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Abstract

We study linear preconditioning in Markov chain Monte Carlo. We consider the class
of well-conditioned distributions, for which several mixing time bounds depend on the
condition number k. First we show that well-conditioned distributions exist for which
can be arbitrarily large and yet no linear preconditioner can reduce it. We then impose two
sets of extra assumptions under which a linear preconditioner can significantly reduce k. For
the random walk Metropolis we further provide upper and lower bounds on the spectral
gap with tight 1/x dependence. This allows us to give conditions under which linear
preconditioning can provably increase the gap. We then study popular preconditioners
such as the covariance, its diagonal approximation, the Hessian at the mode, and the
QR decomposition. We show conditions under which each of these reduce x to near its
minimum. We also show that the diagonal approach can in fact increase the condition
number. This is of interest as diagonal preconditioning is the default choice in well-known
software packages. We conclude with a numerical study comparing preconditioners in
different models, and we show how proper preconditioning can greatly reduce compute
time in Hamiltonian Monte Carlo.

Keywords: Markov chain Monte Carlo, Preconditioning, Bayesian inference, Bayesian
Computation, Condition Number
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1 Introduction

Markov chain Monte Carlo (MCMC) is ubiquitous in the field of Bayesian computation.
Decades of use has proven its effectiveness and longevity in the face of major changes to the
structure of statistical models. To keep pace with the increasingly complex problems faced
by practitioners, the MCMC community has developed powerful and flexible algorithms
within the framework of Metropolis et al. (1953); Hastings (1970). Prominent examples
include the Metropolis adjusted Langevin algorithm (MALA) and Hamiltonian Monte Carlo
(HMC) (Roberts and Tweedie, 1996; Neal, 2011).

Preconditioning is a technique that is now used throughout applied mathematics, in-
cluding MCMC sampling, but was originally conceived to improve the stability of iterative
solvers in linear algebra. The conditioning of a particular problem corresponds to how
easily it can be solved, and is quantified by a condition number. The term ‘condition num-
ber’ was first coined by Turing (1948), although similar quantities are used in earlier works
(Wittmeyer, 1936; von Neumann and Goldstine, 1947). In its most basic form precondi-
tioning can be thought of as transforming to a space in which the problem at hand is both
easier to solve and more amenable to implementation on a computer. Assuming that the
transformation is invertible, the idea is to solve the problem in the transformed space and
then transform the solution back to the original space using the inverse.

Recent works by Dalalyan (2017); Durmus and Moulines (2017); Chen et al. (2020);
Mangoubi and Smith (2021); Chewi et al. (2021); Lee et al. (2021); Andrieu et al. (2022)
and others establish non-asymptotic mixing time bounds for various MCMC samplers. The
choice of distance metric D can vary, but excluding polylogarithmic terms each bound can
be written in the form

inf{n > 0: D(P",1I) < €} < Cckd®,

where P™ denotes the marginal distribution of the nth state, II is the equilibrium distribu-
tion, d is the dimension of the state space, a and S are positive constants and C¢ > 0 is an
explicit constant depending on € > 0 (see Table 1 for more detail). The quantity x, defined
in equation (6), is a form of condition number. Lee et al. (2021) show that for MALA and
HMC there are strongly log-concave distributions for which o > 1, and the best known
bounds to our knowledge for these methods set v > 1. It is clear, therefore, that a smaller
value for k results in a smaller mixing time upper bound.

In this paper we study how preconditioning an MCMC sampler affects the particular
form of condition number s used by the MCMC community. We focus on linear precondi-
tioning, meaning the chosen transformation is linear. We note that linear preconditioning
is widely used in practice, but largely under-explored theoretically in MCMC (one notable
exception is Roberts and Rosenthal (2001), who present asymptotic results in particular
cases). We consider common choices of linear preconditioner and explore the extent to
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which they will reduce the condition number of a well-conditioned probability distribution
(formally defined in Section 2.2).

1.1 Notation

We use & to denote the Borel o-field of R?, and denote the set of non-negative real numbers
R*. Let IT be a probability measure on (R4, X) with Lebesgue density 7(x) o exp(—U(z)),
where U : R? — R is called the potential. We will often call II the target. The normal
distribution with mean x4 € R? and covariance ¥ € R%*? will be written A/ (y, ¥) and its
density at € R? will be denoted N(z;u,%). Given a diffeomorphism g : R* — R? we
define the pushforward of II under g as the measure g4Il such that gxII(A) := (g~ (4))
for all A € X. It follows that g4IT has Lebesgue density gum(y) := m(g~*(y)) [det J,-1(y)|
where J,-1(y) is the Jacobian of g latycRd

We denote by L?(II) the Hilbert space of functions that are square integrable with
respect to Il with inner product

(f.g) = / f(@)g(@)n(z)d,

and write L3(I) := {f € L*(I1) : [ f(z)m(x)dx = 0}. When P is a Il-invariant Markov ker-
nel we define an associated bounded linear operator P : L%(II) — L2(Il) as Pf(z) :=
[ P(z,dy)f(y). The action of P on a probability measure v is defined as vP(A) :=
ffyeA v(dz)P(x,dy) for all A € X. We define the actions of P™ for n > 1 recursively
using P"f(z) := P""1(Pf(z)) for all z € R? and vP"(A) := [ nyA vP" 1 (dx)P(x,dy) for
all Ae X.

We denote by I the identity map on L2(II). For a given operator P we define the
Dirichlet form E(P, f) := (I — P)f, f) for all f € L?(II). When P is Il-reversible we define
its right spectral gap (from this point called spectral gap) as

= inf E(P ) .
ferd(m),szo Varg(f)

(1)

The relazation time is simply the inverse of the spectral gap v .

Given a distance metric D on the space of probability measures and an initial measure
vy the e-mizing time of P starting from 1y is define for all € > 0 as

t(e, 1) :=1inf{n € N: D(vyP",II) < €}. (2)

We say the Markov chain has a S-warm start if there exists a constant 8 € R such that
supcy Yo(A)/I(A) < 5.

The set {1,2, ..., k} is denoted as [k] for any positive integer k. For a function g € C%(R?)
we define Vg(y) € R? and V2g(y) € R¥*? elementwise as

2
a(Zig(y) (V29(y),; = ay?ang(y)

(Vg(v)); ==

for 7,7 € [d].
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We denote by ||.|| the Ly-norm on both R? and R?*?. For a given symmetric matrix A
we let A\;(A) be its ith largest eigenvalue. We define its spectral condition number as

max;e(q |Ai(A)]
minge(q) [Ai(A)]

Kk(A) =

We overload the diag function as follows: diag(A) is the diagonal matrix that shares its
diagonal with A € R?*? and diag{f(i) : i € [d]} € R is the diagonal matrix whose
(,7)th element is f(i). We denote by GL4(R) the set of invertible d x d matrices over R.
We use the ‘<’ and ‘>’ relations to take symmetric matrices in the following way: A < B
(resp. A = B) if and only if B — A (resp. A — B) is positive semidefinite. The ordering
generated by these relations is known as the Loewner order. The relations ‘<’ and ‘>’ are
defined similarly, replacing the semidefiniteness condition with definiteness. We write I to
denote the d-dimensional identity matrix.

For two real-valued functions f(n) and g(n) we say f(n) = O(g(n)) if there exists
a universal constant K > 0 such that f(n) < Kg(n). We say f(n) = Q(g(n)) if there
exists a universal constant K > 0 such that f(n) > Kg(n). We say f(n) = O(g(n)) if
f(n)log=(n) = O(g(n)) for some natural number ¢, and define Q analogously.

1.2 Main Contributions

The main contribution of our work is to illustrate the potential benefits and pitfalls of linear
preconditioning of sampling algorithms. We focus attention on the class of well-conditioned
target distributions, which briefly stated are probability measures II defined on R? with
density m(x) o exp(—U(z)), for which the potential U is twice continuously differentiable
and for all z € R? satisfies

mly < VU (z) < M1y,

for some finite constants M > m > 0. A more detailed description is given in Section 2.2.
The associated condition number is defined as

and it follows that x > 1 with equality holding only when II is an isotropic Gaussian
measure on R?. If X ~ II has condition number x, then linear preconditioning consists of
applying a transformation L € GL4(R) such that Y := LX follows the distribution IT with
associated condition number k. The hope is that x > k & 1, as many mixing time upper
bounds for sampling algorithms depend at least linearly on the condition number of the
target distribution.

We informally state the main results of the paper here. Our first question concerns how
broadly linear preconditioning can be effectively applied to distributions within the well-
conditioned class. The below shows that further assumptions on the target distribution
must be imposed to guarantee that the technique will provide benefits.

Result 1 For any fixed choice of k > 1 and dimension d > 1, there are well-conditioned
probability distributions with condition number k for which no choice of linear preconditioner
will result in k < K.
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This is formalised as Proposition 7 of Section 3.1. The result shows that standard assump-
tions made in log-concave sampling are not sufficient to guarantee that linear precondition-
ing can reduce the condition number of a given sampling problem. In the next two results,
however, we provide additional assumptions under which guarantees can be provided.

Result 2 IfII is such that V2U is of additive form, meaning it can be written V?U(x) =
A + B(x) in such a way that sup, |B(x)| < € for some € > 0, then there are choices of
linear preconditioner for which

F<1+f(e),

where f is explicit, monotonically increasing and lim¢_,o f(€) = 0. If further conditions are
imposed on B(x) then tighter bounds can be applied to k. Valid choices of preconditioner
are:

(i) L = AY? if known
(ii) The Fisher matriz L = B [VU (z)VU (z)7]Y/?
(iii) The choice L = Cov[X]~'/? (under additional technical conditions)

The first part of the result is formalized in Section 3.2 in Theorems 11-19, and the
second part is also contained in the same section. In Theorem 11 precise control on the
eigenvalues and eigenvectors are required of V2U (x), after which a result can be proved using
elementary linear algebra. In Theorems 17 & 19, we relax this requirement, controlling only
the operator norm || B(x)|| together with an ‘eigengap’ condition in the case of Theorem
17. This weakening relies on powerful results from matrix perturbation theory, such as a
recent variant of the Davis—Kahan theorem proven in (Yu et al., 2015). Our bounds are
tight in the sense that there are examples for which they can be saturated. The second
part of the result is formalised in Sections 3.2.1 and 3.2.2. It shows that popular strategies
of preconditioner, which are often approximated using pilot runs or early samples from
the Markov chain during the warm up/burn in phase, are effective when the Hessian is of
additive form. We also give empirical examples of performance improvements for models
with this structure in Section 4.2.

When the additive condition of Result 2 does not hold we offer an alternative structure
that is also common in probabilistic models, leading to the next result.

Result 3 If II is such that V?U is of multiplicative form, meaning it can be written
V2U (2) = ZTN(2)Z with Z € R™*? and A(z) € R™™, then

(i) Choosing either L = (ZTZ)I/2 or L = R where QR is a reduced QR decomposition of
Z gives
Sup,crd A1(A(z))

k<
* = 0t g M(A(2))

(ii) Choosing L = (ZTN(x*)Z)'/? gives

K<

supera M (A(z*) "2 A(z)A(z?) 72)
inf, cpa Aa(A(2*) "2 2

for any z* € R?,
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This result is formalised in Propositions 28 and 30 in Section 3.3. The proofs in this
section rely on a generalisation of Ostrowski’s theorem for congruence transformations of
symmetric matrices to the rectangular case, which was proven in (Higham and Cheng,
1998a) (see also (Ostrowski, 1959)). In theory n can be any natural number larger than d,
but in practice it will often be the number of data points and Z a design matrix, in which
case the multiplicative structure will be familiar to practitioners from generalized linear
models and related settings. The QR decomposition is a popular strategy in applications
and is discussed in Section 3.3.2, while if 2* is chosen to be the mode of 7 then the second
choice corresponds to the Hessian evaluated at the mode. More details are given in Section
3.3. These strategies are known to be effective in practice, but in Section 4.3 we show
empirically that for binomial regression there are settings for which the Hessian at the
mode should be preferred.

The aforementioned results show that appropriate linear preconditioning can reduce the
condition number, which in turn reduces mixing time upper bounds. In the next result we
go further, showing rigorously that under appropriate conditions the spectral gap of the
random walk Metropolis can be explicitly improved through linear preconditioning.

