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ARTICLE INFO ABSTRACT
Keywords: We study parametric inference for ergodic diffusion processes with a degenerate diffusion
Stochastic differential equation matrix. Existing research focuses on a particular class of hypo-elliptic Stochastic Differential
Hypo-elliptic diffusion Equations (SDEs), with components split into ‘rough’/‘smooth’ and noise from rough com-

Hormander’s condition
Partial observations
Generalised Langevin equation

ponents propagating directly onto smooth ones, but some critical model classes arising in
applications have yet to be explored. We aim to cover this gap, thus analyse the highly degenerate
class of SDEs, where components split into further sub-groups. Such models include e.g. the
notable case of generalised Langevin equations. We propose a tailored time-discretisation
scheme and provide asymptotic results supporting our scheme in the context of high-frequency,
full observations. The proposed discretisation scheme is applicable in much more general data
regimes and is shown to overcome biases via simulation studies also in the practical case when
only a smooth component is observed. Joint consideration of our study for highly degenerate
SDEs and existing research provides a general ‘recipe’ for the development of time-discretisation
schemes to be used within statistical methods for general classes of hypo-elliptic SDEs.

1. Introduction

This work addresses the statistical calibration of a wide class of hypo-elliptic diffusions. Stochastic Differential Equations (SDEs)
are widely used as an effective tool to describe dynamics of the time evolution of phenomena of interest across a multitude of
disciplines. Consider SDE models of the following general form:

d
dX, = Vy(X,,00dt+ Y V,(X,,0)dB;,,  Xo=x€RY, )

j=1
with V(. 0) : RN — RN, 0 < j < d, for parameter 6, driven by the d-dimensional standard Brownian motion B = (Byss--»Byp), 20,
defined upon the filtered probability space (2, F, {F,};50,P), with d, N > 1. Several theoretical results about parameter inference for
SDEs have been established under positive definiteness conditions on the diffusion matrix a = V¥V € RV with V = [V, ..., V,].

In such a case, the solution of (1) is referred to as an elliptic diffusion. However, many important applications give rise to diffusion
processes that allow matrix a to be degenerate. We give below examples for such classes of SDEs. Under the weak Hormander’s
condition, discussed later in this work, the process defined via the SDE (1) with degenerate diffusion matrix a permits a density
with respect to (w.r.t.) the Lebesgue measure for its transition dynamics, and is referred to as a hypo-elliptic diffusion.
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1.1. Classes of diffusion models

We can summarise the SDE models we consider in this work via two classes of hypo-elliptic diffusions. The first hypo-elliptic
class is determined via the following degenerate SDE:

dX Vso(X,, Bs) a 0
ax,=| %' = soeb) D Y5 laB,,  Xy=x=|xlxh] €RV. (Hypo-I)
dXR,r VR,O(XpﬂR) VR,/'(XI,O')

Here, the involved SDE functionals are specified as follows:

j=1

Vso RN x0, = RVs,  Vio: RV x 6, Rk, Vp, :R¥x0, >RVr, 1<j<d,
for positive integers Ng, N such that N = Ny + Ny, and unknown parameter vector
0= (fs.Br,0) €O =6, xOp X0, C RN0s x RVor x RN,

for positive integers Ny, Ng,, N,;, and a compact set 6. For class (Hypo-1), we will later on introduce a condition upon the vector-
valued functionals {Vg, Vg, ..., Vg ) that is sufficient for the law of X, to admit a Lebesgue density, and which is related to the
weak Hormander’s condition. In brief, the condition stipulates that X, is indeed a rough component, and that all coordinates of
the drift function Vg ((X,, fs) properly relate with the rough component X, so that randomness from Xy, is propagated onto all
coordinates of vector X ,.

The development of a theoretical and algorithmic framework for parametric inference over class (Hypo-I) has been the topic of
several recent works, see e.g. [8,15,18,32]. However, we stress that several important hypo-elliptic SDEs used in practice do not
belong in class (Hypo-I) — in the sense that not all coordinates of the drift function for the smooth components involve the rough
component Xp, — thus are not covered by recent investigations. We specify a key class of practically useful but under-explored
hypo-elliptic SDEs via the following equation:

dXSl,t Vsl.o(Xsl,nst,nﬁsl) d 01"51
dX, =|dXg, , |= Vs, 0(X:. Bs,) dt+ Y| Oy, |dB;
s 2 (Hypo-II)
dXp, Vro(X1: Br) Vr;j(X;,0)

= [xT T 717 N
Xo—x—[xsl,xsz,xR] e RY.
Thus, the drift functions of the smooth components are now specified as:
. rNs; +Ns Ng . N Ny,
Vs ot R ZX@ﬂsl_’R 1, Vs,0 R X@ﬂsz_’R 2,
and the parameter vector writes as:
N, N,
_ _ By s N, N,
0= (Ps,.Ps, Pr.0) €O =0y X O X O xO; CR M1 xR x Rk x RN,

for positive integers N , Ng,, N, B, Ny, and N = Ng + Ng, + Ng, where O is again a compact set. We stress again that the drift
function Vg, (X, 1, X5, - Bs,) does not cfepend on the rough component X,, so noise from Xy, is not directly propagated onto
X, - Thus, (Hypo-II) is treated as a different model class than (Hypo-I). We refer to (Hypo-1I) as the highly degenerate class of SDEs.

For model class (Hypo-II) we will later on set-up a restriction over its constituent vector-valued functionals {VSLO, VSz,o’ VRO - s
Vra}> related to Hormander’s condition, which will differ from the corresponding condition assumed for (Hypo-I). Roughly, such
a requirement will guarantee that noise from the rough component X, indeed propagates onto all coordinates of X ,, first, then
moving onto X ;. Thus, X , is ‘smoother’ than X ,. Importantly, a consequence of such a behaviour is that class (Hypo-II) is not
included within (Hypo-I), instead the two classes, (Hypo-I) and (Hypo-II), are intrinsically distinct and must be treated separately
in terms of theoretical and algorithmic considerations.

1.2. A motivating class of models

The non-Markovian Langevin equation (or generalised Langevin equation (GLE)) is used in a wide range of applications due to its
effectiveness in describing complex stochastic systems with memory effects (thus, of non-Markovian structure). Examples include
dynamics observed in protein folding [1], cancer cells [26], flocks of birds [12], molecules [27] and coarse-grained systems [20,25].
For simplicity, we consider here a one-dimensional particle with unit mass, and denote its position and momentum, respectively,

by (¢, p). Then, a GLE describes the particle dynamics as follows:
4 = s
, ' (GLE)
p=-U'(q) —/ Kt —s)p,ds +n;,
0

where U : R — R is an appropriate potential function, K : [0, ) — R is the memory kernel, and 7, is a zero-mean stationary Gaussian
noise with auto-correlation specified via a fluctuation-dissipation relation in equilibrium, i.e., E[x,n,] = K(f — s), s,t > 0, given a
unit temperature. Due to the presence of K(-), particle dynamics will depend on the full state history, with such a property being
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quite desirable in applications, see e.g. the references given above. However, the cost of generating the dynamics of model (GLE)
can be overly expensive. Thus, a standard approach followed in practice is to introduce a parametrisation for the memory kernel
K(-) and represent the non-Markovian system (GLE) as a Markovian one on an extended space, the latter system being referred
to as Quasi-Markovian Generalised Langevin Equation (QGLE). Such parametrisation is extremely rich, thus being able to accurately
capture the behaviour of systems with general true kernel K(-). In particular, a common parametrisation of the memory kernel is
the following:

K(@t) = ad(t) — (e 2, A), a>0, A€R", AeR™" m>1,

with 6 = () the Dirac function. In this case, the original system in (GLE) can be equivalently re-written as the following Markovian
one:

dq, b m+1
dp; = _U,(qt) —ap; — (L St) dr+ 2 |: :| dBj,t’ So ~ N (Om’ Im)’ (QGLE_I)
ds, —p;A— As, =t L

with 5, € R an auxiliary component and ¢; € Rf“, 1 < j < m. Another typical choice for the memory kernel is the following:
K@) = (e72, 4),

in which case the equivalent QGLE writes as:

dq, Py m |0
dp|=|-U'@)+(As)|di+ Y| 0 |dB;,,  so~ A (O, L), (QGLE-II)
ds, —p, A — As, i=l]o;

with o; € R}. Class (QGLE-I) is investigated, e.g., in [5]. Then, class (QGLE-II) is popular, e.g., in thermodynamics modelling,
see [23,29]. Class (QGLE-I) belongs in (Hypo-I), with the rough component comprised of p;, s,. For class (QGLE-II), the rough
component consists only of s,, with ¢, depending on the smooth component p, and not on s,. Thus, (QGLE-II) lies within class (Hypo-
I1). Recently, parametric inference for GLEs within the QGLE setting, under discrete-time observations of the smooth component ¢,
has been of interest for applications, see e.g. [12,37].

1.3. Related works and objectives

In this paper we investigate parameter estimation for the two classes of degenerate diffusion processes, (Hypo-I) and (Hypo-
1), given discrete-time observations obtained at instances 0 < 7y, < t; < .- < 1,, n € N, with equidistant observation intervals
4, :=t;—t;_;, 1 <i <n. In particular, we consider the following scenarios for the observations:

1. Complete observation regime, i.e., with all N coordinates of X, being observed.
2. Partial observation regime, i.e., with a strict subset of coordinates being observed. In agreement with applications, in this setting
only the upper-most smooth component is assumed to be observed.

Within class (Hypo-I), and for the complete observation regime, [8,14,15] develop judicious discrete-time (conditionally) Gaussian
approximations for the transition distribution. Such a proxy provides contrast estimators proven to be asymptotically normal in a
high-frequency observation setting, i.e., n — o0, 4, — 0 and n4, — oo, with a requirement that the step-size scales as 4, = o(n~'/2).
It should be remarked that [8] considered hypo-elliptic SDEs in (Hypo-I) with particular restrictions, e.g., Ng = 1, and proposed
contrast estimators separately for fg € @, and (g, o) € 645, X0, while [14,15] provided a joint contrast estimator for all parameter
6 = (B, B, o) under a more general model structure. In [18], the step-size condition 4, = o(n~!/?) to obtain asymptotic normality is
weakened to 4, = o(n~!/3). In the partial observation regime, with the upper-most smooth component being observed, the missing
components must be carefully imputed given the available observations. For SDEs in class (Hypo-I), it is often the case that the
dynamics of the smooth component is determined as

dXg, = Xp,dt. @)

Such a remark also applies for class (Hypo-II), with the role of X, taken up by the upper-most smooth component, and the
one of Xy, by the second smooth component. We keep the discussion within class (Hypo-I), as this is the context typically
looked at in earlier literature. For the described setting, it is tempting and, indeed, widely used in practice, to recover the hidden
rough component via finite-differences, using the observations {Xg, 1}, i.e. via Xg, = (Xg,,, — Xs,)/4,, if the step-size 4, is
small enough. However, [32,33] show that, in the context of bivariate models within class (Hypo-I), such an approach delivers
(asymptotically) biased estimates of the diffusion parameter . To side-step the bias, [33] further developed a corrected contrast
function built upon a conditionally Gaussian approximation for the rough component X ,. [8,32] argue against applying finite-
differences and, instead, consider appropriate It6-Taylor schemes leading to non-degenerate conditionally Gaussian approximations
for the SDE transition density. Such proxies are then embedded within MCMC Gibbs samplers or Monte-Carlo Expectation-
Maximisation (MC-EM) methods to impute the missing components conditionally on observations. Note that the approach does not
require (2) for the smooth component. [32] then illustrate empirically that the scheme omitting drift terms of size O(Aﬁ) from the
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Table 1
Parametric inference for hypo-elliptic SDEs from high-frequency, complete observations.
Work Model Joint estimation Step-size condition
8] (Hypo-I) with Ng =1 X 4, = o(n~11%)
and diagonal diffusion matrix
[14,15] (Hypo-I) ° 4, =o(n™'?)
[18] (Hypo-I) o 4, = o(n~'13)
This paper (Hypo-II) ° A, = o(n~'1?)

Table 2
Parametric inference for hypo-elliptic SDEs from partial observations.
Work Model Approach Estimation
[32] (Hypo-I) satisfying (2) Finite-differences Bias in ¢
with Ng =N, =1 Gaussian approximation Bias in fj
[33] (Hypo-I) satisfying (2) Finite-differences with Unbiased
with Ng =Nz =1 a corrected contrast function
[8] (Hypo-I) with Ng =1 Gaussian approximation Unbiased

and diagonal diffusion matrix

This paper (Hypo-II) Gaussian approximation Unbiased

Itdo-Taylor expansion of the smooth component leads to a biased estimation for the drift parameter, g5, of the rough component.
Subsequent analytical works [8,14,18] illustrated that the bias is resolved by adding the drift terms of size O(Af) in the smooth
component within class (Hypo-I), as such terms are needed to counterbalance the noise terms of size O(AZ/ D) arising in such an
expansion.

The above discussion suggests that one of the possible recipes for accurate estimation of both hidden components and parameters
would be the development of a conditionally Gaussian approximation for the full coordinates (as such Gaussianity allows for access to
computationally effective inference methodologies) obtained via careful inclusion of higher-order terms from the relevant It6-Taylor
expansion. Such an insight for the design of a ‘correct’ discretisation scheme for the purposes of statistical inference has, arguably,
not been clearly spelled out in the literature. Furthermore, the benefit of developing such a (locally) Gaussian discretisation is that
it produces a closed-form approximate likelihood which is widely applicable to ‘likelihood-based’ inference of degenerate diffusions
under both a frequentist/Bayesian framework. We hereby mention that other numerical schemes based on operator splitting (not on
Ito-Taylor expansion) can be utilised in ‘likelihood-free’ inference approaches where only the simulation of SDE paths is required.
Recently, exploiting the measure-preserving property of splitting schemes, several works [3,9] have presented empirical results
showcasing that embedding such schemes in likelihood-free inference can lead to effective parameter estimation for a partially
observed hypo-elliptic diffusion belonging in (Hypo-I). [31] developed an asymptotically unbiased contrast estimator based on
splitting schemes for elliptic SDEs having a super-linear drift function and an additive noise, i.e., constant diffusion coefficients.

Our work aims to provide a comprehensive study of statistical calibration for a wide class of degenerate diffusion models. For
this purpose, we review previous works for class (Hypo-I), and, then, we establish new analytical results for class (Hypo-II). The
main contributions of our work can be summarised as follows:

(i) For the highly degenerate class (Hypo-II), we construct a conditionally Gaussian time-discretisation scheme. The corresponding
transition density is well-defined (i.e. non-degenerate) under a suitable assumption on functionals {VSI' o VSz, o Vo> Vral
motivated both by modelling considerations and by adherence to the weak Hormander’s condition. We refer to the new proxy
as the ‘locally Gaussian scheme’ in agreement with the name assigned by [15] to a conditionally Gaussian scheme developed
for class (Hypo-I).

(ii) For class (Hypo-II), we define a joint contrast estimator based on the transition density of the locally Gaussian scheme. Then,
we show that the estimator is asymptotically normal in the complete observation regime, under a high-frequency observation
setting, i.e., for n - o0, 4, - 0, n4, - o, with the additional condition that the step-size must scale as 4, = o(n=1/%).

(iii) Under the partial observation regime often encountered in practical applications, we show via analytical consideration of
some case studies that use of a finite-difference method for estimation of hidden components leads to asymptotically biased
estimation of the diffusion parameter o for class (Hypo-II). Thus, we put forward the developed locally Gaussian scheme for
(Hypo-1II) as an effective tool to impute hidden components and estimate parameters.

(iv) By reviewing the methodology already produced in the literature for class (Hypo-I) and examining the new one produced
in this work for (Hypo-II), we can provide a complete guideline for the development of a discretisation scheme for general
degenerate diffusion processes so that the corresponding contrast function does not introduce bias in parameter estimation
procedures.

A comparison of our work with early works is briefly summarised in Tables 1 and 2. The rest of the paper is organised as
follows. Section 2 specifies the class of hypo-elliptic SDEs of relevance for this work, with reference to Hérmander’s condition.
Section 3 revisits the correct (in terms of its statistical properties) discretisation scheme for class (Hypo-I) and introduces the one
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for (Hypo-II). Section 4 provides our core analytical results of asymptotic consistency and normality for the statistical estimates
obtained via the new scheme, in a complete observation setting. All proofs are collected in an Appendix A. We present case studies
showcasing the emergence of bias when standard alternative schemes are called upon or when finite-differences are used to impute
unobserved components (a common practice in applications). Under the correct schemes shown here for classes (Hypo-I) and (Hypo-
1), we set up a simple Kalman filter for fitting a non-linear sub-class of models commonly arising in applications (we term these
conditional Gaussian non-linear systems) in the practical partial observation setting. Section 5 presents numerical studies, for the
partial observation regime, both for simple models and ones relevant to real applications, within class (Hypo-II). The code used in the
numerical studies is available at https://github.com/Yugalgu/calibration-hypoSDEs. We finish with some conclusions in Section 6.

Notation. For the highly degenerate class (Hypo-II), to establish a common notation with (Hypo-I), we use the argument
xg = (xg,,xg,) and also set:

_ [T T T N, _ .
Xg, = [XS]J,XSZJ] €RMs, Ng=Ng +Ng;

_[aT T 17 _ — .
Bs = [ﬁSl ’ﬁSz] € @ﬂs’ @ﬂs - @l}sl x @ﬂsz > Nﬂs - Nﬁsl + Nﬂsz ’
T
Vs.o(x, Bs) = [V, 0xs: Bs) s Veyo(x: Bs,)T]
For x € RN and 0 = (B, fg, o) € O, we write
T
Vo(x.0) = [Vs o(x. ). Veo(x. )] ®
T
V0 =08, Ve,0)T] . 1<i<a.

