
PHYSICAL REVIEW A 112, 013315 (2025)

Gyroscopic stability for nanoparticles in Stern-Gerlach interferometry and spin contrast
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There is a severe impediment in Stern-Gerlach interferometry with a spin-embedded nanoparticle. This is
because particle rotation creates a significant mismatch of the wave function of angular degrees of freedom
during the creation and recombination of the spatial superposition, resulting in an inferior visibility contrast. We
show that imparting angular momentum along the direction of a defect, such as the nitrogen-vacancy (NV) center,
during the Stern-Gerlach interferometry provides excellent gyroscopic quantum stability to a nanodiamond,
which opens up a way to maintain significant visibility in the quantum interference. The spin contrast improves
by many folds for a wide-ranging value of the initial angular momentum, e.g., 103–106 Hz for a mass of order
10−14–10−17 -kg nanodiamond. Our scheme is independent of the material and is pertinent to any nanoparticle
that can be used to create massive and large spatial superpositions with an embedded spin defect.
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I. INTRODUCTION

Stern-Gerlach interferometry (SGI) [1–6] with nanoparti-
cles, in particular in the context of a nitrogen-vacancy (NV)
center of nanodiamonds (ND), is a method of creating the
spatial superposition and have ubiquitous applications, includ-
ing quantum sensors [7], detection of dark matter particles
[8], gravitational waves [9], testing the quantum nature of
gravity in a laboratory [10–19], short-distance Casimir and
dipole entanglement mediated via photon [20,21], extra di-
mensions [22], equivalence principle [12,23], post-Newtonian
gravity [24], relativistic effects in quantum electrodynam-
ics [25], and tests beyond general relativity [26]. However,
there remains a demanding requirement on quantum spatial
superpositions of distinct localized states of neutral meso-
scopic masses m ∼ 10−14 − 10−17 kg over spatial separations
of �x ∼ O(10–50) µm [10,27,28], far beyond the scales
achieved to date (e.g., macromolecules m ∼ 10−22 kg over
�x ∼ 0.25 µm, or atoms m ∼ 10−25 kg over �x ∼ 0.5 m
[29–31].

To finish the final spin measurement of SGI, one of the
critical challenges is maintaining the coherence (or contrast)
of the NV spin. There are many sources of coherence loss. The
most studied coherence loss is the decoherence effect arising
from the interaction between the ND system and the envi-
ronment, such as collisions by air molecules, electromagnetic
noise, and spin-spin interaction between the NV spin and an-
other spin in the ND or the environment [10,17,20,27,28,32–
37]. These decoherence effects can be mitigated by optimiz-
ing the experimental environment, such as applying higher
vacuum, lower temperature, and better interaction screens for
the SGI system. However, even if the SGI is working in an
ideal environment, there is still coherence loss of the NV spin,
known as the Humpty-Dumpty (H-D) effect [38,39]. It arises
from the ND’s wave-packet mismatch of the two SGI arms.

For the first time, the role of libration mode has been
studied recently in the context of the H-D problem, e.g., loss

of spin contrast [40,41]. The authors pointed out that, because
of the NV center’s specific Hamiltonian, the spin dynamics
manifests the ND in the libration mode due to the angular
mismatch between the external magnetic field and the NV
axis. The libration mode gives rise to two significant effects:
it selects the spin states to avoid an unstable libration mode
of the ND and severely affects the spin contrast. In the former
case, the authors showed that the stable states are |0〉, | − 1〉
(among the |0〉, | + 1〉, | − 1〉 states) for the choice of the
libration mode around its minimum, e.g., the libration angle
θ = 0. This penalizes the size of the spatial superposition by
half, which is one of the crucial goals to achieve in funda-
mental experiments. More remarkably, it causes asymmetric
evolutions of the wave packets of the two SGI arms, which
is harmful to the spin contrast (also called the “quantum
uncertainty limit” in Ref. [40]). To obtain a large spin con-
trast, in Refs. [40,41], the authors proposed a special SGI
scheme with a short duration (t ∼ 100 µs) and a relatively
small spherical object with a mass (∼10−19 kg) of ND. In this
case, they neglected the diamagnetic force because the mass
of the ND is small, and they assumed that the force acting on
the center of mass (COM) of the ND and the torque acting
on the ND can both be considered constants. However, none
of these assumptions is applicable to a more massive object,
which causes more limitations in the applications of their SGI
design.

Instead of treating it as a problem, we will provide a
solution to mitigate spin contrast loss while maintaining the
superposition size governed by both states | + 1〉, | − 1〉 for
general SGI models with a heavy nanoparticle of mass such
as 10−14–10−17 kg, where we also include the effect of
diamagnetic-induced potential in the Hamiltonian. The criti-
cal result of this paper can be summarized as follows: (1) If
the nanoparticle is initiated with an initial angular momentum
along the direction of the spatial superposition, we will be
able to use both | + 1〉, | − 1〉 spin states, which would favor
the size of the superposition. (2) More importantly, an initial
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angular momentum will aid in obtaining a better spin con-
trast. (3) Furthermore, having a considerable initial angular
momentum can also help us to average any deleterious effect
due to permanent dipoles, as shown in Ref. [42]. In the latter
case, the authors observed that the dipole effects are mitigated
while the nanoparticle rotates. Hence, for the first time, we can
minimize the deleterious effects of a spin-centered nanopar-
ticle in creating and observing the spatial superposition in a
laboratory.

In Sec. II, we will discuss a simple model of spatial super-
position in one dimension via the Stern-Gerlach protocol [6].
In Sec. III, we will treat the nanoparticle, e.g., ND, as a rigid
body, and include the effect of rotation along the direction
of the NV center to study the dynamics of the Euler angles
during the process of creation and annihilation of the spatial
quantum. In Sec. IV, we will discuss the spin contrast for the
full one-loop interferometry, including thermal effects in the
libration mode of the ND. Finally, we will conclude in Sec. V.

II. A MODEL OF SPATIAL SUPERPOSITION

In this section, we will give an illustrative model of spatial
superposition via the Stern-Gerlach setup. We will follow the
model given by Ref. [6]. We consider a levitated ND with a
single spin-1 NV center, for which the Hamiltonian is given
by [5,6,40]

H = p2

2m
+

3∑
j=1

L2
j

2I j
+ −χρm

2μ0
B2 + μ s · B + DS2

‖ , (1)

where m and I j are the mass and inertia moments of the
ND, respectively; χρ = −6.2 × 10−9 m3/kg represent the
mass magnetic susceptibility of diamonds; the magnetic mo-
ment of the NV is μ = eh̄/2me = h × 2.8 MHz/G; D = h ×
2.87 GHz is the zero-field splitting of the NV center; h =
6.626 070 15 × 10−34 JHz−1; and S‖ = s · n̂s is the projection
of the NV spin on the NV crystalline direction, denoted as n̂s.

We will follow the SGI scheme proposed in Ref. [6] as an
example, where the following time-varying spatial magnetic
field is applied:

�B(z, x) =

⎧⎪⎪⎨
⎪⎪⎩

(B0 − ηz)ẑ + ηxx̂ , t < τ1

B1ẑ , τ1 � t < τ2

− (B0 − ηz)ẑ − ηxx̂ , t > τ2,

(2)

in which B0, B1, and η are constants. In Ref. [6], initially,
the ND is set as translationally and rotationally static at the
original point z = 0 and x = 0. Meanwhile, the NV axis n̂s

is oriented in the ẑ direction. We also choose the NV axis
as the quantization orientation of the NV spin state, and the
spin state is initially prepared as the superposition state |s〉 =
(| + 1〉 + | − 1〉)/

√
2 of the NV spin. The large splitting D of

the energy level prevents the NV spin flipping to the s = 0
state due to the μηxsx term in the Hamiltonian. So, the NV
spin state is stable during the experiment.

