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We investigate the sensing capacity of
non-equilibrium dynamics in quantum
systems exhibiting Bloch oscillations. By
focusing on the resource efficiency of
the probe, quantified by quantum Fisher
information, we find different scaling
behaviors in two different phases, namely
localized and extended. Owur results pro-
vide a quantitative ansatz for quantum
Fisher information in terms of time, probe
size, and the number of excitations. In
the long-time regime, the quantum Fisher
information is a quadratic function of
time, touching the Heisenberg limit. The
system size scaling drastically depends
on the phase changing from quantum-
enhanced scaling in the extended phase
to size-independent behavior in the local-
ized phase. Furthermore, increasing the
number of excitations always enhances
the precision of the probe, although,
in the interacting systems the enhance-
ment becomes less eminent than the
non-interacting probes. This is due to
the induced localization by
the interaction between the excitations.
We show that a simple particle con-
figuration measurement together with
a maximum likelihood estimation can
closely reach the ultimate precision limit
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in both single- and multi-particle probes.

1 Introduction

The delicate nature of quantum systems makes
them naturally suitable for sensing gravitational,
magnetic, and electric fields with unprecedented
precision well beyond the capacity of classical
probes [1]. In order to estimate an unknown
parameter h, encoded in the quantum state of
a probe p(h), one has to perform measurement.
For a given measurement, described by Pos-
itive Operator-Valued Measure operators {m}
(POVM), the results follow a classical probabil-
ity distribution in which any outcome appears
with the probability p,(h)=Tr[m,p(h)]. By post-
processing the measurement results, one can con-
struct an estimator 4. The estimator has to be
asymptotically unbiased in the sense that its ex-
pectation value gives the real value of the un-
known parameter, namely (fL):h, in the limit of
large measurement samples. In this situation,
the precision of the probe for sensing parame-
ter h is quantified by the standard deviation of
the estimator, which we call it dh. For a given
measurement {7m,} and an unbiased estimators,
the precision dh is asymptotically bounded by
Cramér-Rao inequality 6h>1/v/ MF¢c, where M
is the number of samples and F¢ is called Clas-
sical Fisher information (CFI) which is defined
as [2-5]
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The estimator that can saturate the above in-
equity in the asymptotic limit is called “efficient”
estimator. Therefore, in order to saturate the
Cramér-Rao inequality of Eq. (1) one has to rely
on an optimal estimator which is both unbiased
and efficient. Bayesian and maximum likelihood
are known for being asymptotically optimal es-
timators. According to Laplace-Bernstein—von
Mises theorem [6,7], in the limit of large repeat-
ing measurement samples, the Bayesian and max-
imum likelihood converge to the same value of es-
timation. In particular, estimation by a Bayesian
estimator with uniform prior in large repetitions
is literally identical to maximum likelihood.
Furthermore, one can go one step further and
try to find a precision bound which is indepen-
dent of measurement basis. To accomplish this,
one can maximize the CFI with respect to all
possible POVMs to obtain Quantum Fisher In-
formation (QFI), namely TQ:]?a)}(]—"c. The QFI
T

indeed describes the ultimate precision limit for
which the Cramér-Rao inequality can be written
as 1 ]

On 2 VMFe = VMFg @)
While the saturation of the first inequality re-
quires an optimal estimator, the saturation of the
second inequality demands both optimized mea-
surement and estimator. Interestingly, the max-
imization over all possible measurements in the
definition of the QFI can be reduced to a closed
formula [3], see Refs. [4,5] for detailed discussions
on QFI. For instance, in the case of pure states
p(h)=|¥(h)) (¥(h)| the QFT takes the following
form [3]

Fa(h) = 4[(0p0[0,¥) — [ (0, 0[P) 2. (3)

The performance of a sensor is determined by the
scaling of its QFI with respect to resources (probe
size and time), namely ]-"QNLﬁ , where L is the re-
source and ( is an exponent. In the absence of
quantum features, one can at best achieve =1
(i.e. standard limit). On the other hand, by
properly harnessing quantum features, such as
entanglement, the precision might be enhanced
to 8 > 1, known as quantum-enhanced sensitiv-
ity, in which a special case is =2 (i.e. Heisenberg
limit) [8].