For ¢(-,0) : RN - R, 6 € ©, bounded up to 2nd order derivatives, we define the differential operators £ and £ 1<j<d, as

N N d
X bl 1 . . 62
Lo(x.0)= Y Vi(x, 0>a—Z<x, 0+3 Y YV oV e)ﬁm 0);
i=1 i ip=1k=1 197

N
. 0 X
Lp(x,0) = Z} Vi, e)a—zu,e), 1<j<d,
P

for (x,0) € RN x O. Application of the above differential operators is extended to vector-valued functions in the apparent way, via
separate consideration of each scalar component. We denote the probability law of the process {X,},5, under a parameter 6 € © as

Py, and we write i, i for convergence in probability and distribution, respectively, under the true parameter 07. We write
the expectation under the probability law P, as E, to emphasise the dependence on 6 € 6. For u € R", n € N and the multi-index
a € {1,...,n}, I € N, we define o = 0! /duo(1 “+ Ot i.e. an operator acting on maps R” — R, and then extended, by separate
application on each co-ordinate, on maps R" — R”, m € N. We denote by C[‘j"(R"I X O;R™), n|,n, € N, the space of functions
f : R x© - R™ such that f(x,0) is infinitely differentiable w.r.t. x € R" for all § € 0, and for any « € {1, ... ,nl}f, Z >0,
0% f(x,0) is of polynomial growth in x € R" uniformly in 6 € ©. For x,y € RN, we write (x,y) = Zfil x;y; and ||x|| = 1/{x, x).

2. Hypo-elliptic SDEs

We fully specify the classes of SDEs of interest in (Hypo-I) and (Hypo-II), by providing, in each case, appropriate conditions on
the collection of functionals {V}), V}, ..., V,}, motivated by modelling considerations and the existence of a Lebesgue density for the
SDE transition dynamics. We illustrate later on that the imposed conditions suffice so that the locally Gaussian scheme for X, in
(Hypo-II) we put forward in this paper is non-degenerate.

2.1. Hormander’s condition

We quickly review the definition of Hormander’s condition. Consider the class of SDEs with the general form in (1). We define
d
Vo(x, 0) = Vp(x,0) = 3 Y L, Vi(x,0), (x,0) RN x 0.
k=1

From standard properties of Itd’s processes, V; is the drift function of (1) when written as a Stratonovich-type SDE. The functionals
{Vy, ..., Vy} of the Stratonovich SDE can be corresponded to differential operators, the latter applying on mappings on RY — R¥
and giving as outcome mappings, again, on the same spaces. In particular, we have:

N N

Vorr Y Ve, Vi Vi, 1<k<d.

i=1 i=1
Without confusion, we use the same notation both for the SDE functionals and the corresponding differential operators. Parameter 0
is removed from the expressions for simplicity. For two functionals (equivalently, differential operators) as above, W = Y ,]i | wf(x)ax‘_

and Z = Zfi 4 i ()0, the Lie bracket is defined as

W,Z|=WZ-ZW,
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that is, for a given x € RV,

N
W, Z1(x) = Y {W' ()9, Z(x) - Z'(x)d, W (x)} € R,

i=1

We introduce the collections of functionals
Hy={Vi,.. VY, A= {{[VO,V],[V,,V]} Ve grgd}, k> 1.

Then, Hérmander’s condition is stated as follows:

Definition. Hérmander’s condition is said to hold at a point x € RV if there exists M > 0 such that
span{V(x) : Ve,%j-, Osng}:RN. 4

Hoérmander’s condition implies that for any ¢ > 0 and an initial condition X, = x € RV, the law of X, is absolutely continuous
w.r.t. the Lebesgue measure. Also, if the coefficients of the SDE are infinitely-times differentiable, with partial derivatives of all
orders being bounded, then the Lebesgue density is smooth, see, e.g., [28,29]. When Hormander’s condition holds with M = 0, the
condition is typically referred to as strong Hormander’s condition and is equivalent to the SDE being an elliptic one. It is easy to see
that in our setting of a degenerate diffusion matrix, Hérmander’s condition cannot hold with M = 0. If (4) holds with M > 1, then
the term weak Hérmander’s condition is often used, see e.g. [30]. Furthermore, if (4) holds uniformly in the initial point x € RV,
we have the uniform Hormander’s condition, which is invoked frequently in the literature, see e.g. [2,4]. Precisely, the uniform
Hormander’s condition is stated as follows. There exists an integer M > 0 such that

M
inf inf Y Y <V(x), 5>2>o. 5)

XERN  ¢eRNsy 4=
o= J=0VEX;

To establish a statistical theory for models (Hypo-I) and (Hypo-II), we work below with assumptions associated with the uniform
Hormander’s condition.

2.2. Diffusion classes (Hypo-I) and (Hypo-II)

We now set up separate conditions for the SDEs in classes (Hypo-I) and (Hypo-II). These will make use of the drift function,
Vy = Vy(x, ), of the Stratonovich version of the SDEs. For 1 < j < k < N, we define the projection operator proj ik RN — RkJ/+1 a5

X = [xl,...,xN]T »—»projjyk(x) = [xj,...,xk]T.
We also introduce:
Ay = Ay, jﬁ:{[ﬁo,vl: Vejf%} %:{[170,[170,1/]] : Vej%}.

For (Hypo-I) and (Hypo-II), we assign the following conditions to fully specify the structure of the corresponding degenerate system
of SDEs.

Condition (H) (Classes of SDEs).

L For class (Hypo-I), it holds that:

2z (veop ¢) i 2
inf inf < roj V(x,0) ,§> = inf inf <V (x,0), > > 0;
(x,0)ERN %O, ¢erVR < __ PIOINs+1.N (x,0)€ERN X0, terNR =l Rk ¢

st ell=1 VEF stllel=1 © T

inf inf YY) <V(x,0), 5>2 > 0. (6)

(x,0)eRNxO RN Ry -_
st lel=1 =0 Vet

II. In the case of class (Hypo-II), it holds that:

d
2 2
inf inf <ro' V(x,0), > = inf inf (V (x,0), > > 0;
(x,0)ERN X0, ceRVR Z~ b JNSH’N{ } ¢ (x,0)€ERN X0, terNR = Rk ¢
st ligl=1 VEF stliel=1
2
inf inf < T0j V(x,0)}, > > 0;
(x,0)ERN xO 55RN52+NR '§1 i P! JNS]+1,N{ ( )} &
s T VEH

2
inf inf <V(x,0, ) > 0.
(x,0)eERNxO cerN ._%2 2,‘, )¢
st lel=1 IS Vet

Note that the uniform Hérmander’s condition holds for (Hypo-I) and (Hypo-II) under (H)-I and (H)-II (for M = 1 and M = 2)
respectively.
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Remark 1. Conditions (H)-I and (H)-II separate classes (Hypo-I) and (Hypo-II). In particular, the top equation in both (H)-I, (H)-II
implies that the diffusion matrix of the rough component is of full rank, thus Xy, acquires the roughness of an elliptic SDE. The
second equation in (H)-I, (H)-II ensures that all coordinates of component X, and X, ;, respectively, possess the same smoothness
as integrals of elliptic SDEs, that is, contain a Gaussian noise with the size of O(A?,/ 2. Finally, the third equation in (H)-II implies
that component X , has the smoothness of second integrals of elliptic SDEs, i.e., contain a Gaussian noise of size O(Af,/ 2). Note,
e.g., that (6) will not hold for (Hypo-II), since for the highly degenerate case, due to the drift function of the upper-most component

X, not involving X, we have
Proji vy, Vo, Vil = Oy, . 1<k<d

To check this latter equation, notice that for both (Hypo-I) and (Hypo-II) we have: (i) ¥, and 170 coincide on the smooth coordinates;
(ii) V¥, is zero on the smooth coordinates. Then, for (Hypo-II) we additionally have that ¥,V is zero on the upper-most N s,
coordinates due to the particular choice of V; = Vy(xg,, xs,)-

Remark 2. We introduced Condition (H)-I & II upon functionals {V{,V,,...,V,}, so that the two classes of SDEs, (Hypo-I) and
(Hypo-1I), possess sufficient structure to allow for their intended use for the modelling objectives in mind. It turns out that the exact
same Condition (H)-I & II play a key role so that the locally Gaussian approximation for X,  |X, = x written down later in Section 3
are well-defined with a positive definite covariance matrix for all (x,0) € RN x 0.

2.2.1. An example for (H)-I
We provide an example for (H)-I via the following bivariate underdamped Langevin equation:
dq; = p,dt;
dp; = (—U’(q,) - yp,)dt +0dBy,,

@

where U : R - R, y > 0 and o > 0. We write x = (¢, p) € R? and 6 = (y,6) € ©, where O is an appropriate compact space. We have:
Vo=p0,+(=U'@=rpd,  Vi=00,  [Vp,Vil=-00,+700,

and then

0 0 ~ —c
Vilx,0) = [ ] = [ ] , Vo, V11(x,0) = [ ] .
Vri(x,0) o yo

Thus, SDE (7) satisfies Condition (H)-I and lies within the framework of class (Hypo-I).

2.2.2. An example for (H) -II
We provide an example for (H)-II via the following three-dimensional hypo-elliptic diffusion motivated from model class
(QGLE-I):
dq, = p,dr;
dp, = (=U'(g) + As,)dt; (8)
ds, = (—Ap, — as,)dt + cd B, ,,
where U : R—> R, >0, 0>0and 4 € R\ {0}. Notice that the drift function of the positional component ¢, is independent of the

rough component s,. In this case, for x = (p,q, s) € R3, 8 = (4, a, ) € © with some appropriate compact space @, we have:

Vo=p0,+ (-U'(@ + 4s)0, + (-Ap—as)d,,  V; = o0,

Vo, Vi1 = —409, + acdy, [Vo. Vo, V11| = 469, — Aacd, + o(—A? + a?)d,.
We obtain:
0 O 0 Ao
Vi(x,0) = 0 =(0], [Vo, Vi1(x,0) = | —1c |, Vo Vo, 1], 0)=|  —hac
Vr(x,0) 4 ac o(—A2 +a?)

Thus, SDE (8) satisfies Condition (H)-II and lies within the framework of class (Hypo-II).
3. Time-discretisation of hypo-elliptic SDEs

We discuss time-discretisation schemes for hypo-elliptic diffusions within classes (Hypo-I) and (Hypo-II), with the focus being
on the performance of the schemes for the purposes of parametric inference. We set up the context by reviewing schemes proposed
in literature for class (Hypo-I). We then propose a new scheme for the highly degenerate diffusion class (Hypo-II) that will later be
proven to possess desirable statistical properties. Hereafter, to distinguish among the two classes of SDEs, we use the notation X fl)
and X ,(H) for processes in (Hypo-I) and (Hypo-II), respectively.
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3.1. Time-discretisation of (Hypo-I) — Brief review

We review relevant schemes for the hypo-elliptic class (Hypo-I) used in the literature. First, the classical Euler-Maruyama scheme
is defined as follows, for 0 <i < n,

EM,(I) _ EM(I) EM,(I)
Xgm =Xg, '+ Vs o(X7 Bs) 4,

EM(D _ EM.(D XEMO EM o,
Xpia =Xpi 0+ Veo(X; 7. Br)4, + Z VR, o) % (Bj 11 = Bj;).
Jj=1

with subscript i in X; EMO and B;; indicating the time instance #; = i4,. The approximation of the smooth component does not

involve noise, thus the Euler-Maruyama scheme is degenerate. [32] studied some example bivariate SDEs with drift function
Vso(x,Bs) = xg, and showed that use of the Euler-Maruyama scheme in the high-frequency partial observation regime, where only
the smooth component X, is observed, induces bias in parameter estimates. Note that in this setting the unobserved component
Xg, is estimated via a finite-difference approach, i.e.,
() @
X e g = oS
n

and such an imputation is a main cause for the presence of bias in the estimation of parameter . To sidestep the above issue, [32]
proposed the following conditionally Gaussian scheme, for 0 <i < n:

Tit1 u
O _ gD @ .
X9, = X9 +Vso(X",8s)4, +21: Vg o(X 9)/ [ dB; ,du;
1 i i
g ©)
n _ g0 <> 7O,
X =X g0+ Veo(X", Br) 4, +ZV (X", 0) x (B4, - By,).
Jj=1

Note that now the smooth component X S: ., involves Gaussian noise after application of an It6-Taylor expansion for V o(X,, fs).

Under Condition (H)-I, (X élz 1 X l(zD " D is conditionally Gaussian with an invertible covariance matrix. Then, [32] utilised the well-
posed likelihood of scheme (9) to estimate both the hidden paths of the rough components and the parameters via a Bayesian
approach, namely Gibbs sampling. Under a high-frequency observation setting, they empirically showed that the estimate of
parameter ¢ is asymptotically unbiased, but the estimator of the drift parameter gy based on scheme (9) suffers from bias even
in the complete observation regime.

[14] introduced the ‘local Gaussian’ scheme, where, for 0 <i < n,

d t; u

) ) o 4 o qU) i )

X =X +Vso (X0, Bs) 4, + FLVso(X7,0) + Y £,Vs (X, ,9)/ dB; ,du;
j=1 fi I

d (LG-D

(] v (D v (D v D

X =X+ Vro (XY Br) A+ X Vi (X0, 0) X (B 1y — By)-
j=1

Compared to (9), scheme (LG-I) includes term Aﬁ(ﬁVS,O)(X i(l), 0)/2 in the smooth component. [14] illustrate the significance of this
term for the purposes of parameter inference, by proving asymptotic consistency and normality for the contrast estimator derived
from the likelihood of the discretisation scheme (LG-I), in the high-frequency, complete observation regime, namely, n — o0, 4, = 0,
nA, — oo, under the step-size condition 4, = o(n~'/2).

Remark 3 ([8]). Applied a strong 1.5 order scheme [22] to construct contrast estimators for class (Hypo-I) with Ng = 1, under
strong conditions for the diffusion matrix so that the scheme becomes conditionally Gaussian. Then, they provided two separate
contrast functions for estimating fs and (fz,0) from the approximate Gaussian density for X and X, respectively, rather than
the joint density. As noted in Remark 4.6 in [14], the separate contrast functions result in a larger asymptotic variance for the
estimation for fg compared with the single contrast estimator defined via the joint density of rough and smooth components.

3.2. Time-discretisation of (Hypo-II)

We propose a time-discretisation scheme for the second hypo-elliptic class (Hypo-II), with desirable properties for the purposes
of parameter inference. The brief review of schemes for (Hypo-I) in the previous section suggests that the discretisation scheme for
(Hypo-1II) should satisfy the following two key criteria:

I. The scheme should be conditionally non-degenerate, i.e., the law of X, given X, should admit a Lebesgue transition density
for the full coordinates. This will allow to impute unobserved paths condltlonally on observations without making use of
bias-inducing finite-difference approximations.

II. The scheme should involve deterministic terms obtained from careful truncation of the stochastic Taylor expansion for the
drift of the smooth component, Vg ,(X ,(H), Bs), so that the contrast estimator corresponding to the scheme is asymptotically
unbiased under the high-frequency, complete observation regime.
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As for Criterion I, we will explain later in Section 4.2.1 that, indeed, use of a degenerate discretisation scheme or of finite-differences
to estimate hidden components induces a bias in the estimation of parameters. Based upon the above key criteria, we propose the
following discretisation scheme for (Hypo-II):

d lisl  fu v
a & (D q .
Xg a1 = Hs, (40, X J0)+ Y LLVs o X ,9)/t /t/tdBj,wdudu,
j=1 i i i

d Tit1 u
I o (1D v (ID .
Xyt = s (40 X1.0) + 3 £,V o X, 0) / / dB; ,du; (LG-ID)

\
=

o) _ o (IT) (ll)
X = nr(4,. X0.0) + 3 V(X X (Bjis1 = Bj,).
Jj=1

where we have set, for (4, x,0) € (0,0) x RN x 0,

2 3
ps, (4,00 |xs, + Vs olxs. Bs DA+ LV o(x. 004 + L2V o(x.0)%
Ug, (4,x,0)| = xXg, + Vs, o(x,Bs,)A+ LV o(x e)ﬁ

> S, $,,0\% Ps, 85,08V
Hr(4,x,0) XR +VRV()(xaﬂR)A

Notice that the scheme involves 3d Gaussian random variables:

i+l Tit1 u
jl+1 / / dijvdu, / / / dijdUdu 1<j<d.
t; t, Jt

The latter of the above integrals appears due to the application of a third-order stochastic Taylor expansion on Vg, (xs, fs,), in the
smoothest component X ;[1[)1 +1- As we will show in Section 4, the log-likelihood based on the local Gaussian scheme (LG-II) produces
a contrast estimator that is asymptotically unbiased in the high-frequency, complete observation regime. In order for the deduced
contrast function to provide desirable asymptotic properties, it is required to include terms up to O(43) in the definition of u 5y
otherwise estimation of the parameter g in the model (Hypo-II) can be asymptotically biased as [32] observed for some bivariate
hypo-elliptic diffusions in the framework of (Hypo-I).
We denote by X(4, x,0) the covariance matrix for one-step implementation of scheme XD, with step-size 4 > 0, current state
x € RN and parameter 0 € 0. The covariance matrix is given as:
Tg5,(4x,0)  Zg5(Ax.0) g g(4x,0)
2(4,x,0) = 25251 (4,x,0) 25252(4, x,0) ZSZR(A,)(,H) s (10)
ZRS, (4,x,0) ZRsz(A, x,0) 2pr(4,x,0)

where each block matrix is specified as: for x = (xg,, xg,.xg) € RN, 6 = (B5,. s, fr-0) € O,
4
Zs.s, (4,x,0)= aSI (x,0), 25,5, (4,x,0) = % aIsz Vs, ,o(xs,ﬁsl)asz (x,0);
Zg r(4,x,0) = —aT Vsi0(xs:Bs, )o. Vs,0(% Bs)ag(x.0). g, (4,x,0) = Zg,5,(4,%,0);

Zs,5,(4,x,0) = asz(x 0), g p(4,x,0)= 70XRVSZY0(x,ﬂS2)aR(x, 0), Zgs,(4,x,0) = Zg g(4,x, 0';
ZRSZ(A,x, 0) = ZSZR(A,x, 9) , 2Zrr(4,x,0) = Aag(x,0).

