Low-degree extensions of number fields
and local fields

by
Sebastian Monnet

This thesis is submitted for the degree of
Doctor of Philosophy

to the

Department of Mathematics
University College London (UCL)

A

February 2025



CONTENTS

IPart 1. Introductioﬂ

IPart 2. Context and motivatiod

I

Arithmetic statistics is not statistics!

I.1.

A motivating example{

P.

Examples of asymptotic counting problems{

D.2.

Manin’s conjecturd

D.3.

Goldfeld’s conjecture]

D.4.

Elliptic curves ordered by heigh‘d

D.5.

Cohen—Lenstra heuristicsl

B.

Background on counting rings of low rankj

B.1.

Etale algebras and their masseé

B.2.

Equivalence of étale algebras and Galois representationsl

B.3.

The algebraic Malle-Bhargava heuristicsl

B.4.

The analytic Malle-Bhargava heuristicsl

.

Parametrising rings and counting integral pointsl

U1

Parametrising cubic rings: Delone-Fadeev and DavenportfHeilbronrJ

h.2.

Parametrising quartics and quintics: Bhargaval

h.3.

Counting integral orbits: Bhargava’s magic machine{

Part 3. Counting wildly ramified quartic extensions with prescribed

discriminant and Galois closure groupl

b.

Introductiod

b.1.

Outline and key resultsl

b.2.

Application: refinements of Serre’s mass formulal

b.3.

Correctness of resultsl

b.

The cases G = S4 and G = AJ

11

11

11

12

12

13

13

14

15

16

17

20

28

33

36

37

40

42

54

o4

55

56

58

58



b.l. Congruence conditions for Pnlq_"m'i

b.2. Computing the densitiesl

b.3. Distinguishing between A4 and SJ

|7. The case G = VJ

|8. The case G = CJ

|8.1. Sketch of our approacﬂ

|8.2. Counting Cy-extendable extensionsl

|8.3. Counting Cy-extensions with a given intermediate ﬁeld

l9. The case G = DJ

IPart 4. Asymptotic counts for generic extensions with prescribed normsi

IlO. Introductiod

Il(). 1. Qualitative resultsl

|10.2. Quantitative results: mass computationsl

hl. Results for general nI

|11.1. Expressing our problem in terms of local conditionsl

h2. Prime degree extensionsl

|12.1. Finding ﬁz(Etéq #) when p 7&4

|12.2. Finding ﬁz(Etéq #) when p =4

|13. Si-quartic extensionsi

|13.1. Tamely ramified partsl

13.2. 2-adic fieldd

h3.3. Totally wildly ramified C’4—extensions|

|Appendix A. Proof of Theorem 13.29]

|Appendix B. Explicit helper functionsi

References

99

63

67

69

69

69

71

76

82

87

87

88

94

95

99

100

101

111

111

113

123

130

134

135



Declaration

I, Sebastian Monnet, confirm that the work presented in my thesis is my own. Where information
has been derived from other sources, I confirm that this has been indicated in the thesis.



4

Abstract

We present new results in arithmetic statistics, particularly in the statistics of number fields
and p-adic fields. For n < 5, and conjecturally for n > 6, the asymptotic counting of so-called
“Sp-n-ic” extensions of number fields amounts to computing the “masses” of certain sets of étale
extensions. This notion of mass was studied by Serre in his famous “Serre’s mass formula”, and
subsequently by Bhargava and others. By counting various families of étale extensions of p-adic
fields, we obtain novel refinements of Serre’s formula and apply them to prove results about
counting Sy,-n-ic extensions of number fields with certain prescribed norm elements. Our results
are divided into two categories: a “pure” study of masses for wildly ramified extensions of 2-adic
fields, and a more “applied” study of S,,-n-ic extensions, where we use our techniques to deduce
results about counting number fields.

The upshot of our pure study of masses is as follows. Given a 2-adic field F, a finite group G,
and a positive integer m, we obtain a formula for the number of isomorphism classes of totally
ramified quartic field extensions L/F with Galois closure group G and discriminant valuation
m. As a corollary, we then use these counts to deduce our refinements of Serre’s mass formula.

As for the applied study of S,-n-ic extensions, let k£ be a number field and let A C k* be a
finitely generated subgroup. For a positive integer n and a real number X, let N ,(X;.A) be
the number of S,,-n-ic extensions K /k with A C Ng/, K™ and Nm(disc(K/k)) < X. For n <5,
and conjecturally for n > 6, we express the limit

li Nk,n(XvA)
im ————=~

X—o0
as an Kuler product, whose term at each prime p of £ is the mass of a certain set of étale
algebras over the completion k,. Using, among other things, the techniques from our pure
study of masses, we evaluate almost all of these local factors explicitly and give an efficient

algorithm for computing the rest.



Impact statement

This thesis is largely concerned with mass computations involving p-adic fields. Such compu-
tations appear often when studying the statistics of number fields. Indeed, we use our mass
formulae to prove results about the distribution of so-called “S,,-n-ic” extensions with prescribed
norm elements. Outside our own work, methods in this thesis have already found application
in upcoming work of Newton—Varma, in which the authors count certain families of Sy-quartic
extensions. More generally, we expect our methods and results to be useful for a variety of
counting problems involving S,-n-ics, especially in the quartic case.
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Part 1. Introduction

This thesis has two aims. The first is to introduce the uninitiated to the highly active field of
arithmetic statistics, and more specifically to the subdiscipline of field counting. The second is
to present original research in these areas.

Excluding this introduction, the thesis is divided into three parts: Part E, Part E, and Part @

The first of these, Part E, contains background. It introduces the reader to arithmetic statis-
tics in general, before specialising to the statistics of number fields by introducing the Malle—
Bhargava heuristics and sketching their proof in low degree. Before stating the Malle-Bhargava
heuristics, we establish the notion of “mass” of étale algebras. We explore some well-known
properties of this mass, including the famous “Serre’s mass formula” and Bhargava’s generali-
sations thereof. We then state the Malle-Bhargava heuristics, and the major conjectures that
they motivate. Some of these conjectures have been proved for low-degree number fields, and
the final section of Part P is devoted to the key ideas in their proof.

The aim of Part E is to present several refinements of Serre’s mass formula in the case of wildly
ramified quartic extensions of p-adic fields. For a rational prime p, let I’ be a finite extension
of the p-adic numbers @), and let S be a set of degree n field extensions of F'. The pre-mas

of S is defined to be )

IC ) P ——
l% # Aut(L/F)

where dr,/p is the discriminant of the extension, ¢ is the size #Fp of the residue field, and

. q_UF(dL/F)’

Aut(L/F) is the set of F-algebra automorphisms of L. Then Serre’s mass formula states that
1

qnfl'

m({all totally ramified degree n extensions L/F}) =

When p t n, so that all ramification is tame, it is easy to classify such extensions and thus
prove the result. On the other hand, when p | n, there is no straightforward classification of
degree n extensions of F'. Even with modern algorithms, computing all such extensions becomes
prohibitively expensive for all but the smallest values of n and [F' : Q,]. The remarkable thing
about Serre’s result is that the same formula holds in the wild case as the tame. This is really
amazing; when p 1 n, the mass is distributed among a few, well-behaved pieces. On the other
hand, when p | n, there are very many tiny, messy fragments, and yet somehow they still fit
together into the same simple shape.

Serre’s formula states the mass of all totally ramified field extensions of a given degree. One
might naturally ask similar questions about the masses of other sets of extensions. For example,
Dalawat [Dall(, Propositions 15-16] finds the mass of ramified cyclic extensions of prime degree.
Thus, in the case of prime degree, Dalawat proves a refinement of Serre’s formula. In general,
proving generalised and refined mass formulae is a popular pastime in the arithmetic statistics
community. Of particular relevance to our work, Bhargava generalises Serre’s formula in [Bha07,
Propositions 2.1-2.2], to compute the mass of certain sets of étale algebras, rather than fields
(we state his results concisely in Theorem @) There is also much interest (for example [Ked07]
and [WY15]) in the masses of Galois representations, which are closely related to étale algebras,
as we will see in Section @ Let F' be a 2-adic field, so that totally ramified quartic extensions
of F' are wildly ramified. The main result of Part J is to find the mass of all totally ramified

IThis is the quantity Serre refers to as mass. We call it pre-mass because “mass” will refer to a closely related
but slightly different quantity.



9

quartic extensions with each possible Galois closure group. Our formulae are stated fully in
Section f.

In fact, our results are somewhat stronger than just stating masses. Rather, we compute the
number of totally ramified quartic field extensions L/F with each possible discriminant and
Galois closure group, from which it is easy to deduce the masses. In order to do this, we use
a variety of techniques, depending on the Galois closure group. For Galois closure groups Sy
and A4, we adapt Serre’s original proof of his mass formula. Serre’s work allows us to reduce
our problem to the study of certain sets of Eisenstein polynomials. We establish congruence
conditions for these sets and use them to count the corresponding fields. The case Vj is already
available in the literature. Cyclic extensions are the most difficult to deal with, and we devote
significant effort to them. We adapt techniques of [CDOO05]|, decomposing Cjy-extensions as
towers of quadratics, and counting the top and bottom halves separately. Finally, we count
Dg-extensions by characterising them as the towers of quadratics that are neither C4 nor Vj.
This allows us to relate their quantity to those we have already computed, and hence state it
explicitly.

In Part @, we count so-called “Sn—n—icE extensions” with prescribed norms. Our choice of problem
is inspired by [FLN22], at the suggestion of our supervisor, Rachel Newton. In [FLN22], given a
number field &, a finite abelian group G, and a finitely generated subgroup A C k*, the authors
count Galois extensions K/k with

Gal(K/k) =G and AC N/ K™,

We consider the same problem for degree n extensions K /k with Galois closure group S, (these
are the aforementioned S,-n-ic extensions). These are in some sense the furthest extensions
from being abelian, so that our work and [FLN22| constitute two extremes of a spectrum. Frei,
Loughran, and Newton prove their results by parametrising their extensions using class field
theory. Since our extensions are not abelian, these methods are inaccessible to us. Instead,
we use the famous Malle-Bhargava heuristics, which give a conjectural framework for under-
standing the distribution of S,-n-ic extensions. Write Ny ,,(X;.A) for the number of S,-n-ic
extensions K /k with Nm(disc(/K/k)) < X and A C Ng/, K*. Also write Ni,,(X) as shorthand
for Ny, ,(X;{1}), which counts S,,-n-ics without any constraints on the norm group. Contingent
on the Malle-Bhargava heuristics, we show that

i B = 5 s 66 T man
pelly
where the product is over prime ideals of k, both finite and infinite, and the quantities m 4
are certain local factors (depending implicitly on n) called “masses”. The eagle-eyed reader
might notice that this is not the first time we have used the word “mass”. Indeed, the masses
m4p are none other than the masses of certain sets of étale algebras, in the sense of Serre’s
and Bhargava’s mass formulae. Thus, once again, we are essentially proving generalisations and
refinements of Serre’s mass formula. The flavour is different in this case, though; in Part E,
our study is “pure”, in the sense that we ask questions primarily because they are natural and
interesting in their own right. On the other hand, Part @ is more applied, because we are using

mass as a means to the end of counting number fields.

1Despite some aesthetic misgivings about the term “S,,-n-ic”, we find it to be concise and unambiguous, so
we have opted to use it.
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For general n, contingent on the Malle-Bhargava heuristics, we prove some qualitative results
about the proportion

1i N k;,n(X ; -A)

im ————

X—o0 Nk,n(X )

of S,-n-ics with A in their norm group. In particular, we show that (assuming the Malle—
Bhargava heuristics hold) this proportion is always positive, but can only be 100% in certain
trivial cases. In contrast to these qualitative statements, we also prove explicit, quantitative
results whenever n is an odd prime or n = 4. In the prime case, we give formulae for the local
masses m4y, allowing us to express the density

li N k,n(X ) A)

im ———=~

X—o00 X

as an explicit Euler product. In the quartic case, we give a formula for m 4, whenever p is not
a finite prime lying over 2. For the finitely many such exceptional primes p, we give algorithms
for computing m 4, in principle allowing one to find the same explicit Euler product as in the
prime case. As we mentioned earlier, in general the Malle-Bhargava heuristics are conjectural,
but in fact they are theorems for n < 5. Since each of n = 3,4,5 is either an odd prime or equal
to 4, our explicit Euler product is unconditionally true in those cases.
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Part 2. Context and motivation

The aim of Part E is to set the scene for our work by giving exposition and historical context.
Most of this context is not essential for understanding the original results in Parts E and H The
only strict prerequisites are Section @, and the statement of Theorem .

1. ARITHMETIC STATISTICS IS NOT STATISTICS!

On multiple occasions, actual number theory graduate students have told me things like “I will
not go to the arithmetic statistics course at this summer school because I don’t like statistics”.
This is sad to hear, because arithmetic statistics has very little to do with statistics. The word
“statistics” just refers to_the fact that we are counting arithmetic objects. For example, the
Prime Number TheoremF is a result in arithmetic statistics, because we are counting prime
numbers.

1.1. A motivating example. Now that we know what arithmetic statistics is not (statistics),
we will start thinking about what it is. Consider the following question:

Question 1.1. What is the probability that a randomly selected integer is even?

It is obvious that the answer should be half. Unfortunately, there are a few obstacles to making
the question precise.

First of all, we haven’t specified the method of “random selection”, i.e. our probability distri-
bution. Naively, we would like a uniform distribution, but this is impossible for a countably
infinite set. Instead, we might think about truncating the integers by some large real number.
For any positive real number X, define

Ze<x ={n€Z:|n| < X}.
Since Z<x is finite, we can actually define a uniform distribution on it. Write
N(X) = #Z<x,
and
N(X;even) = #{n € Z<x : n is even}.
Then we have
N(X)=1+2|X]
and x
N(X;even) =1 +2L5J,
and it follows that the probability is given by
1+2[5]
1+2|X]

Prezx ({n is even}) =

It is easy to see that this probability converges to %, as one would expect. Since the quantities
N(X) and N (X;even) contain strictly more information than the probability alone, we might be
interested in them for their own sake. More likely, we might be interested in their asymptotics,
noting that

N(X)=X+0(1)

lWe will see in Example @ how the PNT fits into our framework of arithmetic statistics.
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and .
N(X;even) = §-X +O(1).

It follows from these asymptotics that

. . 1
Xlgnoo Prezoy ({n is even}) = 3
An important point is that all of the above depends on how we order the integers. For example,

we could order them as follows:
0,-2,2,—1,-4,4,1,—6,6,—3,-8,8,3, . ...
We could then define
Z<x = {The first | X | integers with respect to this other ordering},
and we would obtain
N(X)=X+0(1)
and )
N(X;even) = 3 X +0(1),
resulting in

. . 2
Xlgnoo Prez y ({n is even}) = 3

So the asymptotics of N(X) and N(X;even), and the resulting probabilities, depend meaning-
fully on how we order our objects. In the case of Z, this seems facetious, since there really is
an obvious way of ordering them. However, for other families of objects, there might be more
than one sensible ordering, and different ways might yield different results.

2. EXAMPLES OF ASYMPTOTIC COUNTING PROBLEMS

Many problems in arithmetic statistics concern the kind of “asymptotic counting” that we saw
in Section [ll. In Section , we will make precise what we mean by asymptotic counting.
Subsequently, in Sections .2, .4, and R.5, we give three famous examples of such problems.

2.1. Setup. Suppose that we have the following data:

(1) A countably infinite set C.

(2) A map f:C — Rsp such that for each X € Ry, the set {c € C: f(c) < X} is finite.

(3) A property P that each element of C either satisfies or does not satisfy. We view this
property as a function P : C — {0, 1}, where P(c) = 1 if and only if ¢ has the property.

We refer to the function f as an ordering on C. Given such an ordering, define the set
Crex = f{c€C: f(c) < X}
and the count
Ncyf(X;’P) = #{C S Cng : P(C) = 1}.

Write N¢ ¢(X) for Ne r(X;P) in the case where P is the trivial property that is always true.
That is, we define

Ne,j(X) = #Cp<x.
In general, we will use the term asymptotic counting problem to mean finding asymptotics of
Nc ¢ (X;P), for some choice of data (C, f,P).



13

Example 2.1 (Even integers). Taking
(C, f,P) = (Z,n — |n|,“n is even”),
we recover our motivating example, for which we obtained
Nef(X)=X4+0(1)

and .
Naf(X;’P) = §X + O(l)

Example 2.2 (Prime Number Theorem). Taking
(C, f,P) ={Z>op,n — n,“n is prime”},

the Prime Number Theorem is precisely that
X
Ne 1(X;P) ~ ——
cvf( Y P) log X )

as X — oo.

In the remainder of Section E, we give some examples of prominent asymptotic counting prob-
lems. These examples are well-known, even outside specialist arithmetic statistics circles. The
most relevant example for this thesis, Malle’s conjecture, is postponed until Section E

2.2. Manin’s conjecture. This example involves some terminology from algebraic geometry.
If a word is unfamiliar, it can generally be replaced with “nice” or “suitable”.

Let V/k be a Fano (suitable) variety over a number field k, and let £ be an adelically metrised
ample (suitable) line bundle on V. The line bundle induces a height on V', which is a function
H : V(k) — Rsq with the property that H,'([0, X]) is finite for all real numbers X.

Given a subset U C V (k) and a real number X, define
Nuc(X)=#{p €U : He(p) < X}.

Then Manin’s conjecture states that there exists a “thin” set T' C V (k) and real constants a, b,
and C', such that
Ny epr,e(X) ~ CX%(log X )71

This fits into our framework from before by taking

(Ca fv 7)) = (V(k)’ H, “p Q/ T”)'

Manin’s conjecture is a very active open problem in arithmetic geometry (see e.g. [J F89],
[Pey95], [Bro05]).

2.3. Goldfeld’s conjecture. Let E be an elliptic curve defined over Q. Then there are integers
A and B such that E is isomorphic to the curve defined over Q by y? = 23 + Az + B. For
a squarefree integer D, define the quadratic twist of E by D to be the elliptic curve Ep with
equation Dy? = 23+ Az + B. The twisting operation E — Ep is well-defined up to isomorphism,
and the curves F and Ep are usually® nonisomorphic over Q.

There is a famous conjecture, called Goldfeld’s conjecture ([Gol79, Page 113, Conjecture B]),
concerning the statistical behaviour of these quadratic twists. The conjecture states that, when

3

1This is not always the case. For example, the curve E : y*> = 2 — z is isomorphic to its twist E_; by —1.
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ordered by the size of D, the average (analytic) rank of the quadratic twists Ep is equal to %

A natural refinement, often also called Goldfeld’s conjecture (see e.g. [BT22, Conjecture 2.4]),
is that 50% of quadratic twists have rank 0, 50% have rank 1, and 0% have any other rank.
This refined conjecture fits into our definition for an asymptotic counting problem, taking

(C, f,Pr) = ({squarefree integers D}, D — |D|,“Ep has rank r”),
for each nonnegative integer . Then the conjecture is that

lim Ne ¢ (X5Pr) _ {; ifr=0o0rr=1,

X—oo  Ng ¢(X) 0 otherwise.

2.4. Elliptic curves ordered by height. Let £ be the set of isomorphism classes of elliptic
curves over Q. For each curve FE € &, there is a unique pair of integers (A, B) such that the
following two statements are true:

(1) The elliptic curve E is isomorphic over Q to the elliptic curve F4 p : y? =23+ Az + B.

(2) For every prime p with p* | A, we have p°{ B.
For E € &, define the height H(E) of E to be the quantity

H(E) = max{4|A?,27B?},
where the pair (4, B) is as above. For real numbers X, define
Eu<x ={F €& :H(F) <X}
Given a property P of elliptic curves, write
Ne n(X;P) =#{E € Eu<x : “F satisfies P"}.

Similarly to the refinement of Goldfeld’s conjecture stated above, it is also conjectured ([BS13a,
Corollary 6]) that, for nonnegative integers r, we have

(1) lim Ng,H(X;rankE:r) :{5 ifr=0orr=1,

X—00 Ne g (X) 0 otherwise.

In other words, when elliptic curves over Q are ordered by height, 50% of them have rank 0,
50% have rank 1, and 0% of them have any other rank. In fact, Bhalhgava and Shankar show

[BS13a, Conjecture 4],
which states that, for all n, the average size of the n-Selmer group Sel,(E) is equal to o(n),
which is defined to be the sum of the divisors of n. That is, they conjecture that

- ZE€5H<X # Sel, B Z
X—o00 N&H(

that Equation [lf is implied by a stronger set of conjectures, including

for all n.

Bhargava and Shankar are able to prove this conjecture for n = 2, 3,4, and 5, in [BS10, Theo-
rem 1.1], [BS15, Theorem 1.1], [BS13a, Theorem 1], and [BS13b, Theorem 1], respectively. They
use a powerful collection of techniques, referred to colloquially as “Bhargavology”, which in-
volves parametrising families of arithmetic objects by so-called “coregular representations”, and
then counting “integral points” of those representations. We will see much more Bhargavology
in Section B, in the context of counting number fields rather than elliptic curves.

IThe other conditions are that the root numbers of elliptic curves are equidistributed and that the parity
conjecture holds. See [BS13a, Corollary 6].
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2.5. Cohen—Lenstra heuristics. Write Clg for the class group of a number field K. The
Cohen—Lenstra heuristics are conjectural heuristics for understanding the distribution of the
p-part Clg[p™] of Clg, as K ranges over either imaginary quadratic fields or abelian totally
real fields of a given degree. For non-quadratic fields, the original conjectures are known to
be false in some cases; see [BJ20] for a detailed discussion. Nevertheless, the Cohen-Lenstra
heuristics remain some of the best-known conjectures in arithmetic statistics. For simplicity,
we will restrict our attention to the imaginary quadratic case, noting that the full conjectures
are stated in [CL84, Fundamental Assumptions 8.1, Page 54]. For a real number X, write

1Q_, = {K €1Q: [disc(K/Q)| < X}.

The Cohen-Lenstra heuristics essentially say that, as K varies over 1Q, the finite p-group
Clg [p™°] behaves like a “random finite abelian p-group”, in a sense we will now make precise.
Write [n] as shorthand for the set {1,...,n}. Define a group law on n symbols to be an associative
binary operation f : [n] x [n] — [n] with identity, and write GrpLaw(n) for the set of group
laws on n symbols. For f € GrpLaw(n), write ([n], f) for the group defined by f.

Lemma 2.3. Let G be a finite group of size n. We have
#{f € GrpLaw(n) : ([n], f) = G} =

n!

Proof. There is a well-defined, transitive right-action of Autget([n]) on

[f € GrpLaw(n) : ([n]. /) = G}
given by fo(i,j) = o1 f(0i,0j). For a given group law f € GrpLaw(n) with ([n], f) = G, this
action has

Stab(f) = Autarp(([n], f)),
and the result follows by the Orbit-Stabiliser Theorem. U

For each positive integer i, we define a random p-group of size p' to be the group ([p'], f), where
f is selected uniformly at random from GrpLaw(p’). Let G be a random p-group of size p',
and let G be a specific p-group of size p’. Then we have just shown that

1
¢ - # Aut(G)’

where, writing Grp(p’) for the set of isomorphism classes of groups of size p’, we have

PG~ G) =

1
C; = Z —_— .
A
GeGrp(p?) # Aut(G)
It turns out (see [Wool@, Proposition 5.7]) that ). ¢; < 0o, so we can allow G to vary over the
set Grp, of p-groups of any size, by insisting that
. C;
P#G =p') = —=—.
Zj Cj
By the law of total probability, it follows that for any p-group G, we have
K
PG=G)=—2 |
G ) # Aut(G)

for a constant k, depending only on p. We call a group G distributed in this way a random

p-group, with no size prescribed. From here, it is straightforward to define a “random abelian
p-group” to come from the same distribution, conditional on G being an abelian group. Letting



16

G’ be a random abelian p-group, we then have

K'/,

PO 6) = R

for a different constant n;. The Cohen—Lenstra heuristics for imaginary quadratic fields essen-
tially conjecture that, for odd p, the p-part of the class group of a “randomly selected” K € 1Q
is a random abelian p-group. That is, for any finite abelian p-group G, the conjecture is that

' #{K6Q< : Clg [p™] = G} !
lim =X = P .
X—00 #IQ<X #Aut(G)

This conjecture was originally made in [CL84, Fundamental Assumption 2, Page 54]. Our

formulation looks slightly different from Cohen and Lenstra’s formal statement, but resembles
more closely their informal explanation in the final paragraph of [CL84, Page 54].

The Cohen—Lenstra heuristics illustrate a common pattern in arithmetic statistics, namely that
an object’s prevalence is inversely proportional to its “complexity”, which in this case means
the number of automorphisms. We will see more examples of this idea later.

3. BACKGROUND ON COUNTING RINGS OF LOW RANK

In Section E, we explore the asymptotic counting problems most relevant to our work, namely
those involving number fields ordered by discriminant. We will try to understand the asymp-
totics of a certain function Ny ¢(X;X), where k is a number field, G is a “permutation group”,
and X is a “collection of local conditions”. In order to define N ¢(X;X) properly, we will need
more theory, so we postpone the full definition until Section B.4. In the meantime, we will give
an imprecise definition, so that we can roughly explain the Malle-Bhargava heuristics.

Given a subgroup G C S, we will define N, (X)) to be the number of degree n extensions K/k
with Nm(disc(K/k)) < X, such that the Galois closure group Gal(K /k) acts on the embeddings
Hom(K, k) in the same way that G acts on [n], via the inclusion G C S,,. Taking G = S,,, we
recover the count Ny, (X) of S,-n-ic extensions from Part m Moreover, we can insist that
the extensions K/k satisfy a “family of local conditions” ¥, which means that K has certain
prescribed behaviour “at each place” of the base field k. We write N, ¢(X;X) for the modified
count of extensions K /k satisfying the local conditions 3. In keeping with our earlier notation,
we write N ,(X;X) for the special case where G is the whole group S,,. There is a set of
conjectures, called the “Malle-Bhargava heuristics”, which assume that the count Ny ¢(X;X)
behaves in certain simple, intuitive ways, leading to conjectures about its asymptotics.

The Malle-Bhargava heuristics depend heavily on a notion called the mass of a collection of
étale algebras, which we discuss in Section B.1. It turns out that there is a correspondence be-
tween étale algebras and Galois representations. We explain this correspondence in Section @,
translating the masses of Section b into quantities related to Galois representations. Having
developed the prerequisite theory, in Sections @ and @ we present two different versions of

the Malle-Bhargava heuristics, which we call the “algebraic” and “analytic” MBH, respectively.

The algebraic MBH is quite intuitive, but it only addresses the special case G = S, giving
conjectural asymptotics for the count Nj ,(X;X). The analytic MBH is theoretically deeper,
but much more general, extending the conjectures to Ny ¢(X;X) for any subgroup G of S,,.
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3.1. Etale algebras and their masses. In this subsection, we introduce étale algebras and the
notion of mass. We develop some theory concerning these concepts, mostly following [Bha07].

By a p-adic field, we mean a finite field extension of @, for some rational prime p. By a local
field, we mean a field that is either p-adic or isomorphic to R or C.

Definition 3.1 (Etale algebras). Let £ be a field.

(1) An étale algebra over € is an E-algebra M that is isomorphic to a finite product Mj x
... X M, of separable field extensions M, /E.

(2) The degree of an étale algebra over £ is its dimension as an £-vector space.

(3) Write Et,, s for the set of isomorphism classes of degree n étale algebras over €.

(4) Assume that £ is a number field or a local field, and let M be a finite degree étale algebra
over &, isomorphic to the product of fields Mj x ... x M,. The fields M; correspond to
the maximal ideals of the algebra M, so they are unique up to reordering, and therefore
the following notions are well-defined. The norm map of the étale algebra is the map

Naqje : M =&, (w1, 20) = [ [ Ny e ().

i=1
If £ is a number field or a p-adic field, then the discriminant of M/E is

disc(M/E) = H disc(M;/E).
i=1

For finite degree (étale or field) extensions M /€, we will often write d/¢ as shorthand for the
discriminant disc(M/E).

Definition 3.2 (Mass). Let n be an integer, let F' be a local field, and let ¥ C Etn/F. We
define a few related notions of “mass” of X as follows:

(1) The pre-mass of ¥ is the quantity

1 —vr(dp/r) . . )
m(z) _ ZLGZ #FAW(L/F) dr L if Fis p—adlc,

Y ores W(L/F) if ' is isomorphic to R or C,

where gp is the size of the residue field Fr of F.
(2) The mass of ¥ is the quantity

qF—l e~ . . . .
I m(X) if F is p-adic,
m(X) if F' is isomorphic to R or C.

(3) For p-adic F, the generalised pre-mass of ¥ is the rational function
1

m(t; ) = -

ZCED # Aut(L/F)

Lex

. t*UF(dL/F)'

The notion of mass was first studied by Serre in the 1970s. Given a p-adic field F', he asked for
the mass (or, in our language, the pre-mass) of the set of all totally ramified field extensions
L/F of a given degree. In the tamely ramified case, it is easy to write down all such extensions
(see [PRO1, Theorem 7.2]), and hence compute the mass, which turns out to be described by a
simple formula. In the wildly ramified case, there are very many more extensions, and they have
no known classification. Remarkably, Serre proved that in the wild case, the mass is given by
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exactly the same formula as in the tame case. His famous result, called “Serre’s mass formula”
is the following;:

Theorem 3.3 (Serre’s mass formula). Let n be an integer, let F' be a p-adic field with residue
field of size qr, and let X be the set of all totally ramified degree n field extensions of F'. Then

1
mE) = —.
ap !
Proof. This is essentially [Ser78, Theorem 2]. O

In [Bha07], Bhargava extends Serre’s work in two directions:

(1) Bhargava defines and studies the mass of étale algebras, rather than just field extensions.
(2) He also considers different ramification behaviours, rather than just totally ramified
extensions.

In order to understand ramification behaviours of étale algebras, Bhargava defines the notion
of a “splitting symbol” as follows:

Definition 3.4 (Splitting symbols). Let n be a positive integer. A degree n splitting symbol is
a symbol (fi'... fr), where the f; and e; are positive integers with ). fie; = n. We identify
splitting symbols that are permutations of each other, i.e. (1223) = (2312). The superscripts are
purely symbolic, and do not represent exponentiation, so for example (12) and (1%) are different
splitting symbols. Finally, we suppress exponents with value 1, writing e.g. (2) instead of (2!).

Write Split,, for the set of degree n splitting symbols.

Definition 3.5 (Splitting symbols). Let F' be a local field and let L € Etn/p. Then we have
L=Li x...xL,,

for field extensions L;/F with inertia degree f; and ramification index e;. We adopt the conven-
tion that the extension C/R has ramification index 2 and inertia degree 1. The splitting symbol
(L, F) of L over F is defined to be the symbol

(L,F) = (f{" .. f).
For a splitting symbol o € Split,,, write EtU/F for the set of L € Etn/F with (L, F) = 0.

Example 3.6. For a p-adic field F' and an integer n, the set Et(ln)/F consists of all totally
ramified field extensions L/F of degree n, so Serre’s mass formula says precisely that

L 1
m(Et(ln)/F) = q%_l .

Bhargava gives two different generalisations of Serre’s mass formula. One of them gives the
mass of Etg sr for an arbitrary splitting symbol o, and the other involves something called a
“ramification partition”, which we will define shortly.

Definition 3.7 (Partitions). Let d be a nonnegative integer and let m be a positive integer.
The symmetric group Sy, acts by permutation of coordinates on the set ZZ of nonnegative
integers. We make the following definitions:

(1) We define a partition of d into m parts to be an equivalence class

[((17,)] € Z?O/Sm
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such that ), a; = d. This is often referred to as a partition into “at most” m parts, but
for our purposes it is more convenient to allow parts to be zero.
(2) Write Part(d, m) for the number of partitions of d into m parts.

Definition 3.8 (Invariants of splitting symbols). Let o = (fi*... f¢) be a degree n splitting
symbol.

(1) The ramification partition of o is the partition
m(o):=(e1—1,...,e1—l,ea—1,...;ea—1,...,e, — 1,...,e, — 1),

where each term e; — 1 appears f; times.
(2) The discriminant of o is the integer

da = Zfz(ez — 1)
i
(3) The automorphism count of o is the integer

# Aut(o) = (Hﬂ) #{T €S, i (eriy, fr(a)) = (eis fi) for all i},

Note that m(o) is a partition of d, into n — d, parts. We are now ready to state Bhargava’s
generalisations of Serre’s mass formula:

Theorem 3.9 (Bhargava’s mass formulae). Let n be a positive integer and let F' be a p-adic
field with residue field of size q. The following two statements are true:

(1) For each o € Split,,, we have

n’

1 1
= FAu(o)
(2) Let d be an integer with 0 < d < n—1, and let my be any partition of d into n — d parts.
Then

T%(Eta/F) =

1

m({L € Etn/F (L, F)) =mo}) = prd

Proof. These are essentially [Bha07, Propositions 2.1 and 2.2]. Bhargava states the results for
F = Qp, but the appendix of [Bha07] explains how to extend the proof to arbitrary F. O

We record the following corollary:

Corollary 3.10. Let F be a p-adic field for some rational prime p. Let n and d be integers

with 0 <d<n—1. Then
~ 8 Part(d,n — d

qd
Proof. This follows easily from Theorem @(2) O

Lemma 3.11. Let E/F be a tamely ramified extension of p-adic fields, with ramification index
e and inertia degree f. Then

vp(dg/p) = fle—1).

Proof. This follows easily from [NS13, Page 199, Theorem 2.6] and [NS13, Page 201, Theo-
rem 2.9]. O
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In the tamely ramified case, we can extend Bhargava’s formula for m(Et, /F) to a statement
about the generalised pre-mass, which will be useful when we consider the analytic Malle—
Bhargava heuristics.

Lemma 3.12 (Generalised Bhargava mass formula). Let F' be a p-adic field, let n be a positive
integer, and let o € Split,,. Write o = (f{* ... ff"), and assume that p { e; for all i. The
following three statements are true:

(1) We have
. 1 1
’ITL( ) O'/F) tdo #Aut(a)

(2) We have

7 n 1

m(t; {L € Et, p:m((L, F)) = 7'['(0')}) =
(8) For each integer d with 0 < d <n —1, we have

Part(d,n — d)

ﬁz(t,{LéEtn/FdL/F:d}): td

Proof. Since p 1 e; for each i, Lemma tells us that every L € Etn/F with 7((L, F)) = n(0)
has

vp(dpp) = do.
This has two consequences:

(a) We have
~ 2. 1 1
m(t; Bty p) = i Z #Aut(L/F)
LEEtU/F
and
~ " 1 1
m(t:{L € Btyyp 2 7(L, F)) =n(0)}) = - 2. #Awt(L/F)’
LEEtn/F
n((L,F))=n(0)
(b) By Theorem @7 we have
S i - 7
Aut(L/F) ~ #A
e #Aut(L/F) #Aut(o)
and
Z ; =1
Aut(L/F) —
e # Aut(L/F)
w((L,F))=n(o)
The result follows from Statements (a) and (b). -

3.2. Equivalence of étale algebras and Galois representations. The theory in this section
is well-known, and is often used without reference in the arithmetic statistics literature. It is
essentially what is known as “Grothendieck’s Galois theory” (see e.g. [Mil22, Chapter 8]). We
were unable to find a reference that uses the same language as Bhargava, so we have included
the proofs here to aid the coherence of the thesis.

Let F be a field and let F be an algebraic closure of F. Write G for the absolute Galois group
Gal(F/F).
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Definition 3.13. A permutation group is a triple (G,¢, X), where G is a finite group, X is
a finite set, and ¢ is an injective group homomorphism ¢ : G — Aut(X). A morphism of
permutation groups (Gi,t1,X1) — (Ga, 12, X2) is a pair (¢, f), where ¢ : G; — G2 is a group
homomorphism and f : X; — X3 is a bijection, such that the following diagram commutes:

Gy —2— Aut(X)

| b

G2 ‘T> Aut(Xg),
where f, : Aut(X1) — Aut(X32) is defined by

F(@)y) = flo(f~H ()
for all y € X5. Composition of morphisms is defined by

(o, f)o(¥,9) = (pot, fog).

The degree of a permutation group (G,t¢, X) is the size of X. Given a permutation group
(G, 1, X), a permutation subgroup of (G,t, X) is a permutation group (H,tp, X), where H is a
subgroup of G and ¢y is the composition H < G < Aut(X).

It is clear that permutation groups form a category, where a morphism (¢, f) is an isomorphism
if and only if ¢ is a group isomorphism.

