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Abstract— Generalized Nash equilibrium problem (GNEP)
is fundamental for practical applications where multiple self-
interested agents work together to make optimal decisions.
In this work, we study GNEP with shared distributionally
robust chance constraints (DRCCs) for incorporating inevitable
uncertainties. The DRCCs are defined over the Wasserstein ball,
which can be explicitly characterized even with limited sample
data. To determine the equilibrium of the GNEP, we propose
an exact approach to transform the original computationally
intractable problem into a deterministic formulation using the
Nikaido-Isoda function. Specifically, we show that when all
agents’ objectives are quadratic in their respective variables,
the equilibrium can be obtained by solving a typical mixed-
integer nonlinear programming (MINLP) problem, where the
integer and continuous variables are decoupled in both the ob-
jective function and the constraints. This structure significantly
improves computational tractability, as demonstrated through
a case study on the charging station pricing problem.

I. INTRODUCTION

Numerous engineering applications require addressing
multi-agent optimization problems and games among self-
interested agents, including demand management in energy
systems [1], electric vehicle (EV) charging coordination
[2], and multi-robot control [3]. These usually involve a
generalized Nash equilibrium problem (GNEP) due to the
shared constraints among agents, which generally reflect
limitations in shared resources.

The existence and uniqueness of equilibrium and solution
methods have been studied for GNEP, especially under
convexity assumptions. A comprehensive survey on the ex-
istence of Generalized Nash Equilibria (GNEs), with a focus
on the jointly convex case, is provided in [4]. In [S]-[7],
the GNEP is analyzed using the quasi-variational inequality
theory. The Nikaido-Isoda (NI) function is another impor-
tant reformulation method, first introduced in [8], which
provides existence results for GNEPs. This result was later
extended to player-convex GNEPs in [9]. Apart from the
two reformulation methods discussed above, a Generalized
Nash Equilibrium (GNE) can also be obtained by solving the
Karush-Kuhn-Tucker (KKT) conditions, which consist of the
concatenated KKT conditions of all players, provided certain
conditions hold [4], [10].

Most existing Generalized Nash Equilibrium Problem
(GNEP) studies lack robustness considerations and may fall
short when faced with uncertainties in real-world applica-
tions. Distributionally robust chance constraints (DRCCs),
which serve as an effective tool for handling stochastic
uncertainties, have been widely applied across various do-
mains [11]-[13]. However, there has been limited research
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on analyzing GNE in the presence of DRCCs. The GNEP
framework, where strategy sets are constrained by DRCCs
defined over density-based and two-moment-based ambiguity
sets, is explored in [14]. Both of these formulations can be re-
formulated into convex deterministic problems. Nevertheless,
these two types of DRCCs perform poorly when the avail-
able sample size is limited. This is because density-based
DRCC:s fail to capture out-of-sample scenarios, while two-
moment-based DRCCs, which rely on mean and variance,
cannot fully characterize the underlying distribution when the
sample size is insufficient. Data-driven DRCCs defined over
the Wasserstein ball [15] can overcome the aforementioned
shortcomings. This type of DRCC has been incorporated
into the GNEP framework in [16] and subsequently relaxed
into a convex form through the design of a penalty function.
However, this reformulation is exact only if a tailored penalty
function is used, which remains a significant challenge.

This study investigates the GNEP with joint DRCCs de-
fined over Wasserstein balls, which better account for out-of-
sample uncertainty and offer stronger reliability guarantees
than density- or moment-based DRCCs, particularly in data-
scarce settings [15]. The novelty of the paper is mainly
twofold: 1) We propose a novel and exact reformulation
approach based on the Nikaido-Isoda function. Our approach
is generally applicable, without finding a penalty function as
in [16]. 2) We demonstrate that when agents have quadratic
objectives, the robust GNE can be solved by formulating it as
a mixed-integer nonlinear programming (MINLP) problem,
where the integer and continuous variables are decoupled
in both the objective function and the constraints. This
structure significantly improves computational tractability, as
demonstrated through a case study on the charging station
pricing problem.

