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Abstract. Mean field Game (MFG) Partial Differential Inclusions (PDI) are generalizations of
the system of Partial Differential Equations (PDE) of Lasry and Lions to situations where players
in the game may have possibly nonunique optimal controls, and the resulting Hamiltonian is not
required to be differentiable. We study second-order MFG PDI with convex, Lipschitz continuous,
but possibly nondifferentiable, Hamiltonians, and their approximation by systems of classical MFG
PDE with regularized Hamiltonians. Under very broad conditions on the problem data, we show
that, up to subsequences, the solutions of the regularized problems converge to solutions of the
MFG PDI. In particular, we show the convergence of the value functions in the H'-norm and of
the densities in L9-norms. Under stronger hypotheses on the problem data, we also show rates of
convergence between the solutions of the original and regularized problems, without requiring any
higher regularity of the solutions. We give concrete examples that demonstrate the sharpness of
several aspects of the analysis.
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1. Introduction. Mean Field Games (MFG), which were introduced by Lasry
and Lions [17, 18, 19] and independently by Huang, Caines and Malhamé [14], model
the Nash equilibria of dynamic games of optimal control in which there are a large
number of players. MFG encompass a wide range of models for handling various
situations, yet for simplicity we concentrate here on a standard model of MFG [19],
where the players have identical stochastic dynamics with idiosyncratic noise which
are independent of the density, and where the controls enter only in deterministic
drift terms and in part of the running of the costs. Under suitable assumptions, the
equilibria are described by the solutions of a system of partial differential equations
(PDE) that consists of a Hamilton—Jacobi-Bellman (HJB) equation, for the value
function of the optimal control problem faced by each player, and a Kolmogorov—-
Fokker-Planck (KFP) equation, for the distribution of the players across the state
space of the game. There is wide literature on mean field games; we refer the reader
to [13, 12, 11, 1] for extensive reviews on the theory and applications of these systems.

In many applications, the underlying optimal control problem can give rise to
nonuniqueness of the optimal controls, when expressed in feedback form. This is
closely related to the fact that, in general, the Hamiltonian of the corresponding HJB
equation can be nondifferentiable with respect to the derivatives of the value function.
As a result, such situations fall outside the scope of many existing works on MFG,
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where differentiability of the Hamiltonian is often assumed. We stress that this is
no mere technical issue, since the Nash equilibria can assume a more complicated
structure in the more general case of nondifferentiable Hamiltonians and nonunique
optimal controls. This is because even for symmetric games, Nash equilibria are not
necessarily symmetric, so there can be situations where it is necessary for the players
at a given state to make distinct choices of optimal controls from each other in order
to maintain an equilibrium. As a result of the possibly more complex structure of
the Nash equilibria, it is natural to expect that there can be substantial qualitative
differences between the cases of differentiable and nondifferentiable Hamiltonians,
which is something that we will demonstrate in this work.

One approach to formulating MFG that allows for these more complicated Nash
equilibria comes from the probabilistic literature [16], where one explicitly seeks the
player distribution over the product space of the states and controls, instead of the
state-space only. Although conceptually instructive, we are, however, ultimately in-
terested in the practical solution of MFG, which requires formulations of the problem
that are well-suited for numerical discretization. It is, therefore, strongly preferable to
avoid the cost of discretizing functions over the higher dimensional state-control space,
which might be computationally intractable in many cases. This motivates the search
for other formulations of the MFG that keep the same dimensionality of the original
PDE system of Lasry and Lions. There are a handful of works on MFG systems with
nondifferentiable Hamiltonians in the PDE literature. In [20] Mazanti and Santambro-
gio introduced a model of deterministic minimal time MFG with congestion, where the
Hamiltonian takes the form H(z,p,m) = K(x,m)|p| for (z,p,m) € Q x R? x P(Q2). Us-
ing the structure of the underlying deterministic optimal control problem, they show
that Vu # 0 on the support of m, thus avoiding the point of nondifferentiability of
H. Extensions of this work were then considered in [9, 3, 2] for MFG of minimal-time
type in different modelling contexts. The possible nonuniqueness of classical solutions
for nondifferentiable Hamiltonians was studied in [7], where again the gradient of the
value function avoids the points of nondifferentiability of the Hamiltonian. Recently,
Ducasse, Mazanti, and Santambrogio considered in [8] a second-order minimal-time
MFG system with a Hamiltonian taking the form H(p,m) = KC(m)|p|, where the ad-
vective term in the continuity equation for m is required to satisfy the optimality
conditions related to the Pontryagin maximum principle, but is otherwise possibly
nonunique.

In order to handle general nondifferentiable Hamiltonians, we proposed in [21, 22,
23, 24] to generalize the MFG system of Lasry and Lions to a system where the KFP
equation is relaxed to a Partial Differential Inclusion (PDI) where the coefficient
of the advective term is an element of the subdifferential of the Hamiltonian. In
particular, we showed that this notion of solution includes that of [8] as a special
case, at least in terms of the dependence of the Hamiltonian with respect to the
gradient of the value function; see [22, Remark 3.2]. The existence and uniqueness
of solutions of the resulting MFG PDI system, along with the convergence of their
numerical approximations, was then shown under suitable hypotheses for steady-state
problems in [21, 22, 23] and for time-dependent problems in [21, 24].

1.1. MFG partial differential inclusions and heuristic derivation. Let us
now consider a heuristic derivation of a MFG PDI system, which will help to motivate
it and to give some intuition as to how it describes the Nash equilibria in the case of
possibly nonunique optimal controls. For instance, we can consider a system of the
form
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(1.1a) —O0ru — vAu+ H(t,x,Vu) = Fm](t, x) in (0,7) x Q,
(1.1b) Oym —vAm e div(mdpH (t,x, Vu)) in (0,7) x Q,

which models a generic single-population MFG in a state space Q C R?, d € N, over
a finite time horizon (0,7). Here u: (0,7") x @ — R denotes the value function of the
underlying optimal control problem, and m : (0,7") x Q@ — R denotes the density of the
player distribution. To fix ideas, we shall restrict our attention to the case where 2 is a
bounded domain, in which case the system (1.1) is accompanied by suitable boundary
conditions for m and u on 0f). Moreover, the system is coupled with suitable initial
and final time conditions for m and wu, respectively. We refer the reader to [24] for
more details on boundary and initial/final time conditions. The coupling term F'[m)]
denotes the component of the running cost that is allowed to depend on m, possibly
in some nonlocal manner. The Hamiltonian H : (0,T) x Q x R? > (t,x,p) — H(t,z,p)
is a real-valued function that is convex with respect to the gradient variable p € R,
and the set-valued map 9,H : (0,7) x Q x R? = R denotes the partial subdifferential
of H with respect to p, which is defined by

(12)  8,H(t,a,p) = {i) eRY: H(t,,q) > H(t,z,p) +b-(g—p) Vge Rd} .

Note that (1.1) coincides with a classical MFG PDE system whenever H is differen-
tiable with respect to p, since then the subdifferential 9, H is a singleton set containing
only the partial derivative of H with respect to p.

The system (1.1) can be derived on a heuristic level as follows. We suppose that
the players’ dynamics are given by a controlled stochastic process of the form

(13) dXtZ—b(t,Xt,Oét)dt—F\/ﬁdBt,

where b:[0,7] x Q x A — R? denotes the negative controlled drift, with each player
choosing a control «; in the control set A at time ¢ € (0,7). Note that we use here
the convention of a minus sign in the drift term in (1.3) because it helps to simplify
the notation below; this explains why we refer to b as the negative controlled drift.
We will assume in the following that A is a compact metric space and the data b
and f are uniformly continuous with respect to their arguments. Also here v > 0
is a constant and B; denotes the standard d-dimensional Brownian motion. Also,
we assume that the process X; is either absorbed or reflected at the boundary 02,
which leads to either Dirichlet or Neumann boundary conditions for the MFG system,
although the details are not necessary for the immediate discussion. If we suppose
that the objective functional of the optimal control problem is in separable form,
i.e., the running cost increment per unit time is of the form f(¢, Xy, ;) + F[m](t, X¢),
then the Hamiltonian H is defined by

(1.4) H(t,z,p):=sup {b(t,z,0) -p— f(t,z,a)} V(t,z,p)€(0,T)x QxR

acA
Then, at a Nash equilibrium, the value function u solves the HJB equation (1.1a), and
we suppose momentarily that « is sufficiently regular. Under the above hypotheses
on A and the data b and f, the supremum in (1.4) is achieved. Then, the players at
a given state x € Q and time t € (0,7) make a choice of feedback control from the
maximizing set A(t, z, Vu(t,z)), where the set-valued map A is defined by

(1.5) Altz,p):= arg max b(t, @) -p— f(t,z,0)] V(t,2,p) € (0,T) x 2 x R™
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As explained above, the maximizing set (1.5) is not always a singleton, so it is possible
for the players at (¢, ) to make distinct choices of controls from each other. To model
this, we suppose that the players’ positions and choices of control can be described
by a flow of measures {M;};cjo,7) on 2 X A that satisfies the KFP equation

T
(1.6) t/ / (= 0d(t,2) — vAG(t,2) + blt, 7,0) - Vo(t, 2)) My (de, dar)dt = 0
0 QxA

for all smooth compactly-supported test functions ¢ on (0,7') x Q. In order to connect
the flow of measures { M}, 0,7y with the players’ choices of controls, we consider the
formal disintegration of measures

(1.7) M, (dz,da) = py o (da)my(de) VYVt e[0,T7,

where my(dz) = [, Mi(dz,da) is the measure on € obtained by projection of M; on
Q, and where p; , € P(A) is the probability measure on A representing the choices of
controls for the players at (¢,z). At a Nash equilibrium, the players at (¢,2) choose
controls from the feedback control set A(t,x, Vu(t,z)), and thus we require that

(1.8) supp pro C A(t,z, Vu(t,z)) V(t,z)e(0,T) xQ,

where supp p; , denotes the support of the measure p; ;.

