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Abstract

In strongly correlated systems, quantum fluctuations play a crucial role in the or-
dering at low temperatures, leading to various exotic ground states. The critical
points usually correspond to some universal scaling behaviours, which can be de-
scribed phenomenologically by the Ginzburg-Landau-Wilson paradigm. However,
it breaks down in systems where gapless fermionic excitations or topological fea-
tures play a key role. Understanding such cases is crucial to explaining complex
behaviors in quantum materials, such as unconventional magnetism and quantum
spin liquids.

This thesis focuses on some different scenarios where the presence of gapless
fermions alters the behavior of the phase transitions. Firstly, we use the perturbative
and numerical renormalisation group to study the role of Kondo fluctuations in an
anisotropic Kondo model to explain the moment reorientation and hard-direction
ordering in Kondo materials. Secondly, we study the antiferromagnetic quantum
criticality when the local moments are Kondo-coupled to Dirac fermions, and show
that the Néel critical point is stable against the particle-hole fluctuations. In the last
part, both the magnetic and topological phase transitions of the Kitaev-Ising model
are studied and compared through different Majorana fermion representations, and
then a renormalisation group approach is applied to the topological phase transition
of the gapless and gapped quantum spin liquid states. It turns out that in the presence
of other magnetic interactions, the topological phase transition can be studied in a

similar manner as the symmetry-breaking phase transitions of semi-Dirac fermions.

The results in this thesis contribute to the theoretical understanding of

fermionic quantum criticality and the nature of novel quantum phase transitions
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in strongly correlated electron systems.
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Chapter 1

Introduction

Fluctuations are a fundamental ingredient of many-body physics. They are usually
discussed in the context of phase transitions, as they represent the deviation of a
physical quantity from its equilibrium value. When the deviation becomes critical,
the system may end up in a different equilibrium, indicating a phase transition. In
our everyday lives, thermal fluctuations are the key to phase transitions like solid-
liquid and liquid-gas transitions. In the quantum regime, a different type of fluctu-
ations, namely quantum fluctuations, which are rooted in the uncertainty principle,
can be significant and lead to phase transitions even at zero temperature. In analogy
to thermal fluctuations, quantum fluctuations become strong in systems at the vicin-
ity of a quantum critical point, and leads to a wide range of quantum phases at zero
temperature. Understanding the role of quantum fluctuations in phase transitions is
the key to unravelling the mysteries in strongly correlated electron systems such as
the origin of the linear resistivity in strange metals [1], and the microscopic theory

of unconventional superconductivity [2].

However, the general difficulty of solving such strongly correlated many-body
problems remains the ultimate shadow over the field of condensed matter physics.
The number of coupled Schrodinger equations one needs to solve for a typical
condensed matter problem is astronomical (~ 10%3) even for cutting-edge high-
performance computers. Though there are methods like density functional theory
in which the wave functions are mapped to electron density functional to reduce the

complexity [3], solving the simplified problems is still extremely challenging when
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the electron-electron interaction is strong. Fortunately, the ordering in many-body
systems corresponds to some emergent collective excitations of the system, render-
ing the microscopic details irrelevant at the critical point. The phase transition can
thus be studied at a phenomenological level by defining a proper order parameter
of the ordered phase and working with the theory of such order parameters. This
technique, the so-called Ginzburg-Landau theory, was later completed by the renor-
malisation group method developed by Wilson[4, 5], and became the paradigm for
explaining the symmetry-breaking phase transitions in which all other degrees of

freedom apart from the order parameter are gapped.

Though extremely powerful, the Ginzburg-Landau-Wilson paradigm is not the
full story of second-order phase transitions. Firstly, for a gapless system, there is
no way to systematically integrate out the fermions without eliminating the low-
energy order parameter modes at the same time. In such cases, the effective theory
must also involve fermions explicitly, giving rise to the so-called fermion-induced
quantum criticality[6]. Secondly, spontaneous symmetry-breaking is the key to a
non-zero order parameter, but it is not a necessary ingredient of phase transitions.
Followed by the discovery of the quantum Hall effect in 1980s [7, 8], a new kind of
phase transition surfaced, in which the symmetry remains the same in both phases
but the topology of how the quantum states wind the parameter space differs. Ob-
viously, a local order parameter theory cannot be constructed to describe such a
change in the global topology. To properly define and categorise different topolog-
ical phases, one needs the language of category theory [9]. In general, phases with
nontrivial topology can be distinguished as symmetry-protected trivial (SPT) states
and symmetry-enriched topological (SET) states. The latter one has the so-called
topological order, which is deeply connected to the large degeneracy and long-range
quantum entanglement in the ground states [9]. Furthermore, topological order is
usually followed by the emergence of gauge fields and fractionalisation of quasi-
particles, which could in principle connect a symmetry-breaking ordered phase and
a topologically ordered phase. Examples of such include the deconfined quantum

criticality between the antiferromagnetic and resonating valence bond state on a
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square lattice[ 10, 11].

In this thesis, we focus our study on the fermion-induced quantum criticality in
gapless systems. The presence of a Fermi surface introduces the fermion fluctuation
on top of the order parameter fluctuation, and their interplay can lead to interesting
quantum criticality distinct from that of a pure order parameter theory. It is not hard
to realise that the shape of the Fermi surface plays a crucial role, and here we will
only consider the simple cases in which the Fermi surface is either a point (Dirac
semimetals), or a perfect small sphere (metals). The scenarios discussed are quite

different at the microscopic level, but the phase transitions turn out to be similar.

Here we first briefly introduce the scenarios that will be discussed in this thesis.
For a typical strongly correlated electron system, the underlying low-energy degrees
of freedom are charge and spin. Generically, the electrons are subject to long-range
Coulomb interactions. However, the scattering events of electrons and holes around
the Fermi surface effectively screen the Coulomb interaction, leaving only a short-
range residue of it. In this spirit, the simplest model one can write down is the

so-called Hubbard model:

A=-Y tijclycjc+He)+UY any (1.1)
(ij),0 i
in which the first term is the kinetic energy of electrons, and the second represents
the on-site Coulomb repulsion of the electrons. Depending on the specific system
and problem, the strength of U may vary, leading to different effective low-energy
simplifications of the problem by separating the two degrees of freedom. For exam-
ple, when the Hubbard repulsion is weak, the kinetic energy dominates the physics,
and the interaction of electrons can just be taken as an adiabatic renormalisation of
the parameters of a non-interacting Fermi gas, leaving us the famous Fermi liquid
theory. In this case, all that matters is the charge degree of freedom, as the interplay
of the mobile electron spins averages out. On the other hand, at the strong U limit
of a half-filled Hubbard model, the energy penalty for two electrons to sit on the

same site is infinite, and the ground state is naturally that there is one electron per
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B
A
a2 '
Figure 1.1: Honeycomb structure of graphene. In each unit cell, there are two sites (A, B),
corresponding to the sublattice degree of freedom.

site. This is called a Mott insulating state. Since the charge degree of freedom is
completely localised, one can then only keep the electron spins into consideration,
and end up with the spin-1/2 Heisenberg model. Furthermore, there exist cases in
which both degrees of freedom are important, such as the Kondo lattice model. In
a Kondo lattice model, The d and f electrons in the transition metal elements are
highly localised, whose spin degree of freedom is then coupled to the conduction
electrons in the system. The resulting Hamiltonian contains both fermion and spin
operators. The richness in the effective low-energy descriptions in turn leads to a
plethora of exotic ordered states at low energy. The quantum fluctuations of the
dominating interactions can then tune the system through various kinds of quantum
phase transitions, whose criticality and universality are intriguing both theoretically

and experimentally.

1.1 Dirac electrons in graphene

The electrons in graphene are an example of where the interesting physics mainly
lies in the charge channel. Graphene is a two-dimensional single layer of carbon
atoms sitting on a honeycomb lattice, as shown in Fig.1.1. The simplest way of
obtaining a single-layer graphene is to exfoliate it from graphite by a tape. Though
it has been more than two decades since its first discovery, graphene remained one
of the most popular 2d materials in research until today. Despite the simple struc-

ture, various physics can be found in it, such as massless Dirac fermions [12] and
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Figure 1.2: The energy dispersion of electrons in graphene. Six Dirac points with linear
band touching appear at the corners of the Brillouin zone.

anomalous quantum Hall effect [13]. Then more recently, it was realised that a
new layer of richness in physics can simply be added to the system by putting a
second layer on top of the single layer - the discovery of flat bands and unconven-
tional superconductivity in twisted double-layer graphene has stimulated the idea of
’twistronics’[14].

Here we focus on the Dirac fermions in graphene. The electrons on the outer
shell that contribute to the conductivity are from the s and three p orbitals, therefore
the low energy microscopic model is just electrons on a honeycomb lattice at half-

filling. This is simply a single-particle Hamiltonian written as

H=—Y Y (c);(r)cB(H 5;) +H.c.) 8 = (0,ay,a2) (12)

r =123
where ¢ is the hopping strength between nearest neighbor sites, and ay, a; are the lat-
tice vectors. The single particle Hamiltonian can be simply diagonalized by Fourier

transforming to the momentum space, giving rise to the energy dispersions:

Ei (k) = it\/3 +4cos(37kx)cos(@) +2cos(V3ky) (1.3)

and the electronic band dispersion is shown in fig.1.2. It is evident that
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there are zero energy solutions at the two equivalent high symmetry points K () =
+47/3+/3(1,0), which correspond to the so-called valley degree of freedom. One
can then zoom in and expand the dispersions around one of the zero-energy points,
which in turn gives linear dispersion E(k) = vg |k|. The linear dependence in mo-
mentum indicates the emergent Lorentz invariance at the K(K') points, and the
corresponding fermions are Dirac fermions. The relativistic nature of the Dirac
fermions arouses broad interests both theoretically and experimentally. It makes
a perfect playground to study high energy physics like QEDs3, and the linear dis-
persion guarantees ballistic transport of electrons which has huge potential in the
semiconductor industry. From the point of this thesis, the Dirac fermions are per-
fect since they are low-energy fermionic excitations with only a point-like Fermi

surface at half-filling.

1.2 Quantum Spin liquids

The spin degree of freedom is the origin of magnetism in materials. Normally, the
rotation symmetry of spins is broken at low temperatures, forming ground states
with long-range magnetic order like ferromagnetism, antiferromagnetism, nematic
and stripe orders. However, there are rare cases in which the spins remain disordered
even at zero temperature due to frustrations. Such exotic ground states, dubbed
quantum spin liquids (QSL), are a type of symmetry-enriched topologically ordered
state. The idea was first proposed by Phil Anderson as a related problem in explain-
ing high-temperature superconductivity [15, 16, 17], which considered a ground
state with a combination of paired spin singlets. The resonating valence bond (RVB)
state was later joined by a family of other spin-disordered ground states. The com-
mon properties among them are the emergent gauge fields and fractionalised quasi-
particles. For example, the ground state of a J; —J, Heisenberg model on a trian-
gular/kagome lattice could be a spin liquid with spinon excitations[18, 19, 20, 21],
and one of the main characters of this thesis, the Kitaev model [22], has a ground

state with emergent Z, gauge fields and relativistic Majorana fermions.

Though theorists have predicted QSL states in some materials [23, 24, 25, 26,
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27, 28, 29, 30], the experimental confirmation remains elusive [31]. This is mainly
due to the competition between a magnetic order and a QSL state. It is thus impor-
tant to study the stability of a QSL against different types of spin interactions, and
the nature of the phase transition to magnetically ordered phases. Furthermore, a
phase transition between a QSL and an ordered phase could be described by a theory
of the emergent quasiparticles and the gauge fields, giving rise to exotic quantum

criticality like QED3 [32, 33, 34, 35, 36, 37] and fractionalised criticality [38].

1.3 Kondo physics

The origin of the study of Kondo physics can be dated back to the 1930s when
the resistivity of Au was shown experimentally to increase as the temperature de-
creased at very low temperatures [39]. The observation was puzzling, as in a metal
one expects the resistivity to be proportional to T2, which is a result of low en-
ergy electron-electron scattering. Only thirty years later, the inverse temperature
dependence was found to be a product of the magnetic nature of the materials - the
localised electrons scatter the conduction electrons strongly at low temperatures,
even if the impurity concentration is very low. The physics of mobile electrons in-
teracting with localised spins was then dubbed *Kondo physics’, named after the
Japanese physicist who proposed the idea of impurity scattering of electrons.

In Kondo’s calculation [40], he came up with the simplest effective model by

considering only a single impurity in a conduction band. The Hamiltonian reads
H=Y esclocke +kS(0) s, (1.4)
ko

where S(0) is the impurity spin at the origin, and s the spin of conduction electrons.
With the perturbation theory up to 3rd order, he showed that the resistivity of such
a model has a minimum at a certain temperature scale Tx that depends on the ex-
ponential of the electron-impurity interaction strength J, Tx o< efpf, after which
the resistivity blows up to infinity at zero temperature. The temperature scale T
is now called the Kondo temperature, which in real materials could range from a

few Kelvins to a hundred due to its exponential nature. The diverging resistivity at
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the lowest temperature is of course unphysical, but it nevertheless contains impor-
tant hints to what’s really happening: The Kondo effect is non-perturbative which

cannot be understood by a finite order perturbative expansion.

The understanding of the physics below the Kondo temperature was then
pushed forward by Phillip Anderson, who proposed that the Kondo problem can
be viewed as a scaling problem [41]. By performing the well-known ’poorman’s
scaling’, he derived the renormalisation of the Kondo interaction strength J, which
flows to infinity in the IR limit, indicating the non-perturbative nature of the prob-
lem. The idea of coarse-graining the system by integrating out the high energy
fluctuations around the Fermi surface shares the very spirit of the renormalisation
group (RG). Later, Kenneth Wilson came up with a numerical approach to system-
atically approach the low-energy Kondo physics in a non-perturbative way, dubbed
the numerical renormalisation group (NRG) [4, 5]. It is well understood that at low
temperatures, the conduction electrons form a cloud to screen the impurity spin.
Depending on the number of conducting channels (bands) and size of the impurity
spin, the system could either be overscreened or underscreened, and the rest of the

system mainly determines the low energy physics after the screening.

1.4 Outline of the Thesis

This thesis focuses on the exotic fluctuation-induced phases in Kondo materials and
Kitaev quantum spin liquids and the nature of the associated quantum phase transi-
tions. The central idea is to use a renormalisation group to study the universality of
continuous quantum phase transitions beyond the conventional Ginzburg-Landau-
Wilson paradigm, more precisely, the fermion-induced quantum criticality due to

the presence of Fermi surfaces.

In Chapter 2, we first introduce the general techniques of Ginzburg-Landau
order parameter theory and Wilson’s momentum-shell renormalisation group, with
an emphasis on the physical idea of the universality of continuous phase transitions
rather than the detailed maths. As an example, we then study the renormalisation

of the simple model, the ¢* theory, where the order parameter fields ¢ are scalar
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fields. After that, cases where the low-energy effective theory cannot be represented
simply by a pure order parameter theory are motivated, revealing the necessity of
going beyond the Ginzburg-Landau-Wilson paradigm. We show that starting from
the low energy theory of electrons in graphene, we naturally arrive at the so-called
family of fermion-induced quantum criticality, which could be described by the

Gross-Neveu-Yukawa (GNY) theory.

In Chapter 3, starting with the origin where the idea of renormalisation group
was first introduced into condensed matter physics, we scrutinize an anisotropic
Kondo model by perturbative and numerical renormalisation group, to explain the
magnetic moment reorientation observed in many Kondo lattice materials. We show
that the interplay between the anisotropic Kondo coupling and single-ion anisotropy
can lead to a non-trivial RG flow where the single-ion anisotropy changes signs in
certain parameter regimes, indicating a crossing of magnetic susceptibilities along
different directions. Such interplay of quantum fluctuations could explain the meta-

magnetic phase transition in many Kondo materials.

Then in Chapter 4 we apply the modern momentum-shell renormalisation
group to a honeycomb model, where the local moments are connected to the itiner-
ant electrons with Dirac fermions through Kondo interaction, as our first example of
Dirac fermion-induced quantum criticality. We examine the impact of Dirac elec-
trons on the Néel quantum critical point. The results suggest that the Néel criticality
is quasi-stable against the screening effect from particle-hole fluctuations in certain
parameter regime, outside of which the anti-ferromagnetic order is destroyed by the
Kondo fluctuation. This illustrates the exotic criticality one can find in systems with

gapless fermions.

Chapter 5 and 6 is dedicated to the more exotic case of Kitaev honeycomb lat-
tice, where the ground state is a gapless Z, quantum spin liquid with emergent rela-
tivistic Majorana fermions. In Chapter 5, We first use different fermion representa-
tions to study the phase diagram of the Kitaev model in the presence of Ising inter-
action, and show that the phase transition between the gapless and gapped QSL can

also be induced by short-range magnetic interactions. The topological phase transi-
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tion is very similar to the semimetal-insulator transition that happens in graphene,
suggesting the low-energy theory is again GNY-like. Hence, in the Chapter 6, we
start from the microscopic Kitaev-Ising model to derive the effective field theory of
such topological phase transition. The nature of the transition is then shown to be
a GNY theory of Majorana fermions with semi-Dirac dispersion, in analogy to the
case of complex fermions. The criticality of the topological phase transition in the
Kitaev-Ising model corresponds to a new universality class of Majorana fermions.
At last, in Chapter 7, we summarise and conclude the general results and re-

mark on future research directions.



Chapter 2

Phase Transitions and

Renormalisation Group

In this chapter, we briefly introduce the main tools for studying the critical behavior
of phase transitions: the Ginzburg-Landau-Wilson paradigm which describes con-
ventional symmetry-breaking phase transitions in gapped electron systems, and the
Gross-Neveu-Yukawa theory which describes the ones in gapless electron systems.
Note that the aim of this introduction is not to be exhaustive but self-contained.
There are already detailed and well-structured reviews and notes on the topics, and

interested readers will be pointed to the related materials when appropriate.

2.1 Ginzburg-Landau theory and Universality

The first general phenomenological view of phase transitions is based on the con-
cept of order parameters, which describes symmetry-breaking phase transitions. In
the ordered phase of such a transition, a certain symmetry of the Hamiltonian is
spontaneously broken, resulting in a ground state without such a symmetry. De-
pending on the microscopic details of the systems, a phase transition can happen
at different parameters. However, for any symmetry-breaking phase transition, one
can define an order parameter ¢ which is an observable that takes zero in the disor-
dered phase and becomes finite in the ordered one. For example, for a ferromagnetic
phase transition, the order parameter is the magnetization, and for a charge density

wave state, the order parameter is the difference in fermion number density between
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sites. The nature of an order parameter depends on the specific phase transition to
study, it could be a scalar, a vector or a tensor. Since we are only interested in the
long-wavelength collective behavior of the system, it is natural to coarse-grain the
system by going to the continuum limit and leaving out the details of the lattice.
In this way, the order parameter becomes a field ¢ (x) defined in real space. In the
vicinity of the critical point, one can then write down a general field theory of the

order parameter fields to describe the thermodynamic behavior of the system:

= /“I’C[C"P(X)2 +b9(x)* + -
+e(VO(x)? +d((V2(x)?) +fo(x)* (Vo)) +---], (2D

which is known as the Ginzburg-Landau free energy. Though the phenomenological
parameters (a,b, - --) depend on the microscopic details, the form of the expression
is only constrained by the symmetry and dimensionality of the system. This al-
ready suggests the possibility of some hidden universality behind different phase

transitions.

The partition function can be written as a functional integral of the order pa-

rameter fields:

7= / P (x)e FOW] 2.2)

which is in general hard to evaluate. However, one can consider a mean-field ap-
proximation of the free energy by considering only the saddle-point solution of the
functional integral F, s ~ min[F[¢(x)]], which has the greatest contribution in the
Boltzmann factor according to the least action principle. We here consider the case
where ¢ > 0, in which the saddle-point solution is simply a uniform distribution of
¢ (x) = ¢. This for example corresponds to the ferromagnetic phase transition of an
Ising magnet. Near the ferromagnetic phase transition, the free energy density can

be well approximated by only the lowest powers in the expansion,

g = "L = ag? + by 23)
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whose behavior mainly depends on the sign of a. For a > 0, the minimum of f, ¢
occurs at the origin, suggesting the system is paramagnetic. If a < 0, the minima
take finite values of ¢ when b > 0, which corresponds to the symmetry-broken

ferromagnetic ground state.

The above treatment gives the classical effective field theory to describe the
phase transition. It is straightforward to extend to a quantum phase transition by
rewriting the quantum statistical partition function Z = Tre A into the path integral

formalism

Z— / D¢ (x,7)eS19) 2.4)

where

S[g] = /Oﬁ dr/dx [ad(x)2 +bo(x)* +--]. 2.5)

The imaginary time i := f3 here can be viewed as a Wick rotation of the axis, which
represents the Boltzmann weight as an imaginary time evolution operator. In this
way, a d-dimensional quantum field theory corresponds to a classical field theory
in d 4 1 dimensions [42]. In the rest of the thesis, we will use the imaginary time
path integral formalism only. The equivalence of the temporal and spatial integrals

18 salient when one works at 7 = 0.

With the partition function known, one can utilise it to calculate the behaviors
of all physical observables near the critical point. For more details, readers are asked
to consult [43]. At the critical point of a continuous phase transition, quantities like
correlation length and susceptibility diverge as a power law of the temperature. The
powers form a set of critical exponents which uniquely determine the nature of the
phase transition. The values of the exponents are determined by the symmetry and
dimensionality of the problem only, regardless of the microscopic details, which
leads us to one of the keystones of the modern theory of phase transitions: Uni-
versality. Though qualitatively convincing, one would expect the critical exponents
obtained by the mean-field treatment to be wrong quantitatively, as the fluctuation
of the order parameter fields is neglected. However, the speculation is only partly

true, as there exists a lower critical dimension in which a phase transition can-



2.2. Perturbative Renormalisation Group 32

not happen. For example, the Mermin-Wagner theorem proves that a spontaneous
symmetry-breaking phase transition cannot happen in two or lower dimensions if
the symmetry is continuous [44]. Furthermore, there also exists an upper critical
dimension in which the mean-field theory is exact. This can be understood easily in

the next section after introducing the renormalisation group.

The Landau-Ginzburg theory tells us that a phase transition can be understood
by an effective theory of the order parameter. Different phase transitions with the
same symmetry and dimensionality might belong to the same universality class,
sharing the same set of critical exponents. However, such phase transitions can
happen in drastically different length/energy scales. This seems to suggest the the-
ory is scale-invariant. Also, how can one systematically include the fluctuation
of the order parameter in the calculation to make quantitative predictions beyond
mean-field theory? In order to answer these questions, another puzzle piece named

the renormalisation group is needed.

2.2 Perturbative Renormalisation Group

The concept of renormalisation group was first introduced to tackle the ultravio-
let divergences in high-energy physics in 1950s [45]. When calculating physical
quantities with quantum field theory, one naturally encounters the problem that the
momentum integral diverges at k — oo, as the integrand is a function of k. This can-
not be the case as the quantities are finite experimentally. To reconcile the disaster
of infinity, one needs to introduce a cutoff A to the integration range. The backfire
of such practice is that the physical observables will now become A-dependent, but
the dependence of A can be absorbed by a redefinition of the coupling strengths.
This is the core concept of the renormalisation group. At first, the treatment was
only regarded as a compromise to get meaningful results. The underlying physical
meaning of RG was only clearer after its introduction to condensed matter physics

by Kandanoff [46] and Wilson [4, 5].

From a modern perspective, the cutoff in length/energy indicates the scale

where the effective theory breaks down. In condensed matter physics, the natural
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cutoff corresponds to the size of a unit cell. Within the range where the effective the-
ory is valid, one can coarse-grain the system by eliminating the high-energy (short-
range) fluctuations, and the coupling parameters in the bare theory start running.
By doing so iteratively, one relates the bare theory at the original high-energy (short
wavelength) scale to a theory with a different set of parameters at a lower energy
(long wavelength) scale. The coupling parameters will flow to some asymptotic
values, where the theory becomes scale invariant. Such a fixed point corresponds
to the critical point of a continuous phase transition. This is the reason why phase
transitions at different scales exhibit exactly the same behavior of divergence when
approaching the critical point. At the critical point of a continuous phase transition,
the correlation length diverges, and the system has no characteristic length scale,

therefore the theory looks completely the same for all scales.

2.2.1 Renormalisation group transformation

Here we briefly introduce the procedure of the perturbative RG transformation in
momentum space. Detailed derivation can be found in [4, 47]. In general, we are

interested in the partition function
z::/@¢mgmaﬁwmﬂk (2.6)

Note that this is just the Fourier transformed version of the quantum field theory
in frequency-momentum space, where @ is the Matsubara frequency. There are
three steps: First, for a system with cutoff A, we perform an infinitesimal scale

transformation of the frequency-momentum coordinates:
o = we ¥ K = ke ¥, (2.7)

where z is called the dynamical exponent which tracks the scaling of the imaginary
time. Second, we split the modes into fast (¢~ = ¢ (k),Ae~¥ < k < A) and slow

(0~ = ¢(k),0 < k < Ae~¥) modes. The action can then be written as S[¢, ¢~.] =
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So[@0<]+ So[¢=] + Si[¢~, 9], and the partition function

z= / Do Do eS8 =018, ~5110-.6.]
= /@¢<€S0[¢<}@¢)>eSO[¢>]eSI[¢>»¢<}

= / Do S19<], (2.8)
where the effective action S’ can be written as

eS19<] — =Solo<] / Do 5019-]g=S119>9-]

SO[¢'>} —Si[¢>,0<]
o Solo<] 1/ Dose” —So[¢=]
' [ D¢ eS0l0>] /@%e ’

_ e—So[¢<}<e—SI[¢>7¢<]>O 5. (2.9)

The notation ( )¢~ stands for the average with respect to the fast modes. This
allows us to describe the physics of the slow modes by ’integrating out’ the fast
modes. However, a theory obtained by the above procedure will have a different
cutoff and thus not directly comparable to the bare theory. A final step that rescales
the frequency and momenta back to the original cutoff is needed. In addition, there
could be some mathematical redundancy as the action can have an overall factor
that does not affect any of the physics after renormalisation. Such redundancy can
be lifted by rescaling ¢ and fixing the quadratic term from flowing. This point will

be clearer in the next section when the RG of the scalar ¢* theory is shown.

One notion related to the rescaling of ¢ is the scaling dimension of an ob-
servable O. In general, any operator can be written as a function of the momenta
é(k), thus by rescaling the momenta, the operator also gains a nontrivial scaling
0 = 0el0ld! | The scaling dimension [O] characterises the importance of the oper-
ator under RG. If [O] > 0, the term is relevant under RG, as the coupling strength
of such term will increase under RG. If O is negative, the operator is regarded as
irrelevant as the coupling strength flows to zero. Extra care must be taken to han-

dle the marginal case in which [O] = 0, as the diagrammatic contribution by the
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RG calculation could either render the operator relevant or irrelevant. Now we are
at the stage to understand the unexplained origin of the upper critical dimension
where the mean-field theory is exact. The scaling dimension of operators obviously
will depend on the dimensionality of the problem. As the dimension increases, the
operators in general become more and more irrelevant, until a point where all the
operators that describe interactions in the system are rendered irrelevant. The re-
maining theory under RG will be a free theory of ¢, whose behavior can be fully

captured by the mean-field theory.