In Ref. [6], the rotation of ND is not considered, so it is
always assumed that the NV axis is oriented to the direction
ẑ. We will relax this condition; see below. In addition, since
x = 0 is the equilibrium position of the harmonic potential in
the direction x̂, the translational motion along the x̂ axis is

always static except for initial thermal noise, which can be
reduced by cooling the initial oscillation of the ND [43–45].
This can be arranged in a narrow trap where the motion is
restricted to effectively one dimension [27]. Meanwhile, the
NV spin state results in a zero expectation value of sx. So,
there is no force from the Zeeman term in the x direction.
Therefore, the motion along the x̂ direction is negligible.

The homogeneous magnetic field B1ẑ set during τ1 to
τ2 aims to ensure that the ND is always in enough sizable
magnetic field to avoid Majorana spin flipping [6]. Based on
the initial conditions and assumptions above, we realize a
one-dimensional SGI, where only the motion along the ẑ axis
should be considered. Then, from the Hamiltonian (1) and the
magnetic field (2), we obtain the effective Hamiltonian for the
motion of ND in the z direction:

Hz = p̂2
z

2m
+ 1

2
m�2(ẑ − Z0)2 − η̃(t )μŝ(ẑ − Z0) , (3)

in which � and Z0 are defined as �2 = −χρη̃
2/μ0 and Z0 =

B0/η, and η̃(t ) is the magnetic field gradient, namely, η̃(t ) =
−η, 0, + η when t < τ1, τ1 � t < τ2, and t � τ2, respec-
tively. As we can see, the ND is in a spatial harmonic potential
when the linearized magnetic field is applied, and the equi-
librium position of the harmonic potential depends on the
NV spin state, e.g., the last term ŝ of Eq. (3). The largest
spatial size of superposition during the SGI interferometer
can be estimated by the distance between the equilibrium
position of the s = ±1 state, namely, �z ≈ 2 µη/m�2 =
2μ0μ/(−χρmη) [5,6], which is inversely proportional to the
magnetic field gradient η and the mass m of ND. The time
scale of the interferometer is about � ∝ η−1. To close the two
SGI arms, a rapid microwave pulse should flip the NV spin
state at an appropriate value of τ3. Afterward, the interferom-
eter is closed at a specific time, denoted τ4. In our specific
example, we take τ4 ∼ 1 s, and this experimental time scale is
also assumed in many SGI protocols [5,6,10]. Moreover, this
time can be made smaller, albeit at the cost of a smaller spatial
superposition. It depends on the coherence time of the embed-
ded spin in a nanoparticle. The coherence time is increasingly
getting better for NV-centered systems. For instance, the NV
spin can be mapped to the nuclear spin of 13C atoms to get a
better coherence time, see Ref. [46].

Remarkably, since the s = +1 state is unstable, as shown
in Refs. [40,41], the ND with s = +1 spin state will have
a significant rotation, so the NV spin is no longer oriented
to the ẑ axis, Then the spatial trajectory will be modified a
lot. One possible way to address this problem is to create a
spatial superposition by |s〉 = (|0〉 + | − 1〉)/

√
2, because the

ND with the s = 0 state is torque free and with the s = −1
state is rotationally stable [40,41]. This novel approach en-
sures that the NV spin is always approximately oriented to
the ẑ axis; however, the price is that the superposition size
is halved and, to make matters worse, the spin contrast is
almost zero because of the mismatch between the two SGI
angular paths and the mismatch of the quantum uncertainty of
the two asymmetric angular wave packets (see Ref. [40] and
Appendix A). To reduce the contrast loss, schemes using the
|s〉 = (|0〉 + | − 1〉)/

√
2 state require extreme constraints for

the location of the NV spin in the ND, e.g., within nanometer
separation distance of the NV center from the COM of the
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FIG. 1. The ND sphere model and the three Euler angles
{φ, θ, ψ} in the ZXY convention. We take the gauge that {n̂1, n̂2, n̂3}
coincide with {x, y, z}, respectively, when φ = θ = ψ = 0. �d repre-
sents the vector of the location of the NV spin, and the angle between
n̂3 and �d is labeled as α. The external magnetic field is aligned
along the z and x axis. However, we assume that the superposition
is one dimensional and will be created solely along the z axis; we
set x = 0 always. Our new proposition to mitigate the loss of spin
contrast is that the ND is initially spinning around the n̂3 axis with
frequency ω0.

ND, and very difficult fine-tuning of experimental parameters,
see Ref. [40]. For completeness, we illustrate this situation for
our SGI model, Eq. (2), see Ref. [6], in Appendix A.

III. STABILITY OF THE LIBRATION MODE BY
IMPARTING ROTATION ALONG THE NV AXIS

We propose the following scheme to alleviate the fine-
tuning of parameters for the spin contrast loss in the SGI
setup. The key is to give the ND a sufficient initial angular
momentum that points to the NV axis. The model we built is
shown in Fig. 1, where the ND is considered a nanosphere,
namely, I1 = I2 = I3 = I , following Ref. [40]. The rotational
motion is described by three Euler angles:

(1) Precession angle is given by φ.
(2) Libration angle, also called nutation angle, is given by

θ . The dynamics of the libration mode are the most important
for us. See Fig. 1. The new protocol will be to impart external
rotation at the beginning of the experiment along the NV axis,
as shown in the figure.

(3) Rotation angle is given by ψ .
We study the general case where the NV center is not

located at the COM of the ND. We take the following steps
now.

(1) Initially, we levitate an ND sphere and use circularly
polarized light to derive stable rotation of the ND with an
angular velocity ω0 around the n̂3 axis, which is experi-
mentally feasible [42,47–51]. According to the most recent
experiment [48], optically induced rotation of levitated ND
has been performed at high frequencies up to 20 MHz. Then,
the NV spin state is prepared as the superposition state |s〉 =
(| + 1〉 + | − 1〉)/

√
2.

(2) The next step is to turn on the magnetic field �B(z, x) at
t = 0, where the ẑ direction should coincide as much with the
initial ND rotation axis n̂3 as possible. A small initial angular
mismatch θ0 between n̂3 and ẑ can be tolerated. Thanks to the
gyroscopic effect, the rotation axis of the fast-spinning ND is
now stable, which means that the orientation of n̂3 and n̂s can
always be approximately aligned with the ẑ axis.

Therefore, in this case, when considering the spatial tra-
jectory of the two SGI arms, one can safely assume that the
NV spin orientation always keeps parallel to the magnetic
direction ẑ.

In this way, the spatial trajectories of the SGI model do not
change significantly due to the gyroscopic stability of the ND.

Furthermore, we should ensure that the NV state s = ±1 is
stable during SGI. However, some special values of the rota-
tion frequency ω0 possibly lead to the spin-resonant transition
s = ±1 ↔ 0 [52,53], which should be avoided to maintain the
spin state during the SGI process. First, we investigate the
spin dynamics in a rotating ND to find the condition for the
stability of spin. Then, we focus on the gyroscopic stability of
the ND and the angular mismatch of the Euler angles.

