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Abstract.

Structured models, such as PDEs structured by age or phenotype, provide a setting to study
pattern formation in heterogeneous populations. Classical tools to quantify the emergence of pat-
terns, such as linear and weakly nonlinear analyses, pose significant mathematical challenges for
these models due to sharply peaked or singular steady states. Here, we present a weakly nonlin-
ear theory for a chemically structured (nonlocal) model which admits a base state that is spatially
uniform, but exponentially localized with respect to the structured variable. Physically, the model
represents a system of motile bacteria that interact through quorum sensing. Our approach utilizes
WKBJ asymptotics and an analysis of the Stokes phenomenon to systematically resolve the solution
structure in the limit where the steady state tends to a Dirac-delta function. Our analysis yields
an amplitude equation that governs the solution dynamics near a linear instability, and predicts
a pitchfork bifurcation. From the amplitude equation, we deduce an effective parameter grouping
whose sign determines whether the pitchfork bifurcation is subcritical or supercritical. Although we
demonstrate our framework for a specific example, our techniques are applicable more generally to
other structured models with sharply peaked base states.
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1. Introduction. Heterogeneities within a population, such as differences in
age, size and shape, affect individual interactions and population-level behaviors. For
example, phenotypic heterogeneity is thought to be an important aspect of therapeutic
resistance in cancer cells [51], and antibiotic resistance in bacteria [19, 61]. Structured
PDE models provide a framework to capture heterogeneity within a population by
representing population densities in terms of an internal state, in addition to space
and time [37, 53, 50]. Examples of structured models include age-structured models
in demographics, epidemiology, and cell biology [52, 53, 31, 56], size-structured pop-
ulation models [16, 56], trait or phenotype-structured models of cell migration and
selection-mutation systems [47, 45, 58, 20, 64, 46, 2, 14], stemness-structured models
of cancer [11], kinetic transport equations and chemotaxis models with ‘orientation’
and phenotype-structuring [49, 41], and chemically structured models in quorum sens-
ing systems [60, 30]. Broadly, this previous work has shown that heterogeneity in the
characteristics or states of individuals can have a significant impact on spatio-temporal
pattern formation compared with homogeneous populations. However, analytic tech-
niques for understanding the emergence of patterns in such problems are lacking, due
to the technical challenges associated with the analysis of structured PDEs.

The onset of patterning in these systems often signifies physically or biologically
relevant phenomena, such as phase transitions or population extinction. Quantify-
ing the onset of patterning is a classical problem that dates back to Alan Turing
[65], though significant progress has been made since then (see [38] for a recent sur-
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vey). Common analyses of Turing systems involve detecting the emergence of spatio-
temporal patterning from a spatially uniform base state, which gives a broad idea of a
system’s propensity to form patterns. Mathematically, characterisation of patterning
can be accomplished through linear stability analysis and weakly nonlinear analysis;
the former is used to detect bifurcations, and the latter reduces the local dynamics
to a canonical amplitude equation [62]. The primary obstacle in performing such
analyses for structured models is that spatially uniform states can be non-uniform
with respect to the internal state. Moreover, many structured models admit solutions
that tend to become sharply peaked or singular with respect to the internal state
[47, 4, 20, 43, 42, 48]. Such localized solutions represent homogeneous states in the
sense that all individuals have nearly identical characteristics. Standard methods for
linear and weakly nonlinear analyses often cannot be applied in such settings because
the linearised system will have non-constant coefficients. While analytic techniques
to deal with spatial and spatio-temporally evolving coefficients have been developed
for local PDEs [39, 40, 18], many structured models are also nonlocal, adding another
layer of difficulty. As such, new mathematical tools are needed to extend classical
Turing stability analyses to base states that are spatially uniform but non-constant
in the structured variable.

Previous work in this area includes linear stability analyses in situations where
the base state is constant in both space and internal state [44, 25, 57]. In non-
structured models, sharply peaked “spike” solutions can be analysed with a well-
developed weakly nonlinear theory [27, 71, 35, 66]; example applications include var-
ious reaction-diffusion systems [32, 70, 69, 13, 22, 21, 1, 36, 33] and kinetic transport
models [49]. In structured models, previous studies have also proved global stability
of Dirac-delta function solutions of well-mixed systems [47, 4] as well as proved the
existence of patterned states [2, 64] and bifurcations from constant base states [15].
The linear stability and bifurcation structure of non-constant steady states for a class
of age-structured models with spatial diffusion was tackled with an abstract semi-
group approach (see [68, 67] and references therein), where the stability is quantified
in terms of the spectrum of a derived nonlocal eigenvalue problem. Additionally, hy-
brid analytic-numeric methods have been developed to study traveling-wave patterns
[43, 42, 5]. Despite this progress, there is no general framework for explicitly quanti-
fying pattern formation in structured models when the base state is sharply peaked
or singular in the internal state.

As a step towards developing this framework, we present a linear and weakly
nonlinear analysis of a structured population model in a setting where the steady
state is exponentially localized in the structured variable, but spatially uniform. In
particular, we consider a chemically structured model of motile bacteria that inter-
act through quorum sensing. In the limit of a certain small parameter, the steady
states in this model tend to a Dirac delta-function with respect to the internal state,
but are uniform in space. Our analysis overcomes the challenge of a non-constant,
singular base state through the use of Wentzel-Kramers-Brillouin-Jeffreys (WKBJ)
asymptotics and an analysis of the Stokes phenomenon, which systematically resolve
the localized structure of the internal state. This analysis yields a criterion for the on-
set of patterning and quantifies the local dynamics near the bifurcation. Although we
consider a specific example, our analysis can be applied more generally, particularly
in settings where previous methods would not be appropriate.

The structure of the rest of this paper is as follows. In Section 2, we present the
model of motile quorum sensing bacteria. In Section 3 we construct the exponentially
localized steady state and show that it formally tends to a Dirac delta in the limit of
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a certain small parameter. We then determine the location of the bifurcation through
a linear stability analysis. Our main analysis is presented in Section 4, where we
perform a weakly nonlinear analysis near the bifurcation. The result of this analysis
is an amplitude equation governing the spatio-temporal dynamics near the instability.
The amplitude equation is that of a canonical pitchfork bifurcation, whose coefficients
dictate whether the bifurcation is supercritical or subcritical. In Section 5, we verify
our predictions with numerical solutions of the governing equations and interpret our
results in a biophysical context. Finally, in Section 6, we discuss generalisations of
our method as well as promising applications to other models.

2. A model of motile quorum sensing bacteria. To demonstrate our modi-
fied weakly nonlinear analysis, we consider the chemically structured population model
in [60, 59]. We discuss how it can be applied more generally in Section 6. The model
we consider here physically describes a population of cells whose motility is effec-
tively regulated by quorum sensing (QS). The cells generate signalling molecules,
commonly called autoinducers (Als). This chemical signal affects the intracellular
gene-regulatory kinetics, which in turn regulates the motility. We refer the reader
to [60] for a more detailed discussion of the biology and model derivation via formal
upscaling from cell-level rules.

In one spatial dimension, the (dimensionless) governing equations read

on 0%n n 0

(213) a = D(U)@ + E@ — %(f(u, c)n), HANSS Q, u > 0, t > 0,
oc 0% e

(2.1b) 5= cﬁ—,@c—kao/o un(z,u, t)du, z€Q, t>0,

where the independent variables & and t represent position and time. The cell den-
sity is structured in terms of the intracellular concentration u of an internal chemical
(e.g. a transcription factor or gene-regulatory protein). This structured cell density
is represented by the quantity n(x,u,t). The diffusion coefficient D(u) > 0 describes
the effect of gene-regulated (u-dependent) cellular motility. The function f describes
the intracellular gene-regulatory reaction kinetics. The parameter 0 < ¢ < 1 is a
state-space diffusion coefficient, a deterministic representation of a small stochastic
component in the reaction kinetics. As we will later see, this term can be thought of as
a regularization of (2.1). An external chemical signal with concentration ¢(x,t) per-
meates the population. This chemical has a natural decay rate 3, diffusion coefficient
D., and is secreted by the population at a rate agu. Since w is the internal chemical
concentration, the combined effect of the secretion over all u generates the nonlocal
integral term in (2.1b). Finally, the population is assumed to be constrained to a
finite domain Q := (0, L). We impose no-flux boundary conditions in both physical
space (x) and state space (u) as

(2.22) D(u) g = Deg- =0, @=0,L,
(2.2b) {—:g—n — f(u,e)n =0, u— 0, co.
U

where (2.2b) ensures physically realistic (bounded and positive) internal concentra-
tions. For later convenience, we define the cell density p(z,t) as

(2.3) plx,t) == /000 n(x,u,t)du.
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This quantity effectively sums the full distribution of internal states n(z,u,t) into
a local cell density at each point in space, and will be useful in Section 5 where
we construct bifurcation diagrams. Since the RHS of (2.1a) is a total divergence in
(z,u)-space, the global cell density is conserved. We denote the global cell density by

(2.4) pr = %/Qp(a:,t) dz.

