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1 | INTRODUCTION

A typical decomposition problem asks if the edges of some graph can be partitioned into copies
of another graph. The origins of this area can be traced back to Euler who asked the following
question in 1782: for which n does the balanced complete 4-partite graph K, ,, , , decompose into
copies of the complete graph on four vertices (i.e. copies of K,)? Euler’s problem is customar-
ily phrased using the language of Latin squares and transversals, but the two formulations are
equivalent. In 1847, Kirkman studied decompositions of a complete graph into triangles (copies
of K3). Such decompositions are also referred to as Steiner triple systems. In 1882, Walecki stud-
ied decompositions of complete graphs into Hamilton paths and cycles. All of this work, and
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other early approaches to graph decomposition problems, used exclusively algebraic or construc-
tive techniques. In contrast, there have been many applications of the probabilistic method [2] to
graph decomposition problems in the last few decades, and several major problems have recently
been resolved. Highlights include, but are certainly not limited to, Keevash’s resolution [26] of the
Existence Conjecture for designs, which is a far reaching generalisation of the work of Kirkman
(see also [21]), and the proof for large n of Ringel’s conjecture [26, 32] which states that K,, .,
decomposes into copies of any n-edge tree. We refer the reader to [10, 22] for two recent surveys
of the area.

The common denominator in these recent advances is that they concern decompositions of
highly dense structures, such as complete graphs. There is also a large body of conjectures on
the decomposition of sparse graphs, where there has been much less progress as existing proof
techniques like those involving Szemerédi’s regularity lemma only apply to dense graphs. Perhaps,
the most famous conjecture about decomposing sparse graphs is the linear arboricity conjecture
of Akiyama, Exoo and Harary [1] from 1980, which says that every graph with maximum degree A
can be decomposed into [(A + 1)/2] path forests. The conjecture was resolved asymptotically by
Alon [3] who showed such a graph can be decomposed into (1 + 0(1))A/2 path forests. The error
term was later sharpened by Ferber, Fox and Jain [20] and the current best bound is due to Lang
and Postle [29] who proved that such a graph always has a decomposition into A/2 + 3\/Z log* A
path forests. For decompositions into paths rather than path forests, there is a conjecture of Gallai
which predicts that every connected n-vertex graph can be decomposed into at most (n + 1)/2
paths (see [30]). The best general result for this is that every such graph can be decomposed into
at most 2n/3 paths, proved in [14, 34]. What if we require all the paths to be of the same length
d? Here, some extra conditions are required on the host graph G, since at the very least we need
d to divide e(G). Botler, Mota, Oshiro and Wakabayashi [7] showed that such a P;-decomposition
exists if, furthermore, the graph is f(d)-edge-connected, for some function f, a result motivated
by a now-solved conjecture of Barat and Thomassen (see [4]). A natural way to ensure d divides
e(G) when d is odd is to require G to be d-regular. In 1957, Kotzig [28] proved that a 3-regular graph
has a P;-decomposition if and only if G has a perfect matching, and raised the following general
question for larger d.

Problem 1.1. When d is odd, which d-regular graphs can be decomposed into paths of length d?

In 1990, Bondy [5] proposed a further extension of this problem without the regularity assump-
tion. There are very few general results known about these problems. Some progress has been
made on a related problem of Favaron, Genest and Koudier [17], who conjectured that a d-regular
graph G (for odd d) decomposes into copies of P, if G contains a perfect matching. See [6, 8, 9] for
some partial progress on this conjecture concerning the cases when d is small, or when the host
graph G is assumed to have high girth.

As obtaining a precise decomposition appears to be so difficult, it is of independent interest
to show that the existing conjectures hold true approximately, in part as it may eventually be
used as a stepping stone towards a full resolution. For example, even the approximate version of
the Existence Conjecture for designs was a longstanding open problem of Erd4s and Hanani [16]
before it was resolved through the influential work of R6dl [33]. This approximate solution plays
a key component in the work of Keevash [26] resolving the full conjecture.

In this paper, we address a relaxed version of Kotzig’s problem by showing that almost all of
the edges of a d-regular graph can be decomposed into paths of length roughly d.
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Theorem 1.2. For every € > 0, there exists d, € N such that the following holds for alld > d,,. If G
is a d-regular n-vertex graph, then all but at most end edges of G can be decomposed into paths of
length [(1 —€)d].

Constructing large edge-disjoint path forests plays a large part in our methods. However, note
that Theorem 1.2 cannot be strengthened to require that the paths in the decomposition can be
arranged into [(d + 1)/2] path forests (as in the linear arboricity conjecture), as seen by consid-
ering the vertex-disjoint union of d-regular graphs of order 3d/2. Our methods, though, can be
used to make progress on a problem related to the linear arboricity conjecture, as follows. Note
that, when d is odd, if the linear arboricity conjecture is true for d-regular graphs, then one of the

path forests in such a decomposition would have at least % / dtl — 1 edges, and therefore

(adding isolated vertices if necessary) form a spanning path forezst with at CIlIJ;(l)st d"? paths. Though
naturally much weaker than the linear arboricity conjecture, showing even the existence of such
a path forest in a d-regular graph appears very difficult. This (for odd or even d) is the topic of
the following conjecture by Magnant and Martin [31] from 2009 (which, as per [19], also has an

interesting connection to tour length problems).

Conjecture 1.3. The vertices of every d-regular n-vertex graph can be partitioned into |n/(d +
1)]| paths.

The disjoint union of complete graphs on d + 1 vertices shows that this conjecture would be
optimal. It was confirmed for all d < 5 by Magnant and Martin [31], and for d = 6 by Feige and
Fuchs [18]. It has also recently been confirmed in the dense case (d = Q(n)) by Gruslys and
Letzter [23], but in general even the weaker conjecture by Feige and Fuchs [18] that every d-
regular n-vertex graph can be partitioned into O(n/(d + 1)) paths remains wide open. We prove
the following approximate version of Conjecture 1.3.

Theorem 1.4. For every € > 0, there exists d, € N such that the following holds for all d > d,,. Let
G be a d-regular n-vertex graph. Then, all but at most en of the vertices of G can be partitioned into
at most n/(d + 1) paths.

If we consider decomposing approximately the edges of a d-regular graph G into copies of P,
starting with small #, then the extremal examples for why we cannot increase # beyond d all
contain small dense subgraphs (e.g. the cliques in the disjoint union of copies of K4, 1), which we
refer to as ‘dense spots’. In d-regular graphs without these dense spots, it would be relatively easy
(using techniques developed for the linear arboricity conjecture) to decompose almost all of the
edges of G into paths with length [(1 — €)d] by using the local lemma to partition V(G) into sets
between which we can find many edge-disjoint matchings which combine to form many paths,
and then iteratively connect some of these paths together using a set of reserved vertices to get
longer and longer paths (as we do later in parts of our proof). The main idea in our proof is to
set aside the dense spots in a d-regular graph and then show that if the preceding approach goes
wrong, then we will be able to connect paths which we cannot lengthen into dense spots, so that
we can then decompose approximately the dense spots along with their attached paths into paths
with length [(1 — €)d]. To do so, we will need the set of reserved vertices to ‘sample’ each dense
spot appropriately in a precise manner, and how we manage this is the key technical novelty in
our methods. However, there are many further challenges in developing these initial ideas into a
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proof of Theorem 1.2, and even approximately decomposing the dense spots with connected paths
requires new ideas. Thus, in the next section, after outlining our notation, we give a detailed sketch
of our methods. Following this, we outline the rest of the paper. After our proofs, we make some
concluding remarks in Section 6, including on generalisations of path decomposition conjectures
to other trees.

2 | PRELIMINARIES

Following an overview of our notation in Section 2.1, in Section 2.2, we give a sketch of the proof
before outlining the rest of the paper. For ease of notation, we will assume throughout that d is
even, for example constructing paths forests P;, i € [d/2]. The case where d is odd follows almost
identically as the proofs apply to (d — 1)-regular graphs without any significant alteration.

2.1 | Notation

For a graph G, let V(G) and E(G) denote the vertex set and edge set of G, respectively, and let
|G| = |V(G)|. For a vertex v € V(G), let N;(v) denote the neighbourhood of v in G and, for a
subset U C V(G), let N;(v,U) = N;(v) nU. We let d;(v) = |[Ng(v)| denote the degree of v and
write d;(v, U) = [Ng(v, U)| for the degree of v into a subset U C V(G). As we do elsewhere, we
omit G from the subscript whenever there is no risk of confusion. The minimum and maximum
degree of G is denoted by 6(G) and A(G), respectively. For a subset U C V(G), let G[U] denote the
graph induced by U and, given a subset U’ c V(G) \ U, let G[U, U’] denote the bipartite graph
with bipartition U U U’ and edges of the form uu’ € E(G) withu € U and u’ € U’. Given a subset
U c V(G), we let G — U be the graph G[V(G) \ U], which is G with the vertices in U removed,
and use similar natural and common other notation. When F is a collection of graphs, V(F) and
E(F) will be the set of vertices and edges used in some graph in F, respectively.

For each positive integer n, we let [n] = {1, ..., n}. Given real numbers a, b, c, we writea = b + ¢
to denote that b — ¢ < a < b + c. We say that a graph G is (1 + y)d-regular if d;(v) = (1 + y)d for
each v € V(G). We use standard notation for ‘hierarchies’ of constants, writing x < y to mean
that there is a non-decreasing function f : (0,1] — (0, 1] such that all the relevant subsequent
statements hold for x < f(y). Hierarchies with multiple constants are defined similarly, with the
functions chosen from right to left, for example, for x < y < z. We omit rounding signs where
they are not crucial.

In this paper, we will often add paths to connect paths in a path forest. Given two path forests P
and Q, we use P + Q to denote the graph with vertex set V(P) U V(Q) and edge set E(P) U E(Q).
Furthermore, we exclusively use this when the resulting graph is also a path forest, and each path
in Q has at least one endpoint among the endpoints of P.

2.2 | Proofsketch

Let G be an n-vertex d-regular graph and let 1/d < € and £ < (1 — €)d. Suppose that we wish
to find edge-disjoint paths of length ¢ in G covering all but at most end edges (noting that if
we can do this with # = (1 — €)d, then we will have proved Theorem 1.2). The following natural
strategy, developed in part for attacking the linear arboricity conjecture (see, e.g. Section 1.1in [20]
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which builds on [3, 27]), can accomplish this if # < d'/5~°(1), Take a random partition of V(G)
into roughly equal sets A; U ... U A, . Using the local lemma (see Section 2.4.2), show that, with
positive probability, each bipartite subgraph G[A;, A;] with i # j is almost (d/(¢ + 1))-regular.
Taking such a partition, then decompose each G[A4;, A;] into k, matchings M;; ;, k € [k,], where
k, is only slightly more than d/(¢ + 1) (using, say, Vizing’s theorem). Decompose the complete
graph K, into paths with length # (it is well known that this is possible whenever ¢ + 1 is even),
and then, for each path and each k, take the corresponding matchings M;; , for the edges ij of the
path, and combine them to find many paths of length # in G (along with some shorter paths where
the matchings do not align exactly). Carried out carefully, this approach will give paths of length
¢ covering all but at most end edges, as long as # < d'/57°() so that not too many edges are lost
from the potentially misaligned matchings. The constant 1/5 here is the natural barrier for our
implementation of this method later, but more generally, such an approach encounters a strong
natural barrier for # ~ d'/2 (see [29]).

Of course, we wish to have an approach that works for # up to (1 —€)d. A tempting route
forward is to first take aside a small ‘sample’ set X of ~ pn vertices (likely chosen via the local
lemma), with p <« ¢, where G — X is close to regular, and then decompose almost all of G — X into
paths with length d'/>=°(1)_ Then, we could use vertices from X to iteratively join these paths into
longer paths. The above partitioning and matching argument naturally produces edge-disjoint
path forests Py, ..., Py, covering most of the edges of G — X using paths with length dt/s—o),
Given any set of (1 + £)n/d paths in one of these path forests, if we take one endpoint from each
path to form the set Y, then, as the neighbours of the vertices in Y must overlap, we could hope
that some of the overlap will be sampled into X so that we can join up two of the paths using a
single vertex in X, and, perhaps, even to do this iteratively until the path forest contains at most
(1 + ¢)n/d paths.

By making sure that the initial path forests do not together use any vertex as an endpoint too
much, and that no path forest counts too many neighbours of a vertex among its endpoints, and
by further dividing X into several subsets to exhaust in turn while connecting paths, this can be
made to work (see Sections 3.1 and 3.2), and, furthermore, even, used to prove Theorem 1.4 (see
Section 3.3). However, this approach will approximately decompose the n-vertex d-regular graph
G into paths with average length (1 — €)d (see Lemma 2.3), rather than paths of length (1 — ¢)d,
so really is only the starting point for our proof of Theorem 1.2.

To go further, we consider what might stop us from joining up more paths in our path forests
via X. After all, if we could continue to connect paths together until our paths forests mostly had
paths with length at least Kd, for some 1/K < ¢, then each such path can be further decomposed
into paths with length (1 — €)d and at most d — 1 other edges, where these other edges will then in
total be a small portion of the edges of the graph G so that we will not need to decompose them. The
disjoint union of copies of K, ; demonstrates that hoping to always get paths of this length, Kd, is
fanciful. However, the presence of small dense subgraphs (which we shall call ‘dense spots’) turns
out to be the only thing that can stop this from working. Indeed, suppose that we had r := n/Kd
vertex-disjoint paths Py, ..., P, in G — X, and could not find a short path (say of length at most k,
with1/d <« 1/k < 1/K)in G between two endpoints of different paths, so that the short path has
all its interior vertices in X. Then, if, for each i € [r], Y; was the set of vertices in X which can be
reached by a path in G of length at most k/2 from an endpoint of P; while using otherwise only
vertices from X, then the sets Y;, i € [r], must all be disjoint. Then, one of these sets Y; will be
small (with < Kd vertices), which will imply that G[Y;] must contain some dense subgraph. It is
reasonable, then, to hope that, starting with some initial paths forests, we could join the endpoints
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FIGURE 1 Asshown on the left, having found a maximal collection of vertex-disjoint dense spots Gy, ..., G,
in a graph G, we take a ‘sample set’ X which will intersect with each of these dense spots. Partitioning

V(G)\ XU V(G,)U..UV(G,)))intosets A, U...U A, ,, we then cover most of the edges between each A; and
A; with matchings M;; ., for k € [d'] with d’ ~ d/s. For a path P with length # in K, (as on the right, with
endvertices i’, j* € V(K,,,) and each k, we put together the matchings M;;  for each ij € E(P) to get a path
forest of few paths, most of which end in A; and A;,. We then connect up as many as possible of these endvertices
with short paths using internal vertices in X (shown in red) and connect more of them into the dense spots with
short paths using vertices in X (shown in orange).

of these paths together via short connecting paths using new vertices in X until most of the paths
are either (a) long (with length > Kd) or (b) connected into a ‘dense spot’ in G[X].

In the case (b), we cannot hope to decompose these paths along with the dense spot in G[X]
they are connected to, for, as |X| & pn and X will be chosen randomly, such a dense spot (say a
sample of a copy of K, ;) may only have around pd vertices, and thus only have paths of length
up to pd. Therefore, we will have to argue that we can take the sample X accurately enough that
any dense spot in G[X] must lie within some dense spot in G, so that we can mostly decompose
the original dense spot along with any paths we have attached to it into paths with length (1 — €)d.
Reordering, slightly, then, we will do the following (see Figure 1).

(i) Take a maximal collection F = {Gy, ..., G;} of dense spots in G and a small ‘sample set’ X.
(ii) Mostly decompose G — V(F) — X into d /2 path forests consisting of medium-length paths.
(iii) Iteratively join paths within each path forest together using short paths with internal vertices

in X.

