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Abstract

The classification of Fano varieties up to deformation is a longstanding open prob-
lem. The Fanosearch program is an approach to Fano classification which uses
mirror symmetry to translate the geometric classification question into a combi-
natorial problem. Under mirror symmetry, deformation classes of n-dimensional
Fano varieties conjecturally correspond to mutation classes of rigid maximally mu-
table Laurent polynomials in n variables. In this thesis, we use this correspondence
to better understand the birational classification of Fano varieties, by asking the

question:

Is there a combinatorial condition on pairs of Laurent polynomials that

is equivalent to their mirror Fano varieties being related by a blow-up?

We introduce a new method of constructing a Fano mirror to a given Laurent poly-
nomial, using constructions from the Gross-Siebert program. Our new construction
is more complicated than previous approaches, but is more conceptual and applies
in significantly greater generality —in particular, it does not rely on a construction of
the Fano as a complete intersection inside a toric variety. In the case that two given
Laurent polynomials satisfy a particular combinatorial relationship, both mirror
schemes produced by our method can be related by a birational map.

We prove that the mirrors to the two Laurent polynomials f = x+y +1/xy and
g =x+y+xy+1/xy produced by our new construction are related by a birational
morphism X, — X;. We show moreover that the restriction of this morphism to
the general fibres of the families X, and X gives the blow-up of the projective plane

P2ina single point.
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Fano varieties are fundamental building blocks in algebraic geometry, both in the
birational classification of algebraic varieties and as a rich source of explicit examples
and constructions. After bounding the complexity of the singularities allowed, there
are finitely many deformation classes of Fano variety in each dimension, and their

classification — finding a ‘Periodic Table of shapes’ —is a longstanding open problem.

On the other hand, a set of ideas coming from string theory, called Mirror Sym-
metry, has had a remarkable impact on mathematics. Mirror Symmetry expresses
an equivalence between type IIA and type IIB string theory: in mathematical terms,
it implies that the enumerative geometry of a space X is equivalent to the complex

geometry of a different space X called the mirror to X.

The main idea behind the Fanosearch program is to use Mirror Symmetry to
understand the Fano classification problem. Mirror symmetry induces a conjectural
correspondence between deformation classes of Fano varieties and mutation classes
of certain Laurent polynomials. In this thesis I explore how combinatorial changes
to the Laurent polynomials result in birational transformations of their Fano mirrors.
This is an important step towards understanding the mirror correspondence, both
in terms of proving it and in terms of using it to understand the classification of

Fano varieties —i.e., ‘find the groups in the Periodic Table’".

The Fanosearch approach to mirror symmetry has a wealth of examples, but
there are few systematic results about the correspondence. Conversely, the mirror
constructions from the Gross—Siebert program apply in much greater generality,
but their output is complicated to describe, and as such few examples have been
computed. This thesis links the two approaches to mirror symmetry, providing
new methods for describing the relationships between Gross—Siebert mirrors to a

pair of general Laurent polynomials, without needing the full description of their
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coordinate rings.

As well as deepening our conceptual understanding of mirror symmetry, this
new approach has implications for the Fano classification problem. Once the results
have been adapted to higher dimensions, they can be applied to find combinatorial
criteria on pairs of Laurent polynomials in more than two variables which imply
that their mirror Fanos are related by a blow-up map. It is then a manageable
computational task to search for chains of Laurent polynomials linked by the criteria,

mapping out mirror Fano varieties and birational morphisms between them.
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Introduction

0.1 Mirror symmetry and Fano varieties

Fano varieties are fundamental building blocks in algebraic geometry, both in the
birational classification of algebraic varieties [8,32,139,45,46]], and as a rich source of
explicit examples and constructions. If we bound the complexity of the singularities
allowed, then there are finitely many Fano varieties in each dimension up to defor-
mation [7,39,40]. Many explicit constructions have been given, but the classification
of (deformation classes of) Fano varieties is a longstanding open problem. Smooth
Fano varieties have been classified up to dimension three. In dimension one, the
only Fano variety is projective space P!. In dimension two, there are the ten del
Pezzo surfaces: P?, P! x P! and the blow-up of P? in up to 8 points [17]. The smooth
three-dimensional Fano varieties were classified by Fano [19], Iskovskikh [36-38]
and Mori—-Mukai [47]]: there are 105 deformation families. For smooth Fano varieties
in dimensions four and higher, very little is known.

In the setting of the Minimal Model Program, a more natural question is not the
classification of smooth Fano varieties, but rather the classification of Fano varieties
with Q-factorial terminal singularities — called Q-Fano varieties — up to Q-Gorenstein
deformation. Despite the fundamental importance of this problem, once again very
little is known — even in dimension three.

The main idea behind the Fanosearch program [12,[13] is to use Mirror Symme-
try, a set of ideas coming from string theory, to understand the Fano classification
problem. Mirror Symmetry expresses an equivalence between type IIA and type
IIB string theory: that the enumerative geometry of a space X is equivalent to the
complex geometry of a different space X called the mirror to X. In our context,
enumerative invariants of a Fano variety X determine and are determined by the

complex geometry of its mirror X, which is expected to be a cluster variety. One can
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equivalently think of an n-dimensional cluster variety, plus a distinguished function
on it, as being given by a collection of Laurent polynomials f € C[x3!, x5!, ..., x!].

Roughly speaking, even though classifying Fano varieties is a hard problem in
geometry, classifying the Laurent polynomials that give ‘mirror partners’ to Fano
varieties turns out to be an easier problem in combinatorics. Mirror Symmetry, at
least in the form that we need it, is still conjectural, but the Fanosearch approach
potentially both reveals the classification of Fano varieties and opens the way to

proving it. The mirror partners to Q-Fano varieties are called maximally mutable

Laurent polynomials (MMLPs).

Conjecture 0.1.1 (see [15]). There is a one-to-one correspondence between n-dimensional
Q-Fano varieties with terminal locally toric rigid singularities (up to deformation) and rigid
maximally mutable Laurent polynomials in n variables (up to an equivalence relation called

mutation).

Let us say more about what it means for a Q-Fano variety X to correspond to a
Laurent polynomial f under Mirror Symmetry [12]. The reqularised quantum period

of X is a power series
(o8]
Gx =1+ ) Kleyt*
k=2

with coefficients ci that are genus-zero Gromov-Witten invariants [6| 41,42, 44].
These can be thought of intuitively as counts of rational curves of a given degree
k which pass though a fixed generic point and satisfy certain constraints on their
complex structure. We say a Laurent polynomial f is mirror to a Fano variety X if

the classical period

(o8]

T = Z coeffl(fk)tk

k=0
and the regularised quantum period Gy are equal as power series. Here coeff; (f)
denotes the coefficient of the constant term of f*. This numerical relationship
between power series is expected to arise from a geometric relationship between X
and f: if X is mirror to f then there is expected to be a one-parameter degeneration
with general fibre X and special fibre the toric variety Xy, where X is the spanning
fan of the Newton polytope of f.

There are expected to be tens of thousands of deformation classes of both
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smooth Fano fourfolds and Q-Fano threefolds. To understand the classification
problem, therefore, we will need to regard the many deformation classes as forming
a much smaller number of families — namely the families of varieties related by
birational equivalence studied in the Minimal Model Program. A fundamental
example of such a birational equivalence is the blow-up Bly : ¥ — X of X in a

subvariety Z. This leads to the motivating question of this thesis:

Is there a combinatorial condition on pairs f, ¢ of maximally mutable Laurent

polynomials that is equivalent to the mirror Fano varieties Xy and X, being

related by a blow-up?

A positive answer to this question would make the Fano classification much easier
to understand and work with[]] It would also open up new ways to prove the mirror
correspondence between Fano varieties and Laurent polynomials.

Evidence for a positive answer comes from toric geometry. For a toric variety
X with fan X, the Givental/Hori-Vafa construction gives a Laurent polynomial f
that is mirror to X, such that the Newton polytope of f is the convex hull of the
primitive generators of the rays of X [20,34]. Applying this to toric varieties X and Y
such that there is a toric blow-up Y — X reveals a natural relationship between the
corresponding Laurent polynomials f and g. Even for X non-toric, the toric variety
Xy, defined by the spanning fan X¢ of the Newton polytope of a mirror Laurent
polynomial f is expected to occur as the special fiber of a degeneration of X.

The Givental /Hori-Vafa construction also produces Laurent polynomial mir-
rors to complete intersections inside toric Fano varieties. In these cases, the toric
degenerations X to Xy can be described in terms of explicit equations via the Przy-
jalkowski method [48] as described in [11]. For certain pairs of Fano complete
intersections, with mirror Laurent polynomials f and g, these equations can be
chosen compatibly to give a morphism of families X, — Xy, which restricts to a
blowup X, — Xy on the general fibre, and on the central fibre is given by the toric
morphism Xy — Xy, induced by the the map of fans ¥ — Xr.

However, in order to prove that some combinatorial condition on a general pair

of MMLPs f, ¢ implies that their mirrors are related by a blowup X, — Xy, one

1By the mirror Fano variety to a Laurent polynomial f in the motivating question, we mean a
general element of the deformation family of varieties X with Gx = 7 £
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requires a method of recovering Fano varieties from their mirror MMLPs that does
not rely on a construction of the Fano as a complete intersection inside a toric variety.
Thus we need to move beyond existing methods, such as Laurent inversion [14],
which in any case sometimes fail to produce a Q-Fano from its Laurent polynomial

mirror.

0.2 The Gross—Siebert program

Mirror symmetry was originally conceived of as an equivalence between pairs
of Calabi-Yau manifolds [9], rather than Fano manifolds and Landau-Ginzburg
models. The famous conjecture of Strominger—Yau-Zaslow [49] states that a Calabi—
Yau manifold X and its mirror partner X admit dual special Lagrangian torus
fibrations over the same base X — B « X. The Gross-Siebert program [5,10,21-
27,(30,31] is a new approach to Mirror Symmetry, born out of an attempt to use
the affine structure on the base B of the dual fibrations [33] to give an intrinsic
algebro-geometric construction of the mirror to a variety X. This bypasses any
need to consider X as living inside an ambient toric variety. Gross and Siebert
also show how to extend the SYZ approach from Calabi-Yau manifolds to Fano
varieties, by passing from a Fano variety X to a log Calabi-Yau pair (X, D), where D
is an anticanonical divisor.

The version of the Gross—Siebert mirror construction that we will use takes a
log Calabi-Yau pair (X, D) and produces a formal family ¥ — & whose fibres are
mirror to (X, D). The construction passes through an affine manifold B that plays
the role of the base of the SYZ fibration. Here B is a real n-dimensional manifold
with a polyhedral decomposition — the dual intersection complex of the pair (X, D)
— and carries an affine structure determined by the intersection numbers between
components of D. Codimension-one strata of B correspond to curve classes in X, and
we can use these classes to glue “thickened’ torus charts associated to each chamber
of B across the codimension-one strata. The resulting space is an approximation
to the mirror family that we seek, but we need to modify the gluing maps so as to

produce a family with the correct general fibre’} Corrections to the gluing are made

2Another reason to correct the gluing maps is that we want the general fibre to carry a distinguished
basis of functions, called theta functions, indexed by integral points of B. This is by analogy with mirror
symmetry for toric varieties, where lattice points index sections of appropriate line bundles on the
mirror.
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order by order, using a process called scattering. This subdivides the chambers of B
using extra codimension one polyhedra called walls, each equipped with a function
that reparametrises the thickened torus chart on either side of the wall. A central
insight of Gross and Siebert is that this extra combinatorial structure is determined
by punctured log Gromov—Witten invariants of the pair (X, D) — the coefficients
in the wall functions involve counts of log maps into X whose tropicalisation is
supported on the wall. In this way, as expected from the duality between type IIA
and type IIB string theory, the enumerative geometry of the pair (X, D) determines
the complex geometry of the mirror.

The Gross-Siebert approach fits closely with the story of Mirror Symmetry for
Fano varieties: when X is Fano variety and D is an anticanonical divisor, there is
a distinguished regular function on the mirror family, namely the sum of the the
theta functions corresponding to the primitive integral points on each ray of the
polyhedral decomposition. This function, when restricted to a torus chart, gives a
Laurent polynomial f that is mirror to X in the sense of Fanosearch: miy = Gx. All
examples of the Gross—Siebert mirror construction for Fano varieties appearing in
the literature to date have taken this perspective.

In contrast, in this thesis we will make use of the Gross—Siebert construction
to ‘cross the mirror’ in the opposite direction. The first step here is to produce a
log Calabi-Yau pair from a maximally mutable Laurent polynomial, as we will now

describe.

0.3 From Laurent polynomials to log Calabi-Yau pairs

Starting with a Laurent polynomial f, one can generate a log Calabi—Yau pair (Y, D)
as follows. The Newton polytope of f determines a polarized toric variety. Note
this is the toric variety defined by the normal fan Y/, as opposed to the spanning fan
X considered above. The integral points on Newt f represent a basis for the ring of
sections of the polarizing line bundle, and this allows us to consider f as a regular
function on Ys/. Pairing f with the section corresponding to the origin yields a
rational map [f : 1] : Ysv --> P! which is resolved by blowing up finitely many times
on the toric boundary. Let Y — Yy be this resolution, and D be the strict transform
of the toric boundary. The pair (Y, D) is log Calabi-Yau, and the general fibre of the

family produced by the Gross—Siebert mirror construction is expected to be X \ E
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where X is the Fano variety mirror to f and E is a smooth anticanonical divisor.

0.4 The main result

In this thesis we focus on producing and comparing the Gross-Siebert mirrors of

the maximally mutable Laurent polynomials
f=x+ +i and =x+ +i+x (1)
= Yy Xy 8= Yy Xy Y.

which are mirror to the del Pezzo surfaces P? and its blowup in a single point Bl P2,
(We know that f is a mirror to P?, and that g is a mirror to Bl P?, because they are
both toric varieties, but this will play no role in what follows.)

In Chapters 4 and 5, we apply Gross—Siebert mirror symmetry to the log Calabi—-
Yau pairs determined by f and g. This produces two families, ¥ f— Sand ig - G,
with general fibres isomorphic to P? and Bl P? respectively. The main result of this
thesis is the construction, directly from f, ¢ and Gross-Siebert mirror symmetry, of

a map of families

N 3
S

which in the general fibre is the blowup of P2in a point. See Theorem for

details.

0.5 Conjectures and future directions

In this thesis we prove the result for the pair of Laurent polynomials f, ¢ given in
above. However, since Gross—Pandharipande-Siebert’s ‘tropical vertex” construc-
tion [24] of the Gross-Siebert mirror can be applied to any rigid maximally mutable
Laurent polynomial F € C[x*, y*], we expect that the result generalises to pairs of

rigid MMLPs which satisfy certain combinatorial conditions.

Definition 0.5.1 (The perturbed scattering diagram Dpert(f, g)). Suppose that f, g €

C[x*, y*] are rigid maximally mutable Laurent polynomials such that
(i) Newt f C Newtg.

(ii) There is a unique edge Epert C Newt f contained in the interior of Newt g.
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For each edge E C Newt g that intersects Epert, let Ef denote the segment of E
which is an edge of Newt f. Let [ denote the lattice length of E, and let v denote
the inward-pointing primitive normal vector E, where E is any edge of Newt f or
Newt g. Let hg denote the height of E above the origin with respect to vg. We define

the initial scattering diagram associated to f and g as follows:

E c Newtg s.t. E C Newt f,

D0 (. 8) =1 (Rsovg, (1 + tE,iz"F))
pert ie{1,...Ig/hg)
E c Newt g s.t. EN Epert # 9,
(RxovE, (1 + tE,iz%)), .
1€ {1/-~-/lEf/hE}/
(UEpert + RZOUE; (1 + tE,]'ZvE)) )
] € {(lEf/l’lE) + 1,. . .,ZE/hE}
E C Newt ¢ s.t. E C Newt ¢ \ Newt f,
U (ngert + R>ovE, (1 + tE,iZUE)) § § f

iE{l,...,lE/hE}

We define the perturbed scattering diagram associated to f and g to be the result of

scattering of the initial scattering diagram:

Dpert(f, g) = Scatter (Dgert(f,g)) .

This generalises the construction of Dper for the Laurent polynomials in (I)), given

in equation (4.3), whose initial scattering diagram is pictured in Figure

Conjecture 0.5.2. Let f, g € C[x*, y*] be rigid maximally mutable Laurent polynomials
with Newton polytopes that satisfy the following conditions:

(i) Newt f C Newtg.
(i1) There is a unique edge Epert C Newt f contained in the interior of Newt g.

(iii) There is an open neighborhood U C R?* about the origin such that U N Dper(f, §)

only contains lines passing through the origin.

Then there is an S-birational morphism T : ig — X t between the mirror families to g and

f. If, moreover,
(iv) the complement Newt g \ Newt f is a triangle,

then the morphism 1 of families over S is, in the general fibre, a blowup in a single point.
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This blowup 7 can be seen on the level of local charts on ¥ £ and 3v€g as formal
schemes over Spfk|[t ]| — here explicit equations for the local charts U; = Spec R; are
given by the affine geometry of B and the scattering determined by f and g. In
order to construct the morphism 7 the general fibres of the families, however, it is
necessary to algebraise the formal schemes. Once they are considered as schemes
over Speck[[t], the rings R; no longer define affine charts on ¥ rand ig. Therefore,
in order to prove Conjecture we need to either:

1. understand affine charts on X rand f%g as schemes over Speck|[t]], or
2. generalise the more abstract argument in Chapter 5|to this setting.

While the second of these options is likely to be easier, the first would be more
satisfactory in terms of giving a direct link between the combinatorial relationship
between f and g and the birational relationship between their mirrors. Moreover,

the first option will generalise more easily to higher dimensions.

Looking further into the future, we hope to generalise Conjecture to
Laurent polynomials in more than two variables (i.e. mirrors of higher-dimensional
Fano varieties). This will require developments in the theory of punctured log
Gromov—Witten invariants. The mutation class of a rigid MMLP in more than two
variables is not uniquely determined by its Newton polytope, so the statement of the
conjecture needs to take the coefficients of the Laurent polynomials into account.
Furthermore, the higher-dimensional log Calabi-Yau pair associated to a Laurent
polynomial in more than two variables has a more complicated toric model than
those considered in Argiiz and Gross’s HDTV theorem [5], so we need to extend
their work to cover the case where the hyperplanes in the boundary of the toric
model are non-reduced. We also need to establish higher-dimensional analogues
of the results in Section [4.1.T| which allow us to control the scattering process.

Conjecture can be interpreted in terms of the Gromov-Witten theory of
the mirror Fano varieties as follows. The difference g — f between the two Laurent
polynomials in the conjecture contribute to the extra terms in the difference of their
respective periods 7g — 7ty. In terms of the Gromov—Witten theory of the mirrors
Xy and X,, these extra terms in the difference of the regularised quantum periods

N A

Gx, — Gx

. , correspond to the extra curve classes that arise in the blow-up X, — Xj.
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The criteria (i)-(iii) almost capture the entire classification of smooth Fano sur-
faces — so far we have been able to find pairs of Laurent polynomials mirror to
the eight of the nine pairs smooth del Pezzo surfaces related by the blow-up in a
point (all except the pair dP, — dPq). In [10, Section 7], Carl-Pumperla—Siebert
give another set of constructions of the affine manifolds underlying the mirrors to
the del Pezzo surfaces. For the five toric del Pezzo surfaces, it is clear to see which
choices of rigid MMLPs relates relate the mirror construction of this thesis to the
constructions in [10]. Carl-Pumperla—Siebert’s constructions of the wall structures
underlying mirrors to lower-degree del Pezzo surfaces [10, Construction 7.15] are
given by adding more singularities to the affine manifold associated to the blow-up
of P? in three points. Studying how the toric degenerations associated to these
constructions relate to the toric degenerations associated to rigid MMLPs will shed
light on how [10, Construction 7.15] relates to our Conjecture[0.5.2, and may lead to

natural generalisations.

0.6 Outline of the thesis

We will now describe the contents of the rest of the thesis in more detail.

Chapter

We begin with an introduction to wall structures, the combinatorial objects that
underlie the mirror constructions of the Gross—Siebert program. In particular, we
describe how to construct a scheme from the data of a finite wall structure on
an affine manifold, following the conventions of [23]]. Every wall structure that we
consider as part of a mirror construction is, in fact, infinite, so we also need to handle
infinite wall structures. In the final section of the chapter, we introduce the notion of
a compatible system of wall structures — that is, a notion of infinite wall structure that is
general enough to encompass every case we need — and describe how a compatible
system of wall structures gives rise to a formal scheme. Grothendieck’s Existence
Theorem gives general conditions under which formal schemes can be algebraised,
and we apply this to describe a class of compatible systems of wall structures that

produce algebraisable formal schemes.
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Chapter

In this chapter, we introduce two types of wall structure that we will use in the con-
struction of the mirror to a log Calabi—Yau pair (Y, D). One of these is the canonical
wall structure Dcan associated to (Y, D), as defined by Gross-Siebert in [29,31]. The
other is the algorithmic wall structure associated to (Y, D) in the presence of a toric
model (see Definition 2.3.1). This wall structure arises from a scattering diagram,
called the HDTV scattering diagram [5], in a way that generalises a construction of
Gross—-Hacking—Keel [21, Chapter 3]. We prove that the schemes constructed from
each of these wall structures are isomorphic over a sublocus of the base, called
the Gross—Siebert locus. Furthermore, we describe how to compactify the mirror
families, by truncating the corresponding wall structures. We begin the chapter by

defining scattering diagrams in two dimensions.

Chapter

Here we apply the theory we set up in Chapters 1 and 2 to construct what we call
the Gross—Siebert mirror Xr to a rigid maximally mutable Laurent polynomial F in
two variables. In order to do this, we construct the log Calabi-Yau pair (Yr, Dr)
associated to F, and describe the two wall structures associated to (Yr, Dr) in terms
of F. Additionally, we give canonical truncations of the wall structures — these
produce a compactification Xr of the formal mirror family ¥p, which is necessary
for it to be algebraisable. Throughout the chapter, we apply the construction to the
Laurent polynomials in (1)), comparing the results of each stage of the construction

for f and g as we go.

Chapter 4

Here we relate the mirror families to f and g of (1) by constructing an intermediate
mirror family X. that admits morphisms to both X_f and X_g. The scheme X. is
constructed from the wall structure associated to a three-dimensional log Calabi—
Yau pair (Y, D) that is the total space of a degeneration of (Y, Dg). The HDTV
scattering diagram which determines this algorithmic wall structure turns out to
be equivalent to the cone over Dpet (see Definition .

In Section we show that the scattering process in Dpert is compatible with
the HDTV scattering diagrams associated to f and g: we prove that condition (iii)

from Conjecture holds for Dpert, so that the HDTV diagram for f includes
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include zoom out
[ ——————

Figure 1: The relationship between the HDTV scattering diagram for f, the scatter-
ing diagram Dypert, and the HDTV scattering diagram for g

(after an appropriate change of variables on wall functions) into Dpert. Taking the
asymptotic version of Dpert (‘Zooming out’) yields the HDTV diagram for g — see
Figure(I]

In order to translate the relationships between the scattering diagrams to rela-
tionships between the mirror families, we need a wall structure Dy, determined
by Dpert. Since our goal is to construct morphisms between the compactified mirrors,
we need Dy, to be truncated in such a way that is compatible with the truncations
of the wall structures producing the compactifications %_f and %_g. In Section
we construct this wall structure, D¢, ¢, and use it to define the intermediate mirror
family X..

The three schemes X, X_f and X_g are families over different bases. In Section
we construct morphisms from the bases of %_f and X_g to the base of X_. In order for
these morphisms to be well defined, it is necessary to restrict further to a sublocus
of the Gross-Siebert locus, which we call the extended Gross—Siebert locus. To finish

the construction of the morphisms

7N

we also prove some general results about wall structures which are not written

down in the literature.

Chapter

In the final chapter, we show that the morphisms in are birational, and that
the generic fibres of the three families are smooth. After restricting to a general

one-parameter subscheme Speck|[[¢] of the base, we show that the generic fibre of
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.{_f is Pﬂé(( »yr and the generic fibres of X. and X_g are both isomorphic to Bl Pﬂé(( .



Chapter 1

Constructions of the Gross—Siebert

program I: schemes from wall structures

1.1 Overview

In this chapter we describe, in abstract terms, the construction of a scheme start-
ing from the combinatorial data of a wall structure on an affine manifold, without
reference to mirror symmetry. We follow the conventions of Gross—Hacking—Keel,
giving what is essentially a summary of Chapters 1-4 of their paper [23].

Given an n-dimensional Calabi-Yau manifold U := Y \ D, the base B of the
special Lagrangian torus fibration f : U — B of SYZ mirror symmetry can be
described combinatorially, as an n-dimensional affine manifold with singularities
with a polyhedral decomposition %. This is the polyhedral affine pseudomanifold
(B, &) defined in Section m In Chapter 2| we will see that B is constructed from
the pair (Y, D) by tropicalising the divisorial log structure on Y induced by D — for
a toric variety Y with its toric boundary D, this just corresponds to taking the fan.

The mirror to U is expected to admit a dual torus fibration over B, by the SYZ
conjecture. In the Gross-Siebert program the mirror is constructed from B, by con-
sidering cells of the polyhedral subdivision 2 of B to be the moment polytopes of
a toric degeneration — the scheme X is constructed as a smoothing over Speck[Q]/I
of the union of toric varieties Xy whose moment polytopes are given by %, where
Q is a monoid containing the effective curve classes of Y and I C k[Q] is an ideal.
This degeneration is constructed locally by considering the upper convex hull of
a Q-valued convex piecewise linear function on B which respects the polyhedral

decomposition: the open affine chart on the interior of a maximal cell in the poly-
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hedral decomposition of B gives a relative torus Spec(k[Q]/I) X G/, and the kink
x € Q of the piecewise affine function over a codimension one cell of the polyhedral
decomposition determines the smoothing of the transverse intersection between

two varieties

n-1

Yz -] [ X
i

Here the numbers m; € Z, as well as the gluings of these charts, are determined by

vV C Speck[Q]/I x A%/,z X(GZ[I)XV

the affine structure on B. The correct notion of convex piecewise affine function,
and the naive gluing construction given above, are defined in Section The
result is a flat scheme X° over Speck[Q]/I, but this only gives a deformation of Xj
away from the codimension two strata of the toric varieties unless the pair (Y, D) is

toric.

The mirror to U is an affine variety with its complex structure determined
by counts of curves on U — there are global functions 3p, on U associated to the

components of D, which are given on the local charts by expressions of the form

Z nﬁtﬁzmﬁ (1.1)

peQ
where mg € Apisanintegral tangent vector on B and 7 is, roughly speaking, a count
of curves on Y intersecting D; in a certain way. In order for these global functions to
be well defined on X°, some modifications to the gluing of the charts must be made.
These modifications (the ‘instanton corrections” in the symplectic heuristic) are
given by a subdivision of & along codimension one sets d C B which are decorated
with functions f, € (k[Q]/I)[Ap] that determine birational transformations of the

relative torus on either side of b:

m,n
o meb< D>,

where n, € A+ is the primitive normal vector to d. These modifications to (B, 2)

are called wall structures; they are defined in Section[I.2.3]

Sections|[1.3|and [1.4] are devoted to laying out the combinatorial conditions on

a wall structure § necessary to define a scheme X which is a flat deformation of
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Xp, filling in the codimension two locus. In the case that the wall structure § is
consistent, the integral tangent vectors m € Ap determine theta functions 9, of the
form (1.1)), which form a k[Q]/I-module basis of I'(X°, Ox-). In Section a partial
compactification X O X° is constructed via the algebra of theta functions associated
to a consistent wall structure §.

