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Abstract

From a mathematical perspective, questions in cosmology often reduce to solving ordinary differ-
ential equations. The theories of special functions and dynamical systems provide powerful tools
for analysing these equations, enabling us to draw physical conclusions. We investigate two dis-
tinct problems: (i) computing the angular distance travelled by a test particle along an azimuthal
geodesic in closed Friedmann-Lemaitre-Robertson-Walker (FLRW) universes; (ii) studying the dy-
namical evolution of a cosmological model with a boundary-term coupling.

After reviewing exact solutions to the cosmological field equations and deriving the full set of
FLRW geodesics, we compute an array of explicit formulae for the path of a photon over one cycle
of expansion and recollapse in several scenarios. We begin with the simplest closed FLRW model
with an arbitrary linear equation of state parameter and extend our analysis to include two-fluid
models, a cosmological constant, and a massive particle. Special functions, particularly elliptic
functions, naturally emerge in this context.

Next, we apply dynamical systems techniques to cosmological models incorporating a perfect
fluid, a scalar field, and boundary terms. After reviewing the use of dynamical systems in dark
energy models, we adopt Brown’s formulation of the variational principle for relativistic fluids to
introduce novel couplings. We focus on one specific coupling, which is particularly relevant to cos-
mology, as it behaves similarly to models where dark matter decays into dark energy, particularly
in the case of a constant coupling. When the coupling is non-constant, however, it reveals a previ-
ously unseen, rich dynamical structure, featuring both early- and late-time accelerated expansion.
Using well-known variables, we work in a two-dimensional phase space, allowing for a clear physical
interpretation and draw analogies with existing models.

Whilst the first problem yields self-contained, complete results, the second opens several promis-

ing directions for future research.
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0

Overview

Physical cosmology is the study of the universe as a whole; it has its foundations in Einstein’s theory
of General Relativity (GR), which formulates physical laws using pseudo-Riemannian geometry.
In GR, the information regarding geometric and causal structure of spacetime, as well as its
effects on gravity, is contained in the line element (or metric tensor). By imposing symmetries
of homogeneity and isotropy, one obtains the Friedmann-Lemaitre-Robertson-Walker (FLRW)
metric [82, 117, 140-142, 166], which contains a time-dependent function, called the scale factor,
describing the rate at which the universe expands or contracts.

This thesis studies systems of ordinary differential equations which emerge in the context of
cosmology in two specific scenarios. The first is a set of four coupled second-order differential
equations which describe the motion of test particles, such as photons, along geodesics through
the FLRW spacetime. The second consists of Einstein’s field equations—a set of ten coupled
non-linear partial differential equations—which become a system of non-linear ordinary differential
equations describing the (idealised) evolution of the universe that we observe. From a mathematical
perspective, studying these two systems of equations requires different approaches.

In the more standard cases, these equations can be solved analytically, albeit with the use of
non-elementary functions, or special functions [12, 14, 90], such as elliptic functions [50, 57, 58, 68,
69, 76, 135]. Special functions can be thought of as a generalisation of elementary functions, which
appear naturally in some mathematical theories as well as physical applications. The meaning of the
term ‘special’ is nebulous, and can vary between different contexts. For the purpose of this thesis,
one can think of a special function as a function which satisfies a second-order ordinary differential
equation. From this point of view, the ‘elementary’ functions like trigonometric, exponential, and
logarithmic functions are the solutions of second-order ordinary differential equations with constant
coefficients, or their inverses.

The FLRW metric describes a spatially maximally symmetric space of constant curvature evolv-
ing in time. The curvature of the spatial surfaces dictates the geometry of the universe on cosmic
scales [87, 98, 112] and can take one of three forms: negative, zero, or positive; corresponding to an

open, flat, or closed universe, respectively. The geometry of a closed universe, which is spatially a
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sphere, allows for a scenario in which the universe expands up to a maximum size, before recollaps-
ing during the so-called big crunch. This oscillatory behaviour was first noted by Friedmann [82].
In [96], Harrison provided a classification for FLRW models, including oscillatory universes. These
models of a universe undergoing cycles of expansion and contraction were further explored in [21-
24, 41]. In particular, in [22], the closed-universe recollapse conjecture—which states that, under
certain conditions, the expanding universe could eventually reverse its course, contracting back to
a highly dense state, and initiating a new cycle of expansion and contraction—was proposed as a
potential solution to cosmological issues such as the singularity problem, which aims to understand
what happened at the Big Bang.

While the prevailing observational evidence has strongly favoured a spatially flat universe over a
closed one, recent observations have prompted a reconsideration of the possibility that the universe
may in fact exhibit a closed geometry [13, 63-65, 84, 92, 147, 161, 162]. The 2018 PLANCK
data set [6] slightly favours a closed universe. This is in contrast with the cosmic microwave
background (CMB) lensing and baryon acoustic oscillations data; this tension reopened the debate
over the curvature of the universe [92]. Moreover, closed universe models also seem to be good
candidates to address the Hubble tension—the discrepancy between different measurements of the
Hubble constant which describes the current rate of expansion of the universe—between supernovae
observations and the CMB [92]. Analyses from the more recent DESI collaboration [5] of early-
and late-time data, including baryon acoustic oscillations and Type Ia supernovae, also point
towards a positive curvature constant. This motivates studying test particle motion in closed
FLRW spacetimes. In this geometric setting, it is possible to study azimuthal geodesics; this type
of geodesics has been studied extensively in the context of rotating systems and settings involving
spherical symmetry, for example the motion of particles around massive objects such as black holes,
see [49], where special functions arise [52, 113].

Beyond the large-scale curvature of the universe, there are many other phenomena which are
of relevance to theoretical cosmology. Perhaps the most important of these at present are the
observed early- and late-time accelerated expansions of the universe (usually referred to as in-
flation and dark energy-dominated epoch, respectively). Models which exhibit these phenomena
correspond to cosmological field equations for which the task of obtaining analytical solutions is
formidable. It is therefore useful to employ techniques from the theory of dynamical systems. This
theory provides us with techniques to understand the qualitative behaviour of the solutions of a
differential equation, or a system thereof, without finding them explicitly. The use of dynamical
systems precedes the discovery of the accelerated expansion of the universe in 1998, and hence
the concept of dark energy; see for example [164]. In more recent years, a review which deals

with dark energy and modified theories of gravity through the lens of dynamical systems filled this
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gap [28]. For a cosmological dynamical system to be physically relevant, we expect it to reflect
the succession of the following epochs through some fixed points: inflation (early-time attractor),
radiation-domination and matter-domination (usually saddle points), late-time inflation (late-time
attractor). In Chapter 4, we apply dynamical systems techniques to cosmological field equations
which derive from modifications of gravity.

Since the introduction of GR in 1915, several approaches to extending or modifying Einstein’s
theory have been proposed. This is due to the fact that (pseudo-)Riemannian geometry was a
relatively novel subject when GR came about, hence it was interesting to consider what conse-
quences the removal, or modification, of some of its assumptions would yield. As an example, from
a theoretical point of view, in GR, one usually restricts the Lagrangian to be a linear function of
the Ricci scalar, minimally coupled with matter. However, there is no reason, a priori, to assume
such a restriction. So, one can modify the gravitational part of the action to allow non-linear
corrections to the Lagrangian [47, 126]; this is the general approach followed by f(R)-theories of
gravity [61, 149]. Some other extensions of GR increase the number of spacetime dimensions or
introduce non-minimal matter couplings to boundary and topological terms [19, 35, 46, 53, 78,
86, 94, 132-134]. These are terms in the Lagrangian that describe how matter couples to geomet-
rical quantities. Non-minimally coupled terms involving curvature vanish in the limit of special
relativity.

Another approach is to consider dark energy as evidence for the incompleteness of GR and,
hence, seek extensions or modifications of GR [104, 111, 145]. Towards the end of the last century,
a further realisation was that not only is the universe expanding, but it is also accelerating. In
2011, Permutter, Riess, and Schmidt were awarded the Nobel Prize in physics for their discovery
in 1998 [137, 138] of the accelerating expansion of the universe. Since this discovery, a plethora
of models to elucidate this phenomenon has emerged. The addition of a positive cosmological
constant, A, to the Einstein field equations, originally introduced by Einstein [70] for his static
universe, is one of the most straightforward candidates for dark energy. This paves the way for the
A Cold Dark Matter (ACDM) model. However, the ACDM model fails to explain why the inferred
value of A is so small compared to the vacuum energy density expected from particle physics [167].
It is also unclear why its value is comparable to the matter density today; this constitutes the
so-called coincidence problem [144, 172].

One way to begin to address this issue is to allow for a dynamical cosmological constant [56],
that is, to introduce some dynamical field able to reproduce the late-time acceleration behaviour
and mimic the properties of the cosmological constant. In order for it to agree with current
observations, such a field must not interact through any of the Standard Model fundamental forces

other than gravity, and must be invisible to the electromagnetic radiation, hence dark energy.
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The simplest such model is a canonical scalar field, ¢, with flat potential, V' (¢), which drives the
accelerated expansion of the universe. Any model of this type is referred to as quintessence [157],
named after the fifth element in ancient and medieval philosophy, which was believed to be the
fundamental substance of the universe and the source of all life and motion. Scalar fields play a
major role in cosmology as they are also employed to characterise inflation, the early-time epoch
of accelerated expansion [30, 152, 159], and dark matter, a hypothetical form of matter thought
to account for approximately 85% of the matter content in the universe; see, for example, [125].
Several models to describe the dark energy interaction with dark matter have been proposed [20,
27, 45, 77, 89, 99, 136, 163]. It is worth mentioning that, the first and only observed elementary
scalar particle (zero spin), as predicted by the Standard Model of particle physics, is the Higgs
boson. This particle is associated with the Higgs field, a field that fills the entire Universe and
gives mass to all elementary particles; its existence was confirmed in 2012 by the ATLAS and CMS
experiments at the Large Hadron Collider (LHC) at CERN [1].

At the core of this thesis, there are two main aims:

(i) to compute the angular distance travelled by a test particle along an azimuthal geodesic
in closed FLRW universes;

(ii) to study the dynamical evolution of a cosmological model with a boundary-term coupling.

For (i), we need special functions, and, for (ii), dynamical system techniques. These are both
introduced in Chapter 1, where we provide a mathematical overview. Through a motivational
example concerning the simple pendulum, we introduce dynamical systems first and, then, elliptic
integrals and elliptic functions. Some of these results concerning what makes a special function
special are quite classical, but surprisingly overlooked. We therefore provide an overview of these
and show how complex analysis can help us understand the properties of these functions.

We are interested in the applications of these mathematical tools to cosmology, which we
introduce in Chapter 2. We build the FLRW metric from symmetries, using mathematical objects
from differential geometry. We then also review exact solutions to the cosmological field equations
and show how dynamical systems techniques have been employed to understand simple models of
scalar field cosmology used to describe inflation.

In Chapter 3, we address (i). We first derive the full set of FLRW geodesics, and we then
compute an array of explicit formulae for the path of a photon over one cycle of expansion and
recollapse for a closed FLRW universe in several scenarios. We first obtain a formula for the
simplest model, which includes an arbitrary linear equation of state parameter and a vanishing
cosmological constant. In Section 3.4.1, we find that the angular distance travelled by a ray of

light starting at the beginning of the universe during the expansion and recollapse is given by
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Ap = 27/(1 4 3w), for an arbitrary linear equation of state parameter w, consistently with the
well-known values of 27 for a matter-dominated universe and 7 for a radiation-dominated one.

We then broaden the scope to include the motion of a massless particle in two-fluid models; in
the presence of a cosmological constant; and we also consider massive particles in a single fluid.
For example, a massless particle travels an angular distance of Ap = 7 + 2arcsin(1 / \/@)
in a universe filled with dust and radiation (see Section 3.4.3.1), and exactly half this distance
when dust is replaced by stiff matter (see Section 3.4.3.2). Here, £ measures the relative initial
densities of the two fluids. When massive particles are considered, we must employ the special
functions introduced in Chapter 1, and the cosmological notions from Chapter 2. The simplest is,
perhaps, a massive particle in a radiation-filled universe, which traverses an angular distance of
Ap = 2K(—3/L?), where 3 is the initial radiation density, L, is the angular momentum of the
particle, and K is the complete elliptic integral of the first kind (see Section 3.4.5.2).

In Chapter 4, we apply dynamical systems techniques to cosmological models incorporating a
perfect fluid, a scalar field, and boundary terms. After reviewing the use of dynamical systems
in dark energy models, we adopt Brown’s formulation of the variational principle for relativistic
fluids to introduce novel couplings. We focus on a derivative coupling, for which the interaction
Lagrangian density is of the form Line = —/—gf(n, s, ¢)B*0,¢, which turns out to be particularly
relevant to cosmology, as it behaves similarly to models where dark matter decays into dark energy,
e.g. [54], particularly in the case of a constant coupling. We provide an analysis of this model for
the matter-dominated and radiation-dominated cases in Section 4.4. Using well-known variables,
we work in a two-dimensional phase space; and by applying a carefully chosen change of variables,
we were able to arrive at a phase space which mirrors the one studied in [54]. These results
demonstrate that our model can be seen as a natural extension of previous work.

When the coupling is non-constant, we consider an interaction function f(n,¢) which is pro-
portional to na(1+“’)/2V(¢)_°‘/2, for an exponential potential V. This reveals a previously unseen,
rich dynamical structure, featuring both early- and late-time accelerated expansion, when a = 2,
which is discussed in Section 4.5. In contrast, when we consider the case @« = —2 in Section 4.7, it
is necessary to re-write the models in terms of a different choice of variables; see also Section 4.6.
Once this is done, the phase space looks similar to that from Section 4.5, but we have to apply
a further restriction so that the values of the effective equation of state parameter are physically
meaningful. In practice, this restricts the physical trajectories and is overall more limiting than
the scenarios for o« = 2. Nevertheless, interesting phenomena do appear, for example, one choice
of model parameters yields a universe with the so-called phantom dark energy, in which energy
density increases over time.

Problem (i) yields self-contained, complete results, whereas Problem (ii) opens several promising
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directions for future research. These are discussed in Chapter 5.

Notation and conventions

Unless otherwise specified, we employ standard relativistic notation throughout. The signature of
the metric tensor g, is assumed to be (—,+,4,+), Greek indices are space-time indices taking
(0,1,2,3).

The coupling constant appearing in the Einstein field equations is denoted by x = 87G/c?,
where ¢ is the speed of light and G the Newton’s gravitational constant. Throughout, we use
geometrised natural units with ¢ =1 and G = 1.

A dot will denote differentiation with respect to cosmological time. A prime denotes the
derivative with respect to the argument. Sometimes the comma notation for partial derivatives is
used ¢, = 0,¢.

We will use the following without proof:

e Christoffel symbols for the metric ds® = g, dztdz":

1 us , Ovo  Oguv
Il — S ) 1
w = 99 <8x’/ e T o ) (0.1)

e covariant derivative acting on a rank-2 tensor:

VT = 8T — 15, Ty — 19, T - (0.2)

putov
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1

Mathematical overview

1.1 Introduction

In this thesis, a common theme is describing solutions to problems in cosmology using special
functions. To provide some motivation for the need for special functions, and, in particular, elliptic
integrals, we first consider the example of the simple pendulum®. It is one of the very first examples
encountered in elementary mechanics courses, where the non-linearity of the differential equation
which describes its motion is typically overcome by introducing a small-angle approximation. The
use of dynamical systems techniques allows one to go further and investigate the large-angle regime
qualitatively. The reason behind this pedagogical choice is the complexity encountered when we
seek an analytic solution for all values of the angle. This complexity requires us to introduce special
functions. In what follows, we illustrate how special functions naturally arise in the description of
physical phenomena by looking carefully at the simple pendulum. This also serves to introduce

the other main tool in this thesis, that is, dynamical systems techniques.

1.2 The simple pendulum

Let us begin by considering a particle of mass m attached to the end of a light (massless) inexten-
sible string (or rod) of length ¢, in the absence of damping and external driving. Let 6 denote the

angle from the downwards vertical to the pendulum string, as shown in Fig. 1.1.

Fig. 1.1: The simple pendulum

I This is sometimes referred to as the mathematical or ideal pendulum, to distinguish it from the physical pendulum
because of its modelling assumptions.

29



The forces acting on the mass are: the tension in the string; and the force of gravity, which
can be decomposed into a radial component, mgcosf, and a transverse component, —mgsin6,
where g is the acceleration due to gravity. There is no motion in the radial direction since the
string is inextensible; whereas, in the transverse direction, by Newton’s second law, the angular
acceleration ¢d26/dt?, is given by

2 2
m@i—tg:—mgsine = j—:—i—%sinG:O. (1.1)

By introducing the frequency w = /g¢/¢ and a dimensionless time variable 7 = wt, Eq. (1.1) reads
f+sinf =0, (1.2)

where the overdot denotes differentiation with respect to 7. This is a nonlinear first-order ordinary
differential equation, which, as we shall see, is difficult to solve analytically since it requires the
use of elliptic functions. Generally, to bypass this, one studies the behaviour of the pendulum for
small oscillations about the equilibrium position, that is, § < 1 and sinf = 6. In this case, the
solution is approximately simple harmonic motion of period 27, that is, § = Asin(r + ¢), where
A is the amplitude and ¢ is the phase of the oscillations. However, this does not hold for the
large-angle regime. In order to analyse the behaviour of the pendulum, we will use dynamical

systems techniques.

1.3 Dynamical systems

Classical dynamical systems can be thought of as systems of differential equations. Such dynamical
systems are extremely interesting and useful objects of study, and are an important tool across
pure and applied mathematics.

Let f be a vector field on a state space X C R™. The autonomous differential equation defined

by a function f is
x=1fx), xe€X CR"™ (1.3)

Here the overdot represents the derivative with respect to a variable ¢, which can be interpreted as
time. A solution x(¢) to this system with initial condition x(0) = x¢ then models a particle which
starts at xo and moves with position x(¢) such that its velocity vector is given by x = f(x). For a
given xg, this is called a trajectory. Thus, the tangent vector to the solution curve, x(t), is equal
to the vector field f evaluated at the position x at time ¢, f(x(¢)). When f is sufficiently ‘nice’,

Eq. (1.3) with initial condition x(0) = x¢ admits a unique solution by the following theorem.
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Theorem 1.1 (Picard-Lindel6f theorem [150, p. 150])

Let f: X — R"™ be a continuous function on an open set X C R™. Suppose that the partial
derivatives 0f;/0x; exist and are continuous for 1 <i,j5 <n on X. Fiz a point xg € X. Then,
for the initial value problem x = f(x) with x(0) = xq, there exists a unique solution x(t) defined

on some interval t € (—7,7T) for T > 0.

An immediate corollary is that, when f has continuous partial derivatives, there is a unique
trajectory through any point in X, and so no trajectory can intersect another trajectory, or itself,
unless it is periodic. These hypotheses hold in many simple examples of dynamical systems,
including that of the simple pendulum. In Chapter 4, we will encounter cosmological models for
which the hypotheses of the Picard—Lindel6f theorem do not hold at all points in the phase space
and trajectories can intersect. Such examples are known as discontinuous dynamical systems [80,
123]; and are systems for which, at some point, uniqueness is violated since there are at least two
solutions satisfying the same initial condition, but are distinct on the interval (—7, 7).

As an example of this behaviour, consider the dynamical system given by

o
xr = \/TTyQ N (14&)
1y (1.4b)

Y= \/TTZJQ )
on R?\ {(0,0)}. The phase portrait is shown in Figure 1.2. The right-hand sides of Eq. (1.4) are
discontinuous at (0,0), meaning that the limit lim, ,y_,(0,0)(Z,7) does not exist, and hence any
extension of the dynamical system to R? will fail to satisfy the hypotheses of Theorem 1.1. It is,
however, possible to extend trajectories which approach (0,0) in finite time across this singularity
in a way consistent with Eq. (1.4). Fix an angle 0 < o < w/2, and consider the trajectory
Xq(t) = (tcos(a), tsin(a)); this is the straight line passing through (0, 0) with constant unit speed,
and making angle « to the z-axis. One can easily verify that x,(t) satisfies Eq. (1.4) for ¢ # 0.

Moreover, the limit, lim;_o (2, )| exists and equals (cos(a),sin(a)), so, in a rigorous sense,

Xa(t)’
the trajectory x,,(t) can be said to satisfy Eq. (1.4), considered on the whole of R%. This dynamical
system, therefore, gives an instance where infinitely many distinct trajectories intersect at the same
point, as shown in Fig. 1.2—this behaviour will also be observed in Section 4.5 and Section 4.7.
For now, let us return to the situation where the Picard—Lindel6f theorem does apply, and every

point in the phase space determines a unique trajectory which passes through it. In this case, we

can define the flow, which is a function that describes all trajectories simultaneously.
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Fig. 1.2: Phase portrait of the dynamical system given in Eq. (1.4), whose right-hand side is
discontinuous at the origin. The solid red line represents the trajectory x,, (t), with a; = 0.35,
and the dashed blue line represents the trajectory x,,(t), with as = 1.5. Note that the angles a;
and asg are taken with respect to the z-axis.

Definition 1.2 (Flow): The flow of the dynamical system in Eq. (1.3) with x(0) = x¢ is the

smooth mapping ¢(x,t) : R™ x R — X such that ¢(x,0) = x and
Pt +5) = p(p(x,1),8) = p(p(x,5), 1) = p(x, 5 +1) . (1.5)

The flow property in Eq. (1.5) says that travelling along a trajectory for some time s and then

for some time t is the same as travelling for the time s + ¢. Hence,

(1) = Hlp(x, 1) (1.6

for all ¢, such that the solution through xq exists and ¢(xg,0) = x9. The flow generated by the
vector field function f is a one-parameter diffeomorphism group for which f is the phase velocity
vector field. The flow can be conceived as the motion of a fluid in phase space, whose representation
is controlled by some stagnation points known as fixed points [85, 150].

A fized point of a dynamical system is a point x* such that f(x*) = 0; this point is also known as
critical point, steady state, or equilibrium of the system. To determine the behaviour of trajectories

near the fixed points, we can linearise the system around its critical points, by using a Taylor
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expansion for f in the neighbourhood of the fixed point, that is,
f(x) = f(x*) 4+ (x — x*) VI(x*) + o(|x — x*|) = (x — x¥) VE(x*) + o(|x — x*]), (1.7)

where x — x* is small, and we used the fact that f(x*) = 0. Here p(z) = o(q(x)) as x — x¢ means
lim, 2, [p(2)]/]a )] = 0.

The eigenvalues of the matrix V£(x*), known as the Jacobian (or stability) matriz, contain the
information about the local behaviour of f near x*. By the Hartman—Grobman theorem (or lineari-
sation theorem), the dynamics of the linearised system and of the original system are qualitatively
equivalent to one another; for details, see for example [16, 150, 169]. The stability or instability
of the fixed point x* depends on the eigenvalues of the Jacobian. In this thesis, we will only be
concerned with two-dimensional dynamical systems; for this reason, let us provide the classification

of fixed points in terms of the two eigenvalues of the Jacobian, A\; and Ao, in Table 1.1.

Table 1.1: Classification of the critical points for a two-dimensional dynamical system according
to the eigenvalues of the Jacobian A; and As.

Eigenvalues Classification

A1 <0, <0 stable node/sink/attractor

A1 >0, >0 unstable node/source/repeller

A1 <0,22>0 saddle point

A1 =0,22>0 unstable point

A1 =0,22<0 non-hyperbolic (linear stability fails)

Al =a+if, A2 =a —if unstable spiral if « > 0 and 8 # 0
Al =a+if, A2 =a —if stable spiral if « < 0 and 5 # 0
A1 =18, A2 = —if centre

Let us now return to the simple pendulum example and write Eq. (1.2) as two coupled first

order differential equations

6=v= f(6,v), (1.8a)

0= —sind = g(0,v), (1.8b)

where v can be interpreted physically as the dimensionless angular velocity and f and ¢ are
analytic. It is now clear that the system involving the displacement angle # and the angular
velocity v, described by Eq. (1.8), is two dimensional. In particular, 6 lies on a circle, and 6 in R.
So the state space can be thought of as an infinite cylinder S! x R. We can now employ dynamical
systems techniques to gain a qualitative insight into the system’s behaviour. The fixed (or critical)
points of the dynamical system in Eq. (1.8), that is those points for which f(6,v) = g(8,v) = 0,
are all of the form (nm,0), for n € Z. Due to the periodic nature of the pendulum, it suffices to

consider the fixed points (0,0) and (0, 7), which are, respectively, Point O and Point A in Fig. 1.3.
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The eigenvalues of the matrix

Of dg

90 60 0 —cosf

00 00 _ (1.9)
of 9 1 0

ov Ov

evaluated at the fixed points contain the information about the local behaviour of f and ¢ near
the fixed points. Since the eigenvalues at the origin (0,0) are purely imaginary, further analysis is
needed to determine whether the fixed point is a centre or a spiral for the full nonlinear system;
whereas the fixed point (0,7) is a saddle because the eigenvalues are real with opposite signs. An
extensive discussion on these techniques can be found in [15, 16, 85, 150], and, specifically, in the
context of cosmology, in [18, 28].

To see that the origin is indeed a nonlinear centre, one can check that this fixed point is a
local minimum of a conserved quantity, the energy; the level sets of this quantity are closed curves
that encircle it; and hence, all trajectories near the centre must follow these closed curves. For
the simple pendulum, there is no damping or friction, and hence, we can show that the energy for
the system in Eq. (1.8) is conserved; systems for which a conservative quantity exists are called
conservative. The existence of a conserved quantity (also called a constant of motion, or first

integral) can be seen by multiplying Eq. (1.2) by 6 and integrating
Cre 1
9(9+sm9):0 — 502 —cost = ¢, (1.10)

where £ is a constant of integration and represents the total energy of the system. The closed

curves defined by the contours of constant energy can be visualised by plotting the energy function
Lo
E,v) = v cosf, (1.11)

and coincide with the trajectories in the phase plane, as shown in Fig. 1.3. Point O corresponds
to a state of stable equilibrium, that is, rest, and is a local minimum of Eq. (1.11). Around the
origin, the phase space is foliated by invariant ellipses. This is consistent with the small-angle
approximation reducing the equation of the pendulum to that of a simple harmonic oscillator.
Point A represents an inverted pendulum at rest. We can also observe that the lowest energy state
is when & = —1; the critical energy state is when £ = 1, where the trajectories join the saddles;
for £ > 1, the pendulum periodically whirls over the top.

A natural question to ask at this point is: can we go further and integrate Eq. (1.10)? Before
proceeding, let 6y denote the highest angular position, where the kinetic energy is zero and the

total energy is given by the value of potential energy. This means we may write Eq. (1.10) as

1.
502 —cosf = —cos(bp) . (1.12)
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Fig. 1.3: Phase portrait of the pendulum. The trajectories indicated by arrows coincide with

energy contours.

Solving for 0 gives

/ / dé
T= [dr = .
V/2(cos 6 — cos by)

(1.13)

Let us now employ the double-angle formula and rewrite cos() = 1—2sin?(0/2). Upon rearranging,

and noting a quarter of a cycle is from 6 = 0 to 6 = 6y, this gives the period

¢ [ de
T=2- '
\/;/O \/sin2(90/2) — Sin2(0/2)

Upon defining

which gives

1 0 1
= Z - _ 2,2
dz 5% cos(2>d9 5% 1— k2x2d0,

0 0
sin? (;) — sin? <2) =k%(1—2%).
Hence, Eq. (1.14) becomes

¢ [t dz ¢
= 2\/;/0 N PR

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

This integral cannot be solved in terms of elementary functions, but it is a special function of its

own: namely, the complete elliptic integral of the first kind, K, where k is the elliptic modulus.

Since we defined k = sin(6y/2), the period of the simple pendulum may be written as

S CO
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When 0y < 7/2, i.e. k < 1, we find the expansion

/ 1 9
T o 1 2 4+ . 1.2
\/79( 4k 64k ) (1.20)

The first term of the expansion gives the well-known period of the simple pendulum obtained with
the small-angle approximation.

We have therefore shown different ways to approach the study of the solutions of the ODE given
in Eq. (1.2). In the following, we discuss how one can identify whether an elementary function
can be integrated in finite terms to obtain an elementary antiderivative versus when its integral is
a special function. Special functions permeate mathematical physics; we restrict our attention to

those which we will be using later on in the context of cosmology.

1.4 What is an elementary function?

The problem outlined in the previous section presents us with the idea that there are some cases
in which an analytic, closed-form, solution of an ODE can be found in terms of special functions.
The adjective special is employed to distinguish these functions from the elementary functions.
In particular, Liouville showed that some integrals cannot be expressed in terms of elementary
functions, but require new functions to be introduced [122]. Liouville developed the theory of
integration in finite terms in eleven papers published from 1833 to 1841; for a detailed account
see [124]. Using Liouville’s results, Chebyshev formulated a theorem (Theorem 1.10 below), which
we shall use later on, to determine whether a binomial-type integral admits a solution in terms
of elementary functions or not [154]; for a modern exposition, see [106, 127, 139]. Elementary
functions were introduced by Liouville [108, 122]; to define them rigorously takes a considerable
amount of work (see, for example, Chapter I in [139]). The definition we give below is sufficient for
our present purposes, and is recursive in nature. Here, C=Cu {oo} denotes the Riemann sphere;

we allow ourselves to consider multi-valued complex functions.

Definition 1.3 (Elementary function): A polynomial, exponential, logarithmic, trigono-
metric, or inverse trigonometric function f : Q — @, where Q C (E, is elementary (in
the sense of Liouville). If f,f, : © — C are elementary functions, then fi(z) + fa(2),
f1(z) = f2(2), f1(2)f2(2), f1(2)/f2(2), (f1 0 f2)(2) are also elementary functions. Furthermore,
if fo, fi,- s fn:Q— C are finitely many elementary functions, then a (possibly multi-valued)
function g : © — C which satisfies fo(z) + fi(2)g(z) + -+ + fu(2)g(2)™ = 0 is an elementary
function. A function which cannot be obtained as a finite combination of the above operations

is called non-elementary.
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As an example, the function given by \/ e* —arctan(2z + 1) is elementary, and we will show
below that the function K introduced in Eq. (1.18) is non-elementary. It is worth mentioning
that both Laplace and Abel worked on the antiderivatives of elementary functions before Liouville.
Moreover, elementary transcendental functions and their properties were surveyed by Euler in
Introductio in analysin infinitorum [73]. At about the same time, interest in integrals of the form
of that in Eq. (1.18) began, and more generally in differential equations of the form (y/(x))? = f(x).

In 1834, Liouville proved an important theorem about the elementary integrals of algebraic
functions, which we will introduce in Theorem 1.6 below. The first example of a non-elementary

integral that he obtained as a result of his theorem was for

dz
, 1.21
/ \/(1—x2)(1—k2x2) ( )

where k is a constant and k? ¢ {0,1}. In 1948, Ritt published Integration in Finite Terms:
Liouville’s Theory of Elementary Methods [139]. This textbook contains an account of the results
produced by Liouville, Abel, and Chebyshev, as well as an introduction to the field of differential
algebra. In 1968, an algebraic proof of Liouville’s theorem was obtained by Rosenlicht [143].

We can now proceed to show the non-elementary character of the integral in Eq. (1.21), using
some tools from complex analysis. The aim of the subsequent exposition is to provide a pedagogical
introduction to these key ideas. For full rigour, the reader can refer to [139].

We want to study properties of integrals of real-valued functions, but it turns out to be necessary
to move to the complex realm, where we can apply powerful tools from complex analysis. In
particular, we use the fundamental theorem of algebra to guarantee the existence of roots of

polynomial equations. We now introduce the following definitions.

Definition 1.4 (Algebraic function): A (possibly multi-valued) function f : Q — C, for

QC ((A:, is algebraic if it satisfies an irreducible relation
P(f(2),2z) =0, (1.22)
where
P(w, z) = ap(z)w" 4+ -+ + a1(2)w + ap(2) , (1.23)

where each a; is a polynomial in z. By irreducible, we mean that the right hand-side of Eq. (1.23)

cannot be written as the product of two non-constant polynomials in w and z.

As an example, functions defined in terms of polynomials, or functions like /22 + 1, are al-
gebraic; exponentials, logarithms, and trigonometric functions are non-algebraic. All algebraic

functions are elementary.
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Let f be a non-constant algebraic (possibly multi-valued) function on C. A point z € C is
a branch point of f if f has more values on every punctured neighbourhood of 2y than f has at
zo. In general, each point 2y € C is either a branch point, or there is some connected open subset
QcC containing zp and no branch points of f on which any branch f, of f is either analytic or

has a pole at zp. In all cases, we can write f as a semi-infinite series
p (2 — zo)p/m + apr1)m(z — zo)(p+1)/m 4+, (1.24)

where p,m € Z, m > 0, and the coefficients a; € C with a,,,, # 0; we define ay/,, = 0 for ¢ < p.
In the case zg = oo, we replace (z — z9) by 1/z. Except when zq is a branch point, we can take

m = 1. When it is a branch point, m is the number of sheets in a neighbourhood of zj.

Definition 1.5 (Residue): The residue of f at zp, up to a multiplicative constant coming

from the choice of branch, is given by Res(f, z9) = ma_1.