Quantum criticality is known to be instru-
mental for achieving quantum-enhanced sensi-
tivity [9]. In fact, various forms of criticality

have been exploited for sensing purposes, includ-
ing first-order [10-13|, second-order [14-30], dis-
sipative [31-40], topological [41-44|, Floquet [45,
46], time crystals [47-49], non-Hermitian sys-
tems [50-55], and Stark [56-58| phase transitions.
However, despite a few attempts for realizing
criticality-based sensors [25,59], their experimen-
tal implementation faces real challenges. Nor-
mally, in most of such sensors, the probe should
be initialized in one of its eigenstates, e.g. the
ground state, which is very challenging in prac-
tice and may require extreme cooling or adiabatic
state preparation whose time resource scales un-
desirably with the system size [24]|. In addition,
the parameter interval over which such criticality-
based probe achieves quantum-enhanced sensi-
tivity is often very narrow covering only around
the phase transition point. A possible solution
for addressing these challenges is to go beyond
equilibrium physics and exploit non-equilibrium
dynamics of many-body systems [60-64|, which
are easy to implement in various physical plat-
forms [65-69]. Such systems do not require
complex initialization and may allow quantum-
enhanced sensitivity over a wider range. Several
open questions exist, including: (i) what types of
non-equilibrium systems may lead to quantum-
enhanced sensitivity? and (ii) can such probes
operate optimally across an entire phase of mat-
ter rather than a narrow region around the phase
transition point?

Bloch oscillation is a fundamental phenomenon
in condensed matter physics in which a particle
under the impact of a gradient potential (i.e. a
constant force) oscillates in a regular lattice [70].
The gradient potential naturally makes the neigh-
boring lattice sites off-resonant and hence sup-
presses the tunneling of particles. Unlike clas-
sical systems in which particles simply move in
the direction of the external force, this suppres-
sion of tunneling in quantum systems induces
Wannier-Stark localization in the system [71].
The localization properties of Wannier-Stark sys-
tems have been extensively studied in both the-
ory [72-95] and experiments [96-99]. Bloch os-
cillations have also been observed in semiconduc-
tor devices [100], optical waveguides [101-103],
cold atoms in optical lattices [104] and super-
conducting simulators [105, 106].  Unlike the
conventional second-order quantum phase tran-
sitions which only affect the ground state, the
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Wannier-Stark localization takes place across the
entire spectrum. This implies that the impact
of such transitions should be observable in non-
equilibrium dynamics, where many eigenstates
are involved. Recently, it has been shown that
individual eigenstates of the Wannier-Stark sys-
tems can be used for sensing the gradient field
with quantum-enhanced precision [56]. A natural
question is whether one can exploit experimental-
friendly non-equilibrium dynamics of such sys-
tems for sensing purposes.

In this paper, we explore the sensing capacity
of the Bloch oscillations in single- and many-body
Stark systems. We provide a comprehensive anal-
ysis for the scaling of the QFI in terms of time,
probe size, and the number of excitations. We
show that indeed many-body systems with Bloch
oscillations may allow for sensing precision with
quantum-enhanced scaling. Unlike critical probes
at equilibrium we do not demand complex initial-
ization and the probe operates optimally over the
entire extended phase. We also demonstrate that
in a practical setup a simple particle configura-
tion measurement together with a maximum like-
lihood estimation can closely saturate the bound
given by the Cramér-Rao inequality.

2 Bloch oscillation in Stark systems
We establish our theory with the simple case of

a single excitation in a one-dimensional lattice of
size L described by the Hamiltonian (h=1)

L—1 L
H=—JY DI+ 1+ [+ +nrD> 1|1,
=1 =1

(4)
where J is the exchange coupling, h is the gradi-
ent field and |l) represents the excitation at site [.
The gradient field induces a position-dependent
energy shift on each site which suppresses the
particle tunneling. This leads to the localization
of the wave function into a limited number of
sites, known as Wannier-Stark localization [71].
In the limit of L—o0, the eigenstates of Hamilto-
nian (4), the Wannier-Stark states, are found as
1Ep) =11 Jiem(32) |l) whose corresponding
eigenvalues are E,=mh |72]. Here, Ji(-) are
the Bessel function of the first kind. The state
|E,) is a superposition of the states centered
at the mth site with the spreading width about
4J/h lattice periods [107]. Any initial state

|W(0))=>"; fill), evolves under the action of
the Hamiltonian |¥(¢)) =e~*#*|¥(0)) which
can be cast into |\If(t)>:Z£l,:1 Ko (t) fir [1)
with the evolution propagator
Kip ()=t | Ep)(En|l'y e”Fmt [72].  Note
that in the large L limit, the energies are
equidistant, i.e. AE=F,,11—F,;,=h. Hence, the
evolution propagator exhibits a time-periodic be-
havior with the characteristic time Tgjocn=27/h,
which leads to the Bloch oscillations. In order
to see the dynamical behavior of the system, we
depict Py(t)=[(I|¥(t))|? as a function of time in
Figs. 1(a)-(c) for three different values of h in a
system of size L=100, initialized at the central
site. For larger values of h, shown in Fig. 1(a),
one clearly observes the periodic spreading of the
excitation over a finite distance and returning
to its original site. Here, the Bloch oscillations
indicate a localized phase. By decreasing h
the extent of periodic wave packet spreading
increases until h=h.~8J/L, at which the wave
packet delocalizes across the entire system and
then localizes back, see Fig. 1(b). This is the
point of transition in which the localized phase
transforms into an extended phase. Indeed, by
further decreasing of h, a new behavior emerges
as the excitation spreads across the entire system
but does not fully return to its initial localized
site, signaling an ergodic behavior [56,107].