In the final section of this chapter, we introduce the notion of a compatible system
of wall structures to explicitly link the abstract definition of finite wall structures,
which define schemes over Speck[Q]/I for some ideal I C k[Q], with the notion of
wall structure that actually appears in the Gross—Siebert mirror constructions. A
compatible system is a series of wall structures which defines a formal scheme over

Spfk[Q]. Under certain conditions, this formal scheme is algebraisable, and we can

use the construction from Section to define a scheme over Speck|[Q].

1.2 Wall structures
1.2.1 The affine manifold

Below we define the affine manifold B with polyhedral decomposition %, as given
in Construction 1.1.1 of [23]] which forms the basis of the setup for the construction

of X.

Definition 1.2.1 (The polyhedral affine pseudomanifold (B, %)). Let & be an integral
affine polyhedral complex. That is, & is a category consisting of a set of integral
polyhedra together with a set of integral affine maps w — 7 identifying w with a
face of 7. Assume that any proper face of T € & occurs as the domain of an element

of hom(%) with target 7. Define a topological space
B:=limrt
e
TEP
and suppose that the pair (B, &) satisfies the following conditions:

1. For each 7 € & the map © — B is injective.

2. The intersection of any two cells T € & is a cell of &, where by abuse of

notation a cell is considered to be both an element of & and a subset of B.

3. Every cell of & is contained in an n-dimensional cell, so B is of pure dimension

n.
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4. Every (n —1)-cell is contained in one or two n-cells, making B a manifold with

boundary away from the cells of codimension 2.

5. If T € & is a cell of codimension 2 or higher, then any point x € Intt has a

neighbourhood basis in B consisting of open sets V such that V'\ 7 is connected.

The wvertices, edges and maximal cells of & are the 0-,1- and n-cells respectively.
The boundary dB consists of the (n — 1)-cells contained in only one maximal cell,
pE g’gl_l]. An interior cell T € Py is a cell not contained in the boundary.

We define the discriminant locus A, a codimension two subset of B. See [23,
Construction 1.1.1] for a description of a choice of A. In this thesis however, we may
simply assume that A is the union of the codimension two cells in %. We endow
By := B\ A with an affine structure compatible with the given affine structure on
the cells. It suffices to provide an integral &-piecewise linear embedding 1, for
every codimension one interior cell p € @i[;’t'l], with pair of adjacent maximal cells
0,00 eP

Yp:0U0 — R",

well-defined up to GL,(Z).
We refer to the data of the pseudomanifold B, the discriminant locus A, the
polyhedral decomposition & and the compatible integral affine structure on By as

the polyhedral affine pseudomanifold, and denote it by (B, %).

Notation 1.2.2. We denote by A the sheaf of integral tangent vectors on By, and its
stalk at a point x € By by Ay. For a cell 7 € % we will denote the sheaf of integral
tangent vectors to T by A;. Suppose that x is an interior point of 7, and that 7 is of
codimension one in the cell 0 O 7. We denote by A, ; the subgroup of A, given by

integral tangent vector which point into ¢ from x.

Construction 1.2.3 (The central fibre X). For each 7 € &, let X; be the toric variety
associated to the polyhedron 7. Each integral affine map w — 7 identifying w with
a face of 7 induces a closed embedding of toric varieties X, < X;. We define the
variety

Xo = 11_1‘)1‘1 Xz.
TEP

It is a union of n-dimensional toric varieties corresponding to the maximal cells of
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2, intersecting each other in their toric boundaries according to the integral affine

maps of 2.

Figure 1.1: A polyhedral affine manifold B = R2, with a polyhedral complex %
given by the fan T, subdividing R? into three cells. The codimension
one cells are the rays generated by (-1,0), (0,—1) and (1,1) € A = N2,
The toric variety associated to (B, &) is the union of three copies of AZ

intersecting each other along their coordinate hyperplanes.

1.2.2 The convex piecewise affine function

We define a multi-valued convex piecewise affine function on By.

Definition 1.2.4 (Toric monoid). A finitely generated, integral, saturated monoid Q

such that Q#P is torsion-free is a toric monoid.

Definition 1.2.5 (Q8P-valued multivalued piecewise affine function). A Q&P-valued

piecewise affine function on an open set U C By is a continuous map
&p
u— Qg

which restricts to a Qf&p—valued integral affine function on each maximal cell of 2.
Denote the sheaf of Q8P-valued piecewise affine functions on By by PA(B, Q8P),
and denote the sheaf of Q8P-valued integral affine functions on By by Af f(B, Q8P).
The sheaf of Q8P-valued multivalued piecewise affine (MPA-) functions on By is defined
to be

MPA(B, Q%) := PA(B, Q¥F)/ Af f (B, Q¥F).
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Remark 1.2.6. To define a Q8P-valued MPA function ¢ € MP A(B, Q8P), it suffices
to define local representatives ¢, on the open neighbourhood around each interior

codimension one cell p € &. These are Q8P-valued piecewise affine functions
Pp:oUd — QF

where 0 and o’ are the maximal cells containing p. If a maximal cell o contains
interior codimension one cells p and p’, the restriction of the difference (@, — ¢ )ls

is an integral affine function on o.

Definition 1.2.7 (Kink of an MPA-function). Suppose that (B, %) is a polyhedral
affine pseudomanifold, Q is a toric monoid, and that ¢ € MPA(B, Q8P). Let p be
an interior codimension one cell in &, contained in maximal cells ¢ and ¢’, and let

x € Int p. Define 6 € A, to be the quotient map
6: Ax _)AX/AP = Z,

where the signs are fixed so that 6 is non-negative on A ,. Let ¢, be the unique
representative of ¢ on o U ¢’ such that ¢, is identically zero. Considering ¢, as a

piecewise affine function on Ay, there exists x, € Q®F such that

(Pp'o-’ = Kp * 6.

Note that the value x, is independent of the choice of orientation of ¢ and ¢’. We

call k, € QBP the kink of ¢ along p.

Remark 1.2.8 (MPA-functions determined by their kinks across codimension one
cells). We see that a Q8P-valued MPA-function ¢ € MPA(B, Q8P) is completely

determined by the data of its kinks x, across every interior codimension one cell

[n-1]
int

pEPR
Definition 1.2.9 (Convex MPA-function). A Q8P-valued MPA-function ¢ on B is
convex if the kink x,(¢) of ¢ along p is contained in Q for every interior codimension
one cell p € ‘@i[gt_l]'

Example 1.2.10. Let (B, &) be the polyhedral affine manifold (R?, £) shown in Fig-
ure Let Q = Nk @ Na @ Nb = N3, Then the convex MPA-function ¢ on (B, %)
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with kink k across each of the three codimension one cells in 2 has a single-valued

representative given by

0 1f (x/ y) € REO(O/ _1) +R20(_1/ 0)
Px,y) = qkx  if (x,y) € Rso(0, =1) + Rxo(1,1)

ky if (x,y) € Ryo(—1,0) + Rx0(1,1).

Construction 1.2.11 (The Qpr-torsor By, — B). Let (B, %) be a polyhedral affine
pseudomanifold, Q a toric monoid and ¢ a piecewise affine function on B. Let
By = BX Q]*?Rp. We endow B, with the following integral affine structure. There is

a polyhedral decomposition of B, coming from &:

Zp = {tx Q¥ | 1e P}

Let U, = 0 U o’ with 0,0" € Ppaxand p =0 No’ € 95&_1]. Putting together the
affine charts ¢, on U, and the piecewise linear function ¢, we define integral affine

charts on By

U, x QFF — R" x QFF

(x,q9) ¥— (Yp(x), g + @p(x))

Remark 1.2.12 (¢ is a section of the torsor). The projection map 7 : B, — B is

integral affine and we have a section ¢ : B — B, making B, a Qg—torsor.

Definition 1.2.13 (The sheaf of monoids £). Let (B, %) be a polyhedral affine
pseudomanifold, Q a toric monoid, ¢ a Q-valued convex piecewise affine function
on B, with B, the Qlﬁp-torsor constructed in Construction Let Ap v be the
system of integral tangent vectors on B, and define a locally constant sheaf of
abelian groups on By,

P = (P*AIB%(,)

which has fibres Z" X Q?RP. Define P* C P to be the subsheaf with sections over an
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open set U C By given by p € P(U) such that, under the canonical identification
I['(Into, P) = Ay x QFP,
we have that

Plinte € Ag X Q  for any 0 € Prax, and
Plinte € Ag,p X Q forany 0 € PmaxsuchthatcNdB =p € 21 with pcU.
Remark 1.2.14. The sheaf P fits into the canonical exact sequence

TC

0 Q#P P —— Ap 0.

where Q®P is the constant sheaf with stalk Q8P on By, and 7. is the homomorphism

induced by the affine projection 7 : B, — B.

Notation 1.2.15. Let I c k[Q] be an ideal and let m := VI be the radical ideal of I.
We assume that m contains the kinks «x,(p) of the MPA-function ¢ for all interior
codimension-one cells p € &. In all the examples we consider in this thesis, m is
generated by a monoid ideal in Q — we will conflate the two notions of ideals in the

monoid and ideals in the associated semigroup ring.

We now use the sheaf of monoids P* to define a deformation of the union
of toric varieties X associated to (B, %*) over Speck[Q]/I, where I is an ideal of
k[Q] such that VI = m. The total space of the deformation will be described in
Construction with affine charts given by the stalks of

k[P*]/T

where 7 is the ideal sheaf I - k["], and the gluing morphisms are induced by
parallel transport.

First, let us describe the stalks P; and the effects of parallel transport more
explicitly. For x € Into, an interior point of a maximal cell 0 € Pnax, the stalk of
P*atxis

P;:AXXQ,
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and for x € Intp, p € g’gn_l], the stalk of P* at x is
Py =ANspxQ.

. . . . . . . . -1
When x € Intp is an interior point of an interior codimension one cell p € Ql[gt ]

the stalk at x has the following description:
Pr=(Ay®NZ, ONZ_® Q) [(Zs + Z_ =x,),

where x, € Q is the kink of the convex piecewise affine function ¢ across p. By our
assumptions p is the intersection of two maximal cells ¢ and ¢’; fix an ordering of
o and ¢’ and a tangent vector £ € A, pointing into 0 and generating A,/A,. Then

parallel transport in # along a path from x € Intp to y € Int o induces the map

top P; — P;

(/\p/ aZ+/ bZ—/ ‘1) — (/\p + (a - b)é/ q + pr)
and parallel transport along a path from x to y” € Int ¢’ induces the map

torp: Py — 73;,

(Ap,aZy,bZ_,q) — (A, + (a—b)E, q +ax,),

whereas parallel transport along a path completely contained in a cell T simply
induces the identity map

7);—>7);.

Construction 1.2.16 (The uncorrected Mumford degeneration). The rings given by
the stalks of k[P*]/ T, together with the isomorphisms and localisation homomor-
phisms induced by parallel transport, form a category of k[Q]/I-algebras. Taking
Spec of this category defines a category of affine schemes and open embeddings.
There exists (see Section 2.3 in [23]]) a separated scheme over Speck[Q]/I which is
isomorphic to the colimit of this category of schemes. Since parallel transport along

a path contained in the interior of a cell T € & induces the identity map on stalks
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of P, this scheme admits a finite open cover

{Spec R

TE€E (g’max U 9’["_1])} ,

where R is defined to be the stalk of k[£*]/J at an interior point of 7. There are

three types of rings R.: one type corresponding to each of the three cases

TE€ Prax, TE @i[;’t'l] or TE€ 95([9”_1].

We describe R; more explicitly in each case: when 7 is a maximal cell 0 € Pax, we

have

Ry = K[Q/D) [Aq]. (1.2)

When 7 is a boundary cell p, € 9’51_1],

RY := (K[Q1/1) [Aq,p], (1.3)

where ¢ is the unique maximal cell containing p. Parallel transport from an interior

point of p, to an interior point of ¢ induces the localisation homomorphism
X3 ,: RS — R, (1.4)

canonically defined by the inclusion A; , C A,. Finally, when 7 is an interior cell of

[n-1]

codimension one p € ,@int , we have

Ry := (E[QI/D) (A Ze, Z-)/(ZoZ- ~ 20) (15)

where x, is the kink of the MPA-function ¢ across p. The maps induced by parallel
transport from p into its adjacent chambers ¢ and ¢’, t;, and t, define the

localisation homomorphisms
Xop: Rp— Rs; and X, : Rp — Ry (1.6)

Recall that we consider Z, to be pointing into ¢ and Z_ to be pointing into ¢’, so

that x,,, identifies R, with (R,)z, and x,, identifies R,» with (R,)z_. In other
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words, the maps are defined by the canonical inclusion of A, into A, together with

Xop:Zy z¢ Xotp Ly V> PATA

Z_ 774z Z_ >zt
where ¢ € Ay points into ¢ and generates A,/A, = Z, for some point x € Intp.

Here we use the identifications A,» = A, = A, given by the chart on By,
Yp:0Uo — R".

Example 1.2.17. Let us consider the uncorrected Mumford degeneration of Con-
struction given by the piecewise linear function ¢ from Example The
central fibre Xj is three copies of A? glued along their coordinate hyperplanes, as
described in the caption to Figure Since ¢ only takes values in Nk — Q, we
may restrict the family to one-parameter family over the base Al = Speck[Nx].
Then the affine charts Spec R, where p runs through the three codimension one
cells, are smoothings of Xy about the corresponding strata, away from the central
intersection point of all three planes. However, since ¢ is single-valued in this case,
the smoothing can be extended over the central point. The general fibre here is a

copy of the algebraic torus G?,.

Notation 1.2.18 (Monomials on By). We write the monomial z” € k[P | associated
top € P} as t1z™, where g € Q and m = m.(p) € A, is the tangent vector of the

monomial, where 7. is the second map of the short exact sequence

Tt

0— Q8 —= P "= Ag——0

defined in Remark|1.2.14

Example 1.2.19. Let ¢ be the N*-valued MPA-function on (R?, ) defined in Exam-
ple [1.2.10l If we denote k[A] = k[x*, y*], with x = z(1Y and y = z(®1, then we
have

k[PS] =K[t*, 17,7, x*, y*] = k[N® ® 7]

for every interior point P € By.
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1.2.3 Wall structures

Definition 1.2.20 (Wall structure). A wall on a polyhedral affine pseudomanifold
(B, 2) equipped with a piecewise affine function ¢ is a codimension one rational
polyhedral subset

DC 0 €Xmax suchthat b ¢ dB,

equipped with a wall function

f= Z cpzl € k[P]]

pePy
ﬂ*(p)EAD
for some interior point x € Intd. By parallel transport inside ¢ we require that

p € Py forally € b\ Awhenc, # 0. We also require tha

1 mod m when b has codimension zero
fo=

fo mod m otherwise, for some f, € k[Q][A,].

Here the codimension k € {0,1} of a wall d is defined as the codimension of the
minimal cell of & containing d. Walls of codimension one are also referred to as
slabs, denoted b.

A wall structure on (B, ) is a set & of walls which induces a rational polyhedral

decomposition Pg refining &; the codimension one cells of P are subsets of the

S| ::Ub U U p.

des pegn[n—l]

elements of

A maximal cell u of Py is called a chamber of the wall structure. A chamber u with
dim(u N dB) = n — 1 is called a boundary chamber - all other chambers are called
interior chambers. Two chambers are adjacent if dim(unuw’) =n—-1. Acell i € Py
of codimension two is called a joint. If a joint is contained in the boundary JB
it is called a boundary joint, otherwise an interior joint. We define the codimension

k € {0,1,2} of ajoint j to be the codimension of the smallest cell of & containing i.

In a more general setting, where the discriminant locus A is not required to lie inside the codi-
mension two locus of (B, &), there would be additional compatibility conditions on the choice of the
functions f,: see [23, (2.10)].
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Figure 1.2: A wall structure § on the polyhedral affine pseudomanifold (R?, )
equipped with piecewise linear function ¢ from Example [1.2.10} with
each of the five walls labelled with their wall function, and the three

slabs shown in bold.

Definition 1.2.21 (Equivalence of wall structures). Given two wall structures & and

S’ on a polyhedral affine pseudomanifold with a piecewise affine function (B, &, ¢),

fo= [ A and fi= ] &

xeves xeves’

we define

for points x € B which are not contained in the discriminant locus A, nor any joint
of & or §’. Let I be a monoid ideal of Q such that VI = m. We say that the two wall

structures are equivalent (modulo I) if
fx=fy modI

for all such points x € B.

Remark 1.2.22 (Trivial modifications to &). Several trivial modifications can be
made to a wall structure & without changing its equivalence class. In particular, we

can make the following assumptions to simplify the construction of the family X.

1. & = 9’0[:_1]. In other words, the interior of a wall does not intersect the interior

of any other wall.
2. Foranywalld € &, IntdoNA =@.

3. For any chamber u1of ¢, thereisatmostone p € g’g"_l] withdim(unp) = n-1.
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1.3 Local construction of the family
In this section we describe the local charts and gluing data allowing construction of

X° C X, the family over Speck[Q]/I which defines a deformation of X, away from

the codimension two locus.

1.3.1 Corrections given by the wall structure

Construction 1.3.1 (Local charts on the degeneration). Given a wall structure § on
a polyhedral affine pseudomanifold (B, &), and an m-primary ideal I C k[Q], we
define the following three types of affine scheme Spec R over Speck[Q]/I associated

to §. First, for any chamber u define the ring
Ry =Ry = (k[Q]/D[As] (1.7)

where 0 € Ppay is the unique maximal cell containing 1. Second, if 1t is a boundary

chamber, we define the subring
R} :=R) C R, (1.8)

where p is the unique codimension one boundary cell contained in u. The third ring
is a deformation of R, from Construction|1.2.16/associated to any slabb C p € -1l

of the wall structure:

Ry == K[QI/DIApNZ+, Z-N(Z+ Z- = fo2"7), (1.9)

where we have that Ry/m = R,. We also define gluing morphisms between the
affine charts Spec Ry, Spec R} and Spec Ry. First, we note that the rings come with
localisation homomorphisms as in Construction|1.2.16

Xow: Ry — R, and x?: R — R,. (1.10)

The first of these localisation homomorphisms xp, is defined by the inclusion
Ap € Ay and

Zivr— 28, Z_+— z‘ész"P
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for some choice of generator & of A;/A,; the second localisation morphism )({f
is just equal to Xg,p , induced by the inclusion A, , € A;. We now introduce
additional non-trivial isomorphisms of R, coming from the codimension zero walls.
For a codimension zero wall d separating the chamber u and 1, we define the wall-
crossing automorphism

Oy : Ry — Ry, 2P+ £ op, (1.11)

where n; is defined to be a generator of ADl C A,, for some x € Intd, such that
(ny, m) > 0 when m € A, points into u. Note that this map does indeed define an

isomorphism of rings when we consider f, to be invertible by reduction modulo I.

Definition 1.3.2 (Consistency in codimension zero). Let & be a wall structure on a
polyhedral affine pseudomanifold (B, %) equipped with a piecewise linear function
@, and suppose that i is a codimension zero joint of §. Let dy, ..., d, be the walls
containing j, taken in cyclic order, with each d; contained in the chambers u; and
u;+1 (Where the indices of the chambers are taken modulo r). Since the codimension
of i is zero, each chamber 1; is contained in the unique maximal cell 0 € Prmax

containing i. Therefore, there is an automorphism of R,
Oy, : Ry, — Ry,
as defined in for each d;. We say that i is consistent if
0:=0y 006y =1d

as an automorphism of R,. The wall structure § is consistent in codimension zero if

every codimension zero joint of § is consistent.

Definition 1.3.3 (Consistency in codimension one). Let & be a wall structure on a
polyhedral affine pseudomanifold (B, %) equipped with a piecewise linear function
@, and suppose that j is an interior joint of & of codimension one. Let p be the
unique codimension one cell of & containing j, and ¢, ¢’ the unique maximal cells
containing p. Since € dB there are unique slabs by, b, C p with j = by N b,. Denote

the codimension zero walls containing j by d1,...,d, C ¢ and b’l, ..., 0, C o’,such
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that
b1, D1, ..., 0, 0,0, ..., 0,

is a cyclic ordering of all the walls containing j. There are localisation homomor-
phisms

Xvi,0 : Ro; = Rg,  Xv;,00 2 Ro; — Ry

1

defined as in (1.10), and the compositions of wall crossings on either side of p
0:=0y0---00y, and 0 := 933 000y
give automorphisms of R, and R respectively. We say that i is consistent if

(6% 0') ((Xo1,0, Xo1,0)(Ro,)) = (X200 X1z, 00) (Riy)-
In this case there is a well-defined isomorphism
0; : Ry, — Ry, (1.12)
which is induced by 0 x 0, since the map

(Xbi,af Xbi,ﬁ/) : Rbi -— RG X RG’

is injective. We say the wall structure & is consistent in codimension one if every

codimension one joint is consistent.

Proposition 1.3.4 (The local construction of X°). Let & be a wall structure on a polyhedral
affine pseudomanifold (B, P) equipped with a piecewise linear function ¢. If § is consistent
in codimensions zero and one, then there exists a unique scheme X° flat over Spec (k[Q]/I)

with open embeddings of the affine schemes

SpecR,, defined for every chamber u,
SpecR?, defined for every boundary chamber u,
SpecRy, defined for every slab b,
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that are compatible with the isomorphisms

Oy : Spec Ry — SpecR, and
95 : Spec R%, —> SpecRY, defined for every codimension zero wall d,

w

0; : Spec Ry, — SpecRy,, defined for every codimension one joint i,
and compatible with the open embeddings

Spec Ry < SpecRy, defined for every slabb C u,
Spec R, < Spec R, defined for every boundary chamber 1.

Proof. This is Proposition 2.4.1 in [23]. |

Proposition 1.3.5 (The central fibre of X° is Xy). The reduction of X° modulo m is

canonically isomorphic to the complement of the codimension two strata in Xo.

Proof. This is Proposition 2.4.4 in [23]. O

1.4 The algebra of theta functions

The goal of this section is to define a canonical set of global functions 9, on X°
indexed by the integral tangent vectors on B. These ‘theta functions’ are given
locally by sums of monomials coming from piecewise linear paths on B which
interact with the wall structure &, called broken lines.

The expression for 3, on the chart Spec R, is a sum of monomials associated to
broken lines with endpoint in the chamber u. If the expression for 9,, on different
charts Spec R,y is compatible with the gluing maps between charts, then §,, is well-
defined as a global function. In this case, we say that the wall structure is consistent.
Here we define broken lines and notion of consistency of a wall structure more

precisely.
1.4.1 Broken lines

The theta functions will be indexed by the asymptotic monomials of B.

Definition 1.4.1 (Asymptotic monomials on (B, &)). Let (B, %) be a polyhedral

affine pseudomanifold equipped with a piecewise affine function ¢. Suppose that
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T € P and x € Int 7. An asymptotic monomial on T is a monomial
z" € k[P]]

where m € A; such that

T +R20m crT.

By abuse of notation we also refer to m as the asymptotic monomial. An asymptotic

monomial on (B, %) is an asymptotic monomial on any 7 € 2.

We would like to be able to propagate monomials across all of B, but parallel
transport of a monomial across a slab is not necessarily well defined. However,
we can define a notion of parallel transport across slabs for monomials that point
away from the slab. We therefore consider monomials m € Ap to be propagating in

direction —m.

Definition 1.4.2 (Change of chambers morphisms). Suppose 1 and 1’ are two adja-
cent chambers. If both chambers are contained in the same cell 0 € Py, they are
separated by a codimension zero wall. In this case, we define the change of chambers
morphism Oy, to be the isomorphism between R, and R, given by the wall-crossing

automorphism (1.11) defined in Construction [1.3.1}
Ouw = 0 : Ry — Ry (1.13)

Whenuand v’ are separated by a slab b, there is no well-defined ring homomorphism

from R, to R,v which factors through Ry. There is, however, a subring of R,,,

Ry = (K[Q1/T) [Ap]lxv,0(Z+)] € R,

on which the localisation homomorphism )y, is invertible. We define the change

of chambers morphism 6, in this case to be

Ouw = Oy : RE — Ry (1.14)
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which is the ring homomorphism given by
Xv,0(Z+) — xo0,00(Z) - fo - 2%

and the canonical inclusion A, € Ay.

Definition 1.4.3 (Broken lines for & on (B, %)). Let & be a wall structure on a
polyhedral affine pseudomanifold (B, %) equipped with a piecewise linear function

@. Consider a proper continuous map with image disjoint from any joints of &
B: (—00,0] — By
with image disjoint from the joints of &, such that there exists a sequence
—co=ty<ti<---<t, =0

corresponding to points on the path with (t;) € |§| fori € {1,...,r — 1}, such

that f|¢, +,,) is a non-constant affine map with image in B \ |§]. To each domain

ti1

of linearity (t;_1,t;) assign a monomial a;z™ € k[?gr(t)] satisfying the following

conditions:
1. a; €ek[Q]/I and —m; = p'(t) for t € (ti-1, t;).
2. a1 =1 and z™ is an asymptotic monomial of (B, 2).

3. Foralli € {1,...,r—1} the monomial a;,1¢™*! is a summand of the expression

for the image of a;z™ under the change of chambers morphism at p(¢;),

Oy s (@i2™) = Z afZMj'
j
We say the data of the map  together with the monomials {a;z" |1 <i < r}isa

(normalized) broken line for § with asymptotic monomial z™ and endpoint B(0).

Remark 1.4.4. There are finitely many (normalized) broken lines with asymptotic

monomial z" and fixed endpoint p € B.
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s

Figure 1.3: Three broken lines with asymptotic monomial y on the wall structure
§ from Figure [1.2] with the image of each domain of linearity labelled
with the monomial it carries.

Definition 1.4.5 (Theta function). We define a theta function for an asymptotic mono-
mial m on (B, %) and a general point p contained in a chamber 1t of a wall structure

& to be the sum

Sm(p) = Z agz"f € Ry,
B

where the sum runs over all broken lines for & with asymptotic monomial m and

end point p, and we define the associated monomial by

agz™ = a,z"". (1.15)

Definition 1.4.6 (Consistency in codimension two). Let & be a wall structure on a
polyhedral affine pseudomanifold (B, 2) equipped with a piecewise linear function
@, and suppose that i be a joint of codimension two. We define a new polyhedral

affine pseudomanifold (Bj, %), where
Py = {(AT,i)RHQTegj};

where the inclusions of cells (A )z = (Ar )g are induced by the inclusions 7 —

v € P, and the affine structure on B; is the one induced by the affine structure on
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B. We define the wall structure on (B;, %) induced by &,

§j = {((Ab,i)R'fb) | (b,fh) eS andi - b} .

Then & is the local model for & near j, all of whose chambers are cones containing
the codimension two joint Aj g, which is the only joint of §;. We say that i is consistent

if for any asymptotic monomial m of (B;, %), the theta functions 9,,(p)
1. do not depend on the choice of p € u € (%), and

2. are compatible with the change of chambers morphisms for adjacent chambers

u, ' € (P)s. Thatis,
Owu (Sm(p)) = Sm(p’) € Ry

where p € 1, p’ €/, and Oy, is defined in (1.13) and (1.14).