For our purposes, we are only interested in whether the residue is zero or not. Hence, it is
sufficient to give the definition up to a multiplicative constant. For a fuller definition, see [139,
Chapter IT, Section 11]. Let us also introduce some key theorems without proof. The main theorem,
due to Liouville, describes the forms that the integral of an algebraic function, [ f(z)dz, must have
if it is elementary. Since the integral is elementary, we must be able to write it in terms of rational
functions, radicals, exponentials, and logarithms (note that trigonometric functions can be written
in terms of complex exponentials). When we differentiate the integral [ f(z)dz, we obtain an
algebraic function which necessarily does not include any exponentials or logarithms.

We know that differentiating terms involving exponentials results in terms involving exponen-
tials. So the integral [ f(z)dz cannot include exponentials. Differentiating the logarithm of an
algebraic function does result in an algebraic function; but, if we differentiate a term involving
nested logarithms, the result will involve logarithms, and hence not be algebraic. Intuitively,
therefore, the elementary integral of an algebraic function must involve only algebraic functions
and, possibly, single logarithms of algebraic functions. Liouville’s theorem guarantees that this

intuition is, in fact, correct.

Theorem 1.6 (Liouville’s theorem)

Let f(z) be an algebraic function and assume [ f(z)dz is elementary. Then

/f(z) dz = vo(2) + ¢1 log(vy(2)) + - - - + ¢ log(v,(2)) (1.25)

where r > 0 is an integer, ¢; are constants, and each v;(z) is an algebraic function.
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For a proof, see [139, p. 21]. When we apply Liouville’s theorem, we in fact assume that the
integral is not only elementary, but itself also algebraic, in which case the only term which appears
on the right-hand side of Eq. (1.25) is vo(z). The following theorem, due to Abel, gives a precise

description for the form of this algebraic function.

Theorem 1.7 (Abel’s theorem)

Let f(z) be an algebraic function and assume [ f(z)dz has the form given in Eq. (1.25). Then,
each of the algebraic functions v;(z) is rational in z and f, with constant coefficients, and, in

particular,
vo=Ag+Arf+ A+ An_ 1 f" (1.26)

where each A; is a rational function of z only, and m < oo is the number of branches of f.

For a proof, see [139, p. 28]. In fact, Abel proved this theorem around ten years before Liouville
published his work.

With a bit of further work, these theorems yield the following proposition, which is the main
tool needed to show that the elliptic integral of the first kind is not elementary. This is also
employed to prove the necessity aspect in the proof of Chebyshev’s theorem (see Theorem 1.10).

For a proof, see Appendix A.

Proposition 1.8 ([139, Chapter II, Section 12])

Let f(z) be an algebraic function and assume [ f(z)dz is elementary, but not algebraic. Then,

there is a point in C at which a branch of f has non-zero residue.

Now, let k ¢ {0,1} be a constant and

/\/(1—2)3?1_/{222) ::/f(z)dz.

We are ready to show the following corollary. This will follow from Proposition 1.8 by showing

that [ f(z)dz is not algebraic, but all of its residues are zero. Note, we can apply the proposition

since the integrand is algebraic and satisfies
(1—2)2(1-k*2%)f2-1=0. (1.27)
Corollary 1.9

The elliptic integral of the first kind, given in Eq. (1.21), is not elementary.
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Proof. To show that the integral is non-elementary, we will proceed by contradiction. Let

y=+(1—22)(1—k222), (1.28)

which is algebraic with two branches. For a contradiction, assume that [ 1/y dz is algebraic. Then,

by Theorem 1.7, and since y? is rational (in fact, polynomial),
il Z

where Ay and A; = A, /y? are rational functions of z. By differentiating Eq. (1.29), we obtain

1 d4, d d4,  dA,;

=T (A = + A . 1.
Y dz +dz( 1Y) dz TV dz 1dz (1.30)

Since d(y?) /dz = 2ydy/dz, we can write

1 o dAO dAl Al d(yz)

i ket Wkt 1.31
Y dz Y dz 2y dz ( )
Multiplying through by y yields
dAo 2 dA1 A1 d(y2)
1l=—— — 4+ — . 1.32
dz vty dz + 2 dz (1.32)
——

Term 1
All terms on the right-hand side, with the exception of Term 1, are rational in z. For the equality

to hold, we must have dAg/dz = 0, that is, Ay is a constant. Hence, Eq. (1.30) becomes

1 d

5 = &(Aly)' (1.33)

Now, the left-hand side of Eq. (1.33) is holomorphic in C away from z € {£1, £k~ '}, where it has
poles of order 1/2. Therefore, the right-hand side of Eq. (1.33) can only have poles at these points,
but they must come from poles of order n € Z* of A;. These will be poles of order (n — 1/2) in
Ayy, and of order (n+1/2) > 1/2in d(A;z) /dz, a contradiction. Hence, [1/ydz is not algebraic.

The last thing to check is that 1/y has zero residue everywhere. We have already remarked
that 1/y is holomorphic away from the branch points, so has zero residue at all finite points except

possibly these—we also have to check z = co. Consider, as an example, z = 1. We can write

} - 1 B (1— Z)—1/2
v VA-2(0+2)(1-k22) JO+2)(1-k22) (1.34)

and, near z = 1, the denominator is non-zero and analytic, so 1/y had an expansion starting with

(1 — 2)~/2. Hence, the coefficient of (1 — z)~! will be zero and 1/y has zero residue at this point.
An almost identical argument holds at the other three branch points of y.

Finally, consider z = oo, we can write

1 1 2 sz 22
1_ 7 1.35
v R AR A-RE) | -k (1.33)
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so 1/y is holomorphic (in fact has a zero of order 2) at z = 0, and hence has zero residue. This

contradicts Proposition 1.8, and, therefore, we can conclude that f 1/y dz is non-elementary. [

We have therefore shown that the elliptic integral of the first kind cannot be expressed in terms
of elementary functions. This motivates the introduction of special functions. It is worth remarking
at this stage that special functions go beyond a mere neat symbolic stratagem. Their true power
lies in their well-studied and classified properties, and the connections they have to one another,
and how they emerge in a plethora of varied contexts.

We now state, without proof, a theorem due to Chebyshev, which allows us to determine
whether the integral of a binomial is elementary just by looking at its powers. This will turn out
to be a useful tool in Chapter 2 and Chapter 3. The proof of this result can be found in [139, p. 37]:
the proof of sufficiency is due to Goldbach and Euler [127]; the proof of the necessity argument

uses the same ideas of the Proof of Lemma 1.9, although it is a little more involved.
Theorem 1.10 (Chebyshev’s theorem)
Let p,q,m € Q, r #0, and a,b € R. The integral
/:cp(a—i—b:cr)q dz (1.36)

1 1
is elementary if and only if at least one of P+ , q, or P + q is an integer.
r r

1.5 Elliptic functions and other special functions

In Section 1.4, we showed that some types of integrals cannot be integrated in terms of elementary
functions. To be able to write a closed formula, we need to introduce special functions. In the
following, we showcase the key special functions, and their properties, which are relevant in the
context of cosmology. Let us briefly return to the example of the simple pendulum, and in particular
i0

the conservation of energy, in Eq. (1.10). By making the substitution z = €' € C, we obtain

% = 1ife?® = ifz. Recalling that cos(f) = (e +e¢719)/2 = (z + 271)/2, Eq. (1.10) reads

1 <Z>2 B (1.37)

2 \iz 2

Upon rearranging, we have
32 =222 2. (1.38)
Let us now make the substitution

Z=-2(528) = s 2 462), (1.39)
(-+25) ;



which allows us to rewrite Eq. (1.38) as

£2 £ &
>Z+24—27. (1.40)

Equation (1.40) illustrates how the pair (Z, Z) lies on an elliptic curve, that is, an equation of the
form y? = 23 +ax 4 b where a, b are constants. This equation can be thought of as the conservation
of energy and is the standard form of the Weierstrass differential equation. For a visualisation of
this in the context of the example of the pendulum, see [109]. In what follows, we introduce the
key properties of elliptic functions and highlight the link between the different representations of

the solutions to the simple pendulum.

1.5.1 Elliptic functions

Elliptic functions can be thought of as a generalisation of trigonometric functions, and they exhibit
(doubly-)periodic behaviour. Their name is due to their natural appearance in the computation
of the perimeter of an ellipse. Recall that a function which is complex-differentiable everywhere in

an open subset ) C C except at isolated points, where it has poles, is said to be meromorphic in

Q.

Definition 1.11 (Elliptic functions): Let w; and ws be two nonzero complex numbers whose
ratio is not a real number. Then any function f for which f(z+2w1) = f(2) and f(z 4+ 2wq) =
f(2), for all z in the domain of f, is said to be doubly periodic with periods 2w; and 2ws. If f

is doubly periodic and meromorphic (in the whole of C), then it is called an elliptic function.

A doubly periodic function is completely defined by its restriction to the fundamental parallel-
ogram, that is, a parallelogram with vertices 0, 2wy, 2ws, (2w1 + 2ws), as shown in Fig 1.4.

A

2w1 + 2ws
L )
2LU2

2(.01

Fig. 1.4: Fundamental parallelogram.

For a discussion of the key properties of elliptic functions, consult [8, 90, 155, 168]. One
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immediate property is Liouville’s theorem for entire elliptic functions, which follows from his well-

known theorem that any bounded entire (i.e. analytic at every point of C) function is constant.

Theorem 1.12 (Liouville’s theorem)

Any entire elliptic function is constant.

Proof. An entire function is bounded on any closed and bounded subset of C. In particular, an
entire elliptic function is bounded on the closure of its fundamental parallelogram. The fact that
it is doubly periodic implies that the value at any point in C is the same as the value at some
point in the fundamental parallelogram, so the function is bounded on the whole of C. Applying

Liouville’s theorem from complex analysis yields the desired result. O

An example of an elliptic function is the Weierstrass gp-function, which is defined by

p(z) = Z% + > ((z - Sllnm)2 - Qzlm> : (1.41)

n,meZ
(n,m)#(0,0)

where Q,,, = 2(mw; + nwsy). This function will feature in our subsequent computations of the
azimuthal geodesics, in particular, in Section 3.4.4.1. The series in Eq. (1.41) converges uniformly
on closed and bounded subsets of C\ {poles}; the series has double poles at z = {,,,,,. This means
it can be differentiated term-by-term, which yields the series

P =-2 % ! )

O 2(mwy + nws))

which is also uniformly convergent and meromorphic. In fact, it can also be shown to be elliptic
by replacing z with z 4+ 2w; for j € {1,2} and incrementing either the index m or the index n. We
can conclude that ' is therefore an elliptic function, and so is any polynomial of g and ¢’. The
only poles of such a polynomial are at z = £,,,,. Let us construct a polynomial of p and ' with
no pole at the origin, which will therefore be entire. By Theorem 1.12, it is necessarily constant.
We can observe that since p is even, its Laurent expansion around z = 0 contains even powers

only. As z — 0, Eq. (1.41) gives

1 -4 2 —6
plz) =5 +3 D O T N O L AP (1.42)
n,mez n,me”Z
(n,m)#(0,0) (n,m)#(0,0)
and, hence,
2
/ _ = —4 -6 3
¢(x)=-5+6 doz+20 > 88 (1.43)
n,mez n,mez
(n,m)#(0,0) (n,m)#(0,0)
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Considering

, 1
(¢)° -4 =-60 > Q. - — M0 > 9.5 +0(2%) (1.44)
n,me”Z n,mez
(n,m)#(0,0) (n,m)#(0,0)

allows us to cancel leading order terms. Since the leading order of g is 1/22, Eq. (1.44) can be

written as
() —4p°+60 > Qie+140 D Q.5 =0(z%), (1.45)
n,mezZ n,mezZ
(n,m)#(0,0) (n,m)#(0,0)

where we note that the left-hand side of Eq. (1.45) is an entire elliptic function (no pole in any
fundamental period parallelogram containing z = 0), and by Theorem 1.12, it is also constant. As

2z — 0, O(2%) — 0. Therefore, we have shown that the elliptic function g satisfies the ODE

(0) =40 — g2 — g3, (1.46)

where the constants go and g3, known as the invariants, are given by

g2=60 >t gg=140 Y Q5. (1.47)
n,me7Z n,me7Z
(n,m)#(0,0) (n,m)#(0,0)

Conversely, consider an ODE of the form

dy 2
=) =4y’ — goy — 1.4
(dz) Y g2y — 93 ( 8)

where the right-hand side has three distinct roots as a cubic polynomial in . Then, the general
solution is given by y(z) = p(z — zp) for some constant zy € C, where the ,,, satisfy Eq. (1.47).
1.5.2 Elliptic integrals

From Eq. (1.46), we can separate the variables and write

(1.49)

/ ° dt

z= _—
y VAP —gat — g3
where y = p(z). Thus, z = p~!(y), that is, the inversion of the integral given in Eq. (1.49) gives
rise to the Weierstrass p-function. The integral in Eq. (1.49) is elliptic, highlighting the connection

between the Weierstrass gp-function and elliptic integrals.

Definition 1.13 (Elliptic integral): An elliptic integral is an integral of the form

/R(x,y) dz, (1.50)

where R(z,y) is a rational function of two variables with degree greater than zero as a function

of y and y? = Q(x) is a polynomial in = of degree three or four with no repeated roots.
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When the degree of @) is greater than four, the integral is called hyperelliptic; for more details
see [44]. The elliptic integral we have just defined cannot, in general, be expressed in terms of
elementary functions unless (i) R(x,y) contains no odd powers of y, and (ii) ? has a repeated
factor. We exclude those cases. We now show that all elliptic integrals can be expressed in terms
of three integrals, namely, Legendre’s elliptic integrals of the first, second, and third kind.

Let us note that a polynomial p(x,y) can be written as

p(x,y) = ao(w) + a1 (2)y + ax(@)y® + - + an(2)y" (1.51)

= (aO(CC) +az(z)y? + a4(x)y4 4. )

+y (ar(z) + as(z)y? + as(2)y* +---) (1.52)
= (ao(z) + az(z)Q(z) + as()Q*(x) + - --)
+y (al(:v) + a3(2)Q(z) + as(x)Q*(x) + - - ) ) (1.53)
Therefore,
p(z,y) =p1(z,Qx)) + p2 (z,Q(x)) y, (1.54)

for some polynomials p; and ps in = and y? = Q(x). Therefore, without loss of generality, we can
assume that the degree of R as a function of y is one.

Since R is a rational function, there are some polynomials a, b, ¢, and d in x such that

_a(@) +b@)y _ a(@) +b@)y cx) — d(z)y

Bev) = Sy v da)y ~ o)+ d@)y cla) — d(a)y (1.55)
~ (ac —bdy?) + (—ac+be)y  ac— bdQ(x) —ac+ be
a c? — d?y? 2 —d2Q(x) * 2 — dQQ(a:)y (1.56)
= f(@) + g(a)y = f(z) + g(x)yg (1.57)
— ) + (ofe)s?) © = o) + h(;) , (L58)

for some rational functions f, g, and h, of z. We now note that only the integral [ f(z)dx can be
evaluated by means of elementary functions. So our problem reduces to understanding the integral
of the form [ h(z)/ydz, where y?> = Q(z) is a polynomial in z of degree three or four with no
repeated roots.

Before we proceed, recalling the example of the simple pendulum from Section 1.4, we would
like to reduce these integrals to the case Q(z) = (1 — 22)(1 — k%222). We have the following cases.

Ify?> = Q(z) = (z—e1)(x—ea)(x—e3), for some distinct e; for i € {1,2, 3}, then the substitution
x = u? + e; converts the differential to

2
dr _ du . (1.59)
Y \/(u2 +ep —e2)(u?+e; —e3)
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So we can always convert the degree three case to the degree four case.

If 2 = Q(x) = (z — e1)(z — ea)(x — e3)(x — e4), then we can use an appropriate Mdbius
transformation to map {e1, ez, e3,e4} to {1,—1,k71, —k~1}. We first map the roots z; = e; to
wy =1, wg = —1, wy = k! through

22—232—21_11}2—’(1)310—11}1 (160)
29— 22— 23 Wy — W W— W3 '

and solving for w gives a mapping z; — w; for i € {1,2,3}. We then demand that a fourth point
z4 = e4 be mapped to wy = —k~!. This gives a quadratic equation for k. This procedure allows to
re-write the integral in the required form. Calculations are omitted because they are very lengthy
and provide no particular insight.

We have shown that we can reduce the problem to considering integrals of the form
dy 2 2 2,2
h(x);, where y° = (1—2°)(1 —k°z7). (1.61)
We now split the function h into its even and odd parts, namely, for rational functions h; and hs,
h(z) = hy(z?) 4 zho(z?), (1.62)
which yields

dx xhe(z*)dx
/ /\/1—x2 1—k222) /\/1—962 1—k2x2):h+[2. (1.63)

By employing the substitution ¢ = x2,

L1 ho(t)dt
2 Q-0 —k2)

(1.64)

which is elementary, see for example [93, Chapter V, Section 3]. Let us now turn to I;. The partial
fractions decomposition of hy with complex coefficients is
Sy 3 e (169
j=1m= 1
where aj, bj,, and ¢; are complex numbers, and ¢, m; integers. Thus the integral [ h(z)/ydz is a

linear combination of integrals of the form

r?ndx dx
/ = — and Jn:/ SR ———, n>0. (1.66)
V(1= 22)(1 - k222) (z2 — ) \/(1 — 22)(1 — k222)

By considering the derivative (z2"y)’, a tedious calculation yields the recurrence relation

1
nl,_1 — (n + 2) (k* + 1)1, + (n + 1)k*I,,1 = 2*™y + constant . (1.67)
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Similarly, the derivative of y(x? — ¢?)~" yields the recurrence relation for J,, [4, §17.1.5]
1
5152(3 —2n)Jp_o+ (Bc— Dk? = 1(1 —n)J, 1
1
+5(1—2n) (3¢ —2c) kK* —2c+ 1) J,

—n(c—1)c(ck? = 1) Jpp1 = y(z* — )" + constant . (1.68)

Consider

dx
fo= / N Dok (1.69)

this is the elliptic integral of the first kind. Then, consider I5:

_ 1 (1—(1—k%?)) .
=13 / V(I = 22)(1 — k222?) d (1.70)

1 1 1 — k222
= —Io - ﬁ/ ST e, (1.71)

1— 22

a linear combination of the elliptic integral of the first kind I, and another non-elementary integral

which we call an elliptic integral of the second kind. Lastly, the integral

/ dx
(22 — 02)\/(1 —22)(1 — k222?)

Jy = (1.72)

is an elliptic integral of the third kind. We have thus proved the following theorem.

Theorem 1.14 (Legendre standard form)

Any elliptic integral is a linear combination of the following functions: integrals expressed by
elementary functions, elliptic integrals of the first kind, elliptic integrals of the second kind, and

elliptic integrals of the third kind.

This theorem is due to Legendre [116]; for a modern exposition, see [151, Theorem 2.2]. To
simplify the form of the integrals in the Legendre form, we can make the change of variables

x =siny. Then,
x =sing = dz =cospdp (1.73)
= V1—-1z2=cosyp (1.74)
= V1 k222 = /1 k2sin®p. (1.75)
Therefore, we obtain the following forms for the elliptic integrals of the first, second, and third
kind

/ de / sin? p dg dy
V1—k2sin® ¢ 1—k2sin®¢ (sin? p — 2)\/1 — k2sing
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Note that, since

. 9
d d
i L P [ \J1-k2sin? pdg, (1.77)
1—Kk2sing V1 —k2sin? ¢

we take the integral [ /1 — k2 sin® ¢ dy to be the elliptic integral of the second kind. We gather

the above together in the following definitions.

Definition 1.15 (Elliptic integrals of the first, second, and third kind): In the follow-
ing, the number k is referred to as the modulus, and taken such that 0 < k < 1. The variable

@ is the argument, and usually taken to be 0 < ¢ < 7/2.

e The incomplete elliptic integral of the first kind is defined as

sin ¢ dt B /ﬂ" dv
0 V(1= 82)(1 — k22) 0 V1—k2sin?9

e The incomplete elliptic integral of the second kind is defined as

sin ¢ 1 — k242 ®
E(p, k) ::/ ,/?’thdt:/ V1 —k2sin? 9 dd. (1.79)
0 0

e The incomplete elliptic integral of the third kind is defined as

F(p, k) = (1.78)

, _ sin ¢ de¢
M, 0™ k) = /O (1—a22)/(1 =) (1 — k)

©
0 (1—a?sin®¥)V/1 — k2sin? 9

where —oo < o? < o0.

When ¢ = /2, i.e. when sin¢ = 1, the integrals in Eqs. (1.78)—(1.80) are said to be complete

and one writes

e the complete elliptic function of the first kind as K (k) := F(n/2,k),
e the complete elliptic function of the second kind as E(k) := E(n/2,k),

e the complete elliptic function of the third kind as I1(a?, k) == II(7/2,a2, k), a® # 1.

Notice that, in the limiting case that k& — 1, the incomplete elliptic integral of the first kind,
Eq. (1.78), gives arcoth(z), while, as k — 0, it gives arcsin(z). In this sense, elliptic integrals can

be viewed as generalisations of the inverse trigonometric or hyperbolic functions.
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1.5.3 Hypergeometric functions

In Eq. (1.19), we expressed the period of the simple pendulum in terms of the complete elliptic

T= 2\/5[( (sm 920) , (1.81)

for some initial fy. In this section, we will show that T" can be expressed in terms of another special

integral of the first kind:

function, the hypergeometric function. By the binomial theorem, the integrand becomes
1 — [—1/2
—_— =) ( / >(1)"k2" sin" (1) . (1.82)
\V/ 1-— kQ Sin2 ) n=0 n
Integrating the right-hand side of Eq. (1.82) term by term, and using the identity that, for any

natural number n,

n

/Oﬁ/2 sin?™(9) dY = g(—l)” <_1/2> , (1.83)

we can write

Kk =1 > (1/2), (/2 3”(8: Do g (1.84)

where we used the notation (g),, for the (rising) Pochhammer symbol, which is given by

1 n=>0
(q), = ) (1.85)
qglg+1)---(¢g+n—-1) n>0

We now introduce the generalised hypergeometric function, defined by the power series

pFy(ar, ... ap;by,....b Z ) H’ (1.86)
n=0 q/n

where a;, b, € C. In particular, when p = 2 and ¢ = 1, we have what is called Gaussian or ordinary

hypergeometric function denoted by oF;. Therefore, Eq. (1.84) reduces to

us 11
K(k) = —oF (=, =; K% ). L.
(k) 52 1(2,2, Jf) (1.87)
Similarly, one obtains
s 11
E(k) = =oF 1;k? L.
()= 5o (3516 ). (1.89)

The name hypergeometric is due to the fact that this function can be considered as a generalisation

of the geometric series. This can be seen by computing o F} (1, 1; 1; 2), that is,

2F1(1,1;1;2) = Zz

(1.89)
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Lastly, let us first recall that Euler’s gamma function is defined as

I'(z) = / t*~te~tdt, (1.90)
0

where Re(z) > 0. It can also be analytically continued to all complex numbers z except non-positive
integers, and, when z is a positive integer, z = n, it satisfies I'(n + 1) = n! or, more generally,
['(z 4+ 1) = 2T'(2). We remark that, when z = 1 and if Re(¢) > Re(a + b), the hypergeometric
function reduces to a ratio of gamma functions of the form

I'(¢c)T'(c—a—>b)

2P (a, b 1) = T(c—a)l(c—b)

(1.91)

This identity is known as Gauss’s summation theorem. For more details, see [67, Chapter 15].
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2

Cosmology

2.1 Introduction

Cosmology is the study of the universe as a whole, with the aim to understand its origin and
evolution. The quest for understanding the cosmos has always raised fascinating questions, and
the first theoretical models to describe our universe, though atavistic, date back to the 16th century
BCE, in which the Mesopotamian civilisation envisaged a flat circular Earth surrounded by a cosmic
ocean [101]. Several cosmological theories were proposed over the centuries, for example by the
ancient Hindu civilisation (15th—11th century BCE), by the Babylonians (6th century BCE), and
by the ancient Greeks (from the 6th century BCE onwards). Some of these ideas, for example
of cyclic universes models, or on infinite universes, despite having their roots in myths, are still
relevant to this day. It is therefore worth remarking that this thesis concerns physical cosmology,
that is, the scientific study of the universe as a whole in alignment with the laws of physics.

In the second decade of the last century, thanks to the mathematical foundations of Einstein’s
general theory of relativity (GR) and its astronomical verification, modern cosmology was born.
Until then, the best scientific theory of universal gravity had been proposed by Newton in the
late 17th century, with the law of gravitational attraction. There are some approaches that derive
cosmology using Newtonian gravity without resorting to Einstein’s theory of relativity, for example,
see [114]. GR provides a description of space, time, gravity, and matter, at the macroscopic level,
through differential geometry. Introduced by Einstein in 1915 [72], it successfully describes and
accounts for a variety of gravitational phenomena [2, 6, 102, 170], assumes that spacetime is
dynamical and that its curvature is induced by its energy-momentum content. Gravity is therefore
considered a consequence of spacetime curvature and hence dictates the motion of energy/matter.
This is often summarised in Wheeler’s famous statement, “spacetime tells matter how to move;
matter tells spacetime how to curve” [129]. The equation that describes the interplay between the
geometry of spacetime and its energy-momentum content is the Einstein equation (in geometrised

units)
G;w - Aguu = 87TT,LLV ) (21)
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where G, = Ry + %ng, is the Einstein tensor, R, is the Ricci tensor, R is the Ricci scalar, A is
the cosmological constant, g, is the metric tensor, and T},, the energy-momentum tensor. In the
most general setting, the Einstein equation leads to a set of ten independent non-linear coupled
partial differential equations (PDEs), known as the Einstein field equations. This set of PDEs is,
in general, challenging to solve; however, imposing spacetime symmetries allows us to simplify the
task. The simplifying assumption in cosmology is given by the cosmological principle, which states
that the universe looks the same everywhere over large enough scales and thus is assumed to be
homogeneous and isotropic; these terms will be defined rigorously after Proposition 2.14.

We begin by providing an overview of some key mathematical tools, namely, Killing vectors
and Lie derivatives, which encapsulate the concept of symmetry. The symmetries stated by the
cosmological principle allow us to build the Friedmann-Lemaitre-Robertson-Walker metric. We
conclude by considering the Friedmann equations. Following the tools introduced in Chapter 1,
we first provide a qualitative analysis using dynamical systems, and then the exact solutions for

universes with different curvatures (flat, open, and closed).

2.2 Flow
Before we begin to discuss spacetime symmetries, let us provide the following definition.

Definition 2.1 ([91, p. 169] Spacetime): A spacetime is a pair (4, g), where 4 is a four-
dimensional smooth, connected manifold, with a given smooth Lorentzian metric g on .# of

signature (—, +, 4+, +).

We can try to extend our intuition for symmetries in R3 to understand spacetime symmetries.
If we consider a sphere 52, it looks the same in all directions. However, if the sphere is deformed
into a general ellipsoid, whose axes are of different lengths, then the rotational symmetry may
cease to exist. We wish the metric to encapsulate the distinction between these two spaces and we
seek a mathematical statement.

In Section 1.3, we encountered the concept of flow; see Definition 1.2. This immediately extends

to a differentiable vector field on a manifold .Z .

Definition 2.2 (Flow): A flow ¢; on a manifold .# is a one-parameter family of diffeomor-

phisms! ¢; : R x .# — .#, parametrised by t € R, such that, for each s,t € R, @5 00; = 0, .

It follows that (g is the identity map, and that p_; = ¢, L Therefore, this is a one-parameter

group. The flow ¢, gives rise to trajectories on the manifold, which are the smooth maps R — .#

1We call two sets M and N diffeomorphic if there exists a C>®-map ¢ : M — N with a C* inverse ¢! : N — M,
the map ¢ is then called a diffeomorphism.
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given by t — ¢t(xg) for some g € A .

We have seen how one-parameter families of diffeomorphisms arise from vector fields. Con-
versely, any flow defines a vector field, as follows. Given a point p € .#, ¢:(p) traces out a curve
in the manifold as ¢ varies. Doing this for every point p € .# yields a collection of curves which
fill the manifold. We can now define the vector field £(p) as the set of tangent vectors to each of

these curves at any point. In other words, we have

e =5 (2:2)

This vector field is said to be generated by ¢;. For more details, see, for example, [48, 51].
The flow, ¢, of the vector field £ is said to be an isometry, i.e. a distance-preserving transfor-
mation, if the metric looks the same at each point along a given flow line. To write this statement

mathematically, we first introduce the Lie derivative.

2.3 Lie derivatives

Coordinate transformations which leave the metric invariant are of importance since they encode

information about symmetries.

Definition 2.3 (Local isometry): A coordinate transformation a* — z'#* = a'#(2¥) of a

spacetime (., g,.) is called a local isometry if

G (®) = g (@), (2.3)
where g;,,, is the metric written in terms of the transformed coordinates 2.
In other words, the transformed metric g;,, (2') is the same function of its argument 2'* as the

original metric g, (x) is of its argument z®.

Since the metric g,,,, is a covariant tensor, it transforms as

ox'*ox'® ,
Iur (@) = oo Gap () (2.4)
By using Eq. (2.3), we obtain the condition
oz’ 9x'P ,
Guv (@) = W@Qaﬂ(ﬂﬂ ) (2.5)

As we shall see later on in Section 2.5, some isometries, called infinitesimal isometries, give
rise to invariant quantities via Noether’s theorem. To identify such symmetries, we only need to

consider a so-called infinitesimal coordinate transformation
t s 2t =t + e (), (2.6)
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where ¢ < 1 and & is a vector field. In this case, we say that £# generates the isometries.

To characterise the isometries of the metric, we introduce the Lie derivative. The Lie deriva-
tive is a connection-independent (i.e. it does not depend on the Christoffel symbol components)
derivative operator acting on tensors, along a vector field &; it is a linear operator, denoted by 7%,

which satisfies the Leibniz rule, and maps tensors to tensors.

Definition 2.4 (Lie derivative of a function): Let f be a smooth function on .Z to R,
f € C®(A), and let £ be a contravariant vector. Then, the Lie derivative of f along & is

defined by

Lef =¢"0uf - (2.7)

Remark 2.5: Note that Definition 2.4 coincides with the definition of directional derivative of

a function f along a vector £ in vector calculus.

The definition of the Lie derivative can be extended to higher rank tensors, in particular the

metric tensor, which we state as follows.

Definition 2.6 (Lie derivative of the metric): For a metric tensor g,, on some manifold

M , the Lie derivative of the metric along a vector £ is given by

("gfg)/“/ = faaag,ulz + gauauga + g,uaaufa . (28)

The following theorem illustrates the relation between local isometries and the Lie derivative.

Theorem 2.7 ([59, Chapter 7, Section 7])

A smooth vector field & on a spacetime (M, g) generates a local isometry if (Leg)u, = 0.

Proof. Let us begin by differentiating Eq. (2.6), which gives

ax//L

opr — Ov TeouE". (2.9)

Substituting in Eq. (2.5) yields
G () = (04 + € 0,E%) (8% + € 00E%) gap (a7 +e&7) . (2.10)

By Taylor’s theorem, we write
9ap (27 +2€7) = gap + €70, 9ap(x) + O (£7) (2.11)

54



and, hence, obtain

9 (1) = g (@) + € [9,800E" + 9050,E" + 0y g ] + O (€7) (2.12)
= guv(@) +£(Z9),, + O (%) (2.13)
To first order in ¢, it follows that (Zg),, = 0. O

2.4 Killing vectors

In order to find the vectors & such that (Z¢g) , , = 0, we can re-write Eq. (2.8) in a more convenient

n%

form. In the following, we use the definitions given in Egs. (0.1) and (0.2). In particular, the

metricity condition allows us to determine a unique expression for the Christoffel symbols,

Vo’.g,uu =0 <~ ao'g;ux - Fgﬂgau - ngg,ua =0 (214)

— arguu = Fgugow + ngg;wc . (215)

Substituting in Eq. (2.8) gives

(Ze9) 1, = € (Do 90 + T80 000) + 9ar0ub® + Gua D€ (2.16)
= (0 +T5,£7) gaw + (0u€* +T5,67) Gua (2.17)
= V,u§%ar + Vi€ Gua (2.18)
=V, + Vi, (2.19)

which therefore implies that the generators of isometries satisfy the equation
Vi +V,6,=0. (2.20)
Equations (2.20) are called Killing’s equations, after the mathematician Wilhelm Killing.

Definition 2.8 (Killing vector): A vector (field) ¢ satisfying Eq. (2.20) is called a Killing

vector (field) of the metric g.

Killing’s equations, given in Eq. (2.20), are a general characterisation of Killing vectors in the
sense that any solution corresponds to an isometry of the metric. Geometrically, the flow generated
by Killing vector fields gives a one-parameter family of diffeomorphisms of the manifold that leaves

the metric invariant, i.e. it preserves the metric.

2.5 Killing vectors and Noether’s theorem

Killing vectors and isometries play an important role in the motion of test particles as described

by the geodesic equations. Let us recall what we mean by an affinely parametrised geodesic.
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Definition 2.9 (Geodesics): A curve C given by z#(\) with affine parameter A is called a

geodesic if it satisfies the equation

d2gm dx? dz?
" — =0 2.21
d\2 M7 d\x dX ’ ( )

where the Christoffel symbols I'}, are given by Eq. (0.1).