The paper is organized as follows: Section II intro-
duces preliminaries and gives the problem statement. Section
IIT elaborates on the DRCC reformulation in the game-
theoretical framework and establishes the existence condition
for equilibrium under the quadratic assumption. Section IV
elaborates on the case study and simulation results, and
Section V concludes this work.

II. PRELIMINARIES AND PROBLEM STATEMENT

Let R", R">o, R™( denote the set of real, the non-
negative real, the strict positive real n-dimensional vectors.
Z"™ denote the set of integer n-dimensional vectors. B"
denote the set of binary n-dimensional vectors. || - || denotes
a general norm and || - ||, denotes the dual norm. e, and
0,, indicate the column vectors with n entries all equal
to 1 and 0, respectively, ie., e, = [1,1,--- ,1]—r e R”
and 0,, = [0,0,---,0]T € R”. I, € R™" denotes the
identity matrix. [K] denotes the set [K] = {1,2,--- ,K}.
(\)T denotes the operator that calculates the positive part.



The epigraph of f(x): R™ — R is defined as
epif = {(z,t) € R"™" |z € domf, f(x

The convex envelope of f : R™ — R is defined as

fe(x)

Finally, we use convS to denote the convex hull of S.
Definition 1 ( [17]): A set S is called hole-free if

S =convS NZ",

)<t}

= inf {t|(z,t) € conv epif }.

i.e., all integers in the convex hull of S are members of S.

Definition 2: The Wasserstein distance d,,(P4,P,) be-
tween two distributions, equipped with a general norm || - ||,
is defined as the minimal transportation cost of moving P, to
Py, under the premise that the cost of moving a Dirac point
mass from &, to &, amounts to ||, — &]|-

dw (Paapb) inf / Hga fb”d]P(fa,fb)

PeP (Pa,Py)

where P(PP,,P,) represents the set of all distributions with
margins P, and Py.

A. Problem Statement

We consider a game with I agents indexed by ¢ € [I] with
decision variables z; € R™ for agent ¢. Moreover, we define
the collective strategy profile as X = [z, x2,--- ,27] T € R”
with n = ZZI 1 n; and define the rivals’ strategy proﬁle for
agent i as X_; = [T1,T2,+ ,Ti_1,Tit1, -, o7 € R
with n_; = n — n;. For agent i, it is characterlzed by a
local strategy set S; € R™ and a cost function J;(x;, x_;) :
R™ x R™+ — R that may depend on both its own strategy
x; and its rivals’ strategies x_;. Each agent ¢ € [I] aims to
minimize its cost J;(x;,x_;) by choosmg a strategy x; in
its local strategy set S;. For any given x € R", we define:

I
=[[Si={yerR"yies;, Vieln}.

=1

To facilitate the illustration, we also give the following
preliminary assumption throughout the paper.

Assumption 1: The local strategy set S; is nonempty,
compact, and convex for all i € [I].

This paper aims to solve the following GNEP under shared
DRCC and in particular develop an efficient method to
compute the equilibrium:

. ming,
iell]: o,

where ¢ € R! is the uncertainty under some certain prob-
ability distribution P, P is the ambiguity set including a
whole family of possible distributions of £. A € R™*™ and
b(-) : RE — R™ is an affine function b(¢) = B¢ + b with
B €R™ and b € R™. € € (0,1) is the prescribed violation
rate of the constraint. By describing the constraint in the joint
chance constraint form, it is guaranteed that the possibility
of any one of the m constraints being violated is less than
e. In this case, the strategy set of agent ¢ € [I] is given by

Ji(x% X—i)

inf P[Ax <b(§)] 2 1-¢ 1)

Xi(X_i) =8N {xi ceR™

H%I€17f)IP[AX<b(§)] > 1—6},

which depends on the strategies of the other agents. The
coupled collective strategy set is then defined as X (x) =
Hfil X;(x_;). The GNEP defined above can be represented
by N = (I, (Xi(x—i))ie[l]7 (Ji(xi,x_i))ie[[}). For GNEP N,
GNE is defined as follows.