In the above, we have set

d

.
ap(x,0) = ) Vru(x,0)Vri(x,0)",  as,(x,0) = 9] Vs, (x. Bs,) ar(x,0) (9] Vs, o(x.Bs,) ;
k=1

.
ag, (x,0) = ajsz Vs, 0(Xs,Bs,) as, (x,0) (ajs2 Vs, 0(xs:Bs,)) -

Proposition 1. Under Condition (H)-II, it holds that:

inf ap(x,0)| >0, inf ag (x,0)] >0, inf ag (x,0)| > 0. an
(x,zr)e]RNxG)ﬂl r(x: )l (x,e)e]RNx(-pl S2( l (x,B)e]RNx(al 51( )]

Then, it also holds that: for any A > 0,
inf  |2(4,x,0)] > 0. (12)
(x.0)€RN x0

The proof is given in Appendix B. Due to Proposition 1, the covariance X(4, x,0) is invertible uniformly in x and 6 for any
A > 0, thus the approximate log-likelihood based on the local Gaussian discretisation scheme (LG-II) is well-defined for the highly
degenerate class (Hypo-II). We note that, in brief, result (12) follows from (11) under Condition (H)-II.
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Remark 4. For elliptic diffusions, [21,36] assumed inf(, ;)egvxe, l[ag(x,0)| > 0, and then established asymptotic properties of
developed contrast estimators by introducing additional technical conditions. For the degenerate diffusion class (Hypo-II), we work
with Condition (H)-II that is sufficient for (11). We make use of (11) in the proof of main results, i.e. when studying the asymptotic
properties of the contrast estimator proposed later on.

4. Parameter inference for class (Hypo-II)

We explore analytically parameter inference procedures for hypo-elliptic diffusions in class (Hypo-II). We prove in Section 4.1
that a contrast estimator constructed from the conditionally Gaussian discretisation scheme (LG-II) is asymptotically unbiased under
the high-frequency, complete observation regime. We illustrate the precise impact of the drift terms involved in scheme (LG-II)
on the asymptotic results. In Section 4.2, we consider the partial observation regime. As observed for the case of class (Hypo-
) in the literature, we show via analytical case studies that use of finite-differences for the estimation of hidden paths leads to
biased parameter estimates within (Hypo-II). Also, we explain that the local Gaussian scheme can be put into effective use within
computational approaches for filtering hidden components and estimating parameters.

4.1. Complete observation regime

4.1.1. Contrast estimator

Based on the proposed scheme (LG-II) and the corresponding tractable transition density, we construct a contrast estimator for
the hypo-elliptic class (Hypo-II). We write the transition density of the local Gaussian scheme (LG-II), for given 4 > 0, current
position x € RN and parameter 6 € O as:

_ 1 _
Vi By, y:0) = exp(—2m(4, x,7.0)" =7 (x,0m(4,x.3,0)),

\/(zn)NASNSI N5, VR | 55, 0)]

where we have set, for y = (y5,,7s,,¥r) € RYs1 x RVS2 x RNR,

= (s, — s, (4x.0)
m(4, x,y,0) = \/;A—}(YSZ —us,(4,%,0) |, Z(x,0) = 2(1,x,0).
\/Lz (v& = Hr(4.x.0))

Note that from Proposition 1, under Condition (H)-II the covariance matrix X(x,6) is invertible for any (x, ) € RN x ©. We denote
by X i(") the (complete) observation of a diffusion within class (Hypo-II) at time ¢#;,, 0 < i < n. Then, after removing some constant
terms from -2 Y7, log js (X I_(Ij;,X,.(m;e), we define the following contrast function:

n
£,(0) = Z m(4,. X" x0T z71x™ o)y m(a,. x™

n
) I x.0)+ Y log|=x1). 0)| 13)
i=1

i=1

Thus, the contrast estimator for the hypo-elliptic class (Hypo-II) is defined as:

én = (ﬁSl,n’ ﬁSz,n’ ﬁR,n’ 6n) = arggnéin fﬂ (0) a4
[S

4.1.2. Asymptotic results
Before we state our main results, we introduce some conditions for class (Hypo-II).
(C) V; € CP RN x O;RN), 0 < j < d.
(C2) Forany 1 <i<N,0<j<danda€{l,...,N}, >0 the following function
0 03V (x,0)

is three times differentiable for all x € RN. Furthermore, derivatives of the above map up to the third order are of polynomial
growth in x € RN uniformly in 6 € 6.

(C3) The diffusion process {X,},», defined via (Hypo-II) is ergodic under & = 67, with invariant distribution vy on RV.
Furthermore, all moments ofivm are finite.

(C4) It holds that for all p > 1, sup,.q Eg: [| X;]7] < c0.

(C5) If it holds that

Vso(x. fs) = Vi o(x. BL). Vio(x. Br) = Vro(x. ). Vr(x.0) = Vg(x. o),
for x in set of probability 1 under v,;, then fg = ﬂ;, Pr = ﬂ;, c=ol.

We write the true value of the parameter for a model in (Hypo-II) as 87 = (ﬂ;l, ﬁ;z, ﬁ;,cﬂ) € 0. The latter, 67, is assumed to lie in
the interior of ©. Recall the definition of function V}, : RN x ® - R¥ in (3). Then, the contrast estimator defined in (14) has the
following asymptotic properties in the high-frequency observation setting.

10
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Theorem 1 (Consistency). Assume that Condition (H)-II, (C1)-(C5) hold. If n — o0, A, — 0 and nd, — oo, then

o Pyt
6, 0.

Theorem 2 (Asymptotic Normdlity). Assume that Condition (H)-II, (C1)=(C5) hold. If n — o, 4, — 0 and n4, — co with 4, = o(n='/?),

then
Vs

Y - L
Vi, P =hs,) | 2o, A (O, T7101),
V nAn (ﬂR,n - ﬂ;{)
Vi(8, - ")
where the asymptotic precision matrix I'(8") is given as:
16" = diag( 1" (67, 17267, T80, T°(01)), (15)
with the involved block matrices I'"s1 (0%) e R""s1 V51 | sy (gty e R ™05y | rbr(oty € RV Nor, 1o(07) € RNeXNo specified as:
Bs Bs ¥ _ Bs. 4
;0" =720 / 9" Vs, olxs. Bg )T a5l (x,01) 0 Vi (x5, B ) vir (dx);
) ] - o B .
e =12 / 9,2 Vs, 00x. By )T a5t (x,07) 0, Vi, o(x. By ) vir (dx);
rireh = / Vg o(x, i) T ag (x, ) 0" Vi o, B) vir (d);
reeh =3 / tr(97 2(x, 01 27! (x, 0107 Z(x,61) 27" (x,67) vyi (dx).
The proofs of Theorems 1 & 2 are given in Appendix C.

Remark 5. [14] proved consistency and asymptotic normality of a contrast estimator constructed via a locally Gaussian scheme for
class (Hypo-I). Our proofs follow a different approach from the one in the above work. Indicatively, a condition on the step-size of
4, = o(n~'/?) is not required for our proof of consistency, whereas it is needed in [14]. We make use of preliminary convergence rates
for the estimators /751 " ﬁASM and some key identities in the involved matrix calculations to control terms arising in the expansion
of the logarithm of the contrast function — this method then provides the consistency for fg,. A detailed strategy to show the
consistency can be found in Appendix C.1. Also, the strategy used in our proofs can be applied to show asymptotic properties of a
contrast estimator for a much wider class of highly degenerate diffusions such that Condition (H)-I or II does not hold, and higher
order Lie-brackets, e.g., [170, [170, [170, V;11l, are required for the uniform Hormander’s condition. For instance, let m > 3 and consider
the following (m + 1)-dimensional highly degenerate SDE:

dXs, =Vs 0Xs, 1 Bs,)dt;
dXg 1 = Vs, 0(Xs,1>Bs,)dt;

dXs +=Vs,  0Xs, 1»Ps, )dt
dXg ;=Vs, 0XgBs,)dt;
dXR,t = VR,O(XRJ» ﬂR)dt + VR,I (XR,n o')dBl,x’

where Vg, @ RX @ﬂ >R 1<i<mVgy:Rx0y — Rand Vg, : Rx O, - R with some compact parameter spaces @ﬂ9 ,
Oy, and 6,. We assume a similar condition to (H) so that the uniform Horrnander s condition (5) holds with M = m. We pr0v1de a
recipe to construct an asymptotically unbiased contrast estimator for such a general class of degenerate diffusions in Section 6. In
brief, given the deduced contrast estimator, the proof of consistency will start by showing the consistency of ﬂASly,, and obtaining a
convergence rate. Then, utilising this result, we would next prove the consistency of ﬁsz,,, and get its convergence rate. We would
repeat this procedure until we show the consistency of the estimators for (8, 0).

4.1.3. Case study — bias due to incorrect drift expansion
We have proven that the contrast estimator based on the proposed scheme (LG-II) is asymptotically unbiased under the high-
frequency, complete observation regime. The inclusion of an appropriate number terms from the stochastic Taylor expansion of
Vs, 0X .6 X5, Bs,) and Vg, o(X,, Bs,) in scheme (LG-ID) is critical for obtaining desirable asymptotic properties. Omission of such
terms will typically give rise to an asymptotic bias. In this subsection, we briefly highlight the effect of the ‘drift correction’ via a
simple three-dimensional hypo-elliptic model from (Hypo-II). We consider the following SDE:
dg, = p,dr;
dp, = s,dt; (16)
ds, = —fs,dt + cdB,,

11
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where 6 = (f,0) is the parameter vector. We assume that all components of the system are observed, and consider the following
discretisation scheme for SDE (16):

_ — _ A% t; u v
i1 @i+ piA, + 5,5 ox [ ). [, dB,dvdu
- _ I
Xiet = | Piv1 [ = | p, + 5,4, — 5, A_ ox [ [ dB,du | a7
Sitl 5, — P5;4, o X (B’i+1 — Bf,)

Thus, terms of size ()(43) are not included in the deterministic part of the approximation 7;,, of the smoothest component. Based
on the conditionally Gaussian scheme (17), we define a contrast function as (-2)x (complete log-likelihood), that is, after some
constants are removed:

n
1 .
¢,(0;x.,) =6nlogo + = 2 m(4,, X;_1,x;, ) = ! m(4,, x;_y,x;,0),
i=1
where we have set x; = [g;,p;,5;]7, 0 <i < n, and

1

2
(q,~ —qi-1 = Pic14y = Sicy A?")

111
5 — = =
4 20 8 6
A o) =|_1 A2 s 1 1
m(4,,x;_y,x;,0) = 3(171-—17,'71 Sic14, + Bsiy 2) ’ I T )
Vi L

6 2

\/;AT (si=sim1 + Bsisi4,)

Solving 9, £,,(6; xy.,,) = 0, we obtain the contrast estimator for f as B, = 8,/ f,» where we have defined:

n

ra 1 2 -
fn= {2232"'Z +4222+2223} 7 Sicp
i=1
i q;—4, Pi—14,—s 4'21
~ 1 -1, BTGP0 TSi-1 —1 ., PizPi=1=Si—14y Si=Si—1
g, =- Zy_lx{z X ————— + X ><—+Z X
n n\/4, P i 31 A;S, 32 /Ai /4,
A2
_ 4i—Gi—1—Pi-14,=5i-1 —s 1A _ N
+ %22]1 « 2 4] 2 « PPz zsiciAn %2231 o SiTSic] }
Va4 \/Af, - Van

From the ergodicity of the process {s,} and Lemma 2 in the Appendix, we have that as n — o, 4, — 0 and n4, - o,
- B,

ot 2
Jfa—— 1 X [ s7vyi(ds),

for a non-zero constant ¢; = X7 /2+ Z +2 1 o [4+25 ! /2, where v "(ds) is the invariant distribution of {s,} under the true parameter
6%. For the numerator g, we apply Lemmas 2 & 3 in Appendlx to obtam that

P
g,— (e + ) X Bl x / 2 vpi (ds),

for a non-zero constant ¢, = X7, 1/6 +2 l/12 Hence, it holds that, if n — o0, 4, — 0 and n4, — oo, then

ﬂ,, (1+ )x/ﬂ.

Thus, the drift estimation based on the discretisation scheme (17) with inappropriate drift expansion is, in general, asymptotically
biased. One can check that the above bias is removed upon use of our locally Gaussian scheme (LG-II) instead of (17).

4.2. Partial observation regime

4.2.1. Case study — Bias due to finite-differences
To motivate the ‘appropriateness’ of the proposed locally Gaussian scheme (LG-II) in the context of parameter inference in
a partial observation setting, we illustrate that naive use of finite-differences to impute hidden components (a quite common in
applications) induces a bias in the estimation of the SDE parameters. To observe this, consider the model (16) again but with the
drift parameter g fixed to 1:
dq; = p,dr;
dp, = s,dt; (18)
ds, = —s,dt +cdB,,

12
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for 6 > 0. We then apply the Euler-Maruyama scheme for the first equation of (18) and the locally Gaussian scheme (LG-I) for the
remaining dynamics, i.e.,

qi+l qi +13iAn 0

_ A2 i

i | =B +5,4, - 5% [+|ox j;’ + ftl" dB,du|. (19)
Sit1 5 —5;4, o X (Bi+| - Bi)

Scheme (19) is degenerate since the upper-most equation does not involve noise. We now consider the estimator based on the
likelihood provided by (19), given the discrete-time observations {qy.,, s.,}, and with the hidden paths p,., imputed via the first
equation of (19) using the observations qy.,,.

Remark 6. In practice, the rough component s, is often not observed, so one must impute the missing components s,., conditionally
on the observations ¢,., by making use of the transition density (or some approximation of it) for both coordinates (p, s) of (18).
One would reasonably expect that presence of bias will be typical in such a practical scenario, if it is found to be present in the
simpler case when s, is directly observed.

The complete likelihood of the discretisation scheme (19) is given as:
n
H ;exp(_L m(4,, yi_y y_)T -1 m(4,, yi_, y)) xé(q- —qi_1 —pi_14 )
e (27[)24354'2' 20_2 n* Ji—1*71 n> Ji—1°*71 1 1— — n ?
where we have defined y; = [p;,5;]7, 0 < i < n, and

AZ
> (1’1 —Pic1 = Si1 4, + 8 7")
m(4,, yi—1,¥;) = n , X= [
. (8i =iz +5,214,)

TE

Integrating out p,.,, we obtain the marginal likelihood f,(c;4q.,41-So:,) as:

n

1 1 X AT el X A

S0 340415 50:0) = ———X (——m(A,y;,y‘) z m(A,y~_,y~)) )
n 0:n4+1>°0:n g (27!)2Aio‘4|2| p 262 n> Yi—1>7i n> Yi—1>7i

where §; = [§;,s;]7, with p; = (g;;; — g;)/4,. Then, we obtain the following contrast function for ¢, after removing constant terms
from (=2) X log £,,(65 qy: ni1> S0: )

1

n
£(0: do: a1+ S0:) = 4nlog o + 5 D m(Ay, $imy, 5T T m(Ay iy, 9. (20)

i=1

Solving 9,2,(c; 4y: p41- So:n) = 0, we obtain the estimator 6, such that:

n
A 1 N ~ — N S
607 = 52 X mAy 5, 90" Z7 m(4y, 9isy, )

i=1

It holds that, if n - o, 4, — 0 and nd, — oo, then
Fot
@) — Lt (21)

We prove convergence (21) in Appendix E. The proof indicates that the bias arises from the higher order stochastic Taylor expansion
terms of ¢;,; which are ignored by the estimate p;. Thus, use of the finite-difference approximation for imputation of component p,,
induces an asymptotic bias at the estimation of o.

4.2.2. Filtering and parameter inference via the proposed scheme (LG-II)

We put forward the locally Gaussian scheme (LG-II) for imputing hidden components and performing parameter inference under
a partial observation regime. The scheme and its transition density on the full set of coordinates can be combined with various
computational methods, e.g., Monte-Carlo Expectation Maximisation (MC-EM) and Markov Chain Monte Carlo (MCMC), similarly
to earlier works [8,32] that applied some conditionally Gaussian schemes for inference of specific hypo-elliptic models within the
class (Hypo-I).

We now highlight the use of a relatively straightforward Kalman filter recursion for carrying out statistical inference once the
locally Gaussian scheme is adopted, for a rich sub-class of hypo-elliptic models, referred to here as conditionally Gaussian non-linear
systems. That is, the system is originally specified as a non-linear SDE but can be treated as a linear system given components
that correspond to observations. For elliptic diffusions with such a structure, continuous-time filtering and smoothing have been
investigated in engineering, see e.g. Chapter 8 of [6]. Several important hypo-elliptic models used in applications fall within this
sub-class, e.g., standard Langevin equations, Quasi-Markovian generalised Langevin Eq. (QGLE-I), (QGLE-II). Here, our interest lies
in the sub-class derived via the general model (Hypo-II) once the constituent coefficients are specified as:

Vs 0(xs: Bs,) = Cﬂsl Xs + éﬂsl X5y Vo6 Bs,) = fs, (x5, Bs) + Cﬁ52 XH>

13
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VR,O(XsﬂR)=fR(xslsﬂR)+CprH’ VR’j(X,O')=fRJ(U), 1<j<d,

N Ng +N . .
for x = (xs,,Xs5,,Xg) = (xg,,xp) € R™S1 xR™S27"R and 6 = (Bs,: Bs,, Br,0) €O, where: (i) fsy» frs fry are vector-valued functions,
allowed to be non-linear w.r.t. the state Xg,5 (ii) matrices

Ng XNg A Ng, XNg. Ng X(Ng,+Ng) NgX(Ng,+Ng)
Cﬁsle]R 1 1, CﬂSIER 1 2, C,,SZGR 2 2 s CﬂReR 2

are independent of the state x. Critically, given the observable component x, , the drift functions are linear functions of the hidden
component xz. For the model with the above choice of coefficients, the locally Gaussian scheme (LG-II) writes as:

Xsy.i41 e
- _ - - So.i
X1 =|Xgpin1 | = b4, X, 1,0) + A4, X5, 1,0) | 2" | +w,(4,.0), 22)

- Ri

XRiv1

for functions b : (0, oo)xRNSI x0 > RN, A : (0, oo)x]RNSl x0 — RNV, *NR) and an N-dimensional Gaussian variate w;(4,.0). Since
the right-hand side of scheme (22) is linear w.r.t. the hidden components X Sy.is X, given the observed component X s,,i» One can
obtain Kalman filtering and smoothing recursions, and calculate the marginal likelihood for the observations X s5,,0:n- We provide
the closed form filtering and marginal likelihood calculations in Appendix F. We use these tools in the numerical experiments of
parameter inference under the partial observation regime in Section 5 that follows.

Remark 7. [37] studied parameter inference for the QGLE of first-type in (QGLE-I), where they applied an Euler-Maruyama scheme
to construct Kalman filtering and smoothing for the rough components (p,, s,) given the velocity p,, with values of the latter obtained
(via finite-differences) from discrete observations of the position g,. Then, they used Kalman filtering and smoothing within an
Expectation-Maximisation (EM) algorithm to estimate the parameters. However, as we have seen, such a finite-differences approach
can induce bias in the estimation of the diffusion parameters.