Definition 3.14 (G-sets). Let G be a topoloﬂgical group. A G-set is a pair (p, X), where X
is a set and p : G — Aut(X) is a continuous® group homomorphism. A morphism of G-sets
(p1,X1) — (p2, X2) is a function f : X7 — X5 such that for all g € G, the following diagram

commutes:

X, 29

| |s

XQ*)XQ
p2(9)

Call a G-set (p, X) finite if the set X is finite.

For any choice of G, it is clear that G-sets form a category, which we denote by G-Set.
Definition 3.15. Let G be any topological group and let (p, X) be a finite G-set. The permu-
tation group induced by (p, X) is the permutation group

( imp,t, X ) ,
where ¢ is the natural inclusion im p — Aut(X).

Definition 3.16 (Galois permutation groups). Let L be a degree n étale algebra over F. We
have a natural G g-set

p:Gp — Aut(Homp(L, F)),
where o € G acts by o-¢ = ogop. The Galois permutation group of L over F is the permutation

group
Gal(L/F) = (imp, ¢, Homp(L, F)),

where ¢ is the natural inclusion.

The definition of the Galois permutation group is quite abstract, but it is in fact closely re-
lated to the Galois groups of the component field extensions. When these field extensions are

With respect to the discrete topology on Aut(X).



22

linearly disjoint, in a sense we will make precise, the Galois permutation group admits a par-
ticularly simple description, which we will give in Lemma . In order to motivate the proof
of Lemma, , we first study the special case in which L is a field:

Example 3.17 (Galois group of a field extension). Let L/F be a finite separable field extension,
not necessarily Galois. The homomorphism

p: Gp — Aut(Homp(L, F))
factors through
Gr — Gal(L/F) < Aut(Homp(L, F)),
where L is the normal closure of L in F and, for all ¢ € Gal(L/F), we define () to be the
postcomposition map oo —. It follows that im p = Gal(L/F'), and the Galois permutation group

of L over F' is isomorphic to N
(Gal(L/F),,Homp (L, F)).

In other words, the Galois permutation group Gal(L/F) is the group Gal(L/F) together with
its natural action on the embeddings of L. Thus, our étale algebra notion of Galois permutation
groups strictly generalises the traditional notion of Galois groups of finite Galois field extensions.

Lemma 3.18. Let F be a field and let L+, ..., L, be field extensions of F', and let L = Ly X
... X L. Let M be another field extension of F'. There is a natural bijection

| |Homp(Li, M) — Homp(L, M),
i=1

where for each ¢ € Homp(L;, M), we have
f@) ;- ar) = (i)

Proof. 1t is easy to see that the map f is well-defined and injective, so we only need to show
surjectivity. Let ¢ € Homp(L, M). For each i, write e; for the element

0,...,0,1,0,...,0) € L,
where the 1 is in the i*" entry, and define the map ¢; : L; — M by
@i(Ai) = Y(Nies).

It is easy to see that
r
w(xlv v 7:177‘) = Z 90(371)7
i=1

so there is some ¢ such that ¢; # 0. There exists an element \; € L; with ¢;(\;) # 0. For all
j #4and all \j € L;, we have

©i(Ai)ej(Aj) = b(Aidjeie;) = ¥(0) = 0,

so ¢; = 0 for all j # 4. Since ¢ is an F-algebra homomorphism, it is easy to see that ¢; is too,
and hence that ¢ = f(y;), as required. O

In the case where the component field extensions of an étale algebra are linearly disjoint, the
Galois permutation group has a particularly nice description in terms of the Galois groups of
those field extensions. We isolate this description in Lemma , whose proof is a natural
extension of Example .
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Definition 3.19. Let F be a field and let L1, Lo, ..., L, be finite-degree field extensions of F.
For each i, let f;(X) € F[X] be a polynomial such that

FIX]
(fi(X))

We say that the extensions L1, ..., L, are mutually linearly disjoint if, for each 4, the splitting
fields of f; and [];, f; over F are linearly disjoint.

L;

Note that in the case r = 2, extensions L; and Lo are mutually linearly disjoint if and only if
they are linearly disjoint.

Lemma 3.20. Let F be a field with algebraic closure F, and let L1, ..., L, be mutually linearly
disjoint finite field extensions of F'. Let m1,...,m, be positive integers, and let L be the étale

algebra
T
L=]]L"
i=1

over F. For each i, let EZ C F be a normal closure of L; over F. Then the Galois permutation
group of L/F is isomorphic to the permutation group

(H Gal(Li/F),u,| | |_| Homp (L;, F))7
i=1 i=1j=1

where ¢ is the natural inclusion

L ﬁGal(Ei/F) — Aut (|i| |wj| HomF(LhF))a
i=1 =1j=1

corresponding to the postcomposition action of Gal(ii/F) on each copy of Homp(L;, F).

Proof. By Lemma , there is a natural bijection
T My
f: |_| |_| Homp(L;, F) — Homp(L, F).
i=1j=1

Since each L; is a subfield of F. We have a commutative diagram,

Gr Aut(Homp(L, F))

| [

[T, Gal(L;/F) —— Aut(||;| |, Homp(L;, F))

where the horizontal maps come from the natural postcomposition actions, the map f, is the
same as in Definition @, and the left-hand vertical map is the restriction map. We claim that
the left-hand vertical map is surjective. This is clear in the case r = 2, and for r > 2 it follows
by induction on 7. The result then follows from commutativity of the diagram and surjectivity
of the left-hand vertical map. O

Lemma 3.21. Let (G, p, X) be a permutation group, and let n = #X. There exists a subgroup
H C S, and an isomorphism of permutation groups

(G, p, X) = (H, 1, [n]),

where 1 is the inclusion H — S,,. Moreover, if H' is another such subgroup of Sy, then there is
an element o € Sy, such that H = cHo ™',
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Proof. Label the elements of X by {z1,...,2,}. Define the bijection f : [n] — X by f(i) = =;.
The isomorphism f, : S, — Aut(X) from Definition E simplifies to

S, ﬁ) Aut(X), o (2= xg5).

Let H be the image of the composition

fil

G <4 Au(X) 5 S,

Then we have a commutative diagram

G —2— Aut(X)

f*‘lopl lf*l

H—— 8,

which tells us precisely that the permutation group (H, ¢, [n]) is isomorphic to (G, p, X). Now
suppose that H' C S,, is another subgroup with inclusion // : H' — S,,. The definition of
morphisms of permutation groups tells us that

(H',/,[n]) = (H,¢,[n])
if and only if H' = cHo ™! for some o € S,,. O

In light of Lemma , we can specify a permutation group up to isomorphism by giving a
subgroup of S,,. Given such a subgroup G C 5,, we will often just write G to refer to the
permutation group (G, ¢, [n]), leaving the embedding of G into S, implicit. As illustrated by
the following example, this embedding really matters, so it is important to understand that
writing G by itself is an abuse of notation. We will sometimes also write G C S,, as abuse of
notation for the same permutation group, (G,¢, [n]).

Example 3.22 (Choice of embedding matters). Let G; and G2 be the permutation groups
G1 = (((12)(34), (13)(24)), 11, [4])

and

Gy = (<(12)7 (34»7 L2, [4]),
where 11 and 19 are the natural inclusions. In each case, the underlying group is isomorphic to
V4, but the embeddings into Sy give noniso&phic permutation groups. A quartic étale algebra

always satisfies the hypotheses of Lemma , 80 we obtain the following two observations:

(1) An étale algebra has Galois permutation group G; if and only if it is a Galois field
extension with Galois group V.

(2) An étale algebra has Galois permutation group G if and only if it is a product of two
nonisomorphic quadratic field extensions.

Lemma 3.23. Let F be a field with algebraic closure F, and let Gp be the absolute Galois
group G = Gal(F/F). The following three statements are true:

(1) There is a natural bijection
(p:Grp = Aut(X)) = L,

between isomorphism classes of Gp-sets of size n and isomorphism classes of degree n
étale algebras over F'.

(2) Given a Gp-set p: Gp — Aut(X) of size n and associated étale algebra L,, the Gp-set
Homp(L,, F) is isomorphic to (p, X).
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(8) Given a Gp-set p: Gp — Aut(X) of size n, the Galois permutation group of the étale
algebra L, is isomorphic to the permutation group induced by p.

Proof. Let p : Gp — Aut(X) be a continuous homomorphism, where X is a set of size n. Let
X1,..., X, be the orbits of the corresponding action. For each ¢, choose some element x; € X,
let H; = Stabg,, (x;), and set L; = F™'. The subextensions of F'/F isomorphic to L; correspond
to the conjugate subgroups of H; in Gr. Changing choice of z; € X; would give a conjugate
subgroup of H;, so the field extension L;/F is well-defined up to isomorphism. Reordering
the sets X; corresponds to reordering the L;, so we have a well-defined étale algebra up to
isomorphism, given by
L,=Lix...L,.

Conversely, let L = L1 x...x L, be a degree n étale algebra over F'. For each i, the isomorphism
class of the field extension L;/F corresponds to a conjugacy class of subgroup H; C G, with
L; = FHi. Given such a subgroup H;, let X; be the set of left cosets Gp/H;. Then there is
a natural action of G on X;, given by g - [f] = [go f]. Given a conjugate o H;o~' of H;, the
Gp-sets Gp/H; and Gp/oH;o~! are isomorphic via the map

Grp/Hi — Gp/(cHio™"), [fl+[foo™'].

Thus, each Gp-set X; is well-defined up to isomorphism. Changing the ordering of the L;
corresponds to changing the ordering of the X;, so the G p-set

X=||x
A

is well-defined up to isomorphism of G p-sets. It is clear that these two constructions are mutual
inverses, so we obtain the first statement. The second and third statements are immediate from
the construction. O

Definition 3.24. Let G = (G, ¢, X) be a permutation group and let F' be a field. A G-extension
of F is an étale algebra L/F with Galois permutation group isomorphic to G. Write (G—Ext)p
for the set of isomorphism classes of G-extensions of F.

Let G C S, be a permutation group. We say that two homomorphisms p,p’ : Gp — G are
Sy, -conjugate if there is some f € S, such that fGf~! = G and the diagram

G
e
Gp [
N
G
commutes, where f, is the map f.(0) = fof~L.

Lemma 3.25. Let G C S, be a permutation group. There is a natural bijection between S -
conjugacy classes of surjective group homomorphisms p : Gp — G and isomorphism classes of
étale algebras with Galois permutation group isomorphic to G.

Proof. This follows easily from Lemma . (]

Example 3.26 (S3-cubics). Cubic étale algebras over Q correspond to isomorphism classes of
Gg-sets of size 3. Let p: Grp — Aut(X) be such a Gg-set. Since we only care about our Gg-set
up to isomorphism, we may assume that X = {1,2,3}, so that we have p : Gp — Ss.
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Then the étale algebra L, is a field if and only if p is transitive, in which case
L,=Q

Since p is transitive, its image is either Sz or A3 = ((123)). If im p = A3, then Stabg,. (1) = ker p,
so L, is a Galois extension with Galois group Cj.

Stabg@

Suppose instead that im p = S3. Then
Staba, (1) = p~ ' ({id, (23)}),

which cuts out a non-Galois cubic extension L,/Q. Thus, isomorphism classes of S3-cubic exten-

sions correspond to equivalence classes of surjections p : G — S3, where two such surjections
p1, p2 are equivalent if and only if there is some ¢ € S5 such that

pa(f) = opi(fot,
for all f € Gg.

Example 3.27 (D4-quartics). By Lemma , quartic étale algebras over Q correspond to
isomorphism classes of Gg-sets of size 4. Let p : Gg — Aut(X) be such a Gg-set. We may
assume that X = {1,2,3,4}, so that p : Gg — S4. The étale algebra L, is a field if and only if
p is transitive, in which case we have

Lp o —Stabg@(l).

The extension L,/F has Galois permutation group Dy if and only if the permutation group
induced by p is isomorphic to D4. Since there is only one copy of Dy in Sy, this is the case
if and only if imp = D4. Thus, counting D4-quartics is equivalent to counting Sy-equivalence
classes of surjections p : Gg — D4, where two such surjections p1, p2 are equivalent if and only
if there is some o € Sy such that
pa(f) = opi(fo™t,

for all f € Gg. Since the subgroup Dy C Sy is self-normalising, such a ¢ must in fact be in Dy,
so we can forget about the embedding into S; and just count surjections p : Gg — D4, where
we identify surjections that are related by conjugation by D,.

Definition 3.28. Let k be a number field and let v be a place of k. Fix algebraic closures k
and k, of k and k,, respectively. Also fix an embedding k < k,. There is a natural inclusion
Gk, — Gy given by restriction of maps. For any group homomorphism p : G, — G, write p,
for the composition

po: G, = G 5 G.

Definition 3.29. Let K/k be a degree n extension of number fields, and let v be a place of k.
The completion of K over v is the étale algebra K, over k,, given by

K, = K ®; ky.
Let K/k be a degree n extension of number fields with Galois permutation group G C S,,. Let
p : G — G be the surjective homomorphism corresponding to K (defined up to S,-conjugation).

Lemma 3.30. With notation as above, the following three étale algebras over k, are isomorphic:

(1) The completion K, of K over v.
(2) The product Hwh} K, where w ranges over the places of K lying over v.
(3) The étale algebra L, associated to the Gy, -set p, : G, — Sp.
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Proof. The equivalence of (1) and (2) is well-known; see e.g. [NS13, Chapter II, Proposition 8.3].
We now prove the equivalence of (2) and (3). For each w | v, we have a natural morphism of
G, -sets given by the restriction map

Homy,, (Ky, ky) — Homy, (K, k).

This map is injective, and its image consists precisely of the embeddings K < k that correspond
to the place w of K. Thus, we can glue such maps to obtain an isomorphism of Gy, -sets

|_| Homy,, (Ky, ky) — Homy, (K, k).

wlv

The result follows from the natural isomorphism of Gy, -sets

Homy, (HKU,,EU> = |_|Homkv (Kw, ky).

wlv wlv

The reason we care about completions of K over places of k is that they give us the natural
language for talking about local conditions. This is made precise in the following definition:

Definition 3.31. Let k£ be a number field. We define the key terminology for local conditions
as follows:

(1) For a place v of k, a degree n local condition at v is a subset %, C Etn/kv'

(2) A degree n collection of local conditions on k is a collection (X,),, where v ranges over
the places of k.

(3) For a place v and a local condition X, at v, a degree n field extension K/k satisfies the
local condition X, if the completion K, is in X,,.

(4) A degree n extension K/k satisfies the collection (¥,), of local conditions if it satisfies
>, for every place v of k.

(5) We call a collection of local conditions (¥,), acceptable if, for all but finitely many
(finite) v, the set ¥, contains every L € Etn/kv with v(dp,) < 1.

(6) Let G = (G,t,X) be a permutation group. A collection ¥ of local conditions is G-
compatible if for each place v of k and each L € %,, the Galois permutation group
Gal(L/k,) is isomorphic to a sub-permutation group of G.

By Lemma , a degree n local condition at v is equivalent to a set 3, of S,,-conjugacy classes
of homomorphisms G, — S,. Given a group G and a subgroup H C G, write Zg(H) for the
centraliser of H in GG, defined to be

Zg(H)={9€ G:gh=hgforal he H}.

Lemma 3.32. Let N/F be a (possibly infinite) Galois extension of fields with Galois group G,

and let H < G be a (closed) subgroup. Let L = NH. Let X = G/H be the set of left cosets of H
in G. Let p be the natural group homomorphism p : G — Aut(X), associated to the left-action
g-(aH) = (ga)H. There is a natural bijection

& Aut(L/F) = Zau(x(im p),
given by
© (aH — agZH),
where ¢ is an arbitrary lift of ¢ to G = Gal(N/F).
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Proof. Our proof is a simplified version of [AMS15, Proof of Theorem 3.6]. Our rewritten version
is considerably shorter, so we include it here.

It is easy to see that the map @ is well-defined and injective. Let f € Zauyx)(imp). By
definition of the centraliser, for all ¢ and a in G, we have

f(gaH) = gf(aH).

Let n € G be an element such that f(gH) = nH. Then, taking a = 1 in the above equation,
we have

f(gH) = gnH
for all g € H. It follows that for h € H, we have
f(nhn™'H) = f(H),
so nhn~! € H, since f is injective. Therefore, nHn~! = H, so n(L) = L, and therefore
n|r € Aut(L/F), and we have
®(nlp) = f

by definition of n. Therefore, ® is surjective, so we are done. O

Lemma 3.33. Let (p, X) be a transitive G p-set of size n, and let L be the corresponding field
extension. Then

# Autgp-set((p, X)) = # Aut(L/F).

Proof. Write G, for the subgroup Gal(F/L) of Gg. Up to isomorphism of Gp-sets, we may
assume that X = Gp/Gr, with the natural left-multiplication action. Let p : Gp — Aut(X)
be the group homomorphism associated to this action. By definition of morphisms in Gp-Set,

we have
AutGF—Set ((p7 X)) = ZAut(X) (lm P),
and the result follows from Lemma . O

3.3. The algebraic Malle-Bhargava heuristics. Throughout this thesis, we will always
write Il to denote the set of places of a number field k. Moreover, we will write Hg“ and II3°
for the nonarchimedean and archimedean places (i.e. finite and infinite), respectively. We start

with the following elementary observation:

Lemma 3.34. Let k be a number field or a p-adic field, let k be an algebraic closure of k, and
let K/k be a finite field extension. Then

— [K : k]

LCk: L2 K}=————.
#LC v K} # Aut(K/k)

Pr00f~. Let K C k be a normal closure of K over k. There is a natural, transitive left-action of
Gal(K /k) on the set
{LCk:L= K},

where o takes L to its set-theoretic image o(L). It is clear that, under this action,
Stab(K) = {o € Gal(K /k) : o|x € Aut(K/k)}.
By Galois theory, each element of Aut(K/k) lifts to precisely [K : K] elements of Aut(K /k), so
#Stab(K) = [K : K] - # Aut(K/k),
and the result follows by the Orbit-Stabiliser Theorem. U
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Our proof of Lemma is very similar to our proof of Lemma @ In both cases, we find
that the prevalence of an object is inversely proportional to its number of automorphisms. This
motif appears often in arithmetic statistics. In [Bha07, Page 9], Bhargava writes “It is a common
philosophy in number theory [..] that isomorphism classes of algebraic objects tend to occur |..]
by weights that are inversely proportional to the cardinalities of their respective automorphism
groups”. Inspired by this observation, Bhargava formulates the “Malle-Bhargava heuristics”,
which underpin much of our work. We will state the most basic version of these heuristics in
Heuristic , but first we need some notation.

Given a p-adic field F' and a positive integer m, define
Etn/F,m = {L € Etn/F . UF(dL/F) = m}

Let D be an integer, let v be a place of Q, and let L € Etn/(@v. Call L discriminant-compatible
with D if

v(dpg,) =v(D) if v is finite,

sign(dy /) = sign(D) if v is infinite.
When v is infinite, this just means that

sign(D) = (~1)°,

where L = R" x C®. Bhargava imagines that number fields occur randomly, so that the number
of Sy-n-ics with a given discriminant is a random variable. Viewing the situation through this
lens, he writes FE,, (D) for the expected number of S,,-n-ic number fields with discriminant equal
to D. For a randomly selected such number field K, and for each place v of QQ, we expect the
completion K ®qg Q, to be a “random element” of

{L € Et, /Q, ¢ L is discriminant-compatible with D},
where, in line with the philosophy above, the probability distribution is given by

1
PIK®Qy=2L) X ——————.
Y VRIVALON
Thus, we expect E, (D) to be proportional to the sum

Y o
Aut(L '
LeEt,, ), # Aut(L/Qo)

L discriminant-compatible

with D

Moreover, we expect the completions K ®g Q, to be independent random variables for different
places v. These assumptions lead us to the following heuristic:

Heuristic 3.35 (Algebraic Malle-Bhargava heuristics for Q). Let D be an integer. If D = 0,1
(mod 4), then

ED)=( Y M)'H( 2 M>’

LEEt, PENG"  LEBty/q,,0,(D)
sign(D)=sign(dr,/r)

where the product is over finite primes. If D = 2,3 (mod 4), then
E.(D) =0.

Define the functions E,, and En,oo by

EO=T1( ¥ sxema)

. )
pelly”  LEEt, /gy, 0p(D)
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and
Enm(D) = m({L € Etn/R :sign(D) = sign(dL/R)}),
so that Heuristic implies that
En(D) = En,OO(D) 'En(D)v

whenever D = 0,1 (mod 4). Using Corollary , it is easy to see that E, is multiplicative,
in the sense that E,(DD’) = E,(D)E,(D’) for coprime integers D and D’. Assume that X is
some large positive real number. Let D be a randomly selected integer in (—X, X). Since
1
Pp(D =0,1 (mod 4)) = oL
the expectation of E, (D) is given by

ED[En(D)] = 'ED[EH,OO(D) En(D)]

-Ep [En,m(D) ) HEn(pvp(D))}

Ep[Bnoe(D)] - [ Ep | Bulp )]

%

N = N =N =

where the second equality comes form multiplicativity of E,, and the approximate equalities
come from from approximate independence of the random variables v,(D) for different p. We
have

B [B, (5] = S Bule) - Pluy(D) = o
a=0

o

3 (Gpm) T gt

L€Et, /g, a

_pr-1 1
- 3

vp(dL/qp)
LeEt, q, # Aut(L/Qp) - p™ "t/

Similarly, we have
__ 1 .
Ep {En,oo(D)} = 9 ’ m(Etn/R)'
Putting the above together, we have

Ep [En(D)] =

T m(Etasg,)-

’UEH@

B~ =

The vague definition of E, (D) suggests that we should have approximate equality
Non(X)~ Y Ea(D)=2X-Ep[E,(D)],
De(—X,X)
so we obtain the following conjecture:

Conjecture 3.36. For all n, we have

. Non(X) 1 ,
Jm = =g 1L mEe,).

We can actually go much further than Conjecture , extending the base field to an arbitrary
number field £ and counting S,,-n-ics with local conditions. To that end, let k& be a number field
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and let 3 = (X,), be an acceptable degree n collection of local conditions on k, in the sense of
Definition

Let D be an ideal of Of. Again taking the view that number fields occur randomly, define
Ejn(D;X) to be the expected number of S,-n-ic extensions K/k such that K satisfies ¥ and
disc(K/k) = D. By the same reasoning we used to justify Heuristic , we obtain the following
heuristic:

Heuristic 3.37 (Algebraic Malle-Bhargava heuristics for arbitrary base number field). Let X
be an acceptable degree n collection of local conditions on k, and let D be an ideal of Oj. Then
Ejn(D;X) is the product of the following two quantities:

(1)
%' 11 (Z #Autl(L/k:p))'

vEHzO LeX,

O( Y srem)

pellfin LeXy
vp(dp /i, )=0p (D)

(2)

The first quantity in Heuristic is just
1
5 1 m.).

vellpe

As before, write Ey ,(D; ) for the product

O( Y smem)

pellfin LeXy
vp(dr /i, )=0p (D)

Again, we may use Corollary to see that
Fin(DD; %) = By p(D; %) - Byn(D';%)
for any pair of coprime ideals D and D’.
Lemma 3.38. Let k be a number field, let X be a large positive real number, and let D be a

uniformly randomly selected ideal of Oy with Nm(D) < X. For each nonzero ideal I of Oy, we
have

lim P(D C I) = .
sm PO =m

Proof. Let S be the set of all ideals of Oy, let I be a nonzero ideal, and let
Sr={JeS:JCI}.
For each positive real number T', define
S<cr={Je€S:Nm(J) <T},
and define Sy <7 = Sy N S<r. It is well-known that

. #S<r
. AT

= Ress=1 (k(9).

There is a bijection
p:S—=8, J—JI,
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It is easy to see that Nm(y(J)) < X if and only if Nm(J) < SO

(3) #S1,<x = #S_

X .
— Nm([])
We have

Nm([)

#51,<x
#S<x
and the result follows from Equations (E) and (B) O

P(DCI)=

Corollary 3.39. Let k be a number field, let I and J be coprime ideals of O, let X be a
positive real number, and let D be a uniformly randomly selected ideal of O with Nm(D) < X.
The events {D C I} and {D C J} are “approzimately independent”, in the sense that

L E({DCnn{DC )

X—oc P(DCI)-P(DCJ)

Proof. This follows easily from Lemma . U

Let k be a number field, let X be a large positive real number, and let D be a uniformly randomly
selected ideal of O with Nm(D) < X. It follows from Corollary B E that the valuations v, (D)
are approximately independent for different primes p, so Heuristic E

EplBin(D;0)] =Ep[g - [T m(50) - [] Feale™;5)]

vellPe pEHQ“
I w1 Ep | Brale:3)].
vEIT® peltn

Moreover, for each finite prime p of k£, Lemma implies that

implies

N =

Ep[Exn(p? ) 5)] ZEMpE P(vp(D) = a)

oo

Nmp—l 1
2 2 FRw(i/ky) Nmpy
UP(dL/kp) a
~ Nmp-—1 1
- Nm p . Z Aut(L/k.) - (N vp(dr k)
Lew, #Aut(L/ky) - (Nmp)

=m(%y).

Write Ny, ,(X;X) for the number of S,-n-ic extensions K /k such that Nm(disc(K/k)) < X and
K satisfies ¥. Then

Nen(X;2)~ > Epn(D;X)
D:Nm(D)<X
~#{D :Nm(D) < X} ED[E;m(D' 2]

~ #{D : Nm(D <X} Hm

velly

Since

: <
lim #{D :Nm(D) < X}
X—o0 X
we obtain the following conjecture:

= Ress—1 (i(5),
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Conjecture 3.40. Letn be an integer, let k be a number field, and let X2 be an acceptable degree
n collection of local conditions on k. Then we have

i Vo) L g G T mis).

X —o0 X N 2
'UEHk

3.4. The analytic Malle-Bhargava heuristics. The analytic MBH is a more general set
of conjectures, from which Conjecture arises as a special case. Let G = (G,¢,[n]) be a
transitive permutation group, and let X be a G-compatible collection of local conditions on
k. Recall from Definition @ that a G-extension of k is an étale algebra K/k whose Galois
permutation group is isomorphic to G, and that we write (G—Ext)j, for the set of isomorphism
classes of such extensions. Define
1
Nia(X;X) = > FA(K/R)
Ke(G—-Ext)y,

K satisfies
Nm(disc(K/k))<X

Remark 3.41. If the action of G on [n] is transitive, then Ny o(X;3) counts field exten-

sions with Galois closure group G. Otherwise, it counts étale algebras. Thus, for arbitrary
permutation groups G, the counting function Ny ¢(X;X) is very general.

For each ideal D of Oy, write

oS = % :

Ke(G—Ext)y #AUt(K/k).

K satisfies &

disc(K/k)=D
Let & (G, X, s) be the Dirichlet series

n,c(D; X)
3,8) = —_—
gk‘(G> ; S) Nm(D)s
For each place v of k, define
1 e .
My (5:5,) = ZLGEP #Aut(L/k,,).(Nmp)v"(dL/’“P)S if v = p is finite,
1

ZLGEU FAG(L/ k) if v is infinite.

Remark 3.42. Bhargava defines M,(s;3,) in the context where 3, is a set of S,,-conjugacy
classes of homomorphisms p : G, — G. By the work in Section B.9, our definition is equivalent
to Bhargava’s.

For an as yet unspecified constant C(k, G), define
My(s; %) = C(k, G) - [ Mo(s: 50),

where the product is over all places of k, both finite and infinite.

Definition 3.43. We define the following two terms:

(1) A special Dirichlet series is a Dirichlet series f(s), such that the following three state-
ments are true:
e All coefficients of f(s) are nonnegative.
e There is some sy > 0 such that f converges in the open right-half plane Re(s) > so.
e For the same sy, the function f has a meromorphic continuation to the closed
right-half plane Re(s) > sp.
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(2) Let f and g be special Dirichlet series. We say that f and g are asymptotically equivalent
if they have the same rightmost pole sg € R, and the order of the pole of f —g at s = s¢
is strictly lower than the order of the pole of f or g at s = sg.

Theorem 3.44 (Tauberian Theorem). Let f(s) =, a,n™° be a special Dirichlet series with
rightmost pole of order k at s = sq, for some sg € R with sg > 0. Then

ims%so - F s -
5 e e O TR Xl )1
n<X ’

Proof. This is [Wool6, Theorem 7.1]. O

Corollary 3.45. Let f(s) = Y. an,n™° and g(s) = >, bpn™° be asymptotically equivalent
special Dirichlet series. Then
> Yo

n<X n<X

Proof. This follows easily from Theorem . O

Heuristic 3.46 (Analytic Malle-Bhargava heuristics). Given a positive integer n, a finite per-
mutation group G C S, and a base field k, there exists a value of C(k,G) such that, for
all suitably nice collections ¥ of G-compatible local conditions, the functions M(s;¥) and
&k(G, 2, s) are asymptotically equivalent special Dirichlet series.

Combining the analytic Malle-Bhargava heuristics with Theorem , we obtain the following
conjecture:

Conjecture 3.47 (Essentially Malle’s conjecture). Let k be a number field and let G be a finite
permutation group. There exist constants a(k,G),b(k,G), and c(k,G), with ¢(k,G) > 0 and
b(k,G) > 1, such that

Npa(X) ~ c(k,G) - X1/ ®E) . (log X )bRG)-1L,

Lemma 3.48. Let k be a number field and let M (s) be a Dirichlet series with an Euler product
M(s) =[], My(s), indexed by finite primes of k. Suppose that My(s) > 0 for all p and for all
s with Re(s) > 0, and that there is a positive real number A such that
1 1 A
§ M, S § 1 + + )
Nm(py = M= gyt N
for all real s > 0 and all but finitely many primes p. Then M (s) has a simple pole at s = 1.

1+

Proof. Without loss of generality, we may assume that the inequality
n A
Nm(p)* = Nm(p)*’

1
I+ = < My(s) <1+
Na(pyr = 0

holds for all primes p. Since we have

Cr(s) = (1 + Nm(p)~* + Nm(p) > +...),
p

it is easy to see that

(4) [I(—Nm(p)~?) <

p

M(S) m —2s
D) sl?[(HAN () 7*).
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We have
[Tt +ANm@p) ) < [T [Ja+ 402
b pellfin plp
_9\\ FQ
< ([T a+a2)
pelttin

and similarly

We also have

log H (1+Ap~2) < Z ;;<oo

pellf® pellf®
and )
peHﬁn pengn

so both products in Equation (@) converge to positive values when s = 1. Therefore, the ratio

]C\;[ j)) converges to a finite, nonzero value as s — 1, and the result follows. O

Let ¥ be an acceptable collection of local conditions on k. It follows from Lemma that
there is a positive real number A such that, for all but finitely many primes p of k, we have

1 A
1+ ———— < My(s;2) <1+ +
Ny = M%) <1y T Nmp)®

Lemma tells us that Mjy(s; X) has a simple pole at s = 1. Moreover, Part (3) of Lemma
tells us that

Resoy Mi(si2) = C(k,G) - [ m(®,)-lim (s = 1) T (Nm(p)s2.))

s—1

’UEHOO PEHZH
1
H m( lgq ((S_l) H 1—Nm(p)*s)
velly pengn
= C(k,G) - Ress=1 Ck(s H m(
velly

If Heuristic is true, then Theorem implies the following conjecture:

Conjecture 3.49. Let G C S, be a permutation group and let X be degree n collection of
local conditions, such that 3 is both G-compatible and acceptable. There is a constant C(k,G),
determined by k and G, such that

Nig(X;X) ~ C(k,G) - Ress=1 (s H m(X
velly

Lemma 3.50. Let G C S, be a permutation group. For each v, let X, be the set of étale
algebras L € Etn/kv such that Gal(L/k,) is isomorphic to a sub-permutation group of G. Then
3 is acceptable if and only if G contains a transposition.

Proof. Let p be a finite prime of k. Without loss of generality, we may assume that p does not
divide any inteier e with e < n, so that any degree n étale algebra over k, is tamely ramified.

By Lemma , the degree n étale algebras L/k, with v(dy, /k,,) < 1 are precisely those with



36

splitting symbols (11...11) and (1%21...11), whose Galois permutation groups are respectively
trivial and generated by a single transposition. O

We obtain the following consequence of Conjecture M and Lemma :

Conjecture 3.51. Let G C S,, be a permutation group containing a transposition. Then there
is a constant c(k,G), determined by k and G, with

Nig(X) ~ ek, G) - X.

The following result, which is [BWO07, Theorem 2|, shows that we really need the transposition
in G:

Theorem 3.52 (Bhargava—Wood). Let S3 C Sg be the permutation group where S acts on
itself by left-multiplication. There is a positive constant ¢ such that

Ny, 55c54(X) ~ X3,

Recall that, given a collection ¥ of local conditions on k, the special case G = (S,, C S,,) recovers
the notion of an Sj,-n-ic extension, and we write Ny, ,(X;3) as shorthand for Ny g,cg, (X;2).
The following result is a special case of [BSW15, Theorem 3]:

Theorem 3.53 (Bhargava—Shankar—Wang). Let n be a positive integer with n < 5. In the
case G = S, Conjecture @ is true with C(k,G) = % That is, for any acceptable degree n

collection of local conditions X3, we have

1
Nk,n(X; E) ~ 5 -Ress=1 <k(5) : H m(zv) - X,
velly

More generally, we have the following conjecture:

Conjecture 3.54 (Bhargava). Let n be any positive integer with n > 2, and let ¥ be an
acceptable degree n family of local conditions. Then we have

1
Nien(X55) ~ o - Ressey Gi(s) - I m=.)-x.
velly

4. PARAMETRISING RINGS AND COUNTING INTEGRAL POINTS

According to Wikipedia, Bhargava’s 2014 Fields Medal was for “developing powerful new meth-
ods in the geometry of numbers, which he applied to count rings of small rank and to bound
the average rank of elliptic curves”. These powerful methods are known colloquially as “Bhar-
gavology”, and they form the crux of the proof of Theorem . The remainder of Section E is
devoted to a high-level sketch of the key ideas in the proof. Most writing about a difficult topic
will exist somewhere on the following spectrum:

{Easy to understand but missing details} «— {Hard but including all details}.

Of course, the right-hand limit of this spectrum exists in the original paper [BSW15], as well
as in Bhargava’s earlier work in [Bha04], [Bha05], [Bha0g], and [BhalO]. On the other hand,
there are several excellent expositions more in the middle/middle-left of the spectrum, such as
[BST13, Sections 2-5 and Section 8] and [Wool6, Section 11]. The latter two references explain
the case of cubic number fields over Q.
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We endeavour to push a little further to the left of this spectrum, including fewer details and
emphasising the big picture. We do not claim that our exposition is in any way better than that
in [BST13] or [Woo16]. Both references are really excellent, and we merely hope that it is useful
to have an additional viewpoint with slightly different emphasis. We especially recommend
Pages 323-334 of [Woo16], which give an exceptionally clear explanation of the lattice point
counting techniques. In addition to the two references we have given, the reader may wish
to attempt Problems 47-80 of the 2014 Arizona Winter School, which walk through the same
special case in an exercise-driven manner.

Final appeal: This stuff is just hard! Most people will probably need to try to read Bhargava,
then try to read several different expository works, then try to read Bhargava again, and flit
about chaotically for a while before it starts to make sense.

4.1. Parametrising cubic rings: Delone—Fadeev and Davenport—Heilbronn. By an
integral binary cubic form we mean a homogeneous cubic polynomial f(z,y) € Zlz,y]. Write
Sym?3(Z?) for the set of integral binary cubic forms.

Definition 4.1. A cubic ring is a ring R that is a free Z-module of rank 3. The discriminant
disc(R) of a cubic ring R is the determinant of the bilinear form tp : R x R — Z, where tg(a, 3)
is the trace of the Z-linear map af : R — R. The discriminant and trace and both integers.

Write CubRing(Z) for the category of cubic rings over Z. We will occasionally make reference
to the categories of cubic rings over other base rings, such as CubRing(Z,) and CubRing(F,).
These are defined analogously, as full subcategories of Z,-algebras and [F-algebras, respectively.

For a matrix g € GLo(Z) with coefficients <Z Z) , we define the integral binary cubic form
g-fhby

(0 D) = g 1(@9)0) = g Flar -+ ey ba +dy).

The map f +— g - f gives a natural left-action of GLa(Z) on Sym?(Z?), since for g,h € GLy(Z)
and f € Sym®(Z?) we have
1
(9 (- D)ew) = o (- D))
1 1

~ det(g)  det(h)
= ((gh) - f)(z,y).

- f((z,y)gh)

Given a binary cubic form
f(z,y) = ax® + bx?y + cxy® + dy?,

we can define a cubic ring R(f) explicitly as the free abelian group Z @ Zw @ Z#, with multipli-
cation induced by

wl = —ad,

w? = —ac — bw + ab,

0% = —bd — dw + c#.
One can check that the resulting multiplication is associative, so that R(f) is actually a ring.

