
now largely deformed compared to thg,. The latter is artificially added on the depicted fitak) s rr
to assist visual comparison. Achieving accurate regisinan this case is not trivial. The two features at

the top-left of the circular domain af are in close proximity with the boundary. This means thatéf t
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initial information in i is such that it drives them outside of the boundary, this &agery difficult to
recover from. The reason is that they are no longer includéide registration similarity evaluation.

In addition, we should comment on the effects of the nordriinsformations on the boundary of
the depicted features iz %) sz r, Which is clearly erroneous. The registration processs¢agromote
the expansion of the distinctive (3-4 pixels wide) bounesenclosing features i )int. The same
boundary is more evident io* (white line encompassing most features). A possible extian of why
these effects are more noticeable in this case is due to tleston of the boundary from the similarity
evaluation. The alignment of the boundary corresponds tooag minimizer in the solution space as
it is unequivocally known in both images. Thus, the boundagistration is greatly favoured by the
registration. As the moving boundary becomes fixed on ttgetasne, then all the pixels in the inte-
rior subjected to deformations which push them against tumtary, are penalized by the smoothness
penalty. A higher smoothness penalty could possibly alevihis problem. This is still a topic open for
research. Finally, the intra-SRR output images are predentFigs.8.188.19 SRR error plots are not

provided for this case.
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(@) (b) (© (d)

Figure 8.18: Case 3: SRR output at the various FFD grid refinement/regetsleOutput i€, . < only. Cols.
(@),(): ia, s Row 1: z* Row 2-4: SRRG; = [32, 32]. Resetsi1, G, G5. Rows 5-6: SRRG> = [16, 16].
ResetsG3, G3. Rows 7-8: SRRG3 = [8,8]. Resetsz3, G3. Cols. (b),(d): Intra-row differences in cols.
(@),(b). Row 1: Zsrr-z* [8-1] (also interpreted as registration accuracyiagr — () srr iN structural

terms)Rows 2-7:Intra-SRR diff/s. [2-1], [3-2] etcRow 8: Zsrr — Zinit-
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@) (b) (© (d)

Figure 8.19: Case 3: SRR output at the various FFD grid refinement/regetsleOutput inf2, = only. Cols.
(@),(c): zl, x' Row 1. (zr)int ROW 2-4: SRRG1 = [32,32]. ResetsGi, Gi, G3. Rows 5-6: SRR
G2 = [16,16]. ResetsG3, G3. Rows 7-8: SRRG5 = [8,8]. ResetsG3, G3. Cols. (b),(d): Intra-row
differences in cols. (a),(b)Row 1: (%) srr-(zmr)int (Magnitude of total recovered alignment) [8Rdws

2-7: Intra-SRR diff/s. [2-1], [3-2] etcRow 8: (z7%)srR — (Traf)init-
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8.5 Comparison among cases

In this section we compare the results obtained from theetbiscussed cases. The columns of Fig.
8.20show the regions of interest from (), (ii) Z ;g with a registered prio(we use the reconstructions
obtained by the application of the prior with extra featuiis’) shows thei s rr for the three discussed

cases, in the order which they were presented@rdconvergedry .

Figure8.21 present errors among the corresponding region of inte(B€ss) of Fig. 8.20 Sub-
figures8.21a8.21bshow the bias error for each region defined as- z*)/z*), wherez denotes the
reconstructions from the various schemes mentioned abave*athe true optical solutions. Negative

values correspond to underestimation of a region’s mearpaosa tax*.

Similarly, Figs. 8.21¢8.21dshow the variance error, defined @ar (z) — Var (2*))/Var (2*).
We do not plot the variance of each region but rather its difiee from the true variance. The reason
for this is that although* is seemingly piecewise constant, its ROIs have the distetigh-contrast
ring surrounding them, therefore the variance of theseoregis not zero. However, they are are still
small enough to produce large discrepancies when compgeaasathe variances of the corresponding
reconstructed ROI, where the latter are not homogeneouss iFhthis setting, variance or even the
variance difference which is shown, is not the most suitatdiécation for evaluating the accuracy of

reconstructions. However, we have chosen to include ths fido completeness.

Finally, Figs.8.21e8.21fshow the normalized- error among the corresponding pixels of corre-

sponding regions, defined &s(r) — z*(r)|| / ||z*(r)||, ¥r pixels in a the considered region.

Table 8.4 simply plots the mean value from the corresponding plotsllofegions, for a single
method. For example, in the case of bias, the provided valtieei average bias in the whole image,
computed as the mean of the regionally reported biasseh&mtethod, for both:, and p... All
errors are shown as percentages. Once again the largecsagars are not strong indicators of the
reconstructions’ accuracy as the reconstructed imageoarpared to nearly piecewise constant targets.
They are provided however for completeness. All SRR metlootiserform the TV. This hold for bias
and Lo, however not for variance as the TV reconstruction is smeao#md does not reconstruct the

erroneous high-contrast boundary around features.