The RG method maps the theory at some scale to a theory with different cou-
pling strengths at a new scale. Through RG one effectively coarse-grains the theory,
zooming into the low-energy physics, and rescaling the low-energy sector back to
the original cutoff to keep track of the flows of the parameters until they reach a
fixed point. Since in the RG process one loses the information from the fast modes
sector, the mapping is not bijective, meaning the ’renormalisation group’ is not
strictly a group, but a semi-group. In any case, the sloppiness in the nomenclature

cannot hide the power of RG, especially in the study of quantum criticality.

Before diving into the RG of a scalar order parameter theory, we comment on
the perturbativity of the momentum-shell RG scheme introduced above. Since we
are only interested in calculating <e_s’ [¢>’¢<]>07>, one can expand out the exponen-
tial and calculate the contributions order by order, diagrammatically this means to
sum up the contribution of all the possible linked Feynman diagrams. The integrals
to be worked out are all defined on a frequency-momentum shell, which suggests
the integrals are rather simple if there is full rotational symmetry. This seems to
give an unrealistic illusion that the (e~ [¢>7¢<}>07> can be worked out easily with
precision up to any order. Unfortunately, this is not the case as any Feynman di-
agrams involving more than one loop cannot be worked out simply on-shell. One
will have to integrate over the real axis to get the higher-order contributions. With
this said, ideally we need a small parameter in the theory like always. Expanding
in the orders of the small parameter might give us analytic control for results even

in one-loop order. Finding a small parameter is not always possible as the problems
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we are interested in are in the strong interaction regime. Fortunately, the fact that

the expansion we do is mostly asymptotic expansion helps.

Two common methods are used to control the expansion. The first is the so-
called e-expansion proposed by Wilson, in which he utilised the advantage of the
exactness of mean-field theory in the upper critical dimension. One can take the
continuum limit of the dimensionality and introduce a small deviation € in the di-
mensionality away from the upper critical dimension. Then the RG corrections will
be in orders of €. Another more traditional way is to introduce a large number of
flavors to the fields considered. The theory will then contain a sum over the field
flavors, which blows up when N — +oo. To get around this and maintain the scale
invariance of some coupling g, one needs to define the coupling as g ~ O(1/N).
Therefore in the large-N limit, the coupling strength becomes perturbative and the
expansion is controlled in orders of 1/N. In the remainder of the thesis, we will

utilise these two methods to control the calculation.

2.2.2 Simple Example: ¢* Theory

We now perform an RG analysis of a simple theory that has only a scalar order
parameter. Such a ¢* theory can be used to describe a phase transition with a broken

Z, symmetry. The partition function in the d-dimensional k-space can be written as
Z= / D6(k)e 5190 (2.10)
where the action has the form

§=38¢+S, (2.11)

1A dik 5

So=3 |, Gmad WK o), 2.1
A ddki

S; = l/o i:LI_ZI’&/4 (277:)d¢(k1)¢(k2)¢(k3)¢(k4)5(k] +Kky +Kkj3 —l—k4). (2.13)

where k = (o = ko, k1, k2, -+ ,kg_1) is the d-dimensional frequency-momenta, and

k = |k|, and m? is the mass term.
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2.2.2.1 Tree Level Scaling

Before attacking (e~ [¢>’¢<])07>, we first look at the tree level scaling. As defined
in the previous section, the momenta are rescaled as k/ = ke ?¢. Note that here
z =1 as the frequency is equivalent to the momenta. To get the scaling dimension
of ¢, we fix the quadratic term from flowing: 2[¢]+d +2=0= [¢] = —(d +
2)/2. The scaling dimension of the mass term is then [m?] = d + 2[¢] = 2, which

suggests that the mass m?

is relevant under RG. Similarly, we can work out the
scaling dimension of the quartic coupling strength [A] = 3d — 4[¢] =4 —d. (One
needs to be careful as the d-dimensional delta function has dimension —d.) That
is to say, for d > 4, the quartic interaction is irrelevant under RG. This provides
an upper bound on the dimensionality in which the theory remains interacting. At

‘upper critical dimension’ d = 4, the effective theory is just a free theory of the order
parameter, which provides a mounting point for us to perform a 4 — € expansion.
One may ask why the higher-order terms in ¢ are neglected. The answer also
lies in the tree-level scaling: As we can observe in the above calculation of scaling
dimensions, higher order terms in ¢ are less and less relevant since [¢] < 0. Since
for d = 4, the quartic term is already marginal, higher-order terms will for sure be
irrelevant under RG. For a similar reason, the coupling A is just a constant rather
than a function of k. In general, the coupling is a function of the momenta A (k),
which can be expressed as a Taylor series in k: A (k) = A9 + A,k +0(k*), and only

the constant term is relevant under RG.

2.2.2.2  One Loop Corrections

The key is to expand out (e~ [¢>’¢<]>07> to get a series of n-point functions:
e nSI’l
(&St ¢>7¢< Z IPI O = 5S¢ ] (2.14)

Each order of the expansion corresponds to a set of Feynman diagrams with n ex-
ternal ¢ fields. Fortunately, the so-called linked-cluster theorem suggests that only
the connected (con.) one particle irreducible (1PI) diagrams have non-zero contri-

butions, which help eliminate most of the diagrams in the expansion.
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Figure 2.1: One-loop diagrams of the ¢* theory. The diagram on the left corrects the
bosonic self-energy, and the one on the right corrects the ¢# interaction strength

A

In one-loop order, the correction is simply

1
8S = (Sr)o.> — 5<S%>o,>, (2.15)

which corresponds to the two Feynman diagrams shown in Fig.2.1. The first di-
agram corrects the boson propagator and mass, and the second term corrects the
quartic coupling strength A.

In order to calculate the diagrams one needs to make use of the bosonic prop-
agator

o(k+q)

(0K)9(@) = Gy 15 (k+q) = T 1. 2.16)

which defines the contraction rule of the fields. The diagram that corrects the

quadratic propagator gives

B A ddq A=t gdi )
S=61 [, amaGe@ [ o)
Adde

=1284-5——
TN 2

1 Ae~ 4t 5
A x E/o 0 (k)2. 2.17)

The factor of 6 in the first line is the combinatorial factor from the equivalent ways
of contractions. Since the high-energy modes to be integrated out are on the mo-
mentum shell Ae=%* < |q| < A, the integral can be done by simply switching to
the spherical coordinates. Sy = 27x4/2/(I'(d/2)(27)¢) is the surface area element

of a d—sphere. The shell integral leaves no dependence on the external momenta K,
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therefore it only corrects the mass m>. The second diagram in Fig.2.1 corrects the

quartic interaction, which evaluates to

1 Adl <
35} = 368u A / o OO (k)0 (s)0 (ki ko k).

(2.18)

2.2.2.3 RG Equations and Fixed Points

The RG scaling equations of the parameters can be derived by combining the tree-

level scaling and the diagrammatic corrections, which leads to

dm? 5 Al
dA A4 )

The RG equations are differential equations of the parameters with respect to the
‘time step’ ¢. The parameters flow to some fixed point as the time step goes to in-
finity, or in other words, the system goes to the long-wavelength limit. Recall that
we only took the first order (one-loop) term in the cumulant expansion when calcu-
lating the diagrammatic corrections. This is only justified by doing an €-expansion
around the upper critical dimension d, = 4. Substituting d = 4 — € into the RG
equations and solving for the fixed points where dm?/d¢ = 0 and dA /d¢ = 0, one
gets two sets of solutions: (n1,, ) = (0,0) and (m.,A.) = (—A%e/6,21€/9). The
RG flow of the parameters and the fixed points are shown in Fig.2.2. The origin
is the Gaussian fixed point where all the interaction vanishes and the left theory is
simply a free theory of massless bosons. This fixed point is unstable, as an infinites-
imal perturbation will drive the parameters to flow away from this fixed point. The
nontrivial fixed point at finite values of m> and A is called the Wilson-Fisher fixed
point, which is an interacting fixed point that governs the symmetry-breaking phase
transition described by the ¢* theory.

The subtlety of the above derivation is that we perform the integration of the
high-energy modes over a frequency-momenta shell. In principle, the frequency

integral should be done on the whole real axis. However, it can be shown that the
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Figure 2.2: RG flow of the parameters. The Gaussian fixed point at the origin corresponds
to the free theory without any interactions. It is unstable against infinitesimal
perturbations. The Wilson-Fisher fixed point, on the other hand, is an interact-
ing fixed with finite values of m? and A

nature of the fixed points is insensitive to the cutoff scheme used in RG, though the

exact values of the coupling parameters at the fixed points will.

2.3 From Graphene to Gross-Neveu-Yukawa Theory

The Ginzburg-Landau-Wilson paradigm provides a compact way to understand con-
tinuous phase transitions at a phenomenological level. In a gapped electron sys-
tem, using a pure order parameter theory to describe a symmetry-breaking phase
transition makes perfect sense, as the only low-energy degree of freedom is the
bosonic order parameter field. However, as mentioned in the Introduction, there are
cases where the GLW paradigm fails, which include topological phase transitions
in which no symmetry is spontaneously broken, and fermion-induced quantum crit-

icality where the fermions are gapless and hence cannot be integrated out in the
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low-energy theory. The difference is that, for a topological phase transition, usually
no order parameter can be defined as the symmetry remains untouched, while for
fermion-induced criticality, the fermions can simply be added on top of a symmetry-
breaking phase transition.

On the other hand, RG can also be used in other scenarios without phase transi-
tions. After all, when first proposed, RG was used to explain the low-energy physics
of the single-impurity Kondo problem, where there’s no phase transition at all. In
general, one can use RG as a tool to extract the low-energy physics of an interacting
system away from the exactly solvable point. Examples are to study the transport
property in low dimensions [48, 49, 50], or to compare the relevance of different
fermion interactions and the corresponding instability susceptibilities and decide
which instability wins [S51, 52, 53]. Since we are interested in strongly correlated
electron systems, it is natural to consider RG for fermions instead of the bosons in
an order parameter theory.

Here we leave out the details of introducing the fermionic RG and only point
the interested readers to this review [47], as in the next chapter we will use perturba-
tive RG to face its primaeval archenemy in condensed matter physics, for which the
method was designed: an anisotropic Kondo model. The RG used there is merely a
slightly more complicated version of the original design, therefore by itself instruc-
tive and tractable. The main difference to bear in mind is the Grassmann algebra of
the fermionic field operators which gives the right anti-commutation relation of the

fermions [42].

2.3.1 Phase Transitions in Graphene: Dirac Fermion-induced

Quantum Criticality

How do we describe a symmetry-breaking phase transition if the electron dispersion
is gapless? We need an order parameter theory for the phase transition while keep-
ing track of the fermions, as they are crucial to the correct low-energy physics. Such
a resulting low-energy theory includes three types of interaction: the lowest order
fermion-fermion interactions, boson-boson interactions, and a Yukawa interaction

that couples the fermions and bosons. In order to study the low-energy fluctuations



2.3. From Graphene to Gross-Neveu-Yukawa Theory 42

of the fermions, we expand the momentum around the Fermi surface. The RG will
then rely on the shape of the Fermi surface, as accounted for in [47]. To ease the
pain we want a Fermi surface as simple as possible, which makes the half-filled

Dirac semimetals with a point-like Fermi surface a perfect candidate.

2.3.1.1 Hubbard-Stratonovich Transformation

In real materials, the electrons are usually subject to long-range Coulomb interac-
tions. If metallic then the fermion fluctuations near the Fermi surface will screen
the Coulomb interaction, giving rise to an effective short-range interaction. If one
only considers nearest neighbor interactions in graphene, the Hamiltonian can be
written as

A=-1Y (clej+he)+U Y anj. (2.21)
(i.7) (i.J)

Recall that the low-energy theory near the Fermi surface is described by relativistic
Dirac fermions. In the continuum limit, this gives rise to a Gross-Neveu model[54],

which in the path integral form reads

S =S80+,
So—=—i / ¥(7,1)(9:00 @ T+ vpd - 6 @ T.) (T, 1), (2.22)
Sy =4U Va(r)toWa(r2) Wp(r3)toWp(ra), (2.23)
ry,r,ri,ry

where ¥ are Dirac fermion fields, and r = (7,r) is the d + 1 dimensional space-time
coordinates. o, T are Pauli matrices corresponding to the spin and sublattice degrees
of freedom. As the interaction becomes stronger, the electrons on the honeycomb
lattice will go through a phase transition from a Dirac semimetal to a charge density
wave (CDW) insulator. In the CDW phase, a net difference in electron density
on the sublattice sites is established, corresponding to chiral symmetry breaking.
The order parameter of the CDW phase is the expectation value ¢ = (Yo, Q@ o).

Therefore we rewrite the interaction in the standard way as

_ _ L _
VaTo¥a¥pno¥s = (Voo @ oY)’ — (Yoo ny)’,  (224)
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the first term is a uniform density which can be neglected. To introduce the order pa-
rameter field ¢ into the theory, we perform a Hubbard-Stratonovich transformation,

which utilises the property of the Gaussian integral

|
& = e / (=29 gy, (2.25)

By introducing ¢ as an auxiliary field which conjugates to Yo, ® 7y, we have

o~ U (Wo.2tw)? :/@(z,eUf(@)zH(l)'7/67z®follf)7 (2.26)

and the partition function now becomes

7 — /@4,@[.7,7 W]e—f(U(Pz—O—liI(afGo@To—}—vFa-G®TZ)W+2U¢IIIGZ®T0W)' (2.27)

The resulting theory includes both the fermion fields and the bosonic order pa-
rameter field, and a Yukawa interaction that couples them. This is the so-called
Gross-Neveu- Yukawa theory, which defines a new family of universality classes for

the Dirac-semimetal systems.

2.3.2 Gross-Neveu-Yukawa Theory

Since a detailed RG analysis of a GNY theory in which the order parameter field
follows a non-linear ¢ model will be scrutinized in Chapter 4, it is a bit redundant
to go through the details. Here we briefly sketch the momentum-shell RG of the

GNY theory. The large-N expansion technique is used to control the results. We
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start with the d + 1 dimensional GNY theory in k-space:

S=Sy+Ss+Sy+8y, (2.28)
Sy = /k ¥(@,k)(—i0cy® 5+ vik- 60 10)w(o,k), (2.29)
S = %/k(p(a),k)(a)z+c2k2+m2)q)(co,k), (2.30)
Sy = JLN—][ | S ¥ oDy (k+a), (231)
Sp=4 ke O (k1)@ (k2)9 (k3)p(—ki —kz —k3). (2.32)

Note that more terms are involved in the theory compared to Eq. 2.27. This is
because a full theory of the order parameter field ¢ needs to be involved to make
the RG calculation self-consistent. The matrix structure of the Yukawa coupling
Sy depends on the mean-field channel in which we apply the Hubbard-Stratonovich
transformation, so it may vary depending on the specific phase transition. Here ¢ is
a scalar field for the CDW transition, but can be a vector or tensor depending on the
specific symmetry that’s broken. The spin degree of freedom 7 is not involved in
the matrix structure but acts merely as an extra factor of 2 in the theory. Therefore
in the following calculation, we absorb the spins by redefining N¢. c¢,vp are the

velocities for @, y, respectively.

2.3.2.1 Failure of 4-¢ at finite €

Since the bosonic order parameter field is still a ¢* theory, it is natural for us to seek
comfort from the 4 — € expansion as it produces reasonable results even for € = 1.
However, the luck does not extend to the GNY theory. It turns out the RG of the
GNY theory is much more sensitive to the dimensionality than the pure ¢* theory.
To see this, one can derive the RG equations of the two velocities (vg,c) through
different cutoff schemes. The slightly tedious derivation of the RG equations can
be found in [55]. In the paper, the authors have used the spherical and cylindrical
cutoff schemes to derive the RG corrections, and found that at infinitesimal €, both
schemes give the same fixed point at v = 1,¢ = vp, indicating the emergence of

Lorentz invariance at the fixed point. However, if one goes away from the critical
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(@) (b) (c)

2!

Figure 2.3: The related one-loop diagrams of the GNY theory in D < 4. (a)The fermion
polarisation bubble diagram gives rise to the non-analytic Landau damping on
the bosonic field. (b)The diagram corrects the fermionic self-energy. (c)The
diagram corrects the Yukawa interaction.

dimension, i.e., € becomes finite, vp, = ¢ = 1 is no longer a fixed point in the cylin-
drical scheme but remains untouched in the spherical scheme. That is to say, at
lower dimensions, the two cutoff schemes give different sets of critical exponents.
This is unphysical. As mentioned in the previous section, although the exact value
of the fixed point may be cutoff-dependent, the nature of the fixed point should not.
Furthermore, the issue remains at the large-Ny limit: As long as we move away from

the upper critical dimension, the results become completely scheme-dependent.

2.3.2.2 Landau Damping

The strong dependence on dimensionality suggests that the problem is probably in
the scaling dimension of the fields. In other words, the scaling form of the free
theory might be incorrect. Indeed, it was found in [56] that the missing ingredient
is the order parameter screening. The Yukawa coupling relates the fermion to the
bosons, therefore the scattering events of electrons and holes near the Fermi surface
will also exert an impact on the order parameter field, in the same spirit as the
screening of the long-range Coulomb interaction and the Kondo screening of the
impurity spin. This is a non-perturbative effect, dubbed Landau damping, which
cannot be captured within a perturbative RG scheme. To account for such screening
effect, one needs to follow the standard way of calculating the Coulomb screening
using a random phase approximation (RPA) and re-sum up the fermion polarisation
bubble up to infinite orders. Diagrammatically this simply means to calculate the

diagram correction in Fig.2.3(a) by taking the integral over the whole real axis. The
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boson self-energy correction is then

2
I(q) = Jgi /k Gy (k+q)Gy(k). (2.33)

The integral has an IR divergence at ¢ = 0, this suggests that the main contribution
of the order parameter screening comes from the low-energy modes, which are not
accounted for in the perturbative RG scheme. Regularising the results by removing

the IT(0) singularity, one arrives at the following form:
TI(k) = apg?(0* +vik?) > +m?, (2.34)

where ap is some prefactor that relies on the dimension D. One can see that for
D > 4, TI(k) has a higher power in |k| than the quadratic k> term in the bare theory.
Therefore the term is irrelevant under RG and could be neglected. However, for
D < 4, the zero-energy particle-hole fluctuations of the Dirac fermions at the Fermi
surface effectively screen the order parameter field, giving rise to a self-energy cor-

, rendering the k* term coming from the bare

rection that has a lower power in |k
¢* theory subleading. In the RG sense, the self-energy contribution from the Lan-
dau damping is the most relevant term, and should be kept in the calculation. This
non-analytic term will not flow under RG, leaving us the flexibility of choosing
the scaling dimension of the bosonic fields [¢]. We can fix [¢] by choosing the
Yukawa coupling to be marginal, which gives [¢] = —2 — [g]. This in turn ren-
ders the ¢* term irrelevant, and more importantly, cures the problem of unphysical

cutoff-scheme dependence [55].

2.3.2.3 Fixed Point at Large-N¢

The inclusion of the gapless Dirac fermions has significantly changed the scaling
of the order parameter fields, and made our theory much more simple: We can drop

the subleading k> term in the bosonic propagator, and the ¢* interaction, and only
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consider the renormalisation of the rest:

S=Sy+Sy+Sy,

Sy = [ #l.k)(~iwo+vrk-0)y(o.k),
D-2
2

So = o0g® [ 9(0.K) (@ +¢K) T (@,K)

Sy = %N_f /k 9@WRoylktg)

47

(2.35)
(2.36)

(2.37)

(2.38)

(2.39)

Now that we have fixed the problem of cutoff-dependent results, we can choose to

work in the spherical scheme, and the velocities vy and ¢ can be safely set to one.

The related one-loop diagrams are shown in Fig.2.3. The fermionic self-energy

correction has the form

Zdﬁ/klil(a),k)(—iwcoJerk-o‘)yf(co,k),

where Yd/ is given by

gk [
fJa

g’ /> i(Q+w)op+ (q+Kk)-o 1 D2
I4
q

S(Q2+q¢%) 7

=—— o
Ny (Q+w)2+(q+k)> “apg
A
=— Sb / dq 6]_2_772
aDNf Ae—dl
D—-2
__(D=-2)%p ,

DapNy

(2.40)

(2.41)

In the calculation, we have expanded out the external momenta k and only keep the

terms that are linear in k.
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Similarly, the correction to the Yukawa coupling is evaluated as

g >
Qoudl = 7 / 0:Gy(q)0:Gy(q)0:Gy(q)
q

—E . (2.42)
opN f
Combining all the one-loop corrections we can then derive the critical expo-
nents, whose exact values are not important here. One may realise that, by fixing
the scaling dimension of ¢ by making the Yukawa coupling marginal, no param-
eter flows under RG. That is to say, the theory is always scale-invariant, and we
stay at the nontrivial fixed point throughout the whole calculation. One important
observation to note is that, under the RG, not only do the bosonic ¢ fields gain
an anomalous dimension from the diagrammatic corrections, but so do the fermion
fields. The non-zero fermion anomalous dimension suggests that the quasi-particle
residue in the fermion spectral function renormalises to zero [56], i.e., the quasi-
particle picture of the Fermi liquid theory breaks down. Such non-Fermi liquid
behavior [57, 58, 59, 60] near a quantum critical point is a natural result of the
fermion-induced criticality, and should be related to the physics within the so-called
’quantum critical fan’, such as unconventional superconductivity [61].
One last fact to face is that the one-loop results should only be valid in the
large-Ny limit, but in reality the fermions in graphene have Ny = 4, which is not
large at all. However, as in the case of & expansion for the ¢* theory when & = 1,

the results seem to be convergent reasonably well [62].

2.4 Discussion

In this chapter, we have introduced the Ginzburg-Landau-Wilson paradigm of phase
transition. Accompanied by the powerful renormalisation group method, the order
parameter theory developed by Ginzburg and Landau is extremely successful in de-
scribing the symmetry-breaking phase transitions in gapped electron systems. This
leads to the discovery of similarity of critical systems at different scales, and the

universal behaviors of physical observables near a critical point.
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We then studied the RG of the simple scalar ¢* theory, through an € expansion
at the upper critical dimension. The RG led us to two fixed points, the Gaussian
fixed point, corresponding to the free theory, and the Wilson-Fisher fixed point, an
interacting fixed point that governs the continuous phase transition.

However, for gapless electron systems, a pure order parameter theory is not
enough. In order to study a symmetry-breaking phase transition in presence of
electrons with a Fermi surface, one has to include the fermions in the low-energy
theory. The geometry of the Fermi surface is crucial to the critical behaviors. We
therefore considered the case in which the fermions have the simplest point-like
Fermi surface, like the Dirac fermions in graphene. Such a low-energy theory near
the Fermi surface corresponds to the Gross-Neveu theory in particle physics. Then
a Hubbard-Stratonovich transformation is needed to enforce the bosonic order pa-
rameter field into the theory, which rewrites the four-fermion interaction term into
a Yukawa coupling that relates the fermions and bosons.

Such a GNY theory indicates a new family of universality. The most significant
feature of such a fermion-induced criticality is Landau damping. The zero-energy
fluctuations of the fermions screen the order parameter propagator, generating a
non-analytic correction to the bosonic self-energy which dominates in dimensions
lower than 4. The gapless fermions thus induce a change in the scaling of the
bosons, and the bosons in turn slap back and affect the scaling of fermions, leaving
a brand new scaling behavior that is strongly dimensionality-dependent, but rather

straightforward.



Chapter 3

Magnetic Hard-direction Ordering in

the Anisotropic Kondo Model

We start with the original problem that RG was introduced to attack: The Kondo
problem. The methods used in this chapter are perturbative numerical RG which
are merely a modern version of the original ones developed by Anderson [63] and
Wilson [4, 5]. We will show that those simple methods on an old problem can
still give some interesting physics that might be able to provide insight into an
experimentally wide observed phenomenon.

The original work in this chapter was published in Magnetic hard-direction
ordering in anisotropic Kondo systems, M. P. Kwasigroch, H. Hu, F. Kriiger, A. G.
Green, Physical Review B 105 (22), 224418.[64].

3.1 Introduction

Fluctuations are at the heart of many complex ordering phenomena, leading to the
formation of exotic phases of matter. Examples include nematic order in iron-based
superconductors [65, 66], driven by strong spin fluctuations above the magnetic or-
dering temperature [67], and p-wave spin-triplet superconductivity near ferromag-
netic quantum critical points [68, 69]. In the latter case, the required attraction in
the p-wave channel is generated by fluctuations. This mechanism is very similar in
spirit to fluctuation generated Casimir and Van-der-Waals forces [70].

In itinerant ferromagnets the coupling between the magnetic order parameter
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and soft electronic particle-hole fluctuations leads to a plethora of exotic ordering
phenomena [71]. It is responsible for fluctuation induced first-order behaviour at
low temperatures [72, 73, 74, 75], observed experimentally in many systems [76,
77,78, 79, 80]. Since the phase space for electronic fluctuations can be enhanced
by deformations of the Fermi surface, metallic ferromagnets are very susceptible
towards the formation of spin nematic [73], modulated superconducting [81] or

incommensurate magnetic order [82, 83, 84, 85, 86].

Fluctuations can also have counter-intuitive effects upon the direction of mag-
netic order parameters. A notable example is the partially ordered phase of MnSi,
in which the helimagnetic ordering vector rotates away from the lattice favored di-
rections [87, 88]. Magnetic hard-axis ordering in metallic ferromagnets is fairly
wide spread [89, 90]. Such a moment re-orientation can arise as combined effect of
fluctuations and magnetic frustration in a local moment model [91]. In an alterna-
tive scenario the effect was attributed to soft electronic particle-hole fluctuations in

a purely itinerant model with spin-orbit induced anisotropy [92].

In this chapter we show that electronic fluctuations can drive magnetic hard-
axis ordering in anisotropic Kondo materials. As first established by Kondo [93], the
scattering of electrons by local moments gives rise to logarithmic corrections to the
magnetic susceptibility. In the presence of magnetic anisotropy, these logarithmic
corrections depend upon direction. Near the Kondo scale, these terms can com-
pletely overwhelm the crystal-field anisotropy experienced by the local moment,

driving a moment re-orientation.

We identify a generic mechanism for magnetic hard-axis ordering that fully
accounts for the following experimental facts [89]: (i) All the materials that show
hard-axis ordering are Kondo systems. (ii) The susceptibility crossing occurs above
the magnetic ordering temperature 7. (iii) In tetragonal systems the moment re-
orientation can occur from easy plane to hard axis [94, 95, 96, 97], or the other
way round, from easy axis to hard plane [98, 99]. (iv) The effect also occurs in
systems that show a first-order magnetic transition [100, 101]. (v) Similar magnetic

hard-axis ordering is observed in Kondo systems that order antiferromagnetically
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[102, 103, 104].