Finally, it is helpful to impose a functional form for the gene-regulatory kinetics
f. To illustrate the theory, we assume the following form

(2.5) f(u, ) = g(c) = Au,

which is linear in u but can be nonlinear in ¢ for generality. Here, A represents a natural
decay rate and the function g describes production of internal chemical. Many quorum
sensing systems exhibit positive feedback [17]. Since an increase in u corresponds to
an increase in ¢ via the integral term in (2.1b), we can incorporate positive feedback
by requiring that an increase in ¢ corresponds to an increase in u. This can be encoded
by requiring the production function g to be increasing, i.e. ¢’(¢) > 0 for all ¢ > 0.
To ensure non-negative and finite concentrations, we assume further that g is positive
and bounded. Our full model consists of Eqs. (2.1)—(2.5).

Our remaining goal is to demonstrate our weakly non-linear theory by analysing
the solution structure near a linear instability in the spatially uniform steady state
of Egs. (2.1)-(2.2). In [60] it was shown that the spatially uniform solution can
become unstable when D’ is sufficiently large and negative, and that the dynamics
following the instability lead to motility-induced phase separation (MIPS) [10]. A
linear stability theory was developed to quantify the instability condition and the
bifurcating branches of steady states computed numerically. Here, we extend the
analysis to include non-linear terms, thereby allowing us to characterise the bifurcation
as a symmetric pitchfork, as well as derive an explicit formula that dictates whether
the bifurcation is supercritical or subcritical. We also explicitly calculate the local
behaviour of the bifurcating solution branches. Our analysis also generalises the linear
theory in [60] to gene-regulatory kinetics with more a generic positive feedback term
g(c) in (2.5).

Before getting into the details of our analysis, we give a brief outline of our
methodology. The governing equations (2.1)—(2.2) admit a u-dependent, spatially
uniform solution which formally tends to a Dirac-delta in the limit ¢ — 0*. For
small finite ¢, this solution is instead exponentially localized in u to an O(g!/?) ‘in-
ner’ region around a point u* to be determine as part of the analysis. To study the
nonlinear stability of this solution, we introduce small perturbations near the insta-
bility. For the perturbation to remain small compared to the base state, each term in
the perturbation expansion must also be exponentially localized. We therefore seek
a WKBJ solution for each term in the perturbation expansion, whereby the WKBJ
amplitudes satisfy a set of singularly perturbed ODEs. Through a careful analysis
of the Stokes switching in the outer solution for the amplitudes, we exchange the
boundary conditions in the outer region for a regularity condition in the inner region.
This allows us to construct power series solutions to the WKBJ amplitude equations
in the inner region that satisfy the regularity condition. Then using the fact that
the perturbations are exponentially localized, we use Laplace’s method to evaluate
all integrals arising from the nonlocal term in (2.1b). Our methodology relies on the
exponential localization of the base state; it allows the nonlocal terms to be evaluated
explicitly using only the local behaviour of the WKBJ amplitudes.
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3. Preliminary analysis.

3.1. Spatially homogeneous steady state. The governing equations (2.1)—
(2.2) admit an exact spatially homogeneous steady state n(z,u,t) = n*(u) given by

(3.1a) n*(u) = N exp [—Ql(u - u*>2] .

The normalisation condition (2.4), together with (2.3), imply

[ A
1 N =p*| —
(3.1b) P 27r6+est,

where here and henceforth e.s.t. denotes exponentially small terms as ¢ — 07. The

exponentially small terms in (3.1b) arise as a result of approximating the integral in

(2.3) by extending the domain of integration to the whole real line. We emphasize that

the steady state (3.1) formally tends to a Dirac delta-function in the limit ¢ — 0.

Physically, this corresponds to the deterministic limit of the cell-level reaction kinetics.
The steady AI concentration ¢* and mean internal concentration v* satisfy

(3.2a) fu*,c*) :=g(c*) — Au* =0,
(3.2b) B¢ = apu™p* + es.t.,

Depending on the functional form for g in (2.5), the algebraic equation

A
(33) gle) = 2oer

may have multiple solutions. We note that since g is monotonically increasing by
assumption, there will always be a parameter regime for p* where there is at least
one positive solution. We focus our attention on this parameter regime. The spatially
uniform steady states of Egs. (2.1)—(2.2) are then given by positive solutions of (3.3)
for ¢* and (3.1a) with u* ~ g(¢*)/X for n*(u), up to exponentially small corrections.

3.2. Linear stability. To perform the weakly nonlinear analysis near the bi-
furcation, we must first determine the bifurcation condition. To keep our analysis
general, we work with a general D that depends smoothly on a bifurcation parameter
6. We denote this parameter dependence by D = D(u;6). We assume that the bifur-
cation occurs at § = 0 (without approximation in €). There is no loss of generality
from this assumption, as 6 can always be shifted and redefined so that the bifurcation
isat 8 =0.

As demonstrated in [60], a leading order (in €) linear stability analysis around
the spatially uniform steady states in (3.1), (3.3) leads to an algebraic equation for
the eigenvalue o. This equation reads

o+ (D, —u*D.)k?

4 D.k? + B — apglp* =
(3 ) o+ D, +B QoGP (U+D*1€2) (O’+D*k/’2+)\) O(E)a

where D, := D(u*;0), D, := L(u*;0), ¢, := ¢'(c*), and k is the wavenumber with
allowed values equal to integer multiples of 7/L to satisfy the no-flux conditions
(2.2a). We hereafter use subscript ‘+’ to denote evaluation at steady state, i.e. at
u = u* and ¢ = ¢*. The spatially uniform steady state (3.1), (3.3) is linearly unstable
if any solution o of (3.4) has Re(c) > 0 and linearly stable if Re(o) < 0. Eq. (3.4)
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is a generalisation of Eq. (13) in [60] to a generic production term g(c). Since we
are interested in instabilities that lead to spatial patterning, we focus on situations
where the spatially uniform solution is stable to uniform perturbations. That is, we
take g(c) such that there are no unstable eigenvalues when k = 0. This implies the
following restriction on g’(c*)

AB

agp*’

(3.5) 9. <

in addition to g, > 0 as previously assumed.
For spatially non-uniform perturbations (i.e. k% > 0), (3.4) admits a real-valued,
positive eigenvalue o whenever D(u) is such that D, and D, satisfy

D, | (Dck® +8) (Duk® + )

u* a0p* g,

(3.6) D < —

*

—1| +0(e),

where now k = 7/L is the critical wavenumber for instability. Since the O(1) term
on the RHS of (3.6) is negative (which follows from (3.5)), this bifurcation can only
occur when D/, is negative. Physically this means that spatio-temporal patterning
emerges from a spatially uniform state when motility is sufficiently repressed by quo-
rum sensing, as measured by the derivative of D at steady state. Since the bifurcation
occurs at @ = 0, the bifurcation condition is given by

% (DckQ + 6) (,Z)O*k2 + >\)

3.7 D), = — -1 @

( a‘) 0% w* Oéop*gi =+ (6)7
as € — 07, where Dy, and D}, are defined by

(37b) D(U, 0) = DO(U), D()* = D()(’LL*), D(l)* = D{)(u*)

4. Weakly non-linear analysis near the bifurcation. To study the local
solution structure near the instability, we consider a perturbation to 6 near the bifur-
cation. We therefore perturb 6 as

(4.1) 0 = 0062,

where 0 < 6 < 1 is a small parameter that will measure the size of the perturbation
to the steady state and 6 is the local bifurcation parameter. We then Taylor expand
D near the bifurcation as

D
(4.2) D(u; 000%) = Do(u) + Ood(u)s? + O(6Y), d(u) := %—a(u; 0).
For later convenience, we will assume that

(4.3) d(w’) =0, d(u)#0,

so that at u = u*, a small finite § perturbs the derivatives of D at O(62), but introduces
only a higher order O(§%) perturbation to the value of D, i.e. D(u*;006%) = Do« +
O(6*) from Eqs. (4.2)-(4.3). The first assumption in (4.3) simplifies our calculations,
but is not a technical necessity and does not fundamentally change the bifurcation
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structure. In Section 4.3, we flag where this assumption comes into our analysis. The
second assumption in (4.3) is a transversality condition ensuring that the bifurcation
is crossed at non-zero speed as 6 varies.

