®

Acta Mech onZ
https://doi.org/10.1007/s00707-025-04310-z updates

ORIGINAL PAPER

Masoud Ahmadi - Andrew McBride - Paul Steinmann -
Prashant Saxena

Plane stress finite element modelling of arbitrary
compressible hyperelastic materials

Received: 28 October 2024 / Revised: 21 February 2025 / Accepted: 8 March 2025
© The Author(s) 2025

Abstract Modelling the large deformation of hyperelastic solids under plane stress conditions for arbitrary
compressible and nearly incompressible material models is challenging. This is in contrast to the case of full
incompressibility where the out-of-plane deformation can be entirely characterised by the in-plane compo-
nents. A rigorous general procedure for the incorporation of the plane stress condition for the compressible case
(including the nearly incompressible case) is provided here, accompanied by a robust and open source finite
element code. An isochoric/volumetric decomposition is adopted for nearly incompressible materials yielding
arobust single-field finite element formulation. The nonlinear equation for the out-of-plane component of the
deformation gradient is solved using a Newton—Raphson procedure nested at the quadrature point level. The
model’s performance and accuracy are made clear via a series of simulations of benchmark problems. Addi-
tional challenging numerical examples of composites reinforced with particles and fibres further demonstrate
the capability of this general computational framework.

1 Introduction

Soft materials, prevalent in elastomers, biological tissues, and engineering applications, exhibit nonlinear
hyperelastic behaviour under large deformations [ 1-4]. Planar approximations (plane stress and plane strain) are
appropriate and computationally beneficial for specific scenarios; particularly, the plane stress approximation
becomes crucial when the structure is thin. However, details of the general finite element framework to impose
the plane stress condition for arbitrary hyperelastic material models at large deformations are sparse for the
compressible (and nearly incompressible) regime.

In the past decades, significant advancements have been made in the field of nonlinear elasticity enabling
the study of the complex nature of hyperelastic materials and their composites. Computational methods,
specifically the finite element method, have been widely employed to study the mechanical response of these
materials under large deformations [5—10], providing valuable insights for engineers and researchers. Research
on finite element modelling of nonlinear elasticity tends to focus on the three-dimensional problem or the plane
strain approximation thereof [11-15]. In addition, truly two-dimensional elasticity formulations are employed,
which, inspired by Edwin Abbott’s 1884 novel Flatland: A Romance in Many Dimensions, will henceforth
be termed “flatland”, a term also adopted by others [16, see, e.g.,]. In the flatland approach, all kinetic and
kinematics quantities (stress and strain) are completely restricted to two dimensions. Despite the large body
of work on three-dimensional, plane strain and flatland problems, there are very few algorithmic expositions
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on the imposition of the plane stress assumption when modelling general classes of compressible hyperelastic
materials under large deformation. This deficiency is addressed here.

The general procedure for incorporating plane stress conditions has been discussed in textbooks [17].
The plane stress assumption is routinely made for structural elements such as plates and shells. For example,
Viebahn et al. [18] developed a shell theory for compressible thin hyperelastic shells wherein the out-of-plane
component of the deformation was determined approximately from the solution of the nonlinear plane stress
constraint. Klinkel and Govindjee [19] developed algorithms to enforce zero-stress conditions in structural
elements such as beams and shells. Their approach condenses arbitrary material laws to account for these stress
conditions at each integration point on the element level. The distinct kinematics of shell theory hinders the
direct translation of this approach to continuum elements. For further algorithmic details on the imposition of
the plane stress condition for fully nonlinear structural elements, see Korelc and Wriggers [20] where the finite
element framework AceGEN [21] is used for implementation. Steinmann et al. [22] proposed a formulation for
hyperelastic materials wherein the plane stress condition is satisfied weakly, that is, it is not enforced directly at
the level of the quadrature point. The basis of the work presented in this manuscript is to develop a procedure
for the strong imposition of the plane stress assumption for general classes of compressible hyperelastic
materials that build directly upon and generalise the contribution of Pascon [23]. Their work exploited the
structure of specific classes of material models when constructing the plane stress relation. However, their
approach is not directly applicable to general constitutive models, including those important ones that impose
an isochoric/volumetric decomposition [24]. The present work extends these works, providing a robust finite
element algorithm and accompanying code for modelling complex material behaviour.

Given the limited scope of prior investigations into plane stress formulations for compressible (and nearly
incompressible) hyperelastic materials, this study presents a general framework for their nonlinear finite ele-
ment analysis, accompanied by an open source code [25]. This approach accommodates arbitrary hyperelastic
strain energy functions, including those with an isochoric/volumetric split. The framework is validated using
challenging nonlinear problems, including complex cases involving reinforced stiff particles and fibres. Fur-
thermore, comparative analyses evaluate different approaches considering aspects of three dimensions, and
planar approximations thereof as well as flatland modelling. In passing we note that a three-field mixed for-
mulation based on the Hu—Washizu variational principle [26—28] is adopted to address the issue of volumetric
locking in hyperelastic materials for non-plane-stress cases.

The remainder of this contribution is structured as follows. A brief overview of nonlinear hyperelasticity
is provided in Sect.2. Section3 presents two-dimensional modelling, including the planar approximation
of plane stress (and for completeness plane strain) as well as the flatland approach. To validate the finite
element models, two benchmark problems are examined in Sect. 4, comparing the performance of three- and
two-dimensional approaches. Additional challenging numerical examples of inhomogeneous problems, i.e.,
composites reinforced by particles and fibres, are explored to assess the plane stress (and plane strain) condition
for both compressible and nearly incompressible materials. Finally, Sect.5 draws some conclusions.