For f € Sym®(Z?) and g € GL3(Z), it turns out that R(g- f) = R(f). Intuitively, this is because
the action of g corresponds to changing basis in R(f).
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The construction of R(f) is quite opaque. The following lemma gives a more natural interpre-
tation:

Lemma 4.2. Let f € Sym?3(Z?), and let w and 0 be as in the definition of R(f). Then we have
f(w,a) = f(—d,8) =0.

Proof. This follows from the definition of R(f). O

In other words, Lemma @ tells us that R(f) is obtained from Z by adjoining roots of f(x,y).

Theorem 4.3 (Delone-Fadeev correspondence). The following four statements are true:

(1) The map f — R(f) gives a well-defined bijection
GLy(Z)\Sym?(Z?*) — CubRing(Z)/ =,
between GLy(Z)-orbits on Sym>(Z?) and isomorphism classes of cubic rings over Z.
(2) We have disc(R(f)) = disc(f), for all f € Sym3(Z?).
(8) The ring R(f) is an integral domain if and only if f is irreducible over Q.
(4) There is a natural group isomorphism

Aut(R(f)) = Stabgr,(z)(f)-

Proof. For (1), the original reference is [DF64, Section 15]. However, Delone and Fadeev only
work with cubic rings arising as orders in number fields; a reference for our slightly more general
setting is [BST13, Theorem 9]. The other statements are [BST13, Propositions 10-12]. O

Definition 4.4. A cubic ring R is maximal if it is not isomorphic to a proper subring of any
other cubic ring.

Lemma 4.5. Let R be a cubic ring. The following statements are equivalent:

(1) R is isomorphic to the ring of integers of a number field.
(2) R is mazimal and an integral domain.

Proof. Let R be a cubic ring and an integral domain. Then R = R(f) for an irreducible integral
binary cubic form f(z,y). Lemma tells us that R is isomorphic to an order in the number
field

Ky = 7Q[t] )

(f(t,1))

If R is a maximal cubic ring, then it is clearly a maximal order in K¢, hence the ring of integers
of Ky. Suppose conversely that R is isomorphic to the ring of integers of Ky. Let R’ be another
cubic ring such that there is an embedding R C R’. Then R’ = R(g) for an irreducible binary
cubic form g. But then we have a commutative diagram

R(f) —— Ky

[ F

R(g) — K,
so in fact R = R'. O

For each rational prime p, let U, be the set of f & Sym?(Z?) such that the following two
statements are true:
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(1) f is not a multiple of p.
(2) For every binary cubic form az?® + bx?y + cxy? + dy? in the orbit GLo(Z) - f of f, either
p?faorpthb.

Theorem 4.6 (Davenport-Heilbronn correspondence). Let f € Sym3(Z?). Then R(f) is maa-
imal if and only if f € (N, Up.

Proof. The original reference is [DH71, Proposition 4]. Our contemporary reference is [BST13,
Theorem 14]. O

Write U = ﬂp Uy, and write Ued for the set of irreducible elements of ¢. By Theorem @,
Part 3, and Theorem @, the orbits GLo(Z)\U™®¢ correspond to rings that are both maximal
cubic rings and integral domains, hence to cubic number fields by Lemma {.5. By Theorem @,
Part 2, it follows that the number of cubic number fields K/Q with |disc(K/Q)| < X is equal

to
N (X;uUt™d) = #{[z] € GLo(Z)\U™ : |disc(z)| < X }.

Remark 4.7. We actually care about Ss-cubics. By Theorem @, Part (4), this requires us to
specify the additional constraint that # Stabar,(z)(z) = 1. It will turn out that this is usually
the case, so that the count N(X;Z/li”ed) is asymptotic to Ng3(X).

One final consideration is that of local conditions. For each prime p, there is a commutative
diagram

sym*(z?) )y CubRing(2)

j l—(@ZZP

Sym?®(Z2) 0 CubRing(Z,)

where the horizontal maps are the Delone-Fadeev correspondence (which is also valid for cubic
rings over Z,). It follows that for a binary cubic form f € U irred " corresponding to a field K, the
étale algebra K, is the extension of QQ, corresponding to the binary cubic form f € Sym3(Z12)).
Moreover, it follows from Krasner’s Lemma and Lemma @ that® the isomorphism class of K,
is determined by f (mod p™) for some positive integer m. Thus, for the full picture, we will
consider counts of the form

N(X; Sirred) = #{[z] € GLy(2)\S™d : |disc(z)| < X},

for GLg(Z)-invariant sets S C Sym®(Z2) that are defined by congruence conditions, in the
following sense:

Definition 4.8. Let p be a prime. A set S, C Sym?(Z2) is defined by p-congruence if there is
some positive integer m such that, for all f € Sym3(Z?), membership of Sy is determined by
the congruence class f (mod p™). A set S C Sym?®(Z?) is defined by congruence conditions if it

is of the form
S =[5
P

where for each p, the set S}, is defined by p-congruence.

More properly, for a given cubic étale algebra L/Qp, there will be a positive integer my such that whether
K, = L is determined by f (mod p™%). Then the isomorphism class of K, is determined by f (mod p™), where
m = maxz{mr}, which exists since there are finitely many isomorphism classes of cubic étale algebras L/Q,.
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In the case of cubic number fields, we have defined the class of counting problems N (X ; Sirred)
we are interested in. As mentioned above, this cubic problem is solved in full detail in e.g.
[BST13]; rather than reproducing that work here, we will sketch some of the key ideas. One
advantage of our sketch is that it gives equally good insight into counting quartic and quintic
number fields, as is done in [BSW15]. We will still work in a simpler context than [BSW15].
In that paper, the authors parametrise low-rank rings over an arbitrary base ring (see [BSW15,
Section 3)), allowing them to count cubic, quartic, and quintic extensions of an arbitrary number
field, as in Theorem . In our treatment, we will restrict ourselves to the base field Q.

4.2. Parametrising quartics and quintics: Bhargava. Above, we saw how the Delone—
Fadeev correspondence parametrises cubic rings, and how the Davenport—Heilbronn correspon-
dence then refines the result to parametrise cubic number fields. One of Bhargava’s many
important contributions is the development of analogous parametrisations for quartic and quin-
tic rings and fields. In this shorter subsection, we will state these parametrisations and see how
they fit into a wider counting framework.

In general, we will have a reductive group G over Z and a representation V of GG. Taking integer
points yields a concrete group Gz with a left-action on a concrete Z-module Vz. We will then
obtain a bijection

Gz\Vz = X,

where X is a family of objects we want to count. So, in the case of cubic rings, we had:

L GZ = GLQ(Z).

o Uz = Sym?(Z?).

o (9-N@y) = g f(@,v)9).
e X = CubRing(Z)/ =.

In the quartic case, we parametrise slightly more structured data than just that of quartic rings.
Given a quartic ring @), Bhargava defines ([Bha04, Definition 8]) a cubic resolvent ring of @ to
be another ring R satisfying certain technical properties, which we will not state here. Crucially,
a given quartic ring may have multiple resolvent rings up to isomorphism. It turns out that
the natural objects to parametrise are not quartic rings, but pairs (@, R) where @ is a quartic
ring and R is a cubic resolvent ring of R. We say that two such pairs (Q, R) and (Q', R') are
isomorphic if Q = Q' and R = R'. Then we have

X ={(Q, R) : Q quartic, R cubic resolvent of Q}/ = .

Given such a pair (@, R), Bhargava constructs a map

¢:Q/Z — R/Z.
It turns out that, given choices of basis for the free Z-modules Q/Z = Z? and R/Z = 72, the

map ¢ : Z3 — 72 is of the form

v~ (vl Av,vT Bo),
for symmetric 3 x 3 integer matrices A and B. Write Sym?(Z3) ® Z? for the space of such
pairs of matrices. Changing basis for /Z and R/7Z by elements (g3, g2) € GL3(Z) x GL2(Z) is
equivalent to replacing (A, B) with the pair

(93,92) - (A, B) := (93Ag3 , 93Bg3 ) g3 -
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To be precise, identifying (A, B) with the corresponding map f : Z3 — Z?2, for each (g3, 92) €
GL3(Z) x GL2(Z) we have a commutative diagram

)] |raf

73 ———— 72
(93,92)-(A,B)
where the vertical maps are left- and right-multiplication by column and row vectors, respec-
tively. Setting Gz = GL3(Z) x GLy(Z) and V7 = Sym?(Z3) ® Z2, it turns out that the orbits
G7\Vz correspond bijectively to the pairs (Q, R) € X.

To summarise, in the quartic case we have

L] GZ = GLg(Z) X GLQ(Z).

o Vz = Sym*(Z?) ® 72.

* (93,92) - (A, B) = (93493, 93By3 )93 -

e X ={(Q,R) : Q quartic, R cubic resolvent of Q}/ =.

The quintic case is even more involved than the quartic. Bhargava unifies the cubic and quartic
parametrisations in a geometric framework. He then uses this framework to divine the correct
parametrisation for quintic rings. The construction is explained at a high level in [BhaOg,
Section 1], and in detail in [BhaO8, Section 2]. We will now briefly outline the key insights.
Given a rank n ring R, Bhargava constructs a certain set

Xg={zW,... 2™} CP"2(C)

in projective space. He then constructs certain varieties in P*~2 that vanish on the points of
Xpg. Taking a suitable intersection of such varieties, Bhargava realises X as the vanishing set
of a collection of homogeneous polynomials in n — 1 variables. The idea is then roughly that
these polynomials will parametrise the degree n rings from which they arise.

In the case n = 3, the variety in question is cut out by a single binary cubic form, which turns out
to be none other than the form corresponding to R via Delone-Fadeev. For n = 4, the variety is
cut out by a pair of ternary quadratic forms, which is precisely the pair (A, B) € Sym?(Z?) ® Z?
from Bhargava’s parametrisation of quartic rings.

Finally, when n = 5, the variety is cut out by five quadrics in four variables. The 5-tuple
of quadrics arises as the “sub-Pfaffians” of a 5 x 5 skew-symmetric matrix of linear forms in
four variables, which is equivalent to the data of a 4-tuple (A, B, C, D) of 5 x 5 skew-symmetric
matrices. Write V7 for the set A?(Z°)®Z* of such 4-tuples. The choices made in this construction
amount to an action by Gz = GL4(Z) x SL5(Z) on V7, given by

(94795) : (Aa Ba C) D) = (95A95Ta ce. ,95D95T)QZ

Similarly to the quartic case, the orbits Gz\Vz correspond not to quintic rings, but to pairs
(Q,.S), where @ is a quintic ring and S is something called a “sextic resolvent ring” of @, defined
in [Bha08, Section 5]. So, for quintics, we have:

o Gz = GLy(Z) x SL5(Z).

[ J VZ = /\Q(ZS) ® Z4.

b (94795) : (A7 Bu C7 D) = (95A95T7 s aQSDQg)QZ

e X ={(Q,95) : Q quintic, S sextic resolvent of Q}/ =.
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We saw that in the cubic case, R(f) was an integral domain if and only if f was irreducible,
and R(f) was maximal if and only if f satisfied a certain family of congruence conditions.
Thus, cubic number fields correspond bijectively to irreducible orbits Gz\V7z satisfying the
maximality conditions. Moreover, imposing local conditions on the number field corresponds
to adding further congruence conditions on the orbits. Thus (ignoring Cs-extensions, which are
rare), in order to evaluate Ng3(X;X), it suffices to understand the count

(5) Na\v, (X; Sirred) = #{[z] € Gz\S™*! : [disc(z)| < X},

where S C V7 is a certain Gz-invariant set defined by congruence conditions, and S™°d is the
set of irreducible elements of S.

In the quartic and quintic cases, Bhargava defines similar notions of discriminant, maximality,
and irreducibility, such that the relevant number fields correspond to maximal, irreducible ele-
ments of Vz, and the discriminant of the number field equals the discriminant of the correspond-
ing element. We can also define congruence conditions in a way analogous to Definition @
Once again, both maximality and local conditions on the number field amount to imposing
congruence conditions on V. Thus, finding Ng ,,(X;X) for n = 4,5 also boils down to counting
problems of essentially the same form as Equation (p). In the next subsection, we sketch the
ideas involved in performing such a count.

4.3. Counting integral orbits: Bhargava’s magic machine. Let (G,V) be one of the
group-representation pairs above. Call an element of Vz generic if it is irreducible and cor-
responds to an order in an S,-n-ic number field. The name refers to the fact that S,-n-ics
are also called “generic” number fields. Given a subset S C Vz, we will always write S8 for
the set of generic elements of S. Recall that maximality and local conditions on our number
field both correspond to congruence conditions on the orbit. Therefore, we want to be able to
count generic integer orbits in Gz\V7z satisfying congruence conditions. That is, when S is a
Gz-invariant subset of V7 defined by congruence conditions, we want the asymptotics of

(6) Ne\v, (X;557) = #{[z] € Gz\S*" : |disc(x)| < X}

A vpriori, it is difficult to understand the action of Gz on Vz. Part of this difficulty comes
from the discrete nature of the lattice V. Therefore, we will make things more continuous by
embedding V7 in the real vector space Vg. The left-action of Gz on V7 extends naturally to
a left-action of Gz on Vg. We call an element v € Vg a lattice point if it is in Vz. We call
an orbit in Gz\Vr integral if it is in the image of the embedding Gz\Vz — Gz\Vkr. In other
words, the integral orbits of Gz\Vgr are precisely those of the form Gzv, for lattice points v.
So Ng,\v;, (X; 9%°") is the number of integral orbits of Gz \Vk that are of the form Gzv, for a
lattice point v € S8,

Call an element v € Vg nondegenerate if disc(v) # 0. It is a fact that, for each pair (G, V) we
are considering, for all ¢ € Gr and v € Vg we have disc(v) = 0 if and only if disc(g - v) = 0.
Thus, nondegeneracy is preserved by the actions of Gr and Gz, so it makes sense to refer to an
orbit as nondegenerate.

Lemma 4.9. Let n € {3,4,5} and let (G, V) be the representation associated to degree n rings.
Let r be the number of nondegenerate orbits of Gr\Vr. Then we have

2 ifn=23,
r =
3 ifn=4,5.
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Let Vﬂél), ceey V[ér) be these nondegenerate orbits. Then we may order the Vﬂg) in such a way

)

that, for any v; € Vléi , the sizes of the stabilisers Stabgy (vi) are given by

(6,2) ifn=3,
(StabGR(vl), ..., Stabgy, (vr)) =4 (24,4,8) ifn=4,
(120,12,8) ifn = 5.

Proof. For n = 3 this is stated on [BST13, Pages 453 and 455]. The cases n =4 and n =5 are
stated on [Bha05, Page 1038] and [Bhal(, Page 1567].

We also sketch an explanation of the result. Just as the integral orbits Gz\Vz parametrise
rank n rings over Z, the real orbits Gr\Vr parametrise rank n rings over R. Moreover, the
nondegenerate rank n rings over R are precisely the degree n real étale algebras. There are
two cubic étale algebras over R, and three quartic and quintic ones. Moreover, analogously to
Theorem @(4), the elements of Stabg, (v) correspond to automorphisms of étale algebras, and

it is easy to see that the degree n étale algebras over R have the stated number of automorphisms.
O

We will always write Vﬂél), ey Vﬂér) for the orbits of Gr\VR, ordered as in the statement of
Lemma @

Recall that we want to count the generic integral orbits in Gz\Vk. If we had a fundamental
domain G for Gz\Vg, counting such integral orbits would amount to counting integral points
in 58" N G. Unfortunately, we do not have a simple candidate for G. On the other hand, it is
not too difficult to write down an explicit fundamental domain for Gz\Ggr, where Gy acts by
left-multiplication. In the cubic case, a well-known such domain was constructed by Gauss (this
construction is stated at the beginning of [BST13, Section 5.1]). Two centuries later, Bhargava
generalised Gauss’s construction to the quartic and quintic cases (see [Bha05, Page 1038] and
[Bhal0O, Page 1567]). Thus, for each of n = 3,4, 5, one can write down an explicit fundamental
domain for Gz\Ggr. From now on, we will write F for this fundamental domain.

Given an element v € Vg, there is a natural “pushforward” of F to Vr, given by

F Ve, frsf-u.

Write Fov for the image {f - v : f € F} of this pushforward. The set Fv will behave somewhat
like a fundamental domain for Gz\Vg. Firstly, we obvserve that Fv cannot literally be a
fundamental domain because Gz Fv C Grv, and the real orbit Grv will not in general be the
whole of V. In fact, it will turn out that Fv is a union of fundamental domains for the action
of Gz on the orbit Grv, so we may consider these orbits separately.

Let v € Vg be a nondegenerate element. For g € Stabg,(v) and f € F, define f9 to be the

unique element of F with Gz f9 = Gz(fg). This defines a natural right-action of Stabg, (v) on

F. Let Fy be a fundamental domain for this action F/ Stabgy (v).

Lemma 4.10. Let v € Vﬂg) for some i € {1,...,7}, and let Fy be as above. Then the map
Fo— VD, f=f-v

is injective, and its image Fov is a fundamental domain for GZ\VHS)-
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Proof. Suppose that f-v = f"-v for f, f' € Fy. Then f’ = fg for some g € Stabg, (v), so f = f
by definition of Fy. So indeed the map is injective.

To complete the proof, we need to show that for each x € VIéi), there is exactly one element
fo € Fo such that Gz fov = Ggzx. Let x € Vﬂéi). Then there is some o € G such that z = aw.
By definition of F, there is some f € F such that Gz f = Gza, so Gzfv = Gzaw. It is easy to
see that the set
{f/ e F: sz'v = sz}
is precisely the orbit
f Stabg, (v) = {f? : 6 € Stabg, (v)}.

By definition of Fy, exactly one element of this orbit is in Fy, and this element is the unique fy
we required. O

For each i € {1,...,r}, let n; be the integer from Lemma @, with
n; = # Stabg, (v) for each v € Vﬂéi).

Write Stabg, (v) = {01, ...,0,,}, and let F; = Fob for each i. Clearly, each F; is a fundamental
domain for the right-action of Stabg, (v) on F. Since this action is free, the fundamental domains
F; are pairwise disjoint, so they constitute a partition of F into n; fundamental domains for
the right-action of Stabg, (v). It follows that

n;
Fu= U Fjv.
j=1
Lemma tells us that each set Fjv C VR@ is a fundamental domain for GZ\V(i), so Fv
is a union of n; such fundamental domains. Naively, one might hope that Fv is then an “n;-
fold fundamental domain”, in the sense that each orbit has exactly n; representatives in Fuv.
Unfortunately, this is not the case, because the sets F;v are not necessarily disjoint. That is,
for distinct j, k, we might have f € F; and f' € Fj, such that fv = f'v. Even though f and

), Bhargava keeps track of the difference by assigning the point
with a multiplicity. Formally, for each z € Fv, we define

mult(z) =#{f e F: f-v=ua}
For a subset S C Fv, we define the size of the multiset S to be

#S’:Zmult(:v):#{fe]::f-veS}.

€S

f/ map to the same point of Vﬂg

In the sense we discussed above, Fv would be an “n;-fold fundamental domain” for GZ\Vﬂéi)
if and only if we had mult(z) = 1 for each x € Fv. There is no simple way of knowing the
multiplicity of a single point of Fv. On the other hand, the combined multiplicity of the points
in an orbit has the following simple description:

Lemma 4.11. Leti € {1,...,r} and let v € Vﬂéi). For each x € Grv, we have

g
#(GZCIIQIU) = m,

where the quantity on the left is a multiset cardinality.

Proof. The quantity on the left is just
#{f € F:Gyfv=Ggz}.
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Since z is in the Gr-orbit of v, there is some o € Gr with av = z. Given 0 € Stabg, (), let
©(#) be the unique element of F with Gz¢(0) = Gzba. Then we have a well-defined map

@ : Stabgy (z) = {f € F : Gz fv = Gz}

It is easy to see that ¢ is surjective, and that, for all 6,6’ € Stabg, (x), we have p(0) = (0 if
and only if Stabg, (z)0 = Stabg, ()¢’. Therefore, ¢ descends to a bijection

Stabg, (x)\ Stabg, (z) = {f € F : Gz fv = Gzz},

where the left-hand side is the set of right-cosets of Stabg, () in Stabgy (z). The result follows.
(]

For any subset S C Vg, write
S<x ={x € 5:0 < [disc(z)| < X}.

Remark 4.12. Recall that the action of Gz preserves absolute discriminant. Therefore, if
S C W is a Gz-invariant set, then for every X, the set S<x is also Gz-invariant.

Let S be a Gz-invariant subset of V7, and let X be a positive real number. Define Ngtan(X;.5)
to be the inverse-stabiliser-weighted count

1
JSTNC S THS < S
GzzGGz\Sg;; # StabGZ ({L’)

Moreover, for i € {1,...,r}, define the refinement N S(ti;b

(X;S) of Ngap(X;S) by

N (:5) = N (X:5 1 V)
Remark 4.13. Theorem @(4) tells us that, in the cubic case n = 3, for each x € V7, the ring
R(x) corresponding to x has

# Aut(R(z)) = # Stabg, (z).

The same is true when n =4 and n = 5, so N®

<tap (X3 9) counts fields weighted inversely to their

number of automorphisms.

Lemma 4.14. Let n € {3,4,5}, and let (G,V) be the representation parametrising rings of

rankn. Letv € Vﬂéi) for some i € {1,...,r}. Recall that we write n; for the size of the stabiliser
Stabgy (v). For a Gz-invariant subset S of Vz, we have
7 1 n
Nio(X:8) = — - #(Fon SE3),

(2

where the cardinality on the right is the size of the multiset, i.e. counting multiplicities.

Proof. Lemma tells us that

; 1
ND (X:8) = > — - #(Ggan Fo)
GrreGz\(SExnV,Y)

1
=~ #(FunSEY).

n;

O

Lemma tells us that we want to count lattice points in the region Fv. Given a lattice
L C Vg and a subset S C Vg, write Voly(S) for the volume of S, normalised so that the
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fundamental region of L has volume 1. Our intuition for nice geometric spaces might suggest
that the number of lattice points in a region should be approximately equal to the volume of
that region, leading us to the following “Hope”:

Hope 4.15. Naively, one might hope that, given a lattice L C Vg, we have
#(Fon Lgée;) ~ VOIL((fU)Sx).

This hope turns out to be true, but it is difficult to prove. Intuitively, we expect such results
to hold for nicely shaped regions, like spheres or cubes. The problem is that Fv is not nicely
shaped at all; it has long, thin cusps stretching to infinity. These cusps are often referred to more
evocatively as “tentacles”, and the region Fv is often visualised as in Figure [Il. As illustrated in
Figure E, these cusps are exactly the sort of thing that might cause Hope §.15 to fail, since they

could pass through many lattice points, while having small volume because they are so thin.

FIGURE 1. Intuitive visual representation of the region Fv. It is somewhat easy
to count lattice points in the main body, but more difficult in the cusps.

In the cubic case, there is only one such cusp. This cusp turns out not to contain any irreducible
points, so we can ignore it and just count lattice points in the main body, as was done by
Davenport—Heilbronn. For n = 4, two of the cusps do contain irreducible points. Finally, in
the case n = 5, there are hundreds of cusps containing irreducible points. Thus, Davenport—
Heilbronn’s methods are difficult to extend to n =4 and n = 5.

Bhargava’s famous insight is as follows. Since the quantity in Lemma is independent
of choice of v, we can select v at random (from some suitable distribution) and then take

expectations over our random variable v. We make this precise in Lemma E-lﬁ.-

FIGURE 2. A narrow cusp can pass through many lattice points, while having
arbitrarily small volume, causing the volume estimate to fail.
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FiGUrE 3. If we thicken the cusps probabilistically, the resulting “fuzzy cusps”
behave well enough that they can’t have such small volume, so the volume esti-
mates can be salvaged.

Lemma 4.16 (Bhargava’s averaging method). Given some i € {1,...,r}, let v be a random
variable taking values in Vﬂél). For each Gyz-invariant subset S C Vy, we have

7 1 en
NDL(X;8) = = By [#(Fon S55)].

1

Proof. This is immediate from Lemma , since we are taking the expectation of a constant.
O

The averaging method replaces the thin, concrete cusp of Figure E with a thicker, fuzzy, prob-
abilistic cusp, as illustrated in Figure . In other words, we perform a probability-weighted
count of lattice points, where the weight of a lattice point « is the probability that the random
set Fv contains x. It turns out that these thickened cusps are nice enough that they do obey

Hope .

People often use the slogan “averaging over many fundamental domains” to describe Bhargava’s
averaging method. This slogan refers to the fact that, up to multiplicity, Fv is a random
fundamental(ish) domain, and we are averaging the lattice point count over all possible choices
of this random domain.

Fix a lattice L C V5. We will now sketch the steps in actually evaluating N. S(ti;b(X ; L), using the
averaging method. Bhargava starts by constructing a subset Gy C Gr with certain desirable
properties, and fixing an arbitrary element vy € Vﬂéz). He then defines a Haar measure g on
GRr, which induces a probability measure on Gy. Through our probabilistic lens, Bhargava
uses this probability measure to take a random g € Gg, and then uses Fgvg as his random
multi-fundamental domain. Bhargava uses integral instead of probabilistic notation, writing
x:0)= 2 Jyeay #(Fgvon LT )dg

nZ ngGO dg

In an imprecise sense, the numerator above is counting pairs (g, f) € Go x F such that fgvy €
LE5. More precisely, this “counting” consists of integrating continuously over Gy and summing
discretely over F. A careful argument (see Problem 63 of the Arizona Winter School problems)
allows us to exchange the integration and summation, to obtain

#(Fguo N LEY )dg = #(fGovo N LEY)df.
9€Go - feF -

N

stab
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We are now performing a different but related averaging operation: previously, we had a fixed
set F C G, and we were pushing it forward to Vx using the randomly selected element v = guvg;
now, we instead have a fixed region Govg C Vﬂéi), and we are translating it by a randomly selected
element f € F.

The idea is that, since Gy is a specially chosen region in Gg, the subset (fGovo)<x of Vg should
be nice enough that its lattice point count #((fGovo)<x N L&) is approximately equal to its
volume. The crucial difference between Gg and F is that Gg is compact; it is the openness of
F that makes the cusps particularly unruly, since they stretch off to infinity. While the region
fGovg still has cusps, its compactness makes them bounded, hence easier to work with.

The cusps are defined by explicit conditions involving the coefficients of the parametrising
objects. For example, in the cubic case, the unique cusp is given by the subset {a = 0} of
Vz = {ax® + bx’y + cxy® + dy®}. In the cases n = 4 and n = 5, there are multiple cusps, but
they are handled one at a time. Therefore, we will assume without loss of generality that there
is only one cusp, allowing us to write

fGovo = (fGovo)™ ™ U (fGoug) P,

where (fGovp)™" and (fGovg)®™P refer to the points of fGovg that are in the main body
and the cusp, respectively. Using the explicit definition of the cusp, Bhargava does one of the
following:

e Either he shows that all points in the cusp are nongenericﬂ, as is the case when n = 3,
since a = 0 implies that f(z,y) = y(bx? + cxy + dy?);
e or he shows that the region (fGovp)“*P is nice enough that

#((fGovo) <X N LE™) < Vol ((fGovo)ZX)-

In this case, he shows that the volume Vol ((fGovp)25) is O(X'79), for a positive real
number ¢, stated explicitly in [BSW15, Theorem 11].

On the other hand, Bhargava also shows that the region ( fGovo)main is nice enough that
#((Gom) 24" 1 L) = Vol((f Govo)25").

He also shows that 100% of the points in the main body are generic, so we have

#((FGovo)2X" 0 LE) 2 Vol ((fGovo) 2X").

As we will discuss shortly, Bhargava also finds that Volz (( fGovo)gggn) ~ ¢X for a positive
constant ¢, so the contributions from the cusp are negligible, meaning that

#((fGovo)<x N L") & Vol ((fGovo) <x).

Thus, we obtain

N(i) (X;L) ~ i ) ffe}'VOlL((fGOUO)gx)df
b Vol(Go) !

where the volume in the denominator is computed with respect to the Haar measure p. The

quantity in the numerator is a double integral over F and Gy, and we can again (via a similar

"n the cubic and quintic cases, he shows that these points are all reducible, whereas in the quartic he shows
that they are not “absolutely irreducible”, meaning that they are either reducible or the corresponding number
field has a nontrivial automorphism.
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careful argument to the one we used before) change the order of integration to obtain

1
_ Vol ((Fgv dg.
n; - Vol(Gp) /gego £((Fgvo)<x)dg

For each g € Gﬂ;, the volume Volz,((Fgvo)<x) is by definition given by an integral over Fguvy.
a change of variables formula relating integrals over Fguvg to integrals over F.

(7) N

stab

(X;L) ~

Bhargava gives
This change of variables formula allows us to do two things:

e The integral may be shown to be independent of g, in the sense that
Vol ((Fguvo)<x) = Volo((Fuo)<x),
for all g € Gg, so Equation (H) reduces to

NO

stab

(X: L) ~ ni Volp ((Fup)<x).

(2
which Lemma tells us implies that Hope is true. Thus, the asymptotic count we
want reduces to computing the “fundamental volume” Vol ((Fvg)<x) for an arbitrary
element vy € Vﬂéi).
e Moreover, the same change of variables formula expresses this fundamental volume as
an integral over F, which can be evaluated using the explicit definition of F. Performing

this integral, one obtains

c
Vol =—— X
ol ((Fuo)<x) ety
where det(L) is the covolume of the lattice L, normalised such that det(Vz) =1, and ¢
is a constant given by

(2)%¢(3)%¢(4)%¢(5) if n=5.

Thus, we have shown that
(X5L) c

X—00 X ;- det(L)
for any lattice L C Vz, where c¢ is the constant defined above, which depends on n. Recall
that, rather than points in a lattice L, we actually want to count points in a set S defined by
congruence conditions. To that end, let .S = ﬂp Sy C Vz be a Gz-invariant set, where each S,
is defined by congruence conditions modulo p. Let P be a positive real number. Then the finite

intersection
Sp = ﬂ Sy, C Vg
p<P
is defined by congruence modulo some integer m, so it is a disjoint union of finitely many
translates of the lattice mVyz. Let J be the number of such translates, and denote them by
L1,...,LJ, SO

"n the cubic, quartic, and quintic cases, this formula is [BST13, Proposition 23], [Bha04, Proposition 21],
and [BhaO§, Proposition 16], respectively; a more abstract, general version of the same formula is [BSW15,
Proposition 20].

29ee [BST13, Section 5.4], [Bha04, Page 1055], and [Bha08, Page 1585], respectively. Each paper denotes
(]:UO)SX by Rx(vo).
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For each j, we have det(L;) = m?, where d = dim Vi, so

LONOLOGL) e

X 00 X n; - md’

For each p, write 11,(S,) for the p-adic density of the p-adic closure S, ®z Z, of S), in Vz,. That
is, pp is the Haar measure on Vz , normalised so that pu,(Vz,) = 1. It is easy to see that

T T (Sy)

p<P

and hence we obtain

J
(X;Sp) = ZN’) X L;)

Nstab stab
c J
~ .2 . X
n; ma
C
ey H pp(Sp) - X
v p<P

Bhargava, Shankar, and Wang then apply a sieving argument to show that, for well-behaved
collections of congruence conditions (.Sp),, this product formula holds in the limit, by which we
mean that

(8) stab( ﬂ S)Ni H ’uP
pGHﬁ“ pGHﬁ"

This formula looks very similar to the statement of Theorem . In that theorem, we have
a product of masses m(3,) of local conditions, and in Equation (§), we have a product of p-

adic densities 1, (S,) of congruence conditions. We can relate these masses and densities using
essentially the same change of variables formula we mentioned earlier, adapted to the p-adic
setting:

Lemma 4.17. Let p be a rational prime, let n € {3,4,5}, and let ¥, C Etn/(@p. Let S(X,) be
the set of v € Vz such that v is mazimal at p and R(v) ®7 Q, € ¥,. Then we have

1p(S(3p)) = f(p) - m(5y),
where f(p) is the function given by

fP) =91 —p2)2(1-p3) ifn=4,
(1—p 221 —p )21 —-p ™21 —-p°) ifn=>5

Sketch proof. The case n = 3 is essentially [BST13, Lemma 32]. We restate the proof of that
result in our own words, asserting that the statements extend naturally to the cases n = 4 and
n = 5.

Write dg and dv for the Haar measures on Gz, and Vz,, respectively, normalised so that

/ dg = / dv =1.
gEGZp 'UGVZP

Let L € Etn/Qp, let O be the ring of integral elements of L, and let vg € Vz, be such that
R(vg) = Or. We have
SHL}) ={veVz:R(v)®zZ, = O},
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SO

S = [ .

UEGZPUO
There is a natural right-action of StabGZp (vo) on Gz,. Write Gz,/ StabGZp (vp) as shorthand
for a fundamental domain of this action, and assume that this fundamental domain has nice
measure-theoretic properties. There is a continuous bijection

Gz,/ StabGZp (vo) = Gz, -vo, g+ g-vo.
With respect to the Haar measures dg and dv, [BSW15, Proposition 20] tells usﬂ that the
Jacobian of this bijection is given by

¢
dg

for some constant a,, depending on p. Since |disc(guvo)|, = |disc(vo)|, for all g € Gz, we obtain

UL = [ o

'UEGZp 0

(9) = ap - |disc(p(9)) p,

/ et
9€Gs,/ Staba, (vo) dg

o [ disc(g - v0)lpdg
gGGZp/ Stabgzp (vo)

— - disc(un)], [ dg
9€Gz,/ Stabg, (vo)
- |disc(vo)lp
# Stabg, (vo)
dise(L/Qp)lp
# Aut(L/Qp)
= ap - m({L}).
It follows that
pp(S(8p)) = ap - m(3p)
for any subset %, C Et,, /Q,- By definition of S(X,), we have
S(Etn/Qp) = Up,
so we have
_ fip(Up)
" (B, g,)
By Corollary , we have
(P> +p+1)/p* ifn=3,
m(Et, ) =4 (0° +p* +2p+1)/p® ifn=4,
(p*+p*+2p2 +2p+1)/p* ifn=>5.

IThe Jacobian calculation can also be performed directly from explicit descriptions of G and V. Bhargava
does this in his earlier work, but never includes any details of the computation. The 2014 Arizona Winter
School problems give more context on the Jacobian of the analogous map Gr — Gr - vo in the cubic case. In
Problems 64 and 65, they describe dg explicitly in terms of a parametrisation of Gg. Subsequently, in Problem 74,
the reader is tasked with proving the change of variables formula dg = |disc(vo)| ™ dv, which is essentially the
same as computing the Jacobian.
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For n = 3,4,5, the densities p1,(U),) are stated explicitly in [BST13, Lemma 19], [Bha04, Equa-
tion (45)], and [Bha08, Equation (48)], respectively, and it follows from those references that

(p—1*—1)/p° ifn=3,
ap =14 (p—Dip+1)2@* +p+1)/p° ifn=4,
-1+ D'+ 1D*p* +p+ 12" +p* +p* +p+1)/p** ifp=5.

Finally,

and the result follows. O

Lemma 4.18. Let f(p) be the function from Lemma . Then we have

ﬁ ifn=3,
— 1 ; —
lli fp) = ROLEE) if n =4,
T1tin 1 . _
e erEraE =
Proof. This is immediate from the well-known Euler product for ¢(s). O

Let ¥ be an acceptable collection of local conditions on Q, and define the sets S(¥,) as in
Lemma . Let

Sin(Z) = [ S(Z).

pellf®
Then Equation (E), Lemma , and Lemma @ tell us that
; c
N (X5 Sa(®) ~ =+ T mplS(S5)) - X
‘ pellf®
c
=— [I &) II m) x
i pengn pen(gn
1
= I m=)-x.
pellf®

Each real étale algebra L in Et,, /r corresponds to a real orbit Vﬂéi). Let
S(¥s) ={i € {1,...,r} : the real étale algebra corresponding to Vﬂg) is in Yoo}

and ‘
s®=sm@n( U w)
i€5(Soo)
so that the irreducible elements of S(3) are precisely the lattice points x € V7 corresponding to
maximal orders in degree n number fields satisfying the local conditions . Since Ngap(X; S(X))
counts generic orbits of such elements, it follows that

Nstab(X§ S(E)) = NQ,TL(X; Z)'
Since stabilisers of points in Vg correspond to automorphism groups of étale algebras, each

L € ¥ has
# Aut(L/R) = ny,



where L corresponds to the real orbit Vﬂéi), SO

Z i =m(X).

