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Abstract

This article provides a brief introduction to the a posteriori error analysis of
parabolic partial differential equations, with an emphasis on challenges distinct from
those of steady-state problems. Using the heat equation as a model problem, we
examine the crucial influence of the choice of error norm, as well as the choice of
notion of reconstruction of the discrete solution, on the analytical properties of the
resulting estimators, especially in terms of the efficiency of the estimators.
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1 Introduction

The numerical approximation of partial differential equations (PDE) is crucial in many
scientific and engineering fields. Ensuring the accuracy of the approximate solutions
necessitates robust error control by a posteriori error estimators, which provide com-
putable bounds or estimates for the discretization error based on the computed solution
and problem data, without requiring knowledge of the exact solution. The error esti-
mators are also central ingredients in the design of adaptive algorithms, which aim to
achieve gains in computational efficiency and prescribed error tolerances. The purpose
of this expository article is to present a brief, accessible, and relatively self-contained,
introduction to this topic. With this purpose in mind, we use as a model problem the
heat equation

∂tu−∆u = f in Ω× (0, T ),

u = 0 on ∂Ω× (0, T ),

u(0) = u0 in Ω,

(1.1)

where Ω is a bounded open set in Rd, d ≥ 1, which we assume to have a Lipschitz
boundary, and where T > 0 is the final time. The assumptions on the data will be
made precise below. We do not assume that the reader is familiar with the current
research literature. Instead, we only assume that the reader has some foundations in
the analysis of parabolic PDE and Bochner spaces, as can be found in many books, such
as [24, 33, 52].

The analysis of a posteriori error estimators for time-dependent PDE poses a num-
ber of challenges that are not typically encountered for their steady-state counterparts.
There is not only a very wide range of possible choices of numerical methods, both
with regards to temporal and spatial discretization, but even for a chosen method, there
can be significant additional complications, such as mesh-adaptation in between time-
steps [9, 13, 15, 26, 29]. In addition, there are many approaches and techniques to the
derivation and construction of the a posteriori error estimators. To mention only a few,
there are techniques based on dual problems [15, 28], elliptic reconstructions [31, 32],
energy type bounds [5, 39], or inf-sup stability of the problem [19, 20, 26, 50]. However,
the purpose here is not to review the breadth of possibilities in the literature. Instead,
the focus is on some fundamental aspects that are relevant to essentially all numerical
computations and estimation techniques for parabolic problems.

The first focal point that we consider is the effect of the choice of norm in which
to measure the error. For parabolic problems, there is a plethora of norms in which
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one can measure the error. We are particularly interested in those functional settings
that are connected to an inf-sup stable formulation of the problem, so that there is an
equivalence between the norm of the error and a (usually noncomputable) dual norm of
the residual. In these cases, the question of efficiency of the estimators seems particularly
relevant, yet turns out to be a rather challenging one. The problem, as we detail below,
is that the same estimator (more precisely, the temporal jump estimator) appears in the
corresponding upper bounds on the error for various norms of the error, yet it is known
from counter-examples (c.f. Example 4.7 below) that it is not an efficient estimator for all
of these norms. Furthermore, for some norms where some efficiency results are available,
the question of locality of the efficiency bounds is also more complicated than for steady-
state problems. The second issue that we wish to focus on is perhaps more subtle and
easy to overlook. For many time-stepping schemes, such as the implicit Euler method,
there is an element of choice in how to reconstruct a discrete function that extends the
computed values at the time-step points to the whole time interval. Hence there is some
flexibility in the precise notion of numerical solution that is to be compared against the
exact solution. For instance, two popular choices in the case of the implicit Euler method
are a piecewise constant-in-time reconstruction, and a continuous piecewise affine-in-time
reconstruction. Yet there is generally no unique answer, for all problem data, as to which
provides the smaller error (see Example 4.2 below). Furthermore, the efficiency of the
same estimator can depend crucially on the choice of reconstruction of the numerical
solution (c.f. Example 4.7 below showing how, depending on the problem data, the
estimator might vastly overestimate the error for either one of the reconstructions).

Therefore, we hope that this expository work will help our reader to better navigate
the landscape regarding the relationship between the error estimators and the various
possible choices of norms and also choices of notion of numerical solution. We also aim
to further clarify the issue of efficiency of the estimators, as this is an aspect of the
analysis that has been a challenge for many works in the literature. In order to highlight
how many of the central issues result from time-discretization, we first consider the semi-
discrete setting where the problem is discretized only with respect to time. Then, to show
how the features of the analysis extend to the fully discrete setting, we also consider the
fully discrete setting where space is discretized by a conforming finite element method.
In order to make the presentation as brief, accessible and self-contained as possible, it has
been necessary to make some selections on choices of topics. One direction that we do not
discuss is mesh adaptation between time-steps, which requires a more technical analysis.
We refer the reader instead to the research literature mentioned above for further details
on this matter. We also do not cover here several other possible norms for the error, such
as L2(L2), L∞(L2) or L∞(L∞) norms, and instead refer the reader to [11, 14, 16, 28, 32,
46, 49]. We also do not go into details on other choices of numerical methods, such as
other time-stepping methods, especially higher-order methods [2, 4, 19, 20, 34, 35, 42],
or nonconformity of the spatial discretization [22, 27, 36]. Despite its importance, the
choice of estimators to handle the spatial discretization is not the central focus here, so
in the fully discrete setting, we consider only the equilibrated flux estimators, since it
allows for some essential results to be quoted succinctly from the literature, which will

3



be especially useful for the treatment of the L2(H1) and energy norms. However, other
spatial estimators, such as residual-based estimators, could also be considered. Finally,
we also do not consider extensions to more general parabolic problems, for instance
problems with lower-order terms, although we note that the setting of the analysis
generalizes via inf-sup stability for some equivalent norms with time-dependent weights
(c.f. [38]).

2 Setting and notation

2.1 Sobolev and Bochner spaces

For a nonempty, bounded, open set ω ⊂ Rd, d ≥ 1, and an integer m ≥ 1, let
Lp(ω;Rm) denote the space of Lebesgue measurable vector-fields v : ω → [−∞,∞]m

such that ∥v∥Lp(ω,Rm) :=
(∫

ω|v|
pdx
) 1

p < ∞. For the case m = 1, we abbreviate
Lp(ω) := Lp(ω;Rm), and likewise for its norm. For the case p = 2 and general inte-
ger m ≥ 1, we shall use the shorthand notation ∥·∥ω and (·, ·)ω to denote respectively
the standard norm and inner-product for both scalar- and vector-valued functions on ω,
where the arguments of the norms and inner-product will distinguish between the scalar
and vectorial cases. Let the Hilbert space H1(ω) := W 1,2(ω) denote the usual Sobolev
space of functions in L2(ω) with first-order weak partial derivatives also in L2(ω). The
space H1(ω) is equipped with the norm

∥v∥2H1(ω) := ∥v∥2ω + ∥∇v∥2ω ∀v ∈ H1(ω), (2.1)

where ∇v denotes the gradient of v. Let H1
0 (ω) denote the closure of C

∞
0 (ω) in the space

H1(ω), where C∞
0 (ω) denotes the space of real-valued infinitely differentiable compactly

supported functions on ω. Note that for ω bounded, the Poincaré inequality implies that
the mapping v 7→ ∥∇v∥ω defines an equivalent norm on H1

0 (ω), see [1, Corollary 6.31,
p. 184]. Let H−1(ω) denote the dual space of H1

0 (ω), with norm

∥Φ∥H−1(ω) := sup
v∈H1

0 (ω)\{0}

⟨Φ, v⟩H−1(ω)×H1
0 (ω)

∥∇v∥ω
∀Φ ∈ H−1(ω), (2.2)

where ⟨·, ·⟩H−1(ω)×H1
0 (ω)

is the duality pairing between H−1(ω) and H1
0 (ω). To simplify

the notation, for the special case where ω = Ω the domain in (1.1), we shall drop
the subscript and simply write ⟨·, ·⟩ to denote the duality pairing between H−1(Ω) and
H1

0 (Ω).
For a bounded open set ω ⊂ Rd, the space L2(ω) can be canonically embedded

into H−1(ω) through ⟨w, v⟩H−1(ω)×H1
0 (ω)

= (w, v)ω for all v ∈ H1
0 (ω). The density

of H1
0 (ω) in L2(ω) implies the injectivity of the embedding L2(ω) into H−1(ω); i.e.

⟨w, v⟩H−1(ω)×H1
0 (ω)

= 0 for all v ∈ H1
0 (ω) if and only if w = 0. Thus the spaces H1

0 (ω),

L2(ω) and H−1(ω) form a Gelfand triple, with H1
0 (ω) ⊂ L2(ω) ⊂ H−1(ω), where each

embedding is continuous, compact, dense and injective, see also [52, p. 262].
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In the following, we frequently consider Bochner spaces consisting of functions that
map a bounded open interval I ⊂ R into various Sobolev spaces over some spatial
domain ω. Although we state here some of the main definitions of these spaces and
mention some basic properties, the reader may find a more comprehensive introduction
in [24, Ch. 5], [52, Ch.4], and in [53]. Let V be a real Banach space. The space Lp(I;V )
is the space of all strongly measurable functions v : I 7→ V such that ∥v∥Lp(0,T ;V ) < ∞,
where

∥v∥Lp(I;V ) :=

{(∫
I∥v(t)∥

p
V dt

) 1
p , p ∈ [1,∞),

ess supt∈I∥v(t)∥V , p = ∞.
(2.3)

The main examples of Bochner spaces that we will use below are the spaces L2(I;H1
0 (ω)),

L2(I;L2(ω)) and L2(I;H−1(ω)). We note that, if 1 ≤ p <∞, the spaces Lp(I × ω) and
Lp(I;Lp(ω)) are isometrically isomorphic to each other; however this does not extend
to the case p = ∞, see [41, p. 24]. The notion of weak derivatives extends to Bochner
spaces, see [24, p. 285]: in particular, for v ∈ Lp(I;V ), we say that v has weak time
derivative w ∈ L1(I;V ), and we write ∂tv := w, if and only if∫

I
v(t)∂tϕ(t)dt = −

∫
I
w(t)ϕ(t)dt ∀ϕ ∈ C∞

0 (I), (2.4)

where the integrals in (2.4) are V -valued Bochner integrals, see [24, p. 650] and [52,
p. 388] for a definition. Using the fact that ⟨Φ,

∫
I v(t)dt⟩V ∗×V =

∫
I⟨Φ, v(t)⟩V ∗×V dt for

all v ∈ L1(I;V ) and Φ ∈ V ∗, c.f. [24, p. 650], and the Hahn–Banach Theorem, it can be
shown that (2.4) is equivalent to∫

I
⟨Φ, v(t)⟩V ∗×V ∂tϕ(t)dt = −

∫
I
⟨Φ, w(t)⟩V ∗×V ϕ(t)dt, ∀Φ ∈ V ∗, ∀ϕ ∈ C∞

0 (I). (2.5)

The space H1(I;V ) is the space of functions in v ∈ L2(I;V ) that have weak time deriva-

tive ∂tv ∈ L2(I;V ). A norm onH1(I;V ) is given by ∥v∥H1(I;V ) =
(∫

I∥v∥
2
V + ∥∂tv∥2V dt

) 1
2 .

2.2 Function spaces for parabolic PDE

We start by defining several function spaces that will be of special use in the analysis.
First, let

X := L2(0, T ;H1
0 (Ω)). (2.6)

Since Ω is bounded, we shall equip X with the norm ∥·∥X defined by

∥v∥2X :=

∫ T

0
∥∇v∥2Ωdt ∀v ∈ X. (2.7)

We also let Z := X ×L2(Ω) denote the product of the spaces X and L2(Ω). A norm on
the space Z is defined by

∥v∥2Z := ∥v∥2X +
1

2
∥vT ∥2Ω ∀v = (v, vT ) ∈ Z. (2.8)

5



Note that the choice of a factor of 1
2 before the term ∥vT ∥2Ω in (2.8) is motivated by

the energy norm on the solution of the heat equation, which we will consider in later
sections. Next, let

Y := L2(0, T ;H1
0 (Ω)) ∩H1(0, T ;H−1(Ω)), (2.9)

where, to be clear, the space Y is the space of functions φ such that φ ∈ X =
L2(0, T ;H1

0 (Ω)) and, after taking the embedding from H1
0 (Ω) into H

−1(Ω) as described
above, then also φ ∈ H1(0, T ;H−1(Ω)). A possible choice of norm on Y is given by

φ 7→
√

∥φ∥2X + ∥φ∥2
H1(I;H−1(Ω))

, although see (2.10) below. It is known that Y is con-

tinuously embedded in C([0, T ];L2(Ω)), see [24, p. 287], and thus we can define a more
suitable norm on Y for the purpose of a posteriori error analysis for (1.1), given by

∥φ∥2Y :=

∫ T

0

(
∥∂tφ∥2H−1(Ω) + ∥∇φ∥2Ω

)
dt+ ∥φ(T )∥2Ω ∀φ ∈ Y. (2.10)

It will be seen in Section 3.1 below that the choice of norm (2.10) leads to optimal
constants in the analysis of the inf-sup condition for the bilinear form associated to
the heat operator in (1.1), which is advantageous for the goal of obtaining quantitative
bounds on the error. Note that the final term in the right-hand side of (2.10) is finite as a
result of the the continous embedding Y ⊂ C([0, T ];L2(Ω)), and thus ∥·∥Y is well-defined

and is moreover equivalent to
√

∥·∥2X + ∥·∥2
H1(I;H−1(Ω))

.