Definition 3: A collective strategy x*
Nash equilibrium if for all i € [I]

Ji(wy,x2;) < i, x%,), Vo € Ai(xZ,).
That is to say, a GNE is a collective strategy x* such that
no agent can improve its aim by changing its strategy x;
to another feasible one y; € AXj(x*,). For the sake of
further discussion on computing the GNE, let us recall the
NI function below.
Definition 4 ( [8]): For any x,y € R", the NI-function is

is a generalized

defined as:
U(x,y) = Z (i x—i) = Ji(yis x—i)] -
€[]
Let .
V(x)= sup ¥(x,y).

YEX(x)

for all x € X, then the following results hold.
Theorem 1 ( [4]): For a GNEP R, the following state-
ments are equivalent.

1) x* is a generalized Nash equilibrium for X.
2) x* € X(x*) and V(x*) = 0. R
3) x* is an optimal solution of infxcx V(x) with value
Zero.
Definition 5: For a GNEP X, the domain of the strategy
set X;(x—;) is

domd; = {X_i e R"¢ Xi(X_i) 7é @} .
According to domdA, the refined domain rdomX;, which
can be seen as the projection of domAX; onto Hﬁél jell] X,
considers whether rivals’ strategies x_; are in their own
strategy sets.

Definition 6: For a GNEP R, the refined domain of the
strategy set X;(x_;) is defined by

R™ .
(Ii,X_i) € X(xi,x_i)}.

III. DISTRIBUTIONALLY ROBUST GNE OVER THE
WASSERSTEIN BALL

rdomX; = {x_; e R"~!

This section discusses the GNE of problem (1) by leverag-
ing the concept of the Wasserstein ball, which serves as the
ambiguity set defined by the available uncertainty samples.

The historical data of the uncertainty £ is a set U =
{51,52,~~ ,EK} where &;’s are sampled i.i.d. at random
following an unknown true dlstrlbutlon of £. The empirical
distribution is P, = e LS .6

Consider the arnb1gu1ty set deﬁned by a Wasserstein ball
centered around PP, with radius 6 > 0

Pﬁ(fpe) = {IP | dw([@evﬂb) < (9}

To this end, we address the following GNEP with the
DRCC over the Wasserstein ball:

ming.es, Ji(xq, )
i€ 1] :{ st.  inf P[Ax<b(¢)]>1-c @
PEPO(PE)



As illustrated in [15], the DRCC (2) defined over the Wasser-
stein ball can be interpreted as the idea that the minimum

cost required to transport e/ samples from ék € U to the
unsafe set A = {x € R"|Ax > 3¢ + b} should be no less
than 6 K. As such, the DRCC in (2) is equivalent to:

eK
3 dist (ék/(i)7ﬂ(x)) > 9K, 3)
=1

with the left-hand side defined as
lek]

Z dist (ék,(i), ,Zt(x))+(eK—LeK |)dist (ék,(w{ 141)» A(x))

and k'(i) being the index that the samples are in the order
of

dist (ék/(m/l(x)) < dist (ék/(z),fl(X)) <---
< dist (ék/(K),A(x)) .

Summing the e smallest distances in (3) can be cast as a
LP problem [15]. By strong linear programming duality, the
calculation can be transformed into its dual problem as:

max KT —ejs

s.t  dist (ék,ﬂ(x)> >r—sp Vke[K] @
s >0,

where s, is the kth element in vector s € R%. The optimal
value of e K7 — eIT(s equals the left-hand side of (3).

Lemma 1 ( [15]): The distance of a point ;) to A can
be determined by

(5;‘51«(1‘) +b; — Ajx)T

dist (gk, o Alx ) — min 5)
AR =T T
with || - ||« the dual norm, A; and 3, are the jth row of

matrix A and 3 respectively, and b; is the jth element of b.

The reformulation process indicates that an optimization
problem with DRCC can be reconstructed into two levels
with (4) being the lower-level problem. If considering the
Nash game framework with shared DRCC, the problem
presented in (2) is reconstructed as a bilevel game-theoretic
framework, wherein all agents participate in a Nash game
at the leader level while sharing a unified follower system
defined in (4). Next, we aim to simplify it into a structure
that is more accessible, as detailed below.