) n;
1€5(X0)

Therefore, we have

NQ;,Z(X; E) = Nstab(X; S(E))

= 3 N (X Sm(®)
i€S(Zo0)

1
~ 5 I m=.) - x.
UEHQ

This is precisely Theorem , in the special case k = Q.
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Part 3. Counting wildly ramified quartic extensions with
prescribed discriminant and Galois closure group

5. INTRODUCTION

By a 2-adic field, we mean a finite field extension of the 2-adic numbers Q5. Recall that the
Galois closure group of a field extension L/F is the Galois group of its Galois closure. Recall
also that we write Et,, /r for the set of isomorphism classes of degree n étale algebras over F,
and Et, /. for the set of étale algebras with a given splitting symbol o. Moreover, for an integer
m, we add the subscript m to specialise to étale algebras with discriminant valuation m. That
is, we define

Etn/F,m = {L S Etn/F : 'UF(dL/F) = m}
and

Ety/pm = Bty pm N Bty

In particular, Et(ln) /r denotes the set of all totally ramified degree n field extensions of F', and
Et(1n)/pm 1s the set of such extensions with discriminant valuation m. For a p-adic field F,
write gp for the size of its residue field. Recall that the pre-mass of a set S C Et, p is the
quantity

~ _ ]. . _UF(dL/F)
m(s) = LZG:S ZAw(L/F) ¥ ’

for all choices of n and F. Earlier, in Theorem @, we stated Serre’s mass formula, which is
probably the most famous result concerning mass. Serre’s formula states that

. 1
m(Etnyp) = —o7-
dr

Given a finite group G, write Ets//lf for the set of L € Et,, /p such that L/F is a field extension

with Galois closure group isomorphic to G. Define EtUG//If similarly, where ¢ is any splitting
symbol of the form (f¢). When n = 4, each L € Et(14) /r has Galois closure group among
S4, Ay, Dy, Vy, and Cy. The main objective of Part B is to obtain, for each such group G, a

formula for the pre-mass
2 GJF
m(Btay/p),
where F' is an arbitrary 2-adic field. In order to obtain this mass formula, we actually compute
the size of the set aF o/F
Et(14)/F,m = {L & Et(14)/F : 'UF(dL/F) = m},

for each G and m, whenever F is a 2-adic field.

Remark 5.1. It would perhaps have been more natural to let G be a permutation group and
-, G/F , . . . . .

define Et,, // r to be the set of all étale algebras with Galois permutation group isomorphic to G.

We have opted not to do this, because it would make our results less convenient to state.

Remark 5.2. Our discussion so far has been focused on mass formulae, but the quantities
#Etﬁﬁ’; Fom

are natural to consider in their own right; there are finitely many such objects, so it makes

sense to ask how many. Questions of this sort were already studied by Krasner in [Kra66,

Théoreme 1], where he gives a formula for the size #Et(ln) /Fms for each m and n. More

recently, Sinclair [Sinl5] and Pauli-Sinclair [PS15] refined Krasner’s formula by enumerating
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the elements of Et(ln) /Fm With certain prescribed ramification polygons (along with some other

invariants). In the Galois group direction, Wei and Ji [WJ07] enumerated the sets Etf?l/pp

and Et4 /4 Ié , without imposing conditions on discriminant. The problem we are solving can be

viewed as a combination of the flavours of [PS15] and [WJ07]; we take Pauli-Sinclair’s prescribed
discriminant valuations, but replace their invariants with the Galois closure groups of Wei-Ji.

5.1. Outline and key results. Given a 2-adic field F', write ey and fr for the absolute
ramification index and absolute inertia degree of F, respectively, so qr = 2/7. When the choice
of field F' is clear, we will drop the subscript and write ¢ for gp. In Section B we use a result

of Serre to relate

# (Bt e U B )
to the density of the corresponding Fisenstein polynomials. We then find explicit congruence
conditions for these Eisenstein polynomials and use them to compute the required density.
Finally, we establish conditions for distinguishing between Et(14/)7Fm and Etéﬁél/}m, which we

use to obtain the following two results:

Theorem 5.3. Suppose that fr is even. Then Et%Al/)I;F’m is empty for all m. Moreover,

A
Et(fi/)/Fm is nonempty if and only if m is an even integer with 4 < m < 6er + 2. In that case,

we have
Lol31-20,2 _ ;
AyF o f3¢-37%(¢" = 1) if 3| m,
#Et 1% /Fom — |Z2)-1,, .
q-3' " (qg—1) if3tm.

Theorem 5.4. Suppose that fr is odd.

e The set Et%‘*@?ﬂm is nonempty if and only if m € 2Z \ 6Z and 4 < m < 6er + 2. In

that case, we have
S4/F m_
BB g = a5 (g 1),
F

e The set Etéié/F’m is nonempty if and only if m is a multiple of 6 and 6 < m < 6ep. In

that case, we have

A4/F 1 L%J_Q

#Et 1) )/Fm = 34 (¢* —1).

The case Vj was addressed by Tunnell in [Tun78]. We repackage his result in Section H as the
following theorem:

Theorem 5.5. If Etz?4/ )/Fym 18 monempty, then m is an even integer with 6 < m < bep + 2.
For all such m, we have

q_2 m—2

Vy/F _|m | m=2

m—4
#Et (14)/Fym — 2(¢—1)q 2

The bulk of our work goes into the Cy case, which spans Section E In [CDO035], Cohen, Diaz
y Diaz, and Olivier obtain asymptotic formulae for the number of Cy-extensions of a number
field. We adapt their methods to compute the size of Etg‘i/;ﬂm. Our formula depends on the
discriminant valuation

di—1) = vr(dpi/=1)/F)
which is an even integer by Lemma .
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2 Cy/F . . . .
Theorem 5.6. If Et(li/)/ﬂm is nonempty, then either m = 8er + 3 or m is an even integer

with 8 < m < 8ep. For even m with 8 < m < 8ep, the number #Etgi/iﬂm is the sum of the
following four quantities:

3m—14
(1) Ts<m<ser—2° Lm=3 (mod5)-2¢ 1© (¢—1).
(2) Lyepra<m<sept2-2q2 “F2(q— 1)-+4
°F

(3) Lsepts<m<ser * Lm=aer (mod3)-2¢" © (14 Limn<sep—3d_y))(0—1 — Lin=sep—3d_,)+6)-
(4) Tiogmzser - 2(q — 1)(qL 18171 — guaxt #5215 —er) =2y,

We also have
4q%°F  if —1 € F*?,
#Etcfﬁ/};F Sept+3 = 2¢%¢F  if F(v/—1)/F is quadratic and totally ramified,
0 if F(v/=1)/F is quadratic and unramified.

Finally, in Section E we compute the number of towers of two quadratic extensions L/FE/F with

vr(dp ) = m and express this number in terms of #Etcii/i;m, #Etz/fél/ljpm, and #EtDli/me

Rearranging, we obtain:

Theorem 5.7. If Etgigfﬂm s nonempty, then one of the following holds:

(1) m is an even integer with 6 < m < 8ep + 2.
(2) m=1 (mod 4) and 4erp +5 < m < 8ep + 1.
(8) m = 8ep + 3.

For even m with 6 < m < 8ep + 2, we have

#EtDli;f‘F =2(q — 1)q% 2 (Lsaepra - 4 + Lise - (qmOert1=l51) _ gmmin{l=5 erdy)

Cy/F Vu/F
#Et(ft//Fm— #Et({i(/Fm

Form =1 (mod 4) with 4ep +5 < m < 8ep + 1, we have

Du/F e m=1_ Ca/F Va/F
#Et(li//Fm =2(g— gt T - #Et li/)/Fm - #Et(f4/ )/ Fm:

If m = 8ep + 3, then

D4/F Cu/F
#Et (14 /Fm = = 2¢°" — *#Et (14)/F8ep+3°

Theorems 5.4 and [5.4 . make these expressions completely explicit.

5.2. Application: refinements of Serre’s mass formula. As we discussed in Part E, masses
play a vital role in the Malle-Bhargava heuristics, which are our best tool for understanding

. . . .. ~ 4, G/F
Sp-n-ic extensions. We use the results of Section @ to find explicit formulae for m(Et(lﬁ) /F)

for each G, which we state in the current subsection. The proofs are deferred to later sections.

Our results find genuine application in upcoming work of Newton—Varma, which uses a slightly
modified version of Corollary . More generally, we expect our refined mass formulae to be
useful for obtaining explicit masses when counting Sy-quartic extensions with local conditions.
In our own work in Part Y, we will apply the theory to our concrete number field counting
problem.
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Corollary 5.8. If fr is even, then

e S4/F
m(Et({Z)/F) - O,

and
Ay/F 1 q4eF -1

m(Et(H)/F) = §(q —-1)- -1 ) q746F73 <3q3 + q2 +q+ 3)-

Corollary 5.9. Suppose that fr is odd. Then

/S4/F): e +1

~ -3 —4er—3
m(Et(14)/F m . ( —q er )7

and

o Aa/F 1 1 -2 —dep—2
m(Et(fft)/F) — 3 @2 +1 (g7 =g ).

Corollary 5.10. We have

~ s, Vi) F qg—1 Cden_a qrF —1 e P —1
m(Et(fz{)/F):T‘(q ter 3'ﬁ'(3q3+q2+q+3)—3q 3er 3.7371*.((124—1)).

Corollary 5.11. The mass ﬁz(Et(Cli/)I/JF) is the sum of the following nine quantities:

1
(1) e
1 (-1 —qg"t=")
2 qg"—1 ’
(2)
. —3€F—3(1 _ q—LeTFJ)
3
(%) —5| L |—ep—1 Sdi_1y—6ep—1
(¢ = 1)(gPLladmer™t — gaden=6er )
:ﬂ.d(,l)<€F ' q5 1 .
(4) .
—Gept? _
o P S (B}
(5)
Ly (g — 1)(g3d 00 _ g=ber-1)
9 Td-nz4 P —1 ‘
(6)
1 em qq’q—eQFJ—?_l q6+q4+q3+q+1 _ _
Lepza 5(q—1)g 702 1( ( )(7 )+1+12¢F(q 21¢q 3))-
q' —1
(7)
" 1 (@-D@@+1(@ " —g?r )
~TLepso - = - iy .
2 q° —1
(8) .
—§q73€F72(1 — ¢ =),
(9)

q—GeF—3 Zf—l c F><2’
%q*GGF*S’ if F(v/—1)/F is quadratic and totally ramified,

0 otherwise.
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Corollary 5.12. We have the following formula for %(Etgigfp), which is made completely
explicit by Corollaries and .

Dy/F 1

~ [~ Cy/F Vi/F
m(Et(14)/F) = m 4 4 )

. (q—3€F—3 + q—3€F—1 + q_2) — ﬁl(Et(14)/F) — 3771(}31?(14)/}?

5.3. Correctness of results. Using MAGMA [BCP97] and the LMFDB [LMFDB|, we have
verified Theorems @—@ and Corollaries p.§- for all extensions F'/Q2 of degree at most 3.
Whenever er < 10 and fr < 10, we have also checked numerically the deduction of Corollar-
ies @— from Theorems @— . Our code is available at https://github.com/Sebastian

-Monnet/Mass-Formula-Checks.

In Table m, we state the size of Extgi()@f(@%m

from the LMFDB, but it is easy to check that they agree with our formulae in Theorems @—
. We find the case with G = Cy and m = 8 particularly interesting, since it illustrates the

(Cl‘iéme on the extension F'(y/—1)/F. Since ¢ = 2 and ep = 1,

for each m and . The values in Table m are taken

dependence of the count #Ext
Theorem @ tells us that

c
#EXt(li/)%z,S =4(1+1g_,y=0)(1 — 1g_, —2).

Thus, even though we already knew that #Extﬁi/)(%Q ¢ = 0, our formula tells us why; it is

precisely because the extension Q2(y/—1)/Q2 has discriminant exponent 2.

m G Sy | Ay | Dy | Vy | Cy
4 1 0 0 0 0
6 0 1 2 0] 0
8 2 0 2 4 0
9 0 0 8 0 0
10 0] O 8 00
11 0 0112 ] 0 8

TABLE 1. Number of totally ramified quartic extensions of Qo by discriminant
exponent m and Galois group G.

6. THE CASES G = S4 AND G = Ay

Fix a 2-adic field F'. An FEisenstein polynomial over F' is a monic polynomial
X"+ ap1 X" '+ ... +ap € F[X],

such that vp(a;) > 1 for all i and vp(ag) = 1. Write P for the set of quartic Eisenstein
polynomials in F[X]. For f € P, let Ly be the field F[X]/(f), which is a totally ramified
quartic extension of F. Given a finite group G, let P¢ be the set of f € P such that Ly/F
has Galois closure group isomorphic to G. For any integer m, let P, be the set of f € P
such that vp(dy,/p) = m, or equivalently such that vp(disc(f)) = m. For each G, write

P& for the intersection P N Py,. Write P1=2" and PL=#" as shorthand¥ for P U P44 and
P51 PA1 respectively. Similarly, write Eté;j?}w and Eté;f)u/lzfl for Et?ﬁ;@F U Etéiéfp‘ and

Et(sf‘*/)iF,m U EtéiéfF,m respectively.

IThe superscript “1 — aut” refers to the fact that # Aut(L/F) = 1 if and only if L € E’)tffAL/)I;F U Eté‘iéfp.


https://github.com/Sebastian-Monnet/Mass-Formula-Checks
https://github.com/Sebastian-Monnet/Mass-Formula-Checks
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The quartic Eisenstein polynomials in F[X] embed naturally into OF. via
X4+ as X3+ aaX? + a1 X +ag — (as,az,a1,ap).

Write p for the Haar measure on O%, normalised such that M(O%) = 1. We will apply this Haar
measure to sets of Eisenstein polynomials, viewed as subsets of (’)% via the embedding described
above.

Lemma 6.1. Let G € {Sy4, Ay}, and let m be a positive integer. We have

. G/F _ qm+2 G
#EE 10y = 7 - (E)-
Proof. This follows easily from [Ser78, Equation 13]. O

So our problem reduces to finding the density of Eisenstein polynomials that give rise to the
desired Galois closure groups. We will do this by establishing explicit congruence conditions on
the polynomials for this to be the case.

6.1. Congruence conditions for P!=2". In [Lbe09, Theorem 2.9], Lbekkouri gives congru-
ence conditions for a quartic Eisenstein polynomial f(X) € Q2[X] to define a Galois extension.
We extend his methods to Eisenstein polynomials over arbitrary 2-adic base fields, to obtain
congruence conditions for the set PL=34¢ which we will state in Lemma and Corollary @

It should be noted that Lbekkouri’s statement of [Lbe09, Theorem 2.9] is incorrect. In items
(2i) and (2ii), both instances of “ag + a2” should read “ag + 2”. This typo is first introduced in
the statement of Proposition 2.8 and is carried over into Theorem 2.9.

For f € P, we will always denote the coefficients of f by f(X) = X*+a3X? +asX?+ a1 X +ao.
Whenever we refer to the coefficients a;, the choice of f will be clear. Let my = X + (f) be
the natural uniformiser of Ly. We will always drop the subscript and denote 7y by m, since
our choice of f will be clear. Write v, for the 2-adic valuation on Ly, normalised such that
vr(m) = 1. Fix an algebraic closure F' of Ly, and let

o;: Ly —F, i=1,23/4
be the four embeddings of L, where oy is the identity embedding. For elements a of algebraic
extensions of F', we will write vp(a) as shorthand for vp(a), where v is the unique extension
of vp to the algebraic closure F of F.
Lemma 6.2. For all f € P'=2" the three valuations

UF(O-i(Tr)_W)7 Z:27374

are equal.

Proof. Suppose that f € P and the quantities vp(o;(m) — ) are not all equal for i = 2,3, 4.
Reordering the o; if necessary, we have

vp(oz(m) = ) # vp(oi(m) — )
for i = 3 and i = 4. The cubic polynomial X ' f(X + ) € L¢[X] has roots
oi(m) —m, =234
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Therefore, the minimal polynomial of o5(7) — m over Ly divides X ~! f(X 4 ), and all its roots
have the same valuation, so

oo(m) —m € Ly,
and therefore f has at least two roots in Ly, so f & pl—aut, O

For each even integer 4 < m < 6ep + 2, define T, to be the set of f € P such that

{vp(al) = % vp(az) > ¢, vr(az) > %, ifm=0 (mod4),

6
vp(a) > ™2 wp(ag) > 2, vplaz) =272, ifm=2 (mod4).

Lemma 6.3. The following two statements are true:

(1) Let m be an even integer with 4 < m < 6er + 2 and let f € P,,. Then f € T,, if and
only if -
vp(oi(m) —m) = o5
fori=23,4.
(2) Let m be a positive integer. If PL=3"% js nonempty then m is even, 4 < m < 6ep + 2,
and PL=3¢ C T,,.

Proof. Let f € P, for any positive integer m, not necessarily even. Define the polynomial
g(X) = XL (X + ),
and write g(X) = Z?:o b; X" for b; € Ly. 1t is easy to see that
bo = a1 + 2mway + 37r2a3 + 47r3,
b1 = as + 3was + 672,
by = ag + 4m.
Since the vr(a;) are all multiples of 4, we have
v (bo) = min{vy (a1), vr(27az), vr (372a3), vy (473)},
vr(b1) = (3maz), vr (67°)},
Ux(b2) = min{vr(az), v (4m)}.
[ )
) -

min{v,(az), vx

The polynomial g(X) € Ly[X] has roots o;(m) — 7 for i = 2,3,4. Suppose that
vp(oi(m

m
™) = 12
for each i. Then the Newton polygon of g(X) consists of one line segment (0,m) <> (3,0), so
m = min{vg(a1), ve(2mas), vr(372as), v (473)},
(*) sz < min{v,(az), vx(3maz), v (672)},
% < min{vg(as), vr(4m)},
and for even m this implies membership of T,,. Reversing the argument, it is easy to see that

for even m with 4 < m < 6ep + 2, every f € T, has

vp(oi(n) — ) = 1% i=2,3,4.

Thus we have proven (1). Now let f € PL=2% for some positive integer m. Then Lemma @
implies that

vp(oi(n) — 1) = %
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for i = 2,3, 4, and we have shown that this implies Equation (&), so

m = min{v,(a1),vr(a2) + dep + 1, v (as) + 2,8ep + 3},
2 < min{vr(az), dep + 2}
Since f is Eisenstein, vr(a;) > 4 for each i, and therefore 4 < m < 6er + 3. Moreover,
vr(ag) > QTm implies that m < vr(a2) + 2ep + 1, so m # vy(az) + 4ep + 1. Since m < 8ep + 3,
we obtain
m = min{v;(a1), vy (as) + 2},

so m is even, so in fact 4 < m < 6ep + 2. Finally, Part (1) of this lemma shows that f € T),,
completing the proof of (2). O

Lemma 6.4. Let m be an even integer with 4 < m < 6ep + 2. If m is not a multiple of 3, then
pl-aut —

Proof. Lemma tells us that PL=2 C T}, so we just need to show that T}, C PL=3u¢ Let
f €T, Lemma tells us that
vp(oi(m) —m) = %, 1=2,3,4,

so 0i(m) & Ly for each i, since % is not an integer, and therefore T;,, C Py, 2. O

From now on, fix a system of representatives R for (Op/pp)*. When 3 | m, for each u € R and
f € P,,, define the polynomial
0 = S 44 )

and write g(“) (X) = Z?:o bgu)X ¢ for bgu) € Ly. We will always omit the subscript and write

g (X) for g(u) (X), leaving f implicit.

Lemma 6.5. Let m be a multiple of 6 with 4 < m < 6ep +2. Let f € T,, and u € R. The
following four statements are true:

(1) vp(by”) > "2
(2) vp(b5) > m.
(3) vp(0)") = 1.
(4)
>%+1 if4d|m and ar + uagaé% + ugao% =0 (mod p;?nﬂ),
'UF(b(()u)) >%+1 if4{m and az + uazaé%J + u3ag%J =0 (mod p%%JH),
=" otherwise.

Proof. 1t is easy to see that for each ¢ and u, we have
4

bl(-u) = Z (‘7,)6%'(71' + um’s )
i

j=i
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where we adopt the convention that ay = 1. Using this formula for the bgu)

congruence conditions defining T;,, gives us the following three congruences:

, along with the

bgu) =az (mod 7™th).

bgu) =ay (mod 7T2Tm+1).

B {al (mod #™*+1) ifm=0 (mod 4),
1=

= | 3n%as (mod #™*1) if m=2 (mod 4).

We can read off the first three claims from these congruences. Expanding the formula for b(()u)
and ignoring the high-valuation terms, we obtain

4 4m

73 (mod 7T4Tm+1) ifm=0 (mod4),
2 2m m

b(u) . ualﬂ% + ’UJQCZQTF% +u
Wasn S + uazm s T2 4 utn T (mod 7T4Tm+1) ifm=2 (mod4).

It follows that vF(b(()u)) > 1, and vp(b(()u)) > % 4 1 if and only if

{a1 +uagms +udr™ =0 (mod 7™t ifm =0 (mod 4),

a3 +uapms 2+ udrm 2 =0 (mod 7™ 1) ifm=2 (mod 4).

The result then follows from the fact thatm, for any positive integer k, we have

7 = (—ap)*  (mod 7r4k+2Tm_2).

O

Lemma 6.6. Let 4 < m < 6ep + 2 be a multiple of 6 and let f € Ty,. Then f & PL=3 if and
only if vp(béu)) > % +1 for someu € R.

Proof. Suppose that f ¢ P78, Then f has at least two roots in L 7. Reordering the o; if
necessary, we may assume that oo(m) € Ly. Since f € T),, it follows from Lemma that
vp(o(m) — ) = {5, SO

oo(m) = + s
for some 4 € (’)zf. Since Ly /F is totally ramified, there is some u € R with v = % (mod ),
which means that

m m
— — 3 —
vp(oo(m) =T —urs) > 12
The other three roots of ¢(* all have valuation at least 155 SO

vp (b)) > % ey

Suppose conversely that vp(b(()u)) > 2 +1 for some u € R. Lemma @ tells us that UF(bgu)) =2
and vF(bgu)) > %, so considering the Newton polygon of g™ tells us that it has exactly one

root o;(m) —m —umw3 with

Therefore we have
oi(m) —m —urs € Ly,
so o;(m) € Ly, which means that f ¢ Pl7aut, O

I This follows from expanding the binomial on the right-hand side of

()" = ((—a0) + (—a1m — azn® — azm®))*.
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Corollary 6.7. Let m be a multiple of 6 with 4 < m < 6er + 2, and let f € T,,. The following
are equivalent:

(1) We have f ¢ PL-aut,
(2) There is some u € R such that

ay + uagaé%J + u‘gct(t]%J =0 (mod pF%JH) ifm=0 (mod 4),
asz + anaéﬁJ + u3a(LFJ =0 (mod szJH) ifm=2 (mod 4).
Proof. This is immediate from Lemmas @ and @ O

Remark 6.8. The examiners pointed out a much slicker proof of Corollary @ We have opted
to retain our original proof, as we would like this thesis to be a record of our personal experience
and thought process during the PhD. However, since the examiners’ proof is nicer than ours, we
include a sketch of it here. Recall that, given f € T,,, with 6 | m, we defined g(X) = %f(X—}—TI‘),
whose roots are o;(m) — 7 for i = 2,3,4. We may then define h(X) = ﬂ%g(ﬂ%X), whose roots
are %, for ¢ = 2,3,4. The differences between these roots have discriminant valuation 0,
SO theﬁdiscriminant of h has valuation 0, and therefore h is separable modulo 7, hence Hensel’s
Lemma tells us that it has a root in L if and only if it has a root modulo 7. Thus, f ¢ pl-aut
if and only if A has a root modulo 7, which is equivalent to the existence of an element u € R
with

b721+ b;mu—i—b—iuQ—i—u:SE (mod 7).

™ T 3 T3
Using the expressions for the coefficients b; in the proof of Lemma @, and the definition of
T, this reduces to Condition (2) in Corollary (.7. Moreover, since h is separable modulo T,

its splitting field over Ly is unramified, hence cyclic, which implies that the splitting field of f
over F' is an A-extension, rather than an S-extension.

6.2. Computing the densities.

Lemma 6.9. Let m be an even integer with 4 < m < 6er + 2. Then

2m
w(Tn) = q 5173 = 1)%.
Proof. This is easy to see from the definition of T;,. O

Since Fp = Fysp, the Galois group Gal(Fr/F2) is generated by the squaring map. Therefore,
the trace map Trp, /p, : Fp — F2 is given by

Trp, /m(z) =z +2° + ... + 22

Lemma 6.10. Let o, 3,7 € Fr with a # 0, and let g be the polynomial aX? + BX + ~ in
Fr[X]. The number of roots of g in Fg is

2 if 40 and Tre, x, (07/8%) = O,
0 ifB#0 and Tr]FF/]FZ(oz’y/BQ) =1.

Proof. The case with § = 0 is clear, so assume 5 # 0. Let u be a root of g in a splitting field

over Fr, and let § = % Clearly u € Fr if and only if § € Fr, which is equivalent to 6 + 67 = 0.
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Since
Gal(Fp/Fay) = {x—a® :i=0,1,..., fr — 1},
it is easy to see that
Trp, /m, (0 + 6%) = 0 + 09,
and also that

2 _ oy
6+0 =5
Therefore, u € Fr if and only if Trp,, /FQ(%) = 0, and the result follows. O

Lemma 6.11. Let n > 0 be an integer and let \, i € p', with p & p”Jr1 Define the map
a:Op/prp — (’)F/p”H, ¢ — A+ pc.

The following two statements are true:

(1) For c € (Or/pr)*, we have
I i =Mp (mod pr),
#1d € (Op/pr)*:a(d)=ale)} =1 if & # X and Trp, g, Z fr (mod 2),
3 ifc2# N and Trp,/my | 25 ) = fr (mod 2).

SRS
=

=

(2) We have

QQ"‘(gl)fF Zf)\ g pn+1’
Y, n

g rrewt

#ima =

Proof. Tt is easy to see that for ¢, € (Op/pr)*, we have a(c) = a(c) if and only if
A
(c— c’)((c')2 +ecd + =+ 02> =0 (mod pp).
I
The first statement then follows from Lemma . For the second statement, suppose first that
A & ptt. Then there is some ¢ € (Op/pr)* with a(c) = 0, so

1
2  #{ € (Or/pr)* s a(d) = alc)}

ce(OFr/yr)

#ima =

where \ N
.2
a:#{ce(OF/pF)X ‘c #Eand TrFF/F2< 5 ) fr (mod 2)}
Since A & p"'H the map

(prp/OF)" = (pr/OF)*, cr CZ)\M
is a bijection, so
a=#{u € (Op/pr)* \ {1} : Trpo/p,(u) = fr (mod 2)}
= %(q -3 - (-1)'r),

and the result follows. Now suppose that \ € p"+1 Then «a(c) = 0 if and only if ¢ = 0, so
Z 1
, #{c € (Or/pr)* ta(d) = a(e)}

cE(OF/p

#ima=1+
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We have ﬁ =0 (mod pp) for all ¢c € (Op/pr)*, so
#{c/ € (Or/pp)* :a(d) = a(c)} =2+ (—1)fF,
and the result follows. O

Lemma 6.12. Let a and b be positive integers, and let S be the set of triples (xo,x1,x2) € (’)‘}
such that the following two conditions hold:

(1) vp(xo) =1, wvp(x1) =a+b, wvp(xa)>Db.
(2) There is some u € R such that 1 + uxoxf + u3x8+b =0 (mod paF—i-b-s-l)'

Then u(S) = 5q7*"*"*(¢ = 1)*(2¢ — 1).

Proof. Suppose that, for z; and z in Op, we have z; = z (mod p“FerH) for i = 0,1,2. Then
(x0,x1,22) € S if and only if (z(, 2}, xh) € S, so

HS) = s
where S is the set of triples
(70,31, 72) € ((pr/pE O\ G/ x ((E /o5 \{0}) x (h/pE")
such that there is some u € R with
T1 + uZa Tl + udziT = 0.

For each g € (pp/p% ™)\ (pZ/p%ro™Y) and 75 € pb./p% ™, define the map

Az 50 OF/]JF — p?b/lﬂ?bﬂ, u— —ufg.fg — u3£8+b.
Then
5= || {a0} x (imazz, \ {0}) x {z2}.
Zo€(pr/PE TN /P
zaepl /pEttt!

Since az, z,(0) = 0, we always have 0 € im az, z,, SO
#(imag—cw—m \ {O}) = #imaio@ — 1,
and therefore

#g: Z (#imag—m’@ — 1),

Zo€(Pr/pE T\ M% /pEt T

- b+1
zaeph, /pEt 0t

Lemma tells us that
2¢+(=1)/F if 7o ¢ p%+1/p%+b+1’

: 3
HIMaz05 = gi1d(-1)fF o b1 b1
et DT if 7 € plH /potttL,

24+(—1)/F
It follows that 1
#S = —q? (g —1)%(2¢ - 1),

3
SO

p(S) = 24 g —1)*(2¢ - 1),
O

Remark 6.13. As was the case in Remark @, the examiners proposed a more elegant proof
of Lemma . For the same reasons as before, we opt to describe their proof in addition to,
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rather than instead of, our own. Define S’ to be the set of triples

(0,y1,92) € (pr \ p3) X OF x Op
such that the polynomial X3 + y»X + y; has a root in Fp. Then there is a bijection

08" =S, (yo,y1,y2) — (o, ug 1, vby2).
From the definition of ¢, it is easy to see that

w(S) = —

at2o i

Sh.
. (5%)
By definition of S, we have

1 1

1
u(S") = (5 _ ?) . p . #{()\1,)\2) eFyr xFp: X3 4+ Ay X + A\ has a root in FF}.

The cardinality of the set above is equal to
q(q — 1) — #{irreducible polynomials X3 + Ao X 4 A in Fp[X]}.
Let F/ be the unique cubic field extension of Fp. There is a 3-to-1 surjection
{o € '\ Fp : Trp 5, (a) = 0} — {irreducible polynomials X? 4+ XX + Ay in Fr},
taking « to its minimal polynomial over Fr. It is easy to see that
#{a € F'\Fp: Trpp, (@) =0} = ¢* — 1,
and the result of Lemma m follows.

Corollary 6.14. Let 4 < m < ber + 2 be a multiple of 6. Then

_ 1 _2m_
(1(To \ P ) = S0 g —1)%(2q - 1).

Proof. Suppose first that 4 | m. Setting z; = a; for i = 0,1,2 and (a,b) = ({3, ), Corollary @

tells us that T, \ PL=2" is the set S from Lemma @, together with the added congruence
condition that vr(a3) > ¢, so

—au — 1 m
(T \ Py ™) = u(S) - ¢ ER

=30 ¢ Ha-1)*2 - 1),

w3

If 4 { m, then set
m—6 m
) y = ; ’ 5 ’ b) = (75 7)7
(xo,x1,x2) (ap,as,a2), (a,b) B 5
and proceed similarly. O

Corollary 6.15. Let 4 < m < ber + 2 be an even integer. Then

p(PLay = ¢ 15 1-3(g —1)2. (1 + Lgjm - (1 = Qq))-

3q
Proof. This is immediate from Lemma @ and Corollary . (]
Corollary 6.16. If Etg;;?l/l%i is nonempty, then m is an even integer with 4 < m < bep + 2,
and 1—9
s 1—aut/F m_ —4q

Proof. This is immediate from Lemma @, Lemma @ Part (2), and Corollary . O
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6.3. Distinguishing between A, and S;. Write us for the group of cube roots of unity in
the algebraic closure of F.

Lemma 6.17. The following three statements are true:

(1) (Tower law for discriminant) Let M/L/F be extensions of 2-adic fields. Then

vr(dyyp) = [M 2 L] -vp(dpp) + f(L/F) - vp(dyyr)-

(2) We have us C F if and only if fr is even.
(3) If us € F, then F has only one Cs-extension up to isomorphism, namely the unramified
extension.

Proof. Claim (1) is [Ser95, Proposition II1.8]. Claim (2) follows from Hensel’s Lemma. As for
Claim (3), let L/F be a Cs-extension. Then L/F is either unramified or tamely ramified. If
L/F is tamely ramified, then it is well-known that L = F'({/7p) for some uniformiser 7p of F.
But then L/F is Galois if and only if ug C F, proving the claim. (]

Lemma 6.18. If us C F, then F' has no Sy-extensions.

Proof. Suppose for contradiction that there is an Sy-extension M/F. Take a copy of Dg inside
Sy, and let L = MPs. Then L/F is cubic. If L/F is unramified, then it is cyclic. On the other
hand, if L/F is ramified, then it is tamely ramified, so L = F({/7r) for some uniformiser mp
of F', and therefore L/F is Galois since u3 C F. This implies that Dg is a normal subgroup of
Sy, which is not the case, so the result follows by contradiction. O

Proof of Theorem }5.3. By Lemma (2), we have us C F, so Lemma tells us that
E Ay/F 1- aut/F

b(14)/ pm = Et t(14y/pm and the result follows by Corollary [5.16. O
Lemma 6.19. Let M/F be a Vy-extension of 2-adic fields, and let Eyi, Eo, E3 be its three

quadratic intermediate extensions. Then the following two statements are true:

(1) We have vp(dyyp) = Y0y vr(dp,/F).
(2) If vr(dg,/r) < vr(dp,r), then vi(dp, r) = vr(dg,/F)-

Proof. This proof relies on some class field theory that we will develop in Section . We feel
that developing that theory here would disrupt the flow of the section, so we instead use forward
references. This does not introduce circularity, since the proofs of Theorem , Lemma ,
and Lemma are self-contained, and do not reference any other results in this thesis.

The first statement follows easily from [Keu23, Theorem 17. 50} For the second statement,
suppose that vp(dg,)r) < vr(dg,/F). For each i, let x; XJFX2 — O, be the quadratic
character associated to E;, as in Lemma . Theorem @ and Lemma |l tell us that

UF(dEi/F) =f(Ei/F) = f(xi),
for each i. It is easy to see that x3 = x1x2, 0 f(x3) = f(x2), and the result follows. U
Lemma 6.20. Suppose that us € F and let L € Etz;f;l/l; Then 3 | vp(dr r) if and only if L

is an A4-quartic.

Proof. Suppose that 3 | vp(dr/r). Then the final line of Remark @ shows that L/F is an
Ay-quartic extension. Suppose conversely that L/F is A4-quartic. Let M be a normal closure
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of L over F, so Gal(M/F) = Ay, and let K = M"1. The extension K/F is a Cs-extension, so
it is unramified by Lemma (3) Since L/F is totally ramified, we have e(M/F) = 4 and
f(M/F) = 3, so Vj is the inertia group of M/F. Since K/F is unramified, the tower law for
discriminant gives

vr(dyyr) = 3vk (dyy i)
Let E, Ea, E5 be the three intermediate extensions of the Vj-extension M /K. Since the three
double transpositions in A4 are conjugate, the extensions E;/F are isomorphic, so they have
the same discriminant. By the tower law for discriminant, it follows that the valuations

UK(dEZ/K)a 221,2,3
are all equal. By Lemma , we have

3
vk (dyyx) = Z vi(dE, k) = 3vk(dE, /K )
i=1
S0
vr(dyyr) = Yk (dg, /K )-
Since M/L is unramified, the tower law also gives

vr(dyyr) = 3vr(dpr),
and the result follows. O

In the statement and proof of the following lemma, the term “A4-extension” refers to a Galois
extension with Galois group Aj.

. .. . - Ay/F
Lemma 6.21. Suppose that us € F. Then there is a bijection between Et(lié/F and the set of
isomorphism classes of Aq-extensions of F.

Proof. For an Aj-quartic extension L/F, let L be the normal closure of L over F. The map
L~ L is a well-defined bijection between the set of isomorphism classes of A4-quartics and the
set of isomorphism classes of A4-extensions. Therefore, to prove the lemma, it suffices to show
that every As-quartic is totally ramified.

Let L/F be an A4-quartic. Then there is an extension M /L such that M/F is an As-extension
and L = M%3 for some choice of embedding As C Ay. Let Gy C A4 be the inertia group
of M/F. Since M"4/F is a Cz-extension, it is unramified by Lemma (3)7 and therefore
Go C Vj. Since M/F is not cyclic, it is ramified, so #Gp > 2. Since Gy is a normal subgroup
of Ay, we must have Gy = Vj, so e(M/F) = 4. Since M/L is a Cs-extension, it is unramified
by Lemma (3), so L/F is totally ramified, as required. O

Proof of Theorem . Lemma (2) tells us that pug Z F. The result then follows from

Corollary and Lemma . O

Proof of Corollary . Theorem @ tells us that m(Etf{i/)fF) =0 and
e Ay/F _[2mi_ 1-2
AN = Y - 1)(1 + Ljm - (Tq»
4<m<6bep+2 q

The result then follows from a tedious computation, which we omit since it is straightforward.
O



69

Proof of Corollary . By Theorem @, we have

~ 4,54/ F mo
mEe) = > a0,
4<m<6ep+2
2|m, 3tm

~ e, A
which can easily be rearranged into the required form. The computation of m(Et(li/iF) is

similar. O

7. THE CASE G =V}

This case is essentially already in the literature. We collect the relevant results here.