3 Model 1: Single excitation probe

A direct consequence of the above evolution is to
imprint the information of h in the quantum state
|W(t)), which is clearly evidenced in Figs. 1(a)-
(c). In Fig. 1(d), we plot the normalized QFI,
namely JFg/t?, as a function of time for three
values of h. One notices a rapid growth in time
and eventually saturation indicating that after a
transient time, the QFI eventually scales quadrat-
ically, i.e. Fo~t2. Crucially, for a given length we
observe that the highest long-time value of Fg/ t2
is attained when the system is tuned close to its
transition point h=h.. Indeed, this is the regime
that exhibits the widest sustainable superposition
of the wave packet |U(t)). Also, Fig 1(d) shows
the size-independent scaling in early times of the
QFT as Fo~tt.

After investigating the time dependence of the
QFI, we now focus on scaling with respect to
the probe size L. In Fig. 2(a) we plot the long-
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Figure 1: The time evolution of the population
P=|(l|¥(t))|? for a system with size L=100, initially
localized at I=50, for different phases: (a) h/J = 0.5
in the localized phase, (b) h/J=0.08 at the transition
point, (c) h/J=0.01 in extended regime. (d) the time
evolution of the normalized QFI for different values of h
which shows that in the long-time limit, the QFI scales
quadratically with time, while at the short-time limit, it
scales with time as Fg ~ t*.
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Figure 2: (a) Long-time behavior of F¢/t? as a function
of h/J for different system sizes. (b) The scaling of
the long-time limit of .7-'Q/t2 with respect to the system
size L at the transition point h=h,. (green squares) and
deep into the extended phase h/J=0.01 (blue triangles).
The dashed lines show the best fitting functions. (c)
Exponent § as a function of Lh/J for various system
sizes L. The transition point is specified at h.=8J/L
whose corresponding exponent is 5=2.

time values of F/t? as a function of h for dif-
ferent system sizes. The localization transition
points for different system sizes L are clearly iden-
tified, which happens around h.~8J/L. Note
that this is the point at which the Bloch oscilla-
tions cover the entire system. In the localization
phase, Fp becomes size-independent and scales
inversely with square of the gradient field. On
the other hand, the QFI becomes size-dependent
for h < h.. These suggest that

Fo ~h**L° for h > h,.,
Fo ~t2LP, for h < he , (5)

where the scaling exponent 8 may vary with h.
Indeed, at the transition point h.~8.J/L, the QFI
from both sides of the transition point, given in
Egs. (5), match with each other which results in
B5=2. This is confirmed numerically as for differ-
ent system sizes we find maximized Fg/t? with
respect to h at large time ¢ where Fg/ t? is satu-
rated, see the green squares in Fig. 2(b). In the
extended phase, the scaling becomes even bet-
ter as for h/J=0.01 the exponent /3 increases to
B ~ 2.5, depicted by blue triangles in Fig. 2(b).
Finally, to better understand the metrological as-
pects of our model we extract the scaling expo-
nent [§ for arbitrary values of h, see Appendix
A for more details. The results are shown in
Fig. 2(c), where one can see a clear quantum-
enhanced scaling with 8 > 2 in the entire ex-
tended phase. The maximum scaling is obtained
around hL/J~5 whose exponent is f~3.5. As
mentioned before, at the transition point h=h,
the QFI scales with Heisenberg precision, i.e.
(5=2, which then drops to =0 in the localized
phase. It is worth emphasizing that the region
below the critical point, where $>2 is a region
which only exit is finite system sizes and its width
shrinks by increasing the length of the chain.
Therefore, at the large L limit, where h.—0, the
obtainable exponent would be 5<2.

The above discussion and the studies in the
following sections rely on the scaling of Fg/ t? at
long times. However, we have to specify what
long time means. As mentioned above, in the
localized phase the Bloch oscillations occur with
the period of Tgioch = 27/h. By careful check-
ing of the evolutions in Fig. 1(d), one can see
that F/t? saturates only after a few (~ 5) os-
cillations. By decreasing h the system becomes
less localized and more extended which makes the
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saturation time longer. Nonetheless, the satura-
tion time in the units of Tgjoen decreases. The
behavior remains the same in the extended phase
such that the saturation takes place after t=27/h.
Therefore, generally speaking, the long-time be-
havior can be obtained after a few (~ 1 —5) mul-
tiples of t=27/h for any values of the gradient
field h.