Result 4 IfII is such that V2U is of additive form, meaning it can be written VU (x) =
A + B(x) in such a way that sup, || B(z)|| < € for some € > 0, then the spectral gap . of
the random walk Metropolis satisfies

3
2

ISHN

1
_75§(1+26) E

N
Ul

C&exp(—26) -

where C = 1.972 x 1074, and € > 0 is a constant depending on the random walk step-size.
If further conditions are imposed on B(x) then tighter bounds can be applied to k.

The result is formalised in Section 3.4. The lower bound is taken directly from (Andrieu
et al., 2022), but the upper bound is new and relies on the tighter control on the spectrum
of V2U imposed by the additive structure. Since the condition number dependence is the
same in both the upper and lower bounds, we can as a direct consequence of Results 2 &
4 show that if & is sufficiently large and VU has additive structure then the spectral gap
is guaranteed to increase under appropriate linear preconditioning. See Section 3.4 and in
particular Corollary 34 for more detail.

Our final theoretical result provides a word of caution for the popular strategy of diagonal
preconditioning, in which L = diag(Cov,[X])~/2
estimated from samples. The approach is popular because L is now diagonal, meaning
that operations involving it will be O(d) instead of O(d?). Diagonal preconditioning is the
default choice in some probabilistic programming software (e.g. (Carpenter et al., 2017)).
In Hamiltonian Monte Carlo, for example, this strategy corresponds to the dominant choice
of diagonal mass matrix. It is generally understood that if II exhibits large correlations
then the diagonal strategy may not reduce the condition number by much if at all, but in
fact we show below that it can explicitly be worse than doing nothing at all.

, or some approximation of this quantity

Result 5 There are well-conditioned distributions for which applying the preconditioner
L = diag(Cov,[X])'/? gives
k> K,
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while choosing L = Cov[X]~Y? results in & ~ 1.

The above highlights that when large correlations are present then the practitioner is
better off applying no preconditioning than using the diagonal strategy. We show that this
strategy can result in demonstrably worse practical sampling performance in Section 4.1
using a simple 5-dimensional Gaussian example.

A final empirical contribution of the paper is to demonstrate how linear preconditioning
can reduce computational costs in Hamiltonian Monte Carlo. In Section 4.4 we provide two
examples showing that as the condition number increases then roughly /2 leapfrog steps
must be taken in order to achieve a comparable effective sample size for the algorithm,
and that effective linear preconditioning reduces the computational cost per step of the
algorithm by this order of magnitude. This experiment was suggested by a reviewer of an
earlier version of the manuscript.

2 Preconditioning in Markov Chain Monte Carlo

Suppose II is a measure on (R?, X) with density 7(z) o e=V(*) for some potential U : R* —

R. The aim of MCMC is to sample from II so as to infer its properties. In particular
we are interested in estimating expectations E;[f(X)] of some test function f. Given
samples {X;} ¥, we achieve this by forming the estimator fy := N~' SN | f(X;). In many
situations of interest drawing independent samples from II is computationally infeasible.
The lifeblood of MCMC is in creating and analyzing algorithms which produce Markov
chains whose equilibrium distribution is II. We can then use the samples from these Markov
chains in estimators such as fN.

2.1 Markov Chain Monte Carlo

Constructing a Markov chain with a chosen equilibrium distribution can be achieved using
the Metropolis—Hastings filter (Metropolis et al., 1953; Hastings, 1970). Given a Markov
kernel @y and its density gg(x — .) we can construct a Il-invariant Markov chain using
the pseudocode in Algorithm 1. To apply step 2 to an existing Markov kernel Qg is to
Metropolize it.

When gg(x — .) := N( . ;x,0%1;) Algorithm 1 defines the random walk Metropolis algo-
rithm (RWM). Here o > 0 is a step-size and must be tuned by the practitioner. When
q@(x — ) = N(.;2 — 0?VU(2)/2,0%1;) Algorithm 1 defines the Metropolis-adjusted
Langevin algorithm (MALA). Note that this proposal mechanism follows a single step with
step-size 02 of the Euler-Maruyama discretisation of the overdamped Langevin diffusion,
described through the dynamics

1
dX, = 3 VU(X,)dt + dB;, (3)

where (B;);>0 is a standard Brownian motion on RY (we drop the word overdamped from
this point forward). The Langevin diffusion associated with a given potential U admits IT
as equilibrium distribution under mild conditions (e.g. (Roberts and Tweedie, 1996)).
The idea underpinning HMC (Duane et al., 1987; Neal, 2011) is to extend the state
space to R% x R? to include a momentum vector, and then viewing the states in the Markov
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Algorithm 1: Metropolized Markov chain

input : Chain length NV, Initial distribution g, Initial state Xy ~ u, Proposal
parameters 6

output: [-invariant Markov chain {X;}¥,

for i € {0,....,.N — 1} do

1. Proposal: Propose a new state X, ~ Qg(X; — .).

2. Metropolis—Hastings filter: Draw U ~ U|0, 1] and calculate

m(X;)qe(X] — Xi)}
m(Xi)qe(Xi — X])

a(X; — X!) ;== min {17

IfU < a(X; — X)) set X;11 = X/, otherwise set X; 11 = X;.

end

chain as the positions and momenta in physical space of a particle moving in the potential
U. To propose a new state X/ we simply evolve a particle with initial position X; according
to a discretisation of Hamiltonian dynamics with random initial momentum and potential
U. Specifically we propose X! = x7 using the final value (7, pr) of the trajectory described
by the Hamiltonian system:

W H (e p), B
with initial conditions g = X;, po ~ N(0,I;). The function H : R? x R? — R is the
Hamiltonian H(z,p) := U(z) + K(p) where K(p) = p'p/2 is the kinetic energy. Note that
if we marginalise the density proportional to exp(—H (x,p)) over p we are left with 7. See
Neal (2011); Betancourt et al. (2017) for a more thorough exposition, Livingstone et al.
(2019b) for extensions to different forms of K (p), and Chen et al. (2014) for a stochastic
gradient version of the algorithm. Convergence properties are discussed in (Livingstone
et al., 2019a; Durmus et al., 2020). For a more general discussion of schemes involving
augmentation of the state vector see Andrieu et al. (2020); Glatt-Holtz et al. (2020).

=~V H(z¢,pt) (4)

2.2 Well-Conditioned distributions and the Condition Number
2.2.1 BACKGROUND ASSUMPTIONS ON II

Here we introduce a background assumption which is assumed for most theorems in the
text.

Assumption 6 The potential U is in C?, and there exist constants M > m > 0 such that
mly < V2U(x) < M1y (5)
for all x € RY.

The lower bound on the Hessian V2U in Assumption 6 is known as m-strong convewity
of U and the upper bound is commonly known as M -smoothness of U. Note that M-
smoothness holds if and only if VU is M-Lipschitz.
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Relaxation Time e-Mixing Time

0 (Iid%)v Wu et al. (2022)

Upper Bound | O(kd)® Andrieu et al. (2022) | O (rdlog %)A Andrieu et al. (2022)

. o
O (mé log g) Chen et al. (2020)

\ \
Lower Bound | €2 (l:gdd) Lee et al. (2021) Q (10’;§d) Lee et al. (2021)

Table 1: Recently published bounds on the relaxation time and e-mixing time of various
MCMC samplers. The O denotes that the bound excludes poly-logarithmic terms.
Superscript A denotes a bound for RWM, superscript 57 for MALA, and super-
script O for HMC. The bound in Chen et al. (2020) holds under the additional
assumptions that V2U is Ly-Lipschitz with Lil/?’ = O(M), that k = O(d?/3), and
that the chain is started from a warm start with constant W = O(exp(d?/?)).

2.2.2 THE CONDITION NUMBER

When U satisfies Assumption 6 the condition number is defined as
K= —. (6)

When II is Gaussian with covariance ¥, € R%? then x = A1(X,)/Aa(EZx), which is the
spectral condition number of ¥;. When U € C? the condition number can be equivalently
defined as
ko= sup |[V2U ()| sup [[VZU(z)"]. (7)
zeR? zeR?
It is bounded below by 1, and a larger condition number traditionally signifies a harder
problem that is less amenable to implementation on a computer.

The significance of k in the context of sampling is demonstrated by its presence in bounds
on quantities which govern the performance of MCMC algorithms, such as the relaxation
time and the e-mixing time. The relaxation time is defined below equation (1) and the
e-mixing time is defined in equation (2). The two quantities provide some measure of the
length of time to run the MCMC algorithm. Note that the relaxation time is not defined
with respect to the initialisation of the Markov chain, whereas the e-mixing time is. The
two quantities are related since, for instance, a small relaxation time will imply a small
e-mixing time if the chain is positive (i.e. the spectrum of P is contained in [0, 1]) and is
well initialised, using e.g. a f-warm start as defined in Section 1.1. We present a selection
of bounds on these quantities in Table 1. Each is polynomial in both the dimension and
the condition number. The selection is not exhaustive, we merely present it to highlight
the ubiquity of the condition number. There also exist numerous bounds on the relaxation

10
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and e-mixing time of the unmetropolized counterparts of the algorithms in Table 1 (see e.g.
Mangoubi and Vishnoi (2018); Dalalyan (2017).

2.3 Preconditioning

Assuming that X ~ II we let E := (R4, X) be the space generated by the diffeomorphism
g : R? — R? such that Y := g(X) is distributed according to the pushforward = gxl1l
which is a distribution on E with density 7. Preconditioning is the act of identifying a
transformation g with the hope that that IT admits a faster mixing MCMC algorithm than
II. Linear preconditioning is the case in which g is linear and therefore encoded in a matrix.
We would like the condition number of II to be significantly lower than that of II. We would
also like that for two samples Y and X sampled approximately from II and II, the increase
in sample quality from X to g~!(Y") is not outweighed by the computational complexity of
sampling Y and calculating g~ (Y.

2.4 Preconditioning in Optimisation

The method of preconditioning to reduce a condition number and improve algorithmic
efficiency also exists in the field of optimisation, i.e. finding x* := arg min, f(z) subject to
a problem-specific set of constraints. In this subsection we review relevant literature and
make connections to preconditioning in sampling.

One example problem is to seek the minimiser z* € R™ of the function f(z) :=
(1/2)2T Az — bz for a positive definite matrix A € R™ and a vector b € R™. Setting
Vf(z) to 0 we can immediately see that z* = A~'b and hence the problem is equivalent
to solving the matrix inversion problem Az* = b. This problem has acquired the condition
number x(A) = ||A||[|[A™!||. Many iterative methods have been proposed for this problem,
whose performance typically depends on £(A). One such method is the Conjugate Gradient
method, which has the property of converging exactly in < n steps (Nocedal and Wright,
2006, Chapter 5). In fact we can use the bound

k
A)—1
s —ela <2 [ YD 1) a0 o,
k(A)+1

where ||z|| 4 := VaT Az, to control the optimiser error of the iterates. Preconditioning meth-
ods for conjugate gradient have therefore been developed to reduce the condition number
and accelerate convergence (see e.g. (Eisenstat, 1981)).

In the more general setting of minimising an M-smooth, m-strongly convex objective
function f, the spectrum of the Hessian of f is entirely contained within [m, M| at every
point in its domain. This spectral information is used to define a new condition number

= M/m. Note that this is exactly the condition number defined for the problem of
sampling from a density with potential f, see equation (6). Popular general purpose iterative
methods are used to execute this task. These methods often use gradient evaluations of f in
both their operation and in stopping conditions such as ||V f(x)| < 7 for some user-chosen
n € [0,00). The constants m and M are informative, as for instance

L@ < @) - £t < Ll v
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for all z in the domain of f (Boyd and Vandenberghe, 2004, Section 9.1.2). When & is closer
to 1, therefore, the stopping condition ||V f(z)|| < n gives tighter control on distance to the
optimum. The condition number can also be used to quantify the efficiency of the line-search
methods used within these approaches, since it provides information on the regularity of
the sub-level sets of f (Boyd and Vandenberghe, 2004, Section 9.1.2).