(iv) Having exhausted the possible connections, we argue that, except for some small number
of paths, most of the paths must be connectable into a dense spot in G[X], and therefore,
somehow, connectable into one of the dense spots G;, i € [¢].

(v) Mostly decompose the long paths into paths of length ¢ = (1 — €)d and, similarly, mostly
decompose the dense spots along with the paths connected into them.

By this scheme, we will find the required decomposition of all but at most end edges of G into
paths of length # = (1 — €)d, but in setting aside the collection F, we have introduced a further
issue. While we can choose X so that G — X is nearly regular, we now have the problem that the
graph G — V(F) — X may not be nearly regular (which we require for partitioning into vertex sets
and finding many edge-disjoint matchings between them). Critically, here, we will use two results
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shown by very recent techniques of Chakraborti, Janzer, Methuku and Montgomery [12, 13] to
efficiently find nearly-regular subgraphs. Moreover, we will develop these results non-trivially,
using them to show that we can mostly decompose G — V(F) — X into a small number of edge-
disjoint nearly-regular subgraphs (see Section 3.4). We also apply one of the results of [12, 13] while
decomposing the dense spots along with the attached paths.

This completes an overall sketch of our methods for Theorem 1.2. In Section 2.3, we will show
that Theorem 1.2 follows from three key lemmas, Lemmas 2.3-2.5, which roughly correspond
to steps (ii), (iv) and (v) above, respectively. The proofs of each of these three key lemmas will
need more new ideas than could be included in the sketch above, and they are discussed in more
detail later where appropriate. In Section 2.4, we cover some tools we will need, including some
comments on our use of the local lemma in Section 2.4.2. In Section 3, we give the decomposition
into path forests we will use for G — V(F) — X, thus proving Lemma 2.3. In Section 4, we will
show the existence of a good ‘sample set’ X and show how to connect some paths to small dense
spots within G[X] and hence to some dense spot in F, thus proving Lemma 2.4. In Section 5, we
will decompose the dense spots along with some attached paths, proving Lemma 2.5 and hence
completing the proof of Theorem 1.2. Finally, in Section 6, we will make some concluding remarks.

2.3 | Proof of Theorem 1.2 subject to three key lemmas

We now introduce two key definitions to formalise some of the notions in Section 2.2. The first
we will use to quantify what we want from our ‘dense spots’.

Definition 2.1. A graph G is (n,d, K)-dense if 0 < |[V(G)| < Kd and 8(G) > (1 — n)d.

Our second definition records properties of path forests, where we require each forest to not
contain too many paths and that the endpoints of the paths are relatively well spread out around
a graph.

Definition 2.2. Say a collection of path forests P, ..., P, is(m, A, A,)-bounded ifeach P;,i € [£],
has at most m paths, each vertex appears as the endvertex of at most A, paths in total in all of the
path forests, and, for each i € [¢], each vertex has at most A; neighbours among the endvertices
of P;.

We can now give our lemma which we will use to find a good collection of path forests for step
(ii) in Section 2.2. The lemma applies more generally than to a d-regular graph as we apply it to a
regular graph with a maximal set of dense spots (and a ‘sample set”) removed.

Lemma 2.3. Let 1/d <y < ¢ < 1. Let G be an n-vertex graph with maximum degree at most
d in which all but at most yn vertices have degree at least (1 — y)d. Then, G contains a ((1 +
en/d,d/*,d'/*)-bounded edge-disjoint collection of d/2 path forests which cover all but at most
end of the edges of G.

Note that (as seen by the disjoint union of (d + 1)-vertex cliques) the bound (1 + ¢)n/d in
Lemma 2.3 is close to optimal. Given d/2 edge-disjoint path forests which each contain (1 +
e)n/d < 2n/d paths in an n-vertex d-regular graph, note that there are in total at most 2n endver-
tices, so that on average each vertex appears in total as the endvertex of at most two paths. Thus,
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the corresponding upper bound of d'/4 in Lemma 2.3 is relatively unambitious; while it could be
pushed much further with our methods, this will be sufficient for our purpose. Similarly, for just
one of these path forests, on average a vertex can expect to have at most two neighbours among
the endpoints of the at most (1 + €)n/d < 2n/d paths. Again, the corresponding upper bound of
d'/* in Lemma 2.3 is chosen loosely, only so that it is comfortably enough for our later proofs.

Next, we give the lemma that represents the heart of our proof. It shows the existence of our
‘sample set’ X such that, given a collection of path forests as produced by Lemma 2.3, we can
join paths together using vertices from X and find further paths to get a collection of path forests
in which the paths are connected into the dense spots (in a well spread manner similar to the
conditions in Definition 2.2) or can be collectively mostly decomposed into paths with length
(1-e)d.

Lemma2.4. Let1/d < p,n) < 1/K < €. Let G be a d-regular n-vertex graph. Let F = {G,, ..., G}
be a maximal family of vertex-disjoint (1, d, K)-dense subgraphs. Then, thereisa setX C V(G)with

Al |X| £ 2pnand, foreachv € V(G), dg(v,X) = (1 £n)pd, and
A2 for each j € [t], IX nV(G))| < 2p|V(G))| and, for each v € V(G)), dg(v,X NV(G;)) = (1 £+
3n)2pd,
such that the following holds.
For any (2n/d,d'/*, d"/*)-bounded edge-disjoint collection of path forests Py, P,, ..., Py inG —
V(F) — X, we can find in G — (V(F) \ X) an edge-disjoint collection of path forests P|, P}, ..., P, P
such that the following hold.

A3 Foreachi € [d/2], every path in Pl.’ has both of its endvertices in X N V(F).

A4 Eachvertex in G is in total an endvertex of at most \/Epaths inPl,ield/2]

A5 Foreach j € [t] and i € [d/2] at most \/d of the paths in P! end in G;.
A6 All but at most end /4 of the edges of E(Py U ... U Py ) \ E(P] U ... U
into copies of Py _¢)g-

/
Pd/z) can be decomposed

Finally, we give our lemma which can decompose the dense spots along with some paths which
all have their endpoints among the dense spots in a relatively well spread manner, as follows.

Lemma 2.5. Let1/d <n < p,1/K < ¢. Let G be a graph consisting of a vertex-disjoint family
F ={Gy,...,G;}of (n, d, K)-dense graphs and path forests P, ..., Py, where each path in each path
forest has both its endpoints in V(F) and all its internal vertices not in V(F). Suppose also that the
following properties hold.

B1 Foreachi € [t], there is some X; C V(G;) so that X; contains all of the vertices of V(P;) U ... U
V(P /2) in V(G;) (which are necessarily endpoints), and, for each v € V(G;), dGi(v,Xi) =1z

n)pd.
B2 Eachvertexv € V(F) is an endpoint of in total at most \/E paths from Py, ..., Py .

B3 Foreach j € [t]andi € [d /2], at most \/E of the paths in P; have at least one endpoint in G;.

Then, all but at most ed - |V (F)| of the edges of G can be decomposed into copies of Py _¢)4-

Subject to the proof of these three key lemmas, we can now prove Theorem 1.2, following the
steps (i)-(v) in Section 2.2.
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APPROXIMATE PATH DECOMPOSITIONS OF REGULAR GRAPHS 9 of 40

Proof of Theorem 1.2. Let K € N and 7, p > 0 satisfy
l/d<«<n<sp<xl/K<xeg 1.

Let G be an n-vertex d-regular graph. Let F = {G, ..., G;} be a maximal collection of vertex-disjoint
(n,d,K)-dense graphs in G. Using Lemma 2.4, let X C V(G) be such that the following hold.

Cl1 [X| < 2pn, and, for each v € V(G), dg(v,X) < 2pd.
C2 For each i € [t], [ X nV(G;)| < 2p|V(G;)| and, for each v € V(G,), dz(v,X NV (G;)) = (1 +
npd.
C3 For any (2n/d,d'/*,d'/*)-bounded edge-disjoint collection of path forests P}, P,, ..., Py /2
in G-V (F)—-X, we can find in G — V(F \ X) an edge-disjoint collection of path forests
P{, Pé, s Pc’l /2 such that the following hold.
(i) Foreachi € [d/2], every path in Pi’ has both of its endvertices in X N V(F).
(ii) Each vertex in V(G) is an endvertex of at most \/E paths in Pl.’ ,ield/2].

(iii) Foreach j € [t] and eachi € [d/2], at most V/d of the paths in Pi’ endinG;.
(iv) Allbutatmostend/4edgesof E(P;U...U Pd/z) \ E(Pl’ U..u P(;/Z) can be decomposed
into copies of P(;_4.

LetG' =G - V(F) - X.If[V(G')| < en/2, thenlet P, = --- = Py, = @, noting that these cover
all but at most end/4 edges of G’ and they therefore trivially form a (2n/d,d'/*,d'/*)-bounded
collection of paths which cover all but at most end /4 of the edges of G’. Suppose, otherwise, that
|[V(G")| > en/2. Aseach G;,i € [t],is (n,d, K)-dense, the number of edges incident on V(G’) with,
for somei € [¢], one vertex in some G, is at most Zie[t] |[V(G;)| - nd = nd|V(F)|. Therefore, by C1,

1 1
[E(G)] > 3dIV(G] = ndIV(F)] = 2pdIX]| > 3d(1 = 5p)IV(G).

Lety = \/5 As A(G") < d, if N is the number of vertices in G’ with degree at most (1 — y)d in
G’, then N - yd < 5dp|V(G")|, so that N < y|V(G")|. Thus, as 1/d < p < ¢, by Lemma 2.3, G’/
contains a (2n/d, d'/*,d"/*)-bounded edge-disjoint collection of path forests Py, ..., P4, which
together cover all but at most end /4 of the edges of G’ = G — V(F) — X.

Then, by C3, we can find an edge-disjoint collection of path forests P/, ..., P(’i / inG—-V(F)
such that (i)-(iv) hold. Using (iv), let Q; be a set of edge-disjoint copies of P;_,); which

decompose all but at most end /4 edges of E(P; U ... U Py ) \ E(P] U ... U Pé/z).

Let G” = (Uigir Gi) Y (Uigajz) Upepr P)- By Lemma 2.5 (with X; = X N V(G;) for each i €
[¢], " = 37, and using C2 and (i)-(iii)), llet Q, be a set of edge-disjoint copies of P(;_,); which
decomposes all but at most end /4 of the edges of G”'.

Then, Q; U Q, is an edge-disjoint collection of copies of P(;_.); which decomposes all but at
most end /2 edges of P, ..., Py, F, and therefore all but at most 3end /4 of the edges in E(G") U
E(F). As G; is (,d,K)-dense for each i € [¢], each vertex in V(F) has at most nd neighbours
in V(G’), so that there are at most nnd edges in G between V(F) and V(G'). Furthermore, as
|X| < 2pn by C1, there are at most 2pnd edges in G between X and V(G) \ X. Therefore, as the
only edges of G which are not in E(G") U E(F) are those with a vertex in X or which are between
G’ and V(F), Q; U @, decomposes all but at most 3end /4 + nnd + 2pnd < end of the edges of G
into copies of P(;_,4, as required. O
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10 of 40 | MONTGOMERY ET AL.

2.4 | Tools

We collect here some standard results we will use in our proofs.

2.41 | Concentration inequalities

We will use the following standard version of Chernoff’s bound (see, e.g. [25, Corollary 2.2 and
Theorem 2.10]).

Lemma 2.6 (Chernoff’s bound). Let X be a random variable with mean p which is binomially dis-

tributed or hypergeometrically distributed. Then, for any 0 < y < 1, we have that P(|X — u| > yu) <
20— H1*/3.

Given a product probability space Q = Hiem Q;, a random variable X : Q — R is called C-
Lipschitz if | X (w) — X ()| < C whenever w and ’ differ in at most 1 co-ordinate. We will use the
following standard version of Azuma’s inequality (see, e.g. [25, Corollary 2.27]).

Lemma 2.7 (Azuma’s inequality). Let X be C-Lipschitz random variable on a product probability
space with n co-ordinates. Then, for any t > 0,

_2

P(1X — E(X)| > 1) < 2e2nc?,

2.42 | Thelocal lemma

We will use the local lemma of Lovasz (see [2]) many times throughout our proofs, so after stating
the form that we use, we will make some remarks on how we use it.

Lemma 2.8 (Thelocal lemma). Let B;, B,, ..., B,, be eventsin an arbitrary probability space. Suppose
that, for each i € [n], the event B; is mutually independent of a set of all but at most A of the other
eventsand P(B;) < p. Then, ifep(A + 1) < 1, the probability that none of the events B;, i € [n], occurs
is strictly positive.

Each time we apply the local lemma we will do so within a d-regular (or approximately d-
regular) n-vertex graph G. The ‘bad events’ B;, i € I, that we use, where I is some appropriate
index set, will all be of the form that ‘a binomial or hypergeometric variable is not concentrated
around its mean’, where these variables will depend on some partition of the vertices (or in one
case of the edges) for which each vertex (or edge) is placed in a set of the partition independently
at random. Thus, using Chernoff’s bound (Lemma 2.6), we can bound the probability of each ‘bad
event’ occurring, which in each instance will be at most p : = e~4""/100,

Each bad event will, for some central vertex, depend only on the placement of vertices within a
distance k of the central vertex, for some k with 1/d <« 1/k. Changing the placement of a single
vertex (or edge) in the partition will affect at most dk of the ‘bad events’. Therefore, for each ‘bad
event’, B say, after identifying the central vertex, we take the set of events which depend on any
vertex within a distance k of the central vertex, and note that B is mutually independent of the set
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APPROXIMATE PATH DECOMPOSITIONS OF REGULAR GRAPHS | 11 of 40

of all the other ‘bad events’. As we have a graph with maximum degree d, the number of events we
omitted from the set is at most A ;= 2d¥ - d¥. Therefore, as 1 /d <« 1/k, we comfortably have that
ep(A+1) = e - e~4"/100(2q2k 4 1) < 1, and we can apply the local lemma, Lemma 2.8, to show
that there is some instance in which none of the ‘bad events’ occur.

Let us also note that, when, for example, choosing a subset X C V(G) by including vertices
independently at random with probability p, the ‘bad events’ that we wish to consider may
include that |X| # (1 £ y)pn (where 1/d < p,y). This event will not be independent of any
other bad event we define as it is influenced by every vertex in G. We could deal with this
using the asymmetric local lemma, but, instead, to keep using Lemma 2.8, we will take an arbi-
trary partition of V(G) into sets V7, ..., V, which each have size between d/2 and d. If, for each
i € [t], B; is the event that V; N X # (1 = y)p|V;|, then, when no event B;, i € [t], holds then
|X| = (1 = y)pn and, furthermore, each of these events only depends on the location of at most d
vertices.