The chapter is organized as follows. In Sec. 3.2, we introduce the S = 1, N-
channel single-impurity Kondo model with single-ion anisotropy. The interplay of
Kondo screening and anisotropy is studied within perturbative RG in Sec. 3.3. We
show that near the Kondo scale the single-ion anisotropy can change sign, indica-
tive of a reorientation of the dressed magnetic moment. In Sec. 3.4, we use the
numerical renormalization group (NRG) to investigate the strong-coupling behav-
ior of the single-channel Kondo model of an § = 1 spin with single-ion anisotropy
and demonstrate that a crossing of the magnetic susceptibilities can occur far below
the Kondo temperature in systems with easy-plane anisotropy. Finally, in Sec. 3.5,

we summarize and discuss our results.

3.2 The Anisotropic Kondo Model

Since the magnetic susceptibility crossing occurs above Tc, irrespective of the order
of the transition and the nature of the ordered state, the dominant effect can be un-

derstood on the level of a single-impurity Kondo model with single-ion anisotropy,

&k <A

N
A=Y Y aw,v,+or($)
n=1 Kk

)

Y 1870w, 3.1)

A2
N n=1k,q Y=x,y,2

Here l[lfm = ( ImT, clin ¢) with cle - the creation operator of an electronic quasi-
particle with momentum k and spin ¢ in channel n = 1,...N. The first term sim-
ply denotes N identical bands with dispersion &, subject to an energy cut-off A.
The second term is the single-ion anisotropy of the local moment spin (S > 1) in
a tetragonal crystal, expressed in units of A. In the following we will investigate
both easy-axis (& < 0) and easy-plane (o« > 0) anisotropies. The last term in the
Hamiltonian denotes the Kondo coupling between the impurity spin and the con-
duction electrons, where 0y are the standard Pauli matrices. Assuming tetragonal

symmetry we have Kondo couplings J,y := Jy = Jy and J,.
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3.3 Perturbative Renormalisation Group

To analyze the scale dependence of the single-ion anisotropy & and the Kondo cou-
plings Jy, and J;, we integrate out processes to second order in the Kondo cou-
plings that involve the creation of particles or holes in the infinitesimal energy
shells Ae~% < |g| < A. This procedure, dubbed “poor man’s scaling”, was first
applied by Anderson [63] to the anisotropic S = 1/2 one-channel Kondo model. For
S = 1/2, anisotropy only enters through the Kondo couplings Jy, and J..

Here we generalize to N channels and an S > 1 impurity subject to single-ion
anisotropy. Moreover, in the spirit of the conventional RG treatment we rescale to
the original cut-off at each RG step. The partition function of the single-impurity

Kondo model can be written down in the path-integral representation as follows

Z= / PS(1) DY () DYy, (1) e SY, (3.2)

where S(7) = (5%(7),8”(7),S%(7)) is the impurity spin, l[l;(m(r) = (C;QnT(T),Cku(T))

the Grassmann variables describing the conduction electrons, and

N |&k|<A

B
So = / ity Y Wl (1) (e + ) Win (7) + Simp[S(D)],
0 n=1 K

ﬁ N
U = /O it Y Y Y 5ST0W (1)0,We(T).

n=1Kk,qY=x,y,2
(3.3)

So is the action corresponding to the Hamiltonian Hy = Ykno ekclzmckng +
aA (5) ? and Simp[S(7)] is the action of a free impurity with a spin quantum number
s and Hamiltonian I:Iimp = aA (S’Z) 2. This latter action contains the necessary terms
that enforce constraints satisfied by S(7). We do not give an explicit form here,
which will depend on the representation used, e.g. Abrikosov pseudofermions,
spin-coherent states, Schwinger bosons, etc., and is not important for subsequent
representation-independent calculations. Note also that every sum over electron
momenta K includes the normalization factor of 1/ /Ny, where N; is the number of

electron lattice sites.
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3.3.1 Integrating out fast modes

We begin the renormalization group procedure by integrating out fast fermion
modes l[llin(r) with Ae™% < |ec| < A. To second order in the Kondo exchange
U, the renormalized actions can be written as

&k <Ae 4t

B
Sy o= [t X Wla(T) (Oc+ ) Wi (7) + SumpS(2))
k,n

, ﬁ |£k.q|<Ae g T 1 )
U= [dr Y Y RS (O (0)05 W, (1) — 5 (U, B4
0 k,q,n Y=x,y,2 2

where the expectation value is taken with respect to the part of Sy describing the

fast modes. We write — 1 (U?)$2M as the following sum

1
—§< 2yconn. _ ulJ,%y + urJ? + u3d Ty, (3.5)

and we will now go through the calculation of each of the coefficients u1,us, u3.

3.3.1.1 ny coefficient

The ny coefficient is given by the following expectation value

N lagwl<aelt Aem<le, iI<A

W o= — / dndn Y Y Y (5708 (1) can(®)ef, (n)

nm=1 kK q.q
X <c:;m¢(’cz)cq/n i(rl)> +57(2)SH(T1) ctony (12) ey (T1) <c§m(r2)cq,n¢(fcl>> )

= —pdlA / dndny. Y sign(rz—rl)e*\fr‘fllA(swz)S*(f])cknT(rz)c;g,nT(rl)

n k.k’'eslow

+57(22)S(71) g (22) ey (71) ) = ") (3.6)

where Y qctast (Como (72)Cqing (T1)) = SumpdlAsign(tr — 71)e 1%~ 71A in the limit
BA — . It is useful to introduce new variables T = %(Tl +1)and A= 1 — 11, and

split the integration over A into A > 0 and A < 0 regions. In the limit A — o, when
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|A| — 0, we can write the first term as

ugl) = —pdﬁAZ Z /dr < dA e (T|eAﬂO/zéka*e*Ag"éLnTS'feN:IO/z]”L‘)
n kK eslow A>0

+ A<0dA M <T|e_AﬂO/zélt,nTﬁ_emoékn¢§+e_m‘)/2|T>> ,

3.7

where we have transformed to the operator representation of the expansion of the
partition function in powers of Jy, and |7) are the path-integral coherent states in

terms of which the partition function is written down. Integrating over A, we obtain

d

= 20dtY Y /drcltw(r)ckw(r)((1—oc(l—2s(s+1)))SZ(1)—2O¢(SZ(T))3>

n kK eslow

S$t8- ék"Téli’nT S_S+é£/nTékn’r
A(l+a(1—-28)  A(1+a(1+4257)

ugl) = —pdiA) ) /dr <‘L’

n k.k’'eslow

—2Np2Ad£/d‘c (1= a(1 =28 (1)) (s(s+ 1) = (5°(2))2 +5°(7) ) + 6(a?),
(3.8)

where we have neglected terms proportional to egA™" in the first line and terms

second order in « in the second line. Following the same steps, we obtain for the

d

= 20aty, ¥ [dvel, (Mewn(®) ((1-a(1-25(+1) 5(0) - 20(5()))

n k.k’'eslow

second term in Eq. 3.6

SA75A+5knJ,@Ln\L §+§76£,n¢@kn¢
A(l+a(14287)  A(1+a(1—257)

W) = —patny, Y [ar <r

n k.k’'eslow

—2Np2Ade/dr (1 - a(1+25(2))) (s(s+ 1) = (5°(1)* - (7))

(3.9)
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(1) (2)

Putting u, * and u;”’ together, we obtain the coefficient of the ny term,

w = 2pdtY Y / 4t (el (D)t (1) =y (e (7))

n kK eslow
x ((1 —a(1—2s(s+ 1)) §%(1) — 2ax (SZ(T))3>
+4Np2di(1—3a)A / dt (5(7))* + const. + O(a?), (3.10)

The ny coefficient contains terms proportional to (8%(7))?, which renormalize
o by 4NJ§yp2d€(1 —3q), as well as terms proportional to ¢ (7)cs(7)S%(1) and
e (T)ea(T) (54(1))°. Fors = 1, (§%(7)) = §%(7), and both of these renormalize J..
For s > 1, terms proportional to ¢5(7)cs(7) ($%(7)) generate a new coupling that
is not present in the original model. We will neglect these for s > 1 and only keep
terms proportional to cis(7)ce (T)S%(), which renormalize J,. (Note that our result

is exact for s = 1.) We thus obtain the following renormalization of J,

J.+2pdlJ} (1+ ) fors=1,
J. =
J.+2pdtJ3, (1—a(1—2s(s+1))) fors>1,

3.3.1.2  J? coefficient

The Jf coefficient is given by

N < >
w=—YYY Y / dt1dT) S(12)S%(T1) ckomo (T2) o, o (T1) <le/mc(fz)cqng(fl)>[3.ll)

o nmkk'q,q

Following the same steps as for the ny coefficient uj, we rewrite uy as

w = —pAdt) Y / dr( dA e (|02 0, 5 87 Mop!, §7eAHo/2| 1)
n kK eslow A>0

+ A OdA A (”L’\e*AHU/ZCALnGSZeAH(’cAknGS'Ze*AHO/z\’L’>>
<

Pt T [ ([ ol i)

n k.k’'eslow

_  _4Npdr / dt (5°(1))2. (3.12)
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Hence, the Jz2 term renormalizes o by —4NJ,p%d¢. Combining the renormalization

of o from the ny and JZ2 terms, its overall renormalization is given by

o = a+4NJ;p*di(1—3a)—4NJ;pdl. (3.13)

3.3.1.3  JyJ; coefficient

The coefficient of the J,,J; term is given by

N

uz = Z Z Z /dT]dTZ (S+<T2)SZ<’L']) Ck’"T<T2)C£/n\L(T]) <C;;/m¢(’52)cqn¢(f|)>

n,m=1Kk k’eslow q,q’ efast

—5(02)S* (1) ciomt (72) el (T1) <cjl,m<r2)cw(n>>) the.

= <u§1) +u§2>> the. (3.14)

Following the same steps as for the ny coefficient, we can rewrite the first of the

above terms as follows

ugl) = pAdﬁZ Z /d’c( dA e (T\eAﬁO/zéknT§+e*Aﬁ°6£,n¢§ZeAH0/2|‘c>

n k.k’eslow A>0
+ A<OdA ANA (‘C|e_AﬂO/Z@LMS’%AﬁO@knTS“Le_Aﬁo/z|‘C>>
acy. Yy |4 f & §t—st &

= p /rré,ékTA A —S' = ||7

n k.k’eslow Kol SZ_%(l_QSZ) 1_%(1_'_2‘92)

a Py A A

= pdéz Z /d‘L' <‘L‘ 6lt’n¢éknT <1 5 —2x ((SZ)Z _SZ)> S+‘ r> +0(a?)

n k.k’'eslow

(04
= (1-3)p¢E T [drc, @an(@sT 0+ ()

n k.k’eslow

(3.15)

where the last line is exact for s = 1, and for s > 1, higher order terms that generate

new couplings have been neglected. Applying the same steps to the second term in
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Eq. 3.14 we obtain

Wl = —pdt) Y, /a’r <1:

n k.k’'eslow

ol é St §° _ § e
Wl TR\ e (108 1 9(1-289)
+

_ A A _a o2 &z 6 2
= pdlzn:k,kélow/dr <r Chern Crnt (1 > 2a <(SZ) SZ))S T>+ﬁ(a )
- (1 —%)pa%z y /dr o (D) (D)8 () + 6(0?)
n KK eslow
(3.16)

Putting the two parts of u3 together, we obtain

w = 2(1-5)pary, ¥ /dr (clon, (D)t ()57 () +hc.)3.17)

n k.k’eslow

The Jy,J, term thus renormalizes the J,, coupling

(04
Jiy = Jy+2pd00y . (1~ 5) . (3.18)

3.3.2 Restoring the cutoff

In the neighborhood of the Fermi surface defined by |&x| < A, we can approximate

the sum over Kk states as

Y [ divax, (3.19)

where dk, and dk| correspond to local changes in components of k perpendicu-
lar and parallel to the Fermi surface respectively. In particular, k| measures the
perpendicular distance to the Fermi surface in k-space. We will also assume a con-
stant density of states throughout the Fermi surface neighbourhood, as well as a
linear energy dispersion g o< k, . With the above assumptions in mind, the follow-

ing rescaling will restore the energy cutoff, which has been reduced to Ae 4 by
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integrating out the fast modes

kL — eidékL
T — €d€T

cholki k1) — e (ki k), 1), (3.20)

The only couplings that will acquire naive scaling as a result are

a — o,

B — e YB. (3.21)

3.3.3 RG flow equations

We can now put together the renormalisations generated by — % (U 2)?;;;“", and listed

in sec. 3.3.1, and the rescaling given in sec. 3.3.2, to obtain the following RG flow

equations
gr,(1+a)) fors =1,
dg: _
drl
g)%y(l +o)(l—a(l—2s(s+1))) fors>1,
dg a
d_zy = 8x8z <1 - 5) )
do
= @+N (g, —g) -3Nga, (3.22)

where we have introduced the dimensionless couplings gy, := 2Jy,p and g, :=2/,p.
The flow equations are exact in the limit A — oo and ¢ — 0. They describe the RG
flow fully for s = 1. For s > 1, new terms in the Hamiltonian, proportional to
(S‘Z) 3, Sz8+, (§Z) 2 8+ and their hermitian conjugates, are generated. These were not

present in the original anisotropic Kondo model and have been neglected.

The above system of equations exhibits two possible runaway behaviours: (i)
anisotropy runaway {|a| — oo, g, — 0,g; — const}, (ii) Kondo runaway {|a| —

0,8xy — 0,8, — oo}. The regime we fall in is determined by which parameter
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diverges faster. We can illustrate this with the example of initially small anisotropy
0(0), and initially small Kondo couplings g,,(0) = g.(0). At short RG times ¢,
a(f) = a(0)e’ and gy(¢) = (g;l(O) —£)~!. Hence, if |ot(0)|e"/#7%), o becomes
of order one first and we fall into the anisotropy runaway regime. Otherwise, gy
becomes of order one first and we fall into the Kondo runaway regime. Before the
Kondo couplings increase beyond the validity of the weak-coupling RG approach,

a sign change of o can occur.

Since the qualitative behaviour of the RG flow is the same for all values of
S > 1 and N, we focus on the under-screened case with § = 1 and N = 1 from now

on. The weak-coupling RG equations are

dg; 2 dgxy (04

W = gxy(1+a)7 dl :gxygz“_a),

do

TR St Ak S (3.23)

where gy = 2pJy are the dimensionless Kondo couplings. For simplicity, we have
adopted the usual assumption [63] of a constant density of states p. The scale

parameter / is related to temperature, ¢ = log(A/T).

In the absence of anisotropy, g,, = g; and o = 0, the system remains isotropic
under the RG flow, as expected. For o = 0, the RG equations for gy and g, take the
familiar form [63]. In the relevant regime of antiferromagnetic Kondo couplings the

flow is towards strong coupling, gy — oo, corresponding to the Kondo regime.

This picture is incomplete, however, since the anisotropy in the Kondo cou-
plings generates single-ion anisotropy due to the (g%y — g?) term in the RG equa-
tion for . This leads to a flow out of the & = 0 plane. For g,, > g, the flow is to
positive o, corresponding to easy-plane anisotropy, while for gy, < g, an easy axis
anisotropy is generated. Finite & modifies the RG flow of the Kondo couplings, e.g.,
easy-plane anisotropy (& > 0) leads to g, growing faster than g,. The interplay of
these effects ultimately leads to the moment re-orientation that is the main subject

of this work.

In Fig. 3.1, the evolution of the coupling constants under the RG is shown.



0.15

0.10

0.05

-0.05

-0.10

-0.15

3.3. Perturbative Renormalisation Group 61
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Figure 3.1: RG flow of the single-ion anisotropy « and Kondo couplings gy,, g;. The

direction of the flow is shown by blue arrows and the transparent grey surface
separates regions of increasing and decreasing . The trajectories (A),(B),(C)
correspond to an initial easy-plane anisotropy a(0) = 0.1 and increasing values
of g,,(0) = g-(0): (A) For weak g,(0) the anisotropy stabilizes the moment and
supresses Kondo screening. (B) For intermediate values of g,(0), a changes
sign before g, diverge. This indicates a moment re-orientation above the Kondo
temperature. (C) For large g,(0) the Kondo scale is reached before moment re-
orientation can occur. (A’),(B’) and (C’) show the analogous behaviour for an
initial easy-axis anisotropy o/(0) = —0.1.
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For the trajectories (A), (B) and (C) we have chosen an easy-plane anisotropy
0(0) = 0.1 and initially isotropic Kondo couplings, g.,(0) = g;(0). In the regime of
weak Kondo coupling (A), o keeps growing, leaving the regime where the RG equa-
tions are valid. This behaviour indicates that the single ion anisotropy stabilizes the
moment, preventing Kondo screening. Magnetic hard-axis ordering therefore does
not occur for sufficiently strong anisotropy, compared to the Kondo coupling, which

is consistent with experimental observations [89].

For (B) the growing splitting of the increasing Kondo couplings reverse the
flow of o at a scale /., corresponding to the point where the trajectory crosses
the grey surface in Fig. (3.1), defined by o + g,zcy — g% — 3g)%ya = 0. At some scale
¢y, corresponding to a temperature Ty = Ae 0, a changes sign, indicating a re-
orientation of the moment. At a larger scale ¢, > ¢, the rapidly increasing Kondo

couplings diverge, corresponding to the Kondo temperature Tx = Ae " < Ty,

If the initial Kondo couplings are too large (C), the Kondo scale is reached
before a moment re-orientation occurs. Note that this strong coupling regime lies
beyond the validity of the perturbative RG treatment. The trajectories (A’), (B’) and

(C") show the completely analogous behaviour for the case of easy-axis anisotropy.

3.4 Numerical Renormalisation Group

In order to investigate if hard-direction ordering of under-screened moments could
occur in the strong-coupling regime at temperatures far below the Kondo temper-
ature Tk, we employ the numerical renormalization group (NRG). Previous NRG
studies [105] analyzed the effects of single-ion anisotropy on the Kondo screening
mechanism and on possible non-Fermi-liquid behaviour, but did not investigate the
behaviour of magnetic susceptibilities along different directions. It is important to
stress that in the strong-coupling regime the physics will crucially depend on S and
N. Here we only investigate the single-channel Kondo model for S = 1.

First, we give a brief overview of the numerical process of the NRG. A detailed
derivation of the mapping can be found in Wilson’s original paper [4]. The idea is

to discretise the RG rescaling to make the calculation numerically compatible. To
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do so, the original Hamiltonian is mapped to an iterative Hamiltonian of the form

H= Z Ztn(f;ﬁf"+10+frj+1o-fn0) +Jz(ngf0T _f(LfOL)SZ
n=00 (3.24)

+ I (fgforS™ = fo, fnST) — (597,

where | i 1
1+ A1) /2]A2(1 — A
In = [Eu _A—Z)n/—l])(l _ /(\—2;1—3)]1/2) (3.25)

is the hopping parameter that only depends on the energy scaling factor A. f, are
the electrons on the n-th site of the chain, and the impurity spin sits on the origin
of the chain. In this language, only the electron on the first site interacts with the

impurity spin directly. The Hamiltonian can be further recast into a recursive form

N—1
Hy =AY"D20Y N ta(Fiofuriotfiigfuo) +:(fg for — f3 fo)S°

n=0 o

I (ffor S — £ forST) — a(89)%}.
(3.26)

In each numerical iteration, the Hamiltonian is diagonalized to find the lowest-
lying energy states. Just like the RG procedures mentioned in chapter 2, the en-
ergy scale gets smaller and smaller as N increases due to the prefactor AWN=1/2,
Therefore in each iteration, the energy needs to be rescaled back to the original
scale. Then an extra electron site is added to the chain, and by re-diagonalising
the new Hamiltonian we slowly evolve the low-energy states towards the long-
wavelength limit. By repeating the above procedure, the Kondo Hamiltonian starts

from the weak coupling regime and ends up in the strong coupling regime in a

non-perturbative way.

In principle, the results obtained through this process are only exact in the limit
of A — 1, N — oo, but it has been shown that the calculation converges quickly after
a few dozen iterations, and the results are reasonable even at A = 2. However one
may realise that the dimensionality of the Hilbert space scales as 4", which blows
up quickly after several iterations. To avoid this we need to set a cutoff on the size

of the Hilbert space and only keep the lowest energy eigenvalues in each step. This



3.4. Numerical Renormalisation Group 64

is justified as we are interested in the ground state behavior of the system at low

temperatures.

Implementing the NRG scheme allows us to work out the renormalisation of
the theory outside the perturbative regime. In the strong-coupling regime, the ex-
perimentally relevant quantity is not x;,mp, but the impurity contribution to the total
susceptibility, x;ﬁom, defined as the difference between the total susceptibility of
the system with and without the impurity. As the temperature is lowered, the im-
purity increasingly "outsources’ its magnetic moment to the conduction electrons.
While the total z-angular momentum is conserved and the dressed impurity states
are eigenstates of .J;, the conduction electrons are carrying an increasing fraction of

the impurity’s angular momentum which is no longer negligible at 7' ~ Tk.

We first benchmark our NRG results against those of Ref. [105], where the total
susceptibility x°™ in the z-direction was calculated for systems with easy-plane and
easy-axis anisotropy. Our NRG results, show excellent agreement with the results
of that work. However, the reference did not include the total susceptibility in the
x-direction yS°™, which is a dynamical, rather than thermodynamic quantity, as
[H,J,] # 0. In this case, the computation of x°™ is equivalent to calculating the

entire spectral density function, which is a more involved process [106].

cont

Y
anisotropic Kondo model (§=1, N =1, g, =0.1, a = ilO*S) along both, the

Fig. 3.2 shows the total susceptibilities y5°™ for the same parameters of the
z-axis and directions in the xy-plane. Unlike in the weak-coupling regime where
moment re-orientation can occur regardless of the sign of «, at strong coupling
(T < Tk) we only observe a crossing of magnetic susceptibilities in the case of

easy-plane anisotropy (o > 0).

The crossing of total susceptibilities can be understood in terms of the sub-
spaces with different total angular momentum J,. Without Kondo screening the
states are product states of the impurity and conduction electrons. We can divide the
J, = 0 subspace into sectors (m,n) = (0,0),(1,—1),(—1,1), where m,n are the z-
angular momenta of the impurity and conduction electrons, respectively. In the limit

T < A, it costs energy to inject angular momentum into the Fermi sea and it costs
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energy for the impurity to have m # 0. Hence, sectors (1,—1),(—1,1) are higher
in energy than the (0,0) sector and Kondo exchange gives weak mixing between
the sectors. For the J, = 1 subspace the relevant sectors are (m,n) = (1,0),(0,1).
These are much closer in energy than J, = 0 sectors, because the cost of injecting
angular momentum into the Fermi sea can be offset by lowering the m quantum
number of the impurity. The sectors resonate more strongly and Kondo exchange
gives stronger mixing between them. As a result, the J, = 1 subspace is lowered
in energy more strongly than the J, = 0 subspace, allowing for the possibility of a

susceptibility crossing at T < Tk.

The negative susceptibility contributions at lowest temperatures in Fig. 3.2(a)
result from the discretization of the conduction electron band in Wilson’s NRG
[107, 108]. This is equivalent to being away from the thermodynamic limit, where
there is a finite number of conduction electron sites Ng, resulting in a non-zero Curie
moment 7" of the free conduction electrons. When the impurity becomes entangled
with the conduction electrons, it leads to a reduction of the conduction electron’s
Curie moment. This can lead to a negative contribution in the difference of total
susceptibilities with and without the impurity. The susceptibility crossing takes
place above the temperature where the contribution becomes negative and is robust
against changes of the discretization. To some extent the numerical discretization
mimics that in a realistic system there is a finite density of impurities and hence a
finite number of conduction electron sites per impurity, even in the thermodynamic

limit.

3.5 Conlusion and Discussion

We have presented a perturbative RG analysis of the single impurity Kondo model
with single-ion anisotropy. Our main finding is that fluctuations near the Kondo
temperature Tx can drive a reorientation of the moment away from the lattice fa-
vored direction at Ty > Tx. This hard-direction ordering occurs over a wide range
of parameters and for different types of anisotropy. As additional proof of principle,

we have shown that a crossing of magnetic susceptibilities occurs in second-order
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Figure 3.2: Impurity contribution to the susceptibility for the single-channel S = 1 Kondo
models with gy = 0.1 and (a) easy-plane (o = 1072) and (b) easy-axis (o =
—107) anisotropies. Note that moment re-orientation, signalled by a crossing
of the susceptibilities, only occurs in the case of easy-plane anisotropy.

perturbation theory, for all values of N and S = 1.

It is important to stress that magnetic hard-direction ordering could occur even
at temperatures above Ty, since the RKKY interaction, Ji*KY ~ g7 is significantly
enhanced along the hard direction, e.g., for a system with easy plane anisotropy
we find g, > g,y significantly above Tp. As a result, the susceptibility along this

direction would diverge first, giving rise to magnetic hard-direction ordering.

Using NRG, we investigated the strong-coupling behavior of the under-
screened S = 1 single-channel Kondo model with single-ion anisotropy. We found
that in this regime a crossing of magnetic susceptibilities can occur, but only in
systems with easy-plane anisotropy. While the NRG results are robust at strong
coupling, they crucially depend on the Hilbert space truncation and energy dis-
cretization in the intermediate temperature regime [105, 109], making it impossible
to numerically resolve susceptibility crossings and compare with our perturbative
calculations. One would expect that with increasing coupling strength the effect
becomes more asymmetric and eventually only survives in systems with easy-plane
anisotropy. This might explain why this case is more frequently observed in ex-

periments [89]. It would be interesting to investigate the strong coupling behavior
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of Kondo models with different S and N, as well as of closely related Cogblin-
Schrieffer models, which better describe systems with strong spin-orbit coupling.
For the latter, we found susceptibility crossings in perturbation theory and at strong
coupling in the infinitely narrow band limit.

The mechanism presented here is rooted in the interplay of Kondo fluctuations
and anisotropy on the single-impurity level. This would explain why hard-direction
ordering is observed in a range of Kondo lattice systems, irrespective of the order
and universality of the magnetic phase transition [89] and for both ferromagnetic
[94, 95, 96,97, 98, 99, 100, 101, 110, 111, 112, 113] and antiferromagnetic ordering
[102, 103, 104].

Advances in Nanotechnology and scanning tunneling microscopy have led to
a revival of the Kondo effect [114], thanks to unprecedented control on the level of
single magnetic adatoms on metallic surfaces [115, 116, 117] or artificial magnetic
elements in quantum dots [118, 119]. Such experiments could in principle probe
the fluctuation-driven reorientation of a single magnetic impurity.

We argue that the magnetic hard-direction ordering observed in a wide range
of Kondo materials is predominantly driven by strong Kondo fluctuations. This
mechanism might be further enhanced by soft electronic particle-hole fluctuations
that can lead to moment reorientation near ferromagnetic critical points [92]. Such
a combined mechanism could be at play in YbNisP,; which shows strong quantum
critical fluctuations [98].

Our work shows that strong fluctuations in anisotropic Kondo materials can
drive magnetic hard-direction ordering. It is to be expected that the interplay of col-
lective critical fluctuations and Kondo physics will lead to many more unexpected

ordering phenomena that are yet to be revealed.