Geometrically, a geodesic is a locally length-minimising path, which turns out to be equivalent

to Eq. (2.21). We can now state Noether’s theorem, due to the mathematician Emmy Noether.

Theorem 2.10 (Noether’s theorem [48, Chapter 3, Section 8])

Let (A, g) be a spacetime, let E* be a Killing vector field, and let da*/d\ be tangent to an

affinely parameterised geodesic. Then §,dxz" /dX is constant along the geodesic.

Proof. We want to show that @ := £,dz"/d\ is constant along a geodesic and so we need to show

that its derivative vanishes. We compute

dQ dz” dxt dZaH
e, S T 2.22
dX S dXx dX & dA2 (2.22)
By the definition of affinely parametrised geodesic, we can re-write
dQ dz” dx* dz® dz? dz” da¥
— =& — &l s o = Vb o = 0, 2.23
dA & dX dA Sulag dX dA n dX dX (2.23)
since V&, is anti-symmetric by Killing’s equations, Eq. (2.20). O

Remark 2.11: This is analogous to obtaining conserved quantities (first integrals) in Newtonian

mechanics.

If our spacetime has a Killing vector field £, we can construct a current from a symmetric
tensor, like the energy-momentum tensor. The name “current” is borrowed from electromagnetism
to highlight that the conserved quantity satisfies a continuity equation V,J* = 0, analogous to

the current density in the conservation of electric charge law.

Theorem 2.12 ([48, Chapter 3, Section 8])

Let &% be a Killing vector field and let T, be a symmetric tensor such that V,TH" = 0. Then
one can construct a conserved current J# = TH" ¢, such that V,J" = 0.
Proof. We can compute
V=V, (T"E) =&V, T + TV 6, (2.24)
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By assumption, V,T*" = 0; and T*"V ,§, = 0 because T*" is symmetric whilst V,§, is anti-

symmetric by Killing’s equations, Eq. (2.20). Hence, V,J* = 0. O

Remark 2.13: Note that, for all Q* with V,Q* = 0, we can write

V,.Q" = V=9Q") . (2.25)

1
ol

which follows from the definition of covariant derivative and the identity

Iy, =0, (logv/=g) . (2.26)

Here g = det(g,.). It is now easier to see Q" satisfies a conservation equation which can be
integrated over a volume, and, by applying the divergence theorem, we can define a conserved

quantity.

2.6 Maximally symmetric manifolds

The following subsection follows the treatment of [51, 59]. The Killing equations, Eq. (2.20), can

be differentiated to obtain a second order system of equations, as follows,

V. Vabs — Vo Vsba =0 (2.27)
vavﬁ§7 + vav’Yfﬁ =0 (228)
VgV €a + V&, =0. (2.29)

By adding these equations, we can re-arrange to obtain
(VaVy =VVa)és +(VsVy =V Vp) o+ (VaVs + VsVa) & = 0. (2.30)

The identity

VoViViy =V, VoV, =RV, (2.31)
yields
R75.080 + R% 580 +2VaVséy + R, 56 =0 (2.32)
— (Rgﬁ,ya + Rga,‘{ﬁ + Ravaﬁ) fg + ZVanfv =0. (233)
Since R?, s = —R%,5, — R34 by the first Bianchi identity, and R? .3 = —R%,z.,, We are left
with

_QRUaﬂ'ng' + 2VO¢V6§"/ = 07 (234)
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which can be re-arranged into
Vocvﬁg’}/ = Rgaﬁ'ygd . (2'35)

Given &, and V, &, at some point p € .#, we can determine the second derivatives of £, at p
and find higher order derivatives via Eq. (2.35). As a result of Eq. (2.35), each Killing vector of a
given metric is uniquely defined by its value at a point on the manifold and the value, at the same
point, of the anti-symmetric tensor V,£,. For an n-dimensional spacetime, there are at most n
linearly independent values of £, at a point and, since Killing’s equations, in Eq. (2.20), imply that
V&, is anti-symmetric, there are at most n(n —1)/2 linearly independent possible values of V&,
at a point. All isometries of a given (pseudo-)Riemannian manifold (.#, g) form a group denoted
by Iso(#,g). The dimension of the space of Killing vectors equals the dimension of the group of

isometries. As a corollary, we obtain the following.

Proposition 2.14 ([51, Proposition 6.2.6])

The dimension of the group of isometries of an n-dimensional (pseudo-)Riemannian manifold

(A, g) is less than or equal to n(n +1)/2.

A (pseudo-)Riemannian manifold (.#,g) is called mazimally symmetric if the dimension of
Iso(A,g) is equal to n(n+ 1)/2. A (pseudo-)Riemannian manifold (.Z,g) is called homogeneous
if the action of Iso(.#,g) is transitive, i.e. for any two points p,q € .# there exists an isometry
which maps p to q. This is the statement that there are no privileged points. This implies that
the dimension of Iso(.#, g) is at least n. A (pseudo-)Riemannian manifold is called isotropic if
the Riemann tensor of the metric is at each point = invariant under the group of rotations of the
tangent space to .# at x. This statement implies that the manifold has no privileged directions
at a point.

When studying spacetime as a pseudo-Riemannian manifold .#, we will want to consider three-
dimensional space-like slices corresponding to a fixed time, which are Riemannian submanifolds
M3 of .4 with induced metric h, and on which we will use Roman indices (as opposed to Greek
indices). It is on these slices that we will impose assumptions on the isometry group.

It is not immediately clear whether and how one can choose these space-like three-dimensional
time slices. Indeed, in general, it cannot always be done, and when it can be done, the choice
is in no sense unique; these questions are explored in detail in [62]. Under assumptions which
certainly hold in the cosmological setting (e.g. that the spacetime manifold is time-orientable and
simply-connected), a choice can be made. Consider a unit vector field u® of future-pointing time-

like vectors on the spacetime manifold. Such a vector field corresponds to taking the unit tangent
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vectors to the worldlines of a family of freely-falling observers, one at every point in the manifold;
this analogy is taken from [51, Section 6.3]. The space-like time slices at every point in the manifold
are then characterised by being perpendicular to u® at every point. In differential geometry terms,
this gives rise to a foliation of (.#,g) by Riemannian three-manifolds (M3, h) parametrised by the
proper time 7 of any one of the freely falling observers.

Considering one of these time slices, we have the following proposition.

Proposition 2.15 ([51, Proposition 6.2.8])

Let (M3, h) be a complete three-dimensional Riemannian manifold such that either (M3, h) is
homogeneous and isotropic at some point p; or (M3, h) is isotropic at every point. Then (M3, h)

is maxzimally symmetric.

In several physically relevant cases (like our universe), the whole spacetime is not maximally
symmetric, but it can be decomposed into maximally symmetric subspaces. The condition that
that each slice is homogeneous and isotropic requires that the curvature of the spatial metric at
any point is a constant; otherwise all points would not be geometrically identical. Such a space is

called a space of constant curvature. For a space of constant curvature, we have

Rpo‘p.l/ =k (gp#gau - gpvgo,u) , (236)

where k is a constant, called the curvature. In differential geometry, spaces of constant curvature

are known as Einstein spaces.

Definition 2.16 (Einstein space): A spacetime (.#, g) is said to be an Finstein space if the

Ricci tensor satisfies

R, = Agu, for some constant A. (2.37)

Proposition 2.17 ([59, Chapter 24, Section 7])

A (pseudo-)Riemannian manifold (M, g) that is isotropic at every point is an Einstein space.

Proof. Let us begin by considering the Einstein tensor G,,, of a general n-dimensional metric g,,,,

of any signature
g

1
Gul/ - R;uj - §guuR- (238)

If the space is isotropic, there is no distinguished choice of eigenvector. In other words, g, has a

single eigenvalue whose eigenspace is the full tangent space. This implies that G*, is proportional
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to the identity 6%, for which every vector is an eigenvector. Thus,
G!, = —-ké! —= G =—kgu, (2.39)

for some k. From the contracted Bianchi identity, V,G*, = 0, it follows immediately that k is a

constant. Let us now consider the trace of Eq. (2.39), that is,

v v v 1 v v
gt G;w = —kg" Juv — g" Ruu - 59“ g;wR = —kg" Guv (2'40)
1
= R - §nR = —kn (2.41)
9 _
— 5 nR = —kn (2.42)
2n
= k 2.4
= R — (2.43)

Substituting back into Egs. (2.38) and (2.39), we have
n 2
RMV — mkguy = _kg/“/ — R/“, = mkguy, (244)

which matches Definition 2.16. O

We can now show the following result.

Proposition 2.18 ([59, Chapter 24, Section 7])

For a space-like time slice (M?3,h) that is isotropic about every point, the Riemann curvature

tensor is given by
Rabcd =k (hachbd - hadhbc) ) (245)

where k is a constant and hqp 1s a three-dimensional metric.

Proof. The Riemann curvature tensor can be decomposed as
1
Rabcd - hacRbd + hbdRac - hadec - hbcRad + § (hadhbc - hachbd) Ra (246)

i.e. in terms of the Ricci tensor Ry, and the Ricci scalar R. This is known as the Ricci decomposition;
for more details, see [115, Proposition 7.28]. When n = 3, Eq. (2.44) and Eq. (2.43) then read
Ruy = 2khg, and R = 6k, respectively, for some constant k. Substituting these into Eq. (2.46)

gives

Rabcd = 2khachbd + 2khbdhac - 2khadhbc - 2khbchad + 3k (hadhbc - hachbd) (247)
=k (hachbd - hadhbc) . (248)
O
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2.7 Cosmological principle and the FLRW metric

If we take a cubic box of side 100 Mpc (1 pc =~ 3.09 x 10'6 m), and count the number of galaxies
within such a box, the number in this volume is approximately the same independently of the
box [30]. We say that, when averaged over sufficiently large scales, the universe is homogeneous.
The Cosmic Microwave Background (CMB) radiation is the same in every direction, to roughly one
part in 25,000 [9], supporting the assumption that the universe is isotropic on these scales. These
observations are at the heart of the cosmological principle. Mathematically, there exists a time
coordinate t such that, on each constant-time hypersurface (the submanifold M?), the universe
looks the same at every point and in every direction [51]. In other words, our universe can be
described through spacelike maximally symmetric hypersurfaces, which may evolve in time. This
can be achieved by introducing a scale factor a(t), which tells us how “large” the hypersurface is

at time t, such that the spacetime metric is
ds? = —dt* + a®(t)do?, (2.49)

where do? denotes the line element on M?3. We can now employ the fact that the spatial part
of the metric is isotropic about every point. This means it is convenient to use spherical polar
coordinates that encode the spherical symmetry; maximal symmetry implies spherical symmetry.
In a spherically symmetric spacetime, every point is on a two-surface which is a two-sphere S2,
whose line element is given by dQ? = d#? +sin? #dp?; for more details about spherically symmetric

spacetimes, see for example [146]. Hence, one has
do? = *Mdr? 4 12 (d6” + sin® dp?) , (2.50)

where ) is a function of . The components of the Ricci tensor () R, corresponding to the induced

metric do?, are given by

f N(r

G Ry, = i ) (2.51)
1

G Rog =1 + e <2r)\’(r) — 1) , (2.52)

1
) Ry3 = sin? 0 [1 +e A7) <2r)\'(r) — 1)} : (2.53)

From Eq. (2.44), we have that, for n = 3, R, = 2kg,,. Thus, Eqgs. (2.51) and (2.52) yield

N(T) _ o r) (2.54)
.,
1
14e 2N (27“)\’(7“) - 1) = 2kr?, (2.55)

and we note that Eq. (2.53) also leads to Eq. (2.55).
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Solving Egs. (2.54) and (2.55) simultaneously leads to

e M) =1 — 2, (2.56)
We thus have
do? = dr’ + 7% (d6? + sin® 6de?) (2.57)
1 — kr2 ' '

The Friedmann—Lemaitre—Robertson—Walker metric is given by

2

1—kr?

ds? = —dt® 4+ a*(t) +r2d0?| (2.58)

where dQ? = df? + sin?6dp?. This metric was obtained independently by Friedmann [82],
Lemaitre [117], Robertson [140-142], and Walker [166].

Further, we can always apply a rescaling of distances by a positive constant so that the curvature
k keeps its sign, but lies in the set {—1,0, 1}, which correspond to the hyperbolic space (H?), the
flat Euclidean space (E?), and the 3-sphere (S?), respectively. To this end, we introduce a third

angle, y, in addition to # and ¢, such that

=9 X, 0<x<oo, k=0, (2.59)
sin(x), 0<x<wm, k=+1.

Let us observe that, if x < 1, then sin(x) = x + O(x®) and sinh(x) = x + O(x?). This shows that,
for small angles, the metrics in the three curvature regimes approximate one another. This allows

us to re-write the metric in Eq. (2.58) as
ds® = —dt* + a(t)® (dx® + r2dQ?) . (2.60)

Lastly, we remark that, in cosmology, the stress-energy, or energy-momentum, tensor 7),,,, which

Nz

is the matter part of the Einstein field equations, is taken to be

T,u,l/ = diag(_p7p7pap)7

where p describes the energy density and p the pressure of a perfect, barotropic fluid. In particular,

p and p are related by an equation of the form p = p(p).
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2.8 Cosmological field equations

The maximal symmetry of the FLRW spacetime reduces the Einstein field equation, given in

Eq. (2.1), from PDEs to the Friedmann equations, which are two ODEs,

. 2
a 87 A k
ay _8r A Kk 2.61
(&) -Ferg-5 (2.61)
a 47 A
a _am 4 2.62
" 3(p+3p)+3 (2.62)

Recall that A denotes the cosmological constant and k& denotes the curvature constant. By taking
the time derivative of Eq. (2.61), and combining with Egs. (2.61) and (2.62), we find the energy-

momentum conservation equation (also known as the continuity equation) in cosmology, that is,
) a
p+3-(p+p)=0, (2.63)

which is satisfied by all matter.

The Friedmann equations, Eqs. (2.61) and (2.62), and the energy-momentum conservation
equation, Eq. (2.63), are under-determined since we have two independent equations and three
unknown functions, namely a(t), p(t), and p(t). In order to close this system, we make the following
modelling assumption: we assume a linear relation between p and p (the so-called equation of state),

that is,
p=wp, (2.64)

where w € [—1, 1] is a constant called the equation of state parameter. Note that this is the equation
of a perfect barotropic fluid, i.e. a fluid in which the pressure is purely a function of density. A few
commonly employed values for the equation of state parameter are shown in Table 2.1; for more

details, see for example [130].

Table 2.1: Physical values for the equation of state parameter w.

Value of w Matter-energy content
-1 cosmological constant or dark energy
—1<w< —1/3 dynamical dark energy
-1/3 negative spatial curvature
0 dust (matter)
1/3 radiation
1 stiff matter (speed of sound equals the speed of light)

In the presence of a single perfect fluid, with a given value of w, we can relate the fluid’s energy

density p and pressure p to the speed of sound ¢, in the fluid according to

0
=22 _y

=3, (2.65)
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For w < 0, the speed of sound ¢, takes an imaginary value, which causes instabilities. When w = 0,
the pressure vanishes and the perfect fluid models dust. For w = 1/3, there is radiation, which
carries momentum, hence pressure is present. It is clear that, when w = 1, and reinserting the
speed of light ¢ in p = wc?p, we have ¢2 = ¢2. We can now combine Eq. (2.63) with Eq. (2.64) to

obtain
P a d d
-=-3(1 - = —(I =—-3(1 — (1
P (1 +w)- 3 (ogp) (1+w); (loga)
= logp=—-3(14+w)loga+ C, (2.66)
where C' is a constant of integration. This means

p = poa *0H), (2.67)

for a constant pg. This allows one to re-write Eq. (2.61) as

N\ 2
a 87T 73(1+ ) A k .9 87T 7(1+3 ) A 2

) =22 w) = = — w4 —a® — k. 2.68

(a) 3 Poa + 37 22 a 3 Poa + 3¢ (2.68)

At this stage, it becomes clearer that, if we take w = —1, the term containing a~*3%) becomes

a?, hence the fluid behaves like the term containing the cosmological constant. Similarly, if we set
w = —1/3, the term a~(+3*) becomes a’, behaving like a negative spatial curvature term. Upon

rescaling the density constant, the equation of state parameter, and the cosmological constant by

8 A
8=y, v=1+3w, \=_, (2.69)
3 3
we can express Eq. (2.68) as
a*=Ba 4+ Na® -k, (2.70)
and Eq. (2.62) as
& _Yga2v 4y 2.71
" 26@ + A (2.71)

Let us remark that: [, which is proportional to the initial energy density, is always a positive
quantity; the effective equation of state parameter w is bounded between —1 and 1, which implies
that —2 < v < 4; the cosmological constant A is a real constant and so is A; lastly, the curvature
constant k can take values in the set {—1,0,1}.

Equation (2.70) can be solved by separating the variables and yields the following integrals

t
/ di = / da (2.72)
to VBa™Y 4+ Xa? -k
a”
— ety = / \/ﬁ+ e —da, (2.73)
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where % is a constant of integration.
In Eq. (2.73), let us consider what happens for large values of a. In particular, for A > 0, and

a > 1, we have
B+ Xa*TT — ka ~ Aa®T, (2.74)

which implies

o | av “ da
t—to ~ fdaz/ — 2.75
o~ [ V= [ 75 @
1 1

a

1
= 7 log(a) — 7 log(ap) = 7 log<ao> , (2.76)

where ag = a(tg). Therefore, for a > 1, one has

a~ ag exp(ﬁ(t - to)) — agexp <\/§(t - t0)>, (2.77)

which is the late-time exponential expansion.

2.9 Exact cosmological solutions

In this section, we discuss the solutions and mathematical properties of the Friedmann equation,
Eq. (2.70). We are interested in the non-linear first-order ordinary differential equation, with
varying parameters 3, A, and k. Standard GR and cosmology textbooks discuss the solutions in
the case of a vanishing cosmological constant (A = 0), see for example [25, 30, 59], by separating the
cases for matter and radiation, and looking at the different values of k. A solution for arbitrary w
is derived in [17], in terms of the hypergeometric function. Subsequently, it was shown in [74] that
the cosmological field equations can be rewritten as a Riccati differential equation, and this work
was further extended in [120]. For a non-vanishing cosmological constant, a pedagogically more
intuitive qualitative study is proposed in [148] by considering “effective potentials”. Many of the
sub-cases can be integrated directly using elementary functions and were reviewed in the context
of multi-fluid cosmology [76]. The most general form of Eq. (2.70) can be solved by using elliptic
functions. In [68, 69, 107, 118], an analytic solution for a non-vanishing cosmological constant
in the cases of matter-domination (zero pressure) and radiation-domination is derived in terms of
elliptic integrals. In [3, 57, 58, 60, 128], a solution in terms of the Weierstrass-p function is found.
In [10], analytic expressions are presented for all combinations of A and k in the presence and
absence of radiation and non-relativistic matter, together with the most complete case referred to
by the authors as the AyCDM model, which assumes A # 0 and k # 0, to indicate the simultaneous
presence of radiation and dust—hence, both v and CDM (cold dark matter). Before looking at

how to obtain the explicit solutions, let us now provide an overview of their qualitative features.
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2.9.1 A dynamical systems approach

A classification of the solutions to the Friedmann equations using dynamical systems techniques
is provided in [160], similar to those that will be used in Chapter 4.

Since the scale factor a(t) represents a measure of the size of the universe at some time ¢, let
us now introduce the Hubble function, which is the rate of expansion of the universe at some time

t, and is defined as
3 (T
H(t) = M. (2.78)
This helps us re-write the Friedmann equations, Egs. (2.61) and (2.62), as

k
3H? + 35 — A =rp, (2.79)

: k
—2H — 3H? — pris A=kp, (2.80)

where we set K = 87, which is the coupling constant in geometrised units, representing the strength

of the gravitational force. By dividing Eq. (2.79) by 3H?, we obtain

Kp A k
1= — . 2.81
3H? + 3H? a2H? ( )
It is now convenient to introduce the following dimensionless variables
_ kP _ A _ Kk
— @ 9 A — @ 9 Qk — 7@ 5 (2.82)

which represent the density, cosmological constant, and curvature components. We can now write

the Friedmann constraint in Eq. (2.81) as
1=Q+ Q5+ Q. (2.83)

This means that we have two independent quantities, say, 24 and g, as the third quantity can be
expressed in terms of the others. Let us remark that whilst £ > 0, in principle, there is no further
constraint on Qj and Q4. Differentiating the variables in Eq. (2.82) with respect to log(a), and

solving Eq. (2.62) for H, we obtain the system
V) = —QaABw(Q + Q4 — 1) + Q. + 304 — 3), (2.84)
Q= =0 Buw(Q + Qa4 — 1) + Qe + 3024 — 1). (2.85)
Here, differentiation with respect to log(a) is denoted by a prime. This system has three fixed
points: (23,Q5) € {(0,0),(1,0),(0,1)}. These fixed points correspond to three different types of

universe: the Einstein—de Sitter space, i.e. a universe with flat spatial sections and no cosmological

constant; a de Sitter space, i.e. a universe with positive cosmological constant and with flat spatial
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sections; and the Milne universe, i.e. a universe with no cosmological constant and with hyperbolic
(k < 0) spatial section. For —1 < w < 1, the eigenvalues and classification of the fixed points are
given in Table 2.2. Note that, when w = —1/3, Point O and Point A have a zero eigenvalue and a
positive one; the latter ensures that there is at least one unstable direction, so these fixed points

are unstable.

Table 2.2: Stability of the critical points for the system given in Eqgs. (2.84) and (2.85).

Point Coordinates q Eigenvalues Classification Type of universe

saddle if -1 < w < —1/3
Point O (0,0) 143w)/2 3(1+4+w), 143w Einstein—de Sitter
unstable if —1/3 <w <1

unstable if -1 <w < —1/3
Point A (1,0) 0 2, —1—3w de Sitter
saddle if —1/3<w <1

Point B (0,1) -1 -2, -3(1+w) stable Milne

To determine the regions of accelerated expansion, which are the subsets of the phase space in

which @ > 0, one can consider the deceleration parameter ¢ defined by

H H 3 1 3
l4+g=—-s=—"=1= 1) — = DO — = 1)Q 2.
+4=-15 77 = (0 +1) = SBw+ 1% — S (w+ 1), (2.86)

using Eq. (2.80). The region of accelerated expansion, for which ¢ < 0, is given by

3 1 3
q:71+§(w+1)f§(3w+1)§2k7§(w+1)QA (2.87)
1 3
= S(Bw+ 11— Q) = S(w+ 12 <0, (2.88)
which implies
3(w+1)
Q 1———Qp. 2.
k= 3w+1 (2:89)

When w = 0, Q > 1-3Q4, shown as a shaded region in Fig. 2.1, and, when w = 1/3, Q; > 1—-2Q,.
Equation (2.86) can be integrated to find a(t) at any fixed point (2}, )). Note that, at a fixed

point, the right-hand side of Eq. (2.86) is constant; if the constant is non-zero, then one has
a(t) x (t _ t0)2/[3(w+1)7(3w+1)9273(w+1)9f\] ) (290)
When the right-hand side of Eq. (2.86) is zero, then H is a constant and a evolves exponentially in

t, which corresponds to the universe undergoing a de Sitter expansion. One can see that at Point

O, corresponding to the case A = 0 and k& = 0, we have
a o (t — to)¥/ B+l (2.91)
A straightforward computation shows that O, = 0, Q; = 0, and 2+, = 1 are invariant lines,
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that is, any trajectory that starts on these lines stays on them forever. No solution curve can cross
these lines. Crossing Q; = 0 would yield a change of topology since k would go from positive to
negative; it can be seen as the line which separates open from closed universes. Moreover, the region
Qp + Qi > 1 is unphysical as it corresponds to values for which Q < 0. Recent observations [6]
suggest that our universe has a small positive cosmological constant and, whilst the ACDM models
predicts vanishing curvature, there is some evidence that supports the possibility for negative values
of k. This corresponds to the triangle bounded by the invariant lines.

We remark that when w = —1 (cosmological constant) and w = —1/3 (curvature term), Qp
or 1 can be redefined, respectively, so as to include €. In Fig. 2.1, we plot the dynamics in the
case w = 0 (dust). For w = 1/3, that is, a radiation-dominated universe, the system exhibits a
qualitatively similar behaviour. In this example, we can see how, as we approach Point A, the
cosmological constant dominates the late-time accelerated expansion, and curvature will never

dominate. In particular, the scale factor is exponential in ¢, as given in Eq. (2.77).

1.0F2000

Qk 0.5} \

0.0=

~0.5!

Fig. 2.1: Phase portrait of the dynamical system given in Egs. (2.84) and (2.85) for w = 0. The
shaded region, Q > 1 — 3Q,, represents accelerated expansion. The invariant lines are shown.

2.9.2 Classification of the solutions

To visualise the behaviour of the universe in different cases, it is helpful to employ the dynamic
classification, introduced by Harrison in [96] and discussed in [59, 97, 114]. According to each
of the three values of the curvature constant, the different behaviour of the cosmological constant

dictates the type of universe we are in, as shown in Fig. 2.3, and we differentiate between oscillating

68



universes and continuously expanding models.

In particular, A < 0 yields an oscillating universe for all values of k. This can be understood
by considering the cosmological constant as an attractive force which eventually leads the universe
to collapse, ending in the so-called big crunch. This is what typically happens in universes with a
closed topology (k = +1). One way to see this is to follow a similar approach to the one outlined
in [148]. Recall that the equation of motion for a particle with unit mass, moving in one dimension,

and subject to a potential V(x), is

dVv
= —— 2.92
* dz’ (2.92)
which integrates to the energy equation
1.,
7% +V(x)=F, (2.93)

where E is a constant. Let us consider Eq. (2.68) and note that we can write

Lo 47 yswy Ao K
50 5 Poa 5% + 5 =0. (2.94)

Upon defining

4 A k
Via) = —gpoa_(HSw) gaQ + 3 (2.95)
Eq. (2.94) reads
1,
50+ V(a)=0. (2.96)

By comparing Egs. (2.93) and (2.94), we note that the total energy in this case is zero. Since
@? > 0, we must have V(a) < 0 for possible motion. Assuming that w > 0, and that, at the big
bang, i.e. near a = 0, @ > 0, then we can make the following considerations. For £k =1 and A = 0,

the potential vanishes at

1/(143w)
8w
Gmax = (SPO) . (297)

The universe can only access the region where the potential is negative, that is, near a = 0 and
for a < amax. At amax, the dynamics must turn around and the universe ends in a big crunch, see
Fig. 2.2.

The dynamics is analogous for A < 0 and k € {—1,0,1}. To see this, consider Egs. (2.70)

and (2.71), namely,

0> =fa 7 +Xa® -k, (2.98)
é — _Jgg—2-7 2
. 5 Ba +A. (2.99)
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0 amax

a
Fig. 2.2: Sketch of the effective potential for k = +1 and A = 0.

Now, let anmax be the value of a solution a at the maximum scale of the universe, that is, amax =
a(tmax). We seek the condition on an,.x in order for it to be a maximum, that is, at aa.x we require

a=0and d < 0. From Eq. (2.98),

Bl =k = Mjay (2.100)
and, from Eq. (2.99), substituting in Eq. (2.100), we obtain
O (bmx) = =3 Bl + AP = =% (k = AaZyy) + A2
- —%k + (1 + g) M2, <0. (2.101)
It follows that
a2 k (2.102)

For A > 0, there exists such an ay,.x € R provided that k = +1. When A — 0, then k£ > 0, which is
consistent with associating a closed topology to an oscillating universe. Lastly, for A < 0, there is
no condition on k, that is, we always have oscillating solutions. As shown by Fig. 2.3, some care is
needed for the case k =1 and A > 0 since there exists a critical value of the cosmological constant
from which the solutions start being oscillatory. This will be discussed in more detail in Chapter 3

since 7 needs to be fixed so as to make concrete statements.

2.9.3 Flat models

Let us begin by considering flat models, that is, £k = 0. In a way, these are the easiest cases and

we can obtain formulae which hold for all the physical values of v (or equivalently w). To simplify
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k A>0 A=0 A<O
a a a
—1
¢ -t S
a a a
0
t -t t
A> A, A=A, 0<A<A,
a a a a a
1 4
t t t t t

Fig. 2.3: Dynamic classification of Friedmann models according to curvature k and cosmological
constant A, adapted from [59, Fig. 25.1]. Note that here A. denotes a positive critical value of the
cosmological constant A. = 4/(94?%).

the notation in the following, we introduce
~ ol 3
fy::§+1:§(1+w). (2.103)

When k =0, Eq. (2.73) reduces to

a” _
bty = /1 e = /aw(ﬁ + a2t 2dg (2.104)

By Theorem 1.10, the integral in Eq. (2.104) is elementary if and only if at least one of following

quantities is an integer:

y/2+1 1 y/2+41

1
24~y 7 27 24~ 27

(2.105)

which simplify to the triplet 1/2, —1/2, and 0. Therefore, since 0 is an integer, this integral is

elementary for all v. When A = 0, this gives

alt) = (\/Bﬁ(t - to))w, (2.106)

a?
t—tg= —= &
VB
which is the Einstein—de Sitter model, and matches Eq. (2.91). When A > 0, then

1/
1 ) A = B B . [~
t—ty= %—& arsinh <\/;a ) Sa= (\/Ismh (vﬁ(t - to))> . (2.107)

Lastly, when A < 0, we have

/3
t—to= %}W arcsin <\/@a’7> Sa= <\/€|sin (3 IA[(t - to))> . (2.108)
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2.9.4 Vanishing cosmological constant and non-zero curvature

Models with a vanishing cosmological constant and positive or negative curvature admit a solution

for arbitrary values of v (or w). Here, Eq. (2.73) reads

a”Y
S — _ " da = Y/2(R _ 1.,v)—1/2
t—to /Q/B—kz(ﬂda /a (8 —ka") da, (2.109)

2q3t1 . (1 1+1 3+1 a”’k)
—, 24| 5= -3 - |
VB(y+2) 2’2 v'2 o B

for k = £+1, where o F} denotes the ordinary hypergeometric function introduced in Section 1.5.3.

which integrates to

t—to= (2.110)

It is helpful to note that this solution can, in principle, be given in an explicit form by using the
inverse hypergeometric function, but that would add no further insight. By Theorem 1.10, the

integral in Eq. (2.109) is elementary if and only if at least one of the following is an integer:

v/2+1 1 y/2+1 1

2.111
gl 2’ gl 2’ (2111)
that is,
1 1 1
—+—- or —. (2.112)
2 v gl
Explicitly, this means that v satisfies one of the following conditions
__2 form € Z (2.113)
v=5._—q fom , :
1
or y=—, forneZ\{0}. (2.114)
n

This is achievable for v = 1 or v = 2, which correspond to dust (w = 0) and radiation (w = 1/3),
respectively. As an example, we can see that Eq. (2.110) reduces to the well-known expressions for

in the matter-dominated (v = 1) and radiation-dominated (v = 2) cases, which are given by

e for k£ = 1, matter-dominated:

t — tg = 2B arctan (M) —VavB—a, (2.115)

and radiation-dominated:

t—tg=— ﬂ—a2<:)a:\/ﬁ—(t—to)2, (2116)

e for k = —1, for matter-dominated:

t —to = Vay/a+ B — 2Bartanh (Jﬁ\[/j\/ﬁ) , (2.117)
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and for radiation-dominated:

t*toZ\/GQ‘Fﬂ@a: (t*to)Qfﬂ. (2118)
More details regarding cosmological solutions and applications of Theorem 1.10 can be found

in [50].

2.9.5 Non-vanishing cosmological constant and non-zero curvature

We finally turn our attention to integrals of the most general form

a”
t—toz/\/ﬂﬂazﬂkm da. (2.119)

This type of integral does not admit a closed-form solution for an arbitrary (physical) value of ~

(or w). However, we can restrict our focus to dust and radiation cases.

Matter-dominated solutions. We take v = 1, which corresponds to w = 0. So, we are

a
—ty = — da. 2.12
F=t /\/5+Aa3_kada (2.120)

If we denote the three roots of the polynomial A\a® — ka + 8 by r1, 72, and r3, this integrates to
2 Vr— _
t—tyg = " (H ( "3 ; arcsin (\/6 '3 Tl) , (r = r2) 7“3)
\/T2/T3 —T1 rs —Tr1 VA — T14/T3 T2 (’1"1—7’3)

(o (BE0)- ). o

that is a combination of elliptic integrals of the first and third kind, given in Definition 1.15.

concerned with

Radiation-dominated solutions. We take v = 2, corresponding to w = 1/3. We are left with

t—to = /*da. (2.122)
vV B+ Aa* — ka?

This integrates to

t—to=—

1
lo ‘—2a2)\+2\f)\\/a4)\—a2k+ +k)7 2.123
775 108 B ( )

for k = +1.