As an example of how we use the local lemma, we will give here the details of our first applica-
tion, from Lemma 3.1. Let s = 2[d®!°] and n = 4d=%* with 1/d < 7 < 1. Suppose that G has
vertices degrees which are (1 +#/2)d and let V(G) = V; U...UV, be a partition of V(G) into
sets of size between d/2 and d. Let V(G) = A; U ... U A be a partition of V(G) formed by taking
each v € V(G) and, independently at random, placing it in each A;, i € [s], with probability 1/s.
For each v € V(G) and i € [s], let B,; be the event that d;(v, A;) # (1 £ 1)d/s. For each i € [s]
and j € [t], let B; j be the event that |[A;nV;| # (1 + n)lel/s. Note that, by Chernoff’s bound,
each of these events occur with probability at most exp(—n? - (d/2s)/3) < exp(—d°?). For each
v € V(G) and i € [s], the event B,; only depends on whether each vertex in N;(v) is in A; or
not, so therefore on the placement of at most d vertices in the partition A; U ... U A,. Similarly,
for each i € [s] and j € [t], B; ; only depends on the placement of at most d vertices in the par-
tition A; U ... U A;. For any vertex w € V(G), the placement of w only affects an event B,,; with
v € V(G)andi € [s]ifvisaneighbour of w, so at most ds pairs (v, i). Furthermore, the placement
of w only affectsan event B; ; withi € [s]and j € [¢]ifw € V;, and thus affects only at most s such
events. Therefore, the placement of each vertex affects at most ds + s < d? events. Therefore, each
eventin{B,; : v € V(G),i € [s}U{B,; : i € [s],j € [t]} is mutually independent of a set of all
but at most A := d - d?> = d? other events. Thus, as epA = e - exp(—d®!) - d> < 1, by Lemma 2.8,
we have that, with positive probability, none of the eventsin{B,,; : v € V(G),i € [s}U{B;; : i €
[s], j € [t]} hold. Therefore, we can take a partition of V(G) into A; U ... U A, for which none of
these events hold, and hence, for each v € V(G) and i € [s], we have d;(v, 4;) = (1 £ n)d/s and,
foreachi € [s], asno event B; ;, j € [t], holds, we have |A;| = (1 £ 9)n/s.

Finally, here let us highlight the instance in which we use the most ‘bad events’, in the proof
of Lemma 4.3. There, working with a d-regular graph G, we will consider the collection S of
all subsets of V(G) of size at most k such that these vertices are all pairwise at most k apart in
G, where 1/d « 1/k. Each vertex in G will be allocated to some set X or not independently at
random with probability p. There will be some bad events B;, i € I, where, for each U € S, at
most d|U| + 1 < dk + 1 of the indices i € I will contain U. Any event B; whose index includes
U € S will depend only whether or not the vertices in |J,; Ng(v) are in X, where this set has
size at most |U|d < dk. As each vertex w will appear as a neighbour of at most (2d?*1)k~1 sets in
S, we will have that at most a2 . (dk + 1) events B;, i € I, depend on whether or not w is in X.
As 1/d <« 1/k, then, we can think of this as every event depending on at most a polynomial of d
(whose power is a function of k) many other bad events, while the probability of each bad event
will be exp(—d®!/100), allowing us to apply Lemma 2.8 once again.
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12 of 40 MONTGOMERY ET AL.

FIGURE 2 Fors = 12, an embedding of a path of length s — 1 = 11 which can be rotated s/2 = 6 times to
form together a complete graph with s = 12 vertices, with one clockwise rotation depicted in red, giving a
decomposition of K| into paths of length s — 1 in which each vertex appears as an endpoint exactly once (a
decomposition first given by Walecki). In general, we label the vertices by [1, n’], and set the ith path to have
sequence P, =n' —1+i,i,n/ —=2+i,1+i,n —=3+i,2+1i,...n /24 1+i,n'/2-2+i,n/2+i,n/[2—1+],
where all calculations are done modulo n'.

2.4.3 | Matchings in bipartite graphs
In order to find the matchings M;;  described in Section 2.2, we will use the following result.

Lemma 2.9. Letd,n > 0and let 0 < y < 1. Let G be a bipartite graph with vertex class sizes (1 +
y)nandd(v) = (1 =+ y)d foreachv € V(G). Then, G contains (1 — 10\/7)d edge-disjoint matchings
which have size (1 — 104/y)n.

Proof. Note that e(G) > (1 —y)d - (1 —y)n > (1 — 2y)nd. By a classical result of Konig (see [15],
Section 5.3), the edge set of G can be partitioned into at most (1 + y)d matchings. If the statement
of the lemma fails, then

e(G) < (1 —104/y)d - (1 + y)n + (104/y + 2y)d - (1 — 104/y)n

=(1-97y +30y*?)nd < (1 — 2y)nd,

a contradiction. O

2.4.4 | Decomposing complete graphs into paths

In decomposing our dense spots, we will use the following result. We are grateful to the
anonymous referee who suggested the following elementary proof (in an earlier version of the
manuscript, we cited a result from [11] to deduce an asymptotic version of the same result).

Theorem 2.10. Let P be a collection of paths of length at most n whose total length is at most (’2’)
Then, P packs into K, 5.

Proof. It suffices to show that K, , or K, ; has an Eulerian circuit with the additional prop-
erty that all its subtrails of length at most n are paths. Indeed, arbitrarily ordering P, we can
then embed the paths in P along the Eulerian trail in that order. To see that such an Eulerian
circuit exists, let n’ € {n + 1, n + 2} be even. Consider the well-known construction by Walecki
in Figure 2. This gives a decomposition of K,,; into n’ /2 paths, each with n’ vertices, which can
be labelled as Py, ..., P,y /, and whose edges can be directed into directed paths, so that, for each
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APPROXIMATE PATH DECOMPOSITIONS OF REGULAR GRAPHS | 13 of 40

1<i<n'/2,P;,, isformed by rotating P; so that vertex moves one place clockwise in the natural
ordering, for example, as drawn in Figure 2.

Note that these n’/2 vertex directed paths P; have the property that, for each i € [n/2], if a
vertex v appears in the jth position in P;, then the earliest it can appear in P, is the (j — 2)th
position, where we work modulo n’/2 in the index. This can be seen by first noting that by
symmetry, it is enough to verify it for i = 1, and then observing that P, = n’,1,n’ —1,2,n’ —
2,3,.,n/2+2,n/2-1,n/2+1,n" /2 and P, =1,2,n',3,n' —1,4,....,0n' /2+3,n' /2,0 /2 +
2,n’ /2 + 1. Furthermore, each vertex appears exactly once as the end or start vertex of one of
these paths.

Now, add a new vertex v and all the edges from it to the other vertices, to get K,/ . Direct the
edges from v so that P;vP,v ... P,y ;0 forms an Eulerian circuit, C say, in K/, ; whose edges are all
directed forward. As the paths P; each have n’ > n + 1 vertices, and vertices appear on subsequent
paths P; in the sequence at most two places earlier, and the vertex v appears between each such
pair of paths, each vertex repeats in C only after at least n + 1 — 2 = n — 1 other vertices. Thus,
each subtrail of C with at most n vertices is a path. O

3 | DECOMPOSING OUTSIDE THE DENSE BITS

In this section, we prove Lemma 2.3. We begin, in Section 3.1, by finding an initial collection of
path forests which are, together, weakly bounded (see Definition 2.2), before using this to find a
collection of path forests in Section 3.2 which are more strongly bounded. In Section 3.3, we give a
short proof of Theorem 1.4 from this. In Section 3.4, we take near-regularisation results from [12,
13] and develop them to find very nearly regular subgraphs in a roughly regular graph. Finally, we
put this all together in Section 3.5 to prove Lemma 2.3.

3.1 | Initial path forests

We prove the following lemma by partitioning the vertex set of a regular graph using the local
lemma and putting together matchings between different vertex classes, as sketched in Section 2.2.

Lemma 3.1. Let 1/d <¢<1andy =2d"%% Let G be an n-vertex graph with vertex degrees in
(1 £ y)d. Then, G contains an (n/d"/8,d’/,d"/8)-bounded edge-disjoint collection P, ..., Py, of
path forests which cover all but at most end edges of G.

Proof. Lets = 2[d%!>] and = 4d=%4. Let V(G) = A, U ... U A, be a partition of V(G) formed by
takingeach v € V(G) and, independently at random, placingitin each A;,i € [s], with probability
1/s.

By the local lemma (see Section 2.4.2 for details) and Chernoff’s bound, with positive
probability, we can have the following properties.

D1 Foreachv € V(G) andi € [s], d;(v, 4;) = (1 £n)d/s.
D2 Foreachi € [s], |4;| = (1 £ n)n/s.

Let 7' = 204/y = 40d~°2 and d’ = (1 —»’)d/s. For each edge e = jk in the complete s-vertex
graph K, using Lemma 2.9, D1 and D2, find d’ edge-disjoint matchings in G[A;, A; | which each
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14 of 40 | MONTGOMERY ET AL.

have at least (1 — 5’)n/s edges. Call these matchings M, ;, i € [d’]. Now, take paths Q,, ..., Q> of
length s — 1 in the complete graph K in which each vertex is the endpoint of exactly one path.
(It is well known that such a decomposition exists due to Walecki, whenever s is even. See, for
example, Figure 2.) For each j € [s/2] and k € [d'], let P; . be the union of all the matchings
M, with e € E(Q;) and let P]’.’k be the subcollection of paths in P; ; of length s — 1.

Claim 3.2. For each j € [s/2] and k € [d'], there are at most en/3 edges of P; , which are not in
P
J.k

Proof. Set j € [s/2] and k € [d']. For each i € [s] which is not an endpoint of Q,, note that the
number of vertices in A; which can be an endpoint of a path in Pj is at most 2(|4; - -
n")n/s) < 3n'n/s, using D2. Therefore, at most 37’n paths in P; , can have an endpoint in some 4;
where i is a middle vertex of Q;.. Aseach pathin P; ;. \ PJ’.! . has such an endpoint, there are at most
(s —1)-3n'n < en/3 edges of P, which are not in ij,k, where we have used that s = 2|d%?],

7' =40d%?and 1/d < ¢. B

Relabel the path forests PJ’. y» J €[s/2] and k € [d'], as P;, i € [sd’/2]. Noting that sd’/2 =
(1 —7n')d/2<d/2,let P, =@ for each sd’ /2 < i < d/2. The number of edges in P;, i € [d/2], is,
by Claim 3.2 and as 1/s,7’ < ¢, at least

sd’ Q-9  sd en _ sd € en
-1 —-—— > —\((1-= -
PR A 2 3 z<( 3)" 3)
1-—n")d 1 d
_( 277) -(1—%);1;"( erv) —end

> |E(G)| —end.

Thus, it is only left to show that the path forests P;, i € [d/2], form an (n/d'/3,d"/8,d"/®)-
bounded collection.

For each i € [d/2], if P; # J, then there are some distinct j, k € V(K|) such that all the end-
vertices of P; are in A iU Ay. Thus, by D1, each vertex in G has at most 4d/s < d’/8 neighbours
among the endvertices of 7; and, by D2, P; contains at most 2n/s < n/d'/® paths. Furthermore,
for each v € V(G), if j, k are such that v € A; and j is an endvertex of Qy, then the only paths
in P;, i € [d/2], that can end in v are those from P ./, k' € [d’], so that v is the endvertex of
at most d’ < d/s < d’/® paths in P,, i € [d/2]. Therefore, the path forests P;, i € [d/2], form an
(n/d/3,d"/8,d"/8)-bounded collection, as required. O

3.2 | Improving a bounded collection of path forests

Having set aside a set Y (which fulfils a similar ‘sample set’ function as X in the sketch in Sec-
tion 2.2) in a d-regular graph G, we can then improve a collection of path forests in G — Y by
taking each path forest in turn and iteratively connecting paths in any path forest using a path of
length two whose middle vertex comes from Y (for practical reasons, we actually write this in the
proof through taking some maximal set I). In order to do this efficiently, we use the local lemma
to partition Y into 10 parts and find as many such paths using a middle vertex from these sets,
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APPROXIMATE PATH DECOMPOSITIONS OF REGULAR GRAPHS | 15 of 40

exhausting each set in turn. Furthermore, for all but only a few of the remaining endpoints in the
resulting path forest, we attach an extra edge randomly from this endpoint to the last set in the
partition of Y, using the local lemma with regard to all these choices to make sure that no vertex
has too many neighbours among these new endpoints. This last step is critical in ensuring that
(once a few paths are removed from the resulting path forests) the endpoints of the path forests
will be well spread.

Lemma3.3. Let1/d < y < p < €. Let G be a n-vertex graph with A(G) < d. LetY C V(G) be such
that|Y| < (1 +y)pnand, foreachv € V(G), dg(v,Y) = (1 £ y)pd. Let Py, ..., Py, be edge-disjoint
path forests in G — Y which are (n/d*/°,d%/°, d®/°)-bounded.

Then, G contains an edge-disjoint collection of path forests P!, ..., P"i s

paths can be removed from each P/, i € [d/2], to get altogether a (1 + ¢)n/d,d"/*,d"/*)-bounded
edge-disjoint collection of path forests, and, for each i € [d/2], E(P;) C E(P)).

such that at most en/d

Proof. LetA, = d'/*and A, = d'/*. Take amaximalset C [d/2] for which there are edge-disjoint
collections Q;, R;,i € I of path forestsin G, and, for each i € I, a path forest Pi’ " consisting of some
of the paths in Pl.’ (where Pi’ = P; + Q; + R;), such that, for each i € I,

E1 each path in Q; has length 2 with endvertices among the endvertices of P; and its middle
vertexinY,

E2 each path in R, has length 1 with an endvertex among the endvertices of P; and an endvertex
inY,

E3 the paths in Q; are vertex disjoint from the paths in R;,

E4 P;, Q;, R; combine to form a path forest P/ = P; + Q; + R;,

E5 P! contains all but at most of the en/d paths in P/,

and the collection Pi”, iel,is((1+¢e)n/d,Ay Ay)-bounded.

Take such path forests Q;, R;, Pl.’, Pi”, i € I. Note that if I = [d/2], then taking Pl.’, ield/2],
gives us a collection of edge-disjoint path forests in G which satisfies the conditions in the lemma
(as seen by considering P, i € [d/2]). Therefore, assume for contradiction that I # [d/2].

Let G’ be the graph of all of the edges of G which are not in any of the paths in Q; or R; for any
i € I. As the collection P;, i € [d/2], is (n/d'/®,d3/°,d®/®)-bounded, each vertex v € V(G) \ Y
appears as the endpoint of at most d®/ paths in total among the paths of P;, i € [d/2], and there-
fore v has at most d®° neighbouring edges in total in the path forests Q; and R;, i € I. Thus, as
dg(v,Y)> (1 —y)pd and 1/d <y, p, we have d/(v,Y) > (1 — 2y)pd. Take a random partition
Y =Y, U..UY,, by choosing the location of each v € Y independently and uniformly at ran-
dom. Using the local lemma and Chernoff’s bound, we can assume that, for eachv € V(G) \ Y
and j € [10], dg/(v,Y;) > (1 —3y)pd/10 and |Y;| < (1 + 2y)pn/10.

Using that I # [d/2], pick i € [d/2] \ I. For each 1 < j < 10 in turn, let Q; ; be a maximal set
of vertex-disjoint paths of length 2 in G’ such that each path in Q; ; has its middle vertex in Y
and its endvertices among the endvertices of 7, + Q; ; + -+ + Q; j_j,and P; + Q; ; + - + Q; ; isa
path forest. We will show the following.

Claim 3.4. TFor each 0<j<10, P;+Q;; + -+ 9 contains at most (1+¢/2)n/d+
n/dU+D/10 paths,

Proof. We will prove this by induction on j, noting that it follows for j = 0 as P; contains at
most n/d'/? < n/d/1° paths by the (n/d'/?,d3/°, d3/°)-boundedness condition. Then, suppose
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j €[10], and that P; + Q;; + - + Q; ;_; contains at most (1 +&/2)n/d + n/d//1° paths. There-
fore, Q; j contains at most 3n /dj/ 10 paths, and so, if Y;. cy; is the set of vertices in Y; not
appearing in any path in Q, ;, then |Y; \ Y;.l < 3n/di/0,

LetX; C V(G) \ Y be a maximal set of endvertices of P; + Q; ; + --- + Q; ; which are in V(G) \
Y and which are such that no two vertices in X; are endpoints of the same path in P; + Q;; +
e+ 9 jo By the maximality of Q. j» N0 two vertices in X j have a common neighbour in YJ’. inG’.
Thus, the number of edges in G’ between X ; and Y;. is at most |Y;.| <Y, < (1 +2y)pn/10.