Lemma 7.1. Let d € F*\ F*? and let E = F(\/d). If vp(d) is even, then vr(dp/r) is an even
integer with 0 < vp(dg/p) < 2ep. If vp(d) is odd, then vp(dp/p) = 2ep + 1.

Proof. This is part of the p = 2 case of [Dab01, Theorem 2.4]. O

. F
Lemma 7.2. If Etz/{l/)/ﬂm is nonempty, then m is an even integer and 6 < m < ber + 2.

Proof. Let L € Et%‘{)I;F,m’ and let Fq, Fo and E3 be the intermediate quadratic subfields of L.

Let ¢; = vp(dg, ) for each i, so that
m = c1 + ¢2 + c3,

by Lemma . We may write F; = F(\/d;), for d; € F*\ F*2, such that dydad3 € F*2. Since
vp(didads) is even, it follows from Lemma that either 0 or 2 of the ¢; are equal to 2ep + 1,
and the rest are even integers with 2 < ¢; < 2ep. The result follows. O

Lemma 7.3 (Tunnell). Let m be a positive even integer with 2 < m < 6ep + 2. Then

- V4/F m=4/ _|m q—2 i m—2
#Et(f‘{)/F,m =2(qg—1)q 2 (q s (1 + Lapm - ?) — L<depta-q b3 J>'
Proof. This is [Tun78, Lemma 4.7]. O
Proof of Theorem . The result follows immediately from Lemmas @ and @ O

Proof of Corollary . By Lemmas @ and @, we have

~ o Va/F 1 —mid_|m q—2 —mid_ | m=2)
m(Et(l‘l)/F) = 5((1 -1)- ( Z q 2 6 <1 + L3 Sl ) — Z q 2 1 )7
4<m<6epr+2 4<m<dep+2
m even m even
and it is straightforward to rearrange this expression into the desired form. ([

8. THE CASE G = (4

8.1. Sketch of our approach. Let F' be a p-adic field and let n be a positive integer. We will
write Ext, /F for the set of isomorphism classes of degree n field extensions of F. The notation
Ext can be adorned with all the same decorators as Et, with the obvious meanings. That is,
for any choice of decorators Et:, we have

Exts = {L € Et, : L is a field}.
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Remark 8.1. If o is a splitting symbol of the form (f¢), then EtU/F = Ext_ . In these cases,

we will prefer the notation Etg /F> since morally we view field extensions as a special case of
étale algebras.

We define a Cy-extendable extension of F' to be a quadratic field extension E/F such that there
is some quadratic extension L/E such that L/F is a Cy-extension. For any real number my,
write Extg/c},,ml (respectively Extg%‘;, <m,) for the set of Cy-extendable extensions E/F such
that vp(dg/p) = m1 (respectively vp(dg/p) < m1). For any quadratic extension E/F', write

Extg/‘*éF for the set of quadratic extensions L/E such that L/F is a Cy-extension. Note that

ExtS/F i nonempty if and only if E/F is Cy-extendable. We allow the usual discriminant-

2/E
related decorators, writing Extg/“é{:w and EX‘CQC/‘%Qm2 20/45?

ve(dr/p) = mg and vg(dr g) < ma, respectively.

to denote elements L € Ext with

Recall that we write d(_y) = vF(dF(ﬁ)/F). In the current subsection, we state the main
results, whose proofs are postponed to the later subsections.

For even integers m; with 2 < m; < 2ep, define

Next(ml) = (1 + lm1§26F—d(_1))quil(q -1- ]lm1=2€F—d(—1)+2)‘
For my = 2ep + 1, define
2¢°F if —1 € F*2,
Next(2ep + 1) = < ¢°F  if F(y/—1)/F is quadratic and totally ramified,
0 if F(v/—1)/F is quadratic and unramified.

Set Next(m1) = 0 for all other real numbers m;. For the reader’s convenience, we will also state
the definition of Next(mq) in Appendix E

Lemma 8.2. If E/F is a totally ramified Cy-extendable extension, then 2 < vp(dg p) < 2ep+1
and vp(dg/r) is either even or equal to 2ep + 1. For such my, we have

#Extgﬁgm = Next (m1),

where Next(mq) is the explicit function defined above.

Let my be an even integer with 2 < my < ep. For each integer mo, define

g™t if mo = 3my — 2,
m1+m2j

gl =

+mo—2
|t

— if 3m1 < m9y < 4ep —my and msy is even
NC4(m1,m2) _ ' q 1> M2 > aCF 1 2 )
q¢F  if mo =4dep — mq + 2,

0 otherwise.
Suppose that m; = 2egp + 1 or my is even with ep < mj < 2ep. Then define

2¢°F  if mg = mq + 2ep,
NC4 (ml, mg) = q 2 1 F
0 otherwise.

Finally, define N4 (m1,m2) = 0 for all other pairs of integers (mi,ma). As with Nexi(m2), we
will also state the definition of N (my,ms) in AppendixgE

Lemma 8.3. Let E be a totally ramified Cy-extendable extension and let my = vF(dE/F). For

all mo, we have
Cy/F

#Ex‘%/ﬂm2

- NC4(m17m2)7
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where N (my, ma) is the explicit function defined above.

Corollary 8.4. If Et(cli/iﬂm is nonempty, then either m = 8er + 3 or m is an even integer
. F

with 8 < m < 8ep. For any even integer m, the number #Etﬁi/)/ﬂm is the sum of the following

four quantities:

m—3
(1) ]18§m§5ep_2 q 5 Next(%)'
(2)
m—my
Z ¢ 7 g —1)Nex(m).

max{2,m—4er}<mi<min{%,er}
mi=m (mod 4)

(3) 146F+4§m§561“+2 g Next(m —4dep — 2)
(4) Lsept3<m<sep - 29°F - Next(m_32eF).

Moreover,

A% if =1 € F*2,
. C
#Et(li/)jEseFJrg =4 2¢*F  if F(v/—=1)/F is quadratic and totally ramified,
0 if F(vV—1)/F is quadratic and unramified.

8.2. Counting Csj-extendable extensions. The aim of this subsection is to prove Lemma @
The paper [CDOO05] gives conditions on d € F* for the extension F(v/d)/F to be Cy-extendable.
We use these conditions and adapt the methods of [CDOO05] to parametrise and count Cjy-
extendable extensions.

Lemma 8.5 (Hecke’s Theorem). Let E be a 2-adic field, let o € E*\ E*2, and let L = E(y/a).
If ve(a) is odd, then vp(dr p) = 2vE(2) + 1. If ve(a) is even, then L/E is totally ramified if

and only if a/r?> =1 (mod p?E(Q)) has no solution x € E. In that case, we have

ve(dr/p) = 20p(2) + 1 — KB .o,

where
KEo =max{0 <1< 2vg(2):a/r? =1 (mod pk) has a solution in E}.

Proof. This is the special case p = 2 of [Dab01, Theorem 2.4]. O
Corollary 8.6. Let E,a, and L be as in Lemma @, and assume that vg(«) is even. Let t be
an integer with 0 <t < wvg(2). Then ve(dr g) is an even integer and

'UE(dL/E) < 2up(2) — 2t

if and only if there is some x € E* with a/z* =1 (mod p%).

Proof. This follows from Lemma @, along with the fac‘cm that for 0 < ¢t < vg(2) and u € O,

if u is square modulo p%, then it is also square modulo p2Et+1. O

f u = 2° (mod p¥), then u/a® = 1 + 73y for some y € Op. Taking z € Op with y = z° (mod pg), we
obtain u/z” = (1+ 752)* (mod p3 ™).
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Lemma 8.7. Let E = F(\/d) for d € F*\ F*? and let L = E(\/a) for a € EX\ EX2. The
Galois closure group of L/F is

Vi if Ngjp(a) € F*2,
Cy if Ngp(a) € dF*?,

Dy otherwise.

Proof. Write o = a+bV/d for a,b € F and let § = \/a. Let m(X) be the minimal polynomial of
0 over F. Let N be a splitting field of m(X) over L. The polynomial m(X) has roots 6, +¢
for some element ¢ € N.

We claim that L/F is a Vj-extension if and only if 8p € F. Suppose that L/F is a Vj-extension.
Since L/F is the splitting field of m(X), there are o, 7 € Gal(L/F) with 0(0) = ¢ and 7(6) = —0.
These have order 2, so o(f¢) = 7(0¢) = Op, and therefore 8p € F. Suppose conversely that
Op € F. Then F(0) = F(p), so L is the splitting field of m(X) over F, and therefore there are
o,7 € Gal(L/F) with () = ¢ and 7(0) = —6. Since 0p € F, it is fixed by o, so

Op = pa (),
and therefore § = o(y), so o has order 2. Clearly 7 has order 2, so Gal(L/F') = V.

Let A\ := % — %. We claim that L/F is a Cy-extension if and only if A € F. Suppose that L/F
is a Cy-extension. Then 0, ¢ € L, so there is a generator o € Gal(L/F) such that () = ¢.
It follows that o(A) = A, so A € F. Suppose conversely that A € F. There is some element
o € Gal(N/F) such that o() = . It is easy to see that 02() = 6 for some e € {41}. Since
X € F, we have € = —1, so ¢ has order 4. Clearly 6 + ¢? = 2a, so

N 202 — 2a’
O
which means that
B 202 — 2a cL
SO - 9)\ 9
so L/F is Galois and hence Cy with Galois group (o). Finally,
\2 o 4b%d
NE/F(O‘)’
and the result follows. g

Corollary 8.8. For d € F* \ F*2, the following are equivalent:

(1) The extension F(\/d)/F is Cy-extendable.
(2) The element d is a sum of two squares in F.
(3) The element d is in the norm group of the extension F(\/—1)/F.

Proof. The equivalence of (1) and (2) follows from Lemma @ If —1 € F*2, then (2) and (3)
are equivalent because every element of F' can be written as a sum of two squares, due to the

identity
d+1 d—1

4= (7)2 * (2@)2'

If —1 ¢ F*2, then the equivalence of (2) and (3) is trivial. O
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By symmetry of the quadratic Hilbert symbol, it follows from Corollary @ that we need to
count extensions F(v/d) such that —1 € Nm F(v/d). It turns out that this is a special case of a
problem we will need to solve in Part {, whose solution is stated in Corollary

the special case we currently need admits a more elementary proof, which we will include,
eventually stating the result in Corollary .

. However,

Remark 8.9. The more general proof of Corollary will involve using class field theory to
parametrise Cp-extensions of F' by the associated characters F* — F,. In our current special
case, we can instead parametrise quadratic extensions of F' by F*/F*? in the obvious way.
Thus, the techniques of the upcoming proof rely on the fact that all quadratic extensions are
Kummer extensions, so we will genuinely need different ideas for the generalisation in Part H

We start by defining some notation. Let A be a finitely generated subgroup of F*. Write A
for the subgroup AF*?/F*2 of F* /F*2. For each nonnegative integer ¢, define

A= AN (UI(;)FXQ)
and
A = A0 (U P2 ),
where U l(;t ) is the #t term in the unit fltration of F , defined by U l(;t) =1+ p%, and we adopt
the convention that U }0) =0Op. Let F (v/A) be the field extension
F{Va:ae€ A})
of F, and write N(A) for the norm group NF(\/Z)/FF(\/Z)X' Let Ext]/p, be a set of field

extensions of F', for some choice of decorators e. Then we define

Ext}p, = {E € Bxt} ), : AC Np/pE*}.

Lemma 8.10. Let t be an integer with 0 < t < ep, and let A C F* be a finitely generated
subgroup. We have a bijection

2
N(A)g — EXt?/F,S%F—Zt U{F}, u~— F(Vu).

Proof. By Lemma, @, the map u +— F(y/u) gives a well-defined bijection
OF/OF" = Bxtyp <o, U{F}.

For u € O\ OF*, we claim that the following two statements are true:

(1) F(y/u) € EXt§4/F,§2eF if and only if u € N(A).
(2) F(\/u) € Exty o, o, if and only if u € UV F*2,

The first statement follows from symmetry of the quadratic Hilbert symbol, and the second

follows from Corollary @ The result then follows by definition of NV (A);t. O

Lemma 8.11. Let t be an integer with 0 < t < ep, and let A C F* be a finitely generated
subgroup. Then we have
UCr2IN(A) = N(Ay).
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Proof. For a € Ay, Corollary @ tells us that vp(dp/a)r) < 2er — 28, soll Ul(feF*Qt) -
Nm F(y/«), and therefore

U2 ¢ Nm F(v/Ag).
Since Ao C A, class field theory tells us that
Nm F(vV.A) € Nm F(y/Ax),
and therefore
U7 Nm F(VA) C Nm F(+/Az).
Suppose that
U Nm F(VA) € G C Nm F(y/As),

for a subgroup G of F*. By class field theory, there is a unique abelian extension L/F such
that Nm L = G. We have

F(y/Ay) C L C F(VA),
L =F(VB)

for some subgroup B C A. Let 8 € B. Since U}%F_%) C NmL C NmF(+/B), we have
vp(dF(\/B)/F) < 2ep — 2t, so Corollary @ tells us that 8 € Ugt)FXQ, and therefore 8 € Ag;. It
follows that B C Ay, and therefore L C F(y/Ag), so G = Nm F(y/Ay). Therefore, as claimed,
we have
Nm F(v/Ag) = U2 Nm F(VA).
O

Lemma 8.12. Let t be an integer with 0 < t < ep, and let A C F* be a finitely generated
subgroup. Then

—2

— 2 _ #A2 —2t

#N(A),, = 2¢°r~ . T ZET2
2t #A2

Proof. By definition, we have

N(A)y, = (N(A)/F*?) 0 (UZVF*2/F7?).

Viewing these groups as Fe-vector spaces, it is easy to see that
2 _ #INA)/F2) - U F P
#N(A)Qt = (2t)
#(Up 'N(A)/F*?)
_ #IN(A)/F2) - # (U F¥2 F2)

#(N (Azep—2t) [ F?)

[F™ s N(Azep—20)] 1720 a2 . gax2

= NURF*° . F
N ]

—2

— #A28F—2t

#A
where the second equality follows from Lemma , and the final equality follows from class

) [U}(;%)FXQ : FXQ].

field theory. Finally, we claim that
[Ugt)FxZ . F><2] _ Qqu—t_

Here we are using the well-known fact that, for a quadratic extension E/F, the discriminant valuation

vr(dg/F) equals the smallest integer ¢ such that U I(TC) C Ng/rE *. We will later prove a more general version of
this statement, in Lemma .
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We consider this final fact well-known; it may be seen e.g. from the proof of [Tun78, Lemma 4.3].
Alternatively, we prove a more general result later in this thesis, in Corollary . U

Corollary 8.13. Let m1 be an even integer with 0 < mq < 2ep, and let A C F* be a finitely
generated subgroup. Then we have

—2
A _ 2 #‘Am
HEXtY) <y = 2¢™1 /2. Tﬁ; —1.
Proof. This is immediate from Lemma m and Lemma . O

Corollary 8.14. Let m1 be an even integer with 2 < m1 < 2ep. We have

C.
#Ext;/ﬁgml = (1 + ]]-m1§2€pfd(,1)> ° qm1/2 - 1

Proof. Let A= (—1) C F*. Corollary @ tells us that

1TC. _ A
EXtZ/;;,Snu = EXtQ/F,§m1’
and it follows by Corollary that
—2
c #A
EXt;/;?SWn = 2qm1/2 ' oL — 1.

A

Suppose first that —1 € F*2. Then #XQ = #Z?m =1, and the result follows since d(_;) = 0.
Suppose instead that —1 ¢ F*2. Then

# A =2,

and, by Corollary @, we have

—2
#Aml =1+ ﬂd<,1)§26F7’H’L17

and the result follows. O

Lemma 8.15 (Tunnell). Let F be a 2-adic field with residue field of size q, and let m be an
integer. Then we have

1 ifm=0,
2(q — 1)g™?1 if m is even and 2 < m < 2ep,
#EXtQ/F,m = 3
2¢°F  if m = 2ep + 1,
0 otherwise.
Proof. This is [Tun78, Lemma 4.3]. O

Proof of Lemma @ The first claim follows from Lemma 8.15. The result for 2 < m; <
2er follows from Corollary . By Lemma , for any quadratic extension E/F, we have
vr(dp/p) = 2er + 1 if and only if £ = F(y/a) for some o € F* with vp(a) = 1. Assume that
this is the case. Then Corollary @ tells us that E/F is Cy-extendable if and only if « is in the
norm group of F(y/—1)/F, and the result follows from the fact that OF C NF(H)/FF(M)X
if and only if F(v/—1)/F is unramified. O

Since Lemma, @ expresses the number of Cy-extendable extensions in terms of the discriminant
d(—1), we will need to know the possible values of d(_;). We state these in the following lemma.
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Lemma 8.16. The constant d(_y) is an even integer with
er

d_py <2 {f]
(=1) =<7

Proof. This follows from Corollary @, along with the trivial fact that
—1=1 (mod p%¥).

8.3. Counting Cs-extensions with a given intermediate field.

Lemma 8.17. Let E = F(\/d) be a totally ramified Cy-extendable extension of F with my =
vp(dg/r), and let 0 < mg < dep be an even integer. The following are equivalent:

(1) The set Extg/‘léf;mQ
(2) There is some 3 € OF such that =1 (mod pp" ™) and Ng/r(B) € dF*2.
(3) We have mg > min{m; + 2ep,3m; — 2}.

s nonempty.

Proof. The first two points are equivalent by Corollary @ and Lemma @ The equivalence
of (2) and (3) is essentially [CDOO05, Proposition 3.15]. At the start of the proof, the authors
state that their “condition (x)” is equivalent to (2), and the statement of their proposition is
equivalent to (3), where t = 2ep — %2. Their result is stated for prime ideals of number fields
lying over 2, but it is trivial to check that the proof works for 2-adic fields. O

The following parametrisation is due to Cohen, Diaz y Diaz, and Olivier:

Lemma 8.18 (Parametrisation of Cy-extensions). Let E/F be a Cy-extendable extension, and

Cs/F

suppose that mo is an integer such that Ext is nonempty. Let w € E* be such that

2/E,<mg
E(yw) € Extg/“éimg. If mo < 2eg, then we have a 2-to-1 surjection
(2ep—2[ 52 ]) Cu4/F
(UE R cle FX)/FX2 — Exty i ues B(Vuw).
If mo > 2eg, then we have a 2-to-1-surjection
FX/F2 o Bxty )" ue B(vuw).

Proof. By [CDOO05, Proposition 1.2], there is a 2-to-1 surjection
F*/F*% Extg/“éF, u— E(vVuw),

and the result follows from Lemma @ and Corollary @ O

Lemma 8.19. Let F be a 2-adic field and let E/F be a quadratic extension. The following two
statements are true:

(1) If E/F is unramified, then for integers t with 0 <t < ep, we have
UV B FX = URV P2,
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mi

(2) If vF(dE/F) my for a positive integer m1, and t is an integer with 0 <t < 2ep — 75,
then we have

FX/F*2 jft <1,
(USVE*2 N FX) /F*? = ([ =2])
UF 2 F><2/F><2

if t > 5

Proof. Claim (1) is essentially [CDOO05, Proposition 3.6]. We now prove Claim (2). The case
t = 0 is obvious. For t > 1, the result is essentially [CDOO05, Proposition 3.11], combined with
the fact that

U](;ZC)FX2 _ U1(;12C+1)F><2
for all nonnegative integers ¢ with 0 < ¢ < ep. This fact is stated in the proof of [Tun7g,
Lemma 4.3], and we will also prove it later ourselves, in Corollary . U

Corollary 8.20. Let E/F be a totally ramified Cy-extendable extension such that the dis-
criminant valuation m; = vp(dg/p) is even. Let mg < dep be an even integer and write
ng := min{my + 2ep,3m; — 2}. Then we have

0 if ma < ng,

Cy/F . mytmg
#EXtQ/ALEVsz = q\_ 1 J

if no < mg < 4dep —my,

2¢°F  if mg > max{4dep —mi + 2,n0}.

Proof. Lemma deals with the case mg < ng. Let ng < mgy < 4ep. By Lemma B.1 /, the set

Ex tgfé <m, 18 nonempty, and the result follows from Lemma and Lemma @

Proof of Lemma @ By Lemma , either m1 = 2ep + 1 or mq is even with 2 < my < 2ep.

The case where m is even follows easily from Corollary . For the case with m; odd, suppose

that m; = 2ep + 1. Then by Lemma @ we have E = F(V/d) for d € F* with vp(d) = 1.

By Lemma @, each Cy-extension L/F extending F has L = E(y/a) for some a € E* with

vp(Ng/p(a)) odd. It follows that ve(a) is odd, so ve(dr/g) = 4ep+1 by Lemma @ Therefore,
Extg;léF =E t%éiep+l’

so the result follows from Lemma . O

Proof of Corollary . Suppose that L/F is a Cy-extension with intermediate quadratic field
E. By the tower law for discriminant, we have

vp(dp ) = 2vr(dg)p) + f(E/F) - ve(dy p)-

So if L G Et 14/ with my = vp(dg/p) and mg = vE(dL/E), then m = 2m; + mo, and
Lemmas and @tell us that either (my,mg) = (2ep + 1,4er + 1) or m; and mg are both
even with 2 <mj < 2ep and 4 < my < 4ep. It follows that either m is even with 8 < m < 8eg
or m = 8er + 3. If m = 8ep + 3, then the result follows from Lemmas @ and

Now consider the case where 8 < m < 8ep and m is even. For positive integers mi; and ms,
write ¢4 for the set of totally ramified Cj-extensions L/F such that vp(dg /F) = m1 and

mi,msa
vp(dr/p) = ma. By the discussion above, we have

C4/F Cy
#Et (14)/Fom — Z #Eml m—2mq "
2<m1<2ep
m1 even
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Let 2 < my < 2ep be even. By Lemmas @ and @, whenever Nexi(m1) # 0 we have

p
mi1—1

q if m; = mgr2 and my < ep,
Lm mlJ Lm mi— 2J N m
q —q if m —4ep < my < min{%,er},
#Eml,m 2mq
———— = ¢F ifmi=m—4dep —2and m; <ep,
Next(ml) 9
2¢°F if ep <my < 2ep and my = TEE,

0 otherwise.
(qu_g ifml—m+2 and 8 < m < bep — 2,

| ===

if m —4ep <mp <min{%, er},
=49¢°F ifmi=m—4der—2and dep+4 <m <bep+ 2,

2¢°F i my = m—TM and bep < m < 8ep,

0 otherwise.

To finish the proof, we just need to observe that

qu;’mlj _ ql.m772172j _ q%il(q - 1) lf ml =m (mOd 4),
0 ifm; #m (mod4).

Proof of Theorem |5.4. The possible values of m come from Corollary @ The result for m =
8ep + 3 is 1mmed1ate from Corollary . Now consider the case where m is even and 8 < m <
8ep. The first, third, and fourth items of Corollary @ respectively are equal to

3m—14
(1) Is<ms<ser—2 - Lin=3 (mod 5) "¢ 1° (1 + Im<10ep—5d_1~2)(q =1 = Lin=10ep—5d(_1,+8)-

%—ep—2(

(2) 146p+4§m§56p+2 -q 1 + ]]-TILSGEF—d(,l)-‘rQ)(q -1- ﬂm:ﬁeF—d(,1)+4)-

m+dep _1
(3) Lsep+s<m<ser " Lim=zep (mod3)-2¢ © (14 Lm<sep—3d_1))(@ =1 — Lin=8ep—3d_1)+6)-

Lemma turns these into the first three points of Theorem @ It remains to compute the
value of

> ¢ 1 7H(q — 1) Nexs(ma).

max{2,m—4er}<mi<min{%,er}
mi=m (mod 4)

For such m1, we have
272 Mg —1) if my < 2ep —d(_y,
Next(m1) =< ¢ 2 Mg —2) if my =2ep —d(_y) +2,
g7 Yg—1) if mi>2ep —dq)+ 4
Lemma tells us that 2ep — d(_1) + 2 > ep, so the sum is actually
> 277 2 (g - 1)

max{2,m—4ep}<mi<min{%,ep}
mi=m (mod 4)

For integers | and u, the substitution m; = —m + 4k makes it easy to see that
b+1 a
mtmy ¢ —q
Z q 4 = Li<u 1
<mi<u
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where a = [™H] and b = |[™f%]. In this case, we have | = max{2,m — der} and u =
min{er, ¥}, which gives
m+2 m . m-+ep 3m
o= [max{Z7= 5 —en}]. b= [min {25500
Finally, it is easy to see that [ < w if and only if 10 < m < 5ep. In that case, we have b = L% ,
SO

m+mq ql.?)l%J+1 — ql—max{mT_‘—Qa%_eF:H
Z ¢+ = lio<m<ser 7 ;
max{2,m—4ep}Smlgmin{ep,%} q
mi=m (mod 4)
and the result follows. O

Proof of Corollary [5.11. Theorem @ and Lemma tell us that the mass is the sum of the
following quantities:

(1)

8<m<bep—2
m=8 (mod 10)

1 _m_
5. Z q 2 CF 2(q—1)

dep+4<m<bep-+2
m even

4eF75m_
> g v a1

5eF+3§m§Sep—3d(_1)
m=2er (mod 6)

1 _ 5 _
ﬂd(71)22 BN q bertadi-y 6(q —2).

1 dep—5m
-1
5 Z q ¢ (¢ —1).
SeF—3d(_1)+12§mSSeF
m=2er (mod 6)

(4) (a) .
_ _m
SICAE D R L A
10<m<5ep
m even
(b)
“Lg-1e S T g e,
2 10<m<bep
m even

g %er=3 if —1 e F*?,
sq7%er=3 if F(\/=1)/F is quadratic and totally ramified,

0 otherwise.

We address these one by one.
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(1) Making the substitution m = 10k + 8, we have

°F
_Tm+14 1—q =]
E q 10 = ILGFZ? P B 1 ,
8<m<5er—2 T =
XI>~J€efp
m=8 (mod 10)

so the contribution to the mass is
1 (-1 —g %))

5']]-3F22' q7_1 )

and we can omit the indicator function since ep = 1 gives 1 — q_”%FJ =0.
(2) Making the substitution m = 2k, it is easy to see that

Sep+2
_m q_QeF_1 — qiLEFTJ
E q 2 =1lep>o- 1 ;
dep+4<m<bep+2 q
m even

so the contribution is

1 . (q—BeF—S _ q_|_7EF72+6j) _ 1 ) q—36p-3(1 o q—LETFJ)7
2 2
S5ep+2
where we omit the indicator function since ep = 1 gives ¢ =261 — ¢~ l77 1 =
(3) (a) The substitution m = 2ep + 6k gives
—5\_%7]—6}7 éd(_l)fGeF

dep—5m q — q2
> ¢ ¢ =lacy<er 51 ’
5€F+3§m§86F—3d(,1> q

m=2er (mod 6)
so the contribution is

(q _ 1)(q—5\_eTFJ—€F—1 _ qu(_l)—ﬁep—l)
:ﬂ.d(,l)<eF ' q5 ) .

(b) This is already in closed form.
(¢) The substitution m = 2ep + 6k gives

5

dep—5m q2d(*1)_6eF_5 — q_GeF
>, ¢ ¢ =l yza 5
g —1
SCF—3d(,1>+12Sm§8€F
m=2er (mod 6)
Therefore, the contribution is
1 (g = 1)(g3d%n—0er=6 _ g-Ger-1)
5 ° Hd(_1)24 ’ q5 o 1
(4) (a) We need to compute
7 LSZFJ K
> -y
10<m<5ep k=5

m even

For an integer b > 1, it is easy to see that

5b — —

Zf(%kﬂ_(q 6_ gt 76)(q6+q4+q3+q+1)+77b
q = T 1 q -

k=5 a



1 ((Q‘G—ql‘””)(q T+ P4+
€F>2'

2

1 T _ TN S+ A+ P+ g+ 1
]lerz-f(q_l)((q q )¢®+¢* +¢° +q+1)

If e is even, then we have

+q 2

5] 5F
_rTk [Tk
Z g 151 = g 5]
k=5 k=5
_ _TeRr
_q (=" )" +d" +P+q+1)
— lep>2" q7_1
If e is odd, then we have
LSZFJ 5_51:271
" 5ep—3 Sep—1
3 q—r%1:< 3 q—(%l)+q—(§- 52 4 g T PE
k=5 k=5
_ _p.eF—L
= 1oy .((q =TT )¢t P +at )
ep>2 q7_1
+q,7ep L 244 7€FT*173>_

E ]

In other words, the sum Zk N 7[7*5]6] is equal to

q" -1
and therefore we have a contribution of

q" -1
(b) We need to evaluate
56F 5eF
3k+1 3k+1
3 e S5y
k 26F+1
We have
2 _
i [=skt1y _ (q +q)(q ¢ 36F)
q Lep>s - )
k=5 ¢ -1

so the first half of the sum gives a contribution of
1 (¢=D(g+D(g " —g%r

_I]'EFZZ : 2 q3 1
We also have
5e
L FJ —3€F _ LSEFJ er
—k—ep __ q
Z q = lep>2- 1 ;
k=2ep+1 E
F

so we also get a contribution of

_l(qf?»epf? _ q*LhZFJ*?)_
2

+q T 1+ 1y,

—k—ep

+q

(¢?

ep—1
—7-SE

+a7),
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9. THE CASE G = Dy,

For G € {V4,C4, D4} and L € Et(ci{‘l)w/f” let

Extyﬁ := {F € Ext,,p : 3F-morphism E — L}.

Let L € Etg{f;/ rand E € Ext;; PQ There is a unique embedding EF — L, so we may naturally

view L as an extension of E. We define an F-twist of L/E to be an element of the set
Twistp(L/E) = {L' € Exty,p, : IF-isomorphism L' = L}.
Lemma 9.1. Let G € {Vy,Cy, Ds}. The following two statements are true:

(1) For L € Etg{;;F, we have
#Ext‘_)L _ 1 if G €{Cy, Dy},
2E 3 e =

(2) For L € Et(Glg/F and E € Ext;/%, we have
1 if G € {C4, Vy},

#TwistF(L/E):{2 FG D
— D,

Proof. Claim (1) is obvious. For Claim (2), write E = F(v/d) and L = E(y/a), where d € F
and a € E. Let L' € Twistp(L/FE). Then there is a F-isomorphism ¢ : E(y/a) — L'. We will
view E as a subset of both extensions L and L', even though L and L’ are not necessarily inside
the same algebraic closure of F.

The element ¢(y/a) € L' has the same minimal polynomial over F as \/a € L, so either
L' = E(y/a) or L' = E(v/a), where @ is the conjugate of o over F. It is easy to see that both
these choices for L’ are in Twistz(L/FE), so

Twistp(L/E) = {E(Va), E(Va)}.
By elementary Galois theory, we have E(y/a) % E(v/a) over E if and only if G = Dj. O

For an integer m, define an m-tower to be a pair (F, L), where E € ExtQ/F and L € Extz/E,
such that L/F' is a totally ramified extension with vg(dy/p) = m. Write Tow,, for the set of
m-towers. There is a natural surjection
. C4/F . V4/F c Dy/F
By - Tow,, = Bt UB i UBY) Sy (BLL) 5 L.
Lemma 9.2. Let G € {Cy4,Vy, Dy}, let m be an integer, and let Ly € Etg{;f/p’m The fibre
@ 1(Lo) has size

1 if G =CYy,
2 if G = Dy,
3 ifG=V,

Proof. 1t is easy to see that

®-Y(Lo)={(E,L): E ¢ Ext;g),L € Twistp(Lo/E)},

and the result follows from Lemma @ O
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Corollary 9.3. For every integer m, we have

C.
HECC o+ 2 HEOY o + 3+ #E D = #ToW,,.

Proof. This is immediate from Lemma @ O

Lemma 9.4. If Tow,, is nonempty, then one of the following three statements is true:

(1) m is an even integer with 6 < m < 8ep + 2.
(2) m=1 (mod 4) and 4ep +5 <m < 8ep + 1.
(8) m = 8ep + 3.

For even m with 6 < m < 8ep + 2, we have
#Tow,, = 4(q — 1)q% > (Lynsaepia - ¢ F + Licgep - (qm0er 15T _ - min{LmTﬂJveF}))'
For m =1 (mod 4) with 4ep +5 < m < 8ep + 1, we have
#Tow,, = 4(q — 1)qu+mT_l_1

We also have
36F

#TOW8€F+3 = 4q

Proof. Let m be an integer such that Tow,, is nonempty. Let (E,L) € Tow,,, and let m; =
’UF(dE/F@Id ma = ve(dr/g), so that m = 2my + mg by the tower law for discriminant. By
Lemma , either my is even with 2 < m; < 2ep, or m; = 2ep + 1. Similarly, either ms is
even with 2 < my < d4ep, or mo = 4ep + 1. If my is even, then m is even and 6 < m < 8ep + 2.
If mg = 4ep + 1 and my is even, then m = 1 (mod 4) and 4ep + 5 < m < 8ep + 1. Finally, if
m1 and mo are both odd, then m = 8er 4+ 3. Now that we have identified the possibilities, we
can enumerate Tow,, in each case.

Suppose first that m is even with 6 < m < 8ep + 2. Then each (E, L) € Tow,, has mgy even, so
#Tow,, is the sum of the following two quantities:

(1)
Z Z #Emz/E,n%2m1 .

max{2, 3 —2ep }<mi<min{F —1,2er} EEI’ExtQ/F,m1
m1 even

(2)

]]-m24ep+4 : Z #EXtZ/E,mfllep*T

EeEth/F,zeF+1

By Lemma , the first of these quantities is equal to

M_
HEXb) ) B m—om, = ) da=1)’ i

max{2, 3 —2ep } <mi<min{F—1,2er}
mi even

=4(q - 1) ZZQ*"“

m_ q —q
=4(g—1)%q2 72 TLggp - —F—

= lo<m<ser - 4(q — g2 (¢ — ¢,
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where

oom e {1 [2] —er} i min {72 )

For m = 2,4 we have ¢'~* — ¢~ % = 0, so we may drop the “6 < m” from the indicator function,
giving

#EXt) /b m—om, = Lm<ger A(g—1)g2 (¢ ¢ 70).
Similarly, the second quantity is equal to

Lin>depta - 4(q — 1)g% ~F 72,
and we obtain the desired expression for #Tow,,. Now suppose that m = (mod 4) and
dep +5 < m < 8ep+ 1. Then each (E, L) € Tow,, has my = 4ep + 1 and m; = T — 2ep, S0
Lemma .15 gives us
#Tow, = Z H#EXty g gep i1

EcExt
< X2/F,mT_172eF

= 4(q — 1)ger+™ T L,
Finally, if m = 8ep + 3, then each (E, L) € Tow,,, has m; = 2er + 1 and mg = 4ep + 1, so
#Tow,, = Z #EXty 4o i1

EEEXt2/F,2eF+1

= 4g%°",

by Lemma . U

Proof of Theorem . This is immediate from Corollary @ and Lemma @ O

Lemma 9.5. We have

1 _ 1 —3en— —3en_ _
m

Proof. Lemma, @ tells us that % Y m @ "#Tow,, is the sum of the following four quantities:

1 Z46F+4<m<8eF+2(q_1) —yer2,
m even

2) Y6<me<sen(q — 1)gminiOert1=[FT—5-2,

m even 9
J 76F} .

(1)
(2)
(3) — N6<meser (¢ — 1)g~ 7 ~2min{l %5
(4)
(5)

m even
ep+ 3'm 1 1

4) > dept5<m<ser+1(¢ —1)g
m=1 (mod 4)

5 q75ep -3 )

We can simplify this as the sum of the following quantities:

(1) (g—1)ger? Ziezi;zq .
(2) (a) (a—1)g 2 SFn gt

(b) (q—D)gr " -Sfen, aq [0,

(3) (a) —(g—D)g~er 2 Y3, "

)

e Sk 1
(b) —(¢—1)g2- X q

(4) (q—1)g° =233 g3k,

(5) q—5eF 3‘



We put the pieces together to obtain the contributions to the final sum:

e (1) and (3)(a) cancel to give a contribution of

(q—1)(ger3 — g73er™3),

e (2)(a) simplifies to a contribution of

q—4 _ q—zeF—4'
o We have
der 3k qg+1
Z gzl = ﬁ(q—geF—g — g %r),
k=2ep—+3 q

so (2)(b) gives a contribution of

q-+ 1 ( —2ep—4 queFfl)'
?+q+1
e We have
2er, 3k—1 qg+1
Yoot = g,
k=3 -

so (3)(b) gives a contribution of
g+1 —4 _ _—1-3ep
Prqri? 1 )
We have

2er —3ep —6ep

_ q —4q
Z ¢ = P4 -1
k=ep+1
so (4) gives a contribution of
1
2
¢ +q+1

Finally, (5) obviously gives a contribution of

( —2ep—2 q—5ep—2)'

—bep—3

q

So far, we have shown that i Y om @ "#Tow,, is the sum of the following six quantities:

(B; gt g

(C) qQ?:(—;H (q—2eF—4 _ q_5€F_1).
(D) — (gt — ger L),
B

The sum of (C), (D) and (E) is
“ep—4 —Bep—2 g+1 “Zep—1 4
— + - — ,
q q quLqul( q")

so we have shown that ), ¢ "#Tow,, is the sum of the following four quantities:

(1) (q—1)(gPer=3 — g=3er=3).
(2) ¢t —q7%rt

_ _ _ _ 1 _ _ _
(3) q 2ep 4_q Sep 2+q2?:;+1(‘1 3ep—1 —q 4)'
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(4) q_5eF_3.