5. Numerical studies
5.1. Linear SDE in a partial observation regime

We illustrate empirically, for an example SDE model, that parameter estimation via the proposed locally Gaussian scheme (LG-II)
leads to asymptotically unbiased estimation under the partial observation regime. We also highlight the effect of the drift correction
in the properties of the estimators. We again consider the model studied in Section 4.1.3, that is,

dq, = p,dt;
dp, = s,dt;
ds, = —fs,dt + cd B,,
where 6 = (,0) € © = (0, ) X (0, o) is the parameter vector. In agreement with practice, we assume that only discrete observations

of the smoothest component, ¢,.,, are available, with an equidistant step-size 4,. We compute the following two estimators based
on two different discretisation schemes:

0,;=(B,;.6,,) = argmaxsco lngj(é';qo:n), j=12,

where p,(6; q,.,) is the approximate likelihood of the observations as obtained by use of Kalman filter in the setting of our locally
Gaussian scheme (LG-II):

_ ~ — _ A% _ Aa tiy1 ru U

dis1 @+ Pid, + 55— p5; 2 o X f,‘ + ffi /fi dB,,dvdu

. _ 2 lis1 U

Py [ = i+ 5,4, - p5, 2 Hoox /" f,i dB,du |,
Sivl 5, — 5,4, oX (B — B)

and p,(0; qy.,) is a different approximate likelihood obtained in the setting of the following conditionally Gaussian scheme that omits
higher-order correction terms of order O(Aﬁ) and O(Az) from the stochastic Taylor expansion of the drift function of component p
and ¢:

~ ~ o~ tiv1 [u v

G G +pA, ax/,[+ /ti /ti dB,,dvdu

P | =| P +5:4, |+ ax/ti["*‘ f:dBvdu . (23)
Si1] |5 - A5i4, o X (Biy — B;)

We generate 50 independent realisations of the dataset ¢,., by sub-sampling trajectories obtained from scheme (LG-II) with a small
step-size 10~#. We have chosen the scheme because it is expected to have a better accuracy than other classical schemes (such as
Euler-Maruyama scheme) due to the higher order stochastic Taylor expansion of drift functions. We consider the following three
high-frequency scenarios for the data:

14
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Fig. 1. Parameter estimates from 50 independent realisations of partial observations: Each blue o and red X in the three figures represents one realisation of
6, (using (LG-ID) and 8,, (using incorrect discretisation (23)), respectively. The true value is 67 = (§7,67) = (2.0,4.0).

Table 3
Mean and standard deviation (in parenthesis) of (EA'M. —0)/6%, j = 1,2 from 50 trajectories of partial observations.
Set Proposed scheme (LG-1I) Incorrect scheme (23)

(B = 8D/6 (61 =0/’ (B2 = B/ (62 =0N)/0"
I —0.0052 (0.0463) —0.0007 (0.0011) 0.0441 (0.0477) —0.0104 (0.0011)
1L —0.0066 (0.0458) —0.0003 (0.0007) 0.0438 (0.0488) —0.0096 (0.0007)
jus —0.0074 (0.018) —0.0007 (0.0005) 0.0496 (0.012) —0.0104 (0.0003)

SetL n=5-10% 4, = 1073, T(= n4,) = 500.
SetIL n=10% 4,=5-10"% T = 500.
SetIIL n =107, 4, = 1073, T = 10*.

The true parameter value is set to 8" = (§7,6") = (2.0,4.0), and the Nelder—-Mead method is applied to optimise the marginal
likelihoods with the initial guess set to (6, o)) = (3.0,3.0). In Fig. 1, we plot the 50 realisations of the two different estimators. Table 3
summarises the mean and standard deviation of relative error of estimate, i.e., (9,1, j —0M/6%, j = 1,2, from the 50 repetitions. First, we
observe that the estimates of 9,,’1 (using our scheme (LG-II)) are centred at the true value in all scenarios, thus in this case we have
an empirical illustration of an asymptotically unbiased estimation in the partial observation setting. Secondly, it is clear from the
figures and the table that the mean of estimates of 9,,,2 (estimator based on the conditionally Gaussian scheme without appropriate
drift correction (23)) is shifted from the true value, and seems to be centred at (8, ) = (2.10, 3.960). Thus 9,,2 induces an asymptotic
bias in the partial observation regime, in agreement with the case study in Section 4.1.3 in the complete observation case. Notably,
there is a clear separation between the two estimators of o, and the range of realisations of 6,, does not cover the true value
o = 4.0 for all scenarios. Comparing Set I and III in Fig. 1, we observe that the variance of drift parameter estimation decreases
as T increases, and then the bias in f,, becomes more clear in Set IIl. We stress here that the bias in 6,, is not removed with
increasing n or decreasing 4,. Also, one can still observe the bias even if the datasets are obtained with other numerical schemes,
e.g., Euler-Maruyama scheme, rather than scheme (LG-II).

5.2. Quasi-Markovian generalised Langevin equations

5.2.1. Scalar extended state
We consider the QGLE describing one-dimensional positional domain:

dq, = p,dt;
dp, = (=U'(q) + As,)d; (24)
ds, = (=Ap, — as,)dt + 6dB,, (4o, po o) € R>,

where « > 0,6 >0, A€ R\ {0} and U : R — R. In this experiment, we consider the following two choices of potential U:
2 2
g Uho(@) =Dx L, qHUDW(Q)=DX%+Sin(i+Zq>,

where D > 0 is a parameter. The function Upy (used in experiments in the work [24]) represents an uneven double well
potential, under which model (24) is non-linear. We generate 50 independent datasets by sub-sampling trajectories produced by the
discretisation scheme (LG-II) with a small step-size 10~# so that obtained observations correspond to n = 2 x 10°, A, = 1073, T =
n4,, = 200. For the complete observation regime, we compute the contrast estimator (14) for each given dataset. For experiments of
partial observations, we use the trajectories of the position ¢, only, extracted from the complete observations, and compute the MLE
by maximising the marginal likelihood obtained from the Kalman recursion formula under the locally Gaussian scheme (LG-II), as
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Table 4
Parameter estimation of the QGLE (24). Mean and standard deviation (in brackets) of (MLE —
6%)/67 from 50 trajectories of observations.

Potential Parameter Relative error of estimates

Complete observation Partial observation
D —0.0000 (0.0001) —0.0037 (0.1038)

U A 0.0000 (0.0001) 0.0100 (0.0533)

HO a 0.0057 (0.0540) 0.0091 (0.0546)
c —0.0000 (0.0009) —0.0079 (0.0524)
D 0.0000 (0.0001) —0.0027 (0.1139)

U A 0.0000 (0.0001) 0.0201 (0.0638)

bW a 0.0022 (0.0520) 0.0059 (0.0530)
o 0.0001 (0.0010) —0.0166 (0.0613)
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time (t)
(a) Free energy U(q) (b) Trajectory of g,

Fig. 2. Left panel 2(a): The free energy used in the experiment. Right panel 2(b): A trajectory of the observable coordinate g, from the QGLE (25).

shown in Section 4.2.2. To minimise the relevant target functions we use the adaptive moments (Adam) optimiser with the following
algorithmic specifications: (step-size) = 0.2, (exponential decay rate for the first moment estimates) = 0.9, (exponential decay rate for
the first moment estimates) = 0.9, (exponential decay rate for the second moment estimates) = 0.999, (additive term for numerical
stability) = 10~ and (number of iteration) = 2,000. The true parameters are set to 87 = (D', 17, a',6") = (1.0,2.0,4.0,4.0). Also,
the initial guesses for the parameter are set to (D, Ay, @, 6o) = (3.0,3.0,3.0,3.0). We summarise the mean and standard deviation of
(MLE —6%)/6"from the 50 independent trajectories in Table 4. We notice that the results for the complete observation regime are in
agreement with the analytical results in Theorem 2. For instance, convergence to the true values appears to be faster for parameters
(D, 4) in the smooth component p, (recall the convergence rate /4, /n for such parameters in the CLT of Theorem 2). Besides, under
the partial observation regime, the estimates seem to be centred around the true parameter as well, with standard deviations that
are larger than the ones in the case of complete observations (as expected). Thus, parameter inference carried out via the proposed
locally Gaussian scheme (LG-II) appears in this case to provide unbiased estimates in the partial observation regime.

5.2.2. Multivariate extended state

We consider a QGLE with one-dimensional coordinates and multivariate extended variable, motivated from the work of Ayaz
et al. [1] that studies protein-folding kinetics via a Quasi-Markovian GLE (QGLE-II) and showcases that a QGLE accurately reproduces
simulations of molecular dynamics (MD) that involve memory effects in the friction. In their investigation, a one-dimensional
reaction coordinate, ¢,, given as the sum of the separations between native contacts, is modelled via the following QGLE:

1
dq, = XD dt;
L

dp, = _U’(‘Ir)dt + Z Sl,tdt; (25)
1=1

2p-1
dsy ==L xs di— S xpdi+ Y0 aqp, 50~ 4O, 1<I<L,
$= X, , oS

l

where m, § > 0 denote the mass and the inverse thermal energy respectively, {c;,7;},<,<; are the unknown parameters taking positive
values, for L > 1, and U : R — R, the folding free energy landscape for proteins, is specified as g = U(q) = —f~! log v(q) with v(-)
being the equilibrium probability density function. QGLE (25) corresponds to the non-Markovian GLE (GLE) with the memory kernel
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Table 5
Parameter estimation of the QGLE (25). Mean and standard deviation (in brackets) of (9,, —60%/6" from 50
trajectories of g;.,. The value of true parameter is 6" = (c], 7], c], 7]) = (0.22,0.007,1.2,4.6).

(= e])/e] (B =)/7 (G =c})/e) (B0 =7))/7
—0.0099 (0.0090) 0.0481 (0.0046) —0.0364 (0.2441) —0.0423 (0.1795)
"""" true kernel 0259 e = true kernel
254 . .
estimated kernel estimated kernel
0.20 :
204
. 0.15
= 151
>
104 0107
5 0.05
0 T— 0.00
104 10-2 102 10! 100 10! 102
t

Fig. 3. Memory kernel (26) computed with the true parameter (true kernel) and with the mean value of MLEs (estimated kernel).

given as a so-called Prony series:

L
K=Y Lxexp(-1). 120 (26)
= o
[1] constructed QGLE (25) with L =5 by determining the parameters via a least squares method so that the memory kernel (26)
fits the one extracted numerically from the observed time-series of q.

In our experiment, we estimate the unknown parameters by maximising the marginal likelihood given the partial observations
4o - Since the mass (m) of a particle can typically be measured, we assume m to be known and set m = 1, in agreement with numerical
experiments in the literature [8,32]. We set L = 2, and specify the free energy function as ¢ = U(q) = a(q — qmin)*(q — Gmax)* + b
with constants (¢min» gmaxs @ b) = (0.30,0.90, 1200, 0.001). We set f~! = 2.949 and select the true parameters as 07 = (cj,rf,cg,r;) =
(0.22,0.007, 1.2,4.6), as such a choice closely reproduces the shape of the memory kernel estimated in [1]. We generate 50 independent
trajectories of ¢ on the time interval [0,1500] by applying scheme (LG-II) to QGLE (25) with step-size 10~*. We discard the
observations up to time 500 and sub-sample the datasets g., in equilibrium, so that n = 10°, 4, = 1073, T = 1000. In Fig. 2,
we plot the shape of the free energy U and one trajectory of the component ¢ from the QGLE (25) in the chosen setting. Notice
that QGLE (25) is a conditionally Gaussian non-linear system (given the component ¢), thus upon adoption of the locally Gaussian
discretisation (LG-II), the marginal likelihood can be calculated via the Kalman filter shown in Section 4.2.2. We use the Nelder—
Mead method to optimise the marginal likelihoods with the initial value 6, = (0.1,0.01, 1.0, 10.0). Table 5 summarises the mean and
standard deviation of relative error of estimates 6, = (€1 > T1p> 620> T2,0)- The estimation results are overall acceptable though the
estimator 7, , is slightly biased and centred around 0.0073 — we have found empirically that such bias disappears upon choosing
a smaller step-size 4,, e.g. 4, = 2 x 1074, so that nA2 becomes closer to 0. We typically observe that the standard deviation of
estimates for (c;, 7;) is much smaller than that for (¢, 7,). In Fig. 3, we plot the memory kernel (26) with the parameters set equal
to the mean value of the 50 MLEs to observe the level of agreement between the estimated memory kernel and the reference kernel,
the latter computed with the true parameter values. The relative absolute errors between the true and estimated memory kernels
are within 0.1 across periods ¢ € [0.001, 10].

6. Conclusions and future directions

We have studied parameter inference procedures for the highly degenerate class of SDEs that includes a wide range of practical
models, e.g., quasi-Markovian generalised equations (QGLEs), epidemiological models with time-varying parameters [11,34], non-
linear continuous-time autoregressive models [35] and the classical Lorentz system upon consideration of noise effects [7]. We
have introduced the locally Gaussian time-discretisation scheme (LG-1I) and provided analytical/numerical results showcasing that
parameter estimation based upon such scheme sidesteps biases that would arise under alternative schemes. The approach followed
in this work for establishing our results for class (Hypo-II) are expected to also guide extensions to more general classes of degenerate
diffusions, for which iterated Lie brackets of any order, i.e., [170, [I;}), . [170, V111, 1 < k < d, are required for Hormander’s condition
to hold. Here, we draw upon the understanding obtained via the study of classes (Hypo-I) and (Hypo-II) to summarise key arguments
for carrying out unbiased parameter estimation for general hypo-elliptic systems. First, in a partial observation regime, use of a
degenerate discretisation (e.g. Euler-Maruyama) or equivalently of finite-differences to impute latent components will induce bias
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Table 6
Size (in 4,) of the terms appearing in the locally Gaussian scheme (LG-II).
Component Gaussian part Deterministic part
X0 o), ( S g Bédxdu) o)
0 o). (S B.ds) o)
Kt o). (B, -B,) ow,)

at estimates of diffusion coefficient parameters (recall the case study in Section 4.2.1). Also, note that finite-differences can be used
only when the smooth component is determined as d X, = X ,dt. Thus, a natural approach for parametric inference of degenerate
diffusions is to develop a non-degenerate conditionally Gaussian scheme for the full coordinates, with the Gaussian noise obtained
via high-order stochastic Taylor expansion of the drift functions. A lot of care should be given at the deterministic terms of the
expansion to be included into the scheme, to avoid emergence of biases in estimates of drift parameters (recall the analytical study
in Section 4.1.3 and the numerical results in Section 5.1). We summarise below the above-designated roadmap for the construction
of ‘correct’ time-discretisation schemes for general classes of hypo-elliptic diffusions.

Step 1. For the rough component, X, the Euler-Maruyama scheme is applied.

Step 2. For the smooth coordinates in the model, one recursively applies stochastic Taylor expansion to drift functions so that
Gaussian variates, in the form of iterated integrals involving Brownian motions, e.g. of the form f,:’“ Bds, f,:’“ ftI" Bdsdu,
appear in all smooth coordinates. This process is completed once the covariance-variance of the Gaussian approximation
is positive definite.

Step 3. For a smooth component containing Gaussian noise of size O(
terms from the stochastic Taylor expansion up to size O(4F).

AE,Zk_l)/ 2), k > 2, the scheme should include all deterministic

Indicatively, Table 6 summarises the size of deterministic and noisy parts of the locally Gaussian scheme (LG-II) for class (Hypo-II).

Our work in this paper leads to further research in several directions. In the CLT of the main analytical result for the parameter
estimator (Theorem 2), the step-size 4, is required to satisfy 4, = o(n~'/2). An open problem for hypo-elliptic diffusions is the
construction of estimators giving a CLT under a weaker condition 4, = o(n~!/?), p > 3. We expect that such a general estimator
for degenerate diffusion models can be produced, with accompanying theory then following the strategy used in our proofs in this
work, as we mentioned in Remark 5, that is, the proof of consistency does not require a condition of 4, = o(n~1/2). In a different
direction, the effectiveness of the developed locally Gaussian scheme is yet to be studied under a low-frequency observation setting,
i.e. with the step-size 4 assumed fixed and not small enough, in which case a number, say M, of inner sub-steps are introduced by
the user. Under such a setting, the discretisation error of the true (intractable) density over the period of size 4 typically diminishes
as M increases. In the case of elliptic diffusions, explicit rates of convergence to zero are provided in [16,19]. Finally, in this work,
in the practical scenario of partial observations, we have investigated the behaviour of discretisation schemes via case studies and
numerical experiments. Analytical theory would be quite instructive in this setting. Techniques used in the context of hidden Markov
models (see e.g. [10]) are expected to be valuable in such a pursuit.
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Appendix A. Preliminaries

In Appendix A.1 we present some notation used in Appendix. In Appendix A.2 we introduce six auxiliary results needed in the
proof of our main theorems (Theorems 1, 2) in Section 4.