Mathematical notation: Both direct and index notations are used for algebra over vectors and tensors. In the
direct notation, the scalars are written in italic font, vectors and 2nd-order tensors are written in bold font, and
4th-order tensors are denoted by blackboard letters such as ID. Einstein’s summation convention is used to sum
over repeated indices, thatis, a;b; = a-b = Z?:l a;b;, where n is the dimension of a and b. The inner product
between two 2nd-order tensors is defined as A : B = A;; B;;. When a second or higher-order tensor is involved
in a single contraction product, the dot symbol (-) is omitted, following the convention commonly used in the
literature. The 2nd-order identity tensor I has components [;; = §;;, where §;; is the Kronecker delta. The
fourth-order symmetric identity tensor I is defined as /; ;i = % [Sikéﬂ + 8,-18.,7{] such that I: A = sym(A).
The dyadic-type tensor products ® and © for tensors A and B are defined by

1

[A®Blijit = AijBy and [AOB]jju = 3 [AixBji + AiBji] - (L.1)

a
The Lagrangian and Eulerian gradient of a tensor (e) are respectively represented by Vx (o) = % QE;
1
d
and Vy (o) = BL.) ® e; . Corresponding notation is applied to the divergence operator.
X
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2 A brief on hyperelasticity

This section briefly introduces the essentials for modelling hyperelastic solids under large deformation. For
detailed expositions on the topic, see standard references such as Ogden [29] and Holzapfel [30].

2.1 Kinematics and kinetics

Consider a hyperelastic solid body occupying a domain Q2 in its material configuration with boundary I". The
Lagrangian description of the position of a point in the body is denoted by X = X; E; € Qx with material
basis vectors E; . Upon a quasi-static deformation, the body occupies the spatial configuration €2, with points
with position X = x; e;, with spatial basis vectors e; .
The points X and x are related by an invertible mapping x : Qx — €2, such that x = x(X) and the
displacement vector follows as u(X) = x — X. The corresponding deformation gradient, F, is defined by
Fr=X_vy @.1)
B SRR '
The determinant of the deformation gradient is defined by J = detF, where for incompressible materials
J = 1. The right Cauchy-Green deformation tensor is defined by C = F” F, and the Green—Lagrange strain

tensor by E = % [C — I]. The left Cauchy—Green deformation tensor is defined by b = FF7 .

Stress measures: The Cauchy stress is denoted as o. The Piola stress, P, and the Piola—Kirchhoff stress,
S, are related to o as

S=F'P=JFloF T =¢"T. (2.2)
Finally, the Kirchhoff stress is defined as
7 =Jo = FSF’. (23)

Balance of linear momentum: The balance of linear momentum for a continuum body (in the absence of
body forces) in Lagrangian and Eulerian description are respectively given by

Vx-P=0 and V,-0=0. (2.4)

The details for approximately solving the boundary value problem using a one-field finite element formulation
are presented in Appendix A and for a three-field formulation in Appendix B.

Constitutive relations: Isotropic hyperelasticity is characterised by a strain energy density function ¥
such that
oy (E
S = v E) . (2.5)
oE
The deformation can be decomposed into volumetric and isochoric parts, aiding modelling of nearly incom-
pressible materials [30]. The multiplicative decomposition of the deformation gradient into volumetric and
isochoric parts is given as

F=JF, 2.:6)

where F is isochoric. Hence, the isochoric part of the right and left Cauchy—Green deformation tensors follow
respectively as

C=FF=UFF=JC and b=FF =JPFF =7 p. @.7)
The strain energy density function may be additively decomposed based on J and Cas
¥ =v(C.J) = ¥iso(©) + Yol (), 2.8)

or, for the case of isotropy, in terms of J and b as

¥ =9, J) = Yisod) + Yyol (J) . 2.9)
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The bulk modulus, x = A + 2/3 i, is the sole material parameter that appears in the volumetric part of the
energy density function, i.e., ¥yo1(J) = « G(J). Various formulations for G (J) have been proposed, including

—_

G()=51J - 117, (2.10a)
G ) :%[ﬂ —1-2InJ], (2.10b)
g =%[ln J1?, (2.10¢)
GJ)y=JInJ —J + 1. (2.10d)

For further discussion on these choices of volumetric strain energy functions, refer to [31-33]. The decompo-
sition of the strain energy function allows for the corresponding decomposition of the various stress tensors,
which are advantageous for numerical implementation, as elaborated upon in Appendix C.1. . .

For isotropic materials, the strain energy function can be written as a function of the invariants of C and b
as

Y = ViU, 1) + Yy (), 2.11)

where the scalar invariants are defined by

Iz =L =uC=ub, (2.12a)
I =1k= % [[tr C1* +tr C?] = % [[trb]? + trb?] . (2.12b)

It can be shown that
Ie=J0"PIc, Ig=J"*P1Ic, (2.13)

where Ic and [ I¢ are the scalar invariants of the right Cauchy—Green deformation tensor C.

3 Two-dimensional approximations and flatland approach

In finite element analysis for nonlinear hyperelasticity, the two-dimensional approximation of a three-
dimensional problem is often reasonable and brings significant benefits, such as simplified geometry and
decreased computational cost. However, the modelling error associated with this dimension reduction must
be appropriately accounted for. The following pertinent approaches to two-dimensional modelling are now
discussed: plane stress and flatland and, for the sake of completeness, plane strain.