Chapter 4

When Néel Criticality Meets Dirac

Fermions

In the previous chapter, we have shown how the anisotropy in Kondo interactions
can interplay with other magnetic anisotropies to induce crossings in magnetic sus-
ceptibilities which may eventually lead to ordering along the ’hard-axis’. This is a
nice example of how fluctuations in electronic degree of freedom could affect the
spins and account for exotic phenomena in the disordered phase. For such Kondo
lattice materials, the RKKY effect will take over the control at low temperatures,
leading to magnetic ordering. It is then natural to ask: how will the Kondo fluctua-

tion affect the magnetic phase transition?

In this chapter, we consider such a Néel phase transition of two-dimensional
quantum antiferromagnets, in which the spins are Kondo coupled to conduction
electrons with Dirac dispersions. The low energy theory is a non-linear sigma
model (NLoM) whose fields are coupled to Dirac fermions, forming a Gross-
Neveu-Yukawa theory with non-linear order parameter fields. The presence of the
Dirac fermions induces strong particle-hole fluctuations near the point-like Fermi
surface, damping the long-wavelength propagator of the Goldstone modes. One
would hence expect the Néel criticality to be significantly modified, or even de-
stroyed by the fermion fluctuations. Surprisingly, using the momentum-shell renor-
malization group (RG) technique, we found that the Landau damping is weakly

irrelevant at the Néel quantum critical point, even though the corresponding self-
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energy correction dominates over the quadratic gradient terms in the IR limit. That

is to say, the Néel quantum critical point is stable in the presence of Dirac fermions.

The original work in this chapter was published in Stability of the Néel quantum
critical point in the presence of Dirac fermions, H. Hu, J. Lin, M. D. Uryszek, F.
Kriiger, Physical Review B 107 (8), 085113.[120]

4.1 Introduction

The discovery of topological insulators [121, 122] has initiated an explosion of
research into Dirac or Weyl semimetals and topological aspects of electronic band-
structures [123, 124, 125, 126]. Dirac fermions with relativistic dispersion around
point-like Fermi surfaces can arise as low-energy excitations of weakly interacting
electron systems. The most prominent example is graphene, which can be described
by a tight-binding model of electrons on the half-filled honeycomb lattice. More
recently, it was realized that strong correlations in heavy-fermion systems, result-
ing in the hybridization between conduction electrons and heavy f electron bands,
can give rise to topological Kondo insulators [127, 128] or topologically protected
Weyl-Kondo semimetals in three-dimensional crystals without inversion symmetry
[129, 130].

Because of their point-like Fermi surfaces nodal semi- metals provide the
simplest setting to study fermionic quantum criticality. While Dirac semimet-
als are stable against weak repulsive interactions, a consequence of the vanish-
ing density of states at the Fermi level, sufficiently strong short-range interactions
can give rise to a range of competing instabilities. For the extended Hubbard
model on the half-filled honeycomb Ilattice rich phase diagrams were established
[131, 132, 133, 134, 135, 136, 137, 138, 139, 140], showing antiferromagnetic,
charge ordered, Kekule and topological Haldane phases. The symmetry-breaking
transitions are accompanied by the opening of a gap in the electronic spectrum.

Since the fermionic particle-hole excitations are gapless at such quantum
phase transitions, the critical behavior falls outside the Ginzburg-Landau-Wilson

paradigm of a pure order parameter description [141]. Instead, the nature of the tran-
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sitions can be studied within a field theory that describes the coupling of the bosonic
order parameter field, which is introduced through a Hubbard-Stratonovich decou-
pling of the interaction vertex, to the gapless Dirac fermions [142, 143, 144]. This is
known as the Gross-Neveu-Yukawa (GNY) theory, which describes chiral symme-
try breaking and spontaneous mass generation in high-energy physics [145, 146]. At
the fermion-induced GNY fixed point, the fermions acquire an anomalous dimen-
sion, resulting in the fermion spectral functions with branch cuts rather than quasi-
particle poles [143]. Such non-Fermi liquid behavior is the hallmark of fermionic

quantum criticality.

Far below the upper critical dimension, the GNY model can be analyzed in
the limit of a large number Ny of Dirac fermion flavors, which allows for a sys-
tematic calculation of critical exponents in powers of 1/Ny, using techniques from
particle physics [147, 148, 149, 150, 151, 152]. In the condensed matter language,
the correct IR scaling form of the bosonic propagator can be understood in terms
of Landau damping of long-wavelength order parameter fluctuations by electronic
particle-hole fluctuations [56]. For Dirac fermions in D = d + 1 space-time dimen-
sions, this results in a self-energy correction IT(k, ) ~ (k? + ©?)P=2)/2 to the
inverse boson propagator [153]. For D < 4, below the upper critical dimension,
the self-energy contribution dominates over the regular quadratic gradient terms
in the IR limit. In order to correctly describe the universal critical behavior, the
dressed RPA order-parameter propagator needs to be used as input for subsequent

momentum-shell RG calculations [56].

In this chapter we consider a field theory in two spatial dimension that is very
similar to the GNY theory for the antiferromagnetic phase transition on the half-
filled honeycomb lattice, driven by an on-site Hubbard repulsion. However, here
we consider a situation where the dynamical order parameter field is not generated
through a Hubbard-Stratonovich transformation of a fermion interaction, but is in-
stead given by the Néel order parameter field N of a local-moment quantum antifer-
romagnet. While the Kondo coupling between local moments and Dirac electrons

takes precisely the form of the Yukawa coupling of the GNY theory, there are crucial
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differences in the bosonic sector of the field theory. The Néel transition of a two-
dimension quantum antiferromagnet is described by a quantum non-linear ¢ model
(NLoM) [154, 155] that describes spatial and temporal fluctuations of a unit vector
field N, corresponding to long-wavelength, transverse spin-wave fluctuations. As
we will show later, because of the constraint of the NLoM the critical behavior is

very different from that of the GNY theory.

The outline of this chapter is as follows. In Sec. 4.2 we introduce the RG
of the original NLoM in 2+1 space-time dimensions as a warm-up. Unlike the ¢*
model, the € expansion is done near the lower critical dimension, where the model is
asymptotically free. The Kondo coupling to Dirac fermions is included in Sec. 4.3.
In Sec. 4.3.2 we discuss the importance of Landau damping of the Néel order param-
eter fluctuations by low-energy electronic particle-hole fluctuations, and analyze the
Landau-damped NLoM. Using momentum-shell RG, we demonstrate that Landau
damping is weakly irrelevant at the Néel quantum critical point but increases in the
ordered state, indicating that spin-wave excitations are damped. The full set of RG
equations, including the Yukawa coupling, are derived in Sec. 4.3.3 and analyzed
in Sec. 4.3.4. We show that while the Yukawa coupling is weakly relevant at the
Néel quantum critical point, sufficiently strong Landau damping renders the critical
point quasi-stable for any realistic system size for Ny > 4 and thermodynamically
stable for Ny < 4. In the latter case, a new multi-critical point captures the transi-
tion between Néel critical and Kondo run-away regimes. We analyze the universal
critical behavior associated with this fixed point. As demonstrated in Sec. 4.3.5, the
behavior in D = 3 space-time dimensions is not accessible within an €-expansion
above the lower critical dimension, D = 2 + €. Finally, in Sec. 4.4 we summarize

and discuss our results.

4.2 Néel Quantum Criticality

The long-wavelength behaviour of the antiferromagnetic phase transition of the
quantum Heisenberg model can be described by the O(3) quantum non-linear

model [156, 157]. Here we briefly introduce the derivation from a microscopic
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Heisenberg model to the field theory and derive the RG equations associated with

the critical point.

4.2.1 Non-Linear c Model

We start with a generic spin Hamiltonian for a quantum antiferromagnet on a bi-

partite lattice in d-dimensions, e.g. a hypercubic lattice,

Hioc=JY 8i-8j+ 4.1
(i.j)

where S; denotes a spin-$ operator on lattice site i, the sum is over nearest-neighbour
bonds, and J > 0 denotes the antiferromagnetic superexchange between neighbour-
ing sites. The ellipsis in Eq. (4.1) denote longer-range couplings or ring exchanges
that frustrate the Néel order and might be tuned to drive the system towards a quan-

tum phase transition.
As a next step, we express the Heisenberg model Hy, in terms of an imaginary-
time path integral over spin-coherent states |N;(7)), which satisfy S;|Ni(t)) =
S;N;(7)|Ni(7)), and decompose the unit-vector fields N;(7) into the staggered Néel

order parameter field 7%;(7) and fluctuations L;(t) L 7;(7),
Ni(t) = &iii(t)\/ 1 —aL2 (1) +a’Li(7), (4.2)

where & = +1 on sublattice A and & = —1 on sublattice B of the bi-partite lattice,
and a denotes the lattice constant. After taking the continuum limit, we obtain the

action

- 1 &0 - —
Soclft, 1] = E/ dr/ddr{ps (V)2 4y, I% —2iSL - (7 x afﬁ)},
0
where the spin stiffness and transverse spin susceptibility for the d dimensional
hypercubic lattice are given by ps = JS?a*>~? and x| = 2J5%da?, respectively. The
last term in Sy 1s the smooth contribution from the Berry phase. For the AFM phase

transition, this term can be neglected. However, it is worth noticing that this term
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plays a crucial role in skyrmion generations and the possible deconfined quantum
critical point of the Heisenberg model on certain lattices which drives the system

into a resonant valence bond (RVB) state [10].

Since the L field is massive, it can be integrated out through a Gaussian integral.
Carrying out the integral over the massive L field, we obtain the final action for the

staggered Néel order parameter field 7,
S[i] = i/wdr/ddr (Vi) + L (3. (4.3)

This is the so-called NLoM, whose non-linearity is enforced through the constraint
7> = 1. Here g = 1/py is the inverse spin stiffness and ¢ = JSa+/2 is the spin-wave

velocity.

4.2.2 Field Decomposition

Before running the RG scheme, the non-linear constraint needs to be taken care of.

The partition function in the path integral language reads

Z= / DS (i — 1)e S,

S[i] = é / dPx (Vii)?, (4.4)

where we have rescaled the temporal and spatial coordinates to the dimensional
units:x = (xg,X), where xop = Act, x = Ar. The cutoff A is set to be one for sim-
plicity. To incorporate the constraint in the calculation, we then apply the standard
trick used in [158]. Generally speaking, for the O(N) NLoM, one can single out
the component ¢ along the direction that the system orders, and write the fields as
it = (%,0). Since o is the ordering direction, one can assume the fluctuation along
this direction to be small, and use the constraint to rewrite the component by the
left N — 1 components: ¢ = /1 — 72. The delta function in the partition function

can then be used to eliminate the 6 component, leaving us a theory of 7 fields with
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Figure 4.1: The vertices included in the non-linear 6 model after the field decomposition.
(a) The first diagram is the four-boson interaction vertex of the 7 fields, where
the two blue lines represent the ones with the gradient. The mass-like term of
the 7 fields is shown in the second diagram. (b) The four-boson interaction
generated from the inclusion of an artificial magnetic field.

N — 1 components:
Z— /.@ﬁ/%ns(02+ﬁ2 _1)eSiE0]

_ ) S
— /@ﬁ/@cna(c 2(; T )e—S[ﬂ',G]

pdPx ¢S]

B |
B /@ﬁIJ(Z\/l —7:2>

with the action

- _i D 72\2 22 2}_ D 1
S[n]_zg/dx{((Vn)%—(V 1 n) p/dxlnzm
1 — — — —
~ 5 / Px (V)2 + (7P| -2 / Py 72, 4.5)

The second line is obtained by a Taylor expansion of the square root and the log up
to the leading order in 7. By eliminating one component of the Néel vector field,
the Dirac function in the measure gives rise to an extra mass-like term in the action,
where p is the density of states. As it will become clear later, this term is crucial to
the correct physics. The corresponding vertices are shown in fig 4.1(a). The blue

boson fields in the first diagram correspond to the two 7 fields with the gradient.
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Figure 4.2: Feynman diagrams used in the RG calculation of the NLoM. (a) Contribution
from the one-loop diagram which contracts the two blue boson lines exactly
cancels the contribution from the mass-like term generated from the field de-
composition. As a result, no mass term is generated under RG. (b) The one-loop
diagram that corrects the bare propagator.

4.2.3 Renormalisation Group Analysis

The standard momentum-shell RG can be applied to study the criticality. To do so,
we first Fourier transform the action to frequency-momentum space. The resulting

action has the form

§'[7] = i /k (k) 7(—K)~ £ (70 7(—k)
1

— 2—2/ 5(k1 + ko + k3 +k4)(k2-k4)7ra(k1)7ra(k2)nﬁ (k3)7'£ﬁ (k4),
gaﬁ kikokzky

(4.6)

where k = (o, 75) is the frequency-momentum vector. From the kinetic term one can

obtain the propagator of the Néel vector fields as the inverse of the kernel:
8
(ﬂa(k)nﬁ(k'))o = k—28a55(k+k'). 4.7)

We then use a symmetric scheme by performing the shell integrals over a spherical
frequency-momentum shell, which treats the frequency and momenta on equal foot-
ing. It is worth emphasizing that applying the cutoff on the frequency/imaginary
time axis won’t affect the physics that we are interested here, as the univer-

sal behaviour of the theory should not be aware of any effect from the cutoff
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scheme. Following the standard approach, we rescale the frequency and momenta
as k — ze‘”, ® — ¢! and the order parameter fields as 7 — 7?4/, with A being
the scaling dimension of the 7 fields. Note that all the terms are local, which means
the whole theory is Lorentz invariant, and the dynamical exponent z does not flow
under RG. In this case, the only flowing parameters are the inverse spin stiffness g
and the mass. Since the 1/(2g) factor appears in the kinetic term, its RG flow can
be obtained by just calculating the self-energy diagram. The related Feynman dia-
grams are shown in Fig 4.2. The mass renormalisation from the one-loop diagram

1S

—i2/< /> (ki +ka+q1+q2)q1 - g2 (k1) 7 (ka) (7 (1) 75 (g2))o

Zgaﬁ kiky Jq1q2
1 /<[> 2oz ]
—_ — — (—qg)TT T(—k)—
SRS LR C
<
=&m* [ #(k)-7(—k), (4.8)
k
where
> dPq Sp ! | Sp
== =2yl 4.
2/ @r)P ~ 27:) Jda14° 202 “4-9)

Sp = 2w’ /(2 +1) is the surface area of a D-sphere. However, note that the

density of states p that appears in the mass-like term derived from the non-linear

measure can be expressed as an integral over the Brillouin Zone: p = st =/ %,
hence the term is rescaled as
1 SD ! D—1 / Sooy o
d k) -m(—k
1 S
_ D 2Dy / . (4.10)

This contribution exactly cancels out §m?, leaving the boson fields massless. Phys-
ically speaking it makes perfect sense, since the Néel order parameter fields are
Goldstone modes generated due to the spontaneous breaking of the SO(3) rotational

symmetry of the spin, and therefore should remain gapless under RG.

The bosonic self-energy diagram is obtained by contracting the two boson
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lines without derivatives, as shown in Fig.4.2(b). The contribution has the form
8, [~ k27 (k) - #(—k), with the shell integral §, = _2_1g . 5= z(gﬁdl. The RG
equation of the inverse stiffness g can then be easily derived by rescaling everything

back to the original cutoff:

1 SD < . .
(2g(l)+2(27r)0dl> /k 127 (k) - #(—k)

—eP+2724) ( 2;( 7 +5 (gz)Ddl) /k K7 (k) - 7t (—k)

1 D+2-2A Lo
z( _2F dl+S—Ddl> / K27 (k) - (k)
k

2g(1) 2g(1) 2(2m)P
zm /k RR(K) - 7 (—k),
- D+§g_ =y z(gi)l)dl = —%gzj—fdl
:‘;—f =(D+2-2A)g— J#gz. (4.11)

However, one still needs to determine the scaling dimension A of the 7 fields. Un-
like the ¢* theory, NLSM has the inverse spin stiffness g in both the kinetic term and
the interaction. Therefore we can not obtain A by simply keeping the kinetic term
from flowing. The proper way to get A is to first derive the corrections to the inter-
acting term, which will be another RG equation for g, and then demand the two RG
equations to be the same and solve for A. In doing so one will have to evaluate all
the one-loop diagrams that correct (7 - V). Without the help of the large-N theory,
there are more than a dozen related Feynman diagrams. Though many of the dia-
grams cancel with each other, the calculation is still tedious. Alternatively, Nelson
and Pelcovits[158] managed to circumvent the difficulty by introducing a fictitious
magnetic field to the Néel order parameter fields. The idea is that the scaling of
a magnetic field should be trivial under RG. By calculating the scaling relation of
the magnetic field, we get another equation which can be combined with the RG
equation of g to help us fix A. If we apply the magnetic field along the ordering
direction o, then through the previous field decomposition we can again following

the same analysis above, and write down a theory of 7 fields, only with additional



4.2. Néel Quantum Criticality 78

quadratic and quartic terms:
h [ p h [ b -
——/d xG:——/d xV1—72
8 8
h . h S
~ —/deit2+—/de7r4
28 8¢
_ [ Wi
=2 ),

Bl ke ks k) (E) R)) (7 E(K))
kikoksky

T8
4.12)

Since there is a quadratic term, the RG equation of / can be calculated by evaluating
the diagrams that correct this term, which are similar to the ones we calculated
above. The one-loop diagrams after the inclusion of a magnetic field are shown in
fig 4.3. The quadratic term derived in eq.4.12 adds to the pure NLSM, giving the
field-dependent propagator

(o (k)5 (K'))o = 5o 8p S (k+ ). (4.13)
k*+h

As a result, the previously calculated Am? is modified accordingly. However, the

p term from the non-linear measure stays the same as the no-field case under RG.

One can then check that, the cancellation still holds once the additional mass term

from the new vertex is included. This is shown in fig 4.3(a).

The field renormalisation is obtained through the diagram in fig 4.3(c):

5h : #(k) - 7 (k)
=2 % %/l:kz /q; 0 (ki +ky+q1 —l—@)%na(kl)na(kz)(nﬁ (q1)7p(92))0
h Sp < .
4(1+h) (N — 1)(271;)1)(” . (k) - 7(k). 4.14)
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Figure 4.3: One-loop diagrams correspond to the NLSM with a magnetic field. (a) Under
the magnetic field the propagator of the order parameter field depends also on 4.
Therefore the diagrammatic cancellation now involves a third diagram gener-
ated from the new vertex. (b) The diagram that corrects the bosonic propagator.
(c) The diagram that generates the mass, corresponding to the renormalisation
of the magnetic field 4.

Combining the tree-level scaling, we can derive the RG equations for 4:

d  h h
Z(—)=—(D—2A)— + &h
dl(Zg) ( )2g+
h N—1 S h
=—(D-2A)— + D
2¢ 2 (2m)P1+h
h
=A—.
2g

In the last line, we use the fact that the magnetic field is a *'mass’ term that renor-
malises trivially under RG. In other words, it should renormalise in the same way
as the order parameter fields. Solving the equation gives the scaling dimension A of

fields m:
N-—-1 Sp g

A=d— )
2 2n)P1+h

(4.15)

Happily setting & = 0, and plugging eq.4.15 back into eq.4.11, we finally obtain the

RG equation for g:
d
d—f = (2-D)g+(N-2)

SD 2
(2P

(4.16)

One can immediately see that for D = 2+ € and N = 3, there exists a non-trivial
unstable fixed point at g, ~ 2me. This is the Néel fixed point that governs the anti-
ferromagnetic phase transition. For g < g., the system flows to the Gaussian fixed

point, corresponding to the spin-disordered case, and for g > g., the AFM order is
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stabilised as the system approaches the frozen spin limit. (Of course, the latter part

falls out of the framework of the perturbative RG once g — O(1).)

4.3 Inclusion of Dirac Fermions

4.3.1 The model

Now we include the Kondo coupling between the spins and Dirac fermions and
study the impact of the latter to the Néel quantum criticality. Our starting model is a
(2+ 1)d NLoM whose vector fields N are coupled to N '+ copies of two-component
Dirac electrons via the conventional Yukawa coupling. On a microscopic level, this
model could be realized in the low-energy limit of a quantum antiferromagnet on
the honeycomb lattice with Kondo coupling to noninteracting electrons that move
on either the same or adjacent honeycomb lattice at half-filling. For this realization
we would have Ny = 4 due to twofold spin and valley degeneracies. The effec-
tive continuum field theory at zero temperature is given by the imaginary-time path

integral over the action S = S¢ + Sy + Sy, with contributions

s = [ ¥ao) (<2 +antas ) vao),

Sy = 2g/d2/ {VN) —2(8@)2},

Sy — /d2 / ity (N o)y, 4.17)

where S describes two-dimensional Dirac fermions with Fermi velocity vg, written
in terms of fermionic Grassmann fields Y. The term Sy is the conventional NLoM
in terms of the staggered three-component Néel order parameter field N (r,7) which
satisfies the constraint ﬁz(r, 7) = 1, as discussed in the previous section. The last
contribution Sy is the Yukawa coupling between the local moments and Dirac elec-
trons. Here G is the vector of spin Pauli matrices, while the Pauli matrices T, act on
sub-lattice space. Note that since N describes the staggered magnetization the cou-

pling has an opposite sign on the two sublattices, resulting in the additional 7,. The
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corresponding to the finite size of the Brillouin Zone.

The field theory is very similar to the Heisenberg GNY theory in Chapter 3.
However, a crucial difference is the constraint of the NLoM which has important
consequences for the universal critical behavior. As pointed out in the context of
GNY theories, the Landau damping of the bosonic order parameter fluctuations by

electronic particle-hole fluctuations gives rise to a self-energy contribution

(q,®) = 7\/q* + ©?/vi (4.18)

to the inverse boson propagator in two spatial dimensions. This non-analytic self-
energy correction arrises from the diagram in Fig. 4.4(a) from integration of fermion
modes near zero momenta and frequency. It is therefore not generated within the
momentum shell RG, but needs to be included to correctly capture the universal
critical behavior of GNY theories [56, 153]. The form of the Landau damping does
not depend on the number of order parameter components and is not affected by
the fixed-length constraint of the Néel order parameter field. Note that although the
bare Landau damping parameter 7 is determined by the square of the bare Yukawa
coupling, Y ~ g, this relation is not preserved under the RG. We therefore treat y

and A as independent coupling constants.

Under the RG there will be a non-trivial flow of the velocities ¢ and vr. For
simplicity, we will focus on the case vp = ¢, which is preserved under the RG.
For convenience, we rescale to dimensionless momenta k = q/A and frequencies
ko = w/(cA) and absorb the additional prefactors in a redefinition of the coupling
constants. Since both the order parameter and fermion sectors are relativistic and
frequency and momenta enter the zero-temperature field theory in the same way,
the quantum critical behaviour will be described by a dynamical exponent z = 1.
We will therefore treat frequency and momenta on an equal footing and impose an
isotropic cut-off in 2+1 dimensions, /kZ+ k(% < 1. Note that the universal critical

behavior is independent of the choice of the UV cut-off scheme.
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4.3.2 Landau Damped NLoM

We start by investigating the effects of Landau damping on the Néel transition in

the case of vanishing Yukawa coupling, A = 0. Our starting point is the NLoM

Sy : / Q Y (k)N(k)-N(—k), (4.19)

:gk

where we have defined k = (k,kp) and [, = [ % i (zdle)‘z subject to the cut-off |k| <

1, for brevity, and include the Landau damping 7y in the inverse propagator,
QN (k) = k2 +ylk| = K>+ kG + 7/ K2+ K. (4.20)

We use the same decomposition scheme showed in sec.4.2.2 to single out the
ordering direction N = (7%,0) and use the constraint 6(r,7) = /1 — 72(r, T) to
eliminate o and derive an effective action in terms of the transverse fields 7%. Since
the form of Landau damping is defined in momentum space, we need the Fourier
transform of the constraint: o (k) = 8(k) — % 4, %(q)Tt(k —q). This results in the

effective action

Sy = é/kﬂ‘l(k)ﬁ(k)-ﬁ(—k)—g [ (1) 7(—4)
1
l6g

+Q 7 (ks + k)] [7 (k1) - 7 ko) [ (k) - (k)] (“.21)

/k ) S(ki +ka+k3 +ka) [Q7 (ki +k2)
1,---9K4

where p is the density and the corresponding term arises from exponentiation
and expansion of 1/(2y/1—72(r,7)) from the path-integral measure. Note that
the Landau-damped propagator also enter the form of the four-boson interaction
through the Taylor expansion and alters the simple gradient form in the bare NLSM

in eq.4.6.

We integrate out modes with momenta and frequencies from an infinitesimal

shell near the cut-off, e=4¢ < /K2 +k(2) < 1, followed by a rescaling of momenta,

ezdé

k— kedg, and frequencies, kg — ko , with dynamical exponent z = 1. In addition,
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(b) () (d)

() (f)

Figure 4.4: One-loop diagrams relevant to our RG calculation. Solid lines represent
fermionic degrees of freedom, wiggly lines the bosonic order parameter fields.
(a) The fermionic bubble diagram integrated over small momenta and frequen-
cies gives rise to the non-analytic Landau damping of long-wavelength order
parameter fluctuations. The momentum-shell contribution of this diagram con-
tributes to the renormalization of the coupling constant g of the NLoM. (b)-(d)
Diagrams relevant for the RG of the Landau-damped NLoM. The diagram (b)
is identical to zero, (c) renormalizes the quadratic gradient terms and hence the
coupling constant g. The unphysical mass term generated by (c) is cancelled
by the contribution (d) from the functional integral measure. (e) The fermionic
self-energy diagram renormalizes the overall prefactor of the free fermion ac-
tion Sy. The scaling dimension of the fermion fields is determined such that the
prefactor remains constant. (f) Diagram contributing to the renormalization of
the Yukawa coupling A.

we rescale the transverse spin-fluctuation fields as 7 (k) — 7 (k)e 24,

At one-loop order, the contraction of two order parameter fields,
(7o (k)7 (K)o = g80p S (k +K)Q(k), (4.22)

gives rise to the renormalization of the quadratic action by the quartic vertex. The

diagram in Fig. 4.4(b) vanishes because of Q~!'(0) = 0. The diagram shown in
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Fig. 4.4(c) gives rise to a term ~ k*7(k) - #(—k) and hence a renormalization of
the coupling constant g. In addition, it produces a mass term ~ 7 (k) - 7 (—k) which
cancels exactly with the trivial term from the reduction of the density p by the shell
contribution [Fig. 4.4(d)]. Evaluating the momentum shell and frequency integrals

and combining with the rescaling contributions, we obtain the RG equations

d(1\ 1 1+7/3
dl (2g> = (25424) 2r)2 1+y '’

L
2g
d Y o v
ﬁ(ﬁ) = ( 4+2Aﬂ)2g. 4.24)

(4.23)

The scaling dimension A of the transverse spin-fluctuation fields needs to be
determined such that the constraint of the NLoM is satisfied on all scales. This is
only the case if the coupling constant g in front of the quartic vertex renormalizes in
exactly the same way as the g in front of the quadratic action. Instead of evaluating
the second-order, one-loop diagrams that renormalize the vertex, we employ a trick
invented by Nelson and Pelcovits [158] to include a staggered magnetic field term
—2% Jrz0(r,7) in the action. Since the scaling of the magnetic field should not
depend on the field direction, and since the staggered magnetic field couples linearly
to the Néel order parameter field, the scaling dimension of the applied field is equal
to that of the order-parameter field itself,

d [ h h
=) =A—. 4.2
dat (Zg) "2g (4:25)

On the other hand, we can use the constraint to expand & (r, 7) in terms of the

7t fields and explicitly compute the one-loop renormalization of the applied field,

d [ h h 1 h
— = )=(34+2A0) —+ ——. 4.26
d€<2g) (2342805 + G Ty (4.26)
Equating Eqgs. (4.25) and (4.26), we obtain
2
Ap=3——-__8 (4.27)

2m)21+y’



4.3. Inclusion of Dirac Fermions 85

which results in the coupled RG equations

dg . 1=v/3,

o - g4 T 4.2

dl STy (*:28)

dy 1+17/3

7 y{l 1+y g}’ (429)
for g = ﬁ g and the Landau damping 7.

