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Abstract

A longstanding focus in the causal learning literature has been on inferring causal
relations from contingencies, where these abstract away from time by collating independent
instances or by aggregating over regularly demarcated trials. In contrast, individual causal
learners encounter events in their daily lives that occur in a continuous temporal flow with
no such demarcation. Consequently, the process of learning causal relationships in
naturalistic environments is comparatively less understood. In this paper, we lay out a
rational framework that foregrounds the role of time in causal learning. We work within
the Bayesian rational analysis tradition, starting by considering how causal relations induce
dependence between events in continuous time and how this can be modeled by stochastic
processes from the Poisson—Gamma distribution family. We derive the qualitative
signatures of causal influence, and the general computations needed to infer structure from
temporal patterns. We show that this rational account can parsimoniously explain the
human preference for causal models that invoke shorter, more reliable and more predictable
causal influences. Furthermore, we show this provides a unifying explanation for human
judgments across a wide variety of tasks in reanalysis of seven experimental datasets. We
anticipate the framework will help researchers better understand the many manifestations
of continuous-time causal learning across human cognition and the tasks that probe it,
from explicit causal structure induction settings to implicit associative or reinforcement
learning settings.

Keywords: causal induction; causal inference; continuous time; learning; Bayesian

models
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RATIONAL CAUSAL INDUCTION FROM TIME 4

Rational causal induction from events in time

Time is inherent to our understanding of the world, shaping how we link the things
that happen around us and the actions we take. We might judge that a backfiring car
startled some birds, suspect that a new food gave us indigestion, infer from a boiling kettle
that someone was recently in the kitchen, predict that we will be sore the day after the
gym, or anticipate that a storm will follow a pink sunrise. All these inferences leverage
causal models linking events in virtue of their experienced and historical temporal

proximity through the lens of our intuitive causal theories.

The successes of everyday cognition, as well as the successes of our scientific theories
and the technologies they support, suggest that people are capable of representing entities,
properties, relations, events, states, and data defined in terms of time. This has been
recognized since the earliest attempts by philosophers to define what it means to form
beliefs about the external world (Hume, 1740)). Time’s arrow continues to be a core feature
of philosophical discussion around the metaphysics of causality (Cartwright, |1994; Ross,
2024; Woodward, [2021)), the acquisition of knowledge (Gettier, 1963; Goodman, [1983)), and
the functioning of intentional and volitional control (Dennett, 1971; Libet, 2009). It is not
surprising then, that the study of human and animal learning has grown out of basic
notions of association and reinforcement whereby the closeness of actions and events in
time governs how we come to relate them in our minds (Gallistel et al., 2019; Gallistel &
Gibbon, [2000; Garcia et al., 1966; Gershman, 2015; Hamou et al., 2025 Mnih et al., 2015;
Rescorla & Wagner, [1972; Schultz et al., [1997; Tarpy & Sawabini, [1974]).

In recent decades, cognitive psychologists used the approach of rational analysis
(Anderson, 1990)) to study how people learn causal structure from different kinds of
environmental data (Griffiths & Tenenbaum, [2009). However, accounts of human causal
learning have predominantly focused on inferences from contingency data. In these
settings, evidence is provided helpfully “prepackaged” in the form of multiple (typically

independent) trials or observations in which causal variables take different states (Allan,
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1980; Anderson & Sheu, [1995; Cheng, 1997; Griffiths & Tenenbaum, 2005; Rescorla &
Wagner, |1972). Consequently, the causal beliefs that emerge concern the probabilistic
dependence between the states of causes and the states of effects, on average, without any
representation of time. One common paradigm involves presenting participants with a set
of independent samples in which putative causes and effects are either present or absent.
Cover stories have been used to contextualize this as data arising from experimental
research in biology (Buehner et al., 2003; Lu et al., 2008), physics (Coenen et al., 2015}
Lagnado & Sloman, 2004), and psychology (Rottman & Keil, 2012), since multiple
independent trials are often the data that scientists collect under laboratory conditions. A
minimal example of this kind of task might involve pairs of patient outcomes (e.g., sick or
not) under different treatment assignments (e.g., vaccinated or unvaccinated). Having seen
some evidence, participants are asked to judge whether or to what extent the treatment
causally affected the outcome (Buehner et al., 2003; Stephan et al., [2021)). A 2-by-2
contingency table can capture the prevalence of different combinations of putative cause
and effect states (Allan, [1980; Cheng, [1997), and where this indicates dependence there is
evidence for some form of causal relation. Researchers have proposed a variety of
approaches for drawing causal inferences from this sort of data and integrating new
evidence with prior expectations (see Perales & Shanks, 2007, for a review) and
distinguishing sharply between naturally observed and experimentally manipulated states

(Lagnado & Sloman, 2002).

While these settings put timing considerations to one side, they do not eliminate
them. Researchers in causal learning (Gong & Bramley, [2024; Greville & Buehner, 2007;
Lagnado & Speekenbrink, [2010; Pacer, [2016) and associative learning (Gallistel et al., 2014}
Gallistel & Gibbon, 2000; Hamou et al., 2025) have both recognized the problem of using
“trials” as the basic unit of measurement. Fundamental questions remain as to how to
determine an appropriate time window to measure outcomes, and how to ensure the

observations are sufficiently independent to be aggregated. Without supporting knowledge
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about the relevant causal mechanisms, waiting too short a time before measuring an effect
may not allow the influence to propagate or become apparent (e.g., the vaccine may not
have taken effect yet), while waiting too long will tend to introduce confounding factors
(e.g., the infection running its course, or the patient dying from natural causes). Equally,
we need to determine the timing of interventions since some time-dependent factors (e.g.,
age) may also mediate the relationships between variables (Gong et al., 2023; Rottman,
2016)). In order to curate scenarios and aggregate data into these simple contrasts, one
must already draw on sophisticated prior causal beliefs about the relevant mechanisms and
their temporal properties. Without this one could not be confident that an experimental
protocol truly licenses abstraction to the level of contingency data. In short, time is integral

to any general account of how we induce and represent causal models of our environment.

In this paper, we present a rational framework for causal induction from time. We
lay out a computational-level treatment of the problem (Marr, 1982), building this up from
basic principles of statistical dependence between events in time to formalize a grammar
for continuous-time causal theories and a calculus for generating and comparing them with
data. Our framework unifies the formalisms laid out in Griffiths and Tenenbaum (2009)
and Pacer and Griffiths (2012, 2015) with those used in Bramley, Gerstenberg, Mayrhofer
et al. (2018, 2019), Gong and Bramley (2023)), Gong et al. (2023)) (see also Bramley,
Mayrhofer et al., 2017, Gong & Bramley, 2020}, 2022; Stephan et al., [2020; Valentin et al.,
2020, 2022). Many of the formal elements we use here appear in one or several of these
papers. However, none of these papers unpack this into a general theory, nor generalize
their modeling across a wide class of time-based causal inference settings. We here
synthesize those works and for the first time formalize a general framework, demonstrating
its underlying rationale, the derivation of core principles, and showcasing its broad scope

and fit to behavioral data in a diverse array of tasks.

We situate our analysis within the Bayesian rational analysis tradition (Anderson,

1990)), as this has proven very successful in developing a rational account of atemporal
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causal induction settings (Griffiths & Tenenbaum, [2005| 2009; Pearl, 2000; Rottman &
Hastie, 2014). The main difference from these is that we link causal influence with
dependence between events in continuous time, rather than their coincidence in
independent trials (i.e., contingency). We show that this formalism anticipates and grounds
the foundational principles of causal induction laid out by Hume (Hume, [1740) and
enshrined in theories of associative learning (Gallistel et al., 2019; Gallistel & Gibbon,
2000; Rescorla, [1968)). We show there is a natural bridge between the time-dependence and
contingency level focus of established tools for causal inference (Bramley et al., 2015, Pearl,

2000)).

As a rational, computational-level model, the computations involved demand
assume accurate perception, infinite memory and computational resources. While
assumptions are not aligned with the limitations of human learners they serve to describe
the normative problem that heuristics and approximations should approximate (Anderson,
1990; Griffiths, 2020; Simon, |1982). We show how the normative analysis anticipates the
ceteris paribus human preference for causal explanations that connect events via shorter,
more reliable and more predictable causal influences. Furthermore, we present the first
computational model that can provide a unifying explanation for human judgments across

seven experimental datasets from the temporal causal learning literature.

Our analysis has deep connections with theories of time, rate, and conditioning,
foundational to the animal learning literature (cf. Gallistel & Gibbon, 2000; Hamou et al.,
2025)). We will highlight connections with these throughout the paper, but here highlight a
few ways in which we think our Bayesian treatment offers a novel and uniquely general
perspective on these basic learning phenomena. Associative and reinforcement learning
(whether model free or model based) are ultimately models of behavior, while Bayesian
models describe the interplay of inductive biases and evidence in the formation of beliefs.
Since causal models are by design, use-case-agnostic models of an agent’s environment

(Craik, |1967), it feels natural to conceptually separate the analysis of how agents form
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RATIONAL CAUSAL INDUCTION FROM TIME 8

models, from analysis of how these models guide behavior, even if the conceptual
distinction is often blurred in cognitive processing. An often implicit assumption of
associative learning models is that we can rely on local link-by-link learning to build a
global understanding. However this is in general a heuristic that will lead to causal
misattributions (Btesh et al., [in press; Fernbach & Sloman, 2009). By modeling causal
structure induction at the rational level as selecting the globally most probable causal
model, we can identify and explain these mistakes and biases as consequences of
approximations rather than risking treating them as the right answer to the wrong
question (Bramley, Dayan et al., 2017; Fernbach & Sloman, 2009; Griffiths & Tenenbaum,
2005, 2009; Pearl, 2000)). Modeling structure induction as a model selection problem also
helps in thinking about the imputation of hidden causes (Gershman et al., 2010; Gershman
et al., 2015 Valentin et al., 2020)). Bayesian learning models are also effective in describing
setting in which people make choices across a much larger hypothesis space (Bramley,
Dayan et al., 2017; Bramley & Xu, 2023; Griffiths & Tenenbaum, 2009)); incorporating
structured priors, including domain-specific causal theories and mechanistic knowledge of
various kinds (Lu et al., 2008; Yeung & Griffiths, 2015); being sensitive to sample size
(Griffiths & Tenenbaum, |2005); and providing uncertainty or confidence estimates
(Kolvoort et al., 2025; O’Neill et al., 2022; O’Neill et al., |[2024]). We here focus on
incorporating temporal information into the Bayesian framework, but readers may refer to
the extensive body of previous research comparing Bayesian models with associative and
reinforcement learning models more broadly (e.g., Courville et al., 2006; Fernando, 2013;
Griffiths & Tenenbaum, 2005|, [2009; Lake et al., [2017; Perales & Shanks, 2007; Tenenbaum
et al., 2006)) and recent work about how the languages of Bayesian models and model-based
reinforcement learning models could relate to one another (e.g., Eckstein & Collins, [2020;
Gershman, 2015, |2017; Wang, [2021)). Nevertheless, the Bayesian approach is not the only
method, in principle, that can provide predictions for temporal causal learning tasks. Many

of the high-level ideas in this paper are aligned with those championed by associative
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a) Continuous timeline

Evidence:
C -C
I I | I | > i. E 2 1 .9
E1 EZ E3 E4 E5 Time -E 1 0
Segmentation:
i E1 E2: E3 Es Es iil. E 1 2 .9
ii. E1 E2 Es ; Ea Es c s
e — — : I N 2
ii. En E2i Es3 E4 Es -E 3 4
b) Episodic evidence (Greville & Buehner, 2007)
Experimental Group Control Group
Day O | Day 1 | Day 2 | Day 3 | Day 4 | Day 5 Day O | Day1 | Day 2 | Day 3 | Day 4 | Day 5
1 C E 6 E
2 C E 7 E
3 C E 8
4 C E 9 E
5 C E 10
Figure 1

Continuous time evidence. a) Examples of the overly arbitrary decisions one could make
when segmenting continuous timeline evidence into contingency evidence, along with the
corresponding contingency tables. b) Examples of episodic evidence adapted from Greville
and Buehner (2007). In the experiment, participants assessed the impact of a treatment
(C) on the survival of bacterial cultures, considering culture death as the outcome (E).

learning literature, particularly Gallistel (Gallistel et al., 2014} 2019; Gallistel & Gibbon,
2000; Gallistel & Shahan, 2024; Gallistel & Wilkes, [2016) and Rescorla’s earlier work
(Rescorla, |1968)). Their models stem from animal associative learning paradigms, which are
not identical to human causal structure learning tasks. For example, all causal learning
studies we review in this paper ask participants to report their inner beliefs, rather than
analyzing beliefs indirectly through actions. As such, we mainly highlight the higher-level
similarities in the text while making a more detailed comparison between our Bayesian
account and temporal associative learning models (Gallistel et al., 2014; Gallistel &

Gibbon, [2000; Rescorla, [1968; Schultz et al., [1997) in the General Discussion.
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Desiderata for a Rational Theory of Causal Induction from Time

We demonstrate here four key desiderata for a rational model of causal induction
from time: 1) providing predictions outside trial-based data settings; 2) capturing
reasoning about dynamics and feedback; 3) grounding our core temporal-causal intuitions;

4) generalizing across a wide range of temporal causal learning tasks.
Going beyond trials and contingencies

We experience our environment in a single continuous timeline, making timing
considerations a ubiquitous aspect of inference. Data arriving in continuous time will
generally involve causes and effects that occur neither simultaneously, nor sufficiently
separated to allow for any principled segmentation into “independent, identically
distributed” (i.i.d.) scientific samples. This implies we must be able to litigate between
competing causal explanations linking multiple events, even as they occur and recur within
a single ongoing data-stream. For example, an everyday causal inference problem is trying
to identify the cause of a recurring stomach ache. As shown in Figure [Th, because any
decision about how to cluster and aggregate over potential trigger events and sickness
episodes is arbitrary, there is no unique or fully principled encoding of this continuous-time
data into a contingency table. An analogous problem in associative learning would be the
difficulty of scoring the trials when more than one unconditioned stimulus (the effect)
occurs, or determining the boundary of trials when neither the conditioned stimulus nor
the unconditioned stimulus occurs (Gallistel, 2021; Gallistel et al., |[2014)). This brings home
that any analysis that focuses exclusively on a discretized trial structure cannot take full
advantage of the available metric information about the continuous time that has passed.
Worse, such a representation can result in different conclusions depending on one’s choice
of measurement window.

The key to dealing with this problem is not to create pseudo-trials, but rather to
shift the representational focus to explicitly model causal influences, in terms of how they

shape the delays between particular causal events and, relatedly, how they shape the rates
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at which events of different types occur (Gallistel & Gibbon, 2000).
Reasoning about dynamics and feedback

Many causal processes in the natural world are cyclic (Malthus, 1872)), and people
frequently report causal beliefs that include feedback loops when allowed to do so in
experiments (Kim & Ahn, 2002} Nikolic & Lagnado, 2015; Rehder, 2017; Sloman et al.,
1998)E| Cyclic systems can involve both excitatory or inhibitory feedback, which can result
in complex, periodic and chaotic behavior (Davis et al., [2020)). For example, a cyclic
system might exhibit events occurring in a repeated alternating fashion: e.g., a
bidirectional relationship A <+ B could generate a sequence of events A,B,A,B A, ..., while
the same system plus an output component A <+ B — C' could produce a variety of
temporal patterns depending on the relative delays and reliabilities of the individual
connections (A, B,C, A, B,C, ..., but also A,C, B, A,C, B, ...,or A,C,B,A,B,C,...).
Recognizing, predicting, explaining or controlling the behavior of such cyclic causal systems
is only possible if one properly represents the temporal dimension. Contingency data, at
best, blurs this dimension and the Bayesian network formalism typically recruited for
causal analyses represents causal structure as inherently acyclic (DAGs; Griffiths &
Tenenbaum, [2009; Pearl, 2000; Rottman & Hastie, 2014).ﬂ In order to study how people
reason about real time causal systems, we need a framework that is able to represent these

dynamic and continuous features.