It is easy to check that this sum simplifies to
1

2+qg+1

so we are done. (]

(q—3eF—3+q—36F—1 _|_q—2)7

Proof of Corollary . This follows easily from Corollary @, Lemma @, and the definition
of mass. (]
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Part 4. Asymptotic counts for generic extensions with
prescribed norms

10. INTRODUCTION

As we saw in Part E, the community has devoted much attention to counting families of \S,,-n-ic
extensions of a fixed base field k. One way of obtaining such a family is to “prescribe” certain
norms. That is, we choose elements a1, ..., a, € k* and count S,-n-ic extensions K /k such that
a; € Nk K> for every i. Equivalently, we choose a finitely generated subgroup A C £* and
count S,-n-ic extensions K/k with A C N/, K*. The latter formulation is more convenient
to work with, so we will use it from now on.

Write Nj,(X;A) for the number of S,-n-ic extensions K/k such that A C Ny K> with
Nm(disc(K/k)) < X. It turns out ([Vos88, Corollary to Theorem 4]) that an S,,-n-ic extension
K/k has A C N, K> if and only if

A C Ng, i, Ky

for every place v of k, where K, is the completion of K over v, as in Definition . For each
place v of k, define

LA ,

Etyk, = {L € Bt,p, - AC Ny, L}

Then (Etﬁ/k ._is a collection of local conditions, in the sense of Definition nd we will
i

see (Lemma ) that it is in fact acceptable, so that we may apply Theorem E and Con-
jecture to prove results for n € {3,4,5} and make conjectures for n > 6. In the rest of
Section [L(, we state the key results of Part fi, postponing all proofs.

10.1. Qualitative results. In Section El, we will start by exploring our problem in as much
generality as possible, namely for all n > 3. We will obtain qualitative statements for all
n, which are theorems for n € {3,4,5}, and conjectures contingent on the Malle-Bhargava
Heuristics (i.e. Conjecture ) for n > 6. Specialising to the known cases, n € {3,4,5}, we
isolate the following headline result:

Theorem 10.1. Let n € {3,4,5}. For every finitely generated subgroup A C k*, we have

N n (X5
0 < lim kn(X A)

— <1
X—00 Nk,n(X) -
with equality if and only if A C k*™.

Corollary 10.2. Let n € {3,4,5}. For every finitely generated subgroup A C k*, there are
infinitely many Sy-n-ic extensions K/k with A C Ny K>

For n > 6, there is a natural conjectural analogue of Theorem . This analogue is a little
too fiddly to state in this introductory section, but we refer the reader to Theorems and

TE!

Let us unpack the content of Theorem . It tells us that, for n € {3,4,5}, any finitely
generated subgroup A C k> is contained in the norm group of a positive proportion of S,-n-ic
extensions. Moreover, it tells us that A can only be contained in 100% of such norm groups if
it is contained in every such norm group.
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Remark 10.3. In the special case where A is generated by one element, Corollary 105 can
be obtained by classical methods, using Hilbert’s irreducibility theorem. See [FLN22, Exam-
ple 1.13] for details. For general subgroups A, ours is the first proof we are aware of.

10.2. Quantitative results: mass computations. As discussed above, our methods rely
upon the fact that, for S,-n-ic K/k, we have A C Ng /K> if and only if K satisfies the

acceptable family (Etf/kv)v of local conditions. Thus, by the Malle-Bhargava heuristics, we
have (certainly for n € {3,4,5} and conjecturally for n > 6)

Nk,n(X§~A) 1

. - A
Xlgnoo T = 5 -Ress=1 Ck(s) ’ 1;[[ m(Etn/ku)a
v k

where the product is over all places of k, both finite and infinite. Thus, we may express this
density explicitly as an Euler product if we can find the mass m(Etﬁ/kU) for each place v of k.
We will study these masses in the following two cases:

n = { is an odd prime.
(2) n=4.
Our motivation for considering these two cases is that they include each of n = 3, n = 4, and
n = 5, which are the degrees for which the Malle-Bhargava heuristics are known (Theorem ).

We start by stating the masses at archimedean places, which are easy to compute for all n:

Theorem 10.4. Let v be an archimedean (i.e. infinite) place of k, and let f : k — C be the
corresponding embedding. The following two statements are true:

o If f is a real embedding, then
ZL%J e if f(a) >0 for all a € A,

m(Etf/kv) = 52 S!(n723)!2s

[51-1 ]
> 520 m otherwise.

e If f is a complex embedding, then

A 1
) n!

For finite primes p, we will state the pre-masses ﬁz(Etf/kP) instead of the corresponding masses.
This is just for notational convenience, as it is trivial to pass from pre-mass to mass. Our next
result, Theorem , states the masses explicitly whenever n = ¢ for an odd prime ¢. Before
we can state the result, we need a few definitions. For a p-adic field F, a finitely generated
subgroup A C F'*, and a positive integer n, define
Zn — AFXn/FXn'

For each nonnegative integer ¢, write

A = A" (U Frn e,
where U }(,f) is the t" term of the unit filtration, given by U 1(;) = 1+ pl, and we adopt the
convention that U}(70) = Oy.

Remark 10.5. In the special case n = 2, we already saw the groups A" and XZ in Section @
Indeed, in Section , we will generalise the results of Section @, using more sophisticated
proof techniques.
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Definition 10.6. Let F be a p-adic field, let n be a positive integer, and let A be a subgroup
of FX/F*". A stratified generating set for A is a collection (4;);>0, indexed by nonnegative
integers, where each A; is a subset of F'*, such that the following three conditions hold:

(1) For each i and each o € A;, we have vp(«a) = i.

(2) For a, B € |J; A, if v # B then [a] # [B] in F*/F*™,

(3) The image of |J; A; under the natural map F* — F*/F*" is a minimal generating set
for the group A.

Lemma 10.7. Let F be a p-adic field, let n be a positive integer, and let A be a subgroup of
F>*/F>*™. Write D for the set of proper divisors of n. There exists a stratified generating set
(Ay)io for A, such that A; = @ unlessi =0 ori € D.

Proof. Let (A;)i>0 be any stratified generating set for A (it is clear that such an object exists
and is finite). Suppose that there is at least one element x € J; A; such that vp(z) # 0 and
vp(x) € D. We will show that (A;)i>0 can be replaced by another stratified generating set with
strictly fewer such elements, thus proving the result by induction.

Without loss of generality, we may assume that 1 < vp(z) < n. Let a = vp(z), and let g be
the greatest common divisor of a and n. By Bézout’s Lemma, there exist integers k and [ such
that ka +In = g. Let o/ = a/g and n' = n/g, so that o’ and n’ are coprime. It is easy to
see that vp(2¥) = g (mod n) and vp(2") = 0 (mod n). Thus, there are elements 31, 82 € F*
with [z]¥ = [81] and [z]” = [2] in F*/F*™, such that vp(B1) = g and vp(Be) = 0. It is
easy to see that k and n’ are coprime, so another application of Bézout’s Lemma tells us that
([x]) = ([A1], [B2]), and the result follows. O

Lemma tells us that when n is prime, any subgroup of F*/F*" has a stratified generating
set of the form (Ag, A1). Similarly, in the case n = 4, any subgroup of F* /F*4 has a stratified
generating set of the form (Ag, A1, Az). We will use these special cases without reference
throughout the rest of the thesis.

We are now ready to state our main result for the case where n = ¢ is an odd prime:

Theorem 10.8. Let p be a rational prime, let F' be a p-adic field with residue field of size q,
and let £ be a rational prime. Let A C F* be a finitely generated subgroup. Let (Ag, A1) be a

stratified generating set for XE. The following four statements are true:

(1) We have

~

-2
A A A _ Part(d, ¢ — d)
m (Bt ) = m(Etly)r) + m(Et{e,p) + (1) +> —
d=1
where Part(d, m) is the partition function defined in Section .
(2) We have
1 .
A s if A =4,
m(Et =*
( (E)/F) {O otherwise.
(8) Suppose that p # £. Then we have
qll,l ifg#1 (mod¥) or AC F*!,
ﬁ@(Etéz)/F) = M%l ifg=1 (mod ¢) and Ay = @ and #A; =1,
0 otherwise.
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(4) Suppose that p = £. Then we have

e A 1 ~ 14,Cp FA
m(Etr)/r) = mp — (I o) + (B )

The two missing ingredients, m(Et(lp/)/F) and m(Et(lp/)/;l), are as follows. We have

(B ) = fj.q—z (BerzprA( {ppiF [)+10-rer B[ 525]) )+ Lmera @0,

1 p—1
where A and B are the explicit functions defined in Appendix @, and
—(p—1)(er+1) 1 CHAP — AP
Cp/F.A q 9 q-#A —#A
(Bt m) = Lucrlap, o + —q %) .
(1p)/F ppCF A'per =0 AP /4 q _9)ed | =2
» bep #A (p—1)#A 1<eaTBE q(p 2)e+| <
¢l (mod p)

Since the sizes #71‘2 can all be different, the series for ﬁ@(Etﬁ‘;/)l/T;l) does not have a closed

form. In the special case where A is generated by one element, we can write down such a closed

form, Wthh is stated in Theorem . Along the way, we find the exact number of extensions

Le Et( Cr /) /F with each possible discriminant, which we state in T heorem

We now turn our attention to the final case of particular interest, n = 4. When p is a prime of
k not lying over 2, the pre-masses ﬁ@(Etf/kp) are described explicitly by the following result:

Theorem 10.9. Let p be a rational prime and let F be a p-adic field with residue field of size
q. For any choice of p, we have

5¢2 + 8+ 8 o
(Bt ) = Ai%;if+ 3 (Bt ).
¢ oe{(4),(22),(1212),(22),14)}

Moreover, the following statements are true:

(1) For any choice of p, we have
if 4 |vp(a) for all o € A,
otherwise,

and

1 .
A 2 if2|vr(a) forall a € A,
77’L(E)“(22)/F):{8 S2lorta) |

0 otherwise.

(2) Suppose that p # 2. Let (Ao, A1) be a stratified generating set for A°. Then we have

~—

57 fACF*
m(Etézlz)/F) = % else if Ag = @ and #A;, =1,
# otherwise.

3) Suppose that p # 2. Let (Ag, A1, As) be a stratified generating set 07“.714. Then we have
( 9 g

ﬁ ZfA CFXQ and Ay = Ay =
ﬁl(Eté2)/F) = ﬁ else if Ag C F*2 and Ay = @ and 3—; € F*? for all ay,aj € As,

0 otherwise.
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If g =1 (mod 4), then we have

5 TACF,

1 . 9
~ (A o if Ag=A1 =@ and #A; =1 and Ay C F*?,
m(Et(14)/F) = 2(13

s if Ao = Ay =@ and #4, =1,
0 otherwise.
If g =3 (mod 4), then

q% lf.A C FX2,
~ A
m(Et(14)/F) = % if Ag = As = @ and #A; =1,

0 otherwise.

So our problem is completely solved for p f 2. Since there are only finitely many primes p | 2,
it suffices to have a practicable method for computing ﬁz(Etf/kp) for each such p. In principle,
this can be done by brute-force, since there are finitely many isomorphism classes of quartic
étale algebras over ky, and we can find all of them e.g. by adapting the methods of [PRO1].
Unfortunately, [Kra66, Theorem 2| tells us that #Et, /k, is on the order of 23[kp:Q2] - which
becomes very large very quickly, so the brute-force approach is unfeasible in many cases.

For p | 2, Theorem tells us the value of ﬁ@(Etf/kp) for all o ¢ {(1%212),(22), (1%)}, so it
remains to address these three cases. For o = (1?12) and o = (2%), we state the required masses
in Theorems |10.1d and |10.1]J, respectively.

For each integer m, define the explicit function IV (7;12) by

(2(q —1)%q22 5= 1) = Tym(q— 1)q%71 if 4 <m < 2er and m is even,

=
2(¢—1)%¢2 2(2ep — 2 +1) — Ly (q — Dg3i~! if 2ep 4+ 2 < m < 4ep and m is even,
N(fzp)(m) =<4(q— 1)qul_1 if 2ep +3 <m < d4dep + 1 and m is odd,
qF(2¢°F — 1) if m =4dep+2,

0 otherwise.

[ERSIE

| N

For the reader’s convenience, we will also state the definition of IV é212)(m) in Appendix B

Theorem 10.10. Let F' be a 2-adic field with residue field of size q and absolute ramification
index ep. The pre-mass ’rAﬁ(Etézlz)/F) is equal to the sum of the following quantities:

(1) 1
_ - A
3 > O #Et e,
4<m<dep+2
which can be stated explicitly using Corollary m
(2) .
1 : Z qimNZ]é_2]_2) (m)7
4<m<dep+2

where N(f212) is the explicit function defined in Appendiz @

In order to address the symbols (22) and (1), and specifically to understand the Cy-extensions,
we need some further definitions. Let F' be a 2-adic field, and let A C F'* be a finitely generated
subgroup. Let G4(A) C F* be a subset whose image in F'*/F** generates the group At We
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will assume that a choice of G4(A) is fixed implicitly in the definition of .4; all results dependent
on G4(A) will be independent of this choice. Recall from Part E that a Cy-extendable extension of
F is a quadratic field extension E/F that can be embedded into a Cy-extension of F'. The set of

isomorphism classes of Cy-extendable extensions is denoted by Extg%;. Let F € Extg%i’A, and
C4/F

let w € £ be such that E(y/w) is an element of Ext, /g With minimal discriminant valuation.
For each o € F'*, write

No = Np(yayrF(Va)*,
and similarly write

Ny = Ng(yz) rE(Vw)™.
Define

Nt= () N\ U N.cFPFP
a€G4(A)NN, a€Gs(A)\Nw

For each FE € Extg/C;’A, fix once and for all a choice of element w as defined above, and write
Nz = NA
For each nonnegative integer c, write
N, = NAN (U2 F*?).

Theorem 10.11. Let F' be a 2-adic field, and let A C F* be a finitely generated subgroup. If

2 fvp(a) for some o € A, then Etéz)/F = @. Otherwise, the following four statements are
true:

(1) For G € {S4, A4}, we have Et(C;/Q;F =, so

i (Btohy 1) = 0.
(2) We have
~ = Di/F A 1 - —2ep— 1 — —3ep— —3dep— e
M) = g (= g (T ) e (0 1)),
(8) We have

e Vi/FA ] (  —3ep—2 = 73071< w2 a2 ))
R e S )]
(4) Let E be the unique unramified quadratic extension of F. If 2 | vp(a) for all a € A,

then ﬁl(Et(CQé/)Zf‘) is the sum of the following two quantities:

(a)

1 _
] Z q 40(#NL§,26F—2C - #NE\,%F—%H)’
c=1
(b)

1 e
g'q der 2(#NE4_NE4,0)-

Otherwise, we have %(Etg‘é/)l/:ﬁ) =0.

For o = (1%), the actual mass is too cumbersome to state in closed form, so we instead study the

. GJF.
quantities #Etgﬁ)/’fﬂ’m for each G. For G # (4, we state these quantities explicitly. For G = CYy,

. - Cy/F, . . . .
we give a formula for #Et(fé/) / EA my» Whenever F is a totally ramified quadratic extension of F'

and mg is an integer.



93

Let my be either 2ep + 1 or an even integer with 2 < my < 2ep. Define
2(q — 1)q%71 if 2 <m9 < mq and my is even,

(g — 2)q%_1 if ms = my and m; is even,

mi+mo 1

NYi(my,mg) =< (¢ —1)g =

q¢F  if mo > mq and mq + my = dep + 2,

if m; <mg <4ep —my and m; =my (mod 4),

0 otherwise.
Define NV4(m1,mz) = 0 for all other pairs of integers (m1, mz). For each integer ms, define
2(q — 1)(1%71 if 0 < mg <4dep and mo is even,
N (mg) = { 2¢%F  if my = dep + 1,
0 otherwise.

For the reader’s convenience, we will also state the definitions of NV%(my,mg) and N2 (my) in
Appendix E

Theorem 10.12. Let F' be a 2-adic field, and let A C F* be a finitely generated subgroup. The
following four statements are true:

(1) For G € {S4, A4}, we have
e GIFA\ . GF
m(Et(14)/F) == m(Et(14)/F),
which is known from Corollaries @ and .
(2) For each positive integer m, we have
o Di/FA 1 o A
#Et(fi{/p,m =3 Z #Et 12y pm, - (N02 (m2) — N (my1,mg) — NV* (m17m2)>>
0<mi<m/2

where N¢2, N and NV* are the functions defined in Appeniz @ We can compute this
quantity explicitly using Corollary .

(8) Let m be a positive integer. The quantity #Et{ffiﬁm is the sum of the following two

quantities:

(a) .

A LA
3 > (#B2) ) FHE2) mm,)-
mi1<mo
mi+2mao=m
(b)
2 m_g —2 —2 —2 —2
L3}, - m g6 <Q#Am/3 - #Am/3—l) (Q#Am/3 - Z#Am/3—1>'

This expression can be made explicit using Corollary .
(4) Let E € EtéQ)/F be a Cy-extendable extension, let mi = vp(dg/r), and let ma2 be a
positive integer. If my > ep, then
L Ci/FA {; CHNL if my = my + 2ep,

Et =
(12)/ Bmz 0 otherwise.

Suppose instead that my1 < ep. For each even integer t, define
mi + tJ
1 .

c(t) = 2ep — 2{
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Then we have

— ﬁcm) Z'fm2=3m1*27

H#N Ecm2 — #N Ecm2 2)> if 3m1 < mo < 4dep —mq + 1 and mo is even,
#NA # Ecmg 2)) me2:4€F_ml+2’

otherwise.

Cy4/F,A
#Et 142//Em2 =

O NI N N

Using the formula in Theorem , we are able to formulate an efficient algorithm for com-
puting Et(c;i/)];’; .m for each m. We will state the time complexity of this algorithm in Theo-

rem || , but first we need some notation.

Let F be a p-adic field for some rational prime p. In most computer algebra packages, p-
adic fields are defined up to a certain precision, which refers to the length of p-adic series
representations stored. We will be working with field extensions E/F with [E : F| < 4, and
we need enough precision to construct the quotient £* /E>4 of units modulo fourth powers. It
follows that we need precision on the order of ep. Suppose that we are working with precision
m. In any sensible implementation, the computation time for a field operation in F' will be
polynomial in [F': Q,] and m. Since for our applications we have m = O(er), a field operation
in F' can be performed with time complexity O(¢([F' : Qp])), for some polynomial function ¢.
Moreover, since we are bounding the degree by a constant, any field operation in any extension
E/F with [E : F] < 4 can also be performed with time complexity O(¢([F' : Qp])). Given a
function f in unspecified variables, we write

Or(f) =O(f - t([F': Q))).
Thus, the notation Op should be thought of as Big O notation, where we are suppressing the
polynomial ¢([F' : Q2]) to account for field operations in F', and quadratic and quartic extensions
thereof. By the discussion above, the brute-force computation of ﬁz(Etf/kp) has time complexity
at least Oy, (#G4(A) - 23[]“*’:@2]). We present the following improvements:

Theorem 10.13. Let p be a prime of k lying over 2, and choose a set G4(A) as above. There are

two algorithms for computing ﬁL(Etf/kp), whose time complexities respectively are as follows:

(1)

Okp (ekp ) #94(_,4) . 92[kp:Q2] [kp . QQ]S)
(2)

Ok, (ekp . 9#Ga(A) | olkp:Q2] [k - Qz]g)'

Remark 10.14. The first time complexity in Theorem is unconditionally a big improve-
ment over the brute-force algorithm. The second time complexity is a significantly bigger im-
provement, conditional on the number of generators of 714 being kept reasonably small. Thus,
the algorithms are both useful, and the choice between them will depend on the application.

11. RESULTS FOR GENERAL n

The main goal of this section is to prove Theorem , along with its conjectural generalisations
in Theorems hl.ld and hl.lﬂ. We start by proving Theorem , which addresses the case where
v is an archimedean place.
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Proof of Theorem . Suppose that f is a real embedding. Then
Etn/kv ={R"xC°:r+2s=nandr,s>0}.
If L =R" x C?, then we have
R* if r >0,
NL/kvLX — 1T r
R>0 if r = 0,

and

# Aut(L/k,) =2°-r!- sl
The result for real f follows. If f is a complex embedding, then the only element of Etn Jky 18
C", which has n! automorphisms and norm group C*, so we are done. O

11.1. Expressing our problem in terms of local conditions. As we discussed in Section @,

for each place v of k, we may view A as a subgroup of k),

which is the set of degree n étale algebras L/k, with A C Ny, L*. In particular, we have a

. . -, A
so it makes sense to write Et,, /. ,

system of local conditions (Etf/kv)

.
The following theorem says that for an extension K/k, we have A C N/, K* if and only if K
satisfies the system of local conditions (Etﬁ/kv)

’U:
Theorem 11.1 (Hasse Norm Principle holds for S,,-n-ics). Let n be a positive integer, let K/k

be an Sy, -n-ic extension of number fields, and let A C k> be a finitely generated subgroup. Then
A C Ng . K™ if and only if K/k satisfies the system (Etf/kv)v of local conditions.

Proof. This is [Vos88, Corollary to Theorem 4]. O

Remark 11.2 (The Hasse norm principle is a special case of the Hasse principle). Theorem
says that being a norm globally is equivalent to being a norm everywhere locally. On the surface,
the result looks quite different from the usual Hasse principle, since the former is about norms
of field extensions, while the latter is about roots of polynomials. However, given a k-basis
{e1,...,e,} for K, we have a homogeneous degree n polynomial

floy, .. x,) = NK/k(371€1 + .ot apen) € klxy, .., my).

The Hasse norm principle then says that the polynomial f(x) — « has a root in k if and only
if it has a root in k, for every place v of k. Thus, Theorem says precisely that the Hasse

principle holds for so-called “norm equations”.

Lemma 11.3. Let k be a number field, let n be an integer with n > 3, and let A C k™ be a
finitely generated subgroup. Then the system (Etﬁ/kv)v of local conditions is acceptable.

Proof. Let p be a finite prime such that ged(Nm(p),n) = 1 and vy(e) = 0 for all o € A.
Note that all but finitely many primes satisfy these conditions. Let L € Et, /k, Such that
vk, (dpsk,) < 1. Writing L = Ly x ... x L, for field extensions Li/ky, at most one of the
extensions L;/ky is ramified, so either L = L; or L;/ky is unramified for some i. Suppose that
L = L. Let (L,ky) = (f¢). Since Nm(p) is coprime to n, the field extension L/k, is tamely
ramified, so Lemma tells us that vk, (drk,) = f(e — 1), and therefore f =1 and e < 2, so
n < 2, contradicting the assumption that n > 3. Therefore, L;/k, is unramified for some 7, so

OkXp C Ny, L™, and hence L € Etf/kp. The result follows. O



96

Corollary 11.4. Forn € {3,4,5}, we have
N (XGA) 1 »
Al =5 = 5 Res (Gu(s) 1! m(Bt ).
v k

and the same result holds conjecturally for n > 6, subject to the Malle-Bhargava heuristics.

Proof. This is immediate from Theorem , Theorem , and Lemma . U

Recall the notion of splitting symbols from Section E Call a splitting symbol (f{'...fg")
predictable if the integers e; are mutually coprime. Call a symbol (fi* ... f¢") epimorphic if it
is pr.edictable and the integers f; are mutually coprime. For a p-adic field F', write Etfﬁg and
EtZF}IF for the sets of L € Etn /F such that (L, F') is predictable and epimorphic, respectively.
Write SplitP™d and Split®! for the sets of predictable and epimorphic degree n splitting symbols,
respectively. The following lemma justifies the terminology; it says that predictable splitting

symbols have “predictable” norm groups, and epimorphic splitting symbols have surjective norm
maps.

Lemma 11.5. Let F' be a p-adic field and let o be a predictable splitting symbol. Write
o=(f{t...ff) and let L € Eta/p. Let g = ged(f1,- .., fr). Then we have

NpjpL* ={z e F* :g|uvp(z)}.

In particular, if L € Etif;iF, then
NpjpL™ = F*.

Proof. Write L = L1 x ... x L,, where each L;/F is a field extension with ramification index e;
and inertia degree f;. For each i, let L} be the maximal unramified subextension of L;/F'. By
considering the towers L;/L}" /F it is easy to see that we have

Op“ C Ny, pL)

for each i. Moreover, for each i, there is some x; € NLZ‘/FL,L»X with vp(x;) = f;. Since the e; are
mutually coprime, there exist integers r; such that >, rie; = 1, so for each o € O}, we have

o = H(Oéei)ri S HNLz/FL’LX = NL/FLX.
i i

Therefore, Op € Np,pL*. On the other hand, there are integers s; such that . s;f; = g.

Setting

xTr = foz S NL/FLX,
i
we obtain vp(x) = g, so
{zeF" :g|vp(x)} C NpjpL™.
Conversely, we have
NpypL © NpwpL™" ={z € F*: fi|vp(2)} C{z € F* : g |vp(2)}

for each i, so we are done. O

Corollary 11.6. Let F' be a p-adic field and let A = (o, ..., aq) be a finitely generated subgroup
of F*. Letn be a positive integer and suppose that n | vp(a;) for each i. For every finite prime
p of k, we have

-+ pred oA
Etnye C Bty -
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Proof. This is immediate from Lemma . O

Lemma 11.7. Let n be an integer with n > 3, let p be a rational prime with p > n, let F' be a

pre

p-adic field, and let L € Etn/F \ Etn/lg1 Then vp(dr ) > 2.

Proof. Let (L,F) = (f{*... ff). Since p > n, we have p t e; for each i, so by Lemma 3.11 we

have
vp(dr r) = Z fi(e

Since (L, F') is not predictable, the e; are not mutually coprime, so there is some d > 2 with
d | e; for all i, and therefore e; > 2 for each 7. If any of the integers e; is at least 3, then we are
done. On the other hand, if e; = 2 for every 4, then

vp(dpp) = Zfz =
so we are done. O

Lemma 11.8. Forn > 3, we have
~ A

— > 0.
velly m(Etn/kU)

Proof. Since the factor
~ A
m(Etn/kv)
ﬁl’ (Etn/kv )
is strictly positive for each v, without loss of generality we may assume that v = p is a finite

prime with char(Og/p) > n and vy(a;) = 0 for all i. Then all degree n étale algebras L/k, are
tamely ramified, so Lemma M tells us that

Ok, (dLjky) = A(L k)
for each L € Et, k- For 0 < d <n-—1,let ag = Part(d,n — d). Corollary , Corollary ,
and Lemma, tell us that
pred

~ A
m(Etn/kp) > m(Etn/k 1

) > ao+a1q”

and
(Bt /) = ao+arg " + ..+ apag” Y,
where we write ¢ as shorthand for Nm(p). It is easy to write down a positive real number a,
independent of p, such that
~ A
_92 m(E n/kp)
~ m(Bt,,)

and the result follows. O

1—aq <1,

Lemma 11.9. Let F' be a local field and let n be any positive integer. Then

() NppL*=F*"
LeEt,  p

1Recall that d(L k,) was defined in Definition @
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Proof. If F'is R or C, then the result is easy to see. Therefore, we will assume that F' is p-adic.
By the structure theorem for finitely generated abelian groups, we may write

T

F* /P = @(Z/diZ)e;,

i=1
for basis elements e; € F*/F*™ and integers d; > 2 with d; | n. For each i, let
A = P(Z/d;L)e;,
J#

and let E;/F be the degree d; abelian field extension with

(Ng,/rE)/F*™ = A;.
For each i, let L;/E; be any field extension of degree 7, so that

(NpypL7) [ FX" C Ay
The result follows since (), A; = 0. U

Theorem 11.10. Let n > 3, let k be a number field, and let A C k* be a finitely generated
subgroup. Assuming Conjecture is true for n (as is the case for n <5), we have

. Npa(X;A)
lim —————= <1
< I N X)) =
with equality if and only if
A C ker (k:X - I kX/kX”>

velly

Proof. Since we are assuming that Conjecture holds for n, Lemma and Corollary
tell us that

with equality if and only if Etﬁ/kv = Et, /k, for all v € IIx. The result then follows from
Lemma . U

Definition 11.11. Given a number field k, we say that a positive integer n is power-pathological
in k if the following three statements are true:

(1) n=2"n for an odd integer n’ and an integer r > 3.
(2) The extension k(u2r)/k is not cyclic.
(3) All primes p of k lying over 2 decompose in k(uar)/k.

Theorem 11.12 (Hasse principle for nth powers). For any number field k, we have

#rker (k% /K — T ki /w) =

{1 if n is not power-pathological in k,
velly

2 if n is power-pathological in k.

Proof. This is the special case T' = Iy, of [NSWO00, Theorem 9.1.11]. O

Corollary 11.13. If n is not power-pathological in k, then

ker (kX > 11 kqj/k;j”) — X,
velly,
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If n is power-pathological in k, then

ker (k* = !H[ k;g/k;”) = kU ukm,
velly

for some u € kX2 \ X,

Proof of Theorem . This is immediate from Theorems , , and [11.19 O

Corollary 11.14. If n is not power-pathological in k and Conjecture is true for n, then A
is in the norm group of 100% of Sy, -n-ics if and only if A is in the norm group of all S, -n-ics.

12. PRIME DEGREE EXTENSIONS

The main purpose of this section is to prove Theorem , which states the mass T?L(Et2 F)
whenever £ is an odd prime, F' is a p-adic field, and A C F'* is a finitely generated subgroup.
We start by fixing some notation: Let p and ¢ be rational primes; let F' be a p-adic field with
residue field of size ¢; let mp be a uniformiser of F'; let A C F* be a finitely generated subgroup.

Lemma 12.1. We have
Split, = {(1%), (¢)} U SphtePl.

Proof. Let o € Split, \ {(1°), (£)}. Writing o = (f{*...f¢), we have £ = . fie;, so the e;
(respectively the f;) are mutually coprime, and therefore o € Sphtepl. O

Corollary 12.2. We have

i (Btyyp) = m(Ethep) + (Bt ) + m(Et) ).

Proof. This follows easily from Lemmas and . O
Lemma 12.3. We have
-2
i Part(d, E d
i (Btyfr) = (1- —) Ly Partld L= d)
d=1

Proof. Since (1%) is the only degree ¢ splitting symbol o with d, = ¢ — 1, we have
-2 _
B = 3 m((L € BT« dyp) = d}).
d=0
Since d(y) = 0, it follows from Lemma that
{Le Etj‘/’} dir,r) =d} = {L € Bty/p : dp ) = d}
whenever 1 < d < ¢ — 2. The result follows from Corollary . O

Recall from Section @ that for each positive integer n, we write A" for the group AF*"/F*".
Recall the notion of a stratified generating set from Definition .

Lemma 12.4. Let (Ap, A1) be a stratified generating set for A’ Then we have
% ifAL =2

i (/) = {0

otherwise.
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Proof. This follows from the fact that the unramified degree £ extension of F' has norm group
O;F <L 0

Because of Corollary and Lemmas and , it remains only to find the pre-mass

T?L(Etéq / F) of totally ramified degree ¢ extensions with A in their norm group. We address the
tamely ramified case p # ¢ and the wildly ramified case p = £ separately.

th

12.1. Finding T?L(Etée)/F) when p # . For each positive integer m, fix a primitive m"™™ root

of unity (,, in the algebraic closure of F'.

Lemma 12.5. Let e be a positive integer coprime to q and define g = ged(e,q — 1). For

0<j<g—1, define
Ly = F({/¢imr).

The extensions L;/F are all nonisomorphic, and

Etgeyp={L;:j=0,1,...,9—1}.

Proof. This is essentially [PRO1, Theorem 7.2], where we replace the polynomial X¢ + Cgflﬂ'p
with X¢ — Cg_lﬂ'p. The modifications to the proof are trivial. O

Lemma 12.6. Suppose that p # £. The following two statements are true:

(1) If ¢ | ¢ — 1, then Et(ﬂ)/F = {Lo,...,Ly_1}, where L; = F((/Cg_ﬂi'}?). Moreover, for
each j we have Aut(L;/F) = Cy and

N, /rL} —{u ZHC] )" iueOf,meZL}.

(2) If £+ q—1, then Et(le)/p = {L}, where L = F(Y7F). Moreover, we have Aut(L/F) =1
and Np/jpL* = F*.

Proof. In both cases, the classification of extensions comes from Lemma . To prove the
statements about norms and automorphisms, we consider the two cases separately.

(1) Suppose that ¢ | g—1, so that ¢, € F*. Since the elements Cgﬂ'F are all uniformisers of F',
and 7 is an arbitrary uniformiser, we only need to prove the result for Ly = F(Y/7F).
The element /7r has minimal polynomial X t _ g over F, which splits in Ly, so Lo/ F
is Galois, hence cyclic. By class field theory, we have

[F* : NpyrLy] = L.
Moreover, it is clear that
{u (~1)7p)™ :u € Of,meZ} C Npy L.
By [Neul3, Part II, Proposition 3.7], we have
[OF : OF] = #u(F) =
It follows that
[F*: {u D r P)"iueOf,mel}] =,

and the result follows.
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(2) Suppose that £+ ¢ — 1. Since £ # p and £ 1 ¢ — 1, the result [NS13, Page 140, Propo-
sition 5.7] tells us that ¢; ¢ L. It follows that the polynomial X! — 7 has only one
root in L, and therefore L/F is not Galois, hence it has only one automorphism. The
maximal abelian subextension of L/F is F', so it has trivial norm group.

O

Lemma 12.7. Suppose that p # ¢ and € | ¢ — 1. Let (Ag, A1) be a stratified generating set for

XK. Then
¢ if AC FXE

#EG e p =1 if Ag=2 and #A; = 1,

0 otherwise.

Proof. This follows easily from Lemmas and . O

Corollary 12.8. Suppose that p # €, and let (Ag, A1) be a stratified generating set for .ZE. The
following two statements are true:

(1) If 1 q— 1, then
1

~ A
m(Et(ﬂ)/F) = qej

(2) If £ | g — 1, then
7 fASF,

~ A .
m(Et(lz)/F) = éqf%l if Ag =@ and #A1 =1,
0 otherwise.
Proof. This is immediate from Lemmas B.l]J, |12d and |127| O

12.2. Finding ﬁ@(Etée) / F) when p = £. In the current subsection, we will address the wildly

ramified case p = 4.

Lemma 12.9. We have

~ A ~ /1 ~ 14, Cp/F ~ 14, Cp/F,A
m(Et(lp)/F) = m(Et(lp)/F) — m(Et(lp/)/F) + m(Et(lp/)/F )

Proof. Let L € Et(lp) 5\ Et(cf},/)l;F Then the maximal abelian subextension of L/F is F', so by

class field theory we have N, /pL* = F*. Therefore, we have

LA L CpJFA [ . CyJF
EtQyr = Bty U (Bt e \ B )r )

and the result follows. O

Let L/F be an abelian extension of p-adic fields, and let G = Gal(L/F'). Write f(L/F’) for the
conductor of the extension L/F, defined to be the smallest integer m such that U }m) C NppL*.
For a character x : G — C*, the Artin conductor of x is defined to be

00 = 3 1 (0 = x(@).

1>0
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where (G;); is the ramification filtration of G, defined by

Gi={p e (FTLT) 5 )
L
and x(G;) is the average value of x(g) as g ranges over G;. Write G for the set of characters
x:G— C*.