For y = 0 we recover the RG equation of the conventional NLoM in 2+1 space-
time dimensions. This RG equation exhibits two fixed points: the attractive, Néel
ordered fixed point at § = 0 and the critical fixed point at § = g. = 1. For g(0) <
1 the RG flow is towards & = 0, corresponding to a freezing of transverse spin-
fluctuations on larger and larger scales. On the other hand, for g(0) > 1, g(¢) — oo,
corresponding to a vanishing of the spin stiffness and indicative of the destruction

of long-range order by spatial and temporal fluctuations.

The coupled RG equations (4.28) and (4.29) do not exhibit any additional fixed
points at finite Y. The RG flow in the g-y plane is shown in Fig. 4.5. In the anti-
ferromagnetically ordered phase, y(¢) increases, indicative of damped spin-wave
excitations. At the critical fixed point of the Néel transition the Landau damping y
is weakly irrelevant. The separatrix between the Néel antiferromagnet and the quan-
tum disordered phase is given by g ~ 1 + %}/— gyz. Along the separatrix and for an

initial value ¥ = 7(0) < 1, the Landau damping vanishes as y(¢) = ¥ /(1 + %}/06).

4.3.3 Including the Yukawa coupling to Dirac fermions

We now include the Yukawa coupling Sy between the order parameter field to
Ny copies of two-component Dirac fermion fields, as given in Eq. (6.3). The
momentum-shell contribution of the diagram Fig. 4.4(a) will give rise to an ad-

ditional correction to the NLoM,

1 A2

sy = 3 “N(q)-N(—q)

X /k T {26y () n.Gy(k+4)) (4.30)



4.3. Inclusion of Dirac Fermions 86

01 ~ s v e~ -« « g
S & & 8 . — — = <« s/
I D N N N N S S ="+ [

NN N S N L O R IR R

— T — — — = <« S|~
R i i S N
N T - - - = - 0 A A
[ — - — - - -~ A A |
[ I " " - - = . A
’Y 7‘\ T - - — - - - ~ \*\L\L:
— — - - - .~ - =
I — — - D T e e e
- - - - - - -
[ -— - 4 - = =

[ - Néel AFM - - - = = =

Cf - - - - - - = > >

€ - - < .P - - - ——P

00T T =~ 0~ > ==
0.8 1.0 1.2
g

Figure 4.5: RG flow of the Landau damped NLoM as a function of the rescaled inverse
spin stiffness § = g/g. and Landau damping y. The red line separates the
Néel AFM from the paramagnet. Along this separatrix, ¥ renormalizes to zero,
demonstrating that the Néel quantum critical point P, is stable against Landau
damping. The increase of 7 in the ordered phase indicates that spin-wave exci-
tations are damped.

where [ q< and [;” denote frequency-momentum integrals over |¢| < e~ and e=4* <
|k| <1, respectively. The fermionic Green function in each of the Ny copies is given

by

kot kT +kyTy

Gy (k) 12 + k2

(4.31)

Note that the trace in Eq. (4.30) results in an additional factor of Ny. Expanding

external momenta/frequencies ¢ = (q,qo) to quadratic order, we obtain

1

_ 12 2 < 277 N
88y =—32 (M)zdf/q q"N(q)-N(—q), (4.32)

resulting in an additional contribution d <i> = —%12 (2;21)2‘% to the renormaliza-
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tion of the coupling constant. This changes the RG equations for ¢ and 7y to

dg 1—y/3 2
i —§+[—1f§ +§’Lz] & (*33)
d 1+y/3_ 1,.,._

In order to determine the renormalization of the Yukawa coupling constant A,
we first need to determine the scaling dimension Ay of the fermion fields. The

diagram in Fig. 4.4(e) results in a correction

65, — —2]@? [ ([ p@nGyroz) v
2 1,

<
= — A
AT AR /k Y(k)Gy (k) (k), (4.35)

where the factor of two arises from the number of components of the transverse
spin-fluctuation field %, Ny = 2.

After rescaling frequency and momenta as before and fermion fields as y (k) —
l//(k)e‘AVdé , we demand that that the prefactor of S, remains scale-invariant, which
results in

Ay=2———2% (4.36)
1

The diagram that contributes to the renormalization of the Yukawa vertex is

shown in Fig. 4.4(f) and equals

gA’3 /< _
0Sy = (k1 — k k1)Qiy(ky), 4.37
Y \/N_f3zz' khkzﬂ( 1 — ko)W (k1) Qiy(k2) (4.37)

with coupling matrices

o = ¥ [ pa)oenGya e
7 Ja
xGy(q)(0;®T.). (4.38)

Since Gy is independent of spin, we can evaluate the products of spin Pauli

matrices and carry out the sum over j, ¥ ;0;0;0; = (2 — Nz)0;. The momentum-
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shell integral is trivial and we indeed find that €; is proportional to the original

Yukawa coupling matrix o; ® T,

2 1
Q; = T (Ng — 2)md£(o,- ®71). (4.39)

However, the result crucially depends upon the number Ny of order-parameter
components, as discussed in the literature [159, 55]. While the results for Ny = 1
and N = 3 are equal but of opposite sign, the diagram vanishes in the relevant case
of Ny = 2 components, Sy = 0.

The rescaling of momenta, frequencies and fields gives rise to the RG equation

dAr
7 = (F6+Ar+28y)2
g 2 A%

= All- -
1+y 3Npl4vy

(4.40)

for the Yukawa coupling A.

4.3.4 RG Analysis

We will now discuss the coupled RG equations for the inverse spin stiffness g (4.33),
the Landau damping ¥ of the Néel order parameter (4.34) and the Yukawa coupling
A to the Dirac fermions (4.40). In Sec. 4.3.2 we found that in the absence of Yukawa
coupling (A = 0), the Landau damping ¥ is weakly irrelevant at the Néel quantum
critical point P..

Let us first investigate the stability of P. against Yukawa coupling in the
absence of Landau damping (Y = 0). In this case the RG equations reduce to
dg/dl=—g+ (1+ %Az) gZanddA/dl = A (1 —8— %Azg). In this case we find
aseparatrix g =1 — %12, along which the flow of the Yukawa coupling increases ac-

cording to dA /dl = %(1 —1/Ny)A3, resulting in A (£) = lo/\/l - %lg(l —1/Ny)L.

The Néel quantum critical point is therefore very weakly unstable against the
Yukawa coupling to Dirac fermions. The RG flow in the g-A plane is shown in

Fig. 4.6.

To determine the critical surface in the three-dimensional parameter space of
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Figure 4.6: RG flow as a function of inverse spin stiffness § = g/g. and Yukawa coupling
A to Dirac fermions with Ny = 4 flavors. At the Néel quantum critical point
P., the Yukawa coupling is a weakly relevant perturbation, indicated by the
increase of A along the separatrix shown in red.

&, vand A, we insert a polynomial ansatz § = f(y,A) into the RG equations (4.33),
(4.34) and (4.40). To second order we obtain

g= 1—1—;—13/—;—1 —%AZ. (4.41)

The critical surface is shown in Fig. 4.7. As expected, the critical surface con-
tains the separatrices in the A = 0 and y = 0 planes. For initial values of the coupling
constants slightly outside the surface, the RG flow is away from the surface: the in-
verse spin stiffness g renormalizes to zero on one side, indicative of a freezing of
spin-wave fluctuations, and to infinity on the other side, corresponding to a quantum
disordered state. The Landau damping 7 has a stabilizing effect on the Néel order,

while the Yukawa coupling A has a destabilizing effect.

To analyze the competition between ¥y and A within the critical surface we
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Figure 4.7: RG flow within the critical surface for Ny = 4, relevant to Dirac electrons on
the honeycomb lattice. The Néel quantum critical point P, is stable against
Landau damping ¥ but unstable against Yukawa coupling A. For sufficiently
strong Landau damping, the RG flow is towards P. until the trajectories turn to
hit the magenta lines, which are given by ¥ (¢) =0 and A’ (¢) = 0, respectively,
and closely track each other. At this point the RG flow becomes extremely slow
and the parameters acquire small metastable values.

replace g in the corresponding RG equations, using Eq. (4.41),

dy _ 2 2 2

= T3V ATA (4.42)
a1 7 2 3

o= —gyx+§y21+§(1—1/1vf)2,, (4.43)
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where we have expanded up to cubic order in the coupling constants. For Ny > 4, the
RG equations only exhibit a single fixed point at A = 0 and y = 0, corresponding to
the Néel quantum critical point .. The RG flow in the critical surface and several
trajectories obtained from numerical integration of the RG equations (4.42) and

(4.43) are shown in Fig. 4.7 for the case Ny = 4.

The RG flow is best understood in terms of the lines along which (i) ¥'(¢) =0
and (i) A/(¢) = 0, shown in magenta in Fig. 4.7, and given by (i) A% = %(}/— 7?)
and (ii) A% = m(y— %}/2), respectively. These lines merge at P, and because
of they exhibit the same asymptotic functional form, A ~ /7, they closely track
each other. As a result, the RG flow becomes very slow in the vicinity of this pair

of lines and it is not possible for trajectories to cross them on scales relevant to any

realistic system size.

The case Ny = 4, relevant to Dirac electrons on the honeycomb lattice, is the
most extreme since in this case the coefficients of the leading /7 terms are identical.
For weak Landau damping, 1% > %y, corresponding to points above the magenta
lines, the flow is towards the regime of strong Yukawa coupling. This indicates that
the Néel quantum critical P. point becomes unstable toward Kondo physics, which

falls outside the validity of our analysis.

On the other hand, if the Landau damping is sufficiently strong, 1% < %y, both
A(¢) and y(¢) decrease under the RG. The corresponding trajectories approach P,
until they eventually turn to hit the magenta lines. Here the RG flow practically
comes to a standstill and A (¢) and y(¢) reach metastable plateaux values 7y, and
A2~ %}/*. The non-zero Yukawa coupling leads to the opening of a small elec-
tronic gap A ~ A,|(N(r,7))| in the Néel ordered phase where the spin-rotational
symmetry is broken. On the critical surface the finite values ¥, and A, result in an
anomalous contribution to the scaling dimension Ay, of the fermion fields, giving
rise to non-Fermi liquid behavior. However, the corresponding critical exponents

are non-universal since the behavior is not associated with a true fixed point.

For Ny < 4 the RG equations (4.42) and (4.43) exhibit an additional fixed point
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Figure 4.8: RG flow of the Landau damping ¥ and the Yukawa coupling A within the crit-
ical surface for Ny = 2. The Néel quantum critical point P, is thermodynami-
cally stable in the blue region. In the purple region the flow is towards increas-
ing A, indicative of strong coupling Kondo physics. The transition between the
two regimes is controlled by a new multi-critical point P..

4—Ny 52 _ 8Ny(4—Ny)

_— = 4.44
4+3Nf’ ¢ 3(4—|—3Nf)2, ( )

e =

which merges with the Néel quantum critical point P. as Ny — 4, showing again

that the case Ny = 4 is marginal.

In Fig. 4.8 the RG flow of ¥ and A within the critical surface is shown for the
representative case Ny = 2. In the blue region the RG flow is towards P, demon-
strating that the Néel fixed point is thermodynamically stable rather than metastable.
In the regime of small Yukawa coupling A, this stability is achieved by finite but
very small Landau damping y. In the purple region the RG flow is towards large
values of ¥ and A, beyond the validity of our RG equations. The transition be-
tween this Kondo run-away regime and the Néel critical region is described by the

multi-critical fixed point P..

We proceed to analyze the universal critical behavior of the multi-critical point
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P. for general N r < 4. The correlation length exponent V can be obtained from
linearizing the RG equation for the inverse spin stiffness (4.33) around the critical
value g, ~ 1+ %}70 — %;lcz The resulting RG equation is of the general form d(g —
g.)/dl = V=1(§ —g.). A short calculation gives V = 1 which is identical to the
correlation-length exponent v = 1 at the Néel quantum critical point P..

From the scaling dimension Ay (4.27) of the transverse spin fluctuations fields

7t we obtain the anomalous dimension 1), = 1 at the Néel critical point P, and

4—N(12—TN
e =~ 1+ ( ) ¥)

1
I 4.45
7 9 (443N, (4.45)

at the new multi-critical point P.. The additional contribution to 7j; results in a
slightly different exponent of the algebraic order parameter correlations at critical-
ity, (7(r)7(0)) ~ r~P*2=7z_and corrections to other critical exponents, which can
be obtained from the conventional scaling and hyper-scaling relations.

Due to the finite value A (4.44) of the Yukawa coupling at P., the symmetry-

breaking transition will be accompanied with the opening of a gap [143]
A~ (ge—8)% =(8:—3) (4.46)

in the Dirac fermion spectrum for g < g., in the Néel ordered phase. Moreover, at

P. the fermions acquire a small anomalous dimension [see Eq. (4.36)],

. 1 A% 8 4—Ny
Ny = ~

= ~ — 4.47
N1+ 7 913N (47

which implies that the fermion Green’s function has branch cuts rather than quasi-
particle poles. The multicritical point P. is therefore associated with non-Fermi
liquid behavior. From a scaling analysis of the fermionic spectral function [143] we

find that the quasiparticle pole strength vanishes as
Z~ (§=8)F Y = (g—g)v (4.48)

as the critical point is approached from the semi-metallic, non-magnetic phase (g >
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§e)-

4.3.5 Comparison with the -expansion

We now address the question whether the same qualitative behavior can be found
within an €-expansion above the lower critical dimension, D = 2 + €. Although
such an expansion gives analytic control of the criticality of the NLoM [158, 160],
the Padé-Borel extrapolation to € = 1 may be problematic due to a lack of sign

oscillations in the coefficients of the g-expansion of 1/v [161].

An additional problem arrises when the NLoM is coupled to Dirac fermions
since the form of the resulting Landau damping of the Néel order parameter field
explicitly depends on the dimension D, TI(k) = y|k|?~2. At one-loop order the RG
equations for the inverse spin stiffness § = g/(27) and the Landau damping 7 in

D =2+ € are given by

dg _ 1—ye?/a

€% _ A 4.4
ds st 1+7v £ (4.49)
dy 1+ye2/4

— p— 2_ - 4'
dv Y € I+7y & (4.50)

where we have determined the scaling dimension of the order parameter field Ay =

2+ € —g/(1+7) from the renormalization of an auxiliary magnetic field, as before.

Without Landau damping, ¥ = 0, we obtain the Néel quantum critical point
at g, = €. At the critical spin stiffness the linearized RG equation for y is equal
to dy/d¢ = 2(1 — €)Yy, showing that near the lower critical dimension the Landau

damping is a relevant perturbation.

Interestingly, the shell contribution of diagram in Fig. 4.4(a) is equal to zero in
D = 2 due to a vanishing angular integral. As a result, the Yukawa coupling A does

not contribute to the renormalization of ¢ and 7, unlike in D = 3.

For similar reasons, the angular integration over the D = 2 dimensional shell
causes the fermionic self-energy diagram, shown in Fig. 4.4(e), to vanish. The
fermion field does therefore not acquire an anomalous dimension and the scaling

dimension is trivial, Ay = (34 €)/2. From the scaling dimensions Az and Ay we
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obtain the renormaization of the Yukawa coupling,

dA g
—=A1l-——]. 4.51
dv¢ [ I+ y} (51)

At g, = € and y = 0 the RG equation reduces to dA /d¢ = (1 — €)A, demon-
strating that the Yukawa coupling is a relevant perturbation at the Néel quantum
critical point for € < 1. Note that for € = 1 both the the Landau damping 7y and the

Yukawa coupling A become marginal, consistent with our calculation in D = 3.

4.4 Discussion

We have investigated the stability of the Néel quantum critical point of a two-
dimensional quantum antiferromagnet with a Kondo coupling to N flavors of two-
component Dirac fermion fields. For Ny = 4 this would describe Dirac electrons on
the honeycomb lattice with two-fold spin and valley degeneracies.

The resulting long-wavelength field theory is given by a NLoM with a Yukawa
coupling to the Dirac fermion fields. It is crucial to account for the Landau damping
of the Néel order parameter field. From simple scaling arguments, the resulting self-
energy correction to the order-parameter propagator is expected to dominate the IR
physics.

At first glance the field theory seems very similar to the Heisenberg GNY the-
ory, which describes the criticality in a purely itinerant model with strong local re-
pulsions between the Dirac electrons. There are crucial differences, however. While
in the GNY theory the quantum phase transition is tuned by the mass of the order
parameter field, the NLoM only contains gradient terms and the criticality occurs
as a function of the inverse spin-stiffness. It is therefore essential to follow the
scale dependence of the order parameter propagator with both the quadratic gradi-
ent terms and the non-analytic self energy correction arising from Landau damping.
In GNY theories on the other hand, the quadratic gradient terms can be discarded.

Another important difference is that the scaling dimension of the transverse
spin-fluctuation field of the NLoM is fixed by the requirement that the constraint

N? =1 is satisfied on all length scales. As a result, the boson scaling dimension
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cannot be used to enforce scale invariance of the Yukawa coupling, in contrast to
the large- Ny GNY theory.

We have employed momentum-shell RG to analyze the scale dependence of
the inverse spin stiffness g, the Landau damping v and the Yukawa coupling A.
Although y and A are initially linked to each other via the fermionic polarization
diagram, the two parameters flow independently under the RG. At the Néel quan-
tum critical point the scaling dimensions of both ¥ and A vanish and a bifurcation
analysis is required. We have investigated the coupled RG flow of the two pertur-
bations within the critical surface g = f(y,A) which contains the unperturbed Néel
quantum critical point and separates the regions where transverse spin fluctuations
freeze or diverge, respectively.

The flow within the critical surface shows that while the Landau damping y
is weakly irrelevant at the Néel critical point, the Yukawa coupling A is a weakly
relevant perturbation. Interestingly, the interplay between the two parameters cru-
cially depends on the number Ny of Dirac fermion flavors. For Ny > 4, sufficiently
strong Landau damping renders the Néel quantum critical point metastable. This
is evident from an RG flow towards the Néel critical point up to scales larger than
those relevant to experiments. This behavior is most pronounced for the marginal
case Ny = 4, representing Dirac electrons on the honeycomb lattice,

For Ny < 4 the Néel critical point becomes thermodynamically stable over
a region where the Landau damping dominates over the Yukawa coupling. We
have established a new multicritical point on the critical surface which controls the
transition between the Néel-critical and Kondo-runaway regimes. The finite values
of y and A result in distinct critical exponents and an anomalous dimension of the

fermion fields, correponding to non-Fermi-liquid behavior.



Chapter 5

Emergent Dirac Fermions in Kitaev

Quantum Spin Liquids I: Majorana

Mean-Field Theories

We have shown that even though the Dirac fermions have the simplest point-like
Fermi surface, their zero-energy particle-hole fluctuations can significantly alter and
complicate a quantum criticality. Another fold of complexity can be introduced if
the fermions are originated from fractionalisation. Fractionalisation happens when
a quasiparticle breaks into a set of new quasiparticles, each carrying a fraction of
the properties. Unlike the integer quasiparticles, the fractionalised quasiparticle ex-
citations have no elementary correspondence in particle physics. Typical examples
are the fractional quantum Hall effect, where the fermions fractionalise into anyons
carrying a fraction of the electron charges, and the spin-charge separation in one di-
mension, where the electrons break up into spinons that carry only the spin degree of
freedom and holons that only inherit the electron charges. Since the fractionalised
excitations have different physical properties or even follow different statistics, the

quantum criticality can be more exotic once involved.

In the following two chapters, we focus on the phase transitions of the Kitaev
honeycomb model. The model is S = 1/2 exactly solvable with a Z, quantum spin
liquid (QSL) ground state. In the ground state, the spins fractionalise into Majorana

fermions and Z, gauge fields. We will first introduce the exact solvability of the
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pure Kitaev model, and then add additional Ising interaction to it to move the system
away from the exactly solvable point. Different fermionisation methods will then
be used to study the phase transitions at a mean-field level. In doing so, we will
get hints that a topological phase transition in such a model could be described
by a Gross-Neveu-Yukawa type theory, though the Dirac fermions are spinless and

chargeless Majorana fermions.

The original work in this chapter was published in Majorana-fermion mean
field theories of Kitaev quantum spin liquids, S. G. Saheli, J. Lin, H. Hu, F. Kriiger,
Physical Review B 109 (1), 014407.[162].

5.1 Introduction

Quantum Spin Liquids (QSLs) [163, 164, 165] are a novel class of materials in
which geometric and/or exchange frustration suppresses magnetic order down to
absolute zero temperature. Because of the topological character of the ground-state
wave function with a special type of long-range quantum entanglement, QSLs ex-
hibit exotic fractional excitations [166], which are believed to hold great potential
for quantum communication and computation [167]. These concepts were put on
a firm footing in the seminal work by Alexei Kitaev [22] who constructed an ex-
actly solvable QSL model on the honeycomb lattice and demonstrated that the spins
break-up (fractionalize) into a set of Majorana fermions. The emergent fermions
essentially behave as the electrons in graphene with a relativistic Dirac dispersion,

although they do not carry electric charge and are coupled to gauge fields.

Although the bond-directional dependence of the Ising exchange anisotropy
in the Kitaev model might seem artificial, it was later realized that, as a result of
spin-orbital entanglement [168], the Kitaev couplings can play a dominant role in
honeycomb Iridates and Ruthenates, such as NaIrO3 [169, 170, 171, 172, 173],
a-LixIrO3 [171], B-LixIrO5 [174], y-LipIrO3 [175] and a-RuCl; [176, 177, 178].
However, small additional magnetic interactions such as Heisenberg terms drive
these systems into a magnetically ordered state that forms at low temperatures.

Nevertheless, at higher temperatures or in applied magnetic field signatures of the
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nearby Kitaev QSL state are seen [179].

While the theoretical interest in the novel fundamental physics of QSLs is con-
siderable, the experimental identification of QSLs has proven difficult. While the
emergent fermions have manifestations in specific heat and thermal transport prop-
erties [179, 180, 181], rather indirect evidence comes from the lack of magnetic
ordering seen in NMR, (SR and neutron diffraction, as well as from the absence of
sharp quasiparticle excitations in neutron scattering. Unlike in the case of Heisen-
berg spin-1/2 chain systems where the measured intensity variation is quantitatively
understood from the continuum of fractionalized spinon excitations [182, 183], in
the case of two-dimensional QSLs theoretical techniques are yet to be developed to

quantitatively understand finite temperature excitation spectra.

A possible way to distinguish signatures of fractionalization from diffuse scat-
tering originating from disorder or short ranged and lived quasiparticle excitations is
through entanglement witnesses such as quantum Fisher information [184] which
can be directly computed from the dynamic susceptibilities measured in inelastic
neutron scattering experiments [185]. In the case of the idealized Kitaev model it
was demonstrated theoretically [186, 187] that the magnetic structure factor shows
signatures of fractionalized Majorana fermions and fluxes of Z, gauge fields that are
in qualitative agreement with the finite-temperature excitation spectrum of ¢&-RuCls
[177, 178]. More recently, the theoretical approach was extended beyond the inte-
grable point of the pure Kitaev model, using an augmented parton mean-field the-
ory based on the Kitaev Majorana representation [188]. Finally, by combining the
density-matrix renormalization (DMRG) ground state method and a matrix-product
state (MPS) based dynamical algorithm [189] it was demonstrated that the spectra
of the Kitaev-Heisenberg model close to the QSL phase show proximate spin-liquid

features.

Although the physics of the Kitaev model is naturally captured in terms of
Majorana fermions, phase diagrams of the Kitaev-Heisenberg model and extensions
thereof were calculated in terms of complex spin-1/2 fermionic spinons, either on

the level of SU(2) slave fermion mean-field theory [190, 191] or numerically by
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means of pseudo-fermion functional renormalization group [171, 192, 193].

In this chapter we compute zero and finite temperature mean-field phase di-
agrams in terms of fractionalized Majorana fermion degrees of freedom. There
exist different type of representations of the spin-1/2 operators in terms of Majo-
rana fermions which are equivalent for the description of the ground-state prop-
erties of the pure isotropic or anisotropic Kitaev model [194, 195], but not nec-
essarily if finite-temperature excitations are considered or additional interactions
are taken into account. We focus on two representations, the one originally in-

troduced by Kitaev [22] and the two-dimensional Jordan-Wigner transformation

JWT) [196, 197, 194, 198].

In addition to Kitaev and Heisenberg exchange we will consider magnetic ex-
change anisotropy, which as a result of the directional dependence of the Kitaev
coupling induces spatial anisotropy. For the pure Kitaev model anisotropy is known
to result in a topological phase transition [22] from a QSL hosting gapless Majorana

and gapped flux excitations to a gapped Z, one with Abelian excitations [189].

The outline of the chapter is as follows. In Sec. 5.2 we first give an brief
introduction of the pure Kitaev model, and then motivate the Hamiltonian of the
anisotropic § = 1/2 Kitaev-Heisenberg model on the honeycomb lattice. The two-
dimensional JWT and consecutive mean-field decoupling scheme are introduced in
Sec. 5.3, where the underlying string operator is defined such that the fermionized
Hamiltonian remains local in the extreme Ising limit of the Heisenberg exchange
interaction. In Sec. 5.4 we map the spin Hamiltonian to a set of four Majorana
fermions, following the original construction by Kitaev, and enforce the Hilbert
space constraint through a Lagrange multiplier. We discuss the mean-field decou-
pling of the interaction terms in bond and magnetization channels and determine

the Lagrange multiplier as a function of the mean-field parameters.

Our results are presented in Sec. 5.5. We first demonstrate that the two mean-
field theories result in identical phase boundaries for the topological transition be-
tween the gapless and gapped Kitaev QSLs. Interestingly, the anisotropy of the

Kitaev coupling and the Ising exchange cooperate in driving the transition.We then
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determine the antiferromagnetic instability driven by the Ising exchange. This tran-
sition is strongly first order and not correctly described by the JWT mean-field the-
ory. We finally determine the finite-temperature phase diagram and show that the
magnetic phase transition becomes continuous above a certain temperature. At this
temperature scale, the specific heat above the Kitaev QSL shows a peak, indicating
a crossover between a fractionalized paramagnet with frozen Z; flux excitations to a
conventional paramagnetic state at higher temperatures. In Sec. 5.6 we summarize

and discuss our results.