Theorem 2: The solution of GNEP (2) with a shared
DRCC is equivalent to the solution of the following GNEP
problem in the deterministic form:

ie[l]:

Jnin Ji(zi,x—5)

st (BE+b— Z A, z)+Mq>7enx — Es

i€[1]
(6a)

i=1+1

min 0

T(141) (6b)

s.t. T(r+1) € B

where z(741) = [7,s'T,q"]",
B={x(r41) ER** ! |h;(x(141)) holds for alli=1,...,5},

with

hi: €K1 —eps > 0K||B]l., (7a)

ho: (BE+b—)Y Ay x)+Mq>7'enx — B, (7b)
i€([I]

hs:M(ex —q) > T'ex — ¢, (70)

hy:s >0, (7d)

hs:q € {0,1}, (Te)

where 3 =Ix®3,b=ex®b, A, =ex ®A,, with A,,,
being the columns of A corresponding to x;, M € R"gisa
suitable large positive constant, M = (Ix ® e,,)M. 7" € R,
s’ € R, and q are decision variables of the (I+1)th agent. q
is the binary auxiliary vector with g, being the kth element
of q, and F = (Ix ® e,,).

Proof: Defining agents i € [I] as leaders and the (I +
1)th agent as the follower, the bilevel game is expressed as:

Leaders ¢ € [I] :

min J,‘ (in, X_i)
z;€ES;
st. €K7 —eps > 0K, (8a)
dist (ék,,i(x)) > s, Vke K]
Follower i = I +1:
max €K7 —ejs
T,S
st dist (ék,fl(x)) >r— s, Vkelk] (8b)
s >0,

with the leaders performing a Nash game between each other.
It follows that (8) is equivalent to:

Leaders ¢ € [I] :

min Jz (l‘i, X_i)
z;, €ES;
. (92)
st dist (fk,A(x)> >r—sp, Vke K]
Follower : =1 +1:
max 0
7,8
st eKT— e};s > 0K
(9b)

dist (ék,ﬂ(x)) >71—s,, VkeK]
s > 0.

The equivalence of (8) and (9) follows from the mutual
feasibility of the two problems. Suppose we have an optimal
x, 7, s for (9), then x is also feasible for (8). As the objective
of agent ¢ € [I] is irrelevant to 7 and s, they also have the
same optimal value. Conversely, suppose there is an optimal
x for (9). As x is feasible for (9), there must exist feasible
T, s satisfying the constraints of the additional agent. Then
x,7,s will also be feasible for (8) with the same optimal
value for agent i € [I].

As the objective of the follower remains constant at 0,
which implies that the follower is indifferent about changing
its strategy regardless of any strategy of the leaders. The



strategy of the leader is chosen to minimize its own cost
given that the follower has no intention to deviate from any
action. This aligns precisely with the condition for the Nash
game, where any agent has no intention to change its strategy
at equilibrium. Therefore, we can reformulate (9) as a Nash
game with I + 1 agents.

After reformulating (2) as the Nash game with 741 agents,
we plug (5) into the second group of constraints, leading to

(Biék + b — At
j€lm] 185+
(Bsé +b; — Ajx)*

1851+

Notice that the maximum operator (-)* introduces non-
convexity to the problem. Following the methods in [15], to
deal with the nonconvexity, we first eliminate the molecule
[|B]|« by substituting 7 and s by 7’ and s’, respectively. Then,
we utilize the big-M method to handle the (-)* operator. The
constraints in (9b) can be expressed as (7a) - (7e). As proved
in [16], decision variables 7/, s’, and q are all bounded.
Therefore, there exists a big enough but finite M for the
reformulation to be exact. Finally, (6) can be obtained by
applying (7a)-(7e) to (9). |

Now, the original GNEP has been reformulated in a
deterministic form. However, the binary auxiliary variable
q € {0,1}¥ introduced by the big-M method induces
discontinuities, posing significant challenges in solving the
GNEP. These challenges are addressed in the next Theorem.