Moreover, the continuous embedding of Y in C([0, T ];L2(Ω)) also implies that we
can define several useful subspaces of Y with conditions at the initial and final times. In
particular, we define the spaces

Y0 := {φ ∈ Y, φ(0) = 0}, YT := {φ ∈ Y, φ(T ) = 0}, (2.11)

which denote respectively the subspaces of function in Y that vanish at t = 0 and t = T .
We leave Y0 equipped with norm ∥·∥Y defined in (2.10) above, but we shall equip YT
with the norm ∥·∥YT

defined by

∥φ∥2YT
:=

∫ T

0

(
∥∂tφ∥2H−1(Ω) + ∥∇φ∥2Ω

)
dt+ ∥φ(0)∥2Ω ∀φ ∈ YT . (2.12)

We will also consider the norm ∥·∥Y,sym on the space Y defined by

∥φ∥Y,sym :=

∫ T

0

(
∥∂tφ∥2H−1(Ω) + ∥∇φ∥2Ω

)
dt+ ∥φ(0)∥2Ω + ∥φ(T )∥2Ω ∀φ ∈ Y, (2.13)

The notation ∥·∥Y,sym reflects the fact that this norm is invariant with respect to reversal
of the time variable, i.e. the map Y ∋ φ 7→ φ(T − ·) is an isometry under the norm
∥·∥Y,sym. This invariance property will play an important role later in Section 4.4 for
the analysis of bounds for the energy norm of the error.
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2.3 The heat equation

Returning to the heat equation (1.1), we shall suppose throughout this work that f ∈
L2(0, T ;H−1(Ω)) and that u0 ∈ L2(Ω). Then, it is well-known that (1.1) admits a unique
weak solution u ∈ Y that solves

⟨∂tu(t), v⟩+ (∇u(t),∇v)Ω = ⟨f(t), v⟩ ∀v ∈ H1
0 (Ω), for a.e. t ∈ (0, T ), (2.14)

and u(0) = u0, see for instance [24, 33, 52]. Recall that ⟨·, ·⟩ denotes the duality pairing
between H−1(Ω) and H1

0 (Ω).

3 Inf-sup stability of the heat equation

3.1 Inf-sup stability: L2(H1) ∩H1(H−1) norm

We first consider the inf-sup stability of the heat equation (1.1) when considering the
solution in the space Y = L2(0, T ;H1(Ω))∩H1(0, T ;H−1(Ω)). We start by defining the
bilinear form BY : Y ×X → R by

BY (φ, v) :=

∫ T

0
(⟨∂tφ, v⟩+ (∇φ,∇v)Ω) dt, (3.1)

where φ ∈ Y and v ∈ X are arbitrary functions. Then, the problem (1.1) admits the
following weak formulation: find u ∈ Y such that u(0) = u0 and such that

BY (u, v) =

∫ T

0
⟨f, v⟩dt ∀v ∈ X. (3.2)

The well-posedness of (3.2) is well-known and can be shown by Galerkin’s method [24,
52]. The following result states an inf–sup stability result for the bilinear form BY for
the above spaces equipped with their respective norms.

Theorem 3.1 (Inf–sup identity). For every φ ∈ Y , we have

∥φ∥2Y =

[
sup

v∈X\{0}

BY (φ, v)

∥v∥X

]2
+ ∥φ(0)∥2Ω. (3.3)

Proof. For a fixed φ ∈ Y , let w∗ ∈ X be defined by (∇w∗,∇v)Ω = ⟨∂tφ, v⟩ for all

v ∈ H1
0 (Ω), a.e. in (0, T ), which implies the identity ∥w∗∥2X =

∫ T
0 ∥∂tφ∥2H−1(Ω)dt. Fur-

thermore, we have

BY (φ, v) =

∫ T

0
(∇(w∗ + φ),∇v)Ω dt = (w∗ + φ, v)X , (3.4)

where (·, ·)X denotes the inner-product on X. Thus the Cauchy–Schwarz inequality
implies that supv∈X\{0}BY (φ, v)/∥v∥X = ∥w∗ +φ∥X . The desired identity (3.3) is then
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obtained by expanding the square

∥w∗ + φ∥2X =

∫ T

0
∥∇(w∗ + φ)∥2Ω dt

=

∫ T

0

(
∥∇w∗∥2Ω + 2(∇w∗,∇φ)Ω + ∥∇φ∥2Ω

)
dt

=

∫ T

0

(
∥∂tφ∥2H−1(Ω) + 2⟨∂tφ,φ⟩+ ∥∇φ∥2Ω

)
dt

= ∥φ∥2Y − ∥φ(0)∥2Ω,

(3.5)

where we note that we have used the identity
∫ T
0 2⟨∂tφ,φ⟩ dt = ∥φ(T )∥2Ω−∥φ(0)∥2Ω.

Theorem 3.1 immediately implies the following identity for the Y -norm of the solution
of (1.1)

∥u∥2Y =

∫ T

0
∥f∥2H−1(Ω)dt+ ∥u0∥2Ω. (3.6)

Indeed, this follows from the fact that X∗, the dual space of X = L2(0, T ;H1
0 (Ω)), is

isometrically isomorphic to L2(0, T ;H−1(Ω)).

3.2 Inf-sup stability: L2(H−1) norm

The heat equation (1.1) can also be given a variational formulation that casts the time
derivative onto the test functions. In particular, let the bilinear form BX : X × YT → R
be defined by

BX(v, φ) :=

∫ T

0
[−⟨∂tφ, v⟩+ (∇v,∇φ)Ω] dt ∀v ∈ X, φ ∈ YT . (3.7)

Then, the model problem (1.1) admits the following weak formulation: find u ∈ X such
that

BX(u, φ) =

∫ T

0
⟨f, φ⟩dt+ (u0, φ(0))Ω ∀φ ∈ YT . (3.8)

Note that in (3.8), the initial condition u(0) = u0 is expressed as a natural condition,
appearing in (3.8), rather than as an essential condition imposed by the choice of solution
space. Note also that in general, the weak formulation (3.8) can be extended to more
general source terms f ∈ Y ∗

T the dual of YT , however for the sake of simplicity we shall
restrict ourselves here to the case f ∈ L2(0, T ;H−1(Ω)), and thus the solution of (3.8)
is equivalently the solution of (3.2).

Theorem 3.2 (Inf–sup identity). For every v ∈ X, we have

∥v∥X = sup
φ∈YT \{0}

BX(v, φ)

∥φ∥YT

. (3.9)
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Proof. Let R : v 7→ v(T − ·) denote the time-reversal mapping for functions v ∈ X. It
is clear that R : X → X is an isometry with ∥Rv∥X = ∥v∥X for all v ∈ X, while
R : YT → Y0 is an isometry with ∥Rφ∥Y = ∥φ∥YT

for all φ ∈ YT . Observe also that
BY (Rφ, v) = BX(Rv, φ) for all v ∈ X and all φ ∈ YT . Therefore, Theorem 3.1 implies
that

∥φ∥YT
= ∥Rφ∥Y = sup

v∈X\{0}

BY (Rφ, v)

∥v∥X
= sup

v∈X\{0}

BX(Rv, φ)

∥v∥X
= sup

ṽ∈X\{0}

BX(ṽ, φ)

∥ṽ∥X
.

(3.10)
Note that in passing to the last identity in (3.10), we have simply substituted ṽ = Rv
and used the isometry identity ∥Rv∥X = ∥v∥X above. Next, we immediately obtain
from (3.10) the lower bound

∥v∥X ≥ sup
φ∈YT \{0}

BX(v, φ)

∥φ∥YT

∀v ∈ X. (3.11)

To obtain the converse bound, let φ∗ ∈ YT denote the solution of

BX(w,φ∗) =

∫ T

0
(∇w,∇v)Ωdt ∀w ∈ X.

This problem can simply be seen as a backward-in-time heat equation with final time
condition φ∗(T ) = 0. Hence, we have ∥v∥2X = BX(v, φ∗) and (3.10) implies that
∥φ∗∥YT

= ∥v∥X . This immediately shows the upper bound

∥v∥X ≤ sup
φ∈YT \{0}

BX(v, φ)

∥φ∥YT

∀v ∈ X, (3.12)

which completes the proof of (3.9).

It follows from Theorem 3.2 that the solution u of (1.1) satisfies

∥u∥X = sup
φ∈YT \{0}

∫ T
0 ⟨f, φ⟩dt+ (u0, φ(0))Ω

∥φ∥YT

. (3.13)

3.3 Inf-sup stability: energy norm

A very commonly used approach to the analysis of parabolic problems such as (1.1) is to
consider testing the weak formulation of the equation with the solution. It is well-known
that in the case of (1.1), the solution u satisfies the identity

∥u∥2E :=
1

2
∥u(T )∥2Ω +

∫ T

0
∥∇u∥2Ωdt =

∫ T

0
⟨f, u⟩dt+ 1

2
∥u0∥2Ω. (3.14)

This leads to stability results in what is often called the energy norm ∥u∥E defined above.
The name energy norm here is used in reference to the relation between the concept of

9



energy of the corresponding stationary problem and the principle of testing the equation
with the solution. However, the issue with starting the analysis from (3.14) is that, in

most cases, it is not clear how to obtain sharp bounds on the term
∫ T
0 ⟨f, u⟩dt in the

right-hand side of (3.14). To overcome this issue, we present here a different approach
that places the energy norm of the solution within the framework of an inf-sup identity
that relates the energy norm to a suitable dual norm of a bilinear form. This leads
to sharper a posteriori error bounds for numerical approximations as shown in later
sections.

To begin, we shall make use of a useful alternative formula for the norm ∥·∥Y,sym
that was defined in (2.13) above.

Lemma 3.3. We have the identity

∥φ∥2Y,sym = 2∥φ(T )∥2Ω +

∫ T

0
∥(∂t +∆)φ∥2H−1(Ω)dt ∀φ ∈ Y. (3.15)

Note that in (3.15), ∆: H1
0 (Ω) → H−1(Ω) denotes the Laplacian operator.

Proof. Let φ ∈ Y be arbitrary and let R : Y → Y denote the time-reversal map Rφ =
φ(T − ·). Theorem 3.1 implies that

∥φ∥2YT
= ∥Rφ∥2Y =

[
sup

v∈X\{0}

BY (Rφ, v)

∥v∥X

]2
+ ∥(Rφ)(0)∥2Ω

=

∫ T

0
∥(∂t +∆)φ∥2H−1(Ω) + ∥φ(T )∥2Ω. (3.16)

We then obtain (3.15) from (3.16) and from the identity ∥φ∥2Y,sym = ∥φ∥2YT
+ ∥φ(T )∥2Ω.

Recall that the space Z = X × L2(Ω) was defined in Section 2.2 above. Define the
bilinear form BZ : Z × Y → R by

BZ(v, φ) := (vT , φ(T ))Ω +

∫ T

0
(−⟨∂tφ, v⟩+ (∇φ,∇v)Ω) dt, (3.17)

for all v = (v, vT ) ∈ Z and all φ ∈ Y . The following theorem states the inf-sup identities
for the bilinear form BZ .