We remark that so far we have provided analytic solutions to the case of a single barotropic
fluid in the presence of a cosmological constant and curvature. In theory, one could look at the
cases of two barotropic fluids, matter and radiation, say. This work was carried out in [10] and
further results for multi-fluid cosmologies are discussed in [76], where Theorem 1.10 is used to

classify which cases yield analytic solutions in terms of elementary functions.
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2.10 Inflation and scalar fields in cosmology

In 1998, large collaborations led by Perlmutter, Riess, and Schmidt discovered, through the obser-
vation of distant Type Ia supernovae which were moving away from us, that the universe is not
only expanding, but also accelerating [137, 138]; this discovery earned them the Nobel Prize in
physics in 2011. A cosmological epoch of accelerated expansion is referred to as inflation®. This
can be formulated through the following condition on the scale factor: & > 0. This can be written

in terms of the Hubble parameter as

%( H)™' <o0. (2.124)

If we introduce the so-called slow-roll parameter

H dln H
fE= = gy (2.125)

and AN = dlog(a) = Hdt, as defined in Section 2.9.1, we can re-write Eq. (2.124) as

% (aH)™' = —2(1 —£)<0 = e<1. (2.126)
Note that as e — 0, H is constant and the spacetime is de Sitter space. Comparing Eq. (2.125) with
Eq. (2.86), we see that ¢ = 1 + ¢, where ¢ is the deceleration parameter. The terminology “slow
roll” comes from the fact that the equations of motion reduce to those of a harmonic oscillator
with damping, which are analogous to those of a ball rolling slowly in a shallow potential well [95].
By considering Eq. (2.62), with A = 0, we note that another way of stating inflation is to say
that p+3p < 0, which, with the assumption of a linear equation of state, corresponds to w < —1/3.
One way to model inflation in cosmology is by introducing a scalar field into the Lagrangian
formulation of GR, which will be briefly discussed below. Scalar fields are a popular toy model in
physics and turn out to be a very helpful tool in general relativity and cosmology because, despite
being reasonably easy to handle, they yield non-trivial results. Any model of this type is referred
to as quintessence [157], named after the fifth element in ancient and medieval philosophy, which
was believed to be the fundamental substance of the universe and the source of all life and motion.
When the field rolls very slowly compared to the expansion of the universe, inflation occurs: the
kinetic energy is smaller than the potential energy.
As we will see, we can introduce a scalar field ¢, called the inflaton, which behaves like a
dynamical cosmological constant. The associated energy density component to this scalar field

is what is sometimes called dark energy. In short, not only are scalar fields employed to charac-

2Here, when we refer to inflation, we mean the term broadly to include late-time cosmic acceleration, and not just
early-time accelerated expansion.
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terise inflation [30], but also dark matter (a hypothetical form of matter thought to account for
approximately 85% of the matter content in the universe) [125, 158], and unified descriptions of
dark matter and dark energy [26]. By modelling the behaviour of scalar fields, one can further
understand the underlying mechanisms driving the expansion and the evolution of the universe.
In general, physical theories can be formulated using a variational approach. In GR, the
concepts of kinetic and potential energies are not defined and, hence, it is not immediately clear
what the action leading to the equations of motion should look like. In 1915, Hilbert [100] and

Einstein determined independently that the Lagrangian for such an action should be

Len = RvV=g, (2.127)

where g = det(g,.,); the corresponding action is called the Einstein—Hilbert action and is given by

1 1
Spi = ﬂ/R\/—g d*z = o /gWRWﬁ—g d*z. (2.128)

The factor \/—gd*z is the invariant volume element of curved space-time. The minus sign under
the square root is present because we are working in a Lorentzian space-time. The factor x =
817G /ct allows the action to have the dimensions of energy multiplied by time (in geometrised
units, G = ¢ = 1). The Ricci scalar, R = g"”R,,,,, is the simplest non-trivial quantity that can be
constructed from the metric and its derivatives. In the presence of matter modelled as a relativistic
perfect fluid, the Einstein field equations arising from the variation of the action Sgy with respect

to the (inverse) metric, g*¥ — g*¥ + 6gH¥, are
G = Ry — $Rguw = T (2.129)

where T}, is the energy momentum tensor.

For a scalar field, the Lagrangian (density) is given by

Ly =—v—g(30.00"0+V(9)), (2.130)

where V' is a general potential for the scalar field ¢, see for example [30]. To determine the equation

of motion for the scalar field, we consider the variation of the action

Sy = /£¢, dx (2.131)
with respect to the scalar field, that is, ¢ — ¢ + d¢. This yields the Klein—Gordon equation

O¢p — V'(¢) = 0, (2.132)
where [0 := 0#9,. The Klein-Gordon equation is a relativistic wave equation, related to the

Schrédinger equation.
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Under a variation of the action, Eq. (2.131), with respect to the (inverse) metric, that is,

gt — g 4 dgH¥, we obtain the energy momentum tensor for the scalar field
T8 = 0,00,6 — g (30a00%0 + V(9)). (2.133)
The cosmological Einstein field equations for a spatially flat, £ = 0, FLRW metric read

3H? = k2 (p +142 4 V) : (2.134)

3H? + 2H = — &2 (p 17— V) , (2.135)

and the Klein-Gordon equation becomes

<}5+3H¢S+i—‘; —0. (2.136)

As we mentioned in Eq. (2.63), the energy-momentum conservation p+ 3H(p 4+ p) = 0 holds. Let

us define the energy density and the pressure of a homogeneous scalar field respectively as

po = 30" +V(9), (2.137)

po = 36° —V(9). (2.138)

By imposing py = wgpe, we can define an effective equation of state for the scalar field, with

a time-dependent wg, given by

142 v
wy = L2 = M (2.139)
Py 502+ V(0)
When (;52 <V, which is true for slow-roll inflation, we recover wg ~ —1, which coincides with a
cosmological constant equation of state, responsible for the universe’s acceleration. By using the

approach outlined in Section 2.9.1, that is, by dividing Eq. (2.134) by 3H?, and upon defining the

dimensionless variables

K262 , KV , K%
T = 6H2 9 y - 3H27 Q - 3H27 (2140)

and setting V' = Vy exp(—Ak¢), Copeland et al. [54] obtained
=224+ 4+ = 1>1-27—y* =02 >0, (2.141)
which yields the constraint for the physical space given by the unit circle
0<az?+y?<1. (2.142)

Moreover, since V' > 0, we can restrict our analysis to y > 0. The lower half disc would correspond
to a contracting universe because H < 0 in this region. By differentiating « and y, defined

in Eq. (2.140) with respect to time, and substituting for é from Eq. (2.136) and for H from
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Eq. (2.135), they obtained the equations

y = —gy (w— 12+ (w+1) (y* - 1)) — \/gx\xyv (2.144)

where the prime denotes differentiation with respect to log(a), which is equivalent to dividing the
equations for £ and y through by H. The equations are invariant under the transformation y — —y
and symmetric under time reversal ¢ — —t. Depending on the values of w and A, there are up to

five fixed points (critical points), as shown in Table 2.3.

Table 2.3: Stability of the critical points for system in Eqgs. (2.143) and (2.144).
Here § = \/(w — 1) [(9w + 7T)A2 — 24(w + 1)2].

Point Coordinates Existence Eigenvalues Classification
Point O (0,0) VA, w %(w +1) saddle

3 unstable if A < /6
Point A4 (1,0) YA, w 3-3w, 3—/2

saddle if A > V6

unstable if A > —v/6
Point A_ (-1,0) VA, w 3 — 3w, 3+\/gA ddle if A _\/6
saddle i < -

24(w+1)?

stable node if 3(1 +w) < A2 <
Point B (@“T’” V 3(1232”2)) A2 > 3(1+w) 2 A(w—1) + 9] (1+w) out7

S o1iey2 N 24(w+1)?
stable spiral if A% > e

stable if A2 < 3(1 + w)
saddle if 3(1 +w) > A2 < 6

MH\,

Point C (% 1—%) A2 <6 -3, A2-3w+1)

From Eq. (2.135), we obtain the deceleration parameter
1+q:—£:—§[(w—1)x2+(w+1)(y2—1)] (2.145)
H? 2 ’ '
and at any fixed point (z*,y*) of the phase space, it can be integrated to give
a o (t — to)% (3wt (1=a?—yD)+207)) (2.146)

for some constant tg. At all critical points, the universe expands according to a power-law, con-
sistently with Eq. (2.106). When the right-hand side of Eq. (2.145) is zero, this corresponds to a
constant H, and the scale factor evolves exponentially (de Sitter expansion).

To visualise some features of this model, we provide two examples. In Fig. 2.4, the only attractor
is Point C', which represents an inflationary solution. In Fig. 2.5, Point B is the attractor, and
the universe expands as if it were completely matter dominated (scaling solution), while Point C
is a saddle point. Late-time accelerated solutions can be used to model dark energy. In [54], it
was shown that scaling solutions, that is, when the energy density of the scalar field pg remains

proportional to that of the barotropic fluid, are the unique late-time attractors whenever they exist.
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In general, inflation (¢ < 1) occurs if the kinetic energy density only makes a small contribution
to pg, ¢2 < V. This is the slow-roll inflation. More examples can be found in [18, 28]. This model

will provide the basis against which we will compare our results in Chapter 4.

1.0/
0.8/
0.6/
Y

0.4/

0.2/

0.0f

10 -5 00 o5 10

Fig. 2.4: Phase portrait of the dynamical system in Egs. (2.143) and (2.144) for w = 0 and X\ = 1.
The shaded region represents accelerated expansion. Point C' represents an inflationary solution.

10 o5 o0 o5 T TTio

Fig. 2.5: Phase portrait of the dynamical system in Egs. (2.143) and (2.144) for w = 0 and X = 2.
The shaded region represents accelerated expansion. Point B represents a scaling solution.
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Azimuthal geodesics for closed FLRW

cosmologies

3.1 Introduction

In GR, freely falling particles move along geodesics, which can be thought of as the “(locally) short-
est distance between two points”. The study of geodesics plays a fundamental role in cosmology
since all electromagnetic signals (massless particles, or photons) propagate along null geodesics;
these, therefore, are crucial for defining cosmological distances and deriving relationships such as
the distance-redshift relations. On the other hand, massive particles move along timelike geodesics,
and help us understand how gravity manifests as curved spacetime in the presence of cosmological
objects like galaxies or galaxy clusters.

The main questions we try to address in this chapter can be summarised as follows:

e How do particles or rays of light move in the FLRW spacetime?

e How far can a photon travel in a closed universe from the big bang to the big crunch?

The work contained in this chapter expands on [33, 34].

3.2 Geodesics for FLRW

In Chapter 2, we obtained the metric of an expanding universe. We now want to determine
how particles move in this spacetime. Most cosmological measurements involve detecting photons
originating from various epochs and sources throughout the universe’s evolution which eventually
reach the Earth. As previously discussed, these photons can be treated as particles travelling
along null geodesics. Therefore, we now apply the geodesic equation to describe a particle’s motion
through an expanding universe.

Definition 2.9 presented us with the geodesic equations. For the metric given in Eq. (2.58), we

have the Lagrangian
12

1— kr2

L=—t"+d@t) + 720 + r?sin?0y’? | | (3.1)

with the prime denoting derivatives with respect to an affine parameter A\. The non-vanishing
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Christoffel symbols I'/ 5 associated to Eq. (2.58) are given in Appendix B. The four components

of the geodesic equation Eq. (2.21) are

: r’? .
t" + aa (1 —2 T 26" 4 1 sin? 9(,0’2) =0, (3.2)
; k
r’ + 2%#7"' + 7 —71;7"2 P (1—kr?) (9/2 + sin? 6)@’2> =0, (3.3)
7 a I/ 2 I/ . 12
0" +2-t'0"+ —1r'0" — cosfsinfyp’” =0, (3.4)
a r
] 2 0
o+ 2%+ Sy 2%50’9’ —0. (3.5)
a r sin

From Section 2.6, we know that there exist six Killing vectors for the metric Eq. (2.58) that satisfy

the Killing equations V&, + V,§, = 0. Explicitly, these are given by
1
iy = a? <O, Vi sin 6 cos p,7v/1 — kr2 cos 6 cos p, —r/1 — kr2 sin f sin <p> , (3.6)
—kr
1
€y =a® (0, Wi sinfsin @, rv/1 — kr? cos§sin p,r/1 — kr2 sin 0 cos <p> , (3.7)
—kr

€y = a? (o, %k;r = cosf), —r/1 — kr2sin 0, 0> , (3.8)
S = a? (0,0,7"2 sin ¢, 72 cos ' sin 0 cos ©), (3.9)
Eoyn = a? (O, 0, —12 cos ¢, 72 cos A sin @ sin <p) , (3.10)
) = a? (0, 0,0, —r% sin? 9) . (3.11)

In Euclidean space, Egs. (3.6)—(3.8) correspond to translations and Egs. (3.9)—(3.11) to rotations,
connected to the conservation of linear and angular momentum, respectively. Killing vectors imply

the existence of conserved quantities along the geodesics, via Theorem 2.10, and here are given by

2

laikg sin @ cos pr’ + a’rv/1 — kr2 cos @ cos o’ — a’*r\/1 — kr2sin@sinpp’ = p,,  (3.12)
— kr
2
1a7]€2 sin 0 sin @r’ + a®r\/1 — kr2 cos Osin ' + a’r\/1 — kr2sinfcos pp’ =:p,,  (3.13)
— kr

2

a
N

a’r?sin pf’ + a*r?sin® O cot fcos o’ = L,,  (3.15)

cosOr’ —a*r\/1 —kr2sin0f =p,, (3.14)

—a*r? cos 8’ + a’r*sin® @ cot Osinpp’ = L,,  (3.16)

—a?r’sin®fyp’ = L.. (3.17)

2

However, these are not all (functionally) independent, only p., L., p?, and L? are independent,

where

p?=pi+p.+p2, (3.18)

LP=L2+L+L2. (3.19)
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A direct calculation shows that L2 and p? take the forms

L? = a** (0')° + esc® 0L (3.20)

, (=) (00 +50?0) (¢)°) + ()
2 ( ( s ) ) (3.21)

It is convenient to rewrite these equations as follows

L? L?

02 = — 3.22

(&) a*rt  atrtsin?0’ ( )
1— kr? L2

(r")? = = (p2 +kL? - T2> , (3.23)

which are two coupled first-order differential equations. Note that, from the 8-equation (3.22), we

obtain a restriction for the #-motion, that is,

L2 L2
— z >0. 3.24
a*rt  girtsin?0 ( )

Since a*r* > 0, then L? — L2/ sin? @ > 0, which yields

L L
arcsin (;) < @ < 7 — arcsin (;) ) (3.25)

When L, = L, the motion is confined to the equatorial plane, § = 7/2.

Finally, the t-component of the geodesic equation becomes

(kL? + p?)

"+ (kL? —l—p2)% =0 = (¢)* - 5 = constant . (3.26)

a

Since the Lagrangian, £, is a conserved quantity along a geodesic, and upon substitution of
Egs. (3.17), (3.22), and (3.23) in the Lagrangian given in Eq. (3.1), we find that such a con-
stant is indeed £. The value of L is zero for massless test particles, which move along null paths,

and £ = —1 for massive test particles, which move along time-like paths. Therefore, we can write

(kL? + p?)
a2

(t")? — =L. (3.27)

The set of geodesic equations, therefore, simplifies to Egs. (3.17), (3.22), (3.23) and (3.27), that

is,

kL? + p?

(t')? = (Tp) +L, (3.28)
1 —kr? L2

(r')? = — <p2 +kL? — 7«2> , (3.29)
L2 L2

N2 z

() = atrt T gipigin2g’ (3.30)

@) = (3.31)

vr= a‘rtsint e’ '
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3.2.1 Radial geodesics

Radial geodesics are well studied and feature in most GR and cosmology textbooks; see, for
example, [25, 48]. These describe the paths followed by particles (massless or massive) that
move without any angular momentum (measured about the coordinate origin), since no motion is
assumed in the angular directions. Let us first focus on radial null geodesics. For these, we can set

6 = ¢ = constant, which reduces Eq. (3.1) to
2 a’ 2
—()? + ( ) r?=0. (3.32)
Consider the four-momentum of a photon
Pt = — (3.33)

which decomposes into the energy, E = P? = dt/d), and the three momenta P?, for i € {1,2,3}.

From Eq. (3.32), it follows that

2
2 a

1 kr?

(PH? =0. (3.34)

Moreover, observe that we can re-write Eq. (3.2) as

" aa /2

which can be written as

dFE aa
o <1_kr2> (P2 =0. (3.36)

By substituting Eq. (3.34), we obtain

dE g _ 1db ap
I + aE = D + aE 0. (3.37)
Noting that
1 dAa
—=— 3.38
TR (3.38)
Eq. (3.37) can be re-written as
dE 4
—+-E=0 3.39
% o ; (3.39)
which, after integrating, allows us to deduce
1
Ex—-. (3.40)

a

This means that the energy, E, of a photon decays with the scale factor. From quantum mechanics,

we know that the energy of a photon obeys the Planck—FEinstein relation £ = hf, where h is the
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Planck constant and f is the emitted frequency. As the universe expands, the energy decreases
and so does the frequency f. Light shifts towards redder colours and, therefore, objects seen at
large distances will appear “redshifted”. This is crucial for observations, as it allows one to infer
the relative scale factor of the universe at the time of emission. In other words, the wavelength of
light scales proportionally to the scale factor. The light emitted at time ¢, with wavelength A\, will

be observed at a later time .5 with a larger wavelength Agps given by

a(tobs)

Aobs = ———2 Xe . 3.41
ob: a(te) e ( )
The fractional shift in wavelength
)\obs - )\e )\obs a(tobs)
o — —1= -1 3.42
Ao Ao a(te) ( )

is called redshift.
Let us now turn our attention to the case of massive particles. Observe that, for a particle with

four-momentum P* = (E, P*), Eq. (2.21) can be rewritten as

dpH
o TLPP =0, (3.43)
where the 1 = 0 components reads
dE .
ot PP =0. (3.44)

Using PY = E and that, from Appendix B, I'?, = (a/a)gi;, one has

dE 4 o dE a4
4 2 PP =0 = E— +—p>=0 3.45
% a Y (8.45)
where we set p? = g;; P*PJ. Moreover, Eq. (3.1) yields
L=g,P'P' =-E*+p°=—-1 = —E>+p*=-1. (3.46)

Differentiating Eq. (3.46) with respect to time, we have

% = p% . (3.47)
Combining Eqgs. (3.45) and (3.47) leads to
% + gp =0, (3.48)
which, upon integrating, allows us to deduce
D X E . (3.49)
a

Therefore, as the universe expands, the physical three-momentum of a massive particle decays as

83



1/a. This is consistent with our previous result, in the case of light, where p = E = hf. Lastly,
let us remark that for a non-relativistic particle, p &~ muv, as p decreases with the expansion of the

universe, so will the velocity v, decaying as 1/a.

3.2.2 Angular motion: great circles

So far, we have discussed the energy and momentum of particles moving along radial geodesics in
FLRW. We now attempt to solve and provide an intepretation for Eqgs.(3.28)—(3.31) to understand
the shape of the orbits of particles.

Let us begin by considering Egs. (3.30) and (3.31). By dividing the equations, we note that

one can eliminate the radial coordinate and the time coordinate to arrive at

deo | L2
@ =sinf E Sin2 0—1. (350)

By separating the variables, we obtain

dé de csc?(6)do
<'0_900:/ JE :/ 2 L? :/ L2 o ’ (3.51)
sinf,/ 7 sin“ 60 — 1 sin® 6,/ = — csc?(6) 7z — csc?(6)
where g is a constant of integration, fixed by the initial conditions.
By noting that csc?(0) = 1 + cot?(#), we can write
csc?(60)do csc?(6)do
<P—<Po=/ — (©) - z/ ) : (3.52)
JE (Lt cot?9)) \/ (£ -1) - cot(9)
Let us now employ the substitution u = cot §, so that du = — csc?(0)d#, to obtain
d
Y —po=— “ = —arcsin LZL . (3.53)
(Li2 _ ) 2 w1
I u :
Taking sine of both sides and squaring yields
2 L -2
cot“0 = 2h 1) sin“(¢ — ¢p) (3.54)

Equation (3.54) describes arbitrary great circles. Recall that the geodesics on a two-sphere, S?, are
indeed great circles. We also note that, for L = L, we find § = 7/2. For all L # L., the geodesic
motion lies in a tilted plane.

This result is true for any spherically symmetric, i.e. isotropic, metric in GR. As an exam-
ple, consider the inhomogeneous and spherically symmetric Lemaitre-Tolman-Bondi (LTB) line

element is given by [40, 118, 156]
ds® = —dt*> + A*(t,r)dr® + B*(t,r) (d6” + sin® 0dp?) , (3.55)
where A(t,r) and B(t,r) have both temporal and spatial dependence. Without prescribing A and
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B, this metric possesses three contravariant Killing vector fields

&1 = (0,0,sin(g), cot(0) cos(¢)) ,
&2 = (0,0, = cos(i), cot(6) sin()) ,
&Y =1(0,0,0,-1).
The corresponding conserved quantities along geodesics are
B(t,r)* (sin(p)@ + sin(0) cos(0) cos(p)¢') =: Ly,
B(t,r)* (— cos(p)8 + sin(0) cos(8) sin(p)¢’) =: L, ,
—B(t,r)*sin?(0)¢’ = L.,
where L., Ly, and L, are constants of motion, and, further, we note that

L? = L%+ L2+ L2 = L2 csc2(0) + B(t,1)* (¢)°

Let us now re-arrange Eq. (3.61) to obtain

Similarly, Eq. (3.62) yields

Therefore,

which can be integrated to give

L2 .
cort(6) = (73~ 1) sl u).

for some constant g, fixed by the initial conditions. These are, once again, great circles.

3.2.3 Radial motion in polar angle form

(3.56)
(3.57)

(3.58)

(3.59)
(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)

In Section 3.2.1, we discussed the known results related to radial geodesics. In the previous section,

Section 3.2.2, we found that the (6, p)-motion happens in a tilted plane. In what follows, we further

elaborate on the shape of the radial trajectories followed by the particles, without any assumptions

on 6 or . We also provide a coordinate representation of the orbits.

Let us begin by noting that, from Eq. (3.66), we know that any ¢-dependence can be in fact

related to a 6-dependence, except when 6§ = 7/2 (the case when the motion lies in the equatorial

plane). Therefore, in principle, it suffices to look at the polar angle form of the radial equation of
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motion, that is, to find an expression for ().
Similarly to Section 3.2.2, we divide Eq. (3.23) by Eq. (3.22), which allows us to remove any
dependence on the affine parameter and a(t). By doing so, we find

dr\? B r2 (k:r2 — 1) (L2 (kr2 — 1) +p2r2)
) L2 — L2 csc2(6) ’

(3.67)

which can be re-written as

2 -1
dr\™_ apgepe 24 (CopL? )22 A (oL
<d9> = [(K°L? 4+ kp*) r* + (—2kL* — p*) r* + L?] B (1 (L/Lz)2s1n2(9)> . (3.68)

Now, Eq. (3.68) can be solved by separation of variables, which gives

2 2
artanh <\/§2k§1 + 1) = arcsin U arcsin __cosb , (3.69)
(=1 1 (L/L) 1 (L/L)

where 6 is fixed by the initial conditions and depends, in fact, on the orbit’s radius.
If the orbit has a finite maximal radius (which is, for example, always true for k = 1), it is
convenient to choose 8y = m — arcsin(L/L,) so that Eq. (3.69) reads

2 2 9
artanh " i) =aresin | ——2 | 4 T (3.70)
L2 (kr2 —1) 2
1- (LZ/L)

[\

If the orbit’s radius extends to infinity (which is possible, for example, when k = 0 or k = —1), we

choose 6y = /2 such that Eq. (3.69) becomes

2 2
artanh %;7 + 1] = arcsin % . (3.71)
L (k’f’ 71) /1_(LZ/L)2

By applying isometries and uniqueness of geodesics, we can bring our geodesics down to the
equatorial plane. Therefore, without loss of generality, we can fix our initial conditions such that
our geodesics are restricted to the plane § = w/2. However, we recall that the equations we have
just computed do not hold, and we need to consider r(¢). By dividing Eq. (3.29) by Eq. (3.31),

and recalling that, when 6§ = 7/2, we have L = L, and sin(f) = 1, we obtain

(3.72)

dr\? B r? (1 — er) (kL2r2 —I? +p27°2)
(a2) - : ,

which integrates to

2 2
© — o = arctan EO—fd) 1], (3.73)

for some constant ¢g. Equation (3.73) can also be written as
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Let M := p/L and note that we have the following conditions on 7:

o if k=—1,
M>1 and 7> )—— (3.75)
and r NE1 .
e if k=0,
r> (3.76)
M’ ’
o ifk=1,
1. .
YEES <r< (3.77)
We now set ¢y = 0, which yields
2y MPHR)?—1
tan (<P) - 1— ]{77"2 ) (378)
which can be re-arranged as
2 tan?(yp) + 1 B sec?(yp) B 1 (3.79)
M2 k4 ktan?(p) M2 +ksec2(p)  k+ M2cos2(yp) ’
Re-arranging gives
(k+ M?cos®(p)) r* =1 < k(z® + %) + M*2® =1, (3.80)
where we used that r? = 22 + y? and 22 = r2 cos?(). We now consider the cases k = —1, k = 0,
and k = 1.
e When k = —1, Eq. (3.80) reads
(M? = 1)z? —y? =1, (3.81)

which is the equation of a hyperbola.

x= i\/E : (3.82)

which are two straight lines parallel to the y-axis.

e When k = 0, Eq. (3.80) reads

e When k = 1, Eq. (3.80) reads
M2+ D)2 +92 =1, (3.83)

which is the equation of an ellipse. Note that as M — 0, that is when p > L, the ellipse

approaches a circle.
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These are shown in Fig. 3.1.

]
Mz
y O y y oy
1
M2
: : ‘ ‘ 10 __1
1 1 1 1 -
TV 0 M1 M 0 M Mt Mot
X
X X

Fig. 3.1: Cartesian form of Eq. (3.73) for k = —1, k = 0, and k = 1, respectively. Here x = r cos ¢,
y =rsiny, and M =p/L.

3.3 Closed FLRW universes

Philosophically, the idea of a universe that cyclically begins and ends precedes modern physical
cosmology. In ancient Greece, this was referred to as the eternal return (or eternal recurrence), and
is associated to Stoic philosophers, approximately 300 BCE. The concept was also more recently
revived by Nietzsche. In the realm of physical cosmology, the concept of oscillating universes has
also been a subject of theoretical exploration. In [96], Harrison provided a classification for FLRW
models, including oscillatory universes. These models of a universe undergoing cycles of expansion
and contraction were also further explored in [21, 23, 24, 41]. In particular, in [22], the closed-
universe recollapse conjecture—which states that, under certain conditions, the expanding universe
could eventually reverse its course, contracting back to a highly dense state, and initiating a new
cycle of expansion and contraction—was proposed as a potential solution to cosmological issues,
such as the singularity problem. Cyclic models have also been considered as alternatives to cosmic
inflation [121]. In this section, we restrict our attention to the closed universe solutions with a
single barotropic fluid and a vanishing cosmological constant as these provide a good starting point
for our discussion.

Let us examine the geometry of the hypersurfaces when & = 1. We observe that as p — 1,

Eq. (2.58) has a singularity. We now introduce a third angle x such that
r =sin(x), (3.84)
and Eq. (2.57) reads
do® = dx” + sin®(x) (d6? + sin®(0)de?) (3.85)
which is the line element of S?, the three-sphere. By suppressing one dimension, or considering a
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hypersurface, we have a two-sphere, as shown in Fig. 3.2. This is similar to obtaining circles as a

result of taking a section of a sphere.

Fig. 3.2: Coordinates on the two-sphere obtained by fixing ¢ and 6§ = 7/2.

As a result, the geometry of a closed universe, which is spatially a sphere, allows for a scenario
in which the universe expands up to a maximum size, before recollapsing during the so-called big
crunch. This oscillatory behaviour was first observed by Friedmann [82].

Let us recall the solution obtained in Eq. (2.110), which, for k = 1, is given by

t—to = +

5.1 ‘m“) : (3.86)

2a3+1 111
——= 2P| 55t
VB(y +2) 2’2 4’2 4 B

First, we note that, by setting the left-hand side of Eq. (2.98) to zero, with A = 0 and k = 1, we

obtain the maximal value of a(t), that is,
Gmax = ﬂl/ﬁ’. (387)

From Eq. (3.86), we can therefore find the time ty,,x corresponding to amax, assuming that tg = 0,
which is given by

2/7BIT (§+ 1)
(r+2)T (1+1)

(3.88)

tmax =

where I' is the Gamma function, given in Eq. (1.90). Here, we used the identity in Eq. (1.91).
We shall now study various special values of w. The time at which the big crunch occurs is

denoted by tenq; in Section 3.4.1, we show that teng = 2tmax-
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Case w = 0. For w = 0, which corresponds to a matter-dominated universe, Eq. (3.86) reduces

to

t = Barctan (%) —Va/B—a. (3.89)

Whilst it is not possible to solve this equation explicitly for a(t), we can derive a solution in

parametrised form. Let us begin by defining

a 1

Ta= OO = tan(u) <= a = Bsin®(u). (3.90)
Hence, Eq. (3.89) can be written as
t = B (u— sin(u) cos(u)) . (3.91)
Recalling that
sin?(u) = %(1 —2cos(2u)), (3.92)
sin(u) cos(u) = %sin(?u) , (3.93)

and, upon setting u := 2u, Eq. (3.90) and Eq. (3.91) can be written as
B _
a= 5(1 —cos(u)), (3.94)
B
t= g(u —sin(u)), (3.95)

respectively, which is the standard parametrisation of a cycloid, i.e. the curve traced by a point
on the rim of a circle rolling along a straight line, first studied and named by Galileo in 1599. We

can see that at t = 0, i.e. u = 0, we have a(0) = 0. The universe expands up to

Gmax = 67 (396)

at tmax = 70/2, that is when @ = m, after which the universe contracts again until it reaches a = 0

at tenq = ™0, when w = 27 which is the so-called big crunch.

Case w = 1/3. A closed universe filled with radiation corresponds to w = 1/3, and, in this

case, Eq. (2.110) yields

t=+/B—+/B—a2. (3.97)

We can solve Eq. (3.97) explicitly for the scale factor a(t),

a(t) =/t (2\/3 —~ t) : (3.98)
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The universe achieves a maximum size at

Amax = \/B at  tmax = \/B (399)

Note that the universe reaches an end at teng = 24/5.

A method for implicit solutions. We can obtain some other implicit solutions by considering

the following integration method. Consider Eq. (2.98) with A = 0 and k = 1, that is,

2=Ba7 -1 = ﬁa7—1::>/1%L_wm—:/&—t—T (3.100)

for some constant 7. As we shall see, unlike in the previous cases, the constant of integration does

not correspond to the start of the universe’s expansion cycle. Let a = 31/7 sin?/ 7(u), which implies

% B 231/
du vy

cos(u) sin® M1 (y) | (3.101)

whence Eq. (3.100) reads

1/~ 28/
t—71= 28 /U Bsﬂln cos u) sin®/ M1 (y)du = L/sinz/v(u) du. (3.102)
sin? Y

We obtained an integral of the form f sin™(z) dz, for n # 0, which has a recurrence relation

/ sin?/7 (u)du = —% sin®/M=1(w) cos(u) + (1 - %) / sin®/ D=2 (u)du . (3.103)

Therefore, we have a parametrisation of the form

231/7
t—71= p [—;’ sin®/ M1 (u) cos(u) + (1 — %) /sin(2/7)_2(u)du} , (3.104)
Y
a = BY7sin?7(u). (3.105)
Case w = —1/9. This allows us, for example, to consider the case v = 2/3, that is, w = —1/9.

Physically, this may be associated to some exotic form of dark energy, with slightly negative
pressure, which does not drive an accelerated expansion of the universe as this would require

w < —1/3. In this instance, we have that
t—7 =082 [ sin® (u) cos(u) — 2 cos(u)] (3.106)

a=33%sin®(u). (3.107)

Since a = 0 when u = 0, we can set 7 = 23%/2 so that t(u = 0) = 0. Once again, we can see that the
maximal value apax is achieved at u = 7/2, and apax = 53/2. This occurs at time tpax = 263/27

which is half of the time elapsed between the beginning and the big crunch.
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Case w = 1. Lastly, consider the case w = 1, which corresponds to a universe filled with a stiff
fluid. In this case, we are not able to obtain a simplification of Eq. (2.110); however, we can obtain

a parametrised solution instead. If we consider v = 4, then Eqs. (3.104) and (3.105) read
— _&/4 —9gin~1/2 — [ gin—3/2
t—71= 5 2sin (u) cos(u) sin (u)dul, (3.108)
a=BY*sin'?(u). (3.109)

However, this parametrisation is not in terms of elementary functions. To see this, let us recall the

reduction formula for [ sin”(z)dx for n # 0, that is,

/sin”(a:) dr = _1 sin" ! (z) cos(z) + n-l

n n

/sin”*(x)dx. (3.110)
By setting n = 1/2 and re-arranging, we have
/Sin_3/2(x)dx = —2sin"%(x) cos(z) — /sinl/Q(x)dx. (3.111)
Using the double angle formula for sin(x), we have
/\/de - / \/1 — 2sin? (% - g)dx. (3.112)

By making the substitution

- - (3.113)

we can re-write the integral in Eq. (3.112) as

/\/de: —2/\/1—2sin2(v)dv, (3.114)

which matches the elliptic integral of the second kind, introduced in Eq. (1.79), resulting in

/ Vsin(z)de = —2E(v,2) + C

— _9F (4 5,2) +C, (3.115)

where C' is a constant of integration. Putting everything together, we have therefore shown that
t-1=-pg"E (7 -5.2) 3.116
r=—pie (5 - 29), (3.116)
a= BY*sin/?(u). (3.117)

Once again, a = 0 at u = 0, thus, we can set 7 = FE(7w/4,2) so that ¢{(u = 0) = 0. The maximum
size amax = BY/* is attained at tmayx = E(m/4,2), which is halfway through the lifetime of the
universe, which ends at tenq = 2E(7/4,2).