4 Model 2: many-body probe (half fill-
ing)

We now go beyond single excitation and ex-
tend our results to systems that consist of multi-
particles which may interact with each other. We
consider the XXZ Hamiltonian

L1
J
_ T T y_y z _z
H=- b) Z(Ul of1+ojolyy + Aojoiy)
=1

L
+hY lojo; (6)
=1

where A represents the strength of the interac-
tion between particles and Jf’y’z are the Pauli
matrices acting on site [. In the single excita-
tion subspace and with A=0, the Hamiltonian
in Eq. (6) reduces to the single-particle case in
Eq. (4). We consider the time evolution of a
system initially prepared in a Neel state, i.e.
|¥(0)) = |1,0,---,1,0) for even L and |¥(0)) =
11,0,---,0,1) for odd L. More details about
the time evolution and complex pattern of many-
body Bloch oscillations are available in Appendix
B. We first put our focus on A=0 (non-interacting
case) and A=1 (isotropic Heisenberg Hamilto-
nian). The results for the more general case of
0<A<1 are presented and discussed in the next
section. In Figs. 3(a) and 3(b), we plot the long
time limit of Fg/t? as a function of h/J for var-
ious system sizes L for A=0 and A=1, respec-
tively. In both interacting and non-interacting
regimes, the normalized QFI peaks at the transi-
tion point h. and it shows algebraic decay of the
form F¢g/t* ~ h™2 in the localized phase, which
is similar to the single excitation case. However,
unlike the single excitation scenario, even in the
localized phase the QFI shows size dependence.
Furthermore, one can see that in the presence of
interaction, the behavior of the QFI qualitatively
changes as: (i) it shows fluctuations in the vicin-
ity of the transition point; and (ii) its value be-
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Figure 3: The normalized QFI for the half-filled initial
Neel state as a function of h/.J for different system sizes
for (a) A=0; and (b) A=1. The long-time limit of
Fo/t? at the transition point h=h, is plotted as a func-
tion of L for: (c¢) A=0; and (d) A=1.

comes smaller than the non-interacting case (i.e.
A = 0). To extract the scaling with system size,
in Figs. 3(c) and 3(d) we plot the long-time
value of Fg/t? at h=h,. as a function of system
size L for A=0 and A=1, respectively. In both
cases, the scaling suggests § > 2, which indicates
a quantum-enhanced scaling. FEspecially, in the
non-interacting case A = 0, it takes the form of
Fo(he) ~ t2L3. The difference of 8 > 2 here,
compared to the single-particle result of =2 at
the transition point, is related to the number of
excitations that will be further explained in the
next section.

It is worth emphasizing that the transition
point h. decreases as the system size increases,
see Fig. 2(a) and Figs. 3(a)-(b). In other words,
in the thermodynamic limit the ergodic regime
over which the quantum-enhanced sensitivity can
be obtained shrinks to a vanishingly small region.
This has an implication for the scaling of the QFI.
For any given h, as the system size increases, at
some point the system enters the localized phase
and hence the QFI becomes size independent.
For instance, in the case of the single-particle
probes, for any given h when the system size ex-
ceeds L,~8.J/h the probe becomes localized and
the QFI saturates. This means that quantum-
enhanced sensitivity can only be observed over
finite sizes, which is in agreement with the results
of Ref. [108] that at best predicts Heisenberg scal-
ing (i.e. Fg ~ t2L?) for single-body interacting
systems, such as our Stark Hamiltonian. Note
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Figure 4: The long-time limit of F¢/t? in system of size
L=17 for initial states with different excitations as a
function of h/J for: (a) A=0; and (b) A=1. The long-
time limit of F/t? for a system with the fixed number
of excitations N=3 and various system sizes for: (c)
A=0; and (d) A=L1.

that although the quantum-enhanced sensitivity
does not survive in the thermodynamic limit, in
practice, all quantum probes are essentially finite
and thus their scaling over short system sizes mat-
ters more than the true thermodynamic limit.

5 Effect of excitations

In the previous section, we focused on the half-
filling case, namely N=L/2. In this section, we
investigate the impact of the number of excita-
tions in more details. For the sake of symmetry,
we consider odd system sizes L and choose the
initial states to be symmetric around the cen-
ter of the chain. For instance, if the system size
is L=T then the initial state with N = 2 and

)
(=]
o

Folhe) I?
w ks D S
o o O o

Figure 5: (a) The scaling of long-time normalized QFI at
the transition point with respect to the excitation num-
ber N, in a system of size L=17 for different interaction
strengths A which indicates Fg(h.)/t*~N®. (b) Ex-
ponent « as a function of A for two choices of h at
the transition points h. and in the localized phases at
h/J=5.