A.1. Notation

For 0 =1, < --- < t,, with equi-distant step-size 4,, we write X; for the observation at time #; of the solution of the hypo-elliptic
SDE (Hypo-II) under the true parameter value 67, defined upon the filtered probability space (2, F, {F, },50. P). We denote by v,: the
invariant distribution of process (Hypo-II) under #'. In agreement with the structure of class (Hypo-II), we often represent x € RV
and € @ c RV as

Ng Ns. N, = .
x = (xg,xg,,xg) ERTI XRT2 XRYR, - xg = (xg,,Xg,);
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0 = (Bs,: Bs,:Pr-0) € @/;S] X 6/252 X 0p, X0,, fs=(fs,:Ps,):
For ¢(-,0) : RNY - R, 6 € ©, bounded up to second derivatives, we define the differential operators £ and £ p1<j<d:
N 20

N d
i 0@ 1 i i
Lox,0)= ) Vi(x,0)=—(x,0)+ 3 Vkl(X, 9)Vk2(X, 0)
; 0x 2 Z Z 0x; 0x

i i1,in=1k=1 i1 7y

(x,0);

N
i 99 .
00,0 = V], 05 (0 1<i<d.

i=1

Application of the above differential operators is extended to vector-valued functions in the apparent way, via separate consideration
of each scalar component. We recall some notation used in the definition of the contrast function #,() in (13). We have that

.
(A, x,0) = [ps, (A,x,0)7, pg,(4,x,0), up(4,x,0)] ",
where
2 3
ps, (4.x.0)] | xs, + Vs, o, Bs A+ LV, 4,005 + L2V, o(x,0) T
us, (4,x,0) | = £
s5,(4, x, Xs, + Vs, 0(x: Bs,)A+ LV, o(x,0)F
ur(4,x,0) Xg + Veo(x, Br)4
When 4 = 1, we simply write
u(x,0) = u(l, x,0).
For x = (xg,,Xs,,Xg) € RN = RVsi x RV x RNV&, p = (vs,+ Y5, YR) € RN, A> 0 and 0 € O, we define

v, —Hs, (A x0T yg —pg, (A x0Ty~ (4, x;0)T

R_ . @7

E V& va

m(4,x,y,0) =

We wrrite, for 1 <i <n,
m;(4,0) = m(4, X;_;, X, 0). 28)

We use 2(4, x, 0) to represent the covariance of one step of the local Gaussian scheme (LG-II) for the hypo-elliptic SDE (Hypo-II),
given step-size 4 > 0, initial point x € RN and parameter §. We often write

Z(x,0)=2(1,x,0).
We express the inverse of X(x,0) as:
Ag 5,(6,0)  Ag 5 (x.0) Ag p(x.0)
I (x.0) = A(x.0) = [ Ag,5,(x.0)  Agy5,(x.0)  Ag,p(x.0)]. (29)
Aps,(x,0)  Apg,(x,0)  Agp(x,0)
where each block matrix is specified as

N, XN,

A, (x,0) R 1,1, € {S].8,,R}.

We emphasise here that X(x,6) and its inverse A(x,6) depend on x and (fg,c) but not on the drift parameter f; in the rough
component, and this is critical in the proof of consistency of ﬁ'AR,n. Thus, we sometimes write X(x, (8, ¢)) and A(x, (Bg. ¢)) to highlight
the parameter dependency. We recall the definition of the matrices ag(x,0) € RNV, ag (x,0) € RN Nsy g 5,(x,0) € RVsi1 XNs
as:

d d
.
ar(x.0) = Y Va5 oW (.0 as,(6,0) = 2 (0] Vi, 005 By Vas(:0) ) (07, Vs, o5 B Vaa (.00 5
k=1 k=1
: T T T T T
as, (x.0) = Y, (01, Vs, oxs. B, 0T Vs, o0 B Va0 ) (T, Vi, o B )0, Vi, o5 Bis, Vi) )
k=1 -

We define the mappings
ns, RN x @ - RS pg iRV x 0 >RV ng i RY x 0y, — RV

as
ns, (x. Bs,) = Vs, o(xs.Bg ) = Vs, 0(xs: Bs, ) s, (%, Bs,) = Vs, o(x, B§ ) = Vs, 0(x: Bs, )
1R(x. r) = Vi o(x. BR) = Vi o(x. Br).
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We write, with a slight abuse of notation, for 0 <i < n,
ns, (Xi, Bs,) ns, (Xi.Bs,)
fs.i(4 Bs) = ==L, ng,i(4,fs) = 2.

We denote by S the space of functions f : [0,00)xRN x© — R so that there are constants C, g > 0 such that | f(4, x,0)| < CA(1+|x|9)
for any (4, x, 0) € [0, c0) xRN xO. For an M, x M, matrix A, with M|, M, > 1, we write each matrix entry as [A]; for1 <i<M;, 1<
Jj £ M,. An expectation under the probability law P, is written as E,. We write 9, = [9/du,, ..., /0un]T, 0% =0,0] = (0%/0u;0u j):j:l
for the standard differential operators acting upon maps R" — R, n > 1. We also write ¢ = o' /Oug, - du,, for a multi-index
a€{l,...,n}!, 1 € N. For a function g : R” - R"™, n,m € N, we write:

0,807 =[-8/ W] e 1cjeme 018w = (9,8@T)":
g = [04g" W), ... %" W), g = (a'gw)".
A.2. Auxiliary results
Lemma 1. LetY,, U be random variables, with Y, being F, -measurable. If

of

i By i ) P
EglY, | F,_ 1= U, Y Eu[()*|F,_ |—0,
e~ P

i= =1
n Py

then 3. Y, — U.

Proof. See Lemma 9in [13]. W

Lemma 2. Let f : RY x © — R be differentiable w.r.t. (x,0) € RN x © with derivatives of polynomial growth in x uniformly in . Under
conditions (C1)-(C4), it holds that, if n — oo, 4, — 0 and n4d, — o, then

n P,.
Y X 00— / (x,0)vy: (dx),
i=1
uniformly in 6 € 6.
Proof. This is a multivariate version of Lemma 8 in [21], so we omit the proof.

Lemma 3. Let1<j,,j, <N and assume that f : RN x ©® — R is as in Lemma 2. Under conditions (C1)-(C4), it holds that, if n — o,
4, = 0 and nA, — oo, then

n ) o P+

LN rXi.0ml' (4.0 mP(4,.0H—— / FO[ 20N | vpr(dx): (30)
i=1
| - ) Py

e Z;f(x,_],e)m{'mn,e*)—» 0, (31)

uniformly in 6 € ©.

Proof. Notice that for any 1 < j,j, < Nand0<i<n,
Ey: [m)'(4,.00) | F,_ ] = R, (1/83.X,_,.07):; (32)
Ey: [m]' (4,00 m(4,.001 F,_ | = [2(X,..60)], . + R, (4,.X,_,.07), (33)

12
where R . Rjy € S. Applying Lemmas 1, 2 with formulae (32) and (33), we obtain (30) and (31) in the same way as in the proof

of Lemma 12 in [18]. W

Lemma 4. Assume that Condition (H)-II holds. We have that for any (x, ) € RN x 6:

As, s, (x.0) ajsz Vs, o(xs. Bs,) = —2Ag 5, (x.0).

Proof. We write X(x,0), (x,0) € RN x 0, in the form of the block matrix:

by 0 Z(x,0
2<x,0>=[ 515, (000 2 )], 34)
2(x,07  2(x,0)
where we have set:
~ N g5, (x,0) Zg p(x,0)
S(x,0)=|Z ,0), X L0, 2(x,0) = 222 2 . 35
(x,0) = [ Z5,5,(5.0) T,z 0)], Tx.0) [ZRSZ(X’G) et (35)

20



Y. Iguchi et al. Stochastic Processes and their Applications 174 (2024) 104384

Notice that under Condition (H)-II, matrix 3(x,0) is invertible for any (x, ) € RY x ©. We write the inverse of 3(x, ) as:

. . Ag o (x,0) Ag p(x,6)
371 x,0) = Aix.0) = | 2% SR ,
As,(x.0)  Agg(x.0)
Recall the notation for the inverse of X(x,0) in . Using the inverse formula for a block matrix, we obtain:

AS1Sz (x,0) = _A5151 (x,0)=(x,0), (36)
where we have set

Z(x,0) = Zg, 5,(x, 0)Ag, 5, (x,0) + Zg, g(x,0)Ags, (x,6). (37)
From the block matrix representation of X(4, x, 6) in (10), we obtain

3 1
g, 5,(6.0) = gajsz Vs, 0(xs:Bs)Zs,5,%.0),  Zg g(x,0) = 5@152 Vs, 0(xs:Bs,) Zs, (. 0).

We then have

E(x,0) = %0152 Vs, 0(Xs:Bs) Zs,5,(x. 0) Ag, 5, (x,0) + 301 Vs (xs.Bs,) Zs, g (X, 0)Ags, (x,0)

37xs,
1 n 1
= ﬁaszz Vs, 0(xs:Bs,) Zs,s,(x: 0)As, 5, (x,0) + gajsz Vs, 0(xs: Bs,)
1
= Eajsz Vs, 0(xs,Bs,)- (38)

In the above calculation we have used:
Zg,5,(%, 0 Ag, 5, (x,0) + Zg, g(x, 0) Ags, (x,0) = Ing xNs,?
Ag,s5,(x,0) = (Zg,5,(x,0) = Zg, g(x, 0) Zx(x, 0) Zgss, (x, 9))‘1 = 42_;2152(x, 0),
where matrix X 5,5, (% ) is invertible under Condition (H)-II. Thus, from (36) and (38), we obtain
As,s,(x,0) = =3 Ag, 5, (x, 0)07, Vs, 0(xs.Ps,)- (39)

and the proof is now complete. W

Lemma 5. Assume that Condition (H)-II holds. We have that, for any (x,0) € RN x ©:
As,s,(x.0) = 720 4! (x, 0); (40)

As,s,(x,0) = 1243} (x.0) - I Asgys, (. e)ajsz Vs, 0(xs:Bs,)- (41)

Proof. (Proof of (40)). First, we note that the matrices 5.8, (x,0), 2 S, Sz(x, ), Zgpr(x,0) are invertible for any (x,0) € RN x © under
Condition (H)-II. Due to the block expression of matrix X(x,6) in (34), we have:

~ N ~ -1
Asy5, 0 = ( Z5,5,.0) = Ex. 00 0T 0)T )

where A(x, §), the inverse of matrix 3(x,0) given in (35), has the following block expression:

A0 = Ag,s,(x,0)  Ag,p(x,0)
T A r 0T Agg(x.0)

where we have set:

As,s,(x,0) = 425 (6,0, Ag r(x.0) = —4Z5]¢ (x,0)Z5,g(x, ) Zp (%, 0);

ARp(x.0) = Zgi(x.0) + 42 pp(x,0) Zgs, (x.0) 5] (x.0)Zg, (X, 0) Zgp(x. 0).
We then have:

1 /53T T

R ~ . 3 (ast Vs, 0(xs.Bs,))

A0S 0T = | § .
—15 (0%, Vs, 05 850y, Vs, 0% Bs,))

where we used (38) for the upper block matrix, while the lower one is obtained via:
Ag, v (x0T Zg 5, (x,0) + Agp(x,0) Zgs, (x,0)
= —4Zpp(x,0) Zgs, (x, 9)2;21 5, (x0T, (x.0) + Zrr(x:0) Zgs, (x,0)
+ 455 p(x,0) Zps, (x.0) Z5 ) (x.0)Zg, g (x,0) Z g (x,0) s, (x,0)

T T T T
= -2(0] Vs,0(x.Bs,)) (95, Vsi0(xs: Bs,) + ¢ (0] Vs, 0(x. Bs,)) (0%, Vs,0(xs: Bs))
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1 L T
+3 (00, Vs,0(x.Bs,)) Zs)s,(6.0) s, (x, 6)(6152 Vsiolis: b))

1
= =15 (04, Vsy.00xs: B )0y, Vs, 0(x: Bsy))

Thus, we obtain:
~ R ~ -1 _1
(Zs,s1 (x,0) — Z(x, 0)A(x, ) (x, 0>T) = (5 25,5, 0)) " =720a5!(x,0),

and now the proof of (40) is complete.
(Proof of (41)). From the block expression of the matrix X(x, 6) in (34), we obtain:
Ag s, (x,0) Ag p(x,0) R R ~ ~ R
2% SR = A(x.0) + A(x.0)Z(x,0)T A5, 5, (x.0)Z(x, 0)A(x, 0).
Ags,(x,0)  Agg(x,0)
Thus, we have:
As,s5,(x,0) = Ag,5,(x,0) + Z(x,0)  Ag, 5, (x,0)Z(x, 0)
_ 1 T
= 4zs2152(x, 0) + Z(aXTS2 Vs, 0(xs:Bs,)) Ag,s, (%, 0)0152 Vs, 0(xs: Bs,)
= 1243 (x,0) = 3 45,5, (x, a)ajsz Vs, o(xs:Bs, -
|

where Z(x, 0) is defined as in (37), and we made use of (38), (39). The proof of (41) is now complete.

Lemma 6. Assume that Condition (H)-II and (C1) hold. For any 6 = (g, fg,0) € © and 1 <i < N, we have that
ONSI

AX;_y. (s, 0)(mi(4,.0) = mi(4,. (Bs. fy.0)) = \/4, Ong, |+ RO/ 43 Xi1.0).
bR

for RN -valued function R with R/ € S, 1 < j < N, where the N g-dimensional vector by, is specified as:
b = ag'(X;1.0) ng(Xi_y. Bp).

Proof. We have
4,
Vi, 3152 Vs, 0(Xs,i15Ps, )a;R Vs, 0(Xi_1; Bs,) nr(Xi_1, Br)

6

4, R A3,Xv_,0
Vo 5T V. o6, Bs,) (Koors Br) + RO/ 4y Xier, 0)

2 g
\/A_nrlR(Xi—l’ﬁR)

Zs,r(Xi21,0)
VA Z5,r(X,21,0) [ax (Xi_1, o)np(Xi_y, Br) + R(\/ 43, X4, 0),

my(4,.0) — m(4,. (Bs. . o))

ZRrR (Xi—l »0 )
for R -valued function R with R/ € S, 1 <j < N, where we used for (x,0) € RN x 0,
LV, 0(x,0) = 9] Vs, o(x. fs,)Vro(x. Br) + Us, (x. s, 0);
L2V, o(x,0) = ajsz Vs, o(xs» Bs, )aIR Vs, 0%, Bs, Vi 0%, Br) + Us, (x, Bs. 0),
with some functions vg, : RN x 04, X0, — RS2 and vt RN x 04, X0, — R"$1 that are independent of S € 0y, Thus, it

follows that
bs,
A(X,_1.(Bs.0)) (m(4,,0) = m(A,. (Bs. B o)) = /B, | bs, |ax' (X;_1. oMR(Xi_y. Br) + R(y/ 43, Xy, 0),
bR

for R € S, 1 <j < N, where we have set:
ZSIR(X,-_I,O) ONS] XNpg

= A(X;1,0) - | Zs,r(X,21.0) | = On g, xNg
Zrr(Xio1:0) I pxNg

since it holds A(x, ) Z(x, ) = Iy, for each (x,0) € RN x @. The proof is now complete
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Appendix B. Proof of Proposition 1

The first equation within Condition (H)-II immediately leads to:

inf lag(x,0)| > 0.
(x,0)ERN xO R

Furthermore, the first and second equations of Condition (H)-II yield:

d

~ 2
inf inf < roj Vy, Vi|(x,0) ¢, > > 0.
L N . p ]N51+1,N51+N52{[ 0 Vi (.0}, &

stligli=1
Noticing that proj { Vo, V| (x,0)) = 0T Vg o(x, Bs.)Vr i (x,5), we obtain:
g PrOINg +1.Ng +Ng, \ [0 Vi (X xg ! $2.0(% Pisy )V R k(X5 0)s

inf ag (x,0)] > 0.
(x.0)eRN x@l 52 l

Similarly, under Condition (H)-II,

d -~ 2
inf inf <proj1’,\,sl {[Vo: Vo, V] (x, )}, §> > 0.

(x,0)eERN xO 56RN51 =1
st lgl=1

Since proj; {Vo. Vo Vil](x.0)} = ajsz Vs, 0(xs: 5007 Vs, o(x. Bs, Vg (x,0), we have that:

inf ag (x,0)] > 0.
(x.0)eRN xé)(,l St !

Finally, from the expression of the covariance X(4, x, ) in (10), its determinant is given as:
9
|2(4,x,0)] = 2 lag(x, 0)| lag, (x,0)] |ag, (x, 0)].

Thus, (12) holds and the proof is complete.
Appendix C. Proof of main results

In this section we prove the main results, i.e. Theorems 1, 2 in Section 4 of the main text. The proofs make use of some technical
results from Appendix D.

C.1. Proof of Theorem 1 — Consistency

To show consistency, we study the limit of the contrast function #,(6), defined in (13), that involves terms such as
Xspit1=Hs A Xi0) X, iv1—Hs, (4,,X;.0)

A5

n

, 1<i<n-1,

A3

n

where {X;},_,. ., are discrete-time observations under the true model (Hypo-II) with parameter 6. Then, the stochastic Taylor
expansion for X, yields
Xg, ir1—Hs, (4,.X;.0) Vs 0X 5185 Vs, 0(Xs.1-Bs,)
K = ot “ + Ry, (4,.X,.0);

4
: (42)
X, ir1—Hs, (40 X00) Vs, 0XiBg )=V, 0(Xi.Bs,)

ST =22 2 "2 4 R (4,.X,.0),

\/47

where R’; , Rgz € Sfor1<j < Ng, 1<), < Ng,. Careful steps are needed to control the first terms in the right-hand sides of (42)
as 4, — 0, within the proof of consistency. Our proof proceeds with the following strategy which extends arguments used in [18]:

A5

n

A3

n

Step 1. We prove consistency, along with a convergence rate, for the estimator ﬁASI,,,. That is, if n > o, 4, - 0 and n4, — oo,
s Pyr
then ﬂsl,n—g> ﬂ;. In particular, we show the rate:

A Py
;(ﬂsl,n—ﬁgl)-—{» 0. (43)

Va,
Step 2. Making use of the convergence rate in (43), we prove consistency, along with a convergence rate, for the estimator ﬁASM.

s Pyt
That is, if n - o0, 4, - 0 and nd, — oo, then ﬁszyﬂ—% ﬂ;z. In particular, we show the rate:

N P
e (Fsy = )= 0. 44)
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Step 3. Making use of the rates in (43) and (44), we prove consistency for the estimators (ﬁR,,,,&,,). That is, if n - o, 4, - 0 and
N Pyt
n, — oo, then (Bg . 6,)— (Bf.0").
We emphasise that in our proof of consistency, the condition 4, = o(n~'/?) is not required while [14] assumed the condition

throughout the proof of consistency in the case of the degenerate diffusion class (Hypo-I). Typically, in order to show the consistency
of ﬁR,,,, [14] exploited the rates of convergence

P P
VEBs=P—"0. (o, - "= 0

that are derived under the condition 4, = o(n~1/2). In contrast, in our strategy, the rates of convergence (43) and (44) are obtained
without requiring 4, = o(n~'/2), and are put into effective use to avoid explosion of terms such as

Vs 0Xsi-1 sﬂ;] )=V, 0Xsic1:hs; ) VSZ.O(Xi’ﬂ;Z )=Vsy0(Xi sy n)

8 ’ Va,

n

as 4, — 0 only, with the help of some results derived from straightforward matrix calculations, i.e., Lemmas 4-6 in Appendix A.2.