Theorem 12.10. Let L/F be an abelian extension of p-adic fields, and let G = Gal(L/F'). We
have

(1) §(L/F) = maxyeqv f(x)-
(2) vr(dr/r) = 2 yeqv FX)-

Proof. The first item is [AT68, Page 135, Corollary to Theorem 14]. The second is [Keu23,
Theorem 17.50]. O

Lemma 12.11. Let L/F be a Cpy-extension of p-adic fields. Then

vp(dr/F)

f(L/F) = =7

Proof. Take G = Gal(L/F) = (g), and write ¢ for the unique integer with G._1 # G.. Writing
s

2mi
w for the complex number e » , we have

GV ={x;:5=0,1,2,...,p—1},

if 1 =
() = {0 =0

¢ otherwise,

where x;(g) = w’/. We have

so Theorem tells us that f(L/F) = c and vr(dr/r) = (p — 1)c, and the result follows. [

Given a set Et:/F of étale algebras over F, write E’)t:/F’m and Et:/F,gm for the sets of L € Et:/F
with vp(dp/p) = m and vp(dy/p) < m, respectively. Given a field F' and vector spaces V' and
W over F, write Epip(V, W) for the set of surjective F-linear maps V. — W.

Lemma 12.12. Let m be a positive integer. There is a surjective (p — 1)-to-1 map

) Cp/F

Epig, (FX/U;LEJ FXP7FP) — Etp/F,Sm’

where the map x : FX/UI(TLPjJ)FXp — ), is sent to the unique abelian extension L/F with

NppL* = ker (FX oyt pe X Fp).

Proof. This follows from Lemma by basic class field theory. O
Corollary 12.13. For every positive integer m, we have
. Cp/F 1 (72D
#Etyfrem = - (# (/e Pr) 1),
Proof. This is immediate from Lemma . U

Lemma 12.14. Letu € Oj, and letn be an integer withn > Ber. Then U}(,n)FXP = UI(:"H)FXP.
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Proof. Let u € U(")FX” Then there exist elements a € F* and x € p} with u = a?(1 + z).
per
p—1’

Since vp(z) > n and n > it is easy to see that

<1 + x)p =1+2 (modphtt),

p
and it follows that u € U I(THH)F *Pas required. O
(L35 I+1) x
Corollary 12.15. We have Uy, C F~p,
Proof. This follows from Lemma [12.14 by Hensel’s lemma. O

Lemma 12.16. For 0 <i < [E5 ], let W; = U FXp/U GO Exp. For each positive integer c,
there is a group isomorphism

min{c—1 LpeFJ}

PPz (P ol e e @ ow
=0

Proof. Corollary tells us that

FX U P = F~ /U(LTFlJ“)FXp

whenever ¢ > Lp 7] + 1, so we only need to prove the result for ¢ < Pep =]+ 1.

The left- and right-hand sides have the same cardinality by definition of the W;. Moreover,
both are p-torsion groups, hence Fj-vector spaces, so they are isomorphic as groups. O

Lemma 12.17. We have
v — g pe.

Proof. The p-power map
Frp—Fr, x—af

is injective, hence bijective. Thus, every element of U }(,0) is congruent to a p'* power modulo

pr, and the result follows. 0

Lemma 12.18. Let 0 <1 < Lzefij, and let m € Ul(pi).

(1) If pti, then m € UI(;HI)FXP if and only if m € Ugﬂ). _

(2) If p | i, then m € UgH)FXp if and only if there is some x € pg such that (1 4+ x)P =m
(mod p”l).

(3) If p|i and i < ﬁefl, then m € UgH)FXp, and in particular

= (1 + wléy)p (mod p”l),

] which exists by Lemma .
F

(4) If i = peF , then m € U(ZJrl EF*P 4f and only if [ m_1 } € Op/pF is in the image of

6F/(P 1)

where [y] € Op/pF is the unique element with [y|P = {

the map

6F

Or/pr — OF/pr, Yy y+ Ty ,

i\p
and in that case m = (1 + Ly ) (mod p’“) for each y in the preimage.
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Proof. By Lemma , the case i = 0 is trivial, so we assume that ¢ > 1. For the first two
statements, the “if” directions are trivial, so we focus on the “only if”.

Suppose that m € USJA‘)FXP \ Ugﬂ), so vp(m — 1) = i. We will show that this implies p | 4

and there is some = € p% with (1 4+ 2)? =m (mod piF), proving the first two statements.

Since m € USH)F”’, there is some ¢ € F* such that vp(c) = 0 and m = ¢? (mod piit). Write
c=14x for x € Op, so that

p—1

m—1= Z <p>x] + 2P (mod pidh).
J

j=1
Since vp(m — 1) > 0, we have vp(z) > 0, so
UF( ) =er +vr(2),
vp(af) = PUF( )-

(9)

. Then vp(z) + er < pvp(z), so

. per
= —1 = > 9
i =vp(m ) vp(z) +ep p—T

Suppose for contradiction that vp(z) >

which is impossible since by assumption 7 < £
p—1

Therefore, vp(z) < - We will consider the cases vp(z) = =5 and vp(x) < =& separately.
Suppose first that vp(x ) = p—1' Then pvp(z) = ep +vp(z) = ££ so Equation (E) tells us that

p—1’
. per
t=vp(m—1) >
all )—p—l’

iS]

and therefore i = X4 and vp(z) > 1%’ as required.

Suppose instead that vp(z) < J#7. Then pvp(z) < vr(z) + ep, so Equation (E) tells us that

i =vr(m—1) =pvr(z),

and therefore p | ¢ and vp(z) > . Thus we have proved Statements (1) and (2).

> i
P’

Suppose that p | i and i < ;%Fl' By Lemma , there is a y € Op with y? = ™ (mod pp).

TF
Let z = W;y. Then we have
(I+zP=1+2=m (mod pidh),

so Statement (3) follows from Statement (2).

Suppose that ¢ = I’J’eF Statement (2) tells us that m € U}(fﬂ)FXp if and only if there is some
°F

z € ph ' with

pep

m—1=pzr+a2” (modph' ),

and Statement (4) follows easily. O

We note the following algorithm as an immediate consequence of Lemma :
Algorithm 12.19.

Input: o € OF.



105

Output: Returns a pair (i, A). If & € F*P, then i = co and A € O, is such that

pep
a=N (mod p;"*lﬁl).

Otherwise, 7 is the largest integer with o € U ](;i)F *P and A € OF is an element such that o = AP
(mod p%.).

Algorithm:

(1) Set mp = o and g = 1.
(2) For 0 <i < P4, do the following;

If p1i, then:
e If m; =1 (mod pZH) then set m; 1 = m; and A1 = \;.
e Otherwise, return (i, A;) and break the for loop.

If pliandi< P9, then:

o Let [y] € (’)F/pp be the unique element with [y]P = [m;_l} and set \j11 = A\(1+

F

W},/py) and m; 1 =

If i = L& then:
P

o If [mlifl} € Op/pp is in the image of the map
P

ep/(p—1)
7rFF

m;
(1m/Py)r

€F

™
Or/pr — OF/pr, yry+ szf”

; ; = i/p L my
then take y in the preimage and set \j11 = A\;(1 + 74"y) and mi1 = o
o Otherwise return (24 Ii,ApeF)
By Lemma , We see 1nduct1vely that m; = 1 (mod p%) and o = A'm; for all i that
it is defined.

(3) If the for loop from the previous step finishes, then return (co, Aper ;).
p—1

Lemma 12.20. Suppose that (p — 1) | ep. Define ¢ to be the map
er

T
©:Op/pr — Op/pr, yr>y+ —LyP

We have

. q/p if up C F,
# p—
e {q if up € F.

Proof. The map is IF)-linear, and its kernel consists of the roots of the polynomial

woF
X(Xp_l + 2 e Fp[X],
p
Since Fr contains all (p— 1) roots of unity, the polynomial has either 1 or p roots. By Hensel’s

er
lemma, any root of Xp_1+% in F lifts to a root in F', which exists if and only if —p € F*®=1),
The result [Was97, Lemma 14.6] states that Q,( »/—p) = Q,((p), and the result follows. O

Recall from Lemma 0 that we are interested in the groups W; = U S)F xp/ USH) F*P for
integers ¢ with 0 <17 < LpeF
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Corollary 12.21. Let i be an integer with 0 <1 < gefl. We have group isomorphisms
Fr ifi<§ef1 and p 11,
Wi=F, ifi="F%5 and p, CF,

0 otherwise.

Proof. Suppose first that p{i. Then Lemma ( ) tells us that the natural sequence
1—>U1Ef+1)—>U})—>M/i—>1,
is exact, so W; 2 Fp. If p|iand i < giFl, then Lemma (3) tells us that W; = 0. Finally,

per
p—1-

suppose that ¢ = Write ¢ for the map

eF

0:0p/pr = Op/pp, y—y+—— p yP.

By Lemma (4), we have an exact sequence
1—imy — U /Uit 5w, -1,
. . °F
where the map im ¢ — US)/USH) is given by [z] — [1 + 7' pz]. The result then follows by
Lemma . U

Corollary 12.22. Let ¢ be a nonnegative integer. If 0 < ¢ < [ £, then we have

c—1

#(F UL P = pg

If > [L25], then we have

2¢°F  if pp, C F
L e L
pg°F  otherwise.

Proof. This follows easily from Lemma and Corollary . O
Corollary 12.23. Let L € Etg/p}éF. Then we have vr(dy r) = (p — 1)c for some integer c with
O<e< PR +1

If1<c< [ER], then we have

Cp/F 1 c—1-| <=2
#Etp/F<p De p_1<pq P —1).
If (p—1) | er, then we have
. CylF o1 (PP — 1) if pp C F,
#Etp/F,SpeFer—l = 1

= pger — 1> otherwise.

Proof. This follows easily from Corollaries ll2.1ﬂ and llQ.Qi (|

Theorem 12.24. If Et(cli/)i;,m is nonempty, then we have m = (p — 1)c for an integer ¢ with
1<e< L%J +1, and

o EERETTY e# L (modp),
#Et 1)/Fom = \ PA°F ifc:;%—l—l and p, C F,

0 otherwise.
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Proof. This follows easily from Corollary . O

With p and ¢ fixed implicitly, we define functions A(t) and B(t) as follows. For integers ¢ with
t > 2, define

R L BTSN
A=t T e TP
I [P (p-Dp-2_1 P V3EI_
q p(p 2) . g qp_g_l .4 q_(p_1)2p_1 lfp # 2,
and
0 0 ifp=2,
B(t) = ¢ —(-2)(LE1p+2)
_|t —(p—2)(t+1) _ p P .
q LpJ .4 qf(ng)il P lfp % 9

For the reader’s convenience, we will also state the definitions of A(¢) and B(t) in Appendix E

Lemma 12.25. Let p be an integer with p > 2 and let q be a positive rational number. For any
integer t with t > 2, we have

—(p—92)e— c—2
Z q (p=2)e=L P = ﬂth : A(t) + 1t$0,1 (mod p) * B(t)’
1<e<t
¢l (mod p)

where A(t) and B(t) are the functions defined above.

Proof. The proof is a straightforward computation. To eliminate the possibility of a manipula-
tion error, we have checked the identity numerically (see the Python notebook in the Github
repository https://github.com/Sebastian-Monnet/Sn-n-ics-paper-checks). O

Corollary 12.26. Recall the ezplicit functions A(t) and B(t) from Appendiz @ We have

() = zﬁq_2<161’2p1'A({ppiF1DHl(p—l)*eF'depiFlD) Flupcrg OO,

Proof. By Theorem , the mass ﬁl(Et(clpp/)J/?F) is the sum of the following two quantities:

(1)

—1 _ _cc—2
a1 3 g (=2e+152])

pep
1<e<PE 41

¢l (mod p)

(2)
1, cp - q =D+,
p=
For ¢ € Z, we have ¢ < %% + 1 if and only if ¢ < [E25]. Setting t = [ ], Lemma tells
us that

> ) —apeA([PE])  tpe 0 oa - B[22 ]).

- 1 1
1§c<ze_"1 T p—1 p P p
c¢Z1 (mod p)
It is easy to see that [%] > p if and only if e > p — 1. We claim that [%] = 0,1 (mod p)

if and only if (p — 1) | ep. To see this, write ep = m(p — 1) + r for integers m and r with

0<r<p-—2. Then
[ —e —‘ pm { —r—‘
p—1 p—11

If (p—1) | ep, then r =0, so [ge_ﬂ =0 (mod p). Otherwise, we haver > 1,501 < P <p-—1,
hence [ge_ﬂ #0,1 (mod p). The result follows. O


https://github.com/Sebastian-Monnet/Sn-n-ics-paper-checks
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Recall that, given nonnegative integers n and ¢t with n > 1 and ¢ > 0, we write
A" = AR
and

A = A" (U F ).

Lemma 12.27. Let ¢ be an integer with 0 < ¢ < Z%Fl +1. We have

. Cp/F,A 1 #Xp ()
FtC? :7-< ¢ g (F*JUY FP —1).
# p/F,S(p—l)c p _ 1 #Zp #( / F )
Proof. By Lemma , we need to count [Fp-linear transformations
x: F*/F*P = F,
such that
X(A') = X(UFF*P/F?) =0
In other words, we need to compute the size of the annihilator
1
()
It is easy to see that
dim, (A + (U7 /)" ) = dimg, (F* /U F**) — dimg, (A /A7),
SO —,
1
The result then follows by Lemma . O
Corollary 12.28. Let ¢ be an integer with 0 < ¢ < f% + 1. We have

Cp/F,A _ 1 # A
#Etp/F<(p De™ 51 (#Ap

(1 +(p— 1)#Etf;’§2(p_1)c) _ 1).

Proof. This is immediate from Corollary and Lemma . U

Remark 12.29. Taking p = 2 in Corollary yields the same result we proved earlier in
Corollary .

Corollary 12.30. Let ¢ be an integer with 1 < ¢ < % + 1. We have

. Cp/FA #(Fr Ul pre) _
#Er -1 = T i -(#ﬂﬁ-#Wc_l —#Aﬁ_l)

Proof. This follows immediately from Lemma , together with the definition of the groups
Wi. O

Corollary 12.31. For 1 <c< ﬁefl + 1, we have

c—2—| 2 A )
ﬁq 2 LpJ(q#Ap—#ji 1) ZfC?—'é]- (modp),
#Etf/léFpAl)c - ;AI; ife=25+1and p, C F and A”EF =0,

p—

0 otherwz'se.

Proof. This follows easily from Corollary , Theorem , and Lemma . ]
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Corollary 12.32. The mass ﬁz(Et(Cf;/)Z:A) is given by

—(p=1)(er+1) 1 AP — A
Cp/F,A q ) q# c - c—1
m(Et g p) =1 A o ——+ —-q ) :

(1»)/F ppCE " 2 A e =0 q — —

g g #A (p—1)#A e TEE gPDet L5

¢l (mod p)

Proof. This is immediate from Theorem and Corollary . U

Proof of Theorem . We prove the statements one by one.
(1) This is immediate from Corollary and Lemma .
(2) This is precisely Lemma
(3) This is precisely Corollary [12.§.
(4) Serre’s mass formula [Ser78, Theorem 2] tells us that
. 1
m(Et(lp)/F) = pral

and the first part of the statement follows from Lemma . The rest of the theorem
is given by Corollaries |12.2d and |12.3ﬂ.

Definition 12.33. Let a € F*. We define ¢, € Z U {oo} as follows:

o If a € F*P, then ¢, = o0.
e Otherwise, adopting the convention that U 1(;1)
integer ¢ such that a € U}C)FXP.

= F*, we define ¢, to be the largest

Remark 12.34. We can comp using Algorithm . We will state the time complexity

ute ¢
of this computation in Lemma .

Lemma 12.35. Let a € F* \ F*P. Then we have —1 < co < [E7]. Morcover, if co < %5
then p 1 cq, and if co = gefi then p, C F.

Proof. This follows from Corollaries |12.15| and |12.2]J. U

Lemma 12.36. Let o € F* and let ¢ be an integer with 1 < ¢ < ]’;% + 1. Then we have

(1) If ¢ < cq, then we have

L) eeaole2)
o o) L5 re 21 (mod p),
#Etp/plé pal) pger ife=1L%E +1 and p, C F,

0 otherwise.

(2) If 1 < ca < B, then

Cp/Fia qd—P co-1-|%
#Etp/pF (p—1)(ca+1) — p— 1 qc I'p J

(3) If ca = B, then
Cp/F,a

#Etp/F (p—1)(ca+1) — =0.
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4) If co +2 < ¢ < EE 41, then
p—1
%(JCQ*L%J ifc£1 (mod p),
- Cp/Fa .
#Et m e = (47 if =55 +1 and p, C F,
0 otherwise.

Proof. This follows easily from Corollary , Corollary , Corollary , and Lemma .

O

Theorem 12.37. Let o € F* \ F*P. If pfvp(a), then

2 Cp/Foox 1 _ . oc,/F
m(Et(f;/)/F) = m(Et(f;/)/F)-

If p | vp(a), then ﬁl(Etg’;/iﬁ) is the sum of the following seven quantities:

(1) 1
Loyzp -2 Alca)
(2) 1
q— _
]lcoﬁéo,l (mod p) * p_1 - q 2. B(Ca).
(3) 1
a-p —2—(p—2)(ca+1)—| %]
1 em - R )
Ca<£_F1 p _ 1 p q P
(4)
g—1 pep
Locze oge =g (Lerzt A2 ]) —Leazpt - Ala +1)).
(5)
e Yover gy PRI
(6) 1
q N
_]lca<z€_1‘1—1 ’ ILcaf—l,O (mod p) * m : B(Ca + 1).
(7) 1
—(p—1 1
lca<§efl Ap,cr ];.q (p—1)(er+1)

Proof. If p { vp (), then the result follows from Corollary , so we will assume that p | vp(a).
Lemma tells us that ¢, > 1. By Lemma , the pre-mass is the sum of the following
four quantities:

(1) X
q-— _ (p—2)e—| =2
e D DR
p 1<c<cy
¢l (mod p)
(2) .
=P 1  o-(p-2)(cat)-|%]
iperg - 48 g e 0L
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(3) o
- c—2
4= 2 2. S el
p—1 p »
ca+2§c<pTF1+1
¢zl (mod p)

(4) 1

]l(pfl)|ep . lca<% . ﬂ#ng . E . q*(pfl)(eF+1).

By Lemma , the first three quantities rearrange to:

(1) .

g—1 _

ﬁ q 2 (ILCQZP ’ A(Ca) + ]]-ca;?é(Ll (mod p)B(COK))‘
(2)

=P 1 —2-p-2(at))-1%]
R i z
(3)
g—1 1 _ pep
S ‘ (ﬂepz;)—l : A([p_ J) — Leo>p-1A(ca +1)
per
T 11209201 (mod p)B({p — J) ~Leaz-10 (mod p)Blca + 1))-

We saw in the proof of Corollary that {ge_’ﬂ = 0,1 (mod p) if and only if (p — 1) | ep, so

Lr2cr1201  (mod p) = Lip—1)fer

Since the extension Q,((,)/Q) is totally l"amiﬁedﬂ of degree p — 1, we have
Lp-1)ler " LuycF = Lu,CF,

and the result follows. O

13. S4-QUARTIC EXTENSIONS

The goal of Section @ is to prove Theorems ho.gl, IlO.ld, hO.l]J, and II[O.lﬂ7 which concern the
pre-mass ﬁL(Etf/ F), for p-adic fields F'. Throughout the section, let p be a rational prime, let
F be a p-adic field, and let A C F* be a finitely generated subgroup. With F' fixed, write ¢ for
the size #Fr of the residue field of F'.

13.1. Tamely ramified parts. The goal of this subsection is to prove Theorem .

Lemma 13.1. We have
Splits? = {(13), (122), (112), (1%11), (1°1), (1111)}

and
Split, = {(4), (22), (121%), (2%), (1*)} U SplitsP".

Proof. The eleven possible splitting symbols are listed on [Bha04, Page 1353], and it is clear
that the epimorphic ones are as stated. O

1Since the polynomial P~ + ... 4+ x 4+ 1 becomes Eisenstein after the substitution = + = + 1.
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Lemma 13.2. For all p, we have

/. epi 5¢° + 8¢+ 8
Proof. This follows from Theorem @(2), and Lemma . O

Lemma 13.3. For all p, we have

1 .
A 7 ifd|vp(a) foralla € A,

otherwise,
and
1 .
A s if 2| vp(a) for all a € A,
m(Et =8
( (22)/F) {0 otherwise.
Proof. This follows easily from Lemma . U

Lemma 13.4. Suppose that p is odd. Let (Ag, A1) be a stratified generating set for A°. Then
we have

s fACF,

~ A .

m(Et(1212)/F) = % if Ag = and #A, =1,
é otherwise.

Proof. By Lemma , we have

-

Et(lzlz)/F = {LQ X L(),LQ X Ll,Ll X Ll},

L= F(\/(gfle), j=0,1.

Lemma tells us that vp(dLj/F) = 1 for each j. It follows that, for i,5 € {0,1}, we have

where

1 if i = .’
(e ) = {417
12 ifi# 7.
The result then follows from the fact that
Ny, pLf = (052, =G mr).
O

Lemma 13.5. Suppose that p is odd. Let (Ao, A1, A2) be a stratified generating set for ﬁ4.
Then we have
# if Ag C F*2 and A) = Ay = @,

m(Eté2)/F) = é else if Ag C F*? and Ay = @ and g—; € F*2 for all o, o € Ao,
0

[\

otherwise.

If g =1 (mod 4), then we have

LofAc R,

1 . X2
A 5= if Ag= A1 =3 and #As =1 and Ay C F**,
m(Et(14)/F) = {2

% if Ag = As = & and #A;1 =1,

1
0 otherwise.
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If ¢ =3 (mod 4), then we have

L oifAC P
W(BtGayp) =4 ok else if Ay = Ay = @ and #A; = 1,
0 otherwise.

LS}

Proof. Let E/F be the quadratic unramified extension. Lemma tells us that
Et(lz)/E ={Lo, L1},

L= B(\/¢ y7r)
for each j. On the other hand, we have two index 4 subgroups
<O;‘2’7T127>7 <O;‘27CQ*17T127>
of F*. Clearly the quartic abelian extensions corresponding to these subgroups have splitting

symbol (22), so they must be equal to Lo and L; in some order, which implies that Lo and L;
are nonisomorphic abelian extensions of F. Lemma tells us that vp(d, ) = 2 for each j,

where

so m({L;}) = ﬁ, and the formula for ﬁl(EtéQ)/F) follows.

Lemma tells us that

. {Lo,Ll,LQ,Lg} iqu 1 (HlOd 4),
Bty = .
{Lo, L1} ifg=3 (mod4),

Ly = F (3¢ _ymr).

Suppose first that ¢ = 1 (mod 4). Then the minimal polynomial of &7 r over F splits in Ly,

where

so Lo/ F is Galois. Since 7 is an arbitrary choice of uniformiser, it follows that L;/F is Galois
for each j, and therefore '

Np,pLf = (05", =¢ _7r).
Lemma tells us that m({L;}) = ﬁ for each 7, and the result follows. Finally, suppose
that ¢ =3 (mod 4). Then uy € F, so {/7r has only two conjugates in Ly, and therefore Lg is
non-Galois with a maximal abelian subextension F'(/7r), so

NLO/FLX = <OI>;27 —7TF>,

and similarly L;/F is non-Galois with

Np,pLi = (052, —Cy17r).
By Lemma , we have vp(dp,/r) = 3 for each j, and the result follows. O

Proof of Theorem . This is immediate from Lemmas to inclusive. O

13.2. 2-adic fields. In this subsection, we specialise to the case p = 2, so that F' is a 2-adic
field. Recall that, for an integer m, the decorators Et, /Fm and Et, /F,<m denote the sets of

L e Et:/F with vp(dy ) = m and vp(dp,p) < m, respectively. By Theorem , in order to

compute ﬁL(Etf all we need is to compute ﬁz(Etf/F) for each o € {(1212), (22), (1*)}. The
goal of Section is to address the first two of these cases, by proving Theorems m and
10.11].
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Lemma 13.6. We have
. A p . A
Et(1212)/F = {Ll X Ly € Et(lzlz)/F s Ly # LQ} U {Ll xLi:Li € Et(lz)/F}.

Proof. 1t is clear that the left-hand side is contained inside the right-hand side, and also that
-, A -, A
{Ll xLi:Li€ Et(12)/F} - Et(1212)/F.

Finally, for distinct elements L1, Lo € Et(lz) /F» the norm groups Ny, rL; are distinct index 2
subgroups of F*, and therefore Nm(L; X Lg) = F*,so L1 X Lg € Etézlz)/F. O

Lemma 13.7. Let m be an integer. We have
#{L1 x Ly € Btu212) pn L1 % Lo} = Njaya (m),

where Ngfz,p)(m) is the explicit function defined in Appendiz B

Proof. Theorem tells us that, for all mq, we have

2(q — 1)(1%_1 if my is even with 2 < my < 2ep,
Bt (12) /o, = § 207 i My = 2ep + 1,

0 otherwise.

We will use this fact without reference for the rest of this proof. For any m, the number we are
looking for is equal to

(10) % : ( Z <#Et(12)/F,m1 : #Et(12)/F,m2) - #Et(12)/F,m/2)-

mi1+mo=m

It is easy to see that this is 0 unless one of the following is true:

o 4 < m <d4depr and m is even.
e 2¢ep+3<m <4er+1and m is odd.
° m:4eF—|—2.

The result follows by considering these cases separately. O

Proof of Theorem |10.1(. This is immediate from Lemmas m and . O

Lemma 13.8. For each nonnegative integer m, we have

. A .
S Vi/FA % c#EC 12y e 2| vr(@) for all a € A,
#E a2 =

otherwise.

Proof. Write Ey; for the unramified quadratic extension of F'. Let L € Etz/;}/ )§F7m. It follows

from Lemma that there are exactly two elements E € Et(la) JFm/2 With L = Ey E. For
such F, we have
NmL=NmE, "NmE={recNmFE:2|vp(z)}.

Therefore, if there is some o € A with 2 { vp(a), then Eté‘%ﬁﬁ = @. On the other hand, if

2 | vp(«) for all a € A, then we have a 2-to-1 surjection

4 A - V4/F,A
Et(12)/F7m/2 - Et(242/)/F7m7 E— EywE,

and the result follows. O
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Lemma 13.9. We have

D4/F .
Et(DzéngA _ Et(zég/F if 2 | vp(a) for all a € A,
@ otherwise.

Proof. Let E/F be the unramified quadratic extension. By class field theory, every element
Le Etgé;fp has Np/pL* = Ng,pE*, and the result follows. (]
Lemma 13.10. Let E/F be the unique unramified quadratic extension. For each nonnegative
integer m, we have

Dy/F 1 . Cy4/F - V4JF
#Et 92 = 3 (#Et(12)/E,m/2 HECD 5y — #Et(f‘Z)/E,m/Q)-

Proof. Using the tower law for discriminant, it is easy to see that there is a well-defined surjection

. . Ca/F . Vi/F D /F
Moreover, Lemma @(2) tells us that this surjection is 2-to-1. O

Lemma 13.11. Let E/F be the unique unramified quadratic extension. For each nonnegative

integer m, we have

Cy/F 1 P
#Et 142//Em =5 #Eta2) pm

Proof. If Extg/‘*é}:n # &, then either m is even with 0 < m < 2ep, or m = 2ep + 1. Suppose

that m is an even integer with 0 < m < 2ep. Let w € E* be such that E(y/w)/E is unramified,
hence a Cy-extension of F'. By Lemma , we have

UZerTm X2 px = glermm px2,
so Lemma gives a 2-to-1 surjection

Ué?eF_m)FXQ/sz — Eth?éim’ t— E(\/E)

But Lemma @ and Corollary @ tell us that, for u € F*/F*2 we have

’UF(dF(f)/F) <m < UEU(28F WL)FD(Z/F‘><2

and therefore
HExty oy = ULV F¥2) 1,
SO ) )
Cy/F
#EXtQ/ALé’Sm = i#EXt2/F,§m + =

and the result follows for 2 < m < 2ep. By Lemmas and , there is a 2-to-1 surjection
- Cy/F
{[z] € F*/F*? :vp(z) = 1} — Et(142/)/E,2@F+17 x — E(ywz),
and a bijection
{[=] € FX/F><2 tup(z) =1} — Et(12)/F,28F+1’ x = F(\/x),
and the result for m = 2ep + 1 follows. O

Lemma 13.12. Let E/F be the unique unramified quadratic extension. For each nonnegative

integer m, we have
Vi/F 1 )
#Et 142 Y/E,m — 5 . #Et(12)/F,m

Proof. This follows easily from Lemma @ and Lemma . O



116

~. Dy/FA . . . . .
Lemma 13.13. If Et(22)/F7m is nonempty, then either m is a multiple of 4 with 4 < m < 4ep,
orm =4derp +2. If m is a multiple of 4 with 4 < m < 4ep, then

g _ Ja=D(ar0af? i) 2l epe) for alla e A
(22)/Fm —

0 otherwise.
If m = 4er + 2, then

er (geF _ ;
#Et(%égfﬁfm _ {q (q 1) if 2| vp(a) for all a € A,

0 otherwise.

Proof. This follows easily from Theorem and Lemmas h3.9|, |13.1d, |13.1]J, and |13.1j. U

Lemma 13.14. If 2 | vp(«a) for all a € A, then
D4/F,A

Jop 1 _ o 1 _ g —3em—
m(Et(22)/F):§‘<q 2 _ g% Q_W(q L_ g 3er 1)_|_q 3er 2(qep_1)).

Proof. This follows easily from Lemma . To eliminate the possibility of a manipulation
error, we have checked the required summation numerically in the Python notebook in the
Github repository https://github.com/Sebastian-Monnet/Sn-n-ics-paper-checks. (]

Lemma 13.15. Let M/L/K be a tower of quadratic extensions of p-adic fields. Suppose that
M/K is Galois and let B € L*. Let a = N, /ixf3. Then

OZGNM/KMX < ﬁGNM/LMX.

Proof. The (<) direction is obvious. For (=), suppose that a € Ny g M*. Then a = Np k0
for some 0 € Ny M*. Since Np i (0/8) = 1, Hilbert’s theorem 90 tells us that 6 = g% for
some z € L*. Writing M = L(v/d) for d € L*, we have

(57 d)L = (d70)L(dﬂ x)L(d7 j)L
= (d,z)r(d,z)r
—1,

where the final equality comes from the fact that M/K is Galois, so L(v/d) = L(Vd) = M. O

-, Cy/F, e .
Next, we want to understand the sets Et (242/) / 124 m» for positive integers m. Recall from Section @

that, given a Cy-extendable extension F/F, we defined a certain subset N7 of F*/F*2. We
would suggest rereading this definition, which is just before the statement of Theorem ,
before tackling the next lemma.

Cy/F

Lemma 13.16. Let FE € Exté“/F be Cy-extendable, and let mo be an integer such that EXtZ/EémQ

is nonempty. If mo < 2ep, then we have

ci/FA 1 (2ep—2["2]) x2 2~ A
#ExtQ/‘*E7<m2_2-#<<UE 2V En ) P mNE>.

If mo > 2ep + 1, then we have

/P A _ 1 A
#EXt2/4E,§m2 =5 #Nz.


https://github.com/Sebastian-Monnet/Sn-n-ics-paper-checks
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Proof. Let w € E* be the element we fixed in the definition of N;J“. If my < 2ep, then
Lemma gives us a 2-to-1 surjection

_o|m2
(e ) P s Bxtgl e B(Ve),
If ms > 2ep 4+ 1, then Lemma gives a 2-to-1 surjection
PP = Bxtyl e B(Vot).

Let t € F* and let L = E(Vwt). Let o € A, and let @ € E* be such that Ngpa = o
Lemma tells us that « € Ny, pL* if and only if @ € Ny ,pL*. By Lemma and
properties of quadratic Hilbert symbols, we have
a € NL/ELX <~ (&,wt)E =1
= (a,t)p = (@,Ww)E
1 1fa€NE(\/5)/FE(\/5)X,
—1 otherwise.

<~ (a,t)p = {

teN, ifaeN,,
t € N, otherwise.

It follows that A C Ny L™ if and only if t € N E“, and the result follows. O

Lemma 13.17. Let E be the unramified quadratic extension of F', and let m be a nonnegative
integer. If m < 4ep + 1, then

1. #Né,%Fsz%j —1 dfvp(a) =0 (mod 4) for all a € A,

#Et(%?/)ﬁ?gm =43 #Né%F—ZL%J else if 2 | vp(a) for all a € A,
0 otherwise.

If m > 4ep + 2, then

T #NgG —1 ifop(a) =0 (mod 4) for all o € A,
#Et%z/)]/:;lgm = 5 #N7  else if 2| vp(a) for all a € A,
0

otherwise.

Proof. Clearly, if 2 1 vp(«) for any a € A, then Et%g/)ljlfgm = &. Therefore, we will assume

that 2 | vp(a) for all @ € A. By Lemma D.1], the natural map
. Cy/F . Cy/F
Btd)/p,<13) = B /pam
is a bijection. Let ma = | |. Suppose that m < 4ep + 1. Then Lemmas and tell us

that

ca/FA 1 A
#EX%;E,sz T 9 #NE,QBF—QL%J'

It is easy to see that |72 ] = | ], and also that Extg;‘éz“:w

extension if and only if vp(a) =0 (mod 4) for all « € A. The result for m < 4ep + 1 follows.

contains the unramified quadratic

The argument for m > 4ep + 2 is similar but easier, so we omit it. O
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Corollary 13.18. For each nonnegative integer m, we have
% . (7%:51\7125‘726}77m — #Né26F7m+2) if 4] m and 4 <m < 4dep,
C4/FA 1 A 2 A i 2
#Et (22)/Fom — \ 5 ° (#NE — #NE,O) if m=4dep + 2,
0

otherwise.

Proof. This follows easily from Lemma . O

Proof of Theorem . We address the statements one by one.

(1) An S4- or Ag-quartic extension has no proper intermediate fields, so it cannot have
splitting symbol (22).

(2) This is precisely Lemma m

(3) This follows from Corollary [12.31] and Lemma .

(4) This follows from Corollary [13.18.

O

In the special case where A is generated by a single element, we can write down a simple

C4/F,
description of the sizes #N#A B , and hence of the counts #Et(242/ )/ };4 m- We note these descriptions

in Lemma and Corollary

Lemma 13.19. Leta € F*\F*2 letd, = vr(dp(/a)y/r), and let E/F be the unique unramified
quadratic extension of F'. For each nonnegative integer c, we have

er—[3"] if ¢ < dg,

#Ngﬁ = 2¢7 1T ifdy << 2ep and vp(a) =0 (mod 4),

0 otherwise.

LS

Proof. From the definition of N E‘l, it is easy to see that

A _ Wi if vp(a) =0 (mod 4),
e (F*/F*?) \NZ otherwise.

By Lemma , we have UZ(;:)FXQ/FX2 - Ni if and only if ¢ > d,. By elementary linear
algebra, it follows that
L (UP P2 P2 i e < d,
#Ngz = #(U}C)FXQ/F“) if c > dy and vp(a) =0  (mod 4),
0 otherwise.

The result follows by Corollary . U

Corollary 13.20. Let o € F*\ F*2, and let m be an integer. If Et%z/l/:;ﬂi is nonempty, then

vp(a) is even and either m = 4ep + 2 or m is a multiple of 4 with 4 < m < 4ep. If vp(a) =0
(mod 4) and m is a multiple of 4 with 4 < m < 4ep, then

. %q% 1(q—l) if m > dep — 2d, + 4,

Fla m

HECGH ne = d Lg% 7Y (g —2)  if m = dep — 2o + 4,
TN g—1) if m<dep —2d, +4.
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If vp(a) =2 (mod 4) and m is a multiple of 4 with 4 < m < 4def, then

Ve Yg—=1) ifm > dep —2d, + 4,
g7 ifm=dep —2da + 4,
ifm<dep — 2d, + 4.

#Et%?/l/ani =

O = =

If vp(«) is even and m = dep + 2, then

2¢°F if do > 0,
C4/F >

HEt (22)/Faep+2 = § ¢°F  ifvr(a) =2 (mod 4) and d, =0,

0 otherwise.