I Formally, a causal mechanism is cyclic if it contains a feedback loop such that a causal variable in the
system has itself as a descendant (Pearl, |2000)).

2 Workarounds are sometimes used to model dynamic and cyclic structure with existing tools. For example,
the dynamic Bayesian network “unrolls” a repeated temporal structure over equally spaced time steps
(Dean & Kanazawa, [1989; Rottman & Keil, 2012; Valentin et al., |2022), where a chain graph can be used
to model cyclic substructures with undirected edges in an otherwise directed causal network (Lauritzen &
Richardson, 2002). However, these approaches impose significant constraints on representation. The former
constrains the expression of temporal information to equally spaced discrete time points, allowing each
type of event to occur only once at each time point, and implicitly modeling all causal influences as having
the same latencies. Chain graphs do not represent dynamics of the causal feedback but only their
equilibrium distribution. These limitations do not seem well matched to everyday causal reasoning where
we may think that effects can occur at any moment, be separated by intervals of arbitrary and often
variable length, and where the ability to anticipate when something will happen is likely to be important.
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Grounding our core causal intuitions

There are many empirical findings regarding how people process temporal
information to learn causal relationships. We here summarize common intuitions regarding
delay information that people adopt when making causal judgments: short delays, reliable
delays, and delay expectations. One of our goals in this paper is to explain these three

intuitions from a rational perspective.

Intuition 1: “Contiguity” — (Relatively) shorter delays are more likely to be

causal

Perhaps the most foundational result in human and animal learning is that strength
of association between events depends on the delay between their presentations. This is the
contiguity effect in associative learning in human and animals, where the association
formed between two events decreases as the delay increases (see Gallistel et al., [2019;
Schultz, 2015; Tarpy & Sawabini, (1974, for reviews). Similarly, people tend to make
stronger causal attributions between events that occur close together than far apart,
especially when they don’t have specific knowledge of the mechanisms involved (Buehner &
McGregor, 2006} Greville & Buehner, 2007, 2010, 2016; Lagnado & Sloman, 2006; Shanks
& Dickinson, |1991; Shanks et al., |1989).

This effect shows up when different cause candidates are studied under a shared
context. For example, it could be when there are competing causes in a system, people
tend to attribute an effect to the cause more closely preceding the effect. Lagnado and
Sloman (2006) found that when participants frequently observed events in the order
A — C — B, they were more likely to consider C' to be the cause of B rather than A, even
though in some cases A and B co-occurred without C' (see our later analysis of this
dataset; see also Bramley, Gerstenberg, Mayrhofer et al., 2018). It could also be that when
causes are learned in different trials, people give higher causal ratings in trials where they
observe shorter inter-event delays (“fast causes”) compared to trials with longer delays

(“slow causes”; Buehner & May, 2003; Greville & Buehner, 2010, [2016; Shanks &
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Dickinson, [1991; Shanks et al., 1989)). Although short- and long-delay causes are presented
in separate trials, typically some context was shared across trials making “slow causes”
slower in a relative as well as an absolute sense. For example, researchers used the same
observation duration for both short- and long-delay conditions and included the same
density of baserate effect events (Greville & Buehner, [2010] 2016; Shanks et al., [1989)).
When the shared context is reduced, the contiguity effect may disappear. This has been
named as a time-scale invariance property in animal learning research by Gallistel and
colleagues (Gallistel & Gibbon, 2000; Gallistel & Shahan, [2024; Gallistel & Wilkes, 2016}
Kalmbach et al., |2019). For example, in Gallistel and Shahan (2024)), rats learned
associations with delays up to 16 minutes, as long as the training was also scaled to be
longer. Lagnado and Speekenbrink (2010), whose findings we will model later, also found
that human participants drew similar conclusions about short- and long-delay causes when
the total observation time of a trial was scaled to match the causal delays (i.e., the
observation period for long-delay trials was proportionally longer than that of short-delay
trials; see also Zhang & Rottman, 2024) and the baserate was matched accordingly (i.e.,

the baserate was lower for long-delay trials; see later analysis).ﬂ

Researchers have used process-level factors to explain the short-delay intuition, such
as the idea that the longer the delay, the harder it is for the cause to be sustained in
working memory long enough to become associated (Ahn et al., 1995; Buehner & May,
2003; Einhorn & Hogarth, |1986). However, this explanation does not reconcile the

contiguity results with the time-scale invariance results, which can instead be naturally

3 There are confounds in early studies to be considered when interpreting the contiguity results. For
example, a free-operant procedure was often used where learners could decide when and how often to press
a button to activate the cause. Participants were found to press less often when the causal delay was long
(Buehner & May, 2003; Shanks & Dickinson, [1991; Shanks et al., [1989) (controlled in Greville and Buehner
(2010) where a similar number of presses was found across conditions), which meant that participants
tended to amass less evidence for long-delay causes. In some earlier studies, effects of later interventions
were be masked if the effect of an early intervention had not yet been revealed (e.g., Shanks et al., |1989)
(controlled in Buehner and May (2003) and Greville and Buehner (2010) where effects would never be
masked), which would significantly impact the empirical causal strength of long-delay causes, as more
ineffective interventions could have been made during a long intervention-effect interval.
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reconciled within a rational Bayesian framework. In a later section, we will show that the
short-delay intuition is rational when short- and long-delay causes are learned with shared
contexts, i.e., when (1) causes compete within the same causal system; or (2) causes are
learned in different systems with the same observation duration and baserate. We will also
explain how the time-scale invariance property emerges when the shared context is

eliminated.
Intuition 2: Reliable delays are more likely to be causal

People tend to make stronger causal attributions when the delays between a
putative cause and effect are similar across repeated observations (Bramley, Gerstenberg,
Mayrhofer et al., 2018, Gong et al., 2023, Greville & Buehner, 2010, 2016; Lagnado &
Speekenbrink, [2010)). Greville and Buehner (2010)) provides an anecdote that can serve as
an intuitive thought experiment: suppose you always encounter traffic lights that take a
very long time to change during your commute to work. You've heard a rumor that
flashing your car’s headlamps might help because the traffic lights would respond to the
flashing lights of emergency vehicles. Now, suppose you try this, and the traffic lights do
indeed change after a consistent delay of around 10 seconds. Compare this to a situation
where sometimes the lights change very quickly after your headlamp flash, while at other
times they take much longer. In which situation would you be more likely to believe that
flashing the headlamps actually causes the lights to change? Greville and Buehner (2010)
indeed found that people give stronger causal ratings when the delays between a putative
cause and effect are drawn from a narrower distribution (e.g., 4.5-7.5 s), as opposed to a
wider distribution (e.g., 3-9 s) even when the average delay length is the same (i.e., 6 s).
Bramley, Gerstenberg, Mayrhofer et al. (2018) asked participants to select between two
causal structures based on episodic evidence with three types of event occurring in a
consistent orders (e.g., A — B — (') but variable temporal delays. They found that people
favored the “Chain” structure (A — B — (') when the delay between A and C' was

variable but the delay between B and C' was more reliable, and preferred the “Fork”
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structure (B <— A — C') when the delay between A and C' was reliable but the delay
between B and C was variable (see later analysis for this dataset).

Although a preference for reliable delays seems intuitive, it is challenging to explain
under associative or reinforcement learning theories. For example, Greville and Buehner
(2010) demonstrated that, under the assumption of temporal-discounting reinforcement
learning (Chung, |1965; Myerson & Green, [1995)), the expected sum of rewards for two
varied action-reward pairs should be greater than that for two unvaried action-reward
pairs, which, counterintuitively, would lead to a preference for unreliable delays. The
reliable-delay intuition also cannot be explained by a simple difference in the learning rate
or the time required to reach the asymptote, as empirically, the preference for reliable
delays remains regardless of whether participants learned for 2 minutes or 4 minutes
(Greville & Buehner, 2010)). In contrast, we will demonstrate that our Bayesian model

naturally captures this intuition, as well as its stability to data exposure manipulations.

Intuition 3: Delays that match causal expectations are more likely to be

causal

People also tend to make stronger causal attributions when the delay between a
putative cause and effect is consistent with their causal-mechanistic understanding of the
situation at hand (Bramley, Gerstenberg, Mayrhofer et al., 2018; Buehner & McGregor,
2006; Gong & Bramley, 2023; Hagmayer & Waldmann, 2002; Stephan et al., 2020). For
example, Buehner and McGregor (2006) found that participants assigned higher causal
judgments to the insertion of a ball that turned on a light on a physical apparatus when
the light came on after a few seconds, rather than instantly, if they were aware that it
would take time for the ball to roll through the apparatus and reach the light switch (see
also Buehner & May, 2004). Similar results were found in 4-7-year old children (Mendelson
& Shultz, 1976; Schlottmann et al., 2013). Hagmayer and Waldmann (2002) found
participants judged whether an insecticide prevents mosquitoes by comparing prevalence of

mosquitoes in fields with and without the insecticide, but judged whether planting flowers
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Table 1
Dataset features.

Name Reference Base Prevention Cycle Delay
Rate Prior

Continuous timeline, effect specified:

Earthquake Lagnado and Speekenbrink (2010) ¢ X X X

Device: Prevention Gong and Bramley (2023) v v X v

Continuous timeline, effect unspecified:

Device: Active Learning  Gong et al. (2023) X X v (%4

Episodic evidence, effect specified:

Bacteria Greville and Buehner (2007) v v X X

Future Bacteria Gong and Bramley (2024) v v X X

Episodic evidence, effect unspecified:

Computer Virus Lagnado and Sloman (2006]) X X v X

Device: Chain or Fork Bramley, Gerstenberg, Mayrhofer X X X X

et al. (2018])

Note: Human data are from Experiment 2 in Lagnado and Speekenbrink (2010), Experiment la in Gong
and Bramley (2023), Experiment 1 in Gong et al. (2023), Experiment 1 in Greville and Buehner (2007)),
Experiment 1 in Gong and Bramley (2024), Experiment 1 in Lagnado and Sloman (2006, and Experiment 3
and 4 in Bramley, Gerstenberg, Mayrhofer et al. (2018]).

prevents mosquitoes based on whether the prevalence of mosquitoes was affected the year
after the flowers were planted, presumably expecting that flowers would take longer to
influence the insect population than insecticide. We will show how this influence of

expectations fits neatly in the Bayesian rational analysis.
Providing causal judgment predictions for various learning tasks

The final desideratum for a rational theory is that it should be able to offer
quantitative causal judgment predictions for a wide variety of temporal causal learning
tasks. Across the literature, different tasks have manipulated a wide variety of dimensions
from the number and nature of the causal events, how they are spaced, and what
participants have to infer. In these tasks, judgment patterns cannot simply be accounted
by one or two of the intuitions we highlight but require the complete set. One reason for
the variety of causal learning tasks is that temporal evidence can be accumulated in
different ways, depending on the context. Evidence might be collected within a single
extended encounter with a causal system, where all events occur within a single timeline,

as depicted in Figure . For instance, in Lagnado and Speekenbrink (2010)), participants
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observed a geological system for several minutes, tracking the occurrence of “seismic wave”
events (potential causes) and earthquake events (the effect) unfolding over time.
Alternatively, evidence might also be gathered from multiple independent causal systems of
the same type, as shown in Figure [Ib. For example, in the research conducted by Greville
and Buehner (2007), participants observed the timing of the death of multiple separate
bacteria culture samples (the effect) after receiving a particular treatment (the potential
cause). Instead of having multiple cause and effect events within a single timeline, there is
one cause event and one effect event each with its own timeline, with these independent
samples aligned by their cause or treatment time. In the rest of the paper, we refer to the

former situation as “continuous timeline”, while the latter is termed “episodic evidence”.

There is also a distinction based on whether the effect variables are specified. In
some cases, the effect variables are specified, and participants are asked to diagnose which
of several candidate variables are causing them. This is similar to the traditional
associative learning task, in which different cues have different (positive or negative)
associations with the target reward, and animals learn to assigns credit accordingly
(Gallistel et al., 2019; Rescorla & Wagner, 1972). In other cases, participants are tasked
with determining the existence of a connection between two or more variables and the

causal direction of these connections.

We will model seven human datasets that we categorized into four groups based on
the nature of the evidence (continuous or episodic) and whether the effect variables are
specified, as shown in Table [T, These datasets also vary in other task dimensions,
including: (1) base rate: whether the effect occurred without any endogenous causes; (2)
prevention: whether preventative causal relationships were involved in the response
options; (3) cycles: whether feedback loop relationships were involved in the response
options; and (4) delay expectations: whether participants were informed or pre-trained
about causal delays prior to the task. We will show that lay people’s judgments

consistently align with the rational framework in these tasks in later modeling sections.
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A Rational Model of Causal Induction from Time

We lay out our theory in two steps. The first step demonstrates the qualitative
differences in temporal patterns when two variables are related versus when they are
unrelated to each other. The second step demonstrates how we can quantitatively infer
causal structures using temporal information. This logic is very similar to the theory of
Causal Bayesian Networks (Pearl, [2000, see below) for atemporal causal induction, which
specifies both how statistical independence serves as a qualitative way to determine which
variables are related, and how parameterized graphical models and interventional calculus
further assist in causal structure learning and downstream inference. To streamline the
descriptions, we provide equations for generative causal induction in the main text, while

equations incorporating preventative causation are largely relegated to Appendix [A]l
Independence in time

In grounding causal induction from contingencies, Pearl (2000) starts from a
principle of statistical independence. If A and B are perfectly independent, that is if
P(B|A) = P(B), Pearl argues this is nearest we get to confidence that there is no causal
relation between A and B[ If A and B are dependent, that is if P(B|A) # P(B), it follows
that there must be some causal explanation for this dependence. It could be because A
causes B, because B causes A, or because A and B share a (potentially distant) common
causal ancestor. Interventions allow one to rule between these possibilities, by statistically
disconnecting the intervened-on variable from its normal causes, such that if B depends on
the intervened-on occurrences of A, that is if P(B|do(A)) # P(B), or
P(B|do(A)) # P(B|do(—A)) we can be confident that A is genuine causal parent or
ancestor of B. By combining data from a series of interventions one can thus identify
causal structure among a set of relata (Eberhardt et al., 2012; Steyvers et al., 2003). In

associative learning, Gallistel et al. (2014)) has also argued that any effective cause should

4 This is known as the assumption of faithfulness (Scheines, |1997), meaning roughly the assumption that
there are no additional statistically invisible causal relationships.
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Figure 2

Causal dependence in time. a) The exponential distribution and constant rate are used to
represent the base rate of B events. The same exponential distribution can be used to
represent the delay between A and its next B when A and B have no relation. b) Different
causal dynamics occur when the occurrence of A would generate either one extra B event
(top) or a cluster of B events (bottom). ¢) How the data patterns differ when A causes B
(A — B) versus when A is not a cause of B (ADB).