A. Evolution of spin and Einstein–de Hass effect

In the Heisenberg picture, based on the Hamiltonian (1),
the operator equations of motion for the NV spin and ND’s
rotation dynamics are given by [40]

ṡ = μ

h̄
(B × s) + i

h̄
[D(s · n̂s)2, s] , (4)

L̇ = i

h̄
D[(s · n̂s)2, L]

= D[(s · n̂s)(s × n̂s) + (s × n̂s)(s · n̂s)]

= −i[D(s · n̂s)2, s] , (5)

˙̂ni = i

h̄

∑
k

[
L2

k

Ik
, n̂i

]
= ω × n̂i + iγ n̂i , (6)

where i = {1, 2, 3} labels the index in the rotating frame and
γ = h̄

∑
k (1/2Ik ). Then, we have

ṡi = ṡ · n̂i + s · ˙̂ni

= i

h̄
[D(s · n̂s)2, si] + μ

h̄
εi jkB jsk + εi jks jωk + iγ si , (7)

where εi jk is the Levi-Civita epsilon and the Einstein summa-
tion convention is used here. For massive objects with m �
10−17 kg, the coefficient γ ∼ h̄/I � 10−8 Hz is negligible
compared to D ∼ GHz, μB/h̄ ∼ MHz, and ω ∼ kHz–MHz.
We can define an effective Hamiltonian to describe the spin
evolution in the rotating frame

Hs = DS2
‖ + μs · B − h̄

I
s · L . (8)

It can be verified that the Hamiltonian equation ṡi =
i[Hs, si]/h̄ is consistent with (7). The effect of the spin-
rotation coupling s · L is known as the Einstein–de Hass
(EdH) effect [54–56]. For our SGI model, applying the basis
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{s1, s2, s3}, the effective spin Hamiltonian is

Hs =
⎛
⎝ �+ We−iω0t 0

Weiω0t 0 We−iω0t

0 Weiω0t �−

⎞
⎠ , (9)

where

�± ≡ D ± μBcosθ0 ∓ h̄ω0, W ≡ μBsinθ0√
2

. (10)

In the resonant case h̄ω0 ≈ D ± μBcosθ0, the s3 = +1 (or
s3 = −1) state would degenerate with the s3 = 0 state, which
means that any small off-diagonal term W would lead to Rabi
oscillation between the s3 = ±1 and s = 0 state. To mitigate
the amplitude of the Rabi oscillation, we take the off-resonant
condition h̄ω0 � D ± μBcosθ0. Then, we have |�±| 
 W ,
so the Rabi oscillation is negligible.

Moreover, in the case h̄ω0 ≈ μBcosθ0, we have �+ ≈ �−,
which degenerates the two spin states s = ±1. It leads to the
spin-flip transition between s = +1 and s = −1 with prob-
ability, which is known as Majorana flipping [6,57,58] and
should also be avoided in SGI. Therefore, we apply the fol-
lowing condition to the initial rotation frequency:

h̄ω0 � μBcosθ0 , and h̄ω0 � D ± μBcosθ0 . (11)

Therefore, the spin components in the rotating frame are
stable during the interferometry process, that is, ṡi = 0.

B. Equations of motion of the Euler angles

To describe rotational dynamics, we define the rotational
Lagrangian L = T − V , where the rotational kinetic energy
T of the ND sphere in terms of Euler angles is given by [59]

T ≡ L2

2I
= I

2
(θ̇2 + φ̇2sin2θ ) + I

2
(φ̇cosθ + ψ̇ )2 , (12)

and the potential term V generates torque acting on ND’s
rotation.

According to Eqs. (4)–(6) and ṡi = ṡ · n̂i + s · ˙̂ni = 0, we
can get the evolution of ND’s rotational angular momentum

L̇i = L̇n̂i + L · ˙̂ni = μ(B × s) · n̂i − h̄ṡ · n̂i + L · ˙̂ni

= εi jk

(
μBjsk + h̄s j

Lk

Ik
+ Lj

Lk

Ik

)
, (13)

where the last term vanishes because the shape of the ND
we take is spherical, e.g., ˙̂ni = 0. Therefore, we can see that
there are two torques that affect the rotational dynamics of the
ND. The physical origin is the stable condition ṡ = 0, so that
the NV spin vector is fixed in the direction of the NV axis,
namely, s = sn̂s. Then, the mechanical rotation of the ND will
rotate the magnetic moment of the NV spin μs and the angular
momentum of the spin S, implying that the NV spin causes the
two torques in (13).

(1) The first torque arises from the Zeeman term in the
Hamiltonian Eq. (1): μs · B = μs n̂s · B.

(2) The second torque comes from the EdH effect. Be-
cause of the rotation of the NV axis, the spin angular
momentum rotates with the ND. So, the ND gives a torque
to the NV spin angular momentum S = sh̄, namely, M ≡
dS/dt = (L × S)/I . Interactively, the ND is affected by a
reaction torque S × L/I from the NV spin. This means that

the NV spin can still affect the ND’s rotation to some extent
even when B = 0 via the EdH effect [53].

In this paper, by taking the constraint Eq. (11) on ω0, we
work in a regime where the effect of EdH torque in (13) is
negligible, e.g.,

h̄L

I
= h̄ω0 � μB. (14)

Thus, in the V term in the Lagrangian density L = T − V ,
only the Zeeman term μs · B = μsBcosθ is important for our
dynamics, independent of the angular momentum variables.
Then, V = μsBcosθ can define the canonical momentum of
the three Euler angles

pθ ≡ ∂L/∂θ̇ = I θ̇ ,

pφ ≡ ∂L/∂φ̇ = I (φ̇ + ψ̇ cosθ ) = Lz ,

pψ ≡ ∂L/∂ψ̇ = I (ψ̇ + φ̇ cosθ ) = L3 . (15)

Then, the effective Hamiltonian Hr reads

Hr = p2
θ

2I
+ p2

ψ

2I
+ (pφ − pψcosθ )2

2I sin2θ
+ μsBnvcosθ , (16)

where Bnv = Bc + η̃(t )d (cosα cosθ + sinθ sinα cosψ ) de-
notes the magnetic field strength at the location of the NV
center, and Bc is the magnetic field strength at the COM.

Since ηd � Bc, we assume that Bnv ≈ Bc for our analysis.
Therefore, the canonical momentums pψ and pφ are con-
served (e.g., no external magnetic force is acting along these
directions):

pφ = Iω0cosθ0 , pψ = Iω0 . (17)

C. Stability of s = ±1 states in the SGI setup

Substituting the conserved quantities Eq. (17) to Eq. (16),
we obtain the Hamiltonian for the evolution of θ . To make
the libration of the NV axis small, here we demand the small
oscillation condition θ − θ0 � θ0 � 1. Therefore, we end up
with the equation of motion (e.q.m) of θ (the libration mode)
as follows:

θ̈ = −
(

ω2
0 − μsBc(t )

I

)
(θ − θ0) + μs

I
Bc(t )θ0 . (18)

The above Eq. (18) implies that the orientation of the NV axis
is stable for both s = +1 and s = −1 spin states as long as the
requirement ω2

0 > μBc/I is satisfied.
Further, to ensure the small oscillation condition, we need

a sufficiently large initial angular velocity that satisfies

ω2
0 
 μBc

I
. (19)