We now show how to obtain the differential inclusion (1.1b). If the flow of
measures {m;}; is sufficiently regular to admit a sufficiently smooth density, i.e., if
m¢(dz) = m(t, 2)dz with da denoting the Lebesgue measure, then by using (1.7), Fu-
bini’s theorem, and the fact that p; , is a probability measure on A, we obtain from
(1.6) the KFP equation for the density m of the form

T
(1.9) //(—8t¢—qu§+5*-V</>)mda:dt:O Vo € C2°((0,T) x ),
0 Q
(1.10) a@@:/hmameM) V(t,z) € (0,T) x Q.
A

In other words, the density m satisfies a KFP equation with a (negative) drift term
b, which represents a weighted average of the (negative) drifts that result from the
players’ choices. Recalling the hypothesis that 4 is a compact metric space and
the data b and f are continuous, the optimality condition (1.8) and the fact that
pt.e € P(A) then imply that

(1.11) bi(t,z) € conv{b(t,z,a) : a € A(t,z, Vu(t,x))} V(t,z) € (0,T) x Q.

It is known from Convex Analysis that the convex hull of the set of optimal (negative)
drifts is precisely the subdifferential of the Hamiltonian with respect to p:

(1.12)  convi{b(t,z,a):a € A(t,x,p)} = H(t,x,p) V(t,z,p) € (0,T) x Q x R%

see, for instance, [21, Lemma 3.4.1] for an elementary proof of (1.12) involving only
Caratheodory’s theorem and the hyperplane separation theorem. Therefore, (1.11) is
equivalent to b, (t,x) € A, H (t,x, Vu(t,x)) for all (,z). If m is regular enough to recast
the KFP equation (1.9) into strong form, we then obtain the differential inclusion
(1.1b) as initially claimed. Although the arguments in the paragraphs above are only
heuristic, they nonetheless help to give some insight into the meaning of the MFG
PDI, and its connection to the structure of the underlying Nash equilibria.
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1.2. Contributions of this work. In addition to the heuristic derivation above,
we show in this work how the PDI system generalizes the original PDE system to the
case of nondifferentiable Hamiltonians. More precisely, we show that the MFG PDI
system can also be understood as the limit of sequences of the MFG PDE systems with
regularized Hamiltonians. The idea of approximating the MFG PDI by regularized
PDE systems is also motivated by numerical computations, since it paves the way to
approximating the solutions of the resulting discretized PDI in [22, 24] by existing
solvers for nonlinear equations. To be more concrete, let us consider for simplicity as
a model problem the stationary MFG PDI system

—vAu+ H(z,Vu) = F[m] in Q,
(1.13) —vAm — G(x) € div(mdpH (z,Vu))  in €,
u=0 and m=0, on 09},

where v > 0 is a constant, where the Hamiltonian H is convex and Lipschitz contin-
uous w.r.t. p, but not necessarily differentiable. We specify the assumptions on the
coupling term F' and the source term G in section 2 below. Note that the case of
Dirichlet boundary conditions in (1.13) corresponds to models of infinite horizon con-
trol, where the players exit the game when they reach the boundary 2. We assume
that the Dirichlet conditions on w and m are homogeneous for simplicity, yet note
that the inhomogeneous case is usually reduced to the homogeneous one by suitable
transformation of the problem. The source/sink term G represents the source/sink of
new players into the game.
We study the approximation of (1.13) by regularized problems of the form

—vAuy + Hy(xz,Vuy)=F[m,] in€Q,
(1.14) —vAmy —div <mkaaH)‘(x,Vu)\)> =G(x) in Q,
P
uy=0 and my=0 on 0,

where {Hx}xc(0,1) is a family of regularized Hamiltonians that are convex and C'
w.r.t. p and that converges uniformly to H as the regularization parameter A — 0.
Precise assumptions on the regularizations are given in section 3.2.1 below, which
include many well-known choices such as Moreau—Yosida regularization and mollifi-
cation, cf. (3.7) and (3.11) below. Under some mild conditions on the data F and
G, the existence of weak solutions in H} of (1.13) and of (1.14) is already known (cf.
[21, 22, 23]) with the uniqueness result for strictly monotone couplings from Lasry and
Lions [19] extending also to the PDI case. Note that we choose to focus our analy-
sis on the setting of weak solutions in H}, since it is the most relevant for numerical
methods; c.f. [22, 25]. One could also consider other analytical settings; however, note
that solutions of the MFG PDI (1.13) can have rather limited regularity, in general, as
a result of the nondifferentiability of H; see [22, section 3.3].

Our first main result, in Theorem 4.1 below, shows that solutions of the regular-
ized problems (1.14) converge, up to subsequences and in suitable norms, to a weak
solution of the PDI system (1.13). This makes precise the sense in which MFG PDI
generalize MFG PDE when relaxing the differentiability assumption on the Hamil-
tonian, and one can also consider this result as an alternative proof of the existence of
weak solutions to MFG PDI. We further demonstrate the sharpness of the conclusions
in Theorem 4.1 through various examples in section 8.

Our second main result, in Theorem 4.6 below, shows that if stronger quantitative
assumptions are placed on the data, including a strong monotonicity condition on F’,
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thus ensuring that the MFG PDI has a unique solution, then we can prove a rate of
convergence for the differences u — uy and m — my in terms of error between H and
H), of the form

(1.15) Im = mx |2 + [[u — sl () < Cw(A)?,

for all A sufficiently small, where the constant C is independent of X, where w(\)
is a maximum-norm upper bound for the difference in the Hamiltonians (cf. (3.5)
below), and where X is the space on which F is defined. In particular, the bound
(1.15) does not assume any higher regularity assumption on the solution (u,m) of
(1.13). The bound (1.15) is particularly relevant for numerical computations since
one must balance the errors that stem from different sources, including discretization,
regularization, iteration, etc. The application of (1.15) to numerical methods will be
the subject of ongoing and future work; cf. [26].

This paper is organized as follows. In section 2 we establish the notation and
introduce the hypotheses on the model data. Section 3 introduces the MFG PDI
and its regularization. We state the main results in section 4. Preliminary results
are established in section 5, which we use in section 6 to prove Theorem 4.1 and
Corollary 4.5. We prove Theorem 4.6 on convergence rates in section 7. Examples
that demonstrate the sharpness of our conclusions are given in section 8.

2. Setting and notation. We denote N := {1,2,3,...}. For a Lebesgue mea-
surable set A CR?, d € N, let l-lz2(4) denote the standard L?-norm for scalar- and
vector-valued functions on A. For d € N, the d-dimensional open ball of radius r and
center zo € R? is denoted by B,(x(). Let © be a bounded, open connected subset
of R? with Lipschitz boundary 0. Let the diffusion v > 0 be constant, and let
G € H71(Q) be given. Let (X, -||x) be a real Banach space such that H}(Q) is
embedded continuously and compactly in X. We suppose that F: X — H~1(Q) is a
continuous operator that satisfies

(2.1) [F[wllz-r @) <Cr(lwlx+1) Ywed,

where Cr > 0 is a constant. We introduce the following set of hypotheses on the source
term G and coupling operator F' that will be occasionally used in the subsequent
analysis.
(H1) G € H~1(Q) is nonnegative in the sense of distributions, i.e., (G, ¢) -1 X HE =
0 for all functions ¢ € Hg(£2) that are nonnegative a.e. in €.
(H2) F is strictly monotone on H}(£2), which is to say

(2.2) <F[m1]—F[mg],ml—m2>H71><Hé < 0= m1 =ms,

whenever my, ma € H} ().
(H3) F is strongly monotone on H}(Q) w.r.t. to the norm ||-||x, in the sense that
there exists a constant cy > 0 such that

(2.3) (Flma] = Flma],my —ma) g1y 2 crpllma —ma%

for all my, ma € HJ ().
(H4) F is Lipschitz continuous:

(2.4) HF[ml] — F[mQ]HHfl(Q) < LF||m1 — m2||;( le,mg eX

for some constant Lg > 0.
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Note that in the subsequent results, we do not always require all of the hypothe-
ses (H1), (H2), (H3), and (H4); therefore, we will specify which hypotheses are needed
in each case. We also stress that in hypotheses (H2) and (H3), the monotonicity con-
dition is only required for arguments of F in the smaller space H}(f2), and not the
whole space X, so the duality pairings in (2.2) and (2.3) are well-defined. We refer
the reader to [22, section 2] for some concrete examples of coupling operators that
satisfy these conditions in the case X = L?(Q).

Motivated by the underlying optimal control problem, we suppose that the Hamil-
tonian H appearing in (1.13) is defined by

(2.5) H(xz,p):= SIGIB {b(x,a) -p— flz,a0)} ¥(z,p)ecQ xR

where b and f are uniformly continuous on 2 x A with A a compact metric space. It
follows that the Hamiltonian H is Lipschitz continuous and satisfies

(2.6) |H(z,p) — H(z,q)| < Lulp—q| V(z,p,q) €2 xR x R,

with some constant Ly. For instance, one can take Ly := ||bHC(ﬁxA-1Rd)~ We deduce
from (2.6) that there exists a constant Cr > 0 such that

(2.7) |H(z,p)| < Cu(lp| +1) ¥(x,p) €T x R,

It is clear from (2.6) that the mapping v — H(-,Vv) is Lipschitz continuous from
H(Q) into L?(Q2). We will often abbreviate this composition by writing instead
H[Vv]:=H(-,Vv) a.e. in .