provide more information about the effect’s occurrence compared to a random time point.
We will see later that our demonstration, especially under the special setting of an
uninformative base rate (represented by exponential distributions), echoes this point.
Similar to Pearl , we ground the temporal causal induction problem by first
articulating the principle of independence with respect to temporal position before
identifying causality with departures from independence. However, rather than having a
simple probability of occurrence P(B), we need to consider the pattern of B events
occurring in timeﬂ Without a model of its causes, a class of events might occur at
subjectively unpredictable moments (e.g., receiving an email) or with some regularity or
periodicity (e.g., receiving a repeat subscription delivery from Amazon). We here focus on
the fully unpredictable cases for mathematical convenience, while our quantitative model is

able to deal with periodic and otherwise more predictable event patterns (see our later

5 We restrict our focus to the problem of inferring models relating events discretized as occurring at a point
in continuous time. That is, we assume the learner starts having already processed their experience into
point events that they are able to locate precisely in an experienced timeline. We discuss the relationships
with other representations in the General Discussion.
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analysis of the dataset from Gong & Bramley, 2023)). If a type of events B occur
completely unpredictably, i.e., the timing of the most recent B event provides no
information about the timing of the next B event, it means the delay between any two
adjacent B events will follow an exponential distribution (see Figure , top panel).
Exponential distributions are “memoryless” — their expectation is constant, and so does
not depend on how much time has already elapsed (Gallistel & Wilkes, 2016; Gong, 2023;
Grabenhorst et al., [2019; Pishro-Nik, 2014)@ Under the exponential distribution, the

expected delay Py(.) from the present moment until the next event is always:
Py(t|A) = Xe™ (1)

The exponential distributions contain a rate parameter A indicating how many B events

1

one expects to observe on average; the delay between two adjacent B events is therefore

on average.
When the occurrence of a type of events follows an exponential distribution, the

observed rate follows a Poisson process (see Figure , bottom panel; Pishro-Nik, 2014)). A

Poisson process models the probability P,(k|\) of observing a particular quantity &k of such

independent events in a fixed time unit given a presumed rate A:

ke—)\
Pk = 25 @)

Here, A is the same parameter shaping the delays between individual events in Equation [I}
When delays are generated unpredictably at a constant rate A, the Poisson process is

homogeneous. The Poisson process, along with its corresponding exponential waiting time,
has been widely used to model the arrival of events in previous cognitive research (Clarke,

1946; Gallistel & Wilkes, 2016} Grabenhorst et al., 2021} Grabenhorst et al., 2019 Griffiths

6 Mathematically, this means if we expect to wait an average of x minutes for an event to occur, but we
have already waited for a couple of minutes and the event as not happened yet, the expected wait time is
still z minutes (see p.77 in Gong, 2023| for a proof).
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& Tenenbaum, |2007). As we will see, maintaining these two representational perspectives
(delays vs. rates) is very useful since the causal influence of events can be conceptualized
as acting at either level, which can have subtle metaphysical and mechanistic consequences.
So far we have focused on the behavior of B while unperturbed by causal influences,
i.e., the statistical patterns we expect to see between independent events. If A and B are
independent (and do not share even a distant common cause), the occurrence of A cannot
carry any information about the occurrence of B, so any inclusion of A in our model of B
is predictively impotent. Instead of having a simple contingent probability of P(B|A), we
here need to specify the pattern of B conditioned on the occurrence(s) of A: if A has no
influence on B, measuring the time from the occurrence of A until B occurs is equivalent to
measuring from any other arbitrary moment before the next B event. Due to the
memoryless feature, the delay from As occurrence to the next B will follow the same
exponential distribution with the same parameter A as that between one occurrence of B
and the next (Figure , , top panel).ﬂ More intuitively, the rate of B occurrences after a

causally impotent A will remain the same as the base rate (Figure , , bottom panel).
A qualitative understanding: Causal departures from independence

With a definition of independence in hand, we can start to articulate departures
from independence and how they reveal causal structure. More specifically, we consider
how the statistical pattern would look different, if occurrences of one type of event A are

able to generate occurrences of another type of event B.

We here illustrate two different generative processes: one-cause—one-effect and
one-cause—many-effects (cf. Gallistel & Wilkes, 2016), using a simple example in Figure .
Suppose a fictional substance called 5-HTP is used to treat insomnia. Consuming a 5-HTP

capsule can cause a person to sleep, resulting in a one-cause—one-effect scenario. Here,

7 This may seem counter-intuitive: the fact that any A event inevitably occurs between two B events
seems to suggest that the A — B delay would be shorter than B — B delay on average. However, to help
build intuition, note that as long as A events are distributed independently from B, they are more likely to
fall in a larger gap between successive B events, because these “take up more space” in the timeline.
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Figure 3

Examples of two types of function that could be used to model cause-effect delays and causal
influences, respectively. Illustrative example relates a drug “5-HTP” and sleep. (a) A
gamma probability density function capturing the delay between taking a drug and falling
asleep and (b) scaled gamma density function capturing the rate of melatonin production
after drug is administered. Different distributions demonstrate the functions’ ability to
capture various temporal dynamics. The orange distribution is the ground truth generative
distribution. The orange effects in the timeline are those in fact generated by the drug while
the gray effects are the base rate effects.

temporal information is embedded within the delay between the causal event of pill
consumption and its effect event of falling asleep. The causal delay can vary across
different mechanisms (see Figure [3a), analogous to our anticipation of certain medications
(e.g., Adrenaline) taking effect rapidly and precisely, while others (e.g., painkillers) exhibit
a delayed onset with some degree of variability. The gamma distribution can help us
describe a variety of shapes and capture quick or slow temporal mechanisms. It is a
generalization of the exponential distribution. It can be codified with a shape parameter «

along with the rate parameter 5:

Pyltla, B) = et (3)

I(a)

With a = 1 we recover the exponential, independent setting but with a > 1, the gamma
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distribution becomes increasingly peaked and increasingly normally distributed around its

mean, or expected delay (Figure )E| The expectation p and the variance o2 of a gamma

a

distribution follow y = § and o = 5
It is also possible that one cause could generate many effects, for example, we might
think the same scenario more granularly in terms of a pill’s production of Melatonin
particles over time (Figure ) One-cause—many-effect scenarios are prevalent in
epidemiology. For example, a single water pollution event might cause many individuals to
fall ill at different points in time (Griffiths & Tenenbaum, [2007)). In this case, effects are
generated at a rate level, which specify how many additional effect events we expect to be
generated by the cause per time unit, and how this rate change is, itself, spread over time.
This includes a functional form of the event’s causal influence on the effect’s rate over time,
which may include an incubation period, peak, and a decay process (see Figure )
Concretely we can also use a scaled gamma function to capture the fluctuation in the rate
of the effect, as a function of the time ¢ since the cause happens and the peak rate Ay of the

particular causal influence: f(A1,t). This is done by scaling the Gamma density function

via dividing by its mode, the density at (o —1)//:

Pd(t|a7 B)

FA tla, B) = Ar - W
/B )

After scaling, the predicted value ranges from 0 to the peak rate \; (see Figure )ﬂ

8 To further build the intuition of what a gamma distribution models, it can be helpful to think of it as a
sum of « exponential delays each of rate 8. Here the role of 3 is equivalent to the rate parameter X\ in the
exponential distribution. A classic example of an unpredictable event is a radioactive decay of the type
measured by a Geiger counter. If one estimated how long it would take a Geiger counter (placed near a
source of radiation) to reach a count of «, the resulting delay distribution would be gamma with a shape of
« and a [ reflecting the average gap between each individual event. The larger «, the larger the mean but,
relatively speaking, the narrower the spread of expected waiting times around that mean. Thus, a highly
reliable delay is one that decomposes into a sum of many small independent unpredictable delays. This
works similarly to how a normal distribution can be conceptualized as the sum of many independent errors
with smaller errors producing a narrower distribution.

9 We assume this distribution for convenience, but in principle any function with (0, 00) support can play
this role. For instance, some causal influences might exhibit a step function, or remain at their peak level
for an extended period before decaying, or be succeeded by a rebound effect. We will discuss these kinds
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From a cognizer’s point of view, the temporal dynamics are liable to be variable and
uncertain. This is an inevitable feature of any model that abstracts away some of the
detail, leaving unmodeled noise and complexity in the generative or measurement
processes. The gamma family here helps to capture how abstract subjective probability
distributions encode causal-model-based expectations about inter-event delays or event
rates, and how these distributions can be shaped and sharpened with evidence, which
provides a solid foundation for a rational model of time-based causal induction.

Figure 2b demonstrates three examples when the occurrence of A can result in
either one (top panel) or multiple (bottom panel) events of B. In the single-effect scenario,
the delay between A and its effect event B could follow a memoryless exponential
distribution, a semi-reliable gamma distribution (with high variance), or a reliable gamma
distribution (with low variance). Regardless of the situation, the delay between A and the
next B would no longer resemble the scenario where A and B are independent, as depicted
in Figure 2. Similarly, in the multiple-effect scenario, the causal influence could manifest
as an exponential shape (with no incubation time), a semi-accurate gamma shape (with a
wide spread), or an accurate gamma shape (with a narrow spread). As shown in Figure ,
the rate of B’s occurrence will deviate from the constant rate when A is a cause of B. As
such, the deviation in data patterns could help the learner obtain a qualitative

understanding of whether A causes B or not.
A quantitative understanding: Structure inference from temporal information

So far we have demonstrated, at a qualitative level, how we can expect the temporal
pattern of events following a putative cause event A to differ depending on whether A is
truly a cause of B. We introduced two causal generative processes (generating a

single-effect or multiple-effects), which inspired two analysis approaches: one based on the

situation in analyzing one of the datasets (Gong & Bramley, [2023). However, we believe utilizing the
gamma function as a generic basis for modeling temporal causal beliefs is a sensible default, capable of
capturing many scenarios from previous experiments (Gong et al., 2023} Greville & Buehner, [2007}
Lagnado & Sloman, 2006} Lagnado & Speekenbrink, [2010). In other contexts the functional form can be
derived from mechanism knowledge.
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delays between particular token cause and effect events (event-based scheme), and one
based on fluctuations in the rate of occurrence of the effect depending on occurrence of the
cause (rate-based scheme). We will further elaborate the similarities and differences
between these in this section. We will also show that event-based and rate-based
approaches are not necessarily tied to the generative processes that inspire them. Rather,

they are better understood as two ways of thinking.

A quantitative-level analysis is needed to formally infer causal structure. One can
try to directly derive some indices from the qualitative patterns. Gallistel et al. (2014])
pointed out the option of using the entropy between two effect distributions — measured
from the previous cause event vs. any random point before (see Figure [2) — to measure
the associative strength. Although this seems sensible in pairwise association scenarios, it
is not clear it can work for structure induction in general since it will change depending on
the causal background, and because, unless it is an intervention, the information one
variable carries about another can often be due to their sharing a common cause. We here
follow the logic of inference to the most probable parameterized Causal Bayesian Network
(Griffiths & Tenenbaum, [2005| 2009; Pearl, 2000; Rottman & Hastie, [2014)) to build our
quantitative approach, which will allow the model to both (1) infer the parameters
capturing how a cause generates or prevents the effect in time; (2) deal with situations
where multiple causes (or causes and base rates) combine with each other to influence the

occurrences of an effect.

Challenging our initial 5-HTP example, everyday continuous-time evidence is often
more complicated: events can occur at any time point, and different potential causes can
overlap in time leading to pervasive credit assignment questions. For instance, imagine that
you are taking a pill for medical purposes but feel that you are frequently experiencing
stomach discomfort afterward. You might wonder whether this discomfort is genuinely a
side effect of the pill. We illustrate this evidence in Figure dh: one might experience

multiple stomach aches during the observation period both related and unrelated to the
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medicine. Meanwhile, the pill may be consumed irregularly, and the stomach discomfort
events caused by a pill, if they exist, could occur even after ingestion of a subsequent pill.
Therefore, it is not possible to simply segment this kind of evidence into independent trials

to compare candidate causal models.

The causal question can be formalized as whether treating the pills as an additional
cause of stomach aches provides a better overall account of the evidence than treating the
stomach aches as happening spontaneously (i.e., due to unexamined causes). Two
hypothetical structures Sy and S; are illustrated in Figure [db. In Sp, only the base rate B
causes the discomfort, while in S, both the base rate B and the pill taking C' cause the
discomfort. However, various other factors can potentially complicate this picture. For
example, if the learner suspects that something else, such as their diet, may be
contributing to their stomach aches, there could be additional dietary events in the
timeline and we could incorporate their potential causal influence into the model
comparison. We can imagine other cases, such as if you recognizes that your pill-taking is
influenced by your stomach aches (e.g., if you avoid taking the pill when you already have a
stomach ache), if the two could have a potential common cause such as time of day, or if
the stomach aches could have their own feedback cycle that makes them occur with
regularity. All these will refine the causal structure induction problem in ways our model

framework is equipped to handle.

How can we address the structure selection question given temporal evidence?
Three critical components have been highlighted for a rational account of causal induction
(Griffiths & Tenenbaum, [2009): (1) an ontology that outlines the entities under
investigation and their properties, (2) a set of plausible relations that suggest how entities
may be connected, and (3) the functional form that determines how causes influence their
effects under each type of relation. In the contingency setting, the ontology is a set of
variables, the set of plausible relations is a hypothesis space of causal Bayesian networks

and the functional form is often assumed to be noisy-OR combination of independent
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generative or preventative influences. Despite differences in the data they operate over,
temporal and atemporal causal induction share the same basic problem of articulating
model selection within a hypothesis space of causal structures. The normative learner
updates their prior belief over structures s in the hypothesis space S using the likelihood
function P(d|s;w) to arrive at a posterior distribution P(s|d;w), given data d and a set of
parameters W:E

P(s|d) / P(d|s;w) - P(s; w)dw (5)

w

In the remainder of this section, we address the question of what constitutes an
appropriate ontology, set of relations and functional form for the likelihood of causal event
data in time P(d|s;w). Similar to the rule of qualitative patterns, we will demonstrate two
approaches, with an event-based scheme that analyzes evidence at the individual delay

level while a rate-based scheme analyzes the evidence at the rate level.
An event-based scheme

The event-based scheme we propose uses the concept of token-level “actual
causation” to map each event to its possible causes (Halpern, [2016)), identifying which of
several candidate events actually caused the observed outcome (Gerstenberg et al., 2021;
Stephan et al., 2020). While we may have knowledge and expectations about the delay
between a cause and its effect (i.e., its mean and variance parameters), to derive these
empirically we have to also commit to a particular causal story about which cause event
actually produced which effect event in order to apply those expectations. Under this
scheme one can consider various possible causal pathways that could produce the observed
events, depending on the underlying causal mechanisms (Bramley, Gerstenberg, Mayrhofer

et al., 2018} Gong & Bramley, 2023; Hamou et al., [2025; Stephan et al., [2020; Valentin

10 Here we foreground the problem of structure selection rather than parameter estimation conditioned on
a structure (Griffiths & Tenenbaum, [2005). That is, we assume that for each structure and functional form,
the relevant parameters are theoretically marginalized over their prior and support if they are unknown.
However the same mathematical formalism can straightforwardly be used for parameter estimation within
a causal model.
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Figure 4

Causal inferences based on continuous-time causal evidence. (a) Evidence as events of
stomach discomfort and pill taking unfolded in the timeline. (b) There are two causal
structures in the hypothesis space. (c) The event-based scheme lays out all possible
pathways (branches) that explain all effects under each hypothetical structure. (d) The
rate-based scheme model in what way the rate of effects are expected to change under each
hypothetical structure. (e) Episodic type of evidence where the cause and effect only happen
once in each individual observation. Cases illustrate the situation in Greville and Buehner
(2007) where the effect events across samples are assumed to follow exponential delays if
the evaluated cause does not work. Under this situation, the evidence can be collapsed
under the rate-based scheme.

et al., [2022). For example, in a causal structure s that includes an endogenous cause C, a
hidden background cause B, and an effect E, each effect event could be caused by either C'
or B, resulting in a pathway set Z, that contains a total of 2¥ possible pathways (where k
is the number of effects). The event-based scheme allows for specific mechanistic

constraints to be integrated into pathway construction. For instance, if we observe a
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sequence of events, such as {C4, F1, F»}, and also believe that this is the kind of system
within which one C' event can only cause one E event (Ross, 2024)), we can rule out the

pathway that assumes both F; and E, were caused by Cf.