N = 3 excitations are set to |0,0,1,0,1,0,0) and
|0,1,0,1,0,1,0), respectively. In Figs. 4(a) and
4(b) the normalized QFI is plotted for different
excitation numbers N in a system of size L=17 for
A=0 and A=1, respectively. Notably, increasing
the excitations always enhances the QFI, indicat-
ing better sensitivity. In addition, in the localized
phase the QFI shows excitation-dependence. In
order to discriminate the QFI enhancement due
to the system size from the excitation number,
in Figs. 4(c) and 4(d) we plot the long-time be-
havior of Fg/t? as a function of h/J for a fixed
number of excitation N=3 for various choices of
L. The scaling of the normalized QFT at the tran-
sition points in Fig. 4(c) and (d) are discussed in
Appendix C. These observations suggest the fol-
lowing ansatzes for the QFI in many-body probes
with multiple excitations

Fo ~h #2LONe,
Fo ~t1LPN<,

for b > he
for h<he,  (7)

where « is the exponent which quantifies the de-
pendence on the excitation number. The size de-
pendence completely disappears for h > h. when
the system enters the localized phase. This can
be understood as every excitation in the system
can only fluctuates locally and thus dependence
on the system size disappears. In this situation,
the sensitivity is only enhanced by either wait-
ing for longer times ¢ or increasing the number
of excitations N. The reason behind this is that
every excitation localizes at some spatial part of
the probe where it fluctuates locally. Every small
changes from each of these excitations contributes
in enhancing the QFI of the system.

In Fig. 5(a) for a fixed system of size L=17, we
plot the long-time value of F¢/t* as a function of
N which clearly shows an algebraic growth. To
complete the analysis, in Fig. 5(b) the exponent
« is depicted as a function of A, for two choices
of h, one in the localized phase, i.e. h/J=5, and
one at the transition point h=h.. As the figure
shows, while increasing the excitations always en-
hances the QFI, its rate of enhancement decreases
by increasing the interaction strength A. This is
an interesting observation which can be related to
various configurations that the system gets due to
the interaction term A and effectively enhances
the localization [109]. Finally, it is worth em-
phasizing that in the case of half-filling, namely
N=L/2, and in the range of h < h, (i.e. extended
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phase) Eq. (7) suggests that the QFI scales as
Fo ~ t2LP*+*. The main advantage of Eq. (7) is
to separate the dependence on L and N. There-
fore, one can extract 5 from the single excitation
analysis, shown in Fig. 2(c), and the exponent
a can be read from Fig. 5(b). For instance, at
the transition point h=h. the single excitation
analysis gives =2 and from Fig. 5(b) one reads
a=0.88 at A=0 and o = 0.63 at A=1. These
lead to Fg ~ t?L?8 and Fg ~ t2L%53 for A=0
and A=1, respectively. These scaling functions
are very close to the fittings directly extracted in
Fig. 3.

6 Source of the quantum-enhanced
sensitivity in the Stark probe

While the above analysis relies solely on numeri-
cal simulation, one can also shed light on the na-
ture of quantum-enhanced sensitivity by focusing
on the analytical bounds. In particular, one can
decompose the Hamiltonians of Eq. (4), for a sin-
gle excitation probe, and Eq. (6), for the many-
body probe, into a general form of H = Hy+hHo,
where H; accounts for the hopping term and Hs
describes the gradient field. For a given initial
state | (0)) which is independent of h, the time
evolution is given by | (t)) = e~ "]y (0)). In
Ref. [108], it has been shown that the QFI of the
quantum state |¥y(¢)) is fundamentally bounded
by .7:Q§t2||H2||2, where ||Hs||=Amax—Amin is the
semi-norm with Apax (Amin) being the maximum
(minimum) eigenvalue of Hy. Although, the term
t?||Hs||? is only a bound for Fg, it provides sev-
eral insights for the scaling of the QFI. First, it
clearly demonstrates the quadratic scaling with
respect to time. Second, it shows that the scaling
with respect to system size L is connected to the
semi-norm of Hy.

In the case of a single excitation, see Eq. (4),
the semi-norm ||Hz||=(L — 1), resulting in the
bound of Fo<t*(L — 1)®.. This fundamental
bound shows that the QFI scaling exponent can
only be <2. Note that this is not inconsistent
with Fig. 2(c) in which the extended phase sup-
ports 8>2. In fact, as mentioned before, this
region is only exist in finite system sizes as in
the thermodynamic limit, where the critical point
h.—0, the region shrinks to an infinitesimal re-
gion.

In the case of many-body probes with N exci-

tations, the semi-norm becomes ||Hs||=NL—N?2.
For the case of half filling where N=L/2, one gets
||[Ho||=L?/4. This implies that Fo<t?>L*/16.
Indeed, our analysis in section 4 shows that
Fo~t2LP+ in which 8<2 comes from the sin-
gle excitation analysis and o<1 is extracted
from Fig. 5(b). This means that the QFI
scales as ]-'QNtQL?’, which is clearly lower than
the prediction of the analytic bound given by
t2||Ha||2~t2 L4

7 Impact of decoherence

In practice, quantum systems are not isolated,
and thus their dynamics cannot be described by
unitary evolution. In fact, interaction with the
environment can significantly affect the quality
of quantum probes [110,111]. To investigate this,
we consider our quantum probe under the effect
of dephasing. The dynamics is given by the Lind-
blad master equation

L
L 1
p=—i[H,pl+7) (ﬁuoﬁlT - 2{45,,,)}) :