The time-complexity of general purpose, iterative optimisation routines is typically
strongly dependent on the condition number. The complexity of gradient descent, for exam-
ple, is O(k) (suppressing dependencies on initialisation and error) (Boyd and Vandenberghe,
2004, Section 9.3.1). Bubeck (2015) provides the convergence bound

o= < exp (7 ) o = o7 ©
where z; denotes the tth iterate of the algorithm (Bubeck, 2015, Section 3.4). Nesterov’s
accelerated gradient descent, by contrast, has a time-complexity of O(y/k), which is known
to be optimal among first order methods following the work of Nemirovski and Yudin (1983)
(see e.g. Theorems 3.15 & 3.18 of Bubeck (2015)).

Many linear preconditioning strategies have been proposed for optimisation. In the
context of solving a linear system Chen (2005) provides a book-level treatment. In that
setting the condition number can be reduced to 1 using matrix decompositions such as
LU and QR approaches, but these are often too expensive. Various approximate strategies
to compute either A=1/2 or A~! have therefore been devised, such as banded matrices
(Chen, 2005, Chapter 5), the incomplete LU and Cholesky factors (Meijerink and Van
Der Vorst, 1977; Jones and Plassmann, 1995), the Schur complement (Zhang, 2006), sparse
approximate inverses (Grote and Huckle, 1997), hierarchical off-diagonal low rank matrices
and hierarchical semi-separable matrices (Massei et al., 2020), among others. A common
approach is the Jacobi preconditioner diag(A)_l/ 2 whose effects on the conditioner number
are studied in (Van der Sluis, 1969) and extended by Demmel (2023) to block diagonal
preconditioners. The Jacobi approach generally works well if A is diagonally dominant.
Mandel (1990) gives conditions under which the Schur complement will more significantly
reduce the condition number than the block-diagonal approach. Typically some case-specific
knowledge of the system is exploited to choose design parameters in these approaches, such
as the number of bands/blocks to choose, the level of sparsity or the rank of off-diagonal
sub-matrices in question.

In the more general setting many linear preconditioners have also been proposed (see
e.g. Giselsson and Boyd (2014); Pock and Chambolle (2011); Wen et al. (2017)). Effects
on a condition number, however, are not always studied. One exception is Amelunxen
et al. (2020), who show that the lower bound on a variant of the condition number called
‘Renegar’s condition number’ changes under preconditioning with a random orthogonal
matrix. An alternative strategy in the general case is to use second order approaches such
as Newton and Quasi-Newton methods, which use or approximate the Hessian of f at
the most recent iteration to inform the descent direction. Samplers which use point-wise
second order information also exist, see e.g. (Girolami and Calderhead, 2011). In the
sampling context, however, the requirement to satisfy Il-invariance at least approximately
often results in either the need for third order information or other additional expenses,
which can incur significant computational cost. In this work we focus on methods which do

12
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Figure 1: A red contour plot (left) showing the contours of a Bayesian logistic regression
posterior, and a green contour plot (right) showing the contours of the posterior
preconditioned with an appropriate matrix L € R%*4

not require point-wise evaluation of second or higher order information at each iteration,
but note this to be an interesting topic for future work (see Section 5.2.2).

This paper focuses on the problem of sampling, but we note that the results that only
concern the condition number can be readily applied to convex optimisation with little
translation, as the condition number is defined similarly in both cases.

3 Linear Preconditioning

In linear preconditioning we seek a matrix L € G L4(R) such that the preconditioner defined
by g(X) := LX produces a pushforward II = g4II with small condition number £. From
the definition of the condition number in equation (7) we see that

VZU(y)H s

V20(y)7!| = swp [LTTVPU @)L sup [[LVAU() LT
T€R

z€RL

i ] (9)
where U : R? — R is the potential associated with II. For a concrete example, Figure 1
shows two contour plots. The red contour plot is generated by the posterior of a Bayesian
logistic regression, and the green plot shows the distribution after preconditioning with
an appropriate linear preconditioner. The red plot shows that most of the mass of the
corresponding posterior is confined to a thin wedge, meaning that only a narrow range of
tuning parameters will lead to a successful MCMC algorithm attempting to sample from
this posterior. The green plot shows that the corresponding posterior mass is more evenly
spread. This is one of the ways in which linear preconditioning can be seen to improve the
ease with which we sample.

Often linear preconditioning is encountered as a modification to the proposal distri-
bution of a canonical MCMC algorithm and not as a transformation. In every case these
modifications can be shown to be equivalent to making a linear transformation to IT and then
running the canonical algorithm without preconditioning on the transformed distribution
II. For instance, preconditioned MALA has proposal

Y=Y + 024V, log #(Y) + V202 A2¢
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2 > 0 is the step-size, 7 is the target density, & ~ N(0,1;), and A is a positive

definite ‘preconditioning matrix’. This is equivalent to making a proposal

where o

X'=X +0°V,logn(X) + V202¢

under the transformation Y = LX where L = A2 and 7(X) = #(Y)|det AY/2|. That the
acceptance probabilities are equal dictates that the chains {Y;} and {X;} are isomorphic in
the sense of Johnson and Geyer (2012, Appendix A) which means, amongst other things,
that they have the same spectral gap. Similarly the preconditioned random walk Metropolis
has proposal Y/ ~ N(Y,02A) and in preconditioned HMC we choose the momentum dis-
tribution to be K (p) = p” Ap/2 for M = A~ is usually called the mass matrix. We frame
preconditioning in terms of a transformation because it suits our analysis, but the reader
more familiar with preconditioning as changing the proposal distribution of the MCMC
algorithm can readily do so, the conclusions we draw are naturally applicable to both ways
of thinking about the problem.

3.1 Unpreconditionable Distributions

Methods to adaptively seek linear preconditioners are implemented within the MCMC sam-
plers provided by the major software packages. For instance the HMC sampler in the
popular statistical modelling platform Stan offers the ability to infer the target covariance
Y, € R4 giving an estimator 3, € R4 o use as the inverse mass matrix (Carpenter

&—1/2

et al., 2017). This is equivalent to linear preconditioning with L = ¥ /“. Since compu-

tational effort is required to infer 3, the idea is that preconditioning with L = Sy 2 5
better than doing nothing. As we show in the below proposition, however, even within the
well-conditioned class of models satisfying Assumption 6, this will not always be the case,

as shown in the below proposition.

Proposition 7 There exist distributions satisfying Assumption 6 with arbitrary condition
number k > 1 in arbitrary dimension d > 1 for which any non-orthogonal linear precondi-
tioner will cause the condition number to increase.

One example for which no linear preconditioner can reduce the condition number is the
distribution with potential

- M M + i, 73
U(z) = mn 5 (coszq + cosxa) + 5 o (le + 56;) (10)

for z € R2. For such a target the condition number % is bounded below by s(LL")x,
where x(LLT) is the spectral condition number of LL”. The Hessian of U is in the form
diag{f(x), f(y)} where f ranges freely in [m, M]. The lower bound x(LLT)x highlights
that any preconditioning causes the target to be more ill-conditioned by an amount exactly
proportional to x(LLT). The result holds trivially in d = 1, since any linear preconditioning
is just a unidimensional rescaling, and the condition number is invariant to such a rescaling.
That the result holds in d > 2 can be seen by appending a potential of the correct dimension
to (10) whose Hessian has spectrum in [m, M]. The full proof of Proposition 7 can be found
in Appendix A.1.

14
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The conclusion of Proposition 7 is that to establish positive results about the benefits
of linear preconditioning further conditions must be imposed on U. Specifically we seek
conditions under which the behaviour demonstrated by the example above is precluded. In
the following subsections we impose two different sets of conditions under which positive re-
sults can be established, and provide examples of commonly used preconditioning strategies
which can then be shown to reduce the condition number.

Throughout Sections 3.2 and 3.3 \;(x) denotes the i-th largest eigenvalue of V2U (x) and
v;(x) the corresponding normalised eigenvector. Since the Hessian is everywhere symmetric
its eigenvectors are orthogonal for a fixed € R?. At some points it will be useful to assume
that L is symmetric. The following proposition shows that this can be done without loss of
generality.

Proposition 8 There exists an L € GLq(R) such that the condition number after linear
preconditioning with a matriz L € GLg(R) is equal to the condition number after linear pre-
conditioning with L. Moreover such a L is symmetric, positive definite, and has eigenvalues
equal to the singular values of L.

A proof can be found in Appendix A.2. If L is assumed to be symmetric we can then denote
its ¢-th eigenvalue as o;, with associated eigenvector wu;.

3.2 Linear Preconditioning for Additive Hessians
We call a Hessian additive if it has the form
ViU (z) = A+ B(x) (11)

where A, B(z) € R¥? are symmetric and ||B(z)|| is ‘small’ for all z € R?. Examples of
models whose potentials have Hessians in this form include: Gaussians (B(z) = 0), strongly
log-concave mixture of Gaussians (Dalalyan, 2017, Section 6.1), and Bayesian Huberized
regressions with strongly log-concave and smooth priors (Rosset and Zhu, 2004). The results
in this section are presented in generality, but the assumptions under which they hold are
particularly appropriate for models with an additive Hessian.

We first present a general result under the following assumptions on the eigenstructure
of V2U and L.

Assumption 9 There exists an € > 0 such that

Ai
(1+e)*1§@§1+e

g;

for alli € [d] and x € R?, where o; > 0 is the ith eigenvalue of the preconditioner L.

Assumption 10 There exists a 6 > 0 such that vi(x)Tu; > 1— (1 —+/1—10)2 for all i € [d]
and x € R,

Theorem 11 Let I have potential U satisfying Assumption 6. For a given preconditioner
L € GL4(R) for which Assumptions 9 and 10 hold, the condition number after precondi-

tioning satisfies
4

d d

E<(l4+e?|1+90 20?20;2
1=1 i=1
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Proof can be found in Appendix A.4. Assumption 9 states that the eigenvalues of
V2U(x) do not change much over R%. Assumption 10 implies that v;(x)Tu; > 1 — § for
i € [d), z,y € R? and v;(z)Tu; < 6 for i € [d], x,y € R? where i # j, meaning that the
eigenvectors also do not change much (see Appendix A.3 for details). In the Gaussian case
€ =0 =0 and so when L = 2;1/2 the bound becomes & < 1, as expected.

Remark 12 In the case of the additive Hessian, the eigenvalue stability inequality implies
that X\i(A) — ||B(x)|| < XNi(A+ B(x)) < M(A) + || B(z)|| for all i € [d]. Therefore choosing
L = A2 gives us that

B i B

_IB@I A (;C) <14 B@I

)\d(A) ag; Ad(A)
for all i € [d]. So if |B(x)|| is small, L = AY? will yield a smaller e. If |B(z)| is large
but B(z) does not exhibit large variations we can simply restate the Hessian as V2U(x) =
A+ B(z) where A := A+ B(z*) and B(z) := B(x) — B(z") where 2™ € R? is some point
in the state space, and use L = AY/2.

Remark 13 Note that the quantity \/> ;02> ;0,2 = /Tr(LLT) Tr((LLT)~1Y) is upper
bounded by d\/k(LLT). It can be viewed as an alternative ‘condition number’ of LLT,
similar to that proposed in Langmore et al. (2020).

) Ny .
Remark 14 The fact that \/> . 02>, 0% multiplies 6 shows that when sampling from

highly anisotropic distributions the penalty for misaligned eigenvectors of LLT relative to
V2U is larger. As an evample take IT = N'(0, %) where ¥, € R?*2 has eigendecomposition
Yr = QxD:QT with D, = diag{\1,\2}. We assume that ¥, is not a multiple of the
identity. Construct the preconditioner L = QWGD;UQGTQf with the correct eigenvalues
but whose eigenvectors have been perturbed by an orthogonal matriz G from those of X, by
the angle arccos(1 — §). It can be shown that the coefficient of 6* in & is (1/4) x (I — 2)?
where | 1= Al)\gl + )\flAg. So the more anisotropic X, is the more we are punished for
having misaligned eigenvectors, as stated in the remark above. Figure 2 illustrates this
fact. Each plot contains two contours: a blue one representing N'(0,%,) and an orange
one representing N (0, (LLT)*l). In both cases G perturbs the eigenvectors by /4, with the
angle between the semi-major axes of the contours shown in the red arrows. In the first case
we have (A1, A2) = (2, 1), in the second we have (A1, A2) = (50,1) engendering a far smaller
‘overlap’ than in the first. The fact that & = O(6*) also shows that the § dependency in
Theorem 11 s tight.