Theorem 3: For GNEP (6), let

I
[JF(x) = Ji (i, x—i)] s

> 71 —s,, VkeK]

Ve(x)= sup (10)

YEX©(x) ;7
then the following statements are equivalent.
1) x* is a generalized Nash equilibrium for (6).
2) x* is a generalized Nash equilibrium for the game
Ne = (I+1,Xx),(J)iepr+1)), Where X¢(x) =

I (& (& 1
Hi:l Xi(x—i)ﬁXIH(Xf(Hl))a X1+1(X7(I+1)) is the
canonical relaxation of the original strategy set:

Be— {x(m) c R2K+1‘(7a)—(7d), qe o, 1}K}.

1D

3) x* is an optimal solution of
inf V¢ 12
xEl?ré' (x) (X) ( )

with value zero.

Proof: According to Assumption 1 and the linearity
of (7b), the strategy set of the (I + 1)th agent-whose
decision variables include the integer variable q is the only
non-convex strategy set among all agents. Therefore, the
convexified overall strategy set can be expressed as:

I
x(x) = [T X (x0) N XF 4 (x_14))
i=1

with strategy sets for agent ¢ € [I] remaining unchanged and
XF 1 (X_(141)) being the convex hull of (I + 1)th agent.
For the canonical relaxation B¢ of the strategy set B, the
following relationship holds: B = B¢ N RE+! x ZX which
further implies

B =B°NREF x 72K C convBNRE+H x 7K,

>7—8k, Vje[m]VkelK].

due to B C convB. As the canonical relaxation B¢ is linear
and convex, convB is contained in B¢ from the definition
of convex hull. As a consequence, it is immediate to show
that B = convB N RE+! x ZK  which implies that B is a
hole-free set (see Definition 1). This means the canonical
relaxation 53¢ does not include additional integer points for
any x_(741) and coincides with the convex hull. Therefore,
the convex hull of (I 4+ 1)th strategy set can be expressed as
(11), and the convexified representation of problem (6) can
be represented by R¢ = (I, X°(x), (JE);eqr). As illustrated
in [18, Theorem 2], to admit identical GNE with the original
GNEP, Jf(y;,x_;) for the convexified problem should sat-
isfy Jf (yi, x—;) = Ji(ys, x—;) over x_; € rdomA; forall i €
[I] at the equilibrium. Fulfilling this condition is generally
challenging. In our formulation (6), the objective function
associated with the nonconvex strategy set (strategy set of
the (I + 1)th agent) is zero, thereby inherently satisfying the
required condition. This allows us to derive a convexified
version of the original problem by simply taking the convex
hull of the strategy set. Therefore, the equivalence of three
statements can be inferred from [18, Theorem 2]. Therefore,
we can conclude Theorem 3. |

Remark 1: Tt is worth mentioning that R¢ is not equivalent
to the fully continuous counterpart of GNEP X with q €
[0,1]%. As indicated in (12), the canonical extension is only
applied to V¢(x). When it comes to the outer layer problem,
we use the original strategy sets where q € {0,1}%. This
implies that in view of the rdomAX; for agent i € [I], q
remains as a binary vector.

Remark 2: According to [19], the Wasserstein radius 6
can be chosen based on the concentration bound. Specifically,
the minimal Wasserstein radius 6 that contains the true
distribution with probability at least 1 — € satisfies:

]Og(é_l) 1/ max{m,2}
0 xC (K 5

where m is the dimension of uncertainty, a is the tail expo-
nent, C is a positive constant that depends explicitly on the
distribution of the uncertainty and m. However, in practice,
choosing the Wasserstein radius precisely is difficult, and
some degree of manual tuning is often necessary.

A. Solution Method

From Theorem 3, finding the GNE relies on the solution to
(12), which leads to the nested min — max structure. Gener-
ally speaking, this is a computationally intractable optimiza-
tion problem. However, when J;(x;,x_;) and constraints
of the convexified problem N° meet certain conditions, the
problem will become more manageable.

Assumption 2: For GNEP (6), the cost functions
Ji(x;,x_;) for agent ¢ € [I] are in the quadratic form as:

T %) = 2] Qi) +pT (Xoi)as + (%),
and the strategy sets can be described by H;(x_;)z; <
gi(x_;) in addition to (7b).