The choice of O(6?) scaling in (4.1) will be justified in the course of our analysis.
Briefly, we will find that there are no secular terms that appear at order O(82), which
implies that any O(d) term in (4.1) will yield a solvability condition that contains
no information about the bifurcation structure beyond the linear theory. Since the
system (2.1) is invariant under the transformation x — L — z, a symmetry argument
implies that non-uniform solutions near the bifurcation come in pairs, so we expect a
symmetric pitchfork bifurcation.

In general, small perturbations around the uniform steady state will vary on an
O(1) timescale. However, near a bifurcation the timescales involved are much longer
due to the phenomenon of critical slowing [62]. With the benefit of hindsight, the
appropriate time rescaling is

(4.4) t =402t

where 7 is slow time.
Next, we seek solutions of the governing equations (2.1)—(2.2) near the bifurcation.
We therefore expand n and ¢ in regular asymptotic series as

(4.5a) n(x,u,7) =n"(u) + dni (x,u, 7) + 52772(x, u,T) + 53773(:E, u,7) + 0(54),
(4.5b) clx,7)=c" + ocr(z,7) + 82co(x, ) + 63c3(x, 7) + (’)(54),

where the spatially uniform solutions n* and ¢* are given in (3.1)-(3.2) and #;, ¢;,
j =1,2,3 are unknown functions to be determined.

The next step is to insert the scalings (4.2), (4.4) and expansions (4.5) into the
governing equations and collect powers of §. In our analysis, we perform the expansion
in § without approximation in £, we then analyse the problems at each order in ¢ in the
limit € < 1. The remainder of this section is divided into three parts. In Section 4.1,
we cover the analysis at O(1) and O(6). In Section 4.2, we consider the O(§2) problem,
where we show that the scalings (4.2) and (4.4) are correct because they generate a
trivially satisfied solvability condition. Our weakly nonlinear analysis is concluded in
Section 4.3 with an analysis of the terms at O(6%), resulting in an amplitude equation
for the T-dependence of 77 and ¢; in (4.5). This amplitude equation will be in the
normal form for a symmetric pitchfork bifurcation.

4.1. Analysis at O(1) and O(6). We insert the scalings (4.2), (4.4) and ex-
pansions (4.5) into the governing equations (2.1)—(2.2) and collect powers of . The
terms at O(1) vanish by construction since n* and c¢* are steady state solutions. At
O(6), we obtain

2 2 .
(460) £ (”) (Do) 5 + 28 — 2 (fw e In] - el
C1 Dc %;21 — ﬁcl + Qg fOOO um (,137 u, t) d’U, )

and the no-flux boundary conditions

om

(4.6b) “5u

— f(u,c)m =0, u— 0,00,
0 0
m_ %y, z=0,L.

(4.6c) e
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We seek non-trivial separable solutions to (4.6) in the form
(4.7 m(z,u, ) = A(T)n(u) cos(kx), c1(z) = A(7) cos(kz),

where 1 and A are unknown functions to be determined. The function A, and its de-
pendence on the local bifurcation parameter 6y, determine the local solution structure
near the bifurcation. Since 7 is only a parameter in (4.6), A(7) will be determined
from our analysis of higher-order terms in §. In (4.7) and hereafter, the wavenum-
ber k = m/L denotes the critical wavenumber for instability, though in principle our
weakly nonlinear analysis can be extended to consider other modes. For notational
brevity, we hereafter suppress the dependence of A on k. Using the ansatz (4.7) in
(4.6), we obtain the following system for »:

d277 d * 2 / dn*
(4.8a) ‘2 T du [Au = u*)n] = Do(w)k*n = g, R
(4.8b) D.k?* 4 3 — ao/ un(u) du = 0,
0
(4.8¢) aj—n — f(u,c)n =0, u—0,00.
u

Eq. (4.8) appears to be overdetermined, but the apparent ‘extra’ equation (4.8b) ac-
tually determines the position of the bifurcation. To see this, we will obtain 7 directly
from (4.8a) in the limit € < 1 and insert the result into (4.8b). After evaluating the
integral, the resulting algebraic equation will be the bifurcation condition (3.7).

The unperturbed (§ = 0) solution (3.1a) is exponentially localized with respect to
e near u = u*. In order for the perturbation d7; to remain small in (4.5a) compared
to the steady state n* when 0 < § < 1, we require 7 to also be exponentially localized
in . We therefore seek WKBJ-type solutions of the form
AMu — u*)Q]

3

(4.9) n(u) = e 2q(u) exp [— 5

for an unknown amplitude g(u) to be determined. The ¢~3/2 prefactor is introduced
for later convenience so that ¢ = O(1) as ¢ — 0. The WKBJ method has been
employed in previous structured models to resolve sharply peaked solutions, where
the phase satisfies a Hamilton-Jacobi equation [20, 57, 43]. The key difference here is
that the primary difficulty lies in determining the amplitude ¢, rather than the phase.
Continuing, we substitute our WKBJ ansatz (4.9) into the governing equation for 7
in (4.8a) and find that ¢ satisfies the singularly perturbed equation

d%q dg A3
4.10 — —Mu—u*)=—= —Dok’q = —p gy —(u—u*).
(4.10) eq2 ~ Mu—u) g = Dokq = —p g\ o (u—u’)
For boundary conditions, we require that g be polynomially bounded as u — 0, co so
that 7 is exponentially localized. This guarantees that the boundary conditions (4.8c)
on 7 are satisfied up to exponentially small terms.
We seek solutions of (4.10) in the form of a regular asymptotic series of the form

(4.11) q(w) ~ 3 g5 (w)e’,
§=0
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where each ¢; must also be polynomially bounded as v — 0,00. By substituting
the expansion (4.11) into the amplitude equation (4.10) and equating coefficients of
powers of €, we obtain a recursive sequence of ODEs for the g;’s given by

\3
(4.12a) Mu —u*)qh + Do(u)kqo = p*gL. %(u —u¥),

(4.12b) Au — u*)qj + Do (u) kg, =qj 1, j=1,....

Since v = w* is a singular point of (4.12), the general solution for ¢; is non-
smooth at u* for all j. This poses a potential issue since ¢ itself is smooth. However,
as we show in Appendix A, the non-smooth solutions are formally ruled out. This is
because non-smooth solutions would generate a factorial-over-power divergent series
in (4.11), which would switch on an exponentially large contribution to ¢ via the
Stokes phenomenon [12]. This exponentially large term would violate the boundary
condition that ¢ is polynomially bounded as u — 0,00. Therefore, we effectively
enforce the boundary conditions on g by demanding that g; is smooth for all j.

Given the smoothness of ¢;, we now seek solutions of (4.12) in the form of a
regular power series centred at u = u*. We therefore expand g; as

(4.13) g;j(u) = Z q](-z)(u —u*)’,
=0

and additionally Taylor expand Dy as

= o)

4
=0

(4.14) Do(u) = (u —u*)", D((Ji) = Do(u).

a W u=u*

Using only the local behaviour of ¢ near © = u*, Laplace’s method can be used to
generate an asymptotic approximation of the integral in (4.8b) containing arbitrarily
many algebraic orders of €. Therefore, the local solution (4.13) is sufficient for our
leading order (in ) analysis. Using standard power series methods, we obtain the

following recursion relations for the coefficients qgé)

(4.15a) " =0,

(g) 1
( ) % Do*kQ + 12

m=1
2q(z+2)
(0) j—1
4.1 ) — =1
( 5C) q] DO*kQ b j b) b
L (D
(C+ D +2)g =k 3 g e
m=1 m!