Definition 1.4.7 (Consistency). A wall structure § is consistent if every joint { € Pg

is consistent.
Example 1.4.8. The wall structure pictured in Figure(1.2]is consistent.

Theorem 1.4.9 (Consistency implies counts of broken lines are global functions on
X°). Let & be a consistent wall structure on a polyhedral affine pseudomanifold (B, P)
equipped with a piecewise linear function ¢. Let X° be the corresponding flat scheme over
k[Q]/1, as defined in Proposition[1.3.4]

Then for each asymptotic monomial m (Definition there exists a function 9,, €
I'(X°, Ox-) which restricts on Ry, to the theta function

Smlp) = agz"
p

for each chamber u, where the sum runs over all broken lines for § with asymptotic monomial
m and ending at a general point p € u. Moreover, the S, form a k[Q]/I-module basis of
['(X°, Ox-):
T(¥°,0x) = R(S) := () ([QI/T) - 8, (1.16)
m

Proof. This is Theorem 3.3.1 in [23]. O
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Lemma 1.4.10 (Structure constants of the algebra of theta functions). Let & be a
consistent wall structure on a polyhedral affine pseudomanifold (B, ) equipped with a
piecewise linear function @. Let X° be the corresponding flat scheme over k[Q]/1, as defined

in Proposition
For any two asymptotic monomials mq, my, the product of the corresponding theta

functions has expansion
Oy Sy = D atm(ma, m2) - 3y, (1.17)
m
where the coefficients are of the form
apy(my, my) = Z ag,ag,. (1.18)

(B1,B2)€Ty (m1,m2)

Here ag, is the monomial in k[Q]/I associated to B; by , and T,,(my, my) is the set of
pairs of broken lines (B1, f2) such that

1. Bi has asymptotic monomial m;.

2. B1and By have the same endpoint p € u, a general point for both asymptotic monomials

my and mo.

3. The pair of broken lines satisfy the balancing condition mg, + mg, = m € A\, where

mg, € Ay is the tangent vector associated to B; by (1.15).
Proof. This is Theorem 3.5.1 in [23]. O

1.4.2 Convexity

Consistency of a boundary joint is implied by the following notion of convexity.
Checking convexity is simpler than checking consistency, and we will make use of

this in Chapters[3land

Definition 1.4.11 (Convexity). Suppose that i C dB is a boundary joint of a wall
structure & on a polyhedral affine pseudomanifold (B, &). Let S; be the local model
for & near j, as defined in Definition Since | is a polyhedral subset of B of

codimension two, there is an affine submersion

n: B — R?
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that contracts j to the origin. By extending the base ring k[Q] to k[Q @ A], we may
consider wall functions f; for walls of &} as wall functions for 7t(d), and therefore
define a wall structure 71($;) on 7t(B;j). Brokenlines g C B;j with asymptotic monomial
not in Aj and endpoint p correspond one to one with broken lines in 7t(B;) with
endpoint n(p).

The image nt(B;) will be a cone in R2. Let mg € An(og;) be the primitive vector
pointing away from the origin along one edge of the cone, and consider a broken
line g C 7t(B;) with asymptotic monomial 1. It will cross the walls contained in the
interior of the cone 7(B;) in succession; assume that, as 8 crosses m(d) C Int 7(B;j),
it bends maximally away from the boundary 7(dB;). Let agz™# be the monomial
associated to the last possible domain of linearity of f — after it has bent across

maximally many of the interior walls of 7t(B;). If
RZQWIﬁ Z Int 7t(B;)

unless ag = 0 € k[Q]/I, we say that the wall structure & is convex at the joint j.

\\ 1+ty~!
———o0 [,(Ix*]

Figure 1.4: A neighbourhood of a convex boundary joint { in a two-dimensional

wall structure, and two broken lines with asymptotic monomial x~y €
k[x'y,x] = k[A;j]. The single interior wall containing i is labelled
with its wall function, and the two broken lines are labelled with the
monomials associated to the last domain of linearity. The upper broken
line is bent maximally away from the boundary.

Proposition 1.4.12 (Convexity implies consistency). If & is convex at a boundary joint

i, then i is consistent.

Proof. This is [23, Proposition 3.2.5]. O
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1.5 The global construction of the family

When the wall structure & is conical, the scheme X is affine and can be constructed
as Spec of the algebra of theta functions. When the wall structure is not conical, we
use it to construct a line bundle £° on X°, which restricts on Xy to the ample line
bundle given by the polytopes. This line bundle is constructed as the inverse of the
line bundle (£°)~!, whose total space is constructed as an affine scheme over X°, by
truncating the cone over &. Then the partial compactification of X° is constructed

by taking Proj of the graded algebra of theta functions on (£°)7!.

1.5.1 The affine case

Theorem 1.5.1 (Open embedding of affine X° — Spec R). Suppose that § is a conical
consistent wall structure on a polyhedral affine pseudomanifold (B, P) equipped with a
piecewise linear function ¢ - that is, every cell T € P is a cone. Then the theta functions
O freely generate R(S) := I'(X°, Oxo) as a k[Q]/I-module, and the induced canonical
morphism

X° — X :=SpecR(S)
is an open embedding restricting to X; — Xo modulo m.

Proof. This is Proposition 3.4.2 in [23]. |

1.5.2 The projective case

Definition 1.5.2 (Cone over a polyhedron). Let ¢ € R" be an integral polyhedron.

The cone over ¢ is defined to be
Co:=Ryp- (0 x{1}) CR" xR.

Remark 1.5.3. If the polyhedron o is unbounded, then ¢ = 0¢ + 0 Where oy is

bounded and o« is a cone, which is uniquely determined for ¢. In this case
Co =Ryp - (0pg X {1}) + 000 X {0}

where the two Minkowski summands only intersect in the origin O € R We call

O« the asymptotic cone or tail cone of o.

Definition 1.5.4 (Cone over a polyhedral affine manifold). The cone over the polyhedral
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Bx{h =1}

CBN {h = 0}

Figure 1.5: The segment {0 < 1 < 1} of the cone over a two-dimensional polyhedral
affine manifold B with four maximal cells and one bounded cell of
dimension one. Here the codimension one cells of CB are filled in
grey, with the codimension one cells of B x {1} shown in black, and the
codimension one cells of CB N {h = 0} shown in gray.

affine pseudomanifold (B, ) is the topological space

CB :=1limCrt
_)
TEPR

with polyhedral decomposition C% := {Ct |7 € 2} and affine structure on CBj C
CB \ CA defined by the charts

Cy : CU\ {0} — R"*!

(x, h) — (h : 4’(3()/ h)

associated to each chart ¢ : U — R" on By.

Definition 1.5.5 (Cone over a wall structure). Let & be a wall structure on a polyhe-
dral affine pseudomanifold (B, %) equipped with a piecewise linear function ¢. We
define the cone over § as follows. First, we note that ¢ induces a piecewise linear

function on (CB, C%) with kinks given by

kcp(Cp) = x,(@).

Givenawall (9, ;) € §, let a € N\ {0} be the index of the image of Acy in Z under
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the map

ACD—>Z

induced by projection to the height of the cone. Since f, € 1 + m, where m is a
nilpotent ideal in k[Q]/I, there exists a unique element ( fb)l/ ? € 1+ m such that

a
(( )V ”) = f». We define the cone over § as

CS = {(CD,f;/”) (o, f) € 5’} .

Lemma 1.5.6 (Consistency of cone over wall structure). Let & be a wall structure on
polyhedral affine pseudomanifold (B, P) equipped with a piecewise affine function . If ' is
consistent, then CS is a consistent wall structure on (CB, CP) equipped with the function
Co.

Proof. This is Proposition 4.2.6 in [23]. O
Theorem 1.5.7 (Open embedding X° — ProjS). Let § be a consistent wall structure on
a polyhedral affine pseudomanifold (B, ) equipped with a piecewise linear function ¢. Let
X° and ° be the flat k[Q]/I-schemes associated to § and CS respectively by Proposition

and let
R($) =T(X°,0x), R(CS)=T(D°, Oy-)

be the k[Q]/I-algebras constructed in Theorem The algebras have canonical k[Q]/I-
module bases of sections 8, for asymptotic monomials on B and CB respectively.

Then the following holds.
1. The ring R(CS) is a Z-graded R(S')-algebra, with degree zero part R(CS)g = R(S).

2. There is a canonical embedding
X° — X :=ProjR(CS)

of X° as an open dense subscheme in X. Moreover, X is the unique flat extension of Xo
from k[Q]/m to k[Q]/I which contains X° as an open subscheme and is proper over
Spec R(S).

3. R(CS) = P o T(X, Ox(d)), the homogeneous coordinate ring of (X, Ox(1)).

Proof. This is Theorem 4.3.2 in [23]. O
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1.6 Compatible systems of wall structures

Definition 1.6.1 (Compatible system of wall structures). Let (B, &) be a polyhedral
affine pseudomanifold equipped with a Q-valued MPA-function ¢. Let D be a set
of wall structures &7 on (B, 2, ¢), indexed by m-primary ideals I C k[Q]. We will

call © a compatible system of wall structures if we have
SI=8r mod ]

for any m-primary ideal | containing I and I’. If each wall structure &} is consistent

modulo I we say that D is a compatible system of consistent wall structures.

A compatible system of wall structures on (B, %) is morally an infinite collection
of walls that form polyhedral subdivisions of & modulo each m-primary ideal I —
that is, there are only finitely many walls d with wall function f, nontrivial modulo
I. The reason we do not simply define wall structures with wall functions f, as
elements of @[Ax] is that taking the completion with respect to m does not
commute with the localisation maps induced by parallel transport on B. In the rest

of this thesis we will, however, abuse notation by letting D/I := §; for a compatible

system of wall structures D = {7 | VI =m}.

Construction 1.6.2 (The formal family). Let (B, %) be a polyhedral affine pseu-
domanifold equipped with a Q-valued MPA-function ¢, and let I c k[Q] be an
m-primary ideal. Let D be a compatible system of consistent wall structures on
(B, 2, @). Let X; := Proj R(CS}) be the flat scheme over Speck[Q]/I associated to §;
via Theorem[1.5.7] For any ideal ] C I we have

os)[ Eos)] mod I,

so in particular X; is the pullback of X; via Speck[Q]/I — Speck[Q]/]. We can

therefore define a formal scheme

A

X = colim\ﬁ: X,

m
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which is a formal flat family over

N

Spfk[Q] := colim;_, Speck[Q]/I.

—

Here k[Q] is the completion of k[Q] with respect to the maximal ideal m.

Lemma 1.6.3 (Algebraising the family). If B is bounded, then the formal family
¥ — Spfk[Q]

is algebraisable. That is, there exists a family

—

X — Speck[Q]

such that X X5 pec 0] Speck[Q]/I is isomorphic to X; for any m-primary ideal I.

Proof. The construction of X; in the the proof of [23, Theorem 4.3.2] involves an
invertible sheaf whose restriction to X,, is ample. By the Grothendieck Existence

Theorem [18, III 5.4.5] it follows that Xis algebraisable (see [35]). O

Remark 1.6.4. Alternatively, we can consider the algebraisation of ¥ (when B is

—

bounded) to be given by taking Proj of the k[Q]-algebra

R(CD) := @ k[Q] - 9, (1.19)

meCB(Z)
where the theta functions are now formal variables whose product is given, modulo
each m-primary ideal I, by the formula in Lemma This is only a well-
defined algebra because for each pair my, m, € CB(Z), there are only finitely many
asymptotic monomials m € CB(Z) such that a,,(m1, my) # 0. That s, the expression

for 9,,, ¥, is polynomial in the 9,,’s.



Chapter 2

Constructions of the Gross—Siebert

program II: sources of wall structures

In this Chapter we introduce two main constructions of a compatible system of wall
structures D associated to a log Calabi-Yau pair (Y, D): we define the canonical wall
structure D In Section and the algorithmic wall structure a®y, p) in Section
We show that the formal schemes produced by these two compatible systems wall
structures are in fact the same when restricted to a sublocus of the base, called the
Gross—Siebert locus. In Section 2.4/ we introduce an auxiliary construction of a wall
structure, which enables us to further compactify the mirror family X.

In Section2.1} we introduce the concept of scattering diagrams in two dimensions.
This is closely related to the notion of wall structure, discussed in Section m

except that:

1. We work on R? rather than a polyhedral affine pseudomanifold. In particular,
there is no polyhedral decomposition involved and there are no singularities
in the affine structure. As a result, the notion of consistency, which in this

context we call compatibility, is equivalent to consistency in codimension zero.

2. Wall functions are regarded as living in an m-adic completion of k[Q], rather
than in k[Q]/I for some m-primary ideal I. Scattering diagrams can contain
infinite numbers of rays and lines (the analogues of walls) as long as there

only finitely many modulo I for every m-primary ideal I.

These technical differences, although small, are important. The conventions
adopted when defining scattering diagrams allow us to make streamlined argu-

ments about an algorithmic scattering process, in which an initial scattering diagram
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is iteratively refined to produce a compatible scattering diagram. The conventions
when defining wall structures, on the other hand, are better adapted to the con-
struction of mirror families by gluing local charts.

As we will see below, any scattering diagram determines a compatible system
of wall structures on Mg. Furthermore, a key result of the Gross-Siebert program
is that the canonical wall structure for a log Calabi—Yau pair — which gives rise to
the mirror family — can be obtained from a scattering diagram (see Remark
below). Although the canonical wall structure can be infinite and complicated, the

initial scattering diagram involved is finite and straightforward to describe.

2.1 Scattering diagrams

In this section we define scattering diagrams on Mg where M = Z2. There is also
a notion of scattering diagram in higher dimensions [28]], and an analogue of the
Kontsevich-Soibelman Lemma, Theorem is known to hold for those higher-
dimensional scattering diagrams that are formed of widgets — see [5, Theorem 5.6].
However, since the only higher dimensional scattering diagrams appearing in this
thesis are cones over two dimensional scattering diagrams, it isn't necessary to

define higher dimensional scattering here. See [5] for a detailed discussion.

Definition 2.1.1 (Scattering diagram). Let M = Z? and Q be a monoid with map

r:Q — M. Letmg = Q\ Q%, and k[Q] denote the completion of k[Q] with respect

to the monomial ideal mg. A ray or a line is a pair (D, f;) such that

* b C Mgisgivenby d = p + Ryom if dis a ray and d = p + Rm if d is a line,
where p € Mg and m € Mg \ {0}.

* f €k[Q]

* f, =1mod mg.

* fo =1+, cqz7 where the sum is over either g € Q such that (q) € Rxom, or
g € Q such that —r(g) € Ryom.

If b is a ray we say that D is incoming if r(q) € Rsom for all g with ¢, # 0, and

that d is outgoing ray if —r(q) € Rom for all g with c; # 0.

A scattering diagram for the data r : Q — M is a set of rays and lines such that

for every power k > 0, there are only a finite number of (, f;) € D such that f, # 1
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mod m’é. We denote by Sing(D) the set of codimension 2 cells in the the polyhedral

decomposition of Mg induced by the scattering diagram D.

Remark 2.1.2. A scattering diagram D for the data r : Q — M induces, for each
mg-primary ideal I, a wall structure &7 on the polyhedral affine manifold M. Here
the Q-valued MPA-function ¢ is zero, walls are obtained from rays or lines (d, f;) by
replacing f, by f mod I, and we discard any walls such that f, =1 mod I. This
leaves only finitely many walls in §}. By abuse of notation, we define the compatible

system of wall structures

= {si| VI = mo},
and refer to both rays and lines as walls of ©.

We say a ray or line d passes through a point p € Mg if p lies in the interior of the
support of d. If d is an outgoing ray and p is the boundary point of the support of

d, we say that d emanates from p.

Remark 2.1.3. Definition generalises to higher dimensions as one would ex-
pect: the walls d are polyhedral subsets of Mg of codimension one (here M = Z"),
and every monomial z7 appearing with non-zero coefficient in the associated wall
function f, € m has r(g) € Ay ¢ M. The definition of a general scattering

diagram can be found in [28] or [5]].

Definition 2.1.4 (Path ordered product). Let y : [0,1] — Mg \ Sing(D) be a path
whose endpoints are not contained in © and such that all intersections with any ray

or line of D are transverse. We define the path ordered product

—_—

0y,0 : k[Q] — K[Q]
of © along y as follows. For each k > 0 the set
{(0<t;<ty<---<t, <1}:={t€[0,1]| y(t) € b € Dsuch that f, # 1modka}
is finite as D is a scattering diagram. For each t; such that y(t;) € d, define

0%, : K[Q1/mf, — K[Ql/mf,
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by

z7 — zqu(”f"r(q»

where n, € N = MV is primitive, annihilates the tangent space to d, and is chosen

with the sign convention

(o, y'(t)) < 0.

We define

S S
67//3 - Qbs/ns © © 9

0y,mp”

The product does not depend on any choices, since ¢; = t;;1 implies that d; N d;4q

must be a one-dimensional cell in Mg, and one can see easily 9’;_ ,. commutes with
1rhtr
k

Dottt Therefore we can define the y-ordered product

0, » = lim 6F .
J/,’D k—o0 y’b

Remark 2.1.5. Consider the following automorphism of k[Q]

exp (log(f2) In,) ,

—

where n; is a primitive normal vector to d. Here d, € Hom(M, k[Q]) = k[Q] ® N is
the log derivation defined by n € N = M":

In(z7) = (n,r(q))z1

and exp(0) is an automorphism of k[Q] for any 6 € mg (k[Q] ® N ), defined by

(o]

61'
exp(0)(g) = 1d(g) + ) 8.
i=1

We note that

0F . = exp (10g(fs) du,) mod m

when n; is chosen with respect to y with the same sign convention as in the definition
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A

v

1+ax?!

1+by!

Figure 2.1: A consistent scattering diagram for the data 7 : Q = N> @ M — M with
two lines and one ray. Here r is the canonical projection and k[Q] is
denoted k[a, b, x*, y*].

of 65 »» and so path ordered products can always be written in the form

0, = exp (Z cizq’ani) modulo m’é

i

—

where n; € r(q;)* and ¢; € k. The set of automorphisms of k[Q] with such an
expression form a group, introduced in [28] and discussed in [24] as the tropical

vertex group.

Definition 2.1.6. A scattering diagram D is compatible if
0,0 =1d
for all loops y for which 0, 3 is defined.

Remark 2.1.7. If a scattering diagram D is compatible, then the induced wall struc-
ture & from Remark is consistent. Indeed, every joint of § is of codimension
zero, so the conditions for consistency of & are equivalent to the conditions for

compatibility of D.

Theorem 2.1.8 (Kontsevich-Soibelman [43]). Let © be a scattering diagram. There
exists a compatible scattering diagram Scatter(®) containing © such that Scatter(D) \ D

consists only of rays.
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Proof. By definition, D is compatible modulo mg. Construction gives an

algorithm for constructing a scattering diagram Scatter’(®) which is compatible

modulo m’é” and contains Scatter*~!(D), the scattering diagram compatible modulo

k
Q

Scatter* (D). O

mk containing D. The algorithm only adds outgoing rays to Scatter*™! (D) to obtain

Definition 2.1.9. Two scattering diagrams © and D’ for the same datar : Q — M
are equivalent if

0y =0,
for every curve y for which both sides are defined.

Remark 2.1.10. Scatter(D) is unique up to equivalence of scattering diagrams. We
refer to the application of the functor Scatter to a scattering diagram D as scattering

and the application of Scatter* as scattering to order k.
The following Lemma is proved in Section[4.1.1]

Lemma 2.1.11. Scattering is functorial up to equivalence in the following sense.
Suppose Q and P are two monoids equipped with mapsr : Q — Mands : P — M,
and ¢ : Q — P is a morphism of monoids such that there exists an automorphism

a € GLy(Z) of Mg such that s o @ = a o r. Then define

P(D) := {(a®), p(/)) | (b, fo) € D}

—_—

where ¢ : k[Q] — k[P] is the ring homomorphism induced by ¢. Then Scatter(¢(D)) is
equivalent to ¢ (Scatter(D)).

2.2 The canonical wall structure

In this section we define the canonical wall structure associated to a log Calabi-
Yau pair (Y, D) in terms of its punctured invariants (see [2] for a definition). We
follow the notations and conventions of [31], simplifying where possible to restrict
the definitions and constructions to a smaller set of log Calabi-Yau pairs which

contains all the examples of this thesis.

Definition 2.2.1 (Log Calabi-Yau pair). Let Y be a non-singular variety and D C Y

a simple normal crossings divisor. The divisor D induces a divisorial log structure
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on Y which is log smooth over the log point Speck. We say the pair (Y, D) is log
Calabi-Yau if the logarithmic canonical class Ky + D is numerically equivalent to an

effective Q-divisor supported on D.

Remark 2.2.2. In general (see [31]) the polyhedral affine pseudomanifold underlying

the canonical wall structure depends on the presentation

Ky +D =Q Z tl]'D]‘,
j
where a; > 0 and the D; are the irreducible components of D. In this thesis, we will
further assume that a; = 0 for all j. This will allow us to simplify the definition of

the polyhedral affine pseudomanifold.

Remark 2.2.3. In addition, we assume that the stratum

D:

i N-+-NDj

Tk

is connected or empty for every ji,...,jx. This is already true for the examples
considered in this thesis, but can also be achieved in general via a log étale birational
modification of Y [31]. We further assume that there exists at least one zero-

dimensional stratum.

The tropicalisation of the log scheme given by (Y, D) is defined in [1]. When

we make the above assumptions, it has the following description.

Construction 2.2.4 (Tropicalisation of the log Calabi-Yau pair). Given a log Calabi—
Yau pair (Y, D) satisfying the above assumptions, the tropicalisation X(Y) is given
by the dual intersection complex of D = D + ...+ D,. More precisely, it is the

polyhedral cone complex in Divp(Y);

(Y) = ZRZOD}? ] C {1,...,r},ﬂDj 0
j€] j€l
Construction 2.2.5 (The integral affine structure). We now let 2 = L(Y) and define
an integral affine structure on B = | J,c4 0 as follows. For each codimension one

cone p € X(Y) such that p = 0 N ¢’ for 0,0" € L(Y)max, we define a chart ¢, :
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o U o’ — R". Say that
o= Rﬂ)Di+ , = RZOD;k + RZ()D;,
and pick two bases ey, ..., e,-1,e, and ey, ..., e,-1, e;, for R" such that

n-1
n €)== 3Dy Ve,
k=1

where Y}, is the curve defined by the stratum of the intersection complex given by

p- Then define the chart i, by

D]T‘k e Vke{l,..n}

’

*
and D]., — ey,

and note that it is well-defined up to an element of GL,(Z).

Remark 2.2.6. Under our assumptions, L(Y) contains an n-dimensional cone, and
therefore the tropicalisation of (Y, D) defines a polyhedral affine pseudomanifold
in the sense of Definition See Proposition 1.3 in [31].

Construction 2.2.7 (The monoid Q). We fix a finitely generated monoid Q € Ni(Y)
such that

1. Q contains the classes of all stable maps to Y,
2. Q is saturated, and
3. QX = Nl(Y)tors-

In the examples considered in this thesis, N1(Y) will be torsion-free, and so the third
condition implies that the monoid Q is sharp. This set of conditions on the choice
of monoid Q is a simplification of the conditions given in [30, Basic Setup 1.6] —in

this section we only describe the canonical wall structure in the absolute case.

Construction 2.2.8 (The multivalued piecewise affine function). We define ¢ €

MPA(B, Q8P) to be the unique MPA-function such that, for every codimension
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one cell p € Z(Y), the kink across p is

K, = [Y,] € Ny(Y).

L wy,

I N WE

w

Figure 2.2: A family of tropical curves I'(G) — @ = Ryo. The graph G over each
interior point has two vertices, an edge E and a leg L.

Definition 2.2.9 (Tropical type). Recall that the tropicalisation of a log stable curve is
a graph G, which has a vertex for each irreducible component, an edge between two
vertices for each point of intersection of irreducible components, and a leg (an edge
with a single vertex) for each punctured or marked point. A function g : V(G) — N
assigns a genus to each component of the log stable curve.

Let w be a rational polyhedral cone and C be a family of curves over W =
Speck[S, ], where S, is the semigroup consisting of the integral points of w". The
tropicalisation of C — W is a morphism of cone complexes I'(G) — w which is a
family of graphs with G being the fibre over each interior point of w. For each vertex
v € V(G) there is a copy of w, w, € I'(G), and for each edge or leg E € E(G) U L(G)
there is a cone wg C w X Rxq. See Figurefor an example.

Now consider the tropicalisation of a punctured log map with domain C —
W = Speck[Q] and target Y. By functoriality of tropicalisation this is a family of

tropical maps: a morphism of cone complexes

¥(C) h

|

YW)=w = QIEZO.

2(Y)
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The type of this family of tropical maps is the data 7 = (G, 0, u, §), where

* G is the fibre over an interior point of w,
e 0:V(G)UE(G)UL(G) — X(Y) sends x to the minimal cone containing h(wy),

e u: E(G)UL(G) — Ap sends E to its contact order, the image h((0,1)) € Ay
of (0,1) € Awy = Ao B Z,

e f: V(G) — NE(Y) assigns a curve class to each vertex — the class of the

image of the associated component of C.

The dimension of a type 7 is the dimension of the base cone w. We say that 7 is
balanced if for each vertex v € V(G) with o(v) € £ a cone of codimension zero or

one, we have

Z u(E;)) =0, (2.1)

1

where the sum runs over all edges and legs incident to v.

Remark 2.2.10. Note that u records the contact order of the points associated to
each edge or leg of G. See [2, Definition 2.17] for the definition of the contact order

of a punctured map at a point.

Definition 2.2.11 (Wall type). A wall type is a balanced tropical type 7 of dimension
dim Y -2, with only vertices of genus 0 and a single leg L.+ whose associated cone

@[, = Tout has codimension one image h(Tout) C Z(Y).

Construction 2.2.12 (The canonical wall structure Dcan). Denote by Dean the set of
pairs

(®, fo) := (h(Tou), exp(k:N:tPz™")), (2.2)

where N; := deg[M.(Y)]"!"* counts families of punctured maps to Y whose tropi-
calisation is of wall type 7. The wall d itself is swept out by the image of the leg of
the tropicalisation, and the exponent —u € Ap is the contact order of the single leg

U(Lout). The term k- is a positive integer defined as

k’l’ = |Ah(”[ou¢)/h*(A"£out)|

where . is the morphism A, — A, induced by #| . The curve class p ranges

over values in Q.
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Remark 2.2.13. Strictly speaking, the collection of pairs (9, f;) defined in do
not form a wall structure in the sense of Definition the functions f; live in
the completion of k[P ] with respect to the maximal ideal m = Q \ Q*, and there are
infinitely many polyhedral subsets of the form /(o).

However, if I is an m-primary ideal then there are only finitely many such
functions f, which are non-trivial modulo I. Thus Dcan defines a compatible system
of wall structures in the sense of Definition [1.6.1} similarly to a scattering diagram
(see Remark . We abuse notation by referring as Dcan to both the compatible

system of wall structures and wall structure obtained by truncating f, modulo I.

2.3 Algorithmic construction of the canonical wall structure

We now describe a construction of the canonical wall structure via scattering, fol-
lowing Argtiz-Gross [5], in the setting where our log Calabi—Yau pair (Y, D) has a

toric model.