Therefore, recalling the constraint (11), the order of mag-
nitude for parameters in the SGI experimental setup can be
concluded as follows:√

μBc

I
� ω0 � μBc

h̄
, and ω0 � D ± μBc

h̄
. (20)

For the experimental parameters set in Fig. 2, the or-
der of magnitude of

√
μBc/I is approximately 2π ×

102 Hz, μBc/h̄ ∼ 5–300 MHz, and D/h̄ = 2π × 2.87 GHz.
So, the value of ω0 can be set in the order of ω0 ∼ kHz–MHz.
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FIG. 2. The red and blue curve in (a) represent the numeri-
cal time evolution of nutation mode θ (t ) for the ND with initial
spin state s = +1 and s = −1, respectively. (b) shows the equi-
librium position θ̄ (t ) of the oscillation mode θ (t ). (c) shows the
evolution of the procession angle difference δφ(t ) and rotation
angle difference δψ (t ) between the two SGI arms. In this plot,
we set m = 10−17 kg, B0 = 100 G, B1 = 1.0 G, η = 0.45 G/µm.
Note that following Ref. [6], there are four time stages and we
set τ1 = 0.482 s, τ2 = 0.514 s, θ0 = 0.01, ω0 = 2π × 10 kHz, d =
10 nm, and α = π/6. We reverse the NV spin state between | + 1〉
and | − 1〉 at τ3 = 0.8022 s. The spatial trajectory of the two SGI
arms closed at τ4 = 1.320 s. Vertical lines show these time stages
here, except τ4 = 1.32 s.

Figure 3 shows the spatial trajectories of the SGI model for a
suitable value of ω0.

D. Evolution of the libration mode and the final mismatch

We need to compute the evolution of the libration mode
θ (t ) and study the overlap of the libration mode (for the two
arms of the SGI) upon the completion of the interferometer.

For long-duration SGI models, the variation of Bc in
Eq. (18) is slow compared to the fast oscillation of θ . So,
the libration mode θ (t ) shows a fast harmonic oscillation with
frequency

ω =
√

ω2
0 − μsBc/I ≈ ω0

and an adiabatically evolving equilibrium position θ̄ (t ), il-
lustrated in Figs. 2(a) and 2(b), where θ̄ is obtained from
Eq. (18) as

θ̄ (t ) ≈ θ0 + μs

Iω2
0

Bc(t )θ0 . (21)

Here, we take the ground state of the harmonic trap as the
initial state of the libration mode, i.e., θ (0) = θ0 and θ̇ = 0.

The amplitude of the libration mode θ (t ) can be
estimated as Aθ (0) = μB0θ0/Iω2

0 during 0 � t < τ3. At
t = τ3, the NV spin is flipped, then the equilibrium position θ̄

changes rapidly, disturbs the oscillation, and the libration am-
plitude is somewhat enhanced. Nevertheless, the final libration

FIG. 3. The red curve and blue curve represent the numerical
simulation for spatial trajectories z(t ) of the ND with initial NV
spin state s = +1 and s = −1, respectively. In this plot, we set
the same parameters in Fig. 2. The maximum spatial superposition
size δz is about 20 µm. The initial rotation with ω0 = 2π × 10 kHz
ensures the stability of the orientation of the NV axis, namely,
the angle θ is always small, see Fig. 2(a). Therefore, the spatial
trajectories of the SGI can be maintained as the original design in
Ref. [6]. Following Ref. [6], there are four time stages, and we
set τ1 = 0.482 s, τ2 = 0.514 s, θ0 = 0.01, ω0 = 2π × 10 kHz, d =
10 nm, and α = π/6. We reverse the NV spin state between | + 1〉
and | − 1〉 at τ3 = 0.8022 s. The spatial trajectory of the two SGI
arms closed at τ4 = 1.320 s. Vertical lines show these time stages
here, except τ4 = 1.32 s

amplitudes of the two SGI arms are still on the same order of
magnitude of μB0θ0/Iω2

0.
Therefore, the final mismatch of θ , denoted as δθ (be-

tween the two arms of the SGI at the time of closing the
one-loop interferometer), should also be in the same order.
More precisely, the maximum of δθ can be estimated by (see
Appendix B for the derivation)

δθ (τ4) � 8μB0θ0

Iω2
0

. (22)

The mismatch of libration angle θ is inevitable, but the large
ω0 can highly reduce it to a small value of θ0. For the case of
ω0 = 10 kHz, θ0 = 0.01, and B0 = 100 G, the mismatch of θ

on the order of 10−5, which is incredibly small.

E. Evolutions of precession and rotation angles

For the precession φ(t ) and the rotation mode ψ (t ), ac-
cording to Eqs. (15) and (17), the e.q.m are

φ̇ = ω0

sin2θ0
(cosθ0 − cosθ ) ≈ ω0

θ0
(θ − θ0) , (23)

ψ̇ = ω0

sin2θ0
(1 − cosθ0cosθ ) ≈ ω0 − ω0

θ0
(θ − θ0) , (24)

where we use the condition θ − θ0 � θ0 � 1 Rad for our
setup (a small angle approximation for θ ).

We can compute the mismatch in the evolution of φ and ψ

during the creation and annihilation of the spatial superposi-
tion after the completion of the one-loop interferometry. The
mismatch of classical trajectory of φ(t ) is given by

δφ(τ4) ≈ ω0

θ0

∫ τ4

0
dt (θ̄L − θ̄R) = ω0

θ0
(�A − �B) , (25)
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where θ̄L and θ̄R represent the red and blue curves shown in
Fig. 2(b), and �A and �B labels the area of regions A and B,
respectively. The mismatch of ψ is given by δψ = −δφ.

Generally, the areas �A and �B are unequal. However, one
can regulate the trajectory of θ̄ (t ) by optimizing the exper-
imental parameters, such as B1 and B0, to obtain �A ≈ �B.
For example, as illustrated in Fig. 2(c), the parameters used in
Fig. 2 result in a nearly vanishing mismatch of φ and ψ , in
which |δφ| = |δψ | ≈ 0.05. Remarkably, from Eqs. (21) and
(25), we have δφ ∝ ω−1

0 . So, the mismatch δφ and δψ can be
further reduced by applying a larger ω0.

IV. SPIN CONTRAST

The spin contrast of the interferometer, denoted by C,
is defined by the recombination between the quantum wave
function of the two interferometer arms, C = |〈�L(τ )|�R(τ )|,
denoted here by left (L) and right (R). Here, τ is the time scale
of completing the interferometer, in our SGI model, τ = τ4,
see the discussion in Sec. II.

Let us figure out the spin contrast loss due to the mismatch
of rotational degree of freedom (d.o.f.). We consider the initial
wave packets with the Gaussian profile of the three rotational
d.o.f. The initial quantum uncertainty of momentum is de-
noted as �pψ and �pφ = �pψcosθ0. The initial quantum
state of the libration mode θ is considered a coherent state
of the harmonic trap with frequency ω0.