Given arbitrary sets A and B, an operator M that maps each point z € A to a
subset of B is called a set-valued map from A to B, and we write M : A = B. For
the Hamiltonian given by (2.5) its pointwise subdifferential with respect to p is the
set-valued map 9,H : Q x R? = R defined by

(2.8)  0,H(z,p) = {B eRY: H(z,q) > H(z,p)+b-(g—p) Vge Rd} .

Note that 9, H (z,p) is nonempty for all 2 € Q2 and p € R? because H is real-valued and
convex in p for each fixed z € Q. Note also that the subdifferential 9, H is uniformly
bounded since (2.6) implies that for all (z,p) € Q x R?, the set 8, H (z,p) is contained
in the closed ball of radius Ly = [|b]| (5 _4;re) centered at the origin.

We now define a set-valued mapping for measurable selections of the subdifferen-
tial composed with the gradients of weakly differentiable functions. Given a function
veWh(Q), we say that a real-valued vector field b: ) — R? is a measurable selection
of OpH (-, Vv) if b is Lebesgue measurable and b(z) € 9,H (x, Vu(z)) for a.e. z € Q.
The uniform boundedness of the subdifferential sets implies that any measurable se-
lection b of 9, H (-, Vv) must belong to L>(Q;R?). Therefore, given v € WH1(Q) we
can consider the set of all measurable selections of 9,H (-, Vv), which gives rise to a
set-valued mapping from W11(Q) to subsets of L>°(Q;R%).

DEFINITION 2.1 (see [22]). Let H be the function given by (2.5). We define the
set-valued map DpyH : WHL(Q) = L= (;RY) by

D,Hv|:= {B € L=(Q;RY) : b(x) € B, H (x, Vo(z)) for a.e. x€ Q}

In [22, Lemma 4.3] it was shown that D, H[v] is a nonempty subset of L°°(Q;RY)
for each v in WH1(Q).
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Notation for inequalities. In order to avoid the proliferation of generic constants,
in the following, we write a < b for real numbers a and b if @ < Cb for some constant C
that may depend on the problem data appearing below, but is otherwise independent
of the regularization parameter A appearing in (1.14). Throughout this work we will
regularly specify the particular dependencies of the hidden constants.

3. Weak formulation of MFG PDI and of its regularizations.

3.1. Weak formulation of the MFG PDI. We recall the definition of a weak
solution of the MFG PDI (1.13) that was introduced in [22].

DEFINITION 3.1 (weak solution of MFG PDI (1.13)). A pair (u,m) € H}(Q) x
H} () is a weak solution of (1.13) if there exists a b, € D,H|[u] such that

(3.1a) / VYU Vi + HVulpds = (Fim) ¥y greps Voo € HY(Q),
Q

(3.1b) /uvm-v¢+ml}* Vodr = (G, ¢) -1 x Vo € Hy (Q).
Q

Remark 3.2. The above definition of weak solution only requires the existence of
a suitable transport vector field b, € D, Hlu], but its uniqueness is not required in
general. We refer the reader to [21, section 3.3] for several examples showing that b,
might be unique in some cases, but not in others.

Under the above hypotheses on the data, we have the following result on the
existence and uniqueness of solutions.

THEOREM 3.3 (existence and uniqueness of weak solutions). Let v > 0 be con-
stant, and let G € H=1(Q). Let H be the function given by (2.5), and let F : X —
H=1(Q) be a continuous operator satisfying (2.1). Then, there exists a weak solution
(u,m) € H(2) x HY(Q) of (1.13) in the sense of Definition 3.1. In addition, if G
satisfies (H1) and if F satisfies (H2), then there is at most one weak solution of (1.13)
in the sense of Definition 3.1.

The proof of Theorem 3.3 follows the same argument as in [21, Theorem 3.2.1]
(see also [22, 23]), and is based on an application of Kakutani’s fixed point theorem.
For completeness, we include the proof of Theorem 3.3 in section 5.1.

Ezample 3.1 (nonuniqueness of solutions for nonmonotone F'). In Theorem 3.3,
uniqueness of solutions is shown under the additional conditions (H1) and (H2),
which, respectively, require that G is nonnegative and that F is strictly monotone. If
these assumptions are relaxed, then, in general, uniqueness of solutions may fail, even
for differentiable Hamiltonians; see, for instance, [7] for some examples of nonunique-
ness of solutions for some time-dependent MFG systems. Here we give a short orig-
inal example of nonuniqueness of solutions for the steady-state MFG system with
homogeneous Dirichlet boundary conditions, when F' is not required to satisfy (H2)
for a Hamiltonian H that is C' with respect to p. For this example, suppose that
Q= (-1,1) C R, and let the Hamiltonian H: Q x R — R be any function satisfying
the condition that H(z,p) = %pz for all pe[—1,1] and all z € ©; in particular, we can
take H to be convex, globally Lipschitz, and C! with respect to p. Let the pairs of
functions (u;,m;), i € {1,2}, be defined by
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].7.%2 221

(3.2a) up(x) = , my(z):=1—e 2

2 _ 1 12
(3.2b) us(z) =22 mg(a)=e2

Vo e [-1,1],

-1 Vvaxe[-1,1].

Note then that the u; and m;, i € {1,2}, are smooth functions in 2 satisfying homo-
geneous Dirichlet conditions on 9. Note also that |ul(x)| = |z| <1 for all x € 2, for
each i € {1,2}, so that H(z,u(z)) = % and %(m,ué(w)) = uj(z) for all z € Q, for
i€ {1,2}. Then, let G=1 in Q, and note that G satisfies (H1). Define F' by

2 _ 9 B
(33)  Flm(z):= (”” + 1) m = mall2) (f” ) lm = mllz@)
2 Hm1 _m2||L2(Q) ||m2 —m1||L2(Q)

2

Observe that F is Lipschitz continuous from X = L?(Q) to H~ () and thus sat-
isfies (2.1). However, it is clear that F does not satisfy the strict monotonicity
condition (H2). It is then straightforward to check that (uq,m1) and (ug,msg) are
both distinct classical solutions of the MFG system —u”’ + H(z,u') = F[m] and
—m/ — (m%—ﬁ(m, u')) =G in Q along with homogeneous Dirichlet conditions for both
u and m on 0. This illustrates the possibility of nonuniqueness of solutions in the

general case when (H2) is not satisfied.
3.2. Regularized problems.

3.2.1. A family of regularized Hamiltonians. In order to analyze the regu-
larized problems (1.14) in a unified way for a variety of different choices of regulariza-
tions, we consider a family of regularized Hamiltonians {H} e (0,1 that satisfies the
following hypotheses:

(H5) {Hx}xe(0,1] is a family of real-valued functions on ©Q x R? for which there
exists a continuous function w : [0, 1] — [0, 00) satisfying w(0) = 0 such that,
for each A € (0, 1]:
e H, is continuous on  x R and

(34) ‘H)\(xvp)_H)\(va)‘SLH|p_q| V(.’E,p,q)EQXRdXRd,

e for each x € Q, the map Rdép — Hy(z,p) is convex;
e the partial derivative 88& :Q x R? - R? exists and is continuous;

e H, satisfies the following inequality:
(3.5) |Hx(z,p) — H(z,p)| <w(A) V(x,p) € Q x R%

Note that in (3.4) we are supposing that there is a uniform Lipschitz constant Ly for
the original Hamiltonian H and the family of regularizations {Hx}xe(0,1). Further-
more, the bounds (3.4) and (3.5) imply that, for all A € (0,1],

(3.6)  [Hx(z,p)| <[H(x,0)| + St[lp]W(U)+LH\pIS5H(IPI+1) V(w,p) €2 x R?
oe(0,1

for some constant Cy > 0 independent of \ € (0,1]. Note also that the restriction of

A to the interval (0,1] is not essential, e.g., it can be replaced by some more general
bounded sets for which 0 is a limit point.
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3.2.2. Examples of families of regularized Hamiltonians. In this subsec-
tion, we illustrate several possible choices of regularizations that satisfy (H5).

Ezample 3.2. As a first example, we consider the Moreau-Yosida regularization
of the Hamiltonian (2.5) with respect to p. For each A € (0,1], let Hy : @ x R - R
denote the Moreau—Yosida regularization of H w.r.t. p defined by

. 1
37) (o) int, { o)+ 35l —oP ).

The following lemma shows that Moreau—Yosida regularization leads to a family of
Hamiltonians that satisfies (H5).