Proof. By Lemma @, if vp(a) is even then d,, is even. The result follows from Corollary
and Lemma . (]

Lemma 13.21. For G € {Sy, A4}, we have

G/FA . GJF

Proof. Let L € Etﬁﬁ; m for G € {Sy4, As}. Then L/F has no intermediate fields, so class field

theory tells us that Ny /pL* = F*. O
Lemma 13.22. We have
D4/F,A 1 . C4/F Vi/F
HEL Y = DY 3 (#Et(lz) (B — FEGE o — FE 5 mQ)
2mi1+mo=m A
mime>0 LEEt2)/mm,

Proof. We will construct a 2-to-1 surjection

|_| |_| {L eEt (12)/E,ms * L/F not Galois} — Et(DlingAW
g BERt12) e,

thus proving the result. An element of the left-hand side may be written as a pair (E, L), where
E e Etéz) JFm, and L € Et(lz) /E,ms- Using the tower law for discriminant, it is easy to see that
there is a well-defined map

o: || || {L€EBtae)mm, : L/F not Galois} — Bt /i, (E.L) > L.
2mitmy=m A
m1,ma>0 (12)/F,mq

. Dy4/F . . . . -
Let L € Et(lig / FAm Since L/F has Galois closure group Dy, it has a unique quadratic interme-

diate field E. It is easy to see that the pair (E, L) is in the domain of ®, so ® is surjective. Let

« Dy/F, .
Le Et(lig/l’;j‘m. It is easy to see that

¢~H(L) = {(E, E(Va)),(E, E(Va))},
where F/F is the unique quadratic subextension of L/F, and « € E* is an element with

L = E(y/a). Since L/F is non-Galois, we have E(\/a) % E(\/a) as extensions of F, and
therefore the preimage ®~!(L) has exactly two elements, so we are done. (]

Lemma 13.23. Let F € Et(12)/F,m1 for some integer my. For each nonnegative integer ma, we

have Va/F
#EL (1315 = NV (1, m2),
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where N4 is the function defined in Appendiz @

Proof. By the tower law for discriminant, every L € Etz?Q/)iE,mz has vp(dp/p) = 2my + ma.

We will use this fact without reference throughout the proof. Suppose that ms < m;. By
Lemma , we have a bijection

Et(lz)/me — Etz/lzlg/)};E’my E — EFE'.

If mo > mq, then similarly we obtain a 2-to-1 surjection

) . Vi/F
Bt 12y mitma = B6 (D) B BE.

Using these two maps, the result for m; # mo follows from Theorem . Finally, suppose

. V4/F
that m1 = mo. Suppose that L € Eté/%z/)/E7m2 and L = EFE’ for some quadratic extension E'/F.

Let x, X' : F*/F*? — F, be the quadratic characters associated to E and E’ respectively. By
Theorem and Lemma , we have

f(x) = vr(dg/p) = min {c: Ulgf)F><2/FX2 C ker x},
and similarly for x’ and E’. By Lemma 6.19, we have

m1 +f(xX') + fxx') = ve(dp/p) = 2m1 +ma = 3my,
SO

FOX) + ') = 2ma.
If §(x') # ma, then Lemma tells us that
FOox') = max{m1, f(x")},
SO
f(X') + max{mi, f(x')} = 2m,

which is impossible. It follows that f(x’) = f(xx’) = m1, so

o Va/F 1 m
#Et(fQ/)/E,ml =5 #{ " X JUSF 5 Ty ’ X Wiy 1 & {OaX|Wm171}}'

If m; = 2ep + 1, then Wy,,—1 = Cy by Corollary , SO Etz/fg/)ljﬂml = . If my is even with
2 < my < 2ep, then Corollary tells us that #W,,,_1 = ¢, so there are ¢ — 2 possible
restrictions x'|w,, _,. Each such restriction lifts to

m

s U = 2%
characters, so we have

#{x’ X JUS 5 Ty ’ X Wi, 1 & {07X\wml_1}} =2¢2 " Y(q - 2),
and the result for m; = my follows. O
Lemma 13.24. We have

. Dy /F,A 1 o A
#Et(li;/F,m =3 Z 7%“3‘5(12)/1[«17711'(NC2 (m—2m1)— N (my, m—2mq)—N"(my, m—2m1))7
0<mi<m/2

where the functions N2, N4, and N* are as defined in Appendiz @ We can compute this
quantity explicitly using Corollary .

Proof. This follows easily from Lemma @, Theorem , Lemma , and Lemma, .

O
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Lemma 13.25. Let m be an integer. If Et{f{iﬁm is nonempty, then m is an even integer
with 6 < m < 6ep + 2. In that case, the number #Et&fi’;}m is the sum of the following two
quantities:

(1) .

LA A
5 2 (#Eta?)/nml) (#Et(ﬂ)/ﬂmz)-
mln—li}Qiln;im
(2)
2 m_ —2 —2 —2 —2
L3 - m g 2 (C]#Am/s - #Am/3—l) (Q#Am/s. - Q#Am/3—1>‘

Proof. The necessary conditions on m, namely that m is even with 6 < m < 6er + 2, come

from Lemma p.5. Assume that m satisfies these conditions. Define the map
| . A - Vui/F,A
®: || Btheymm, X Bthzymm, — Bth) s, (B1, B2) = E1Ea.
mi1<msg

mi1+2mo=m

By Lemma , this map is well-defined and 2-to-1, so

4imd — % Y (#Eté%/ﬂml) (#Etéz)/EmQ).

mi1<mz2
m1+2mo=m

If 3 1+ m, then ® is surjective, so we are done. Suppose that 3 | m. Let S be the set of
Le Etz/fz;/)};ﬁm such that every intermediate quadratic field £ of L has vp(dg/p) = m/3. Then

Et() i = S Uim ®,

SO
HEE by = #S + % Y (#Eté%/ﬂml) (#Eté2)/1’,mz>'

Let ¥ be the set of pairs (x1, x2), where:

(1) x1 and y2 are quadratic characters x; : FX/UI(JH/?’)FX2 — o,
(2) The restrictions of x; and 3 to Ul(;n/?’_l)FXQ/UI(;W/?’)FX2 are nonzero and distinct.
(3) For i = 1,2, we have

Yi <AU§;m/3)FX2/FX2U§7m/3)> —0.

Then there is a natural 6-to-1 surjection > — S, so

#S:%-#E.

Evaluating #S amounts to a simple linear algebra problem. To emphasise this simplicity, we
define:

(1)
V= Ui px2
(2)
M = Uém/3*1)F><2/Uf(7m/3)F><2‘
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(3)
N = AUém/3)FX2/U§;~m/3)FX2

Then V is an Fo-vector space, M and N are subspaces of V', and we are looking for pairs of
linear transformations x1,x2 : V' — Fa such that the following two statements are true:

(1) xi(N) =0 fori=1,2.
(2) The restrictions x1|as and x2|ys are nonzero and distinct.

These correspond bijectively to pairs Xy, Xs : V/N — Fa such that the restrictions X |(ar4n)/n
and XQI( M+N)/N are nonzero and distinct. There are

#(F) -7 -2)

possibilities for the pair (X1 |(ar+n5)/n> Xal(m+35)/n)- Each of these lifts to
Vv 2
(#(5r5w)
pairs (X, X2), so we have

#o= (#(5rw)) - (F ) ) (55 -2)

We evaluate the sizes of the relevant vector spaces.

(1) Corollary tells us that

#V =245

(2) By the second and third isomorphism theorems for groups, we have

AU}(?m/3)F><2 N ZQ

N == =
m/3 —2 K
U}(7 / )F><2 Am/3
SO
—2
4N = 22
= ——5
#Am/?)
(3) We have
AU(m/3—1)F><2
M+N=22F _ —
UI(;m/g)FXQ
SO

#(M + N) = |AUE D P2 g g,
By the second and third isomorphism theorems for groups, we have

AUém/?)—l)FxQ N a

Ug”/3—1)F><2 ]m/3—1

so Corollary tells us that

A
#(M+N)=q- iéi
#'Am/Sfl
It follows that
4q% 2 — i a A
#y = a . (q#Ai/g - #«‘@/34) (q#Afn/s - Q#Afn/?’*l)'

(A2
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O

13.3. Totally wildly ramified Cj-extensions. Our goal in this subsection is to prove The-
. . . . ~ (4, Ca/FA .
orem , which gives us algorithms for computing m(Et(14) /F ), and analyse the time com-

plexity of those algorithms to prove Theorem .

Lemma 13.26. Let mq and mo be integers, with my even. Then
sl sl = 1
4 2L 211 4 '
Proof. This is easy to see by writing m; = 2k; and mgy = 2ky + 7, for r € {0, 1}. O

Lemma 13.27. Let F be a 2-adic field and let E € Etéz)/F. If =1 ¢ Ng/pE™, then

. Cy/F

For the rest of the lemma, assume that —1 € Ng,pE™. Let my = UF(dE/F), and let my be an
integer. Let

c(mg) =2ep — QLMJ

4
If my <ep, then
ifmz < 3m1 — 2,
'#Nﬁc(mQ) if 3m1 —2 < mg <dep —my + 1,
#NEL‘ if mo > dep — mq + 2.

L C4/F.A
#Et(lé)/E,gmg —

N o= O

If m1 > ep, then
LB TA 0 i ma <my+2er,
2 pr—
(12)/E,<my % .#Néﬁl if mo > mq + 2ep.

Proof. If 1 ¢ Ny pE*, then Et()/; = @ by Corollary B4 Suppose that —1 € Ny/pE*.

Then Corollary @ and Lemma tell us that Et(??/)}/?E,gmz is nonempty if and only if

3my —2 ifmy <ep,
my 2> )
2ep +mq  if my > ep.

Suppose that m1 < ep and mo > 3mq1 — 2. If mg < 4ep — m1 + 1, then Lemmas , ,
and give a 2-to-1 surjection

C4/F,A
2/E,<my"

If mo > 4ep — mq + 2, then Lemma @ tells us that

C4/F Cy/F
2/E,<mg 2/E,<4ep—m1+2’

A
NE,c(mz) — Ext

Ext = Ext

and we have

Cy/F 1 A
#EXt2/4E,§4eF—m1+2 9 #NE

by Lemmas and . The result for m; < ep follows. The argument for m; > er is

similar but easier, so we omit it. O

Proof of Theorem . We prove the statements one at a time:

(1) This is immediate from Lemma .
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(2) This follows easily from Lemma @, Theorem [12.24, Lemma , and Lemma .

(3) This is precisely Lemma .
(4) This is immediate from Lemma .

O

Algorithm 13.28. Let F be a 2-adic field, let m; be an even integer with m; < ep, and let
Ec Et(12)/F,m1 be Cy-extendable.

(1) Take d € F* such that E = F(v/d) and vp(d) = m;.

(2) Take a,b € F* with d = a® + 4b, such that vp(a) = m1/2 and vgr(b) = 1.
(3) Define p = %‘/a, which is a uniformiser of E.

(4) Choose w € E* such that Ng,pw € dF*? and vp(w) = 0.

(5)

5) Take A € F'* such that

Ng/pw = A2 (mod szeFH_ml).
(6) Define
{w if vp(w —A) > my,
CU1 — wh )
v if vp(w—A)=m; — 1.
(7) Define
) w if vE(w1 — (I)l) = 2myq,
w2 {wl(l +p)? ifop(w; — @) > 2my,
and

A if vp(w —w1) = 2my,
a {A(l Ya—b) ifvp(w —@1) > 2m.
(8) Write wy = ro + sgp for 19, s9 € F, and define
T2 — A2 P +b

S92 ’ T9

(9) Output (q‘*fg)g .

Theorem 13.29. Let E,my be as in Algorithm .

(1) All the steps of the algorithm are well-defined.
(2) Let w be the output of the algorithm. Then E(y/w) € Etg‘é/)l/TEsml_Q.

Proof. This is essentially [CDOO05, Proposition 3.15]. We rewrite their proof using our notation
in Appendix @ ([

Definition 13.30. Let K be a field and let M be a matrix with entries in K. A reduced row
decomposition of M is a triple (M ,T,T~1), where M is a matrix in reduced row echelon form
and T is a composition of elementary matrices with M = TM. For computational efficiency,
we consider the inverse matrix 7! to be part of the data of the reduced row decomposition.

Lemma 13.31. Let M be an m X n matriz defined over a field K. We can compute a reduced
row decomposition of M using O(mnmin{m,n}) field operations in K.

Proof. For i = 1,...,min{m,n}, the i*" step of Gaussian elimination (i.e. reducing the i*®
column) requires O(n) elementary row operations. Each elementary row operation requires
O(m) field operations in K, so we are done. O
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Definition 13.32. Let F' be a p-adic field for some rational prime p. Let E/F be a field
extension with [E : F] < 4, let m(X) € Qp[X] be a monic degree fg polynomial that is
irreducible over F,[X], and let & € E be a root of m(X). Define the set

BE = {1,a,...,a’"71}.

We will assume that (as is the case with Magma’s ‘FldPad’ object class) the maximal unramified

subextension of E/Q, is defined as (%’([))(()]), so that BY is part of the data of E.

Lemma 13.33. Let F' and E be as in Definition . The following three statements are
true:

(1) The set BY descends to an Fy-basis for the vector space Fp.

(2) For any x € O, we can compute the BY -coefficients of [x] € Fg with time complexity
Or(1).

(3) Suppose that we have an Fp-linear transformation ¢ : Fp — Fg that we can evaluate
with time complexity Op(t), for some function t. We can compute the matriz [QO]BE with
time complezity Op(fr - t).

Proof. Recall the polynomial m(X) € Q,[X] from Definition 13.32. The first statement follows
from the fact that Fg is defined by m(X) as an extension of [F,,. The second statement follows
from the fact that (at least in Magma) «x is implemented as a power series in g with coefficients
in the maximal unramified subextension F'" of F, and elements of £ are stored as Z,-linear
combinations of B{)E . We can reduce all of these Z,-coefficients modulo p with time complexity
O(fr) < Op(1). The third statement follows immediately from the second. O

Lemma 13.34. Let F' be a p-adic field for some rational prime p, and let E/F be a field
extension with [E : F] < 4. Recall the map
er

T
¢:Fp—Fg, [y {%L%yp}

from Algorithm . We can compute a reduced row decomposition of the matriz [¢] BE with
time complexity Op(f3 + frloger + frlogp).

Proof. A single evaluation of ¢ has time complexity Or(loger +1logp), so Lemma tells us
that we can compute [¢] BE with time complexity Op(frloger + frlogp). The result follows
from Lemma . U

Lemma 13.35. Let F' be a p-adic field for some rational prime p and let ¢ : Fp — Fr be the
map from Algorithm |12.19. If we have already computed a reduced row decomposition for [@]Bg,
then Algorithm [12.19 can be run with time complexity Op([F : Qp)).

Proof. Steps (1) and (3) have time complexity Op(1). Consider the iteration in Step (2). The
steps with p 1 ¢ have time complexity Op(1), and there are O(er) such steps, so we can perform
them all with time complexity Op(ep). The steps with p | 7 and i < % have time complexity
Or(frlogp), since taking p'" roots in F is equivalent to raising to the power of p/#~!. There

are O(ep/p) such steps, so we can perform all of them with time complexity Op([F : Q] - lo}g)p ).

Thus, we can perform all the steps where i < 225 with time complexity Op([F : Qp]).

Assume that we have a primitive root modulo p and a logarithm table for F, with respect to
this primitive root, so that we can perform any field operation in IF,, with time complexity O(1).
This is a modest requirement, and we consider it to be part of any sensible implementation. Let
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(M ,T,T~1) be our reduced row descomposition of [¢] BE- Then the final step amounts to finding
a vector v € F},CF with Mv = T—1[m~7—1]35_ This has time complexity O(f2) < Op(1). O

ﬂ,;1«“/2(17*1);!7
Lemma 13.36. Let F' be a p-adic field for some rational prime p, and let E be an extension of
F with [E: F] < 4. Let B_y = {rg} and let By = BE. If u, € E, then set Brep = @. Suppose
p—1

instead that p, C E. Let urep € (’)g be an element such that [ureg| € Fg is not in the image
p—1 p—1

of the map

€E

i
¢:Fp—Fp, [y~ [y+7f yp},
and define Brep = {1 —l—p7TEE/(p71)mm7E}. Define
p—1 p—1

B=BUBrp U || {l+7hu:ueBo}.
—1
’ 1<i<[ 2B -1
pti
The following two statements are true:

(1) B is a system of representatives for a basis of the Fy-vector space E* /E*P.

(2) Assume that we have already computed a reduced row decomposition of [Lp]Bés. For any
element o € E*, we can compute the coefficients of [a] € E*/E*P with respect to the
basis induced by B with time complezity Op([F : Qp)).

Proof. Corollary tells us that the size of B equals the dimension of E*/E*P. Therefore,
it suffices to prove that B spans E*/E*P. We will thus give an Op([F' : Q,]) algorithm for
expressing [a] € E*/E*P as a linear combination of B, for any o € E*, thus proving both
statements simultaneously.

Let o € E*. Without loss of generality, we may assume that vg(a) € {0,1,...,p — 1}. Let

_ (8}
@0 = W;)EE(Q) .

We will recursively define an element ;11 for each i = 0,1,2,..., ;’Q_EJ —1. We

claim that for each of these ¢, we have a;1 € Ugﬂ). Clearly aq € Ug)), so we have the base
case for our induction.

e Suppose that p | i. With time complexity Op(frlogp), we can find [y;] € Fg such that

a; — 1
v =—

(mod pg).
TR

Then set a1 = a; /(1 + ﬁgpyi)p, so that a;11 € Ugﬂ) by Lemma .

ai—l
7
TR

a; — 1 _ i
- 3

and by Lemma we can determine the coefficients Aq(f ) with time complexity Op(1).
By the natural isomorphism Fg — U }(EZ) / USH), we have

) () )
a;p = H (14 nhu)*e  (mod pit),
u€Bp

e Suppose that p ti. Since [ ] € Fg, there are unique coefficients )\1(}) €{0,1,...,p—1}

such that

so we define
(07}

; (1)
IIUEBQ(l +_ﬂ§;u)Au

Qjp1 = € Ug+1).
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Suppose that p, € E. Then Corollary tells us that aprepy € EP, and therefore
p—1

. (%)
aEXP = 71.%E(OL) . H (1 + ﬂ.lEu)/\u EXP,
1<i<[7E]-1
pfe

as required.

The coefficients )\sf ) we have found so far were computed in O(ep) steps of time complexity
Or(1), and O(er/p) steps of time complexity Op(frlogp), so the algorithm so far has time
complexity Op([F : Qyp)).

pe
Suppose instead that 1, C E,so (p—1) | eg. Let A1) be the unique element of [F,, with
=2 :
apreg — A P—UVypep € im .
p—1 p—1

Let (M ,T,T~1) be our reduced row decomposition of [] e~ Then AGH) can be read off from
the final entries of the vectors T ![apeg] e and T upep] e, which can be computed with
p—1 -1

time complexity O(fr) < Op(1). ’

By Corollary , Lemma , and Lemma , we have

en/(p-1),,,. W)
Ozpeh;/(l +pry upeEl)
p— p—

€ EXP.
Thus, we have

aE*P = WEE(Q) (1 —i—pTrZﬂE/(p*l)u;weE

as required. O

Lemma 13.37. Let F be a 2-adic field and let L/E/F be a tower of field extensions, where
L/FE is quadratic and [E : F] < 2. Let d € E*. We can do the following with time complexity

Or([F : Qq]?):

(1) Determine whether d € NpjpL>.
(2) If so, find an element w € L* such that Ny /jpw € dE*2,

Proof. By Lemma i3.34-1], we can quickly compute a reduced row decomposition of [¢] BE- Using

Lemma [13.36, we can quickly write down a set B C L*, of size 2 4 [L : Q2], that descends to a
basis of L*/L*?. Taking norms¥, we obtain a spanning set Nm B for NL/ELX/EXQ.

Again using Lemma , fix a basis for EX/E*2. Let A € IF?HE:%DX@HL:QQ]) be the matrix
whose columns are the coordinates of the elements of Nm B, and let v € F?F[E:QQ] be the
coordinate vector of [d] € EX/E*2. Note that, by Lemma @, A and v can be computed
with time complexity Op([F : Q2]?). It then suffices to perform Gaussian elimination on the
augmented matrix (A ‘ v). By Lemma , this Gaussian elimination be performed with time
complexity Op([F : Q2]?), so we are done. O

INote that norms can be computed quickly since they are determinants of linear transformations in 2 dimen-
sions.
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Theorem 13.38. Let F' be a 2-adic field and let ¢ : Fp — Fpg be the map from Algorithm .

Assume that we have already computed a reduced row decomposition for [90]85' Then Algo-

rithm can be performed with time complexity Op([F : Qg]3).

Proof. We compute the time complexity of each step of the algorithm, one by one. In Appen-
dix |Al, we give expanded descriptions of these steps. In our analysis here, we use these expanded
descriptions without reference.

(1) Clearly this has time complexity Op(1).
(2) We need to solve the congurence XTQ —1=0 (mod p?fFH*ml). By Lemma , we
can do this with time complexity O ([F : Q2]).

(3) This is clearly Op(1).
(4) By Lemma has time complexity Op([F : Q2]?).
(5) Using Algorithm 12.19, we can find A with time complexity O r([F : Q2]), by Lemma .
(6)-(9) The remaining steps are all just computations in F', so they have time complexity Op(1).

O

Lemma 13.39. Let K be a field, and let m, n1, and ny be positive integers. For eachi € {1,2},
let M; be an m x n; matriz with entries in K. We can compute a basis for

colspan(Mj) N colspan(Ms)

using O(m - (n1 + ng) - min{m, ny + na}) field operations in K.

Proof. We acknowledge the StackExchange answer [glS] as the inspiration for our argument.
For each i, let r; = rank(M;). For each i, Lemma tells us that, with O(mn; min{m,n;})
field operations in K, we can use elementary column operations to replace M; with an m x r;
matrix with the same column span. Do this for both 4, so that both linear transformations
M; : K" — K™ are injective. Let A be the matrix (M| — M), so that we have a linear
transformation A : K™% — K™, Lemma tells us that we may compute a reduced row
decomposition of A using O(m - (n1 + n2) - min{m, n; + na}) field operations in K. Using this
decomposition, we may then quickly find a basis {v;}; for ker A. For each ¢, write

for z; € K™ and y; € K™. Since M and M, are injective, it is easy to see that {Mjxz;}; is a
basis for colspan(M;) N colspan(Ms), so we are done. O

Lemma 13.40. Let F be a 2-adic field, let A C F* be a finitely generated subgroup, and let ¢
be a nonnegative integer. Given choices for w and G4(A), the size #Nﬁc may be computed with
either of the following two time complezities:

(1) Op(#Ga(A) - 2 QL [F - Q).
(2) Op(2#91A) L [F : Qy)?).

Proof. The first algorithm is by brute-force. For each x € F*/F*? and each a € G4(A),
Lemmas |13.15| and h3.37| tell us that we can check whether a@ € N,, and whether x € Wi with
time complexity Op([F : Q]3). Since F*/F*? has 227[F"Q2] elements, this first algorithm has
the claimed time complexity.
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We now describe the second algorithm. Using Lemma , fix a basis for F*/F*2. Also using
Lemma , for each o € G4(A), we can write down a basis for F(y/a)*/F(y/a)*? and use

it to obtain a generating set for NZ We can do this for all & € G4(A) with time complexity
Op(#G2(A) - [F : Qz]). Moreover, using Lemma , we can quickly express these generating
sets in terms of our fixed basis for F*/F*2 and by Lemma we can reduce all of these
generating sets to bases with time complexity
Or(#G2(A) - [F : Qu]*).

Define the Fa-vector subspace V C F*/F*2 by

V= U}C)FXQ/szﬂ ﬂ N

a€Ga(A)NN,

By Lemmas , , and , we can compute the intersection G4(A) N N, with time

complexity Op(#G4(A) - [F : Qq]?). Taking successive intersections, Lemma tells us that
we can compute a basis of V' with time complexity

Op(#G4(A) - [F : Qa]*).
Write {a, ..., am} = Ga(A) \ N, and for each i let
U= N>

2
o

Let k be a positive integer and suppose that we have integers ¢; with 1 < i1 < ... < i < m.
If we already have a basis for V' N (), ;<;_1 Ui;, then using Lemma , we can compute a
basis for VN, << Ui; with time complexity Op([F" : Q2]%). Doing this for each of the 2#94(A)
possible tuples (i), we can use the inclusion-exclusion principle to evaluate

#Ng = #(V\UU)

with time complexity Op(2#94(A) . [F : Qq]?), as required. O

Lemma 13.41. Let F be a 2-adic field, let A C F* be a finitely generated subgroup, and fix a
choice of G4(A). Let E € Et(lz)/F. For each positive integer mo, we can compute #Et%g/)];ﬁmz

with either of the following two time complexities:

(1) Op(er - #G4(A) - 215l [F: Qq)?).
(2) Op(ep - 2#94A) L [F : Qq)*).

Proof. By class field theory, we have

NmF(\/(A 1)) =NmF(v=-1)n (] NmF(Ja).

a€Ga(A)

Let d € F* be such that E = F(v/d). By Lemma , we can determine whether d €
Nm F(/(A, —1)) with time complexity Op(#G4(A)-[F : Q2]*). Suppose that d ¢ Nm F /A, —T).
By symmetry of the quadratic Hilbert symbol, we have A & Ng,pE* or —1 ¢ Ng,pE*. By

. F.
the tower law for norms and Corollary @, this implies that Et(cfz/) /g}mQ =g.

Suppose instead that d € NmF( A,—l), so that F € Etéz and —1 € Ng/pE*. Let
354

my = vp(dg/r). If mi < ep, then Theorem , Lemma [13.34, and Theorem tell

. Cy/F
us that we can compute w € E* such that E(y/w) € Et(142/)/E,3m1—2 with time complexity

Or([F : Q)%). If my > e, then let d € F* be such that E = F(V/d), and, again with
time complexity Op([F : Qq]?), let w € E* be such that Ng/jpw € dF*?. 1In that case,
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Lemma @ tells us that E(y/w) € Et(c4/) /i~ Moreover, Lemma @ tells us that E(y/w) has

F
minimal discriminant among elements of Et(142/) /g By Lemma [13.27 , we now just need to

compute each size #N g‘, . for O(ef) values of ¢, so the result follows by Lemma . O

Lemma 13.42. Let F be a 2-adic field, and let A C F* be a finitely generated subgroup. Given

a choice of G4(A), the mass
e Cu/FA
(Bt )

can be computed with either of the following time complexities:

(1)
Or (er - #Ga(A) - 221 [F 1 Q).

(2)
OF(eF . 9#Ga(A) | 9[F:Q2] | [F : Q2]3)‘

Proof. There is a natural bijection

Cy4/F,A Cy4/F,A
L] LI Btadymme < Bt
™ BEB12) /o,
Since #Et 122/7F = 4¢°F — 2, the result follows from Lemma . (|

Proof of Theorem 10.13. It is clear that of all the quantities in Theorems |10.QL |10.1d, |10.1]J,
and , those in Theorem [10.12(4) are by far the most difficult to evaluate. Thus, the result
3 45 O

follows immediately from Lemma [l

APPENDIX A. PROOF OF THEOREM

Let E,mq be as in the setup of Algorithm . In this appendix, we will step through the
algorithm, showing that each stage is well-defined, and eventually proving that the output has
the desired property.

(1) Start by taking any d with £ = F(v/d). Since vr(dg/r) < er, Lemma @ tells us
that vp(d) is even, which means we can multiply by some even power of 7p to get

vr(d) =
(2) Lemma @ tells us that there is some a € F* such that 5 =1 (mod prer My fand
moreover that there is no such a for any higher power of p . This implies that

d
UF(——1> — ep + 1 —my,
a

SO
vp(d —a®) = 2ep + 1.

Setting b =
(3) It is easy to see that p>—ap—0b =0, so the minimal polynomial of p over F is Eisenstein,
and therefore p is a uniformiser of £ with O = O & OF - p.
(4) Since —1 =1 (mod p3"), we have vp(dp(,/=1)/r) < ep+1 by Corollary @, SO UI(fFH) C
Nm F(y/—1), and therefore

g yertiom) ¢ glert) ¢ N p(yT),
a

, We obtaln a, b as required.
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which implies that (—1,d)r = 1, and therefore Lemma @ and Corollary @ tell us that
we may choose w € E* with N, pw € dF*2. Moreover, we may ensure that vg(w) = 0,
since v (d) is even.

We know that N, pw = da? for some z € F* with vp(x) = —my/2. Setting X = axz, it
is easy to see that Ng/pw = A2 (mod p%@F“*ml).
We address Step 6 with a sequence of lemmas.

mi

Lemma A.1. For all x € O, we have vp(Trg/px) > "5

Proof. This follows easily from the fact that x = s + tp for elements s,t € Op. O

Lemma A.2. We have
vp(w—A) >m; — 1.

Proof. Let v = w — A. Define the sequence (a,)n>0 as follows. Set ag = 0, and for each
n > 0, define

an41 = min{t%J + %,%F +1- ml}.

We claim that vg(y) > a, for all n. The base case n = 0 is clear. Suppose that

vg(Y) > a, for some n. Then 'y/ﬁlL;GTRJ € Og, so it follows from Lemma @ that
m an
vp(Trg/py) 2 14 L*J

2 2
Since Ng/pw = A? (mod prr T we have

ATI'E/F’}/—FNE/F’)/EO (mod p%?F+1_ml),

and it follows that ve(Ng/py) > ant1. Since E/F is totally ramified, we have

vr(Ng/ry) = ve(7),

so indeed vg(7y) > an+1, and by induction this is true for all n.
It is easy to see that if a, < m; — 1, then a, < apy1, so there is some n with
ap > mj — 1, and therefore vg(y) > m; — 1, as required. O

Lemma @ tells us that wy is well-defined.

Lemma A.3. The following two statements are true:

(a) Ngjpw1 = Ng/pw.
(b) wi = A (mod ppt).

Proof. If vg(w — A) > myq, then there is nothing to prove, so let us assume that vg(w —

A) =mq — 1. The first claim follows from that fact that Ng,pp = —b. Write v = w — .

Since vg(y) = mi — 1, we have *y/7r;',“/2_1 = u + vp for elements u,v € Op with

vp(u) > 1 and vp(v) = 0. We have

Npjpw — N = ATrg/py + Neg/py
my_
= A2 1(2u + av) + 7P 2 (u? + auw — bv?)
my

= )\amrFTf1 —b?rP 2 (mod plt).
We know that Np/pw = A2 (mod p%eFH*ml), and my < e, so in fact
Ng/pw =X (mod pi),
and it follows that

m

Aavry 2 —bv*nnt =0 (mod pr).
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Since vp(v) = 0, it follows that

and therefore

SO

and it follows that

wb
w1 = —&
2
b a
=\ -+ 7> (mod p'5")
<p2 p e
b
— . +2ap
p
=\
U
Write w1 = r1 + s1p, for r1,s1 € Op.
Lemma A.4. The following two statements are true:
(a) vp(s1) > 5.
(b) vp(w; —w1) = 2vp(s1) +my.
Proof. Since w; = A (mod p';'), we have
(=N +s1p=0 (mod ppit),
so vp(s1) > "5*. The second statement is obvious. O

It follows that wy and A9 are well-defined and their definitions are equivalent to

. w1 ifUF(Sl)Z%,

w2 = 2 m
wi(l+p)" ifvp(s1) > 3,
and
\ A if vp(st) = 5,
2 p—
AMl4+a—10b) ifvp(sy) > 5.
Write wa = 79 + sa2p.
Lemma A.5. We have
(a) Ngjpws = A3 (mod ppr '™,
(b) wa = Ay (mod pyt).
(c) vr(s2) = 5"
Proof. If vp(s1) = "%, then this is Lemma @, so we will assume that vp(s1) > "¢, The

first statement follows from Lemma @, along with the fact that Ng,p(14p) = 1+a—b.
It is easy to see that

(14 p)> = Ng/p(1+p) = (1+ p)Vd,

SO
(1+p)2=14+a—b (modypp),
and the second statement follows. Since (1 + p)? = (1 +b) + (2 + a)p, we have

wy = (1+b)wi + (2+ a)pwi,
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and therefore
Wy = (1 +b)wy + (2 + a)p,
SO
wy — w2 = (1 +b) (w1 —@1) + (2 + a)(pw1 — pin).
We know that vg(w; — 1) > 2my, so

wy — W2 = (24 a)(pw1 — pw1)  (mod pi™*h).

Since wy = r1 + s1p, we have
pwi — pwr = (p — p)(r1 + s1(p + p))-
It is easy to see that vg(p — p) = my. Since vg(wi) = 0, we have vg(r1) =0, so
vg(r1+ s1(p+p)) =0,
and therefore
’UE(,Owl — ,5@1) =mj.

It is easy to see that vg(2 + a) = mq, so vg(we2 — Wa) = 2m1, and therefore

my

vp(se) = -

(8) We know that sy # 0 since Ng/pwa € dF*? 50 wy ¢ F*. Similarly, vg(w2) = 0 so
rg # 0. It follows that ¢ and n are well-defined.

(9) Since ¢ € F and p ¢ F, we have ¢ + p # 0, and therefore the output is well-defined.
Since n € F*, we have

NE/F( il 2) e dF*2,

(a+p)

Lemma A.6. We have vp(rs — A2) = 5.

Proof. We have
Ng pw2 = 7"% + arqsg — bs%,
o
(12 — X3) + argsy — bss =0 (mod p%?FH_ml).
We know that vp(bs3) = my + 1 and vp(aress) = mq, so Equation (=) implies that
vp(rs — \3) = my.
Suppose for a contradiction that vp(re — A2) > ep. Then vp(re + A2) > ep, so
my = vF(r% — )\%) > 2er > ep,

contradicting the fact that m; < er. Therefore, we have vp(ra — A2) < ep, and conse-
quently vp(ry + Ag) = vp(re — A2), so the result follows. O
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We also have

pbso Ao + 79
—qp

won — (¢ +p)? = (b—p?) + = =

pbsa A3 — 12
=(b—p)+ ==

7989
p 2 2, TS2 2 2
=— N —-r+—(0b- + bs
T282( 2 2 P ( p°) 2)
= L()\% — 73 + bs3 — arzsz)
T252
P 2
= — )\ — N .
r232( 2 E/Fw2)

Since vg(re) = 0 and vg(s2) = m1, we have vE(T;’S2) =1 —my. Since

vp (A3 — Ng/pw2) > dep + 2 — 2my,

it follows that

won = (q+p)?  (mod pprt3TIm),
Lemmas @ and @ tell us that vp(q) = 0, and therefore vg(q + p) = 0, so it follows
that .
2 _ dep+3—3m
—— =1 (mod pL* Y.
Rt

Theorem then follows by Lemma @ and Lemma @

APPENDIX B. EXPLICIT HELPER FUNCTIONS

e Let p be an integer with p > 2, and let ¢ be a positive rational number. For integers ¢
with ¢t > 2, define the functions A(t) and B(t) by

t
ql_I.%J . ngj_l lfp e 27

A(t) = o et
p(p—2) qP-DE-2_1 DTl
g PP=2). e s if p#2,
and
0 0 ifp=2
B(t) = t ~(-2)(L}Ip+2)
_|t —(p—2)(t+1) _,— (P P .
q \.pJ . 4g q_(p(imil P lfp # 9

e Define the explicit function IV, (7;212) by

(2(q —1)%¢2 (% —1) - Ly (q — g3~ if 4 <m < 2ep and m is even,

(
2(q—1)%q2 2(2ep — B +1) — Ly,(¢ — 1)g 7 1 if 2ep +2 < m < dep and m is even,
N(fglg)(m) =<¢4(qg— 1)qul_l if 2ep +3 <m < 4ep + 1 and m is odd,
q°F(2¢°F — 1) if m =4dep + 2,

ERSIE

| [V

0 otherwise.
e For even integers m; with 2 < m; < 2ep, define
Next(m1) = (1 + :H-m1§2€pfd(,1))q"%_1(q =1 = Loy =2ep—d(_y)+2)-
For my = 2ep + 1, define
2 if —1 € F*2,
Next(2ep +1) = ¢ ¢°F  if F(v/—1)/F is quadratic and totally ramified,
0 if F(v/—1)/F is quadratic and unramified.
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Set Next(m1) = 0 for all other real numbers m;.
e For each integer mo, define
2(q — 1)q%_1 if 0 < mg <4ep and mo is even,
NCQ(TTLQ) = 2q2€F if mo =4dep +1,
0 otherwise.

e Let m; be an even integer with 2 < m; < ep. For each integer mo, define

mi—lof mo = 3mq — 2,

q
m1+m2 m1+m2—2J

qL el —qL 1 if 3m1 < mo < 4ep — mq and my is even,

NCa (my,mga) = '
q¢F  if mo =4dep — mq + 2,
0 otherwise.

Suppose that m1 = 2ep + 1 or my is even with ep < m; < 2ep. Then define
2¢°F  if mg = mq + 2ep,
NC4(m1,m2) _ q 2 1 F

0 otherwise.

Finally, define N4 (m1,my) = 0 for all other pairs of integers (m1,ms).
e Let my be either 2er 4+ 1 or an even integer with 2 < my < 2ep. Define

(2(q — 1)q%_1 if 2 < m9 < my and mq is even,

(q — 2)(]%_1 if mo = my and my is even,

NV4(m1,m2) =4 (q¢— 1)qmlzm2_1 if m; <mg <4dep —my and m; =mgy  (mod 4),

q¢F if mo > my and my + mg = dep + 2,

0 otherwise.

Define NV4(my,mz) = 0 for all other pairs of integers (m1, ms).
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