On the other hand, each vertexv € X; C V(G) \ Y satisfies d (v, Yj) > (1 — 3y)pd/10, so the
number of edges in G’ between X jand Y} is(aseachvertexinY; \ Y;. has at most d3/° neighbours

among the endvertices of P; by the (n/d'/?, d%/°, d®°)-boundedness of the P, , k € [d/2]) atleast
IX;1- (1 =3y)pd/10 = [Y; \ Y| - d*° > |X;| - (1 = 3y)pd /10 — d*/° - 3n/d//"°,
sothat,as1/d < pandy <,

(1 +2y)pn/10 +d®/° - 3n/di/"0
(1-3y)pd/10

X1 < <@ +6y)n/d+n/dVV/10 <A +¢/2)n/d + n/dUTV/0,
Then, by the definition of X ;, we have that P; + Q; ; + --- + Q; ; contains at most (1 + ¢/2)n/d +
n/dU+1/10 paths, as required. -

LetQ; = Q;; + -+ + Q; 19 so that, by the claim with j = 10, P; + Q; contains at most (1 + €)n/d
pathsas 1/d < ¢. Let Z; be the set of vertices in Y, which appear in Q; ;(, so that, as P; + Q;; +
-+ + Q; g containsatmost (1 + ¢/2)n/d + n/d paths by Claim 3.4 with j = 9, we have | Z;| < 3n/d.
Let Z C Y be the set of vertices in Y which are the endvertices of more than A, /2 = d'/*/2 of the
pathsin P]’.’ ,j € 1.Then,as P]’.’ ,j € Lis((1 +¢e)n/d, Ay, Ay)-bounded and hence contains at most
|I| - (1 + €)n/d paths in total, we have, as |I| < d/2,

2-I|-(A+en/d _4n

Z| < < —. 1
12I 573 i ©

Let A; be the set of endvertices of the paths in P; + Q; for which both endvertices have at
least pd/30 neighbours in Yy, \ (Z U Z;) in G'. Note that, by the maximality of Q, ;,, the sets
Ng(u,Y,) \ Z; and Ny (u', Y1) \ Z; are disjoint for u, u’ € A; unless u and u’ are endpoints of
the same path in P; + Q,. Note then that A; partitions naturally into a set of unordered pairs F;
where if {u, u’'} € F;, then u and u’ are endpoints of the same path in P; + Q;. Foreach{u,u’} € F;,
pick a vertex v,, from N/ (u, Y, \ (ZU Z;)) and a vertex v,y € Ngy(u', Y, \ (Z U Z;)) uniformly
and independently at random subject to v,, # v,, and add uv, and u’v,, to R;.

For each v € V(G), let B, be the event that v has more than A; = d'/* neighbours among the set
{v,, v @ {u,u'} € F;}. For each w € N (v, Yyy), there is at most one pair {u, u’} € F; for which
w € N (u)(by the maximality again of Q; ;). Therefore, as u,u’ € A; here, P(w € {v,,v,/}) <
2/(pd/30) = 60/ pd. Therefore, by Chernoff’s bound, P(B,) < e~ Vd as 1/d <« p. Note that, for
each {u,u’} € F;, the choice of v, and v, can affect B, only if v is within a distance 2 of u or v’ in
G. Therefore, by the local lemma, we can assume that each vertex in V(G) has at most A; = di/4
neighbours among the set {v,, v,y : {u,u'} € F;}. Let P/ = P; + Q; + R;, and let P/’ be the paths
in Pi’ with both endvertices in Y. Then, by the choice from the local lemma, we have that every
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vertex in V(G) has at most A; neighbours among the endvertices of P/”. As, furthermore, none
of the endvertices of the paths in 73’ ""are in Z, and there are at most (1 + ¢)n/d paths in P’ and
therefore P, we have that P”, jE I U {i}, is (1 + e)n/d, Ay, A;)-bounded, while E1-E4 hold for
each j e Tu{i} by Constructlon Therefore, if we can show ES5 for i, we will get a contradiction to
the choice of I, and then we can conclude that I = [d /2], which, as noted above, finishes the proof.

To prove E5, we simply need to show that at most en/d of the paths in Pl.’ have an endpoint
which is not in A;. Take a maximal set X of endvertices of the paths in P; which come from
different paths, such that each vertex in X has at most pd /30 neighboursin Y, \ (Z U Z;). Recall
that each vertex in V(G) \ Y has at least (1 — 3y)pd /10 neighbours in Y;, in G’. Thus, each vertex
in X has at least pd/20 neighboursin Z; U Z in G'.

Now, as the vertices in X are endpoints of different paths in P; + Q;, we have concluded that
they share no neighbours in Y, \ Z;, and therefore, each vertex in Z \ Z; has at most one neigh-
bour in G/, so there are at most |Z| < 4n/A, edges between X and Z \ Z, in G’ by (1). Furthermore,
we deduced that |Z;| < 3n/d and so, as P}, j € [d/2], is (n/d"/°,d3/°,d3/°)-bounded, and every
vertex in X is an endvertex of some path in 7;, there are at most | Z;| - d®/° < 3n/d'/° edges from
X to Z;. Therefore, as 1/d < p, ¢,

(4n/Ag) + (3n/d"/?) e
pd/30 Sa’

1X] <

as required. Thus, by the definition of X, there are at most en/d paths in 731.’ which are not in Pi’ "
This completes the proof of E5, and hence the lemma. [l

3.3 | Proofof Theorem 1.4

Lemma 3.1 and Lemma 3.3 already allow us to prove Theorem 1.4.

Proof of Theorem 1.4. Letd,,y and p be such that 1/d, <y < p < eandletd > d,. Let G be a
d-regular n-vertex graph. Let Y C V(G) be arandom set chosen by including each vertex indepen-
dently at random with probability p. Using the local lemma and Chernoff’s bound, and that G is
d-regular and 1/d < y, p, we can assume thatd;(v,Y) = (1 £ y)pd foreachv € V(G) and |Y| =
(1 £ y)pn. Note that G — Y has vertex degrees in (1 + y)(1 — p)d. Therefore, by Lemma 3.1, and
as 1/d < p, G — Y contains an (n/d/°,d®°, d%/°)-bounded edge-disjoint collection P, ..., P, /2
of path forests which cover all but at most end/8 of the edges of G — Y. As there are at most
n-(1+y)pd < end/8 edges with a vertex in Y, these path forests contain all but at most end /4 of
the edges of G. Then, applying Lemma 3.3, we get an edge-disjoint collection P/, ... d / of path
forests which cover all but at most end/4 edges of G such that (simplifying the conclusmn) for
each i € [d/2], P/ has at most (1 + ¢/4)n/d paths.

Taking j € [d/2] to maximise |E(P’)| we have that |E(P’)| (nd/2—end/4)/(d/2)=(1 —
¢/2)n. Letting k be the number of paths in 73’ we have that k < (1 +¢/4)n/d, and note that we
are done if k < n/(d + 1), so we can assume otherw1$e Then, observe that the total number of
edges in the [n/(d + 1)] longest paths in P]f is at least

'n/(d+1)—1

Qre/mnga >4~ e/2’n> (1 -on.

(1—-¢/2)n

'w>(l_s/z)n
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Thus, PJ’. contains a set of at most n/(d + 1) paths which cover all but at most en vertices of G, as
required. O

3.4 | Almost-spanning nearly-regular subgraphs

The purpose of this section is to prove the following lemma, Lemma 3.5. As discussed in Sec-
tion 2.2, the removal of dense spots can significantly weaken the regularity of the graph we are
decomposing. Given a graph with such weaker conditions, the following lemma partitions most
of the edges into a few subgraphs which are all very close to being regular, so that we can later
apply Lemma 3.1 to each of them.

Lemma 3.5. Let 1/d < u<e<1and n=d % Let G be an n-vertex graph with A(G) < d.
Then, there is some k € N such that there are edge-disjoint subgraphs G, ..., Gy in G and some even
dy,...,dy > ud such that all but at most end edges of G are in Uie[k] G;, Zie[k] d; < (1 +¢)d, and,
foreachi € [k], G; is (1 + n)d;-regular.

To prove Lemma 3.5, we will use the following two lemmas, which follow using very recent
methods of Chakraborti, Janzer, Methuku and Montgomery [12, 13]. For completion, we prove
the lemmas in an appendix. Each lemma takes a graph which is roughly regular (with degrees
varying by at most a constant multiple C, and a multiple (1 + y), respectively) and finds within it
a subgraph whose vertex degrees only differ by at most the addition of a constant multiple of the
logarithm of the average degree and which has average degree comparable to the original graph. In
the second lemma, the average degree of the subgraph is particularly close to the original average
degree and the subgraph contains almost all of the original vertices.

Lemma 3.6. Let 1/C’ < 1/C < 1. For any d, if a graph has degrees between d and Cd, then it
contains a subgraph with degrees between d’ and d' + C’ logd’ for somed’ > d/C’.

Lemma 3.7. There exists some C > 0such thatforeach1/d < y < 1/100, the following holds. Let G
be a graph with d < 6(G), A(G) < (1 + y)d. Then, for some d’ > (1 — 40y)d, G contains a subgraph
G’ with |V(G")| = (1 —40y)|V(G)| and d’' < 6(G"),A(G") < d’ + Clogd'.

To prove Lemma 3.5, we start by taking a maximal collection Hj, ..., H; of nearly-regular sub-
graphs of G whose average degree is not too far below that of G. It will follow easily from
Lemma 3.6 that they will cover most of the edges of G; however, these subgraphs may contain
significantly fewer vertices than G (and so, in particular, the sum of the average degree of the
subgraphs may exceed d). However, each vertex of G will be in very few of the subgraphs H;, so
we can randomly choose k (for some particular k) almost-spanning subgraphs of G by, for the
jth subgraph, allocating each vertex to a different subgraph H; which contains that vertex and
including in the jth subgraph any edge of any H; which has both vertices allocated to H; for the
jth subgraph. These k subgraphs will not be edge disjoint. In fact, using the local lemma (and
Chernoff’s bound), we will choose such subgraphs so that each edge in each H; will appear in
many of the k subgraphs; for each of these edges, we will then randomly allocate it to one such
subgraph and delete it from all the others. By carefully choosing all the probabilities involved, and
using again the local lemma, we will be able to get subgraphs Gl.’ ,1 € [k], which contain almost all
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of the vertices of G and which are nearly regular. Finally, as these subgraphs will not be quite regu-
lar enough (as the application of the local lemma cannot preserve as much of the near-regularity
as we would like), we will boost the near-regularity of each G using Lemma 3.7 to get a more
regular subgraph G; C Gl.’ with only the loss of relatively few edges or vertices.

Proofof Lemma 3.5. Lety and 8 besuch that1/d < y < u < 8 < € and note that we can assume
¢ < 1. Let Hy, ..., H, be a maximal edge-disjoint collection of subgraphs of G such that, for each
i € [t], there is some d > fd such that H; is (1 + y)d]-regular. Let H = {J,(, H;-

Claim 3.8. We have |E(G) \ E(H)| < end/3.

Proof. Suppose, for contradiction, that |E(G) \ E(H)| > end/3. Then, by the well-known folklore
result, G \ H has a subgraph G’ with minimum degree at least ¢d/3. Using that A(G) < d and
B < ¢, apply Lemma 3.6 with C = 3 /¢ to find a subgraph H,; of G’ that is (1 + y)d,,-regular for
some d,,; > fd, contradicting the maximality of the subgraphs H;, i € [t]. O

Foreachi € [t],let 3, = (1 — y)d{/d > /2. For each v € V(G), let I, be the set of i € [t] with
v € V(H,), noting that

d>dgv) > Y dy, ) > Y Bid > 11| - Bd/2,

iel, iel,

so that |I,| < 2/B. Take k = 1/2u. For every j € [k], take disjoint subsets RV, .. ,jo) of V(G), by
determining the location of each v € V(G) independently and uniformly at random subject to the
following rule.

* For eachi € I, there are exactly |S;k] values of j € [k] for which v € jo ),

To see that this is possible, note that, for each v € V(G), Zielu Bid < Zielu dHi(U) < d, so that

Zie, Bi < L.
Foreachi € [t],let H l’ C H; be the subgraph of edges e € E(H;) such that the number of j € [k]

with V(e) ¢ RV is (1 + B)?k. Let H' = (e, H.-

Claim 3.9. With positive probability, |E(H) \ E(H")| < end/6 and, for each i € [t] and j € [k], if
Rl.w # @, then Hl.’[RE])] is (1 + B)B7d-regular.

Proof. For each v € V(G) and i € I, let B,,; be the event that at least ed’/3 edges incident to

v in H; are not in Hl.’. Let v € V(G) and i € I,,, and suppose we know which sets Ri(j), j € [k],
contain v. Then, for eachu € N H,-(U) the probability that uv € E(H’), or, equivalently, that u is

notin (1 + ﬁ)ﬁizk of the |5;k] sets jo ), Jj € [k] which contain v, is, by Chernoff’s bound applied
to the appropriate hypergeometric variable, at most exp(—3287k/12) < £/6, where we have used
that 1/k < f,¢ and §; > B/2. Furthermore, these events are independent over each u € N (v).

Thus, by Chernoff’s bound, P(B,,) < 2e~E (=10 e‘\/a, asd! > Bdand 1/d < §,e.

For each v € V(G), i €I, and j € [k], let Bf)’j be the event that v € Rl@ but dHl_/(U,Rl.(j)) #
Q=+ ﬁ)ﬁizd. Letv € V(G),i €I, and j € [k] and suppose we know which sets v lies in, and that
one of these sets is Rl.(j ), Then, for each u € N Hi(v) and j € [k], the probability that u € jo ) is
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|B;ik]/k = (1 £ ¥)B;, and, when this happens, the probability that, of the | 8;k| — 1 other sets jo )
which contain v, u isnotin (1 + y)(ﬁfk — 1) of them is, by Chernoff’s bound applied to the appro-
priate hypergeometric variable, at most exp(—yzﬁfk /12) < y. Thus, foreachu € N Hi(v) and j €
[k] with v € Ri(j ), the probability that u € jo Jandu e N Hir(v) is (1 + 2y)B;. Note, furthermore,
that these events are independent over each u € NGi(v) and dH,- L=>0=+ y)dl.’ =(1+3y)Bd.
Thus, [P’(Bf;j ) < e‘\/g by Chernoff’s bound.

Note that any bad event we have defined depends on the placement of a vertex w only if the ver-
tex v in the subscript is within a distance 1 of each other in G, where A(G) < d, and the placement
of each vertex w therefore affects at most (d + 1) - (2/8) - k < d? events (where we have used that,
foreachv € V(G), |I,| €2/B,and1/d <« u, ). Thus , by the local lemma, with positive probabil-
ity none of the events B, ;,v € V(G) and i € I,,, orB,/,v € V(G),i €1, and j € [k] hold. If none
of the events Bf;j, v e V(G),i €l,and j € [k] hold, then, for each i € [t] and j € [k], ileQ) £ 0,
then H| ! [R(j)] is(1+ ,B)ﬁzd regular. We will show that if none of the events B, ;, v € V(G) and
iel, hold then |E(H) \E(H ")| < end /6, which completes the proof of the claim.

For this, note that, if none of the events B, ;, v € V(G) and i € I,,, hold, then

v,i»

|E<H>\E(H’)|=§ > (dH<v)—dH,<v)>—— D Z(dH(v)—dHf(v)) D 2—

veV(G) ueV(G) IS veV(G) iel,
EdH (U) 1 Ed _
13 3Py o
veV(G) iel, vev(G)
Thus, with positive probability, the properties in the claim hold. 3

Fix a choice of Rl.(j ), i € [t] and j € [k], satisfying the properties in the claim. For each i € [t]
and e € E(H)), independently and uniformly at random assign e to some j € [t] with e C jo )

and let f(e) = j. Then, for each j € [k], let G;. be the graph with vertex set | iel] jo ) and edge set
1le € EH) : f(e) = j}. Let d’ = d/k and note that the graphs G’, j € [k], are, by design,
i€t] i g J &
edge disjoint.