Assumption 9 and Assumption 10 require knowledge of each individual eigenvalue and
eigenvector of V2U across the entire state space, which may not always be available. We
next provide more easily verifiable assumptions under which a similar result holds. This
is achieved using results from matrix perturbation theory. The eigenvalues of V2U can be
controlled using only knowledge of the spectral norm by Weyl’s inequality (see Assumption
15). Similarly, using the Davis—Kahan theorem (e.g. (Yu et al., 2015)) eigenvectors can be
controlled by the spectral norm provided that an ‘eigengap’ condition holds (see Assumption
16). We therefore provide a second result under Assumptions 15 and 16 below.
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(D) =i

Figure 2: Two pairs of contour plots, each representing A'(0,Y,) (blue) and NV(0, (LLT)™1)
(orange). The angle between the semi-major axes (red) is the same in either case,
but the preconditioner in the right hand plot is worse due to the anisotropy of

N(0,35).

Assumption 15 There exists an € > 0 such that |V2U(x) — LLT|| < o2¢ for all x € R%.

Assumption 16 That v > 0 where

y:= inf |o? — 0]2-
i,j€[d]
li—jl=1

is the eigengap of LL".

Theorem 17 Let Il have potential U satisfying Assumption 6. For a given preconditioner
L € GL4(R) for which Assumptions 15 and 16 hold, the condition number after precondi-

tioning satisfies
4

d d

E<(l4+e?|1+90 ZO‘?ZO’;Q
1=1 =1

where § :=1— (1 — 2y 1o %€)2.

For a proof see Appendix A.7. Based on this result, it might be tempting to arbitrarily
increase the eigengap v or the least eigenvalue o4 of L. Note, however, that this will also
cause € to increase.

Remark 18 Appendiz A.6 shows that Assumption 15 implies Assumption 9. Similarly
Assumption 15 and Assumption 16 combined imply Assumption 10 (Yu et al., 2015, Corol-
lary 1). If the norm |V2U(x) — LLT|| is difficult to compute the Frobenius norm can be
used to form the upper bound since |V2U(z) — LLT| < |V2U(z) — LLT || .

The eigengap condition Assumption 16 is always satisfiable as we are free to choose L.

It may not, however, be desirable. We therefore present a final bound on & that requires
only Assumption 15.
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Theorem 19 Let I have potential U satisfying Assumption 6. For a given preconditioner
L € GL4(R) for which Assumption 15 holds, the condition number after preconditioning

satisfies
2

o
< (1+e) (1+le>
m
For a proof see Appendix A.8. In the next two subsections we consider some popular
choices of linear preconditioner that can be shown to reduce the condition number when
the Hessian of II is of additive form, as described above.

3.2.1 THE FISHER MATRIX

Titsias (2023) suggests using L oc T'/2 where Z := Ey[VU (2)VU (z)7] is called the Fisher
matriz. This choice of L maximises the expected squared jump distance of the unadjusted
Langevin algorithm, which is simply the Euler-Maruyama discretisation of the Langevin
diffusion given in equation (3). A straightforward integration by parts shows that Z can
also be written Ep[V2U(z)], which highlights its relationship with V2U. Proposition 20
shows that if a choice of L satisfying Assumption 15 exists, then the alternative choice of
preconditioner Z%/2 will also be valid.

Proposition 20 Let II have potential U € C? and assume there exists a preconditioner
L € GL4(R) satisfying Assumption 15 for some € > 0. Then |[V2U(x) — Z|| < 203¢ for all
x € R where 03 is the least eigenvalue of LLT.

For a proof of the proposition above, see Section A.9.

Corollary 21 Consider 11 satisfying Assumption 6 with a potential U € C? and an L €
GL4(R) satisfying Assumption 15 for some € > 0. Then choosing the preconditioner 71/2
gives

o2
£ < (14 2¢) (1 - 126)
m
where o3 is the greatest eigenvalue of LL™ .

The proof of the above is a direct application of Theorem 19. Another commonly used choice
of linear preconditioner is to set L = V2U (z*)/? where z* is chosen to make V2U (z*) suffi-
ciently representative of V2U (z) everywhere (e.g. the mode). This choice avoids computing
expectations with respect to II. We test this choice of preconditioner empirically in Section
4.3.

3.2.2 THE TARGET COVARIANCE

Preconditioning with an estimate of the target covariance is a popular strategy. To give
some intuition for why this strategy is sensible we study the spectral gap of the Ornstein—
Uhlenbeck (O-U) process, and show how this changes under preconditioning. The precondi-
tioned O-U process is an instance of the preconditioned Langevin diffusion which is driven
by the stochastic differential equation:

1
dX; = —=(LLT)"'VU(X,)dt + L~ 'dB;, (12)

2
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where (Bt)i>0 is a Brownian motion. The preconditioned O-U process is found by setting
I = N(0, %), giving

dX; = —— (LI 's-'Xydt + L7dB;.

1
2
Since our practical goal is to simulate this process on a computer, we must take care
when interpreting results about its continuous time formulation. We therefore subject
ourselves to the condition ’det(—L‘lL_TE; 1)’ = 1, which precludes the choice L' := s71L
for increasingly large s > 0, which would arbitrarily increase the rate of convergence of
the continuous time process but destabilise the discretised process for any fixed numerical
integrator step-size. The below result is most likely well-known, but we were unable to find
a reference, and so provide it here for completeness.

Proposition 22 The preconditioner L = 2;1/2 mazximises the spectral gap of the precon-
ditioned O-U process subject to |det(—L™'L~TS 1) =1.

Proof of Proposition 22 can be found in Appendix A.15. Alrachid et al. (2018) also
identify the spectral gap of the preconditioned O-U process, although since they focus on
the continuous time dynamics, they do not identify an optimal preconditioner (with respect
to the spectral gap).

In Section 3.2 we characterised the performance of a preconditioner L by how much the

Hessian V2U (z) varies around LLT. Here we do the same for L = w2,

Proposition 23 Let II be a measure with potential U, covariance X € R™4, mode z* €
Re, and expectation p, € R Assume that there exist positive definite matrices AL, A_ €
R such that A_ < V2U(z) < Ay for all z € R? and that 1 — (z* — pr) TAL (2 — i) > 0.
Then P_ < 2;1 =< P, where

Pp=c! (Id +(1—Te(Dy) D+> A

P=c (Id +(1—Te(D_)) ™ D,) A

with Dy = Ay (z* — pir) (2% — )T and ¢ := y/det A_det AT' < 1, and in addition

IV2U (@) — 71| < max{|As — P_,||Py — A}
for all x € RY.

For a proof see Appendix A.16. Proposition 23 allows us to localise the covariance in
terms of the parameters of the target distribution.

The intuition from Section 3.2 suggests that Hessians which exhibit small variations
across the state space are preconditionable. In this scenario we would have A, ~ A_
and hence that ¢ =~ 1. Proposition 23 then suggests that so long as the distance between
the mean and the mode is not too great, | V2U(x) — X7!|| is small. In summary, if IT is
preconditionable, and if the mean is close to the mode, then preconditioning with L = 3 1/2
is sensible.
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Recall that a potential with additive Hessian satisfies V2U(z) = A + B(z) where
A, B(x) € R™? are symmetric. In this case A_ and A, will be generated by variations
in B(z). Therefore, given Proposition 23, a tighter localisation of B(z) gives a tighter
localisation of V2U (z) around the inverse covariance, leading to the following result.

Corollary 24 Let II be a measure with potential U, covariance ¥ € R¥™? mode z* € R?,
and expectation p, € R If the Hessian of U is of the form V?U(x) = A+ B(z) with
|B(z)|| < e and eIy < A for some € > 0, then if 1 — (z* — pr)T (A + elg)(z* — pr) > 0 it
follows that

IV2U (z) = 571 < (¢ + De+ (¢ = DIJA|| + max{||P_||, | Py ||},
where

. . _oN—l
Pi=c (1 - Tr(D+)) Di(A+ €ly),

P =c (1 - T&«(D_)) - D_(A - ely),

with Dy = (A + €lg)(z* — ) (2" — ) and c:=y/det(A — elg)det(A + el;) 1 < 1.

A proof can be found in Appendix A.17. In Section 4.2 we look at the difference in

performance between the preconditioners L = A2, [ = % 2 and L = 1.

3.3 Linear Preconditioning for Multiplicative Hessians

A multiplicative Hessian has the form
ViU (x) = ZTN(z)Z (13)

where Z € R™? for n > d is a matrix whose rows are usually the rows of some data set
and A(z) € R™"™. An example of a model with a multiplicative Hessian is as follows

)  exp ( Z ly (zF0) — 2 9 — )T ZTAZ(6 - u)) (14)

where {(y, 2x)}?_, are observations with yx € R and z, € R for k € [n], Z is a matrix

with element in row ¢ and column j equal to the jth element of z;, and A € R™*"™ is positive

definite. Here ¢,, denotes some loss associated with observation k. In the case £, is a

negative log-likelihood, equation (14) therefore describes the posterior associated with a

typical generalised linear model using the generalised g-prior of Hanson et al. (2014).
Without further assumptions we have the following:

Proposition 25 A measure I whose potential U has a multiplicative Hessian satisfies

SuPgepra A1 (A(2))
inf ,cpa Aa(A(z))

SUPgerd An—d+1(A(T))
infl,eRd Ad(A(l‘)K](ZTZ)

<k <r(Z'Z)
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The proof in Appendix A.10 relies on an extension of Ostrowski’s theorem to rectangular
matrices (Higham and Cheng, 1998a, Theorem 3.2). In many cases A(x) will be diagonal
and each eigenvalue \;(A(x)) will range between the same possible values ¢ and C' (this is
the case for binary logistic regression using the g-prior, for example). In this instance a
more precise statement about x can straightforwardly be made.

Assumption 26 The Hessian of I1 is of multiplicative form with A(z) diagonal, and there
ezists ¢, C > 0 such that sup,epa A\i(A(z)) = C and inf  cga \i(A(x)) = ¢ for all i € [n].

Proposition 27 A measure II for which Assumption 26 holds has a condition number

K= gﬁ(ZTZ)
c

3.3.1 THE cHoice L = (27 2)'/?

A natural choice of preconditioner here is L = (Z7Z)'/2, which is proportional to that
suggested by Dalalyan (2017, Section 6.2). For this choice we have the following result.

Proposition 28 Consider a measure 11 whose potential has a multiplicative Hessian. Then
preconditioning with L = (ZT Z)Y/? gives

peri A (M) _ . _ sup,ers M (A(r)
inf,cpa Ag(A(z)) — 7 infcpa Ag(A(2))

For a proof see Appendix A.11. Under Assumption 26 the upper and lower bounds of
Proposition 28 are equal, giving the following.

Corollary 29 Consider a measure 11 for which Assumption 26 holds. Choosing L =
(ZTZ)V?% gives

. C

==

c
The condition number is therefore clearly reduced under preconditioning with L =
(ZT2)1/2 since k/k = k(ZTZ) > 1. The level of reduction will be determined by k(27 Z),
which characterises how far from orthogonal Z7 Z is. In the context of regression or classifi-
cation problems x(Z7 Z) will be smallest under an orthogonal design and larger when there
is more collinearity among features or when different features have very different variances.