Table 8.4: Inter-regional mean errors

Recon. schemg A-Bias A-Variance Lo

TiE 5.92% 276.9% 12.19%
Isrr (case 1) 5.99 % 1230.5% 17.14%
Esrr (case 2) 6.09 % 1049.9% 16.23%
Zsrr (case 3) 6.23 % 846.87% 16.40%
iy (case 3) 15.69 % 712.39% 20.51%
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8.6 Discussion

All presented cases used the same randomly deformed reégreage. Different priors need to be tested
in the future, such as non-piecewise constant priors, prdth no one-to-one feature correspondence
(incorrect content) or highly mis-registered priors. Altlygh we would have preferred to show statistical
results with multiple randomly generated priors or targedges, the current MATLAB based registration
scheme still results in prohibitive run-times for such kgrale analysis. It should be noted however
thatanymis-registered prior which can be adequately registerathagthez;yi: should produce similar
results such as the ones presented. A more interesting cagd ke to test more complex DOT target
images, such as the 2D breast simulation in Chaptérhe important finding in this chapter - product
of the comparison of Case studies 1 & 2 - is that there is a gtitdiication that SRR schemes further
improve registration from its best possible initializatiestimate. This indication alone renders SRR

schemes worthy of further research.

8.7 Summary

In this chapter we have proposed a simultaneous regisifegiconstruction scheme toward the incor-
poration of unregistered priors in DOT. We have presentetimmary results which act as indicators
towards the validity of the principle of SRR. Further an&ysas to take place to characterize the capac-
ity of the scheme to perform in cases of prior with inaccucatetent; increased initial mis-registration;
acquired optical data with higher percentages of contatiimand finally more complex target optical
solutions. A fully functional scheme would enable the inpmmation ofa priori information from generic
population based probabilistic atlases. This would rettietatter as potential priors in atlas-to-subject
multi-modality imaging. In the case of intra-subject mutodality imaging, a single high-resolution

image of the probed anatomy, could be used repetitively amafpr subsequent DOT studies.
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(b)

Figure 8.20: Regions of interest: Cases 1 & 8ubfig. 8.20a absorptionSubfig. 8.20h scatteringRows z*,

Z jg (reconstruction of .5- prior with extra features);srr (cases 1| 2 | 3§;7v ColumnsRegions of interest
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Figure 8.21: Region of interest: Bias and Variance error. Errors cowadp to the regions depicted in Fig.
8.2Q They-axis corresponds to errdf%)/100. The bias error is defined 45 — z*)/z*), wherez denotes
the reconstruction from the various schemes (see legertl} athe true optical solutions. Negative values

correspond to underestimation. Similarly the variancerasrdefined agVar (z) — Var (2*))/Var (z¥).
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Chapter 9

Summary and future directions

This thesis introduced information theoretic (IT) regidation in the context of diffuse optical tomog-
raphy (DOT). The scheme enables the incorporation of strata priori information from reference
images, with gray values incommensurately related to thieasolution. In addition, the scheme was
extended in order to enable the incorporation of spatiatisegistered reference images, without us-
ing anya priori knowledge regarding their correct location. The proposte#se was developed with

emphasis on computational efficiency.

Chapter2? to 5 introduced the underlying theoretical categories on witliehpropositions in this
thesis have been based, nanialerse problem& regularization, DOT, IT andanedical image registra-

tion.

In Chapter6 we proposed a scheme for the efficient computation of joittopy (JE) and its
derivative in order to enable IT regularization in traceabln times. The proposed scheme extended
a method initially proposed bghwartz et al[2009, enabling the efficient evaluation and derivative
computation of the entropy of a single random variable frisvsamples. In addition, we characterized
two possible implementations of entropy, namely the stechatdegral formulation by Shannon as well
as its formulation as an expectation - termed empiricabgytrFinally we evaluated the accuracy of the

obtained derivatives and validated the current implemntema

In Chapter7 we presented the proposed IT scheme of DOT. The functiofids and mutual infor-
mation (MI) were considered as candidates. A detailed aisabn their theoretical capacity to perform
as regularizing functionals was presented. The findingg wensistent with the outcomes of numerical
simulations specifically designed to test IT regularizatio complex cases. The proposed scheme in
all cases managed to improve the solutions obtained usingrigeregularization schemes such as total
variation (TV) or first-order Tikhonov (TK) regularization. In addition to numerical simulationse th
method was tested on experimental data. The task invohesgttonstruction of the optical properties of
a phantom with both optical and magnetic contrast. A magmesionance imaging (MRI) scan depicting
the magnetic structure of the phantom was used as the stlatpriori information to be introduced
by the proposed scheme. The magnetic properties of the@iamere specifically designed to produce
an MRI image which did not have a one-to-one feature cormdpoce with the target optical solution.