The essential information about the evolution of these universes is encapsulated in the values of
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Gmax and tmax, see Eqgs. (3.87)—(3.88), which give the maximum size of the universe and the total
lifetime of the universe, 2t,.x. In turn, these depend on just two parameters: the initial density
of the universe, 8 = 8mpp/3, and the equation of state coefficient, v = 1 + 3w.

In Fig. 3.3, we show how the position of the maximum, (¢max, Gmax), varies according to S and
w. In particular, the dotted lines show the curve traced out by the maximum as w varies and g is
held constant; conversely, the solid lines represent points of constant w and varying 5. We show
only the values of w considered in this section along with the case w = —1/3, which corresponds to

the lowest physically meaningful value possible, and some representative values for 5 € [0.2,1.4].

2.0 ‘ ‘ ‘ : | ‘ ‘ : ‘
r w=1 w=1/3 w=0 w=-1/9
[ Iy X!
w5 /S Al ]
[~ g
a(t) 1.0r [N R A R i
| B=05 AL S T
Cp=02 4 A
0.5/ ; ; .
W w=-1/3
0.04=—=——= ;
0 1 2 3 4

Fig. 3.3: The curves traced out by (tmax, @max) for constant values of w (solid) and for constant
values of 8 (dashed).

To further illustrate what the curves in Fig. 3.3 represent, consider universes with w = 0 (dust)
and different initial densities. The evolutions of the scale factor for these universes are shown in
Fig. 3.4a, and the maximum point for each evolution lies on the solid black line. Similarly, Fig. 3.4b
and Fig. 3.4c show evolutions of the scale factor for fixed initial densities, § = 0.5 and § = 1.4
respectively, as the parameter w changes.

The curves traced out for fixed w, or, equivalently, fixed v, are lines through the origin given

by
(r+2r (1+2)
2/ (3 +1)

Instead, for fixed (3, there is the critical value 8§ = 1, where the universes’ maximal size amax is

amax(tmax) = max -+ (3118)

the same for all w, but their lifetime varies. For subcritical initial densities, 0 < 8 < 1, there is a

global bound on both the maximum size and the lifetime of the universe over all values of w, the
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(a) w=0and 8 € {0.2,0.5,0.9,1,1.4}.

2.0 : : : : : :
3 w=1 w=1/3 w=0 w=-1/9

1.5 1

a(t) 1.0

0.5 5 ]

w=-1/3 1
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(b) B=0.5 and w € {—1/9,0,1/3,1}.
2.0 : : w ‘ \ . . : : ; ; ‘ ‘ ‘ :
3 w=1 w=1/3 w=0 w=-1/9

1.5

a(t) 1.0

w=-1/3 4

0.0
(¢) =14 and we {-1/9,0,1/3,1}.

Fig. 3.4: Evolution of a(t) (in grey) for various parameter values. These are overlaid on the curves
traced out by (tmax, @max) for constant values of w (solid) and for constant values of 8 (dashed).
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largest universe is not the longest lived and viceversa. In the supercritical case, 5 > 1, there is
no bound on apyax and tenq as w varies. Inside the physical region of Fig. 3.3, which excludes the
origin (0,0), the family of lines for constant w do not intersect each other and neither do the family
of curves for constant 5. This means that for any, physically possible, value for (tmax, Gmax), there
is a unique choice of parameters w and 3 giving rise to such a universe.

Although the dominant observational evidence has strongly supported the idea of a spatially flat
universe rather than a closed one, recent observations have raised the possibility that the universe
might actually have a closed geometry [6, 13, 63-65, 84, 92, 147, 161, 162]. In this spacetime, as
we shall see, if a photon is emitted at the beginning of the universe, and we wait long enough, it

will return to where it begins, circling the universe, motivating us to study azimuthal geodesics.

3.4 Azimuthal geodesics

In GR, azimuthal geodesics have been extensively studied in the context of rotating systems and
settings involving spherical symmetry, for example the movement around massive objects such as
black holes, e.g. [49], where special functions arise [52, 113].

Many textbooks, for example [25, 30, 119, 165], set the following problem as an exercise:

Problem 3.1: Consider the spatially spherical universe, without cosmological constant. Con-

sider a light signal travelling along the azimuth (so that dr/dA = d8/d\ = 0).

(i) Show that, in a dust filled universe, a light ray emitted at the big bang travels precisely
once around the universe by the time of the big crunch.
(i) Show that, in a radiation filled universe, a light ray emitted at the big bang travels

precisely halfway around the universe by the time of the big crunch.

In other words, the problem asks us to compute the distance travelled along an azimuthal null
geodesic during the evolution of a closed universe. However, this is restricted to two special cases:
the matter-dominated universe (dust, pressureless matter) and the radiation-dominated universe,
since in these cases one can find simple closed-form solutions to the field equations. It turns out
that the angles computed in these two settings differ by a factor of two. Before proceeding, let us

first review the conditions necessary for azimuthal geodesics.

Conditions for azimuthal geodesics. As we are primarily interested in the study of azimuthal
geodesics in a closed universe (kK = 1), let us investigate the full geodesic equations assuming

r = ro = constant. This means

dr d?r

a _ 4Ty 11
D ae (3.119)
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Thus, Eq. (3.3) implies
—ro (1= 13) (0° +sin2(0)¢”) =0 = 1o (1= 13) =0, (3.120)

since having both 6 and ¢ constant is of no interest to us. The solutions are rp = £1 and ry = 0.
We take rg = 1, since it is the only physically meaningful solution. Let us remark that technically
ro — 1, since, as r — 1, Eq. (2.58) has a singularity. However, this is fine since, as we saw in
Section 3.3, we can compactify the metric by introducing the third angle x such that r = sin(y),
and taking ro = 1 would correspond to setting x = 7/2.

In Egs. (3.12)—(3.14), this yields p; = p, = p, = 0, which in turn implies p = 0. Consequently,
Eq. (3.23) is also identically satisfied.

Next, we assume 6 = 6y = constant. Substituting into Eq. (3.4), one immediately arrives at
cos(6o) sin(fp)¢"* = 0. (3.121)

Since solutions with constant ¢ are not of interest to us, we are left with 6y = /2. We neglect the
solution fy = 0 as it corresponds to a pole. This yields L, = L, = 0 by Egs. (3.15)—(3.16). Putting
everything together, Eq. (3.17) reads L = L, = —a®y/, or equivalently, one can incorporate the

minus sign into the constants L and L, to have
L=1L,=d*, (3.122)

since L and L, are constants. This final relation is the starting point for the study of azimuthal

geodesics. Without loss of generality, we can therefore set

To = 1 and 90 = g . (3123)

Solution to Problem 3.1. Consider the line element give in Eq. (2.58) with r = ry and 6 = 6y,
both constants. These can be set according to Eq. (3.123). Along an azimuthal geodesic, the line

element becomes
ds? =0 = —dt® +a®(t)dp? =0, (3.124)

which we can solve for dy and integrate. We are told to assume that the massless test particle,
e.g. a photon, is released at ¢ = 0, the big bang. We are interested in the total angular distance

Ay travelled during the evolution of the universe up to the big crunch when ¢ = t.,4, which is

given by
Lp(tend) tend dt
Ap = dyp = — 3.125
@ / @ / Ok (3.125)
»(0) 0
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where a(t) is the solution to Eq. (2.70) which satisfies a(0) = 0.

(i) In the case of a dust-filled universe, we can use Eqgs. (3.94)—(3.95). In particular, we can
express Eq. (3.125) as an integral in terms of the variable u, that is,

U(tena ) =27
se= f B/2(1— cos(@))

u(t=0)=0
27

/dﬂ =2r. (3.126)

0

(ii) In the radiation dominated universe, we use Eq. (3.98) in Eq. (3.125) to obtain

tend:2\/B tend:2\/B
dt dt
2o t(2vB—t) o B (t=VP)

_ {arcsin<t\/3>} S arcsin(1) — arcsin(—1) = 7. (3.127)

VB Jlizo
In what follows, we will show that this angular distance can be found for all cosmological models
with linear equation of state p = wp without solving explicitly for a(t). Moreover, we will broaden

the scope to encompass several other cases.

3.4.1 Vanishing cosmological constant and single fluid

We first consider an extension of Problem 3.1 to the case of a vanishing cosmological constant and
a single barotropic fluid with equation of state p = wp. As we can observe from Fig. 3.4 and the
results obtained in Section 3.3, the solutions exhibit symmetry around the time t,,,x corresponding
to the maximal value apax. This can be shown more generally by considering the properties of the
solutions to the Friedmann equations, Eqgs. (2.98) and (2.99).

Recall that, in Eq. (3.87), we stated amax = 51/7, and said this corresponds to some time ¢, .
The value of this time depends on the chosen initial conditions and we will not need that value for
what follows. To see that amayx is indeed a local maximum, we consider Eq. (2.62) and evaluate a

at tmax, which gives

4 4
i = =5 (14 30) s = =50 (1% 31) (0ma) >+ e
Ar —2—3w
=-——1+3w L0\ Amax <0 3.128
3

provided (1 + 3w) > 0 or w > —1/3, as stated above. Note that, in the second step, we used the
conservation equation, Eq. (2.67). Having established the existence of a maximum value, we now
show that the solution is symmetric relative to that maximum. To do so, we show that the part

of the solution for ¢ less than ¢, satisfies the same differential equation as the part for ¢ greater
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than t,,,x with time reversed. Let us set

L(t) =a(tmax —t) = a(7-), 0<t< tmax; (3.129)

R(t)=a(tmax +t) = a(1y), 0<t; (3.130)

which satisfy amax = @(tmax) = L(0) = R(0), this means they coincide at ¢t = 0. We can view L(t)
as the ‘left’ part of the solution and R(t) as its ‘right’ part. Thus, we have L =—a, R=a,and

—dt = dr_, dt = dry. Now, we go back to Eq. (2.98) and note

<f§>2 =Ba(t) T -1 = (;f_)z =pa(r-)" —1 (3.131)
<_(i£>2 =BL(t)™7 -1 (3.132)
= <(i£>2 =BL(t)7 -1 (3.133)

and similarly for R. Hence, both the ‘left’ part and the ‘right’ part satisfy the same differential
equation and satisfy the same initial condition at ¢ = 0: L(0) = amax = R(0).

In general, the differential equation (¢)? = By~ — 1 does not have a unique solution, for a given
initial condition; however, we can rewrite it as y = i\/W. Except for initial conditions of
the form y(tg) = 0, both of these equations satisfy the Picard-Lindel6f theorem, Theorem 1.1. In
our case, the initial condition is y(0) = amax and amax # 0, so we can conclude that there are
exactly two solutions to the original differential equation.

In order to conclude that L(t) = R(t), we can use the fact that apax is a local maximum, so
in a neighbourhood of ¢ = 0, L(t) and R(t) should both be decreasing functions (away from the
maximum). Therefore, they both satisfy y = f\/ﬂyﬂifl with the same initial condition, and
hence are equal by Theorem 1.1. This proves that the solutions are symmetric with respect to
tmax, and it also implies that L(tmax) = R(tmax) = a(0). We now assume a(0) = 0, which means
the complete solution a(t) vanishes for different times, namely at ¢t = 0 and at ¢t = 2t;ax =: tena.

This means our cosmological model has the following generic behaviour: the scale factor a(t)
vanishes at t = 0, then sharply increases (¢ — oo as t — 0) up to a maximum value Gpax.
Respectively, these correspond to the big bang and the subsequent expansion of the universe. After
reaching amax, the universe collapses with its evolution ending in the big crunch, where a — 0 as
t — tenq- Since this model has a finite lifetime, it is meaningful to consider the total distance
travelled by a massless test particle (e.g. a photon) released at the beginning of the universe.

Therefore, it is convenient to use the symmetry of the solution about its maximum and write

tmax

Ap =2 / a‘z;. (3.134)
0
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Going back to Eq. (2.98), for 0 < ¢ < tnax, we have that

da da
— = a7V —1 > dt = ——— . 3.135
dt g Ba=7 —1 ( )

The negative root corresponds to the contraction phase tyax <t < tenq- Therefore we arrive at

tmax Gmax

dt da
A<p:2/a(t):2o/a\/m. (3.136)

0

We shall employ the substitution y = \/8a=" —1or a™” = § (1 +y?). Thus

d -1 2
dy By L 4= Y

—— 27 _dy.
da 2/Ba=7 — 1 Bya—-1Y

This reduces the integral in Eq. (3.136) to a standard integration problem

(3.137)

2
= —— — = —— - —
/ a\/aT / Tt arctan(y) +C 5 arctan (x/,Ba 1) +C, (3.138)

with some constant of integration C'. It is now straightforward to evaluate the angular distance

Amax

Ap =2 0/ a\/% = —% {arctan(\/m)]zmax . (3.139)

As a — amax = Y7, due to Eq. (3.87), we find arctan(\/ﬁa—V - 1) — 0. On the other hand, the
lower limit, a — 0, gives aurctan(\/ﬁot—’y — 1) — 7/2. Recalling v = 1 + 3w, we obtain

2T
143w’

valid for all w > —1/3, shown in Fig. 3.5. Interestingly, this angle can also be computed in the
unphysical region where w > 1. For such cosmological fluids, the speed of sound exceeds the speed
of light. Therefore, the region w > 1 must be considered unphysical. The other region, w < —1/3
where our formula does not apply, is due to the acceleration equation, Eq. (2.71). For such negative
values, the universe’s expansion dominates the gravitational attraction so that the universe never

recollapses. Consequently, the effective angle tends to infinity as the universe expands.

3.4.2 Two-fluid cosmologies

In the instance of two fluid cosmologies (for a review, see e.g. [76]), the Friedmann equations for a

closed universe (k = 1) read

a\> 8 1
-] =— - — 141
(a) 3 (p1 + p2) a2 (3.141)
a 4
Py [(p1 + 3p1) + (p2 + 3p2)] (3.142)

where the dot denotes the derivative with respect to cosmic time ¢. The evolution of a(t) is

determined by the energy-momentum content and we assume the universe to be filled with two
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Fig. 3.5: Plot for Ap in terms of w, for —1 < w < 1. The dashed line shows the asymptotic
behaviour at w = —1/3. The dots represent the previously known results for w = 0 and w = 1/3.

perfect barotropic fluids with equation of state p;(t) = w;p;(t), for i € {1,2}, where p;(t) is the
energy density, p;(t) is the pressure, and w; is the equation of state parameter. Equations (3.141)

and (3.142) imply the energy-momentum conservation,
p'i+3g(pi+pi) =0, forie{1,2}, (3.143)
which is satisfied by each fluid component, and yields
pi = p Va3 - for i e {1,2}, (3.144)

where p§0)7 for i € {1,2}, is a constant of integration.

We now define 3; := 87Tp§0)/3, and ; == 1 4 3w;, for i € {1,2}, and re-write Eq. (3.141) as
(a)® = Bra™ " 4 Boa™ 2 — 1. (3.145)

We can use Eq. (3.145) to derive the value of the angle travelled by a particle on an azimuthal
geodesic during one cycle of expansion and re-collapse for a closed FLRW universe in terms of 3,
for i € {1,2}.

We now extend Problem 3.1 to the case of massive particles in a single barotropic fluid and
two-fluid cosmologies. We are concerned with azimuthal geodesics, so, as stated in Eq. (3.123), we

set 8 = /2 and r = 1. This implies that the Lagrangian in Eq. (3.1) reads

L=—t"+a%t)”, (3.146)

which, together with Eq. (3.122), L, = a?¢/, yields

L=-t"+ (3.147)

-z
a2
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Noting that ¢’ = ¢t’, which can be written as

¢ L, dt
== =—=— 3.148
¢ a?dy’ ( )
we find
L. dt\* 12 L,dt  [12 L c
L=—"2— -2 == -L="Z1- a2 3.149
<a2 dcp) + P de a? a Lga ’ ( )
which gives
L., dy (L. L d 1
L. _dp [ L 1- = a2 . ¥ _ , (3.150)
a> dt \ a L. dt  ay\/1—(L/L?)a>

By separating the variables, we then obtain the expression for the angle travelled by a particle
moving along an azimuthal geodesic during the expansion and subsequent re-collapse of the uni-
verse. Assuming a(0) = 0 and symmetry with respect to the value of the cosmic time ¢ = tyax at
which a(t) attains its maximum value ayax, which still holds in the general setting, we find

tmax

Ap =2 d (3.151)

a\/1—(L/L2) a2’

By employing Eq. (3.145), this can be rewritten as

Amax

r —1/2

Ap =2 / [a2 <1 - L2a2> (Bia™ " 4 Baa™ " — 1) da, (3.152)
0

where anax satisfies a = 0 in Eq. (3.141) and d < 0 in Eq. (3.142).

3.4.3 Massless particles in two-fluid cosmologies

As we can see from Eq. (3.144), the energy-momentum density evolves differently according to the
equation of state parameter. In the case of a universe filled with two barotropic fluids, this means
that one of the fluids may prevail for some time in the universe’s evolution. This approach allows
for a more comprehensive understanding of the dynamics of the universe.

Let us now return to the case of massless particles and extend the approach to the two-fluid

case. For convenience, we use the rescaling
a— ()Y a, and tes (B)V7t, (3.153)
such that Eq. (3.145) can be re-written in terms of & := B/(81)72/7", and reads
(@)’ =a""+&a 1. (3.154)

We again want to argue that the solution is symmetric about a maximum amax = @(tmax) and so a

single cycle of expansion recollapse passes in time teng = 2tmax. This is true, and the proof follows
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exactly the same reasoning presented at the start of Section 3.4.1. Moreover, since £ = 0 for null

geodesics, Eq. (3.152) becomes

Amax

Ap=2 / [ (™ + & = 1)) da. (3.155)
0

This integral does not admit a general closed-form solution for unspecified values of vy; and 2. We

therefore consider some specific, physical, choices of v; and ~s.

3.4.3.1 Dust and radiation

For a universe filled with dust (w; = 0, i.e. v = 1) and radiation (wy = 1/3, i.e. 75 = 2),

Eq. (3.155) yields

Amax Amax 1 Amax
AQO:Q/?d—a:Z/ da — 2 | arcsin | 2
e L R 0, P
(3.156)
The maximum value of the scale factor can be found from Eq. (3.154) and satisfies
al+éa?-1=0 <= —a*+a+€=0, (3.157)

which yields a = % + i—i— &. Since £ > 0, we have apax = % + i—&— &. Inserting this into
Eq. (3.156) gives
Ap = 7 + 2arcsin (1> . (3.158)
VA +1
In Fig. 3.6a on p. 113, we show Ay as a function of & = 85/8%. The limit £ — 0 corresponds to a
universe that contains only dust, for which we obtain Ay = 27, as expected. In the limit £ — oo,

which corresponds to a universe that contains only radiation, we find the known result Ay — .

3.4.3.2 Radiation and stiff matter

For a universe filled with radiation (wy = 1/3, i.e. v; = 2) and stiff matter (wg = 1, i.e. y2 = 4),
from Eq. (3.155), we find that

Gmax Gmax

Ap—o [ ——da o, [ __aeds (3.159)
V1+€a=2—a? ) Va4 €& —a*
Amax Amax
d -3
=2 aca = = arcsin | 2 (3.160)
1
N Vive
The maximum value of the scale factor can be found from Eq. (3.154), and satisfies
a?+éat-1=0 = —a*+a®>+£=0, (3.161)
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which yields

+e. (3.162)

1 1
max — = - . 1
a Vs+y7+¢ (3.163)

Inserting this into Eq. (3.160) gives

Since £ > 0 and apax > 0, we have

Ap = il + arcsin

2 <\/4§1ﬁ) '

In Fig. 3.6b, we show Ay in function of ¢ = B5/8%. The limit £ — 0 corresponds to a universe

(3.164)

that contains only radiation, for which Ap = 7. In the limit £ — oo, i.e. the limit corresponding
to a universe filled only with stiff matter, we obtain Ap — /2.
Note that, mathematically, the case discussed here is similar to that for a dust and radiation

filled universe, see Section 3.4.3.1. The reason is that the ratio 2 /71 = 2 in both cases.

3.4.3.3 Dust and stiff matter

Here, we consider a universe filled with dust (w; = 0, i.e. v3 = 1) and stiff matter (wy = 1, i.e.
o2 = 4). Unlike the cases studied in Section 3.4.3.1 and Section 3.4.3.2, we now have /v, = 4
and £ = B2/B¢. Equation (3.155) then becomes

Amax

Ap=2 a4

/a3+§7(14

da, (3.165)

and amax is one of the roots of the polynomial
at—a®—£=0. (3.166)

This is an integral which cannot be given in terms of elementary functions, but is elliptic. The
analytic expression for Ay, in this case, is quite complicated since it involves a combination of
the incomplete elliptic integrals of the first kind F'(¢, k) and of the third kind II(¢,n,m), given in
Definition 1.15, containing all the roots of a* — a® — & = 0. We remark that the discriminant of
this polynomial is given by A = —£2(256¢ + 27) < 0, since £ > 0, this means that the polynomial
has two real roots (one positive and one negative), and two complex conjugate roots. We denote

these roots by a;, for i € {1,2,3,4}, and amax is the positive real root, and find

Gmax

2
Ap = as F (p,m ay —az) Il (p,n,m , 3.167
@ NCETDICET (az F (¢, m) + ( )1 (¢,n,m)) O (3.167)
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where

¢=arcsin<\/(a_a1)(a2_a4)>, po@md L (eoa)(a—a) g

(a — a2) (a1 — ay) as —ay (a1 —a3) (az — a4
Noting that, for amax = a4, the upper integration boundary gives the complete elliptic integrals of
the first and third kind. We provide a plot of Ay as a function of £ in Fig. 3.6¢c. The behaviour of

the function Ay for small and large values of £ can be easily examined. As & — 0, we have

tmax Gmax
de¢ da
A :2/—:2/7 3.169
© J a0 J — (3.169)
where we note that amax — 1 in this limit. We thus find that for £ — 0,

1
da

Ap=2 | 22 —on, 3.170

4 /ox/m i ( )

which is indeed consistent with the fact that as & — 0, we are in the limit 83 — 0. For large

values of &, it is more helpful to return to the integral form containing ; and B2, and note that

as 1 — 0, the integral becomes

1/4
2 a m

0 \/52*114 5

3.4.4 Masless particle in a fluid with a cosmological constant

We will now discuss the azimuthal geodesics of a massless particle in a universe filled by matter,
radiation, or stiff matter, together with a cosmological constant. To this end, we note that, for
a cosmological constant A, we can use Eq. (3.145) where we set 2 = A/3 and v = —2, or,
equivalently, wo = —1, effectively treating the cosmological constant as a fluid with negative
equation of state parameter. In the following, we also set 81 = 8, 1 = 7, and, thus, £ = ABQ/V/?).
Observe that € > 0 when A > 0, and £ < 0 when A < 0.

Before proceeding with our analysis, we seek the condition that the solution anax has to satisfy

in order for it to be a positive real maximum. Equations (3.145) and (3.142) read

@’ =a""+¢&* -1, (3.171)

1 1
ai = —gva‘” +&a? = —§’ya_7 + &a?. (3.172)

Positive cosmological constant. First we note that if ¢ is a (positive) maximum, then from

Eq. (3.171), we can write
a ¥ =1-¢ad?, (3.173)
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whence Eq. (3.172) reads

1 Nz
aa = —5’}/ (1 - 5&2) + £a2 Y + (5 + 1) 5042- (3.174)

To ensure the existence of a (positive) maximum we require @ < 0, which implies

¥ vy 9 1+ 3w
AR (A — 1/ 1
S+ (3 +1)ga <0 0<as< /0= M) (3.175)

In order to be able to make some more concrete statements, we need to fix the value of w, or

equivalently v, and discuss the number of roots of Eq. (3.173).

Negative cosmological constant We note that Eq. (3.172) does not yield a constraint for a
maximum as ad < 0 for all a, v, and £. However, as we will see, this does not constitute a problem

as it will be straightforward to identify the maximum in the specific scenarios.

3.4.4.1 Dust and cosmological constant

We now discuss the case of a universe filled with dust (w; = 0, i.e. 79 = 1) and a cosmological

constant (wy = —1, i.e. 49 = —2). Equation (3.155) then reads

Gmax

da

Ap=2 —_— 3.176
i Vva+E&at —a? ( )
where £ = A3%/3. By letting
1 da 1
- o L 3.177
x+1/3 dx (x—|—1/3)2 ( )
Eq. (3.176) becomes
Tmax d [ee] d
Ap = — a a (3.178)

Jr—anii oy ) Voo

Tmax

where Zmax = a1, —1/3. We have thus obtained an elliptic integral in Weierstrass form, introduced

in Section 1.5.2. Hence,

_ 1 14 8
Ap=4p 1( —353§27—4§)7 (3.179)

a/max

—1

where p~! is the inverse Weierstrass p-function. The value of apax can be found from Eq. (3.154)

by determining the roots of the third-degree polynomial in the scale factor a, that is,
¢a®—a+1=0. (3.180)

We will discuss the cases of the positive and the negative cosmological constant separately. The

discriminant of the polynomial in Eq. (3.180) is given by A = (4 — 27¢)¢.
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Positive cosmological constant (£ > 0) One can easily see that the depressed cubic polyno-
mial in Eq. (3.180) has at least one negative real root and two complex conjugate roots if A < 0, i.e.
& > 4/27; and it has three real roots if A >0, i.e. 0 < & < 4/27. We can therefore restrict our at-
tention to the case 0 < & < 4/27, as other values would not lead to a closed universe. In the present
case, from Eq. (3.175), we have an additional constraint on the value of amax: 0 < amax < 1/+/3€.

It can than be verified that the value of anax is given by
V=T (2073 - V2 (¢ AVRTE =12 - 92)"")
62/3¢ Y/ €3/2/RIE — 12 — 9¢2 '

Note that although, at first glance, Eq. (3.181) appears to be complex (due to the square roots of

(3.181)

Omax =

negative terms), it is indeed real. In Fig. 3.7a on p. 114, we show the value of Ag as a function
of £&. We note that as £ — 0, Ap — 27, while for & — 4/27, Ap — oco. This can also be verified
by setting £ = 4/27 in the initial integral, Eq. (3.176). Physically, this means that, if the positive
cosmological constant is dominant in the universe, closed universe solutions are no longer possible

and, hence, the angular distance travelled by a massless particle on an azimuthal geodesic diverges.

Negative cosmological constant (¢ < 0) We note that the discriminant, A, is always negative
in this case. This means that there is only one positive real root, which is our maximum, and two
complex conjugate roots. In other words, for a negative cosmological constant, the universe always

exhibits oscillatory behaviour. The value of ayax is thus given by

2 (vave@i =1 - 0¢)” 1293
6¢ (V3 /BRIE- D98

We remark that, as £ — —oo, Ay — 0.

(3.182)

Gmax =

3.4.4.2 Radiation and cosmological constant

We now turn our attention to the case of a universe filled with radiation (w; = 1/3, i.e. y1 = 2)

and a cosmological constant (wg = —1, i.e. 75 = —2). This gives
e d
Ap=2 [ —4 (3.183)
V1+&a* —a?
where £ = AB/3, and amax is computed from
¢a* —a*+1=0. (3.184)
Equation (3.184) is bi-quadratic in a, and
2
o=t ——m. (3.185)

1+ I—4¢
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The maximum real root is given by

2
Omax = || ———— (3.186)
1+ T—4¢

for ¢ < 1/4. To determine the value of Ay, given in Eq. (3.183), let us make the following

substitution

VT = T dEsin(y) da /11— 1 4€cos(y)

a= N = &= NN 7 (3.187)

and observing that

V1 —+/1—4Esin(y) 2
V2+/€ 1+ +/1—4€

which implies that a = 0 corresponds to y = 0 and amax = 7/2. This allows us to write Eq. (3.183)

a =

Sin(y) = amax sin(y), (3.188)

as

/2

W / ¢ 2s—ﬂ+1>sm2<

Ap = (3.189)

Y)

Equation (3.189) is a complete elliptic integral of the first kind, that is, of the form K (k), where

the modulus k is given by

o (F2-VT—ag+1)

1

%3 (3.190)

Vvi-4¢ 1 1—+/1- 45
— 1= ) 3.191
26 2 14++1-— ( )

We therefore conclude that the value of Ay is
2 1—yI—4¢

Ap=2 K . 3.192
4 1+ I 4¢ (1+\/1—4§) (3.192)

Positive cosmological constant (¢ > 0) For the equations above to be meaningful, we require
1-46>0 <= 0< &< 1/4 (3.193)
Note that the root amax given in Eq. (3.186) satisfies the condition from Eq. (3.175),

0<a<1/\2€, (3.194)

and hence is, indeed, a maximum. The dependence of Ay on £ is shown in Fig. 3.7b. In the limit
& — 0, we see that Ay = 7 as expected. As & — 1/4, Ap — co. The divergence again relates to
the fact that, when the positive cosmological constant becomes too large, closed universe solutions

cease to exist.
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Negative cosmological constant (£ < 0) In this case, we have again no restriction on &, and

the universe always exhibits oscillatory behaviour. As £ — —oo, then Ay decays to zero.

3.4.4.3 Stiff matter and cosmological constant

For stiff matter (w; =1, i.e. v =4) and a cosmological constant (we = —1, i.e. 72 = —2), we get
Ap=2 max*da, (3.195)
Vit o
where £ = Av/B/3. The maximum value of a corresponds to one of the roots of
€a® —a* +1=0, (3.196)

and we denote it by amax, as usual, to be determined below. Let us perform the substitution
2 dy
y=3a"—1 < s = 6&a, (3.197)

which allows us to re-write Eq. (3.195) as

3Ear2nax—1 3§ar2nax_
2 dy Sgn(f)2\/§dy
BY =G = (3.198)
< | Ty 4 e
= sen(€)2v3 [ (312 -4 (276~ 2)) | (3,199

If we take the limit £ — 0 in Eq. (3.195), we can easily find the value of Ay which corresponds
to that of a universe without a cosmological constant. Indeed, from Eq. (3.196) as £ — 0, the

maximum value of aymax = 1, and we have

T 2 T
A = / 7da = —.
7 Vv1—at 2
Positive cosmological constant (¢ > 0) We need to find a condition on ¢ which guarantees
that the polynomial in Eq. (3.196) has a positive real root. This polynomial can be reduced to a

cubic polynomial by letting = a2, which is
x® —a2? +1=0. (3.200)

A positive real root of Eq. (3.196) can arise only as the positive square root of a positive real root
x of £x® — 22 +1 = 0. It is easy to check that it has exactly one negative real root, and so it has a
positive real root if and only if it has more than one real root, i.e. if and only if it has non-negative
discriminant. Its discriminant is A = 4 — 27¢2, which is non-negative only if ¢ < 2/ (3\/3)
Therefore, when 0 < £ < 2/ (3\/5), the polynomial in Eq. (3.196) has two positive roots and two

negative roots—these will be repeated roots when § = 2/ (3\/3) Further, we have the constraint
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from Eq. (3.175). It can be verified that the value of amax is given by

\/22/3 (-1 —1v/3) 62/3 + 4V/5 + 21V/2 (V3 + )
Omax = )
2v3V/5\ /€
where § = —27¢2 4+ 361/31/2762 — 4 4+ 2. As in the case of Eq. (3.181), this is real-valued, despite

(3.201)

appearing to be complex. Once again, this is a constraint on the positive cosmological constant. For
larger values of £, and hence of the cosmological constant, we do not have re-collapsing universes.

In Fig. 3.7c, we show A as a function of &.

Negative cosmological constant (¢ < 0) Again, there is no restriction on ¢ and the only real

positive root is given by

V(=2)2/362/3 425 — 2.3/=2
(e = V6VoyE ’

where ¢ is defined as above. Here /—2 denotes the principal cubic root of —2, which is the non-real

(3.202)

cube root with positive imaginary part. It is worth remarking once again that, despite appearing

to be complex at first glance, ayax is real. As € — —oo, then Ay decays to zero.

3.4.5 Massive particles in single-fluid cosmologies

We shift our focus to the case of a massive particle in a closed FLRW universe, i.e. we choose £ = —1
in Egs. (3.151) and (3.152). We restrict our attention to single-fluid cosmologies, i.e. we set §; = 3,
w; = w, and y; = 7y, while 83 = ws = 2 = 0. In this context, we do not study the case of a
cosmological constant, since the physically relevant case of a positive cosmological constant does
not lead to closed universe solutions. Recall that for dust, radiation, and stiff matter, respectively,

the maximum value of the scale factor a(t) is given by amax = B'/7, as shown in Eq. (3.87).