3.3.2 THE QR DECOMPOSITION

A popular strategy for regression and classification models in which Z is a design matrix is
to perform a (reduced) QR decomposition, setting Z = QR where @ € R™*? is orthogonal
and R € R¥9 is upper triangular (e.g. (Stan Development Team, 2024, Section 1.2)). In
this case the preconditioner is L. = R, from which it readily follows by setting Z = @ in
Proposition 25 that

sup,era A1(A(z))

ianE]Rd )\d(A(:L')) )

The QR strategy therefore gives the same upper bound as the choice (Z7Z)Y? of the
previous subsection.

i<
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3.3.3 THE HESSIAN AT THE MODE

Another natural choice of preconditioner is L = V2U(z*)Y/? = (ZTA(z*)Z)"/? for some
x* € RZ. For instance z* could be the mode of II. Here we have the following

Proposition 30 Consider a measure I1 whose potential has a multiplicative Hessian. Then
choosing L = (ZTA(x*)Z)'/? gives

supyera M (A(z") PA(2)A (=) (Supxew /\1(/\(ﬂl?))>2

K<
=, cpa Aa(A (@) 12A(2)A(z%)"172) = \ inf,cpa Aa(A())

A proof can be found in Appendix A.12. This strategy might be preferable to the previ-
ous two options in the setting where A(x) still has some variation between eigenvalues, but
when it does not change much for different values of x, meaning it is an almost constant
matrix. In that case A(z*)~1/2A(z)A(z*)~'/? should be close to the identity matrix, mean-
ing the condition number after preconditioning with the Hessian at the mode will be ~ 1,
whereas sup,cpa A (A(z))/ inf,cpa Ag(A(x)) might still be much larger than 1. We compare
the Hessian at the mode to the choice L = (Z7 Z)'/? empirically in Section 4.3.

3.4 Tight Condition Number Dependence of the Spectral Gap of Random
Walk Metropolis

Andrieu et al. (2022) give upper and lower bounds on the spectral gap of the random
walk Metropolis that are tight in the dimension, but only the lower bound is explicit in its
dependence on the condition number. Here we show that if some additional conditions are
imposed on U akin to an additive Hessian structure then the dependence on k can also be
made explicit in the upper bound.

Assumption 31 II satisfies Assumption 6 and in addition there is an € > 0 such that
V32U (z) — VU (y)| < me for all x,y € RZ.

Remark 32 Assumption 31 will hold when V?U (x) = A+ B(x) with || B(z)|| suitably small,
since sup, || B(z)|| < me/2 = ||V2U(z) — V2U(y)|| < 2sup, ||B(x)|| < me as required.
Assumption 31 is therefore simply one way to formalize the notion of ‘additive’ Hessian
structure.

Theorem 33 Let II have potential U satisfying Assumption 6 with condition number k =
M/m > 1. IfII also satisfies Assumption 31 then the spectral gap 7. of the random walk
Metropolis with proposal variance oI such that o2 := ¢/(Md) for any € > 0 satisfies

& 11

1
-g§75§(1+26)*'*

C&exp(—2§) - 5

x|

S

where C' = 1.972 x 1074
For a proof see Appendix A.13. Both bounds presented above are O(x~!), which implies

that the relaxation time 1/, is precisely linear in k. The lower bound is as originally pre-
sented by Andrieu et al. (2022, Theorem 1), and the choice 02 = £/(Md) is as recommended

22



QUANTIFYING THE EFFECTIVENESS OF LINEAR PRECONDITIONING IN MARKOV CHAIN MONTE CARLO

in that work to ensure tight O(d~!) dependence. As the authors remark, the constant C
can possibly be made a few orders of magnitude larger.

Theorem 33 above can be combined with the condition number reduction results of Sec-
tion 3.2 to guarantee that under the additive Hessian assumption the spectral gap increases
under appropriate linear preconditioning, as shown in the below corollary.

Corollary 34 Let II have potential U satisfying Assumption 6 with condition number k =
M/m > 1. Assume that 11 also satisfies Assumption 31 with constant € > 0. Using a
preconditioner L € GLg4(R) satisfying Assumption 15 with constant € > 0 ensures that the
spectral gap v, of the RWM with proposal variance o2l such that o? := £/(Md) for any
& > 0 increases under preconditioning whenever

K> %C*l exp(28)(1 +2¢')(1 +¢) (1 + Ul(L)26>

m
where C = 1.972 x 107*, and c4(L) is the least singular value of L.

Corollary 34 uses Theorem 33 along with Theorem 19, which provides an upper bound
on the condition number after preconditioning in the additive Hessian setting. This bound
leads to a lower bound on the relaxation time, which can be compared with the upper bound
from Theorem 33 before preconditioning. This comparison establishes that preconditioning
ensures an improvement in relaxation time, provided the initial condition number £ is
sufficiently large. A proof can be found in A.14. Note that a similar result could be stated
by applying the bounds of Theorem 11 or Theorem 17 in place of Theorem 19, which would
then modify the necessary lower bound on « in the above. We leave the details of this as a
simple exercise for the reader.

3.5 Counterproductive Diagonal Preconditioning

The appeal of diagonal preconditioning is motivated by the promise of reducing the condition
number in O(d) computational cost. The practice has a strong tradition in numerical
linear algebra, where diagonal preconditioning is commonplace as discussed in Section 2.4.
Therefore choosing L = diag(i]ﬁ)_l/ 2 for some estimate 3, of the target covariance has
become a common practice since it is viewed as computationally cheap, and it is assumed
that it will offer an improvement on no preconditioning at all. The developers of Stan, for
instance, offer the option of diagonal preconditioning with the target covariance as using
a diagonal mass matrix (Carpenter et al., 2017). Such an option is also offered in the
TensorFlow Probability library (Abadi et al., 2015).

In fact, we show here that there are examples of distributions for which diagonal pre-
conditioning in this manner can actually increase the condition number, and therefore be
explicitly worse than performing no pre-conditioning at all. This phenomenon can be ob-
served even when the target is Gaussian. Noting that & = ||diag(X,)"/?S 'diag(X,)"?|| -
|diag(Xx) "V /28 diag(S,)~Y2|| = ||CY|||Cr|l where Cr € R4 is the correlation matrix
associated with X, it suffices to find a X, for which & = k(Cy) > k(X;) = k. The matrix
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below is such an example.

21.5 5.7 187 45 6.9
* 20 49 12 21

S.=| » x 163 39 57| = k~44x10%F~8.1x10° (15)
* * * 14 14
* * * * 2.9

In the above we have truncated the entries to a single decimal place: see Appendix B for
the full matrix. The condition number increases by a substantial amount, even though we
have perfect knowledge of the target covariance. See Section 4.1 for an empirical analysis
of the random walk Metropolis on a N (0, X,) target (with ¥, as above) after diagonal and
dense preconditioning.

In a practical scenario we would have to expend computational effort to construct
diag(3;)~'/2 and so for a target such as the one described here, this effort would be wasted
as it actually reduces sample quality. In general we can conjecture that targets with covari-
ance matrices whose associated correlations are far from being diagonally dominant will be
least amenable to diagonal preconditioning.

4 Experiments

4.1 Counterproductive Diagonal Preconditioning

This experiment illustrates the phenomenon described in section 3.5: namely that there exist
Caussian targets in the form A(0,%,) such that preconditioning with L = diag(¥,) /2
increases the condition number.

We compare the performance of three RWM algorithms: one with no precondition-
ing, one with dense preconditioning (L = 1/ 2), and one with diagonal preconditioning
(L = diag(X;)~"/?). Each chain targets N'(0,%,) with ¥, as in (15) and is initialised at
equilibrium. Proposals take the standard RWM form X' = X + oL ~1¢ with ¢ ~ N(0,15)
and o = 2.38/v/d as recommended by Roberts and Rosenthal (2001). We run each chain
from each algorithm 100 times at 10,000 iterations per chain. For each chain we compute the
effective sample size (ESS) in each dimension using the effectiveSize function from the
coda package (Plummer et al., 2006). The ESS is an estimator which measures the amount
of independent samples one would need to achieve an empirical average with equivalent
variance to the one computed from the chain.

As can be seen in Figure 3 the ESS’s of the RWM chain with no preconditioning are
clearly larger in dimensions 2, 4, and 5 from the diagonally preconditioned chain. This
is despite the diagonal preconditioner being formed with perfect knowledge of the target
covariance. As is expected the dense preconditioner performs the best since the target
effectively becomes a standard Gaussian.

4.2 Preconditioning the Additive Hessian

One probabilistic model with additive Hessian structure is a Bayesian regression with hy-
perbolic prior. It is well known that the Laplace prior 3 +— 27X exp(—A||3|1) for B € R?
and A > 0 imposes the same sparsity in the maximum a posteriori estimates as would reg-
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Figure 3: log ESS of 100 runs at 10,000 iterations per run of RWM with dense, diagonal,
and zero preconditioning. Each algorithm is started in equilibrium and targets

N(0,%,) with X, as in (15).

25



HIRD AND LIVINGSTONE

ularisation with the LASSO (Tibshirani, 1996) since it concentrates sharply around 8 = 0.
More generally, priors with exponential tails can be motivated by results concerning the
contraction of regression parameter posteriors around their true values. As demonstrated
in the discussion following Theorem 8 in (Castillo et al., 2015), heavy-tailed priors such as
the Laplace distribution achieve good rates of contraction. Simply using a Laplace prior
would violate the M-smoothness assumption due to the behaviour at § = 0. The hyper-
bolic prior, however, is a smooth distribution with exponential tails, and so we will use
this as a prior for the regression parameters S € R%. We assume that Y = X + € where
¢ ~ N(0,0%1,) for 2 > 0 known and n > d. We also assume that the columns of X € R"*9
are standardised to have variance 1. Because of this it is reasonable to use the same scale
in each dimension of the prior. The resulting posterior has a potential of the form

d
U(B) = gl = X8I+ A3 \/14 82, (16)
=1

which implies
1
ViU(B) = EXTX +AD(B), (17)

where D(B) = diag{(1 4+ ?)7%/? : i € [d]}. The Hessian is therefore additive with A =
c2XTX and B(B) = AD(B).

Equations (16)-(17) show that the posterior is a well-conditioned distribution, meaning
that U satisfies Assumption 6 with m = 0~ 204(X? X) and M = o= 2|| X7 X|| + \. Precondi-
tioning with L = (6 2XTX)V2 gives & = 1+04(XTX) ' \o? < k. In this case the distance
between LL” and the Hessian can be bounded using ||V2U(3) — LLT| < ), so we can also
apply the results of Section 3.2.2 to justify the use of the target covariance by setting € = A
in Corollary 24. These results imply that when A is small then preconditioning with either
L= (2XTX)120r L = 2;1/2 should improve the efficiency of the sampler, so long as
the distance between the mean and the mode is not too large.

In the following experiment we run MALA chains on target distributions with L =
(02XTX)1/2, L = %7 and L =1,. We set d € {2,5,10,20,100} and n = {1,5,20} x d
for each value of d. At each combination of n and d we run 15 chains for each preconditioner.
Each chain is composed by initialising at 8 = (X7 X)"'X7Y and taking 10* samples
to equilibrate. We initialise the step size at d~/6 and adapt it along the course of the
chain seeking an optimal acceptance rate of 0.574 according to the results of Roberts and
Rosenthal (2001). We then continue the chain with preconditioning and a fixed step size
of d=1/6 for a further 10* samples, over which we measure the ESS of each dimension. To
construct L = ¥, 12 we simply use the empirical covariance of the first 10* samples.

For the model parameters we set A = y/n/d using the lower bound of Castillo et al.
(2015). Every element of X is an independent standard normal random variable, and Y
is generated by sampling [y from the prior and setting Y = Xy + € with € ~ N(0,1),
meaning o = 1.

The boxplots in Figure 4 show the median ESSs for each run. The figure demonstrates
that in the n/d € {5,20} cases preconditioning with L = 2;1/2 is just as good as pre-
conditioning with L = A2 where A = 0= 'XTX. For n/d = 1 the results are mixed:
for instance in the (d,n) = (100, 100) configuration the first 10% iterations of the MALA
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Figure 4: Boxplots of the medians of the ESSs across configurations of (n,d) with differ-
ent preconditioners on the Bayesian linear regression with a Hyperbolic prior.
The leftmost boxplot in each grouping corresponds to preconditioning with
L = o(XTX)Y/2 (‘A’ in the legend), the middle boxplot has L = n, /2 (‘co-
variance’ in the legend), the rightmost has L = I (‘none’ in the legend).

chain mixed poorly, offering a poor estimate of ;. The performance suffered heavily if no
preconditioner was applied.