The wave packets of θ in case s = ±1 keep coherent states
during evolution, since they are both confined in traps with
frequency ω0. The overlap between two symmetric Gaussian
wave packets can be estimated by applying the semiclassical
approach [1,41], namely,

C ∝ exp

(
−1

2

δθ2

l2
θ

− 1

2

δp2
θ

l2
p

)
, (26)

where δθ and δpθ are the classical mismatch of θ and pθ ,
respectively. lθ ≡ h̄/�pθ and lp ≡ h̄/�θ are the spatial co-
herence length and momentum coherence width for the θ

mode, respectively, in which �θ and �pθ denote the quan-
tum uncertainty of θ and the momentum pθ . We can see
that the spin contrast is determined by the mismatch of the
two classical trajectories. Moreover, there is no spin coher-
ence loss caused by the shape mismatch of the left and right
wave packets, while the scheme using the superposition of
s = 0,−1 states suffers from this problem [40]. According to
the analysis of the classical dynamics of θ , the order of magni-
tude of δθ and δpθ can be estimated by δθ ∼ μB0θ0/(Iω2

0 ) and
δpθ ∼ Iω0δθ ∼ μB0θ0/ω0. For a coherent state, the quantum
uncertainty reads �θ = √

h̄/(2Iω0) and �pθ ∼ √
h̄Iω0/2.

Therefore, by the semiclassical method (26), the spin contrast
loss due to the mismatch of the libration mode is roughly

C ∝ exp

(
−Nμ2B2

0θ
2
0

h̄Iω3
0

)
, (27)

where N is a coefficient.
Similarly, the spin contrast decay due to the mismatch

δφ and δψ can also be estimated by using the semiclassical

FIG. 4. The bound of the spin contrast as a function of the initial
angular velocity ω0 for different quantum uncertainties of the angular
momentum Iω0. In this plot, we take the same parameters as in
Fig. 2. The dotted-dashed curve shows the contrast in the finite
temperature case, where n = kBT/(h̄ω0). We can see that, in the case
of ω0 = 2π × 50 kHz, the contrast is still close to 1 when n = 20
(T ∼ 0.05 mK, which is achievable based on recent rotational cool-
ing technologies [60]).

approach (26), i.e.,

C ∝ exp

(
−1

2
δφ2

�p2
φ

h̄2 − 1

2
δψ2

�p2
ψ

h̄2

)
, (28)

in which we have used the coherent length lφ = h̄/�pφ, lψ =
h̄/�pψ and the classical mismatch of momentum δpφ =
δpψ = 0 because of the momentum conservation of the φ and
ψ mode.

Beyond the semiclassical approach described above, we
derive the spin contrast by the quantum approach (see Ap-
pendixes C and D). The lower bound of the final spin contrast
can be evaluated by

C > exp

(
−1

2
δφ2

�p2
φ

h̄2 − 1

2
δψ2

�p2
ψ

h̄2 − 16μ2B2
0θ

2
0

h̄Iω3
0

)
, (29)

which is illustrated in Fig. 4.
The result Eq. (29) is consistent with the semiclassical

estimation Eqs. (27) and (28). As we can see, the final SGI
contrast is protected by large values of ω0, which reduces
all mismatches δφ = −δψ ∝ ω−1

0 , and δθ ∝ ω−2
0 . According

to the recently reported experiment about rotating levitated
ND [48], the line width of the rotational frequency ω0 is
measured on the order of 10−4 Hz for ND with radius 264 nm
(m ≈ 3 × 10−16 kg) when ω0 = 100 kHz, which corresponds
to uncertainty σ = I�ω ≈ 7h̄. Hence, current ND rotation
control techniques can be applied to protect the spin contrast
in future SGI experiments.

We can extend our estimation to finite temperature T , and
the initial state of the nutation mode can be considered as
ρth = ∫

d2αP(α)|α〉〈α|, where |α〉 represents coherent states
and P(α) is the distribution function of the thermal state. The
lower bound of the spin contrast in the finite temperature case
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is given by (see the derivation in Appendix E)

Cth > exp

[
−δφ2�p2

φ

2h̄2 − δψ2�p2
ψ

2h̄2 − 16(1 + 2n)μ2B2
0θ

2
0

h̄Iω3
0

]
.

(30)

Thermal noise causes a decrease in the overlap between the
two nutation states of the two SGI arms, which can be quali-
fied as the (1 + 2n) factor that multiplies the last term in the
exponential of (29) (see Appendix E), where n = kBT/(h̄ω0).
An example with n = 20 is shown in Fig. 4.

V. CONCLUSION

We proposed that, without changing the SGI scheme,
giving an appropriate initial angular momentum along the
superposition direction to the massive object can cure the
interferometry contrast loss induced by the rotational dynam-
ics of the object. Because gyroscope stability is a universal
property of fast-spinning objects, the method is scheme in-
dependent. It can be applied to other SGI models and other
materials of nanoparticles with an embedded spin defect. Re-
markably, the quantum wave packets of the two SGI arms are
symmetric in our model, which avoids contrast loss induced
by the asymmetric evolutions of quantum uncertainty (see
Ref. [40] and Appendix A). In other words, only contrast loss
is caused by the classical mismatch of the two angular trajec-
tories. Moreover, the process does not require fine-tuning of
the experimental parameters. Furthermore, there is no con-
straint on the location of the NV center in ND. The only
assumption is that the shape of ND is spherically symmetric.
If the ND is not a sphere, we require that the NV axis is
oriented to the principal axis with the maximum or mini-
mum inertia moment because objects are rotationally unstable
around the axis of intermediate inertia moment [61,62]. A
detailed analysis is pending for a future paper. Last but not
least, the rotational effects of a nanoparticle are also known to
ameliorate the intrinsic dipole moment [42].
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FIG. 5. The red curve and blue curve represent the spatial tra-
jectories z(t ) of the ND with initial NV spin state s = −1 and
s = 0, respectively. We reverse the NV spin state between |0〉
and | − 1〉 at τ3 = 0.800 s. The position and translational momen-
tum of the two arms can match at τ4 = 1.314 s. In this plot, we
set m = 10−17 kg, B0 = 100 G, B1 = 1.0 G, η = 0.45 G/µm, τ1 =
0.494 s, τ2 = 0.513 s, d = 10 nm, and α = π/6. The maximum of
the superposition size δz(t ) is about 10 µm. The scheme has a half
superposition size δz compared with the scheme using the spin su-
perposition state of s = +1 and s = −1, see Fig. 3.

APPENDIX A: MOTION OF A NANODIAMOND
WITHOUT ROTATION

In this part, we show that, in the case when ND is initially
static, namely, ω0 = 0, it is hard to obtain a large spin contrast
of SGI with massive objects and long duration, and the spatial
superposition size would be half of the original SGI designs.

The Zeeman term μsBcosθ in the ND’s Hamiltonian im-
plies that the ND with the s = −1 state is rotationally stable
when θ = 0; conversely, ND with s = +1 is unstable [40,41].
To avoid a large rotation of angle θ , we use the NV spin state
superposition of the s = 0 and s = −1 state to create a spatial
superposition of ND. From the Hamiltonian [Eq. (1) of the
main text] of the ND, the equations of spatial and rotational
motion are

mz̈ = −−χρm

μ0
Bcη̃ − μsη̃cosθ , (A1)

θ̈ = μs[Bnv sinθ + η̃d sin(θ + α)cosθ ]

≈ s ω2(t )

(
θ − η̃d sinα

Bc

)
, (A2)

where Bnv = Bc + η̃dcos(θ + α) and the libration frequency
ω(t ) = √

μBc(t )/I . Assuming that the spatial and angular
initial state is prepared as ground states in the traps of z and
θ d.o.f., namely, z(0) = ż(0) = θ (0) = θ̇ (0) = 0, the numeri-
cal solutions of the equations of motion for the two SGI paths
are illustrated in Figs. 5 and 6.