LEMMA 3.4 (Moreau—Yosida regularization). For each X € (0,1], let Hy be defined
by (3.7). Then the family {Hx}xeo0,1] satisfies (H5). In particular, the bound (3.4)
2
holds with same Lipschitz constant as in (2.6) and (3.5) holds with w(\) = %, ie.,
L%
(3.8) sup  |Hx(x,p) — H(z,p)| < %
(z,p) EQ xR

Proof. The result is essentially already well-known (see, for instance, [4, Theorem
5.2, p.76] or [6, Theorem 6.5.7]), so we shall only point out a few details. It is well-
known that, for each (z,p) € 2 x R?, the infimum in (3.7) is attained at a unique point
Jx(x,p) € R and that H) is convex and continuously differentiable with respect to
p, with partial derivative

@(% =P Ia(z,p)

(3.9) 5 2

€ O H (x, Jx(z,p)) V(z,p) € QxR

see, e.g., [4, eq. (55), p. 76]. The continuity of the partial derivative 85;* over Q x R?

can also be shown using the above hypotheses on H and using the uniqueness of
Jr(z,p) for each (z,p). Since the subdifferential set 0,H(z,q) is contained in the
closed ball of radius Ly for any ¢ € R?, this implies that sup(Lp)eﬁxRA%(x,pﬂ <
Ly and thus that (3.4) holds with the same Lipschitz constant Ly. To prove (3.8),
first note that Hy(x,p) < H(z,p) follows immediately from the definition. Also (2.6)
implies that

_ 2
(3.10) 0< H(x,p) — Hx(x,p) = H(x,p) — H(x,J (x,p)) - W
lp = J(z,p)|* _ LA
< _ _ <
_LH|p J(l‘,p)| 22 - 2 ’

where the final inequality above follows from Young’s inequality. This proves (3.8). O

In general, if H)y is defined by Moreau—Yosida regularization (3.7), then H) is
C'-regular with respect to p, but H) is not necessarily C?-regular. To see this, it is
enough to consider the example H(x,p) = |p|, p € R%. In some cases, it is of interest
to consider other choices of regularization that can yield higher regularity such as
mollification, which we consider below.

Example 3.3. As a further example, we consider the mollification of the Hamil-
tonian w.r.t. p. Let p € C"(R?), where € NU {oo}, denote a nonnegative function
with compact support in the unit ball By(0), that satisfies [, p(¢)dg = 1. Given
A >0, let py € C5(R?) be the function given by px(q) := A"%p(g/N), ¢ € RY, so that
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f]Rd oa(q)dg=1. Given A >0, let H : Q x R? — R denote the mollification of H w.r.t.
p defined by

(311) map)= [ H.apm -0

Lemma 3.5 shows that this regularization satisfies (H5).

LEMMA 3.5 (mollification-based regularization). For each A € (0,1], let Hy be
defined by (3.11). Then, the family {Hx}xe(o,1) satisfies (H5). In particular, the
bound (3.4) holds with same Lipschitz constant as in (2.6) and (3.5) holds with w(\) =
CPLHA, i.e.,

(3.12) sup  |Hx(z,p) — H(z,p)| < C,LuA,
(z,p) EQ xR

where C,, 1= fBl(O) lglp(q)dq, and Hy is C"-regular w.r.t. p.

The proof of this result is based on elementary properties of convolution and so
it omitted. Lemma 3.5 shows that mollification can have the advantage of producing
smoother regularized Hamiltonians than Moreau—Yosida regularization in some cases.

In addition to the examples above, one can consider various alternatives or im-
provements, which might be useful for some practical applications. For instance, in
cases where the regularity of the function p+— H(x,p) might depend on z € 2, then it
might be useful in applicationb to adapt the regularization to the point x € €1, e.g., one
can consider Hy(z,p) := [pa H(2,q)po(z)(p — q)dg, where o(z) € (0, )] is some chosen
function that controls the local regularization for x € Q2.

3.2.3. Weak formulation of regularized problems. The following definition
states the notion of weak solution for the regularized problems (1.14)

DEFINITION 3.6 (weak solution of regularized MFG system). Assume (H5). For
each A € (0,1], a pair (ux,my) € H3 () x H}(Q) is a weak solution of the reqularized
MFG system (1.14) if

(3.138.) /QVVU,\'V’(/J-FH)\[VU)\]deL‘ :<F[m)\]7¢>H*1><Hé V(/)GH&(Q),

(3.13Db) / vVmy - V¢+m>\a
Q Op

Vua] - Vodz = (G, d) gy Vo€ HQ).

Note that when considering the regularized problems (1.14), the notions of weak
solutions from Definitions 3.1 and 3.6 coincide. This is because there holds D, Hy[v] =
{aH* (-, Vv)} for all v € WH1(Q), since H,, is differentiable with respect to the gradient
Varlable.

Remark 3.7 (existence and uniqueness of weak solutions of regularized system
(1.14)). Assuming (H5), we can show that the statement of Theorem 3.3 can be
transposed over to the regularized problems (1.14), under the same assumptions on
the data F' and G. This is simply because Theorem 3.3 can be applied also to the
regularized problems, and the notions of weak solution from Definitions 3.1 and 3.6
coincide, as explained above. Thus, there exists at least one weak solution of (1.14) in
the above sense, and uniqueness also holds under hypotheses (H1) and (H2). However,
Example 3.1 illustrates how uniqueness of solutions of the regularized problems can
also fail, in general, without the additional hypotheses (H1) and (H2).
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4. Main results.

4.1. Basic convergence. The first main result shows that, up to subsequences,
solutions of the regularized problems (1.14) converge to solutions of the PDI (1.13).

THEOREM 4.1 (convergence of solutions of the regularized problems). Assume
(H5). Suppose that {\;}jen C (0,1] is a sequence of real numbers converging to zero,
and, for each j € N, let (uy,;,my;) denote a weak solution of the regularized problem
(1.14) with X = XA; € (0,1]. Then, the sequences {uy,}jen, {mx,}jen are uniformly
bounded in Hy (). Moreover, there exists a subsequence of {(ux,,mx,)}jen (to which
we pass without change of notation) and a weak solution (u,m) of (1.13) such that

(41) ux, —~u in HY(Q), my, —m in H)(Q),
' my;, —m in X, my —m in L),

as j — 0o, for any q € [1,2*), where 2* := 00 if d=2 and 2* := d2—_‘12 if d >3, and for
any q € [1,00] if d=1.

Theorem 4.1 implies that limit points, in the sense of (4.1), of weak solutions of
the regularized MFG PDE are weak solutions of the MFG PDI (1.13). This makes
precise the sense in which MFG PDI generalize the well-known MFG PDE when
relaxing the differentiability condition on the Hamiltonian. Another immediate im-
plication of Theorem 4.1 is that, given an arbitrary neighborhood (e.g., in the strong
topology on Hi () x X) of the set of all weak solutions of the MFG PDI (1.13), then
for all A sufficiently small, all weak solutions of the regularized problem (1.14) are
contained in the given neighborhood. This is easily shown by supposing the claim to
be false, i.e., there would exist a sequence of solutions (uy,,my,);en of the regularized
problems, with A\; — 0 as j — oo, that are not contained in the neighborhood, which
contradicts the existence of a subsequence that converges to a solution of (1.13) as
shown by Theorem 4.1.

Remark 4.2 (nonuniqueness of solutions and convergence of subsequences). We
emphasize that Theorem 4.1 does not require the assumptions (H1) and (H2). There-
fore, in general, the solutions of the original and regularized problems are not nec-
essarily unique; cf. Example 3.1 above. This is why convergence of the solutions of
regularized problems is only shown up to subsequences. When solutions of the MFG
PDI are nonunique, it is possible that different subsequences of solutions of the regu-
larized problems may converge to different solutions of the MFG PDI; see the example
of section 8.2 below.

Remark 4.3 (convergence of entire sequence for uniquely solvable MFG PDI). If
(1.13) has a unique weak solution, then the convergence in Theorem 4.1 holds for the
entire sequence. As shown in Theorem 3.3, this includes the case where G satisfies (H1)
and F satisfies (H2).

Remark 4.4 (nonconvergence in the H!'-norm for density function approxima-
tions). The convergence in (4.1) only states weak convergence in Hg of my, to m.
This is sharp, in general, since it is not always possible to have strong convergence
of the density function approximations in the H!-norm. We give an explicit example

in section 8.1 to show this. However, if one assumes some precompactness of the
aH)\.
J

op

sequence { [Vuy,]}jen, then we can recover strong convergence of the gradients
of the densities; see Corollary 4.5 below.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/11/25 to 144.82.114.226 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

REGULARIZATION OF MEAN FIELD GAME PDI 5201

COROLLARY 4.5 (strong H}-precompactness for den51ty approximations). In ad-

[V’U,)\ 1}jen is precompact
in LY(Q;R?). Then, {mx, }jen is precompact in HO(Q)

The proofs of Theorem 4.1 and Corollary 4.5 are given in section 6.

2. Rates of convergence. In the event that F' is strongly monotone, i.e.
satisfies (H3), and G satisfies (H1), we obtain a rate of convergence for the weak
solutions of the regularized problem (1.14) to the unique weak solution of the MFG
PDI (1.13). The rate of convergence that we derive in this setting is independent of
the regularity of the weak solution of the MFG PDI (3.1).

THEOREM 4.6 (rate of convergence of solutions to regularized problems). Assume
the hypotheses (H1), (H3), (H4), and (H5). Let (u,m) and (ux,mx), A€ (0,1], be the
respective unique solutions of (3.1) and (3.13). Then

1
2

(4.2) lu = urllmr (o) + [[m = mallx SwA)?,

for all A sufficiently small, where the hidden constant depends only on Q, v, d, Ly,
Lp, ||GHH*1(Q)7 SUPselo,1] W(O'), and cp.

The proof of Theorem 4.6 is given in section 7. We emphasize that there is no
assumption of higher regularity of the solution (u,m) in Theorem 4.6, which is impor-
tant given that it is known from examples that (u,m) may have limited smoothness;
cf. [22, section 3.3]. For instance, in the case of Moreau—Yosida regularization (cf.
(3.7)), or mollification-based regularization (cf. (3.12)), Theorem 4.6 implies a rate of
convergence of order % with respect to A. The bound (4.2) will play an important role
in future work on the design and analysis of numerical methods for solving the MFG
PDI system, since it allows one to approximate the solution by that of a regularized
problem, with some quantitative control on the error.