5.2 The Kitaev Model and Beyond

5.2.1 Kitaev Model

The Kitaev model is one of the rare models that are exactly solvable. It describes a
spin-1/2 Hamiltonian on a honeycomb lattice with bond-oriental spin-spin interac-

tions, as shown in fig. 5.1. The Hamiltonian can be simply written as:

Y _ AYAY
A=Y Y K6/6]. (5.1)
Y=X9,2 (i,f)y
On each bond, there’s only an anisotropic interaction between the corresponding
spin component of the nearest neighbour spins. Though it seems artificial at first
glance, its exact solvability and exotic QSL ground state make it a popular model

in the community.

In order to solve the model, one needs to first fermionise the spin Hamiltonian

. . . . . . A ’y e 0n 'y 0
with Majorana fermions by defining the transformation: &;" = if);’1);’, where 1;” and
niy, Y= (x,y,7) are different Majorana fermions on lattice site i. This transforms the

spin Hamiltonian into an interacting theory of four Majorana fermions:

A =Y ni(r)np(r+a)ni(rmi(r+a))

+n5(0)ng(r+ax)m) (1) (r +az)
+n3(r)np(r)ns (r)nj(r), (5.2)
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where A, B are the sublattice indices in a unit cell, and a;,a; are the two lattice
vectors of the honeycomb lattice. Note that a pair of Majorana fermions can be
combined to form a complex fermion, suggesting that our new Hilbert space is ac-
tually twice as large as the original spin space. Therefore a constraint on Tl,-O nl?‘nl-y n;
is needed to project the states onto the ’physical’ Hilbert space.

The Hamiltonian can be further reduced once realising that the bond oper-
ators ug-/, defined as the product of the bond-dependent Majorana fermion oper-

Y

ators u! (r) = in}(r)ni(r+ gy),gy = (aj,a,0), commute with the Hamiltonian,

[ul?'(r),H } = 0. This suggests that the bond operators can be diagonalised simulta-
neously with the Hamiltonian. Another observation is that uz-/z = 1, leading to the
simple eigenvalues 4-1. Due to its property, the bond operator uz/ is also called emer-
gent Z, gauge field. However, as the name suggests, u}’ itself is only a gauge degree
of freedom, not physically observable. On the other hand, the collective behaviour
of the product of six connected bond operators on a hexagon, B, = ujuyuiujusus,
dubbed the plaquette operator, is a physical observable which also commutes with
the Hamiltonian, with eigenvalues 4-1. In analogy to the magnetic flux induced by a
magnetic field, the eigenvalues of the plaquette operators can be viewed as Z, fluxes
on the hexagons, with B;, = 1 corresponding to zero flux, and B, = —1 as 7 flux.
It seems that if we know the flux configuration of the ground state, we can re-
place the bond operators with their eigenvalues in the Hamiltonian and get a single-
particle theory. Fortunately, this is exactly the case. According to Lieb’s theorem,
the ground state on a honeycomb lattice is flux-free. That is to say, B, = 1 for all

plaquettes. One can therefore immediately choose the simplest gauge by setting all

bond operators to have eigenvalues of 1. The left Hamiltonian,

H=Y (nimmgr)+nirng(r+a)+ni(r)ng(r+az)),  (5.3)

should be very familiar to the readers - It resembles the electrons in graphene. In-
deed, the energy dispersion of the Majorana fermions TI,Q is identical to that of the
electrons on a honeycomb lattice, with six Dirac cones sitting on the corners of the

Brillouin zone, as shown in fig.5.1(b). The ground state is thus called a gapless Z;
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quantum spin liquid state. In analogy to Dirac fermions on a honeycomb lattice,
anisotropy in the Kitaev coupling Ky will cause a pair of Dirac points with different
valley indices to move towards each other. At the critical value, the two Dirac points
merge and form a semi-Dirac cone, after which a gap opens in the spectrum, corre-
sponding to a gapped QSL state. Apart from anisotropy, Kitaev has also shown in
[22] that a magnetic field along [111] direction can also open a gap in the dispersion,

and the gapped state has a well-defined first Chern number.

Before we end the section and move away from the exact solvable point, some
discussions on the underlying physics are due. Firstly, the emergence of Z, gauge
fields suggests that QSLs are topologically non-trivial. In fact, the gapless Z, QSL
state is sometimes called a symmetry-protected topological (SPT) state, as the gap-
less nature is protected by inversion and time-reversal symmetry, resembling Dirac
semimetals. additionally, the gapped QSLs belong to the category of symmetry-
enriched topological (SET) states. Readers are referred to [199] for a detailed cat-
egorisation and explanation. Secondly, The Kitaev model is a good example of
fractionalisation, where a spin 1/2 breaks into four spinless, chargeless Majorana
fermions. Three of them correspond to the emergent Z, gauge fields, which are
localised in the zero-flux ground state, while the left Majorana fermion remains
mobile, in resemblance to the complex fermion in graphene. Though fractional-
isation is only a mathematical choice of rewriting the spin operators, we see that
with the appropriate representation, the fractionalised quasiparticles have distinct
dynamics, and therefore can be treated as independent degrees of freedom. Such
fractionalisation can also be reflected through physical observations. For example,
due to the different dynamics of the fractional degrees of freedom, there will be two
different typical energy/temperature scales. A fraction of the total entropy will be
released at each energy/temperature scale, resulting in a two-step thermalisation as
proposed in [200, 201, 202]. However, for observables like the spin-spin correlation,
the translation to the fractionalised quasiparticle language is not so straightforward.
At last, though being a model with anisotropic bond-oriental interactions as “unnat-

ural’ or ’toy’ as one could imagine, the Kitaev model turns out to be realistic. As
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uncovered in the neat work by Kalliulin [168], the Kitaev coupling is dominant in a
family of transition metal oxides with strong spin-orbit coupling. Nowadays, many
of them have suggested that they are in, or very close, to a Kitaev QSL ground state,

although decisive proof remains elusive.

5.2.2 Kitaev-Ising model

Our starting model is the anisotropic S = 1/2 Kitaev-Heisenberg model on the hon-
eycomb lattice in the limit of an extreme Ising anisotropy in the Heisenberg sector.

The Hamiltonian of the model is given by

A=Y Y K6'6+7Y 66", (5.4)
Y=X2(i,j)y (i)

where 67 are the spin-1/2 operators in units of 71/2, §¥ = %67’, satisfying the spin
commutator relations [6, 6? ] =26 jeaﬁ},@iy.

The Kitaev couplings Ky are illustrated in Fig. 5.1(a). Along each of the three
inequivalent nearest neighbor bonds, labelled by ¥ = x,y, z, different spin compo-
nents are coupled, e.g. along the x-bonds the Kitaev coupling is Kxﬁj‘&j‘. In this
work we consider antiferromagnetic Kitaev couplings and allow the coupling be-
tween spin-z components to be stronger than those between the x and y compo-
nents, K, > K, = K, = K > 0. Because of the bond-directional nature of the Kitaev
coupling, this spin-exchange anisotropy is linked to a strong spatial anisotropy.

By symmetry one should also expect spin-exchange anisotropy in the Heisen-
berg interactions. For reasons that we will explain later we focus on the case of very
strong Ising anisotropy, J =J; > 0 and J, = J, = 0.

The zero-temperature phase diagram of the model is controlled by the two
dimensionless parameters
K. — K

K

o= é and 6= (5.5)

For o¢ = 0 the model reduces to an anisotropic Kitaev model which is exactly

solvable in terms of Majorana fermions, either by using the original Kitaev con-
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Figure 5.1: (a) Illustration of the Kitaev model on the honeycomb lattice. The three in-
equivalent nearest neighbor bonds are labelled by ¥ = x,y,z and shown in dif-
ferent colors. Along a bond in the y direction only the spin components S¥
between the neighboring sites are coupled. We allow the Kitaev couplings to
be anisotropic and include an additions Ising exchange between spin-z com-
ponents on all nearest neighbor bonds. The unit cell of the honeycomb lat-
tice, shaded in grey, contains two lattice sites labelled by A and B. (b) The
pure Kitaev model is exactly solvable in terms of Majorana fermions. In the
isotropic limit one band is gapless with Dirac points at the corners K, and
K_ of the hexagonal Brillouin zone (BZ). With increasing anisotropy 0 and
Ising exchange o the Dirac points move along the edges of the BZ and eventu-
ally merge, corresponding to a topological phase transition to a gapped Kitaev
QSL. Sufficiently strong « results in a first-order transition to an antiferromag-
net with fully gapped Majorana fermion spectrum.

struction [22] or a two-dimensional Jordan-Wigner transformation [194]. In both
cases one obtains flat bands, corresponding to local flux excitations, and a gapless
dispersive band with Dirac points at the Fermi level. In the isotropic Kitaev model
(8 = 0) the Dirac points are located at the corners K = 27(£1/(3+/3,1/3) of the
hexagonal Brillouin zone (BZ) [see Fig. 5.1(b)]. Anisotropy in the Kitaev couplings
is known to drive a topological phase transition from a gapless to a gapped QSL
[22]. With Increasing anisotropy &, the Dirac points move along the edges of the
BZ and merge when &, = 1, corresponding to K, /K = 2. At this point the dispersive
Majorana band exhibits a semi-Dirac point at 27(0, 1/3), which is a quadratic band
touching point along the edge but relativistic in the transverse direction. For values

0 > 1 the excitations become gapped. This behavior is very similar to the topologi-
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cal phase transition proposed to occur for electrons moving in strained honeycomb
lattices [203, 204, 205, 55, 153] and observed experimentally in black phosphorus
[206, 207].

We will see that o« = J/K has a similar effect on the Dirac band and cooper-
ates with the anisotropy in driving the topological phase transition. In addition, the
flux excitations become weakly dispersive for o > 0. As one might expect, suffi-
ciently strong « leads to a first-order transition between a Kitaev QSL and an Ising
antiferromagnet with a gapped Majorana fermion spectrum of strongly hybridized

bands.

5.3 Majorana fermions from Jordan-Wigner trans-
formation

The Jordan-Wigner transformation (JWT) is usually used to express one-
dimensional § = 1/2 spin Hamiltonians in terms of spinless fermions with creation
and annihilation operators cffl , cin, where n labels the site along the one-dimensional
lattice. It is natural to identify the no-fermions state |0) with the eigenstate | 1) of
the 6° spin operator and the singly occupied state |1) with | |). However, since
spin operators on different sites commute while fermionic operators anti-commute,
it is not possible to define a local transformation. Instead one needs to include a

semi-infinite string operator

D, =1 -2d.dy). (5.6)

{<n

to match the quantum statistics of spins and fermions and define the one-

dimensional JWT as

6 = 1-2dd,=(d +d,)(d —d,), (5.7)
6 = D,(d +d,), (5.8)

6) = iD,(d —d,). (5.9)
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n— 2 n

A

Dy,

Figure 5.2: Illustration of the snake string operators used in the two-dimensional Jordan-
Wigner transformation (JWT) of the Kitaev-Ising model.

It is easy to check that the string operator is hermitian, D} = D,,, and satisfies D2 = 1,
DuDyy1 =1-2d}dy, and [d}, D] = [dy,D,] = 0.

These properties of the string operator ensure that one-dimensional spin Hamil-
tonians with short-ranged spin interactions remain short ranged after JWT. The gen-
eralization of the JWT to two dimensions is problematic for several reasons. Firstly,
the string operator connecting a given lattice site to infinity is not uniquely defined,
and in principle gauge transformations corresponding to deformations of the string
need to be taken into account [208]. Secondly, nearest neighbor sites in the two di-
mensional lattice are not necessarily nearest neighbors along the string. As a result,
the fermionized Hamiltonian will contain non-local interactions involving segments

of string operators.

The Kitaev model on the honeycomb lattice is an example where the second
problem of non-locality can be circumvented by defining snake string operators
[196, 197, 194] shown in Fig. 5.2. In this case, the x and y bonds, which involve the
string operators, couple nearest neighbors along the string. Using that DD, =

1 - Zd:fd:, we obtain

6165, = (d—d)(d, | +du1), (5.10)
6,6, = (d, —du1)(d]+dy). (5.11)
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Note that the z bonds connect spins that are not nearest neighbors along the snake
string. As a result, any Hamiltonian that involves couplings between the x or y
spin components along the z bonds, e.g. the Kitaev-Heisenberg model, would be
non-local in terms of the Jordan-Wigner fermions. This however is not the case for
the pure Kitaev model or for our model with additional Ising couplings 61?6]? on all
nearest-neighbor bonds.

The resulting Hamiltonian of the Kitaev-Ising model is given by

I:I/K = Z Z (d’j,r - dAAJ)(dNIE,H—a,- +JBJ‘+31’)

T =12
+O‘Z Z <dz7r+d\A7l‘>(dz7r_fiA7r)
T =1,

X (dz,r—‘—ai + dAB7r+al') (d;,r—i—ai - CZ\B7r+ai)

+(1+d+a) Z(dz,r +CiA71’)(dz,r - dAAJ‘)

r

X (d’;r + (jB7r> (d;’r - dAB,I’)? (5 12)

where (a,r) denote the sites of the two-dimensional honeycomb lattice, with r the
unit cell spanned by a; and a; and o = A, B the atom in the unit cell, as illustrated in
Fig. 5.1(a). The dimensionless coupling constants & and & are defined in Eq. (5.5).
The interaction terms, which arise from the 61?6; terms in the spin Hamiltonian, are

of strength J along the x and y bonds and of strength K, +J along the z bonds.

The Hamiltonian is naturally expressed in terms of Majorana fermions,

A

éa(r) = ild}(r) —da(r)],
A5(r) = di(r)+da(r), (5.13)

on sub-lattice A and

A5(r) = ild}(r) —ds(r)], (5.14)

on sub-lattice B. The meaning of the superscript z on the Majorana fermion 1 will
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become clear when we compare with the mean-field theory based on the Kitaev
representation of the spin operators in terms of Majorana fermions. The resulting

Hamiltonian is given by

I:I/K = —lZZCA ép(r+a;)

r =12
+a) Y éa(r)nz(r)es(r+a)f;(r+a;)
r j=1,2
+(148+a) Y éa(r)fi(r)és(r) Az (r). (5.15)

The Majorana operators satisfy é5(r) = éo(r). (AZ(r))" = AZ(r) and the
anti-commutator relations {¢s(r),¢éo(r')} = {A5(r), A%, ()} = 205,66 and

{¢s(r), N5 (r")} =0.

5.3.1 Mean-Field Theory

We perform a self-consistent mean-field decoupling of the interactions in both the
bond and density channels. The former is required to recover the physics of the

Kitaev model. We define the averages

ap = —i(A(r)AZ(')) (5.16)
bey = —i(éa(r)ép(r')), (5.17)

where a| = dy ria, and b | = by y 14, for the x and y bonds and a; = ayr and b; = by
for the z bonds. The local staggered magnetization of the antiferromagnetic state is
given by

m=i(¢s(r)fg(r)). (5.18)

Note that this is indeed the staggered magnetization since the roles of 7 and ¢
are switched between the two sub-lattices. All mean-field parameters, a |, a;, b |,

b, and m, are real since the corresponding operators are hermitian. After Fourier
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transform,
eo(r) = Lz{el’krég(k)wikrég(k)}, (5.19)
2N %
A 1 i A —_ikr »
M) = s L0300+ Mk . (5.20)

where N denotes the number of unit cells and the momenta k are from the hexagonal
Brillouin zone (#.%°) shown in Fig. 5.2(a), the resulting mean-field Hamiltonian in

momentum space is given by

0 —y -M 0
2 e o 0 -M|.
St Ly | K ¥, (5.21)
NK N% M 0 0 -y

0O M 7y 0

—(14+8+a)ab, —20a, b, + (1+8+3a)m>.

Here ¥k = (¢4(k),25(k), N5 (k), A5(k))T and M = (1+ & + 30a)m, for brevity, and

we have defined the complex valued functions

¥k = (1+8+a)a+(1+aa,) <e"“al +e"kaz), (5.22)

k) = (1+8+a)b,+ab, <e"kal+eikaz). (5.23)

The energy eigenvalues of the mean-field Hamiltonian are given by (in units of
the Kitaev coupling K)

%P+
2

2 |2\ 2
:l:\/(l%| 2|’}/Z| ) +|%+},Z‘2M27 (5.24)

ei,(k) = M?
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resulting in the free energy density

fF==Y Y /k In (e-olal/r 4 1) (5.25)
n ==+1

=120
—(14+8+a)ab,—20a, b, +(1+38+3a)m?,

with = T /K the dimensionless temperature and

I
/...: / k. (5.26)
k Vapr oy

for brevity, where V44 denotes the volume of the hexagonal Brillouin zone.

Minimizing the free-energy density f with respect to the mean-field parameters

& efaz,ba,,b) ,m}, de f = 0, we obtain the self-consistency equations

1
a; = —m/kaz(éak)» (5.27)
1
be = —15a L FulE ), (528)
1
4 = —ﬁ/kai(é,k), (5.29)
1
b =~ | Fu 8K, (5.30)
1 1
m = Em/ka(éak)a (5.31)
where we have defined
(6, K
F:(§,k)= ) tanh <|€(§—t)|) O |€n(&,K)|. (5.32)
n=1,2

5.4 Kitaev Majorana Fermions

We will now discuss the mean-field scheme based on the local mapping of the spin-
1/2 operators 62/ (Y =x,y,2) to a set of four Majorana fermion operators ﬁ,-” (U=

0,x,y,z) on each lattice site i, as discussed in the seminal paper by Kitaev [22]. The
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Majorana fermion operators satisfy (ﬁl” )= ﬁl-” and the Clifford algebra
{0 0]} =28;8,y. (5.33)
In terms of the Majorana fermions the spin operators are expressed as

6/ =in’A’. (5.34)

This Majorana representation of spins is over-complete and the physical
Hilbert space is obtained by imposing the local constraint ﬁioﬁfﬁiy N7 =1. Itis
indeed straightforward to check that the constraint ensures that the spin commuta-
tor relations are preserved. Using the properties of the Majorana fermion operators,

Eq. (5.33), it is possible to rewrite the constraint as [209]
NS S0
mn; + 5 CapyNli M = 0, (5.35)

which is quadratic in the Majorana operators. Since the antiferromagnetism will
develop along the z direction in spin space, it is sufficient to use the constraint
APAF + AN = 0. We follow Ref. [209] and impose the constraint through a La-
grange multiplier field A;,

8Hy, = iKY A(AP77 +0fA)). (5.36)

While A; is not expected to enlarge the two-site unit cell of the honeycomb
lattice, it could take different values on the A and B sites within the unit cell. We
found that A4 = Ag = 0 in the gapless and gapped QSL phases and A4 = —Ag # 0 in
the antiferromagnetic phase. From now on we will therefore only include a single
Lagrange multiplier

A=A =—2Ap. (5.37)

In the following we will define ¢; = ﬁ? to aid comparison with the mean-

field theory based on the two-dimensional JWT. Expressing the spin operators in
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Figure 5.3: Using the Kitaev construction, each S = 1/2 spin operator is represented in
terms of a set of four Majorana fermions, subject to a local constraint.

terms of Majorana fermions, using Eq. (5.34), the Hamiltonian contains only quartic

interaction terms,

H/K = Z{éA(r)ég(r+al) s (r) A (r+ap) (5.38)
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5.4.1 Mean-field theory

As for the case of the 2d JWT we will perform a simultaneous mean-field decou-
pling in the bond and site-diagonal magnetic channels. We introduce the bond

mean-field parameters

Al = iRfmal), (5.39)
Bey = i(Ca(r)ép(r')), (5.40)
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Al = A

r,r+a;’

_Ay

r,r+ap’

and define A | = A} A, = Af.}r, B| =By yrta;, B; =Bry

r,r+a

for the relevant nearest neighbor bonds. The staggered magnetization is given by

the expectation values

m = i(2s(r)f;(r)) = —i(ep(r)A3(r)). (5.41)

After mean-field decoupling and Fourier transformation, as defined in Egs.

(5.19,5.20), the mean-field Hamiltonian is

St + 8.5, __Z{

KN
0 -y —M-1) 0
@ Ye 0 0 (M—2) b,
(M—A) 0 0 —y
0 (M—A) Y, 0
0 -y A 0
+d] R - ci:k}
A 0 0 -%
0O A % 0
+ (14864 a)AB,+2A B, + (1 + 8 +3a)m?, (5.42)

where Wi = (e (k), ez(k), 75 (k). A5()) ", @k = (5 (), A (), A} (k), ()"
M=(1+8+3a)m A =A +ad,

¥k = (1+6+a)A,+4, (eikal+e"k32>, (5.43)

rk) = (1+6+a)B,+aB, (eikal+e"ka2>, (5.44)

%(K) = B e® and y,(k) = B ¢’*®. The resulting energy eigenvalues | 2 (K)|
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and £|&3 4(k)| are given by

2 2
oty = FEHEE gy gy (545
12 )2\ 2
j:\/ (PESEEY - -2y,
gak) = BL+AT AR (5.46)

— B2 +A2+2B, Asin (\/;kx> .

Minimizing the free-energy density,

f o= _zi y /kln<e_°|£"(k)|/[+l> (5.47)

n=1o0==xl1
+(14+8+a)A.B.+24 B, + (148 +3a)m?,

with respect to & € {A,,B,,A | ,B|,m}, de f = 0, we obtain the self-consistency

equations
A, = ﬁ/kﬂgz(g,k), (5.48)
B, = ﬁfkﬂz(éj,k), (5.49)
i, = % /k Fz, (£.K), (5.50)
Bu = 5 [Fr (6K, (5.51)
m = %mz(Fm(é,k), (5.52)

where the functions F (€,K) are defined as in Eq. (5.32) but with the sum running
over the four bands n = 1,...,4 given in Egs. (5.45) and (5.46).
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Figure 5.4: The function m = Q(A/B,,t/B)) relating the Lagrange multiplier A to the
staggered magnetization m, the bond mean-field parameter B, and the dimen-

sionless temperature t = T' /K.

5.4.2 Determination of the Lagrange multiplier

The Lagrange multiplier A is closely linked to the staggered magnetization m, which
satisfies the self-consistency equation

m— % y /ktanh (w) mtlen(K)], (5.53)

n=1,2 2t

where M = (14 0 + 3a)m. Note that the bands n = 3,4 do not depend on M. From
0, f = 0 and using that 9, {|€;(K)| + |e2(K)|} = —dm {|€1(K)| + |e2(k)|} we obtain

m = %Z /ktanh<|8"2(tk)|>ax|8n(k)|

n=34

— Q(i L), (5.54)
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where the function € is independent of m and given by the momentum integral

Qx,y) = % Zil[(&x\/l+x2+2kxsin(\/§/2kx>
K=

V122 2kcxsin (vV3/2k,)
2y

X tanh (5.55)

It is straightforward to compute the function Q(x,y) numerically. The resulting
relation between m, A /B, and ¢/B is shown in Fig. 5.4 for positive values of the
staggered magnetization. The domain of negative magnetizations is obtained for
negative Lagrange multipliers, Q(—x,y) = —Q(x,y). This result shows that the La-
grange multiplier is zero in the non-magnetic phases and non-zero if the staggered
magnetization is finite.

In the following, we will minimize the free-energy density f (5.47) at given
temperature ¢ with respect to the mean-field parameters A, B,, A |, B, and m by
solving the corresponding self-consistency integral equations iteratively. At each
step of the iteration we determine the Lagrange multiplier A from the values of B |

and m, using the equation m = Q(A /B, ,t/B ).

5.5 Results

5.5.1 Topological Phase Transition

We start by discussing the zero-temperature topological phase transition between
the gapless and gapped Kitaev QSL states as a function of the anisotropy 0 =
(K, — K)/K of the Kitaev couplings and the relative strength o = J/K of the Ising
coupling.

For oo = 0 the Kitaev model is exactly solvable and the topological phase tran-
sition is known to occur at 0. = 1, as derived in the triangle inequalities in Kitaev’s
original paper [22]. At this point the Dirac points of the dispersive low energy band
merge, forming a semi Dirac point. We expect that the anisotropy induced by the
Ising coupling o has a similar effect. However, sufficiently strong o will induce an

antiferromagnetic state, which we will consider later.



5.5. Results 118

In the absence of magnetization, m = 0, the dispersion of the low-energy band
is simply given by |y (k)|, where 7.(k) = u+v (e™®® + ). The coefficients u
and v are functions of 0, @ and of the mean-field parameters, as defined in Eq. (5.22)
for the JWT and in Eq. (5.43) for the Kitaev representation.

Rather than computing the momentum separation of the Dirac points in the
gapless QSL or the the size of the energy gap on the other side of the transition, it is
more convenient to compute the ratio r = |u/v|. While for r < 2 the band exhibits
gapless Dirac points at zero energy, for r > 2 the Majorana fermion spectrum be-
comes gapped. We can therefore simply determine the topological phase transition

at r. = 2 by using a bi-section method.

Let us first determine the topological phase boundary using the mean-field the-

ory based on the JWT. In this case the parameter r = |u/v| is given by

(1+d+a)la]
1+oa; '

(5.56)

For ¢ = 0 the Kitaev model is exactly solvable in terms of Jordan-Wigner
fermions since the local operator (éj\,r + 6A,r)(€;r —¢gy) = —if)5 (r)A5(r) com-
mutes with the Hamiltonian. Although we don’t require a mean-field treatment in
this case, it is interesting to understand how the correct value of the topological
phase transition, 8, = 1 (K;/K = 2), is recovered within our mean-field theory. In
fact, the mean-field theory becomes trivial for the pure anisotropic Kitaev model
since the local flux excitations are dispersionless, with corresponding bands at en-
ergies £|y;(k)| = £(1 + 0)|b;|. The free energy is independent of the mean-field
parameters a | and b, and at zero temperature, ¢ = 0, we obtain the mean-field

parameters a; and b, from minimizing the energy

1 . :
€(az,b;) /Aff d*k ‘ (14 8)a, + ™1 4 ok

Vaz )z
—(1+98)(|b;|+azb;). (5.57)

From de/db, = 0 we obtain a, = 1 if b, < 0 and a, = —1 if b, > 0, regardless

of the value of the anisotropy 6. Let us focus on the first case. Inserting @, = 1 into
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ke

Figure 5.5: Evaluation of the Majorana fermion mean-field spectra across the topological
phase transition between a gapless and gapped Kitaev QSL, as a function of (a)
the anisotropy K /K in the pure Kitaev model and (b) the Ising coupling J/K
in the case K, = K. Note that the two mean-field schemes give identical results.
At the topological phase transition the Dirac points merge along the edge of the
Brillouin zone, as schematically shown in Fig. 5.1(b).