Theorem 3.4 (Inf-sup identities). We have the identities

sup
φ∈Y \{0}

BZ(v, φ)

∥φ∥Y,sym
= ∥v∥Z ∀v ∈ Z, (3.18a)

sup
v∈Z\{0}

BZ(v, φ)

∥v∥Z
= ∥φ∥Y,sym ∀φ ∈ Y. (3.18b)
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Proof. We start by showing that

|BZ(v, φ)| ≤ ∥v∥Z∥φ∥Y,sym ∀v ∈ Z, ∀φ ∈ Y. (3.19)

It follows from the definition of the H−1(Ω)-norm in (2.2) that∣∣∣∣∫ T

0
(−⟨∂tφ, v⟩+ (∇φ,∇v)Ω) dt

∣∣∣∣ = ∣∣∣∣∫ T

0
−⟨∂tφ+∆φ, v⟩dt

∣∣∣∣
≤
(∫ T

0
∥∂tφ+∆φ∥2H−1(Ω)dt

) 1
2

∥v∥X ,
(3.20)

for any φ ∈ Y and v ∈ X, where we recall that ∥v∥X =
(∫ T

0 ∥∇v∥2Ωdt
) 1

2
. Hence, the

Cauchy–Schwarz inequality applied to the terms in BZ(v, φ) shows that

|BZ(v, φ)| ≤
(
1

2
∥vT ∥2Ω + ∥v∥2X

) 1
2
(
2∥φ(T )∥2Ω +

∫ T

0
∥∂tφ+∆φ∥2H−1(Ω)dt

) 1
2

= ∥v∥Z∥φ∥Y,sym,
(3.21)

where we have used Lemma 3.3 in passing to the second line above. This yields (3.19).
Next, let v = (v, vT ) ∈ Z be arbitrary, and let φ∗ ∈ Y be the unique solution of the

backward parabolic problem: find φ∗ ∈ Y such that φ∗(T ) =
1
2vT and ∂tφ∗+∆φ∗ = ∆v

in (0, T ). Then, it is clear that BZ(v, φ) =
1
2∥vT ∥

2
Ω + ∥v∥2X = ∥v∥2Z . Furthermore, using

Lemma 3.3, we have

∥φ∗∥2Y,sym = 2∥φ(T )∥2Ω +

∫ T

0
∥∂tφ+∆φ∥2H−1(Ω)dt =

1

2
∥vT ∥2Ω + ∥v∥2X = ∥v∥2Z . (3.22)

Thus we obtain (3.18a) from the above identities and the upper bound (3.19). To
show (3.18b), we take v∗ = (v, vT ) with v = (−∆)−1(−∂tφ) + φ ∈ X, and vT =
2φ(T ) ∈ L2(Ω), and we perform similar computations to find that ∥v∥Z = ∥φ∥Y,sym and
BZ(v, φ) = ∥φ∥2Y,sym. This shows (3.18b).

We now show how to apply Theorem 3.4 to the heat equation (1.1). After testing
(1.1) with a test function φ ∈ Y and integrating-by-parts in time, we see that the solution
u solves

(u(T ), φ(T ))Ω +

∫ T

0
(−⟨∂tφ, u⟩+ (∇u,∇φ)Ω) dt =

∫ T

0
⟨f, φ⟩dt+ (u0, φ(0))Ω, (3.23)

for all φ ∈ Y . Note that similarly to the weak formulation (3.8), the formulation (3.23)
involves casting the time derivative onto a test function; however in (3.23) we allow
φ ∈ Y \ YT , i.e. we do not require the test functions to vanish at the final time T .

11



Upon defining u := (u, u(T )) ∈ Z, it follows that (3.23) can be written equivalently as

BZ(u, φ) =
∫ T
0 ⟨f, φ⟩dt+ (u0, φ(0))Ω for all φ ∈ Y . Hence (3.18a) implies that

∥u∥2E :=
1

2
∥u(T )∥2Ω +

∫ T

0
∥∇u∥2Ωdt

= ∥u∥2Z =

[
sup

φ∈Y \{0}

∫ T
0 ⟨f, φ⟩dt+ (u0, φ(0))Ω

∥φ∥Y,sym

]2
.

(3.24)

This gives an alternative characterization of the energy norm in comparison to (3.14)
above. As is clear from the proof of Theorem 3.4, the function φ that achieves the
supremum on the right-hand side of (3.24) is generally not the same as u, which offers
some explanation as to difference between using (3.24) over (3.14) as the starting point
for the analysis of the energy norm.

Remark 3.1 (Bibliographical remarks). The analysis of the heat equation in terms of
inf-sup stability has appeared in various forms in [17, 19, 20, 43, 47, 48]. To the best of
our knowledge, the analysis of the energy norm presented above is original.

4 Discretization in time

In this section we first consider the effects of the temporal discretization of (1.1), without
any spatial discretization. This leads us to considering the a posteriori error analysis for
a semi-discrete method. Our motivation for considering the temporal discretization first
is to highlight some key aspects of the analysis that can be expected to hold regardless
of any later choice of spatial discretization. In this section we shall temporarily assume
that u0 ∈ H1

0 (Ω) in order to avoid some technical matters unrelated to the main ideas;
this assumption will be later removed in the following sections once spatial discretization
is also introduced.

4.1 Implicit Euler Discretization

The implicit Euler method as a finite difference method. The implicit Euler
method is frequently derived from a finite difference approximation of the time derivative
term in (1.1). From this point of view, the discretization is introduced as follows: let
{tn}Nn=0, for some integer N ≥ 1, denote a strictly increasing sequence of time-step
points, with t0 = 0 and tN = T . Let τn = tn − tn−1 > 0 denote the time-step length.

For each n ∈ {1, . . . , N}, let H1
0 (Ω) ∋ un ≈ u(tn) be defined by(

un − un−1

τn
, v

)
Ω

+ (∇un,∇v)Ω = ⟨fn, v⟩ ∀v ∈ H1
0 (Ω), (4.1)

where u0 is the initial datum from (1.1), and where H−1(Ω) ∋ fn ≈ f(tn) is some
approximation of the source term which we discuss shortly below. Note that the existence
and uniqueness of the approximations un ∈ H1

0 (Ω), n ∈ {1, . . . , N}, follows easily from

12



the Lax–Milgram Theorem applied to a sequence of elliptic variational problems in the
space H1

0 (Ω).

Remark 4.1 (Choice of fn). In the following analysis, we allow for some flexibility in the
choice of fn. A traditional choice for fn is simply the time-point value f(tn), however this
might not be well-defined for general f ∈ L2(0, T ;H−1(Ω)) due to possible discontinuities
in time. A more general alternative is to let fn be the mean-value of f over the time-
interval (tn−1, tn), i.e.

fn :=
1

τn

∫ tn

tn−1

f(t)dt ∈ H−1(Ω). (4.2)

Observe that fn is thus well-defined for any f ∈ L2(0, T ;H−1(Ω)). We do not require
that fn to be defined by (4.2) for all of the following results, although sharper results
can sometimes be obtained specifically for the case where (4.2) holds.

When viewed in the form (4.1), the implicit Euler method defines approximations
of the solution at the time-points {tn}Nn=0. However, for the purposes of a posteriori
error analysis, the values of the time-point values {un}Nn=0 of the approximation must
be extended to a function on the whole time interval (0, T ). Indeed, the relevant norms
for the analysis, which were introduced in the previous sections, require the error to be
defined at least at almost every point in the time interval (0, T ). For the case of the
implicit Euler method, there are at least two natural, and closely related, approaches
to the construction of such functions from the time-point values of the approximations.
We consider each approach in turn.

Piecewise constant in time reconstruction. Given the time-points {tn}Nn=0, let
In := (tn−1, tn) denote the associated n-th time-interval. Note that {In}Nn=1 is a partition
of [0, T ]. Let V+

τ denote the space of functions v : [0, T ] → H1
0 (Ω) that are left-continuous,

and also piecewise constant with respect to the time partition. Note that functions
v ∈ V+

τ have a well-defined value v(t) ∈ H1
0 (Ω) for all t ∈ [0, T ], and moreover functions

that agree a.e. in (0, T ) are not identified. The notation V+
τ reflects the fact that we are

considering here a forward evolution problem. Then, given the approximation {un}Nn=0

defined by (4.1), we define uτ ∈ V+
τ as the unique left-continuous piecewise constant

function that equals un on the time interval In, and satisfies in addition u(0) = u0. Note
that uτ ∈ X, but in general uτ is discontinuous so uτ ̸∈ Y . Also, the left-continuity of
uτ ensures that uτ (tn) = un for each all time n ∈ {0, . . . , N}, i.e. uτ agrees with the
time-point values {un}Nn=0 at the time-points {tn}Nn=0.

Continuous piecewise affine in time reconstruction. Alternatively, we can con-
struct a continuous piecewise affine-in-time function from the time-point values. Let Uτ

be the unique continuous function that is piecewise affine in time with respect to the
time intervals {In}Nn=1 and that equals un at time tn, for all n = 0, . . . , N . In other
words, Uτ satisfies

Uτ (t) =
t− tn−1

τn
un +

tn − t

τn
un−1 ∀t ∈ In.
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Note that in particular, Uτ (0) = u0. Owing to the simplifying assumption that u0 ∈
H1

0 (Ω), it follows that Uτ (t) ∈ H1
0 (Ω) for all t ∈ [0, T ]. Since Uτ is continuous, it follows

that Uτ ∈ H1(0, T ;H1
0 (Ω)) ⊂ Y . Note that the weak time-derivative of Uτ is piecewise

constant with respect to the time intervals {In}Nn=1, and thus ∂tUτ ∈ Vτ and we have

∂tUτ (t) =
un − un−1

τn
∀t ∈ (tn−1, tn), ∀n ∈ {1, . . . , N}. (4.3)

Note that the two reconstructions uτ and Uτ can each be recovered from the other: first,
we have uτ (tn) = Uτ (tn) for all n ∈ {0, . . . , N}, and Uτ can be obtained from uτ and
from u0 by interpolation. The following identity for the difference will be useful later

uτ (t)− Uτ (t) =
tn − t

τn
(un − un−1) ∀t ∈ (tn−1, tn], ∀n ∈ {1, . . . , N}. (4.4)

The implicit Euler method: variational formulation. We now show that the
implicit Euler method (4.1) can be seen as a discretization of (3.2), involving both the
piecewise constant reconstruction uτ and the continuous piecewise affine reconstruction
Uτ . Let fτ ∈ L2(0, T ;H−1(Ω)) be defined by fτ (t) = fn for all t ∈ (tn−1, tn), n ∈
{1, . . . , N}. Thus fτ is piecewise constant in time, similar to functions in Vτ . With fτ
thusly defined, we see that (4.1) is equivalent to

(∂tUτ (t), v)Ω + (∇uτ (t),∇v)Ω = ⟨fτ (t), v⟩ ∀v ∈ H1
0 (Ω),∀t ∈ In, (4.5)

for each n = 1, . . . , N . Since ∂tUτ , uτ and fτ are all also piecewise constant in time, we
then see that (4.5) is equivalent to the global-in-time form∫ T

0
((∂Uτ , v)Ω + (∇uτ ,∇v)Ω) dt =

∫ T

0
⟨fτ , v⟩dt ∀v ∈ Vτ , (4.6)

where Vτ denotes the space of H1
0 (Ω)-valued functions that are piecewise constant with

respect to {In}Nn=1, i.e.

Vτ :=
{
v ∈ L2(0, T ;H1

0 (Ω)) : v|In ∈ P0(In;H
1
0 (Ω)) ∀n ∈ {1, . . . , N}

}
, (4.7)

where P0(In;H
1
0 (Ω)) denotes the space of piecewise constant functions in time with val-

ues in H1
0 (Ω). The global-in-time form (4.6) should then be compared with the continu-

ous problem (3.2). We can either view (4.6) as a conforming but inconsistent method for
the continuous piecewise affine approximation Uτ , or as a nonconforming method for the
piecewise constant and generally discontinuous approximation uτ . As we aim to make
clear in this tutorial, whichever point of view one takes, the inconsistency/nonconformity
of the temporal discretization is the source of many of the challenges for the analysis of
a posteriori error bounds.
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Comparison of the reconstructions. It is natural to ask which of two reconstruc-
tions uτ and Uτ provides the better approximation of the exact solution u. This turns
out to be a subtle question, even for comparing these approximations only in the norm
of X = L2(0, T ;H1

0 (Ω)). On the one hand, supposing that a problem is fixed where
u ∈ H1(0, T ;H1

0 (Ω)) and assuming the data f is sufficiently well-approximated, e.g.
if (4.2) holds, then it is known from a priori error analysis that ∥u−uτ∥X and ∥u−Uτ∥X
both have an overall first-order rate of convergence with respect to the time-step sizes,
which is known to be sharp from computational experiments. Thus, in many cases, both
yield the same rate of convergence in the small time-step limit. On the other hand,
such results from a priori error analysis are by nature asymptotic, and do not answer
the question for any given fixed temporal discretization. If instead, we fix the time-step
size, and vary the problem to be solved, then it turns out that there can be significant
differences between ∥u− uτ∥X and ∥u− Uτ∥X . We illustrate this issue concretely with
the following example.