5. Preliminary results and proof of Theorem 3.3. We start by gathering
some preparatory lemmas. The following lemma is from [22, Lemma 4.3], and shows
that the set-valued map D, H has nonempty images in L (£2; R?) that are uniformly
bounded in the closed ball of radius L.

LEMMA 5.1 (see [22]). The set-valued map DpH : Wh1(Q) = L= (;R?) possesses
nonempty images and we have the bound

(5.1) sup sup  [|bl| oo (may < Lz
veEWH(Q) be D, H[v]

The next lemma is from [22, Lemma 4.4], where it is shown that D, H has closed
graph when L°°(2;R?) is equipped with its weak-* topology.

LEMMA 5.2 (see [22]). Let H be the function given by (2.5). Suppose {v;}jen C
HY(Q), {bj}jen C L (Q;RY) are sequences such that b; € D,H|v;] for all j € N. If
v; = v in HY(Q) and bj —* b in L= (;RY) as j — oo, then be D,H|v].

The following lemma relates the partial derivatives of Hy with the subdifferential
of H when considering compositions with gradients of functions that form a convergent
sequence in H'.

LEMMA 5.3. Assume (H5) holds. Let {\;}jen C (0,1] be a sequence that converges
to 0 as j — oo, and let {v;}jen C H () be a sequence of functions in H'(Q) that

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/11/25 to 144.82.114.226 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

5202 YOHANCE A. P. OSBORNE AND IAIN SMEARS

OH .
converges to a limit v € HY(Q). Then, there exists a subsequence of {WA-’[VUA}]-@\;
that is weakly-+ convergent in L (Q;R?) to a limit b, € D,H|[v].

Proof. For each g € R%, and each j € N, we define the function wj,:Q — R given
by

(5.2)
wjq(x) :== Hy;(x,q) — Hy, (v, Vv;(z)) — 8?}? (x,Vu;(z))- (¢ —Vv,(x)), ze.

By hypothesis (H5), for each j € N and = €  the function R? > p+—s Hy,(x,p) is con-
vex, and the partial derivative 2 O xRY — R? exists and is continuous. Therefore,
the function w; 4 >0 a.e. in Q for all j € N. Moreover, since H ) satisfies the Lipschitz
condition (3.4), we have that “g (-, Vo;) € L% (2 RY) with || 5% (-, Voy) | 1w ) <
Ly. 1t then follows from the definition of w;, that w;, € L*(12) for all j € N. Since

Ll(Q;Rd) is separable, the closed ball in LOC(Q;Rd) is weak-* sequentially compact.
Therefore, we may pass to a subsequence (without change of notation) such that

ag;j (-, Vuj) =* b, in L®(QR?) as j — oo for some b, € L>=(Q;R?). The bound (3.5)

in (H5), together with the strong convergence of {v;}jen to v in H'(£2), allow us to de-
duce that w; , converges weakly in L?(Q) to the function w, € L*(f2) that is defined by

(5.3) wy(z) := H(z,q) — H(z,Vo(z)) — b.(z) - (¢ — Vo(z)), z€Q.

Mazur’s theorem then implies that w, >0 a.e. in €, for each ¢ € RY, since w, ; — w,
in L?(Q) as j — oo, with each wy ; nonnegative a.e. in Q. Since ¢ € R? was arbitrary
and since R? is separable, after possibly excising a set of measure zero, we conclude
that, for a.e. x €,

(5.4) H(z,q) — H(z,Vo(x)) — be(z) - (¢ — Vo(x)) >0 VgeRe

This implies that b, € D, H[v] and concludes the proof. 0
Let G(Ly) denote the set of all operators L: HE () — H~1(Q) of the form

(5.5) (Lu,v) -1 13 :/ vVu-Vu+b-Vuvde,
Q

where b: Q — R% is some vector field satisfying ||B||Loo(Q;Rd) < Lg. In addition, given
an operator L € G(Ly ), we define L* : H} (Q) — H~1(Q2), the formal adjoint of L, by
(L*w,v) g-1xpy = (Lo, w) -1,z for all w,v € HY(Q). In the analysis we will use
the following uniform invertibility result which is an application of [22, Lemma 4.5].

LEMMA 5.4. For every operator L € G(Ly), both L and L* are boundedly invert-
ible as mappings from H}(Q) to H=1(Q), and there exists a constant Cy >0 depending
on only Q, d, v, and Ly such that

*_1H

-1
(5.6) sup maX{HL Hc(H—l(Q),Hé(Q))’ L c(Hl(Q),Hé(Q))}SC*'

LeG(Lu)

We note the fact that each operator from L € G(Ly) and its adjoint L* are both
invertible follows from the Fredholm Alternative and the Weak Maximum Principle
(WMP). Importantly, each L € G(Ly) satisfies the conditions of the Weak Maximum
Principle [10, Theorem 8.1], which implies also the Comparison Principle for the
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adjoint operator L*, so that L*v >0 in the sense of distributions in H~!(Q) implies
v>0 a.e. in Q.

We now state the following well-posedness result for the HJB equation and its
regularizations. To express this as succinctly as possible, let us define Hy := H where
H is the Hamiltonian defined in (2.5), so that we may then extend the family of
Hamiltonians considered to the set {H}xe[o,1]-

LEMMA 5.5 (well-posedness of the regularized HJB equation). Assume (H5).
Then, for each A € [0,1] and each m € X, there exists a unique uy € H} () such that

(5.7) /Q YVus - Vib+ By Vsl dz = (F[), 6) o Y0 € HE(S).
In addition,

(5.8) lurllm @ Slmllx + 1 llo@xay + @V +1,

where the hidden constant depends only Q, v, Ly and Cr. Moreover, the solution
uy depends continuously on m, i.e., if {m;}jen C X is such that m; — m in X as
j — 00, then the corresponding sequence of solutions {ux ;}jen C Hg(Q2) of (5.7) with
data m; converges in Hg(Q) to the unique solution uy of (5.7) with datum m.

Note that the only assumptions on F' required by Lemma 5.5 is that F' should be
continuous from X to H () and satisfy the growth condition (2.1). Observe also
that for the case A = 0, Lemma 5.5 provides a statement of well-posedness for the
unregularized HJB equation

6:9) [ VVur ot IV de = (Pl )y V0 ()

and moreover, the term w(A) in the bound (5.8) then vanishes as a result of the
hypothesis w(0) = 0. Lemma 5.5 is essentially already well-known, and is a small
generalization of [22, Lemma 4.6]. Since its proof is standard by now, we shall omit
it here for brevity; see [22, Appendix A] for further details.

5.1. Proof of Theorem 3.3. The existence of a weak solution of the MFG PDI
(1.13) can be shown using Kakutani’s fixed point theorem. It follows the ideas in
[21, Theorem 3.2.1]; see also [21, 23, 8]. We start by recalling Kakutani’s fixed point
theorem for set-valued maps on locally convex spaces; see, for instance, [30, Chapter
9, Theorem 9.B].

THEOREM 5.6 (Kakutani’s fixed point theorem). Suppose the following:
1. B is a nonempty, compact, convex set in a locally convexr space Y;
2. V:B=2 B is a set-valued map such that V[E] is nonempty, closed, and convex
for allbe B; and
3. V is upper semicontinuous.
Then V has a fized point: there exists a be B such that be VI[D].

Proof of Theorem 3.3. Recall that the Lipschitz constant of the Hamiltonian is
Ly given in (2.6). We equip the space Y := L>(Q;R9) with its weak-* topology,
noting that it is then a locally convex topological vector space. Let B denote the ball

(5.10) B:= {INJGLOO(Q;RCI):||BHLoo(Q;Rd) gLH}.

We note that B is nonempty, closed in the weak-* topology, and convex. Since
LY (£;R?) is separable, the weak-* topology on B is metrizable [27, Chap. 15]. More-
over, Helly’s theorem implies that B is compact.
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Let M : B — H}(2) be the map defined as follows: for each b € B, let M[b] in
HL(9) be the unique solution of

(5.11) / VWM - Vo + Mbb- Voda = (G, ¢) y-1xm1 Vo€ H ().
Q

The map M is well-defined thanks to Lemma 5.4. Next, let U : X — H}(Q) be the map
defined as follows: for each m € X, let U[m] € H}(£2) denote the unique solution of

(5.12) /QVVU[ﬁi] Vo + H(z, VUMY dz = (Flm], ) g-1,cq1 Vi € Hi(Q).

The map U is well-defined by Lemma 5.5. ~
Now, we define the set-valued map V: B = L>®(Q;R?) as follows: for each b€ B,
let

(5.13) V[b]:=D,H[U[M][b]]].

Note that in taking the composition of U with M, we are implicitly using the con-
tinuous embedding of H}(Q) into X. The existence of a weak solution of the MFG
PDI (1.13) in the sense of Definition 3.1 is equivalent to showing the existence of a
fixed point of V, i.e., that there exists a b, € B such that b, € V[E*] Indeed, if b, € B
satisfies b, € V[b.], then a solution pair (u,m) of the weak formulation (3.1) of (1.13)
is given by m := M [b,] and u := U[m] with b, € D, H[u], while the converse is obvious.