The two spatial trajectories can overlap when we choose
appropriate values of τ1, τ2, τ3, and τ4. However, the super-
position size will be halved compared to the same SGI scheme
with s = ±1. Even worse, the angular trajectories of the two
paths cannot finally recombine well, because the trajectory
with initial NV state s = −1 (see the red curve in Fig. 6)
deviates a lot from θ = 0 at t = τ4 in the context of the mag-
netic field profile chosen in the main text. To estimate the final
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FIG. 6. The red curve and blue curve represent the trajectories
θ (t ) for the ND with initial NV spin state s = −1 and s = 0, re-
spectively. The parameters we set are the same as in Fig. 5. Before
t = τ3 = 0.800 s, the ND with s = −1 state shows libration with
frequency ω = √

μBc/I . After t = τ3, the spin turns to s = 0 state so
that the ND will freely rotate, which leads to a large final mismatch
δθ (τ4) ∼ 0.3.

mismatch of the trajectories of θ , we describe the oscillation
of θ as Acos[ω(t − τ3) + γθ ] when t → τ3, where the ampli-
tude can be estimated by A ≈ ηdsinα/B1, ω = √

μBc(τ3)/I ,
and γθ represents the oscillation phase at t = τ3. Therefore, at
t = τ3, we have θ̇ (τ3) = Aωsinγθ . Then, because the NV spin
state is flipped to the s = 0 state, there is no torque acting on
the ND, so the ND rotates with constant angular velocity θ̇ (τ3)
until t = τ4. The final mismatch of θ reads

δθ (τ4) ≈ θ̇ (τ3) × (τ4 − τ3)

≈ ηdsinα

B1

√
μB0

I
(τ4 − τ3)sinγθ , (A3)

where we have used Bc(τ3) ≈ B0. And the mismatch of angu-
lar momentum is estimated by

δpθ (τ4) ≈ I
ηdsinα

B1

√
μB0

I
sinγθ . (A4)

We assume that the wave packet of θ is initially a coherent
state of the harmonic oscillation mode. At t = τ3, the quan-
tum uncertainties are �θ = √

h̄/2Iω and �pθ = √
h̄Iω/2. At

t = τ4, the angular momentum uncertainty remains �pθ =√
h̄Iω/2 but the angular uncertainty expands to �θ (τ4) ≈

h̄(τ4 − τ3)/[2m�θ (τ3)]. Therefore, the coherent length of the
Gaussian wave packet in angular and angular momentum
space can be estimated by Refs. [1,41,64],

λθ ≈ h̄

�pθ

, λp ≈ h̄

�θ
, (A5)

and the spin contrast for two Gaussian wave packets with the
same coherent length can be estimated by

C ≈ exp

[
−1

2

(
δθ2

λ2
θ

+ δp2
θ

λ2
p

)]
. (A6)

For the SGI example shown in Figs. 5 and 6, the coherent
length is about λθ ∼ 0.002 and λp ∼ I × 0.003/s. It means
that the classical mismatch δθ and δθ̇ should be on or smaller

than the order of 10−3 Rad and 10−3 Rad/s, respectively,
to obtain enough contrast. However, as shown in Fig. 6,
when d = 10 nm and α = π/6, the final mismatch is about
δθ ≈ 0.3 and δθ̇ ∼ 0.6/s, which is much greater than the
coherent length of the wave packet. So, the final contrast is
almost zero. To obtain enough contrast, according to Eqs. (A3)
and (A4), one can take the parameters d and α satisfying
|d sinα| � 0.05 nm, for the parameters set in Figs. 5 and 6,
which is a strong constraint for the crystal structure.

Remarkably, even if d sinα = 0, i.e., the mismatch δθ and
δpθ of classical trajectories vanish, the contrast loss is still
unavoidable because of the asymmetric quantum evolution of
the wave packet of the two SGI arms, which is named the
“quantum uncertainty limit” of spin contrast in Ref. [40]. The
following form can describe the Gaussian wave function for
the two SGI arms:

�a =
(

1

2πσ 2
a

) 1
4

exp

(
− θ2

4σ 2
a

+ iβaθ
2

2

)
, (A7)

where σa(t ) is the quantum uncertainty of the Gaussian wave
packet and a → {L, R} labels the left and right arm of the SGI.
According to the Schrodinger equation, the variable β(t ) =
I σ̇a/(h̄σa) is related to the expansion rate of the Gaussian
wave packet [65]. Therefore, the contrast is

C ≡
∫ ∞

−∞
dθ �L�∗

R

=
[(

1 + (σL − σR)2

2σLσR

)2

+ (βL − βR)2σ 2
L σ 2

R

]− 1
4

=
[(

1 + (σL − σR)2

2σLσR

)2

+ I2

h̄2 (σ̇LσR − σ̇RσL )2

]− 1
4

.

(A8)

Let us label the SGI path with s = −1 initial state as the left
arm. During t < τ3, the Gaussian wave packet is trapped in
harmonic potential so that the uncertainty remains σL(t ) ≈
σL(0) = √

h̄/[2Iω(0)] ≡ σ0. When t > τ3, due to s = 0, the
Gaussian wave packet is not affected by the harmonic trap so
that the uncertainty of θ will expand, satisfying

σL(t ) ≈ h̄

2Iσ0
(t − τ3) , t > τ3 . (A9)

For the right arm, during t < τ3, the spin state is s = 0, so the
wave packet is free to expand. When t = τ3, the uncertainty
increases to σR(τ3) ≈ h̄τ3/(2Iσ0). After t = τ3, the spin state
turns to s = −1, then the evolution of the wave function will
change from expansion to oscillation. Under the adiabatic
approximation ω̇ � ω2, the solution of uncertainty oscillation
can take the form as (see more calculations in Ref. [65])

σR(t ) ≈ σR(τ3)

√
cos2γσ + h̄2

4I2ω2σ 4
R (τ3)

sin2γσ

≈ h̄τ3

2Iσ0
|cosγσ | , t > τ3 , (A10)
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FIG. 7. Left panel: The evolution nearing t = τ4 of the contrast
induced by the two asymmetric Gaussian wave packets of the SGI
model. In this plot, we set d = 0 so there is no classical mismatch
between the two Gaussian wave packets. Other parameters are set
the same as in Fig. 5. We can see that there are periodically oc-
curring peaks of contrast, and the frequency is about 2ω(τ4) ∼
2π × 300 Hz. Right panel: Enlarged plot for a contrast peak. The
contrast peaks are very sharp, so the time scale of fine-tuning to
obtain enough contrast should be much smaller than the order of
microseconds.

where γσ ≡ ∫ t
τ3

ω(t ′)dt ′ represents the phase of the uncer-
tainty oscillation and we have used σR(τ3) 
 √

h̄/[2Iω(t )] ≈
σ0 at the second step because ωτ3 
 1.

Therefore, applying (A9) and (A10) to (A8), we get the
evolution of the overlap of the two asymmetric wave packets,
as illustrated in Fig. 7. The contrast oscillates with frequency
2ω (also shown in other models, e.g., Refs. [40,41]). By fine-
tuning the final spin measurement time τ4, it is possible to
reach a contrast peak when t = τ4. However, as shown in the
right panel of Fig. 7, the precision of fine-tuning should even
be at the order of nanoseconds, which is much smaller than the
SGI time scale. Moreover, some noise, such as the fluctuation
of the magnetic field, can affect the oscillation of the wave
packet’s uncertainty, which causes unpredictable shifts of the
location of contrast peaks, making fine-tuning more difficult.
By the way, considering the thermal noise of the initial state,
the contrast will be further reduced by one or more orders of
magnitude [40,41].