Remark 8. Due to (11) in Proposition 1, we have under Condition (H)-II and (C1) that:
—1 oo mN . —1 oo N . -1 oo mN .
a5 € Cp RY x O;R), 45, iniy € Cp RY x O;R), ARiss € Cp RY x O;R),
for 1 <iy,j; < Ng, 1 <iy, jp < Ng), and 1 < i3, j3 < Np. Thus, one is able to apply Lemmas 2, 3 for the (scaled) contrast function
that includes the above inverse matrices in the proofs below.

C.1.1. Step 1
Consistency of the estimator ,BASI’,, is deduced from the following result.

Lemma 7. Assume that Condition (H)-II and (C1)—(C4) hold. If n - oo, 4, — 0 and n4, — oo, then,

43 Py
T”fn(9)—0> /’751 (x, Bs, )Tllslsl (x, 0 ng, (x, B, Iyt (dX), (45)
uniformly in 6 € 6.

The proof is given in Appendix D.1. Lemma 7 implies the consistency of fg . via the following discussion. We write the right-hand
side of (45) as 2(0), 0 = (Bs,+ Bs,» Br,0) € O. Under Condition (H)-IL, it follows from Proposition 1 and (40) in Lemma 5 that for all
non-zero & € RYs: s

. T
(x,e)lerlng@ & Asys, (x.0)6>0.

Thus, it holds under the identifiability condition (C5) that for any ¢ > 0 there exists a constant § > 0 such that
IP’W< |65, - 5, | > £> < P9f< |26,] > 5).

Then, Lemma 7 together with the definition of the estimator 4, yields:

3 N N 3 N A
> 5) < ]Pm( ‘%fn(ﬂgl,ﬂszﬁ,ﬂkn,&,,) ~%¢,(6,) +20,)| > 5)

4 o (gt 4
< Pm(;gg ‘7fn(ﬂsl,ﬂ52,ﬂR,an) - =2£,(0) +g(0)( > 5) -0

Pyt ( |3(én)

as n — o0, 4, - 0 and n4, — oo, which leads to the consistency of ﬂASl,,,.
We now prove the rate of convergence in (43). Considering the Taylor expansion of dﬂsl ¢,(0,) around the derivative

9 s, f,,(ﬁ;, ﬁsz,,,, Pr.n»6,) With an appropriate scaling factor, we obtain
JZ{Sl ,n(ﬁ; s ﬁSz.m ﬁR,n’ 6n) = %Sl,n(én) X ﬁ(ﬁs,,n - ﬁ_Tgl )’

where we have set, for 6 = (g, ,07%51) € @ with 67751 = (Bs,> Pr-0);

n

s, q(0) = — ‘/Eapsl £,00). B, ,0)= 2 /0 1 0, Cn(BS, + ABs, = s )07/ ) di.
For the matrix ,%’Sl,,,(e), we have the following result:
Lemma 8. Assume that Condition (H)-II and (C1)—(C5) hold. If n - o, A, — 0 and nA, — oo, then
B, uBs, 007" SR / Ops, (Vs, oxs: B5))  Asys, (x. (B 0771 )05 VsyoGes: B5,) vgr (@),
uniformly in 071 = (fs,. fr.0) € O, X O, X O,
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P+
We give the proof in Appendix D.2. We now check that A?fsl,,,(ﬁ;l 07 Psy 2, ONﬂs as n — oo, 4, > 0 and nd, — oo, uniformly
1

in 071 = (Bs,: Pr- o). We have:

n
s, B 07751 = s y(BY 07750 + 1 R(VA,L Xy (B 6771)),
i=1

1
n

forRReS,1<j< Ny, , where we have set, for 6 = (fs,, fs,. fr,0) € O,
1

—_— 7 T
g, 2(0) = #AT Z 9, (Vs,0X 5,215 85)) @(X;_1, O ns,(X;_y, Bs,)
=1

with @ : RN x @ » RYs1"Ms, defined as:
D(x,0) = Ag,5,(x,0) 0] Vs, o(xs, Bs,) +2As, 5, (x, 0). (46)
2

From Lemmas 2 and 3 in Appendix A, we immediately have that if n - o, 4, — 0 and n4, - o, then

n
P .
1 i =B of
b 2 R(VAL X, (85 07750) == 0,
i=1

uniformly in 07’1, Furthermore, we have from Lemma 4 that, for any 6 € O, ;;{;1’,1(9) = oNﬂs with probability 1, since
1

_ Pyt
D(x,0) = 0NSl XN, for any (x,6) € RN x ©. Hence, we obtain r‘?{s,,n(ﬁTl Lo Ps 2, ONﬂS1 , and now convergence (43) holds.

C.1.2. Step 2
Making use of convergence (43), we obtain the following result whose proof is postponed to Appendix D.3.

Lemma 9. Assume that Condition (H)-II and (C1)—(C5) hold. If n - o, A, — 0 and nA, — oo, then

B, N
Aj"f,,(ﬂsl,,,,ﬂsz,ﬁg,d)—ﬁ> 12></nsz(x, ﬂs2)Ta§21 (x, (ﬁ;l,ﬂsyo)) ns,(x, Bs,) vpi (dx),
uniformly in (fs,, fr. o) € @ﬂSz X Op, X 0.

This result leads to the consistency of ,BASZ,,, following an argument similar to the one used in Step 1 to show consistency of ﬁs, -
To prove convergence (44), we apply a Taylor expansion on the contrast function to get:

L5 i
(ﬂS n = ﬁ )
3 . N PR
LBl B B 6 = B p(,) x| V5 :

L

@(ﬁsz,n —ﬂgz)
where we have set, for 6 = (fg, fr.0) € © with fg = (Bs,»Bs,),
V4

g ,(0) = "
__VAnaﬂg 2,(0)
n S

Ips, “n©) : 2 4 (gt i
1 5 ‘@S,n (0) = 4/0 Mﬂs,n aﬁsfn (ﬂs + A(ﬂS - ﬂs)’ ﬁR7 6) Mﬁs,ndi’

and M, € RMis*Nos is defined as:

o[/ % 4 [ A 4,7
Mﬁsyn:dlag([ 7,..., 7, 7,..., 7] >
—_— —

N
N bs, ’s,

Convergence (44) is immediately deduced from the following result.

Lemma 10. Assume that Condition (H)-II and (C1)—(C5) hold. If n - 0, 4, — 0 and nd, — oo, then

Pyt
s (B Pr-0)—= Oy, : 47)
N Pyt " N
BB P 0) = 2 x ding( B, 5, (B3 P ). B, (B P )): (48)

uniformly in (fg, o) € O, X O,, where gl = (ﬂ;,ﬂ;z), Bs.n = (Bs, s s, ») and we have set:
T _
B, 5,(0) =720 / 9, (Vs 0(xs. Bs,)) ds, (x. 0) a;sl Vs, 0(xs: Bs, ) vg: (dx);
T
Bs,s,(0) =12 / Ops, (Vs,0(x:Bsy)) a5 (. 0005 Vs, o(x. Bs,) ver (@),
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for x e RN, 6 = (Bs. fr. 0) € O, where fis = (s, . Bs,)-

We give the proof in Appendix D.4.

C.1.3. Step 3
Finally, we prove the consistency of estimators (ﬁAR,,,, 6,). Working with the rates of convergence (43) and (44), we obtain the
following result leading to the consistency of 6,

Lemma 11. Assume that Condition (H)-II and (C1)—(C5) hold. If n - 0, 4, — 0 and nd, — oo, then
L (B Pro )~ / {tr(AG. (85, 00 2, (85, 07) + Tog | (x, (85, 00| v (@),
uniformly in (fg,0) € Oy, X O,,.
We provide the proof in Appendix D.5. To show the consistency of ﬁR,,,, we consider, for fr € 0,

LPR) 1= 5B, ne Py Pr-62) = o CuBs, o By B 6.

The consistency of estimator fg , is obtained via the following result whose proof is given in Appendix D.6.
Lemma 12. Assume that Condition (H)-II and (C1)-(C5) hold. If n — 0, 4, = 0 and n4, - oo, then

g Fot T -1 i

LPBR)— | nrx. Br)Tay! (x.07) ng(x, Br) vg: (d),
uniformly in fig € O,.

The proof of consistency for the contrast estimator 8, is now complete.

C.2. Proof of Theorem 2 — asymptotic normality

We consider the Taylor expansion of the contrast function #,(6):
€07 = /01 F,(0" + 20, —0"))dAx M, @6, - 6"
where we have set, for § € O,
G,(0) = =M, 0,0,(0). F,0) =M, 9,¢,0) M,", M, = diag(v,),
with the N,-dimensional vector v, defined as:

R N o o o e AN e ]

Nﬁ

o
N bs, N fsy R

The asymptotic normality immediately holds from the following two results — their proofs are shown in Appendices D.7 and D.8.
Lemma 13. Assume that Condition (H)-II and (C1)-(C5) hold. If n — o, 4, = 0 and n4, - oo, then
~ p(.ﬁ @

S,(6" + 26, - 6"))— 216",
uniformly in 4 € [0, 1], where the matrix I'(0") is defined as in (15) in the main text.
Lemma 14. Assume that Condition (H)-II and (C1)—~(C5) hold. If n — o, 4, — 0 and n4, — co, with A, = o(n~'/2), then

Lyt )
(07— A (0y,,417(07)).
The proof of Theorem 2 is now complete.
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Appendix D. Proof of technical results

D.1. Proof of Lemma 7

We have that 4 f (0) = 21954 &0), 0 = (Bs, - Bs, Pr.0) € O, where we have set:

n
1
EO) =1 Y 05, (X,_1, Bs)  As,5,(Xiy, O s, (X, Bs, );
i=1
n P . .
&) =1 > R XLy, 0 m! (4,07 m(4,607);
i=1 1j1,,<N

&4(0) = 52 > B4R X, 0)ml(4,07);

1<j<N

n

E0) =1 Y Ry(47, X,_,,0),
i=1

for some functions R{‘jz, R’ ,R; € S and constants g, ¢,,¢3 > 1. From Lemmas 2, 3, we immediately have that as n — o0, 4, - 0
and n4, — oo,

Py P,
&0)—= / ns, (x. Bs,)T As, s, (x.0)ng, (x. fs, Wyi (dx).  EO)—0, 2<k <4,

uniformly in § = (Bs,+ Bs,- Br,0) € O, and the proof is now complete.

D.2. Proof of Lemma 8

We define .7 : © — R"s1" V05 ag:
FO) =42 ¢ @), oco
©)= %3 £,0). oco.

Z(0) can be expressed as .%(0) = lekgo Z(0), where we have set, for 1 < j;,j, < Nﬂs1 with multi-index j = (j, j,),

M=

2 Bs T Bs.
L7®);,, = 5 (aj] W, 0Xsim1-8s,)) As,s, (X;-1:0)9," Vs, o(Xs-1Bs, )

E\Q=

S
L0, = N, (Xi1:Bs )"0, A5, (Xim1. 0 s, (X1 B, ):

s
[=¢3(9)]j1j2 = —5 Z s, (Xi_l,ﬁsl )Taj o {Asls] (X,-_lgG)Vsl,o(Xs,i_l,ﬁsl)};

[Z40));,), = % Y R @ X0 m ! (4,00 m(4,,07);
i=1 1<k ,ky<N
n P

(5O, =5 2 X, RIPAR X0 mf(4,.07):

1<k<N

[Z6(0)]),, = RIV2(47, X4, 0),

E;

for some functions RJ ”2 R’ 122 Ri2 € S and constants g, ¢».q3 > 0. It follows from Lemmas 2, 3 and the consistency of estimator
ﬂSl that if n - o0, 4, —>OandnA - 00,

[371 (ﬂ;l - i(ﬁs,,n - ﬂ;l ) ﬂS2’ﬂR’O-):|j )

12
P s
_o 2/(5;1 VSIVO(xS,ﬁ;l ) As, s, (x, (ﬁs Bs,» o')) Vs, 0(Xss ﬂs Wy (dx);
" N P
[ 7085, = 25, - 55, /fsz,ﬂk,a)]m_ZLT 0, 2<k<e

uniformly in (fs,, fg.0) € Qﬂsz X @y, X O, and 4 € [0, 1]. The proof is now complete.
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D.3. Proof of Lemma 9
We write 651 = (fs,, Bz, 0) € Oy, X Op, X O,. It holds that
A A - A .
2l B 0750 = Y G, 0 075,

1<k<7

where we have set, for § € O,

G0) =2 15, i1 (\ £ Bs )T Agy5,(Xim1. O, -1 (\/ 43, B, )
i=1

GO =LY P R(/E X 0n) (88,

i=1 1<j<N
n
1 . .
%0) = 5 D Ry, X Oy (/A Bs I (4,.67);
i=1 1<5j1,jp<N

v + T "
G0) =1 Y3 1 (£Vs,0Xi01,60) = £Vs, o(Xi1.0)) sy, (X1, 0) ( £V, o(Xi1,6T) = £V, o(X,1.0) )
i=1

.
+ %(EVSI,()(XI-_MHT) - £Vs,,o(Xi—M‘))) Ag 5, (Xi_1, O ns,(Xi_y, Bs,)

+ %'152 (Xi—1:Bs,) " Asys,(Xi_1,60) <£VS1,O(Xi—1’0T) - £VSI,0(X:'—I*0)>
+ nSZ(Xi—lvﬂsz)TASZSZ(XI—l’9)”52(Xi—l’ﬂ52)};

n
G5O =13 Y R4, X,_,0)m (4,0
i=1 1<j<N
n

G50 =2 Y {m (4,017 AX,,0)m (4,00 +log | =X, 0)| },

i=1
for some functions R;, R; ;,» R; € S. Note that ”]sl,f—l( Aﬁ,ﬁsl’n) can be expressed as:

) P g,y g
j 34 _ K i Ss; " Ps|n
OV PR EIEDY) x| ,

Tk _ gk 3
ISkSNﬂgl lpsl ﬁSlv”I A

where we have set:

n

j,[k] — v/ alk—1] j alk]
Mg, Xsim) =V (Kot Bs ) = Vg (Ksimi: B ), 1Sk S Ny
with the notation:
PN
A1 _ pl G0 gl s, )
Bsyn =By oo Bs B, s eeiBs ) 1SNy =1
_ . _[Ng ]
[0] _ pf SiT_ 4
ﬁS]J"_ﬂS]’ ﬁSl,n _ﬁSl,n'
From convergence (43), Lemma 2 and condition (C2) it follows that if n — o0, 4, - 0 and nd, — o, then

- . . Py
LY X O (A fs )= 0, (49)
i=1

uniformly in 6 € @ = (fs,, fg.0) € @ﬁSz X @4, X O, for any f : RN x @ — R satisfying the same property in Lemma 2. Thus, we
obtain

Pyt
G(Bs, n07SH)—=0, 1<k<3,
uniformly in §=51. Also, we immediately have from Lemmas 2, 3 that
X~ Py
G (Bs, 05— 0, k=56,

as n — oo, 4, - 0 and nd, — co, uniformly in 651, Finally, we consider the fourth term ¢,. Noticing that

LV, o(X;_1,0") = LV, o(X;_1,0)

.
= aISl Vs 0Xsi-1: B 015, (Xi1, Bs, ) + (aISl Vs 0Xs,i1> ﬂi‘l) - 5151 Vs, 0(Xs,i-1-Bs, )>VS| 0Xsio1.Bs)

XS,

+ 00, Vs 0ot B s, (Xici, Bs,) + (aT Vs, 0Xs,1-85) = 91 Vs, oK. ﬂsl))VSZYO(X‘-_l, Bs,).
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we obtain from Lemmas 2, 3 and consistency of ﬂAS]’,, that

Gy(Bs, v o5H—2, / ns,(x. Bs,)" Gy (x. (BY, . s, Pr. 0)) s, (x. Bs,) v (d).
as n — oo, 4, - 0 and nd, — oo, uniformly in §~51, where we have set: for x = (xg, xz) € R¥s x RNk and 6 = (Bs, Bs,» Br-0) € 6,
Gy (x,0) = %(ajsz Vslyo(xs,/351))TASISI(x,e')ajs2 Vs, o(xs. Bs,)
+ %(ajsz Vs, o(xs. Bs,)) As,s,(x.0) + JAs,5,(x,0) ajsz Vs, 0(xs.Bs,) + Ag, s, (x.0).
Lemmas 4, 5 yield:
Gy(x,0) = I Agys, (x.0) ajsz Vs, 0(xs:Ps,) + Asg,s5,(x.0) = 12a (x,6).

The proof is now complete.