We now check that V satisfies all the conditions of Kakutani’s fixed point theorem.
First, Lemma 5.1 implies that V[b] C B for each b€ B, so V : B = B. Moreover, for
every b € B, the set V[b] is nonempty and convex. Indeed, for each b € B the set V[b] is
nonempty by Lemma 5.1. The fact that ) has convex images is an elementary conse-
quence of the fact that 0, H has convex images. Indeed, let b1,bs € V[b] and 6 € [0,1]
be given. It follows from the definition of the inclusions b; € V[B] =D,H [U [M [B]]]
for j € {1,2} and the subdifferential 9,H that, for a.e. z €,

H(z,q) > H(z, VU [M[b]](2)) + b;(x) - (¢ — VU[M[b]](x)) VgeR?je{1,2}
from which we see that
H(z,q) > H(z, VU [M [b]](2))+(0b1 (x)+(1 — 0)ba(x)) - (q—VU [M[b]](x)) VqeR™

This shows that by 4 (1— )by € V[b], so V[b] is convex as claimed. Furthermore, V[b]
is closed for all b€ B. Indeed, since B is metrizable and 12[5] C B, to show that V[b] is
closed it suffices to show that any sequence {b;}jen C V[b] with b; —* b in L°°(Q;R)
as j — oo satisfies b € V[b] = D,H[U[M [I;]H But, given such a sequence {b;};en,
one can consider the constant sequence {v;};en in H'(Q) defined by v; := U [M [b]]
in H1(Q) for j € N, and then apply Lemma 5.2 to deduce the required inclusion
be D,H|[U[M][b]]] =V[b], so V[b] is closed.

It remains only to verify that V is upper semicontinuous. To this end, it suffices
to prove that the graph of V is closed; cf. [5, Chap. 1, Corollary 1, p. 42]. Let W
denote the graph of V, which is defined by

(5.14) W::{(E,B)eBxB;EeV[B]}.

Since B is metrizable, to show that the graph W is a closed it is enough to show that
whenever a sequence {(b;,;)}ien C W converges weakly-x in B x B to a point (b,b)

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/11/25 to 144.82.114.226 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

REGULARIZATION OF MEAN FIELD GAME PDI 5205

as 1 — 0o, then (5,5) € W, which is equivalent to be V[i)} Let us then suppose that
we are given a sequence {(b;,b;)}ien C W that converges weakly-+ in B x B to a point
(b b) as i — 0o. To begin, we claim that M[b;] — M|b] in X as i — co. Indeed, since
{b tien C B, for each ¢ € N we apply Lemma 5.4 to obtain the uniform bound

(5.15) bupHM[ il 0) SIGH-1(9)-

We deduce from this that any given subsequence {M]b; ;1}jen is bounded uni-
formly in H}(2). The Rellich-Kondrachov compactness theorem and the compactness
of the embedding of H} (Q) into A’ then imply that there exists a further subsequence
{M[ }ken and am € Hg () such that the M[b .| converge to m weakly in Hg(Q),
strongly in L2(£2), and also strongly in X, as k —> 0o. By L>®-weak-* x L2-strong
convergence, we also have that M[b ]bijk —mb in LQ(Q R?) as k — oo. Passing to
the limit in the KFP equation (5.11) satisfied by M[ .| for k € N, we deduce that m
satisfies

(5.16) /uvm.v¢+m8-v¢dx:<G,¢>H,leé Vo € HY(Q).
Q

But by definition of M[b] in (5.11), we see that m = M[b] in H}(Q). The uniqueness
of the limit then implies that the entire sequence {M [bi]}ien satisfies M[b;] — Mb]
in X as i — co. Lemma 5.5 implies that U[M|b;]] — U[MIb]] in H}(Q) as i — oco.
By hypothesis, b; € V[b;] = D,H[U[M][b,]]] for i € N and b; —* b in L®(Q;R?) as
i — 0o. We conclude from Lemma 5.2 that b € D,H[U[M[b]]], i.e., b € V[b]. We
have, therefore, shown that the graph W is closed, so V is upper semicontinuous.

We have thus shown that the map V : B = B satisfies the conditions of Kakutani’s
fixed-point theorem, so V admits a fixed point and, therefore, there exists a weak
solution of the MFG PDI (1.13) in the sense of Definition 3.1.

Assuming, in addition, that F satisfies (H2) and G satisfies (H1), the uniqueness
of a weak solution of the MFG PDI (1.13) in the sense of Definition 3.1 follows from
the same argument used in the proof of [22, Theorem 3.4]. This argument carries
through thanks to the convexity of the Hamiltonian H w.r.t. p, together with the
nonnegativity of G as a distribution in H () and the Comparison Principle ensuring
that the density m is nonnegative almost everywhere. 0

6. Proofs of Theorem 4.1 and Corollary 4.5.

6.1. Proof of Theorem 4.1. Let {(ux;,my,)} en denote a sequence defined as
follows: for each j € N, let (uy,, my,) denote a weak solution of the regularized problem
(1.14) with A= X; € (0,1]. Thanks to Lemma 5.4, the resulting sequence {my; }jen
is uniformly bounded in the H'-norm. Since A\; — 0 as j — oo and the embedding
H}(2) C X is continuous, the bound (5.8) and the definition of the resulting sequence
{ux, }jen imply that {uy,}jen is uniformly bounded in the H'-norm. We may pass
to subsequences, without change of notation, that satisfy as j — oo,

(6.1) my, —=m in H)(Q), my —m in LYQ),

(6.2) ur, ~u in H)(Q), ux,—u in LI(Q),

for some m,u € HE(Q), for any ¢ € [1,2*), where 2* := oo if d = 2 and 2* := dQ—_dZ if
d >3, and for any ¢ € [1,00] if d = 1. Since the embedding H{ (Q2) C X’ is also compact,
we may pass to a further subsequence (without change of notation) such that
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(6.3) my, »m in X

as j — 00.

The boundedness of {uy,}jen in Hj(€2), together with the linear growth of the
Hamiltonian Hy, = Hy,(-,p) (see (3.6)), imply that the sequence {Hy,[Vuy,]}jen is
uniformly bounded in L?(Q2). Therefore, there exists g € L?(Q) such that, by passing
to a subsequence without change of notation, we have

(6.4) H)\J. [VU,\J.] —g in L? Q)

as j — oo. The continuity of F': X — H~!(Q) and the convergence (6.3) imply that
Flmy,] — F[m] in H~'(Q) as j — oo. This convergence, together with (6.2) and
(6.4), allows us pass to the limit j — oo in the regularized HJB equation (3.13a) to
find that

(6.5) / vVu-Vu+ gvdr = (F[m],v) g1, Vv € Hi(Q).
Q

We conclude that uy;, — u in H} () as j — co. Indeed, for each j € N, by testing
(3.13a) with uy,, we see that

— 00

(6.6) lim ||Vu>\j||2L2(Q) = lim v* [(F[m)\j],u)\j>Hle1 —/ Hy,[Vuy,luy,dz
Jj—r00 J 0 Q

o [<F[m]7u>Hleé - gudx] — [Vl
Q

where the final identity above follows from (6.5) with test function v = w. It then
follows from (6.2) and (6.6) that the convergence of uy, — u is also strong in H{} ()
as j — oo.

Next, it follows from (2.6), (3.5), and from (6.4) that ¢ = H[Vu] in  and thus
(6.5) implies that u solves

(6.7) /QquVib—f—H[Vqux:<F[m],w>H_1xH6 W € HL(Q).

Next, we deduce from Lemma 5.3 that we can pass to a subsequence (without
OHy, -
change of notation) such that a;J [Vuy,] =% by in L®(Q;RY), as j — oo, for some

b. € DpH[u]. We then use (6.1) to pass to the limit in (3.13b) to obtain

(6.8) / vVm -V +mb, - Vo dz = (G, P r-1xmp VPE Hy(9).
Q

This shows that the pair (u,m) solves (3.1) and, moreover, that, up to a subsequence,
we have (4.1).

6.2. Proof of Corollary 4.5. Following the proof of Theorem 4.1 above, we
consider a subsequence (to which we pass without change of notation) such that
the (uy,,my,) converge to a solution (u,m) of (3.1) in the sense of (4.1) and that

b —* b, in L®(QR?) as j — oo, where b; := ag;j [Vuy,] and b. € DyH[u]. Also, by
hypothesis, the sequence {B] }jen is precompact in L(€; R?), so after possibly passing
to a further subsequence, we may assume without loss of generality that Bj — b, in
L'(Q;R?) as j — oo. Since |Q[q < oo, we deduce from the dominated convergence

theorem that b; — b, in L*(;R?) for any s € [1,00) as j — co. Let 7 € (2,2*) be
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given, where 2* := oo if d € {1,2} and 2* := 2% if d > 3. The Sobolev embedding
theorem shows that m € L"(Q2). Therefore, if we set s := T2_r2, we deduce from the
triangle inequality and Holder’s inequality that

(6.9) ||mA,- Bj - mB*HLQ(Q;Rd)

lim
Jj—o0

< lim V2 (Lallma, = mllcao) + [milze @) B = Bull ooz ) = 0.

This shows that my, Bj — mb, in L?(2;R?) along a subsequence as j — co. Therefore,
after testing (3.13b) with my, and passing to the limit, we obtain

(6.10)
jliHIEO IV, 172 () = V_ljlggo <<G’mAj>H1XH‘% - /gmAjgj .vajdla)

=v! <<Ga m) g1 xH} — /le;* 'de$> = ||Vm‘|%2(sz;m<d)a

where the last equality follows from (3.1b) tested with m. This shows that Vmy, —
Vm in L?(€;RY) and thus my, —m in H(Q) as j — oo.

7. Proof of Theorem 4.6.

7.1. Preliminary results. To begin, we introduce the pointwise maximizing set
corresponding to the Hamiltonian (2.5). Define the set-valued map A: Q x R = A
via

(7.1) Az, p) = argrr;ax{b(x,a) -p— f(z,a)}.
(¢S

Following [22], we associate with given v € W11(Q) the set A[v] of Lebesgue measur-
able functions a* : Q — A that satisfy o*(x) € A(z, Vu(x)) for a.e. © € Q. We will refer
to each element of A[v] as a measurable selection of A(-, Vu(+)). It is known that Afv]
is nonempty for all v € W11(€2), a result which ultimately rests upon the Kuratowski—
Ryll-Nardzewski theorem [15] on measurable selections; see also [28, Appendix B] for
a detailed proof.