APPENDIX B: CLASSICAL EVOLUTION
OF THE NUTATION MODE

The evolution of θ (t ) is governed by the equation

θ̈ = −
(

ω2
0 − μsBc

I

)
(θ − θ0) + μsBcθ0

I
. (B1)

The equation can be rewritten as

θ̈ = −ω2(t )[θ − θ̄ (t )] , (B2)

where

ω2(t ) ≡ ω2
0 − μsBc(t )

I
≈ ω2

0 , (B3)

θ̄ (t ) ≡ θ0 + μsBc(t )θ0

Iω2
0 − μsBc(t )

≈ θ0 + μsBc(t )θ0

Iω2
0

. (B4)

For SGI models with long timescale ∼1 s, the variation of
Bc(t ) is much slower than the oscillation of θ (t ) with fre-
quency ω0 ∼kHz–MHz. So, Eq. (B2) can be regarded as an
equation of a harmonic oscillator with adiabatically changing
parameters. Therefore, we can take the ansatz for the solution

the oscillation

θ (t ) = Aθcos(ωt ) + θ̄ . (B5)

Assuming the initial condition θ (0) = θ0 and θ̇ (0) = 0, we get
the initial amplitude of the nutation mode

Aθ (t ) = μB0θ0

Iω2
0

, 0 � t < τ3 . (B6)

At t = τ3, we flip the NV spin between s = +1 and s = −1
and then the equilibrium position θ̄ is changed

δθ̄ (τ3) = 2μBc(τ3)θ0

Iω2
0

. (B7)

The rapid change of θ̄ kicks the oscillator, then the amplitude
after the spin flipping satisfies

|Aθ (0) − δθ̄ (τ3)| � Aθ (t ) � |Aθ (0) + δθ̄ (τ3)|, t > τ3 .

(B8)
In our SGI model, we have Bc(τ4) ∼ Bc(τ3) � B0. Therefore,
the bound of the oscillation amplitude can be estimated by
Aθ (0) � Aθ (t > τ3) � 3Aθ (0).

At t = τ4, there is a mismatch of θ̄ (t ) between the two SGI
paths, namely, δθ̄ (τ4) = 2μBc(τ4)θ0/Iω2

0. The final mismatch
δθ of θ (τ4) between the two paths can be roughly estimated
by δθ̄ (τ4) and Aθ (τ4), namely,

δθ < AθL(τ4) + AθR(τ4) + δθ̄ (τ4) � 8μ

Iω2
0

B0θ0 , (B9)

where we have taken the upper bound of the oscillation ampli-
tude Aθ (τ4) � 3μB0θ0/Iω2

0 for both the left and right paths.

APPENDIX C: QUANTUM EVOLUTION OF ANGULAR
WAVE PACKETS

According to the canonical quantization procedure,
we have [θ̂ , p̂θ ] = [φ̂, p̂φ] = [ψ̂, p̂ψ ] = ih̄ and [ p̂φ, p̂ψ ] =
[ p̂θ , p̂φ] = [ p̂ψ, p̂θ ] = 0, which are consistent with the com-
mutation relations of angular momentum [66], i.e., [L̂i, L̂ j] =
iεi jk L̂k , where {i, j, k} label {x, y, z} or {1, 2, 3}. First, we
define the shifted operators

θ̂ ′ ≡ θ̂ − θ0 − μsBcθ0

Iω2
0

, p̂′
φ ≡ p̂φ − 〈p̂φ〉,

p̂′
ψ ≡ p̂ψ − 〈p̂ψ 〉 , (C1)

where 〈p̂φ〉 = Iω0cosθ0, 〈p̂ψ 〉 = Iω0 are the expectation val-
ues of p̂φ and p̂ψ . The quantum Hamiltonian of rotational
dynamics [Eq. (7) of the main text] can be written as

Ĥ ≈ p̂2
θ

2I
+ 1

2
Iω2

0 θ̂
′2 + g( p̂′

φ, p̂′
ψ, t ) − f ( p̂′

φ, p̂′
ψ )θ̂ ′ , (C2)

where the functions f and g are defined as

g(p′
φ, p′

ψ, t ) = (p′
φ − p′

ψ )2

2Iθ2
0

− ω0 p′
ψ − μsBc

Iω0
(p′

φ − p′
ψ ) ,

f (p′
φ, p′

ψ ) = ω0

θ0
(p′

φ − p′
ψ ) + (p′

φ − p′
ψ )2

Iθ3
0

. (C3)

We neglect higher-order terms of θ̂ ′ based on assumption
〈θ̂ ′〉 � θ0 � 1, and we assume that the quantum fluctuation
of momentum is small, namely, �pφ ≈ �pψ ∼ h̄ � Iω0.
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Initially, the spin state is s = 0, and the quantum wave
packet of φ and ψ degrees of freedom in the momentum space
is set as Gaussian wave packets with widths �pφ and �pψ ,
respectively. The quantum state of the nutation mode θ is set
as the ground state |0〉θ̄0

in the harmonic trap with frequency
ω0 and equilibrium position θ̄0. So, the initial wave function
of the angular d.o.f. is

|�(0)〉 =
∫ d p′

φ d p′
ψ√

2π�pφ�pψ

e
− (p′

φ
)2

4�p2
φ e

− (p′
ψ

)2

4�p2
ψ |p′

φ, p′
ψ 〉 ⊗ |0〉θ̄0

.

(C4)

From the Hamiltonian (C2), the initial equilibrium position θ̄

of the θ mode is

θ̄0(p′
φ, p′

ψ ) = θ0 + f (p′
φ, p′

ψ )

Iω2
0

. (C5)

We can see that the equilibrium position of the harmonic
trap is also shifted by the quantum fluctuations p′

φ and p′
ψ .

When the interferometer starts, the spin state is prepared as
a superposition state of s = +1 and s = −1. Then, θ̄ deviates
from the initial equilibrium position θ̄0 so that the ground state
|0〉θ̄0

becomes a coherent state in the harmonic trap with new
balance position

θ̄ (s, t, p′
φ, p′

ψ ) = θ0 + μsBc(t )θ0 + f (p′
φ, p′

ψ )

Iω2
0

. (C6)

Therefore, the quantum evolution of wave packet is given by

|�(t )〉 = exp

(
− i

h̄

∫
Ĥdt

)
|�(0)〉

=
∫ d p′

φ d p′
ψ√

2π�pφ�pψ

e
− (p′

φ
)2

4�p2
φ e

− (p′
ψ

)2

4�p2
ψ

× exp

[
− i

h̄

∫
dt g(p′

φ, p′
ψ, t ) + f (p′

φ, p′
ψ )θ̂ ′

+ p̂2
θ

2I
+ 1

2
Iω2

0 θ̂
′2
]
|p′

φ, p′
ψ 〉 ⊗ |α〉

=
∫ d p′

φ d p′
ψ√

2π�pφ�pψ

e
− (p′

φ
)2

4�p2
φ e

− (p′
ψ

)2

4�p2
ψ

× exp

[
− i

h̄

∫
dt g(p′

φ, p′
ψ, t )