Given that conditional on a structural hypothesis, the potential actual causal
pathways are mutually exclusive and exhaustive, it follows that the overall likelihood of

each structure hypothesis is the sum of the individual likelihood of these pathways:

P(d[s;w) = ) P(z|s;w) (6)

VASY/R

To determine the likelihood of a specific actual pathway given a hypothesized type
level causal structure P(z|s; w), we compute the likelihood of both observed effect events e
and unobserved but predicted events h. For each observed effect e, we evaluate the
probability that it was caused by its presumed generative cause event g (denoted g — €).
Hidden (expected to be generated by a g but unobserved, denoted g — h) effects
contribute to the likelihood wherever we do not observe the expected effect of a generative
cause. This could be due to (1) the generative cause failing to produce the effect or (2) the

effect not having occurred yet:

P(zls;w) = [] wy - Py(te —tyla, B)
g—ecz
Observed effects must have been generated ( 7)
X H (1 — wg) + Wy - Pd(th > tend|a,ﬁ)
g—hez

Unobserved expected effects must have failed or be still-to-occur

In Figure [k, the event-based scheme generates pathways for explaining stomach
discomfort under different structure hypotheses. For Sy, all effect events are attributed to
the base rate. For 57, any effect event could be attributed to the base rate or to cause

events that occurred previously.
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A rate-based scheme

The rate-based scheme models causes that temporarily affect the rate of occurrence
of some effect. For a generative cause like 5-HTP, we expect the rate of its effect
(melatonin) to temporarily increase from its base rate, and intuitively expect such rate
increases to be additive (unless there are also interactions between the base rate causes and
the focal cause). That is, an independent generative cause is something that adds extra
events to the timeline without affecting those that would have been there anyway (Gallistel
& Gibbon, 2000)). For example, we might think of a large gathering causing rates of

infection with the Covid-19 virus to spike by contributing additional infection events.

The rate-based scheme employs a non-homogeneous Poisson process (Pacer &
Griffiths, 2012} 2015)) to capture the likelihood of events in a setting where cause
temporarily affect the rate at which their effects occur. The likelihood depends on how the

observed rates at each time bin are aligned with the expected rates:

P(d|s;w) = [] Po(dil f(A. 1)) (8)
¢
We may be able to treat the base rate of an effect as a constant )\q if we have no
information to suggest it is periodic or structured across time. For any generative cause,
the causal influence can be modeled as modifying the effect’s rate in a continuous fashion
f(A1,t). For example, an incubation-decay process is shown in Figure Bp, captured by the

influence function in Equation [4]

Poisson processes have a desirable property known as “superposition”, where the
union of two independent Poisson processes with rates A and )\ is still a Poisson process
with rate A + \. The superposition property not only give us a simple answer to the
combination of a base rate and a (constant) causal influence, but also how a non-constant
causal influence implies a fluctuating rate. Combining a set of generative causes g with a

base rate of \g, the total expected effect rate f(A,¢) at the time unit ¢ can be represented
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by accounting for superposition as follows:

f(A ) :)‘O+Zf(>\i7t) (9)

1€g

This could be seen as a continuous-time version of the noisy-OR logic gate used in
modeling contingency data (Cheng, [1997). Prevention can be similarly captured as filtering
Ao resulting in a proportional temporary rate decrease that can be seen as a

continuous-time version of the noisy-AND-NOT logic gate (see Appendix [Al).

Figure 4d illustrates how the rate-based scheme models causally-induced rate
changes to explain stomach discomfort. In Sy, the model assigns a constant base rate to
account for the number of effect events per unit of time. In S;, the model incorporates the
assumption that the effect rate dynamically changes following the occurrence of a cause

event.
Summary and comparisons of two schemes

We have introduced two schemes for thinking about causal induction in continuous
time. An event-based scheme involves reasoning at the level of individual events
adjudicating whether the delays between putative cause—effect pairs are causal (E; was
actually caused by C;) or coincidental (E; was actually caused by an unobserved exogenous
factor modeled by its base rate). The rate-based scheme involves modeling whether and
how the rate of occurrence of an effect changes after a cause occurs. These schemes
represent two different approaches to thinking about the temporal evidence, but there is a
continuity between the two built on a shared mathematical foundation. As we will see
below, there are cases where both perspectives coincide exactly or approximately in their
predictions, regardless of the generative model of the evidence. Meanwhile, there are also
cases where they differ in their predictions or computational cost. The event-based scheme
can integrate detailed mechanistic knowledge, such as if cause produces exactly one effect,

while it often demands a costly marginalization over different causal pathways consistent



612

613

614

615

616

617

618

619

620

621

622

623

624

625

626

627

628

629

630

631

632

633

634

635

636

637

638

RATIONAL CAUSAL INDUCTION FROM TIME 32

with evidence. The rate-based scheme implicitly marginalizes over these possibilities
allowing it to deal with larger event counts but as the cost of making it hard to

accommodate certain mechanistic principles.
Human Generic Delay Intuitions: Short, Reliable, and Expected

We highlighted that people see short, predictable, and expected delays as cues to
causal connection. We now demonstrate that these intuitions all fall out from a Bayesian
analysis under our model framework. We first provide intuitive explanations for each
phenomenon and then back each up with simulation results. Each intuition found in
humans can manifest in two types of tasks: structure induction and causal diagnosis. For
example, the preference for the reliable delay can refer to learners’ (1) higher causal ratings
for an evaluated causal relation in trials where the delays are more consistent, compared to
when they are less consistent, and (2) preference for Cause A over Cause B as an
explanation for the effect in a single learning trial, when the delay between A and the effect
is more consistent than the delay between B and the effect. This distinction matters more
for the short-delay intuition than the other two, as we will discuss in the intuitive
explanation section. In the simulation section, we primarily focus on structure induction

and demonstrate how the same intuition readily applies to diagnostic causal reasoning.
Intuitive explanations

Delay length. In diagnostic causal reasoning (attributing the effect E to A over B
in the single learning trial), even in the absence of specific causal delay expectations, a
Bayesian learner has a preference for the diagnosis that implies shorter causal delays for at
least two reasons. The first reason arises from the fact that causal delays can range from
zero to infinity (with a limit on the lower side but not the upper side). As a result, any
proper delay density will be right-skewed, inherently favoring smaller values. The second
reason is that, when the learner don’t have a specific prior for the delay variance, the
possible range of the delay variance becomes larger as the delay mean increases, making

long delays ceteris paribus harder to predict accurately. Figure [5| provides an example of
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Figure 5

Parameter posteriors and posterior predictions after observing a 20-time-unit inter-event
delay five times vs. 100-time-unit inter-event delay five times (a,b) and after observing a
60-time-unit inter-event delay five times vs. 20-, 40-, 60-, 80-, 100-time-unit inter-event
delays (c,d). (a and ¢) Parameter posteriors using the conjugate prior update process under
the assumption of an initially weak prior (s =107%r=10"%p=1,¢ =1 for the
distribution conjugate to the gamma likelithood with an intractable normalization constant;
Fink,|1997). (b and d) The predicted density under sampled parameter combinations. Faint
colored lines represent densities under posterior o and [ samples. Thick and dashed black
lines represent the marginal or posterior predictive distribution for future inter-event delays.

the posterior on parameters a and [ (Figure |bp) and posterior predictive distribution after
observing 20-time-unit delays five times vs. 100-time-unit delays five times (Figure )E
This illustrates that the posteriors are tighter after observing delays of 20 vs. 100. The
delay prediction (Figure [pp) is also sharper (more confident) after observing delays of 20,
in contrast to that following delays of 100. It highlights that a causal model that connects
a set of events via shorter causal delays will assign higher likelihood to data than an
alternative causal model that connects those events with longer causal delays, even when
those delays are perfectly reliable (Greville & Buehner, 2010).

In structure induction (inferring the existence of short-delay or long-delay causes
across different trials), the same preference appears because this comes down to a
competition between the putative cause and the base rate to explain the effect’s
occurrences. The likelihood of the data under the baserate-only hypothesis (Sp in
Figure [db) remains constant, while the likelihood the causal variable explains the

occurrence depends on the length of the delays it implies, following the same logic

1 We here used the analytical conjugate prior update process. In the rest of the paper, we will use simple
Monte-Carlo sampling since analytic methods are not feasible.
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mentioned in diagnostic causal reasoning. The posterior distribution between causal and
baserate-only hypotheses, will differ accordingly. It is important to note though that if the
base rate and causal delays are scaled up equally, and the prior on causal delays is
uninformative, we will then have timescale invariance in the sense that a rational causal
learner will favor the causal hypothesis equally in the “slow” and the “fast” dataset[”] A
straightforward way to demonstrate this is to generate long-delay stimuli by scaling

short-delay stimuli by a constant (Gallistel & Shahan, [2024).

Delay reliability. The reliable-delay intuition can simply be explained by the
likelihood calculation. If observed delays exhibit great variability, the resulting gamma
distributions spread their expectations wider, resulting in a lower marginal likelihood
compared to less variable delays. As in the delay length section, we provide an example in
Figure [§| showing the parameter posteriors (Figure fc) and delay predictions (Figure [5id)
after observing a consistent 60-time-unit delay five times, versus observing a set of varied
delays with a same average on 60 time units.

Delay variance would naturally be scaled with the delay length in a time-scale
invariant environment. Otherwise, if the researchers force the long delays (e.g., 6 s) and
short delays (e.g., 3 s) to have the same absolute standard deviation (e.g., 0.1 s), the
relative variance will be smaller for the long delay, providing an advantage in the
long-delay condition. We will further demonstrate this in the simulation section and when

analyzing Lagnado and Speekenbrink (2010).

Delay expectation. The expected-delay principle can be understood as the
influence of mechanistic knowledge or prior experience on people’s prior distribution
regarding a causal delay. For instance, if individuals strongly believe that a genuine switch
should take approximately 4 seconds to turn on a device, a switch that takes 2 or 6 seconds

would have a lower prior probability and consequently a less good explanation for an effect

12 However, a fully uniform prior over delays, e.g., exp(é), is improper because the range of possible
delays is infinite meaning the prior has zero density everywhere, necessitating use of Markov Chain
methods or weakly informative priors in practice.
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Table 2
Symbols used and their meanings under three contexts.

Synthetic data Event-based scheme Rate-based scheme

m, Mean of causal delays. — —
Ty Half interval of causal delays. - -
kp Number of base rate effect events. — -
k. Number of cause events. — -

w,  Cause’s success probability. Cause’s success probability. -

" - Mean of causal delays. Mean of causal influence function.
o? - Variance of causal delays. Variance of causal influence function.
s — Mean of base rate delays. -

o - Variance of base rate delays. —

Ao - - Effect’s base rate.

A1 - - Max generative causal influence.

13 - - Max preventative causal influence.

Note: o} is only used when modeling Gong and Bramley (2023) which included periodic
base rates. In other cases, the base rate delay was modeled using exponential distributions,
which only included one parameter.

compared to a switch that was pressed four second earlier. Correspondingly, a device
activation 2 or 6 seconds after a switch press would be more likely to be caused by its base

rate than a device activation 4 seconds after a switch press (Buehner & McGregor, 2006)).
Simulation

To demonstrate that our account exhibits these features, we now simulate and
model synthetic data. Given that most of the human empirical evidence was based on the
one-cause—one-effect context, we focus on that context here. Note that the rate-based
scheme generically assumes that a cause can produce multiple effect events and hence is
slightly inconsistent with our simulation setting. Nevertheless we show that it still
demonstrates a sensitivity to the change of delay lengths and delay variance. The meanings

of symbols used in simulation and later dataset modeling are summarized in Table

To show that this framework can handle data that are not exclusively generated
from gamma distributions (just like humans, Greville & Buehner, 2010)), we generate
synthetic delay stimuli using uniform distributions, denoted as U(l, u), with a lower bound

[ and an upper bound u. We used the following procedure:
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1. Define each synthetic stimulus as lasting for 300 time units.

2. Generate k; base rate effect events and place them at random times sampled from

U(0,300).

3. Generate k. cause events, again placing these on the timeline by sampling from

U(0, 300).

4. Generate effect events given the assumption that each cause event has a probability
w, of producing one effect event F with a delay sampled from U(m,, — iy, my +4,). In
other words, the ground truth for the simulated data is always the structure that

includes the causal link as well as the base rate.

We then estimate the probability that there is a generative causal influence from C'
to E, i.e., judging the posterior probability of S; over Sy in Figure [db. The evidence that

data d provide in favor of S; over Sy can measured by the log-likelihood ratio:

log i(d|51§w) (10)

(d}:So; w)
We assume that all parameters used for simulating data are unknown to the learner

and hence the models marginalize over the parameters w. We achieve this via simple
Monte Carlo integration drawing m = 10, 000 prior samples for all parameters. For the
event-based scheme, we assume a uniform prior on causal strength, meaning that cause
succeeds in producing its effect with a probability w. ~ U(0,1). We also assume weak
priors on the parameters of the gamma causal delays between Cs and their effects E, such
that they have mean p ~ U(0,300) and variance o ~ U(0, z?). This means the prior on
the mean causal delay is equally likely to be anything between zero and the full length of

the episode while the delay shape parameter (o = %) can be anything between 1 and OO.|E|

13 An alternative approach is to sample the mean (1) and shape (a) parameters from very flat exponential
distribution (Bramley, Gerstenberg, Mayrhofer et al.,|2018|). This produces the same qualitative results.
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Figure 6

How log-likelihood ratio changes with the amount of cause events.

Similarly, the model assumes delays between base rate events follow an exponential
distribution with mean p, ~ U (0, 300).

For the rate-based approach, we specify priors on the base rate Ay ~ 1/U(0, 300),
the max causal influence A; ~ U(0,1). We assume causal influences dynamically inflate the
rate according to a scaled gamma distribution with priors on the mean p ~ U(0,300) and

the variance o2 ~ U(0, u?).
Synthetic data

We first implemented a sanity check task to make sure that the model’s preference
for Sy over Sy (1) increases as the number of cause events in the synthetic data increases
and (2) decreases as the base rate of effect events increases. Both of these properties are
based on the principle of distinguishing the (causal) signal from the noise and have been
demonstrated in the atemporal causal learning setting (Cheng, 1997 Griffiths &
Tenenbaum, 2005, Wu & Cheng, 1999)). We here use w. = 1, m,, = 15, i, = 5, and consider
different numbers for baserate events k, (k, = {1,3,5}). For the rate-based model, we
consider numbers for cause events k. ranging from 1 to 20 (with a step of 1), while for the
event-based model, we limit the range to 1 to 5 due to computational cost. Results are

shown in Figure[6] In both cases, the log-likelihood ratio in favor of S increases as the
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Figure 7

How log-likelihood ratio changes with the causal delays and delay ranges (and the
corresponding log-likelihood of S1). A ratio above zero indicates that the model favors S,
(the causal structure) over Sy (the base rate structure).

number of cause events increases. Both models perform better when the base rate is low.
This reflects that the model’s basic ability to learn causal structure from temporal data.
Compared to the event-based model, the rate-based model requires more cause events to
favor S7 over Sy, indicating a higher requirement for data points under the relaxed
constraints assumed by the model (it does not require specifying how many effect events
would be generated by one cause event). Accordingly, we will use k. = 5 for the

event-based model and k. = 10 for the rate-based model in the later simulations.
Delay length

To illustrate the short-delay preference found in humans, we simulate stimuli
arranged in a grid with w. = {0.6,0.8,1}, m, = {10, 15, 20, 25,30}, i, = 1, and k;, = 3.
Note that a fixed baserate events k;, over a fixed observation duration here is key to
inducing this preference. Figure [fh demonstrates that the event-based model’s preference
for Sy over Sy diminishes as the duration of the true causal delays increase. This

observation supports the notion that causal attribution is stronger when the delay is shorter
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Figure 8

How log-likelihood ratio changes under different delay prior.