3.1 Plane stress

The plane stress approximation is applied to thin structures by assuming that the stress vanishes along the
thickness direction. The components of the deformation gradient F and right Cauchy—Green deformation
tensor C become

Fii Fo 0 F} + F3, FiuFio +FaFn 0
[Fl=|Fa Fxn O and [Cl= | Fi1Fi2+ Fo1F» F} + F3, 0 |. (3.1)
0 0 F3 0 0 F

Accordingly, J = F33 [F1| F2» — Fi3 F>1]. Here, determining C33 = F323 is not trivial, requiring the use of
the plane stress condition which sets the out-of-plane stress component S33 to zero. To avoid ambiguity, the
right Cauchy—Green tensor C € R3 ® R is decomposed into in-plane and out-of-plane components as

C= C” + C, (3.2)
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where

[Cu]=[§ 8} [Cu=[g 233] CO0cR*®R’ CxneR. (33)

This decomposition separates C into the reduced tensor C and the scalar C33. A similar decomposition of the
Piola—Kirchhoff stress S € R? @ R3 gives
S = S|| +S., (3.4)

where

/s o {0 o Qo 2 o 2
[S|]—|:0 0:|» [SJ_]—|:0 S33:|’ SeR R, S3;3eR. 3.5

The value of C33 as a function of C needs to be calculated at every quadrature point within each finite element.
To do so, the nonlinear equation S33 = 0 is solved using a Newton—Raphson scheme such that

— 3533(C, C33
S$33 (C, C33) -+ # ~dC33 =0, (3.6)
C 0C33 C
in order to update the solution as
C33 < C33 +dCs3, 3.7)

until convergence is achieved, resulting in the solution C33 = o) 13(C).

A crucial step is to update the incremental constitutive tensor to account for the plane stress approximation.
The in-plane tensor C € R? ® R?> ® R? ® R?, is given by
oS [ oS oS

36 Cx 3633

e
® 22, (3.8)
c aC

The procedure to compute C for a neo-Hookean strain energy density function is now given. Note however
that the approach is general and can be applied to any hyperelastic model.

3.1.1 Specialisation to the neo-Hookean model

The neo-Hookean strain energy density function is given by

¥ = VisoUg) + Yraild) = 5 [ = 3] + 1 G(). (39)
The expression for S is obtained from Eq. (C.1) as
szz[[% il e [K [%} - Ll 1—8/3} c—‘] (3.10)
Choosing, G = [J 2_1-2InJ ] /4 from Eq. (2.10b), one can further specialize the expression as
SO =uJ P14+ [F[12 = 1] =S 1 s C 3.11)
y=y(C)

Based on the decomposition in Eq. (3.2), one obtains
S(C, C33) = uJ*(C, C33) 1+ 7(C. C33) C'(C, C3y). (3.12)

Given that [C™ ]33 = 1 / C33, an application of the plane stress assumption S33 = 0 results in

. . . 1
S33(C, C33) = u J23(C, C33) + v (C, C33) = 0, (3.13)
33
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so that by substituting y = —u C 33 J23(C, C 33) into Eq. (3.11), an expression for the Piola—Kirchhoff stress
specialised to plane stress is derived as

S(C. C33) = n J723(C, C33) [I — (s c—l] . (3.14)

The in-plane stress S follows as

- _ — - . 1
S(C. C33) = n I3, C33) [I—C33C ] (3.15)

Using the expression for S in Eq. (3.15), the first two expressions in Eq. (3.8) are calculated as

oS . —1 -1 2 L aJ
s Y <X Sl OY © 1——#1—5/3[1—033c 1]@—_, (3.162)
9C | ¢, 3 aC
oS —1 2 ~ . 17 3J
N N oy STk [I—C33C l]f, (3.16b)
0C33lc 3 0C33
where using J 2= ég3 72 results in
a7 1 L — aJ 1
26 C T and 2= 2 TR (3.17)
aC 2 aCy3 2

The third expression in Eq. (3.8), 8(:‘33 / dC, can be calculated by ensuring that S33 (C, é33) remains zero for
all possible displacement changes under consideration, that is

dSs3 ds=23 . dy ey -
ac M dac B3 4c V4 3-18)

Upon applying the chain rule to each of the terms above, one obtains

3C 3S !
B _ g [_,33 } , (3.19)
oC aC33 ¢
where
-2 1 — o — , _ 923
p=—L BT Pl T B | T e e . (3.20)
2 3 aC
The various terms can be calculated using the following relations:
dJ 23 -2 1=
_ gy L R (3.21a)
aC ¢y, 3
3 — dJ 23
Yo _Kp K |:IC I 1—2/3] , (3.21b)
aC33 2 3 aC33
3533 a3 Ay L
= =p——u—+Cyl—— —y G5 (3.21¢)
9C331C 9C33 0C33

By evaluating Cs3 by solving the nonlinear Eq. (3.13) using a Newton—Raphson approach and updating
the Piola—Kirchhoff stress and incremental constitutive tensors from Eqs. (3.15) and (3.8), a robust approach
is established for implementing the plane stress condition in a finite element setting for the compressible and
nearly incompressible cases. This approach can be easily extended to accommodate other forms of energy
density functions.
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3.1.2 Specialisation to the alternative neo-Hookean model

In this section, a neo-Hookean material model that depends on the first invariant (/¢ ) of the total right Cauchy—
Green tensor C is briefly discussed. This model requires a simpler mathematical derivation than the one
presented in Sect.3.1.1 that depends on /z. The strain energy density function is given by

¢=%[1C—3—21nj]+§[1—1]2. (3.22)
The expression for S is
ay (C
S(C) =2 LA )=M[I—C_1]+KJ[J—1] c . (3.23)
a=a(C)

Similar to the derivations in Sect.3.1.1, the plane stress assumption ($33 = 0) leads to a calculation of 6‘33.
Consequently, the expression for the in-plane Piola—Kirchhoff stress specialised to plane stress is

§=M[i—é336‘1]. (3.24)
Thus, the first two expressions in Eq. (3.8) are calculated as
aS 1