Example 4.2. Consider the ordinary differential equation u′ + λu = 1 on (0, 1), with

u(0) = 0, where λ > 0. The exact solution is then u(t) = 1−e−λt

λ for all t ∈ [0, 1]. This
problem can be thought of as arising from a parabolic PDE after a transformation to
Fourier modes, and suitable scaling of the parameters. The solution u is approximated
by the implicit Euler method using as single time-step of length 1. Thus uτ (t) = 1

1+λ

and Uτ (t) =
t

1+λ for all t ∈ [0, 1]. Then, direct calculations show that

lim
λ→∞

∥u− uτ∥L2(0,1)

∥u− Uτ∥L2(0,1)
= 0, (4.8)

so uτ is asymptotically a better approximation of u than Uτ for large λ. However, for
small λ, the situation is reversed since

lim
λ→0

∥u− Uτ∥L2(0,1)

∥u− uτ∥L2(0,1)
= 0, (4.9)

so Uτ is asymptotically a better approximation of u than uτ for small λ.

The conclusion of Example 4.2 is that there is generally no definitive answer to
the question of comparing these two approximations, since either uτ or Uτ might be the
better approximation, depending on the problem data. Furthermore, it follows from (4.8)
and (4.9) that it is not possible to bound either ∥u−uτ∥X or ∥u−Uτ∥X in terms of the
other with constants that are robust with respect to parameters of the problem and the
discretization. We will see later in Section 4.3 that this issue has important repercussions
concerning the efficiency of the error estimators when comparing the a posteriori error
analysis in the X norm.

4.2 A posteriori error analysis in the L2(H1) ∩H1(H−1)-norm

Since Uτ defined in (4.3) belongs to the space Y , it is natural to consider the error
∥u−Uτ∥Y . The analysis that follows reveals that the error ∥u−Uτ∥Y is closely related
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to the temporal jump estimator ηJ defined by

ηJ := ∥uτ − Uτ∥X =

(
N∑

n=1

τn
3
∥∇(un − un−1)∥2Ω

) 1
2

. (4.10)

Note that the second identity in (4.10) above follows from (4.4). The name of jump
estimator derives from the fact that ηJ measures the difference in the X-norm between
the generally discontinuous in time function uτ with the continuous in time function
Uτ , with the difference determined by the temporal jump un − un−1 occurring at the
time-step point tn−1, for each n = 1 . . . , N .

Theorem 4.1. Suppose that u0 ∈ H1
0 (Ω). Then

∥u− Uτ∥Y ≤ ηJ + ηosc,τ,Y , (4.11)

ηJ ≤ ∥u− Uτ∥Y + ηosc,τ,Y , (4.12)

where the data oscillation ηosc,τ,Y is defined by ηosc,τ,Y := ∥f − fτ∥L2(0,T ;H−1(Ω)).

Proof. We start by defining the residual RY : Y → X∗ defined by

⟨RY (φ), v⟩X∗×X := BY (u− φ, v) ∀φ ∈ Y, ∀v ∈ X, (4.13)

where BY is defined in (3.1) above and where ⟨·, ·⟩X∗×X denotes the duality pairing
between the dual space X∗ and X. The dual norm of the residuals is naturally defined
by ∥RY (φ)∥X∗ := supv∈X\{0}

⟨RY (φ),v⟩
∥v∥X . Theorem 3.1 implies the following equivalence

between the error and dual norm of the residual:

∥u− φ∥2Y = ∥RY (φ)∥2X∗ + ∥u0 − φ(0)∥2Ω ∀φ ∈ Y. (4.14)

Recalling that Uτ (0) = u0 = u(0), the equivalence between error and residual in (4.14)
then implies that

∥u− Uτ∥2Y = ∥RY (Uτ )∥2X∗ + ∥u0 − Uτ (0)∥2Ω = ∥RY (Uτ )∥2X∗ . (4.15)

We compute the residual RY (Uτ ) to find that

⟨RY (Uτ ), v⟩X∗×X =

∫ T

0
[⟨f, v⟩ − ⟨∂tUτ , v⟩ − (∇Uτ ,∇v)Ω] dt

=

∫ T

0
[⟨f − fτ , v⟩+ (∇(uτ − Uτ ),∇v)Ω] dt+

∫ T

0
[⟨fτ , v⟩ − ⟨∂tUτ , v⟩ − (∇uτ ,∇v)Ω]︸ ︷︷ ︸

=0 by (4.5)

dt

=

∫ T

0
⟨f − fτ , v⟩dt+

∫ T

0
(∇(uτ − Uτ ),∇v)Ωdt ∀v ∈ X. (4.16)

Then, recalling that X = L2(0, T ;H1
0 (Ω)), we observe that

∫ T
0 (∇(uτ − Uτ ),∇v)Ωdt is

the inner-product in X between uτ − Uτ and the test function v ∈ X. Therefore, we
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apply the Cauchy–Schwarz inequality to the last line of (4.16) to find that ∥RY (Uτ )∥X∗ ≤
ηJ+ηosc,τ,Y . Combined with (4.15), this implies the upper bound (4.11). To prove (4.12),
let v = uτ − Uτ , noting that v ∈ X owing to the hypothesis u0 ∈ H1

0 (Ω). Then,

using (4.16), we have ∥uτ − Uτ∥2X = ⟨RY (Uτ ), v⟩X∗×X −
∫ T
0 ⟨f − fτ , v⟩dt, which implies

that ∥uτ − Uτ∥X ≤ ∥RY (Uτ )∥X∗ + ηosc,τ,Y . This yields (4.12) after using (4.15).

Remark 4.3 (Case of vanishing data oscillation). Theorem 4.1 immediately implies that
in the case of no data oscillation, i.e. if f = fτ , then we have the identity

∥u− Uτ∥Y = ηJ . (4.17)

In other words, the estimator ηJ is then exact for the Y -norm error. As we shall see
in the following sections, this connection further remains important also in the fully
discrete setting, although additional estimators arising from the spatial discretization
will also appear.

Remark 4.4 (Local-in-time lower bounds). In order to keep the presentation simple, we
have shown the efficiency bound (4.11) as a global-in-time bound, i.e. over the whole
time-interval (0, T ). However, it is possible to show that the efficiency is also local in
time, in particular∫
In

∥∇(uτ − Uτ )∥2Ωdt ≤
∫
In

[
∥∂t(u− Uτ )∥H−1(Ω) + ∥∇(u− Uτ )∥Ω + ∥f − fτ∥H−1(Ω)

]2
dt.

(4.18)
for each n ∈ {1, . . . , N}. We leave the proof of (4.18) as an exercise to the reader, see
also [19].

Since Theorem 4.1 allows for general choices of fτ , the data oscillation term ∥f −
fτ∥L2(0,T ;H−1(Ω) appears on the right-hand side of both (4.11) and (4.12). In particular,
this leaves open the possibility that the jump estimator may significantly overestimate
the error in the case where the data oscillation is dominant in these bounds. However,
sharper results can be shown in the special case where fτ is given as the temporal
mean-value of f , c.f. (4.2), as shown in Theorem 4.2 below.

Theorem 4.2 (Error-dominated oscillation). Suppose that u0 ∈ H1
0 (Ω) and that fτ is

given by (4.2). Then∫
In

∥∇(uτ −Uτ )∥2Ω+∥f−fτ∥2H−1(Ω)dt ≤ C

∫
In

(
∥∂t(u− Uτ )∥2H−1(Ω) + ∥∇(u− Uτ )∥2Ω

)
dt,

(4.19)
for each n ∈ {1, . . . , N}, where C is some constant independent of any other quantities.

Proof. We sketch the proof since it follows some of the ideas in [19, Proof of Theorem 5.1].
The main idea is to choose the semi-discrete test function v ∈ Vτ in (4.6) to be given
by v|In := un − un−1 and v vanishing on (0, T ) \ In. Note that u0 ∈ H1

0 (Ω) implies that
v ∈ X in the case n = 1. Also, observe that

∫
In
∥∇v∥2Ωdt = 3

∫
In
∥∇(uτ − Uτ )∥2Ωdt as

a consequence of (4.4). Then, the definition of fτ in (4.2) and the fact that v ∈ Vτ
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is constant-in-time implies that
∫ T
0 (fτ , v)Ωdt =

∫ T
0 ⟨f, v⟩dt. Thus, we obtain from (4.6)

that ∫
In

∥∇(uτ − Uτ )∥2Ωdt =
2

3

∫
In

(∇(uτ − Uτ ),∇v)Ωdt

=
2

3

∫
In

[⟨f, v⟩ − (∂tUτ , v)Ω − (∇Uτ ,∇v)Ω] dt

=
2

3

∫
In

[⟨∂t(u− Uτ ), v⟩+ (∇(u− Uτ ),∇v)Ω] dt.

(4.20)

This shows that
∫
In
∥∇(uτ −Uτ )∥2Ωdt is bounded by the right-hand side of (4.19). Then,

we re-arrange (4.16) for general v ∈ X to find also that
∫
In
∥f − fτ∥2H−1(Ω)dt is also

bounded by the right-hand side of (4.19).

Remark 4.5 (Bibliographical remarks). A lower bound for the jump estimator similar
to those in (4.12) and (4.18) was first shown by Verfürth in [50], in the case of a fully
discrete approximation using the θ method in time, which includes the implicit Euler
method as a special case. The approach adopted in [50] towards proving the bound
is substantially different to the one shown here, leading to a constant that possibly
depends on the shape-regularity of the spatial meshes. The analysis for the temporal
jump estimator was later improved by Ern, Smears & Vohraĺık in [19], which treats more
general discontinuous Galerkin (DG) time-discretizations of arbitrary order, and which
includes the implicit Euler method as a special case. In particular, the lower bound for
the jump estimator given in [19, Theorem 5.1] features an explicit efficiency constant
that is independent of the spatial discretization and that is robust with respect to the
temporal polynomial degree. The lower bound of Theorem 4.2 that removes the data
oscillation from the right-hand sides appears to be original. Theorem 4.2 showcases an
example where the data oscillation term is dominated by the error, in a similar spirit to
the work of Kreuzer & Veeser in [30] for elliptic problems.

4.3 A posteriori error bound for the L2(H1)-norm

We now turn to the bounding the L2(H1)-norms of the error, namely ∥u − uτ∥X and
∥u−Uτ∥X . We shall consider both of these quantities, since, depending on the situation,
either uτ or Uτ might be the better approximation of u in the X-norm, see Example 4.2.
Note that the previous section on the a posteriori error bounds for the Y -norm, where
it is recalled that Y = L2(0, T ;H1

0 (Ω)) ∩ H1(0, T ;H−1(Ω)) immediately yield, at least
in some sense, upper bounds on the error in the X-norm, with X = L2(0, T ;H1

0 (Ω)).
However, as will be seen below, a more direct approach yields sharper results, especially
in terms of the data oscillation. Recall that the temporal jump estimator ηJ is defined
in (4.10) above.

Theorem 4.3. Suppose that u0 ∈ H1
0 (Ω) and that fτ is given by (4.2). Then

∥u− uτ∥X ≤ ηJ + ηosc,τ,X , (4.21a)

∥u− Uτ∥X ≤ ηJ + ηosc,τ,X , (4.21b)

18



where the data oscillation ηosc,τ,X is defined by

ηosc,τ,X := sup
φ∈YT \{0}

∫ T
0 ⟨f − fτ , φ⟩dt

∥φ∥YT

. (4.22)

Proof. We detail the proof of (4.21a), and we leave the proof of (4.21b) as an exercise
to the reader. We define the residual functional RX : X → [YT ]

∗ by

⟨RX(v), φ⟩[YT ]∗×YT
:= BX(u− v, φ) ∀v ∈ X, ∀φ ∈ YT . (4.23)

Theorem 3.2 implies that

∥u− v∥X = ∥RX(v)∥[YT ]∗ ∀v ∈ X. (4.24)

Considering the residual ⟨RX(uτ ), φ⟩Y ∗
T ×YT

for arbitrary φ ∈ YT , we find that

⟨RX(uτ ), φ⟩Y ∗
T ×YT

=

∫ T

0
[⟨f, φ⟩+ ⟨∂tφ, uτ ⟩ − (∇uτ ,∇φ)Ω] dt+ (u0, φ(0))Ω

=

∫ T

0
[⟨fτ , φ⟩ − ⟨∂tUτ , φ⟩ − (∇uτ ,∇φ)Ω]︸ ︷︷ ︸

=0 by (4.5)

dt

+

∫ T

0
[⟨∂tφ, uτ − Uτ ⟩+ ⟨f − fτ , φ⟩] dt, (4.25)

where we have used the identity based on integration-by-parts in time:

(u0, φ(0))Ω = −
∫ T

0
⟨∂tφ,Uτ ⟩dt−

∫ T

0
⟨∂tUτ , φ⟩dt ∀φ ∈ YT . (4.26)

We now use the Cauchy–Schwarz inequality to bound∫ T

0
|⟨∂tφ, uτ − Uτ ⟩|dt ≤ ∥φ∥YT

∥uτ − Uτ∥X . (4.27)

where it is recalled that ∥·∥YT
is defined in (2.12) above. Therefore, the equivalence

between error and residual (4.24) implies that

∥u− uτ∥X = sup
φ∈YT \{0}

⟨RX(uτ ), φ⟩Y ∗
T ×YT

∥φ∥YT

≤ ηJ + ηosc,τ,X . (4.28)

This completes the proof of (4.21a).