(i.e., structure induction). Additionally, the log-likelihood of \S; itself decreases as the delay
length increases. This indicates that when faced with multiple potential cause candidates
(i.e., diagnostic causal reasoning), the learner should tend to attribute the effect to the
cause with the shortest delay. Similar patterns are replicated under the rate-based scheme
(Figure [7b). We show in Appendix [Blhow the time-scale invariance property would appear

instead if we adapt the baserate and delay variance proportionally to the delay length.

Delay variance

To investigate the predictable-delay preference, we simulate stimuli arranged in a
grid with m,, = {10, 20, 30}, i, = {1,3,5,7,9}, w. = 1, k, = 3. As shown in Figure 7, the
event-based model’s preference for S; over Sy diminishes as the range of delays increases. It
reflects that causal attribution is stronger when the delays are reliable. Additionally, the
log-likelihood of S decreases as the delay range expands, which suggests that when faced
with multiple potential cause candidates, the learner should tend to attribute the effect to
the cause with the most consistent or reliable delays. Similar results are observed in the
rate-based scheme (Figure ) In Appendix [C|, we show how our model replicates the
finding by Greville and Buehner (2010)) that the effect of variance persists as the learning

duration increases.
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Delay expectation

To investigate the influence of prior beliefs on causal judgments, we introduced two
different delay prior conditions instead of using the above uniform delay priors. For the
“short-delay prior”, we set p to be sampled from a Gamma distribution with a mean of 10
and a standard deviation of 1, resulting in an assumed delay expectation of 10£1.
Conversely, for the “long-delay prior”, we assume p is sampled from a Gamma distribution
with a mean of 20 and a standard deviation of 1, representing an assumed delay
expectation of around 20+1. Other model parameterizations remain the same as before.

For the synthetic data, we constructed scenarios in which a slow cause always
produced an effect with a delay sampled from m, = 20, i, = 1, while a fast cause always
produced an effect with a delay sampled from m, = 10, i, = 1. We set w. =1 and k, = 3
when simulating the data. Figure [8] demonstrates that in the fast-cause scenarios, the
preference for S; in both event-based and rate-based models is stronger when one starts
with a short-delay prior, while in the slow-cause scenarios, the preference for Sy is stronger
when one starts with a long-delay prior. This confirms that the model will learn causal
relations more quickly when their time course aligns with expectations. It is worth noting
that the models’ tendency to favor the slow cause under the long-delay prior is not as
strong as the tendency to favor the fast cause under the short-delay prior, highlighting the

natural advantage of shorter delays.
Human Performance in Learning from Continuous-time Evidence

We now reanalyze seven previous datasets that contain human performance in a
variety of temporal causal learning tasks, as shown in Table 1] (the corresponding
hypothesis spaces of causal structures are summarized in Figure @ We will demonstrate
that our framework can accommodate all the variations across the scenarios probed across
these tasks. Furthermore, we will demonstrate a robust alignment with participants’
judgments and the predictions of the framework across these scenarios.

It is worth noting that all the datasets we model contain “interventions” — most of
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them provided as pre-set interventions, while Gong et al. (2023) allowed participants to
intervene actively at moments of their choosing. The contingency-based learning literature
emphasizes the differences between intervention and covariation-only data (Bramley et al.,
2015} Lagnado & Sloman, 2002} Lagnado et al., 2007, Pearl, [2000; Sloman & Lagnado,
2005; Waldmann & Hagmayer, [2005). In the contingency setting, interventions act as
“graph surgery” making observationally equivalent (aka. Markov equivalent structures)
distinguishable. For example, casual structures suchas X - Y — 7, X «+ Y < 7, and

X <Y — Z have the same co-variation patterns (X and Y are always correlated, as are Y’
and Z, and X and Z are unconditionally correlated but become uncorrelated once Y is
controlled for), under different parameterizations all three models are equally good
accounts of contingency data with these independencies. People are able to select
interventions that allow them to distinguish these structures in causal learning experiments
(Bramley et al., [2015; Coenen et al., [2015)). However, event timing can break the Markov
equivalence deadlock in some cases (Lagnado et al., 2007). For example, the temporal
pattern X —Y — Z is privileged under the first structure, Z — Y — X in the second, and
Y- X —ZorY —Z— X in the third structure (even though high base rates or
preventative connections may complicate the pattern). Delay information will ultimately
tend to support whatever causal hypothesis most parsimoniously links the events, assigning
them the highest joint likelihood by implying the shorter, more reliable and expected causal
connections. However, whether the observationally most likely model is truly causally
correct, i.e., that the statistical pattern is not due to some unobserved or latent variable

(cf. Valentin et al., 2022)), can be confirmed definitively through the use of interventions.
Continuous, effect specified

Lagnado and Speekenbrink (2010). Our first case study revisits the
“earthquake” experiment conducted by Lagnado and Speekenbrink (2010). Participants
were asked to investigate the effects of three types of seismic waves (red, yellow, and green)

on the occurrence of earthquakes. Unbeknownst to them, only one of the three types of
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Lagnado & Speekenbrink, 2010 Gong & Bramley, 2023 Lagnado & Sloman, 2006
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Figure 9

The hypothesis spaces used in different studies. Green arrows represent generative links and
pink arrows represent preventative links. Dashed arrows A — B represent two possibilities
between two variables A and B: unconnected or A — B, and dashed bidirectional arrows
represent four possibilities between two variables A and B: unconnected, A -+ B, B — A,
or A <> B. Ezogenous links (base rate) are ignored in all graphs.

waves (referred to as the cause) actually made earthquakes occur, while the other two
types (referred to as lures) had no effect on the earthquakes. In each trial, the cause wave
occurred 10 times and had a probability of 80% of resulting in an earthquake. Two other
lure causes also occurred 10 times each but had no effect on the earthquake. Two factors
were manipulated across trials within subjects: the delay length — the time between a
cause event and its effect event — could be either short (3£0.1 s) or long (6+0.1 s); the
probability of intervening events — how often the two other lure causes occurred between a
real cause and its effect — could be either high (65%) or low (35%). Four additional
earthquake events were sampled at random time points to serve as the base rate. The trials
lasted for an average duration of 169484 s for the short-delay condition and 318+157 s for
the long-delay condition. Since the lures occur in the interval between the cause and effect,
a learner might mistake the lure for the true cause if they do not pay enough attention to

temporal information. Lagnado and Speekenbrink (2010) showed participants’ ability to
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figure out the genuine cause: they assigned higher ratings to the genuine cause compared
to the two lures. Meanwhile, the judgments were influenced by the probability of

intervening events rather than the mere length of delay (see Figure )

There was a mixed set of factors predicting whether a short-delay intuition should
emerge. This study matched the base rate effect events (the long-delay condition had a
lower base rate due to a fixed number of background effects over a longer observation
period). However, the within-subject design provides a shared context liable to undermine
the invariance in the minds of participants. Moreover, the long-cause and short-cause
stimuli were created independently, rather than being directly scaled from one another.
Notably, the standard deviations for the two conditions were identical (0.1 s), meaning the
long-delay condition had a smaller relative variance than the short-delay condition, making
the causal relationships easier to identify from a normative perspective. As such, a formal
modeling procedure is necessary to determine the rationally predicted direction of the

delay effect in this task.

Participants were asked to provide both “absolute” and “comparative” ratings for
the causal properties of each wave. The “absolute” rating allowed participants to
independently rate each wave, while the “comparative” rating required participants to
allocate ratings for the three waves such that their ratings summed up to 100. Both types
of ratings revealed the same pattern with only a main effect of the probability of
intervening events but not the delay length (see Figure ) Here we model the
“comparative” rating, which can be interpreted as a comparison of the posteriors
associated with three causal structures as shown in Figure |§| (assuming that they each have
an equal prior). None of the delay or other parameters were explicitly disclosed to the
participants in the instructions, and the task included abstract visualizations and
gamification features, which might suggest to participants that it was more like a game
than a real-world situation. Therefore, we here do not speculate the prior knowledge

participants may use. We use the prior for parameters as follows: w, ~ U(0,1) for the
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cause probability (and A; ~ U(0, 1) for the rate-based model), p, ~ U(0,100) for the base
rate mean (and Ay ~ 1/U(0,100) for the rate-based model), p ~ U(0,100) for the cause
delay (or influence) mean, and o® ~ U(0, u?) for the cause delay (or influence) variance.
We generated a simple Monte Carlo sample of size m = 100, 000 to approximate the
Bayesian inference process. We will use m = 10,000 for the remaining datasets (unless all
parameters were assumed to be known to the model) because these datasets had either

fewer unknown parameters or narrower parameter ranges compared to this studyE

As shown in Figure [I0, both event-based and rate-based schemes successfully
identified the genuine cause in each condition, similar to the participants. Also consistent
with participants’ responses, the models were more influenced by the probability of
intervening events than by delay length. As mentioned above, a mixture of factors in the
study could result in different predictions as to whether there should be a short-delay or
long-delay preference. As a result, the rational model predicted similar strength judgments
in both conditions, with a slight tendency to favor the long delay (Figure ) This is
driven by the relatively smaller variance in the long-delay condition. Although this
tendency did not manifest clearly in participants’ responses, we can see how helpful a
rational model can be in isolating the influences of different factors, which is valuable for
designing experiments and further developing process-level models to account for things
like memory storage and perceptual noise. Further trial-level comparisons were not

conducted with this dataset because of the lack of trial-level human judgments.

Gong and Bramley (2023). A somewhat similar dataset was collected in Gong
and Bramley (2023)). Participants were presented with a causal device consisting of one

target component (Effect £) and two control components (Cause A and B). The

14 The rate-based scheme requires a decision on the time bin configuration. The bins should be fine enough
to satisfy that a cause should happen in a time bin before the time bins capturing most of its effects. Here
we used 1 second for Gong and Bramley (2023), Gong et al. (2023), Lagnado and Sloman (2006) and
Lagnado and Speekenbrink (2010) and 1 day for Gong and Bramley (2024) and Greville and Buehner
(2007). Both choices can be regarded as natural. We used 300 milliseconds for Bramley, Gerstenberg,
Mayrhofer et al. (2018)) given that more coarse choices would compromise the accuracy.
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Figure 10

Aggregated results for siz datasets. A temperature parameter of 15 was applied to Lagnado
and Speekenbrink (2010) for visualization. Only one of the lures was reported in the
original paper, presuming that the other lure could be calculated given the constraint in

comparative ratings (LureB = 100 - Cause - LureA). Horizontal dashed lines in Gong and
Bramley and Gong et al. indicate the chance-level performance. Ratings in
Greville and Buehner are reversed so that they are aligned with Gong and Bramley
where positive numbers indicated harmful influence and negative numbers indicated
beneficial influence. The shading corresponds to the percentage of link selection in Lagnado
and Sloman ; only links endorsed by more than 8 out of 24 participants or more than
50% chance by the models (after a softmax fitting) are shown, the occurrence orders were
A-B-D-C, A-D-C-B, and A-B-CD (with the latter two occurring simultaneously) in
Condition 2-4, respectively.
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relationships between each control component and the target component could be
generative, non-causal, or preventative, resulting in 9 possible causal structures (see
Figure E[) A generative cause event would always produce an effect event after a gamma
distributed delay of 1.54+0.5 s. A preventative cause event would cancel any upcoming
effect events during a subsequent gamma distributed prevention window of 3£0.5 s. The
effect component could also activate spontaneously. Participants were randomly assigned
to the regular base rate or the irregular base rate condition. Each base rate event occurred
semi-periodically, with gamma distributed 540.5 s delays after the previous one in the
regular condition, or unpredictably with exponentially distributed 545 s in the irregular
condition. Participants watched the device being intervened on by an artificial agent for a
total duration of 20 s during which there would always be three interventions on A and

three on B.

In the experiment we model here, participants were given video training to
experience the delay parameters mentioned above. They were also explicitly told about the
mean of the delays in the instruction. Therefore, we make the matching assumption that
the model is also aware of these parameters. Specifically, for generative causes, we set
w. = 1 (and \; = 1 for the rate-based model), the generative delay p = 1.5 and 0% = 0.25.
Regarding the base rate, we assume a mean of j, = 5 (and \g = 1/5 for the rate-based

model).

In the case of preventative causes, the event-based scheme assumes the duration of
preventative windows follow a gamma distribution with a mean of 3 and a variance of 0.25
(Figure [L1h). All events occurring within a prevention window are assumed to be canceled.
The rate-based scheme models the dynamics of preventative influence. It should be noted
that the actual preventative mechanism employed here does not involve an incubation or
decay process. Rather, the preventative window stays at its maximum level, effectively
canceling all effects, for a certain duration. As such, under the rate-based scheme we

accommodate this mechanism by modeling the preventative causal influence using the
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gamma cumulative density function, as illustrated in Figure [11p, and assuming a maximum

level denoted as & = 1.

The task instructions in Gong and Bramley (2023) imply three mechanistic features
of the scenario that can be implemented in the event-based scheme but less easily under the
rate-based. Firstly, a single generative cause event only produced one additional occurrence
of the effect component, which is consistent with the setup of the earthquake experiment
(Lagnado & Speekenbrink, [2010) described earlier. Secondly, in the regular condition, the
base rate events occurred semi-periodically. Therefore, instead of utilizing a memoryless
exponential distribution, the event-based model can employ a gamma distribution (with a
mean of 5 and a variance of 0.25), to model the semi-predictable delay between consecutive
base rate events. In contrast, since the rate-based model does not differentiate between
effects generated by base rate events or generative causes, it is unable to leverage the
regularity of the base rate and thus treats the regular and irregular conditions in the same
manner. The third rule pertains to the preventative window. In the generative process, it
was the case that within a fixed preventative window, all expected effects would be
canceled, while any expected effects after the window would remain unaffected.
Consequently, the size of the true preventative window has to be smaller than the interval
between a preventative cause event and its nearest subsequent effect event £’. The absence
of an effect expected to occur after this £’ can no longer be attributed to the preventative
causal influence. On the other hand, the rate-based model represents prevention as a

probabilistic influence, defining a soft window rather than a strict, deterministic one.

As shown in Figure [10b, aggregately the event-based scheme has higher accuracy
compared to the rate-based scheme in identifying the causal models in Gong and Bramley
(2023). It also shows a similar pattern of performing better in the regular condition
compared to the irregular condition, which aligns with human performance. In contrast,
the rate-based scheme demonstrates a slight tendency to perform better in the irregular

condition, potentially attributable to the alignment of the base rate mechanism with the
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model’s assumptions.