L — aS
2 —¢éuuCloc! and 2
aC 6'33 aC33

=—uC . (3.25)

C

Finally, the third term in Eq. (3.8), aC 33/ aC, is derived by enforcing the condition S33 (6, ¢ 33) remains zero
for all displacement variations. This leads to

dss; ., da ey -
ic =gt M6 (3:26)

Applying the chain rule and simplifying, one obtains

-

3 ., 0a[aS -
0Cs g da [—,33 } , (3.27)
aC 0C LaCssle
where
Jo PE— — I
— =xkC33C detC|1—=J . 3.28
C Kk C33 € [ 5 ] (3.28)

This alternative neo-Hookean model clearly offers a more straightforward formulation compared to the
decoupled model presented in the previous section and a similar form has been used by Pascon [23]. However,
the decoupled model in Sect.3.1.1 is preferred for modelling nearly incompressible materials [30].

3.2 Flatland (and plane strain)

Flatland: In this approach, the real-world complexity is condensed into a truly two-dimensional representation
by assuming the existence of only two dimensions. This assumption is valid, for example, in the case of one-
atom-layer materials made from carbon. One can adapt three-dimensional formulations to two dimensions, by
simply reducing the dimensions of the mathematical model. The components of the deformation gradient in
flatland, F € R? ® R2, are given as

= _|Fii Fi2
[F]—[F21 sz. (3.29)
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The determinant of the flatland deformation gradient is denoted by J = det F. For the examples in Sect.4, a
two-dimensional neo-Hookean model for hyperelastic modelling is employed where

I _
v="5[1e-2]+x9(9). (3.30)
Plane strain: For completeness and comparison we briefly outline the plane strain case in which the

deformation along the X3 coordinate is constrained to zero, thus the components of the deformation gradient
F and consequently the Green—Lagrange tensor E are given as

Fii Fi 0O Eyy Epp O
[Fl=|Fn Frp O and [E]=|Exy Ex»p O0]. (3.31)
0 0 1 0 0 0

4 Numerical results

The finite element formulation developed here, implemented using the deal Il library, version 9.2 [34], is
available at [25]. Deal.Il is a versatile C++ library for the finite element method, facilitating the efficient
development of modern finite element codes through its object-oriented architecture [35,36].

Computations for various nonlinear problems with different loading scenarios are conducted to investigate
the performance of the different approaches with an emphasis on the plane stress approximation. Two well-
known benchmark problems from the literature, namely, Cook’s cantilever and an inhomogeneous compression
problem, are examined to verify the accuracy of the models, comparing the results with prior studies. Further
examples, including stretching of composites reinforced by particles and fibres, are presented to compare the
performance of the models in evaluating the extreme nonlinear behaviour of these multi-phase structures. For
all examples, the neo-Hookean material model with the decoupled free energy function (3.9) and volumetric
contribution (2.10b) are selected. The number of equal load increments is set to 10 for all problems. Quadri-
lateral elements with polynomial order p, are used for approximating the finite element basis functions in
two dimensions, while hexahedral elements are employed for three-dimensional problems. The stress values
depicted in the contour plots are averaged element stresses. The effective von—Mises stress oefr is given by

Oeff = > Odey : Odey Where, 0gey =0 — étr(a) I 4.1)
where d = 3 for three dimensions and plane stress/strain and d = 2 for the flatland approach. Since
it is more convenient to represent material incompressibility using the Poisson’s ratio v, the material
properties are expressed in terms of v and the shear modulus w, where the Poisson’s ratio is given by
v =3k — 2u]/[2[3k + u]].

The consistent linearization of the plane stress implementation results in quadratic convergence of both
the inner and outer Newton schemes.

4.1 Cook’s cantilever

The first example is the bending of the Cook’s cantilever [37]. This problem is associated with a significant
amount of shear deformation. A comprehensive analysis is presented, and the results compared with those
found in prior studies. Figure 1a depicts the geometry of a Cook’s cantilever under a traction f at the right
boundary. The thickness of the cantilever is t = 1 mm.

The material properties are a shear modulus of © = 80.1938 MPa, and Poisson’s ratio of v = 0.4999,
chosen in accordance with [5,12,23,38-42]. The geometry is uniformly meshed using a grid of size n x n,
where n takes values from the set {2, 4, 8, 16, 32, 64} representing the number of elements per edge. The
three-dimensional models are meshed with the same mesh size with one element through the thickness, and
the mesh size denoted as n x n x 1. The three-dimensional model is unconstrained in the x3 direction, allowing
free movement along this axis.

The vertical displacements u; of the cantilever tip (point A in Fig. 1a) calculated for the traction values of
f =24 N/mm? and f = 40 N/mm? are given in Table 1. This table compares different finite element models
with linear (p, = 1) and quadratic (p, = 2) basis functions, as well as various mesh sizes.
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Fig. 1 The Cook’s cantilever under transverse loading a schematic representation. b Vertical displacement of the tip versus
applying traction f.