Remark 4.6 (Comparison of data oscillation terms). To see the difference between the
bounds of Theorems 4.1 and 4.3, consider for example the case where f ∈ L2(0, T ;L2(Ω))
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and where fτ is the temporal mean-value projection of f , i.e. fτ given by (4.2). Then, it
is known from [20] that one obtains the following bound for the data oscillation ηosc,τ,X :

ηosc,τ,X ≤

(
N∑

n=1

τn
2π

∥f − fτ∥2L2(In;L2(Ω))

) 1
2

. (4.29)

Thus we see that, in many cases, ηosc,τ,X can converge to zero faster by an additional
half-order in the time-step size in comparison to ηosc,τ,Y . Note also that ηosc,τ,X is often
higher-order compared to the error measured in the X-norm. By contrast, ηosc,τ,Y can
be of the same order as the error in the Y -norm, although it is bounded by the error in
the case of mean-value data approximations (4.2), as shown by Theorem 4.2.

The problem of lower bounds for the X-norm errors. Theorem 4.3 gives upper
bounds on the errors ∥u− uτ∥X and ∥u−Uτ∥X . However, no lower bound is given. We
address this matter below, where we shall see that the jump estimator is not generally
efficient with respect to the smallest between ∥u−uτ∥X and ∥u−Uτ∥X , but it is efficient
with respect to the largest of these quantities.

Example 4.7. Consider the setting of Example 4.2 with the same notation. Note that
this corresponds to a problem where f is constant and thus there is no data oscillation.
Then, it follows from (4.8) that

lim
λ→∞

∥u− uτ∥X
ηJ

= lim
λ→∞

∥u− uτ∥L2(0,1)

∥uτ − Uτ∥L2(0,1)
= 0. (4.30)

In this case, the estimator ηJ is not efficient relative to the error ∥u − uτ∥X when λ
becomes large. It also follows from (4.9) that

lim
λ→0

∥u− Uτ∥X
ηJ

= lim
λ→0

∥u− Uτ∥L2(0,1)

∥uτ − Uτ∥L2(0,1)
= 0. (4.31)

In this case, the estimator ηJ is not efficient relative to the error ∥u − Uτ∥X when λ
becomes small.

Example 4.7 shows that, in general, either of the effectivity indices ηJ
∥u−uτ∥X and

ηJ
∥u−Uτ∥X can be arbitrarily large. In other words, there are cases where the jump es-
timator can significantly overestimate the smallest X-norm error. It is therefore not
possible to show that the estimator ηJ is bounded by either ∥u − uτ∥X or ∥u − Uτ∥X .
At present, it is not known how to obtain a computable estimator that is efficient with
respect to the smallest X-norm error.

Remark 4.8 (Alternative error measures). The lack of efficiency of the temporal jump
estimators in general for the X-norm error has motivated various works in the literature
to consider combinations of ∥u − uτ∥X and ∥u − Uτ∥X , along with other quantities, as
some stronger measure of the error, see for instance [3, 4, 35, 37, 42]. For example, one
can consider the error measure

EX := ∥u− uτ∥X + ∥u− Uτ∥X . (4.32)
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The motivation for considering these augmented error measures is that the jump estima-
tor is then trivially a lower bound for EX , as a result of the triangle inequality ηJ ≤ EX .
However, it is clear from Example 4.7 that there is no general equivalence between EX
(or similar augmented error measures) with either of ∥u−uτ∥X or ∥u−Uτ∥X considered
individually. See Remark 4.10 below on how EX is, in some sense, more naturally related
to the energy norm error for an alternative reconstruction of the numerical solution.

Remark 4.9 (Rate of convergence of the estimator for smooth solutions). Although ηJ is
not generally efficient with respect to the smallest of ∥u−uτ∥X and ∥u−Uτ∥X , this does
not contradict the fact that ηJ still has optimal rates of convergence with respect to the
time-step sizes if the solution has some additional regularity. As mentioned already in
Section 4.1, for a fixed problem with u sufficiently regular, then a priori error analysis
shows that ∥u− uτ∥X , ∥u−Uτ∥X and thus also ηJ all have an overall first-order rate of
convergence with respect to the time-step sizes. We stress that there is no contradiction
here with the earlier discussion of the lack of efficiency of the estimators, since the a
priori analysis results concern a fixed problem and considers the limit of small time-
steps, whereas the efficiency of the estimators is a stronger property which must take
into account a large range of problems and choices of time-step size.

4.4 A posteriori error bound for the energy norm error and a hyper-
circle theorem

We now turn to the a posteriori error bounds for the energy norm. Recall that by
definition uτ is taken to be left-continuous and satisfies uτ (tn) = un, for all n = 0, . . . , N ,
c.f. (4.1). Therefore, it makes sense to consider the energy norm of the error between u
and its piecewise constant approximation uτ , namely

∥u− uτ∥2E =
1

2
∥u(T )− uτ (T )∥2Ω +

∫ T

0
∥∇(u− uτ )∥2Ωdt. (4.33)

Likewise, we can also consider the energy norm of the error between u and the continuous
piecewise affine approximation Uτ , given by

∥u− Uτ∥2E =
1

2
∥u(T )− Uτ (T )∥2Ω +

∫ T

0
∥∇(u− Uτ )∥2Ωdt. (4.34)

We will see shortly below (c.f. Corollary 4.5) that, for the special case of vanishing data
oscillation, i.e. f = fτ , we have the Pythagoras identity

∥u− uτ∥2E + ∥u− Uτ∥2E = ∥uτ − Uτ∥2E = η2J , (4.35)

where we recall that the temporal jump estimator ηJ is defined in (4.10) above. Observe
that the equality ∥uτ − Uτ∥E = ∥uτ − Uτ∥X = ηJ holds since uτ (T ) = Uτ (T ) = uN
the value of uτ on the final time-interval IN . Similar to the problems encountered with
regards to the efficiency of ηJ in the X-norm setting, we note that Example 4.7 above
can be extended to show that, in general, the estimator ηJ is not an efficient one for
either of ∥u− uτ∥E or ∥u− Uτ∥E .
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However, the Pythagoras identity expressed by (4.35) suggests that some notion of
efficiency can be recovered by changing point of view, since it is equivalent to

∥u− uτ∥E =
1

2
∥uτ − Uτ∥E =

1

2
ηJ , uτ :=

1

2
(uτ + Uτ ). (4.36)

The identity (4.36) shows that the exact solution u and its approximations uτ and Uτ

all lie on a hypercircle of radius 1
2ηJ and centre uτ , when the geometry is determined

by the inner-product related to the energy norm. Thus, the estimator ηJ is efficient (in
fact, exact) with regards to the energy norm error when we regard the function uτ as
the notion of numerical solution to be compared against the true solution. We shall see
that it is the second form (4.36) that generalizes most readily to the general case where
we no longer require the data oscillation to vanish exactly.

Theorem 4.4. Let uτ := 1
2(uτ + Uτ ). We have the bounds

∥u− uτ∥E ≤ 1

2
ηJ + ηosc,τ,E , (4.37a)

1

2
ηJ ≤ ∥u− uτ∥E + ηosc,τ,E , (4.37b)

where the data oscillation term ηosc,τ,E is defined by

ηosc,τ,E := sup
φ∈Y \{0}

∫ T
0 ⟨f − fτ , φ⟩dt

∥φ∥Y,sym
. (4.38)

Proof. Recall that Z = X × L2(Ω). We start by defining (uτ ,Uτ ,uτ ) ∈ Z3 by

uτ := (uτ , uτ (T )), Uτ := (Uτ , Uτ (T )) uτ := (uτ , uτ (T )). (4.39)

We also define u := (u, u(T )) ∈ Z. Then, Theorem 3.4 shows that

∥u− uτ∥E = ∥u− uτ∥Z = sup
φ∈Y \{0}

BZ(u− uτ , φ)

∥φ∥Y,sym
. (4.40)

It follows from the weak formulation (3.23) that, for any φ ∈ Y ,

BZ(u− uτ , φ) =

∫ T

0
⟨f, φ⟩dt+ (u0, φ(0))Ω

− (uτ (T ), φ(T ))Ω −
∫ T

0
[−⟨∂tφ, uτ ⟩+ (∇uτ ,∇φ)Ω] dt. (4.41)

Consider now a fixed but arbitrary φ ∈ Y . Integrating-by-parts with respect to time
and using the identities Uτ (T ) = uτ (T ) = uτ (T ), Uτ (0) = u0, we obtain from (4.6) that

0 = (uτ (T ), φ(T ))Ω − (u0, φ(0))Ω +

∫ T

0
[−⟨∂tφ,Uτ ⟩+ (∇uτ ,∇φ)Ω − ⟨fτ , φ⟩] dt. (4.42)
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Therefore, adding (4.42) to (4.41) above and noting some cancellations, we find that

BZ(u−uτ , φ) =

∫ T

0
⟨f−fτ , φ⟩dt+

∫ T

0
(⟨∂tφ, uτ − Uτ ⟩+ (∇(uτ − uτ ),∇φ)Ω) dt. (4.43)

Crucially, observe that

uτ − Uτ = uτ − uτ =
1

2
(uτ − Uτ ). (4.44)

Hence, (4.43) simplifies to

BZ(u− uτ , φ) =
1

2

∫ T

0
[⟨∂tφ, uτ − Uτ ⟩+ (∇φ,∇(uτ − Uτ ))Ω] dt+

∫ T

0
⟨f − fτ , φ⟩dt,

(4.45)
which holds for arbitrary φ ∈ Y . Therefore, to prove (4.37), it is enough to show that

sup
φ∈Y \{0}

∫ T
0 [⟨∂tφ, uτ − Uτ ⟩+ (∇φ,∇(uτ − Uτ ))Ω] dt

∥φ∥Y,sym
= ηJ . (4.46)

To show (4.46), let R : Y → Y denote the time-reversal map Rφ = φ(T − ·). Note that
∥Rφ∥Y,sym = ∥φ∥Y,sym for all φ ∈ Y , i.e. R is an isometry when Y is equipped with the
norm ∥·∥Y,sym. It is clear that a change of variables gives∫ T

0
[⟨∂tφ, uτ − Uτ ⟩+ (∇φ,∇(uτ − Uτ ))Ω] dt = BZ(v, Rφ), (4.47)

where v := (R(uτ − Uτ ), 0) ∈ Z. Therefore, we obtain (4.46) from the identities

sup
φ∈Y \{0}

BZ(v, Rφ)

∥φ∥Y,sym
= sup

φ∈Y \{0}

BZ(v, Rφ)

∥Rφ∥Y,sym
= sup

φ̃∈Y \{0}

BZ(v, φ̃)

∥φ̃∥Y,sym
=

(3.18a)
∥v∥Z = ∥R(uτ − Uτ )∥X = ∥uτ − Uτ∥X = ηJ . (4.48)

This completes the proof of (4.37).

Theorem 4.4 immediately implies the hypercircle theorem/Pythagoras identity as a
corollary when the data oscillation vanishes.

Corollary 4.5 (Hypercircle/Pythagoras identity). Suppose that f = fτ . Then (4.35)
and (4.36) hold.

Remark 4.10 (Relation to augmented error measures). Recalling Remark 4.8, several
works in the literature have treated augmented error measures, such as the quantity
EX defined in (4.32) above. The results in this section give some insight into these
alternative error measures, since in the case of vanishing data oscillation, we have the
equivalence

2∥u− uτ∥E ≤ EX ≤ 4∥u− uτ∥E , (4.49)

which follows easily from 2∥u − uτ∥ = ηJ ≤ EX by the triangle inequality, and from
EX ≤ 2ηJ = 4∥u − uτ∥E by Theorem 4.3. Therefore, the quantity EX is seen to be
equivalent to the energy norm error ∥u− uτ∥E , at least globally in space and in time.
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Remark 4.11 (Bibliographical remarks). Prager and Synge [40] showed a hypercircle
identity for approximations of the system of elasticity. In fact, Prager and Synge [40,
p. 248] originally suggested the idea of considering the center of the circle as the ap-
proximate solution, in this case uτ as we have done in Theorem 4.4 above. Their result
has since been extended to a wide range of problems, especially in the context of elliptic
problems [8, 12, 18, 21, 45, 51]. The hypercircle theorem is thus a fundamental concept
in a posteriori error analysis, and it is well-understood how it relates to the primal and
dual formulations of problems that have an energy-minimization principle.