3.4.5.1 Dust

Here w = 0, i.e. v =1, and consequently the integral to be evaluated reads

da

B da B
@ /0 amm /O \/a(ﬁ_a) (1+L;2a2)

Assume L, > 0, for simplicity and since we assume an isotropic universe, and § > 0 as it is an

(3.203)

energy density. Let us employ the following substitution

_(B—a)L,—ay\/B*+ L2
cos(y) = = al. +a/F + 12 (3.204)
6[’2 - Bcos(y)Lz

cos(y) (m- Lz) +VB+LI+L, 7

— g= (3.205)
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which yields

da _ 26 sin(y)L. /7 1 L2 | (5.200)
W ((cos(y) 1)L — (cos(y) +1)y/FZ 7 I2)

Furthermore, when a = 0, cos(y) = 1, that is, y = 0; whereas, when a = 3, cos(y) = —1, that is

y = . Hence, Eq. (3.203) reads

Ap— / VL. dy (3.207)
; \/4 P2 (VT L2 - L) sin’(y)

w/2

L, dy
=4,/ , 3.208
\/LE + 52 0/ 1 L. . ( )
1-(=- sin®(y)

2 2B*+1L2

where we used the symmetry of the integrand to rewrite the upper limit. This is now in the same

form as the complete elliptic integral of the first kind given in Definition 1.15. We hence obtain

R 1 1 L,
Ap—d | L= g <2> (3.209)

VIR \2 2VIEA R
In Fig. 3.8a on p. 115, we show Ay as a function of the ratio between angular momentum and
energy density L./B. We find that as L, — oo then Ay — 27. This is indeed consistent with the

well-known result of Problem 3.1 as well as the more general result obtained in Section 3.4.1.

3.4.5.2 Radiation

In this case, w = 1/3, i.e. ¥ = 2, and hence

v d v d
a a
Ap =2 / =2 / . (3.210)
) ay/Ba? =11+ 1% ) \/(ﬁ—aQ) (1+ L72a2)
By making the substitution
d
a=+/Bsin(y) = d—Z = /B cos(y), (3.211)
and noting that, for a = 0, y = 0, and, for a = /B, y = 7/2, we have
/2 /2
Ay = / VB cos(y) dy = / S — (3.212)
S JB=Bsi? )1+ Frsin’(y) g L+ Frsin(y)

which is in the same form as the complete elliptic integral of the first kind given in Definition 1.15.

Therefore, provided that 5 > 0, one obtains

Ap =2K (—L2> . (3.213)



In Fig. 3.8b, we show Ay in terms of L,/+/B; as L, — oo, Ap — 7, as expected.

3.4.5.3  Stiff matter

For w =1, i.e. v = 4, we have

g/4
da a
Ap =2 / =2 / da. (3.214)
L oBet-iv e | 5o (L)
Let us now consider the substitution
a= \/\/B— o/ Fsind(y) — 90 _ __2VBsin@y)cosly) (3.215)

VB 2vBsin(y)
When a = 0, y = 7/4, and, for a = /B, y = 0. This allows us to re-write Eq. (3.214) as

/4

\/\erL?/\/l 7

dy

Ap=— (3.216)

f_._Lz sin (y) f—&-Lz sin (y)

0

2L, /
VVBHLE )\ i-
which is an incomplete elliptic integral of the first kind, given in Definition 1.15. Therefore,

2L, 2
Ap=——2 __F <7T7 ﬁ) , (3.217)
VB+L2 \4 L:+VB
provided 8 > 0, where F' denotes the incomplete elliptic integral of the first kind given in Eq. (1.78).
An alternate form, which can be derived using computational softwares (e.g. Mathematica), is
L, 2 1 5 33
A(p = \/B f 3F2 *; -, = ﬁ 5 (3218)
VB + L2 2+3) 212 4 47272

provided B > 0. Here 3F5 is the generalised hypergeometric function, introduced in Section 1.5.3.

While Egs. (3.217) and (3.218) differ in form, they yield an identical plot. In Fig. 3.8¢c, we show
Ay as a function of L,/+/B. In the limit L, — oo, this returns Ay — /2, which is consistent

with our previous results.

3.4.6 Discussion

We have presented the full set of solutions to the geodesic equation in FLRW spacetimes, and
found a closed formula for the azimuthal distance travelled by a massless or massive test particle,
respectively, in a closed universe during one cycle of expansion and re-collapse. We have extended
Problem 3.1 to two-fluid cosmologies, which allow us to include a cosmological constant, A. This
is possible as long as the cosmological constant does not dominate over the fluid in such a way as
to render closed universe solutions impossible. In our computations, this is reflected by the angle
Ay diverging at this limit.

In the case of massless test particles moving in two-fluid cosmologies, we find that the integrals
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determining Ay can be solved in terms of elementary functions only for a universe filled with
(a) dust and radiation or (b) radiation and stiff matter. All other cases lead to elliptic integrals.
Extending these results to a massive test particle in a one-fluid model, we find that for dust,
radiation, and stiff matter, the value of Ay is given in terms of the complete elliptic integral of the
first kind with the elliptic modulus depending on the energy density of the fluid and the angular
momentum of the particle. In principle, Problem 3.1 could be extended to other set-ups, e.g. to the
motion of a massive test particle in two-fluid cosmologies. However, as suggested by the general
expression for Ay given in Eq. (3.152), this would likely involve hyperelliptic integrals or would

require numerical tools.

112



27
L)
2
AQ  JTp-mmmmmmrrm s
I
ot
O0 2 4 6 8 10
B
B
(a) Dust and radiation.
JT
3m|
4
Ao g -----------------------------------------------------
I
is
0 I I I I
0 2 4 6 8 10
B
[
(b) Radiation and stiff matter.
27T
3]
2
Ap 7Tf
i
S CEERE L L EERPEEEEERRPPEEPPPPREEOLERRRREEERRRES
0 I I I I
0 2 4 6 8 10

Bo

B

(c¢) Dust and stiff matter.

Fig. 3.6: Plot for the angular distance Ay in terms of & = 3/ 6172/ " for a massless particle moving
in a universe filled with two fluids.
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Fig. 3.7: Plot for the angular distance Ay in terms of £ = Aﬁ2/7/3 for a massless particle moving
in a universe filled with cosmological constant and a second perfect, barotropic fluid.
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4

Cosmological fluids with boundary and bulk term

couplings

4.1 Introduction

Despite the great success of GR in its predictions, explanations, and observational verifications,
modifications and extensions to GR have been put forth since its earliest days. These modified
theories of gravity have been revived and gained interest in the last few decades, in light of the
discovery of the accelerated expansion of the universe, particularly with the attempt to describe
the ‘dark sector’ (i.e. dark matter and dark energy). One way to modify gravity is to introduce an
interaction term (between dark matter and dark energy) at the level of the action.

In this chapter, we begin with a Lagrangian formulation of GR, where the dark matter fluid
is described through the formalism introduced by Brown [43], and we examine couplings where
the interaction term includes a boundary term, which comes from re-writing the Ricci scalar as a
linear combination of a bulk and a boundary, i.e. R = G + B. The aim is to study the background
cosmology within this framework through the lenses of the theory of dynamical systems.

The following expands on the work contained in [37].

4.2 Lagrangian formulation

Physical theories can be obtained through variational principles—that is, given a Lagrangian, or
equivalently an action, one can obtain the Euler-Lagrange equations, which result in the governing
equations for a physical theory; in classical mechanics, the Lagrangian is the difference between
kinetic energy and potential energy. However, in GR, it is not immediately obvious what the action

leading to the equations of motion should look like.

4.2.1 The FEinstein—Hilbert action

As mentioned in Section 2.10, in 1915, Hilbert [100] and Einstein deduced that the Lagrangian for

such action should be

Lrn = Rv/—y, (4.1)
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where g = det(g,,). Note that the Ricci scalar, R = g"”R,,,,, is the only independent scalar that
may be obtained from the Riemann curvature tensor and the simplest non-trivial quantity that

can be constructed from the metric and its derivatives. The action

1 1
SEH = %/R\/—gd‘lx =5 /g“”Rm,\/—gd‘lx (4.2)

is often referred to as the Einstein-Hilbert action. The factor v/—g d*z is the invariant volume ele-
ment of curved space-time. The minus sign under the square-root is present because we are working
in a Lorentzian space-time. The factor k = 87G/c* allows the action to have the dimensions of
energy times time. From the Ricci tensor, R ~ OI' + I'T", and the connection, I' ~ dg, we deduce
that the Einstein—Hilbert action is second order in its derivatives, so one would expect fourth order
field equations; however, these higher-order terms feature in the action as a boundary term and,
hence, they vanish and do not contribute to the field equations. The variation of Eq. (2.128) with
respect to the (inverse) metric g"” leads to the Einstein field equations in absence of any matter,

that is,
1
0g" : Gu =Ry, — §ng =0, (4.3)

where G, is the Einstein tensor. The details of this derivation can be found in standard GR
textbooks, for example, [30, 59]. In order to get the equations with matter sources, one needs
to add an action describing the matter fields so as to obtain the correct right-hand side of the

equations of motion.

4.2.2  Scalar-fluid theories

In order to recover the non-vacuum Einstein field equations, see for example [48], it is customary
to consider an action of the form Siot = Sgn + Smatter, Where Smaster 18 the action for matter. This

leads to an ad hoc definition of the energy-momentum tensor, that is,

_ -2 6Smatter
V=g ogm

An alternative approach is provided by so-called scalar-fluid theories. In these, an action for a

T,, (4.4)

relativistic perfect fluid is defined and, by using the variational approach, one derives the energy-
momentum tensor.

The term scalar-fluid theories was coined in [110] to refer to the class of theories in which the
fluid and the scalar field describe the dark matter and dark energy sectors respectively, based on
[38, 39]. The Lagrangian formalism for relativistic perfect fluids was introduced by Brown [43] and
is outlined below.

Within Brown’s framework, the Lagrangian (density) for the relativistic fluid may be written
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as

Ly = —v/—gp(n,s) + J* (90,# + 50, + ﬁAaAyu) ; (4.5)

where p is the energy density of the matter fluid, prescribed to be a function of the particle
number density n and the entropy density per particle s; the fields ¢, 6, and S4 are all Lagrange
multipliers, and o are the Lagrangian coordinates of the fluid, where A takes the values 1,2, 3;

J*# is the vector-density particle-number flux, which is related to n via

J
T e R BN e LR (16)

where U* is the fluid 4-velocity and satisfies U, U* = —1. The independent dynamical variables of
the Lagrangian in Eq. (4.5) are g**, J*, s, ¢, 0, Ba, and a”. We note that, in this approach, the

pressure of the fluid is defined as

00
pi=ng-—p, (4.7)

which is consistent with the first law of thermodynamics. The variation of the action

Sm = / (—=v=gp(n,s) + J" (¢ + s0, + Bac? ) d*z (4.8)

with respect to the (inverse) metric g*” yields the energy-momentum tensor

—2 Sy
V=g g

In the presence of matter modelled as a relativistic perfect fluid, the Einstein field equations arising

Sgh T, =

=p9u +(p+p)UU, . (4.9)

from the action Sgy and Sy are

1
G =Ry, — §Rgm, =8nT,, . (4.10)

4.2.3 Matter couplings

We now introduce some matter couplings, in other words, terms in the Lagrangian that describe
how matter couples to the spacetime metric and affects the spacetime dynamics, and derive the

Einstein field equations for such couplings. By writing,

Smatter = / Lmatter (97 M V'L/)) V=g d43'}, (4'11)

one assumes the principle of minimal gravitational coupling [29]. The expression minimal coupling
was first introduced by Gell-Mann [75, 83] in the context of the electromagnetic interaction. Given a

Lagrangian with all electric charges switched off, the coupling with the electromagnetic interaction
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is obtained via the substitution
On +r 04 +1eAq, (4.12)

that is, the electromagnetic interaction is introduced by replacing every partial derivative with
a “new” covariant derivative. Similarly, the gravitational interaction is switched on as follows.
When the scalar (or spinor) field actions, formulated in Minkowski space, are defined on an arbi-
trary manifold, one replaces the Minkowski metric n,, with a Lorentzian metric g,,. The partial
derivatives d, are replaced by the covariant derivatives V,, and, hence, in the Lagrangian, one

makes the substitution

Nuv ** Juv, Oa — Va, v—ndiz — \/—gd417. (4.13)

Non-minimal couplings contain terms which directly connect the matter fields to geometrical
quantities, e.g. the Riemann tensor, or the Ricci tensor. Any coupling term which involves cur-
vature vanishes in the limit of special relativity; this does not occur in the presence of minimally

coupled terms.

4.2.4 Bulk and boundary couplings

It is well known that a total derivative term can be isolated from the Ricci scalar, yielding the
Gamma squared action. This was already noted by Einstein in 1916 [71]. By performing variations
with respect to the metric, the Gamma squared action also gives rise to the Einstein field equations.
However, the underlying Lagrangian is no longer a coordinate scalar as it differs from a true scalar
by the total derivative term. The suffix ‘pseudo’ denotes quantities that resemble scalars or tensors
but are not invariant under general coordinate transformations. As shown in [35], we can re-write

the Einstein—Hilbert action as

1 1 1
Spp = — /[,EH diz = — /R\/—gd‘*m = /(G +B)y/—gdlz. (4.14)
2K 2K 2K
The bulk term G is defined as
G := g (rjw 7, — rgyrﬁ(,) , (4.15)

and the boundary term B is given by

1 u(gg")\ _ 1 — o
B.— a< o )\/jgﬁa(ﬁB), (4.16)

where the boundary pseudovector B? is given by
B = g1, — g7 T}, . (4.17)
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Since G and B do not transform like scalars under diffeomorphisms, we refer to them as pseudo-
scalars. Moreover, B takes the form of a total derivative, and hence it does not feature in the
Euler—Lagrange equations.

By construction, the bulk term G is quadratic in the Christoffel symbols and hence the action
1 1 . U ,
e = 2, /G\/jgd% By /9” (T35, — Th )V =g d'z, (4.18)

is called the Gamma squared action or, sometimes, the Einstein action, to distinguish it from the
Einstein-Hilbert action. Recent progress was made in [35, 36] on constructing modified theories
of gravity based on this decomposition. These models can be linked naturally to a variety of other
modified gravity models, such as f(T) and f(Q) gravity, either within the context of GR or in
the metric-affine framework; for details, see [103]. The Christoffel symbols are usually interpreted
as the gravitational field strengths. We can motivate this by recalling that they contain the first
partial derivatives of the metric, which represent the gravitational potentials. The bulk term is
thus quadratic in the field strengths, similar to other field theories, like Yang-Mills theories or
elasticity theory. This analogy provides the primary motivation for splitting the Ricci scalar as
in Eq. (4.14). This split naturally yields a boundary term which could be coupled to other fields
present in the model. Couplings of this type are interesting as they are purely geometrical and
thus have no direct links with classical physics. This is similar to Brans—Dicke theories, where
a scalar field is coupled to the curvature scalar [42]. By isolating the bulk and boundary terms,
we can therefore consider more intricate couplings involving those two parts, which make up the

curvature scalar.

4.2.5 Total action and interaction terms

We can now set up the total action which contains gravity (see Section 4.2.1), a fluid to describe
matter (see Section 4.2.2), a scalar field ¢ to describe quintessence (see Section 2.10), and an

interaction term to model the interaction between matter and quintessence. This means we consider
Stot = / (iﬁEH + Loia + Lo + Eint) dz, (4.19)
where L, is the scalar field Lagrangian (density) given by

Ly =—v=9(50"Vu0V,0+V(9)), (4.20)

with given scalar field potential V', as introduced in Eq. (2.130). The Lagrangian (density) Lint is
an interaction coupling term, which allows us to couple the fluid to the scalar field.
The various independent variables in Brown’s approach allow one to propose some types of

coupling terms which do not exist in other settings. In previous work [38, 39], Béhmer et al.
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proposed interaction terms of the form f(n,s,¢) and f(n,s, ¢)J*0,¢p, whose corresponding cos-
mological models gave rise to some physically relevant dynamics, containing dark energy dominated
late-time accelerating solutions and scaling solutions.

In particular, as we wish to take into account boundary terms, we chose the following terms as

the suitable possibilities for Liy;:

(i) algebraic scalar coupling: Li := —/—gf(n,s, ¢, B)
(ii) algebraic vector coupling: Lin := —v/—gf(n,s,¢)B*J,
(iii) derivative coupling: Liny := —v/—gf(n,s, ¢)B* 0, ¢.

Depending on the specific interaction term chosen, one should also note that the physical dimen-
sions of f differ for the different couplings.

Coupling (ii) is very restrictive in the context of cosmology. We find that the consistency of the
cosmological equations implies that f is proportional to n, thereby eliminating the scalar field from
the coupling, that is, f(n, s, ¢) = f(n) « n. Consequently, we find equations which largely coincide
with the standard cosmological equations, and the model does not exhibit novel behaviour. We

postpone the discussion of term (i) and other related models to Chapter 5.

4.3 Boundary term derivative coupling

For the remainder of this chapter, we restrict our attention to the interaction term (iii) and
henceforth L, denotes this interaction Lagrangian. We shall show that this term has behaviour

relevant to cosmology, and gives rise to cosmological equations which are amenable to analysis.

4.3.1 Variations and field equations

We begin with the variations of the action in Eq. (4.19) with respect to the the fields ¢, 0, B4,

A

and the Lagrangian coordinates a**, respectively, that is,

Sp: Jh =0, (4.21)
30 (sJ"), =0, (4.22)
sat s (BaJ") , =0, (4.23)
584 afJr=0. (4.24)

These equations are independent of the gravitational action and are also independent of the inter-

action term. Next, varying Eq. (4.19) with respect to the entropy density, s, gives

§s: UM, = % + %B"&m, (4.25)
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where the final term depends on the choice of f. Varying with respect to J* yields

ap af
8" @+ 80, + Baal, + %Uu +5

U,B°0,¢9 =0; (4.26)
again, we have one term which depends on the coupling.
The variation of Eq. (4.19) with respect to the scalar field ¢ yields a modified Klein-Gordon

equation

of

5: Do—V'(6) - 52

9 Bro,¢+ YV, (fB") =0, (4.27)

where O := V/V,,.
Finally, the variation of Eq. (4.19) with respect to the metric tensor yields the Einstein field

equations

5g" Gy = (T 4 T 4 70 (4.28)

nz v

where G, is the Einstein tensor and

T8N = (p+ p)ULU, + pgun, (4.29)

T(0) = 0,000 — gy (50,600 + V(9)) . (4:30)

Both are the standard forms of the energy-momentum tensors for a perfect fluid and a scalar field,
respectively. The energy-momentum tensor related to the interaction term is more complicated
and is given by

in o 1 af

T = g [ (0,5, 0)B 050+ Sn=- Z

1

- 200700 (= (05,0050 ) + 207500 (=

2] \/7 B (u N

The second line of this tensor appears due to variations of the boundary pseudo-vector with respect

(U[LUD + g;w) Bgao'(yZS

F(n.s,6)9, ¢)- (4.31)

to the metric. This involves the second derivative terms of the scalar field; we note that one could
rewrite the partial derivatives of the metric determinants using the Christoffel symbols, however,

for our purposes, this does not introduce additional insights.

4.3.2 Cosmological field equations

For a spatially flat FLRW metric, Eq. (4.28) yields the cosmological Einstein field equations given
by

3H? = H(p n %q’s? LV 6qu5) , (4.32)
8f>

5 (4.33)

) 1.
3H2+2H:—A(p+§¢2 V 4216+ 242
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and Eq. (4.27) leads to the modified Klein—Gordon (KG) equation

JOf
on

b+ 3He+ %‘; —6f(3H* + H) + 18nH

cf. Section 2.10. Here the dot denotes differentiation with respect to cosmological time.

0; (4.34)

Taking the derivative of Eq. (4.32) with respect to time, and solving Egs.(4.33)—(4.34) for
H and ¢, and Eq. (4.32) for f shows that Eqgs. (4.32)—(4.34) imply the fluid energy-momentum
conservation equation p + 3H (p + p) = 0. Let us also note that the only dependence on the scale
factor a(t) in the field equations is via the Hubble function and its derivative. These equations
feature both first and second derivatives of the scalar field, ¢. However, following the approach
outlined in Section 2.10, one can introduce a new variable which depends on the first derivative
of the scalar field, leading to field equations which are first order. In short, this is the key idea
behind the dynamical systems formulation.

In line with previous studies, e.g. [54], we assume V has the exponential form
V(¢) = Voexp (—KA9) , (4.35)

where V > 0 is a constant and A > 0 is a dimensionless parameter. We note that this form for V is
invertible, which will allow us to view ¢ as a function of V. This potential is most convenient as the
exponential form allows one to close the autonomous system of equations without the introduction
of an additional variable.

Assuming a non-negative potential allows us to introduce the well-known variables

_ VeV NG

xr = , = , 0= .
V6H Y V3H V3H

We restrict to the case that H > 0, i.e. that the universe is expanding (choosing H < 0 would

(4.36)

correspond to a contracting universe). It follows that the variables y and o are non-negative.

When the FLRW metric is considered in Eq. (4.21) and Eq. (4.22), one immediately finds
that the entropy density s = sg is a constant. Consequently, the coupling function is of the form
f(n,s,¢) = f(n,$). Moreover, Eq. (4.21) and Eq. (4.22) also imply that the particle number
density is n = nga~3, where ng is a constant, which is expected by conservation of matter.

Going back to Brown’s formulation in Eq. (4.5), we have that the energy density is a function of
n, since the fluid’s entropy s is constant, thus p = p(n). On the other hand, in standard cosmology,
it is customary to assume a linear equation of state of the form p = wp. We will now show that,
the definition of pressure in Eq. (4.7) is equivalent to the assumption that the density is a power

of the particle number density. To see this, let us consider p = n**!, for some w, which implies

0
p= na—p —p=n(w+1)n" =" = (w+ Dn" T =¥ = wn” T = wp. (4.37)
n
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For the matter dominated case, w = 0, this gives that p = 0. On the other hand, integrating

Eq. (4.7) with the assumption that p = wp implies p = n**!

, as required.
As in Section 2.10, we are mainly interested in the dynamics within the physically meaningful
portion of the phase space. By dividing Eq. (4.32) by 3H? and using the variables given in

Eq. (4.36), one obtains the Friedmann constraint equation, to which we will generally refer as the

constraint equation,

2?2+ 2+ 02 —2V/6kxf(n,¢) =1. (4.38)

—1/2

We note that f must be chosen to have the same dimensions as to ensure that this equation

is consistent. In addition, we remark that, from Eq. (4.36) and using the relation p = n**!, one
can express n as a function of o and H. Similarly, from Egs. (4.35) and (4.36), one can write ¢ in
terms of y and H. Moreover, Eq. (4.38) is an algebraic relation between all the variables, which
implies that the variables are not all independent.

We finish this section by noting that, for f(n,$) = 0, we recover the model studied in [54],
which we can view as our baseline model. When interpreting our results, we draw analogies and
highlight differences with this baseline model. In that work, the constraint equation, Eq. (4.38), is

solved for the matter variable o which is then eliminated from the other equations, reducing the

system to two differential equations and we follow the same approach here.

4.4 Constant interaction

To begin our study of specific models, we consider perhaps the simplest non-trivial one, where the

coupling function is a constant, which we normalise as

k
2v6r

for some constant k. This model shares some similarities with [54] and is an ideal prelude to the

f(n,s,¢>) =

(4.39)

analysis of more complicated models.

4.4.1 General properties and dynamical systems formulation

Let us start with the Klein-Gordon equation, Eq. (4.34), which simplifies to

o _ 3k
29 V2K

where we introduce the quantity @ to match previous work on dark sector couplings [31]. The

é+3HG+ (?,H2 + H) = i (4.40)

energy density and pressure of the scalar field are given b = ¢2/2 4+ V and = ¢2/2 — V,
gy y p g Y Po Do
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respectively. This allows us to re-write Eq. (4.40) in the well-known form

Py + 3H (py + pg) = \/gjgéf)(?)H%rH) =Q, (4.41)

hence @ can be re-expressed as

Q= o2 3\]}¢<3+H>:H 3\’}(2_@ (4.42)

where ¢ = —1 — H /H? is the standard deceleration parameter. It is well known from dark sector
coupling models [31, 153] that Q > 0 means an energy transfer from dark matter to dark energy
and @ < 0 a transfer in the opposite direction. Let us rewrite Eq. (4.42) using the variable z,

defined in Eq. (4.36), which gives

Q= LT kx(2—q). (4.43)

This allows us to see that, for £ > 0, Eq. (4.43) implies that an epoch of accelerated expansion,
q < 2, gives a positive coupling when = > 0, leading to more energy going into the scalar field. In
turn, this leads to an epoch of further acceleration and can be seen as a self-reinforcing effect. The
above argument is reversed for f < 0 (i.e. kK < 0). Given that the late-time universe is dark energy
dominated while the early universe contains considerably more dark matter than dark energy, it is
reasonable to consider f > 0 (i.e. k > 0) and it will turn out that such models indeed evolve into
epochs of late-time accelerated expansion.

Next, we consider a fluid with equation of state p = wp, which, as discussed at the end of

14w

Section 4.3.2, is equivalent to setting p = n'™*. The constraint equation, Eq. (4.38), then reads

2 —kr 4y’ +o?=1. (4.44)

The quantity o? is the relative energy density of matter, sometimes denoted by €, when
discussing explicit cosmological models. For a scalar field, it is helpful to introduce the effective

equation of state

12
192 —v
wy = L& = f(bi (4.45)
Po §¢2+V

Here, wy € [—1,1] and we get wy = —1 when (b = 0, as is expected for dark energy. The energy

density of the scalar field is given by
Q=2+ 2. (4.46)
Hence, Eq. (4.44) can also be written as

O+ Qp — k=1, (4.47)
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At this point, it is clear that one can introduce improved variables by completing the square of

the z-term in Eq. (4.44). Namely, we write

2 2
(a:—];) +y2+02:1+%, (4.48)

and divide by the new right-hand side so that we arrive at
X24Y2492=1, (4.49)

where

X:Lm y=—9Y oy 7 (4.50)

V1+k2/4’ V1+k2/47 VI+ k24
These variables will prove particularly useful for our subsequent qualitative analysis. By dividing
Eq. (4.33) by H?, and solving Eq. (4.34) for ¢ and the constraint equation for X, one can obtain

the acceleration equation

(1+w)—(w—-1)X*-Y? ((1 +w) — \A/%ﬂ , (4.51)

which can be integrated to find a(t) at any given fixed point (Xo,Yp). The right-hand side, at
a fixed point, is constant. If this constant is non-zero, the scale factor evolves as a power law in
cosmological time, that is, a oc (¢ — to)", where p is that power and ¢y is an integration constant.

We therefore have that p is given by

1 3 s o AN
5<3 (1+w) — (w—1)X2 - Y ((1+w)—\@>}—1+q- (4.52)

When the right-hand side of Eq. (4.51) vanishes at some fixed point, the scale factor a(t) evolves
exponentially. This corresponds to H being constant at this point, that is, a universe undergoing
a de Sitter expansion.

It can be useful to define the total energy density and total pressure of the cosmological model

- 1.
p=p+ §¢2 +V + pint (4.53)
- 1.
p=p+ §¢2 =V + Pine, (4.54)

where we set pi,y = —k:H\/6//£—|—q.S and pipy = kg.ii/\/(iﬁ, as suggested by Eq. (4.32) and Eq. (4.33).
This naturally leads to the effective equation of state parameter w = p/p. For power law models,

this effective equation of state parameter is directly related to the power u, and one has

2 2
w=——1. (4.55)

F=30+a) 31

We note that the power u, the effective equation of state parameter w, and the deceleration

parameter ¢, all encode the same physical information.
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Similar to previously studied models, e.g. [54], the positivity of the matter variable and
Eq. (4.49) imply that 0 < ¥ < 1, and hence 0 < X2 + Y? < 1. Together with the fact that
Y > 0, since we are considering an expanding universe, this means that the phase space for the
variables X and Y is a half disc of radius one. One can now find the maximum and minimum values
of the deceleration parameter ¢ (or alternatively 1/u) from Eq. (4.52), subject to these constraints

on X and Y. Assuming a physical equation of state parameter, —1 < w < 1, we find the upper

bounds
2 if Me<2V6  at(£1,0),
Jmax 3 (4.56)
—1+ \/;Ak if Ae>2v6  at(0,1),
and the lower bounds
1
§(1 + 3w) if A >+6(14+w)  at(0,0),

Gmin =4 —14+4/=Ae if Me=v6(1+w) at(0,1/2), (4.57)

—144 /A if Me<V6(1+w) at (0,1).

P

These values allow us to make various general statements about the dynamical behaviour of
the system, before looking at phase space plots or numerical solutions. The lower bounds on the
deceleration parameter are of particular interest. Substituting the conditions on Ak at the points
(0,1/2) and (0, 1) into the expression for guin gives the bound gmin < (1 + 3w)/2. Consequently,
we find that when w < —1/3, we have acceleration for these models. However, at some of these
critical points one can have acceleration for other values of w, for example w = 0, by choosing Ak
sufficiently small. This makes such models physically relevant for cosmology; recall the physical
significance of different values of w summarised in Table 2.1.

We are now ready to state the dynamical equations of the system, using the variables defined

in Eq. (4.50). This leads to two independent equations

X' =

_ i [\/EA\/MYQ 4 X (Y2 (\/6)\1: — 6w — 6) —6(w—1) (X? - 1))} : (4.58)

Y = —iY [%AMX +(Y2-1) (—%Ak + 6w + 6) +6(w — 1)X2} : (4.59)

Here a prime denotes a derivative with respect to the logarithm of the scale factor, log(a). One can
now follow the standard dynamical systems approach to study this system, outlined in Section 1.3.
We begin with the fixed points of Eqgs. (4.58)—(4.59). We note that these are two polynomial
equations of degree three, meaning that one could find up to nine real distinct critical points, by
Bézout’s Theorem. If Y = 0, the second equation is automatically satisfied, and this leads to the

solutions X € {—1,0,+1}. Next, excluding Y = 0, one notes that Y appears only as Y2 in the
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equations, meaning that there are up to four more solutions. Two of these are at negative values of
Y, which we exclude, again because we are considering an expanding universe (Y > 0). Assuming

A>0and —1 <w < 1, we obtain a total of five critical points, shown in Table 4.1.

Table 4.1: Critical points of system given in Eqgs. (4.58) and (4.59).

Point Coordinates (X,Y) Existence

Point O (0,0) for all k

Point A_ (-1,0) for all k

Point A4 (1,0) for all k
MWEk2+4 2v/6 — V6EX — A2 -2

Point B * , 6 — V6, fork<67;n0teX2+Y2:1
2v6 — Ak 2v/6 — Ak VBA

for -1 <w<1,

— _ —_ )2
VB + w) — Ak \/(\/EM; 6(1+w))(w 1) ) %3(1(;—:1)))\/\ §k§\/61_;w
WhErd MW + 4 v ,
for w =1, k>67)\

> ~7ox

Point C

Note that Point B is always located on the boundary of the phase space while Point C' is

generally inside the phase space, if it exists. For the special value

23014 w) — A2
k—2\/g(3+3)/\, (4.60)

the lower existence bound, Point C is also on the boundary. Next, one needs to study the eigen-
values of the stability matrix at each of the critical points. For the first four points, Point O, Point
A_, Point Ay, and Point B, these are given in Table 4.2. Note that we will discuss the occurrence
of possible zero eigenvalues separately to keep the discussion more straightforward. For example,
one may immediately note that the choice w = 1 implies at least one zero eigenvalue for the Point
O, Point A_, and Point A, .
The final critical point, Point C, is more difficult to study as the eigenvalues are much more
involved. They are the solutions of the characteristic polynomial in &
0:§2+3(1—w)§—M
X (3)\2k2(w +3) + VBAR(2A% — 3(w + 1) (w + 5)) + 12(w + 1)(=A% + 3w + 3)) . (4.61)

Solving this quadratic equation is easy, however, the explicit solutions do not offer much insight
given that they contain three free parameters. For concrete parameter choices, we discuss this
point in more detail below. One easy result to extract is the sum of the eigenvalues £; and & at
this point, that is, £ + & = —3(1 — w)/2. As this number is negative for w # 1, this point cannot
have two positive eigenvalues and therefore will have at least one stable direction. This implies

that Point C is a saddle point, stable node, or stable spiral.
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There are many parameter choices resulting in zero eigenvalues, w = 1 being the obvious one.
However, the choice kA = v/6(1+w) also gives a zero eigenvalue for Point O. The stability analysis
of such points requires techniques beyond linear stability theory. These are well known and their
applications in cosmology were discussed, for example, in [18, 28, 32]. However, in what follows,
we consider the two most physically relevant cases, namely a matter-dominated universe (w = 0),
and a radiation-dominated one (w = 1/3), and employ linear stability theory. As we shall see,

these cases lead to qualitatively similar results.

4.4.2 The matter dominated case

Setting w = 0, Egs. (4.58) and (4.59) read

X' = i VBV + 40?4 X (Y2 (VBkA - 6) +6 (X2~ 1)) |, (4.62)
Y = —%Y VBV + 40X + (v2 1) (6 - VBRA) - 6X7] . (4.63)

Point O, Point A_, Point A, and Point B are independent of w and all results discussed above
apply and coincide with those given in Table 4.1; their stability was outlined in Table 4.2. The
location of Point C, when it exists, depends on w and so do its corresponding eigenvalues. For
w = 0, the coordinates of Point C' are given by

(Jém \/6\/5kA>

VEZ 4N VEZ + 4N

(4.64)

Table 4.2: Stability of the critical points, Point O, Point A_, Point A, and Point B, for the system
in Egs. (4.58) and (4.59). The classification assumes that the eigenvalues are non-zero.