Claim 3.10. With positive probability, for each j € [k], G;. is (1 + 4B)d’-regular.

Proof. Letv € V(G),i €I, and j € [k] withv € jo). Recall that the degree of v in Hl.’[Rl.(j)] is

(1+ B)B}d, and each edge e in H/ has (1 + §)B k indices j’ € [k] with V(e) C jo,). Therefore, the

; ; 2 2 2 2
exp;:lcted degree of v in G} is at least (1 — 8)B;d/(1 + B)B;’k and at most (1 + B)B;d/(1 — BB}k,
so that

E(dg/ () = (1% 38)d/k = (1 + 38)d.

Thus, as 1/d < u,  and k = 1/2u, using Chernoff’s bound, for each v € V(G), j € [k], we have

with probability at most e_\/g thatifv € V(G}) then dr (v) # (1 + 48)d’. For each edge e, which
J

graph G;., Jj € [k], is in affects the degrees of at most 2d — 1 vertices in each of the k graphs, and
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each degree is affected by the location of at most d edges, and therefore, an application of the local
lemma implies the claim. B

Using this claim, we can thus partition H' C G into edge-disjoint graphs G;, i € [k], in G such
that, for each i € [k], Gi’ is (1 + 48)d’-regular. For each i € [k], by Lemma 3.7 (with y = 108 and
d = 1—4f), we can find some G; C G/ and even d; with (1 —4008)(1 — 4f)d’ < d; < (1 + 58)d’
such that |[V(G;)| > (1 — 4OOB)|V(G1.’ )| is (1 + n)d;-regular (where we have used thaty = d=%° and
1/d < 3,1/k). Note that

D IEGD\EG)I < Y, (1 +48)d’ - [V(G) \ V(GDI + n - (1 +4B) — (1 — 4008)(1 — 4B))d’
i€lk

| i€[k]

<k-(1+4B)d -4008n +k - n-4108d’ < 10008dn < en/3,

as B <« ¢ and d’ = d/k. Thus, combined with the properties from Claim 3.8 and Claim 3.9, we
have that the graphs G, ..., G, cover all but at most 2end /3 + end /6 < end edges of G, so that, as
U < B, they satisfy the conditions of the lemma as

Y di<+56) ) d=01+58)d<A+e)d.
ielk] ielk] Cl

3.5 | ProofofLemma?2.3

Given Lemmas 3.1, 3.3 and 3.5, it is now short work to prove Lemma 2.3.

Proof of Lemma 2.3. Recall that we have 1/d <y < ¢ <1 and G is an n-vertex graph with
maximum degree at most d in which all but at most yn vertices have degree at least (1 — y)d.
Let p satisfy y < p < €. Let Y C V(G) be a random set chosen by including each vertex inde-
pendently at random with probability p. Using the local lemma and Chernoff’s bound, we can
assume that, for every v € V(G) with d;(v) = (1 — y)d, we have d;(v,Y) = (1 + 2y)pd, and that
Y] <(1+y)pn.

Let X be the set of vertices v € V(G) \ Y with d;(v,Y) = (1 +2y)pd, so that |X|>n—(1+
y)pn — yn, and let G’ = G[X]. Note that

|[E(G)\ E(G")| < (1 +y)pn +yn)-d < end/4.

Let n = d~%°. By Lemma 3.5, there is some k € N such that there are edge-disjoint subgraphs
Gy, ...,G, in G’ and some even d, ..., d; > yd such that all but at most end /4 edges of G’ are in
Uieri) Gi> Ziepry 4 < (1 +¢€/10)d and, for each i € [k], G; is (1 + 1)d;-regular. Note thatk < 2/y.
Foreachi € [k], using Lemma 3.1, find in G; an (n/ dl.l/ 8, dl.7/ 8, dl.7/ 8)-bounded edge-disjoint collec-
tion P, ..., P:ii/z of path forests which cover all but at most end; /3 edges of G. If (Zie[k] d)/2<
d/2, then relabel these path forests as Pi1<j< (Zie[k] d;)/2 and, for each (Zie[k] d)/2<gig
d/2, let P; be an empty path forest. If (¥, d;)/2 > d/2, then let P;, j € [d/2], be path forests
from le., J €1d;/2] and i € [k], which maximise the total number of edges in P;, j € [d/2]. Note
that, as () d; < (1+¢/10)d, these path forests contain all but at most end/4 of the edges in
P},j €[d;/2] and i € [k].
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Note that, as k<2/y and 1/d <y, the collection of path forests P;, i€ [d/2], is
(n/d'/°,d®/°,d®/?)-bounded, and contains all but at most en - ¥, d;/4 < end /4 of the edges
of Pji., j €1d;/2]and i € [k]. Then, by Lemma 3.3, there is a (1 + ¢)n/d, d'/*, d'/*)-bounded col-
lection of edge-disjoint path forests in G’ which covers all of the edges of P;, i € [d/2]. Thus, this
collection of paths forests covers all but at most end /4 of the edges of P; jeld;/2]andi € [k],
and hence, all but at most end /2 of the edges of | J;c|; G;, and hence all but at most 3end /4 of the
edges of G/, and hence all but at most end of the edges of G, as required. O

4 | CONNECTING TO THE DENSE BITS

In this section, we prove Lemma 2.4. In Section 4.1, we show that there will exist a ‘good sample’
X which samples certain important dense spots appropriately, before using this to connect paths
to a maximal set of dense spots through X in Section 4.2.

4.1 | Sampling of dense spots

In order to facilitate our use of the local lemma, we need some control over the number of dense
spots that we consider for our ‘sampling’. We do this using the following definition.

Definition 4.1. Say a (u,d, K)-dense graph H C G[X] is (k, 7, d)-approximable in G by neigh-
bourhoods in X if G contains a set V of at most k vertices, which are pairwise a distance at most
k apart in G, and such that [V(H) A U,ey No(@©,X)| < nd.

We now formalise the notion of a good sample. The following definition will be used with V as
the set of vertex sets of the dense spots in the maximal collection F (see Section 2.2). The set X
should be thought of as a random set (with properties chosen to exist together with strictly positive
probability by the local lemma) with vertex density p in V(G), which then has approximately the
expected size, as well as approximately the expected intersection with each of the setsin V € V,
and, moreover, similar properties with respect to the neighbourhoods of each vertex in all these
subsets (see F1 and F2). Finally, and most importantly, if there is an (appropriately approximable)
dense spot in G[X], then there must be a larger dense spot H in G such that if H intersects on
quite a few vertices in V' € P, then the original smaller dense spot must also intersect that V' (this
will be used to join the smaller dense spot to one of the dense spots in F in our application).

Definition 4.2. A setX c V(G) is a (d,y,k,n,K, p, V)-good-sample in G, where V is a set of
subsets of V(G), if the following hold.

F1 |X| = (1+y)p|V(G)| and, for any v € V(G), we have that d;(v,X) = (1 + y)pd.

F2 ForeachV €V, |V nX| =1 +y)p|V], and, for any v € V(G), we have that d;(v,V NnX) =
p-dg(,V)£ypd.

F3 For any H C G[X] which is (5, pd, K)-dense and (k, 5, pd)-approximable in G by neighbour-
hoods in X, there exists some H' C G which is (67, d, 2K)-dense such that, for each V € V, if
[VNV(H")| >d/2,thenV nV(H) # @.

Given these definitions, using the local lemma (as discussed in Section 2.4.2), it is relatively
straightforward to show the existence of the good samples that we will need, as follows.
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Lemma 4.3. Let1/d <y,1/k,n,1/K, p. Let G be a d-regular graph and let V be a set of vertex-
disjoint subsets of V(G) which each have size at least d/2 and at most 2Kd. Then, there is a
(d,y,k,n,K, p,V)-good sample X in G.

Proof. Lett = [|V(G)|/d],andlet A;, i € [t], be a partition of V(G) into sets which each have size
between d/2 and d. Let X C V(G) be chosen by including each vertex independently at random
with probability p. For each v € V(G), let B, be the event that d;(v,X) # (1 + y)pd. For each
V €V, let By, be the event that |V N X| # (1 +y)p|V]|. For each i € [t], let B; be the event that
|A; N X| # (1 £y)plA;|. ForeachV € V and v € V(G), let By, , be the event that d;(v,V N X) #
p-dg(v,V)typd.

Let S consist of all of the subsets of V(G) of size at most k such that these vertices are all
pairwise at most k apartin G. For each U € S, let Y;; = |J,,y Ng(u) and let By; be the event that
the following do not all hold.

uelU

G1 Foreachv € V(G),wehave d;(v,Y;NnX) < p-dg(v,Yy) + npd.

G2 If Z; is the set of vertices in Y; with at least (1 — 37)d neighbours in G[Y], then |Z;; N X| <
plZy| +npd.

G3 |Yy nX| = plYyl £npd.

For each U € S and V € V with Y; NV # @, let By, be the event that the following does not
hold.

G4 |(YynV)nX|>plYynV|-npd.

Using the local lemma and Chernoff’s bound, we can assume that none of the events we have
defined holds (see Section 2.4.2).

AsnoeventB;,i € [t],or B,, v € V(G), holds, we have that F1 holds. Asno event B;,,V € V, or
By ,,V € Vandv € V(G), holds, we have that F2 holds. It is left then only to show that F3 holds.

For this, suppose that we have H C G[X]which is (n, pd, K)-dense and (k, n, pd)-approximable
in G by neighbourhoods in X. By the approximability of H, there exists some U € S such that
[V(H) A (Yy nX)| < npd. Note that every vertex in V(H) N Yy, has at least (1 — 27)pd neigh-
bours in Y;; N X as H C G[X] is (y, pd, K)-dense, and, by G1, if a vertex v € V(G) has at least
(1 — 2n)pd neighboursin Y;; N X, then it has at least %(dG(v, Y, nX)—npd) = (1 — 3n)d neigh-
bours in Yy, in G, and hence belongs to Z; (as defined in G2). Therefore, Z; N X C Y; N X has
size at least [V(H) N Y| > |Yy N X| —npd and hence

G2 G3
plZyl+npd > |1ZynX| 2 |YynX|—npd > p|Yy| —2npd,

so that |Zy| > |Yy| —3nd. Thus, setting H' := G[Z], we have §(H') > (1 —67)d by the
definition of Z; in G2. Furthermore,

G3 q 1 1
|Zyl < 1Yyl < ;(IYU NX|+npd) < E(IV(H)I +2npd) < ;(Kpd + 2npd) < 2Kd,

and therefore, H' is (61, d, 2K)-dense.

To show the last part of F3 holds for H' = G[Z], suppose that V(H') intersects with at least
d/2 vertices in V, for some V € V. Then, as Y; contains Z;; as so also interests with at least
d/2 vertices in V, and as the event Byy does not hold, we have [(Y; NnV)NX| > pd/4. As

d ‘2 'S202 '0SL269VT

Jo//sdny wouy

UONIPUOD PUe SWLS | 81 385 *[G202/60/2T] U0 AR1q1T8UIIUO M)W ‘S801ARS ARig!T TON UopuoT 868]100 AISRAIIN Ad 69202 SWIIZTTT OT/I0P/L0D M| 1M

85UB0 |7 SUOWIWOD dANERID 3|gedtjdde aus Aq peuseAch ae e YO ‘8sn Jo 3| Joj ARiq1T aUlluQ AB|IM Uo



24 of 40 | MONTGOMERY ET AL.

|(Yy nX) \ V(H)| < npd, we have by G4 that V nV(H) # @. Thus, F3 holds, and therefore X
isa(d,y,k,n,K, p, V)-good-sample in G, as required. O

4.2 | Proofof Lemma?2.4

We come now to perhaps the most important part of our proof. Using a good sample, say X, pro-
vided by Lemma 4.3, we show that X has the property required in Lemma 2.4. That is, given a
bounded edge-disjoint collection of path forests Py, ..., P;/, in G — V(F) — X (as in the setup of
Lemma 2.4), we join lots of these paths together in an edge-disjoint fashion before joining all but
at most a few of the resulting paths into the dense spots, all in some relatively well spread man-
ner (that is, A4 and A5 will hold). To do this, we join as many of the paths together in each path
forest using vertices in X (using paths with length at most 2k where 1/d <« 1/k <« 7, p, which
together form the path forests denoted in the proof by Q;, i € [d/2]), and then try to join as many
of the paths into the dense spots in a well spread fashion using vertices in X (using paths with
length at most k, which together form the path forests denoted by R;, i € [d/2]). We then show
(for Claim 4.4) that all of the d/2 resulting path forests will not have that many paths which do
not end in some dense spot.

We will show this by contradiction: If we can pick many endvertices of some P; that have not
had a path joined to them in Q; or R;, then, looking at the iterative neighbourhoods in X from
these vertices, if they intersect within distance k, we will have a path we could perhaps add to Q; (if
the path uses no vertices in Q;). This will imply that not many of these iterating neighbourhoods
can grow very large, and thus allow us to connect one of the path ends to an approximable dense
spot in G[X], and, hence, to one of the dense spots in the maximal collection F, using F3. In order
to get a contradiction, we will need these iterating neighbourhoods to avoid vertices in Q; and
R;, the edges of all the connecting paths we have found, and some further vertices in order to
ensure that the final paths will be well spread (for A4 and A5) — all of these vertices we collect
into the set Z; in the proof of Claim 4.4 (see I1-I3) and all of these edges we delete from G to get
G’. We cannot find a subgraph of G’[X \ Z;] with all its degrees close to pd (as we would need for
a simple iterating neighbourhood argument to work), but what we can do is find a large subset
X, of almost all of X \ Z; such that we can iteratively find many neighbours in G’ in X from
vertices in X, as long as we only iterate up to k times (by finding neighbours in subsequent sets
X1 C...CX; CX\ Z that we found in reverse order, showing that they are large by induction,
as at (4)). Then, if there are too many unconnected endvertices of some 7;, from at least one such
endpoint we can do this iteration without growing in total very much (as intersecting iterated
neighbourhoods would provide a short path connect two more original endpoints together).

Not only will this allow us to connect one more of the path ends in 7; to a dense spot in G’[X \
Z;], but, in this iteration, we can easily find a sequence of vertices which are at distance at most 2k
apart pairwise in G whose neighbourhoods in X together approximate the dense spot we find in
G'[X \ Z;]. This allows us to use F3 to connect the endpoint of P; into a dense spot in 7, gaining
the contradiction that will conclude the proof of the key claim, Claim 4.4, from which we easily
deduce Lemma 2.4.

Proofof Lemma 2.4. LetV = {V(G,;) : i € [t]}and takey and ksuchthat1/d <y < 1/k < p,7.
Using Lemma 4.3, let X C V(G) be a (d,y/4,k,n/6,K /2, p, V)-good-sample in G. That is, the
following hold.
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H1 |X| =1 +y/4)pn and, for any v € V(G) we have that d;(v,X) = (1 +y/4)pd.

H2 For each i € [t], |V(G))nX|=QQ+y/4)p|V(G;)|, and, for any v € V(G), we have that
do(v,V(G) NX) = p - dg(v, V(GY)  ypd/4.

H3 For any H C G[X] which is (3/6, pd,K/2)-dense and (k,7/6, pd)-approximable in G by
neighbourhoods in X, there exists some H' C G which is (3, d, K)-dense such that if H’
intersects with some G, i € [¢], in at least d/2 vertices, then V(G;) N V(H) # §.

Due to the maximality of F = {G, ..., G,}, and as any two (1, d, K)-dense spots in G that intersect
on some vertex must intersect in at least (1 — 25)d > d/2 vertices (as A(G) < d), H3 immediately
implies the following.