Table 1 Vertical displacement u> (mm) of the point A of Cook’s cantilever

Applied f Mesh Flatland Plane strain Plane stress Three dim.*
(N/mm?) Po=1 po=2  po=1  p,=2  po=1  po=2 po=1 p,=2
24 2x2 13.91 18.45 13.77 18.29 14.42 19.26 15.47 19.85
4 x4 16.69 18.20 16.65 18.17 17.85 19.75 18.40 19.89
8 x 8 17.70 18.20 17.68 18.18 19.24 19.88 19.47 19.93
16 x 16 18.00 18.20 17.99 18.19 19.71 19.93 19.79 19.95
32 x 32 18.11 18.21 18.10 18.20 19.87 19.95 19.89 19.96
64 x 64 18.15 18.22 18.15 18.21 19.93 19.97 19.93 19.96
40 2x2 19.56 24.27 19.67 24.16 21.23 25.17 21.73 25.78
4x4 22.40 24.20 22.46 2417 24.18 25.78 24.42 26.01
8 x 8 23.54 24.23 23.55 24.22 25.29 25.98 25.50 26.10
16 x 16 23.93 24.25 23.93 24.25 25.75 26.07 25.88 26.15
32 x 32 24.08 24.28 24.10 24.27 25.96 26.13 26.02 26.17
64 x 64 24.16 24.31 24.16 24.30 26.06 26.16 26.09 26.18

*The mesh for three-dimensional models incorporates one element thickness in the x3 direction

The results indicate that the flatland and plane strain models are nearly identical when the mesh is sufficiently
refined. The plane strain case is verified using [5,12,38]: the vertical displacement of the tip of the Cook’s
cantilever for f = 24 N/mm? is reported as u, = 18.05 mm by Reese [5], u, = 18.2 mm by Angoshtari et al.
[12] and up = 18.1 mm by Dhas et al. [38] for the finest mesh used in their works. Pascon [23] uses a plane
stress approximation with identical material properties and the traction of f = 40 N/mm?. They obtained
displacements at the tip of #1 = —28.12 mm and u, = 26.22 mm for their finest mesh. In the present work, the
finest mesh of 64 x 64 and p, = 2 yields displacements of the tip of u; = —28.04 mm and u, = 26.16 mm,
showing good agreement with a difference of less than 0.3% compared to their results.

It is evident that the results from the plane stress and three-dimensional models align closely. Vertical
displacements for the plane stress and three-dimensional cases are notably higher than those for the flatland
and plane strain models. Furthermore, it is apparent that results for higher-order elements converge more
rapidly, with this effect being more pronounced than that of mesh refinement.

It should be noted that the three-dimensional model is unconstrained in the x3 direction. However, if the
displacement of the cantilever is fixed in the x3 direction so that it is trapped between two walls, the results align
more closely with the flatland and plane strain cases. In this case, using the most refined mesh (64 x 64 x 1) with
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flatland plane strain plane stress three dimensions

1.3e+08

1.2e+8

1.1e+8

le+8
— 9e+7
— 8e+7

— 7e+7

o (Pa)

— 6e+7
Se+7
4e+7
3e+7
2e+7

le+7
1.6e+06

Fig. 2 The deformed Cook’s cantilever with 32 x 32 mesh size, p, = 2 for different models under f = 40 N/mm?.

Po = 2, the vertical displacement of the tip for the three-dimensional model when applying f = 24 N/mm?
is calculated as up, = 18.21 mm, which is closer to the plane strain case.

To further verify the implementation, the vertical displacement of the cantilever tip versus the applied
traction f is depicted in Fig. 1(b). It should be noted that the results from other sources correspond to the finest
mesh used in those studies. This graph highlights the nonlinear relationship between the applied load and the
displacement of the tip. Note that some of the references that the present results were compared against used
a slightly different version of the volumetric energy density function, such as the ones shown in Eq. (2.10).
However, despite this variation, the differences observed in the results are negligible since the material is nearly
incompressible (v = 0.4999).

For the sake of illustration, Fig.2 shows the deformed Cook’s cantilever for the 32 x 32 mesh, p, = 2
and f = 40N/mm? for different configurations. The first element from the top left corner is critical in this
problem since it undergoes a significant distortion. As seen from the contours, this element is more distorted
in flatland, plane strain and three-dimensional models than in the plane stress model.

Figure 3 illustrates the impact of the thickness ¢ of the cantilever in the three-dimensional model on the
vertical displacement of the structure’s tip for f = [24]N/mm?. As the thickness increases, the results
from the three-dimensional models diverge further from the plane stress bound and approach those of the
flatland/plane strain models, as anticipated. This highlights the importance of carefully selecting modelling
approaches, considering the nature of the problem under analysis.

Analysing the computational cost of the different models, the following trend is observed: #ihree-dimensional >
Tplane strain > flatland > plane stress - 1he number of elements for the finest mesh, 32 x 32, is 1024 for all four
models, while the number of nodes are 14594, 14594, 8450, and 46217, and the total number of degrees of
freedom are 7297, 7297, 4225, and 15405, for the flatland, plane strain, plane stress, and three-dimensional
models with p, = 2, respectively. As expected, the computational time for the three-field mixed-formulation
in the three-dimensional model is higher than that of the plane strain model, which, in turn, is higher than
that of the flatland model. The computational time for the classic single-field model for plane stress is lower
than that of the plane strain mixed-formulation model, despite having additional Newton iteration required
to determine C33. As expected, the plane stress model exhibits significantly lower runtime compared to the
three-dimensional model. For example, for the finest mesh with p, = 2, the runtime for the three-dimensional
model is approximately 50 times longer than that of the plane stress model.

4.2 Inhomogeneously compressed block

The second example is that of a nonlinear elastic block undergoing inhomogeneous compression, also known
as the punch problem. Figure 4 illustrates the geometry, loading, and boundary conditions. The bottom surface
is fixed in the x; direction but can freely move in the x; direction. It is also noted that the top surface of the block
is constrained in the x| direction. For the three-dimensional model, the back and front surfaces are constrained
in the x3 direction, simulating a scenario where the block is confined between two rigid walls. The material
properties are the same as the previous example. To leverage problem symmetry, the finite element analysis only
considers half of the geometry by dividing the block into two halves, each measuring 10 mm x 10 mm x 10 mm.