4.3 Preconditioning the Multiplicative Hessian

To study preconditioning under the multiplicative Hessian structure we consider a Bayesian
binomial regression with a generalised g-prior (Sabanés Bové and Held, 2010, Section 2.1)
(Held and Sauter, 2017, Section 2.2). The generalised g-prior is an extension of the classical
g-prior to generalised linear models that have dispersion parameters of the form ¢; := ¢w; !
for i € [n] and known weights w; € R*. It is motivated by constructing an ‘imaginary
sample’ of responses yo = h(0)1,, € R™ from a generalised linear model with inverse link
function h(.) and design matrix X € R"*9, Assigning the parameter vector 3 € R? a flat
prior, it is observed that as n — oo the posterior distribution of [ in this construction tends
to Ng(0, gpc(XTW X)~1) where W = diag{w; : i € [n]}, g and ¢ are hyperparameters, and
¢ is a model-specific constant. See Sabanés Bové and Held (2010, Section 2.1) for a more
thorough exposition.

We follow the advice given by Sabanés Bové and Held (2010, section 2.1) and Held and
Sauter (2017, section 2.2) by setting w; = m; for all i € [n]. Using a logistic link gives a
posterior with potential

n

UB) =Y (wi (1= Y)X]B+log(l+exp(~X]B)))) + (g¢c) 'BTXTWXSB  (18)

i=1
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with Hessian V2U(8) = XTA(B)X, where
A(B) = Wdiag{exp(X] B)(1 + exp(X] 8)) 2 + (9pc) ' 1 i € [n]}

The potential U therefore satisfies Assumption 6 with M = (0.25 + (g¢c) ™ ) wmax | X T X||
and m = (g¢c) rwminoa(X T X), where wpax := max; w; and Wy, := min; w;. We choose g
and ¢ such that (géc)~! = An~!, where A = 0.01.
We examine the effectiveness of preconditioning with L € {2;1/2, T2 V2U (B2 14, (n 1 XTX)Y/2)
where X is the covariance of the posterior, Z is the ‘Fisher matrix’ of Titsias (2023), 8* is
the mode, and L = (n~' X7 X)'/2 is the preconditioner used in Dalalyan (2017, Section 6.2).
When L € {I, (n ' XTX)1/2, V2U(5*)/?} the condition numbers are given by

n
1 + )\ Wmax

L=1 F=k = xTx
i=> k=K 3 wminﬁ( )
24+ Aw
L=mn"'XTX): = = 42 max
(n )2 =R S~

1T Anmax; pf(1 —pf) + A
A nming pf (1 —pf) + A

N|=

L=V?U(B*): = k=
where p} := (1 +exp(—X] 3*))~!. This suggests that L = V2U(8*)/? offers an increase in
efficiency over L = (n_lXTX)l/2 for Wmax/Wmin large.

4.3.1 EXPERIMENTAL SETUP AND RESULTS

We run RWM chains with the preconditioners described above for d € {2,5,10,20} and
n = 5d. We generate the design matrix X € R"™*? with X = G + M where G;; ~ N(0,1)
independently and M;; = p for all i € [n],j € [d]. We set u € {0,5,50,200} to arbitrarily
worsen the conditioning of the model, as it can be shown that

n 2
R(XTX) > 5 ijzl(G’“ +1) ;.
52 h=1(Gr1 — Gr2)

We set w; = i2 for i € [n] and generate the responses using Y; = S; /w; with S; ~ Bin(w;, (1+
exp(—X] Bo))~t) for By ~ N(0,1I,). We use gradient descent on U which we precondition
with L = (n ' X7 X)'/2 to find the mode 3*.

We approximate Y, and Z in two different ways. We either construct them using
ergodic averages generated by unpreconditioned RWM for 10* iterations, or we run an
L =V?U (,8*)1/ 2 preconditioned RWM for 10° iterations, from which we calculate the same
ergodic averages. At each combination of d and 4 we run 15 chains for each preconditioner.
Each chain is composed by initialising at 8 ~ N(0, (n"! X7 X)~!) and taking 10* samples
to equilibrate. In each of these initial chains we initialise the step size at 2.38/d/? and
adapt it along the course of the trajectory seeking an optimal acceptance rate of 0.234
according to the results of Roberts and Rosenthal (2001). We then continue the chain with
preconditioning and a fixed step size of 2.38/ d'/2 for a further 10 samples, over which we
measure the ESS of each dimension. The median ESSs in the € {0,200} cases are plotted
in Figure 5.
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Figure 5: Boxplots of the logarithms of the medians of the ESSs across combinations of
(d, ). The ESSs are taken from RWM runs on a binomial regression target with
the generalised g-prior. ‘covariance’ and ‘covariancell’ correspond to runs precon-
ditioned with L = ©~/2 where X, is estimated over 10* and 10° runs respectively.
‘Fisher’ and ‘FisherIl’ correspond to runs preconditioned with L = E, [V2U(3)]"/?
where E,[V2U(B)] is estimated over 10* and 10° runs respectively. ‘mode’ refers
to runs preconditioned with L = V2U(*)'/2 where * is an estimate of the mode
found using preconditioned gradient descent. ‘sq-root_Sigma_X’ corresponds to
runs preconditioned with L = (n= X7 X)/2,

29



HIRD AND LIVINGSTONE

The preconditioning strategies are detailed in the figure caption. ‘covariance’ and ‘covari-
ancell’ refer to the runs preconditioned with L = ¥, 1/2 where the covariance is estimated
over 10 and 10° samples respectively. The same is the case for ‘Fisher’ and ‘FisherIl’.
‘sq_root_Sigma_X’ refers to the runs made with L = (n_lXTX)l/z. ‘mode’ refers to pre-
conditioning with L = V2U(8*)/2.

As predicted, preconditioning with the Hessian at the mode does offer a benefit over
preconditioning with L = (n~'X7X)!/2. Preconditioning with the covariance when it is
estimated over a larger, better quality sample (‘covariancell’) is one of the best performing
strategies, whereas preconditioning with the covariance estimated over the smaller sample
(‘covariance’) suffers with dimension and ill-conditioning of the model. This is clearly
due to the reduction in quality of the covariance estimate. This disparity in performance is
contrasted with the difference between the ‘Fisher’ and ‘FisherIl’ cases, which is very slight.

4.4 Reducing Computational Cost in Hamiltonian Monte Carlo

In the specific context of Hamiltonian Monte Carlo the cost of a large condition number can
be somewhat compensated for by choosing the trajectory length of the Hamiltonian flow
at each iteration appropriately. In the case of a Gaussian target with diagonal covariance
Bou-Rabee and Sanz-Serna (2017) show that if this trajectory length is randomly sampled
as T ~ Exp(A~!) then X o< /1/m achieves optimal M\-adjusted mean square displacement
between successive states of the Markov chain. Given that the numerical integrator step-
size must be set o< y/1/M for numerical stability then this implies that the number of
leap-frog integration steps employed per iteration must be chosen as L = T/e x +/k.
An appropriately chosen mass matrix should therefore reduce the amount of computation
needed per iteration, and therefore the overall cost of the sampler presuming that the per
iteration quality of samples is comparable.

We illustrate this phenomenon empirically in two settings in Figure 6. The left hand
plot shows the results of running HMC samplers on a 50 dimensional Gaussian N (0, 3;)
target where X is a diagonal matrix. These HMC chains are started in equilibrium and
run for 10* iterations. In the unpreconditioned case, we set A according to the guidance of
Bou-Rabee and Sanz-Serna (2017, equation (32)). The step size is adapted to achieve an
average acceptance rate of 0.65 during the first half of each simulation, and effective sample
sizes are then measured over the second half. The preconditioner used is L = X, 2 The
right hand plot shows the results of running HMC samplers on a 50 dimensional Bayesian
logistic posterior with a g-prior. The potential of this posterior is equivalent to the binomial
regression potential in (18) with w; = 1 for all ¢ € [n]. For each target we randomly sample
X € R™4 in order to control the condition number of the resulting posterior. In each case
we set n = d. Each chain is initialised at the mode and run for 10* iterations. In the
unpreconditioned case we set A = /1/m* where m* is the least eigenvalue of V2U (z*).
The step size is again adapted to achieve an average acceptance rate of 0.65 over the first
half of each simulation, and effective sample sizes are then measured over the second half.
The preconditioner used is L = (n~ !XT X)~1/2 as recommended by Dalalyan (2017).

In each plot within Figure 6 the vertical axis shows the median number of leapfrog steps
(across the dimensions of the Markov chain) needed to achieve an independent sample as
a multiple of the preconditioned performance, hence the number of leapfrog steps in the
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Figure 6: Left plots: preconditioned and non-preconditioned HMC chains for a Gaussian
target with diagonal covariance. Right plots: Bayesian logistic regression poste-
rior with a g-prior. The top vertical axes denote the median number of leapfrog
steps (across the dimensions of the Markov chain) needed to achieve an indepen-
dent sample, the bottom vertical axes denote the median time (across dimen-
sions) needed to achieve an independent sample. The horizontal axes denote the
condition number of the target in all plots. ‘covariance’ refers to runs precondi-
tioned with L = ¥ 2 and ‘sq_root_Sigma_X’ refers to runs preconditioned with
L=(n1XxTX)2

preconditioned cases is always 1. The horizontal axis shows the condition number of the
target. An approximately square root relation between these two quantities can be seen in
both plots. It is clear that in both cases the preconditioner vastly reduces the amount of
computation needed to achieve an independent sample. Additional plots in Figure 6 below
replacing number of leapfrog steps with wall clock time on the vertical axes show analogous
behaviour.
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5 Discussion

5.1 Advice to Practitioners

Our first cautionary tale for practitioners is that linear preconditioning will not always be
beneficial, there are some target distributions for which it will not improve the quality of
MCMC sampling, and can even reduce it. We have shown, however, that under condi-
tions that intuitively insist that the contours of 7(x) look ‘not too far from elliptical’, as
characterised by the additive and multiplicative Hessian structures, then appropriate linear
preconditioning should improve a sampling algorithm, and can do so considerably if the
target distribution is far from isotropic.

The most generically applicable preconditioner is certainly the inverse square root of the
empirical covariance. This can always be computed using either pilot runs or online within
an adaptive MCMC algorithm, even when the Hessian of U(z) is not available, provided
that the target has finite variance. We have shown that if enough samples are used in
its estimation and the target satisfies the conditions we impose then this strategy works
well both in theory and in practice. Alternative choices can also improve sampling, but
we did not observe any cases in which an alternative strategy is clearly better than the
target covariance, in fact most preconditioners offered very similar levels of improvement in
our empirical study. One exception to this is in the case of binomial regression, where the
Hessian at the mode strategy slightly outperformed the choice (Z7Z )1/ 2 something which
is supported by our theory in Section 3.3.

We have shown that, contrary to the received wisdom, diagonal preconditioning can in
fact be damaging to the quality of MCMC samples, even in cases when a dense precondi-
tioner can significantly improve the algorithm. This seems to occur when the correlations
present in the target distribution are particularly strong. If it is suspected that the target
distribution is of this form it is important to compare diagonal preconditioning to none
at all, as well as considering if the computational budget is available to perform dense
preconditioning, which might be much more beneficial.

Finally we have highlighted that appropriate preconditioning can significantly reduce
computational cost in Hamiltonian Monte Carlo, by reducing the number of numerical inte-
grator steps needed at each iteration to solve Hamilton’s equations. It is usually considered
that preconditioning is a very expensive operation, but in fact it is the trade off between the
likely O(d?) cost of full linear preconditioning and the typically at least O(y/x) cost of not
doing so which must be evaluated for a given problem. We have given two clear examples
in Section 4.4 in which preconditioning can improve sample quality despite the additional
matrix algebra that might be needed for its implementation.

5.2 Extensions

Our work offers many interesting extensions, which we now discuss in turn.

5.2.1 ALTERNATIVE CONDITION NUMBERS AND REFINEMENTS

Alternative, problem specific condition numbers have been defined by various parties. For
instance where Y is the covariance of II with spectrum a% > 0'% > ... > 03 Langmore et al.
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(2020) suggest using

£))

as a condition number. Under specifications on the step size of the algorithm, such a
quantity is shown to be proportional to the number of leapfrog steps needed to achieve a
stable acceptance rate in HMC.