Point Eigenvalues Classification
3 3 6 saddle if kA < vV6(1+w
Point O —(w-1), —-(14+w)-— £k)\ ( )
2 2 4 stable if kX > V6(1 + w)
Point A_ 3(1—w), 3— \/g,\ (k —VEi + 4) saddle for all A
2
3 saddle if k < 6-A
Point A4 3(1—w), 3— \/;\ (k+VEi+4) 6‘/6;‘2
stable if k > —
V6
2
unstable if 6-2 <k< %
V6 A
2v6 (A 4 6) V6(6 + \?) \/53(1-&-111)—)\2 6 — A2
Point B ——~~ 7 _3(w+43), —— 1272 ddle if 24/ = <k<
NS VR Sy ST 3T BT wA NG
2/6 23(1 — A2
stable it k> 2Y8 or & < 2[%
A 3 (3+w)
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and its corresponding eigenvalues are given by

5 VBY/TBR2A? - 84X + 8V/6k (202 — 15) A + 288
4VE2 + 4N '

We now outline some physical properties of the critical points of the system, with the values of

(4.65)

effective equation of state parameter w and the deceleration parameter shown in Table 4.3.

Table 4.3: Physical properties of the fixed points for the matter dominated case, for the system in
Egs. (4.58) and (4.59).

Point w q
Point O 0 1/2
Point A_ 1 2
Point A4 1 2
2v/6 (A2 — 3) + 9k 6 (A2 —2) 4+ 4kX

Point B f( ) + \[( ) *

616 — 3kX 2v6 — kX
Point C' 0 1/2

In order to analyse the stability of the fixed points, we look at the different regions in the
(k, \)-plane, see Fig. 4.1, and we recall that A > 0. The curves plotted come from the conditions in
the right-hand column of Table 4.2 and those for the existence of the fixed points. First, we remark
that the fixed points Point O, Point A_, and Point A, exist for all values of A and k. Moreover,
there are four distinct regions of values of k and A, which yield different stability properties of the
critical points, and, hence, different cosmological phenomena. We discuss these four different cases

and comment on their suitability as a cosmological model.

8,
6,
_ A:§
A4r ;
—A=\/i(—k+\/4+k?>
2
2 L A:E\/§ (73k+\/32+9k2)
V2
0’ L L L L L
4 ) 0 2 4
k

Fig. 4.1: Existence and stability regions in (k, A)-plane for w = 0. The plotted curves follow from
the stability criteria shown in Table 4.2.

Region I. For values within Region I, there are only three critical points. In particular, Point

O is a stable node; Point A_ is an unstable node; and Point A, is a saddle. Since Point O is the
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only attractor of the system, all trajectories will eventually approach it. Point A_ can be thought
of as the past-time attractor, in the sense that all trajectories would start near it. Lastly, some
trajectories are attracted towards Point A, but are eventually repelled and move towards Point
O. This case is not of physical interest; the phase space is exemplified in Fig. 4.2, where we set

k=2and A\ = 2.

~1.0 ~05 0.0 05 1.0

Fig. 4.3: Phase space with k = 1 and A = 2. Point C is a stable node, that is, the only attractor
describing a scaling solution with w = w = 0. No acceleration region present.

Region II. In Region II, Point B does not exist. We therefore have four critical points: Point

A_, which is an unstable node; Point C, which is a stable node; and Point O and Point A, which
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are both saddles. We note that here, Point C represents the scaling solution [11] as the effective
equation of state parameter matches the matter one (w = w = 0). Hence, the universe expands as
if it was completely matter dominated despite the scalar field’s influence, according to Eq. (4.52).
The type of dynamics is illustrated by Fig. 4.3, where we set k = 1 and A = 2. We remark the
analogy with case III discussed in [54]. We note that there is no region of accelerated expansion,
but this solution is of physical relevance for the so-called cosmic coincidence problem [81], which
asks why the values of the energy densities of dark energy and dark matter are roughly the same
order of magnitude at the present time; in particular, a way to address this is to assume the

presence of a scalar field which hides its effects on cosmological scales.

Region ITII. In Region III, there are five critical points in the phase space. Point A_, Point O,
and Point C still behave as an unstable node, a saddle point, and a stable node, respectively. Point
A is now an unstable node. Point B exists and is a saddle point. This is shown in Fig. 4.4, where
k=1/2 and A = 3/2. Point C always lies outside the acceleration region, so it does not represent
a late-time inflationary solution; it is, again, a scaling solution. We highlight the analogy with case
IT discussed in [54]. All trajectories connect Point A_ or Point A to Point C, with the exception

of the orbits along the boundary.

X

Fig. 4.4: Phase space with kK = 1/2 and A = 3/2. Here the only attractor is Point C' where the
universe expands as if it is completely matter dominated (scaling solution), while Point B is a
saddle point. The shaded region represents the area of the phase space where there is accelerated
expansion.

Region IV. In Region IV, there are again four fixed points since Point C' lies outside the physical

space. Here, Point A_ is always an unstable node and can be seen as the past attractor. Similar to
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~1.0 205 0.0 05 1.0

Fig. 4.5: Phase space with k =1 and A = 1/2. Here Point B is the only attractor and represents
a late-time inflationary cosmological solution. The shaded area represents the part of the phase
space where there is accelerated expansion.

Region III, A, is an unstable node. Point O is a saddle point whereas Point B is a stable node and
therefore the late-time attractor. We note that here Point B lies within the region of accelerated
expansion, hence we are in the presence of a cosmological solution with accelerated expansion.

This is illustrated in Fig. 4.5. Once again, we emphasise the analogy with case I discussed in [54].

4.4.3 The radiation dominated case

In the case of a radiation-dominated universe, we set w = 1/3. Equations (4.58) and (4.59) now

read

X' = i VBV + 422 + X (Y2 (VBRA—8) +4 (X2~ 1))], (4.66)

Ly VBV + 40X + (V2 1) (8- VBkA) —4x?] . (4.67)

Y ==
4

As previously noted, the coordinates of Point O, Point A_, Point A, and Point B are fixed for
any w, and given in Table 4.1; their stability was presented in Table 4.2. For w = 1/3, Point C

has coordinates

(4.68)

4v/6 — 3k \/5\/8—\/610\
SVEZ+4AN V3 VEZ+aN )]

which exists for k > 4v/2/(\V/3), assuming A > 0, and its corresponding eigenvalues are

L \//\ (1230k2 + 8v/6 (3)2 — 32) k — 180)) + 768
——* .
2 2v/3VEZ 4 4\
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As shown in Fig. 4.6, the stability properties of the critical points exhibit analogous behaviour
to that in the matter-dominated case. We note that, once again, we have four regions in the

(k, A)-plane (assuming A > 0), which lead to four different main cases as before.

8,
6,
4 [2
—a=is
A4t
] 3 -
—A:\£<—k+\/l~cl+4>
) ] o ok V25k2 + 96
I —
0t . . ‘ L ‘ N
-4 -2 0 2 4
k

Fig. 4.6: Existence and stability regions in (k, A)-plane for w = 1/3. The plotted curves follow
from the stability criteria shown in Table 4.2.

Since the cases are very similar to those discussed in the previous section, we provide phase
space diagrams to exemplify the dynamics of Region III and Region IV only. These are the more
physically interesting regions as they allow for accelerated expansion to take place. In Region III,
see Fig. 4.7, Point C', that is, the late time attractor, always lies outside the region of accelerated
expansion. This also occurred for w = 0, since the value of the deceleration parameter ¢, at Point
C, is positive. For values of A and k within Region III, we find five critical points and a scaling
solution as before. Moreover, as before, in Region IV, we have a solution to the cosmological field

equations that lies within the region of accelerated expansion. This is illustrated in Fig. 4.8.

4.5 Non-constant interaction model a = 2

4.5.1 FEquations of the model

We are now considering a model with a non-constant interaction term. As we wish to exploit
dynamical systems techniques without increasing the number of independent variables, we consider

an interaction of the form

k —«
f(n,¢) = m”a(uwwv 2, (4.70)

where « is a fixed power. Let us make the following observations to motivate this particular choice
for f. In cosmology, s = so and n = nga~>. Moreover, if we consider the linear equation of state

p = wp and the definition of p from Brown’s fluid model, one has p = n®**!. Therefore, this specific
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~1.0 205 0.0 05 1.0

Fig. 4.7: Phase space with k¥ = 1/4 and A = 2. Here the only attractor is Point C' where the
universe expands as if it is completely matter dominated (scaling solution), while Point B is a
saddle point. The shaded area represents the part of the phase space where there is accelerated
expansion.

40 o5 o0 o5 10

Fig. 4.8: Phase space with £k = 1 and A = 1/2. Here Point B is the only attractor and represents
a late-time inflationary cosmological solution. The shaded area represents the part of the phase
space where there is accelerated expansion.

form allows us to use the variables introduced in Eq. (4.36) directly, so Eq. (4.38) becomes

o

1—x2—y2—02—|—k‘x0—20. (4.71)
ya

The dynamics of the system depends on the parameters w, A, k, and a. We note that one could

consider the limit o — 0 and recover Eq. (4.44).
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It is clear that larger (integer) values of « can make the study of this system difficult, since the
constraint equation, Eq. (4.71), would become a polynomial equation of high order. At the same
time, even the values a = +1 introduce challenges as one has to deal with cubic equations. In fact,
the two simplest cases that can be studied explicitly, without introducing further complications,
are when o = +2.

For o = 2, the constraint equation, Eq. (4.71), can be written as

y2(1—x2—y2—02)+kx02:0 & yg(l—QL‘Q—yg)—i—aQ(kaL‘—yQ):O7

2(1 L g2 _ g2
- Uzzy(yzxmy), (472)

allowing us to eliminate o from the equations, so that the dynamical system remains two-
dimensional. Moreover, as 02 > 0, we have

y2 (1 — 22 —y?)

>0. 4.73
yQ—kCC ( )

This gives rise to the physical regions of the phase space which is bounded by three curves: the
line y = 0 (recall that y > 0 by Eq. (4.36), the unit circle 1 — 22 — y? = 0, and the parabola
y? — kx = 0. This circle and parabola have a point of intersection in the half-plane y > 0 for all
values of k, and when k # 0, they divide the half-plane into four regions. Exactly two of those

regions are in the physical phase space, and are defined by the inequalities

1—2?2—4?>>0 and > —kz >0, (4.74)

or 1—2?2—¢y*<0 and ¢?—Fkz<O0. (4.75)

One of these regions is bounded (it lies within the unit semi-circle), while the other is unbounded.

These two regions meet at the point of intersection between the circle and the parabola, given by

<; (\/k2+4—k),\/];(\/k2+4—k)> for k>0, (4.76)

(; (M+k)\/§ (\/MH:)) for k < 0. (4.77)

It is easy to check that if we take the limit as x and y approach this intersection point of the
expression in Eq. (4.73), we get a strictly positive value. Hence, the intersection point also lies in
the physical phase space, and, in principle, trajectories may pass from one region into the other.
The geometry of the physical phase space is illustrated in subsequent figures; for example, Fig. 4.10.

The dynamical system in its full generality reads

,_ 20 (VA —3(w+ D) — 6(w — D)z (22 — 1) y* + kA + kB (4.78)
Tr = ’ .
Ayt — Skxy? + k2 (25@2 + @2+ 1)yt - 2y2)

137



where

A=3y4(4w—\/6)\(x2+1)x+6x2+2)+(m2—1)y2 (m2 (310—2\/6)@—3)—1—9?1}—!—3)

— (yG (3w +V6A\z + 3)) ,
B =z (-3(w+ 1)z* — 6(w + 2)2y* — 3(w — 1)y*
+3 (w22 + 1) + Vohz (¢ + (22 +3) 52 1)),
and

) = —4y (3w (m2 +y? - 1) — 322 + V6Ax + 3% — 3) +kC + k*D
2 (4y4 — 8kxy? + k2 (2x2y2 + (2241 +yt - 2y2>) 7

where
C =2y* (6(w — 1)2® + 6(w + 3)z (y* — 1)
~2VBArt — 3VBAa? (12 — 2) — VA (12 - 1)),
D=y (—6wx4 — 12(w + 2)z? (y2 — 1) — 6wy? (y2 — 2) — 6w

+VBAT (32% + 22 (4%~ 6) +y* — 1))

(4.79)

(4.80)

(4.81)

(4.82)

(4.83)

Let us remark that isolating the terms in powers of k allows us to consider the limit k — 0 easily,

where these equations reduce to those of [54]. These equations are quite cumbersome to deal with,

and, in particular, finding the fixed points and their respective eigenvalues is quite a difficult task

analytically since it involves very long expressions. However, there are some simple ones to find,

which we outline in Table 4.4 below, and we remark that these do not constitute the full analysis

of the model. In the next sections, we will provide a complete analysis for w = 0.

Table 4.4: Some of the critical points for the non-constant interaction model, assuming A > 0.

Point Coordinates (z,y) Eigenvalues
Point O (0,0) —3w, 3(14+w)
3
Point A_ (~1,0) —3(1+w) —V6\, 3+ \/;A
X 3
Point A4 (1,0) —3(1+w)+V6r, 3— \g,\
A V6 — A2 1
Point B =, —(A?-6), N -301+w)
V6 V6 2

Point C

V3 0 9w+ 1)2(w+3) —6X2Bw+1)  9I(w+1)3 —6A2(w+1)
V2(1 + w)\’ 422 + 6(w + 1)2 ’ 222 4 3(w + 1)2
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4.5.2 The matter-dominated case

Since the non-constant coupling leads to a considerably more complicated dynamical system, we

restrict our study to the matter dominated case w = 0. The dynamical equation for x is given by

, 2y* (32% =3z (2 + 1) + VEAy?) —k A+ k2B (4.84)
i , .
4yt — 8kxy? + k2 <m4 +222 (Y2 + 1)+ (v — 1)2)

where the functions A and B are defined by

A =2 (22 = 1)(z2(2V6Ax + 3) — 3) + 3y (VoA (2 + ) — 622 — 2) + y°(V6Az +3),  (4.85)

B = x[\/é)\m(x‘l + (2* +3)y* — 1) — 3(z* + 42°y* —y*) — 6y° + 3] . (4.86)

Similarly, the y equation reads

, —4y®(—322 + 6 x +3y? —3) —kC+ k>D
y = , (4.87)
2 <4y4 — 8kay? + k? (a:4 +222 (y2 + 1) + (y* - 1)2))
where
C=2y" (2\/6)\x4 +62% + 3v6A2? (y? — 2) — 18z (y* — 1) + VBAy? (y* — 1)) , (4.88)
D = ay (VA (32% + 22 (4% = 6) +y* — 1) — 242 (4* — 1)) . (4.89)

Here a prime denotes a derivative with respect to the logarithm of the scale factor log(a).

We remark that the acceleration equation, which follows from Eq. (4.32) and Eq. (4.34), is

H 6yt (—a?+y* — 1) +kE+ KT (4.90)
H? o gya — 8hay? 4 k2 <x4 +222 (y2 + 1) + (y* - 1)2) '
where the functions £ and F are given by
¢ 2,2
E= % + 4V6 2%y, (4.91)
F=a(120(y® 1) - VoA (a2 437 — 1) (202 + 7)) . (4.92)

4.5.2.1  Crritical points and stability

To find the critical points, we need to solve the equations ' = 0 and y’ = 0 simultaneously, which
is a non-trivial task since both numerators are polynomials of degree seven, giving up to 49 roots.
Many of those will lie outside the physical phase space, while others will come in complex conjugate
pairs which also have no physical significance. At this point, it is not clear how many physical
critical points this system will have for arbitrary A and k, and, hence, one has to investigate the
system carefully to extract them.

One way to find the critical points is to draw inspiration from the previous model. For example,
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setting y = 0 in Eq. (4.87) leads to y' = 0, while setting y = 0 in Eq. (4.84) means that 2/ = 0

simplifies to

T (m2 — 1) (\/6/\1‘ — 3)
1422

=0. (4.93)

This yields the first set of critical points (—1,0), (0,0), (1,0), and (1/3/2 /A, 0).
Secondly, we investigate critical points on the unit circle. By substituting x = cosf and

y =siné into Eq. (4.84) and Eq. (4.87), at a critical point we obtain

1
3 (\/6)\ — 6 cos 9) sin?0 =0, (4.94)

(\/@\ — 6 cos 9) sinfcosf =0. (4.95)

N —

This gives another critical point at (A\/v/6, /1 — A\2/6).
Lastly, one can verify that setting zo = /3 / (v/2)\) in the dynamical equations gives four

additional solutions, other than yy, = 0, which are

_ 6+v6kX 1
(12 =~ =t W\/% + 2k (3k>\ +2V6 (422 — 15)) . (4.96)

We are not able to find other critical points in the physical phase space, either analytically or
numerically. The critical points discussed above are summarised in Table 4.5, together with the
corresponding values of the effective equation of state parameter and of the deceleration parameter.
Note that there will be parameter regions where the critical points with y-coordinate 74, called

Point D_ and Point D, may not exist or where only one of these exits, see Fig. 4.9.

Table 4.5: Critical points of the dynamical system given in Eqgs. (4.84) and (4.87), for which an
explicit expression could be found.

Point Coordinates (z,y) w q Existence
Point O (0,0) -1 -1 for all A\, k
Point A_ (—1,0) 1 2 for all A\, k
Point A4 (1,0) 1 2 for all A, k
Point B (A/\/é,\/l—AQ/G) —1+2/3 —1+22/2 A< V6
Point C (\/5/(\@/\),0) —1+12/(3+2X2) —1+18/(3+2)2?) A#0
Point D (\/5/(\/5)\), ﬂ+> 0 1/2 see Fig. 4.9
Point D_ (\/3/(\/5,\),y_) 0 1/2 see Fig. 4.9

The stability properties of the critical points Point O, Point A_, Point A, Point B, and Point
C are straightforward to investigate and are collected in Table 4.6.
However, for Point D_ and Point D, the closed form expressions for the eigenvalues are very

long and do not offer physical insight. However, when presenting specific cases, we give numerical
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Fig. 4.9: Existence of Point D, and Point D_: Point D exists in the whole shaded region; Point

D_ exists only in the dark grey region.

Table 4.6: Stability properties of the critical points for the non-constant interaction model, assum-

ing A > 0.
Point Eigenvalues Classification
Point O 3, 0 unstable
3

Point A_ —V6X — 3, \/;)\ +3 saddle point (A > 0)
unstable node if \/3/2 < A < V6

Point A4 3— \/3\, V6A -3 /

2 saddle if A < 1/3/2 or A > V6
stable if A < /3
1

Point B 5()\276), A -3 saddle if V3 < A < V6
unstable if A > /6
unstable if X < 1/3/2

. 18 3 18 )
Point C 3 2 2)\2+3—3 saddle if \/3/2 < A < 3/V/2

stable if A > 3//2

values for the eigenvalues and discuss the various critical points in more detail.

From Table 4.5, we observe that Point C has an effective equation of state parameter w < —1/3

if A < 4/15/2, and it is not located on the boundary of the phase space. For such a choice of A, we

note 1/15/2 > 3/ v/2, which means that this point will be an attractor of the dynamical system. In

turn, such a model will naturally give rise to a period of late-time accelerated expansion. Moreover,

since 1/15/2 > \/67 Point B does not exist in this case.
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The point where the two parts of the physical phase space meet (recall Egs. (4.76) and (4.77))
is not, in general, a critical point. It is, however, a removable singularity for the dynamical system
given in Eqgs. (4.84) and (4.87), since both the denominators and numerators vanish, but in the
limit, ' and y’ have finite values. This point is mathematically interesting as it is a point in
the phase space where trajectories can cross, in fact multiple trajectories accumulate at this point
because the assumptions of the Picard—Lindel6f theorem for existence and uniqueness of solutions
do not hold; see discussion in Section 1.3. Physically, it is always a point of accelerated expansion

since ¢ = —1) and it is dark energy-dominated (since w = —1); hence, it is a de Sitter point.
g

4.5.2.2  Phase space diagrams and physical interpretation.

Different choices of A and k result in rather different cosmological models, since the number of
critical points and their location vary significantly. Below we consider several cases which illustrate
the diversity of the dynamical behaviour exhibited by the model. We select values of A\ and k
systematically, but do not necessarily include every possible scenario which could arise in these

models.

2.0r

1.5-

1.0¢

0.5+

0.0;

~1.0 ~05 0.0 05 1.0 15

Fig. 4.10: The parameter values are A = 3/2 and k = 8. The eigenvalues corresponding to Point
D, are —0.75 £ 1.3713i and the eigenvalues corresponding to Point D_ are —2.1570 and 0.6570.
The shaded area represents the part of the phase space where there is accelerated expansion.
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Case (i). We begin with A = 3/2 and k = 8, as shown in Fig. 4.10. In this case, Point C
does not exist, however, the other six critical points do exist. The phase space contains a region
of accelerated expansion and we note that only Point O is in this region. Point O is an early-
time attractor of the phase space, hence, this point could correspond to an early-time universe
undergoing accelerated expansion. The other early-time attractor is Point A4 which has an effective
equation of state parameter w = 1, and corresponds to the scalar field’s kinetic energy being
dominant. Trajectories starting at O will eventually reach the stable point, Point B, where the
effective equation of state parameter is w = —1/4. We note that this is negative but not less
than —1/3, and therefore, not accelerating. Depending on the initial conditions chosen, some
trajectories will approach Point D_ with w = 0, which is matter dominated. On the other hand,
trajectories starting in the proximity of Point A, will either also terminate at Point B, or reach
Point D, . This latter point is a stable spiral with w = 0, and hence corresponds to a matter
dominated universe. It is interesting to note that trajectories in this case can briefly go through
a region of accelerated expansion before reaching Point D, . While these parameter values yield
an interesting phase space with a rich structure, this specific model has limited applicability for
modern cosmology, since the stable fixed points do not lie within the accelerated region of the

phase space.

Case (ii). Next, we consider the case A = V3 and k = /8, see Fig. 4.11. In this particular
case, Point D_ coincides with Point B for all k. As in the previous case, Point C' does not exist
in the physical phase plane. Point O, as before, is an unstable node and acts as an early-time
attractor. Point A_ is a saddle and Point A, corresponds to the to other possible early-time
attractor. According to Table 4.6, we note that Point B has eigenvalues 0 and —3/2, which means
that we are dealing with a non-hyperbolic point. This point is a centre and one can verify that it is
unstable. While this can be shown rigorously, it essentially follows from the fact that trajectories
near Point B move towards the attractor, Point D, which is a stable spiral. It has eigenvalues
—3/4 4+ 1v/15/4. Similar to the previous case, Point O is an early-time attractor corresponding to
an early-time universe undergoing accelerated expansion. There is no late-time attractor within

the acceleration region.

Case (iii). We will briefly comment on the case where A\ = 3/v/2 and k = 2/v/3, shown in
Fig. 4.12. For this particular choice, Point C' and Point D_ do not exist, while Point D, is
located at the intersection of the two regions of the phase space. This case is mathematically
quite interesting, however, less so from a physical point of view. Of mathematical interest are the

following facts: Point D is a point of discontinuity of the system. The stability matrix is singular
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Fig. 4.11: The parameter values are A = v/3 and k = /8. Point B is an unstable centre and Point
D, is a stable spiral. The shaded region represents the part where the phase space is accelerating.

at this point, meaning that linear stability theory cannot be used. We will not discuss this case

further since it does not represent a physically meaningful scenario.

Case (iv). Next, we consider the case A = k = 1, which turns out to be physically interesting
as a cosmological model, see Fig. 4.13. There are two unstable nodes, Point O and Point C,
which act as early-time attractors. As in the previous cases, Point O corresponds to an early-time
universe undergoing accelerated expansion. Trajectories starting near Point O will eventually leave
the acceleration region and be partially attracted to the saddle, Point A_, after which they will
reach the late-time attractor, the stable node at Point B. This point is also in the accelerated
region, which means that this model not only allows for early-time acceleration (inflation) but
also for late-time accelerated expansion. The effective equation of state parameter at Point B is
w = —2/3, as can be seen from Table 4.5. All trajectories starting out in the right part of the
phase space will also be attracted to Point B, making this the global attractor of the system. We

remark that, in this sense, the dynamical behaviour is similar to that shown in Fig. 4.5.
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Fig. 4.12: The parameter values are A = 3/v/2 and k = 2/v/3. The shaded region represents the
part where the phase space is accelerating.

1.5¢

Fig. 4.13: The parameter values are A = 1 and k = 1. The shaded region represents the part where
the phase space is accelerating.

Case (v). We now present the case A = 1 and k = 20, see Fig. 4.14. Here all the fixed points we
found analytically exist within the physical phase space. This model not only has a rich dynamical

structure, but is also of physical relevance. We have two early-time attractors, Point O in the
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acceleration region, similar to the previous models, and Point C'. Notice that Point C always
satisfies w > 1, and so is not of physical interest. We are therefore most interested in trajectories
starting near Point O. These will initially move towards Point A_, before leaving the left part of
the phase space. By doing so, they will enter the acceleration region and move towards Point B
where w = —2/3. Other than the various complications introduced by the other critical points,
and the more complicated phase space structure, the physical situation is again somewhat similar
to those shown in Fig. 4.5 and Fig. 4.13. Let us also mention that Point D, represents scaling
solutions as the effective equation of state parameter is zero, and the universe evolves as if it were

only matter dominated while also containing the scalar field.

35
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Fig. 4.14: The parameter values are A = 1 and k£ = 20. The eigenvalues corresponding to Point
D, are —0.75 £ 1.1119i and the eigenvalues corresponding to Point D_ are —2.3406 and 0.8406.
The shaded area represents the part of the phase space where there is accelerated expansion.
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Case (vi). To complete this section, we consider a case where the sign of the coupling is negative.
We set k = —1/4 < 0 and X\ = v/5, and the phase plane is shown in Fig. 4.15. This model displays
significantly different features than the cases where the coupling is positive. Point O can still
be seen as an early-time attractor in the acceleration region. Depending on the chosen initial
condition, trajectories will either terminate at Point D or Point C. Such trajectories can come
close to the saddle Point D_, where w = 1/2. However, the effective equation of state parameter
is also quite large at the other two points, meaning that one cannot have a model with a late-time
behaviour close to a matter dominated universe. None of the late-time attractors appear in the
acceleration region. While this model displays many interesting mathematical features, it appears

to be of more limited physical relevance.

1.5¢ ]

Fig. 4.15: The parameter values are A\ = v/5 and k = —1/4. The eigenvalues corresponding to
Point D are —0.7540.3654i and to Point D_ are —1.6598 and 0.1598. The shaded area represents
the part of the phase space where there is accelerated expansion.

4.6 Quintessence with exponential potential in (x, o)-coordinates

The model we will present in Section 4.7 is more simply investigated if we eliminate the variable
y, and hence study it in the (z,0)-plane. In order to have a baseline model with which we can
compare our results, we now look at the quintessence model with exponential potential studied
in [54], and summarised in Section 2.10, but solve the Friedmann constraint for y, as opposed to
o. We remark that, in Section 2.10, the dynamical variable o2 is denoted by Q2. Here we use the

variables we defined in Eq. (4.36) and, therefore, Eq. (2.141) reads
1=a?+9y* +0°. (4.97)
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Since, in the case of an exponential potential, we have that V' > 0, the constraint yields
1>1-22—0?=9y*>0, (4.98)
whence we can deduce that the physical phase space is contained in the unit circle
0<2®+02<1. (4.99)

Furthermore, since p > 0, that is, ¢ > 0, we can restrict our analysis to the upper half disc. Solving

for y yields the following dynamical equations for z’ and o’

= gx (0% (w+1) + 22 — 2) — \/g)\ (02 +2* - 1), (4.100)
o = ga ((6® = 1) (w+1) +22%). (4.101)

We recall that the prime denotes differentiation with respect to log(a). We also note that the
system is invariant under the transformation ¢ +— —o. The properties of the dynamical system

depend on the values of the constants A and w. The acceleration equation in terms of z and o

reads
% = —g ((w+ 1)a? + 22?) (4.102)
and the deceleration parameter q reads
q:—l—% = %(w+1)02—|—3x2—1. (4.103)

From Eq. (4.102), one can find a at any fixed point (z*,0*) of the phase space, that is,
0 o (t — to)2/ (a8 30+ w)ad). (4.104)
By noticing that we can define the effective (or total) energy density and pressure of the system as
p=p+3id*+V, (4.105)
p=p+ 14—V, (4.106)

and hence, an effective equation of state parameter, w, in terms of the dimensionless variables and

using the acceleration equation, Eq. (4.102),

w=%: —1+ 222 + (1 + w)od. (4.107)
This allows us to re-write Eq. (4.104) as
0 o (¢ — to)?/ A+ (4.108)

The critical points of the dynamical system, Egs. (4.100) and (4.101), are given in Table 4.7. We
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Table 4.7: Critical points for Egs. (4.100) and (4.101).

Point Coordinates (z,0) Existence w q
Point A_ (-1,0) for all A\, w 1 2
Point A4 (1,0) for all A\, w 1 2

3 1 VA2 —-3w -3 1
Point B <\/;w;r , Aw ) A2 > 3(1 + w) w 53w+ 1)

A2 A2
Point C ()\/\/6, 0) for all A\, w 5 1 o 1
1

Point D (0,1) for all w w 5(311} +1)

notice the following features. At Point A, and Point A_, the universe is dominated by the scalar
field kinetic energy (i.e. 72 = 1). The effective equation of state is that of a stiff fluid (i.e. w = 1)
and there is no acceleration as we can see from the value of the deceleration parameter, that is,
g = 2. Moreover, as we can see from Eq. (4.108), the universe expands according to a t1/3. The
existence of these fixed points is always guaranteed for all values of A and w. Point B represents the
scaling solution, where the effective equation of state reduces to the matter component equation
of state. For physical values of w, we have ¢ < 0, which means that there is acceleration only
when —1 < w < —1/3; otherwise, there is no acceleration. Point C. The universe is completely
dominated by the scalar field. However, unlike the case of (z,y)-coordinates, this point does not
always lie within the unit circle, but only when A < /6. We also notice that the effective equation
of state parameter implies an accelerating universe for A2 < 2, that is, a power-law inflationary
expansion (¢ > 0). When A — 0, we restore a de Sitter expansion solution dominated by a
cosmological constant. Point D. This point behaves like the origin in the (z,y)-coordinates, and
correspond to a matter dominated universe as o2 = 1. Its existence is guaranteed for all values of
A and w. Here, the effective equation of state parameter reduces to the matter equation of state
parameter, and the universe expansion is dominated by the matter component (as opposed to the
scalar field component). Similarly to Point B, there is acceleration only when —1 < w < —1/3.

We outline the stability analysis in Table 4.8.

We now consider how the different values of the parameters A and o yield different dynamics.
In particular, for A > 0, we can identify the following five regions in the (w, A)-plane, as shown in
Figure 4.16.

We briefly comment on the dynamics for each region as well as its cosmological implications.

Region I. In this region, all fixed points exist except Point B. In particular, we have that Point
A_ and Point A are both unstable, Point D is a saddle, and Point C is the attractor (stable
node), which lies in the region of accelerated expansion. This is illustrated, for the case w = 0

(matter-domination), in Fig. 4.17.
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Table 4.8: Stability of the critical points for system given in Egs. (4.100) and (4.101).
Here 6 = /(w — 1) [(9w + T)A2 — 24(w + 1)2].

Point Eigenvalues Classification

unstable if A > —v/6

Point A_ “3w—1), 646\
2! : saddle if A < —/6
unstable if A < /6
Point A —3w—1), 6—+6A <
’ 2 ) saddle if A > V6
2
stable node if 3(1 +w) < A2 < 24(w+1)?
Point B % [Mw — 1) + 6] ( ) T
stable spiral if A2 > %

stable if A2 < 3(1 +w)

Point C ;(A-6), 3(\?-3w-3
2 ( ) 2 ( ) saddle if 3(1 +w) < A2 < 6

Point D %(wfl)7 3(w+1) saddle

47\

3 Vv v ]
A2

i

1"
01,'"“““““““““_
-1.0 -0.5 0.0 0.5 1.0

w

Fig. 4.16: Existence and stability regions in (w,\)-plane. The plotted curves follow from the
stability criteria shown in Table 4.8.

Region IT and Region ITI. Here all fixed points exist. Point A, and Point A_ are both
unstable, Point C' and Point D are both saddle points. In Region II, Point B is a stable node,
whereas, in Region III, Point B is a stable spiral. Hence, the main difference with Region I is that
Point B is now the late-time attractor, but it lies outside the region of accelerated expansion. This
means that Point B does not describe an inflationary solution. This is illustrated in Fig. 4.18,

where we set, for the sake of example, w = 0 and A = 2 (Region III).

Region IV and Region V. In this region, there are only four fixed points within the physical
phase space. Point C exists but does not lie within it. More specifically, Point A_ is unstable,
Point A, is a saddle, and Point D is a saddle. In Region IV, Point B is a stable spiral, whilst, in
Region V, Point B is a stable node. Let us remark, however, that Region V is not wholly physically
relevant as it emerges for negative values of w, close to w = —1. We show an example of Region

IV in Fig. 4.19, where we fixed w = 0 and A = 3.

150



Fig. 4.17: Phase space with w = 0 and A = 1. The shaded region represents the part where the
phase space is accelerating.