This assumption is reasonable as the quadratic cost function
and polyhedron strategy set are compatible with multiple
real-world problems (e.g., the energy trading problem be-
tween prosumers and the pricing problem between CSs). For
example, in the aggregative game where one agent’s payoff
depends on its own decision and an aggregation of all agents’



decisions, the objective of each agent may also be described
in a quadratic form.

Theorem 4: Under Assumption 2, the GNEP (6) is equiv-
alent to the following MINLP problem:

inf V°
xelg'(x) (X)

. {i B
+Z{ P (A

where \; = (AT AST]T, g (x_) = [g; (x—4), ), 97 g =
(5§+b de [1],5#i AnJmJ)+Mq Tenx + I, P*( i) =
p(x) + H T (%) N Hy (x-3) = [H (x-0), A, ] T

Proof: As (10) is naturally separable across all agents,

we can write it as:

JatoT O aitr(x-o)|

I+1
Vex)= sup > [JF(x) = J7(yi X))
yeX©e(x) ;4
I+1 I+1
= Ji(x) — inf I (Yiy X—4)
; &)= Xr(x)z (v
I+1 I+1

AR

Let J¢ be the cost function of the dual problem for the ith
agent, which yields

inf J? iy X—7)-
D, il x-)

=1

I+1 I+1

Ve(x) Z JE(x Z sup J&
i=1

1 A0
-5

As Jf, ,(x) = 0, we can simply change sup to inf without
changing it into its dual problem. In view of (12), we obtain
a one-layer optimization problem:

inf V*
xel.l:'kl'(x) (X)

I
_ c diy.
= o [Z Ji Z Ji (AL)] (14)
I
= f JAN
ret aze [Z Z ]

Under Assumption 2, the optimization problem of agent i €
[I] becomes

1
znélﬁgn 5”?Q(X—i)$i +p! (x-
sit. Hi(x—i)z; < gi(x—;)

(BE+b— Z A,xi) + Mq > Tenx — Es,
i€[I]

)T +r(x—;)

o >P%A»+A3mwxi>—4xn}.

and its dual problem becomes

sup— 2 P TN Q (}os) P (A~ AT g (%) +7(xs)
AER™i 2
s.it. A\ >0.
(15)
By substituting (15) into (14), we obtain the MINLP (13).
]

Notice that the nonlinearity in the objective of (13) arises
from the cross terms of the continuous variables, and the in-
teger variables do not couple with these continuous variables,
thereby reducing the problem’s overall complexity.

Remark 3: In the case that Q(x_;) is a constant matrix,
p(x—;) and r(x_;) are linear functions of x_;. Equation
(13) can be reduced to a problem with a quadratlc objective
containing cross terms of continuous variables, which is a
more tackleable form. When Q(x_;) and p(x_;) are both
constant, 7(x_;) is a linear function of x_;, (13) can be
reduced to a mixed-integer linear programming problem.

IV. CASE STUDY

The proposed method is examined in this section to solve a
pricing problem among EV charging stations (CSs). Consider
a charging network with I non-cooperative CSs. In each
time slot, every CS independently sets its charging price
to maximize its profit J;, which is modeled as the revenue
generated from providing charging services to EVs minus
the cost incurred from purchasing electricity. As such, each
CS determines the pricing strategy by solving
min —J; = —(¢§ — ") (N} + w;) Eu,

e

where ¢§ and ¢’ are the charging price set by CS and
the purchasing price of the electricity, respectively. u; is
arriving EVs, N is the number of onsite EVs at the
beginning of this time slot, and £ is the average electricity
demand for each EV. The number of arriving EVs ()
is influenced by the charging price of the CS, as modeled
by u; = ud — a¥(c; — cO)7 with ©? the nominal number
of EV arrivals at CS 4, c” being the nominal electricity
purchasing price from the grid, and o* is a coefficient
capturing the sensitivity of EV charging demand to price
variations [20]. To ensure the overall charging demand is
satisfied, we impose a coupled constraint on the total number
of EV arrivals, which incentivizes charging stations to price
strategically and maintain network efficiency