(415d) ¢\ =

Dook? + O\  Jl=Liey
where 0;; denotes the Kronecker delta. The recursion relations in (4.15) determine
1 from (4.9) locally near u = u*. Inserting this result for n into (4.8b) and utilising
Laplace’s method (see e.g. [29]) to evaluate the leading-order contribution to the
exponentially localized integral, we recover (3.7). This concludes our analysis at
linear order in §. As expected, this analysis does not determine A(r) in (4.7). We
therefore proceed to next order in 4.
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4.2. Analysis at O(§?). Next, we obtain governing equations for 1, and cy by
inserting the expansion (4.5) and scalings (4.2), (4.4) into the governing equations
(2.1)~(2.2) and collecting O(§?) terms. This yields

i/ n* 16)
(4.162) C <’72> - (C%gzddl +01915’J) ,

C2 0

and the boundary conditions

o2

4.16b
(4.16b) S5

— f(u, )2 — 0, u— 0,00,

Onz _ 92

4.1 = —
(4.16¢) ox ox

=0, z=0,L,
where we have ignored exponentially small terms in (4.16b)—(4.16¢). The homoge-
neous version of (4.16) has a non-trivial solution given by (4.7), where 7 in (4.7) is
given in (4.9), (4.11), (4.13), and (4.15). The Fredholm Alternative therefore implies
that (4.16) has no solution unless the RHS is orthogonal to the nullspace of the adjoint
operator L£*, which we now define.

To obtain the adjoint operator, we first define an appropriate inner product. For
two vector functions v = (vq(z,u),va(x)), w = (w1 (z,u), ws(x)) we define the inner
product (v, w) as

(4.17) (v,w) = /QXR vy (x, w)ws (z, u) dudx—i—/ﬂvg(x)wg(;v) dz.

Suppose that v satisfies the no-flux boundary conditions

3}
(4.18a) E# — f(u,c")vy =0, u— 0,00,
u

ovy  Ovg
4.18b — =——=0 =0,L.
(4.18D) e =0 =0,
Then the adjoint operator £* is uniquely defined by (L(v),w) = (v, L*(w)) in com-
bination with the adjoint boundary conditions

Au —u*)?\ dw,
(419&) exp <—2€) % — 0, u — 07 oo,
awl ng
41 qon_ G2 —0,L.
(4.19b) =52 =0, 2=0L

It is sufficient to require that w is polynomially bounded to satisfy (4.19a). Inte-
grating by parts in the definition of the adjoint operator, we find that £* is given
by

2 2
(4.20) L (w) = DOL%Q? et S, ) G+ aguw |
D %7 — Bwz — [, 94wy (2, u) du

In order to explicitly apply the Fredholm Alternative to (4.16a), we must obtain
all non-trivial solutions of £*(w) = 0. One such solution is given by (wy,wz) = (1,0)
up to an exponentially small correction. This ‘trivial’ solution is present because
the governing equation (2.1a) is a conservation equation; it has no relevance to the
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bifurcation and yields a trivial solvability condition as we will later see. To obtain
any remaining solutions of £*(w) = 0, we seek Fourier mode solutions in the form

(4.21) wy (z,u) = W(u) cos(kx), wa(z) = cos(kx),

where we have fixed the scaling of wq for convenience. Next, we insert (4.21) into
L*(w) =0 and (4.20) and find that W satisfies

2w AW 9
(4.22a) Tz Au—wu )E — Do(w)k*W = —agu,
(4.22b) D2+ B+ / g CZ; W (u)du = 0,
0

with W polynomially bounded as u — 0, co.

Although the system (4.22) appears overdetermined, Eq. (4.22b) turns out to be
a restatement of (4.8b). To see this, we multiply (4.22a) by n(u), which satisfies (4.8),
and integrate over u. This yields

> <1 d2 d
ao/o un(u)du = /O {Eduz + Tu Au — u*)n] — Dok*n| W du

4.23 =— L—W(u)d
(423) |,

and we conclude that Egs. (4.22b) and (4.8b) are equivalent. This implies that (4.22)
can only have a solution at the bifurcation point.

Next we obtain solutions of (4.22a) in the regime ¢ < 1. Following our analysis
of (4.10) for g(u), we expand W as

(4.24) W (u) ~ Z W (u)e?,

and substitute into (4.22a) to obtain the following set of ODEs for the coefficients

(4.25a) Mu — u* YW + Do (u)k* Wy = agu,
(4.25b) AMu— )W)+ Do(u)k*W; =W/, j=1,....

Since the only difference between (4.12) and (4.25) is the inhomogeneous term on the
RHS of (4.25a), our analysis of the Stokes phenomenon for ¢ also applies for W (see
Appendix A). We therefore deduce that solutions of (4.25) must be smooth at v* in
order for W to be polynomially bounded as u — 0, c0. This allows us to seek formal
power series solutions for W; in the form

(4.26) W (u) = i W (u —u*)".
=0

Using standard power series methods, we calculate the coefficients as
0) _ Oéou*
Do, k2’
ag — WDy k>
Dosk2+ X

(4.27a) W,

1
(4.27b) WiV =
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2 ¢ (m)
0_ __ k- (¢-m) Doy _
(4.27¢c) W = DO*kQ—M)\mz::lWO e, £=2,
4 —m) D™
(C+2)(0+ WD g2 3wl Pal
(4.27d) w9 = m=1 ,j=1,...,0=0,....

Doxk? + LA

We will only require a finite number of the coefficients W in the course of our analy-
sis, all of which can be calculated via the recurrence relations (4.27). We remark that
even though the nontrivial solutions of the homogeneous adjoint problem £*(w) =0
are not exponentially localized, only their local behaviour will feed into our final result
for the amplitude A(7). Thus a power series solution for W is sufficient.

Now that the nullspace of £* is known, we can obtain the solvability conditions.
The system L(v) = g := (g1(z,u), g2(x))T with the boundary conditions (4.18) has a
solution if, and only if, the two solvability conditions

(4.28a) / g1(z,u) dedu = es.t.,
QXR+
(4.28b) / g1(z, )W (u) cos(kzx) dudzx + / g2(x) cos(kx) dz = 0.
QxR Q

are satisfied. The exponentially small terms in (4.28a) are due to the fact that wy = 1,
wo = 0 only satisfies (4.19)—(4.20) up to exponentially small corrections.

We demand that there exists a solution of the O(6%) problem in (4.16) and there-
fore impose the solvability conditions (4.28). Substituting the RHS of (4.16a) into
(4.28), we find that both conditions are trivially satisfied and no information on A(r)
is obtained, as expected. The governing equation for A(7) will be deduced from the
solvability conditions at O(63). Since the solutions 7 and ¢y will feed into the terms
at order O(6%), our next task is to determine the particular integral of (4.16a).

As 1 and ¢ are proportional to A(7) cos(kx), the RHS of (4.16a) is proportional
to A2 cos?(kx). We therefore seek a particular integral of the form

(4.29) (W’ v ”) _ A%(r) (Wu) + 12a(u) cos(%x))

co(x,T) o0 + c22 cos(2kx),

where 7,4, ¢;; are new unknowns to be determined. We omit contributions from the
homogeneous solution cos(kz)(n(u),1)T, as these terms will not affect the solvability
condition at next order.

We obtain governing equations for the unknowns 7;;, ¢;; by substituting (4.29)
into (4.16a) and using the linear independence of the Fourier modes. For 199 and ¢z
we obtain

d2 d . dn* 1 i/ dn* d
(4.302) N dzzo du LF (s o] = e209. du 2 {92 du +g;dtﬂ 7
(4.30Db) Beag — ozo/ ungo(u) du =0,
0

and similarly for 720 and cas:

d2’l722 d dn*

o £ _ /
[f (u, c*)ma2] — c220., Tu

4.31
(4.312) du? du

1 [g) dn* dn
— 4D k2 — |2 11
0k 1122 2{2 du +g*du ’
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(431]:)) (4Dck'2 + B) Coo — (g / Uun22 (U) du = 0.
0

Both 129 and 722 are subject to no-flux boundary conditions in u (cf. (4.16b)—(4.16¢)).
Eq. (4.30a) has the following exact solution for 7s9:

(4.32a)  n2o(u) = r(u)exp (‘W) ’

) = (e + %)y 20w e Q4
' 209 T )P\ opzs 9 e

(4.32¢) Qu) := /u q(u) du.