For this and the subsequent datasets, we measured two types of correlation between
model judgments (the posterior probability of each answer) and human judgments (the
proportion of participants providing each answer). The first type is the Pearson
correlation, which incorporates a softmax parameter to account for the stochastic nature of
judgments (Luce, 1959)@ We used a single parameter that we fit across all conditions for
each dataset. The second type is the Spearman correlation, which assesses the ranking
agreement between human and model judgments. This provides insight into how well the
model captures the human dataset without introducing an additional free parameter. The
results are depicted in Figure and [I3h. Both the event-based and rate-based schemes
successfully captured human judgments, regardless of whether the conditions were regular
or irregular. The event-based model demonstrated slightly superior correlations compared
to the rate-based schemes, suggesting that participants may have taken into account at
least some of the particular mechanistic constraints discussed above, during their reasoning
process.

We demonstrate here that people’s judgments reflect rational considerations.
However, this does not mean the rational equations provide a good process-level account of
how people make these judgments. It is plausible that people relied on other algorithms to
approximate the rational solution. Gong and Bramley (2023) explored the types of
approximation algorithms people may use to choose among nine causal hypotheses after
observing a more-than-countable number of events short observation period. They found
that a summary-statistics approach, based on structurally local computation using

temporally local evidence, provided a better fit to participants’ judgments than the

15 The softmax parameter 6 was used to maximize the log-likelihood between models’ and participants’
choices in Gong and Bramley (2023]), Gong et al. (2023) and Lagnado and Sloman (2006), where
participants’ answers were binary about whether each causal connection existed or not. The parameter was
used to maximize the linear correlation based on a non-linear transformation y = sign(z)|z|? in Bramley,
Gerstenberg, Mayrhofer et al. (2018]), Gong and Bramley (2024) and Greville and Buehner (2007) where
participants provided continuous ratings for how likely each connection existed or how strong each causal
strength was.
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a) Preventative Window Length b) Preventative Influence
0.8 1.00
2
? 0.6 % 0.75
[%) Q
S o
8 a
204 L 050
z s
g =}
S E
a 0.2 O 0.25
|
-
0.0 0.00
0 1 2 3 4 5 0 1 2 3 4 5
Time (second) Time (second)

Figure 11

The preventative windows and preventative influences used to model Gong and Bramley
(2023). a) The event-based scheme assumes the length of each preventative window is
sampled from a gamma density function. b) To approzimate this within the assumptions of
the rate-based scheme, we assume the probability of prevention (what proportion of the
effects will be prevented) is an inverse cumulative gamma function, reflecting a decreasing
preventative influence over time.

normative model. Readers interested in further details are referred to Gong and Bramley
(2023)). We further discuss process-level models as the future steps in the General

Discussion.
Continuous, effect unspecified

Gong et al. (2023)). When the effect variables are left unspecified, the number of
potential causal structures increases quickly in the number of relata. Even when
considering only generative relationships, there are four possible relationships between two
variables: one-directional, reverse one-directional, bidirectional, and unconnected.
Consequently, for three variables, there are 64 potential structures, and for four variables,
there are 4096 potential structures (refer to Figure[J). Gong et al. (2023)) investigated how
individuals learn about causal structures drawn from the large 3- and 4-variable hypothesis
spaces by actively intervening in a causal system.

Although this is an active learning task, we use this model to analyze participants’
judgment patterns rather than their intervention patterns. The rational framework we
present here is an inference model, so it makes no distinction between learning from one’s

own interventions and learning from another person’s interventions (these distinctions
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Figure 12

Pearson correlations between model and human judgments. Y-axes indicate the proportion
of human judgments in Gong and Bramley , Gong et al. , and Lagnado and
Sloman . Error bars indicate 95% confidence intervals of human judgments in the
dataset whenever the raw data are available. Fach individual point is the averaged response
for a particular stimulus.

could be probed with a process-level model; Markant & Gureckis, . To further
develop a rational account for how a learner should intervene to learn more effectively and
efficiently, we need to combine the current inference model with preposterior calculations
using information gain measures from information theory. Although this problem is beyond
the scope of this paper, readers are further referred to Gong et al. which makes and

tests proposals as to if and how people do this in continuous-time contexts.

In the Gong et al. (2023)) experiment, half of the ground truth structures contained
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a cycle and half did not. Delay regularity was manipulated between participants. In each
causal system, for causally related components, an activated component would
probabilistically trigger the activation of each of its effect components once after a delay of
1.5+0.1 s in the regular condition, or after a delay of 1.5+0.7 s in the irregular condition.
All causal connections worked 90% of the time, and none of the components activated
spontaneously (i.e., there were no base rate activations). Participants were provided with
six opportunities to activate a component in the system during a 45-second interval.
Considering the possible numerous connections and the cyclic structures, the number of
events recorded in this dataset was also significantly higher compared to the

aforementioned Gong and Bramley (2023).

Participants in the study were pre-trained about the causal parameters with a
similar procedure as in Gong and Bramley (2023), and we hence assume that models also
know these parameters: w, = 0.9 (and A\; = 0.9 for the rate-based model), p = 1.5, and
0% = 0.01 or 0? = 0.49 depending on the specific regular or irregular condition. No base

rate was assumed by either model.

Human results showed a main effect of the structure cyclicity but no main effect of
the delay regularity, probably due to that the difference between regular and irregular
settings was not pronounced enough (Gong et al., 2023). Therefore, we here focus on the
results based on the cyclicity factor alone. In contrast to humans who performed better in
the acyclic condition than the cyclic condition, the event-based model demonstrates better
performance in the cyclic condition compared to the acyclic condition (Figure ) This
reflects the fact that the event-based model is able to leverage the larger amount of event
information available in the cyclic structures via the one-effect per cause mechanistic
constraint (Gong et al., 2023). Conversely, the rate-based model does not demonstrate the
same tendency. Due to not enumerating actual causation pathways, this model fails to
leverage the information available in abundance of cyclic events as effectively as the

event-based model does.



1006

1007

1008

1009

1010

1011

1012

1013

1014

1015

1016

1017

1018

1019

1020

1021

1022

1023

1024

1025

1026

1027

1028

1029

1030

1031

1032

RATIONAL CAUSAL INDUCTION FROM TIME 52

In terms of both correlation measurements, the event-based model demonstrates
better performance in capturing human judgments in acyclic structures, while the
rate-based model performs better in capturing human judgments in cyclic structures (see
Figure and ) This may suggest that as the number of events increases, the exact
enumeration computations become infeasible for people, necessitating the relaxation of the
one-cause—one-effect constraint within the event scheme to enable more efficient
approximations. The rate-based model’s capability to capture human cyclic judgments
highlights its ability to deal gracefully with larger number of events, providing a not perfect

but more efficient approach in such scenarios.

Once again, the analysis here demonstrated participants’ rational thinking in
solving the online causal structure learning problem, but this does not imply that
participants can perform exactly as the rational models do. As shown in Figure [10,
participants’ accuracy was lower than that of the models, and their accuracy decreased
with the increasing number of events (Gong et al., 2023). This suggests that they may not
be able to store and utilize the temporal information of all observed events as effectively as

the rational framework.
Episodic, effect specified

Greville and Buehner (2007). We refer to “episodic evidence” as evidence
gathered from multiple independent causal systems of the same type, where each sample
has its own timeline. Episodic evidence can be seen as a combination of contingency and
temporal information (Greville & Buehner, 2007). It involves the observation of multiple
independent individuals, but with each observation lasting over a specific time period
(Figure ) Research on episodic evidence often focuses on cases in which each type of
event occurs at most once within the observed period (Bramley, Gerstenberg, Mayrhofer
et al., 2018, Gong & Bramley, 2024; Greville & Buehner, |2007; Lagnado & Sloman, 2006)).
This means that the evidence within each individual’s experience may not be very

informative. However, by considering multiple cases, the reasoner can compensate for the
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Figure 13

Spearman correlations between model and human judgments. Axes are the ranks of

Judgments.

limited information within each instance and make more informed conclusions about their

common causal structure.

In Greville and Buehner (2007)), participants were asked to examine the influence of

a ray treatment on the survival of bacterial cultures. Bacterial cultures were randomly

assigned to the experimental group, which received a ray treatment at Day 0, or the

control group, which did not receive any treatment. Each group consisted of 40 samples.

Bacterial cultures were observed from Day 1 to Day 5. The number of new deaths

occurring each day was recorded.ﬁ Participants were asked to rate whether they perceived

16 The data were displayed as tabular records indicating whether each culture was still alive or not in
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Figure 14

Short-delay and long-delay priors regarding the timing of when the cause will take effect on
average (Gong & Bramley, 2024; Greville & Buehner, 2007). The parameter p is sampled
from different prior distributions to form different causal influence functions.

the treatment as harmful or beneficial based on the observed outcomes in both the
experimental and control conditions. The control condition always demonstrated a
relatively constant death rate over time (e.g., 8, 8, 8, 8, 8), while the daily death rate in the
experimental condition was manipulated to exhibit either a decreasing or an increasing
trend. Results showed, after controlling for the total number of deaths over the 5-day
period, participants judged the treatment as more harmful if there were more deaths right
after the treatment (a decreasing trend; e.g., 16, 12, 8, 4, 0), and more beneficial if there
were more deaths towards the end of the observation period (an increasing trend; e.g., 0, 4,
8, 12, 16). As such, this study demonstrated that people not only care about the overall
contingency data summarized from the entire observation period but also the detailed

temporal dynamics (at a day-to-day level here).

Greville and Buehner (2007)), and as summarized counts of how many cultures died each day in the later
Gong and Bramley (2024). Given that the results of Gong and Bramley (2024)) replicated the same
“finished” condition as in Greville and Buehner (2007)), we do not discuss the potential influence of formats
here.
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Gong and Bramley (2024]). While agreeing on the impact of temporal dynamics
on judgments, Gong and Bramley (2024) proposed that some settings could produce a
different pattern than the traditional notion of contiguity (Greville & Buehner, 2007). In
this task, if in some conditions learners tended to assume that the causal process may be
ongoing, an increasing trend might signal that the treatment will ultimately prove harmful.
Gong and Bramley (2024) presented participants with more such ambiguous data, where a
majority of the forty samples were still alive on Day 5 (e,g,. 0, 1, 1, 3, 5 in the
experimental condition and 1, 3, 2, 2, 2 in the control condition). Participants in the
“Unfinished” condition were informed that the observation had not yet concluded, while
participants in the “Finished” condition were told that the observation had finished (as in
Greville & Buehner, [2007). Results in the Finished condition replicated Greville and
Buehner (2007). However, in the Unfinished condition, participants interpreted an
increasing trend in deaths as indicative of harm caused by the treatment, and a decreasing

trend as indicative of benefit (see Figure [L0g).

These findings highlight the influence of instructional cues on participants’ inductive
biases and how they interpret the observed data. To model the human judgments, we here
assume that instructions tend to influence the learner’s prior expectation about causal
delays as well the use of data. As shown in Figure [I4] if participants are informed that the
experiment ends at Day 5, they may tend to form a prior belief that the relevant causal
influences are expected to occur within 5 days. When participants were led to believe that
the observation had not finished, they anticipated the possibility of longer causal delays.
Here we assume that, for the Finished instruction (Gong & Bramley, 2024; Greville &
Buehner, 2007), the causal delay (or the expected time of the influential function in the
rate-based context) yu is sampled from a gamma distribution with mean of 3 (days) and a
variance of 6. For the Unfinished instruction (Gong & Bramley, [2024), 1 is sampled from a
gamma distribution with mean of 6 (days) and a variance of 6. While a range of values

might be reasonable, we chose these because range of 0 to 5 would cover most of the
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sampled p under the Finished instruction (83%) while covering only a minority of the

sampled g under the Unfinished instruction (38%, Figure .

The observed death of each bacteria culture in Greville and Buehner (2007) and
Gong and Bramley (2024) could result from either the treatment or natural death (i.e., the
base rate). Given that the cultures which died out in the same day were not
distinguishable from each other, we here focus on the rate-based scheme and consolidate
the data as shown in Figure [de. Since the data were collapsed, the rate of how many events
happened per day depends on the total sample size (i.e., forty in both studies). We assume
that participants selected between the “harmful” and “beneficial” options by comparing the
likelihood between a generative structure and a preventative structure (see Figure E[) To
model the data, we set A\g ~ U(0,40), A; ~ U(0,40) since there were at most forty cases in
each group. We set £ ~ U(0, 1) for the max level of preventative influence (i.e., the

beneficial influence). Similar to previous datasets, we set the variance o ~ U(0, u?).

The aggregated results are shown in Figure and [I0k. Participants’ inclinations
in Greville and Buehner (2007) and Gong and Bramley (2024)) were captured by the model.
Under the Finished instruction (Gong & Bramley, 2024; Greville & Buehner, 2007)),
participants and the model both treated decreasing trends as more harmful than increasing
trends, lining up with the contiguity-driven explanation. Under the Unfinished instruction
(Gong & Bramley, 2024)), participants and the model both treated increasing trends as
more harmful than decreasing trends, lining up with the sensitivity to trends. Nevertheless,
the model was less likely to demonstrate a cause as absolutely harmful (i.e., giving a rating
above 0). This could be due to the fact that Gong and Bramley (2024) handcrafted the
stimuli, where only a small number of bacterial cultures out of the sample (n=40) died
during the observation, and the overall death rates were similar between the experimental
and control groups (e.g., 3, 4, 2, 1, 0 in the experimental group and 2, 2, 1, 2, 3 in the
control group). An ideal learner would expect the experimental condition to still exhibit a

higher death rate towards the end of the observation if they were to claim a cause as an
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a) Greville & Buehner, 2007 b) Gong & Bramley, 2024
Rate-based Rate-based Rate-based Rate-based
0 r=.94 p=.97

a0l @ - Tt o e - 000000000 T
2 0 2 5 10 15 -4 3 2 -
Model Model Model Model

Figure 15
Pearson (r) and Spearman (p) correlations between model and human jugdments in
Greville and Buehner (2007) and Gong and Bramley (2024). Error bars indicate 95%

confidence intervals of human judgments in Gong and Bramley (2024).

absolute harm. Participants’ deviations from this prediction could have several
explanations. One speculation is that they did not simply represent harm as generative
(causative of death) and benefit as preventative, like the model. They may assess whether
a treatment is good or bad by also considering whether it advances or delays death, which
is a sensible interpretation, but falls outside the scope of our current model. We will return

to this point as a future direction in the General Discussion.

The trial-level results are shown in Figure [15| The rate-based model achieved a
good fit with human judgments at the trial level in Greville and Buehner (2007) and Gong

and Bramley (2024)).
Episodic, effect unspecified

The final category we consider here is episodic evidence where the effect variable is
unspecified (i.e., accepting a wider range of hypothetical structures rather than focusing on
specifying one variable as the effect and finding its causes; Figure E[) The two datasets we
consider here both involve scenarios where each kind of event can only happen once in each

episode.

Lagnado and Sloman (2006)). In Lagnado and Sloman (2006)), participants were
asked to imagine a situation in which a computer virus can spread through a network and
told that the time at which a computer revealed its infection could occur after a variable

delay, so later than the time at which the computer became infected. Participants were
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told that each connection, if it existed, would spread the virus 80% of the time, and the
virus could not reach a computer unless it had been sent from another (e.g., no
spontaneous base rate infections would occur). Participants watched 100 clips, each
showing an event sequence in which the virus appeared in different computers, and were
asked to judge the existence of various potential causal links (i.e., directed network
connections) in the system (see Figure [J).