Considering the quality of the optical data itself, the taghibited an increased level of difficulty. The
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functionals managed to improve the reconstruction at regishere the prior support was consistent
with the underlying optical solution, however unwantedshisas also observed.

Finally, in Chapter8 we proposed a scheme towards the incorporation of unregisgaior in-
formation in DOT. The majority of methods in the literaturgssame that the spatial co-registration of
the prior image and the underlying optical solution is gansgad at initialization, usually through con-
current probing of the target anatomy from the modality vahicovides the high-resolution reference
images, as well as the modality which seeks to benefit frommtfghis condition however cannot always
be guaranteed and it is disabling when one considers tasksasuthe incorporation & priori infor-
mation from probabilistic atlases, where the notion of eorent image does not exist. The proposed
scheme involves a simultaneous reconstruction/registré6RR) approach which compensates for po-
tential misalignments of the prior image with respect to ¢ipical solution, in real time and without
preconditions. For the purpose of this task, we examineol&iehoices for similarity measures and we
found that conditional entropy can adequately perform lier given task. It behaves as joint entropy
in the image reconstruction setting while it improves on Jihwespect to its capacity as a similarity
measure in the image registration context. It has to be saicber that the functional is less capable
than the Ml or normalized mutual information (NMI) as it is regrone to be affected by local minima
in the solution space. We have tested the scheme in a senmesrdrical simulations and the obtained
preliminary results are a positive indicator regarding th#dity of the approach. Further research is
however necessary in order to test the extent of misaligtewelmich can be compensated by the scheme
as well as its robustness to consistently perform in thersévil-posed setting of DOT.

We have presented an extensive study, both in terms of titeegrage and testing of IT regulariza-
tion in DOT. It is important to outline a number of identifidthitations of the presented study. In terms
of the scope of the work undertaken, the study of entropialeggation has been conducted under the
popular independent and identically distributed (i.iassumption regarding the random variables (RVSs)
considered in the problem. No spatial inter-pixel deperdavithin a single image has been modeled. In
addition, kernel density estimation (KDE) estimation wasducted with kernels of fixed width, where
the latter was estimated via exhaustive search in initlat gtudies. Given the issues which were cov-
ered, there are a number of potential sources of error whagh hot been investigated, or at least not in
full. Regarding the entropic regularization, it would beefud to conduct a dedicated study in cases of
target distributions which are not piece-wise constantredmmplex target distributions can potentially
compromise the structural invariance of JE, which appeaexwvthe prior image has features which do
not exist in the solution. Regarding the SRR scheme, we hat/ested the framework in the presence
of mismatches between the prior and the target solutiorerimg of the features present in both distri-
butions. The absence of one-to-one feature corresponteteeen the two distributions, can introduce
local optima in the solution space and compromise both tragisn and regularization accuracy. The
case can become even more complicated if one considerd ghidraatches between the distributions,

such as the presence of gradient fields in one of the imageise nontamination of the prior imagdes

1we should note that the presented studies included data adificially added to the optical data, but the prior imagese

piecewise constant
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undergoing registration against the optical images. Binake have not quantified the possible extend
of mis-registration which can be recovered by the schenteadih such task might be impossible given
the complexity of the parameters which affect its perforogarsuch as the very structure of images,
mis-registration level, ill-posedness levels, noise -calhsidered simultaneously. Finally, we have to
refer to potential limitations which may arise in the praaticlinical application of the method. Clinical
multi-modal images exhibit large variations and the lefehésmatch between prior and optical images
is expected to be high. In the case of simultaneous imagéagidiration is guaranteed) one can force the
structure of the prior to the solution and expect the optgatem to populate it with the best possible
optical parameters. We have seen however that as ill-pessdncreases, JE ability to enforce structure
decreases - due to the i.i.d. assumption. The clinicaingettan indeed be severely ill-posed (see Sec.
3.8). Finally, regarding the application of the SRR scheme itiracal setting, its performance has to be
guantified. Some mis-registration can be indeed too higth®ischeme to be recovered. For example,
breast X-Ray mammography compresses the breast duringngratpereas DOT does not. Such high
levels of mis-registration might require special treatir@rspecific effort to establish the best possible
initialization estimate prior to SRR. In the case of usinghabilistic atlases of the neonatal brain as
priors, mis-registrations can be expected to be more ledland we are more hopeful and excited to

test the method in this context.