5 Discretization in time and in space

We now turn to a fully discrete approximation of (1.1). For simplicity, we shall restrict
our attention to the simplest case of a conforming finite element method on a fixed
spatial mesh coupled with the implicit Euler discretization in time. In order to make use
of some results in the literature, we shall restrict our attention to problems in at most
three spatial dimensions, i.e. we now assume that 1 ≤ d ≤ 3. We further assume that
the bounded open set Ω is in additional polytopal and has Lipschitz boundary ∂Ω. Let
T be a conforming simplicial mesh on Ω. For each element K ∈ T , we let hK denote
the diameter of K. We define the mesh-size function hT ∈ L∞(Ω) by hT |K := hK
for each element K ∈ T . In the following, the notation for inequalities a ≲ b will
allow the hidden constant to depend on the shape-regularity parameter of T , defined
as θT := maxK∈T

hK
ρK

, where ρK denotes the diameter of the largest inscribed balls in
K. However, the hidden constants will be otherwise independent of the size of the mesh
elements. Let p ≥ 1 denote a fixed integer which will correspond to the polynomial
degree of the finite element space to be defined below. The H1

0 (Ω)-conforming finite
element space of degree p is denoted by Vh, and is defined by

Vh := {v ∈ H1
0 (Ω), v|K ∈ Pp(K) ∀K ∈ T }, (5.1)

where Pp(K) denotes the space of real-valued polynomials of total degree at most p
on K. Keeping the same notation as in Section 4.1 regarding the partition of (0, T )
into time-steps, we consider a fully discrete approximation defined as follows: for each
n ∈ {1, . . . , N}, find uh,τ,n ∈ Vh such that(

uh,τ,n − uh,τ,n−1

τn
, vh

)
Ω

+ (∇uh,τ,n,∇vh)Ω = (fh,τ,n, vh)Ω ∀vh ∈ Vh, (5.2)

where uh,τ,0 ∈ Vh is some discrete approximation of the initial datum u0, and where
fh,τ,n ∈ L2(Ω) is some discrete approximation of f(tn). In the analysis below, we allow for
rather general choices of fh,τ,n, with the only assumptions required being that fh,τ,n|K ∈
Pp(K) for each K ∈ T , for each n ∈ {1, . . . , N}.

Piecewise-constant-in-time reconstruction. Let V+
h,τ denote the space of all left-

continuous functions v : [0, T ] → Vh that are piecewise constant with respect to the time
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partition {In}Nn=1, i.e. v|In ∈ P0(In;Vh) for each n ∈ {1, . . . , N}, where we recall that
In = (tn−1, tn) is the n-th time-interval. Note that a function v ∈ V+

h,τ thus has a
well-defined value v(t) ∈ Vh for each time t ∈ [0, T ]. Note that from this point of view,
functions in V+

h,τ that agree for almost all t ∈ [0, T ] are not identified. We then define

uh,τ ∈ V+
h,τ as the unique function that satisfies

uh,τ (0) = uh,τ,0, uh,τ |In = uh,τ,n ∀n ∈ {1, . . . , N}. (5.3)

Observe also that left-continuity of uh,τ ensures that uh,τ (tn) = uh,τ,n for each n ∈
{0, . . . , N}.

Continuous piecewise-affine-in-time reconstruction. We define also Uh,τ : [0, T ] →
Vh as the unique continuous piecewise-affine function that satisfies

Uh,τ (t) =
t− tn−1

τn
uh,τ,n +

tn − t

τn
uh,τ,n−1 ∀t ∈ [tn−1, tn]. (5.4)

Observe that, by definition, Uh,τ (tn) = uh,τ,n for each n ∈ {0, . . . , N}.

Reformulation of the fully discrete scheme. We now define the function fh,τ ∈
L2(0, T ;L2(Ω)) by fh,τ |In := fh,τ,n for n ∈ {1, . . . , N}, where fh,τ,n is the chosen ap-
proximation of f(tn) appearing in (5.2) above. Under the assumptions above on the
fh,τ,n, it follows that fh,τ is piecewise constant in time with respect to the time-intervals
{(tn−1, tn)}Nn=1 and piecewise polynomial of degree at most p in space with respect to
the mesh T . It is then clear that (5.2) is equivalent to:

(∂tUh,τ (t), vh)Ω + (∇uh,τ (t),∇vh)Ω = (fh,τ (t), vh)Ω ∀vh ∈ Vh, a.e. t ∈ In. (5.5)

for each n ∈ {1, . . . , N}.

5.1 Construction of the equilibrated flux

We consider now a posteriori error bounds for the error based on the construction of an
equilibrated flux. We construct a discrete and locally computable H(div)-conforming
vector field σh,τ that satisfies the equilibration property

∂tUh,τ +∇·σh,τ = fh,τ in Ω× (0, T ), (5.6)

where Uh,τ is defined above, and fh,τ will be further specified below. The construc-
tion follows the approach from [19, 20], which provides a general construction that was
designed to accommodate variable polynomial degrees in hp-FEM and also mesh modi-
fication between the time-steps. Since we are restricting ourselves here to the case of a
single polynomial degree for all mesh elements and a single mesh for all time-steps, we
shall give here a slightly simplified version of the construction from [19, 20]. The con-
struction of the equilibrated flux is based on solving local mixed FEM problems using
Raviart–Thomas–Nédélec (RTN) elements on the patches of elements surrounding each
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vertex of the mesh. The problem for each vertex-patch is independent from the others,
so could be solved in parallel. For an introduction to mixed finite element methods,
including RTN spaces, we refer the reader to the books [6, 17]. The final global equili-
brated flux σh,τ will then be obtained by summing the contributions from each vertex
patch.

Local equilibration on vertex patches. Let V denote the set of vertices of the
mesh T . Let VΩ = V ∩Ω denote the set of interior vertices and let V∂Ω = V ∩ ∂Ω denote
the boundary vertices. For each vertex a ∈ V, let ψa denote the hat function associated
with a. Note that {ψa}a∈V forms a partition of unity of Ω, i.e.

∑
a∈V ψa(x) = 1

for all x ∈ Ω. Let T a denote the set of all elements of T that contain a, and let
ωa :=

⋃
{K : K ∈ T a} denote the vertex patch around a, i.e. the union of all elements

of T a. With the convention that elements of T are considered to be closed sets, it
follows that ωa is the support of ψa. Let the integer p̃ ≥ p+ 1 denote a fixed choice of
polynomial degree that will be used for the flux reconstruction, where it is recalled that
p is the polynomial degree used for Vh above. For each a ∈ V, let the spaces Pp̃(T a)
and RTNp̃(T a) be defined by

Pp̃(T a) := {qh ∈ L2(ωa) : qh|K ∈ Pp̃(K) ∀K ∈ T a}, (5.7a)

RTNp̃(T a) := {vh ∈ L2(ωa;Rd) : vh|K ∈ RTNp̃(K) ∀K ∈ T a}, (5.7b)

where RTNp̃(K) := Pp̃(K;Rd) + xPp̃(K) denotes the RTN space of order p̃ on K. In
other words, Pp̃(T a) denotes the space of scalar functions that are piecewise polynomials
of degree at most p̃ with respect to T a, and RTNp̃(T a) denotes the space of vector fields
that are piecewise RTN of order p̃ with respect to T a. Note that there are no continuity
conditions across mesh elements in the definition of these spaces. We now define the
local mixed finite element spaces Qa

h and V a
h by

Qa
h :=

{{
qh ∈ Pp̃(T a),

∫
ωa
qhdx = 0

}
if a ∈ VΩ,

Pp̃(T a) if a ∈ V∂Ω,
(5.8a)

V a
h :=

{{
vh ∈ H(div, ωa) ∩RTNp̃(T a) vh · n = 0 on ∂ωa

}
if a ∈ VΩ,{

vh ∈ H(div, ωa) ∩RTNp̃(T a) vh · n = 0 on ∂ωa \ ∂Ω
}

if a ∈ V∂Ω,

(5.8b)

where n denotes the unit outward normal on ∂ωa. Thus, in the case of an interior
vertex a ∈ VΩ, the space V a

h is the H(div, ωa)-conforming RTN space of order p̃ with
a constraint of vanishing normal component on the boundary ∂ωa. For a boundary
vertex a ∈ V∂Ω, the normal component of functions in V a

h are constrained only on
the faces of the patch-boundary ∂ωa that are not part of the domain boundary ∂Ω.
In other words, for interior vertices, these spaces correspond to the usual RTN mixed
finite element spaces for an elliptic problem over ωa with a homogeneous Neumann
boundary condition on ∂ωa, whereas for boundary vertices, these correspond to RTN
mixed finite element spaces for a problem with mixed Neumann and Dirichlet conditions,
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with a homogeneous Neumann condition only on ∂ωa \ ∂Ω. For each a ∈ V and each
n ∈ 1, . . . , N , define the piecewise polynoimal function ga,nh,τ : ωa → R by

ga,nh,τ := ψafh,τ |ωa×In − ψa∂tUh,τ |ωa×In −∇ψa·∇uh,τ |ωa×In . (5.9)

Note in particular that the choice p̃ ≥ p + 1 is used above to ensure that the terms
ψafh,τ,n and ψa∂tUh,τ are piecewise polynomials of degree less than or equal to p̃ with
respect to the spatial mesh T . Therefore ga,nh,τ ∈ Pp̃(T a) for each a ∈ V. Note also that
in the case of an interior vertex a ∈ V∂Ω, choosing as a test function vh = ψa in (5.5)
above implies that∫

ωa

ga,nh,τ dx = (fh,τ,n, ψa)Ω − (∂tUh,τ , ψa)Ω − (∇uh,τ ,∇ψa)Ω = 0, (5.10)

where we recall that fh,τ |In = fh,τ,n by definition. Therefore, ga,nh,τ has zero-mean value

in the case of an interior vertex a, and thus we conclude that that ga,nh,τ ∈ Qa
h for all

vertices a ∈ V, where it is recalled that Qa
h was defined in (5.8a) above. Next, for each

time-step n ∈ {1, . . . , N} and each vertex a ∈ V, we define the local flux contribution
σa,n
h ∈ V a

h by
σa,n
h,τ := argmin

vh,τ∈V a
h

∇·vh,τ=ga,n
h,τ

∥vh,τ + ψa∇uh,τ |In∥ωa . (5.11)

Crucially, the fact that σa,n
h is well-defined in the case of an interior vertex is a conse-

quence of (5.10). Indeed, this corresponds to the zero mean-value compatibility condition
that is required on the source term when considering a mixed finite element discretization
of a Poisson equation with pure Neumann boundary conditions. The case of boundary
vertices is simpler still, because it is then not necessary to require that

∫
ωa
ga,nh,τ dx = 0

since vector fields in V a
h are then only constrained on part of the boundary of ωa.

In order to pass from the local flux contributions to a global equilibrated flux, we
now extend the individual local contributions by zero to the whole domain Ω. Note that
boundary conditions imposed on vector fields in V a

h imply that the extension by zero
of σa,n

h,τ to the whole domain Ω, also denoted σa,n
h , is in H(div,Ω). Therefore, we may

define the global flux σh,τ ∈ L2(0, T ;H(div,Ω)) as the unique piecewise constant-in-time
vector field such that

σh,τ |In :=
∑
a∈V

σa,n
h,τ ∀n ∈ {1, . . . , N}. (5.12)

It follows that σh,τ |In ∈ H(div,Ω) for each n, and thus σh,τ ∈ L2(0, T ;H(div,Ω)). We
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find that the divergence ∇ · σh,τ satisfies then:

∇ · σh,τ |In =
∑
a∈V

∇ · σa,n
h,τ =

∑
a∈V

ga,nh,τ

=
∑
a∈V

[ψafh,τ |In − ψa∂tUh,τ |In −∇ψa · ∇uh,τ |In ]

=
∑
a∈V

ψa(fh,τ − ∂tUh,τ )|In −

(∑
a∈V

∇ψa

)
· ∇uh,τ |In

= fh,τ |In − ∂tUh,τ |In

(5.13)

where in passing to the last line above we have used the partition of unity property
which entails that

∑
a∈V ψa ≡ 1 in Ω and

∑
a∈V ∇ψa ≡ 0 in Ω. Thus, on re-arranging,

we have the equilibration identity (5.6) above.