The condition number as defined in (6) encodes the difficulty of sampling from II, but it
does not capture additional information we might have about IT which might ameliorate the
sampling efficiency. For instance, if we knew that there existed positive definite A_, A, €
R4 such that

A_<V2U(x) < Ay,

then we could precondition with L = A2 achieving & = A\ (AT AL ) over k = Ay (AL )/ Ag(AL).
Therefore defining the condition number as /\1(A:1A+) encodes the difficulty of sampling
given all the information at hand. See, for instance, Safaryan et al. (2021, Section 2.3),
Saumard and Wellner (2014, Definition 2.9) or Hillion et al. (2019, Definition 1) for simi-
larly motivated definitions.

5.2.2 NONLINEAR PRECONDITIONING

A natural extension is to broaden the class of preconditioners to include nonlinear trans-
formations. At present nonlinear preconditioning can be seen in the form of normalizing
flows (Gabrié et al., 2022; Hoffman et al., 2019) and measure transport (Parno and Mar-
zouk, 2018). Less computationally intensive transformations are considered by Johnson and
Geyer (2012) and Yang et al. (2022) in order to sample from heavy-tailed distributions.

We note that to identify a transformation g : R* — R? such that the pushforward of II
under g has condition number 1 is to solve the equation

U(x) +log| det T (g(e)] = 3 lo(x)]

where J(g(z)) is the Jacobian of g at € R%. This is an instance of the Monge-Ampére
equation, which is well studied in optimal transport (Peyré and Cuturi, 2020, remark 2.25).
Solvers of the Monge-Ampere exist in the literature, see Benamou et al. (2014, 2016b).
Contextualising the existing analysis of the Monge-Ampere and its solvers within MCMC
is a potentially fruitful line of inquiry.

There exist classes of algorithms that are equivalent to transforming existing sampling
algorithms under nonlinear transformations. These include the Riemannian manifold algo-
rithms of Girolami and Calderhead (2011) (see also Patterson and Teh (2013); Lan et al.
(2015); Livingstone (2021)) and the algorithms derived from mirror descent (Nemirovski
and Yudin, 1983) such as those seen in Hsieh et al. (2018); Zhang et al. (2020); Chewi
et al. (2020). That the algorithms derived from mirror descent are equivalent to a nonlin-
early preconditioned sampling scheme is evident in their construction. For the Riemannian
manifold samplers, one can show, for instance, that the Langevin diffusion

1
dY; = 5V10g 7(Y:)dt + dB;
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under diffeomorphism f(Y) = X transforms into the following SDE

Zd: % (G(Xt);jl) (19)

with G(z)~! = J(g(z))~'J(g(z))~T where g is the inverse of f and 7(z) = 7 (y)|det J(f(y)) '],
see Zhang et al. (2023a) for a formal statement and proof. Xifara et al. (2014); Livingstone
and Girolami (2014) show that the SDE in 19 is the Langevin diffusion on the Rieman-
nian manifold with metric G(z) € R¥9, and therefore the same diffusion underlying the
Riemannian manifold MALA algorithm of Girolami and Calderhead (2011) is equivalent
to an instance of nonlinear preconditioning. One can make a similar equivalence in the
case of Riemannian manifold HMC, whereby we make a nonlinear transformation to the
momentum variable used in (4), see Hoffman et al. (2019) for an explanation.

These equivalences provide motivation for further study. For instance if one can identify
a g such that the metric J(g(z))~'J(g(z))~T matches that used by Girolami and Calderhead
(2011) one can bypass the computationally costly operations inherent in the Riemannian
manifold methods. One can also evaluate the benefits of using Riemannian schemes with
arbitrary metrics by evaluating the change in the condition number under transformations
which achieve those metrics.

5.2.3 BEYOND WELL-CONDITIONED DISTRIBUTIONS

The condition number as defined in (6) is restrictive in the class of models it applies to,
namely distributions satisfying Assumption 6. Where II satisfies M-smoothness and a
Poincaré inequality: for all f € L'(II)

Varg (f) < CoiEr[||V f|*]

with constant Cpy > 0 Zhang et al. (2023b, footnote, page 3) define it as x := Cp|M. They
are motivated by its presence in the mixing time bounds they derive for the unadjusted
Langevin sampler. An application of the Brascamp-Lieb inequality shows that Cp; = m™!
in the case that II also has an m-strongly convex potential. Chen and Gatmiry (2023) also
derive mixing time bounds under a more general constraint than m-strong convexity. One
could alternatively use the quantities involved in their constraints and therefore the mixing
time bounds to redefine the condition number.

Altmeyer (2022) constructs a surrogate posterior whose potential satisfies Assumption
6 and coincides with the potential of the target posterior on a region in which the target
concentrates. Under assumptions, they provide polynomial time mixing bounds for unad-
justed Langevin Monte Carlo using the fact that the chain will stay in the aforementioned
region for exponentially long with high probability. The ability to identify such behaviour
allows one to quantify the conditioning of a posterior whose potential violates Assumption
6.
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Appendix A.

A.1 Proof of Proposition 7
The Hessian of the model with potential

— M M+ 2 2
Uz,y) = = 5 (cosx + cosy) + 5 m (9624_92)

is in the form V2U (x,y) = diag{f(x), f(y)} where f(z) := (1/2)(M —m)cosz + (1/2)(M +
m) € [m, M]. As detailed in Proposition 8, the condition number is ignorant as to whether
the preconditioner L is symmetric or not, so we assume it is. Therefore we can perform an
eigendecomposition L = QDQT where D = diag{\{, A2} is the matrix of eigenvalues (not
necessarily ordered) and, since we are in two dimensions, () can be represented as the two

dimensional Givens matrix
Q= cos —sinf
~ \sinf cosf )’

The matrix enclosed by the first operator norm in (9) has trace and determinant
Te(z,y) = Te(L7 VU (2,5)L7") = AT () + A7 () + (A7 f(2) + AT (1)
Det(z, y) := Det(L Tv2U<x WL = A (@) f(y)

where we have abbreviated ¢ := cosf, s := sinf for notational simplicity. The matrix
enclosed by the second operator norm in (9) has trace and determinant

Tr* (2%, y") i= Te(LV2U (¢, y*) T LT) = O () + A (")) +5° (A 2F (@) 7+ A2 f(a) )
Det*(z*,y") := Det(LV2U(m JYH) T 1LT) )\2)\ sf(x™)” f(y*)_l

Using the fact that the operator norm of a positive definite matrix is simply the largest
eigenvalue, we are able to lower bound

R > % <Tr(:n,y) + /Tr(z, y)? — 4Det(z, y)> % (Tr*(x*,y*) + VTr* (z*, y*)2 — 4Det*($*,y*))

Choosing (z,y) such that f(z) = f(y) = M and (z*,y*) such that f(z*) = f(y*) = m we
have

% ((AF+23)m~ !+ ‘/\% — /\g‘ m~1)

1
’%25(()\1_2"‘)\2_2)]\4"“)‘1 — A% M)
= max{\; %, \; 2} max{\}, %}—
m
= k(LLT)K

Therefore & > k for non-orthogonal L.

A.2 Proof of Proposition 8

For a given preconditioner L € GLg(R) we define L € GL4(R) to be the positive definite
matrix that has eigenvalues equal to the singular values of L and eigenvectors equal to the
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right singular vectors of L. Recall the definition of the condition number after precondi-
tioning with L: & = sup, ||L~TV2U (x)L~ ! sup, ||LV2U (z)"'LT||. We inspect the norm
inside the first supremum after computing the singular value decomposition of L = USV 7T
where U and V are orthogonal and ¥ € R%*¢ is a diagonal matrix whose diagonal elements
are the singular values of L.

IL7TV2U (2) LY = (U~ 'VIVU (2)VI S0
= |2 WVIVAU (2)VIE T
= |VEWVIVU(2)VTS V|
= |L7"V2U () L7

Now we inspect the norm inside the second supremum:
|LV2U (z) LT = |JUSVIV2U (2) VT SU||
= |ZVIVU(2) VY|
= |[VEVIVAU(2) VISV
= |LV?U(x)" L7
A.3 Implications from Assumption 10

From the statement of Assumption 10 it is immediate that v;(x)"v; > 1 — 6. Note that the
assumption implies the following bound [|v;(z) — v;|| < V2 (1 — v/1 = ). For i, € [d] such
that ¢ # j, the reverse triangle inequality gives us that

[oi(z) = vill = llvj = vill = [loi = vi(=)]]

zx/i—\/i(l—m)

and so

\/2(1 — (vi(z),v;) > \f—\/§<1 -1 —5)

hence v;(z)Tv; < § as required.

A.4 Proof of Theorem 11

Perform the eigendecomposition V2U(z) = 0,D,OL for O, € O(d) with columns v;(x)
and D, € R?*? diagonal with elements \;(z). Perform the eigendecomposition L = VEV7
where V has columns v; € R% for i € [d] and ¥ := diag{o1, ..., 04}. Defining &, := VT 0,1y,
Assumption 10 guarantees that the elements of £, are at most § in absolute value. Inspecting
the first term in the definition of &, we have that

ILTV2U @) LY = (1571 (E + 1a) Da(€x + 1a) T =71
<7 DLEIY T 4+ 2|7 DT 4+ 27D S Y|
<7 DLEIY T 4+ 227 DT 4+ (1 + )
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where the second line is due to the triangle inequality of the matrix 2-norm, the last line
due to Assumption 9. Inspecting the norm in the second term in the above:

2
Hz_lngxE_l”Q = sup E < E . )ksvs)
s

[oll=1 =1

2
<o Y
1 0s0
HUH k=1 \s=1

d d 2
:52Z—sup (Z)\SU( >

o lak oll=1 \s=1

d d 2
< 631+ ¢€)? Z — sup (Z O'S’Us>

k=1 Uk [[vll=1

M&

U

= 6%(1 +¢)? 2

ag
1

M=
:vqm‘ =

B
Il
»
Il

1

where the second line comes from Assumption 10 and the fourth line comes from Assumption
9. Looking at the first term now:

1
=71 Dey 27| = |27 D2 |I?

d

S(S?Zfsup <Z\ﬁ )2

k=1 Uk lvl=1

d d 2
< 52(1+G)Z— sup <Zasvs>

= 0% ol=1
41
=01+ —) ol

where the third line comes from Assumption 10 and the fourth line comes from Assumption
9. Putting the terms together yields

ILIV2U ()L < (1+e) [1+6

Now we follow the same procedure for ||LV2U (z)LT|:

_1
ILV2U (2) L) < |[2€:D0 2 |1* + 2| 2E: D 2| + 2D 15|

_1
< ||2E.Dz 2 ||? + 2| 2D 2| + (1 +¢)
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starting with the second term:

2
_ 050
mm;w_supz(z e >)

Iol=1 .21 \s=1

d d 2
< 52 2 Ts
<4 Zak sup (Z)\ (x)vs>

k=1 lvli=1

and the first term:

d 2
96052 = sup ( k‘svs>
l[o]|= 1;1 Z \/)\s

s=1
d 1 2
<62) o2 sup ( vs)
; lo]|=1 Zl As()
d 4 2
<63 (1+e€) Z oF sup <Z vs>
=1 lvl=1 \G= 95
d d_
=0%(1+4¢) Z o? o
k=1 s=1 ¢

from which follows

R<(14¢€)?

A.5 Tight ) dependence in Theorem 11

Take the first norm of (6): |L~7V2U (2)L7}|| = |@-GDY*GTQLQ,D:'QTQ.GDY*GTQY| =
|]D71r/2GTD7T1GD71r/2H. Similarly the second norm is HD_I/QGTDWGD;I/QH. Therefore
= A (M)Xo(M)~! where M = D71r/2GTD7T1GD71r/ . Since G is a perturbation of angle

arccos(1l — 4) it has the form
B 1-9¢ —/0(2-19)
G_( 5(2—9) 1-6 >

and so

_ (1-0)2 +5(2 5)A1 (V- /32)a-6vee-3
) <\/%*\/¥) V(2 -9) (1-0)2+0(2—0)32
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where \; and Ay are the diagonal elements of D,. We have that tr(M) = 2(1 — §)? +6(2 —
§)(AA; T + A7t A2) and det(M) = 1. That the determinant is one means that & = Ay (M)>2.
Using the trace-determinant formulation of the eigenvalues of a 2 x 2 matrix we have that

Al(M):% 2(1 - 6)> +6(2 — ) (t+i?> +¢<2(1—5)2+5<2—5) (t+ij>)2—4)

so, unless A\ = Ao and ¥ is a multiple of the identity, & = O(&%).