=1

(8)

where p is the density matrix of the probe, 7 is the
dephasing rate, and L; represents the Lindblad
operators of site [. For pure dephasing, in gen-
eral, the Lindblad operators are given by £;=07.
In the single-excitation probe, the Lindblad op-
erators can also be written as £;=I — 2|l) (I|, in
which I=Y>F 1) (I|. In Fig. 6(a), we plot the
normalized QFI, namely F¢/t?, at h/J=0.1 as
a function of time for different values of dephas-
ing rates 7 for the single-particle probe of size
L = 16. As the figure shows, by increasing =y the
QFI ultimately decays to zero and cannot grow
quadratically in time. Similarly, for the multi-
particle probe of size L=6 with N=3 excitations
(i.e. half filling), we plot the normalized QFI for
h/J=0.5 as a function of time for various choices
of v in Fig. 6(b). The results show similar behav-
ior with the single-excitation probe as the nor-
malized QFI eventually goes to zero as time in-
creases. This is because the steady state of the
probe under dephasing dynamics is the feature-
less maximally mixed state which carries no infor-
mation about the parameters of the system. One
can also fix the dephasing rate and investigate the
evolution of the QFI for different choices of A. In
Figs. 6(c)-(d), we present the normalized QFT as
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Figure 6: The time evolution of Fg/t? for different val-
ues of v is plotted for: (a) the single-excitation probe
with the system size L = 16 at h/J=0.1; and (b) the
half-filled excitation probe with the system size L=6 for
A = 0 at h/J=0.5. The time evolution of Fg/t? for
dephasing strength ~v/J=0.005 and different values of
h/J is shown as a function of time for: (c) the single-
excitation probe with the system size L=16; and (d)
the half-filled excitation probe with the system size L=6
with A = 0.

a function of time for v/J = 0.005 and various
choices of h/J for the single- and multi-particle
probes, respectively. Interestingly, by increasing
h the probe gets more localized and thus the ac-
tion of dephasing becomes less destructive as the
wave function is made of fewer components in its
superposition.

8 Practical implementation

As discussed before, QFI determines a lower
bound on the precision of an unbiased estima-
tor given optimal measurements. In practice,
however, performing such an optimal measure-
ment might be very challenging. In this sec-
tion, we consider simple available measurements
in both single- and multi-particle cases. For
the single excitation sensors, we consider a sim-
ple position measurement described by projectors
{m=11) (|}, where I=1,2,--- | L. Therefore, the
probability of each outcome is p;(t)=| ([T (t)) |?.
The obtainable precision by this measurement is
bounded by the CFI, see Eq. (1). In Fig. 7(a), we
compare the long-time behavior of the CFI and
the QFT in a single-excitation probe of size L=16
as a function of h/J. As the figure shows, the
CFI qualitatively follows the QFI, though it al-

ways takes lower values. In the inset, we plot the
ratio F¢/Fg as a function of h/J which shows
that our simple measurement is almost optimal
in the extended phase (i.e. F¢/Fg =~ 1) and
it becomes sub-optimal (i.e. Fo/Fg ~ 0.5) as
localization strength is enhanced. Interestingly,
the lowest ratio of F¢/Fq takes place around the
transition point showing that our simple measure-
ment scheme cannot efficiently extract informa-
tion from the complex critical quantum state.

In the case of a multi-particle probe, we
measure the configuration of particles which is
obtained by a simple particle detection imag-
ing. The measurement can be described by
{m,=|z) (z|}, where |z) accounts for all possible
particle configurations in the probe. For instance,
in a probe of size L with N particles (i.e. excita-
tions), there are (]%,) different configurations. In
the case of N=1, the problem reduces to the po-
sition measurement, discussed above. Each con-
figuration is thus observed by the probability

p.(t)=] (2T (1)) , (9)

for which one can obtain the corresponding the
CFI In Fig. 7(b), we compare the long-time be-
havior of the CFI and the QFI in a half-filled
probe of size L=16 (with N=L/2 excitations) ini-
tialized in the Neel state as a function of h/J.
Similar to the case of single excitation, the CFI
qualitatively follows the QFI, though with lower
values. In the inset, we plot F¢/Fq as a function
of h/J. Similar to the single excitation case, it
shows that a simple configuration measurement
is almost optimal in the extended phase and be-
comes sub-optimal with Fo/Fg ~ 0.5 as h/J
increases. Again the lowest ratio of Fo/Fq is

10? (b) = ;;Z

10! /\
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10!
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Figure 7: The long-time limit of F¢ (purple solid lines)
and Fq (green dashed lines) as a function of h/J for
the system size L=16 are plotted for the initial state of:
(a) a single excitation state |1); and (b) the half-filled
Neel state with A=0. The insets, depicting the ratio
of Fc/Fq versus h/J, show that our specific choice
of simple measurements can reach around 50% of the
ultimate precision bound, determined by the QFI.
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obtained around the transition point where our
simple measurement scheme cannot fully extract
the information from the complex critical quan-
tum state of the system.