H4 For any H C G[X] which is (5/6, pd,K/2)-dense and (k,7/6, pd)-approximable in G by
neighbourhoods in X, there exists some i € [t] with V(G;) N V(H) # 0.

We will show that X satisfies the required property. Firstly, Al follows from H1, and A2
follows from H2 and each G; being (1, d, K)-dense. Now, take any (2n/d,d'/*,d'/*)-bounded
edge-disjoint collection of path forests Py, ..., P4, in G — V(F) — X. We will show that there exists
inG — (V(F) \ X) an edge-disjoint collection of path forests P/, Pé, s Pé /2 such that A3-A6 hold,
completing the proof of the lemma.

LetY = V(G) \ (V(F)UX). Let Oy, ..., Q,/, be edge-disjoint path forests of paths in G[X U Y]
with length at most 2k and no internal vertices in Y, such that, for each i € [d/2], all of the end-
vertices of Q; are among the endvertices of P;, and Q; + P; creates a path forest. Subject to this,
maximise the total number of all of the pathsin Q, ..., Q4 ,. Then, take edge-disjoint path forests
Ry, ..., Rg, of paths in G[Y U X] with length at most k, such that, for each i € [d/2], the paths
in R; each have one endvertex among the endvertices of P; + Q; and one endvertex in X N V(F)
and all of their internal vertices in X \ V(F U P; U Q;), and such that each vertex in V(G) is an
endvertex in total of at most \/E paths in R;, i € [d/2], and, for each j € [t] and i € [d/2], at
most V/d of the paths in R; end in G;. Subject to this, maximise the total number of all of the
paths in R;,..., Ry, For each i € [d/2], let P/ be the set of paths in P; + Q; + R; which have
both endvertices in V(F). By construction, we have that A3, A4 and A5 hold, so it is left only to
prove A6.

For each i € [d/2], let P!’ be the path forest of paths in P; + Q; + R; which are not in P. We
will show the following.

Claim 4.4. For each i € [d/2], P!’ contains at most 16n/Kd paths.
Proof. Suppose, for a contradiction, that there is some i € [d/2] for which P/’ contains at least

16n/Kd paths. Let Z; be the set of vertices v € X such that one of the following holds.

I1 visinapathin Q; + R;.
I2 visin G; for some j € [¢] such that at least \/E /2 of the paths in Pi’ end in G;.
I3 v is an endpoint of at least \/d /2 paths in the collection Pl i eld/2].

Then,

|zi|<%-zk+Kd.

2-n/d N d/2-2n/d-2 < 10Kn.

< 2
Vd/2 Vd/2 Vd @
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Let G’ be the graph G with every edge in (;¢(4/5) Qi and U;[4/,) R; removed, so that

B@\EG)I < $ -2 2 2k = ank. 3)

Let Xo = X \ Z;. Iteratively, for each 1 < j <k, let X be the set of vertices in X;_; with at least
(1 — y/2)pd neighbours in X -1 in G’. We will show, by induction, that, for each 0 < j < k,

10Kn

X\ X;| < (6/yY - ()

Note first that this holds for j = 0by (2). Let then j € [k] and assume that | X \ X;_;| < (16/ y)j -1

10Kn/ \/E Then, as every vertex in X;_; has at least (1 —y/4)pd neighbours in X in G by H1,
every vertex in X;_; \ X has at least y pd /4 neighbouring edges which are either in G[X] \ G’ or
which lead to a vertex of X \ X;_;. Thus, using H1 for each vertex in X \ X;_,

10Kn

“’d <X\ Xy -2pd + EGIX]\ G') © (16/7)"" -2pd + 4nk
N

|X] ]\Xl

<3-(16/y) 7" 10Kn - pd,

Vd
so that |X;_; \ X;| < (12/y) - (16/yy . 10Kn/\/E, and hence

10Kn+(16/ )1 10Kn <(16/y ) . 10Kn

Vd Vi vd

asrequired. This completes the proof of the induction hypothesis, and therefore, (4) holds for every
0 < j < k. In particular, then, |X \ X, | < (16/)" - 10Kn/v/d < n/d/3,as 1/d < y,1/k,1/K.

Now, recalling that Pi’ " contains at least 16n/Kd paths, we will show that at least 8n/Kd of
these paths have an endpoint which is not in V(F) which has at least pd/4 neighbours in G’ in
X Suppose to the contrary that there is a set A of at least 8n/Kd of the endpoints of Pi’ " which are
each not in V(F) and have at most pd /4 neighbours in G’ in X, . Foreachv € A, asv ¢ V(F), and
asPy, ..., Py pis(2n/d,d"/*,d"/*)-bounded, v is the endvertex of at most d'/* paths in P, ..., Py 2,
and hence, has degree at most d4in G — G'. Thus, by the choice of A and by H1, v has at least
pd/2 neighbours in G in X \ X;. On the other hand, again as P, ..., Py, is (2n/d,d"/*,d"/*)-
bounded, each vertex in X \ X, is the neighbour of at most d'/# of the vertices in A (a subset of
the endpoints of ;). Therefore,

X\ X;| <2/y)-Q6/y) -

4pn _ 8n pd pd
—<|A]-

<IX\ X, |-dY* <
K Kd 2 < XA Xl

dl /12
a contradiction as 1/d < 1/K, p.
Therefore, P/’ contains at least 8n/Kd paths with an endpoint which is not in V(F) and has

at least pd/4 neighbours in G’ in X),.. Thus, taking r = 8n/Kd, we can let vy, ..., v, & V(F), be
endvertices of different paths in Pl.’ " which each have at least pd /4 neighbours in X, in G'.
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Now, by the maximality of the path forests Q,,...,Q, /2 and I1, there is no path of length
at most 2k in G’ — Z; with internal vertices in X between any two of the vertices vj, JE€
[r]. Therefore, we can pick some j € [r] for which there are at most |X|/r < 2pd/r < Kpd/2
vertices in X \ Z; which can be reached by a path of length at most k from v; in G’ with
vertices otherwise in X \ Z;. Let w; = v; and A; = Ng/(vj, Xy), so that |A;| > pd/4. Then, for
each 2 < i’ <k, if possible, pick wy € Ay with [Ng(wyr_;, Xy _yr41 \ Ay_1)| = npd/12 and let
Ap = Ay_1 UNg(wy, Xy _y,q), and, otherwise, stop. As each |[Ay| < Kpd/2 and |Ay \ Ay_q| =
npd/12, this must stop for some i’ < k as 1/k < 7,1/K. Let H = G'[A;]. We will show that H is
(n/6, pd, K /2)-dense and (k,n/6, pd)-approximable in G by neighbourhoods in X.

Asi’ < k,foreachv € Ay C X)_yr,;, U has at least (1 — y/2)pd neighbours in G’ in X;_;; and
at most 7pd/12 neighbours in X;,_; ., \ Ay, so at least (1 —#/6)pd neighbours in A;. Thus,
as |V(H)| = |Ay| < Kpd/2,His (/6, pd, K /2)-dense. Furthermore, each vertex wy, ..., wy € X;
has at most 2y pd neighbours in G[X] outside of H by H1 and the definition of X;, and therefore,
asy <« 1/k,n, p, the vertices altogether have at most k - (2y pd) < npd /6 vertices outside of V(H)
in X. Therefore, as V(H) C ¢ No(wy, X), H € G[X] is (k,1/6, pd)-approximable in G by
neighbourhoods in X.

Therefore, by H4, there exists some m € [t] with V(G,,,) N V(H) # §. Then, we can find a path
from v j to V(G,,) n V(H) with length at most k, which contradicts the maximality of the path
forests R;», i" € [d/2], where we recall that V(H) contains no vertex in Z; and use I1, 12 and

I3. ]

i"eli

As all but at most (1 —¢€)d edges of each path in P/, i € [d/2], can be decomposed into
paths of length (1 — ¢)d, and 1/K < ¢, by Claim 4.4 all but at most (d/2) - (1 —e)d - (16n/Kd) <
end/4 edges of E(P/' U ..U Pé’/z) can be decomposed into copies of P(;_;),, so that A6 holds, as
required. O

5 | DECOMPOSING INSIDE THE DENSE BITS

In this section, we will (mostly) decompose the dense spots with attached paths (see Section 2.2).
Firstly, we note that so far we have no conditions on the dense spots that imply that they are
connected, which we will need to connect various paths together. Therefore, in Section 5.1, we
give the notation of connectivity we will use (Definition 5.1) and show that we can partition the
vertices of our dense spots into (essentially) connected dense spots (Lemma 5.3), and in each such
connected dense spot, find a small vertex subset which can connect each pair of vertices in the
connected dense spot using many possible short edge-disjoint paths using internal vertices only
in that vertex subset. In Section 5.2, we show that we can decompose a dense spot into many
path forests of some specified numbers of vertices and few overall paths (which we later connect
up, including to an attached path where appropriate, using our connectivity property). Finally, in
Section 5.3, we put this all together and prove Lemma 2.5, thus completing the proof of all our key
lemmas, and hence Theorem 1.2.

5.1 | Connectivity

Firstly, we define our connectivity.
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Definition 5.1. A graph G is ({, 1, d)-connected if, for all A, B C V(G) with |A|, |B| > {d, and for
all F C E(G) such that |F| < Ad?, there exists a path between A and Bin G — F.

Observe that any graph with fewer than 2¢d vertices is trivially (¢, 4, d)-connected. We also
have the following observation.

Observation 5.2. If G is (¢, 4, d)-connected and F C E(G) satisfies |F| < td?, then G — F is ({, 4 —
7, d)-connected.

We now show how to partition a dense graph into highly connected subgraphs.

Lemma 5.3. Let 1/d <A<« 1/K,B with 8 <1/4. Let G be a (3,d, K)-dense graph. Then, for
some t < 2K, there exists a set J C V(G) and vertex-disjoint subgraphs G, ...,G; C G with V(G) =
V(G,) U ... UV(G,) such that

1 [J| < VAd,
J2 G; —Jis(2,d,K)-dense foreach i € [t] and
J3 G, is (A'/*, 1, d)-connected for each i € [t].

Proof. Set ¢ := A'/4. Initialise S = {G}, and, while there is some G’ € S which is not (¢, 1, d)-
connected, take such a G’ and use this to find a set F C E(G’) and partition V(G’) = V; UV, such
that |F| < Ad?, |V4],|V,| = ¢nand e;_p(V,,V,) = 0, before deleting the edges of F and replacing
G’ in S by G'[V;] and G'[V,].

Once this process terminates, for t : = | S|, enumerate S as {G,, ... , G;}. Note that, from the pro-
cess, if i # j, then we have deleted all of the edges in G between V(G;) and V(G j), while each G;
is (¢, 1, d)-connected (and so, in particular, J3 holds) with size at least {d, and we deleted at most
t - Ad? edges from G to get | iefr Ci- Noting that V(G) = V(G,) U ... U V(G,) is a partition, we will
define a J satisfying J1 and J2, and show that ¢t < 2K, completing the proof of the lemma.

Note that, t < |[V(G)|/(¢d) < K/¢ = KA™1/4, and the number of deleted edges is at most ¢ - 1d?.
Denote by J the vertices of G which are incident to more than A'/5d deleted edges. Note that

2t-Ad? _ 2KATY4 . Ad?
1< <SS < Vad

/5 ©)

where we have used that 1 <« 1/K. Thus, J1 holds.

Now, for each i € [t] and v € V(G;) \ J, v is adjacent to at most 11/5d edges in G that were
deleted (as v € J) and at most |J| < \//_ld edges to J. Thus, as G is (8,d,K)-dense and 4 < 3, v
hasatleast (1 — 8)d — Vad —AY5d > (1 - 2B)d neighboursin G; — J. As |V(G;)| < |V(G)| < Kd,
G; —J is therefore (283, d, K)-dense, so J2 holds. As, for each i € [t], we now have |V(G;)| = (1 —
2B)d > d/2,we get the improved bound ¢t < 2|V(G)|/d < 2K, completing the proof of the required
properties. O

Next, we show that our connectivity implies that we can find a short connecting path between
any two vertex sets which are not too small.

Lemma5.4. Let1/d,{,A < 1andK > 1. Let G be (¢, A, d)-connected and have at most Kd vertices,
and suppose U,V C V(G) are sets with size at least {n.
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Then, G contains a path from U to V with length at most 8K /A.

Proof. LetZ = 4/(KA).LetU, = U.Foreach1 <i < 2¢inturn,letU; = U;_; UN;(U;_,). Then,
U, c U, Cc U, C..CU,,isanested sequence of sets in V(G), and |V(G)| < Kd, so there must be
> ¢ values of i € [27] for which |U; \ U;_;| < 2Kd/¢. Therefore, we can find some j € [2¢ — 1]
such that |U; \ U;_,| < 2Kd/¢ and |U;,, \ U;| < 2Kd/¢. Then,

2
2Kd
o U VO U = U\ Uy, U \Up < (B2) <o
As G is (¢, 4, d)-connected, we therefore must have that either |U;| < {d or [V(G) \ U;| < {d. As
|Uj| > |Uy| > ¢d, we thus must have |V(G) \ Uj| < ¢d, and hence, V N Uj# @. That is, there is
a path from U to V in G with length at most j < 27 — 1 < 8K /A, as required. O

Combined with Observation 5.2, this tells us that many such (almost as short) paths will exist,
as follows.

Corollary 5.5. Let 1/d,{,A <1 and K > 1. Let G be ({,A,d)-connected and have at most Kd
vertices, and suppose U,V C V(G) are sets with size at least {n.
Then, G contains at least A>d? /32K edge-disjoint paths from U to V with length at most 16K /.

Proof. Take amaximal collection R of edge-disjoint paths from U to V in G which each have length
at most 16K /A and let the set of all of their edges be E. Then, by Lemma 5.4, the maximality of
R implies that G — E is not ({,1/2, d)-connected. Therefore, by Observation 5.2, we must have
|E| > Ad?/2. Thus, |R| > |E|/(16K /1) > A*d? /32K, as required. O

From this corollary, we can now show that we can even find many of these paths which only
use internal vertices in a preselected, small vertex set (chosen randomly within the proof).

Lemma5.6. 1/d < q < 1,¢{,1/K,e < 1. Let G be a (¢, A, d)-connected graph such that A(G) <
|[V(G)| < Kd, and §(G) > ¢d.
Then, there is some W C V(G) with |W| < 2¢|V(G)| and the following properties.

K1 For each distinct v, w € V(G), G[W] contains at least qd? edge-disjoint paths of length at most
1/q between N;(v) and Ng(w).
K2 Forallv € V(G), dg(v, W) < 2¢d.

Proof. Let W be a random subset of V(G), sampled by including each vertex independently at
random with probability €. For each u, v € V(G), we will show that K1 does not hold for that pair

of vertices with probability at most e~ Vd, Taking a union bound over all pairs of vertices will then
show that K1 holds with probability at least 3/4.

Fix then u,v € V(G). Using Corollary 5.5, take a collection R, of at least 1>d?/32K edge-
disjoint paths from N;(u) to N5 (v) in G which each have length at most 16K /1. Let X, , be the
number of paths in R, , whose vertices all lie in W. Note that, as the paths are edge-disjoint and
A(G) < d, changing whether a vertex is in W or not can change X, , by at most d, so therefore X, ,
is d-Lipschitz. Furthermore, each path in R, , has all of its vertices in W with probability at least
el T10K/2 S0 EX,, , > (A2d?/32K) - e F1K/4 > 2qd? as g <« A,1/K, &. Therefore, by Lemma 2.7, we
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have

2\ 2 2
P(X,,, < qd®) < 2exp <— . <£> ) <2exp < (gd) > < exp(-Va),

2V(G) \d " 2Kd

as claimed. Thus, as described above, by a suitable union bound, we have that K1 holds with
probability at least 3/4.