A.6 Assumption 15 implies Assumption 9
Weyl’s inequality implies that

N(V2U(x)) _ N(LLT) + M\ (V32U (z) — LLT) 14 |V2U (z) — LLT||
2 2 — 2

<
0; 0; 0;

and so ||V2U(z) — LLT|| < o3¢ implies Assumption 9 with the same e.

A.7 Proof of Theorem 17

Based on the intuition gained from Proposition 8 we can assume that L is symmetric, and
so its left and right singular vectors are simply its eigenvectors. Using (Yu et al., 2015,
Corollary 1) with & = V2U(z) and £ = LLT we have that |jv;(2) — v < 2%7*1HV2U(33) —
LLT|. Rearranging, the Assumption 15 gives (v;(z),v;) > 1 — 4’}/_20'(1_462. From A.6,
Assumption 15 gives us Assumption 9 with the same €, and hence we can apply Theorem
11 with § = 1 — (1 — 2y 1o %)

A.8 Proof of Theorem 19
Using Proposition 8 we assume that L is symmetric. For the first supremum in the definition
of & note that ||V2U (z)—L?|| = ||LT(L~TV2U (x)L=' —1)L||. Using the fact that o;(BA) <
|Blloi(A) and 0;(AC) < 0;(A)||C|| for matrices A, B, C of appropriate sizes and all i € [d]
(Tao, 2012, exercise 1.3.24) we have
o1 (LT(L7TV2U ()L~ = 1) LL™Y)
g1 (L_l)
= 0a(L)| LT (L7TV2U () L1 — L)
LTL(L-TV2U (2) L7t -1
ZO’d(L)UI( ( Vv (1’) d))
o1 (L_T)

= oa(L’IIL7T VU (2) L7~ 14|

|LT(L"TV2U ()Lt = 1,)L|| >

Therefore we can bound || L=TV2U (z) L~ —14|| < € using Assumption 15. Using the reverse
triangle inequality || L~7V2U (z) L~ 14| > ||L-TV2U (z) L~ Y| —1| we get || L=TV2U (z) L71|| <
1+e.

For the second supremum in the definition of k¥ we use the same technique as the first
supremum, first noting that ||V2U(z)~! — L72|| < ||V2U (z)"Y||IL72||V?U (z) — L?|| <
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m~le. Employing the technique from before:
IV2U (2)™! = L7%| = |[L7HLVU (2) "' LT — L) L7
> 0y LV LVAU (2) LT — 1,
and hence || LV2U (z)"!LT —1,|| < o1(L)?>m~'e. Using the reverse triangle inequality again
gives ||[LV2U (2)"'LT|| < 1+ o1(L)?>m™ e,
A.9 Proof of Proposition 20
The assumption has that [|[V2U(x) — LLT| < o3¢ for all z € R%. Therefore
IV?U(z) — Z|| = |[V*U(z) — LL" + LL" — I||

< oje+ ||E-[VU(X) — LL"]||

< oge+ B [|[VPU(X) — LLT ]

< 20’36

where the penultimate line is due to Jensen’s inequality.

A.10 Proof of Proposition 25

Applying the non-rectangular form of Ostrowski’s theorem (Higham and Cheng, 1998a,
Theorem 3.2) gives for any = € R?

M(B' B)A—ai1(A(2)) < M(BTA(2)B) < M (BT B)Ai(A(x)),
and similarly
M(BTB)M\u(A(z)) < Mg(BTA(z)B) < M (BTB)\g(A(z))

Since K := supyege M (BTA(x)B)/ inf,cpa A\a(BTA(z)B) then applying the upper/lower
bound to A\;(BTA(z)B) and the lower/upper bound to Aq(BTA(x)B) point-wise gives the
upper /lower bound on « as desired.

A.11 Proof of Proposition 28

Setting XT = (XTX )*1/ 2XT and applying Proposition 25 gives the result, noting that

XTX =1,

A.12 Proof of Proposition 30

First note that the preconditioned Hessian can be written

LIV (2) L7 = (XTA) X)) 2XTA () V2 A (%) 72 A () A(a®) 72 A () V2 X (X T A (%) X)Y?

Setting X7 := (XTA(an)X)1/2XTA(:1U*)1/2 and then applying the upper bound of Proposi-
tion 25 to the matrix XTA(z*)~1/2A(z)A(z*)~'/2X gives the first inequality. The second
follows from applying the same bound again to A(z*)~'/2A(x)A(z*)~/? and noting that

Sup,era A1 (A(2))
infmeRd )\d(A(x))

r(A(27)) <
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A.13 Proof of Theorem 33

If we take 02 = £/(Md), then (Andrieu et al., 2022, Theorem 1) implies that the spectral
gap 7, of the RWM algorithm on a target with a m-strongly convex, M-smooth potential
is bounded as follows: €1

C¢exp(— f) d <Yk < 24

We will modify the proof of (Andrieu et al., 2022, Lemma 47) so that the upper bound
on 7, subsequently depends on k. The spectral gap of the RWM algorithm on a target m
with kernel P is defined as v, := inf ;e () (E(P, f)/Varg(f)) where & is the Dirichlet form
associated with 7. Define g(x) := (Umax, * — E[X]) where vpax € R? is the eigenvector
associated with the greatest eigenvalue of F (VQU (X ))71. The Cramér-Rao inequality
gives that

Var,r(g(X)) > Umax [V2U( )} - Umax

= M1 (B [VEU(X)] ") imas?
= X (B [V2U(X)]) ™ o

The second equality comes from the fact that E, [VQU(X )] s positive definite, since it
is the inverse of the expectation of a matrix that is itself positive definite.

Say v € R? is the eigenvector associated with the smallest eigenvalue A\g(y) of VU (y)
for a given y € R?. Then

A (B [V2U(X)]) = HiﬁlilvTEw [V2U(X)] v
gvTE [V2U(X)] v
=E. [v" (V U(X) V2U() VU (y)) v]
)~

< sup ||V2U(z U+ Aa(y)
zeR4

< m(1+ 2e)

where in the final line we use Assumption 31, and the fact that Assumption 31 implies

Ad(y)
/\d(l')

for all z,y € R? (see A.6) and hence A\g(y) < (1 + €)Ag(z) < (1 + ¢)m. Therefore
Var(g(X)) > m~1(1 + 2¢)"!|vmax/|?>. Upper bounding the Dirichlet form in the same
way as (Andrieu et al., 2022, Lemma 47) gives £(P, g) < (1/2)0?||vmax||?, and so

1.2 2
e = mf S(Pa f) S 5(P7g) S 20 ”vmaxH
ferz(r) Varg(f) = Varz(g9) = m=1(1 + 2€) 7 ||vmax|?

<1l+e

1
= §§/€_1d_1(1 + 2¢)

A.14 Proof of Corollary 34

The lower bound for the spectral gap post-preconditioning is vz > C¢ exp(—2£)&~td~! due
o (Andrieu et al., 2022, Theorem 1). The target satisfies Assumption 15 so we can use
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Theorem 19 to modify the bound: z > C¢ exp(—2¢)(1+¢€)~! (1 + m_lol(L)Ze)_l d~'. So,
applying the upper bound found in Theorem 33 to the spectral gap before preconditioning,
we see that a condition number x such that

-1
%gﬁ_ld_l(l 4 2¢) < C€exp(—26)(1+ )7t (1 + Gl;?i) d-!

guarantees that vz > 7, and so increases the spectral gap.

A.15 Proof of Proposition 22

The preconditioned O-U process has generator Ay = tr (LflL*TVQ) + <—L*1L*TE;133, V>
for z € R%, where V is the grad operator and

The spectral gap of a generator of a stochastic process with generator A is defined as the
smallest distance from its spectrum (excluding 0) to 0.

Denoting spectrum of —L~!L=TY-1 by A1, ..., \q Metafune et al. (2002, Theorem 3.1)
has that the spectrum of the generator Ay, is {\ = 2?21 niA; : n; € N}. Therefore the

spectral gap is
min {

Say |Ai| > 1 for some i without loss of generality. Then the constraint |det(—L*1L*TE;1)} =
1 implies that |[A\;| < 1 for some j # 4, and hence the resulting spectral gap is strictly less
than one. In the case that |A\;| = 1 for all 7, the spectral gap is exactly one, and therefore

d

=1 1€[d]

:n; € N\{0} for i € [d]} = min |\

optimal. This is achieved when L = X, 2 for any notion of the matrix square root.

A.16 Proof of Proposition 23
We assume WLOG that U(z*) = 0. Taylor’s theorem with integral remainder has that

1
Ux) = / (1 —t)(z —2*)'V2U (2" + t(x — %)) (x — 2*)dt
0
(since U(z*) =0, VU(z*) = 0) from which we can deduce
%(:z: —2TA (z—2*) <U(z) < %(m — 2T A L (x — %)
and hence
exp (—;(x ) AN a:*)) < exp(—U(z)) < exp (—;(x —2TA_(z - x*))
with

Zn, 1 1 . . 1
Z+ Za. exp <—2(ac —2)TA (z -z )> < Eexp(—U(:):)) < 7 Za
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where Z4 := +/(2m)4det A~1. For an arbitrary v € R? we have that

IS0 = ;/(’L)T(w — 1)) exp(=U(z))dz
< 22 By a1 (07 (X = i)
< 22 (B a0 (07 (X =2 — (07 (0" — i))?)

< 282 (WAL — T (@ — i) (@ i) )

where the last inequality follows from the fact that Za, < Z < Za_. We can construct a
similar lower bound to give

(D)™ = (@ = )@ = )™) < B < (AT = (@ = )@ — )"

defining ¢ := (Za, /Za_) = \/det A_det A7' < 1. This gives P < 7! < P, where

Pri=c (M) = (0" — ) (2" — pn)”) !
P~ ::c((A,)_l—(ﬂﬁ*—Mn)(x — fin) ) '

and hence
— * * -1 * *
Py =c ! (A+ + (1 — (@ - Mw)TAJr(fU - Mw)) Ap(x” — pr) (2™ — Mw)TA+>
* * -1 * *

Po=c(A+ (1= (" = pn) A = i) A = i) (0 = i) A
using the Woodbury identity. The fact that (z* — )T As(z* — pr) = Tr(D4) gives the
result.

We have that | V2U (z) — 71| := sup,, [v! V2U (z)v — vT S v|. Say the quantity inside

the absolute value is positive. Then v V2U(z)v — vT'S 1o < 0T V2U(z)v — v P_v. Now

say the quantity is negative, giving us v7 X -1v — v V2U (2)v < 0T Prv — 0T VU (z)v. In
sum this gives

IV2U(z) = 71| < sup max {v" V2U(z)v — v" P_v, v’ Pov — o VU (z)v}
villoll=1

< sup max {UTA+U — ol P_v TPy — UTA_U}
vifjofl=1

< max {||As — P_|, [Py — A_[}}

A.17 Proof of Proposition 24

From proposition 23 we have that P~ < X! < P, where

P, =c! (A +elgt (1= (@ — ) (A + elg) (@ = pr)) " (A+ elg)(@* — pa) (2" — i) (A + eId)>

P_=c (A —ely+ (1= (2% — p)T (A — ely) (z* — ,u,r))71 (A — ely)(z* — pr) (2" — pr) (A - eId))
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since A_ = A — el and Ay = A+ €el;. The bounds stated at the end of the proposition
give

IV2U(2) — 57| < max {|As — P_,]|Py — A}
- max{”(l — A+ (1 +c)ely — P, |(c = DA+ (¢! + 1)ely — 0_1P+||}

< (@ = DAl + (e + De+ max el P||, 7| P4 }
where in the final line we use the triangle inequality.

Appendix B.

The full matrix from equation (15) in Section 3.5 is as follows:

21.548973 5.678587 18.667787 4.463119 6.855300

* 2.028958 4.863393 1.208146 2.109502
Y= * * 16.261735 3.926604 5.726388
* * * 1.405213 1.409477
* * * * 2.905902
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