Here 7 is an arbitrary integration constant that we fix by imposing the normalisation
condition (2.4), i.e. the perturbation must have zero mass: fﬂxR+ 1o dudz = 0. Thus

(4.32d) = 2€5/2/ Qu eXp( (U;u) >+e.s.t.

We apply Laplace’s method to evaluate the integrals in (4.30b) and (4.32d) and find
that coq is given by

s (p*gi’ +/54. (/\q (2))) o)
. Cop = + €).
20 4 (A8 — app*gl)

In prin01ple C20 Can be expressed in terms of the original model parameters by elimi-

nating q ) and q2 ) with (4.15).
The next step in solving (4.16a) is to determine 722 and cge from (4.31). As
before, we seek a WKBJ solution in the form

(4.34) Nz (u) = 5_5/23(u) exp (—W) ,

where we include the e ~%/2 scaling with hindsight so that s = O(1) as € — 0, as seen
from (4.35) below. From (4.31a), the amplitude equation for s is then

! )\3
(4.35) es” = A(u—u*)s'—4Dok*s = %* (e¢' = Mu — u*)q) —ep* V 2x (9*022 + gzI )

Since ¢ = O(1), as seen from (4.11), (4.13)—(4.15b), the RHS of (4.35) is also O(1),
so we expand s in a regular asymptotic series as

(4.36) s(u) ~ Y sj(u)e?
j=0

Inserting (4.36) into (4.35) and collecting powers of &, we obtain the following set of
ODEs for s;

/
(4.37a)  Mu —u*)sfy + 4Dok?sg z%)\(u —u")qo(u),
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AMu —u*)s) + ADoK’ s; =si_q - 92* (651 — Mu —u")g;)

* )\3 il * .
(4.37b) +00"\ 5 (91022 + ‘(]4) (u—u"), j=1,...

As before, our Stokes phenomenon argument implies that s is smooth at u = u™ (see
Appendix A). Hence, the solution satisfying the boundary conditions can be written
as a formal power series

(4.38) )= 5O -, j=0,....
£=0

In a similar way to before, we calculate the coefficients with standard power series
methods and find, after some algebra,

(4.39a)

s(()o) :sél) =0,
(4.39Db)

-1 i (-
S(K) 29;(1(() ) 4k2 Zm 1 m' S(() ™) E -9
0 4Dy, k2 + I\ ’
(4.39¢)
(2)
O = I
J 4D0*k2 ) ’ )

‘ ,
0 (0 2 Dox (b=m)  Gx (0+1) (0=1)
s [(e+1)(e+2) —art Y sl & [(€+1)q] D~ g

m=1

23 " _
(4.39d) + 0p1051p" \/ Gy <91022 + %I) } (4D0*k2 + E)\) ! , Li=1,....

In calculating the coefficients in (4.39), we have used the expansions for ¢; in (4.13)
to write the coefficients in terms of those for g;.

The last step at O(§2) is to determine coy from (4.31b). Since 79 explicitly
depends on cyy through the coefficients of the amplitude s (see (4.39d)), we simplify
the calculation by eliminating 722 from the integrand in (4.31b). We accomplish this
by observing that the adjoint of (4.31a) is (4.22a), only with the replacement k — 2k.
We therefore have

(4.40) Oto/ umeg du = / {(szg; + g ) n* + 77} W du,

where W denotes W with the mapping k — 2k. Evaluating the integral using (3.1)
for n*; (4.9), (4.11), and (4.15) for n; (4.24) and (4.26) for W; and Laplace’s method,
we find

" g 4200/ 3 [ (Ml + o) WD+ 2l ,
(441)  cn= (4Dk2+6 g T ) +O(e),

where W;Q denotes Wj(e) (given in (4.27)) with k — 2k.
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We have now determined 799, c2g, 722, and coo in terms of the original model
parameters. In particular, they are given in terms of ¢(u) and g;(u) in Eqgs. (4.32)-
(4.34), (4.36), (4.38)-(4.39), and (4.41); we recall that ¢(u) and g;(u) are known in
terms of the original model parameters in (4.11), (4.13), and (4.15). Thus 75 and ¢
are known in terms of the amplitude A(7) from (4.29), which completes our analysis
at O(62). Our final task is to perform an analysis at O(8) which will yield the
amplitude equation for A(7) that we seek.

4.3. Analysis at O(6%). Finally, we investigate the governing equations at
O(6%). Inserting (4.5) and the scalings in (4.2), (4.4) into the governing equations
(2.1)-(2.2) and collecting terms at O(§%) yields

(4.42a)
(™) - (clcgg* + 0398 ) dn® 4 (czg* + 029*) On g, 22 4 I Ood%z’zl
C3 o 9cy '
or
dcg O
4.42h g _ 9B g p—o0,L,
(4.42b) = o 0 =0,
(4.42¢) 5% — f(u,c*)ns =0, asu—0,00.
u

To obtain the amplitude A(7), we do not need to solve (4.42); all we require is
that a solution exists. This means we can impose the two solvability conditions (4.28),
which will yield an amplitude equation for A(7). The condition (4.28a) says that the
integral of the first component of the RHS of (4.42a) is exponentially small, which is
trivially satisfied due to the orthogonality of the Fourier modes (we recall that ¢; and
7 are proportional to cos(kxz) while ¢y are 7y are a linear combination of a constant
and cos(2kx)). As flagged previously, even if we had included a contribution from
the homogeneous solution cos(kx)(n(u),1)T to (n2,c2)T, the integral would still be
exponentially small, and the solvability condition (4.28a) would still be satisfied.

Imposing the second solvability condition (4.28b) will yield the weakly non-linear
form for the bifurcation. The integrals over x in (4.28b) can be evaluated using (4.7)
for n; and ¢y, (4.21) for wy and wq, as well as (4.29) for 7y and cp. This gives

dA Il 2 12
4.43 — =- A— A3
(4.43) dr — Ip+1 L+1
g/ Is + 3¢/ I- 1,
(4.43b) f= (020 + %) (912 + g.13) + %gs + 9. <I4 + ;)
where the integrals Iy, ..., I5 are given by

Ip:= /Ooon(u)W(u u, I .—/ Ood( W (u) du, (4.43¢)

 dn* dn

Iy:= I3 = 4.4

2 /0 du 3 /0 dqu (4.43d)
o dn20 o dn22

Iy:= I5 := . 4.4

4 /0 ™ W du, 5 /0 Tu W du (4.43¢)

The leading-order contributions to the integrals I; in (4.43) can be explicitly evaluated
with Laplace’s method since n*, 1, 120, and 722 are exponentially localized. A lengthy
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but straightforward calculation gives

aop*d. [DO*I@ — (2Dg.k? + A *Dgﬂ
(444a)  Ip= +O(e),
(Douk? + \)2 Do, k2

ko 0k o/

Qop U Gy ’
4.44 I, =
(4.44b) L= Do k2 (Dok? 4 1) 0% T o),

4.44 I aop ( Do 1) o
( . C) 2 — Do*k2 +>\ + (6)7

27 [ (0, & (M 2 FONPS
(4.44d) Ii=— /= ||q¢" + 2 | Wy W,

2
I =— /550 [( &+ ™) Wi + qél)Wé?’)}

p* g// 9
(4.44e) - (262095k + 2*) W + o),

5@ (4) (3)
2m (0) 359 2o 35y (2)
I =— 4/ —— %% W,
5 B [( Tt e | Wo /\ T ) o

)
(4.44f) i3 <s§°) + 3% > W

: ! +0e),

where we have used Eq. (3.1a)—(3.1b) for n*, Eqgs. (4.9), (4.11), and (4.13) for n,
Egs. (4.24), and (4.26) for W, Eq. (4.32) for 799, and finally (4.34), (4.36), and (4.38)
for n22. We note that the integral Iy is positive because D}, < 0, so the denominators
in (4.43a) are nonzero. The integrals I, can, in principle, be expressed in terms of
the original model parameters with the recursion relations (4.15), (4.27), and (4.39),
together with the results (4.33) and (4.41) for cog and cg2. For the sake of brevity, we
simplify only the linear terms in Eq. (4.43a) using (4.44a) and (4.44b), leading to
(4.45)

dA —agp*glu* (Douk? + N) Ood., k? AP

AT Dok? (Dok? + 0)? + aop*g, [Dmk? — (2Dg.k? + X) ug*g} fotd

where we neglect O(e) terms in the coefficients. We recall that the amplitude A(7)
governs the slow-time dependence of the perturbations 1y (z,u, 7) and ¢1 (x, 7) in (4.5),
(4.7). We have used (4.3), i.e. di := d(u*) = 0 in our evaluation of I;. If d, were
non-zero, then there would be an additional term in the coefficient of the linear term
n (4.45) proportional to fpd,. However, this coefficient would still vanish at the
bifurcation point 6y = 0, so the assumption (4.3) does not fundamentally alter the
bifurcation structure.