We will make use of the following semismoothness result for the Hamiltonians,
which was first shown in [29, Theorem 13] already for the more general case of fully
nonlinear second order HJB operators.

LEMMA 7.1. Let v € HY(Q) be given. For each € > 0, there exists a R > 0,
depending only on v, €, Q, and H, such that

12)  sup IV = H(90] = b) - V0= )]s oy Sl = vl
acA|w
whenever w € H'(Q) satisfies |[v — wl| g1 ) < R.

Proof. Following the analysis of [29, Theorem 13] adapted to the current context,
it is known that, for every s € [1,2) and for every v € H!(Q), we have

(7.3) lim

sup ———||H[V(v+e)] — H[Vv] —b(-,a) - Ve|
llell 71(2) =0 aeA[v+e] HeHHl(Q)

LS(Q) =5 O.

The proof of (7.3) follows the same ideas as in [29, Theorem 13], with the difference
that [29] treats the case of fully nonlinear second-order HIB operators in spaces of
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functions with piecewise second-order Sobolev regularity; whereas (7.3) considers the
first-order Sobolev space H! since the Hamiltonian here depends only on the gradient
of the functions and not on the second derivatives. Note also that the proof of (7.3)
uses mainly the boundedness of 2, the compactness of the control set A, and the
continuity of the data b and f. We then obtain (7.2) by taking w = v + e and noting
that there exists some s € [1,2) such that L*(Q) is continously embedded in H~1(£2)
by the Sobolev embedding theorem. ]

Remark 7.2. We emphasize that the semismoothness of H shown in Lemma 7.1 is
strictly weaker than differentiability of H. The key difference is that in (7.2), we have
a € Alw], instead of Afv]. In fact, the simple example H(z,p) =sup,ec4{a - p} = |p|,
where A= B;(0) C R%, shows that we cannot replace A[w] by A[v] in (7.2), in general.

The semismoothness of the Hamiltonian enables us to show the following bound
between the value functions of the original and regularized problems.

LEMMA 7.3. Assume the hypotheses (H1), (H3), (H4), and (H5). Let (u,m)
and (ux,my) be the respective unique solutions of (3.1) and (3.13). Then, for all A
sufficiently small, we have

(7.4) lu —uxll (@) Sllm —mallx +w(X),
where the hidden constant depends only on Q, v, d, Ly, and L.
Proof. For each A € (0,1], choose an arbitrary ay € Afuy], and define the operator
Ly:HY Q) — H1(Q) by
(7.5) (Law,v) -1y i= / vVw - Vo +b(z,ay) - Vwvde Vw,v e HY(Q).
Q

Recalling the definition of the set of operators G(Ly), it is clear that Ly € G(Lg)
since it is of the form (5.5) and [[b(-, )|z (are) < bl c@xare) < La. We then
obtain from (3.1a) and (3.13a) that

(7.6)
(Lt =), )11y = (Plns] = Pl 0y + [ (HIVws] = BV oda
- /Q(H[Vux] — H[Va] = b(-,a0) - V(ux — u))bd,
Using Lemma 5.4, we deduce that
(77) Nu=urllar @) < Cu ([[F[m] = Flmalllg-1 @) + [HA[Vua] = H[Vuall 20
+H[Vu] = H[Vux] = b(-, ) - V(u—ux) | m-1(0))

where C, > 0 depends on only 2, v, d, and Lgy. Theorem 4.1, in particular the strong
convergence uy — u in Hg(2) as A — 0, and Lemma 7.1 together imply that, for all
A sufficiently small,

1
(7.8) IH[Vur] = H[Va] = b(, ax) - V(ux = w)lla-1(0) < 55l —urllm @),
where C\ is the constant from (7.7). After combining (7.7) with the hypothesis (H4)
and with (3.5), and with (7.8), we see that
lu—uxllm(9) S F[m] — Flmalllg-1(0) + |H[Vur] — HA[Vun]l|r2(9)

(7.9) S llm—mallx +w(X)
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for all A sufficiently small. The hidden constant in the above bound depends only on
Q,v,d, and Ly and Lp. This completes the proof of (7.4). |

LEMMA 7.4. Assume the hypotheses (H1), (H3), (H4), and (H5). Let (u,m) and
(ux,ma), A€ (0,1], be the respective unique solutions of (3.1) and (3.13). Then, for
all A € (0,1],

i 1
(7.10) m —mallx SIGH s (V).

where the hidden constant depends only on cp, d, v, Ly, and 2.

Proof. Fix X € (0,1]. Test both (3.1a) and (3.13a) with ¢» =m —mj and subtract
the resulting equations to obtain

(F[m] = Flmy],m —mx) g x H}

(7.11) = /Q vV (u—uy) - V(m—my) +m(H[Vu] — Hy\[Vuy])dz

+/Qm)\(H>\[VuA]—H[Vu])dx

Then, test both (3.1b) and (3.13b) with ¢ = uw — uy, and subtract the resulting
equations to get

(7.12)
0H)
vV(u—wuy) - V(m—my) +mb, - V(u—uy) + mAa—p[VUA] -V(uy —u)dx =0.
Q
We then subtract (7.12) from (7.11) to thus obtain

(F[m] — Flma],m —mx) g1
(713 - /Q ma (HA (Vus] — H[Vu] + %[Vu,\] V(u— uA)) dz
+/ m (H[Vu] — Hy[Vuy] + bs - V(uy —u))dz.
Q

Notice that the hypothesis (H1) on G, together with the Weak Maximum Principle
and the Comparison Principle, implies that m and m) are both nonnegative a.e. in
Q. From this fact, together with the convexity of Hy w.r.t. p and the definition of
the inclusion b, € D, H|u], we deduce that

/Q my <H/\[VU)\] — H[Vu] + a@—?[vu/\] V(u— uA)) Az

(7.14)
g/mmmwm—mwmw7
Q

and
/ m (H[V4] — Hy[Vu] + by - V(us — ) dz < / m(H[Vuy] — Hy[Vuy])da.
Q Q
Consequently,

(Flm] = Flmal,m —ma) g1 g/mA(H,\[Vu]—H[Vu])dx

(7.15) @

+/m(H[Vu>\]—H,\[Vu,\])dx.
Q
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We then combine (7.15) with the strong monotonicity of F' (H3), the uniform bound
|Hy — H| <w()) of (3.5), and the Cauchy—Schwarz inequality to obtain

(7.16)
lm —mall% < e (Flm] — Flmal,m —ma)g-vemy S (Imallz o) + [Iml 2 ) w(V),

where the hidden constant depends only on cp and €. Using Lemma 5.4, we de-
duce that HmHLZ(Q)SHG”H—l(Q) and that ||m,\HL2(Q) < ||G||H*1(Q) from the KFP
equations, respectively satisfied by m and m). Therefore,

(7.17) Im = mAll% S NGl -1 @w (),

where the hidden constant depends only on €2, d, v, cp, and Lg. This completes the
proof as X € (0, 1] was arbitrary. d

The proof of Theorem 4.6 is now straightforward.

Proof of Theorem 4.6. The result is immediate by combining the conclusions of
Lemmas 7.3 and 7.4, i.e.,

(7.18) e = unll o) + [Im = malla S llm —malx +w(d) Sw)?,

where we have used the trivial bound w(\) < C,w(A)z where C,, := SUPye[0,1] w(o)z.
Note that the constant in (7.18) depends only on Q, d, v, Ly, L, cp, |G|/ g-1(q), and
also sup, ¢,y w(o). |

8. Examples. In this section, we show the sharpness of the conclusions of the
analysis above with respect to several aspects. Recall that Theorem 4.1 shows the
weak convergence in H' of subsequences of the densities of the regularized problems
to a density of the MFG PDI. Also, Corollary 4.5 gives strong convergence in H'
under an additional hypothesis. To show that such an additional hypothesis cannot
be removed in general, in section 8.1 below we give an example where the density
function approximations given by the regularized problems do not converge strongly
in the H'-norm. Theorem 4.1 is sharp in this regard.

In the second example, given in section 8.2, we consider a situation where each
regularized problem has a unique solution pair (uAj,mAj), yet by taking different
subsequences, we arrive at different solutions of the MFG PDI. Thus the convergence
along subsequences shown in Theorem 4.1 cannot be improved to convergence of the
whole sequence, even in cases where each regularized problem has a unique solution.

8.1. Density function approximations may not converge strongly in
the H'-norm. We now present an example where the densities of the regularized
problems do not converge strongly in the H'-norm. This shows that, for the general
class of regularized Hamiltonians satisying (H5), the weak convergence in the H!-
norm of {my, }en given in Theorem 4.1 is sharp, in general. The key features of the
example are summarized in the following proposition.