Definition 2.3.1 (Toric model associated to a log Calabi—Yau pair). Consider a log

Calabi-Yau pair (Y, D) where Y is obtained by a blow-up
BIH Y — YZ

of a smooth toric variety Yy associated to a complete fan X in R", where the centre

of the blow-up H is a union of general smooth hypersurfaces in the toric boundary,

and H;j C D; meets each toric stratum of D; transversally. Here the D; are distinct
toric divisor components in Yy. The divisor D C Y is taken to be the strict transform

of the toric boundary Dy C Yy. We call the data (Yx, H) a toric model for (Y, D).

Remark 2.3.2. The term foric model is sometimes used to refer to the toric model
of a log birational modification (Y,D) of (Y, D). The logarithmic Gromov-Witten
theories of (Y, D) and (Y, D) coincide [3], so their canonical wall structures are
equivalent. When (Y, D) is a Looijenga pair, there exists a log birational modification
admitting a toric model. In this thesis, we only refer to toric models of a given pair

(Y, D) in the stricter sense of Definition[2.3.1]
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In the rest of this chapter and the next, it will be useful to fix the following

notation.

Notation 2.3.3. Suppose that (Y, D) is a log Calabi-Yau pair with a toric model
(Ys, H). The existence of a toric model means that (Y, D) satisfies the assumptions in
Remarks[2.2.2land[2.2.3] Constructions2.2.4Jand2.2.5therefore give us a polyhedral
affine pseudomanifold (B, %). The log Calabi-Yau pair (Ys, Dy) also satisfies the
assumptions — the associated polyhedral affine manifold is (Mg, L), where M = Z"
denotes the lattice containing X.

Let D; C Yz be the toric divisor component associated to the ray p; € T as
above, and more generally let Y; C Yy be the toric stratum associated to the cell
7 € L. Denote by D; and Y the proper transforms of D; and Y; under the blow-up
Bly : Y — Yz. Then D C Y has the following expression as the sum of its irreducible

components:
r
p-3.D.
i=1

where r > s. Moreover, the dual intersection complexes of D and Dy are the
same. Therefore, there is a canonical piecewise linear map of polyhedral affine
pseudomanifolds

v:B— Mg (2.3)

given by the piecewise linear identification of 9 with . For any cell T € , denote
its pre-image by
T:=v(1) € P. (2.4)

The stratum Yz C Y corresponding to T € & is equal to Y.
Construction 2.3.4 (The HDTV scattering diagram). Given a log Calabi-Yau (Y, D)

with a toric model (Y, H) as above, we construct a scattering diagram as follows.

Fix a monoid
S
P:= <(mi,eij)|1 <i<s,1<5< Si> CM@@N&"
i=1

where m; is the primitive generator of the ray p; corresponding to the component D;

of the toric boundary of Yy that contains H;j, and e;; is the generator corresponding
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to the (ij)-th standard basis element of @ ;N*i. For each Hjj, fix a polynomial
fij =1+ ti]'Zmi,
where t;; := z°/, and define a scattering diagram

D) = {(Pr i}fp.Hij)

where the intersection product Y, - Hijj is evaluated on D;. Now define

p € 2" such that p; c p} ,

S Si
D(v;, 1) = Scatter U U Dij |-
i=1 j=1

The compatible scattering diagram Dy, ) exists by Theorem 5.6 in [5].

Construction 2.3.5 (The HDTV scattering diagram determines the canonical wall
structure). In [5, Section 6], Argiiz and Gross construct a wall structure Y(Dy; 1))
on (B, %) from the data of the toric model. On the support of the scattering
diagrams/wall structures, their map Y is given by the canonical piecewise linear
map v~ : Mg — B. The key result of the paper [5, Theorem 6.1] is that Y(Dy, 1))

is equivalent to the canonical wall structure D, associated to (Y, D).

Construction 2.3.6 (The affine mirror family). Given a log Calabi—Yau pair (Y, D)
with toric model (Y5, H), the canonical wall structure D4y, is a conical wall structure.
Therefore Theorem applies and mirror family can be constructed by taking Spec

of the algebra of theta functions associated to Dcan:
X(Dcan/I) := Spec R(Dcan/I).
We can then define the canonical mirror family to (Y, D) via Construction[1.6.2}

X(Dcan) = colim\ﬁ=mQ X(Dcan/I). (2.5)

—

This is a formal scheme over Spfk[Q], where Q is the monoid from Construc-

tion2.2.71

One of the advantages of working with Dy, p) rather than D, is of course that
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the initial scattering diagram determining Dy, p) is finite and simple to describe.
However, another useful property of Dy, ) is its support Mg, which is a flat affine
manifold that is independent of the geometry of the log Calabi-Yau pair, rather
than the affine pseudomanifold B, whose singularities are determined by intersec-
tion numbers on (Y, D). In Chapter E] we will need to relate the wall structures
associated to different log Calabi-Yau pairs (Y¢, Ds) and (Yg, Dg) in order to con-
struct morphisms between their mirror families. Relating the two wall structures is
much easier if the same affine manifold supports both. Instead of working with the
canonical wall structure, therefore, for each pair (Y, D) we will work with a different
wall structure a®y, ) that is supported on (Mg, L).

The rest of this section will be devoted to defining the wall structure a®y, p),
and proving that, after restricting to a sublocus in the base of the formal family, the
associated formal scheme X(a®Dy, ) is isomorphic to the canonical mirror family.
This generalises the approach of Gross, Hacking and Keel, who prove consistency
of Dcan for two-dimensional log Calabi-Yau pairs in [21] by showing that X(Dcan)

and X(a®y;, x)) are isomorphic over the Gross—Siebert locus, which we define below.

Definition 2.3.7 (The Gross—Siebert locus). Suppose that (Y, D) is a log Calabi-Yau

pair with a toric model (Yz, H). We define a monoid
Q#* := BI',(NE(Yz)) ® E, (2.6)

where NE(Yy) = NE(Yz)r N N1(Y) is the monoid of integral points in the Mori cone
and E c Ni(Y) is the lattice generated by the classes of the exceptional curves of
the blow-up Y — Ys. The maximal ideal m8® ¢ Q8® is now equal to Q& \ E, and we

denote the completion of the associated ring with respect to m®® by

R8® := k[Q%]. 2.7)

We use the term Gross—Siebert locus to refer to either of the schemes Spec R& or
Spec R8°/], where | is an m&*-primary ideal, and also use the same term to refer to

the formal scheme Spf R#°.

Remark 2.3.8 (The Gross-Siebert locus as a subscheme of the base). Let Q be a
sharp monoid associated to (Y, D) as in Construction The monoid NE(Yy)
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is a convex cone generated by the classes of the one-dimensional toric strata, and
E is generated by the classes of the exceptional curves over a general point in each
component of H, so the monoid Q#® is finitely generated. Moreover, Q8 contains

NE(Y), and so we may assume, by shrinking Q if necessary, that

(i) Q c Q& and
(i) ENQ isa face of Q.

It follows from (i) and (ii) that Q ® E = Q#&°. If I C Q is an m-primary ideal, where
m is the maximal ideal of Q, then I ® E is an m&-primary ideal in Q%. Thus we
may think of the Gross-Siebert locus Spec R&°/(I ® E) as a subscheme of Spec R¥/I,
where

R* := k[Q] (2.8)
is the completion of k[Q] with respect to m. More concretely, there is a diagram of

rings
R&/(I®E)

T (2.9)

R'/I®ENQ) — RY/I,

where R’ is the completion of k[Q] with respect to m8 N Q. In order to view the
family over the Gross—Siebert locus as a subfamily of the canonical mirror family
X(Dcan), we will use the fact (see Lemma 2.3.10| below) that X(Dcan) is the pullback

of a formal family over R’ via the horizontal map in the diagram above.

Construction 2.3.9 (The algorithmic wall structure a®y; f)). Suppose that (Y, D)
is a log Calabi-Yau pair with a toric model (Yx, H), and suppose that Q is a monoid
for (Y, D) as in Construction[2.2.7, and P is the monoid defined for the toric model

as in Construction There is a single-valued piecewise linear function
Yy Mg — Ni(Ye) ®z R, (2.10)

such that the kink across p € ZI"~!l is the curve class represented by the toric

stratum Y, C Yy (see [5, Lemma 2.9]). Therefore, there is a Q8P-valued single-
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valued piecewise linear function i) on Mg, defined by
=Bl o¢y : Mg — QFF.
This function has kink across each codimension one cell of X given by

Kp(ﬁb) = BI*H[Yp]-

Since ¢ is a single-valued function on an affine manifold with no singularities, it
induces the constant sheaf #y, on M with fibre M & Q®P, as in Definition(1.2.13} and

we can define a subsheaf of monoids

pl; = {(Tl’l, ¢(m) + q) | meM, g€ Qgs}

with respect to the monoid Q8 defining the Gross—Siebert locus in Definition[2.3.7]

above. We define a morphism of monoids
a:P— Py, (mieij) — (mi, p(m;) - Eij)

which clearly restricts to the identity on M, and thus induces a consistent scattering
diagram

UCD(YZ,H) = {(b/ a*(fb)) | (d, fb) € D(YZ,H)}

for the data P* — M, via Lemma[2.1.11| Moreover, the scattering diagram a Dy, )
gives a system of compatible wall structures on the polyhedral affine manifold

(Mg, ) equipped with the convex piecewise-linear function ¢, with respect to m#°.

Lemma 2.3.10. Both Dcan and a®Dy, p) are compatible systems of wall structures with
respect to the ideal m&® C Q®°. That is, for each m&*-primary ideal |, Dcan /] and aDy, my/]

are wall structures.

For two-dimensional log Calabi—Yau pairs, this lemma is a consequence of [21,
Lemma 3.16 and Theorem 3.33]. Below we prove the lemma for HDTV scattering
diagrams Dy, p) satisfying the following assumption, which covers every case

treated in this thesis.
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Assumption 2.3.11. Let Dy, ) be the HDTV scattering diagram associated to a toric
model (Yz, H) for alog Calabi—-Yau pair. We assume that there exists an mp-primary
ideal I C P, and that for every maximal cone ¢ € X there exists a convex cone 1 ¢ M

such that
(i) tNno=0,and

(ii) if apz? € k[P] is a monomial summand of a wall function f; for some wall
(®, fo) € D(y;,m) such that d C o, then r(p) € M is contained in 7 unless z* is

trivial modulo I.

Note that all HDTV scattering diagrams of dimension two automatically satisfy
this assumption, as every wall in Dy, ) \ U D;j is an outgoing ray emanating from
the origin. For the three-dimensional HDTV scattering diagram Dy, ;) constructed
in Section#.2.1} Assumption[2.3.1Tholds as a consequence of Claims[4.1.13and[4.1.14]
— for more details see the proof of Lemma in the case © = aDy_ ).

Proof of Lemma |2.3.10|under Assumption|2.3.11] Fix an m&-primary ideal ] c Q%®.

We prove that a®Dy, p)/] is a wall structure. Since the collection of walls WDcan
defined in Construction |2.3.15|is a wall structure modulo | if and only if D¢an /] is a
wall structure, it then follows from Lemma(2.3.16|that D¢an /] is also a wall structure.

It suffices to show that

(i) For every wall (, fy) € Dy, m), the infinite sum of monomials a.(fy) is a

polynomial modulo J.
(ii) There are finitely many walls (9, fo) € D(y, p) such that a.(fy) # 1 mod J.

Since there are finitely many maximal cells 0 € %, it suffices to prove these statements
after replacing Dy, i) with Dy, ) N 0. For statement (i), it suffices to show that
there are only finitely many monomials t#z" € k[Q8°® M | that appear with nonzero
coefficient in a wall function a.(f,) for some d € Dy, )Mo and are nontrivial modulo
J. Here a. is determined on o by the representative for ¢ which is zero on 0. If Pz
appears in a.(fy) then

thz™ = q, ﬁ ﬁ (tz‘]'Zm")aij

i=1 j=1
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for some collection a;; € N. Let I, := {i € [s]|p; C 0}, where [s] = {1,...,s}. We
have a.(t;;) = t~Ei ¢ m8s for all i € I,. Since every kink of ¢ is contained in m&*, we

have a.(tjj) € m&® for all i € [s] \ I;. There exists an N € N such that (m&)N c J, so

Si

Z Zai]‘SN,

ie[s|\I, j=1
which means that the area containing

Si

Z Z aijm; (2.11)

i€[s\, j=1

is bounded. Unless tPz™ is the image of one of the finitely many monomial appear-
ing in Dy, 1)/I, we must have m € 7 by Assumption[2.3.11] Here 7 is a convex cone
that depends only on ¢, and so
Si
2,2,%
i€l; j=1

is also bounded, otherwise m cannot be contained in 7. ]

Construction 2.3.12 (The algorithmic family X(a®y; #))). The finite wall structure
a®(y;, 1)/ ] is conical for all m&*-primary ideals ], and so by Theorem it defines

an affine scheme

X(aD,H)/]) = Spec R(aD v, 1)/])

over SpecR8°/]. Via Construction we can associate to the system of wall

structures a®(y; y) a formal family

X (aD(YZ/H)) = COhm\/fzmgs X(QD(YZ,H) /])
over the Gross-Siebert locus Spf R8*.

Remark 2.3.13 (The canonical mirror family over the Gross—Siebert locus).
Lemma above implies that the canonical family ¥(Dcun) over Spf R¥ is ac-
tually the pullback of a formal family over Spf R’ via the horizontal morphisms
in 2.9). That is,

X(®ecan/(J N Q)) = Spec R(Dean/(J N Q))



2.3. Algorithmic construction of the canonical wall structure 70

is a scheme over Spec R’/(] N Q) for all m&-primary ideals ] ¢ Q®%, and

%(Ecan/l) = x(bcan/(l ®EN Q)) XSpecR’/(IGBEﬂQ) SPeC R#/I

for all m-primary ideals I. The canonical family over the Gross—Siebert locus Spf R&*

can then be viewed as a subfamily of ¥(Dc.n) via the vertical maps in (2.9):

%(Ecan/]) = SpeC R(Dcan/])

=X(Dcan/(J N Q)) Xspec r'/(jnQ) Spec R /]

for all m&*-primary ideals J, and
X8 (Dean) 1= COhm\/f:mgS X(Dcan/])-

Theorem 2.3.14 (The mirror families are isomorphic over the Gross-Siebert locus).
Let (Y, D) be a log Calabi—Yau pair with toric model (Yx,, H). Then the schemes X8%(Dcan/])
and X(aDy,, m)/]) are isomorphic over the Gross—Siebert locus Spec R8%/] for all m&®-

primary ideals |.

Proof. In Construction[2.3.15 we construct a map W of the canonical wall structure
Dean, restricted to the Gross-Siebert locus. By Lemma WDcan is a compatible
system of wall structures on (Mg, L, 1) which is equivalent to a Dy, p). In particular,
WDcan is consistent and R(WDcan/]) = R(aDy;, 1)/ ])-

By Lemma the map of wall structures W induces isomorphisms of fam-
ilies over Spec R#° /] between X°(a®y; 1)/J) and X°(Dcan/J), where X° denotes the
family constructed by gluing local charts in Proposition[1.3.4 We therefore have an

isomorphism of (R&°/])-algebras

r (%Q(Dcan/])/ O?E"(Dcan/])) — T (%O(QD(YZ,H)/])r O%"(OKD(YZ,H)/])) (212)

induced by W.

By Theorem([L.5.1} these are freely generated by the theta functions 9,,, indexed
by asymptotic monomials on (B, &) and (Mg, L) respectively. However, since both
polyhedral affine pseudomanifolds are conical, the asymptotic monomials are in

bijection with the integral points. Therefore, the piecewise linear map v : B —
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Mg induces a bijection between asymptotic monomials of (B, &) and (Mg, L)
given by
B(Z) > m +—> v(m) € M.

In fact, the isomorphisms (2.12) are given by
S+ Syim)-

by Corollary 2.3.19, These isomorphisms therefore define an isomorphism of the

completions of algebras with respect to m&°. O

Construction 2.3.15 (The wall structure W ®.an). Let (Y, D) be a log Calabi—Yau pair
with toric model (Yz, H). Thenv : B — Mg induces a map on the support of
Decan — for any wall (9, f) € Dean, we simply define

W(d) := v(d). (2.13)

By [5, Theorem 6.1], we can assume that the wall (b, f;) € Dcan is the image of some
wall (2, fir) € D(yy, 1) under the map Y from Construction The definition of
the wall function f, ;) depends on whether (v, fy) is an incoming or outgoing wall

of D(YZ,H)-

The restriction of v to a maximal cell 0 € & is a linear map; moreover, it is
a linear isomorphism of smooth cones, since Yy is a smooth toric variety. Thus v

induces a canonical isomorphism of integral tangent spaces
V.1 Ny — M. (2.14)

Recall the ‘canonical’ MPA-function ¢ on (B, %) defined in Construction[2.2.8- we
now consider ¢ to be taking valuesin Q% > Q. Let SD(; be the sheaf of monoids on B
associated to ¢ via Definition|(1.2.13} and let PIZ be the sheaf on Mg defined in Con-
struction 2.3.12} Following the notation of Definition|1.2.13, we fix a representative

@o such that ¢g|5 is the zero function. This gives the canonical identification

(P(;)y = Az x Q8°,
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for any interior point X € Int o, along with an induced isomorphism of monoids
: P*) - (P*) 2.15
Ho ( ¢ X — k4 x ( )

given by
(m, p) = (vi(m), Yo (v.(m)) + p).

Denoting the induced isomorphism of algebras by (1), we define

W(fy) = (to)e(fo) (2.16)

for all walls

9
)

i

i=1 j=1

(®, o) € Y| Dy, 1) \( Dij)) such that dco.

Now suppose that (9, f;) € Dcan is the image of an incoming wall of Dy, p), so
® f)eY (Dij) for some D;;. Then (by [5, (6.2)]) (9, f») takes the form (p, f5), where

p € X is a codimension one cell containing the ray p; € X, and

Yp-Hij

fs= 1—[ (1 + tE"fz"“i) .
k=1
Here m; € Ag, positively generates p;, and Ej; is the class of an exceptional curve of

the blow-up Bly : Y — Yy over H;;. We then define

Yp-Hij

W(f,) = (!’la)*( [1 (1 + tE"/zm’)), 2.17)

k=1

for some 0 € Pmax containing p. Note that the direction of the wall has been
flipped before applying (u,). — it is only possible to invert E;; when working over

the Gross—Siebert locus. We define

WDean := {(V(D)/\y(fb)) | (b/ fb) € Ecan} .

Lemma 2.3.16 (Equivalence of WDcan and a®y; p)). Let (Y, D) be a log Calabi—Yau



2.3. Algorithmic construction of the canonical wall structure 73

pair with toric model (Ys, H). Then W ®.an is a system of consistent wall structures on
(Mg, ) equipped with the Q8°-valued piecewise linear function 1. Moreover, W Dcan and

a®(y,, ) are equivalent.

Proof. Following through the definitions of the maps a, Y and W, one can check
that

a((d, fo)) =¥ o X((d, fp))

for every wall (b.f;) € Dy, m). It is clear that a®(y, p) defines a system of wall
structures on (Mg, X) equipped with the convex piecewise linear function ¢, and
by functoriality of scattering (Lemma 2.1.11), a®y, p) is a compatible scattering

diagram on Mg. Therefore, it defines a system of consistent wall structures. O

Lemma 2.3.17 (V¥ induces an isomorphism of local mirror families over the
Gross-Siebert locus). Let (Y, D) be a log Calabi—Yau pair with toric model (Ys, H).

Let ] C R®® be an m&-primary ideal. Let
¥°(Dean/]) — SpecRE/J and  X°(WDcan/J) — Spec R¥/]

be the two families constructed from the wall structures Dcan and VW Dcan by gluing local
charts, as defined in Proposition Then the map \V defined in Construction [2.3.15)

induces an isomorphism

X°(Dean/]) — *°(aDyz, 1)/ ])

of schemes over Spec R&/].

Proof. The map v : B — Mg (2.3) induces a piecewise linear identification of the
polyhedral subdivisions induced by Dcan and WD, which, following the conven-

tions of Notation is given by
P DT = vt — e g)b(y):’l_”.

It is therefore enough to show that there are are isomorphisms of the rings defined

in Construction [1.3.7]

po: Rg— Ry and  uy: Rz — Ry (2.18)
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for every slab b € g’"ﬁ(yz,H) and every chamber u € gjg(yﬂH), such that up and y, are

compatible with the localisation homomorphisms (1.10)
Ao+ Ry — Ry and  xpu:Ro — Ry, (2.19)

and compatible with the wall crossing automorphisms (1.11) across walls of codi-
mension zero

05 : Ry — Ry and 6,: R, — Ry. (2.20)
Let o € = be the maximal cell containing the chamber u € Pyyp_, . By definition,
Ri=k [(50;)_] /T and Ry =k [(901;) ]/1,
X X
and so the isomorphism of monoids p; (2.15) induces an isomorphism
Hu = ([Ja)* : Ry — Ry

Moreover, for any pair of adjacent chambers 11, 1" C ¢ separated by a codimension

zero wall d C ¢, we have that

fo =Y (f) = (to):(ff)

by definition of W, and we also know that
<TZ—, m> = <1’lb, V*(m»/

precisely because v, is an isomorphism of lattices. Thus (us). commutes with
wall-crossing, and so

v © O5 = Oy 0 iy (2.21)
as required.

Now suppose that b is a slab contained in p € ZI"~1l. Since Y, is a smooth toric
variety, the fan X is a simplicial cone complex. We can thus assume that p is spanned
by rays p1, ..., pn-1 € L, and is contained in the two maximal cells 0, = p + p; and

o_ = p + p—, where p, and p_ are rays in X. To see the isomorphism p; induced by
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W, we write down the following presentations of Ry and Rp.

Let the primitive vectors m;, m,, m_ € M be positive generators of the rays
pi, p+,p- € L respectively, and denote the primitive tangent vectors positively
generating p,, p,, p_ by m;, m,, m_. Fixing a single-valued representative for ¢ on
o0, Uo_, we define

X, = 20 X, = g 0p) X = o)

(2.22)
Xi = Z(m"'lp(mi)), X+ = Z(m+,1,b(m+)), X_ = Z(m_,l,b(m_)).

These are generators of R; and Ry as R8°/[-algebras. By blowing up Y in the curve Yp
if necessary, we may assume that only one of the divisors D; contains components
of H. Letl € {1,...,n — 1} be the index of this divisor. We use the fact that

Dean = Y(D(y;, 1)) in order to factorise fr for x € Int b as

s; Yp-Hij

fr=8 H n (1+tElfz‘ml)

j=1 k=1

where g; is the image of outgoing walls of Dy, p) under Y. Then we have
- RN Xy ., Kyt 1K, K 03)
° (5?) s oty Y
X, X_ ¥ HX e |1 1T (1+thl)

j=1 k=1

where g € (R&/] )[Xf, cee, Xj_l]. Note that the presentation of Ry is independent
of the choice of single valued-representative of ¢. Using the equivalence of WDcan

and W o Y(Dy,,m)), we can write

S Yp HI]

fr =Y(fz) = (U, )+(&5) - l_l (1 + t—El;zmz) mod J,

j=1 k=

[y

and so we have

gs + +
Ro = I Ry I X . e

. n-1 _n..
X, X_ — BI() (H XZ( D; Yp)) % (H 1 (1 + t—EZle)
i=1

j=1 k=1
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where gy = (1o, )-(g5)- With these presentations, the isomorphism uy is given by

Xi— Xi, ,Xi Xy, X_ X_. (2.25)

and the identity on R8°/]. Indeed, using the identities
si Yp-Hij
= BI'(Y,) - Z Z Ejj

j=1 k=1

and

we can rewrite the expression in (2.23)) via

_ (-D:¥ ) s Yo-Hij :
Y £ B
the X; ggl_[l_[(1+t’fxl)
i=1 j=1 k=1
n-1 si Yp-Hij s; Yp-Hij
—(-D;Y _ —
(TR T e[ (o)
i=1 j=1 k=1 j=1 k=1

n_l—(—D'~Y) Sy Yp'Hlj .
X, )gE [TTT (r+e5%0)|.

j=1 k=1

Finally, we note that

(o )«(X4) = Xy, (o )(X2) =X, and (e, )(Xi) = (o )u(Xi) = X

since the two representatives of ¢ involved in the definition of y,, and u,_agree on
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the codimension on cell p. Therefore we have
Abuy © Ho = Hu, © Xgq, and Abu © Ho = Hu O X535 (2.26)

as required. m|

Lemma 2.3.18. The piecewise linear function v : B — Mg induces a bijection of

broken lines:

broken lines on Dean broken lines on a®y; m)
with endpoint p and — with endpoint v(p) and
asymptotic monomial m asymptotic monomial v(m)

givenby B +— vop.

Corollary 2.3.19. If p € B is a general point with v(p) contained in the chamber n €
aE(Y);,H)/ then

tu(Bm(P)) = Sy (v(p))-

Proof of Lemma[2.3.18] It is clear that v o f must have endpoint v(p). Since % and L
are both conical, the asymptotic monomials are in bijection with integral points of
B and Mg respectively. It is clear that the last domain of linearity of v o § must be
parallel to v(m).

Suppose that x € (oo, t1) is a point in the last domain of linearity, and let u C ¢
be the chamber of Dy, ) containing (v o )(x). To consider z"(") as a monomial in
Ry, one takes the trivialisation of PJ: corresponding to the choice of single valued

representative of ¢ which is identically zero on ¢. Then we have
pu(z™) = z"m),

It remains to show that bending of a broken line across each wall d € a®y; ) is
the same as bending across D € Dean. In other words, we need to show that change
of chambers morphisms 6,,,v and 05 7 of Definition commute with the local
isomorphisms of rings i, and p, defined in the proof of Lemma above. For
two chambers separated by a codimension zero wall d, this follows directly from

the compatibility of uy with 0, and 65 (2.21). For two chambers 1, and u_ separated
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by a slab b, we note that R?u embeds into Rj as

Ry, = (R&/)[XF,..., X5 ][X:] € Ry

g

in the notation of (2.24), on which the restriction of xp._ is equal to 0,,,._. The
restriction of iy to

RY = (R&/DIXy, ..., X,41[X+] € Ry
is equal to p,, . Therefore compatibility of the change of chambers morphisms with

local isomorphisms

Hu_ © 6ﬁ+,ﬁ, = 911+,u_ O My,

follows from (2.26)). 0

2.4 Compactifying the mirror family

Remark 2.4.1 (Structure constants in terms of punctured Gromov-Witten invari-
ants). In Construction the wall functions in the canonical wall structure
Dcan associated to a log Calabi-Yau pair (Y, D) are defined in terms of punctured
Gromov-Witten invariants. The structure constants of the algebra of theta
functions R(®an) associated to Dcan can also be expressed in terms of these invari-

ants. By [31, Theorem 6.1] we can write

an(my,ma) = > Nyt € K[QI/T (2.27)
AeQ

where the numbers N4

mm,m are certain punctured Gromov-Witten invariants de-

fined in [30, Definition 3.21], counting punctured maps into (Y, D) with curve class

A and contact orders m, mr and —m.

Construction 2.4.2 (Adding a boundary to a conical wall structure). Suppose that D
is a consistent, conical wall structure on (B, #). By Theoremwe have an affine
k[Q]/I-family ¥(D) := Spec R(D) containing the locally constructed family X°(D)
from Proposition[1.3.4) where R(?) is the algebra of theta functions on D. Our goal
is to construct a compactification of X(D).