Eq. (4.45) governs the weakly non-linear behaviour of the system near 6y = 0
and describes a pitchfork bifurcation. To understand the local behaviour of the non-
uniform steady states in terms of the cell density p, we eliminate the local variables
0o and A in (4.45) in favour of the original bifurcation parameter 6 and cell density
p using Egs. (2.3), (4.2), and (4.5). Thus as § — 0, D, — D], (we recall that
D, = 8D —(u*;0)), and we find that the non-uniform steady states of (4.45) have the
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asymptotic behaviour

~agu(p°gl)* (DL — Dp,)
NDS)* (IDO*I€2 + )‘)3

(4.46) p(x) = p* :ED(’)*\/ cos(kz)(1+0(e)) +O(D, Dy, ),

whenever p and D), — D, have opposite signs. The sign of ;1 determines the linear
stability of the non-uniform steady state (4.46). We recall that the uniform steady
state p = p* is stable for D, > Dj, and unstable for D, < Dj,. Thus the pitchfork
bifurcation is subcritical when g < 0 and supercritical when g > 0. The condition

c "Iy + 39T 1
(4.47) M= (020 + %) (912 + g.13) + % + 9. <I4 + 25) =0,
therefore defines the transition between subcritical and supercritical pitchfork bifur-
cations. Eqs. (4.45)—(4.47) are the main results of our weakly nonlinear analysis.

5. Numerical Results. To demonstrate the predictions of our weakly nonlin-
ear theory, we generate numerical solutions of the governing equations (2.1)—(2.3) at
steady state. To facilitate these calculations, we make the following convenient choices
for the diffusion coefficient D(u) and reaction kinetics g(c)

(5.1a) D(u) = % - %tanhw(u), w(u) = —gé(u —u"),
3 60c
1 = — .
(5.10) 9= 15 ¥ 374 10c

Here 6 is the bifurcation parameter, which is a shifted version of 6 used in our previous
analysis (i.e. § = —D},, where D}, is known to leading order from (3.7a)). The form
(5.1a) for D satisfies the assumption (4.3). Our choice for g(c) in (5.1) is the same as
the form used in [60], which incorporates positive feedback — a canonical feature of
quorum sensing systems [55, 17]. In (2.1), we fix D, = 0.2, 8 = 8, A = 4.5, ap = 10;
the remaining parameters are given in the figure captions. We use the open source
library oomph-lib [28] for our numerical calculations (see [60] for details and codes).
Briefly, we use a Galerkin finite element method with quadratic Lagrange elements
to compute numerical solutions, along with pseudo-arclength continuation to track
solutions as we vary the bifurcation parameter 6.

First, we construct bifurcation diagrams from our numerical solutions and com-
pare the results with our theory. To this end we define Ap := |p(L) — p(0)] as an
order parameter quantifying the degree of phase separation. This corresponds to the
difference between the maximum and minimum cell densities near the pitchfork bi-
furcation. From the theoretical branch Eq. (4.46), and using D, = 6 from Eq. (5.1a),
we calculate

~ - * % o413
(5.2) if = b,/]e —D.|+0(0—Do.), b=—2D}, LS 1)
P || D3, (Dosk? + A)

whenever p and 6 — Dy, have opposite signs, where p is defined in (4.43b). The
nontrivial solution branches predicted by our weakly nonlinear theory agree well with
the numerically computed bifurcation diagrams, as we show in Figure 1 for both the
supercritical and subcritical cases. Our weakly nonlinear theory predicts nontrivial
solution branches near the bifurcation, which are linearly stable when the bifurcation
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) 25 9 107
— p* = 0.15, stable \Qé
----- p* = 0.15, unstable ]
[ — p* = 0.65, stable = -2
Ap/p* ----- p* =0.65, u¥1stable é 10
" == weakly nonlinear theory bt
@ snapshot E
=
]
=108
0
0.7 10
b) 0.45
=
51072
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2
=
3
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0 104 € 1072

Fic. 1. a): sample bifurcation diagrams when the pitchfork bifurcation is supercritical and
subcritical. Local nontrivial branches (black curves) from weakly nonlinear theory are shown near
the pitchfork bifurcation. Red and blue curves with Ap > 0 are computed from numerical solutions;
the rest is from theory. Steady states are computed via continuation, while stability is inferred
from time-dependent calculations. b) and c): representative steady state profile for 0 ~ —1.5, and
e = 0.002 (green circle, top left panel), computed numerically. Systematic comparison of theory
with numerical results for p* = 0.65 and € — 01. Relative errors in the leading order term of D,
in (3.7) d) and the coefficient b in (5.2) e). We plot a straight line passing through the origin to
demonstrate that the error is O(e). The numerical value of b is determined by fitting a square root
function to the numerically computed points on the nontrivial branch near the pitchfork bifurcation.

is supercritical, and linearly unstable when the bifurcation is subcritical. In the
supercritical case, the system admits small amplitude patterns near the bifurcation
when 6 < D)., which are well-approximated by our weakly nonlinear theory as shown
in panel a) of Figure 1. In the subcritical case, the linearly stable steady state patterns
have a large amplitude and are in general not accessible in a weakly nonlinear analysis.
Our numerical calculations for the subcritical case show that the system relaxes to a
large amplitude pattern, as seen in panels b) and ¢) of Figure 1.

The numerical bifurcation point and the local nontrivial branches agree reasonably
well with the leading order terms in (3.7) and (5.2), as shown in Figure 1. To verify our
theory more systematically, we compare the numerically computed bifurcation point
and coefficient b with the theoretical results in (3.7) and (5.2) in the limit £ — 0.
The errors in both appear to be O(e) as ¢ — 0%, as shown in panels d) and e) of
Figure 1.

To demonstrate the practical value of our results in the context of our specific
model, we interpret our results in a biophysical context. In agreement with previous
observations of phase separation in active systems [3, 6, 7, 9, 23, 24], the non-uniform
steady state profiles in Figure 1 show that the final ‘phase-separated’ state consists
of a cluster of less motile (low u, low D) cells coexisting with a dilute phase of
more motile (high u, high D) cells. We plot an example ‘phase diagram’ in Figure 2
where we show the (normalised) variation in cell density Ap/p* of the stable phase
separated state as a function of global cell density p* and the degree of motility
repression D, = 6. Our weakly nonlinear analysis allows us to predict whether the
phase transition is continuous or discontinuous, i.e. whether Ap varies continuously
(1 > 0) or discontinuously (p < 0) across the bifurcation point.
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Ap/p*
2 2.75

0.5
0 o 0.85

F1G. 2. Phase diagram showing the order parameter Ap/p* in the phase-separated state (Ap =
0 for the uniform solution). The yellow curve (Eq. (3.7a)) traces out the bifurcation point; the
spatially uniform state is linearly unstable above this curve and stable below. The bifurcation becomes
subcritical as p* is decreased through p* =~ 0.265, defined by p = 0 in (4.47) (yellow star). The area
wherein Ap > 0 below the yellow curve denotes the region where phase separation is dynamically
accessible (via finite amplitude perturbation), but the uniform state is linearly stable.

1.6
25\m. =05 359 |@ =55
/ \
\
n(z,u) n(z,u) \ /
(@) ﬂ
0;/ \7 0 J
0.7 u 1.25 0.7
— ¢ = 2 X 1072
_ - e=2x10"3
0.2 — = 2 X 107
0 T 8

FIG. 3. Numerically computed, non-uniform, steady state profile p(x) and slices of n(z,u) at
fized z, (p*,0) = (0.65,—2). As e — 0T, the distribution of internal states remains regular where
spatial gradients are order one, but may become singular where spatial gradients are small.