9 Maximum Likelihood Estimation

The Cramér-Rao inequality only indicates the
lower bound of the precision of the probe using an
optimal estimation algorithm with optimal mea-
surements. In order to see the real performance
of our probe, we specify a measurement basis and
use an estimator. Maximum likelihood estima-
tion (MLE) algorithm is recognized as an opti-
mal estimation algorithm for a large measurement
samples. For a given measured data set X, the
estimation for h, denoted h.s, that maximizes the
likelihood can be written in the form of

hes=arg maxP(X|h) , 10
& maxP(X|h) (10)

where P(X|h) is the likelihood.

On the other hand, in Bayesian estima-
tion the estimated value is obtained at the
point where the posterior probability distribution
P(h|X)=P(X|h)P(h)/P(X) is maximal, where
P(h) is the prior probability distribution, and
P(X) is the normalization factor. However,
when the prior probability distribution is uni-
form and the sample size is sufficiently large, both
estimators converge to identical results [6, 7] .
This is because, in the limit of a large sam-
ple size, the central limit theorem ensures that
the likelihood function approaches a Gaussian
distribution. ~When the sample size is suffi-
ciently large, this Gaussian distribution becomes
sharply peaked, concentrating over a narrow in-
terval within the support of the prior. In this pa-
per, we rely on maximum likelihood estimation
and thus the choice of prior becomes irrelevant.

In order to obtain our data set, one needs to
specify a measurement basis which we take it to
be the position measurement whose outcomes ap-
pear with probability p,(t) given in Eq. (9). By
repeating the measurement for M times, each
outcome |z) appears for n, times, such that
>, n,=M. Therefore, the likelihood can be writ-
ten as

Pangjijnw.<m

1.0 1.0
3 3
Sos Sos
0.1 (a) 0.1 (b)
1 0.5 1.

0 . 0 0.1 0.5 1.0
hiJ hiJ

—+— 5h/J for M= 100
The bound

—a— 5hiJ for M= 100

2x1073 The bound
/\/ 1073
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0.1 0.5 0 0.1 0.5 1.0
hiJ hiJ

Figure 8: The estimated gradient field h.s/J using the
maximum likelihood estimator as a function of its true
value for sample sizes of M = 100 is shown for: (a) the
single-particle probe with the system size L=16; and (b)
the multi-particle probe of size L=6 and A=0, initial-
ized with the half-filled Neel state. The corresponding
standard deviations dh are plotted for: (c) single-particle
probe, and (d) multi-particle probe. The associated Jh
of the long-time CFI, 1//MF¢, (dashed lines) are de-
picted for both probes.

We generate random samples based on the true
probability distribution of a given h. Using the
MLE algorithm, h.s is taken to be the point at
which the likelihood takes its maximum. The
uncertainty of the estimation can be quantified
by the standard deviation éh which is computed
over the results of several repetitions of the proce-
dure. In Figs. 8(a)-(b) we show hs/J as a func-
tion of real h/J for M=100 samples in a single-
excitation probe of L=16 and a multi-particle
probe of L=6 and N=3 (i.e. half-filling), respec-
tively. As the figures show, the estimation pro-
cedure works very well in both single- and multi-
particle probes. In Figs. 8(c¢)-(d), we depict the
corresponding standard deviation éh/J for the
sample size M=100 as a function of h/J for the
single and the multi-particle probes, respectively.
For comparison, we also plot the Cramér-Rao
bound 1/v/MFc which shows that the choice
of the maximum likelihood estimator can closely
converge with the theoretical bound for samples
as small as M = 100. As shown in Figs. 8(c)-
(d), even for M=100, the uncertainty closely ap-
proaches the theoretical Cramér-Rao bound, in-
dicating near-asymptotic performance and near-
saturation of the bound. By further increasing
M the uncertainty decreases and gets closer to
the bound.
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10 Conclusion

We have studied the metrological aspects of the
Bloch oscillations in single- and many-particle
Stark systems which support a phase transition,
across the entire spectrum, from an extended to
a localized phase. Unlike conventional equilib-
rium criticality-based quantum sensors, our non-
equilibrium probe does not require complex ini-
tialization and achieves quantum-enhanced sensi-
tivity across the entire extended phase. In addi-
tion, our analysis provides an ansatz for the QFI
in terms of time, probe size, and number of ex-
citations. In the long-time limit, the QFI scales
quadratically with time in both extended and lo-
calized phases. In contrast, the precision with re-
spect to the probe size transforms from quantum-
enhanced scaling in the extended phase to size-
independent behavior in the localized phase. This
behavior looks very general as, for instance, in the
case of multi-particle probes changing the Hamil-
tonian from non-interacting to interacting case
does not change the qualitative behavior of the
probe. Interestingly, the number of excitations al-
ways enhances the precision of the probe, though,
the amount of enhancement depends on the in-
teraction between excitations. We also show that
a simple configuration measurement can achieve
an estimation accuracy which is not far from the
ultimate precision limit. Finally, we have demon-
strated a practical scheme in which configura-
tion measurement together with a maximum like-
lihood estimation approach can closely saturate
the Cramér-Rao inequality.