Remark 5.1 (Data approximation). For the sake of simplicity, we have considered here
some abstract approximation fh,τ that approximates f without entering into too much
detail. A more precise treatment can be found in [19], which handles variable polynomials
degrees between mesh elements, and gives a more specific construction of a suitable
approximation of the right-hand side.

5.2 Error bound for the L2(H1) ∩H1(H−1) norm error

Given the equilibrated flux σh,τ defined in (5.12), we now consider a posteriori error
estimators for the L2(H1) ∩H1(H−1) norm of the error.

Theorem 5.1 (Upper bound). Let σh,τ ∈ L2(0, T ;H(div,Ω)) be defined by (5.12).
Then,

∥u− Uh,τ∥Y ≤
(∫ T

0

(
∥σh,τ +∇Uh,τ∥Ω + ∥f − fh,τ∥H−1(Ω)

)2
dt+ ∥u0 − uh,τ,0∥2Ω

) 1
2

.

(5.14)

Proof. Theorem 3.1 shows that

∥u− Uh,τ∥2Y = ∥RY (Uh,τ )∥2X∗ + ∥u0 − uh,τ,0∥2Ω, (5.15)

where R(Uh,τ ) ∈ X∗ was defined in (4.13), and where we note that u(0) = u0 and
Uh,τ (0) = uh,τ,0. Using the equilibration identity (5.6), we find that

⟨RY (Uh,τ ), v⟩ =
∫ T

0
[⟨f, v⟩ − (∂tUh,τ , v)Ω − (∇Uh,τ ,∇v)Ω] dt

=

∫ T

0
[⟨f − fh,τ , v⟩+ (fh,τ − ∂tUh,τ , v)Ω − (∇Uh,τ ,∇v)Ω] dt

=

∫ T

0
[⟨f − fh,τ , v⟩+ (∇ · σh,τ , v)Ω − (∇Uh,τ ,∇v)Ω] dt

=

∫ T

0
[⟨f − fh,τ , v⟩ − (σh,τ +∇Uh,τ ,∇v)Ω] dt,

(5.16)
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for all v ∈ X, where in passing to the last equality above we have used the identity
(∇ · σh,τ , v)Ω = −(σh,τ ,∇v)Ω for all v ∈ X, a.e. in (0, T ). Therefore, the Cauchy–
Schwarz inequality and the definition of ∥·∥H−1(Ω) imply that

|⟨RY (Uh,τ ), v⟩| ≤
∫ T

0

(
∥f − fh,τ∥H−1(Ω) + ∥σh,τ +∇Uh,τ∥Ω

)
∥∇v∥Ωdt ∀v ∈ X,

and thus the Cauchy–Schwarz inequality implies that

∥RY (Uh,τ )∥2X∗ ≤
∫ T

0

(
∥f − fh,τ∥H−1(Ω) + ∥σh,τ +∇Uh,τ∥Ω

)2
dt. (5.17)

Combining (5.15) and (5.17) then gives (5.14).

Remark 5.2 (Comparison to estimators for semi-discrete approximations). Notice that
in the limit h→ 0 where the spatial mesh is refined but the time-step τ is held fixed, we
can expect that σh,τ should approach −∇uh,τ . This can be justified at least heuristically
by comparing (4.17) in the semi-discrete setting with the flux equilibration identity (5.6).
Therefore, up to data oscillation, we can expect heuristically that the main error estima-
tor term ∥σh,τ +∇Uh,τ∥L2((0,T )×Ω) should approach the jump estimator ηJ from (4.10)
in the limit of fine spatial meshes.

Remark 5.3 (Bibliographical remarks). Theorem 5.1 presents a simplified form of the a
posteriori upper bound of [19, Corollary 5.3], which handled the more general case of
varying polynomial-degrees between mesh elements, and varying meshes between time-
steps. The result there is also more specific in its treatment of the data oscillation
terms.

It is shown in [19, Corollary 5.3] that the flux estimator ηF is also efficient with
respect to the Y -norm error of u − Uh,τ , at least locally in time but only globally in
space, i.e. there is a bound of the form∫

In

∥σh,τ +∇Uh,τ∥2Ωdt ≲
∫
In

(
∥∂t(u− Uh,τ )∥2H−1(Ω) + ∥∇(u− Uh,τ )∥2Ω

)
dt+ oscillation,

(5.18)
for each n ∈ {1, . . . , N}, where we refer the reader to [19, Eqn. (5.16)] for the details
on the oscillation term. However, a fully local efficiency bound for the Y -norm error
∥u−Uh,τ∥Y , both with respect to space and time, is not known. The same issue occurs
also for residual estimators when considering the same error, see [50]. Thus, this issue
appears to be related to the effect of temporal discretization and choice of norm for the
error (see below), rather than any specific choice of construction of the a posteriori error
estimators.

5.3 Error bound for an extended L2(H1) ∩H1(H−1)-norm of the error

The lack of local-in-space efficiency results for a posteriori error estimators (both of
residual-type or equilibrated flux-type) for the error quantity ∥u − Uh,τ∥Y motivates a
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change of viewpoint. In place of considering Uh,τ as the primary numerical solution,
we can consider instead uh,τ ∈ V+

h,τ as the central object of interest. However, uh,τ is
generally not an element of Y , and thus one cannot evaluate directly the Y -norm of
u − uh,τ . This motivates the definition of an extension of the norm on Y to the vector
sum1 space Y + V+

h,τ , i.e. we define below a norm ∥·∥EY : Y + V+
h,τ → R≥0 such that

∥φ∥EY = ∥φ∥Y for all φ ∈ Y . Recall that Y is continuously embedded in C([0, T ];L2(Ω)),
and thus point values for all times t ∈ [0, T ] of functions in Y can be understood in the
trace sense. We also recall that functions in V+

h,τ are left-continuous by definition.

Let Ih,τ : Y + V+
h,τ → Y be the linear operator defined by

Ih,τv(t)|In := v(t) +
tn − t

τn

(
v(t−n−1)− v(t+n−1)

)
∀n ∈ {1, . . . , N}, (5.19)

where v(t−n−1) = limϵ↘0 v(tn − ϵ) and v(t+n−1) = limϵ↘0 v(tn−1 + ϵ) are one-sided traces
of v at tn−1, where we adopt the convention v(t−0 ) = v(0). To verify that Ih,τ indeed
maps Y +V+

h,τ to Y , observe firstly that the continuous embedding Y ↪→ C([0, T ];L2(Ω))

implies that φ(t+n−1) = φ(t−n−1) for all n ∈ {1, . . . , N}, and therefore Ih,τφ = φ for any
φ ∈ Y . Secondly, for a function v ∈ V+

h,τ and t ∈ (tn−1, tn], we have v(t) = v(t+n−1) =

v(tn) and v(t−n−1) = v(tn−1) since v is piecewise constant in time and left-continuous,
therefore

Ih,τv(t) =
t− tn−1

τn
v(tn) +

tn − t

τn
v(tn−1) ∀t ∈ (tn−1, tn]. (5.20)

Moreover Ih,τv(0) = v(0). This shows that Ih,τv is continuous, piecewise affine, with
values in Vh for each t ∈ [0, T ], and thus belongs to the space H1(0, T ;H1

0 (Ω)) ↪→ Y .
This demonstrates that Ih,τ : Y + V+

h,τ → Y . In particular, it follows from (5.4) and
(5.20) above that

Uh,τ = Ih,τuh,τ . (5.21)

We now define the norm ∥·∥EY := Y + V+
h,τ → R≥0 by

∥w∥2EY := ∥Ih,τw∥2Y + ∥w − Ih,τw∥2X ∀w ∈ Y + V+
h,τ . (5.22)

Observe that ∥·∥EY satisfies the triangle inequality since Ih,τ is linear. Furthermore,
∥w∥EY = 0 implies w = Ih,τw since ∥w − Ih,τw∥X = 0 and thus w = 0 since ∥w∥Y =
∥Ih,τw∥Y = 0. Therefore ∥·∥EY is indeed a norm on Y + V+

h,τ . Additionally, ∥φ∥EY =
∥φ∥Y for all φ ∈ Y since then φ = Ih,τφ as shown above.

In particular, observe that for the error u− uh,τ , we have from (5.21) above that

∥u− uh,τ∥2EY = ∥u− Uh,τ∥2Y + ∥uh,τ − Uh,τ∥2X . (5.23)

Thus the norm ∥u − uh,τ∥EY includes both the Y -norm error ∥u − Uh,τ∥Y considered
above as well as the the term ∥uh,τ − Uh,τ∥X which measures the lack of conformity of

1Recall that the sum space Y + V+
h,τ consists of all functions of the form φ + vh,τ for φ ∈ Y and

vh,τ ∈ V+
h,τ , and Y + V+

h,τ is a subspace of X. The sum is however not a direct sum.
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uh,τ ̸∈ Y . The quantity ∥uh,τ − Uh,τ∥X is also closely related to the jump estimator ηJ
appearing in the semi-discrete setting, c.f. Section 4.2 above. Crucially, however, it is
shown in [19, Theorem 5.1] that we have the equivalence

∥u− Uh,τ∥Y ≤ ∥u− uh,τ∥EY ≤ 3∥u− Uh,τ∥Y , (5.24)

see in particular [19, Eqn. (5.8)] and note that the coarsening error term that appears
there vanishes in the current context where we consider only the case of a fixed spatial
mesh T over all time-steps. Thus the norm ∥u−uh,τ∥EY defines a notion of error that is
globally equivalent to ∥u−Uh,τ∥Y , yet may have different localization, especially in terms
of localization across the spatial domain. This enables a posteriori error estimators that
are then locally efficient both with respect to time and to space.

Theorem 5.2. Let σh,τ ∈ L2(0, T ;H(div,Ω)) be defined by (5.12). Then, we have the
global upper bound

∥u− uh,τ∥EY ≤
(∫ T

0

(
∥σh,τ +∇Uh,τ∥Ω + ∥f − fh,τ∥H−1(Ω)

)2
dt

+

∫ T

0
∥∇(uh,τ − Uh,τ )∥2Ωdt+ ∥u0 − uh,τ,0∥2Ω

) 1
2

. (5.25)

Furthermore, if 1 ≤ d ≤ 3, then for each n ∈ {1, . . . , N} and each element K ∈ T , we
have the local lower bound∫

In

(
∥σh,τ +∇Uh,τ∥2K + ∥∇(uh,τ − Uh,τ )∥2K

)
dt ≲

∑
a∈VK

(
|u− uh,τ |2Ea,n

Y
+ [ηa,nosc ]

2
)
,

(5.26)
where VK denotes the set of vertices of the element K, and

|u− uh,τ |2Ea,n
Y

:=

∫
In

(
∥∂t(u− Uh,τ )∥2H−1(ωa)

+ ∥∇(u− Uh,τ )∥2ωa
+ ∥∇(uh,τ − Uh,τ )∥2ωa

)
dt,

(5.27a)

[ηa,nosc ]
2 :=

∫
In

∥f − fh,τ∥2H−1(ωa)
dt. (5.27b)

Moreover, we have the global lower bound∫ T

0

(
∥σh,τ +∇Uh,τ∥2Ω + ∥∇(uh,τ − Uh,τ )∥2Ω

)
dt ≤ ∥u−uh,τ∥2EY +

N∑
n=1

∑
a∈V

[ηa,nosc ]
2 . (5.28)

The hidden constants in (5.26) and (5.28) depend only on the dimension d of Ω and on
the shape-regularity parameter of T .