The experiment included four conditions (in Condition 1 all events happened
simultaneously so won’t be modeled here), but the underlying ground truth structure was
consistently: A was the cause of B, and B was the common cause of C' and D. This meant
that in each condition, computers C' or D would never become infected without computer
B being infected. Since the actual infection time was varied and unknown, the presumed
rational solution is to rely on the conditional probability. However, the timing of virus
appearance in each computer could be misleading. For example, in Condition 3 where 50%
of trials followed the order of A — D — C' — B, participants tended to judge the links
A— D, D — C, and C — B were more likely to exist than other links (see Figure [L0f).
Their answers cannot explain the other 50% of trials when only AB, ABC or ABD
happened. This suggests that people’s reliance on temporal information is so strong that it
could not, in this case, be overshadowed by the contingency information. As such, in order
to capture human judgments, what we will model here is not the objective rational
solution, but the rational solution having disregarded the instruction that the temporal
information is irrelevant [”]

There was a one-second delay between events in subsequent time steps (t1, ta, t3, t4;
see Table 2 in Lagnado & Sloman, 2006). As such, each trial lasted 4 s. We model the
dataset using the parameters w, = 0.8 (and A\; = 0.8 for the rate-based model) as in the

instruction, pu ~ U(0,10), o ~ U(0, 4?). The base rate is assumed to be zero. In this

I7 Note that after personal contact, we learned that the condition-by-condition human judgments
published in Table 3 of Lagnado and Sloman (2006) were incorrect. Readers may refer to p.188 in Pacer
(2016) or the GitHub repository of this paper for the corrected table.
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dataset, the main difference between event-based and rate-based schemes is that the former
address the rule that an event can only occur once for a specific equipment, which is
consistent with the experimental design. Consequently, the event-based scheme
outperforms the rate-based scheme in accurately capturing human judgments, as shown in
Figure and Figure [[3k. Both models capture the aggregated human judgment patterns,
as shown in Figure [10f. This includes the Condition 3 mentioned above, despite the fact
that the models also tend to add A — B and A — C' links which can help rationally
account for the trials when B and C happened without D. Our framework demonstrates
an ability to explain the phenomenon that temporal information can outweigh contingency

information in human causal judgments.

Bramley, Gerstenberg, Mayrhofer et al. (2018). Bramley, Gerstenberg,
Mayrhofer et al. (2018]) tested whether people can differentiate between two causal
structures, chain and fork (see Figure E[), solely using delay information. Each trial
consisted of 12 episodes, wherein events always occurred in the order A — B — C. However,
there were variations in the delay variances between structures. In the chain structure
(A — B — (), the delay variance between B and C' was small, whereas the variance
between A and C was large, as it encompassed the variability across both causal
connections. Conversely, in the fork structure (B <— A — ('), the delay variance between A
and C was small, while the variance between B and C' was large, as there was no direct
causal link between the two variables. Participants were asked to judge by distributing 100

percentage points across the two structures.

In contrast to previous datasets, we used the “independent delay” parameterization,
as described in the original paper (Bramley, Gerstenberg, Mayrhofer et al., 2018)), which
allowed for there to be distinct delay distributions between different links in the causal
structure. This means that to choose between chain and fork, we only need to model the
delays between B and C' in the chain hypothesis and the delays between A and C' in the

fork hypothesis (since both hypotheses share the A — B connection). Each episode lasted
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3's. We assume w, = 1 (and A\; = 1 for the rate-based model), u ~ U(0,10), 02 ~ U(0, u?),
and no base rate.

Results are shown in Figure and [13[d. Both models captured the general pattern
of human judgments. The rate-based model demonstrated a better fit to human judgment
compared to the event-based model. The event-based model showed a overall bias towards
chains (judging all chain devices as chains and also judging some forks structures as
chains). This is as expected and is due to the fact that A — C delays (calculated under the
fork hypothesis) were always longer than the B — C' delays (calculated under the chain
hypothesis) in the stimuli. As a result, the ceteris paribus preference for the chain
structure can be interpreted as an example of favoring the relatively shorter delay. In
contrast, from the same evidence, the rate-based scheme, which assumes macro causal
dynamic changes, has a greater tolerance for delays of causal influence than the
event-based scheme. Participants may also have reasoned pragmatically that around half of
the ground truths would be fork structures and so shifted their response threshold to favor
the fork response more than the evidence supported.

We note here that the computational cost of the rate-based model is not always
lower than that of the event-based model. In the case of this dataset, the rate-based model
may actually be more computationally demanding depending on the granularity of the
time bins it uses. Conversely, the event-based model benefits from the fact that each type
of event occurs only once in each episode, resulting in a small number of causal pathways

to consider within each hypothesis.
General Discussion

In this paper, we developed a rational framework for the use of temporal
information in causal inference. The framework leverages stochastic processes from the
Poisson-Gamma family to model the (in)dependencies between events in time and drive
selection and parametrization of causal structure hypotheses. To achieve this, we extended

the causal graphical model formalism to incorporate likelihood functions for temporal
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dynamics, before inverting these likelihoods to derive structural conclusions from evidence.
We show how this general approach uncovers the underlying causal structure in all manner
of complex continuous-time datasets. The framework is applicable to a wide range of
temporal causal learning, associative and operant learning tasks, including scenarios where
evidence comes in a long continuous timeline or from many shorter independent timelines,
or when the causes can produce either one specific effect event or multiple effect events. As
we demonstrate in modeling existing datasets, the framework accommodates variations
such as the size of the hypothesis space, the involvement of background activity,
preventative connections, cyclic dynamics, and whatever other information learners have
about relevant causal delay distributions. To our knowledge, this is the first general
computational framework for learning causal structure from events unfolding in continuous

time.

The framework anticipates three intuitions that have been frequently observed in
human learning: causal attributions are, in general, stronger to the extent that the delays
between a putative cause and effect tend to be shorter, more consistent, and more in line
with preexisting mechanistic expectations. We demonstrate the rationale behind these
intuitions falls directly out of the Bayesian framework, explaining why it makes sense for
them to coexist and why a preference may fail to manifest itself under certain
circumstances. Additionally, we demonstrate that the framework helps explain behavioral
patterns across a range of learning tasks from the last 20 years. We find a high degree of
consistency between judgments derived from the rational framework and the aggregate
behavior of human participants. These analyses suggest that people are not only capable of
utilizing temporal information in diverse causal learning situations, but also that they do
so in systematic, predictable, and approximately rational ways. By providing a unified
computational framework, we are finally able to consolidate empirical studies spanning
many different tasks and better clarify these tasks’ relationship with widely studied

associative and reinforcement settings. This model offers a design space for locating
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different tasks within the temporal causal learning field and provides guidelines for further
investigation of causal cognition (Almaatouq et al., [2022).

In the remainder of the paper, we compare our model with previous temporal
associative learning models, discuss why we think the pluralistic “dual-aspect” view we
present here makes sense for describing human temporal causal learning, consider the
relationship between continuous and discrete value representations, and lay out several

future research directions.
A comparison to temporal associative learning models

We are not the first to point out the limitations of framing learning around
trial-based contingencies, and consider how inferences operate on continuous-time data
directly. This issue has been discussed in detail in the associative and animal learning
literature. In particular, Gallistel and colleagues (Gallistel, 2021; Gallistel et al., 2014,
2019; Gallistel & Gibbon, 2000; Gallistel & Wilkes, 2016|) argue that the way in which time
is segmented into trials for analysis, as well as the duration considered as a single trial, can
dramatically alter the predictions from contingency-based associative learning models; if
researchers’ choices depart from whatever intuitive structure and discretizations their
subjects make in understanding their tasks, their models are doomed to lack the
representational expressivity needed to capture their subjects’ learning processes. Like us,
Gallistel et al. propose that learning depends on the rate at which the effect occurs after a
cause, or operant behavior, takes place (Gallistel, 2021; Gallistel & Gibbon, 2000; Rescorla,
1968). They further point out that temporal associative learning is not just determined by
the frequency of temporal pairings (i.e., how often a presumed effect follows its presumed
cause); it must also be sensitive to how often the effect occurs spontaneously without the
cause’s occurrence.

In their detailed experimental analyses, Gallistel et al. focus at the process-level on
the pairwise attribution problem. For instance, Gallistel and Gibbon (2000)) show that a

response behavior is triggered when the ratio of rates with or without a stimulus exceeds a
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certain threshold. Gershman (2024) later suggest that a Rescorla-Wagner framework can
be used to update the weights of different associative causes, by shifting from predictions
about the presence or absence of effects to predictions about fluctuations in the rate of
effects. Gallistel et al. (2014)) also demonstrate that association strength depends on how
much additional predictive information a presumed cause provides about its presumed
effect, having accounted for the effect’s base rate (Gallistel et al., 2014, |2019; Gallistel &
Wilkes, [2016). In this more recent treatment, the casual inference no longer relies on
detecting a rate change but instead on contrasting the random-timepoint — next-reward
delay distribution against a cue — next-reward delay distribution, and using the entropy

reduction between these distributions as a causal index.

There are obvious connections between Gallistel et al’s theoretical ideas and ours:
both embrace rate representations and contrast causal against baseline effect patterns.
Their models, like our Bayesian approach, predict the phenomenon of time-scale invariance,
because the associative strength depends only on the relative, not absolute rates or delays
in situations with or without the cause (Gallistel et al., 2019; Gershman, 2024; Rescorla,
1968)). However, apart from time-scale invariance, it is unclear whether an associative
model can explain why learners favor causal explanations that posit causal delay durations

which are relatively shorter, more in line with prior expectations, and more regularly timed.

One feature that differed across the experimental datasets was whether the effect
was pre-specified. When the effect is specified, the task is to identify the true (positive or
negative) causes of this effect (Gong & Bramley, 2023, 2024; Greville & Buehner, 2007}
Lagnado & Speekenbrink, 2010)). This is similar to the credit assignment problem in
associative (or reinforcement) learning, where learners credit conditional stimuli (or
interventions) for a particular unconditional stimulus (or a kind of reward). Temporal
associative learning models can potentially provide predictions in these tasks. The
advantage of the Bayesian framework is that it applies equally to the open-ended

“structure learning” tasks, prototypical in the causal cognition literature, where nothing is
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a priori specified as a cause or an effect. These scenarios require more global reasoning (as
well as interventional data) to solve reliably and the Bayesian framework helps clarify the
circumstances where locally focused heuristics are or are not sufficient to arrive at the right

global model (Bramley, Dayan et al., 2017; Fernbach & Sloman, 2009).

Another characteristic of the Bayesian account is its flexibility to deal with varied
temporal dynamics. What it actually compares here is how well different causal
explanations fit. This can include explanations making different assumptions about
functional form as well as about structure. For instance, current temporal associative
learning models implicitly assume that if a cause produces multiple effects, it will produce
them at a constant rate during an effective time window with hard onset and offset
boundaries (Gallistel et al., 2019; Gallistel & Gibbon, [2000; Gallistel & Wilkes, 2016)). In
contrast, we illustrate in this paper how the Bayesian approach can handle whatever
hypotheses are articulated. For example, we modeled a case where changes in the effect’s
rate followed a latent, peak, and decay process continuously, but could contrast this with a
uniform generation window or any other mechanistic hypothesis. Through the event-based
scheme, it also allows for the incorporation of other mechanistic constraints, such as the
case where a cause can generate only one effect, or the possibility that the where baseline
effects are not unpredictable, but periodic. In such a situation where the base rate itself is
a moving target, it is unclear whether a simple entropy reduction index (Gallistel et al.,
2014} 2019) would provide a generalizable index of the power or strength of causal or

relationship (cf. Cheng, 1997)).

Note that all advantages we mention pertain to the flexibility of the model space
that Bayesian inference is defined over. This is wholly compatible with the idea that at the
process level, we rely on the mechanisms of pairwise association or reinforcement among
other pragmatic, resource sensitive heuristics and approximations. Nevertheless, we hope
this rational analysis is useful for mapping out the space of continuous-time learning

problems including those classically used in associative learning tasks.
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A pluralistic view

We presented two schemes, event-based and rate-based, in parallel throughout this
paper but introduced both as manifestations of a broader Poisson-Gamma framework for
conceptualizing interevent dynamics. The existence of a pluralistic view is not a new
concept in the field of causal cognition. For instance, in research on token-level causal
attribution, where individuals are asked to make judgments regarding what was responsible
for particular event rather than causative of a class of events in general (Halpern, 2016)),
researchers have debated the relative importance of covariation versus process (Gerstenberg
et al., 2021} Lombrozo, 2010; Sloman, 2005; Wolff, 2007)). The question arises whether
people prioritize imagining how the outcome would have changed if the cause had been
different (Icard et al., [2017; Sloman, [2005)), or if they focus more on determining if there
was a genuine physical exchange between the cause and effect (Talmy, |1988; Wolff, 2007).
Instead of relying on a single level of abstraction, people are pluralist, considering both the
occurrence of the outcome and the manner in which it occurred (Gerstenberg et al., [2021)).
This paper focuses on a type-level causal learning rather than token-level causal
attribution, meaning we can benchmark the quality of a judgment against the true causal
generative model that they are learning about. We next give two reasons why a pluralistic
perspective is also important in the domain of type-level causation, especially when it

comes to temporal evidence based learning.
Mechanistic concerns

Causal structure learning can be driven by different types of evidence at different
levels of abstraction. As we orient away from highly abstracted atemporal contingencies
toward “raw” spatiotemporal dynamics, the richness of the data increases. Atemporal
evidence discards a lot of information by discretizing into finite sets of categories and time
points(Allan, [1980; Cheng, |1997; Griffiths & Tenenbaum, 2005; Perales & Shanks, 2007).
For instance, researchers examined causal inference from continuous spatiotemporal

evidence when asking individuals to make causal inferences about objects in 2D physical
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scenes where it is unlikely that participants will ever see exactly the same thing happen
twice (Bass et al., 2021; Bramley, Gerstenberg, Tenenbaum et al., [2018; Ludwin-Peery

et al., 2021} Ullman et al., [2018). Due to the high dimensionality of the clips used in these
studies, it is crucial to leverage one’s pre-existing mechanistic theory (e.g., a familiarity
with everyday intuitive physical dynamics) to discover latent causal features such as

objects’ masses or force relations within the space of a short observation.