Solutions on the non-trivial branch appear to remain regular as € — 0, indicating
that the instability leads to nontrivial chemical structuring within the population.
This occurs despite the terms in the perturbation expansion (4.5a) being exponentially
localized. We show the distribution of internal states in Figure 3 as slices of n(z,u) at
fixed . The limit ¢ — 0T appears to be regular at z = 5.5, but singular at z = 0.5.
Mathematically, this can be understood by noting that spatial gradients vanish on
x = 0,L due to the no-flux conditions (2.2a); therefore, c(z) ~ C = const. near the
boundaries. As such, the governing equation (2.1a) has an approximate solution near
x = 0, L of the form (3.1a), but with u* = g(C)/A. This means that near z = 0, L,
the non-uniform steady state n(z,w) is sharply peaked (in u) for small .
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6. Discussion. In summary, we have presented a weakly nonlinear analysis for
the structured model of motile quorum sensing bacteria (2.1)-(2.2) from [60, 59] in
a setting where the base state is spatially uniform, but exponentially localized with
respect to the structured variable. Our analysis reduced the local dynamics near the
instability to the normal form of a pitchfork bifurcation (4.45). From this normal
form, we deduced the non-trivial steady states near the instability, as given in (4.46).
We additionally found that the quantity p defined in (4.43b) determines whether the
bifurcation is subcritical (1 < 0) or supercritical (i > 0). These results were compared
with numerical steady state solutions and found to be in excellent agreement. This
demonstrates the applicability of our theory.

Our analysis can be generalised in several ways. For example, we assumed that
the reaction kinetics f(u, ¢) and secretion rate a(u) were linear in u, while allowing for
non-linearities in ¢. However, we could have considered fully nonlinear f(u, ¢) with the
mild constraint that there still exists a steady state solution (i.e. a solution of (3.2))
and a few technical assumptions on the smoothness of f and its growth at infinity. In
this case, there would be additional linear terms in the WKBJ amplitude equations
(4.10), (4.22b), and (4.35), and the phase of the exponentials in the perturbations
in (4.5a) would no longer be globally quadratic functions, but would remain locally
quadratic. These complications are tractable within our framework as our analysis
depends only on regular power series solutions to the amplitude equations and the
use of Laplace’s method to evaluate exponentially localized integrals. When f is fully
nonlinear, there are potentially multiple solutions of (3.2), implying that the steady
state is a sum of regularised Dirac deltas. In general, we would find that all but one
of the Dirac masses have an exponentially small contribution to the steady state. As
a future challenge, it may be interesting to explore the construction of quasi-steady
solutions wherein the additional Dirac deltas have leading-order contributions to the
linear and weakly nonlinear analyses.

As another potential generalisation, we expect that our analysis can be extended
to consider Hopf bifurcations. As identified in [60], a Hopf bifurcation occurs in
(2.1)—(2.2) when motility is sufficiently promoted by quorum sensing. This condition
is quantified by the condition D’(u*) > D}; where Dy depends on the system param-
eters. Our framework would allow explicit determination of the limit cycle near the
instability as well as quantification of when (and if) the bifurcation is subcritical.

Our framework can also be generalised to handle reaction terms in (2.1a) as long
as they are in balance for the spatially uniform steady state. For example, if we had
included a logistic growth term on the RHS of (2.1a) of the form r(u)(1 — p/p.)n for
some constant carrying capacity p. and growth rate r(u), then the linear instability
criteria (3.4) for the non-trivial, spatially uniform steady state would become

o+ (Dos — u*DL) k2 + r(u*)
(0 + Dosk? + r(u*)) (6 + Douk? + )

which can be obtained by a straightforward modification of our techniques. The
weakly nonlinear analysis is a lengthy calculation but would be analytically tractable.

Though we considered a specific example to illustrate our weakly nonlinear the-
ory, our analysis could be applied more generally to other structured models with
sharply peaked solutions. One such example is the stemness structured model of tu-
mor heterogeneity in [11], but with modified boundary conditions. Since the inclusion
of nonlocal terms is tractable within our framework, our work complements previous
work on patterning in non-structured, nonlocal models [8, 34, 63, 26]. Our techniques
can also be applied to study systems where the internal dynamics arise through an

(6.1) o+ D.k* + 8 — anglpe

= 0(e),
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advection term in state space, and where these dynamics have a steady state (akin to
the point u = u* satisfying (3.2a)). Internal dynamics will contribute an advection
term whenever they can be described at the individual level by an ODE or system
of ODEs (i.e. a state space flow). This occurs frequently because many structured
models can be ‘derived’ through formal upscaling of individual-level models consist-
ing of ODEs and/or SDEs. Our approach could therefore be used to extend classical
linear and weakly nonlinear theories to structured models with localized base states,
advancing our ability to quantify pattern formation in these systems.

Appendix A. Regularity conditions for the WKBJ amplitudes.

In this Appendix, we show that any solution of the WKBJ amplitude equations
(4.12), (4.25), (4.37) that satisfies the boundary conditions must be smooth at v = u*.
This effectively exchanges the boundary conditions with a local regularity condition,
which we enforce in the main text through the use of a regular local power series.
Since the only difference between (4.12), (4.25), (4.37) is the inhomogeneous term on
the RHS, the analysis is nearly identical for all three cases. We therefore only show
the analysis for (4.12). Broadly, we demonstrate that ¢;(u) in (4.12) must be smooth
at u = u* by showing that any singularity in g; will switch on an exponentially large
contribution in the far-field of ¢. If such a term were present, it would prevent g from
being polynomially bounded in the far-field as required by the boundary conditions.
The switching of exponentially small terms in an asymptotic expansion is the mech-
anism behind Stokes phenomenon [29], the apparent discontinuity of an asymptotic
approximation of a continuous function. The main idea in Stokes phenomenon is that
exponentially small terms can be switched on across certain curves (Stokes lines) in
the complex plane. Even though these terms are buried deep in the series, they can
become dominant across anti-Stokes lines, leading to an apparent discontinuity if the
switching is not resolved by keeping track of the late terms in the series.

We begin by giving an outline of our methodology before getting into the technical
details. First, we show that the ‘outer’ expansion (4.11) for ¢(u) has a factorial-over-
power divergence at large j whenever there is a singular term in the series (4.11).
To detect the Stokes phenomenon, we incorporate exponentially small terms into the
expansion by optimally truncating the series and analysing the governing equation
for the remainder. We then find that a term proportional to exp(A(u — u*)?/2¢) is
switched on across the Stokes line characterised by purely imaginary values of u — u*.
For purely real values of u—wu*, this term prevents ¢ from being polynomially bounded
as u — 0,00, as required by the boundary conditions. Therefore, the only way to
satisfy the boundary conditions is to demand that ¢; is smooth for all j, effectively
exchanging the boundary conditions for a local regularity condition. Our analysis in
this Appendix employs the methodology developed in [12, 54] for detecting Stokes
phenomenon in the solutions of linear and nonlinear ODEs.

Our first task is to show that if gy is non-smooth at v*, then the late terms in the
series (4.11) exhibit a factorial-over-power divergence. To do this, we determine the
large j behaviour of ¢;. Suppose that g; has a pole of order p at u*, then ¢;4; will
have a pole of order p + 2 at u*. Intuitively, this is because g;41 is obtained from g;
by differentiating g; twice, dividing by u — u* once, and integrating once. Motivated
by this observation, we seek a large j solution for ¢; in the form

L+ +1)
bY (v(u))jﬂ(u) ’

where v, v, and k are functions independent of j and @ is a constant that will not

(A1) g(u) ~Q
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be relevant in our analysis. The quantity I' is the Gamma function, which can be
expanded for large argument with a generalised form of Stirling’s approximation (see
e.g. [29], p. 34):

(A.2) T(z) = ﬁ Gy (1 b O(ﬂ)) . Re(z) >0,

To determine the unknown functions v, 7, and &, we substitute (A.1) into (4.12b) to
obtain

—(sv" 4+ (v")3)5% + (sv + 200") 752 log j — [(sv +2v0") log vk’ + (sv’ +2(v)?) &

25 11
(A.3) — hv + s’ <2’y + 12> + (v')? <’y + 12> - vv"} 3% = o(j%),
where we define s := u — u* and
D(u)k?
(A4) h(u) = () >0,

to simplify notation. Collecting terms at O(j®) and requiring that ¢; has a pole at
s = 0, we have

(A.5) v(u) = ————.