]
|p′

φ, p′
ψ 〉 ⊗ |α(t )〉θ̄ ,

(C7)

and, near t = 0, the coherent state |α(t )〉θ̄ is evolving as

|α(t )〉θ̄ = exp

[−i

h̄

∫
dt

p̂2
θ

2I
+ Iω2

0

2
θ̂ ′2 − f (p′

φ, p′
ψ )θ̂ ′

]
|0〉θ̄0

=
∣∣∣∣ −

√
Iω0

2h̄

μsB0θ0

Iω2
0

e−iω0t

〉
θ̄

. (C8)

Since both θ̄ and θ̄0 are shifted by f /(Iω2
0 ), the quantum

fluctuation of momentum pφ and pψ does not affect the initial
amplitude of the nutation mode. The evolution of the ampli-
tude |α| of the coherent state can be obtained from the analysis
of classical amplitude estimation in Appendix B, where the

final amplitude |α| satisfies

|α(τ4)| <

√
Iω0

2h̄

3μB0θ0

Iω2
0

. (C9)

For the quantum state of ψ and φ, since the Hamiltonian
consists only of quadratic terms of p̂′

φ and p̂′
ψ , the wave

packet of φ and ψ remains in Gaussian form during evolution.
And because of [ p̂′

φ, Ĥ ] = 0 and [ p̂′
ψ, Ĥ ] = 0, the momentum

uncertainties �pφ and �pψ are invariant.

APPENDIX D: SPIN CONTRAST COMPUTATION

From the solution (C7) of the angular quantum state, we
can figure out the SGI contrast for the rotational dynamics,
which is given by

C = |〈�L(τ4)|�R(τ4)〉| =
∫ d p′

φ d p′
ψd p′′

φ d p′′
ψ

2π�pφ�pψ

× e
− (p′

φ
)2+(p′′

φ
)2

4�p2
φ e

− (p′
ψ

+(p′′
ψ

)2 )2

4�p2
ψ

× exp

[
− i

h̄

∫ τ4

0
dt (gL(p′

φ, p′
ψ, t ) − gR(p′′

φ, p′′
ψ, t ))

]
× 〈p′

φ, p′
ψ |p′′

φ, p′′
ψ 〉 × 〈αL(p′

φ, p′
ψ, τ4)|αR(p′′

φ, p′′
ψ, τ4)〉

=
∫ d p′

φ d p′
ψ

2π�pφ�pψ

e
− (p′

φ
)2

2�p2
φ e

− (p′
ψ

)2

2�p2
ψ

× exp

[
− i

h̄

∫ τ4

0
dt (gL(p′

φ, p′
ψ, t ) − gR(p′

φ, p′
ψ, t ))

]
× |θ̄L

〈αL(p′
φ, p′

ψ, τ4)|αR(p′
φ, p′

ψ, τ4)〉θ̄R
| , (D1)

in which we have∫ τ4

0
dt [gL(p′

φ, p′
ψ, t ) − gR(p′

φ, p′
ψ, t )]

=
∫ τ4

0
dt

(
μsBc

Iω0

∣∣∣∣
L

− μsBc

Iω0

∣∣∣∣
R

)
(p′

φ − p′
ψ )

= δφ × (p′
φ − p′

ψ ) . (D2)

δφ, evaluated in Eq. (15) of the main text, is the mis-
match between the classical trajectory of φ of the left
and right SGI arms. The module of the inner product
θ̄L

〈αL(p′
φ, p′

ψ, τ4)|αR(p′
φ, p′

ψ, τ4)〉θ̄R
of two coherent states is

determined by the distance of the complex variables αL and
αR, see Fig. 8, namely,

|θ̄L
〈αL|αR〉θ̄R

| = exp
[− 1

2 |αL − (αR + δX )|2], (D3)

where

δX ≡
√

Iω0

2h̄
|θ̄L − θ̄R| =

√
Iω0

2h̄

2μBc(τ4)θ0

Iω2
0

. (D4)

Notably, the equilibrium position deviations due to the quan-
tum fluctuation p′

φ and p′
ψ are the same for left and right SGI

paths, thus the overlap of the two coherent state |θ̄L
〈αL|αR〉θ̄R

|
is independent of the variable p′

φ and p′
ψ .
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FIG. 8. Sketch of coherent state |αL〉 and |αR〉 in the phase
space {X = √

Iω0/(2h̄)θ, P = √
1/(Iω02h̄) pθ } at t ≈ τ4. The red

and blue circle represents the evolution of the two coherent
states. The mismatch of dimensionless equilibrium position δX =√

Iω0/(2h̄) δθ̄ (τ4).

Plugging (D2) and (D3) into the contrast formula (D1), we
end up with the contrast

C = |〈αL|αR〉|
∫ d p′

φ d p′
ψ

2π�pφ�pψ

e
− (p′

φ
)2

2�p2
φ

− (p′
ψ

)2

2�p2
ψ

+ i
h̄ δφ(p′

φ−p′
ψ )

= exp

[
−1

2

(
δφ2

�p2
φ

h̄2 + δψ2
�p2

ψ

h̄2

)]
|〈αL|αR〉| . (D5)

Using (C9), (D3), and (D4), we obtain the lower bound of
the overlap between the two coherent states,

|θ̄L
〈αL|αR〉θ̄R

| > exp

[
−1

2
(|αL| + |αR| + δX )2

]

> exp

[
−1

2

Iω0

2h̄

(
8μB0θ0

Iω2
0

)2
]
. (D6)

Therefore, the lower bound of the contrast is

C > e− 1
2 δφ2

�p2
φ

h̄2 e− 1
2 δψ2

�p2
ψ

h̄2 exp

(
−16μ2B2

0θ
2
0

h̄Iω3
0

)
. (D7)

APPENDIX E: FINITE TEMPERATURE CORRECTION

The contrast (D7) is calculated in the zero-temperature
case, where the initial state of the nutation mode is the ground
state of the harmonic trap. Considering a finite temperature T ,
the initial state of the nutation mode can be described by the
density matrix operator in the coherent state basis

ρ̂th =
∫

d2α

π

e− |α|2
n

n
|α〉〈α| , (E1)

in which n ≡ kBT/(h̄ω0) is the occupation number. Here,
we take the definition of the final overlap between two ther-
mally coherent states as tr[D̂(ζL )ρ̂thD̂†(ζR)], where D̂(ζ ) is the
displacement operator that satisfies D̂(ζL )|0〉θ̄0

= |αL〉θ̄ and
D̂(ζR)|0〉θ̄0

= |αR〉θ̄ . Then, we have [67]

tr[D̂(ζL )ρ̂thD̂†(ζR)] = exp
[
ϕ − |�ζ |2( 1

2 + n
)]

, (E2)

where the phase factor ϕ ≡ (ζLζ ∗
R − ζ ∗

L ζR)/2 is a imaginary
number so it does not contribute to the contrast. Therefore,
considering thermal effect, Eqs. (D3) and (D6) should be
rewritten as

|〈αL|αR〉|th = exp

[
−

(
1

2
+ n

)
|αL − (αR + δX )|2

]

> exp

[
−

(
1

2
+ n

)
32μ2B2

0θ
2
0

h̄Iω3
0

]
. (E3)

The lower bound of the spin contrast in the finite temperature
case is given by

Cth > exp

[
−δφ2�p2

φ

2h̄2 − δψ2�p2
ψ

2h̄2 − 16(1 + 2n)μ2B2
0θ

2
0

h̄Iω3
0

]
.

(E4)
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