D.4. Proof of Lemma 10

3 . P
(Proof of (47)). Since the proof of \/Zaﬁs, f,,(ﬂ;, ﬂR,a)l> ONﬁsl is identical with that in Appendix C.1.1, we will only show

n
that, if » > o0, 4, - 0 and nd, - o, then

n

I, Pyt
H b0 = L2y €04 B )= 0y, (50)

uniformly in (B, 0) € 04, XO,. It holds that ,%/(ﬂ;,ﬁR,a) =Yg ,%(ﬂ;,ﬁR,a), where we have set, for § € O,

M=

H0) =1 R;(1.X,_;.0)ml(4,.07);
i=1 1<j<N
n
5(0) = % Z Z R, (VA X, . 0)m (4,,07) m?(4,.07);
i=1 15j1,jp<N
n
H50)= 1Y R4, X,_,,0),
i=1
Pyt
for R,R;,R; ; € S. From Lemmas 2 and 3, we immediately have that %(ﬁT,ﬂR,a)—> Oy, ., 1<i<3,asn— o, 4, > 0and
12 s bs, "

n4, — oo, thus (50) holds.
(Proof of (48)). We define

0 0
Q) =M, , 6; ¢, My, = Q5,50 Q55,0 ,
’ Qs,5,(0)  Qs,s5,(0)
where we have set:
4 0 2 .
QSISI ) = T”GﬂSl ¢,(0), QSISZ(G) = 7”6”51 aﬂsz Z,0):;
QSZS‘ ©) = QSlsz (H)T’ QSzSz(e) = A_y,"alz?Sz ¢,(0),

for 6 = (B, Pr.o) € 6. From the proof of Lemma 8 in Appendix D.2 and the consistency of the estimator I} 5..» We have that if n - oo,
4, - 0 and nd, - o, then

~ 5 Pyt -
Qs (B + M5, = BY). P o) = 2 / Opg, (Vs,0lxs B5)) As s, (x. (85 0) 0], Vs s By vyr (@), 1)

uniformly in (fg,0) € Oy, X O, and A € [0, 1]. We will check the convergence of the two matrices Qg g, (9) and Qg 5, (0).
We have Qg 5, (0) = X1 <4 Os, 5,.4(0), where we set for 1 < j; < Nﬂsl , 1<), < N/"Sz’

n
B, )
[Qs,5,10)]; ;. = % 2(31-151 Vs 0Xs,i-15Bs, ))T X {As,sz (Xi—]’e)ajjz Vs,0Xi—1: Bs,)
=1

Jija
1 Bs, .
+ 3455, (Xi—l’e)ajz LVg o(Xi_1:B8s) 3

[Qs,5,2(0)]

1 kik k k-
=2 Y RHX.0mg (A s G (X1 B, )

n
J1j2 J1J2
i=1 1<k, Jo <N,

S

1 ~kyk k
[95152»3(0)1111'2 T Z leljzz(l’X"—l’e)r’S: (Xi—l’ﬂsl)bkz(xi—l’ﬂs);
i=1 lsklsNS]
1<ky<Ng
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[Qslsz,4<0>]jljz=§2{ > R""‘Z(An,x, 1O (4,,00)m; (4,07

J1J2
i=1 \1<ky ko<
k ¥ D
+ ) R @, X,._I,B)m,.(A,,,H)+R(An,X,._1,9)},
1<k<N

for some functions Rk‘k2 Rflljkzz Rflljkzz Rj‘lj R € S, and the function b : RN x O — R¥s is defined as:

%ﬁVsl o0x. Bs) = %I:Vs] o, BY)
b(x, Bs) = . s
Vs,0(% Bs,) = Vs, 0(x: b))

Notice that for any 6 € O,
Q5,545 =0 1<ji < Ngg o 1<jp <Ny,
because it follows from Lemma 4 that
Bs, Ps Ps
Ags, (x, 0)0 Vs, 00 Bs,) + 5 ASlSl (x. o)a PLVs o(x, Bs) = P(x, 0)3,22V52‘0(x, Bs,) = ONS],
foranyxe RN, 1<j, <N bs, , where @(x, ) is defined as in (46). From Lemmas 2, 3 and the consistency of f, with convergence
(43), we obtain:

. A Pyt
Q5,54 (A5 + ABs, = By broo)],  —— 0, 2<k<4,
uniformly in (fg,0) € 65, X0, and 4 € [0, 1].

Finally, we consider the term Qs,s,(0). It holds that Qs,s,(0) = Di<k<d Qs,5,4(0), where we set, for 1 < j,j, < Nﬂsz’

[QSZS%I(G)]J]J& = i Z { Z 1112(1 Xi- 1’9)’75 = I(A”’ﬁsl
i=1

1<k<N,

k1k2 ky ky
Y R X0 (B B (A Bs)
1<k k<N,
Skik X
* B2 X .00, (VA s i (4,.0%) };
1<k <Ng,
1<ky <N
2 ﬂs‘ fs
[QSZSZZ( )]]]]2 ;Z{ 2£VSI o(Xi— 1’0)) ASISI(X, 1,9)0 ZEVSI oXi_1,0)
! ﬂ52 Bs,
+3(0;,7 LV (X, L0)" Ag,5,(Xi21.0)0, 7 Vs, o(Xi_1. Bs,)
1 Ps.
102V, 0 X1 B5) Ay, (X1 0,000 LV (X, 1.6)
Ps fs
( 2Vsz"(X' 1,/352)) ASZSZ(Xi—]’g)ajszssz(X[—lvﬂ&) };

S

k k
(L X O (X, B (X Bs,)

[QSZS2»3(0)]J'11'2 - i 2

i=1 { I<k; k<N,

+ Z Rj?ljz(l,X,-_l,t‘))’léz(xi—l’ﬁsz)};

5

1<k<Ns,
n
1 Rk k k
[Qszs2,4(9)]jlj2 == { Z jlljzz(An,X, 1, 0)m; 1(An,@}‘)m 2(4,,07)
i=1 \ 1<ky k<N
k
+1 N 1112( Xi_1,Om; @,.0" )+ R; (VA X 1,9)}
<k<
~ —k k ~ ~ —k
for some functions ijj , kiky - pliky RET2 Rk R’f‘(‘z, R. ., R, . €S8. Note that due to Lemma 4,

J1J2 P2V - U IR IV A I V) 12> T2

ﬂs Ps.
[Qs,s,20)1;,, = Z Vs, 0(Xi 17ﬂs2)) Asy5,(Xi1:0)9, 2 LV o(X,_1.0)

n
2 Bs. T Bs.
+2 Z(ajl Vs, 0(Xi_1:8s,)) As,s, (Xi—1.0) 9,2V, 0(Xi1: Bs,)-

i=1

We obtain from Lemma 2, (49) and consistency of fg, that if n — co, 4, — 0 and n4, — co, then
|Qs,5,0 (85 + s =B reo)|
172
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Pyt 1,555, 0T + Bs, +
52 [ 1072V, 000 85)) Ay, (5 (B B )00 £V, o5, (B, B ©))vgi ()
/75 T Bs.
+2/( Vs, 0(xs ﬂs ) As,s, (%, (ﬁ;,ﬂR,a))ajzZVSZYO(x,ﬁgz)vw(dx); (52)

N n . P+
(05,5, (6} + 45, = P Prec)] =20 k=134
1J2

The proof is complete by applying Lemma 5 to (51) and (52).
D.5. Proof of Lemma 11

It holds that %f,,(e) = lekg 7,(0), 6 € ©, where we have set:

70 = 2{ S RS o) 8B 8 bs)

1<j1,/2<N,
S j
+ Y RAX 0y (/A Bsng (VA Bs)
l<“<NS
15/‘25NSZ
SS j
+ ) RPRLXL 1,9)71S’i_,(\/An,ﬁsz)ng?z‘[_l(\/é\,,,ﬂsz)};
1<j1.j2<Ns,
“ S
7 1 j
70)= { 2 RO X0ng ()& Bsmp4,,00)
i=1 L 1<j1<Ng,
1<jp<N
S, j "
+ X R (LX) (VA Bs)m(4,.67)
1</1<Ns, >
1<jp<N
S j S j e
+ Z R;'( An’Xi—l’a)rljSl,i—l(VAz’ﬁsl)+ Z R*( A"’X"‘l’e)ngzi—l( Amﬁsz)};
1<j<Ng, 1<j<Ns,

n

T50) = i Z{m[mn,m)m(x,_,,(ﬂs,a))m,(An,m)+1og)Z(X[_l,(ﬂs,a))(};

i=1

70 =+ Z{ Y RV, X 0m](4,.07) + R(An,X,-_l,e)},

i=1 V1<j<N
SIS| SISy 558 S S KT
where R?'"!, RO'2 R22, R VR, R, R7?, R, . R, R € S. From Lemmas 2, 3 and the convergences (43) and (44), we have:
J1i2 J1J2 J1J2 J1J2 J1)2 J J JiJ2 7T

Pyt
T (Bs.ps Br-0)— 0, k=1,2,4;
%(ﬁs,n,ﬂR,a)L /{tr(A(x,(ﬂ"S',a))z(x,(ﬂ"S',aT))) +1og|2(x,(ﬁ§,a))‘}vm(dx),

as n — o0, 4, —» 0 and nd, — oo, uniformly in (f,0) € O, X O,. The proof is now complete.
D.6. Proof of Lemma 12

The matrix-valued function X(x,6) and its inverse A(x, ) depend on By = (Bs,. Bs,) € Oy, and ¢ € O, but not on f; € 0y, in
terms of the parameter § € ©. We then define

LO) = 740 = 75 Ca(Bs.Pp0). 0= (Bs.fr.0) €.

and .Z(0) is expressed as .Z(9) = ), <k<3 % (), where we have set:

n

T "
%) = Z{ (M40 B B o) = mi(8,,67) ) AKX,y (B, ) (mi(4,,0) = mi (4, (Bs. fly 0)) ) };
i=1

u T
%0) = - Z{ (40 0) = mi(4,,67) ) ACX,_y. (B, o) (4, 0) = mi (4, (s, o) ) };
i=1

Us(0) = =Y m(4,.00T AX,_. (Bs.0)) (m(4,,0) — my(A,. (Bs. B 0))).
nd,
i=1
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term %,(0). Making use of Lemma 6, we have

Stochastic Processes and their Applications 174 (2024) 104384
We will derive the limit of the terms %(0), | < k < 3 evaluated at 8 = (fs,,. fz. 6,) by utilising Lemma 6: We first consider the
n
1
ZAOEED) {

2 Mo i (VA BsRG (VA Xi1.0)
i=1 1<j<Ng,

+ 2 M (VA Bs)RG (VA X 1.0)+ R(/4,. X, 1.0)
1<j<Ng,

} (53)
where Rg N Ré , R€ S. From Lemma 2 and the limits (43), (44), we obtain that if » > 0, 4, — 0 and n4, > o,
N N [Pg‘(

U (Bs.n» Bro 64

)—»0

>

uniformly in fr € @, . For the term %,(6), again Lemma 6 yields
BO) =1

i=

NR(Xi_1, BR) T a5 (Xiop, ng(X iy, Br) + 25(0),
=1

where ?Z(é‘) is given in the form of the right-hand side of formula (53). We then obtain

~ ]P T +
Uy (Bs. o Bro ) —— / nr(x, Br)" g (x,6") ng(x, Br)vy: (dx),

ny/4,

as n — oo, 4, — 0 and n4, — oo, uniformly in f € 0, . For the third term %;(0), it follows from Lemma 6 that
%0) = —
i=l Ng+I<j<N

n n

> Y MR X 0+ 1Y Y ml(4,,00R V4, X,,.0),
i i=1 1<j<N

where R/, R/ € S. From Lemma 3, we have that, if n — oo, 4,

— 0 and n4, - o, then
N N [PgT
%(ﬂs,mﬂR’%)—’ 0,

uniformly in fz € @,. The proof is now complete.

D.7. Proof of Lemma 13

Recall N, = Ny + N, where Ny = Ny + Ny, with Ny, = Ny + N/’Sz' In this section we make use of the notation
K . s,
B = (Bs.Pr) € Op, X Oy, with g = (Bs, - Bs,)- We note again that the matrices ¥(x,0) and A(x,0) do not depend on the parameter
Br- Since we have seen the convergences of the matrices Qs,5,(0), Qg 5,(0), Qg 5, (0) evaluated at 0 = 07 + A(é,, -0", A€[0,1] in
Appendix D.4, we prove that as n — o0, 4, = 0 and n4, — oo, the following convergences hold uniformly in 4 € [0, 1]:
(a) ForlsisNﬂ,NﬂS+1§j§Nﬂ,
[-#,(67 + 26, - 9"))]U.

T _ - + .
P, {2/(afVR,0(x,ﬂjz)) ag (x,6") 07V o(x B) vgr (dx), N +1<i,j < Ny;
0,

(b) For 1 <i< Ny, Ny+1<j<N,,

54
(otherwise).
" N Pyt
[7,(6" + 46, - 6")],,— 0. (55)
(c) For Ny+1<i,j < Ny,
. « P .
[7, (07 + 40, — 0*))]1,1_—“» / tr (07 2(x,0") Ax, eT)ajZ(x, 0") AGx, 07)) vyr (dx), (56)
D.7.1. Proof of (54)
We consider the following three cases separately:
@l) 1<i<Npg ., Ny +1<j <N

(@2) Ny +1<i< Ny, Ny +1<j<Np;
(@3) Ny +1<i,j <Ny

32



Y. Iguchi et al. Stochastic Processes and their Applications 174 (2024) 104384

In case (al), we have for 6 = (ﬁs, ,ﬂSZ,ﬂR,a) €0,

n

[7(0)],, =+ 2\ Hiy(Xpe1,0) + 3 ) R(4y X,y 0) (57)
m=1

m=1

IIMH=

Z Rk(l, X1 OV (X1 Bg) =V o(Ksmo1:Bs)))-
<N

1<k
for some R,,Re S, 1<k< NSI, where we have defined H;;(x,0), (x,0) € RN x O as:

Hyj(x,0) = 1(0'Vs, o(xs,.Bs,)) As,5,(.0) 00 L2V, o(x.0) + (9 Vs, o(xs,. Bs,))  As, 5, (x.0) 0 LV, o(x.6)

+2(0/ Vs, o(xs,- Bs, ))TASl r(x,0) 0fVR,O(x, Br)-

Noticing that for Ny +1 </ < Ny,

ALV, 0(x.0) = 0] Vi, o(x. B5,)0! Viox Br)s 87 L2V, o(x,0) = 0] o, Vsi00xs: B, )91 Vs, 0(x: Bs,)0! Vi o(x. Br),
we have H;;(x,0) =0 for any (x,6) € RN x © since

Hyj(x,0) = 2(V, o(x. Bs,))  Hy(x.0) Vi o(x. ).
where

H;j(x,0) = {Ag 5, (x.0)Zg, p(x.0) + Ag, 5, (x.0)Zg, g(x.0) + Ag, g(x.0) Zgp(x.0) bag! (x.0) = Ong, N

Thus, due to the consistency of the estimator and Lemma 2, we immediately obtain from (57) that if n - o0, 4, — 0 and n4, - o,
then

: N ; Fyi
[7,(6" + 4@, - 0))1;—— 0
umformlylnxle[o1]for1<1<Nﬂ Npo+1<j< Ny

Subsequently, we consider the case (a2). We have

[7.(0)], =+ z Hy (X, 0) + 2 Z Hijn(X, 1.0) + %Z Y R Xy O, (4,.0)
m=1 = m=11<k<Ng '

n
1
22 X RX (VS (X B = Vi (X ) + Z R4y, X1, 0),
m=1 Ng, +1<k<Ng
for some R;,R€ S, 1 <k < Ng, where we have defined E,-jk(x,ﬁ), for (x,0) e RN x O, k= 1,2, as:
Hyj, (x.0)= (aﬁtvsl x0)" Ag s, (x. 0)a”£2VS] (x,0)+ 1 (a”ﬁvsl x0)" Ag, s, (x. o)a LV, o(x.0)
+(of LV, o(x, 9)) Ag, R(x,6) aj Vro(x, Br);
~ T T
Hyjo(x,0) = (300 Vs, 005 Bs,)) Asys,(x,0) 00 L2V o(x,0) + (9 Vs, o(x, Bs,)) As, s, (x,0) 07 LV, 4(x,0)
T
+2(0Vs, (x. Bs,)) " A, r(x. 0) 0 Vi o(x. B).

We then have H 1jk(x,0) =0 for any (x,0) € RN x0, k = 1,2, from the same argument as in case (al). Thus, making use of Lemma 2,
convergence (43) with condition (C2) and the consistency of the estimator, we obtain (54) in case (a2).
Finally, we consider the case (a3). We have

[7.(0)], =+ ZHIJI(Xk LO+ - ZH,,Z(Xk L+ = ZHUZ,(X,( Lo+ \FZR(l X1, 0)m(4,,07)

1 INY 1 D,
v I;(mkmn,e) - m(4,,00) AX;_1,0)9f) | 0(X1,0) + + ’; R(A,.X,_,.0).

for R, R € S, where we have set, for (x,0) € RN x 0,

Ay (,0) = (00 02V o(x.0) Ag, s, (x. 0) 37 L2V, (x,0)
+1 (0 L2V o (x, 9)" As, s, (x. 0) 9} LV, o(x,0) (58)
+1(00 L2V, o, 0))" As, rx. 0) Vg o(x, Br);
Hyp(x.0) = H(LV, o(x.0) Ag,s, (x. 0) 37 L2V, (x,0)
+ 2(6 LV, o(x, 9)) Aszsz(x,H)ajﬁVSZ,O(x, 0) (59)

( LV, o(x, 9)) Ag,r(x,0) 0?VR'0(x, BR);
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Ay50x.0) =30/ Vgo(x, b)) Ags, (x, 0) 7 L2V, (x,0)
(0! Viro(x. b)) As, (x.0) ALV, o(x,0) (60)
+2(0/ Vio(x. Br)) " Ar(x.0) 0 Vi ox. B).
and
v(x,0) = [éEZVSIYO(x,G)T, %EVSZYO(x, 0", Vrolx, ﬁR)T]T.
Notice that for any (x,0) € RN x 0,
Ay (x,0)=0,  H,(x,0)=0,  H;3(x.0)=2("Vgo(x, p)  az'(x,0) NVro(x, Br)-
Furthermore, it follows that

1

Vs

M=

.
(m(4,,0) — m(4,,0")) AX,_,. e)a(’j,j)u(x,{,l,e)

M= 7

1 T T _
" (VR,O(XI(—]’ ﬁR) - VR,o(kap ﬁR)) aRl (X1 U)agyj)VR,o(kap Br)s

k=1

where we made use of similar arguments in the proof of Lemma 6 in Appendix A.2 for the term A(X, k_l,e)aﬁ j>v(X r—1-0). Hence,
exploiting Lemmas 2, 3 and the consistency of estimator 6,, we obtain that:

[fn(eT + 46, - 9‘))]ij—9’> 2/(0{’ VioGeo B) " agh(x.07) 0 Vi o (x. B vy (d),

as n — oo, 4, —» 0 and n4, — oo, for Ny+1<i,j <Ny The proof of (54) is now complete.

D.7.2. Proof of (55)

We show (55) when 1 <i < Nﬁ and N s+ 1 <j< N, The convergence for the other cases can be deduced from a similar
argument used in the proof of (54) so we omit the proof. We have

3 n
[ﬂ,,(e)]ijz‘/TA_"Z > Ry, (1L Xy, 0m, (4,01 )m(4,.67)

k=1 1<kI k<N
\/ R ky ki i k2 Ky i
Z Z Ry 1, (1. X, 1. 0)(mi (4,.0) — ni (4,.01)) (m*(4,.0) — m2(4,.01))
ky.ky<N
n k x n
1 1
+13 Ry, (1, X1, 0)(m (4,,0) = m, ' (4,,01) + 1 Z R(VA,. Xy, 0),
k=1 1<k, <N k=1

for some Rklkz,ﬁklkz,Rkl,R € S. Thus, we immediately obtain (55) for 1 < i < Nﬁg s Ng+1<j< Ny from Lemma 2, 3 and
21
(43)-(44).