Proof. Since the full proof essentially follows [19, Theorem 5.2] with only very minor
simplifications, we shall only outline the main steps here. The upper bound (5.25) is an
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immediate consequence of (5.14) and (5.23) above. To show the local lower bound (5.26),
we start by noting that for each element K ∈ T and each vertex a ∈ V, σa,n

hτ vanishes
on K unless a ∈ VK is a vertex of K. Therefore, we have (σhτ + ∇uh,τ )|K×In =∑

a∈VK

(
σa,n
hτ + ψa∇uh,τ

)
|K×In . Therefore, we have∫

In

(
∥σhτ +∇Uh,τ∥2K + ∥∇(uh,τ − Uh,τ )∥2K

)
dt

≲
∫
In

(
∥σhτ +∇uh,τ∥2K + ∥∇(uh,τ − Uh,τ )∥2K

)
dt

≲
∑
a∈VK

∫
In

∥σa,n
hτ + ψa∇uh,τ∥2Kdt+

∫
In

∥∇(uh,τ − Uh,τ )∥2Kdt. (5.29)

To bound the first term on the right-hand side of the inequality above, we use the
following stability result for local flux equilibration, due to [7] for the case d = 2 and
[23] for d = 3, which ultimately rests on the analytical results in [10], which shows that

∥σa,n
hτ + ψa∇uh,τ∥ωa ≲ sup

v∈H1
∗(ωa)\{0}

(ga,nh,τ , v)ωa − (ψa∇uh,τ ,∇v)ωa

∥∇v∥ωa

, (5.30)

where the space H1
∗ (ωa) := {v ∈ H1(ωa),

∫
ωa
vdx = 0} in the case of an interior vertex

a, and H1
∗ (ωa) := {v ∈ H1(ωa) v|∂Ω = 0} in the case of a boundary vertex a. Observe

that the definition of ga,nh,τ above and the product rule ∇(ψav) = v∇ψa + ψa∇v imply
that

(ga,nh,τ , v)ωa − (ψa∇uh,τ ,∇v)ωa = (fh,τ , ψav)ωa − (∂tUh,τ , ψav)ωa − (∇uh,τ ,∇(ψav))ωa ,
(5.31)

where we furthermore notice that ṽ = ψav ∈ H1
0 (ωa) for either case wher a is an interior

vertex or a boundary vertex. Moreover, ∥∇(ψav)∥ωa ≲ ∥∇v∥ωa for all v ∈ H1
∗ (ωa)

by the Poincaré inequality and the inverse inequality ∥∇ψa∥L∞(ωa) ≲ (diamωa)
−1 by

shape-regularity of T . Using the fact that ga,nh,τ and ψ∇uh,τ are piecewise constant with
respect to time, it is then easy to show that (c.f. [19, Lemma 8.2]), for any K ∈ T and
any a ∈ VK ,(∫

In

∥σa,n
hτ + ψa∇uh,τ∥2Kdt

) 1
2

≤
(∫

In

∥σa,n
hτ + ψa∇uh,τ∥2ωa

dt

) 1
2

≲ sup
ṽ∈P0(In;H1

0 (ωa))\{0}

∫
In

[⟨fh,τ − f, ṽ⟩ωa + ⟨∂t(u− Uh,τ ), ṽ⟩ωa + (∇(u− uh,τ ),∇ṽ)ωa ] dt(∫
In
∥∇ṽ∥2ωa

dt
) 1

2

,

(5.32)

where we have used the abbreviated notation ⟨·, ·⟩ωa to denote the duality pairing be-
tween H−1(ωa) and H1

0 (ωa). The local lower bound (5.26) is then obtained by apply-
ing the Cauchy–Schwarz and triangle inequalities to the terms on the right-hand side
in (5.32). The global lower bound (5.28) is then deduced from (5.26) by summation over
all elements of the mesh.
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We also emphasize that the hidden constants in (5.26) and (5.28) are, among other
things, independent of the polynomial degrees p and p̃.

5.4 Error bounds for the L2(H1) norm error

We can also consider a posteriori error bounds for the X-norm errors ∥u − uh,τ∥X
and ∥u − Uh,τ∥X . We leave it as an exercise to the reader (or alternatively, see [20,
Theorem 5.1]) to show that

∥u− uh,τ∥X ≤
(∫ T

0

(
∥σh,τ +∇uh,τ∥2Ω + ∥∇(uh,τ − Uh,τ )∥2Ω

)
dt

) 1
2

+ oscillation, (5.33)

for some appropriate oscillation terms in terms of f − fh,τ and u0 − uh,τ,0. A similar
bound for ∥u−Uh,τ∥X also holds. Thus, up to constants and oscillation terms, the error
estimator is the same as the one appearing in Theorem 5.2 above. We note from the onset
that, as explained in Section 4.3 above, we cannot expect in general to have efficiency
of the estimator ∥uh,τ − Uh,τ∥X relative to the X-norm of the error, as this estimator
corresponds to the temporal jumps of the numerical solution uh,τ . Nevertheless, it is
shown in [20] that if the mesh and time-step sizes are related by h2 ≲ τ , then the flux
estimator is bounded by the X-norm error plus the jump estimator. Recall that the local
data oscillation term ηa,nosc is defined in (5.27b) above.

Theorem 5.3 ([20]). For each a ∈ V, let hωa denote the diameter of the patch ωa.
Suppose that 1 ≤ d ≤ 3, and that there exists a constant γ > 0 such that h2ωa

≤ γτn for
every a ∈ V and every n ∈ {1, . . . , N}. Then, for each K ∈ T and each n ∈ {1, . . . , N},
we have∫
In

∥σhτ+∇uh,τ∥2Kdt ≲
∑
a∈VK

[∫
In

(
∥∇(u− uh,τ )∥2ωa

+ ∥∇(uh,τ − Uh,τ )∥2ωa

)
dt+ [ηa,nosc ]

2

]
,

(5.34)
and also∫ T

0
∥σhτ +∇uh,τ∥2Ωdt ≲ ∥u− uh,τ∥2X + ∥uh,τ − Uh,τ∥2X +

N∑
n=1

∑
a∈V

[ηa,nosc ]
2 , (5.35)

where the hidden constant depends only on the shape-regularity of T , the dimension d
and on γ.

The principal consequence of (5.34) is to show that the additional presence of the
flux estimator in the fully discrete setting does not significantly alter the situation in
comparison to the semi-discrete setting considered previously in Section 4.3. Note that
the condition h2 ≲ τ corresponds to the case of practical computational interest since it
allows for large time-steps. We refer the reader to [20] for the proof. Observe that the
principal difference between the local lower bounds of (5.34) and (5.26) is that the error
in the time-derivative ∂t(u− Uh,τ ) does not appear on the right-hand side of (5.34).
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Remark 5.4 (Bibliographical remarks). A bound of a similar nature as (5.34) was previ-
ously obtained by Picasso in [39] under the more restrictive two-sided condition τ ≃ h.
As mentioned already in Remark 4.8, one can also consider alternative measures of the
error, that combine both ∥u − uh,τ∥X and ∥u − Uh,τ∥X , in which case one recovers
equivalence with the estimator, see e.g. [20, Corollary 5.4] for details.

5.5 Error bounds for the energy norm error

Motivated by the analysis in Section 4.4 for the semi-discrete setting, we now consider
a posteriori error bounds for the energy norm error defined by

∥u− uh,τ∥2E := ∥u− uh,τ∥2X +
1

2
∥u(T )− uh,τ (T )∥2Ω, (5.36)

where the natural discrete approximation to consider is

uh,τ :=
1

2
(uh,τ + Uh,τ ) . (5.37)

We start the analysis by proving a global efficiency bound for the jump estimator ∥uh,τ −
Uh,τ∥X . In order to proceed, we will make an additional assumption on the spatial
discretization, namely that the L2-orthogonal projection operator Πh : H

1
0 (Ω) → Vh is

H1-stable: there exists a constant CΠ independent of h such that

∥∇Πhv∥Ω ≤ CΠ∥∇v∥Ω ∀v ∈ H1
0 (Ω). (5.38)

It is straightforward to see that (5.38) implies the following bound: for any wh ∈ Vh,

∥wh∥H−1(Ω) ≤ CΠ∥wh∥V ∗
h
, (5.39)

where ∥wh∥V ∗
h

:= supvh∈Vh\{0}
(wh,vh)Ω
∥∇vh∥Ω is the discrete dual norm. Note that the H1-

stability of the L2-projection is known to hold for conforming finite element methods in
a range of cases, including quasi-uniform meshes and also some graded meshes, see for
instance [25]. This condition is also related to the quasi-optimality of Galerkin methods
for parabolic equations [47].

Theorem 5.4 (Efficiency of the jump estimator [44]). Suppose that (5.38) holds. Then,

∥uh,τ − Uh,τ∥X ≲ ∥u− uh,τ∥E + η̃osc,h,τ,E , (5.40)

where the hidden constant depends only on CΠ, and where the data oscillation η̃osc,h,τ,E
is defined by

η̃osc,h,τ,E := sup
φh∈H1(0,T ;Vh)\{0}

φh(0)=0

∫ T
0 ⟨f − fh,τ , φh⟩dt

∥φh∥Y,sym
. (5.41)

We refer the reader to [44] for the proof. We now give the main result on the a
posteriori error bound for the energy norm of the error.
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Theorem 5.5. Let σhτ be given by (5.12). Then

∥u− uh,τ∥E ≤
(∫ T

0

(
∥∇(uh,τ − Uh,τ )∥2Ω + ∥σhτ +∇uh,τ∥2Ω

)
dt

) 1
2

+ ηosc,h,τ,E , (5.42)

where the data oscillation term ηosc,h,τ,E is defined by

ηosc,h,τ,E := sup
φ∈Y \{0}

∫ T
0 ⟨f − fh,τ , φ⟩dt+ (u0 − uh,τ,0, φ(0))Ω

∥φ∥Y,sym
. (5.43)

If 1 ≤ d ≤ 3, if (5.38) holds and if there exists a constant γ > 0 such that h2ωa
≤ γτn

for all a ∈ V and all n ∈ {1, . . . , N}, then∫ T

0

(
∥∇(uh,τ − Uh,τ )∥2Ω + ∥σhτ +∇uh,τ∥2Ω

)
dt ≲ ∥u− uh,τ∥2E + [ηosc,h,τ,E,⋆]

2 , (5.44)

where

[ηosc,h,τ,E,⋆]
2 := [η̃osc,h,τ,E ]

2 +

N∑
n=1

∑
a∈V

[ηa,nosc ]
2 . (5.45)

The hidden constant in (5.44) depends only on the shape-regularity of T , the dimension
d, the constant γ, and on the constant CΠ appearing in (5.38).

Proof. We show here the proof of the upper bound, and refer the reader to [44] for the
proof of the lower bound. Theorem 3.4 shows that

∥u− uh,τ∥E = sup
φ∈Y \{0}

⟨RE(uh,τ ), φ⟩Y ∗×Y

∥φ∥Y,sym
, (5.46)

where the residual RE(uh,τ ) ∈ Y ∗ is defined by

⟨RE(uh,τ ), φ⟩Y ∗×Y :=

∫ T

0
⟨f, φ⟩dt+ (u0, φ(0))Ω

− (uh,τ (T ), φ(T ))Ω −
∫ T

0
[−⟨∂tφ, uh,τ ⟩+ (∇uh,τ ,∇φ)Ω] dt, (5.47)

for all φ ∈ Y . Using the flux equilibration identity (5.6), integration-by-parts, and the
identities uh,τ (T ) = Uh,τ (T ) and Uh,τ (0) = uh,τ,0, we see that, for any φ ∈ Y ,∫ T

0
(fh,τ , φ)Ωdt = (uh,τ (T ), φ(T ))Ω−(uh,τ,0, φ(0))Ω+

∫ T

0
[−⟨∂tφ,Uh,τ ⟩ − (σhτ ,∇φ)Ω] dt.

(5.48)
Therefore, after combining (5.47) with (5.48), we see that

⟨RE(uh,τ ), φ⟩Y ∗×Y =

∫ T

0
⟨f − fh,τ , φ⟩dt+ (u0 − uh,τ,0, φ(0))Ω

+

∫ T

0
[⟨∂tφ, uh,τ − Uh,τ ⟩ − (σhτ +∇uh,τ ,∇φ)Ω] dt. (5.49)
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The Cauchy–Schwarz inequality then implies that

sup
φ∈Y \{0}

⟨RE(uh,τ ), φ⟩Y ∗×Y

∥φ∥Y,sym

≤
(∫ T

0

(
∥∇(uh,τ − Uh,τ )∥2Ω + ∥σhτ +∇uh,τ∥2Ω

)
dt

) 1
2

+ ηosc,h,τ,E , (5.50)

thus showing the upper bound (5.42).

Theorem 5.5 represents the extension of Theorem 4.4 to the fully discrete setting,
showing in particular the global efficiency of the jump and flux estimators, under the
hypotheses that h2 ≲ τ and that L2-orthogonal projection Πh is H1-stable. Note that
the lower bound for the error is global in both space and time, owing to the fact that
the analysis of the jump estimator in Theorem 5.4 in [44] involves a nonlocal argument
in both space and time.

Conclusion

In the analysis presented above, we have demonstrated that the analytical properties of a
posteriori error estimators present a number of challenges and subtleties. In particular,
the efficiency of the estimators can depend strongly on the choice of norm in which to
measure the error, but also on the choice of reconstruction of the numerical solution that
is considered. Understanding the relationships between the possible choices of norms and
of notion of numerical solutions is crucial for interpreting the results of the estimators
in practical computations.
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Basel, second ed., 2013, https://doi.org/10.1007/978-3-0348-0513-1.
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