I
i=1

where u is the lower limit of overall charging demand and
d,, represents the uncertainty in demand arising from various
factors, such as traffic conditions and weather. According to
[1], the electricity price is linearly dependent on the demands
of prosumers, as modeled by ¢ = ¢* + ¢ Zle(ul —u?),
where o is a coefficient representing the relation between
the EV charging demand and electricity price. Moreover, the
number of onsite EVs has to be restricted by 0 < NZp +
u; < N;, with N; the capacity of CS . To deal with the
uncertainties J,, (16) can be reformulated as a DRCC to
ensure a low probability of constraint violation

(16)

. T N
]P}gg)P[a“eIcg < —b,+a] >1—¢



where ¢® = [¢] ¢ - cﬁ]T, = —u+ Zleu? +
a“c®I, and P is the ambiguity set of &,. The resulting
MINLP problem is run on AMD Ryzen Threadripper PRO
7965WX with 24 Cores, 48 Threads, 4.2GHz Base, 5.3GHz
Turbo, and solved using Bonmin [21]. For numerical sim-
ulation, we consider a scenario of three identical charging
stations with ug = 50, uv = 80, a* = 500, o = 5e~4,
N =50, Ny =0, and ¢y = 0.12£/kWh.

The results in Table I indicate that v and e, associated
with the shared constraint, do not usually affect the position
of GNEs. However, if these parameters tighten the shared
constraint excessively, then the GNEs will no longer exist.
On the other hand, increasing N{ makes the first CS different

TABLE I
GNE POSITION FOR DIFFERENT PARAMETERS

o | price for CS 1 | price for CS 2, 3 s
Ny (£/kWh) (£/KWh) objective
15 0.176944 0.160278 5.33E-15
30 0.192222 0.158889 8.88E-15
45 0.21 0.157073 0.0037 (Non-exist)
u price for each CS (£/kWh) objective
50 0.161667 2.66E-15
70 0.161667 7.11E-15
90 0.15999999 7.50E-03 (Non-exist)
€ price for each CS (£/kWh) objective
0.1 0.161667 4.44E-15
0.05 0.161667 1.07E-14
0.01 0.159799 0.00941894 (Non-exist)

from the other two CSs, leading to a change in the position
of the GNE. As N{ increases, the charging price at the first
CS rises, while the prices at the other two decrease. This
trend is intuitive, as a larger N reduces available capacity,
prompting the first CS to set a higher price to reduce the
coming EVs. Furthermore, the existence of a GNE is tied
to the objective function: a GNE exists when the objective
attains zero.

Finally, to evaluate the scalability of the approach, we
vary the number of CSs and compare the corresponding
computation time and the GNE. The results are illustrated
in Fig. 1, which shows that the computation time remains
manageable even as the number of CSs increases to 500.
Notably, the GNE value decreases monotonically as the
number of agents increases and converges eventually to the
nominal electricity purchasing price, given a fixed number
of vehicles.

o o o
oW s
Average running time [s

=)

0.12 i I T I 2 T L3 t 0
0 50 100 150 200 250 300 350 400 450 500

Number of agents

Average computation time and the resulting GNE.

Fig. 1.

V. CONCLUSION

This paper deals with the GNEP with joint DRCCs over
a Wasserstein ball. An exact reformulation approach is
proposed to rewrite the original computationally intractable
problem into a deterministic form using the Nikaido-Isoda
function. It is shown that the equilibrium of the GNEP

can be obtained by solving a MINLP, provided that the
individual agents’ objectives are quadratic in their respective
variables. Since the integer and continuous variables are
decoupled in the MINLP, the problem becomes significantly
more computationally tractable compared to the general case,
as verified by a case study on the charging station pricing
problem. Furthermore, under certain convexity assumptions,
we show that this MINLP can be solved efficiently, as
demonstrated by a case study on the charging station pricing
problem. One interesting future direction is to generalize the
proposed method to problems that cannot be transformed into
their dual form.
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