Plane stress finite element modelling of arbitrary compressible

20.5 . : : . . |
plane-strain bound - - -
plane-stress bound

—~ three-dimensional model —e—
g 20 ‘ ‘ ‘ : : ‘
£

g

g 195

o,

2

5

g 19

O

=

(-

o

. 18.5

10-1 109 10' 102 103 10%
t (mm)

Fig. 3 The effect of the thickness of the Cook’s cantilever in the three-dimensional model on the vertical displacement of the tip.
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Fig. 4 The block under inhomogeneous compression; the top surface is constrained in x; direction.

The geometric domain is uniformly meshed, that is, n x n (n x n x n for three dimensions), where n
is the number of elements per each edge and n € {2, 4, 8, 16, 32}. The maximum compression of the block
is defined as the percentage of the maximum vertical displacement of the middle node of the top-surface
relative to the height of the block. Figure 5(a) illustrates the maximum compression across different models,
considering various meshes and polynomial degrees of the elements (basis functions). By n = 16, the results
appear to be converged across all different models. Moreover, models utilizing quadratic elements exhibit faster
convergence than those with linear elements; even a model with n = 2 and quadratic elements demonstrates
high accuracy. Given that the block is confined between two walls, restricting movement in the x3 direction, the
three-dimensional model is expected to converge to the plane strain model, which indeed occurs. Interestingly,
the block under plane stress condition experiences ~ 20% higher compression than other models.

Figure 5(b) depicts the maximum compression of the block versus the applied traction f. The maximum
compression demonstrates nonlinear behaviour across the range of applied traction. The recurring trend persists;
the plane stress model demonstrates higher compression relative to all other models, a distinction notably



M. Ahmadi et al.

95 fl-latland, po=1 -e 80
flatland, p, =2 -e-
plane strain, p, =1 -© 70
= 90 plane strain, p, = 2 © S o
~ plane stress, p, = 1 =~ 60 e
= _ o o
53 8 Lo plane stress, p, = 2 g o
7 three dimensions, p, = 1 'z o
= three dimensions, p, = 2 s 90 B
2. 80 e, ~
= 4 = Al
3 : o 40 )
= 75 b - o
g % 30 + flatland -e
g ° g & plane strain &
% 70 b 5 90 | & plane stress ]
= Y S ” three dimensions
65 LT L T— e 10 Angoshtari et al. [12] O
e r Reese [5| @ ]
Dhas et al. [38] &
60 - 1 1 1 0 [l 1 1 1 1 1
24 8 16 32 0 1000 2000 3000 4000 5000 6000
Number of elements per edge f (N/mm?)
(a) (b)
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traction f.
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apparent even at lower loads. The results also validate the (three-dimensional, flatland, and the) plane strain
case by comparison against other studies [5,12,38], demonstrating satisfying agreement.

To validate the results of the plane stress model, a traction of f = 12, 000 N/mm? is applied, following
the study by Pascon [23]. The maximum compression under this traction is measured as 86.7%, closely
matching the approximately 87% compression reported by Pascon [23] at the centre. The compressed block
with n = 16 and p, = 2 is illustrated in Fig. 6, demonstrating the capability of the formulation to model
extreme deformations.

oy (Pa)

o
0 000 0002 0003 0004 0005 0006 0007 0008 0009 001 001 001z 0013 0014 0015

Fig. 6 Compressed block with applied traction of f = 12000 N/mm? under planar conditions.

4.3 Stretching of heterogeneous composites

In the final example, the complex deformation behaviour of two square blocks containing several circular
particles and short fibres, scenarios commonly encountered in composite materials and reinforced structures
[43-45], is investigated. The left end of the domain is fixed, and the right end is displaced to a length twice
that of the block. The matrix material is characterized by a shear modulus of u,, = 1MPa and a Poisson’s
ratio of v, = 0.4999 for the nearly incompressible case and v,, = 0.3 for the compressible case. The particles
and fibres possess a shear modulus of 11, = 50 MPa and a Poisson’s ratio of v, = 0.3 . Sufficiently refined
meshes are utilized to discretise the geometry, ensuring the convergence of results.
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Fig. 7 The plane stress compressible (v = 0.3) and nearly incompressible (v = 0.4999) stretched composite with several

particles.
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Fig. 8 The plane stress compressible (v = 0.3) and nearly incompressible (v = 0.4999) stretched composite with short fibres.

In the first scenario, the volume fraction of the particles is fixed at 25% of the total volume of the composite
in the material configuration. Ten particles, with stiffness greater than the matrix, are randomly positioned
within the matrix material. Figure 7 visualizes the deformed composites reinforced by circular particles under
plane stress conditions for compressible and nearly incompressible materials. The contour bars illustrate the
distribution of von—Mises stress values. The results indicate that compressible composite exhibits less defor-
mation perpendicular to the stretch direction compared to the nearly incompressible one. This behaviour arises
due to the compressible nature of the material, which allows for more volumetric changes. Additionally, the
circular particles mostly remain undeformed due to their higher relative stiffness. The interaction between the
stiff particles and the matrix under large deformations highlights the significant complexity of the deformation
patterns, especially under plane stress constraints.

For the second scenario, a total of 25 rectangular fibres are distributed throughout a square block, with the
volume fraction of the fibres set at 3%. The fibres are randomly dispersed in terms of both position and angle.
The aspect ratio of the fibres, defined as the ratio of fibre length to diameter, is chosen as //d = 10. Figure 8
presents contour plots illustrating the von—Mises stress distribution within the square block, where the presence
of embedded fibres significantly influences stress field. The contour plots convey insights similar to those in the
previous example, yet with a notable distinction. Unlike the circular particles, the fibres undergo considerable
bending and twisting, deviating from their initial shapes. This behaviour arises from the elongated shape of
fibres, contrasting with the uniform shape of circles despite both having equivalent stiffness. The bending
and twisting of fibres are more pronounced in the case of incompressible materials, primarily due to the
matrix undergoing significantly more necking. Moreover, it can be seen that the fibres aligned with the loading
direction exhibit higher stress levels compared to those that are not aligned. The extreme deformation of
the fibres under stretching conditions emphasizes the complexity of the material response, showcasing the
capabilities of the computational framework in capturing such detailed behaviour.