We argue that temporal evidence shares characteristics with both atemporal and
spatiotemporal evidence. Like atemporal data, temporal evidence permits some
discretization and aggregation, as effect events may occur multiple times without the
necessity of having individual identifications (e.g., the bacteria culture example in
Figure [Ip; Gong & Bramley, [2024; Greville & Buehner, 2007} Griffiths & Tenenbaum,
2005; Pacer & Griffiths, 2012)). This allows for type-level reasoning, about how the rate of
effect occurrence changes after a putative cause occurs (i.e., the rate-based scheme). At the
same time, temporal information also invites token-level reasoning. When one cause
produces a very limited number of effect events (e.g., only one per component), the precise
delays between each cause and effect and the prior expectations about causal and
non-causal delays becomes important. Type-level causal conclusions will arise from the
detailed inference about which specific occurrence of a cause was responsible for this
specific occurrence of the effect (i.e., the event-based scheme). As such, the general
Bayesian inference framework allows us to express whatever mechanistic or ontological

commitments we believe capture a particular causal inference domain.
Computational cost concerns

Continuous time allows for precise temporal information, with each event having its
unique time point and relationship with all other events. Events of different classes are
often intermingled, and events of the same class may occur many times within the same
observation. However, this precision and combinatorial credit assignment issue poses

computational challenges and becomes infeasible when there are many events under
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consideration. Strictly, observing a causal system in continuous time with uncertainty
about the true causal delays, any event could theoretically be the result of any event that
happened in the past. As a real-world example there are diseases, such as the bovine
variant of Creutzfeldt-Jakob disease, that have very long incubation periods. The cause of
a disease onset could be traced back to something eaten 15 years ago (Valleron et al.,
2001)), but so many candidate events will occur within this period that it is impossible to
consider them all. As such, a real cognizer should take seriously the trade-off between
cost-of-computation and accuracy when reasoning about causal structure in their
environment. The event-based and rate-based schemes we present here provide two levels
at which one can process the same evidence, with the former generally more costly in its
analysis of the micro-level delay details and the other a more abstracted and efficient way
to capture the macro-level rate changes. By considering both approaches, a learner could
flexibly choose or learn to represent a domain in a way that is sufficient and practical for
their purposes. A rate-based scheme is especially useful when dealing with a large number
of effects where it usually requires less computation. However, determining the appropriate
granularity for rate calculation introduces another cost-benefit trade off that needs to be

explored.
Abstraction and reduction: Moving between levels

We have focused on learning from events in continuous time, whereas other studies
have examined causal learning from interactions with or observations of continuous valued
variables varying in continuous time (Btesh et al., [in press; Davis et al., [2020; Rehder
et al., 2022; Soo & Rottman, 2018; Zhang & Rottman, 2023)). Rather than viewing these as
completely separate tasks, we think it is more fruitful to think of continuous and eventive
representations as complementary ways of modeling and explaining causal phenomena. To
illustrate this, consider the predator—prey relationship, such as that between lynx and
hares. At a low level, we might model individual events such as a individual lynx catching

and eating an individual hare. Abstracting this to a higher level, we might analyze how
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populations of lynx and hares change over time, based on their populations, or similarly on
their fluctuating birth and predation rates. At a higher level, we can investigate how each
species experiences cyclic patterns of population-scale events and shocks such as “bloom”
and “collapse”, and analyze the progression of these an event representation again. By
abstracting upwards or unpacking downwards, it seems that a flexible reasoner can cycle
unboundedly between representations in terms of continuous values and those in terms of
discretized events with the more appropriate choice determined by its utility in guiding

action rather than adherence to metaphysical reality.

Importantly, it is not necessary to limit causal reasoning to the level natively
provided by the data. When modeling data from Gong et al. (2023)), we showed that the
rate-based model outperformed the event-based model in capturing human performance in
identifying cyclic structures, although the evidence was actually generated following an
event-based scheme. This kind of abstraction can be boundedly rational. People may
spontaneously abstract to a relatively continuous representation (i.e., the rate) when it
makes computational sense to do so even if this prohibits some subtler mechanistic
considerations. They might also do the reverse. Rehder et al. (2022) model structure
inference in a setting involving continuous variables varying in real time. Their modeling
suggests participants are overwhelmed by the full dynamics and rather abstract these into
a handful macro-scale “events” — essentially treating moments of dramatic increase or
decrease as events and performing token-level causal inference about relationships between
these. Taken together, this all suggests that people have the ability to adopt
computationally sensible representations. The layout of the event-based scheme in this
paper also suggests that, contrary to the common assumption in computer science and
other time-related cognitive models, the representation and operation of temporally
relevant data are not necessarily bound to the discretization of time into bins, which may
lead to inefficiency — representing numerous empty bins where no events occur — or

distortion due to inappropriate bin width, where multiple events per bin reduce temporal
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accuracy and obscure order information. Reasoning from temporal evidence introduces a
different and often more difficult computational challenge compared to the previously
studied atemporal learning setting. As such, it can serve as a useful setting for studying

the mechanisms that guide bounded rationality (Lieder & Griffiths, 2020; Simon, 1982).
Limitations and future directions

In the current paper, we treat events as instantaneous, occupying a single time
point on the timeline. This means that a generative cause will always produce an
observable effect even if that effect occurs close to another effect event. These point event
representations could be seen as simplifications of everyday events that ignore their
duration. Sometimes the duration of everyday events is too long to ignore: wet ground will
stay wet for some time, tanned skin will fade slowly. In these cases, generative events can
easily be overshadowed by already-occurring events (i.e., we might not notice that the
sprinkler system came on because it had also been raining). This results in more complex
causal inference scenarios such as preemption and over-determination (Gerstenberg et al.,
2021; Lombrozo, 2010). These sorts of situations can be handled by extensions to the
Poisson-Gamma framework, especially using event-based scheme, by incorporating the
relevant mechanistic knowledge to the model (cf. Bramley, Gerstenberg, Mayrhofer et al.,
2018)). However, such situations are relatively unexplored in the temporal causal learning
setting. When events have richer internal structure, such as a gradual onset and offset, the
causal learning process becomes entangled with the question of people abstract continuous
input into events. Future research could explore the possibility of integrating causal
considerations with the theory of event segmentation (Altmann & Ekves, 2019) to build a
comprehensive model of how discretized representations arise form continuous inputs.

Causal cognition researchers have used linear regression (Rottman, 2016; Soo &
Rottman, 2018) and the Ornstein—Uhlenbeck (OU) process (Btesh et al., [in press; Davis
et al., [2020; Gong & Bramley, 2022; Rehder et al., [2022; Uhlenbeck & Ornstein, |1930) to

generate continuous-variable, continuous-time dynamics and treated inference within the
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requisite model class as determining the normative solution to learn causal mechanisms.
Although our event-level framework does not extend to continuous variables, linking it to
this setting is a goal for future research. As an initial example, Gong and Bramley (2022))
used the OU process to construct and test human inferences about continuous causal
dynamics influences with a variety of properties. Similar to learning from event sequences,
participants made stronger more confident judgments when the lag between changes to
cause and effect variables’ values was shorter and when the changes were more dramatic.
This finding may suggest that combining the algorithms used in continuous-variable studies
with the current Poisson-Gamma framework can help us better understand how people

infer discrete event structure to explain continuous dynamics.

Although we focus on the role of time in causal reasoning, the causal relationships
we investigate in this paper still align with the primary focus of atemporal causal learning
literature: generation and prevention. In fact, causal relationships can be much richer once
the time dimension is taken into account. For example, a cause can be “zero sum”, in the
sense of merely altering the timing of subsequent effects without affecting their frequency
(Bennett, |1987)). In other words, something might have a large causal effect on something
else, not because it generates or prevents events but instead modifies when those events
occur, by hastening or delaying them, or otherwise influencing their occurrence in time
(Greville et al., |2020)). Hastening and delaying are two relationships that are less studied in
causal literature but extremely common in daily life; for example, we regularly experience
things like transport and logistics delays. This richer space of causal difference-making
could be studied from a signal detection perspective, by examining the conditions under
which people notice when an event has had a causal influence on the occurrence of another,
and when they can recognize what functional form that influence has taken. These kinds of
situations could also be studied from a causal language perspective (Beller & Gerstenberg,
in press; Wolff, |2007). For example, there might be important differences between someone

judging that a poison killed A than that it hastened A’s death. With the temporal
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dimension in play, further research can investigate detection and representation of a

broader range of causal influence patterns both empirically and computationally.

In this paper we showed that participants’ judgments across seen experiments can
be unified under a rational framework. This is just one part of the project of understanding
how people make these judgments. Humans have limited cognitive resources for receiving,
processing, and memorizing information. These constraints significantly impact temporal
causal learning, especially when the time gap between a cause and its effect is long. This
paper focuses on developing the computational-level account, while it is important not to
stop there but to use this to help investigate the process level (Marr, 1982). Some of the
shifting computational demands of causal inference show up as the normative account is
applied to different settings that scale differently in terms of the number of relevant events,
variables and constraints on their potential relationships and functional forms. We might
break process-level investigation into least two aspects. One aspect is understanding how
temporal evidence is processed and compressed under our memory and computational
constraints (Gallistel & Gibbon, 2000; Gong et al., [2023)). The other aspect concerns how
the causal hypothesis space and priors are constructed and searched (Bramley & Xu, 2023;
Buchanan et al., 2010; Gong et al., [2024). This issue of understanding progressive search
over causal hypotheses is especially important in the temporal setting given the strong
now-or-never pressure on online computation relative to self-paced evidence setting. We
hope that future studies can use this rational analysis of temporal causal structure
induction to further explore human learning mechanisms, and how the computations

involved interact with temporal scale (second, hours, days; Willett & Rottman, 2021).

A final point why understanding temporal causal reasoning is vital is that it not
only drives the identification of causal mechanisms among known events but also
determines when and where we direct our attention. For example, we can actively
anticipate and look for events that are as yet unobserved but are predicted by the existence

of our causal theories. This is a critical part of scientific practice: with a good mechanistic
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model researchers can decide when to measure the outcomes of their experiments, such as
when a drug’s influence on a person should be most apparent. Making these choices in a
theory-guided way seems almost as important for causal discovery as the technique of
random-assignment experiments, yet has received far less attention. Future studies should
investigate how scientists and laypeople make observations or conduct experiments that
consider the information measurable from the intermediate processes, as well as from the
final outcome variables. By doing so, we can build a more comprehensive picture of

scientific discovery as well as everyday cognition.
Conclusion

We inhabit a complex environment filled with continuous spatiotemporal causal
dynamics. In order to form a practical causal understanding of this dynamic world, it
seems essential for our minds to process temporal information effectively and efficiently.
Despite fruitful empirical findings regarding how individuals behave in various time-based
causal learning tasks, there is a lack of a unified theoretical framework to integrate
behavioral predictions across all these tasks. In this paper, we present such a rational
framework for causal induction based on the Poisson-Gamma statistical distribution
families. We show how this framework aligns with human causal judgments. The
framework grounds the basic philosophical intuitions about causality, and captures core
qualitative empirical patterns that have long been seen in human learning studies.
Quantitatively, the model is a good fit with human judgments across seven very different
datasets. By laying out this framework, we take a key step towards understanding the
computational task faced by humans and other agents when inducing a model of their
environment. We hope the framework will serve as a benchmark for further investigation of
the cognitive processes involved in generating and adapting causal representations, as well

as how and why these may differ across different domains and timescales.
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Appendix A

Prevention Causation

The event-based scheme

Considering preventative causation generally increases the space of possible
explanations and would hence affect the likelihood calculation for specific actual pathways.
Concretely, for each observed effect e, we must jointly evaluate the probability that (1) it
was caused by its presumed generative cause event g as well as that (2) it was not
prevented by any of the set of presumed preventative cause events p. Hidden (expected but
unobserved) effects also contribute to the likelihood wherever we do not observe an
expected effect of a generative cause. This could be due to (1) the generative cause failing
to produce that effect, (2) that effect being prevented, or (3) that effect not having

occurred yet:

P(z|s;w) = ] wy - Py(te —tyla, B) - (1 — Py(e))
gees Observed effects must have been generated and not prevented (Al)
X H (1—wg)+wg-Pd(th >tmd\oz,6)+wg-Pp(h)
g—hez

Unobserved expected effects must have failed or been prevented, or be still-to-occur

The event-based scheme provides also allows for flexibility in dealing with
preventative causation P,(e) (the probability that e should have been prevented) based on
different mechanisms of prevention. For instance, a preventative cause might block an
effect from occurring at all for a specific time window. Alternatively, it might block the
subsequent N effects from occuring before being “used up”. A preventative cause might
block all effects indiscriminately (e.g., operate on the effect variable), or selectively block
effects from a particular cause (e.g., operate on the edge between two variables; Carroll &

Cheng, 2009; Gerstenberg & Stephan, [2021)).
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The rate-based scheme

When a cause is generative, we expect the rate of its effect to temporarily increase,
whereas we expect preventative causes to temporarily decrease the rate of their effects.

Intuitively, a preventative causal influence can be thought of as defeating some of
the effects that would otherwise have occurred, meaning that it will have a proportional
effect on the rate. As such, we assume preventative causes decrease the effect rate by a
proportion ranging from 0 to a maximum level of £ (0 < £ < 1). A preventative influence
can also follow an incubation-decay process and be represented by a function of time
J(6:1) = € e,

This means preventative causation can be viewed as “thinning” processes that
selectively filter out some effect events with a probability of &'. This contrasts with the
natural way to think of generative causation as “superposition” where more events are
added to the timeline. Combining multiple causes with a base rate of \g, the expected
effect rate f(\,t) at the time unit ¢ can be represented similar to the noisy-OR and

noisy-AND-NOT principles by accounting for superposition and thinning as follows:

FONt) = o+ f(a, 1) TT(1 = £(&5,1)) (A2)

1€g JEP
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Appendix B

Time-scale Invariance Simulation

To demonstrate when the time-scale invariance property applies, we synthesize three
conditions, each with causal delays m, = {10,12,14,16,18}. The “no-match” condition
follows the procedure in main text to use a fixed observation duration of 300 time units,
with w, = 1, k, = 3, and i,, = 1 (similar to the main text we apply the number of cause
events k. = 5 for the event-based model and k. = 10 for the rate-based model). In the
“baserate-match” condition, the observation duration is scaled according to the causal
delay. We retain 300 time units when m, = 10, but adjust to 360, 420, 480, and 540 time
units for the other delays, respectively. Causal events and base rate events are sampled
within these new observation durations, ensuring that each causal delay has the same
number of observed events (k. and k), while the rate of background effect events scales
with the causal delay. Specifically, for m, = 10 the baserate is 3 per 300 time units (an
average delay between baserate effects of 75 time units), and for m,, = 12 the baserate
adjusts to 3 per 360 time units (with an average delay between base rate effects of 90 time
units). The prior is also scaled accordingly. For example, if the observation duration is 360,
we use p ~ U(0,360) and py, ~ U(0,360) instead. In the “all-match” condition, we further
scale the delay variance by setting i,, = {1,1.2,1.4,1.6,1.8} for each causal delay

respectively.

As shown in Figure [BI] the tendency to favor a causal structure can remain at the
same level even when the causal delay increases, as long as the environment is time-scale
invariant (i.e., the observation duration, the base rate, and the delay variance are all
scaled /matched according to the length of the causal delays). The tendency to favor the
causal hypothesis decreases as the causal delay increases if the contextual factors do not
scale, and it increases with the causal delay if the baserate-relevant factors are scaled but

the delay variance is not.

The other intuitive way to think why the time-scale invariance would exist is to
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think, if we change the length scale of an event sequences from minutes to hours (and then
the baserate will change from k& per minute to k per hour). Accordingly, to create equally
weak priors, we can for example, apply a uniform prior from 0 to 100 minutes (assuming
the upper bound here is larger than the practically possible causal delay) in the short-delay
condition and from 0 to 100 hours in the long-delay condition. In this case, the time unit
becomes the only difference all calculations, but this does not matter because the time unit

is pre-set arbitrarily before any calculation.
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Figure B1
The log-likelihood ratio changes given the causal delays. A ratio above zero indicates that
the model favors Sy (the causal structure) over Sy (the base rate structure).
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Appendix C

The Persistent Effects of Delay Variance
Greville and Buehner (2010)) found that the preference for unvaried delays persisted when
the learning duration was doubled from 2 min to 4 min, which cannot be well explained by
a difference in learning rates under the associative learning model (Chung, |1965; Rescorla,
1968). We here show that this result is easily captured by the Bayesian framework. We
simulate different learning durations [100, 150, 200] and set the cause events to occur every
25 time units on average, with baserate effect events occurring every 50 time units on
average. Each cause event generates an effect event with a delay sampled from
U(my, — iy, my + 4,) and a probability of w.. As shown in Figure when the average
delay length m,, and the causal probability w,. are fixed, the effect of delay variance does

not decrease as the learning duration increases. It instead increases as the evidence

accumulates.
Event-based Rate-based
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Figure C1

The log-likelihood ratio changes given the learning duration. A ratio above zero indicates
that the model favors Sy (the causal structure) over Sy (the base rate structure).