Fig. 4.18: Phase space with w = 0 and A = 2. The shaded region represents the part where the
phase space is accelerating.

As we can notice, the dynamics in the (z,0)-coordinates is similar to that in the (x,y)-plane
provided in [54]. Both encapsulate the same type of dynamics from a slightly different perspective.
We are now ready to use this approach to study another example of a non-constant interaction
model. As we shall see, solving the Friedmann constraint for y yields a simpler system of differential

equations to study.
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Fig. 4.19: Phase space with w = 0 and A = 3. The shaded region represents the part where the
phase space is accelerating.

4.7 Non-constant interaction model a = —2

Consider the interaction term introduced in Eq. (4.70) and set @ = —2; then Eq. (4.71) reads

2

1—x2—y2—02+kx%:0 — 2 (1—a® =y — o) + kay® = 0, (4.109)
— o’ (1-2*-0*)+y’ (kz—0°) =0 (4.110)
2 2 2
5 O (1—3: —U)
<— = 4.111
y PR (4.111)

which indicates one may eliminate y from the equations to keep the dynamical system two-

dimensional. Moreover, since our potential is positive definite, y > 0, and y? > 0. Hence,

o2 (1 —x? —02)

0?2 — kx

>0. (4.112)

In the same way as we had for Eq. (4.73), this yields a physical phase space bounded by a line, a

circle, and a parabola, consisting of a bounded and an unbounded region given by

1—-22-02>0 and o%2—kz>0, (4.113)

or 1—22~02<0 and o?>—kzr<0, (4.114)

together with a single point where these meet, with (x, ) coordinates

(; (\/k2+4—k),\/§(\/k2+4—k)> for k>0, (4.115)

<_; <\/M+k>7\/—]; (\/erk)) for k < 0. (4.116)
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Again, trajectories may traverse this point to pass from one part of the region to the other.

For o = —2, the dynamical system then reads

, 20" (3x (2 (w+1) +22° —2) — VBA (0® + 27 — 1)) + kA+ KB (4.117)
x = ’ '
40 — 8ko2x + k2 (04 =202 +20%0% + (22 + 1)2)

where A and B are given by

A=g" (3w + VBT + 3) + ot (x2 (—gw +4V6Ax + 9) ~ 303w+ 5))

+0% (22 1) (2 (VBA (322 + 1) — 62) = 6(w +2)), (4.118)
B=xz (60" -3 (0> +w+1)+3w+1)a*+30° (Bw+ 1)a® + w)

VoA (01 = 202 — 2t + 1)), (4.119)

and

, 120° ((02 — 1) (w + 1) + 22?) 4+ kC + k*D
o = : (4.120)
2 (404 — 8ko2a + k2 (04 — 202 + 20222 + (22 + 1)2))

where C and D are given by

C =20° (\/6)\ (02 — 1)2 —12 (02 — 1) wz + 3v6Az?
120" + 4VBA (0% — 1) 2?), (4.121)
D=0 (3w+3) (02~ 1)" +2*) +6 (>~ 1) (Bw+1)a?
~4VBA (2 + (02 = 1) a%)) . (4.122)
Similarly to the case @ = 2, the equations of the dynamical system for arbitrary w are quite

lengthy and hard to manage analytically, and they also have the property that, as k — 0, we

retrieve the model studied in [54], but in (z, 0)-coordinates, as illustrated in Section 4.6.

4.7.1 The matter-dominated case

To make more concrete statements about this model, let us consider when we fix w to zero, that

is, in the case of matter-dominated universe. In this case, Eqs. (4.117) and (4.120) become

, 20% (2% — 1) (6 — V6A) + 205 (3z — VOA) + kA + k2B
xr =

4ot — 8ko2z + k2 ((02 —1)? 42t +2(02 +1) 332) (1125)
where
A=?((a* = 1) (v (VBA (322 + 1) - 62) —12)
to? (x2 (4\/6Ax n 9) _ 15) + ot (\/éAx n 3)) : (4.124)
B=a (60" —30% — VA" + 32 + 30202 + VoA (02— 1) @ — 3) | (4.125)
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and

120° (02 + 222 — 1) + kC + k*D
o = o’ (0" + 227~ 1) (4.126)
2 (404 — 8ko2a + k2 ((02 —1)? a2t 2(02 +1) x?))

where

¢ =20° (VoA (02 = 1) 4+ 3V6az* — 1207 + 4V6 (02 — 1) 2?), (4.127)

D=0 (9(0* = 1)" ~4V6As® + 92* — 4VBA (0% — 1) 2”46 (02 — 1) 2?) | (4.128)

respectively. The acceleration equation is given by

H —6 (0% 4 20*2%) + kE + K> F
= (00 +20%0%) + ke + , (4.129)
H? g5t Sko2p + k2 ((a2 —1)? 4t 4 2(02+ 1) x2)

where

E=0o? (—\/é)\ (02 — 1)2 —3vV6azt + 1223 — 4V/6) (02 — 1) 2+ 123:) = —% + 12202,

(4.130)

F=2(-30"+0*(«* (VA2 —3) +6) +2" (VoA (>~ 1) = 32) — 3); (4.131)
whereas, the effective equation of state parameter w is given by

o k*(D/o) + k(C/o) + 120* (02 + 222 — 1) (4.132)

1204 — 24ko2z + 3k2 (04 +202 (22 — 1) + (22 + 1)2) 7

which as £ — 0 matches Eq. (4.107).

To determine the fixed points of the system, we follow a similar procedure to the case a = 2.
This yields the critical points in Table 4.9 and their stability in Table 4.10, which present the
following properties. We first notice that Point O does not feature in the analysis presented in
Section 4.6. The value of the deceleration parameter ¢ at this point implies a universe where the
expansion is decelerating very rapidly. As we shall see, if one demands that w € (—1, 1], then this
point always lies outside the physically relevant phase space. Point A_ and Point A, are again
the scalar field kinetic energy dominated solutions, which exist for all values of A and k. At these
points the effective equation of state parameter w = 1, which means the universe behaves like stiff
matter, and we also note that there is no acceleration. For Point B to represent an inflationary
solution, one requires ¢ < 0, which implies 0 < A < \/S/TO Morever, the value of the effective
equation of state parameter w at this point is bounded between —1 and 1 only when 0 < A < /3/2.

Point C'; exists when
L <A<V3 and k>0
E— 11
7 <
or A>3 and 2V6X% —2v30V/2X2 — 1+ 9M\k+4v6 > 0.

154



It represents a scaling solution since the effective equation of state matches the matter equation
of state, w = w = 0. As we can see from the deceleration parameter, at this point, there cannot
be accelerated expansion. Note that when A\ = 1/ V2, Point C' degenerates into Point B since G

vanishes. Point C_ exists when

2V/6032 =30 2 (V6X\* +2V6)

A>3 and o o

<k<0 (4.133)

and is always a saddle point. Point D corresponds to a matter dominated universe 02 = 1 and is a
critical point for all values of A and k. It is always a saddle and, as previously noted in Section 4.6,
it behaves like Point O in (x,y)-coordinates. At this point, there is no presence of the scalar field
as both its kinetic and potential energies vanish. Moreover, this points lies at the intersection of
the two regions of the phase space for k = \/%)\ — %ﬁ, or, equivalently, A = %\/g (k + \/m)

Point F exists only when £ < 0 and A > 0, and is a stable node.

Table 4.9: Critical points for Eqgs. (4.123) and (4.126). The existence conditions indicate the
conditions for each critical point to exist within the physical phase space.

\/4>\2 — 3VBkA — 12+ /54K2X2 + 16 (A — 3)° + 24v/6k (A2 +2) A

Here 04 =

2v/2\
Point Coordinates (z, o) Existence w q
Point O (0,0) for all \, k 5
Point A_ (-1,0) for all A, k 1 2
Point A4 (1,0) for all A, k 1 2

for k>0,0< X< 4/3/2 1 1
Point B \/gl, 0 / 3 - 2 5— 8

2 for k <0, A>+/3/2 2)2 4+ 3 2X2 43

31
Point Cy <\/;)\,&\+> see Fig. 4.20 0 1/2
. 31 ‘
Point C_ (\/g)\, (7) see Fig. 4.20 0 1/2

Point D (0,1) for all A, k 0 1/2

1 3 k
Point E f§\/§f, _3. 3k for k<0,A>0 0 1/2
2V 2 2V 2A

Before moving on to the analysis of the critical points, let us remark that, similarly to the case
discussed in Section 4.5, the point in the physical phase space connecting the two main regions
(recall Eqgs. (4.115) and (4.116)) is a removable singularity for the dynamical system given in
Eqgs. (4.117) and (4.120). It is not possible to assign a single value of ¢ or w to the system at
this point, because ¢ and w do not have well-defined limits as x and o approach the intersection.
Nevertheless, along any given trajectory through this point, the limit of ¢ or w does exist; in

particular, a trajectory in the physical phase space for which —1 < w < 1 holds, and which
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Table 4.10: Stability of the critical points for system given in Eqgs. (4.123) and (4.126). Here A is
assumed to be nonnegative. For properties of Point C, see Fig. 4.20.

Point Eigenvalues Classification
Point O 9/2, -3 saddle
Point A_ 3/2, 346X unstable node

unstable if 0 < A < 4/3/2
saddle if X > 1/3/2
stable node if 0 < A < 1/+/2

Point B 3— g5s, § — 5oy saddleif 1/v2 <X < /372
unstable node if A > 1/3/2

Point A 3/2, 3—+6A

Point D 3, —3/2 saddle

Point E —-15/2, -9 stable node

5,‘ ]
4 .
3 ]
A = C, stable node
C, stable spiral
20 A=+3 ]
R ] - - < = - == === == ===c=o=os oo} | = C, stable spiral and C_ saddle
1 A~0.77 1
=Nz
07\ | | L | | ]
-4 -2 0 2 4

Fig. 4.20: The shaded regions are those where Point C, exists within the physical phase space.
For values of k£ and A within the dark gray region, Point C, is a stable node; for values of k and
A within the light gray region, Point C is a stable spiral. Point C_ exists in the physical phase
space only for values of k and A within the black region and is a saddle point whereas Point C, is
a stable spiral.

traverses the intersection point, will have —1 < w < 1 at the intersection point too.

4.7.2 Phase space diagrams and physical interpretation

For varying values of A and k, we obtain different models, as shown in Fig. 4.21. Here we present

some of the different cases and illustrate their cosmological meaning.
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5r :
4 J k=0
I ] T ()2
ol Vi | | ko = 2v2 (V5v2A (A +2))7 A>3
] 1 3v/3\
Al ] -
2 S i
[ : A= 2
i il 1 M(E) € [0.771,0.774), k > 0
Vv P I 1
oo i N g
4 -2 0 2 4

Fig. 4.21: Existence and stability regions in (k, A)-plane for w = 0. The plotted curves follow from
the stability criteria given in Table 4.10.

2.0

1.5

g1.0

0.0-

Fig. 4.22: The parameter values are A = v/2 and k = 2. Point C is a stable node. The shaded grey
region represents the part where —1 < w < 1. The hatched cyan region represents the part where
the phase space is accelerating.

Region I. In this region, there are five fixed points within the physical phase space, as constrained
by the Friedmann constraint. More specifically, we have Point O, which is a saddle; Point A_|
which is an unstable node; Point A, which is a saddle; Point C,, which is a stable spiral; and
Point D, which is a saddle. Firstly, let us note that the values taken by the effective equation

of state parameter w are not physical at all fixed points (e.g. at Point O, w = 3). Therefore,
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apart from the Friedmann constraint, a further restriction of w is needed to obtain the physical
phase space. As we shall see in specific examples, this condition limits the candidate trajectories
remarkably. As shown in Fig. 4.22, consider the case A = v/2 and k = 2. The trajectories on the
right-hand-side of the phase space cannot get too close to Point O. Therefore, a trajectory starting
at A_ would reach the saddle point, Point D, and traverse the phase space before being attracted
to Point Cy. For a trajectory to approach Point A, it would have to go through the region where
w < —1. We remark that Point C; is once again a scaling solution, but it is not inflationary. Since
this case presents only a source (stable node), there is only one possible evolution, unlike in the
case a = 2, where we had two possible alternatives depending on the side of the phase space from

which the trajectory begins.

Regions IT and ITI. In these regions, there are six fixed points within the physical phase space,
as constrained by the Friedmann constraint. In particular, Point O is a saddle; Point A_ is an
unstable node; Point A, is unstable; Point B is a saddle; Point C is a stable spiral in Region
IT and a stable node in Region III; and Point D is a saddle. The boundary between Region II
and Region III is approximately at A ~ 0.77. Whilst, from Fig. 4.21, the boundary may appear to
be a line, it is, in fact, a non-constant function A(k) for k > 0, which takes values in the interval
[0.771,0.774]. The value of A(k) may be described as the root of a certain polynomial over the
integers of degree 68 in A and 32 in k; however, there is no benefit to studying this explicitly.

We can, however, extract from this the limiting values as & — 07 and k¥ — oco. In particular, as

k=0t A= %\/3(259 — 5v/1057) = 0.773164, whereas as k — 0o, A — ~ 0.771517. As an

5
V42
example for Region II, consider Fig. 4.23 in which A = k = 1. A physically meaningful trajectory
then starts near Point A_ and gets closer to the saddle, Point D, but never close to Point O. Then,
it crosses to the left-hand side of the phase space, to the region of accelerated expansion, and spirals
into Point C'. In Fig. 4.23, we have plotted two numerical trajectories. The dashed blue trajectory
always stays within —1 < w < 1. However, the solid red trajectory, in the region of accelerated
expansion, leaves the region —1 < w < 1, landing in a region of phantom dark energy (w < —1,
in particular here w ~ —1.17). The evolution of z(¢) and o(t) along with physical parameters w
and ¢ for this trajectory is displayed in Fig. 4.24. As we can see from the values of ¢, this solution
features early-time inflation as well as late-time accelerated expansion. The effective equation of
state parameter crosses the phantom divide at the present, i.e. log(a) = 0; whereas, at late times,
the trajectory approaches the Point C, which is matter-dominated, as can also be seen from the
value of the equation of state parameter tending to zero. As one would expect, the longest time is

spent in the vicinity of the fixed points. On the other hand, a trajectory which starts at Point A

would then move towards the saddle point, Point B, and spiral into Point C, after a small phase
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of accelerated expansion. Point C is a scaling solution because the value of the effective equation

of state parameter at this point reduces to that of the matter component.

Region IV. In this region, we have only five fixed points. In particular, Point O is a saddle; Point
A_ is an unstable node; Point A, is unstable; Point B is a stable node; and Point D is a saddle.
As an example, consider A = \/m and k£ = 2, shown in Fig. 4.25. The limited physical phase
space does not allow for many possible trajectories, but only yields two possibilities: a trajectory
starting near Point A_ then moves towards the saddle, Point D, crosses the phase space to then
ends up at Point B, which lies in the region of accelerated expansion and, hence, represents an
inflationary solution; alternatively, there is a trivial universe evolution that starts in the vicinity
of Point A and ends at Point B. We remark that physically meaningful streamlines that give rise

to phantom dark energy are also possible for this model.

Regions V. In this region, we have only five fixed points. In particular, Point O is a saddle;
Point A_ is an unstable node; Point A, is unstable; Point D is a saddle; and Point E is a stable
node. This case is analogous to that discussed in Region I. A trajectory starting near Point A
would be attracted to the saddle, Point D, before entering on the other side of the phases space,
which in this case appears on the left-hand side, and would then be attracted to Point F, that is,
the scaling solution. We remark that, like for Region I, Point F is not an inflationary solution since
the region of accelerated expansion is for x < —2, which is not traversed by the physically relevant
trajectories, and hence does not feature elsewhere. This also means that this specific model is not

physically relevant.

Region VI and VII. In Region VI, we have six fixed points, whereas in Region VII we have
all the fixed points. In particular, the fixed points which are common to both regions are: Point
O which is a saddle; Point A_ which is an unstable node; Point A, which is a saddle; Point B
which is an unstable node; Point D which is a saddle; and Point F which is a stable node. In
Region VII, we also have Point C_, which is a saddle, and Point C'y is a stable spiral. Despite
the apparently rich dynamics given by the presence of all these fixed points, a closer look reveals
that, from a physical point of view, we obtain uninteresting behaviour. As an example, consider
the case A = 5 and k = —1, as shown in Fig. 4.26. Given the fact that we are interested in a
limited phase space (the shaded grey region), a potentially viable trajectory is one that starts near
Point A_, follows the boundary, and then ends at Point F. However, the initial conditions for
such trajectories would have to be very finely tuned since most trajectories that start very close to
the boundary, near Point A_, quickly move out of the physical region, as illustrated by the dashed

blue trajectory in Fig. 4.26.
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2.0-

Fig. 4.23: The parameter values are A = 1 and & = 1. Point B is a saddle and Point C' is a
stable spiral. The shaded grey region represents the part where —1 < w < 1. The hatched cyan
region represents the part where the phase space is accelerating. The dashed blue (initial condition
2(0) = —0.99 and 0(0) = 0.1399) and solid red (initial condition z(0) = —0.99 and ¢(0) = 0.033)

curves represent two numerical trajectories.

J

-5

log(a)

Fig. 4.24: Evolution of the solutions and physical parameters. The parameter values are A = 1
and k = 1. The initial conditions are z(0) = —0.99 and ¢(0) = 0.033), see solid red trajectory in
Fig. 4.23. The solid grey line represents when the trajectory traverses the intersection between the
two regions of the physical phase space; the dashed grey line represents the present time.
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Fig. 4.25: The parameter values are A = /1/5 and k = 2. Point B is a stable node. The shaded
grey region represents the part where —1 < w < 1. The hatched cyan region represents the part
where the phase space is accelerating.

2.0-

Fig. 4.26: The parameter values are A = 5 and kK = —1. The shaded grey region represents the
part where —1 < w < 1. The harched cyan region represents the part where the phase space is
accelerating. The dashed blue curve (initial condition 2(0) = —0.99 and ¢(0) = 0.0447102) is a
numerical trajectory.
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5

Discusston and outlook

In this thesis, we studied two main problems. In Chapter 3, we looked at particle’s motion for closed
FLRW universes. In general, the study of geodesics is central to cosmology, as all electromagnetic
signals travel along them as well as massive particles falling under gravity. Consequently, they are
important in the definition of cosmological distances and yield, for example, the distance-redshift
relations. We first obtained a formula for the azimuthal angle travelled by a photon within a cycle
of recollapse and expansion of a closed universe, Ap = 27 /(1 + 3w). Upon setting w = 0 (matter-
domination) and w = 1/3 (radiation-domination), we retrieved the well-known values of 27 and
7 respectively, which are discussed in cosmology textbooks. We then moved on to find a closed
formula for the azimuthal distance travelled by a massless or massive test particle, respectively,
in a closed universe during one cycle of expansion and re-collapse. While an FLRW model does
not allow closed universe solutions for a universe solely filled with a positive cosmological constant
A > 0, two-fluid cosmologies allow us to include A. This is, of course, possible as long as the positive
cosmological constant does not dominate over the second fluid in such a way as to render closed
universe solutions impossible. In our computations, we find that, as expected, Ay diverges when
we reach this limit. When considering a massless test particle moving in two-fluid cosmologies, we
find that the integrals determining Ay can be solved in terms of elementary functions only for a
universe filled with (a) dust and radiation or (b) radiation and stiff matter; all other cases lead to
elliptic integrals. Extending these results to a massive test particle in a one-fluid model, we find
that for dust and radiation the value of Ay is given in terms of the complete elliptic integral of the
first kind with the elliptic modulus depending on the energy density of the fluid and the angular
momentum of the particle.

In principle, this could be extended to other set-ups, e.g. to the motion of a massive test particle
in two-fluid cosmologies. As suggested by the general expression for Ay that we obtained, this
would likely involve hyperelliptic integrals or would require numerical tools. Another potential
avenue for exploration would be to see whether the geometrical optics approximation [129], which
assumes that electromagnetic waves propagating in a source-free region of spacetime are locally

plane-fronted and monochromatic, provides a good approximation to the motion of high frequency
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gravitational waves through the universe using our solutions for the null geodesics. In [79], the
geometrical optics approximation was recently used to describe gravitational waves produced by
some astrophysical sources (in the primordial universe) and propagating through a non-empty
universe.

In Chapter 4, we employed dynamical system techniques to study the background behaviour of
cosmological models. These techniques offer a systematic approach to understanding the underlying
dynamics, which allowed us to investigate the suitability of such models as realistic approximations
of the universe. Our analysis involved mapping the cosmological equations onto a phase space, a
step which relies heavily on the choice of suitable variables. This is rather non-trivial as various
different variables could be employed and there is no particular reason to prefer one set of variables
over any other. We therefore work with those variables which are known to be well suited for our
task, see the review [18].

One of the main motivations of this work was to study models derived from a variational princi-
ple, in particular, we used Brown’s approach for the formulation of the perfect fluid Langrangian for
the cosmological matter. This approach, previously used by [38, 39] to study interaction functions
of the form f(n,s,¢) and f(n,s, ¢)J"0,¢, allowed us to introduce new coupling terms, including
boundary term couplings, which have not been studied before in this context using fluids. Let us
remark that models presenting non-minimal couplings to boundary terms have been studied, for
example, in [19, 88, 105]; in particular, in [19, 105], a dynamical system analysis to teleparallel
quintessence with a non-minimal coupling to a boundary term was performed. In this thesis, we
have considered an algebraic vector coupling of the form f(n,s, ¢)B*J,, that is, coupling (ii) in
Section 4.2.5, and noted that, in cosmology, one obtains the highly restrictive condition that f is
proportional to n. Therefore, such a coupling does not yield interesting phenomena. We there-
fore focused on a derivative type coupling, f(n,s, ¢)B"0,¢, motivated by previous work [39]. To
gain an initial understanding of the resulting cosmological model, we began by studying the con-
stant interaction model. This displayed similar behaviour to the well-known exponential potential
quintessence model [54], where no interacting term is present. In fact, through a carefully chosen
change of variables, we were able to arrive at a phase space which mirrors the one studied by those
authors. These results demonstrate that our model can be seen as a natural extension of previous
work.

We then proceeded to consider an interaction of the form n®(1+®)/2y=/2  This choice was
motivated by the fact that couplings of this form will not increase the dimension of the phase
space: it will remain two-dimensional. The key advantage of this assumption is that one can
directly compare results with many previously studied models. In particular, we focused on the

matter dominated case, w = 0, and chose o« = 2. This choice leads to a rich dynamical structure
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with several distinct scenarios that can be of physical relevance. We were able to obtain solutions
with early-time inflationary attractors, as well as late-time acceleration. Our models also included
scaling solutions, which have received recent attention, see [55], as they may help to resolve the
Hubble tension, that is, the discrepancy between the value of the Hubble constant inferred from
measurements of the early universe and those derived from more recent observations [66, 171]. We
then looked at the case &« = —2. To be able to study this case, it was necessary to eliminate y
from the equation instead of the matter variable o. This prompted re-analysing the exponential
potential quintessence model [54] in these other variables so that we could obtain a benchmark for
our discussions.

Our approach to constructing coupled models lends itself to a significant amount of further
study. First of all, one can study the constant coupling model in the radiation dominated universe.
The results should, in principle, be qualitatively similar to the matter dominated case. One could
attempt to present a comprehensive study for all w, however, this would not be without challenge.
Regarding the non-constant coupling model we proposed, there are two obvious extensions to our
work, namely the cases a € {—1,1}. For integer values of «, the phase space will remain two-
dimensional. However, one encounters other challenges which can be seen in Eq. (4.71). For large
values of «, on the other hand, one is dealing with a polynomial of a high degree, which is difficult
to handle. In such cases, the best way forward would be to eliminate the variable z. This is
unusual, and has also not been considered in the past. On top of all of this, one could, of course,
drop the assumption of working with an exponential potential in favour of power-law potentials,
for example. Most of what has been done here would have to be re-investigated.

Moreover, our analysis can be repeated for the algebraic scalar coupling of the form f(n, s, ¢, B),
that is, coupling (i) in Section 4.2.5. For example, one could consider an algebraic cou-
pled model that leaves the equations of motion second-order in metric derivatives, and set
f(n,s,¢,B) = f(n,s,(b)B. For a constant function f, one would obtain the standard coupled
scalar field dynamics, due to the interaction term taking the form of a total derivative. Consider-
ing fcx F(ne(+w)/2y=a/2) with some function F which is at least twice continuously differen-
tiable, also allows one to close the system without increasing dimension. One may note that, upon
rescaling the constant factors, for a model in which F is logarithmic, we obtain a model which is
equivalent to the derivative coupling we considered in Section 4.5.

Lastly, we remark that other interesting models could include interaction functions which con-
tain an explicit dependence on G, or the Ricci scalar, or there could be higher order couplings
containing terms, for example, (B*J,)(B"0,¢). Couplings to the bulk term would provide a dif-
ferent set of models, due to the inherent differences between G and B; the theoretical implications

of including nonminimal couplings to non-covariant objects is also a potential avenue for explo-
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ration. The work in this thesis has been concerned with the background evolution of the universe,
for which the FLRW metric is a good approximation. To connect our results with key cosmological
observations (such as the CMB, structure formation, and other early-time probes), cosmological
perturbation theory is necessary. This is a non-trivial task, but the dynamical systems work pre-
sented provides a good foundation for understanding the background equations and identifying

viable models for future study.
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Appendix A

Proof of Proposition 1.8

The proof of Proposition 1.8 can be found in [139]. Here, we provide a pedagogical exposition
aimed at clarifying some key ideas which are stated without proof in [139]. To this end, we first

introduce the following lemmata.

Lemma A.1

Let u(z) be an algebraic function which has no zeros in C. Then, it is a union of non-zero

constant functions.

The following proof is based on a sketch of proof provided in [131, Section 8, Theorem 1].

Proof. Assume that u(z) satisfies P(u(z), z) = 0, where
P(w, z) = ap(z)w™ + -+ + ag(z) (A.1)

is an irreducible polynomial with a,(z) not the zero polynomial. Our aim is to show that, if u(z)
has no zeros in C, then each a;(z) is a constant. From this, it follows immediately that u(z) is a
union of constant functions, the roots of P(w) = a,w™ + - - - + ag.

Suppose that ao(z) has a root zg € C, then we have P(u(zp), z0) = 0, that is,
an(z0)u(z0)™ + -+ 4+ a1(z0)u(z0) =0, (A.2)

which has u(zp) = 0 as a solution, contradicting the assumption that « has no zeros. Hence, ag(2)
is a polynomial with no roots in C, so it must be a non-zero constant.

Now we will consider u(z) at z = 0o, and show that the assumption that this is non-zero implies
that the remaining a;’s are constant. Let d be the maximum degree of the a;’s, and assume, for a
contradiction, that d > 1. The condition that P(u(z),z) = 0 at z — 1/z yields, after multiplying

by 2%, the equation
2%, (1/2)u(1/2)" 4 -+ - 2% (1/2)u(1/2) + apz® = 0. (A.3)
Taking the limit as z — 0, at least one of the first n terms on the left-hand side of Eq. (A.3),
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i.e. any such term where deg(a;) = d, and the final term vanishes since d > 1. This equation has

u(o0) = 0 as a solution, a contradiction. Hence,

d = max deg(a;) =0, (A.4)

1<i<n

and these polynomials are all constant. O

Corollary A.2

Any non-constant algebraic function has at least one zero and one pole in C.

Proof. By Lemma A.1, every non-constant algebraic function has a zero in C. We will show that
an algebraic function has a zero if and only if it has a pole, from which the claim follows.

Fix an algebraic function u(z) which satisfies P(u(z), z) = 0, where
P(w, ) = an(2)u(z)" + -+ + ao(2) . (A.5)
Let v(2) = 1/u(z), then v(z) satisfies Q(v(2), z) = 0 where
Q(w, 2) = ag(2)v(2)" + -+ + an(2). (A.6)

Therefore, v(z) is algebraic and, hence, has a zero zg € C by Lemma A.1. This implies that u(z)

has a pole at zg. O

Lemma A.3

If u(z) is algebraic, then the residues of u'(z) are all zero.

Proof. Fix zy € C, then we can write u(z) near zp as a convergent power series on some neigh-

bourhood of z

oo

u(z) = Y ai(z—2)"™, (A7)

i=—p
(for a proof of this see e.g. [7, Chapter 8, Section 2.2]) for m € Z>¢ and and p € Z. We can write

—1

u(z) =Y ai(z—20)"" + a0+ ai(z —2)7™ (A.8)

i=—p =1

=P+ay+Q. (A9)

We can compute v’ by differentiating term by term. When we differentiate P(z) we get terms of
the form b(z — 2¢)" where 7 < —m~! — 1 < —1, so these terms do not contribute to the residue.
Similarly, differentiating Q(z) gives terms of the form b(z — 2)", where r > m~' —1 > —1. So,

again, () does not contribute to the residue. Differentiating ag gives zero, so overall, u(z) has no
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residue.

If zg = 0o, we can perform an almost identical calculation to arrive at the same conclusion. [

Lemma A.4

If u(z2) is algebraic, then u'/u has rational residue at all zy € ((A:, and if zg is a zero of u, then

the residue is non-zero.

Proof. Fix 2y € C and write u(z) near zy as a convergent power series on some neighbourhood of

20
u(z) = ai(z — 20)"'™, (A.10)
i=p
for m € Z>o and and p € Z. We can write
u(z) = (2= 20)"™ > aigp(z — 20)™ = ap(z — 20)P/™ (1 +0 ((z - Zo)l/m» ' (A-11)
i=0
Then,
u'(z) = ap]j(z — zg)P/m1 (1 +0 ((z - zo)l/m>> . (A.12)
q
So,
Wiz p 1 1/m
u(z)  mz-— 2 (1 +0 ((Z %) )) ' (A-13)

Hence, u'/u has residue p/m € Q\ {0}. On the other hand, if p =0,

u(z) = ap + ar(z — 2)/™ + O ((z - 20)2/7") : (A.14)
— W(2) = 2z — )" aa(z = 2) " (140 (2= 20)m) ). (A.15)
So,
/ o yi/mel \m
Z((Zz)) _ (2~ =) /a0+(21(/(21j§)$i) 20)"™)) (A.16)
= (2 — z) /M1 (nfj(lzo +0O ((z - zo)l/m)) . (A.17)
Hence, «/u has residue 0 € Q. O

We are now ready to prove Proposition 1.8.

Proposition ([139, §I1.12])

Let f(z) be an algebraic function and assume [ f(z)dz is elementary, but not algebraic. Then,

there is a point in C at which a branch of f has non-zero residue.
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Proof. By Liouville’s theorem, Theorem 1.6, we have

I= /f(z)dz =wup(2) + c1ln(u1(2)) + - - + ¢ In(u,(2)), (A.18)

where u;(z) algebraic, and non-constant for i > 0. Without loss of generality, we can assume r > 1,
since otherwise [ f(z)dz = ug(z) would be algebraic, contradicting the hypothesis. Note that it is

not possible, in general, to rewrite
e1In(u () + - + ¢ In(uy (2)) = In (u (=) (2)5 -, (2)2) (A.19)

since, unless all ¢;’s are in Q, neither u;(z)% nor the product of such terms will be algebraic.
Furthermore, we can assume that r is minimal; and this implies that the ¢;’s, which are complex
constants, are linearly independent over Q. That is because, if we could find ss,...,s, € Q such

that
1 = S2¢g + -+ + SpCp (A.20)
then we could rewrite Eq. (A.18) as

I = /f(z) dz =wug(2) + (s2ca + -+ + 8p¢) Inuy (2) + colnug(2) + -+ ¢ Inu,(2) (A.21)
= up(z) + ca In(u1(2)*2uz(z)) + ez In(ug (2)®uz(2)) + - - - + ¢ In(ur (2)°7ur(2)), (A.22)

which contains fewer logarithmic terms, contradicting the minimality of r.

Now, take, for instance, u;, which is a non-constant algebraic function. By Corollary A.2, u
has a zero at zg € C. If we assume, for now, that zg € C, then u}/u; will have a nonzero residue
at zp by Lemma A.4. Write each u}/u; as a (rational) Laurent series at zo and define ¢; € Q to be

the coefficient of (z — zp) in the expansion of u}/u;, and ¢; # 0. Considering the residue at zy of

/ li
II:U6+61%+"'+CT%, (A23)
1

Uy

and using the fact that the residue of uf is 0 (by Lemma A.3), we have
Res(I',20) =0+ c1q1 + -+ + ¢rqr # 0, (A.24)

since ¢; # 0 and the ¢;’s are linearly independent over Q. A similar argument can be made if u;

has a zero at zg = co. Either way, we have shown that f has a non-zero residue at some point in

C. O
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Appendix B

Christoffel symbols for FLRW metric

For the FLRW metric

2

1 — kr?

ds? = —dt? 4+ d2(t) ( + 77 (d6? + sin® 9d<,02)) :

the Christoffel symbols are

aa . .o

It = T2 Ity = aar?, I‘fw = aar?sin®0,
rro—rr, = rro— kT re = —r (1— kr?)

tr rt a’ rr 1— kr2’ 06 ’
7, = —r (1 - kr?)sin®0 9 =19, == rg =1

pp T r T)smeo, t0 — Ot_a’ 97‘_r7

. a

I, =—cosfsind, i, =To =", Lf, =Tg =,
% _p¢ :cosﬁ

O “0 " sind
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