5 Conclusion

A general formulation for the finite element modelling of the nonlinear deformation of arbitrary compressible
(and nearly incompressible) hyperelastic materials under plane stress conditions along with its finite element
code have been presented. Additional insight into other common two-dimensional approaches has been pro-
vided. The resulting numerical implementation is robust, demonstrating quadratic convergence for challenging
problems. The open-source finite element code is freely available online for broader use and adaptation [25].
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Future research will extend this model to inelastic materials and focus on numerical aspects such as the choice
of preconditioner and solver.
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A One-field finite element formulation

A.1 Variational setting

Consider a hyperelastic body in the reference configuration subject to traction T and body forces B, with
the whole boundary I" decomposed into Dirichlet I'* and Neumann I' parts such that ' = I'* U I'! and

I'* NI = . The external potential energy generated is the negative of the work done by the applied loading,
that is,

next(u)z—/ u.EdV—/ u-TdA. (A.1)
Qx r!
The internal potential energy stored in the system due to deformation is given as
") = / v (F)dV. (A.2)
Qx
Thus, the total potential energy of the system expands as
(u) = T (u) + I (). (A.3)

Then, the variational formulation of the problem reads as

8TI (u; Su) = STI™ (u; Su) + ST (u; Su) =0, Vdu with Su =0 on I'“. (A.4)

A.2 Linearization

To linearize §IT around a state of finite deformation, assuming dead loads, we introduce

£ := 811" (u; su) = [

8E:SdV:/ Vi du:tdV. (A.5)
Qx

Qx

Denoting the linearized form of an expression by A(e), one obtains

AL = / [E: AS+ S : ASE]dV. (A.6)
Qx
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Applying the chain rule results in

aS 92

LN IS SN (A7)
oE JEJE

and the incremental constitutive tensor is identified by C = 921/[dE JE]. Using AE = sym (F T'vy Au])

and ASE = sym([Vx sul” Vy Au), together with the symmetry of S and the minor symmetry of C, Equation
(A.6) is rewritten as

AS

AL:/ [FT [Vxdu]:C:F' [Vx Aul+[Vxdu: Vx Au] S] dv (A.8a)
Qx

= / [Vydu:J :VyAu+[V,6u: V, Au] t]dV, (A.8b)
Qx

where the following relations have been used
[V, d6u]F = Vxdu and (Cijkl =J ! Fij Fjj Frx FiL CrskeL - (A9)

Decomposing the incremental constitutive tensor into volumetric and isochoric contributions is also advanta-
geous for numerical implementations. Refer to Appendix C.2 for the corresponding details.

A.3 Finite element approximation

The variational formulation derived in Sect. A.1 is cast into the fully discrete form [28,46]. This involves
discretizing the governing equations.

The primary variable in a classical single-field approach is the displacement u. Consider a spatial discretisation
of the domain into non-overlapping elements. The nodal variables are interpolated using displacement vector-
valued shape functions N/-*. The various fields are approximated as

Ndof Ndof Ndof
u=Y Nul su=>Y "Nsu', Au=) N'*Ad, (A.10)
=1 I=1 =1
where n4of is the number of global degrees of freedom.
Approximating the function 6IT using a first-order Taylor expansion gives

SIT (u't!; su) ~ 811 (u'; $u) + ASII (u'; Su, Au) =0, (A.11)

where u't! = u’ + Au and the superscript # denotes the load step number. The equation is solved itera-
tively within a load step using a Newton scheme. The second term is approximated by Eq. (A.8a), that is
ASII (u; du, Au) = AL.

The residual vector R, and the tangent stiffness matrix K, that form the linear system of equations KAu = R,
are obtained respectively as

R’:—/ S:VXNI’”dV+/ N“‘-ﬁdV—k/ N/#.TdA, (A.122)

Qx Qyx It

k! :f F7 [VXNI’“] .C:F’ [VXNJ’“] dV+/ [VXN”“ : VXNJ’“]SdV. (A.12b)
QX QX

B Three-field mixed finite element formulation

For nearly incompressible material, due to locking, the single-field finite element formulation performs sub-
optimally. Various finite element formulations such as the B-bar and F-bar [5,47,48], enhanced assumed strain
(EAS) [42,49,50], selective reduced integration (SRI) [51,52], mixed methods [28,39,53-55] and stabiliza-
tion techniques [56-60] have been developed to address locking. Among these, mixed formulations which
incorporate additional field variables, such as stress or strain fields, alongside the displacement field are par-
ticularly attractive [39,61-63]. Here, to avoid locking in the flatland, plane strain, and three-dimensional case,
a three-field mixed finite element approximation is used, as detailed below.
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B.1 Variational setting

The three-field formulation introduces the independent pressure p and strain variable Z in addition to the
displacement u, expanding the set of unknowns to Q = {u, p, J}. Hence, the constraint J — J (u) has to be
fulfilled and the independent pressure follows as p — 9Yyo1(J)/3J . In the Hu—Washizu variational principle,
the strain energy function is defined by

V(Q) = iso(C (W) + Yy (J) + p [J(w) — T]. (B.1)

While the external energy is the same as the single-field formulation, the internal potential energy for the
three-field Hu—Washizu formulation takes the form