Then at next order, the O(j2logj) terms in (A.3) yield v/ = 0. We fix the constant

value of v below. At next and final order, the O(j2) terms in (A.3) give the following
ODE for

(A.6) sk'logv+ 2k +h —2y—3=0.
Eq. (A.6) has the general solution

(A7) K(u) =5+ 3 4 log qp, (u) + C

2 w—u*)2\"’
log (—7( 5 ) )

where C' is an integration constant, and g, is a homogeneous solution of (4.12) given
by

(A.8) gn(w) = exp < /1 " @) dﬂ) .

The arbitrary lower bound of integration in (A.8) is fixed for convenience. We set
C = 0 without loss of generality because any non-zero value could be absorbed into
Q@ in (A.1) due to the identity

(A.9) (_82/2)C/ oe(=<"/2) _ o€ — const.

The constant v is determined from demanding that the singularity structure of
g; is consistent with the singularity structure of go. From (4.12), if go ~ (v — u*)? as
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uw — u*, then ¢j ~ (u—u*)P*2/. To determine the strength of the singularity p in go,
we note that there is a particular solution g, of (4.12a) that has the local behaviour

(A.10) qp(u) = @W—&—O((u—u*)%, asu — u”.

Since g, is smooth at u* the singularity structure of ¢ is determined by the poles of
gn. From (A.8), the local behaviour of gp, is

(A.11) an(u) ~a(u —u*)"h hy:=h(u*), asu— u*,

for some constant a. Thus gg has a pole of order hy and g; has a pole of order hg +2j.
Inserting (A.7) and (A.11) into (A.1), and demanding that the order of the pole for
qj is equal to hg + 2j gives

3

We combine the large j behaviour of ¢; in (A.1) with the expressions for v, k, and =y
in Egs. (A.5), (A.7), and (A.12) to find the asymptotic behaviour

—1) i _1
(A13) ) ~ QU U0 (2

J
(u — u*)23+2ho g (u) )\> as J = oo
Thus the expansion (4.11) for g exhibits the expected factorial-over-power divergence.

So far we have shown that if gp is non-smooth, then the expansion (4.11) exhibits
factorial-over-power divergence. We need to show that if the first non-smooth term
in the series (4.11) occurs at some j = j' > 0, then (4.11) still diverges as factorial-
over-power. For qo,...,qj.—1 to be smooth, there must be no contribution from the
homogeneous solution g, until the term at j = j’. Then g¢; (instead of gg) would
have a pole of order hg, implying a different value for the constant v which effectively
shifts the index j in (A.13). So overall, the series (4.11) still has a factorial-over-power
divergence. Since the analysis that follows does not crucially depend on v, we assume
for simplicity that gy is non-smooth.

The next step is to incorporate exponentially small corrections into the expansion
(4.11) to detect Stokes switching. To do this, we introduce the remainder Ry via

N—

(A.14) q(u) = q;(u)e’ + Ry(u).

0

—

<

Inserting (A.14) into (4.10), we find that Ry exactly satisfies
(A.15) eRY — Mu—u*)Ry — (0 + D(u)k*)Ry = -V ¢l

To determine the number of terms N in (A.14), we demand that the truncated series
remain asymptotically valid. We therefore truncate the series when successive terms
stop getting asymptotically smaller; mathematically this occurs for j > N, where
N satisfies the condition eV|qy| ~ eN*l|gny1|. This gives N ~ Au — u*|?/2e.
Introducing complex polar coordinates as

(A.16) u—u*=re?, 0ecl0,2r),
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we fix N as

Ar?
(Al?) N=—+ No(E),

2e
where Ny = O(1) as ¢ — 0T. Since N — oo as ¢ — 0T, our truncation (A.17) is
‘optimal’ in the sense that it incorporates all powers of ¢.

We detect Stokes phenomenon by determining the leading-order behaviour of
Ry (u) in different regions of the complex plane. We anticipate that a dominant
contribution to the expansion (A.14) from a homogeneous solution of (A.15) will be
switched on across a Stokes line. Our next task therefore is to determine the leading-
order (in €) behaviour of the homogeneous solutions. One such homogeneous solution
is given by Ry (u) ~ qn(u) as ¢ — 0F. Since the governing equation (4.10) for ¢ is
linear, ¢y, is a viable homogeneous solution at all orders of . As such, we absorb any
contribution from ¢; to Ry into the leading order gy term without loss of generality.
Since (A.15) is singularly perturbed, there is another solution which varies rapidly
around u*. We therefore seek a WKBJ solution in form

(A.18) Ry (u) = Ry(u)exp (e (u)) .

To determine the phase 1), we insert (A.18) into (A.15) and collect the leading order
powers of € to obtain ¢’ = A(u — u*). Thus

(A.19) P(u) = %(u —u*)?.
The terms at next order in ¢ yield
(A.20) AMu —u*)Ry — (0 +Dk* = \) Ry = 0.

We solve (A.20) to find that the leading order behaviour of the homogeneous solutions
of (A.15) are given by

-t oxp [ M=)
(A.21) Ry = o (14 0(¢)) p( o )

Since we expect a term proportional to (A.21) to be switched on, we seek a
particular solution of (A.20) in the form

B S(u) ox Au —u*)?
422 ) = o (M)

where S is the new dependent variable. We insert (A.22) and (A.17) into (A.15), and
expand in ¢, to find the following governing equation for S

dS _ e ds
du = r db
A 2 ) A 2
(A23) :E%O exp 7%(1 + 6229) — 1 (22_ + No) (20 — 7T) — 21h00:| [1 + 0(8)] y

where the constant prefactors that are independent of Ny and ¢ have been absorbed
into Q. Since the RHS of (A.23) is exponentially small in e everywhere except on
0 = w/2 and 6 = 37/2, the function S varies rapidly across the imaginary axis and



WEAKLY NONLINEAR THEORY FOR PATTERNING IN A STRUCTURED MODEL 25

is approximately constant everywhere else. This has the effect of switching on an
exponentially small term proportional to exp(—Ar?/2e) across the imaginary axis,
which defines the Stokes line. The contribution from this term becomes dominant
across the anti-Stokes line Re((u — u*)?) = 0. To resolve the apparent discontinuity
in the dominant terms of the expansion, we must explicitly resolve the switching in
S across the Stokes line. This allows us to connect the solutions on the real axis
on either side of the singularity at u = u*, which in turn allows us to impose the
boundary conditions.

To resolve the Stokes switching, we consider a local inner region near § = 7/2.
With the benefit of hindsight, the appropriate scalings in the inner region are

™ ” S
where 0 and S are the inner variables. Inserting (A.24) into (A.23), we find at leading
order that S satisfies

dg Q’I“ _Ar262

Integrating (A.25) and absorbing constants into @), we obtain
(A.26) 5(6) ~Q [s —erf (\Fw)] ,

where erf(+) is the error function and S is a constant.

The final step is to show that ¢ cannot satisfy the boundary conditions for any
value of the constant S in (A.26). To this end, we insert the solution for S in (A.26),
along with the scalings (A.24), into Ry in (A.22) to find the leading order behaviour

S —erf <\/§r (5 —0))] ,

where u—u* := re?. Since Ry must be polynomially bounded for ¢ to be polynomially
bounded (for real u), the terms in square brackets in (A.27) must be exponentially
small to balance the exponentially large factor. This is impossible to achieve with
only one free constant S. The only way to satisfy the boundary conditions is to
take @ = 0, which amounts to demanding that none of the terms in the expansion
(4.11) are singular at v = u*. Any singular term will set off a factorial-over-power
divergence, which in turn leads to Stokes phenomenon wherein a contribution Ry is
switched on, again making it impossible to satisfy the boundary conditions.

(AQ?) Ry ~ Qgi—ho )\(U _ U*)2:|

(u — u*)gp(u) P { 2e
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