It is clear that X°(D) can be partially compactified by truncating (some of) the
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conical chambers u € Py, turning them into (partially) bounded chambers which

we will denote by 1. In other words, one "adds a boundary" to the underlying
conical affine pseudomanifold (B, %) to obtain a wall structure Dona (partially)

bounded affine pseudomanifold (B, 2). The open embedding
X°(D) — X°(D)
is given by the natural isomorphisms of affine charts
Spec Ry, — Spec Ry.
The boundary X° (D) \ X¥°(D) is given by the zero set of the ideal
(2"| m ¢ Aw) © R = (K[QI/D) [Aqg],

in the boundary chart Spec Rg 1) —here b is the boundary slab contained in 1.

Proposition [1.4.12/implies that the boundary joints of D are consistent if their
are convex in the sense of Definition|1.4.11} All interior joints of D are joints of D,
and so adding any boundary to B inducing only convex boundary joints in D will

result in a consistent (partially) bounded wall structure Dcan.

Let us assume that D is consistent. As long as the boundary is a rational
polyhedral set, the cone over (B, 2) will be an integral affine pseudomanifold. In
this case CD is a consistent, conical wall structure, and its associated algebra of theta
functions R(C®D) has a natural grading, given by the height of asymptotic monomial
m € CB(Z) associated to each theta function 9,,. By Theorem[L.5.7 there is a partial
compactification

X°(D) = ¥(D) := Proj R(CD).

In fact,
Claim 2.4.3. X(D) is a partial compactification of X(D).

Proof. Indeed, D is conical, so the origin must be contained in D, and no broken line

on CD with asymptotic monomial (0, k) € CB(Z), where k € N, may cross a wall in
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CD before it reaches its endpoint. Therefore we must have
S0k Hom ) = Sm k1)
for any asymptotic monomial (1, [) € CB(Z), and so there is an isomorphism
R(CD)s,,,, = R(D)

given by 8(,,1,1)/(8(0,1))1 — S O

Since all the walls of Dan are outgoing, Proposition implies that a trun-
cation Dy, is consistent if the boundary is locally convex. We will see that good
truncations of D.an can be obtained from nef divisors in Y which are supported
on D. Construction 2.4.5 below is from [30, Construction 1.20] and was motivated
by [22, Section 8.5]. It requires the following lemma — recall that D C Y is an snc

divisor with connected strata.

Lemma 2.4.4. [30, Corollary 1.14] Suppose that f : (C, x1,...,x,) — Y is a punctured
map with contact orders uy, ..., u,, where u; is an integral tangent vector to a cone o; €

X(Y). Then for any divisor D’ supported on D, we have
deg f*Oy(D’) = Z“‘f' D).

Construction 2.4.5 (The Rees construction). Suppose that D’ is a nef divisor sup-
ported on D. Then for a punctured map with three marked points with contact

orders my, my and —m and total curve class A, we have
0<A-D'"={(my,D")+(my, D"y — (m,D’).

Therefore we have

(m,D’) < (my,D’) + (ma, D) (2.28)

for any theta function 9,, appearing in the expansion of 9, - 9,,,, which gives rise
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to a filtered ring structure on R(Dcan). We can thus take the graded Rees algebra

Ro(®an) = B Q1D 9, X" € R@an)IX],
ken (:ZGIZ)B’(>Z<)I<

where the grading is given by the power of X.

Remark 2.4.6 (The truncation D, induced by D’). The Rees construction for a
choice of nef divisor D" supported on D is equivalent to Construction in the
following sense. Recall that since X(Y) is conical, the asymptotic monomials are
in bijection with integral points on B. Thus the function (-, D’) induces a L(Y)-
piecewise linear function

¢D/:B—>R,

where we consider each integral point m € o € X(Y) to be a positive tangent vector

on o. If we define our truncated affine pseudomanifold to be
B:={beB|yp(b) <1},

with corresponding wall structure Dean := Dean N B, then there is an isomorphism

of graded k[Q]/I-algebras
RD’(Dcan) = R(CDcan)/

given by 9,,X ki —s S(m,k)- Note that consistency at the boundary joints of Dcap is
implied by lb and CB is an integral polyhedral affine pseudomanifold if 1; € Q

foralli=1,...,r.



Chapter 3

Mirrors to f and ¢

We now apply all of this construction in our context: the goal of this chapter is
the construction of a mirror scheme to a given rigid maximally mutable Laurent
polynomial F. When F is a Laurent polynomial in two variables, we show that this
mirror is isomorphic to the scheme constructed from an algorithmic wall structure
as in Construction This will enable the comparison of mirrors to different
rigid MMLPs in Chapter [} via comparison of the affine geometry of the initial
scattering diagrams. The methods and constructions in this chapter all apply to a

general rigid MMLP F in two variables. We discuss their application to
fi=x+ +i and =X+ +L+x
= Yy Xy 8= Yy Xy Yy

in examples, and explain where the method can be applied to rigid MMLPs in more
variables in remarks.
The first step is to pass from a Laurent polynomial F in two variables to a log

Calabi-Yau pair (Y, D).

3.1 From Laurent polynomials to log Calabi-Yau pairs

Construction 3.1.1 (A toric variety associated to F, and a line bundle on it). Let
F € k[x*, y*] be a Laurent polynomial, and let P := Newt F be its Newton polytope.
Denote by X[P] the normal fan to P, and let Yy[p) denote the corresponding toric
variety. The Newton polytope P defines a very ample line bundle on Yy[p), with
divisor }}; h;D; supported on the toric boundary. Here h; > 0 is the lattice height

of the origin above the facet of P corresponding to the toric divisor D;.

Construction 3.1.2 (A rational map Yy[p) --> P!). Observe that both F and the unit
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monomial define sections of the line bundle in Construction Therefore, there

is a rational map Yy[p) --> P! defined by [1: F].

Construction 3.1.3 (The log Calabi-Yau pair associated to F). The toric variety Yyp)
is in general singular, and the rational map Yy[p) --» P! has basepoints. Let Y be
the variety obtained from Yy[p) by taking the minimal resolution of singularities
and resolving basepoints, and let D be the proper transform of the toric boundary
under the resolution of singularities, and the strict transform under the resolution
of basepoints. Then D is anticanonical, and the pair (Y, D) is log Calabi-Yau. We
say that (Y, D) is the log Calabi-Yau pair associated to F.

Remark 3.1.4. Since we are working in two dimensions, the resolution of Yy[p) in
Construction is unique. In higher dimensions, one would need to make a
choice of resolution of the ambient space, and any two minimal choices would be
related by flops. However, since these flops are log birational transformations —
they only affect the boundary of the pair D without affecting U = Y'\ D — the choice
of minimal resolution does not affect the associated canonical wall structure. One
may therefore apply the three constructions above to a rigid MMLP in any number

of variables and obtain a log Calabi-Yau pair.

Henceforth we restrict our attention to Laurent polynomials F which are rigid
maximally mutable [15, Definitions 2.5 and 2.6]. This is the class of Laurent poly-
nomials which provides mirrors to smooth del Pezzo surfaces [4], and which, in
higher dimensions, are expected to provide mirrors to n-dimensional Fano varieties
with terminal locally toric qG-rigid singularities that admit a qG-degeneration with

reduced fibres to a normal toric variety [15, Conjecture 5.1].

Example 3.1.5. The rigid maximally mutable Laurent polynomial

P 1+ +y)P

12
x2y

is a mirror to the del Pezzo surface dP;. It has Newton polytope shown in Figure[3.1}
The lattice points in Figure[3.1]are labelled with the coefficient of the corresponding

monomial in F. Note the binomial coefficients along the edges.
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1 4 6 4 1

1 4 6 4 1

Figure 3.1: Newton polytope for a Laurent polynomial mirror to dP.

Lemma below, which is a consequence of Propositions 3.7 and 3.9 in [15],
allows us to describe the log Calabi—Yau pair (Y, D) associated to a rigid maximally

mutable Laurent polynomial F more explicitly.

Lemma 3.1.6. Suppose that F € k[x*, y*] is a rigid maximally mutable Laurent polyno-
mial. Then F has binomial coefficients along each edge E of Newt F, and the lattice length
IE of each edge is divisible by its height over the origin hg. Moreover, the rational map
Ys. --> P! associated to F via Construction is resolved by blowing up ng = Ig/hg

times in a point on the toric boundary component of Y. corresponding to each edge E.

Proof. Let P = Newt F be the Newton polytope of a Laurent polynomial F € C[x, y].
Proposition 3.7 in [15] associates to P a set of Laurent polynomials with Newton
polytope P, zero constant term, and fixed mutation graph Gp. By [15, Proposition
3.9], F is maximally mutable if and only if it coincides with the general Laurent
polynomial fp associated to P by [15, Proposition 3.7].

But by definition of rigidity, F is the unique Laurent polynomial with Newton
polytope P, zero constant term and mutation graph Gp. Therefore there are no free
parameters in the coefficients of the general fp. By [15, Proposition 3.7], the free
parameters in the construction of fp are in bijection with any choice of residual points
(see [15, Definition 3.6]) of P. Since there are no free parameters, any choice of
residual points must be empty. Therefore there are no R-cones in the spanning fan
of P —that is, the length of any edge of P is divisible by its height over the origin.

Given an edge E of P, fix a primitive vector vg in the direction of E and denote
by wg the primitive inward-pointing normal vector to E. Let [ be the length of
E, let hg be its height over the origin, and define ng := Ig/hg. Let Cp = P! be
the toric boundary component of the (desingularisation of) Yy, corresponding to E.

By [15| Proposition 3.7], F = fp is mutable with respect to the pair (wg, (1 + x7E)"E)
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(see [15, Definition 1.6]). This means that, in toric local coordinates (z, w), where z

is a local coordinate along Cg, the rational map [1 : F] takes the form

h
wEg(z) : ZE: w (1 + 2)) ¢i(z, w) + O(w"E) |,

i=1
where gi(z,w) € k[wg]. In these coordinates Cg is given by the locus w = 0.
The basepoints of the rational map Yz --» P! occur where F and the unit monomial
simultaneously vanish —that s, at the points on the toric boundary where F vanishes.
From the expression above, we see that there is a unique zero of F on Cg at z = -1,
and that the rational map [1 : F] is resolved by blowing up ng times successively at

z =-1on Cg. m|

This analysis also makes clear that the resulting variety Y is deformation equiv-
alent to the blow-up of the desingularisation of Yy(p} in ng distinct general points
on each component Cg of the toric boundary. One can construct this deformation
by taking a deformation of F which has ng roots of multiplicity hg on the toric

boundary component Ck.

Remark 3.1.7. For a rigid MMLP in more than two variables, the base locus of the
map [1 : F] will be a subvariety of codimension one in the toric boundary of Yyp).

It is not guaranteed to be irreducible or reduced.

Example 3.1.8. In this thesis we will consider the two Laurent polynomials

1 1
f.—x+y+@ and g.—x+y+xy+ﬁ,

which are mirrors to the del Pezzo surfaces P? and dPs, the blow-up of P2 in a
point, respectively. We describe their associated log Calabi-Yau pairs (Y, D) and
(Yg, D) via Construction explicitly as follows.

The two Newton polytopes in the lattice N = Z? are shown in Figures[3.2|and
respectively, with the origin coloured in black.
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Figure 3.2: Newton polytope for f = Figure 3.3: Newton polytope for g =
x+y+ L X+ Y+ Xy + 5y

Since each edge of Newt f and Newt g has lattice length one, the rational map
to P! is resolved by blowing up three and four distinct points respectively — one on

each component of the respective toric boundaries of Y |Newt /] and Yx[Newt ¢]-

The toric variety Ys[newts] i8 isomorphic to P2/ us — each vertex of Newt f
corresponds to one of the three singular points. Each of these points corresponds
to a singular cone in L[Newt f], and is resolved by performing the toric blow-ups
determined by adding rays to X[Newt f] in the interior of said cone, decomposing
it into three smooth cones. The fan ¢ defining the desingularisation of Yy[newt £ is
shown in Figure It is a refinement of Y[Newt f] — the rays in Xy \ Z[Newt f],
which define the blow-ups desingularising Ys[newt ], are shown in grey. The divisor

Dy c Y has nine components, one corresponding to each ray in .

The toric variety Yy|Newtg] has three singular points, one corresponding to
each vertex of Newt ¢ apart from the top right vertex (1,1). The fan defining the
desingularisation of Yy|Newt ¢] is shown in Figure The divisor D C Y, is made
up of eight irreducible components. Both Newton polytopes are reflexive, and
correspond to the anticanonical divisor on the desingularised toric varieties Yy,

and ng.

Figure 3.4: The fan X, the rays defin- Figure 3.5: The fan X, the rays defin-
ing Z[Newt f] shown in ing L[Newt g] shown in
black black
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3.2 The canonical wall structure associated to a Laurent poly-

nomial

Now consider alog Calabi-Yau pair (Y, D) obtained from a rigid maximally mutable
Laurent polynomial F as in Construction above. The canonical wall structure
Dcan associated to (Y, D) has the following description.

Let X be the fan associated to the toric desingularisation of Yy[p) from Con-

struction Note that P = Newt F defines a line bundle on Yy with divisor

DNewt f = Z hyD,, (3.1)

pexll]
where D, is the toric boundary component of Yy corresponding to the ray p. Here
h, is the height above the origin of the edge of P corresponding to D, for any ray
p € ZNZXL; and for rays p € X \ L[P] not corresponding to an edge of P, we define
h, € N to be the height above the origin of the unique affine hyperplane H c R?
normal to p such that H intersects the boundary of P and p points from H into P.

Now considering F and the unit monomial to be a sections of this line bundle, let
Bl:Y — Ys (3.2)

denote the blow-up resolving the basepoints of [1 : F] as a rational map Yy, --> PL.
The tropicalisation of the pair (Y, D), defined in Construction can be
identified with X as a polyhedral complex. The affine structure around each ray
p € XL is defined by the self-intersection of the component of D associated to p:
see Construction This affine structure has a unique singularity, at the unique
dimension zero cell of Z. The Q-valued MPA function defined in Construction[2.2.§|
has kink across p given by the curve class of the divisor component corresponding
to p. All the walls in D, are rays emanating from the vertex in ¥, refining the fan

.

Example 3.2.1. Consider the Laurent polynomials f and g as in our running example
(Example [3.1.8). Every component of both Dy and D has self-intersection -2, so
the polyhedral affine pseudomanifolds By and B¢ have the universal covers shown

in Figures [3.6|and Each universal cover consists of the open upper half plane
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with a polyhedral decomposition given by rays generated by (i, 1) for all i € Z. The

deck transformations shift (i, 1) to (i + 9n, 1) and (i + 8n, 1) respectively.

P4 Ps Pe P7 Ps P9 P1 P2 P3 P4 Ps

Figure 3.6: The universal cover of By, with each ray labelled by the ray p; € %; :=
X(Yy) it covers

Figure 3.7: The universal cover of By with each ray labelled by the ray p; € %, :=
X(Y,) it covers

Recall that our log Calabi—Yau pair (Y, D) is obtained from the desingularisation
Yy by a sequence of infinitely-near (non-toric) blow-ups on boundary components
of Yr. Lemma 3.9 in [21] shows that the canonical wall structure is unchanged
if we replace each chain of n infinitely-near blow-ups at p with the blow-up in n
distinct general points of the boundary component that contains p. Note that the
argument in [21, Lemma 3.9] is phrased in terms of relative Gromov-Witten invari-
ants, whereas our canonical scattering diagram is defined in terms of punctured

Gromov-Witten invariants. In this setting, these invariants coincide.

3.3 The algorithmic wall structure

By the discussion above, we can consider the canonical wall structure Dcan(F) as-
sociated to a maximally mutable Laurent polynomial F to be the canonical wall
structure associated to a log Calabi-Yau pair with a toric model as in the set-up of
Construction[2.3.4] Here the toric model for the log Calabi-Yau pair (Y, D) is given
by (Yz, Hr), where Yy is the desingularisation of the toric variety Yy(p; associated to

F, and the centre of the blow-up
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is a union of n; = I;/h; general points on each component D; of the toric boundary
of Yy, where [; is the length of the corresponding edge of Newt F and F; is its height
over the origin — if D; does not correspond to an edge of Newt F then n; = 0. Thus

Dean(F) can be defined algorithmically using Constructions and

The HDTV scattering diagram from Construction is simply the result of

scattering of an initial scattering diagram which we will denote by Djni¢(F):
Dy, Hy) = Scatter (Dinit(F)) .
This initial scattering diagram simply consists of 7; incoming rays
bij = (pi, 1+ t;z™), j=1,...,n;

along each ray p; € X[P] N X corresponding to an edge of Newt F, where m; € M is

the primitive generator of p;.

We denote the canonical mirror family associated to f by

%;an = X(Dcan)-

This is a formal scheme over Spf R*, but when considered as a formal scheme over

the Gross-Siebert locus Spf R#*, it is isomorphic to
%f = }:(ag(Yz,Hf)) (33)

by Theorem [2.3.14

Example 3.3.1 (The initial scattering diagrams associated to f and g). Let f and
g be the two Laurent polynomials from our running example (see Examples
and 3.2.1). The initial scattering diagrams for the algorithmic construction of the
canonical wall structures associated to f and g are pictured below. Henceforth we
will denote the canonical scattering diagrams on (Bf, #¢) and (Bg, %) by Dcan(f)
and Dcan(g), and the algorithmic scattering diagrams on Mg by

D():f,Hf) = Scatter(Dinit(f)) and b(zg,Hg) = Scatter(Dinit(g))-
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They are scattering diagrams for the data Q“*¢ := M @ N3 and Q% := M &
N* respectively, where we denote the associated rings by k[x*, y*][a, b, c] and
k[x*, y*][a, b, c,d]. We will denote the monoids defining the Gross—Siebert locus

in each case by

Q¥ =Bl (NE (X)) ®Ewe and QF =Bl (NE(¥s,)) ® Euct,  (34)

where the exceptional curves generating the groups E;;. and E,pcq are indexed by

a,b,cand d.

Figure 3.8: The initial scattering dia- Figure 3.9: The initial scattering dia-
gram Dinit(f) gram Dinit(g)

Remark 3.3.2. In general, the log Calabi-Yau pair associated to a rigid MMLP F in
more than two variables will not have a toric model in the sense of Definition [2.3.1

and proving it is deformation equivalent to a pair with a toric model is more
complicated. However, the HDTV construction can be applied if the map [1 : F] is

resolved by a single blow-up in the base locus H, which takes the form described in

Definition 2.3.1}

3.4 Compactifying the mirrors

Since the log Calabi-Yau pair (Y, D) constructed from a rigid maximally mutable
Laurent polynomial F via Construction has a toric model (Yg, Hr), both the
canonical scattering diagram D¢, and the algorithmic scattering diagram Dy, ;)
are conical wall structures. There is a canonical choice of nef divisor supported

on D, in order to compactify the affine mirror families X(Dcan) and X(D(y,,m,)) by
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applying Constructions [2.4.5
Denote by DNewtr C Y the proper transform of the divisor of Y5 defined
by P under the non-toric blow-up (3.2).

Lemma 3.4.1. If f is rigid maximally mutable, then Dnewtr C Y is nef divisor supported

on D.

Proof. We can write

DNewtr = Z hpr/
pelll

where Ep is the proper transform of the toric boundary stratum D, C Yy, and h,, is
defined as asbove in . Clearly DNewtr - E > 0 for any of the exceptional divisors
of the blow-up . We also claim that DnewtF - Ep =0 for all p € X. The degree
of the restriction of the line bundle to the toric boundary stratum D, C Yy is
equal to the length [, of the corresponding edge of P (I, = 0 when there is no such

edge). Since Yy, is a toric surface, we have

2. ,
(Dp)”  ifp=p
D, -Dy =41 if p and p’ are adjacent rays in

0 otherwise.

(See [16, Theorem 10.4.4].) Thus we have
lp =Dy - DNewtr = hp(Dp)* + hp, + hp_ (3.5)

where p, and p_ are the rays adjacent to p in X. Now Bp is the proper transform of

D, blown up in [,/ h, general points, so

(Bp)z = (Dp)Z - lp/hp it p=p’
Bp : Ep/ =191 if p and p’ are adjacent rays in X

0 otherwise,

and, putting this together with (3.5), we have

Dnewtr - Dp = lip(Dp)* + hy, + h,_ = 0.
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Any curve class on Y is a positive linear combination of proper transforms of toric

curves in Yy and exceptional curves of the blow-up (3.2). O

We may therefore compactify X" by applying the Rees construction (Construc-
tion with Dnewtr. Let YNewtF be the piecewise linear function on (Br, X(Y))
defined by Dnewtr — it is an integral function defined by its values on the rays of
2(Y):

IPNeth(mp) = hp

where 1, is the primitive generator of p, and h, is defined for Dnewtr as in (3.1).
Since h, is strictly positive for all rays p, the level set of {)Newtr forms a bounded

polyhedron. Denote this polyhedron on B by
Br = {m € B|YNewtr(m) < 1}.

By Remark the compactification of X7 given by the Rees construction may
equivalently be constructed by applying Construction with the bounded wall
structure Dap given by the truncation of Dcan by Br. On Mg, the analogous bounded

1

polyhedron given by the newtr © V7' is exactly the polar dual polytope to the

Newton polytope of F,
(NewtF)" := {m € Mg | (m,p) > -1 Vp € P =NewtF}.
We denote the corresponding bounded wall structure by Dy, ;).

Construction 3.4.2 (The compactified mirror to F). The piecewise linear identifica-

tion between (Br, ) and (Mg, L) preserves the bounded subsets:
v (Ep) = (NewtF)".

Therefore, broken lines on CBp correspond one-to-one with broken lines on
C(Newt F)¥ as in Lemma and so the algebras of theta functions R(CDcan/])
and R(Cm/]) are isomorphic over R8%/] for all m8*-primary ideals J]. More-
over, the underlying affine pseudomanifolds are bounded, so the algebras of theta

functions R(C®can) = R(CD (v, 1)) are in fact well-defined as graded R8*-algebras.
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By Lemma therefore, we have a family over the Gross—Siebert locus Spec R&°,
Xr := Proj R(CaDy, py)) = Proj R(CDean) (3.6)

which is the algebraisation of a compactification of Xr.

Example 3.4.3 (Compactifying the mirrors to f and g). Let f and g be the Laurent

polynomials from our running example (see Examples(3.1.8}(3.2.1land|3.3.1)). In these

cases, the Newton polytopes are both reflexive, so ENewt f =Dy and ENewt ¢ = Dyg.

The preimage of the level set
{m € Bf [{Newt f(m) = 1} C By
in the universal cover B f (pictured in Figure is simply the affine line
{y =1} c R?

Since every ray (d, f,) € Dean( f) is outgoing, any broken line propagating along the
boundary of Ef which crosses d either bends upwards (towards the boundary) or
doesn’t bend at all. It is therefore easy to see consistency at the new boundary joints,
as convexity of Dcan(f) follows from convexity of the bounded polyhedron B 7- The
universal cover of the boundary defined by the level set where {newt g(m) =11looks

exactly the same on By.

Since the Newton polytopes of f and g are both reflexive, their dual polyhedra
are lattice polygons. Figures and below show the initial scattering dia-

grams defining the bounded algorithmic scattering diagrams Dz, 1) and Dz, 1)
on the polyhedral affine pseudomanifolds ((Newt f)¥,X¢) and ((Newtg)", Xg) re-
spectively.

The compactified mirrors to f and g are the two families over the respective
Gross-Siebert loci

x_f:: ProjR(Ca®s, 1)) — SpecR;g(S

and = ProjR(Ca®, 1)) — Spech,s.

(o]
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Figure 3.10: The bounded initial scat- Figure 3.11: The bounded initial scat-
tering diagram Dinit(f) tering diagram Dinit(g)



Chapter 4

The intermediate mirror family

The overall goal of this chapter is to construct a third scheme ¥. which admits
morphisms to both %_f and %_g, after some appropriate changes of the bases. In the
next chapter we will show that the restriction of the morphism X. — %_g to the
general fibre of X_ is an isomorphism, and that the restriction of the morphism

X - X_f to the general fibre is the blow-up in a point on the boundary %_f \ Xf.

The general strategy is as follows. In Section 4.1 we define a third scattering
diagram Dpert on R2, constructed by perturbing the incoming rays in Dinit(g). The
diagram Dpert provides a combinatorial link between the two HDTV scattering

diagrams associated to f and g; the main result of Section 4.1 Theorem boils

down to saying that Dz i) can in some sense be included into Dz, 4,).

The next step is turning the scattering diagram Dpert into a wall structure that
can be used to construct the scheme X.. In Section we construct a three-
dimensional wall structure Dy, ;) and an associated family of surfaces X.. This
wall structure converts the combinatorial relationship between the HDTV scatter-
ing diagrams Dy, £ Hy) and D(Zg,Hg), given by Dpert, into a relationship between the
affine mirrors Xy and X,. We describe this relationship on the level of the local
constructions of the formal schemes: we obtain an inclusion ?E; — X,. In Sec-
tion we construct a four-dimensional wall structure D¢, ¢, and use it to define
a partial compactification X. of ¥.. Extending the ideas of Theorem we use

the bi-conical structure of Dy, to produce two auxiliary schemes Xy and X.
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from Do, ¢ such that there are natural morphisms

/ " \ 4.1)

X.0 X0,

In Section we define morphisms from the base of X.. to the bases of X_f and
L’E_g, such that X, o can be identified with the pullback of 3€_f and X, can be identified
with the pullback of X,. That is, the diagram extends to a diagram

X

x_f%xo,/ \%.,o—>
~N oL S

Spec R;gs —— Spec R®8® —— SpecR%

X, (4.2)

The morphisms of the bases are not actually well defined until we restrict to a
further sublocus inside the Gross—Siebert locus. This extends the notion of the
Gross—Siebert locus by further extending the monoid Q8°, so we call it the extended
Gross—Siebert locus. The central fibres of the families over the extended Gross-Siebert
locus is not longer toric, but in Section we show that the schemes themselves

are still well-defined.

4.1 The perturbed scattering diagram

Recall that in Examplewe defined Q*¢¢ = N* @ M, where k[Q] is denoted by
k[a,b,c,d, x*, yﬂ]. Define another scattering diagram for the same data Qabed
M as

Dpert 1= Scatter(fbgert), (4.3)

where

Dgert = ({dg, dp, D, D)),
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and

(0, fu) = (Ro0(2,=1), 1+ axy™!),
(00, f) = (Rso(=1,2), 1+bx7y?),
(o, £0) =
(

4, f1) = ((=1,-1) + Rs0(0, 1), 1+dy—1).

(=1, 1) + Rog(=1,0), 1+ cx'l) )

The initial scattering diagram Dg ort 18 shown in Figure below. It is equivalent to

a perturbed version of Dinit(g), with the bottom left two incoming rays translated

by (-1, -1).

1+ cxt

1+dy!