38/9az = 0 we obtain

! cos(kay) + cos(kay)
ol Ko 1o 5.58
) Vo /%Qf [1+6+ elka; elka2| ) ( )



5.5. Results 120

1211 7
I ® 2d JWT

10’ B Kitaev Majorana |

- gapped ]

0.8+

S
~ < QSL
N P
| 06F <. ]
e
S
0.4 1
gapless
Kitaev QSL
0.2F B
0-07\ il il 1 il il il 1 il il il 1 il il il 1 il il il 1 Il TR Il L
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

J/K

Figure 5.6: Topological phase boundary between a gapless and gapped Kitaev QSL as a
function of the Ising coupling & = J/K and the anisotropy 6 = (K, — K)/K
of the Kitaev couplings. Note that the mean field schemes based on the two-
dimensional JWT and on the Kitaev Majorana representation give identical re-
sults. Potential magnetic instabilities are not considered here.

which is indeed negative. Note that for a, = —1 we obtain the same value for b,
but with a positive sign. This solution is equivalent to the first solution but with a
momentum shift of the entire excitation spectrum. We obtain r = 1+ &, and hence

a topological phase transition at 6. = 1, which is equivalent to K, /K = 2.

The resulting mean-field spectra are shown in Fig. 5.1(a) for different values
of 8. With increasing 9 the Dirac points approach each other along one of the edges
of the hexagonal Brillouin zone, as illustrated in Fig. 5.1(b), and merge at 6, = 1,
forming a semi-Dirac point. For 6 > 1 the spectrum becomes gapped. The other
bands remain gapped and dispersionless across the topological phase transitions and

only slightly change in energy.

As a next step we investigate the effect of the Ising coupling o = J/K on the
isotropic Kitaev model, 6 = 0 (K, = K). From Egs. (5.22) and (5.23) it is clear
that the gapped bands of flux excitations become weakly dispersive and that the
Ising coupling induces anisotropy in the gapless Majorana bands. For ¢ > 0O the

mean-field theory is no longer trivial and the free energy becomes a function of
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the four mean-field parameters a,, b;, a, and b,. As shown in Fig. 5.5(b), the
effect of the Ising coupling on the gapless Dirac band is very similar to that of the
anisotropy in the Kitaev couplings, and the system undergoes a topological phase
transition at o, ~ 1.3. However, we expect that this transition will be pre-empted
by an antiferromagnetic instability. The topological phase boundary as a function
of both, § and « is shown in Fig. 5.6.

We briefly discuss the mean-field theory for the topological phase transition
base on the Kitaev Majorana representation. This treatment involves a larger num-
ber of degrees of freedom with one gapless Dirac band and three gapped bands of
flux excitations. In addition, we have to incorporate a Lagrange multiplier A to
enforce the local constraints on the Majorana fermions. However, as we have seen
in Sec. 5.4.2, A is identical to zero in the non-magnetic QSL states. This leads to
a drastic simplification of the spectrum since for A = 0 the 7, and 7, bands don’t
hybridize and remain flat across the topological transition with degenerate energies
+|%(k)| = £|% (k)| = £B_, even if the Ising coupling « is included. For all values
of the anisotropy 6 and the Ising coupling & the mean-field dispersions +|7. (k)| and
+]7,(Kk)| of the other two Majorana bands are identical to those of the two Majorana
bands in the JWT treatment. It is therefore not surprising that the two mean-field
treatments result in identical phase boundaries for the topological phase transition

between the gapless and gapped Kitaev QSLs, as shown in Fig. 5.6.

5.5.2 Antiferromagnetism

In the previous section we have not included the possibility of the formation of
an antiferromagnetic state with finite staggered magnetization m. For m # 0 the
Lagrange multiplier A in the Kitaev Majorana mean-field theory is no longer zero
and acquires a value of the order of the magnetization (see Fig. 5.4). As a result,
the 1, and 1, Majorana fermions hybridize and form dispersive bands with energies
+&3 4(K) (5.46). This shows that the 1), 1, fermions are not simply spectators as in
the case of the topological phase transition but play a crucial role in the energetics
of the antiferromagnetic transition. Since these degrees of freedom are neglected in

the JWT with fixed string orientation, we expect that the corresponding mean-field
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Figure 5.7: Zero-temperature phase diagram of the anisotropic Kitaev-Ising model as
a function of the relative strength o = J/K of the Ising coupling and the
anisotropy 6 = (K, — K)/K of the Kitaev couplings. While the two mean-field
theories give identical phase boundaries for the topological phase transition be-
tween the gapless and gapped Kitaev QSLs, the treatment based on the JWT
fails to correctly describe the first-order transition to the antiferromagnetically
ordered state.

theory does not correctly describe the magnetic instability.

As shown in Fig. 5.7, there is indeed a significant discrepancy between the
zero-temperature magnetic phase boundaries calculated within the two mean-field
theories. We find that the magnetic phase transition is strongly first order with a
jump in magnetization close to the fully polarized value. This is not surprising. The
antiferromagnetic ordering is driven by an Ising exchange and as a result quantum
fluctuations are frozen out at low temperatures, resulting in a large ordered moment.
Moreover, transverse spin fluctuations are active only along the one-dimensional

zig-zag chains formed by the x and y bonds.

5.5.3 Finite Temperature Phase Diagram

In the previous section we have identified problems with the mean-field theory
based on the JWT for states with finite magnetization. Neglecting the flux exci-
tations of the )* and 7)” Majorana fermions by using a particular gauge choice of

the string operator in the 2d JWT, we also induce pathologies at finite temperatures.
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(a) 2d Jordan-Wigner (b) Kitaev Majorana

Figure 5.8: Illustration of the flux excitations in terms of the (a) 2d JWT and (b) the Kitaev
Majorana representation. Excited bonds are shown as thick lines and plaquettes
with non-zero flux are shaded grey.

In order to illustrate this we focus on the pure isotropic Kitaev model. In this case
we obtain the mean-field dispersions €| (k) = |7.(k)| = |a; + €*® + | for the
dispersive Dirac band and & (k) = |% (k)| = |b,| for the flat band. As discussed
in Sec. 5.5.1, at zero temperature the minimization of the energy density €(a;,b;)
with respect to a, and b, results in two equivalent mean-field solutions, e.g. one
with a negative value of b, and a, = 1. This reproduces the correct excitation spec-
trum of the isotropic Kitaev model with Dirac points at the corners of the hexagonal
Brillouin zone. Let us now investigate the mean-field solution at finite temperature
t = T /K. Minimizing the free energy density f(a;,b;) with respect to b, we obtain

the simple relation

b
a, = —tanh (fi) . (5.59)

While for b, < 0 we recover a, = 1 as t — 0, at any finite temperature a, < 1. This
corresponds to a mean-field dispersion with Dirac points displaced along the edges
of the Brillouin zone, in the same way as for an anisotropic Kitaev model with
K, < K. This is clearly unphysical and caused by an artificial symmetry breaking

due to the fixed orientation of the string operator.

The different finite-temperature response of the JWT and Kitaev-Majorana
mean-field treatments can also be understood in terms of thermal excitations of
the gapped flux excitations. As pointed out by Kitaev [22], expressing the spin-1/2

operators as 62/ = iﬁ?ﬁiy (Y = x,y,2), the Z, flux through a hexagon is given by

14
(i.j
plaquette. The bond operators square up to the identity operator and hence have

the product Wp of the nearest-neighbor bond operators A \y = iﬁiyﬁ}/ around the
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eigenvalues plus or minus one. The plaquette carries a flux if an odd number of
bonds around it are excited (W, = —1). In the case of the pure (anisotropic) Ki-
taev model, the bond operators are local and Wp commutes with the Hamiltonian.
As a result, the Hamiltonian can be diagonalised for each flux configuration and
the ground state corresponds to the zero flux sector, resulting in a non-interacting

Hamiltonian for the dispersive f)° Majorana fermion.

Both the 2d JWT and the Kitaev Majorana approaches correctly describe the
zero flux sector and hence the ground-state properties of the anisotropic Kitaev
model. At first glance, it might seem that the two approaches enumerate flux ex-
citations differently since the JWT only includes bond excitations on the z links.
However, the choice of the string operator in the JWT is a gauge degree of freedom
and the Kitaev Majorana fermions are subject to local constraints. In the end, both
mappings are exact and therefore equivalent. The problems arise when the finite-
temperature mean-field average over bond operators is taken for a fixed orientation
of the string. In Fig. 5.8 the bond excitations and resulting fluxes are sketched for

the two approaches.

It is also worth mentioning that for the particular Kitaev-Ising model only the
bond excitations on the z links acquire dynamics, resulting in the same mean-field
dispersion of the f); Majorana fermion as in the mean-field treatment based on the
JWT. This is the reason why both approaches result in the same zero-temperature
phase boundary for the topological phase transition between the gapless and gapped
QSL states. Note that this is a special feature of the Ising exchange J. For a Heisen-

berg coupling the f), and 7}, fermions acquire dynamics as well.

Because of the problems with the finite temperature mean-field theory based on
the two-dimensional JWT, we will use the Kitaev Majorana fermion representation
to determine finite temperature phase diagrams, following the procedure outlined
in Sec. 5.4. In Fig. 5.8 a representative phase diagram is shown as a function of
the Ising coupling o = J/K and the dimensionless temperature t = 7' /K for a fixed
values 0 = 0.2 of the anisotropy of the Kitaev couplings. For this value of § we find

a zero-temperature phase transition from a gapless Kitaev QSL to an antiferromag-
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Figure 5.9: Finite-temperature mean-field phase diagram of the anisotropic Kitaev-Ising
model as a function of the relative strength of the Ising coupling & = J/K and
the dimensionless temperature r = 7' /K for a value of 6 = 0.2 of the anisotropy
of the Kitaev couplings.

netic state at & ~ 0.2. This transition is strongly first order. At small temperatures
the antiferromagnetic transition remains first order and is very steep. As one might

expect, the magnetic transition becomes continuous above a certain temperature.

Let us now investigate the finite-temperature behavior in the regime of small
values of J/K where the zero-temperature ground state is a gapless Kitaev QSL.
An important energy scale is the gap A of the flux excitations which is equal to
A/K = 0.26 for the isotropic Kitaev model [22]. While for 7' < A the typical sep-
aration between fluxes is exponentially large and the thermal average of the flux
operator (Wp> close to +1, at temperatures T > A, the flux excitations proliferate
with high probability on all plaquettes, resulting in <Wp> = 0 of the flux operator.
One might therefore expect a finite-temperature confinement transition from a QSL
with deconfined Majorana fermions to a paramagnet where the Majorana fermions
are confined via the flux excitations of the emergent Z, gauge field [165]. However,
it is known that in two dimensions gauge theories are confining at any non-zero
temperature. Hence the Kitaev QSL exists only at zero temperature and even an

exponentially small density of thermally excited fluxes is sufficient to destroy the
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QSL state. Nevertheless, interesting finite temperature crossovers are seen in quan-
tum Monte Carlo simulations of the two-dimensional Kitaev model, using Majorana

fermion representations [200, 201, 210].

In order to identify finite-temperature crossovers, we compute the specific heat

per unit cell,
tazf
ot?’

where f(f) denotes the mean-field free energy density f = F/(NK) (5.47) as a

C= (5.60)

function of the dimensionless temperature t = 7 /K. In Fig. 5.10 the temperature
evolution of the specific heat is shown for systems with an anisotropy 6 = 0.2 of
the Kitaev couplings and increasing values o = J/K of the Ising coupling, up to
the value ov = 0.2, which is slightly below the critical value of the t = 0 first-order
transition between the Kitaev QSL and the Ising antiferromagnet. Unlike in previ-
ous work using quantum Monte Carlo simulations of finite systems [200, 201, 210],
where two separate specific-heat peaks are found, our mean-field results only show
a single peak at a temperature 7" =~ A, where A is the energy gap of flux excitations.
Note that for the pure Kitaev model (o = 0) the anisotropy 6 = 0.2 gives rise to a
small splitting of the flux gaps, A,/K =~ 0.29 and A | /K = 0.24, resulting in a slight
broadening of the crossover peak in the specific heat. With increasing Ising cou-
pling « the splitting further increases up to values A;/K ~ 0.32 and A | /K =~ 0.22
for ¢ = 0.2. Note that o also gives dynamics to the bond excitations along the z
links, adding to the broadening of the crossover. At high temperatures, 7 > A, we
recover a conventional paramagnet, and the Curie-Weiss dependence C ~ 1/T is
clearly observed above temperatures of the order of the bandwidth of the Majorana
fermions. At temperature 7 < A flux excitations are exponentially suppressed and
signatures of fractionalization become visible. The crossover to a fractionalized
paramagnet at low temperatures is indicated by a color gradient in the phase dia-
gram, Fig. 5.9. The energy scale of the crossover coincides with the point at which

the magnetic phase transition becomes continuous.

The inset of Fig. 5.10 shows the specific heat contribution from the gapless

Majorana fermion band at lowest temperatures. As expected, we observe the Cy ~
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Figure 5.10: Specific heat C per unit cell as a function of the dimensionless temperature
T /K, for an anisotropy 8 = 0.2 of the Kitaev couplings and different values
of a = J/K, corresponding to a gapless Kitaev QSL ground state. The peak
is located at the energy scale of the gapped flux excitations and indicates a
crossover from a fractionalized paramagnet with frozen flux excitations to
a conventional paramagnet at high temperatures. In the latter the expected
Curie dependence C ~ 1/T is observed. The inset shows the low-temperature
specific heat contribution Cy of the gapless Majorana fermion band, showing
the 72 dependence expected for Dirac fermions in d = 2.

T? dependence expected for Dirac fermions in two spatial dimensions.

5.6 Discussion and Conclusion

In this chapter we have determined zero- and finite-temperature phase diagrams
of the anisotropic, antiferromagnetic Kitaev-Heisenberg model on the honeycomb
lattice, using parton mean-field theories based on two different Majorana fermion
representations of the S = 1/2 spin operators: the one used by Kitaev [22] and a
two-dimensional Jordan-Wigner transformation (JWT) [196, 197, 194, 198]. Both
mappings have been used to obtain the exact solution of the anisotropic Kitaev
model [22, 197].

In order to ensure that the Hamiltonian remains local after JWT, we studied a
particular limit of the model, keeping the anisotropy in the Kitaev couplings finite

while taking the extreme limit of an infinitely strong Ising anisotropy in the Heisen-
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berg sector. For this model, it is possible to use the same snake-string operators in
the JWT as for the pure anisotropic Kitaev model [196, 197, 194, 198], resulting
in two Majorana modes. For sufficiently weak anisotropy and Ising coupling the
low-energy band is gapless with Dirac points on the edges of the hexagonal Bril-
louin zone. The other band of gapped flux excitations is flat for the anisotropic
Kitaev model but becomes weakly dispersive in the presence of the additional Ising

coupling.

On the other hand, following Kitaev’s approach [22], the spin-1/2 operators
are mapped to a set of four Majorana fermions with three modes corresponding to
gapped flux excitations. The Majorana fermion operators are subject to local con-
straints which we reformulated in a quadratic form and enforced through a Lagrange
multiplier, following a previous study [209] of the magnetic field dependence of the

pure Kitaev model.

Perhaps surprisingly, the two mean-field theories result in identical zero-
temperature phase boundaries for the topological phase transition between the gap-
less and gapped Kitaev QSL states. The reason is that for an Ising exchange
o = J/K only the bond excitations along the z links, which are accounted for in
both approaches, acquire dynamics. The two additional gapped modes in the Ki-
taev mean-field theory remain flat across the transition and don’t contribute to the
physics. The mean-field dispersion of the remaining two bands is identical to the
mean-field spectrum based on the JWT. The mean-field treatments give the correct
value K, /K = 2 for the topological phase transition of the anisotropic Kitaev model.
The Ising coupling J/K is an additional source of anisotropy and cooperates with

the anisotropy in the Kitaev couplings in driving the topological phase transition.

We demonstrated that all three bands of flux excitations play a crucial role for
the antiferromagnetic instability and the finite-temperature behavior. The mean-
field theory based on the two-dimensional JWT therefore fails to correctly describe
the finite temperature phase diagrams. Even for an isotropic Kitaev model we found
an anisotropic response at finite temperatures. We believe that this unphysical be-

havior is not an intrinsic problem of the two-dimensional JWT since the choice
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of the string operator is a gauge degree of freedom. However, taking a finite-
temperature mean-field average over the bond operators leads to artificial anisotropy
that depends upon the choice of the string. Recent progress has been made in for-
mulating a JWT in two and three dimensions that keeps locality and all relevant
symmetries manifest [211, 208]. This is achieved through operators that create local
deformations of the JW string operator. A mean-field theory based on such a gauge
invariant formulation of the JWT would not suffer from artificial symmetry break-
ing. Given the increased complexity it remains unclear, however, if this approach if

useful for practical calculations when dealing with realistic spin Hamiltonians.

We instead used the parton mean-field theory formulated in terms of the Kitaev
Majorana fermions to obtain the finite-temperature phase diagram of the anisotropic
Kitaev-Ising model. As expected, sufficiently strong Ising exchange results in a
first-order transition from the gapless and gapped QSLs to an antiferromagnetic
phase with fully gapped Majorana fermion spectrum. Unfortunately, we are not
aware of numerical results in the literature for the magnetic instability of the antifer-
romagnetic Kitaev-Ising model. The critical mean-field value (J/K). = 0.2 for the
first-order transition between the Kitaev QSL and the Ising antiferromagnet is con-
siderably larger than the value (J/K). ~ 0.035 for the isotropic Kitaev-Heisenberg

model, computed with tensor-network algorithms [212].

Although the QSL states only exist at zero temperature, the magnetic phase
transition remains first order at low temperatures and becomes continuous above
a certain temperature. While we believe that this behavior is generic and similar
to other QSL systems, the first-order behavior is particularly strong for the present
model. This is due to the extreme Ising anisotropy and the one-dimensionality of

transverse spin fluctuations in the magnetically ordered phase.

At the temperature where the magnetic phase transition becomes second order
we also observe a crossover on the QSL side from a fractionalised paramagnet at
low temperatures with exponentially suppressed flux excitations to a conventional
paramagnet at high temperatures. As expected, the crossover temperature scale,

which we identify through a peak in the specific heat, is set by the energy gap A of
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flux excitations, which is equal to A/K == 0.26 for the isotropic Kitaev model [22]
and slightly split into A, and A | by small anisotropy and the Ising exchange. This

splitting leads to a broadening of the crossover.

Interestingly, quantum Monte-Carlo (QMC) simulations of (anisotropic) Ki-
taev models show a two step thermalization of the QSL state, identified by two
clearly separated specific heat peaks at temperatures 77 and Ty [200, 201, 210].
This is in contrast with the single crossover we found within our mean-field treat-
ment. For the isotropic Kitaev model the peaks are found at 77 /K ~ 0.012 and
Ty /K =~ 0.37 [210]. Neither of the crossover temperatures is close to the flux gap
A/K == 0.26 [22] of the isotropic Kitaev model. The authors identify the lower tem-
perature peak at 77 with the flux gap and attribute 7y to a feature in the density of
states of the itinerant Majorana fermions. However, at 7Ty the entropy per spin drops
from In2 to %an and the thermal average (Wp> of the plaquette operator becomes
non-zero, suggesting that flux excitations start to freeze out at the temperature 7.
The reason why we don’t see a crossover at the much lower temperature 77 is likely
because at mean-field level the local constraints on the Majorana fermions are only
treated on average and the interaction vertex is not properly taken into account.
Such correlation effects could give rise to the formation of a bound state at this new
energy scale. The inclusion of diagrammatic corrections beyond mean-field could

potentially provide an analytical confirmation of the QMC result.

The main purpose of our work was to compare different Majorana fermion
mean-field theories for Kitaev QSLs. In order to ensure locality of the Hamiltonian
after JWT we focused on a very specific, fine tuned spin model. A similar Kitaev-
Ising model, but with ferromagnetic exchange couplings, was studied in Ref. [202]
for the same reasons, e.g. to ensure locality after a two-dimensional JWT. Interest-
ingly, in the regime of strong anisotropy of the Kitaev couplings this model exhibits
a spin-nematic phase in between the gapped Kitaev QSL and the ferromagnetic

phase.

It is important to stress that the parton mean-field theory based on the Ki-

taev mapping to a set of four Majorana fermions, subject to constraints enforced
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by Lagrange multipliers, is applicable to a much wider class of extended Kitaev-
Heisenberg models [188, 189, 190, 191, 192, 193, 213, 214, 215, 216, 217], includ-
ing those relevant to real materials [169, 170, 171, 172, 173, 171, 174, 175, 176,
177, 178].



Chapter 6

Emergent Dirac Fermions in Kitaev
Quantum Spin Liquids II:

Renormalisation Group Analysis

The mean-field theory of the Kitaev-Ising model tells us that the topological phase
transition between the gapless and gapped Z, spin liquids can also be induced in
presence of other magnetic interactions. The phase transition is analogous to the
semimetal-insulator transition of Dirac fermions in graphene, only now we have
Majorana fermions instead of complex fermions. The additional magnetic inter-
action moves the system away from the exactly solvable point, thus acting like an
interaction term on top of the free theory of Dirac fermions. This suggests that
the underlying IR theory of such a phase transition could be described by a GNY-
like theory! Bearing this in mind, we now derive the long-wavelength theory of
the topological phase transition based on the mean-field dispersion in last chapter,
and investigate the topological phase transition as a fermion-induced criticality of

Majorana fermions.

The original work in this chapter was published in Nature of Topological Phase
Transition of Kitaev Quantum Spin Liquids, H. Hu, F. Kriiger, Physical Review
Letters 133 (1), 146603.[218].
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6.1 Introduction

The spin-1/2 honeycomb Kitaev model [22] [Fig. 6.1(a)] has been at the forefront
of research into quantum spin liquids (QSLs) [163, 164, 165] since it is exactly
solvable after fractionalizing the spin operators into a set of Majorana fermions
[22, 194, 195]. Some of these correspond to local bond excitations which are linked
to Z; fluxes through the plaquettes of the honeycomb lattice. Since the fluxes are
conserved, the Kitaev model can be diagonalized for each flux configuration, result-
ing in a non-interacting Hamiltonian for the remaining Majorana fermion species.
In the ground state, zero-flux sector, this results in a Dirac dispersion identical to

that of electrons in graphene.

Anisotropy of the Kitaev couplings can drive a topological phase transition
from a gapless to a gapped Z, Kitaev QSL [22]. In the regime of large anisotropy,
the latter can be mapped to the toric code model which exhibits anyonic excita-
tions and plays an important role in the context of quantum computation and quan-
tum error correction [219]. Approaching the topological phase transition from the
gapless QSL side, the Dirac points of the gapless Majorana bands move along the
edge of the Brillouin zone [Fig. 6.1(b)] and eventually merge, forming a semi-Dirac
point with a quadratic and a linear band touching direction. For larger anisotropies
the spectrum becomes gapped. This behavior is very similar to the topological
phase transition proposed to occur for electrons in strained honeycomb lattices

[203, 204, 205] and was observed experimentally in black phosphorus [206, 207].

At first glance, the bond-directional exchange of the Kitaev model seems ar-
tificial, but it was realized that because of strong spin-orbital mixing [168, 220],
the Kitaev model can be approximately realized in layered honeycomb iridates
[169, 170, 171, 172, 173, 175, 174] and the halide a-RuCls [176, 177, 178]. Al-
though in these materials the additional magnetic interactions are still slightly too
large, leading to magnetic ordering at low temperatures, the experimental realiza-

tion of a Kitaev QSL is certainly within reach.

In the presence of additional magnetic interactions, such as Heisenberg or

Gamma couplings [164, 188], the model is no longer exactly solvable since the flux
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plaquette operators do not commute with the full Hamiltonian and the gapped Ma-
jorana modes, which correspond to flux excitations, acquire dynamics. While the
selection of magnetically ordered states crucially depends on the nature of the ad-
ditional couplings, the topological phase transition between the gapless and gapped
Kitaev QSLs is expected to be universal.

In this chapter we analyze the nature of the topological quantum phase
transition away from the exactly solvable point. To achieve this we perform a
renormalization-group (RG) analysis of the effective Gross-Neveu-Yukawa (GNY)
quantum field theory that describes the coupling of the dynamical Ising order pa-

rameter field to the gapless Majorana fermion semi-Dirac modes.

6.2 From Microscopic Model to Effective Field The-

ory

Instead of starting with the generic form of the effective field theory, we explicitly
derive it for a specific microscopic model. Our starting point is the Kitaev model
with couplings Ky > 0 along nearest-neighbour bonds (i, j)y (Y = x,,2), perturbed

by an antiferromagnetic nearest-neighbor Ising exchange J > 0 [202, 162],

H =Y Y K6l6I+TY 6765 (6.1)
V=XV (i, f)y (i)

Here the operators 62/ denote spin-1/2 operators in units of /1/2, satisfying the spin-
commutation algebra [67, 615 | =26;€, ﬁyéiy. In order to drive a topological phase
transition, we allow for anisotropy K, > K; = K, = K. For J = 0, the topological
phase transition is known to occur at K, /K = 2 [22].

We map this Kitaev-Ising model to a Hamiltonian in terms of spinless
fermions, using a two-dimensional Jordan-Wigner transformation (JWT) with a
string operator along the one-dimensional contour shown in Fig. 6.1(c). The
mapping, which was used as an alternative way to obtain the exact solution of
the pure Kitaev model [194], is defined as 6% = 1 —2¢&1¢, = (¢} + ¢,) (¢ — ¢,),

6 = D, (¢! +¢,) and 6;, = iD,(¢] — ¢,). Here n labels the position along the
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Figure 6.1: (a) [llustration of the bond-directional Ising exchanges Kyéiyc?}/ along the bonds

Y = x,y,z of the honeycomb Kitaev model. The unit cell contains two lattice

sites (A,B) and is spanned by the lattice vectors a;, = (i@, %) (b) As a

function of anisotropy (K, — K)/K the Dirac points of the gapless Majorana
bands move along the edge of the Brillouin zone and merge at the topological
phase transition between the gapless and gapped QSL states. (c) Snake string
operator used for the two-dimensional Jordan-Wigner transformation.

string and the string operator D, = [Ty, (1 — 26};65) is required to match the spin
commutation and fermion anti-commutation relations. The x and y bonds on the
honeycomb lattice are nearest-neighbour bonds along the string. Although the cou-
pling terms along these bonds involve spin components 6* and 67, the property
ﬁnﬁ,hq =1- Zéj;én ensures that the fermionized Hamiltonian remains local in the
sense that no terms beyond nearest-neighbor coupling arise. The z bonds connect
spins that are not nearest neighbors along the snake string. As a result, any Hamil-
tonian that involves couplings between the x or y spin components along the z bonds

would become non-local. This however is not the case for the Kitaev Ising model
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(6.1).
In terms of Majorana fermions i (r) = i[e}(r) — éa(r)], Aa(r) = &, (r) +

éa(r), Pp(r) = cB( r)+¢ép(r) and fip(r) = i[}g(r) — ¢p(r)] the Hamiltonian is

H = —iKY Y Ya(r)yp(r+a)

r =12

+er: 21:2 P (r)Pp(r+a;)] [ifla(r)fp(r+a;)]

+(K: +J) ) [i9a () W(r)] [if1a (r) A5 (x)], (6.2)

where { W (r), Yo (') } = {1 (1), fjow (') } = 28,0 By v and { W (r), A (') } = 0.