Q= [ vdv= / [Viso + Yrvol + B[J — T]] V. (B.2)
Qx Qx
The first variation thereof reads
DguH(Q):/ VXSu:th—/ 5u.§dV—/ Su-TdA =0, (B.3a)
Qyx Qx It
D3I (Q) = / §p[J(w) — J]dv =0, (B.3b)
Qyx
~[dYvo(J)
D,711(Q) =/ 57 [MN() - pi|dV —0. (B.3c)
Qx

B.2 Linearization

Applying the approach that led to (A.8b), renders for the three-field problem:

DaudTI(Q; Q) = fo [Vidu:J+V,éut+8pJI:V, AuldV
DApSTI(Q; 8Q) = [o [V du: JT— sJApdv

ASTT (Q; §Q, AQ) = . (B.4)
~ T dzwvo] i| T
D, 711(Q; 6Q) = —p 448 ——=|AJdV
AT (Q; 8Q) fQX [ P a7 d7
Approximating the function §IT using a first-order Taylor expansion gives
STT(Q'H'; 6Q) ~ 81 (Q'; 8Q) + AT (Q'; 8Q, AQ) =0, (B.5)

and by setting Q! = Q' 4+ AQ, one can solve the system of equations iteratively employing a Newton
scheme.

B.3 Finite element approximation

Denoting the nodal variables at global node I as Q! = {ul D, J! }, one can approximate the various fields
using basis functions as

u= Y Nyl p= N NPPRL T= 3N (B.6)
1€z, 1€l 1€y

The sets Z,,, Zy and Z5 contain the global degrees of freedom for the respective variables. Similarly, the
components of §Q and AQ can also be approximated as

su= Y Nusul, sp=3 NPspl 7= NIsT,
I1€Z, 1Ty I1€ly
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Au=Y"Nraul, Ap=) N'PAp AT=) N AT
1€, 1€l Ie

"

Then the residual vector R = {R,, Ry, R7} follows as
R£=—/ T:Vle’udV—i-/ NI’“~§dV+/ N/ TdA,
Qy Qy I
I Ly
Rﬁ:—/ NPT —T] v,
Qx

RL= —/ N’J[M — f;}dv.
Qx dJ

(B.7)

(B.8a)

(B.8b)

(B.8¢)

Finally, the non-zero components of the tangent stiffness matrix K associated with the degrees of freedom

1,J e {1,,1y, 15} read

K =/Q [Vx N g VN [Vx N v, NJ'”] r] dv,  VIeZ,andV¥J e 1,,
X

KJ§=/ V. Nl JINT Py, VI € T, andVJ € T
Qx
K,’;Z=/ NP1V, N/ av, VI € TyandVJ €T, |
Qx
Kﬂ§=/ _N’»17NJJAdV, VI € TzandVJ € I7,
P Qx
K%:/ _N,ij,ng, VI € ZyandVJ € Tj,
Qx
1J 1.7 d* Yo 7,7
KJ~J~: N© ~ | N7’ dV, VI € ZyandVJ € Iy,
Qx dJdJ
where
K., Ku5 K, 7 K.. Kyg 0
K = | Kpu Kpp Kﬁj = | Kz 0 Kﬁf
K7y, K75 Kj7 0 Kj; Kjy

C Isochoric-volumetric decomposition
C.1 Decomposition of the stress
Based on (2.8), the Piola—Kirchhoff stress tensor, S, can be stated as

S = ZM —9 [awis"(c) n 31ﬁvol(1):| ‘

aC aC aC

By using the chain rule of differentiation on the first term, one obtains

dViso _ dViso . E
3C — aC ~acC’
where

C

aC 9 (J23¢C) 923 9 1
( )= ®C+J2/3%=J2/3[H—§C1®C}E

aC aC 0C

P.

(B.9a)

(B.9b)

(B.9¢)

(B.9d)

(B.9e)

(B.9f)

(B.10)

(C.1)

(C.2)

(C3)
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For the second part of Eq. (C.1), the chain rule is used again to obtain

81ﬂvol o a‘/fvol 8_]
aC  aJ aC’

_ 81/’Vol(-])

aJ
where 3c = %J Cland p = is recognised as the hydrostatic pressure. Hence,

0J

U
S=P|:2 ;ﬁ/go} +PJC71 = Siso + Svol -

Transforming this relation to the current configuration, the Kirchhoff stress can be written as

T=FSF = pJI+D:T =1y + Tiso.

where D =1 — % I® 1, and T (for isotropy) follows as

7|2 MO 7 g e,
ol ab

C.2 Decomposition of the incremental constitutive tensor

(C4)

(C.5)

(C.6)

(C.7)

The fourth-order incremental constitutive tensor in Lagrangian description is decomposed into isochoric and

volumetric parts as follows
C= (Ciso + Cvol .
For isotropy, the incremental constitutive tensor in the Eulerian description is defined by

82
c=d47-1p 2V
b ab

and relates to its Lagrangian counterpart by the push-forward
-1
cijrt =J " FiyFjyCrykr Frx Fir
It likewise decomposes into isochoric and volumetric parts as

€ = Ciso + Cvol,

where
ooy = 41y Wol 1P 1e1-2p1
vol = abob © P ar P
and
J 4b82%°b D:¢ D—i—zt(')}D) 2[1@ + Tiso @ I
Ci = _— = . C: - (T —_ = Ti Ti .
1SO 8bab 3 3 1SO 1SO

Here the abbreviation € is defined by

02U ~
T=4b A‘["S"b.
aba

o)

(C.8)

(C.9)

(C.10)

(C.11)

(C.12)

(C.13)

(C.14)
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