Figure 4.1: The initial scattering diagram Dgert

Theorem 4.1.1. There exists an open neighbourhood U C Mg about the origin such that
Dpert N U

consists of lines through the origin and rays emanating from the origin. Furthermore, it is

equivalent to

¢ (D(Zf,Hf) N U) ,
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where ¢ is the morphism of monoids
(P . Qabc N Qubcd (44)

givenbyara,b—b,c cd

4.1.1 Principles of scattering

In this section we describe a series of facts and techniques for calculating Scatter(D)

given a two-dimensional scattering diagram D, which we make use of in the proof

of Theorem

We begin by describing the algorithm which takes as its input Scatterk_l(D),
a scattering diagram which is compatible modulo m¥, and outputs Scatter"(D),

the unique (modulo mgrl) scattering diagram which contains Scatter*™!(®) and is

k+1
Q

Soibelman Lemma (Lemma [2.1.8). In the recreation below algorithm is slightly

compatible modulo m;™. It forms the inductive step in the proof of the Kontsevich—
modified so that Scatter®(®D) is obtained from Scatter*™!(D) by only adding rays d
such that f, # 1 mod mg“l.

Construction 4.1.2 (A scattering diagram D; compatible to order k and containing

Dk-1). Suppose Di_1 is compatible to order k — 1, that is
0y,5,, =Id mod m'é

for all loops y for which 6, 3, , is defined. Let ©;_; be the finite subset of Dy_;
consisting of the walls d in ©;_; such that f;, # 1 mod mgl. Let y, be a closed
simple loop around p € Sing(?D; _,), small enough so that it contains no other points

of Sing(D)_,). By assumption we can write uniquely
S
6?’!)/32—1 =eXp (Z cizmi‘;”i)
i=1
where m; e M\ 0, n; € mf is primitive and ¢; € m]é, and we know that

— k+1
Qyplgg{_l = QW@H mod my



4.1. The perturbed scattering diagram 99

We let

Dp] = {(p + Rso(=m;), 1 £ c;z™) |ie{l,...,s}and ¢; =0 mod m’é“} ,

where the sign for each ray is chosen so that its contribution to 6,, v  1is

k+1

exp (=¢;z"dy;) modulo my™,

giving

Ql/pfbk—lUb[P] =Id mod mlé+1.
The set Sing(D; _,) is finite since D) _, is a finite scattering diagram, and so we can
define

Dy = Dy U U D[p].
peSing(D;(_l)

Any automorphism coming from D[p] commutes modulo m’é“ with any automor-

phism coming from Dj_1, since ¢; € m'é for all rays
(p +Rsom;, 1 +¢;2™dy,,) € D[p].

This means that

0,5, =Id mod m’é”

for all loops y for which 0, », is defined, so Dy is compatible to order k, and has been
obtained from Dy_; by adding only outgoing rays d with nontrivial wall function

modulo m’gl.

Remark 4.1.3. Note thatif f, = 1 then 6, , = Id, and if two walls d; and d, share the
same support, then the automorphisms 0, », and 0, », commute. We can therefore
make trivial modifications to D without leaving its equivalence class, like removing
a wall d with trivial wall function, or replacing a collection of walls 2y, ..., d, with

the same support with a single wall with wall function

fo= l_[fbi‘
i=1
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We will also consider the notion of a line

(L f) = (p +Rmy, fi)

passing through a point p to be interchangeable with the notion of the union of an

incoming ray to towards p and outgoing ray emanating from p,

(lin, fi) = (p + Rsomy, fi) and  (lout, fi) = (p — Rsomy, fi).

We will say that [;, and Iy are the incoming and outgoing rays contained in 1.

Proof of Lemma(2.1.11] Since Scatter(¢ (D)) is the unique scattering diagram contain-
ing (D) which is compatible to all orders, and ¢(Scatter(D)) clearly contains ¢(D),
it is enough to show that ¢(Scatter(D)) is compatible to all orders. We claim that

Oa),a@)(z7?) = ¢ (0y,5(z7)) .

The only thing to show is that

(Mag), 8 0 @(q) = (v, 7(q))-

This holds because a and a™! are elements of GL,(Z), so must preserve primitiv-
ity. This means that 1, € N, defined to be the primitive element of N which
annihilates ¢(m;) = a(my) and is negative on (a o y)’(t) = a(y’(t)), precisely equals

1y o a~ L. Thus

(Maw), 50 9(q)) = (myoa™,s0¢(q))
=(myoa™t, aor(q))

= <nD/ ”(‘7)>

O

Lemma 4.1.4. Suppose that a scattering diagram D for the data Q = N* @ M consists of a

set of rays all incoming to a single point

(bi/fbi) = (p + Rzomj, 1 + tisz),
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where m; € M and t; is a generator of the ring k[Q] =k[t1,--- , tk, x*, y*].

Then Scatter' (D), the scattering diagram containing © and compatible modulo mZQ,

is equivalent to the set of lines

(Ii/ﬁi) = (P + Rm;, fbi)/

each of which is the continuation of the ray ;. That is, each line |; € Scatter;(D) is the

union d; Ud; of a ray d; € D and the outgoing ray o) with the same wall function fy = fy,.

Proof. Consider the path ordered product 6, p around the loop y about the point p

modulo sz =(t, -, tr)?
9)//@ = Qbk,nk Oo---0 931/”1‘

We may consider log(f;) to be a power series in k[M][[#;]. Its leading term is ¢;z™

and all other terms are contained in mé, so we have
0y,0 = exp(t,z""dy,) 0 -+ - 0 exp(t12"™dy,)

k
= exp (Z tizm‘ﬂnl.) mod m?,.

i=1

Following Construction[4.1.2] we add the rays

@]

(b:/ fb;) = (p + RZO(_mi)/ 1+ tizmi)
to D in order to obtain Scatter; (D), as b’ then contributes
Gb;,n; = exp(tiz™d_y,) = exp(—tiz"d,,) mod mé
to the path ordered product around y. m]

Lemma 4.1.5 (Scattering of two lines). Suppose that an initial scattering diagram D
consisting of two lines 1y and 1, meeting in a single point p. Then Scatter(D) \ D consists

of outgoing rays contained in the cone spanned by the two outgoing rays (liout, fi,) and

(Iaout, f1,) emanating from p.
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Proof. One can see from Construction[4.1.2]that any outgoing ray
(p +Rxo(=7(qv)), 1+ cyz™)

added to obtain Scatter"(D) must have its exponent g, equal a non-negative linear

combination of the exponents q]l: € Q appearing in the wall functions

PR |
fi = 1+Zc;zq1.
j

The outgoing rays emanating from p which are contained in the two lines are

described by

(lout, fi) = | p + Roo(=r(g})), Y clz?
j

with r(q;.) € Rzo(r(qi)) for all k. Thus r(gy) is contained in the cone spanned by

r(q1) and r(q3), so b is contained in

pt Rzo(—f’(‘ﬁ) + Rzo(—r(q%)-

O

Perturbation of a scattering diagram D is a useful technique, given in Section 1.4
of [24], for calculating Scatter(D) when Sing(®D) contains points with more than two
walls passing through them. The technique relies on the concept of the asymptotic

scattering diagram.

Definition 4.1.6. Given a scattering diagram D, the asymptotic scattering diagram
Sas is obtained from D by replacing each ray (p + Rxom, f) with the ray (Rxom, f)
emanating from the origin, and replacing each line (p + Rm, f) with the line (Rm, f)

passing through the origin.

Remark 4.1.7. Let CD be the cone over the scattering diagram D, as defined in
Definition The slice of the cone at height zero,

CDy := CODN (Mg x {0})

is clearly equivalent to the asymptotic scattering diagram D,s. Note that here we
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mean equivalence of scattering diagrams in the sense of Definition 2.1.9 - &5 is not
necessarily equivalent to CDg in the sense of Definition|(1.2.21} as the wall functions

may have been modified slightly when taking the cone over .

Remark 4.1.8. Compatibility of D implies compatibility of &,s. Indeed, if y is a
sufficiently large simple loop about the origin containing all the points of Sing(D),

then

QV/D = GV/Sas'

Construction 4.1.9 (Scattering of more than two lines passing through a point).

Suppose that a scattering diagram consists of a collection of lines
D= {Ill"' /In}

which all pass through p € Mg. The following method reduces the calculation of
Scatter®(®D) to the calculation of Scatterk(Bq) for a finite set of scattering diagrams
D;, each of which consists of only two lines passing through a point. The point is
that the scattering of only two lines meeting in a point is easier to control, using e.g.

Lemma or Lemmas4.1.11]and 4.1.12| below.

For all j € N, the only point in Sing(Scatterj (D)) is p. Thus Scatter* (D) \ D
contains only outgoing rays emanating from p by Construction Perturb D so
that no more than two of the lines [; pass through any point in Mg, and denote the

resulting diagram D. Then D, is equivalent to © — p, where

D-p:={0d-p, )| f) €D}

Since (Scatter(D)).s contains D — p and is compatible modulo m’gl by Remark

it must be equivalent to Scatter(D — p), which clearly equals Scatter* (D) — p.
Therefore

Scatter"(D) = (Scatterk (5)) +p mod m'gl.
as

It remains to show that Scatter (D) can be obtained only by calculating scattering be-
tween two lines at a time. Following Construction Scatter! (D) is calculated by
considering path ordered products around loops about each ji € Sing(Scatter' (D))

separately, and adding rays emanating from the p.
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Now let k > 2. We can assume that no more than two rays of Scatter* ™! (D) pass

through each point in
Sk := Sing(D) U Sing(Scatterl(D)) U---u Sing(Scatterk_l(D),

since Sy is finite and the configuration of the lines of © has been chosen gen-
erally. Let g and p be the two rays in Scatter® (D) to pass through the point
g€ Sing(Scatterk_l(@)). Define

Dk[q] = {(b, fr) € Scatter ({q, v}) | D emanates from q} \ Scatter*"1(D).

Note that the only rays of Scatter® “1(D) to intersect a the point g other than g and
p must be outgoing rays emanating from g. Since © contains only lines, these
outgoing rays emanating from g must have arisen as part of the scattering process,

and so are contained in Scatter* ' ({q, p}). In particular,
Scatter*({q, p}) = Scatter* ({(D, ) € Scatter*1(D) | qe€ b}) ,
and therefore

Scatter(D) = Scatter* (D) U U o [q].
quing(Scatterk_l(ﬁ))

Remark 4.1.10 (More than two incoming rays to a point). We can apply the method
of Construction to any initial scattering diagram © which consists of only
incoming rays and lines. By Lemma Scatter!(D) will consist of only lines.
Then one can apply a variant of the Construction, letting Pert(Scatter' (D)) be a

perturbation of Scatter! (D) such that
Scatter” (Pert(Scatterl(D)))

can be calculated only by calculating scattering between two lines at a time.
Then Scatter®(D) is not obtained by taking the asymptotic scattering diagram of
Scatter* (Pert(Scatterl(D))), but a variant which is uniquely determined by the po-

sition of the lines in Pert(Scatter! (D)).
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In general, given a finite scattering diagram D, one needs to add infinitely many
outgoing rays to obtain Scatter(D). However, in the proof of Theorem we will

make use of the following case when Scatter(D) is finite.

Lemma 4.1.11. Let Q = N2 @ M. Suppose that an initial scattering diagram Dy, m,

consists of two incoming rays
(®1, fo,) = Ryomy, 1 +az™), (02, fi,) = Rxomz, 1 +b2"™),

where a = z1000) b = zOL00)  and my,my € M form a Z-basis of M. Then

Scatter(D,,,m,) is a finite scattering diagram consisting of two lines and an outgoing

ray

(bllfbl) = (lel 1+ azml)/
(Dz, sz) = (RI’HQ, 1+ mez),

(03, foy) = (Reo(—m1 —myp), 1 + abz™*"?).

Proof. When m = e1 and my = e, this example is discussed in detail in [24]. The
condition

Qy,Scatter(Dgl ) = Id

for a loop y about the origin can be easily checked by hand, as y crosses a wall only
five times. The scattering diagram ©,, s, can be obtained from ®,, ., by applying

a € GLy(Z), the automorphism of M which sends e; + mj, e, — mjy. The result

then follows by Lemma[2.1.11 m]

Lemma 4.1.12. Let Q = N?> & M and denote the generators of Q by
g = 21000 = ;0100 o = ;0010 4 = ;0001
Suppose the initial scattering diagram D consists of two incoming rays

(01, fo;) = Ryo(—n,m), 1+ ax"y™)

(b2, fin) = (Ro0(0,~1), 1+ by ™),

where n € N and m € Z. Then Scatter(D) consists of the two lines which are the
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continuation of the two initial rays, plus a collection of rays contained in the cone
RZO((”I _m)/ (Tl, n - m)>
In particular, if both n and m are non-negative, then Scatter(D) consists of the contin-

uation of d1 and dy, plus a collection of outgoing rays contained in Rxo((n, —m), (1, 1)).

Proof. By Lemma one adds two outgoing rays

(birfb'l) = (Ryo(n, —m), 1+ ax7"y™)

(0}, fiy) = (R20(0,1), 1+ by

when scattering D to order 1, and by Lemma all the additional outgoing rays

to be added to obtain Scatter(®) will be contained in the cone
RZO((”/ _m)/ (O/ 1)>

Consider a loop y which goes about the origin anticlockwise and starts to at a point

just to the right of »,. We would like to show that to any order k > 1

Ni

= i k+1
Gy,Scatterk(D) = exp (Z ciz" o'?ni) mod mQJr
i=1

where —m; lies in 0 := Ry((n, —m), (n,n —m)) for all 1 < i < N, so that scattering
to order k +1 only involves adding finitely many outgoing rays in the specified cone.

We claim it suffices to show that

— M
sz,nz o le,nl o Qb;/né - eXp Z C]Z ]a”j
jeN
where —m; € o for all j € N. This is because after composing with 6, , for any

d C o, the vectors m; that appear in the expression

_ m;
Ov,ny © (sz,nz © Oy © QD’Z,né) = exp (Z CiZ lani)

1

must be positive linear combinations of the m; and m,. Cones are closed under
positive linear combination, and so m; € —o would imply m; € —o. To check that

—m; € —o for all j € N, we calculate the images of a basis {y~!, x™'} for M]. Let
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p = (ny,, —e2) and g = (1y,, —e1). Then p is negative, so

Ovy,ny © Oy ny © Qb’z,né(]/_l) = Ony,ny © Ovy g (y_l)
= Oy, (y_l(l + ax—nym)p)

=y (1 +ax"y"™(1+ by‘l)”)p ,

and

_ x!
By 2 © Oaymy © Oy (X71) = gy © Oy g (m)

o x7H(1 + ax~y™)a-p
T (1 +ax"y™m)P + by1
_ x M1+ by (1 +ax™"y™(1 + by‘l)")q_p
(1+ax—mym(1+by=1)") 7 +by-!
i ( (1+ax"y™(1+ by‘l)”)q_p )
=X — — . . .
1+ 3.7 (F)(ax—mym)i(1 + by=1)i-1

We see that after multiplying out the brackets in the expressions above, all the
monomials in x’y/ appearing in the resulting rational functions are equal to some
z™ where m € —o. The monomials appearing in the Taylor expansions of these

rational functions are positive linear combinations of these x*y/, and so

-1 -1
Ovpny © Oy © Oy = Yy oy (1 + Z clzml)

x T x7! (1 + Z crzm’)

where m;, m, € —o. Therefore any m; appearing in

s
sz,nz o 6b1,n1 ° Gb'z,né = exp (Z Ciz jan]-)

must lie in —o. m|
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4.1.2 Proof of Theorem 4.1.1

1+ cxt

Y

T+ dy~!

0

Figure 4.2: The compatible to order 1 scattering diagram containing D,

0

Scatterl(Dgert). The rays in the complement of D,

shown in grey.

Proof of Theorem We start by scattering DY to order 2. By Lemma we

pert

have

Scatterl(fbgert) = Dgert U {(b;; fa)/ (bl 7 fb)/ (bél fC)/ (D’ ’ fd)}

where 0] is the outgoing ray extending b; to a line.
Following Construction[4.1.2} one must add outgoing rays emanating from the

points in

Sing(Scatter' (D0,,)) = {0 N dy, Dc N Dz, Dy N}, Dy N DY, D, N, B N}

in order to obtain Scatterz(fbgert). By Lemma}4.1.11)we add the outgoing rays

(Oca, fea) = (-1,-1) + Rxo(1, 1), 1 + cdx 'y ™),
(Oac, fac) = (2, =1) + Rso(=1,1), 1+ acxy™?)

and (bbd/ fbd) = ((_1/2) + RZO(lr _1)1 1+ bdx—ly)'
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to achieve compatibility around d. N dg, b, N D and b, N D). By Lemma the
outgoing rays emanating from d; N d; and b, N d; which must be added to obtain
Scatterz(Dgert) point away from the origin. One also adds rays emanating from the

origin to achieve compatibility to order 2 about d, N dy.

1+ bx1y?
1+bdxy
1+bex2y?
1+acxy™
1+ cdxty™!
T+cex™t /
A 1+ adx?y=2 1+ax?y~!

1+dy!

0
pert
0
pert

Figure 4.3: A subset of Scatterz(bgert), the scattering diagram containing ©
which is compatible to order 2. The rays in the complement of D
shown in grey.

We now note that the collection of rays {bé,b;l, Dac, bbd} forms a triangle A
around the origin with vertices (-1, -1), (-1,2) and (2, —1). Denote by A° C A the

interior of this triangle.
Claim 4.1.13. The only walls in Scatter @gert which intersect A° are
* the two incoming rays to the origin d, and dy,

* the ray d.4 propagating through the origin, and

* outgoing rays emanating from the origin.
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Theorem [4.1.1]follows easily from Claim as any outgoing ray emanating
from the origin is clearly the result of scattering of the three incoming rays to the

origin, d, d, and d.4. Then
Scatterl(bgert) NA° = (p(Scatterl(DABc)) NA°,

so the theorem follows by Lemma[2.1.11

It remains to prove Claim we show that any outgoing ray in

Scatter(D? D\ Scatter?(DY

per pert) points away from (or along the boundary of) A.

Consider the complement in Mg of the interior of the triangle and the four

0

incoming rays of Epert.

It comprises of four connected components:

Mg \ (A° U D

) = Mgp U Mpe U Mg U My,,
where M;; denotes the connected component that is bounded by the two incoming

0

rays d; and d; in D, .. We prove the following claim by induction on the order of

scattering.

Claim 4.1.14. Any ray b in Scatter(D),) intersecting Mr \ (A° uD) ert) has wall function

1+ cpz, where ¢y € k and gy € Q such that

R(-1,1) + Rxo(1, 1) if 5N Mgy # @

R(0,1) + Rsg(=1,0) ifoN My # @
—7(q») €
R(-1,1) +Rso(=1,-1)  ifdoN Mg # @

R(1,0) + Rs0(0, —1) ifdN My, # @

Assuming the statement of the claim holds for Scatterk_l(fbgert), we show it
holds for Scatterk(ﬁgert) one connected component at a time. Here we only treat
My, - the arguments for the other components are identical. First, note that all
outgoing rays in

Scatter” (Dgert) \ Scatter"™! (Qgert)

which emanate from a point in A° must emanate from the origin, as the origin is
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the only point in
Sing(Scatterk'l(Dgert)) N A°.

Any ray emanating from the origin and intersecting M, must lie in the cone
R(1,0) + Rx0(0,-1)
as specified by Claim[4.1.14] Next, consider an outgoing ray d in
Scatter* (Dgert) \ Scatter* ! (Egert)

which emanates from a point p € My, U (M_da N aA). We claim that b satisfies the

condition of Claim4.1.14 We may assume by Construction and Remark
that there are exactly two walls of Scatterk_l(i)g ort) Passing through p.

By Lemma b is contained in the cone spanned by the halves of these
two walls which are equivalent to outgoing rays from p. But by our inductive
assumption, the cone spanned by the two walls passing through to p is a subset of

the cone

p + R(ll O) + RZO(O/ _1)/

so all rays in Scatter® (Dg ort) VM, coming from Scatter* (D) [p] satisfy Claim

0

This tells us that any new ray intersecting Scatter” (Ep ort

)N M, whose generator
does not lie in the cone of the claim must emanate from some point p on d, or dg.
Suppose that

De SCatterk(Qgert) \ Scatterk_l(ggert)

emanates from p € d, \ A° and intersects My,. Assuming there no more than two
walls passing through p as before, we can again apply Lemma to see that d is
contained in the cone spanned by b, and aray b’ € Scatterk_l(l)g or
M,p. By the inductive assumption, d’ has its generator —r(gy) contained in

.) which intersects

R(-1,1) + Ryp(1, 1).
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We can therefore apply the GL;(Z)-transformation given by the matrix

-1

to (Scatterk_l(bgert) N Up) and use the functoriality of scattering (Lemma|2.1.11)) to
apply Lemma It shows that d lies in the cone

p+Rxo(=1,0) = R0 (r(gv)) € p+Rxo(-1,0) +Rxo(2,-1).

Thus b satisfies the statement of Claim[4.1.14 A similar argument will work to show
that any new ray emanating from p € d; \ A° and intersecting My, lies in the cone
specified by the claim, although in this case Lemma applies directly without
needing to apply a GL,(Z)-transformation and use functoriality of scattering. Thus
all rays d in

Scatterk(Dgert) \ Scatter” _1(®gert)

which intersect M, have the form

(p +Rxo(=7(q2)), 1 + cpz™)

where —7(gy) € Ryo(—1,0) + R50(2, —1). Since the statement of Claim clearly
holds for Scatterz(ﬁgert), this completes the proof of Theorem O

Remark 4.1.15. The application of Lemma to prove Claim 4.1.14] mirrors
the statement that the boundary joints of af® s, n,) are convex — the product of
scattering of a set of walls, considered as rays propagating in a particular direction,

follows the possible trajectories of broken lines on a wall structure.

4.2 The intermediate wall structure

In order to use Theorem to relate the mirrors to f and g, we construct a
wall structure from the scattering diagram Dpert. This wall structure will define
a scheme which interpolates between X; and X,. The wall structure turns out to
be determined by a three-dimensional log Calabi-Yau pair (Y, D), equipped with a

toric model that relates the toric models associated to f and g.
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In Subsection 4.2.T| we construct this log Calabi-Yau pair and its Gross-Siebert
mirror. The pair (Y, D) is in fact the total space of a degeneration of (Y, Dg) over
(Al,0). As arelative log scheme, the pair (Y, D) therefore has a two-dimensional mir-
ror family X, which can be constructed from the canonical wall structure associated
to (Y, D). The statements about scattering diagrams proved in the previous section
now translate to statements about the schemes defined by the resulting algorithmic

wall structures:

1. The equivalence of scattering diagrams (Dpert)as = D(z, 1,) implies that X. is
a projective scheme over the affine mirror X, (after an appropriate change of

base).

2. Theorem implies that there is a natural inclusion of the locally-

constructed mirrors X; — X2 (after an appropriate change of base).

We leave the issue of changing the bases of our mirror families to Section

Composing the two statements above is enough to see that the mirrors to f and

o

g are birational: we have a morphism X i

— X2 < X. — X,. In order to extend

this birational map to a morphism
%g — X f

between the compactified mirrors, however, we need a wall structure with a trunca-
tion that interpolates between the cones over Newt ¢ and Newt f. In Subsectionf4.2.2]
we construct this wall structure, called the intermediate wall structure D Forgs and use

it to define a partial compactification X of X_.

4.2.1 The mirror to (Y, D)

We define a family of log Calabi-Yau pairs over A! with general fibre isomorphic

to (Y, Dy) as follows.

Construction 4.2.1 (The degeneration (Y, D) and its toric model). Noting that the
projection

Yy, x Al — Al
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is given by the canonical morphism of fans
Y XRyp — Ry,

we define a toric blow-up

Ve — Yy, x Al

by letting £ be the refinement of the fan Zy X Rxo by the ray Rxo(-1, -1, 1). This is
the blow-up of Y5, X Al in the torus-fixed point in Yz, x {0} corresponding to the

top right corner of Newt g. Let
€ Yi — Al

be the composition of the blow-up map and the projection to Al. This defines a flat
family over A! with general fibre Yx. . and central fibre consisting of two irreducible

components: one equal to Yr, and one equal to P2,

If pis a ray in L then
(p, 0) =pX {0} C Mg X Rxg (4.5)

is a ray in Y. If p # Rso(=1,0) or R5o(0,—1), then the toric divisor D, C Y5 is
isomorphic to P! x Al, where we identify P! = D, as a toric boundary component
of Yz,. When p € L is equal to R>0(=1,0) or Rxo(0, —1), the toric divisor Dy, ) is
isomorphic to BI(O,O)(]Pl x Al). We define the collection of hypersurfaces of the toric
boundary

H=H,UH,UH.UH; C Ds

as follows. Let p, := Rx0(2, 1) and pjp := R>o(-1, 2), and let
H;:={pi} x Al cP' x Al = D, g

for i € {a,b}, where p; € P! = D, is a general point. Let p. := Rso(~1,0) and
pa = Rx0(0,-1), and for i € {c,d} let H; C D;,0) be a curve isomorphic to Al
which intersects the exceptional divisor transversely and does not intersect the toric

curves corresponding to codimension one strata in Y. N (Mg x {0}). We then define
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s
"

Figure 4.4: A schematic version P of the moment polytope of Ys: the normal fan

of P is a coarsening of =, obtained by forgetting the rays generated by
(1,0,0),(0,1,0),(1,-1,0),(-1,1,0). The four hyperplanes which form
H are shown as grey lines on the corresponding faces of P.

(Y, D) to be the three-dimensional log Calabi-Yau pair with toric model (Y, H).
Note that
e (1) = Y, and el (t)nD = D,

forallt #0 € Al

Lemma 4.2.2. There is an equivalence of three-dimensional scattering diagrams between
the HDTV scattering diagram for the toric model (Y, H) and the cone over the perturbed

scattering diagram:

D(Yz,H) = CDpert-
Proof. Given aray p € L,, we may define a two-cell of £ by
p=(p,0)+R>0(0,0,1), (4.6)
where (p, 0) is the ray in £ defined in . Following Constructionm

4
e
i=1

D(Yi, )= Scatter

7
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where

(7o 1+ ez},

0= (o 1402120)],

D3 = {((pc,o) +Reo(-1,-1,1), 1+ "Z(_l'o'o))}
1

and Dy = {|(pa,0) +Rxo(-1,-1,1), 1+ dz(O'_l'O))}

It is easy to see that the slice of the initial scattering diagram at height 1 equals the
initial scattering diagram defining the perturbed scattering diagram:

4
U
i=1

N Mg x {1} = D?

pert*

0

Taking the cone over B,

does not change the wall functions — for each incoming
ray (9, f) € Dgert, the map

ACD—>Z

induced by projection to the height of the cone is surjective, so we have

Do = {(C0, )] (0, /) € D]

Therefore A
0
| JDi=cDl,
i=1

and so by uniqueness of scattering we have

4
e
i=1

D(Yiﬂ) = Scatter = Scatter (Cibgert) =C (Scatter (Dgert)) = CDpert-

Notation 4.2.3 (The Gross—Siebert locus and algorithmic wall structure associated
to (Y, D)). Let Q8 denote the monoid defining the Gross—Siebert locus for the log
Calabi-Yau pair (Y, D):

Q® := Bl (NE (Yz)) ® Eapea, 4.7)
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where here E 4 the subgroup of Nj (Y) generated by the exceptional curves over
the hyperplanes H;. We carry through the notation for rings that we set up in
Definition and Remark — in particular, we let R& denote the completion
of k[O#°] with respect to its maximal ideal m8°. We let ¢ denote the Q#-valued
piecewise linear function on the polyhedral affine manifold (Mg xR, i) as defined
in Construction We denote the algorithmic wall structure associated to (Y,D)
by a®y, g)-

Construction 4.2.4 (The open intermediate family X.). The restriction of the Q8-
valued piecewise linear function 1 to the slice Mg X {1} is a piecewise affine function

on the polyhedral affine manifold
(Mg, 2N (Mg x {1})). (4.8)

Applying the steps of Construction to Dpert and the restriction of | gives us
a consistent wall structure @Dpert on the polyhedral affine manifold equipped

with the piecewise affine function rﬂ Max (1} such that
aDy, iy = CaDpert. (4.9)
Thus Theorem applies to @Dy, ). In particular, the algebra of theta functions
§ = R(@Dy, /]

is a graded R#°/J-algebra for any m8*-primary ideal ] ¢ Q8°, so we can define a
formal scheme

X_ := colim jj_jes Proj S

over Spf R8".