PROPOSITION 8.1. Let Q=(0,1) CR, and let H: QxR — R be given by H(x,p) =
SUP,c(—1,1{zap} = z[p| for all (z,p) € QxR. Set F=0 on L?(Q), and let G=1¢€
L*(Q) Cc H-'(Q). There exists am € Hg () and a family of regularizations {H), }jen
satisfying (H5), with \; =0 as j — oo, such that

e (0,m) € HY(Q) x HY(Q) is a solution of (3.1) with m # 0 in HZ (),
e my, —=m in Hj(Q) as j — oo, and

(8.1) lim Hm)\j — m”Hl(Q) > 0.
j—o0
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Proof. In this setting one can show that the Moreau—Yosida regularization of H,
for each A € (0,1], is given by

(8.2)
A2 .
x|p| — - if |p| > Az, Oty sgn(p)x  if [p| > Az,
Halw.p) =9 e and 5 = (@p) =P if [p| < A

for (x,p) €[0,1] x R. For each A € (0,1], let Hy be defined by

~ z%cos?(@ATh)A

(8.3) Hx(w,p):=Hnx (z,p—zcos (zA7") A) 5

Y(z,p) €[0,1] x R.
It is straightforward to use Lemma 3.4 to check that the assumption (H5) is satisfied
by {Hx}xe(o,1)- In particular, it is found that |Hx(z,p) — H(z,p)| < 2X for all p € R
Note that Hy(x,0) =0 for all « € [0,1]. It also follows immediately from (8.2) and
(8.3) that

OHy, OH,

o (2,0) = % (z,—zcos (zA')A) = —zcos (zA™")  Vae(0,1).

Now consider the sequence {\;};en given by A; :=1/j, j € N. Then, for each j € N,
the regularized problem (3.13) admits a unique solution (uyx,,my,) € Hj(2) x H} ()
where uy; =0 a.e. in {2 and m,, is the unique solution of

(8.4) / vOpmy,; 0,0 +my,b;0p¢dz = / pdr Vo € Hy (),
Q Q
where b, := ag—}jj[a$u,\j] = 821: (7,0) = —xcos(jr) for all z € (0,1). The solution my,

can be computed explicitly, in particular

(8.5)
i (0) = g ([ s [Tas— [Coponas [ ias).

for z € [0,1], where 7;(s) := exp(—(jv) 'asin(jz) — (j2v) ! cos(jx)) for s €[0,1].

Lemma 5.4 shows that the sequence {my,} en is uniformly bounded in HL(Q).
The Riemann-Lebesgue lemma shows that the entire sequence {my,} en converges
weakly to m € H}(Q) which is the unique solution of

(8.6) / v, m0,ypdr = / pdr Vo€ Hy (),
Q Q

with m given explicitly by

(8.7) m(z) = 2%3;(1 —z) Vrelo,1].

Furthermore, we also have my; —m in L>(f2) as j — oc.
We now prove that {my,};en does not converge strongly to m in the H'-norm
by direct calculation. Notice that, for each j € N, (8.4) implies that

(8.8) dxmy, =v ' weos(jr)my, — vz +¢j),
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where ¢; := —([,7;(s)ds) ™! [, s7;(s)ds € R. It is clear that -, converges uniformly
to the constant functlon 1 on [0,1] as j — oo. Therefore, ¢; — —3 as j — oo, and
1
(8.9) dx(my, —m)(z) =v 'acos(jz)my, (z) — v~ (cj + 2) Y €[0,1].
We then get
(8.10)

/|a ma, —m) s

2
1 1
=v 2/gg2cos (]x)m)\ dz —2v~ (cj—i—)/xcos(jx)m)\.dm—i—y—? (cj—i—)
0 2) Jo ! 2
1

2,

1 1y’
— o2 <Cj + ) / zcos(jz)ma,dz + v (Cj i > '
2) J, : 2

The convergences my; — m in L*>(Q) and ¢; — —1/2 as j — oo, together with the
Riemann-Lebesgue Lemma, imply that

1 1
x2m>\ de + — 5,2 / 2 cos(2j:c)(m§J m?)dx + 27 ). 2% cos(2jx)m?da

2
(8.11) lim |8 (my, —m)]| dx—/ 2 m¥dz > 0.

j—o0 o) 21/2

This shows (8.1) and thus the sequence my; does not have any subsequence that
converges strongly to m in the H'-norm. O

Remark 8.2. Considering the proof above, it is easy to show that the whole

Hy
sequence 8;J [0zuy,| = —x cos(jx) does not satisfy the precompactness hypothesis of
Corollary 4.5.

The conclusion here is that Theorem 4.1 is sharp, in general, with regards to the
weak convergence of the densities in H', and that strong convergence is only possible
under some additional hypotheses, such as in Corollary 4.5.

8.2. A sequence of regularized problems with two subsequences that
converge strongly to different solutions. We now give an example where each
regularized problem has a unique solution, yet different subsequences of the solutions
of the regularized problems converge to different solutions of the MFG PDI. This shows
that in Theorem 4.1, we generally cannot expect convergence for the whole sequence
to a unique limit, even when each regularized problem has a unique solution.

PROPOSITION 8.3. Let Q C R, d € N, denote a bounded domain with Lipschitz
boundary, and let H : Q x R* — R be given by H(z,p) = supaem{a -p} = |p| for
all (z,p) € A xR, Set F =0 on L?(Q), and let G =1 € L?(Q) C H (). There
exists a family {Hy, }jen satisfying (H5), with \; — 0 as j — oo, and two distinct
my, mg € H(Q), m1 # ma, such that

e the pairs (0,m1), (0,mz) € H3 () x H}(Q) are both solutions of (3.1);

o for each j € N, the regularized problem (3.13) with A = \; has a unique
solution (ux;,my,) € H} () x Hi();

e we have

(8.12) Mrgesy =M1, My, =mg VkeN.

Note that it is a trivial consequence of (8.12) that my,,,, = m1 and my,, — ma
as k — o0, in any norm.
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Proof. Tt is clear that the unique solution u of the HIB equation (3.1a) is simply
u=01in © in the case where F' = 0 and H(x,p) = |p|. Hence, the set of solutions
to the weak MFG PDI (3.1) is a nonsingleton set that consists of all pairs (u,m)
where u = 0 a.e. in Q and m € HJ(Q) solves the KFP equation (3.1b) for some
b. € D,H[u] = {b € L®°(LRY): 16| oo (ray < Le}. Let my and my denote the
corresponding densities for the constant vector fields b; = (1,0,...,0) € D,H[u] and
by = (—1,0,...,0) € D, H[u].

Let Hx, A € (0,1], denote the Moreau—Yosida regularization of H(x,p) = |p|,
which is given by

=% if[pl > A, OH ™' i pl = A,
8.13) Ha(z,p) =2 |p|2 and —2(p)= o
( ) NEN) |§|}\ if [p| < A Op () g if [p] <A

Consider the family of regularized Hamiltonians {H} ¢ (9,1 defined by

cos?(A"HA
2

where gy := (cos(A71)A,0,0,...,0) € R? for each A € (0,1]. It is straightforward to use
Lemma 3.4 to check that the assumption (H5) is satisfied by { Hx}xe(0,1)- Indeed, the
Lipschitz continuity, convexity, and continuous differentiability of H, with respect to
p all follow immediately from Lemma 3.4. Furthermore, the triangle inequality and
Lipschitz continuity (2.6), noting that Ly = 1 in this example, imply that, for any
peRY,

(8.14) Hy(z,p) :=Hxr(p—aq\) — V(z,p) €Q x RY,

A
(8.15) |Hx(z,p) — H(z,p)| < [Ha(z,p—qx) — H(z,p — q)| + |ga| + 5 <2\

where we have used the bound (3.8) and |gx| < A. Observe that Hy(x,0) =0 for all
A € (0,1). Now, take the sequence {\;};en given by \; :=1/(mj), j € N. Then, by
considering the regularized problem (3.13) with A = \; for j € N, it is clear that the
unique solution of the regularized HJB equation (3.13a) is ux, = 0 in 2. Hence my, is

OH\ .
the unique solution of (3.13b) where the advective vector field 8;J [Vuy,] is given by

OH,,
Op

M,

(8.16) =

[VU)\j] = (_q)\j):((_1)j+150507-~'70) ERd VJEN

It is then clear that ag—;j[Vu x;] equals by for all odd j and equals by for all even j.
This implies (8.12).

To conclude, we now show that m; # ms in H}(Q). Suppose for contradic-
tion that m; = mgp =: m in H}(Q). We then obtain that fQ m(by — bg) - Voda =
0 < [,m0y, ¢da = 0 for all ¢ € Hg(€2). This then implies that 9,,m =0 a.e. in
Q. But, since Q is bounded and m € H{(R), the Poincaré inequality |m| 20y <
Cq |0z, m|| 12(0) implies that m =0 in L?(Q), which gives my =mg =m =0 in Hg(Q).
But this contradicts (3.1b) where the r.h.s. is nonzero with G=1¢€ L?(Q) c H~1(Q).
Hence we see that mq # mg in HE(9). 0

Remark 8.4. A further perspective on Proposition 8.3 is that, in general, a single
choice of regularizing sequence might not be sufficient to approximate all solutions
of the PDI. Thus, in applications to problems with nonunique solutions, it may be
necessary in some cases to consider multiple different regularizations to approximate
different solutions of the PDI.
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Remark 8.5. Let us relate this example to the discussion in section 1. Observe
that the case F' =0 and H(z,p) = supaem{a -p} = |p| (where b=« and f =0)
corresponds to a model of a MFG where the underlying control problem of the players
is quite degenerate, since the players’ cost is independent of both the controls and the
population distribution. The players are thus entirely decoupled from one another
and are free to choose among infinitely many optimal controls, so it is natural that
there should be infinitely many solutions of the PDI. This is in stark contrast with
the regularized problems, where the differentiability of the regularized Hamiltonian
implies the uniqueness of the optimal drift (cf. with (1.12)), and thus fixes the play-
ers’ dynamics. This gives a concrete illustration of some essential differences in the
structure of the Nash equilibria between MFG with differentiable Hamiltonians and
those with nondifferentiable Hamiltonians.
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