D.7.3. Proof of (56)
It holds that for Ny +1<1i,j < Ny, 0 = (fs,, s, Br.0) €6,

[#,(0)] kaun,a )9 A1, 0 my(4,,0") + 4 Za(”) log | £(X,_1.0)|

1 k k k
+;Z Z Ry, (1, Xy, O, (4,,07) (m2(4,,07) — m2(4,,0))

k=11<k ky<N

+1y oy {Eklkz(l,xk_l,e)(m’,jl(An,ef)—m’k‘l(A,,,e))(m’;z(A,,,e*)—mﬁZ(An,e))}

R(4,,X;_1,0),

M=

+1 N R (VA X1 0)(m (4,.07) - m (4,.0) + 1

k=1 1<k, <N k

for some Rklkz’ ﬁklkz’ Rkl , R € S. Making use of Lemmas 2-3, (43), (44) and the consistency of the estimator, we obtain as n — o,
A, - 0 and n4, > ,

P .
[£,(67+ 46, - 09)] ,— / {tr(9g,,ACx, 0% 2(x,67) + 07, Tog| 2x,07)| brgr (@)

= / tr (97 2(x,07) A(x, 6107 Z(x,0%) A(x, 07)) vi (d),

34



Y. Iguchi et al. Stochastic Processes and their Applications 174 (2024) 104384

uniformly in A € [0, 1], where we applied the following two formulae to the above equation:
97, log| T, 0%)| = —tr (7 ;) A(x, 0) Z(x,67) = tr (97 Z(x, 6197 A(x,0")):
tr(97 Z(x, 0197 A(x,67)) = —tr (97 (x,6") A(x, 6707 Z(x,6") A(x,67)).

The proof is now complete.
D.8. Proof of Lemma 14

We write ‘6’,{‘(9) = Z?:l C/‘(H), 0 €0, 1<k< Ny, where we have set:

cko) = (M), x ol {my(4,.0)T AX,_;,0)m,(4,,0) + log | Z(X,_,,0)| }.
To prove the assertion, it suffices to show, from Theorem 3.2 and 3.4 in [17], that:

@) If n > o0, 4, > 0 and n4, -» o with 4, = o(n~1/2), then

n P,.
D B [cFONIF, ] =0, 1<k< N, (61)
i=1

(i) If n - o0, 4, —» 0 and n4, — o, then

" . P
> Egi ¢ 0N @NIF, ] N 4Oy 1. 1 <kiky <N, (62)
i=1

(iii) If n > o0, 4, » 0 and nd, - oo, then

n ) P,
3 By [c100e2 0N 00 ODIF, |5 0. 1< kyoky ks ky < N, (63)

i=1
In what follows, we will check convergences (61) and (62). One can prove (63) following similar arguments and by noticing that
the left-hand-side of (63) involves 1/n?.

D.8.1. Proof of (61)
We recall (32) and (33) that are immediately obtained from the definition of m,-(A,,,é”‘) in (28), that is, for 1 < k;,k, < N,

Ey: [} (4,.6MIF, || = Ri(\/43.X,_,.0); (64)
k kK +
Egi [m;" (4,,00m;2 (4,,0|F, ] = [Z(X;_1, 00,1, + Ro(4,, X;_,07) (65)
for Ry, R, € S. We then write f(6), 6 € ©, 1 <i <n, 1 <k < N, as {F(0) = ¢, (6) + ¢, (0), where we have set:
— T
¢@ =2[M "], x{(9fm;(4,,0)) AX;_;,0)m(4,,0)};
gl.’jz(a) = [M;"],, x {0 1og | Z(X;_1,0)| + m;(4,,0)T 9} AX;_y,0) m(4,,0)}.

Exploiting (64), we obtain

N
Eg: [ch ODIF, | = \Lf Y R X,y 00 By [m/(4,.00IF, ] = iﬁ;(( nd3, X;_,,0"),
j=1

for R{;, 1?{; € S. Thus, from Lemma 2, we obtain
n n . ]Pg'l'
2B [ @DIF, ] =5 X RG/ndh X1, 0H— 0,
i=1 i=1

if n = o, 4, = 0 and nd, — co and 4, = o(n~'/?). Next, we consider the second term Cl_"z(é'). First, notice that for N ps F1 <k <Ny,
¢!5(0") = 0, since Z(X;_;,0) and A(X;_,, ) are independent of fz € O,. For 1 < k < Ny_and Ny + 1 < k < N,, we apply (65) to
obtain

Bt (65 O0IF, 1= M, "] % {a;f log | Z(X,;_,00)] +tr(f AX,_1,0")2(X,_,,67)) } + %Rk( nd2,X;_,0")
1 T
= TR (\/n42, X;_;,0")
for R, € S, where we used:

0% log | Z(x,0)] = —tr () A(x, 0)2(x,0)), (x,0) eRY x 0. (66)
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Thus, we have from Lemma 2 that if n - oo, 4, — 0 and n4, - o with 4, = o(n'/2), then

n n ]P) B

DBy [ @0F, ] =1 Y Re(y/na2 X,y 6H)— 0,

i=1 i=1
and the proof of (61) is now complete.

D.8.2. Proof of (62)
For simplicity, we write

Y, 0h) = Y By [ 0N 0NI7, ).

i=1
We have that for 1 <k; < Ny, Ny +1 <k, <Ng, Ny+1=<k3 <Ny,

Vgl ) = =2 p (X, 00T AKXy, 0) mi(4,,0%) )
+ X1 <N RQI’Z( A, X;_1, 000 (4,,00)m (4,,07) + Y i< <N R} ( X,_1,60m (4,,07);
Vig20") = =2 p (X, 00T AKX, 0)my(4,.67); (68)
VLR O = my(4,. 007 (0 AX,1.0%) mi(4,.6")+ 9] log| (X, ,6")] )
+ Dicjen R @ X 00 m] (4, 00m (4,00 + Ty, o R (VA Xiy. 00 m]' (4,00,
for Ri‘ljz, Ri‘l, Ri‘;z, Ri‘} € S, where we defined p; : RY x0@ - RN, [ <k < Ny as:
[(aZVsl,o(xs’ﬂsl))T’ 01Tvsz’ OLR]T’ 1<k < Ngg s
Hy(x,0) = [%(0£CV51,o(x, )", (3Vs, 0(x.Bs)) 01TVR]T, Ny, +1<k <Ny
[é(aﬁﬁzVsl,o(x, 9))T’ %(azf[“VSz,o(x’ 9))T’ (alfVR,O(x’ ﬁR))T]T’ Npg +1 <k <Ny,
for (x,0) € RN x ©. From Lemma 2, 3 and (67), we have that for 1 < ki ky < Ng,
%kz(e'*')i”l 4 / LG 0D [AG D] (6,00 [Ax, 0 O, (2600 vei(dx)
1<)y ]2 J3.Ja<N
=4 Y / uﬁ‘l (. 00 [Ax.0N)]; ,4{22 (x, 0"y (dx) = 4 / D 1y (x.07) vy (d).
1<j1.2<N
We then have, for 1 < k;, k, < Nﬂs1 ,
Yy 1, (.07 = (a,’jI VS]’O(xS,ﬂ;] ))TAsls] (x, 0*)6,{2 VS]’O(xS,ﬂ;])
=720(9; Vs, o(xs. b5, )" (x,0%) 9 Vs o0xs: 5. (70)

for Nﬂsl +1< ki, ky ﬁNﬂS,
N T f
(o LV o(x,00) Ag s, (x,0 )aﬁ ,EVs, 0(x, 0"

D00 = (9
(a" LV, o(x.0° ) Ag 5, (x.0Ma! Vs,o(x. ﬁs

L
:
+}
; ol Vs, o(x, ﬂs )" Astl(x,HT)akzﬁVSl_’O(x,G )

+ (o) Vs o(x, ﬁSZ) Aszsz(x,HT)dszSZ,O(x, ﬁ}z)

12(0] Vs, o5 85)) a5t (x,01) 0% Vs, o, B5,), (71)

and for NﬁS +1< kl,kz < Nﬁ’
3 T
_ R o .
Dty (5,00 = 3 Dy, (3,07 = (9 Vro(x, BY)) " ag (.01 9], Vio(x, B,
j=1

where Hklkz,jl < j < 3 are defined as (58), (59) and (60). Note that we made use of Lemma 4, 5 to derive (70)-(71). For
1<k <Ny Np+1<ky <Ny, it follows from (67), (68) and (69) that

By
Y1, (01— 0,

if n —> oo, 4, — 0 and nd, — co. For Ny +1 < kj, ky < Ny, it follows that if n — oo, 4, — 0 and n4, — oo, then
P
ANy N N
Dk O = D 1,101 + D1, 200 + D4, 560D,
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where we have set:

Yy (01 = / [0F, ACe.60)1;, 1,107 AC.OD, 5,75 1,7, (6 0 vir (dx);
1<11,sz/3,/4<"’

%1 G / [aa Ax, 00,5, [Z(x, 07 )]mza" log | Z(x,0")|

1<j1.j<N

+10p ACx, 0], [2(x,00)];,;,0; log | Z(x, 67 }v9+(dx)
=T / [ag AC 0D, , 1266001y, [69 A, 0], 206,00,

1<j; qu,]3.j4<N

+ 107, A, 60, [Z(x. 00, ;10 AGx. 0], [2(x, 60,5, }vg-;-(dx);

Y 1,307

/ a,fl log | Z(x, 9*)|a,‘j2 log | Z(x, 67| vyt (dx)

> / [0 A, 0,1, 12, 00)); 5, [0, AGe, 001, [2(x, 00,5, v (d),

1<j1.J2:J3+JaSN

with anm RN x © - R defined as follows, for (x,0) € RN x 0,

]1]2]3!4 (x,0) = [Z(x, 9)11'1]'2 [Z(x, 9)]/314 +[2(x, 0)]1113 [Z(x, 9)]1'2/4 +[2(x, 9)]/114 [Z(x, 9)11'2]'3'

Notice that we have used (66) in the computation of ?Zl kz’z(b’*) and @Zl k2,3(91)- Thus, we have

3
21 @klkz,m(m) = / [ag Alx, GT)]JIJZ [() A(x, eT)]jsjA

1<j; ,12,J3sj4<N

X ([ZCx, 001, 5, [Z(x,0)],

i3 s + 120D, (2 0D1,,),) }Vm‘ (dx)
=2 / tr(az’l Z(x,0M) A(x, 0" a,‘jZZ(x, 0" A(x,0%)) vyi (dx),
where in the second equality, we have used the following formula:

IA@,;, == Y, [AG 001,100 Z(x, 001, [AG, 001, ;,, Ny+1<k <N,

it
1<j3j4a<N
Furthermore, for other cases of 1 < k;,k, < Ny, it holds that:
oy Ty =
@klkz(x’g ) =0,

where we have used Lemma 4 and that for N 5 T 1 <k < Ny,

2, r(x,0) Ong,
A(x,0) p (x,0) = A(x, 0) ZSZR(x 0)|ag (x 0')6 Vro(x, Br) = 0N52
Zrr(x,0) a3 (x,0)00 Vi o(x. )

for x € RN, 9 = (B, fig, o) € O. The proof is now complete.
Appendix E. Proof for case study in Section 4.2.1

From (20), we have (6,)> = F, , + F,, + F; ,, where

— 6 1 o . 2.2
Fi,= = X Z(l’i+1 = b —8;4, +5i7") >
i=0
n—1 2
_ 6 1 . . .
Fon=—p Xy (Bivt = By = 58y + 5 ) (5101 = 5i = 514, )
" i=0
n—1
— 2 1 2
b, =45 (Sig1 = 5i = 5i4,)
i=0

with the hidden components p; estimated by numerical differentiation:
A i1 T4
pi = A

n

0<ign.

Since the rough component s, follows the linear SDE, the solution is explicitly given as: for u € [r;,#,,,)

u
5, = s,ie_(”_’i) + GT/ e~=0qp,
i

i
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under the true parameter o'. Thus, we have

s tiv1 u + Tit1 u rv

o ; _(v—t: - (-

pi=p+ A_n/ / e dvdu + A_n/ / / e =g B, dvdu,
L4 L4 L4 i J

and then

pl+l P =Pi+1 — pl (A _(1 —e ))(SH—I

6 tiv2 _(U ) tit1 _(U )
dB,, dvdu— — dB,,dvdu,
fit1 tip1 Jiq1

where we used:

liy1 U
/ / e~ dpdu = A, — (1 — e 4n).
1 1

Since 4,, € [0, 1) is assumed to be small, we use the Taylor expansion for the terms e~4r, e~®~%) and the stochastic Taylor expansion
of (p;11»S:41) around (p;, s;) under the true parameter ' to obtain

Tix1 u
ﬁi+l_ﬁi:SiAn+o-TB’+]_77+U / / dB,du

i+2
+—/ / / dB,,dvdu — —/ / / d B, dvdu + A2¢,,
Tit1 Tig1 S lig)

where the random variable {¢;}; appearing in the remainder term satisfies E|¢;|> < C for some constant C > 0. We express the
Gaussian random variables as:

A x 2V, fist T @
B - = VA Xz / / dB,du= \V 4, % (T 2\@)7
1 o Zm .®
dB,,dvdu = \/A (— S E - ),
/ / / = W T
where {z[(.j )}OS‘-S” +1,j=123 is an i.i.d. sequence of standard normal random variables so that it holds

i+1 A2
E[(B,,,_, )] = 4, E[BH,X/ /dBdu =4

i+1 3 i+1 3
‘“,x/ //dB dvdu =? / /dBdu ]—7
i+1 A4 i+1
/ /dBUdu / //dB dvdu =§" / //dB dvdu) ]:—.
5 4

Then, (72) is written as:

(I) 0
Div1 — b = 5:4, +0'T\/ —+a\/ "< )
) OO ® o (1> 0 Z(3)
+6T A%( i+l + H—l + :+] ) ( )+
Vo w3 s \% 12[ é'

+ (1)] (2)I (3)] 52D Z(2) (3) 2
= A { ( i+l i+l it ) (_: Ji ) } A 73
=s;4,+0c"4/4 +12\[+ 6+4\/§ 12{ + A2, (73)

From the ergodicity of the process {s,}, and (73), we have that, as n — o, 4, — 0 and n4, - o,

(72)

6(ct)? nzl N 2 5 1y, 22 N2 Zn: (1) Por 23, 40
F,=>x ( SRR I S ! ) +- ) R’(4)—> Z=(c"); 74
’ 6~ i n 5 5
"L w3 12vs 4“3y i
o N (A LR L A s L0 A2\ 0 1Y g0 2
ro-st S R D S e e

i=
where each {Rl(.l)(A,,)} ; and {Rl(.z)(An)} ; is sequence of random variables such that for 0 <i <n, j = 1,2,

{E[IRV (4,11} < C4,
for some constant C > 0. Similarly, we have that

F3, N 2(6")2. (76)
From (74), (75) and (76), we immediately obtain the convergence (21).
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Appendix F. Kalman filter for sub-class of (Hypo-II)

For simplicity, we write x; = (xg, ;, Xs, ;» Xg,;) € RN = RVS1 x RVS2 x RV for the state of scheme (22) at time 1;. Component xg, ;
is observable and h; = (xg, ;, Xg;) € RNu, Ny =N s, + N, is the hidden component, in agreement with applications. Thus, scheme
(22) is now expressed as

Xiy1 = b4y, x5, 1, 0) + A4y, X5, 5, Oh; + w(4,, 0). (77)

We set X(4,,0) = E[w(4,,0)w(4,,0)"] and assume that holxs, o ~ A (mg, Q) for some m, € RN and Q, € RNu>*Nu, Then, the
filtering formula and the marginal likelihood are obtained as follows.

« Filtering Recursion: We have that
hilxs 00 ~ A (M, Q). 0<k<n, (78)
with the filter mean m; and covariance Q, given as:
_ -1 .
My =ty o+ Aps o1 Agls, o (Xsy k= Hsy a1 )
- -1
O = A1 = Ansy k-1 Ag, s, k-1 45 H =15
N, Ng, XN, Ng, xN NpxN
where pp_y € RN, g € RV, Ag g o € RUSNS Ay € RVSUTH Apg € RV Ay g € RN Na
are found via the following equations:
M k-1
Hi—1 = [ ' ] =b(4,, x5, ;1,0 + A4y, x5 j_1,Omy_y;
HH k-1
As s k-1 As k-1
Ay = o : = 2(4,,0) + A(4,, x5, k-1,0) Q1 A4y, X5, k-1 0.
Ags k-1 AHH k-1

* Marginal likelihood: For a given initial distribution p,(xg, ), we have that
n

Pe(xsl 0in) = Po(xsl,o) X H Pe(xs1 K |xS1,0:k—1)’ (79)
k=1

where py(xg, «|xs, 0:k1) is the density of xg, , given xg, o.,_; whose conditional distribution is given by:
X,k |xsl,0:k—1 ~ JV(/‘S],k—l’ As,sl,k—l)-
F.1. Derivation of filter (78)

We assume that the filter in the previous time step is obtained as:
hk—1|xs1,o:k—1 ~ A (my_y, Q). (80)

It follows that

Po(xpX s, 0:k-1)
po(hilxs o) = —————
! Pe(xsl,k|x51,0:k—1)

and

Pe(xk|x51,0:k—l) = /Pe(xlwhk—l |xS1¢0:k—l)dhk—l = /Pe(xk|xk—1)1’9(hk—1 |XSI,0:k—l)dhk—l~ (81)
From the definition of scheme (77), we have that

xplxgoy ~ A (B4, x5, k1, 0) + A4y, x5, 1, Ohy_y, Z(4,,0)). (82)
From (80), (81) and (82), we obtain

Xilxs, 0:ke1 ~ A (Hi—1> Akt (83)
where

Hie1 = b4y, x5 k-1, 0) + A4y, X5, 1, O)my_y, Ao = Z(4,,0) + A4,, x5, -1,0) Qp_y A4y, x5, 41, 0) T

Finally, applying the conditional Gaussian distribution formula, we obtain (78).
FE.2. Derivation of the marginal likelihood (79)

From the marginal of the Gaussian distribution (83) for x;|xg, .4, we immediately obtain:
xs, k15, 00em1 ~ A (M, k1> As,5,4-1)5

— : — [ Al
where Hsy =1 = PrOJi, N, (Hy—1), and Ag 5 k-1 = [Ak_l] 1<ij<Ng, *
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