9.1 Potential improvements

9.1.1 Kernel density estimation

The trivial KDE employed in this work for the purpose of emtycestimation, centres Gaussian kernels
of equal bandwidth, over each data point - in this contexgtiag values of the considered images. More
accurate KDE methods can be used where the global width &alksian kernels is considered as an
optimized quantity. Such a scheme was recently proposelddmghntsev et al2017. An even better ap-
proach would be to consider locally adaptive KDEdyerman and Greeri98§. These methods place
kernels of variable width at the different data points. Tddsled flexibility allows the accurate modeling
of problematic long-tailed densities, by reducing the widf the kernels at data points corresponding to
low density regions in the probability density function (PDwhereas broader kernels are used at high
density areas. However, we have not yet established if s@thads can be accelerated by the usage of

fast Fourier transform (FFT) which is crucial to enable tpémization of entropy in tractable times.

9.1.2 Modeling of intra-image spatial dependency among gsavalues

The employed KDE conveniently treats the gray values of aaginas i.i.d.. This assumption does
not reflect reality, as distinct anatomical regions are tpd by similar gray values. Hence, one would
expect that the reconstructed gray value of a pixel is carditl by the anatomical region which it resides
on. There are a number of recently developed methods inn&ton theoretic regularization of other
modalities, which consider intra-image spatial gray valependence and which we can potentially
employ in the future in the DOT scheme. These include theigitphodeling of intra-image spatial

dependency b$pomayajula et al.201q in positron emission tomography (PET) ; the class-coodi
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entropic regularization proposed Byedemonte et aJ20104 and the modeling of spatial dependence
proposed byan de Sompel and Sir., Brady, §200943 via the incorporation of a smoothness prior. We
intend to incorporate the explicit modeling of intra-imagpatial dependency in the current information
theoretic regularization scheme of DOT in the near futunease such methods are adopted, the efficient

entropy and derivative evaluation scheme has to be resulisit

9.1.3 Optimization

An area of potential improvement concerns the employedropéition schemes. In this work we have
employed the first-order, gradient based, iterative ogitidon scheme of conjugate gradients (CG). The
selection of this particular approach over potential alitives was made after considering a number of
factors. Firstly, the objective function in the inverse lpieam of DOT includes the forward problem (see
Eq. 3.60. The computational complexity of the latter can be sigaifity high, especially in the 3D case.
Therefore the optimization scheme has to make as few forpratolem evaluations per iteration as pos-
sible. The non-gradient methods described in S&&.1require multiple objective function evaluations,
rendering their choice inefficient in computational teriBsadient based schemes successively improve
a single initial solution estimate, resulting to a singleafard evaluation per iteration. The employment
of more advanced gradient-based optimization schemesasuttte second-order methods described in
Chapter2 are known to establish convergence in less iterations agttehiaccuracy, given that the so-
lution space in the vicinity of the optimum resembles a gatidbasin. However, to incorporate such
change, we are required to derive the analytic second dieggaof the entropic functionals with re-
spect to the image’s gray values. The application of the FEFThe purpose of reducing computational
complexity would need to be re-established.

Regarding the simultaneous reconstruction/registratitieme one can pursue the employment of
analytic derivatives of the information theoretic simitgmeasures with respect to the transformation
parameters. Analytic derivatives have been used in meidicaje registration in various studiedgdat
et al, 2009 Viola, 1995.

9.1.4 Application to other modalities

In addition to the information theoretic regularization DOT [Panagiotou et al.2009 and PET
[Kazantsev et al201Q Pedemonte et al2010a Somayajula et al201d, we have also obtained pre-
liminary unpublished results from the application of infation theoretic regularization in the linear
inverse problem ofluorescence diffuse optical tomographye have tested the method on studies based
on numerical simulations. This setting introduces adddicchallenges as the obtained optical recon-
structions are usually sparse. The implication of this & thotential anatomical images to be used as
priors, would contain dense structural information for émgirety of the probed domain and not specif-
ically for the non-zero regions in fluorescence reconsivast Such a large scale lack of one-to-one
feature correspondence between solution and prior cosldtii@ increased bias compared to the optical
solution. Developing methods that minimize the bias dueriorfsolution structural disagreement is a
challenging task.

Information theoretic regularization its still in its infay. In recent years however, the interest in
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the method is rapidly increasing. The concepts of JE and Mé maoven their worthiness in medical
image science due to their inherent ability of measuringlanity between images while by-passing
the multi-modality barrier of incommensurately relatedygvalues. It is our feeling that the increased
attention on information theoretic regularization willtmue and the scheme will evolve to become one

of the dominants choices for regularization of inverse f@ots in imaging. —
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