Furthermore, by a simple application of Chernoff’s bound and a union bound, as A(G) < d, with
probability at least 3 /4 we have that K2 holds. Finally, again, by a simple application of Chernoff’s
bound, with probability at least 3/4, we have that |W| < 2¢|V(G)|. Together, then, W satisfies all
of the properties in the lemma with positive probability, and hence some such W as desired must
exist. O

5.2 | Decomposing dense spots into path forests with specified sizes

Using the work in Section 5.1, we can decompose each dense spot in Lemma 2.5 into a few con-
nected dense spots and join up any paths in the same path forest coming into the same connected
dense spot. This will leave at most d /2 paths coming into each dense spot, as there are at most d /2
distinct path forests to begin with. For example, suppose that we have paths Py, ..., P4, which are
attached to a well-connected dense spot G, where every path P; has length d /2. Having set aside
a vertex subset of G to make connections (as in Section 5.1), we will then wish to find in G plenty
(almost d/2) edge-disjoint paths of length (1 — €)d — d/2 to join to the paths P; to get (roughly)
a path of length (1 — ¢)d, while decomposing the rest of the edges mostly into paths of length
(1 — €)d. To make this easier, we find instead an edge-disjoint path forest of few paths which have
the right number of vertices, before using the connectivity property to join them up (including
possibly to some path P;).

To find edge-disjointly path forests with specified numbers of vertices in our dense spots, we
will use the following lemma. Its proofis similar to that of Lemma 3.1: we partition the vertices into
sets A;,i € [s], with s = 2d%!> and find many large matchings between each of them, putting them
together to find large path forests without too many paths. Instead of decomposing the auxiliary
graph K into paths of length (s — 1), however, we will use Theorem 2.10 to mostly decompose K
into paths of different lengths, chosen so that the path forests we produce will have the desired
size. For this, we start the proof by batching together the desired path forest sizes into groups with
similar sizes, as each path we find in K will produce many path forests with a similar size.

Lemma5.7. Let1/d < 8,1/K < e< 1. Let G be a ($,d,K)-dense graph. Let r € N, and suppose
ny,...,n, € [ed, (1 — €)d] are such that Zie[r] n; < (1 —10%)|V(G)|d/2.

Then, G contains edge-disjoint path forests Fy, ..., F, such that, for each i € [r], |V (F;)| = n; and
F; contains at most d°/1° paths.

Proof. Note that we can assume that ¢ <1/ 103. Let n = |V(G)| < Kd and note that r <
|E(G)|/(ed) < Kd/2e. Let s = 2d%! and 71 = |n/s| > (1 —€)n/s. Take u such that 1/d < u <
B,1/K and un € N with un = 0 mod 7i. We will batch the lengths n; together so that in each
batch, they have length varying by only up to un. For this, for each i € [r], let nlf = [n;/un] - un <
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n; + un. Note that there are at most d /(ud) + 1 < 2/u different values taken by n’, i € [r], and

2, mi< 2, (4 ) < (1=10%0n g —d-uns(l—s-mza)n'%’ (6)

€lr] i€[r] 2¢

asl/d <« u<p,1/K,e.
Let iy, = min{n!/A : i € [r]} and iy, = max{n]/n @ i € [r]}, so that iy, > en/A > es and
xSA—e+un/a<Q—¢e/2)s.LetI ={i : 3j € [r] s.t. n;. =i-n},sothat i, <i< iy, for
eachi €I, and |I| < 2/u. For each i € I, let m; be the number of n;., j € [r], with n;. =1i-7.Let
7' =40d=%2 and d’ = (1 —5')(1 — 1008)d/s. For each i € I, let s; = [m;/d’]. Then,

{jelr] :n =i-na}

. . J
i< L yig !3 X - 00mds

iel iel iel iel

S
(1 —7/)(1-1008)d

//\
S |&. ~

+Z
Jj€lr]

4
n.
N

J
ST ]-EZ[;J (1—on/s (1—7)(1 - 1008)d

(6) €s?

<8 La-5.10%)n. 2 1 §
10

2 (1 - E)n/s 1 —7n")(1 -100p8)d

coean() ()

Thus, by Theorem 2.10, we can take a collection Q of edge-disjoint paths in K such that, for each
i € I, there are s; paths with i vertices in Q. For each i € I, let Q; be the set of paths in Q with i
vertices, so that |Q;| = s;.

Lety = 2d=%4. Apply Lemma 3.7 to G with (1 — €)d in place of d and 2¢ in place of y to find a
subgraph G’ C G with |[V(G’)| > (1 — 100¢)|V(G)| and some d,, > (1 — 100¢)d such that, for each
veV(G),dy() =1 x£y)d,.

Let7n = 4d~%*. As in the proof of Lemma 3.1, using the local lemma and Chernoff’s bound, take
a partition of V(G’) as A4, ..., A, for which the following properties hold.

L1 Foreachv € V(G)andi € [s], dg(v, 4;) = (1 £n)d/s.
L2 Foreachi € [s], |4;| = (1 £n)n/s.

Note that ' = 40d=%2 = 20/7 and d’ = (1 — 1’)d,/s. For each edge e = jk in the complete s-
vertex graph K, using Lemma 2.9, L1, and L2, find d’ edge-disjoint matchings in G[A;, A, ] which
each have at least (1 — »/)n/s edges. Call these matchings M, ;, i € [d'].

For each P € Q and i € [d'], let Fp; be the path forest with vertex set U;cy(p)A4; and edge set
U ccE(P) M,;. Observe that, as the paths in Q are edge-disjoint, the subgraphs F pi» PEQ and
i € [d'] are edge disjoint. Moreover, observe that, for each P € Q and i € [d’], if j is an interior
vertex of P, then there are at most 2(]A;| — (1 — n’)n/s) vertices in A j which are an endvertex of
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a path in Fp;. Thus, the number of paths in Fp; is at most, by L2,

2(1+7;)%+(S—2)-2((1+77)—(1 7 )) <3 +4;7 n< 47” < d/o,
asn < Kd,s =2d%and 1/d < 1/K.

Thus, the path forests Fp;, P € Q and i € [d'], are edge-disjoint, each have at most d®/10 paths,
and, for each i € I, there are atleast s; - d’ > m; path forests with 7 - i vertices. Thus, by the choice
of the m;, i € I, we can find r edge-disjoint path forests F;, i € [r], in G such that, for eachi € [r],
F; has at most d°/1° paths and at least nlf > n; vertices. Iteratively removing nlf — n; leaves from
F;, for each i € [r], then gives the desired paths. O

For our application, we now prove a simple variant of Lemma 5.7 in which the endvertices of
the paths additionally satisfy some weak spreadness condition.

Corollary5.8. Let1/d < 8,1/K < e < 1. Let G bea (8, d, K)-dense graph. Let r € N, and suppose
ny, ..., N, € [ed, (1 — e)d] are such that Zie[r] n; < (1-2-10%)|V(G)|d/2.

Then, G contains edge-disjoint path forests F,, ..., F, such that, for each i € [r], n; < |[V(F;)| <
(1 + €)n; and F; contains at most d°/1° paths, and each vertex in G appears as the endpoint of at
most d*°/?° pathsin F,, ..., F,.

Proof. Foreachi € [r], let n] = (1 + ¢)n;, noting that

14}
2

<(1-10%)- &ZGN

D=0+ ) m<A-e)1-2-10%)-

ielr] ielr]

Therefore, by Lemma 5.7, we can find edge-disjoint path forests F {, ., F ; in G such that, for each
ielr],|F/| = n’ and F/ contains at most d®/10 paths.

For each 1 < i < r in turn do the following to find F; C F/ with at most d°/1° paths. Let Z; be
the vertices of G Wthh appear as the endpoints of at least d19/ 20 different paths in F;, j < i, so
that |Z,| < r - 2d°/10/d"9/20 < (Kd?/ed) - 2d~1/?° < €2d < en;. Thus, we can iteratively delete any
endpoints in Z; from the paths in F/ until they are all outside of Z;, to get F;, while deleting at
most |Z;| < en; vertices, so that, hence |F;| > n;. By the choice of Z;, i € [r], the path forests F;,
i € [r], have our desired properties. O

‘We now use Corollary 5.8 to deduce an almost decomposition of a connected dense spot with a
few attached paths, as follows.

Lemma5.9. Let1/d < A < p,1/K < ¢ < 1. Let G bea (1'/*, 1/2, d)-connected graph which con-
tains a set J C V(G) with |J| < ed/4 such that G —J is (p,d, K)-dense, and suppose that §(G) >
d/8K and A(G) < d. Let Py, ..., Py, be edge-disjoint paths which each have exactly one vertex in G,
which is, moreover, an endvertex and in J. Suppose that no vertex of G is the endvertex of more than
Vd paths P,, i € [d/2].

Then, all but at most €|V(G)|d edges of GUP; U...U P, can be decomposed into copies of

Pa_g)g-
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Proof. Letgbesuchthat1/d <« g < 4.By Lemma 5.6, thereisaset W C V(G) with |W| < 4|V(G)|
and the following property.

M For each distinct v, w € V(G), there are at least gn? edge-disjoint paths with length at most
1/q between N;(v) and N (w) in G[W] with all their vertices in W.

Now, as G — J is (p,d, K)-dense, and |W| < Ad, G’ :=G —J — W is (2p,d, K)-dense, and
V(G 2 IV(G)\T| = IW|268(G—-J)—2Ad > (1 - p)d —pd =(1-2p)d. @

For each i € [d/2], let #; be the length of P;, and let n; € [(1 — €)d] be such that #; +n; =0
mod (1 — ¢)d. Note that

Y m<(-e)d-d/2 (2 (1 —¢/M)IV(G)|d/2.
ie[d/2]

Using this, let s be the largest integer such that

(s—d/2)-A-od+ D n<1—g/4)|V(G)d/2, (8)

ield/2]

and, foreach d/2 <i < s,1let #; = 0 and n; = (1 — €)d. Note that, by the choice of s,

®)
A —¢/DVGHd/2 > Zni =(—d/2)-(1—¢)d+ Z n>1—e/HVG)Hd/2—1—e)d
i€ls] ield/2]

> (1 -9V(G)ld/2 > |[E(G)| —e|V(G)ld/2, ©)

where we have used that A(G) < d.

By Corollary 5.8, there are edge-disjoint path forests Fy, ..., F; C G’, each of at most d°/1° paths,
such that n; < |V(F))| < (1 + &)n; for each i € [s] and every vertex in V(G;) appears as the end-
vertex of at most d'%/2° of the paths in F;, ..., F,. Now, for each i € [s], let E; be a set of pairs of
vertices from the endvertices of F; and P; so that P; U F; + E; is a path, and note that |E;| < d°/10 as
F; contains at most d°/1 paths. Let F C {(i,xy) : i € [d/2],xy € E;} be a maximal set for which
there are edge-disjoint paths R; .., (i, xy) € F, for which the following hold.

i,xy’

N1 For each (i,xy) € F, R, , is an x, y-path in G with length at most 2/q and internal vertices
inW.
N2 For eachi € [d/2], the internal vertices of R; ,, (i, e) € F, are all distinct.

N3 Every vertex in V(G) appears in at most 2d'%/2% edges in U, ,,)cr: vgixy) Rixy-

Suppose for contradiction that there is some (i,xy) with i € [d/2] and xy € E; such that
(i,xy) ¢ F. By N3 and as each vertex in G appears as the endvertex of at most \/E paths P;,
i € [d/2], and at most d'%/?° of the pathsin F, ..., F, each vertex is in at most 2d%%/200 4+ 24/d +
2d'%/20 < qd /4 edges in paths in Ut xy)er Rixy- Using M, find a set R of gd* edge-disjoint paths
of length at most 1/q between N;(x) and N;(y) and internal vertices in W. Note that, due to
the maximality of F, every path in R must either contain an edge of R ,, (i’,e) € F, or contain

an internal vertex in R; , d199/200 edges in

i’ e»
(i,e) € F, or contain a vertex appearing in at most 2
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U e)er Riv o> Or there is an edge from its endpoints to {x, y} which is in J; ,)cr Ri x,- However,
in order, this implies that

.. d9/10 (2 dZ
> /D om0 g T g0
2d199/200 2

|R|<s-d9/lo-g+d9/1°-%-d+
q q

where we have used that s < [V(G)| - (d/2)/((1 — £)d) < Kd. As (10) contradicts that |R| > gd?,
we must then have that F = {(i, xy) : xy € E;}.

Now, note that, for each i € [s], P; UF; U (U, Ri ) is a path with length at least £; + n;. As,
foreachi e [s],#; +n; =0 mod (1 —¢€)d, P; U Filu (U.ep, Ri.) contains edge-disjoint copies of
P _¢)q which cover at least £; + n; edges. Therefore, in tOtElll, we can find edge-disjoint copies of
P(1_¢)q which cover at least };(¢; + n;) edges of G U (P; U ... U Py /). As the number of edges
inPyU...UPy, is Zie[s] ¢;, and, from (9), these paths cover all but at most €|V (G)|d edges of
GUP,U..UP,,, asrequired. O

5.3 | Proofof Lemma 2.5
Finally, then, we can prove Lemma 2.5.

Proof of Lemma 2.5. Take g and A with 1/d <« ¢ < 4 < 1. We will prove the lemma by induction
ont = |F|.If |F| = 0, then we must have that all of the path forests are empty, as there is nowhere
for their endvertices to go, and thus, the result is trivial in this case. Suppose then that ¢ > 1 and
that the lemma is true if |F| =t — 1, and let |F| = t.

Let H = G;, and, using B1, let X;; C V(H) be such that X; contains all the vertices of U4/, P;
in V(G;) (which are necessarily endpoints), and, for each v € V(H), dy; (v, Xy) = (1 +1)pd. From
this, and as H is (1, d, K)-dense, we have that H — X}, is (2p, d, K)-dense. Therefore, by Lemma 5.3,
we can find some s € Nand a setJ C V(H) \ Xy and vertex-disjoint subgraphs Hj, ..., H, whose
vertex sets partition V(H) \ Xj; such that each H;, i € [s], is (A1/#, 2, d)-connected, each H;,—-J
is (4p,d,K)-dense, s < 2K, and |J| < \/Id. Furthermore, using that H is (3, d, K)-dense, and so
each vertex in X;; has atleast (1 — n)d — (1 + n)pd > d/2 neighbours in V(H) \ X, partition Xy
as U;e[s) Xpi so that, for each i € [s] and v € X}, ;, v has at least d /4K neighbours in G in V(H,).

Let Q" = ffand, for each i € [d/2], let P) = P,. We will show by induction the following claim,

where, essentially, for each j in turn, we look to connect paths in Pij - (for each i € [d/2]) with

endvertices in H; together while decomposing at most 1 path from each Pl.j ~! i e[d/2], along
with the unused edges in H; into copies of P(;_); using Lemma 5.9 (below, these copies of P(;_¢)g

appear as those in the set Q/, while Pl.j will be some of the paths in Pij ~! which have been joined
up where necessary so that they have no endpoints in H;).

Claim 5.10. Foreach 0 < j < s, there are edge-disjoint path forests Pij ,i € [d/2],and Q/ such that
the following hold (where 01-03 allow us to maintain the properties for the paths Pi] that will
later allow us to apply the induction hypothesis to these paths and G, ..., G;_).