Remark 4.2.5 (The relative mirror construction). The degeneration Y — A! satisfies
the relative log Calabi—Yau case described in [31} Section 1.1]; there is a projective log
smooth morphism € : Y — Al, where the varieties are considered as log schemes
via the divisorial log structures coming from D and 0 respectively. The scheme X.
produced by Construction above is the canonical mirror to (Y, D) as a relative

log Calabi-Yau pair, restricted to the Gross—Siebert locus.



4.2. The intermediate wall structure 118

Construction 4.2.6 (The local construction and affine scheme related to X..). By the

equivalence of wall structures and Theorem[I.5.7} there is an open embedding
Xx° (&Dpert/j) — Proj S
over Spec R#s/ J. Moreover, there is a natural birational map
Proj S — Spec Sy,

over Spec R8 /], where S is the zero-graded part of S. Recall the open neighbour-
hood of the origin U € Mg from Theorem [4.1.1} Let

x° ((&Dpert/]) N U)

be the family over Spec R8°/] defined by gluing local charts defined for all chambers
and slabs intersecting U. Clearly this family is open and dense in X° (&Dpert/J), and

so we have an open embedding

X° ((@Dpert/]) NU) < X° (@Dpert/J) < Proj§.

Remark 4.2.7 (Idea of the proof of the main theorem). In Section we will de-
fine a sublocus T of the Gross-Siebert locus such that, after changing the base

appropriately, we have isomorphisms of formal schemes

SpfSo Xgppres T = Xg Xgpepee T

and xo (&Qpert N U) xSprgs T = %; XSpr;%S T.
It follows that X f and fg are birational; we have a T-birational map
fjof XSprj‘(S T — %g Xsprgs T. (4.10)

The rest of this section will be devoted to constructing a certain compactification

X. of X. which will enable us to extend (4.10) to a birational map between the
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compactifications of the mirrors to f and g,

B / \_ (4.11)

In Chapter analysis of the birational morphisms in 1} will show that ig is the
blow-up of X in a point on the boundary %_f \ Xf.

4.2.2 The intermediate wall structure

Here we will construct a four-dimensional bi-conical wall structure Dy.,,, which

we will later use to construct the compactification X..

Construction 4.2.8 (The intermediate wall structure D¢.,¢). Consider the cone over
the algorithmic wall structure for (17, 13). This is a four-dimensional, conical wall
structure

C&D(YE,H)

on the polyhedral affine manifold C(Mg X Ry, ¥) equipped with piecewise linear
function Cy. Since aDy, ) is itself conical, the cone over it is equal to the product

of @Dy, ) and Ry - that is,
C(d, fo) = (0 xR0, fo)
for all walls (b, fy) € @Dy_ ). In particular,
C(Mz X Rz, £) = (Mg x (Rs0)?, £ x Rao)
and, denoting coordinates on Mg X (Rx0)? by (x, y,t, s), we have
CP(x,y,t,5) = P(x,y,b).
We construct Dy, by restricting Ca®(y_ s, to a conical polyhedral subset

Bf(—)g - MR X (RZO)ZI
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Figure 4.5: The cross section of By.,¢ at height (1,1). The cross-sections of incom-

ing walls in CC®yper¢ are shown in black, and the cross-sections of the

remaining codimension-one cells of 2 X R are shown in grey.

adding in a boundary as follows. We define the two-dimensional slice of B feg at

height (a, b) to be

a(-1,-1)+b(-1,0),

Bfe,gN{t=a,s =b}:= Conv
(a+0)2,-1),

(a+b)(-1,2)

a(-1,-1)+b(0,-1),

(4.12)

Figure 4.5{shows the slice of By, at height (1,1). The four-dimensional polytope

Bfe, is then defined to be the convex hull of the N2-indexed set of these two-

dimensional polyhedra. The intermediate wall structure D¢, is simply defined as

the restriction of C&(D(Yiﬂ)) to (Bresg, ¥ X Rsg).

Remark 4.2.9 (D, is bi-conical). First, let us describe the polyhedral affine mani-

fold (Bresyg, Y. X Rsp) in more detail. The four-dimensional cone B feg has 6 facets:

one given by Br.,¢ N {t = 0}, one given by Bf.,; N {s = 0} and the others given by

the convex hulls, over (a, b) € N?, of each of the four facets of B fogN{t=a,s =b}.

Moreover, the polyhedral affine manifold is a cone with respect to both the t-height
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and the s-height:

(Bfosgs EXRs0) = C(Brog N{t =1}, (EN{t =1}) xRx)

=C(BfogN{s =1}, Ex{s=1})

Since we defined Dsc, to be the restriction of Ca®(y_ ), the cone over a conical

wall structure, to (Bfeoyg, £ X Ryy), it is easy to see that
Dferg = C (m%ﬂ) N (Bjog N {s = 1})) =C(DjogN{s=1}). (4.13)
By Lemma we can write
dD(Yi,H) = Cdeert,

where &Dpert is a consistent wall structure on (Mg, INn{t=1}) equipped with the
(single-valued) piecewise affine function &| (=1)° Therefore, Df.,, is a cone with

respect to the ¢t-height as well:

©f<—>g =C ((&Dpert XRZO) N (Bf<—>g N {t = 1})) .

Lemma 4.2.10 (Ds., is consistent). The wall structure Dy.,q on the polyhdral affine
manifold (Bfc,g, £ X Rx0), equipped with the piecewise linear function Cip, is consistent in

the sense of Definition [1.4.7]

Proof. By Lemma and (4.13), it is sufficient to check that Df,e N {s = 1} is a

consistent wall structure on the polyhedral affine manifold
(BfogN{s =1}, L x{s =1})

equipped with piecewise linear function . Consistency of the interior joints of
Dfesg N {s = 1} follows from the consistency of a?®y, ). By Proposition [1.4.12
all that is left is to check convexity of the boundary joints. Since Bfe,q N {s = 1}

is a convex polyhedron, any boundary joint not contained in an incoming wall is
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automatically convex. Let j be a joint incident to one of the four incoming walls

(0N (Bfog N {s = 1)), /)

where i € {a,b,c,d}. Then, following the notation of Definition|1.4.11} we have
T ((Dfog N{s =1})) = (Dfog N{s =1, = 1})n(s=1,t=1})-

Convexity of a joint is independent of the piecewise linear function on the
polyhedral affine manifold or the monoid in which it takes values, so convexity of a
jointon ®r,oN{s = 1, = 1} is equivalent to convexity of the same (i.e. set-theoretic
equal) joint on Dpert N (Bresg N {s = 1,¢ = 1}). The convexity of (iN{s =1, = 1})
on Dpert N (Byeosg N {s =1,t = 1}) follows by Claim[4.1.14] O

Lemma 4.2.11 (R(Dy«,) is bigraded). Let | C Q8° be a m8S-primary ideal. The algebra
of theta functions R(Dys¢/]) is bi-graded with respect to the t-height and s-height of the

asymptotic monomials.

Proof. Tn Remark[4.2.9) we showed that Dpe is a conical wall structure with respect
to both the t-height and the s-height. It follows that the theta functions on Dy,
are indexed by the integral points of Bf.,¢(Z), and that the ring of theta functions

is graded with respect to both heights. O

Corollary 4.2.12. The limit of the algebras of theta functions R(Dsc.¢/]) along the com-
patible system Dy, ¢ is a bi-graded R83-algebra

R(Dsog) = P RE-39,
mEBng(Z)

Construction 4.2.13 (The intermediate family). Denote the bi-graded algebra of
theta functions on D¢ by Se e 1= R(Dfesq), and the (a, b)-graded piece by S, .

We define the intermediate family to be

X_ := Proj @ Sk (4.14)
keN
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This is a scheme over Spec R8°, and it is the algebraisation of the formal scheme

colim j7_es (x_~/ J )

over Spf R8, where for each m8%-primary ideal J, the scheme

X/J 1= Proj () Six/]

keN

is the pullback of X. via the map Spec R&/] — Spec R#".

Remark 4.2.14 (Local construction of the intermediate family). In the next section

(Lemma |4.3.15) we will prove that

D Sik = R@pogn{s =1},

keN
It follows from this that X can be in some sense be locally constructed by charts
defined by a truncation of the wall structure @ Dpert, givenby Bre,o N{s =t = 1} (see

Figure[d.5). More precisely, Theorem [1.5.7)says that there is an open embedding
X° (@Dpert/] N (Bfog N{s =t =1})) & X_/]

of schemes over Spec R8%/] for any fi8*-primary ideal ]. We see that the formal
scheme associated to X. is a compactification of X, the open intermediate family

(Y, D) defined in Construction [4.2.4]

This concludes the discussion of the relationships between the open mirror
family X. and the affine mirror families Xy and X;. In the rest of this chapter we
will focus on the compactified mirrors, X, Z’E_f and l’E_g, without needing to pass to
affine charts. We thus have no more need for the language of formal schemes until

Chapter

The following proposition puts the bi-conical structure of D¢, to use to con-

struct maps from X.. to two more families over Spec R8°.
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Proposition 4.2.15 (Morphisms to Proj Se o and Proj So .). There are natural morphisms

X

/ \ (4.15)

Proj S. 0 Proj So,e-

of schemes over Spec R8®.

Proof. Let m; and 75 be the canonical projections

Spec S.,.
y X
Spec Se 0 Spec So,e.
The bi-graded Rgs—algebra S.,. is finitely generated by S19 and Sp,1, and the 6%1—
action on Spec S, . is the composition of the action of its first factor on Sg. and

the second factor on S, o. Thus the projections 7i; and 75 are G2,-equivariant. The

G? -invariant sections of
* * k
OSpec Se0 (k), OSpec S0,e (k) and (T(s()(l) ® Tlt()(l))® ’

with linearisations given by the bi-grading on S, ., are Sk, Sox, and Sk i respec-
tively. Noting that

S+,+ = So,+ : S+,o/

we see that the respective images of the semistable locus of Spec S, « under s and
7 are contained in the semistable loci of Spec S. o and Spec Sp,.. Therefore, 7t and

1; induce maps of GIT quotients

Proj @ Sk x
keN

Proj P S0 Proj P So «
keN keN

as in (4.15). O
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4.3 Morphisms to the mirrors to f and g

In Sectionwe construct morphisms between the bases of the three families X,
%_f and f_g, by defining inclusions of the monoids associated to the corresponding log
Calabi-Yau pairs. These morphisms are only defined after extending the monoids
slightly — we call the corresponding sublocus of the base the extended Gross—Siebert

locus.

The problem with this is that the kinks of the MPA-functions ¢ and 1 £ are no
longer contained in the maximal ideals of the extended monoids. Thus the theory
of Chapter 1 can no longer be applied to the wall structures D forg and « fm
to obtain schemes over the extended Gross-Siebert locus. However, in Section [4.3.2]
we prove that the two wall structures satisfy enough conditions in order to define
schemes over the Gross—Siebert locus by taking Proj of the algebra of theta functions.

In Section[4.3.3|we introduce the notion of an asymptotic wall structure in order
to prove that the auxiliary schemes ¥g, and X. o are pullbacks of the mirrors to f
and g, as in (2). We also show that the intermediate family X. can be constructed

locally by gluing charts on a two-dimensional wall structure induced by Dpert.

4.3.1 Changing the bases of the mirror families

Construction 4.3.1 (Inclusions of monoids). We construct inclusions of the
monoids defining the Gross-Siebert locus for (Y, D) and (Y, D) into Q8 as
follows. The inclusion of Y into Y as the general fibre of the family over A! induces
a morphism of monoids

lg: QF — Q¥ (4.16)
given by the natural inclusion
N (Y) o Ny (F).

Although is no natural inclusion of Y into Y, there is an embedding of the toric
variety Yy, into Y5 as one of the two components of the central fibre. We can

therefore define a morphism of monoids

tr: QF — Q¥ @ (-L), (4.17)
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where

E:= Bl [YRoo(-1,-1,1)+R20(0,0,1)], (4.18)
by letting ¢ s send

. E if p =Ryo(-1,-1)
Ble [Yp] — )
BIH[Y(p,O)JrRZO(O,O,D] for all other rays p € &
_Ea — _Ea

—Ep, — —E,

—E.+— E —(E. + Eg).

We note that (¢ is well defined because the generators of the exceptional lattices
Eape and Egpeq are linearly independent, and the restriction to the other summand

of Q?S is

Bl;

iy (NE(Yzf)))

where (. : NE (YE f) < NE (Yz) is induced by the inclusion of toric varieties.

‘f|31;f (NE(Y);f)) =Bl owo (Ble*

Note that it was necessary to extend the monoid Q8® in order for the morphism
L to be well-defined. This motivates the definition of a further sublocus of the base

of the family X
Definition 4.3.2 (The extended Gross—Siebert locus). We define the monoids

Q%8s := 0% @ (-E) and Qj;gs = Qj%s @ (-Ey), (4.19)

where E € Q#° is the curve class defined in (.18) and

Ef = Bl;—lf [YRzO(—L—l)] S Qj?s

is the preimage of E under the map : r. If Q°° denotes either of the monoids
in (4.19), we denote its maximal ideal by m®®, and the completion of the associated
semigroup ring by

[

R = [Qe#s].
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We use the term extended Gross—Siebert locus to refer either of the schemes Spec R*8*
or Spec R®° /G, where G is an m®8*-primary ideal. When necessary, we use the same

term to refer to the formal scheme Spf R¢8°.

Lemma 4.3.3. The monoid Q8 is a convex cone containing Q& the monoid associated
to the Gross—Siebert locus associated to the respective toric models for (Y, D) and (Ys, Dy).

The invertible elements of Q®8° are given by
Q) =EelL,

where E is the lattice in N1(Y') generated by the classes of the blow-upY — Yy, and L = Z
is the lattice generated by the respective curves EeNi(Y)orE £ € N1(Yy).

Proof. In case of the pair (Y, D), this is because YR_(=1,-1,1)+R50(0,0,1) 1S an exceptional
curve of the blow-up

Yz — Yy, x Al

defined by the refinement of fans & — I, X R5o. Thus E generates an extremal ray
of the cone BIE (N E (Y) ) This ray must lie on the boundary of the cone Q#s, since
the lattice E;pcq is linearly independent from Bl*H (N E (Y)) Therefore, inverting E
preserves the convexity of Q8 and the lattice E;pcq ® (E) ~ Z° is a face of Q8.
In the case of (Yf, Dy), convexity is preserved because Yg_(-1,-1) is an exceptional
curve of the toric blow-up

Yy

f ng

determined by the refinement of fans £y — X, and so Ey generates an extremal
ray of the convex cone Bl}; (NE (Yf)). As in the former case, it follows that Qje,gs is
convex, and that the lattice Eqpc @ (Ef) ~ Z*is a face of Q;gs. O

Remark 4.3.4 (The extended Gross—Siebert locus as a subscheme of the base). If

J € Q¥ is an m&-primary ideal, then | @ L is an m®*-primary ideal in Q®°. The
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diagram of rings (2.9) can thus be extended to a diagram

Re®/(I®E®L)

!

R”/(I®E®LNQ8) —> R&/(ISE) (4.20)

I 1

R'"/I®E®LNQ) —— R'/UI®ENQ) — R*¥/I,

where R” is the completion of k[Q] with respect to the ideal m®* N Q, and R is
the completion of k[Q8°] with respect to the ideal m®* N Q8. Thus we may think of
the extended Gross—Siebert locus Spec (R8°/(I @ E & L)) as a subscheme of the base

Spec R*/I. Moreover, this diagram of rings extends to a diagram of the completions

Ress

)

R ey Res (4.21)

1

R” «—— R’ — R*.

4.3.2 Wall structures over the extended Gross—Siebert locus

The intermediate wall structure D¢, does not, strictly speaking, give a compatible
of system wall structures for Q°8° in the sense of Definition because the kinks
of 1 across three of the codimension one cells in ¥ are not contained in 18,
Similarly, the canonical and algorithmic wall structures associated to (Yf, D f) do

not give systems of compatible wall structures for Q;gs, as the kink of 1 ¢ across the
egs

;e

However, we will see in Constructionthat Drogand af Dy £ Hp) still define

ray R>o(=1,—1) € Ly is not contained in m

schemes over the associated extended Gross-Siebert loci. The following two Lem-
mas establish the properties of Dcan(f) and &D(Yiﬂ) necessary to define families

over the extended Gross—Siebert locus.

Lemma 4.3.5. Let D be one of the two compatible systems of wall structures Dean(f) and
d:D(Y)“:,H) Tl’len

(i) For every wall (b, f,) € D, the wall function f, € R8® is contained in R", and so we

can consider it to be an element of R®8°.
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(ii) If G C Q®8° is an m®&-primary ideal, then fy =1 mod G for all but finitely many
walls (b, f,) € D.

Proof in the case © = Dcan(f). First we consider D = Dcan(f). Since there are finitely
many maximal cells 0 € &, it is enough to show conditions (i) and (ii) hold after
replacing © with © N ¢. To do this, we compare D N ¢ with W(D N o). For each
wall (b, fy) € D N g, its image under W is a wall function of the scattering diagram
af®D(x, Hy)- If the representative of the piecewise-linear function ¢ ¢ on X is chosen
to be zero on the maximal cell v(¢), then amonomial tfz™ € k[Q®A,] C k[QB®A,]
is nontrivial modulo G if and only if (u,).(t#z") € k[Q ® M] C k[Q® & M] is
nontrivial modulo G. We will say that ¢ appears in a wall function f, if atfz™ is a
summand of the formal power series f, for some @ € kand m € A;. Since W(f,) only
differs from (u,)«(fy) by at worst a monomial factor contained in k[Q®° & M] \ G,
conditions (i) and (ii) hold for D N ¢ if and only they hold for (D N ¢). By the

equivalence of scattering diagrams

WDean(f) = af Dz, 1) = Scatter (afDinit(f)) ,

every monomial appearing as a summand in the formal power series W(f;) is a

product of multiples of the three monomials

@ D-E @) LBz (-12) g pr(-1mD-Ees (LD ¢ k[Q @ M),

where 15 is chosen to be zero on v(0). Therefore any monomial t# € k[Q] appears
at most finitely many times in finitely many wall functions in W(D N o).
It remains to show that only finitely many monomials tf € k[Q®*] \ G appear

in a wall function of ©. Recall from (2.2) that wall functions in D¢,y are of the form

fo=exp (Z kTNTtﬁz‘”) : (4.22)

where the sum is over all wall types 7 such that h(7ou) = d. Since Yy is two-
dimensional, we may use the equivalent definition of the canonical wall structure
given in [21]], via relative invariants of blowups of (Yf, D) rather than punctured

invariants of (Y, Dy). Thus we may consider the sum to be over curve classes , and
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consider N, to denote a relative invariant associated to  and k.. If § is a multiple of
E;fori € {a,b,c}, then d is the slab corresponding to the component of Dy which
intersects E;. Moreover, by [21, Lemma 3.15] the contribution to f; from all such
terms is
exp Z ke NtPz7# | = (1 + tFiz™™),
B=KE;

where m; € A, is the primitive tangent vector generating d as a cone. Therefore, it
suffices to show that only finitely many monomials t# € k[Q®°] \ G such that f is

not a multiple of E,, Ej or E; appear in the argument of exp in (4.22).

Every curve class  appearing in (4.22) must be contained in NE(Yy), as § =
1.¢.[C] for some toric blowup 7 : Yf — Y and relative stable map ¢ : C — Yf.

Recall that there is a chain of blowups
p q
Y — Yy, — Y5, (4.23)

where p = Bly, and g is the toric blowup determined by the refinement of fans
Lf < Lg. Note that the class of the exceptional divisor of  is [Yg_(-1,-1)] € NE(Yz,),
and p*[Yr,(-1,-1)] = Ef. The complement of m®s® intersects NE(Yy) in a face, so there

is an ample divisor H on Yy, N such that
NE(Yy) \ m®® = NE(Yy) N (p*q"H)*.

Since VI = m®8s, there is a bound 7 such that g € N E(Yf) \ I implies § - p*q"H < n,
and so if tF € k[Q®8°] \ I appears in a wall function of D, there are finitely many
possible values that g.p.p can take. We claim that given a choice of @ = g.p.f3, there
are only finitely many possible values of f which appear in a wall function of ©.
We have

B=p'qa+AE;s + ApEp + AcEc + AfEf

for some collection of A; € Z. For every ray p € Ly we have f§ - ?p > 0, where Yp is
the strict transform of Y, C Y. Taking p = R>0(2, —1), R>0(-1, 2) or R>o(-1, 0), this
implies that A,, A, and As are bounded below for fixed . When p = Rso(-1,-1),
then g - Y_p = A¢ = Ay, s0 A is bounded below by A¢; in particular Ay > 0 implies
Ac > 0. In the proof of [21} Corollary 3.16], Gross-Hacking—Keel show that if any of
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Aa, Ap, Ac are positive, then N, = 0 unless f§ is a multiple of E,, Ej, or E.. Therefore
each A; is also bounded above, and so there are only finitely many possible values

for B given a = q.p.p. O

When the dimension of the log Calabi-Yai pair is two, the walls of D¢an and
the curve classes appearing in (2.2) are particularly easy to characterise. To prove
Lemma for the three-dimensional wall structure D = d(D(Yi/ f1)), however, it is
easier to use the results about the geometry of the scattering diagram Dpet from

Section

Proof in the case © = @®(y, i7). There are ten maximal cells o € ¥; we show that
conditions (i) and (ii) holds for each subset © N o separately. The wall functions
live in @, where the completion is taken with respect to the maximal ideal
m8® associated to the Gross—Siebert locus. We identify @ with k[—Q’gS—GB\ M] by
choosing the representative of i to be zero on ¢, and consider the wall functions to
be formal power series in k[Q/gS_QT M]. We will say that a monomial t#z" € k[Q¢8°]
appears in the wall function f, if atfz"™ is a summand of f; as a formal power series
for some a # 0 € k.

Lemma follows if there are finitely many monomials t#z" € k[Q®8°] \ G
which appear in the function f, associated to any wall (b, f;) € DN o. All such

monomials are positive linear combinations of the monomials in the incoming

walls, taking the form

~ /\l‘
[1 (ema-rizm) (4.24)

ie{a,b,c,d}
for some collection of A; € N.

Suppose first that o is not contained in Rxo({(-1,0,0), (0,-1,0),(0,0,1)). Then
m; € ¢ for at most one j € {a,b,c,d}, and therefore at most one of the incoming
monomials is not contained in m®8*. Thus the assumption that the monomial
is nontrivial modulo G bounds A; for all i # j. It follows that the area containing

Z#j Aim; is bounded. Moreover, we know by Claims |4.1.13| and |4.1.14| that there

exists a (non-strictly) convex cone T C M such that
1. cont={0} and

2. all monomials t#z™ appearing in f, for some d C ¢ have m € 7, apart from the
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(at most one) incoming ray contained in o.

The second condition implies »); A;m; € 7. However, since Z#]- Aim; is bounded
and m; € o, the value of A; must be bounded.

Now suppose that ¢ € Rx0((-1,0,0), (0,-1,0), (0,0, 1)). This time only ¢ (m,)
and ¢/(my) are contained in m®#®. Inthe case 0 = Rx0{(~1,0,0), (0, -1,0), (-1, -1, 1)),
the same argument as above shows that all the A; are bounded. In the case
o =R50((0,-1,0),(-1,-1,1),(0,0, 1)), the cone T = R>¢((1,0,0),(-1,0,0), (0,1, 0))
contains all tangent vectors m € M for which a monomial t#z" appears in f, for
some D C o, apart from the two monomials appearing in the functions af the two

incoming walls contained in o:

a®q, fo,) = (Rzo«ol -1,0),(-1-1,1)), @1+ dz<01—1r0>))

and  @(0ca, fo,) = (Re0((=1=1,1),(0,0,1)), &(1+cdz"710)).

The same argument as in the previous cases implies that if the monomial (4.24)
is nontrivial modulo G and }; A;m; € Rx(((1,0,0),(0,1,0)) C 7, then the A; are

bounded. However, Claims [4.1.13|and 4.1.14] imply that any monomial t#z" ap-

pearing in a wall function in ¢ with m € R30((-1,0,0), (0, 1,0)) must be either

(a) a product of multiples of &.(dz®~19) and a monomial t#'z"" appearing in f;

for some d C RZO((_lr O/ 0)/ (0/ _1/ 0)/ (_1/ _1/ 1))/

(b) a product of multiples of &.(cdz""19) and a monomial t#'z"™ appearing in
p P 19 &

fb where d = RZO((_ll _1/ 1)/ (_1/ 0/ 1)>/ or

(c) a product of multiples of monomials of the form (a), (b), and monomial

summands tF'z" of fo such that d ¢ ¢ and m” € Rx0((1,0,0), (0,1, 0)).

It remains to show that there are only finitely monomials of the form (a) and (b)
which are nontrivial modulo G.

There are finitely many nontrivial monomials modulo G which are summands
of fy for some d € Rx((-1,0,0),(0,-1,0),(-1,-1,1)). Moreover, the only such
monomials which are nontrivial modulo me8 are @.(cz"199) and &.(dz@~19).
By Lemma the scattering diagram Scatter(a(dc, f.), @(d4, fo,)) is finite, so

when m’ = @.(cz-190) there are finitely many monomials of the form (a). When
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m’ # @.(cz-109), then Claim implies m” € Ry0((-1,1,0),(0,1,0)), and so
m € R>0((0,1,0), (-1,-1,0)) by Lemma[4.1.12} Since p’ € m®® there are only finitely
many monomials t#z™ of the form (a) which are nontrivial modulo G.

If d = Ryo{(-1,-1,1),(~1,0,1)) and t¥z™ is a summand of f, which con-
tributes to a monomial of them form (b), then we must have m’ € R54(0, 1, 0). Since
R>0(0,1,0) does not contain (-1,0,0) or (0, -1, 0), there are finitely many monomi-
als t#'z™ which are nontrivial modulo I. By Lemma and Lemma any
monomial t#z" of the form (b) must have m € Rso{(~1,0,0),(0,1,0)). Moreover,
we must have g’ € m®°. Thus there are finitely monomials t*z™ of the form (b)
which are nontrivial modulo G. Thus conditions (i) and (ii) hold for DNo. A similar

argument holds in the remaining case 0 = R>((-1,0,0),(-1,-1,1),(0,0,1)). O

Corollary 4.3.6. The wall structure ® = oy Dz p,) also satisfies conditions (i) and (ii) of
Lemma

Proof. In the proof of Lemma in the case ® = Dcn(f), we showed that for
any o € %, conditions (i) and (ii) hold for Dcan(f) N o if and only if they hold for
W(Dean(f) N o) = afD(Zlef) N W(o). Thus och(zlef) satsifies conditions (i) and

(ii). O

Lemma 4.3.7. Let ©, Q and Q8 be as in Lemma Then
Re85(D) := @ R°8 . 9,, (4.25)
m

is well-defined as an R8°-algebra.