11 Codes and data availability

The computer codes for the simulations of this
paper are available at:
https://github.com/hassanmanshouri/The-QFI-
of-Stark-model.git

The data used to plot the figures are available
upon reasonable requests from the authors.
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A Appendix A: Single particle QFI scaling

Further details in studying the size-dependence of the QFI that have brought us to Egs. (5) in the
main text are presented in Fig. 9 where we plot the long-time normalized QFI as a function of system
size L for different choices of h. Indeed, for any given h, one observes a power law scaling growth of
Fq/ t? with respect to L which experiences an enhancement before turning into a plateau around the
size L~8J/h.. Since the transition point depends on the system size the plateau sets on at different
L values. One can clearly identify an improved scaling with size close to the transition point.
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Figure 9: The normalized QFI for different gradient fields h is plotted as a function of system size L. The plateau
for a specific h resembles the localized phase in Fig. 2(a) in the main text.

B Appendix B: Many-Body Bloch oscillation

In this section, we present the results of the Bloch oscillations in the many-body case to compare with
the single excitation in Fig. 1 in the main text. To see the behavior of the many-body excitation
oscillations at different gradient fields, we compute the dynamics of the probability of having an
excitation in every site of the system Pj(t). The results are presented in Fig. 10 for the system size
L = 11 with the initial state |¥o) =]01010101010). Figs. 10(a)-(c) are plotted for the non-interacting
sites (A = 0) in the extended phase, at the transition point and in the localized phase, respectively. In
particular, in Figs. 10(a) the extended phase at h/J = 0.05 shows only partial excitation revivals for
a few sites at the middle of the lattice. However, as in Fig. 10(b) which shows the probabilities at the
transition point h./J = 0.4 (extracted from Fig. 3(a) in the main text) complete revival for all sites
are visible at particular times, e.g. at tJ = 65. Meanwhile, Fig. 10(c) corresponds to h/J = 5 which
represents a system in the localized phase.

In Figs. 10(d)-(f) the same analysis performed for the homogeneous Heisenberg model (A = 1) is
presented for the same initial state. Even though the localized phase exhibits a behavior akin to the
non-interacting case, dynamics of the probabilities in the extended phase and at the transition points
are dramatically different. Asshown in Fig. 10(e) in the transition point where h./J = 0.9 (see Fig. 3(b)
in the main text), a clear separation between ground- and excited-states is obvious. Comparing Figs.
10(b) and (e) at the transition points, we can deduce that by increasing the interaction strength A,
the particle excitations tend to occupy sites with higher energies, emerging a clear separation between
the excited sites and those who remain in the ground state, see Fig. 10(e).
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Figure 10: The probability distribution of each site P} for the initial state |¥() = |01010101010) are depicted for
the system size L = 11 for A = 0 at (a) h/J = 0.05, (b) h/J = 0.4 and (c) h/J = 5, in extended phase, at the
transition point, and in the localized phase, respectively. In (d)-(f) P, are shown for the Heisenberg Hamiltonian
A =1 at h/J = 0.05 in the extended phase, h/J = 0.9 at the transition point, and h/J = 5 in the localized phase,
respectively

C Appendix C: Many-body QFI scaling

In studying the single-particle case, we have shown in the main text that the QFI scales as Fg ~ 218
where [ depends on the phase of the system, which in turn, is determined by h and L [see Fig. 2(c)
in the main text]. In particular, we find 5=2 at the transition point. Meanwhile, in the many-
body case depending on the number of excitations in the initial state we find the scaling function
as Fg ~ t2LPN®. Unlike 8 which dramatically changes with the phase, a is almost independent of
h. This behavior especially is observed near the transition point. Therefore, for a fixed number of
excitations the QFT scales as Fg(h.) ~ t2L? with 8 =~ 2. To clearly show this point, in Figs. 11(a)
and (b) for both A = 0 and A = 1 we plot the normalized QFI at the transition points h = h. for a
fixed number of excitations (IN=3) and different system sizes L. The fitting lines confirm the power
law scaling Fg(h.)/t? ~ L? with 8 = 2.1 for A = 0 and 8 = 2.2 for A = 1, which are very close to
the value obtained from single-particle case 5 = 2.
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Figure 11: the normalized QFI at the transition point F¢(h.)/t? for excitation number N = 3 as a function of L for

(a) A =0 and (b) A = 1. The best fitting exponents for F¢(h.)/t> ~ LP are B = 2.1 for A = 0 and 3 = 2.2 for
A=1.
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