01 Foreachi € [t — 1], thereis some X; C V(G;) so that X; contains all of the vertices of V(Plj Ju

L UV(P] 1) InV(Gy), and, for each v € V(Gy), dg, (v.X)) = (1 +n)pd.
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02 Each vertex v € V(G;) U ...UV(G;_;) is an endpoint of in total at most \/_ d paths from
J J

P s P p /2 |

03 Foreach j' € [t —1]and i € [d/2], at most V/d of the paths in Pij have at least one endpoint
in Gj

04 Foreachi e [d/2], the path forest P] is contained in P; U (| ;
endpointsin [, ; X

05 Q/ is a collection of edge-disjoint copies of P;_,,; with edges in E(|J < HiY
(] ie[d/2] E(P;)) which is edge-disjoint from each Pl.j ,ie[d/2].

06 The number of edgesin | J;; Hj» and Uie[d/z] P; which are not in Pl.j, i€[d/2],orQlisat
most Zj,gj e|lV(H;)ld/2.

H /) and its paths have both

/<J

Proof. Note that this is easily true for j = 0 using that we set 731.0 = P; for each i € [d/2] and
Q% =g, Where_01—03 follow from B1-B3. Assume then that j € [s] and that we have edge-disjoint
path forests Pij_l,i € [d/2],and Q/~! satisfying 01-06 with j — 1in place of j. Foreachi € [d/2],
let E; C XS)J be a maximal set of pairs of vertices from the endpoints of Pij inx m,j such that

Pij i E; is a path forest (where it may be that none of the pairs in E; are edges in the graph).
Note that in Pij i E; at most 1 path will have an endpoint in V(H ), by the maximality of E;.

We will now greedily find edge-disjoint pathsR; ,,i € [d/2] and e € E;, such that, the following
hold.

P1 Foreachi € [d/2] and xy € E, R, ,, is an x, y-path in H; with length at most 2/q.
P2 For each i € [d/2], the internal vertices of R, ,, e € E}, are all pairwise disjoint.
P3 Every vertex in V(H;) appears in at most 2d%/* edges in Uieta/zpeen, Rie

To see this is possible, suppose that we have found paths R, ,, (i,e) € F, for some F C {(i,e) :
ield/2],ee Ej.} and are looking to find the path Ry ., for some i’ € [d/2] and xy € E; with
(i',xy) & F. Let Zy ., be the set of vertices v in H; which either

+ are in at least d*/* edges in | o)ep Rier OF
* are an internal vertex of one of the paths Ry ,, (i’,e) € F, or
* are such that xv or yv are in some R, ,, (i,e) € F.

By 03 we have |F| < d*/2, so that, using 03 and 02, we have

d3 /2
700l <« T2 1 /g Va4 2V < )

Let Ef. be the set of all the edges of all the paths R; ,, i € [d/2] and e € E;, so that |Ex| < (2/q) -
d3/? < qd?/2 by 03. By the choice of Xy ;,and as x, y € Xy ; implies dg(x, V(H;)), dc(y, V(H))),
andas 4 < 1/Kand H| is (A1/4, 2, d)-connected, by Corollary 5.5, there is a set R of at least gd?
edge-disjoint paths of length at most 1/q between Ng(x, V(H;) \ Zy ) and Ng(y, V(H;) \ Zy 1)
in G. As A(G) < d, for each v € V(G) at most d of the paths in R go through v. Therefore, as
|Ex| < qd?/2 and as |Zir xy| < qd/4 by (11), we can find a path le, o € R which has no vertex in
Zy y oOr edge in Ep. Say le,7xy has endpoints x" € Ng(x, V(H;) \ Zy ) and Y’ € No(y,V(H;) \
Zy vy)- Add edges xx” and yy’ to Ri’,7xy and call this path Ry .. Then, by the choice of Z; ., (so
that xx’,yy’ & Ep) and Ep, this path avoids all of the edges in Ep, and its internal vertices are
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disjoint from those of R/ ,, (i’,e) € F, and no vertex in V(H ) appears in more than 2d3/4 edges
in U(i’e)eFU{(i,’xy)} R; .. Therefore, we can pick Ry ,, as requlred and thus can pick paths R, ,, i
[d/2] and e € E; satisfying P1-P3. '

Now, for each i € [d/2], by the choice of E; and by P1 and P2, we have that Pij 1y J eer; Rie)
is a path forest. Let P’ be the path forest of paths in P] o cck; Rie) With no endvertices in X,
so that, therefore, 04 holds. For each i € [d/2], by the max1mahty of E;, we have that there is at
most one path in PJ ! \ P’ — call this path P; where it exists, and otherwise set P; = §J. Let H " be
H with the edges of the paths in Pl.} removed. Then, as H; — J is (4p, d, K)-dense, by P3, we have
that H;. —J is (5p, d, K)-dense. Furthermore, as we removed at most (2/q) - d*/> < 1d?/2 edges

from H jtogetH ; we have that H ; is (114,21 /2, d)-connected. Finally, each path P; which is non-

empty has an endvertex with at least d /4K — \/E > d /8K neighbours in V(H;) in G'. Thus, by
Lemma 5.9, there is a set, Q say, of copies of P(; )y which decomposes all but at most ¢|V/(H;)|d /2
of the edges of G} U (Uie[d/z] P,). Let @/ = Q/=1 U Q, and note that both 05 and 06 are satisfied.

Finally, then, note that 01-03 hold as, for each i € [t], all the endvertices of P{ ) d /2 inV(G;)

are endvertices of P{_l, Pajl /21 Thus, 01-06 hold, as required. B

i, xy

Setting j = s in Claim 5.10, take edge-disjoint path forests 731.5, i €[d/2], and QF, such that
01-06 hold. Now, 04 implies that the collections of paths all have no endpoints in H, and there-
fore, Q° is a collection of edge disjoint copies of P;_.y; in G by O5 which, by 06, decomposes
all but at most ¢ ZJE[S] |V(H;)|d/2 of the edges of [ J; jels) Gj and Py, i € [d/2], which are not in
P!, i € [d/2]. As there are at most |J|d + |[V(G,)| - pd < €|V(G,)|d/2 edges of G; which are not
in Uje[sj Hj, all but at most £|V(G,)|d edges of G, and P;, i € [d/2], are contained in Q° or Pl.S,

€ [2]. Then, using 01-03, by the induction hypothesis on ¥/ = {G, ..., G,_;} and the paths Plb
i € [d/2], there is a set Q of copies of P(;_); which decomposes all but at most & Zf;i [V(G))|d
edges of T” {Gy,...,G;_1} and the paths Pis, i € [d/2]. Combined with QF, this gives a set of
copies of P(;_,)q which decomposes all but at most ¢ Zgzl [V(G))|d = ¢|V(G)|d of the edges of F
and P;, i € [d/2]. This completes the proof of the induction step, and hence the lemma. O

6 | CONCLUDING REMARKS

In this paper, we showed that it is possible to approximately decompose d-regular graphs into
paths with length approximately d. Improving this to give a full answer to Kotzig’s orginal problem
(Problem 1.1), even for large d, appears very hard and certainly requires further new ideas and
methods. This is true even for strengthening Theorem 1.2 to find paths of length d instead of
[(1 — €)d], where it should be noted that our ‘dense spots’ may have (slightly) fewer than d vertices
and thus may not approximately decompose into paths of length d. Though this paper is motivated
by the paucity of results on the decomposition of sparse graphs, we note that Kotzig’s problem is
unsolved even in the dense regime, and showing that, when d = Q(n), any d-regular n-vertex
graph can be decomposed into copies of P is an interesting open problem.

Decompositions of regular sparse graphs into other subgraphs have also been studied, where
the existence of sparse regular graphs with high girth mean that we can only study comparable
questions to Problem 1.1 when the graph will be decomposed into trees. Here, Graham and Hig-
gkvist [24] conjectured in 1989 that any 2d-regular graph decomposes into any d-edge tree, giving a
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far reaching generalisation of Ringel’s conjecture. This problem is wide open. Theorem 1.2 implies
that every 2d-regular graph decomposes approximately into copies of P,, and it would be very
interesting to generalise this to obtain an approximate decomposition of any 2d-regular graph
into any d-edge tree, which appears to be beyond the capabilities of the methods used here.

APPENDIX A: NEAR REGULARISATION: PROOF OF LEMMAS 3.6 AND 3.7

In this appendix, we prove the two lemmas we need to efficiently find near-regular subgraphs,
which we restate here for convenience.

Lemma 3.6. Let 1/C’ < 1/C < 1. For any d, if a graph has degrees between d and Cd, then it
contains a subgraph with degrees between d’ and d’ + C' logd’ for somed’ > d/C’.

Lemma 3.7. There exists some C > Osuch thatforeach1/d < y < 1/100, the following holds. Let G
be a graph with d < 6(G), A(G) < (1 + y)d. Then, for some d’ > (1 — 40y)d, G contains a subgraph
G' with [V(G")| 2 (1 — 40y)|V(G)| and d' < §(G"),A(G") < d" + Clogd’.

Asnoted in [13, Section 8], these lemmas can be proved using a recent technique of Chakraborti,
Janzer, Methuku and Montgomery [12, 13]. In this, we take any graph G which is approximately
regular and carefully take a random subgraph G’ which we can show is slightly closer to being
regular with positive probability (see [13, Section 2.4] for a more detailed sketch). This will give us
the following lemma, which we can then apply iteratively to ultimately find a very nearly regular
subgraph without losing very much in the average degree.

Lemma A.1. Let 1/d < 1, £ <1/100 and y > 10¢ such that ed > 103 logd. Let G be a graph in
whichd < d(v) < (1 + y)d foreachv € V(G). Then, forsomed’ > (1 — 2¢)d, G contains a subgraph
G'withd <dgy () <A +y)1—¢/2)d and |V(G)| = (1 —28)|V(G)|.

Proof. Let n = |V(G)| and assume that G has no edges between any vertex with degree at least
d + 1 (for otherwise we could delete such an edge and maintain that §(G) > d). Let U, ={v €
V(G) : dv) <1 +y/2)d}and Uy ={v € V(G) : d(v) > (1 +y/2)d} be the set of low and high
degree vertices in G respectively, and note that there are no edges in G[Uj;]. Let G’ be a random
subgraph of G given by

* deleting each edge from U; to Uy independently at random with probability €, and
* deleting each vertex in U; independently at random with probability .

Foreachv € V(G), let B, be the event that v € V(G’) butdg (v) & [(1 — 5¢/4)d, (1 — 7e/4)(1 +
y)d]. Let t = [|[V(G)|/d] and let V(G) = A, U ... U A, be an arbitrary partition of V(G) into sets
with size between d and d/2. For each i € [t], let B; be the event that |V(G") N A4;| < (1 — 2¢)|4;].
Letd' = (1 — 5¢/4)d,sothat,as(1 — 7e/4) < (1 — 5¢/4)(1 —¢/2),ifnoevent B,, v € V(G), occurs,
then the degrees of G’ are in [d’, (1 — ¢/2)(1 + y)d']. Furthermore, if no event B;, i € [t], occurs,
then [V(G")| > (1 — 2¢)|V(G)|. Therefore, it is sufficient to show that, with positive probability,
no event B, v € V(G), or B;, i € [t], holds.

For eachi € [t], as |4;| > d/2, we have, by Chernoff’s bound, that

P(By) = P(IA; \ V(G))] > 2¢lA4;]) < 2exp(—ed/24) < d ™, (AD)

Ifv € Uy, then, foreach u € V(G) withuv € E(G), wehaveu € U}, and souv € E(G’) exactly
when u and uv are not deleted, so the probability thatuv € E(G')is (1 — ¢). Thus, ifv € Uy, then
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E(dg_g(v)) = 2€ — €2) - dg(v). Asy > 10 and € < 1/100, we have here that (1 — 9¢/4) - d;(v) >
(1-9/4)A+y/2)d > (1 — 5¢/4)d. Thus,

P(B,) < P(dg(v) & [(1 — 9/4) - d(v), (1 — 7g/4) - dg(v)])
= P(dg_g/(v) & [(7e/4) - d(v), (9¢/4) - dg(V)]).
Then, by Chernoff's bound (in particular, Lemma 2.6 applied with y = 1/10)
P(B,) < 2exp(—(2¢ — £*)d/300) < d 3. (A.2)

Now, suppose v € U; . If v survives into V(G’), then, note that, for each uv € E(G), ifv € U,
then the probability that uv ¢ E(G’) is ¢ (the probability that v is deleted), while if v € Uy, then
the probability that uv € E(G’) is also ¢ (the probability that uv is deleted). Thus, if v € Uj,
then E(d;_g/(v) | v € V(G')) =€ - dg(v). As y > 10e and € < 1/100, we have that d;(v) < (1 +
y/2)d < (1 —7¢/4)(1 + y)d, so that, by Chernoff’s bound

P(B,) < P(dg_g/(v) > 5eds(v)/4 | v € V(G)) < exp(—ed;(v)/48) < exp(—ed/48) < d 3.
(A.3)
By (A.1), (A.2), and (A.3), all the ‘bad events’ we have defined occur with probability at most
d—3. Each ‘bad event’ is affected by the possible deletion of at most (1 + y)d vertices and (1 + y)d
edges, and the possible deletion of each vertex/edge affects at most (1 + y)d + 1 ‘bad events’. As
1/d < 1,wehavee-d=3-(2(1 +y)d((1 +y)d + 1)+ 1) < 1, so by the local lemma there is some
choice of G’ for which none of the ‘bad events’ hold, as required. O

Note that if y < 1/10, then we can iteratively apply Lemma A.1 with € = y /20 at most 50 times
to immediately get the following corollary.

Corollary A.2. Let 1/d < 1 and y < 1/10 such that yd > 10°logd. Let G be a graph in which
d < d(v) < (1 +y)d for each v € V(G). Then, for some d’ > (1 — 10y)d, G contains a subgraph G’
withd' < dg () <A +y/2)d and |V(G')| = (1 — 10y)|V(G")|.

‘We can now apply Corollary A.2 iteratively to prove Lemma 3.7.

Proof of Lemma 3.7. Let G, = G, and let r be the smallest integer with yd/2" < 10° logd. For
each 0 < i < r in turn, apply Corollary A.2 with y' = y/2! to G; to get G;,; with |V(G;, )| > (1 —
10y/29)|V(G;;1)| and vertex degrees in [d;,q, (1 + y/2*1)d,,] for some d;,; > (1 — 10y/2))d;.
Then, we have

r—1 9
VG)I = [Ja - 10r/2)IV(©G)l > (1 —10y - ), 2‘i>|V(G)| = (1-20nIV(G)
i=0 i=0
and the degrees in G, are between [d,, (1 +y/2"*1)d,] C [d,,d, + 10° logd], where
r—1
d, > [J(1 = 10y/2)d > (1 - 20y)d,

i=0

so that G’ = G, satisfies the required conditions with C = 2 - 10° as logd, > (logd)/2. O

d ‘2 'S202 '0SL269VT

Jo//sdny wouy

UONIPUOD PUe SWLS | 81 385 *[G202/60/2T] U0 AR1q1T8UIIUO M)W ‘S801ARS ARig!T TON UopuoT 868]100 AISRAIIN Ad 69202 SWIIZTTT OT/I0P/L0D M| 1M

85UB0 |7 SUOWIWOD dANERID 3|gedtjdde aus Aq peuseAch ae e YO ‘8sn Jo 3| Joj ARiq1T aUlluQ AB|IM Uo



APPROXIMATE PATH DECOMPOSITIONS OF REGULAR GRAPHS 39 of 40

Finally, we can prove Lemma 3.6.

Proof of Lemma 3.6. Note that we can assume that C > 10 and 1/d < 1. Let ¢ = 1/1000 and
k = 10°logC. Let G be a graph with vertex degrees between d and Cd. Apply Lemma A.1 iter-
atively k times to G to get a subgraph G”" in which the vertex degrees differ by a factor of at
most max{1 + 10¢, (1 — E/4)k -Ci<1+ ﬁ with d(G") > (1 — 2¢)¥d(G) > 2d/C’. Then, applying
Lemma 3.7 gives the required subgraph. O
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