Even for the pure Kitaev model, J = 0, this seems to be an interacting problem.
However, in this case the ) Majorana fermions only live on isolated z bonds and the
bond operators B, (r) = ifja(r)Ap(r), which have eigenvalues +1, commute with
the Hamiltonian, [B,(r), 7] = 0. In the absence of flux excitations, we can replace
all operators B, (r) with the negative eigenvalue. This results in a non-interacting
Hamiltonian for the {y Majorana fermions with energy dispersion &y + (k) = £|K, +
K (™ 4 ¢®2)| For K, /K < 2 we obtain gapless excitations with a pair of Dirac
points. These merge at K,/K = 2 into a semi-Dirac point at K; = (0, 27”) For

K. /K > 2 the spectrum is gapped.

For non-zero J the f) Majorana fermions acquire dynamics and [B,(r), ] #0.
In this case, the model is no longer exactly solvable. An approximate phase diagram
of the Kitaev-Ising model can be obtained using mean-field theory [162], where
the bond expectation values Ay = (if(r)Pp(r+ 8y)) and By = (ifja(r)fp(r +
8,)) (6x =aj, 8, =ay, 6, =0), as well as the staggered magnetization m =
(iPa(r)fa(r)) = —(iPp(r)fp(r)) are determined self-consistently. This results in
the phase diagram shown in Fig. 6.2.

As expected, a relatively small Ising exchange J leads to a first-order transition
to an antiferromagnetic state. Importantly, a continuous topological phase transition
between a gapless and a gapped Kitaev QSL still occurs for sufficiently small J.
The insets of Fig. 6.2 show the evolution of the mean-field dispersion across this

transition. While the gapless { Majorana modes behave in the same way as for the
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Figure 6.2: Mean-field phase diagram as a function of the anisotropy (K; — K)/K and the
Ising exchange J/K. The evolution of the Majorana fermion spectrum across

the topological phase transition between the gapless and gapped quantum spin
liquid phases is shown in the insets.

pure anisotropic Kitaev model, a key difference is that the gapped f) modes become

dispersive.

In order to understand the nature of the topological quantum phase transition,
it is essential to include fluctuations beyond mean-field theory, arising from the

interaction vertex. We recast the problem using a Grassmann path integral with
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action
| —iky —i& o[ —iko —iAf
S = / v v+ / n; up
k i  —iko k i —iko
+X &Y [ valr.vs(r+ 8,.7)
Y r
X [ina(r, T)np(r+6y,7)], (6.3)
where 7 denotes imaginary time, k the two-dimensional momentum, kg frequency,

and k = (ko,k). The complex functions & = ZyayeikSY and A = Zybyeiksy are

linked to the mean-field dispersions, €y + (k) = £|&x| and &, + (k) = £|Ax

, respec-
tively. We have written the interactions as gy, for brevity. Because of symmetry
8x = &y, ax = ay and by = by. Note that b, /b, , > 2 since the 1] Majorana fermion

bands are gapped.

As the next step, we integrate out the gapped Majorana modes 1), which results

in an effective interaction for the gapless ¥ Majorana fermions,

Sine = Z Pgﬁ ;L[iWA(r—5a+5Ya T)Yp(r+08y,7)]

afy
X [iII/A(rv T)V/B(r'i_aﬁvf)]a (6.4)
1 e*iq(5a+8ﬁ78y785)
v - bob / 6.5
Paﬁ 2;8058/3 yDe ; (Cl(z)—f-‘)tq‘z)z ) (6.5)

with o # ¥ and B # 7. The different types of interactions pg p are visualized in
Fig. 6.3 and correspond to the coupling of bond operators A, and A p linked through
a Y bond.

It is important to stress that for J/ = 0 we obtain g, = g, =0 and b, = b, =0
since interactions are restricted to the z bonds and the 1 bands are dispersionless.
In this case all interactions pg p are equal to zero and we obtain a theory of non-

interaction Y Majorana fermions.

As the final step, we perform a Hubbard-Stratonovich decoupling of the in-
teractions. For reasons that will become clear later, we only need to work out

the coupling between the dynamical order-parameter field and the semi-Dirac
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Figure 6.3: Illustration of the interaction terms between the bond-operators A; ;= 1y of
the gapless Majorana modes {, obtained after integrating the gapped modes 7).

Majorana fermions. The form of the coupling can be obtained more easily
from a mean-field decoupling with @, (r) = (iYia(r)¥p(r + 8y)). This results in
Yoy Qy(r)[iPa (r) Yp(r + 8)], where the fields Qy(r) are certain combinations of
¢y(r), e.g. Q:(r) = 2(p% + ) 0:(r) 4+ 2Pz (r) + 205, 9y (r). After Fourier trans-
form and expansion around the semi-Dirac point K; = (0, %”) we obtain the Yukawa

coupling term of the low energy field theory,

srlo.w¥l = L | 0w o, wk+a) ©6)

where 0 denotes a Pauli matrix in sublattice space and the Ising fluctuation field
is given by \/iﬁq)(q) = Q.(q) — Qx(q) —Q,(q). Note that we generalized to N
flavours of semi-Dirac fermions and scaled the coupling accordingly. Expanding

the quadratic part Sy, W] of the action (6.3) around K we obtain

S0l ¥l = [ Wi [~iko +hkuo,t (kG +) 0] . ©67)
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V3a

where k;, = 3ak, and kg = Y5°q. (a = ax = ay) are the rescaled momenta along the
linear and quadratic directions, respectively and A = a, — 2a is the tuning parameter
of the topological phase transition, where A = 0 at the critical point. As one might
have anticipated, the dynamical bosonic fluctuation field ¢ (g) in Sy (6.6) couples in
the same way as the static tuning parameter A in Sy (6.7). The bosonic action S[¢]
that is generated under perturbative RG is of the conventional Ginzburg-Landau
form. However, this neglects the non-analytic bosonic self-energy correction I1(g)
due to the Landau damping of the order parameter fluctuations by gapless fermionic
particle-hole fluctuations. Since I1(¢) dominates over the regular terms in the IR, it

is crucial to use the quadratic bosonic action

S0l9] = [ 901Gy (1o (k) (©8)

with G;l(q) = II(g) as starting point for subsequent perturbative RG calcula-
tion [221]. Using the correct infrared (IR) scaling form of the propagator, the
fluctuation corrections under RG are independent of the choice of the ultravio-
let (UV) cut-off scheme and therefore universal [222]. The bosonic self energy
(q) = g*/N [, Tt [Gy(k)6yGy(k+q)0y] is obtained by calculating the fermion
polarization bubble digram [Fig. 6.4(a)] over the full range of frequencies and mo-
menta where the non-analyticity arrises from the IR contribution (k — 0). Un-
fortunately, for the case of semi-Dirac fermions this integral cannot be computed

analytically. Following the procedure in Ref. [222], we obtain

2 2 2
8 qy+41,
11 = — F 6.9

where the function F () for u € [0,c0) is defined through the integral

F(u) = /Oldt/:odp

{(p+1)4+p2(p+ 124 (1—1)u _2]
(p+ )% +p*(1—1)+t(1+1t)u '

(6.10)

The field theory So[¥, W]+ So[¢] + Sy (¢, Y, w] for the topological phase tran-
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(@) (b) (c)

i

Figure 6.4: (a) Fermionic polarization bubble diagram that gives rise to the non-analytic IR
propagator of the bosonic fluctuation field. Panels (b) and (c) show the diagram
that contribute to the perturbative renormalization of the free-fermion action
and the Yukawa coupling, respectively.

sition between the gapless and gapped Kitaev QSL states is very similar to the GNY
theory that describes the quantum criticality of semi-Dirac fermions in 2+1 dimen-
sions due to spontaneous symmetry breaking [222, 223, 224, 225, 159]. A key
difference, however, is that for the symmetry-breaking transitions the Yukawa cou-
pling is through the &, channel, which upon condensation of the order parameter
results in the opening of a conventional mass gap in the fermion spectrum. The
different form of the Yukawa coupling (6.6) through & changes the form of the
IR propagator G (q) and of perturbative RG diagrams, resulting in distinct critical

behavior.

6.3 Renormalisation Group Analysis

To set up the RG calculation, we consider shells in frequency-momentum space,
g2 = k(z) + k% + k‘é with cut-off € < A and integrate out modes from the infinitesimal
shell Ae—¢ < &g < A, followed by a rescaling kg — koe %, k; — ke~ and ko —
koe % to the old cut-off. Note that at tree-level zp = 1/2. We further rescale the
fields as y — l,l/e_(A‘/’/z)de and ¢ — ¢>e*<A¢/2W.

The fermionic self-energy correction E(k)d¢ = —g>/N | q> Gy(q)0,Gy(k+
q)0y, which corresponds to the diagram in Fig. 6.4(b), is of the same form as the

original kernel in So[y, Y/,
E(k)dl = [Lo(—ikoOo +kp6x) + (Zoky + Eal) 0,y d, (6.11)

where the coefficients are evaluated in terms of generalized spherical coordi-

nates ko = £sin 6 cos @, k;, = €sin O sin ¢ and ké =gcosO (0 €[0,7/2], ¢ €]0,2m],
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—1

20 YA Ny My
T_ 00387 | _02912 01093 06093
2N N N N

Table 6.1: Critical exponents for the topological phase transition between the gapless and
gapped Kitaev QSL phases in (2+1) dimensions, calculated to one-loop order.

¢ € [Ae™ A]) with Jacobian determinant J(&,0,¢) = 83/ 25in@/+/cos O. The re-
maining integrals over u = tan” @ are computed numerically. The detailed calcula-

tion can be found in appendix A, here we only list the results:

_0.1511

T = 6.12
0 2N/ " 2F( )TN (6.12)

W —12u+3 0.0163
Yy = 6.13
Q 2N/ “Ur1)3Fw) T N (6.13)
u—1 0.4312

Th = NS 6.14
A 2N/ “u+ D)2F (u) N (©6.14)

From the diagram shown in Fig. 6.4(c) be obtain the correction Q0 ,d{ =
(g2/N) fq> Gy(q)6,Gy(q)06,Gy(q)0, to the Yukawa coupling matrix, where the
shell integral gives Q = X\.

From the perturbative RG corrections we can extract critical exponents. De-
manding that the fermion propagator at the transition (A = 0) remains scale in-
variant, we obtain the scaling exponent zp = %4— %ZQ — %Zo of the quadratic
momentum direction kg relative to the linear directions ko and k;, and the scal-
ing dimension Ay = —% + %ZO — %ZQ = —% + Ny of the Majorana fermion field,
where 7y denotes the anomalous dimension. The correlation length exponent
v of the topological phase transition is defined through the RG equation for A,
A= (1-2p+Xp\)A= VA’IA. Finally, imposing that the Yukawa coupling g re-
mains scale invariant, we obtain the scaling dimension of the bosonic fluctuation
field, Ay = =3+ 1y with Ny =2Q — X5 —Xp.

The resulting numerical values of the critical exponents are summarized in Ta-
ble 6.1. For completeness, let us also investigate the relevance of the ¢* vertex at
the topological phase transition. At tree-level, the scaling dimension of the coeffi-

cient is equal to [A] = —3(2+4zp) —2Ay = —3/2, demonstrating that the vertex is
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strongly irrelevant and hence can be neglected.

6.4 Discussion and Conclusion

To summarize, we have derived the effective field theory for the topological quan-
tum phase transition between the gapless and gapped Kitaev QSL phases. For the
pure, exactly solvable Kitaev model the problem reduces to a free-fermion field
theory. Away from the exactly solvable point, the field theory is of the GNY type
and describes the coupling between an Ising fluctuation field to the gapless semi-
Dirac Majorana fermion modes. We determined the critical exponents from an RG
analysis and demonstrated that the universality of the topological phase transition
is different to that describing symmetry-breaking phase transitions of semi-Dirac
fermions.

The exponent V, is linked to the opening of the energy gap in the Majorana
fermion spectrum, A ~ (6 — 8,)"4, as well as to the separation of the Dirac points
on the gapless QSL side, (8k) ~ (8. — 8)¥A/2. Tt could in principle be determined
experimentally by measuring the evolution of the magnetic excitation continuum
across the topological phase transition. However, it remains a challenge to realize
the topological phase transition in experiment since uniaxial strain would not only
affect the anisotropy of the Kitaev couplings but also distort the lattice, resulting in
an increase of other magnetic exchange couplings.

The Kiteav QSL is a novel and exotic state of matter due to its long range
entanglement and the fractionalization of spin degrees of freedom into Majorana
fermions. Our work shows that the quantum criticality associated with a topological
phase transition adds another layer of complexity. At the transition the emergent
Majorana fermions acquire an anomalous dimension, indicative of a breakdown of

the quasiparticle picture and the formation of a Majorana non-Fermi liquid state.



Chapter 7

Closing Remarks

We now conclude the thesis by summarising the work discussed in this thesis. Since
detailed discussions have already been given at the end of each chapter, here we
only focus on the general aspects and their connections. Then the conclusion will

be followed by a brief outlook to point out potential future directions.

7.1 Conclusion

In this thesis, the effect of quantum fluctuations of fermions on phase transitions in
different scenarios is studied. We have shown that the low energy fermion scattering
near the Fermi surface can (1) complicate the interplay between Kondo exchange
anisotropy and single-ion spin anisotropy, which may lead to the hard-direction or-
dering in such systems, or (2) challenge the stability of Néel quantum critical point
so that in the presence of Dirac fermions the Néel fixed point is only stable at a cer-
tain parameter range; Even more interestingly, (3) the fluctuation of emergent Ma-
jorana fermions in Kitaev quantum spin liquids can also give rise to similar physics
as such in graphene, which provides an ideal angle to understand the properties and
phase transitions of QSL in the better-understood fermion language. In this spirit,
we showed that the topological phase transition between the gapless and gapped
QSL states induced by Kitaev anisotropy and extra magnetic interactions can be
described by a Gross-Neveu-Yukawa theory, corresponding to a new universality

class.

In Chapter 3, an anisotropic Kondo model was utilised to explain the magnetic
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hard-direction ordering observed in some Kondo lattice materials. A perturbative
RG calculation showed that the RG flow of the magnitude of single-ion anisotropy
may change sign at some length scale, indicating the previously hard direction be-
comes the new easy one. This is a generic effect due to the interplay between two
types of anisotropies through fermionic fluctuations near the Fermi surface. The
generality of the mechanism is further supported by a numerical RG calculation
and an analytic solution at the extremely narrow bandwidth limit, where crossings
also exist in the susceptibilities. This suggests that the mechanism works even away
from the perturbative regime. Though this is a single impurity result, one can expect
the same mechanism to also work in a Kondo lattice following the reasoning that the
RKKY effect is a second-order effect of the Kondo coupling and should enhance
the difference in the renormalised anisotropies so that the magnetic susceptibility
diverges first along the "hard-direction’, giving rise to hard-direction magnetic or-
der. Though there’s no criticality in the calculation, the non-perturbative fermion
scattering by the impurity near the Fermi surface can already show that exotic be-

haviours can arise in the presence of fermions.

In Chapter 4, we examined the effect of particle-hole fluctuation of Dirac
fermions to a quantum critical point, namely the Néel quantum critical point in
2D. The Dirac fermions interact with the local moments through a Kondo coupling.
Regardless of the simple point-like Fermi surface, in 2D the zero energy fluctua-
tions near the Fermi surface can damp the order parameter field propagator in a
similar manner as how fermionic fluctuations screen the long-range Coulomb inter-
action in 3D. The damping of the order parameter field is also a non-perturbative
effect that can be treated by an RPA resummation of fermion polarisation bubble
diagrams to infinite order. Consequently one gets a non-analytic contribution to the
order parameter field self-energy that dorminates in the IR. In this spirit, a GNY
model in which the bosonic fields are described by an NLoM is used to study the
Néel criticality. Surprisingly, though of lower order in momenta, the Landau damp-
ing propagator Y is irrelevant near the Néel critical point, while the Kondo coupling

A is relevant. The RG flow is dependent on the number of Dirac fermion flavors
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Ny. In the physical case Ny = 4, representing the Dirac fermions on a honeycomb
lattice, although no new fixed point is present, the RG flow in a certain region is
extremely slow, indicating the stability of the N’eel fixed point against the Kondo
fluctuation of the Dirac fermions. This is because the Ny = 4 is the critical case.

For Ny < 4, a new multi-critical point emerges.

In Chapter 5, we switched to the exactly solvable Kitaev honeycomb model,
where the spin interactions are bond-orientally anisotropic. It is known that in such
a model the ground state is a Z, QSL, and the spins fractionalise into Z, gauge fields
and Majorana fermions with Dirac dispersion. In the presence of an additional anti-
ferromagnetic Ising interaction term, the model is no longer exactly solvable. At the
large Ising limit, the ground state is known to be antiferromagnetic. A mean-field
decoupling with both Kitaev’s Majorana fermion representation and Jordan-Wigner
fermions representation is enacted to map out the phase diagram. The two repre-
sentations result in the same topological phase boundary but predict the magnetic
phase transition at different coupling strengths. This is probably due to the different
treatments in the gauge fields at the mean-field level. We also obtain the finite tem-
perature phase diagram of the magnetic phase transition along with the specific heat,
which at low temperatures shows the signature of Dirac fermions, and crossover to

the full spin half behavior when the temperature reaches the size of the flux gap.

From the results in Chapter 5, we saw that the topological phase transition be-
tween the gapped and gapless QSL mainly concerns the mobile Majorana fermions
only, as the Lagrange multiplier related to the flux excitations stays zero through-
out the transition. The phase transition therefore resembles the semimetal-insulator
transition in real electron systems like graphene. With this in mind, we derived the
low-energy effective field theory of the topological phase transition from the micro-
scopic Kitaev-Ising model. For the pure Kitaev model, the low-energy theory is a
free Majorana fermion theory, indicating the exact solvability of the model. With
any additional magnetic interactions, the theory becomes interactive, and hence can
be studied with the GNY language. Due to the distinct mathematical properties of

the Majorana fermions, the resulting critical exponents are different from the ones
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derived from complex Dirac fermions, corresponding to a new GNY universality

class. This could in principle be confirmed by experimental measurements.

As a general conclusion, we applied the field-theoretical technique of pertur-
bative renormalisation group associated with some numerical methods to study the
phases and phase transitions in Kondo systems and Kitaev quantum spin liquids.
The transitions are mainly driven by the quantum fluctuations of electrons near the
Fermi surface. We focused on the situation of Dirac fermions where the Fermi sur-
face is just a single point. The low-energy description of the associated quantum
phase transitions in this case can be described by the Gross-Neveu-Yukawa the-
ory. The results elucidated the importance of going beyond the Landau-Ginzburg
paradigm and considering the order parameter screening in such gapless fermionic
systems, and provided hints to a plethora of such fermion-induced quantum criti-

cality.

7.2 Outlook

First, the results in Chapter 3 are based on a single-impurity calculation, therefore
no magnetic ordering along the hard direction can be observed after the crossing.
We have reasoned in Chapter 3 that the RKKY effect should help stabilise the mag-
netic order along the anisotropy-favored direction, and this could in principle be
observed in a Kondo lattice model. The key is that the susceptibilities first cross
in the Kondo regime, after which the RKKY effect takes over the control and the
susceptibility diverges along the new ’easy direction’. Such a Doniach diagram can
be observed at the mean-field level [226]. However, the Kondo hybridization is con-
sidered an order parameter in the mean-field theory. Though still possible, it is in
general hard for the magnetic phase to coexist with Kondo hybridization [227, 228].
On the other hand, the real Kondo materials that exhibit the hard direction ordering
usually contain transition metals like Hf and Ce, meaning the systems have strong
spin-orbit coupling. In such cases, the only good quantum number is the total angu-
lar momentum, and the systems are better described by a Cogblin-Schieffer model

[229]. It would be interesting to see if the mechanism works in such a model.
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The calculation in Chapter 4 can be extended to study the effect of Dirac
fermions on other more exotic fermion-induced quantum criticalities, such as the
deconfined quantum criticality in the presence of Dirac fermions. It is suggested
that the Heisenberg model with next-nearest neighbor interactions on a honeycomb
lattice can have an RVB ground state. Therefore by tuning the strength of the next-
nearest neighbor interaction, one can tune the system through a phase transition
between an antiferromagnet and an RVB solid. The corresponding low-energy the-
ory is described by a non-linear 6 model associated with an emergent gauge field.
On top of it, one can add another layer of complexity by Kondo coupling the spins
to Dirac electrons, which will then lead to a theory of fermions, bosons and gauge
fields. If it’s a U(1) gauge field, then the field theory is analogous to the quan-
tum electrodynamics in high energy theory, but in two spatial dimensions (QED3).
The combination of deconfined quantum criticality and fermion-induced criticality
can provide new insights into our understanding of the theory of phase transitions

beyond the Landau-Ginzburg paradigm.

The Kondo coupling can also be introduced to connect the Kitaev QSLs and
complex Dirac fermions, which then form the so-called fractionalised Fermi-liquid
where the Luttinger theorem breaks down. It is argued in [230] that at mean-field
level, the Majorana fermions can become the glue of the pairing between complex
Dirac fermions to form a p-wave superconductor. In such cases, the low-energy
theory again will be described by fermions, bosons and emergent gauge fields. Ad-
ditionally, recent numerics show evidence that the Kitaev QSL can go through a
phase transition between a Z, QSL and a U(1) QSL [231]. If this is the case, the
criticality will be similar to the Z, to U(1) transition in Dirac QSLs with fraction-
alised spinon excitations [232, 233] due to the nature of Majorana fermions, and

thus worth investigating.

Apart from the specific directions that may be interesting for future research,
we should bear in mind that the Dirac fermion-induced quantum criticality is just a
simple example of the family of quantum phase transitions in gapless systems. The

problem will be both more complicated and interesting if taking into account the
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shape of the Fermi surface. A natural step further is to consider the quantum phase
transitions in nodal-line semimetals where the Fermi surface is a closed contour, or
even in real metals with a full Fermi surface. Besides, we have already seen that the
Dirac fermion-induced criticality in general leads to some non-Fermi liquid behav-
ior. Moving to semimetallic and metallic systems with a more complicated Fermi

surface will shed light on the general understanding of non-Fermi liquid theory.



Appendix A

RG analysis of the Interacting

Majorana fermion theory

A.1 Landau-damped Bosonic IR propagator
The fermion polarization bubble diagram is regularized by subtracting the g = 0

contribution: I1(q) — I1(g) — I1(0),

2
M(g) — % /k Tr [Gy (k+ )0, Gy (k) Oy — Gy (k) 0,Gy (k)0

B gz/{(k0+610)610+(kL+QL)61L+(kQ+61Q)2[ké+(kQ+QQ)2] 2’%}
k Y

2,2
ek gq—i-k

where we have used Gy (k) = (iko+ k.o + ké oy)/€, and € = k3 +k7 + k‘é. Taking
the trace results in an N factor that cancels with the 1/N in the prefactor. The
integral in Eq. (A.1) can be rendered radially symmetric in ky and k7, directions by

utilizing the Feynman parametrization:

1 n—171 _ s \m—1
1 F(n+m)/0 (1 —1) (A2)

abn  T(Tm) Jo @ Trat (1 —n)pm’

where we have chosen a = ekz g b= 8,%, n = m = 1. Shifting the variables as
(ko, k) — (ko,kz) —t(qo,qr) and converting to the radial coordinate y* = k3 + k7,
Eq. (A.1) becomes
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@ e o 1. (1-1)(g5+q7) +(ko+40)* lky+(ko+d0)’] kp
H(q)_W‘L“defo 4y o dt[y2+t(1—f)(q%+qi)+(1—t)k4Q+t(kQ+qQ)4]2_ (2 +kg)?

g2 oo 1, (1=t)(g5+a7) +(ko+a0)* kg +(kotq0)’]
- Wf—wde{fo dt t(1=1)(q5+q7)+(1-1)ky+1(ko+q0)* —2

a+ai 4 2,2
& g0l [*.d fld (l_t)?‘k(l‘kp) +(14+p%)p 5
=323190| J_dPy Jo 41 ) -
o (1) B (11 4p)¢

2 2+ 2
£ laol F(27T).

~ 8m? 40

In the second line we have used the radial integral identity in D dimension:

= , (A.3)

G S
o T OPHM)" rm

and in the last line, we have introduced variable substitution p = ko/|qq|.

A.2 Majorana Fermion self-energy correction

It can be shown in general that the RG corrections are cut-off independent [55, 222].
Therefore for simplicity, we use a spherical cut-off scheme and perform the shell
integrals over the (2+1)d frequency-momenta shell. We introduce the generalized
spherical coordinates (kg = €sinBcos ¢, k;, = €sinOsin g, ké = g£cos ) with the
Jacobian J(g,0,¢9) = %83/2 sin(cos 0) /2, and the shell integrals are calculated

in the range € € [Ae~? A}, 6 €[0,7/2], ¢ € [0,27].

The fermion self-energy correction at one-loop level has the form

2 >
Y(k)dt = —%/ Gy(q)0,Gy(k+q)o,
q
_ _8_”2/>| 1 g ikt a0)00t (kT )0+ (ko +a)* + A0,
N Jy ¥ Flan?e)™ e(k+q) !
= [Zo(—ikoGo +kLOx) + (Zok; +ZpA)Oy] dL. (A4)

We expand out the outer-momenta k in the integrand and keep the leading order to

get the form of the kernel in Sy[y]. In the following, we derive the explicit form of
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Yo, Xp and X4 separately.

872 _ 1 1 95
X = ——— - | =-2
0 N |qQ| F(tan2 ) ( €2 84>
1 rA /2 1
= — de dO e 'tanOcos’ 0 ——————
N Ae=d Jo F(tan?0)
1
= dé/ . A5
u+1 () (A-5)

In the last step, we have made the variable substitution # = tan? 0, (u-+1)"'du =

2tan 0d 0. In the same spirit, one can obtain

8n2 >, 1 14 qQ
o = oo S 1420 1670
Q N /q 90l F(tan?0) <8q & + e
1 A /2

1
= —— d d0e 'tan0———— (1
N Jne-a® 0 € F(tan29)(

_ dz / Pt N (A.6)
(u+1)3  F(u)

— 14cos? 6 + 16cos* 6)

and

872 >, 1 14
S R N Y
N J, "¢ F(tan20) e &

1 rA /2

1
= —— de doe 'tan—— (1
N Ae=d o o F(tanze)(

u—1 1
_ dg/ GTIFw (A7)

—2cos? 9)
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A.3 Correction to Yukawa coupling

At one-loop level, the shell integral that renormalizes the Yukawa coupling has no

dependence on outer-momenta:

gZ

>
ol = & /q 6,Gy(9)6,Gy(9)6,Go (q)

872 > ., 1 q+ai—d)
= —— | laol Oy
N Jq F(tan?0) &

1 /2

1
= ——de dO tan@——— (1 —2cos’ 0
N an F(tan2 0) ( cos ) Oy
u—l 1
_ cw/ LI A8
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