Proof. © is a compatible system of consistent wall structures for Q&°, and satisfies
conditions (i) and (ii) from Lemma Therefore, given an ideal G C Q®8° such
that VG = m®8, the definitions for consistency in codimensions zero and one are
satisfied. Consistency in codimension two is satisfied as long as, for any asymptotic
monomial m of © and general point p for m, the theta function 9,,(p) is well defined
as an element of R8°/(G N Q#&°). That is, the sum over broken lines § with endpoint

p and asymptotic monomial m

Z apz"? € k[Q#& ® Ay]
B
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is finite modulo G. By Corollary and the fact that R(Dcan) and R(Dy, 1))
are isomorphic as R&-algebras, we may consider the broken lines to live on D =
af®,, Hy) instead of on Dean(f)-

Let a;—1z™-1 and a;z™ € k[Q8® & Ag(,)] be the monomials carried by 8 on the
domains of linearity either side of t; € R<o, where f(t;) € d € D. If a;z™ # a;_1z"!
we say that f interacts nontrivially with . We say that p picks up the monomial
(a;z™)[(aj—1z™-1) at t;. If B changes direction at #; it must interact nontrivially
with d. If d is a slab contained in the codimension one cell p and the kink of the
piecewise linear function x, is non-zero, then § must interact nontrivially with d;
the monomial  picks up at t; must be divisible by z*».

Suppose for a contradiction that there are infinitely many broken lines  on
D with endpoint p and asymptotic monomial m such that agz™ € k[Q8° & Ay]
is nontrivial modulo I. This implies broken lines on © can pick up arbitrarily
many nontrivial monomials modulo m®#* and only a bounded number of trivial
monomials modulo m®&®. By Lemma[4.3.5] the wall structure ® mod m®8® is finite.
In fact, we have

af®, Hy) = af Dinie(f) mod m®. (4.26)

However, the kinks of 1 ¢ across the two rays supporting the incoming walls d, and
Dy are contained in m®8°, so broken lines cannot interact trivially with these walls
modulo I. Thus our assumption implies that a broken line g on a Dz, ;) can
interact nontrivially with the incoming ray a(d.) arbitrarily many times, without
interacting nontrivially with any other wall. This is clearly impossible. When

D = aDy, ) wehave

v}
I

d{ba/ bb} U
mod m®*®  (4.27)
a (Scatter{bC/ Dd} N RZO((_ll 0/ O)/ (0/ _1/ O)/ (0/ OI 1)>)

In this case, the kinks 1} across the two incoming walls d, and d; are also contained in
me&. Broken lines in © cannot interact nontrivially arbitrarily many times with walls
in @ Scatter{d., s} without also interacting nontrivially with other walls arbitrarily

many times. O

Corollary 4.3.8. The algebra R®8%(D) is also a well-defined R®8°-algebra when
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D= C(Xf@(zf,Hf) or® = Dfﬁg.

Proof. The two wall structures are truncations of cones over af Dz p) and &Dy( &)
The wall functions of CD are fbl/ ? where a is the index of the map Acy — Z
induced by projection to the height. Therefore, Caf®Dx 1) and Dy, satisfy
conditions (i) and (ii) of Lemma if fbl/ ? is well-defined as an element of R¢8*
foralld € af D/ ) and d € ADy, gy. If fo =1 mod m®® then fbl/a is uniquely
defined in R®8*. By the equations (4.26) and (4.27) from the proof of Lemma[4.3.7}

we see thatif f, # 1 mod m®® we have a = 1. If CD satisfies conditions (i) and (ii),

and R°8%(D) is a R®8%-algebra, then it follows that R°°(CD) is a R*8°-algebra. O

Construction 4.3.9 (Families over the extended Gross—Siebert locus). Let X -
Spec R#* denote either of the families X.. or X_f Following Corollary above, we
may consider X to be the pullback of a scheme over Spec R”” via the upper horizontal

morphism in (4.21)) - we write
X= Proj (S ®g» R®%),

where S is the graded R"”-algebra given by the algebras of theta functions 5, .y Sk
or R(Ca Dy £ H f)) respectively. Then we may define the corresponding family over

the extended Gross—Siebert locus
Xe8s := Proj (S ®gm R°8)

as a scheme over Spec R5°.

Remark 4.3.10. Not all the kinks of the piecewise linear function are contained in
m®8*, and not all wall functions f = 1 mod m®?®, and so the central fibre of the
family X85 is not a union of toric varieties. However, X°85 is the pullback of a family
X7 over Spec R”, and this family can be pulled back to a family ¥ XspecR” Spec R*

which does have a toric central fibre.

4.3.3 Asymptotic wall structures

Before we make use of the monoid maps Q;gs — Q% and Q ¢ = Qe8s to relate the

three wall structures D¢, D(x £ H) and D(zg,Hg), we need to introduce the notion

of an asymptotic wall structure.
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Definition 4.3.11 (Asymptotic wall structure &,5). Let & be a wall structure on a
polyhedral affine pseudomanifold (B, &) equipped with MPA-function ¢. Define
the asymptotic wall structure §,s similarly to the asymptotic scattering diagram of
Definition by replacing each wall (b, f;) by (b, f»), Where Dy, is the tail cone
of D = Dy + De. (See Remark [1.5.3- here by is a bounded set.)

Let h : CB — Ryo be the global affine function defined by projection to the
second factor —i.e. the height. Suppose that

(Bas, Pas) := (CB,C2) N h~1(0)

is a polyhedral affine pseudomanifold of dimension dim B in the sense of Defini-

tion[L.2.1l Then
Pas = C(Plh—l(o)

defines a convex MPA-function on (Bgs, Pas), and §,s is a wall structure for the data

(BaS/ ‘@aSI (Pas)-

Lemma 4.3.12. Given a consistent wall structure §, the asymptotic wall structure S, is

consistent if it is defined. Moreover, there is an isomorphism of k[Q]/I-algebras
R(S) = R(Shs). (4.28)
Proof. For every joint j,s of $as there is a simply connected subset of &
Si. = {Int T € Pp |Int T € B; where joo = fas}

containing all the joints of & with tail cone equal to jas.

(Consistency in codimension zero.) Consistency of the codimension zero joints of
Sas follows from the codimension zero joints of §, similarly to the compatibility of an
asymptotic scattering diagram (see Remark . For any maximal cell 0,5 € Py,
there is a unique maximal cell ¢ € % with tail cone 0. equal to o,5. Moreover,
Rg,, = Ry, and if jos C 046 is of codimension zero, then any joint j of & with tail cone

jco equal to jas must have codimension zero itself, and so &, is contained in 0 € 2.

Given any wall dy5 € (Sas)j,,, the walls d € D with asymptotic cone containing
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D,s are contained in §j,_, and

o = l_[ o

Doo DD
In particular, all such walls are parallel, so their change of chambers morphisms
commute, and 0y, is equal to the composition of all 0, such that d is a wall in
& with tail cone containing in d,s. Since & is consistent in codimension zero, the

composition of isomorphisms
0y =0y, 000y : Reg — R,

determined by any closed loop contained in ¢ is equal to the identity. There is a
closed loop y in &, such that 0, is equal to 6, where )’ is the simple closed loop

in (Sas)j,, around jas. Therefore 0, is the identity on R,,,.

(Consistency in codimension one.) If i,s is a joint of codimension one, then all
the joints contained in &, are joints of codimension zero or one in §. Given a slab

bas € Sas, the change of chambers morphism
Gbas : REZ — Rués

is equal to the composition of all change of chambers morphisms 0y or 0, restricted
to R®, where b and b are all the slabs and walls with tail cone containing b,s. Note that
the order of the composition does not matter as the change of chambers morphisms
commute, and here R, and Rﬁz are canonically identified because b is necessarily
parallel to b,s. Consistency of i,s therefore follows from consistency of all the joints
in &,

(Consistency in codimension two and isomorphism of algebras of theta functions.) If

fas is a codimension two joint of &, then we have

(éjias)as = (CS)aS)ias :

Therefore, consistency of i,s follows if we show that there is a bijective correspon-
dence between broken lines on & and broken lines on §,s with fixed asymptotic
monomial and endpoint. Since asymptotic monomials on §,s are asymptotic mono-

mials on & by definition, the correspondence between broken lines would also imply
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that the identification of theta functions 9,, = 3, induces an isomorphism of the

algebras R(S') — R(Sas)-

For any chamber 1,5 of &y, there exists a unique chamber u of § with tail
cone e = llys. Suppose that B,s is a broken line on &, with endpoint p,s € uPes.
By choosing p to be far enough away from the origin, it is easy to see how fas
corresponds to a broken line f on & with endpoint p € 1y + pas C 17, where
u?” = 1y + uP». The broken line § only passes through chambers u of & with tail
cone equal to a chamber or wall of Sas. If U = Das € Sas, then p enters an exits
u via walls d and " whose tail cone contains in d,5. We claim that there exists a
choice of general point p., € U such that no broken lines § contributing to 9,,(q)
pass through any chamber u of & without tail cone 11, equal to a chamber or wall
of &us. Thus every broken line contributing to 9,,(p«) € & corresponds to a broken

line fas on &y, contributing to 9, (p) € R(Sas).

Suppose that f§ is a broken line on & with endpoint g € 1, passing through
a chamber u with tail cone of codimension greater than one. Suppose that u is
adjacent to 1, and f passes through the wall d = u N . The final monomial azz™*
carried by f is a summand of Oy(a,-1t"-1), where a,_1t"-! is the monomial carried
by f in 1. The endpoint 4 must be contained in d + R, and since D has tail cone
of codimension at least two, the set d + R>omy C u” has tail cone of codimension at

least one.

Now suppose that a broken line g with endpoint g € u¥ passes through cham-
bers with tail cone of codimension greater than one, but that the final such chamber
u is not adjacent to u”. We may argue by induction that g € 7 + Rxompg, where 7 is
a subset of a wall of u”, with tail cone 7., of codimension at least two. The tail cone

of T + Rxomg is also of codimension at least one.

Since there are finitely many broken line types in &, there are finitely many
possible subsets T + Rxgmg C u¥ containing endpoints of broken lines which pass
through chambers with tail cone of codimension greater than one. The complement
of these subsets of u” is therefore a union of polyhedra with combined tail cone equal

to uPes, the tail cone of u”. Thus we can choose po to be in this complementin u”. O

Corollary 4.3.13. Given a consistent wall structure §, there is an isomorphism of k[Q]/I-
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algebras

R(CS)g = R(Sas), (4.29)

where R(CD) is the graded algebra of theta functions defined on §, and R(S,s) is the algebra
of theta functions defined on Ss.

Proof. By [23, Theorem 4.3.2], we know that R(CS)g = R(S), and by Lemma
we have R(§) = R(Sqs). O

Lemma 4.3.14. The monoid maps 15 and ¢ induce ring homomorphisms

RY — R and RE — R (4.30)
Moreover, we have
Proj (So,e ®g R°) = X, X, Spec R®6° (4.31)
and
Proj (Se,0 ®m R) = @egs X, Spec Ress (4.32)

Proof. The monoid map tf and ¢y induce the ring homomorphisms (4.30) because
t}l (m®8%) = m;gs and L; (m®8%) = mf,s.

In order to prove (4.31), we show that there is an isomorphism of R®#*-algebras
R (Cagcb(zg,Hg)) ®,, R = Sy, @y, R (4.33)

Since Sp,e = R (Dfesg),, we use Corollary and relate CagDs, i,) to Dfeyg in
the following sense. By Remark we can express Dy, as a cone with respect
to the t-height:

Doy = C((ADpert X Rx0) N (Brog N{t =1}) ),
so we aim to show that

((@Dpert X Rz0) N (Bosg N{t =1})),, = 1,Ca Dz - (4.34)
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This is done by simply tracing through the identifications — we start by noting that
Bfog N{t =0} = C(Newt g)" (4.35)

and

(£ x Rxg) N {t = 0} = CZ,. (4.36)

To show (4.34), it therefore suffices to show that

(dgpert X RZO)as = LgcagD(Zg'HS’)

— (&:Dpert)as =lgo© agD(Zg,Hg)/

where the latter is an equivalence of wall structures on (Mg, L) equipped with the

Dess-valued piecewise linear function ¥ . This is easy to see since
p Mzx{0} y

J}|MR><{O} =lgo l/}g and (Dpert)as = tD(Zg,Hg)/

SO

(dl{tzl} DPert)as = dl{t:O} (bpert)as

- dl{t:()} D(Zngg)

Lg© agD(Zg,Hg).
In order to prove , we show that there is an isomorphism of R¢#*-algebras
R (Ca fM) ®,, R = 5, @ R, 4.37)
Following the same argument as for X_g, we note that
Bfeog N{s = 0} = C(Newt f)" (4.38)

and

(ExRso) N{s =0} = L.
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However, we have
2 N C(Newt f)" = (5 x Rsg) N C(Newt f)Y,

and the restriction gl~1| C(Ne can be linearly continued to give a Q®8%-valued piece-

wt f)Y
wise linear function on Lf X R0, which we will denote by 1,[7| (T Rs0)’ Since all of
the codimension one cells of Xy X Ry are vertical, the same MPA-function is also

represented by

9D|zf x0:= (¢|(foR>o) Max(0) X 0) : Mg XRsg — Q°8°,

With this representative, we can identify

¢|Zf X0=1t50(Psx0)
as piecewise linear functions on (Mg X Rxg, X f X Rs0), and make the identification

do(px0)=tro(arx0): PrxRsg— P (4.39)

Ipl):fX]Rzo

of functions of sheaves on (Mg X Rxo, L X R»g), where ¢ : Py — P, is defined in
(4.4). We can now argue that

(Dﬁ_)g N{s = 1})as = Dﬁ_)g N{s =0}
= a7 N C(Newt f)" by (4.38)
= i (D, iy N C(Newt /)"

= 17 0 (ay X 0) (CDiz, ) NC(Newt f)¥) by @39

= Lfcafb(zf,Hf)r
and so (4.37) holds by Remark and Corollary O

Lemma 4.3.15. The wall structure Do N {s = t} is equivalent to the cone over & Dpert,
where

Dpert = :Dpert N (Bf<—>g N{s=t= 1}) . (4.40)
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Moreover, there is an isomorphism of graded k[Q]/I -algebras

P Sik =R (Dpegn{s =t}). (4.41)
keN
Proof. The first statement follows from the discussion in Remark We show
that broken lines on Dy, which contribute to a theta function 3¢, k) € Sk
correspond bijectively to broken lines on D¢, N{s = t} which contribute to 9, 1) €
R(Dfeg N {s = t}). One direction of this bijection is clear — any broken line
B contained in Do N {s = t} is automatically a broken line in Df.,,, and its
asymptotic monomial must have degree (k, k).
Now suppose that § is a broken line on Df.,¢ with asymptotic monomial of
degree (k, k). Since the monomials in the wall functions of Dy.,¢ have degree
(0,0), the monomial carried by $ has constant degree, and thus the image of § is

completely contained in a hyperplane
H:={s—t=c}NBfeyg

for some constant ¢ € R, parallel to Dr,o N {s = t}. If c < 0, then H carries a
wall structure D, N H such that Dr,o N H \ 0Dy, is equivalent to a subset of
Dfesg N {s = t}. Therefore, f determines a broken line on Dsc,¢ N {s = t} which
has endpoint in u5=!. If ¢ > 0, then H carries a wall structure Df,, N H such that
(Dfesg NH)as = Dfesg N {s = t}. Since B contributes to 9, x) € R(Dfesg N H) and
R(Dfeg NH) = R(Dfeg N{s = t}) by Lemmald.3.12} f must correspond to a broken
line contributing to 9, 1) € R(Dfeg N {s = t}). O



Chapter 5

The morphisms are birational

In the previous chapter, we constructed three families over Spec k[Q¢#5] and maps
between them. In this chapter, we will show that the generic fibres of these families
are smooth, and that the maps between them are birational. For simplicity, we

adopt uniform notation for the three families.

Notation 5.0.1. Recall the three monoids Q8, Q?S and Qgs associated to the Gross—
Siebert loci for the respective log Calabi-Yau pairs (Y, D), (Yr, Dy) and (Yg, Dy).
We denote these monoids by Q% when the context is clear, and denote by Q°¢%°

the monoid associated to the corresponding extended Gross-Siebert locus. (Here

Q;gs = Qgs.) We set

R® :=k[Q®] and R®®:=k[Q¢®], (5.1)

and let D denote one of the following three wall structures over R®*:

&Dpertl afD(Zf,Hf)l or agE(ZX,Hg)- (52)
We write X for the family
X := Proj R(CD) —> Spec R (5.3)

where R(C?D) is the graded R®8%-algebra of theta functions for the three-dimensional

wall structure CD.

5.1 Smoothness of the generic fibre

Theorem 5.1.1. The families X —> Spec R®8® are smooth over the generic point.
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Proof. We will prove this via a local analysis of the two-dimensional wall structure
D. Roughly speaking]l}, neighbourhoods of joints in D give rise to local charts on
X. The most difficult point in the analysis involves the joint at the origin: here we
use results of Gross—Hacking—Keel [21], for which we need to work over a sharp
monoid.
Fix a sharp monoid Q" that satisfies the conditions of Construction and is
contained in Q&°, and let
R* := K[Q]. (5.4)
Let m’ denote the intersection of Q¥ with the maximal ideal of Q8°, let m” denote

the intersection of Q* with the maximal ideal of Q°®?®, and recall the diagram of

rings (4.21).
Claim 5.1.2. There exists a family X" — Spec R” such that X = X XspecR” Spec R°6°.

Proof. We need to show that the structure constants in the R¢*-algebra of
theta functions R(CD) are actually contained in R”. The claim therefore follows if
ag € k[Q"] for every broken line g on ©. We only show this in the first case, but the
argument in the other two cases is similar.

When D = 54%, there are only five walls d € D whose wall function f, admits
amonomial summand #4z" such that A ¢ Q¥, namely the slabs arising from the five
rays in Dpert which propagate towards the origin: d,, Dy, 0, D4, Ded € Scatterz(Dgert).
The wall functions carried by these slabs b,, by, b, bg, by are of the form f,, =

1+ tAfz’"f)gb,., where m; € M,

—E; ifi=a,b,cord
A; =

E-E.—E; ifi=cd,

and every monomial summand of gy, is contained in k[Q* & M]. Suppose that a
broken line 8 crosses one of these five slabs at fx € (—c0,0). Then the monomial

(ag12™1)/(axz™) € k[Q®®° @ M] that p picks up at t is a summand of

(£*% fo,)"

1This is not quite true, which is why we work with a formal family below, rather than arguing

directly on X.
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for some n € N. Noting that xp, + A; € N E(Y) for every i, we conclude that
ar+1/ar € k[Q®8] in fact lies in k[Q*]. Then it follows by induction that az € k[Q*].
Therefore, we may consider the ring of theta functions on CD to be a graded R”-

algebra R”(CD), where R(CD) = R”(CD)®r~R°. We define X := ProjR”(C®D). O

We may now construct families over Spec of every ring in the diagram
via pullback of ¥”. In particular, let ¥ be the pullback of ¥” via Spec R* — Spec R”.
Let 1°8%, ”” and 1" denote the respective generic points of Spec R®*, Spec R” and
Spec R*. The residue fields x(1°6°) and x(1y*) are both extensions of x(1)”), so the
generic fibre fnegs is smooth if and only if @nn is smooth, if and only if ﬁn# is

smooth. Thus Theorem follows from Lemma 5.1.3|below. O
Lemma 5.1.3. The families ¥ — Spec R* are smooth over the generic point.

Proof. Let Dcan denote the canonical wall structure for the log Calabi-Yau pair
associated to ©. The discussion in Section shows that there is a truncation of

Dcan such that we have an equivalence of wall structures over R&°

CD in the first case (Y, D)

)
(o]
QO
=]

Il

D in the second two cases (Yy, Dy) and (Y, Dy).

Moreover, the isomorphism of the R&-algebras of theta functions induced by the
equivalence of wall structures actually extends to an isomorphism of R”-algebras by
Claim Therefore, the family ¥ is equal to the algebraisation of the canonical
formal family

%= colim,_, .+ Proj R(Dcan /1) . Spf R¥.

The family ¥ Spec R* is smooth over the generic point if and only if the formal
family - Spf R* is smooth over the generic point in the sense of [21, Definition
4.2]. We may therefore work in local charts and to finite order to show that, for a

sufficiently large m*-primary ideal I, the singular locus of
X1 -1 W := Spec R*/I

does not surject scheme-theoretically onto the base Spec R*/I.

For every joint i in the wall structure D, we may define an affine scheme
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U;j := SpecR; such that X*/1 is covered by all U;j such that j appears as a joint of
D modulo I. The scheme Uj extends the local construction of X°(®D/I) about i over

codimension two: it is the affine completion of the glued scheme

X°(D/INB;j) = U SpecR; C X°(D).

Ttlsgz
where B; is as in Definition Furthermore, a subcover of ¥#/1I is given by the
set of Uj such that j is a either a boundary joint or a codimension two joint of D/I.
Indeed, it follows from consistency in codimensions zero and one that when i is
an interior joint, we have X°(D/I N Bj) = Spec R,, for any chamber 1 containing i if
codimj = 0, and X°(D/INB;) = Spec Ry where b is either of the two slabs containing

iif codimi = 1. Thus we have

SpecR, if codimi=20

i =
Spec Ry if codimi=1

and so Uj € X°(D/I N By) for some interior joint i’ of codimension two.

There are therefore three types of joints in © which make up an affine cover of
ﬁ/ I: (1) boundary joints { € d9D; (2) the origin; (3) an additional interior joint. Case

3 only occurs when © = @(Dpert), and is the point = (-1, -1).

Case 1: Boundary joints. Suppose the boundary joint j is contained in chambers
u, and u_, separated by a wall d such that { = d N dB. The scheme Uj is defined to

be the affine completion of the glued scheme
Spec R) SpecR,_ = Spec Ry <= SpecR,,, = Spec Ri.

The ring of regular functions on this scheme is given by R; = k[(?gp* )x], where ¢
is the Q*-valued piecewise-linear function on (B, %) and (P(Z )x is the stalk of the

associated sheaf of monoids at the point x = j. It may be written as

R; = (R*/D[X,Y, Z] /(XY — t™Z" ) (5.5)
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for some r € N, where f; is the wall function on d and

Kp(P) if d is a slab contained in p € "1l
Ky =
0 if d is a wall of codimension zero.

The generators of R; represent the vectors in (#)x given by

X = 26497 E) Y g0 ) 7 = e E)

where & € Agy,, - € Ay and &, € A, are all generators pointing away from j.

Then the number r € N is given by the equation
£++£_:r-5p € Ay.

Note that although f, € (R*/I)[Z, Z7'], we know by convexity of the joint i that
Z' fy € (R*/D[Z].

If { is a boundary joint in any of the three wall structures (5.2), then r € {0, 1}.

Furthermore, we know that when r = 1 we have
Zfb = (Z + t_Ei) )

for some i € {a,b,c,d}, where ¢, € (R*/I)[Z] and ¢, = 1 mod m’. By [21,
Definition-Lemma 4.1], the singular locus Sing(#;) C Uj is defined by the 2™ fitting
ideal of Qb/wl. This is the ideal | = (X, Y, F(Z)) € R;, where

1

i Ofv e
t1bﬁ lff’—O

F(Z) = (5.6)

e (gD (Z+ t‘Ei)‘%) ifr=1.

When «; = 0, we claim that Sing(7t;) is empty. Indeed, if k, = r = 0, then
fo = XY is contained in the fitting ideal . Since f, =1 mod m* and VI = m*, foisa
unitin Rjandso ] = R;. If xy =0and r = 1, then (Z +tFi)gy = XY € ]. Since gy = 1
mod m*, itis alsoa unitin R;, and so (Z+¢7E/) € J. Butnow g, = F—(Z+t‘Ef)% €],

so ] =R;.

When «; # 0, we claim that Sing(7t;) does not surject scheme-theoretically onto
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Wi. If k3 # 0 and r = 0, the ideal | contains t** f, = XY. Since f; is a unit in R;, we
have t** f, - (f,)~! € J, and so t* is contained in the kernel of R¥/I — R;/]. Since
Sing(7t;) = Spec R;/], we see that the singular locus fails to surject onto Wy. If ky # 0
and r = 1, we have F = t**G € ], where G is the expression in brackets in (5.6).
Since g¢» =1 mod m’, we have G =1 mod m?, and so G is a unit in R;. Therefore

t*» is again an element of the kernel of R*/I — R;/], and the claim follows.

Case 2: The origin. If the origin is the only interior joint in ®, then R; is
isomorphic to the localisation R(CD)s,,, . We can therefore apply the discussion
around Claim to show that Rj = R(Dcan). The main result of [21, Section 4] is
that the generic fibre of the formal family defined by R(®can) is smooth.

The remaining case, where we consider the origin in d(%), is not covered
by [21, Theorem 4.6] because the monomial carried by the incoming ray arising
from d.4 is not contained in m’. (That is, because not all of the incoming rays have
order zero with respect to m’, the wall structure is not equivalent to a canonical wall
structure.) Nevertheless, the argument of [21, Section 4] goes through verbatim in

this setting, and shows that the generic fibre of the family associated to R; is smooth.

Case 3: The additional interior joint. As discussed, this case only arises when
D= &(ﬂ) and i = (=1,-1). The open set Uj is the spectrum of R(D;), and D;
is the image under & of a neighbourhood N of j in Dpert that contains no other
joints (see Definition . As a scattering diagram, N = Scatter(E), where E is
the scattering diagram containing only those walls of N that are incoming to i.
See Figure The diagram E has exactly five incoming walls, and we consider a
perturbed scattering diagram E’ obtained by shifting three of the incoming walls
as shown in Figure Set ¢ := @(Scatter(E’)). The asymptotic scattering diagram
associated to Scatter(E’) is equivalent to N, and therefore we have an equivalence of
wall structures (€'),s = D;. Applying Lemma we see that U] is the spectrum

of the algebra of theta functions on €'

Note that ¢’ contains only one joint of codimension two: the joint at (-1 — 1),
which we denote . It therefore suffices to show that Uy has smooth generic fibre.
But the wall structure (E;, is finite and easy to describe — in fact, we claim that @If/
is equivalent to the algorithmic scattering diagram a(D(y, ) associated to a log

Calabi-Yau pair (Y, D), where Y is a smooth del Pezzo surface of degree seven, as



5.1. Smoothness of the generic fibre 149

we now describe.

+

~

/
/

AN

Figure 5.1: The scattering diagram

~-

N, with the support of

E shown in black. The Figure 5.2: The scattering diagram
infinite collection of rays E’, where the perturbed
in every quadrant but lines are shown in grey.

the positive one is repre-

sented by grey arrows.

We see from Figure that €, is simply the image of the finite scattering
diagram Scatter{d., d;} under a. This is pictured in Figure Thus €, consists
of five walls, three of which coincide with codimension one cells in the polyhedral
decomposition 2. Each of these cells carries the kink E € Q, and the two incoming

walls to i’ carry the wall functions
d(fbc) =1+ t_Ecx—l and d(fbd) =1+ t_Edy_l.

Thus we may consider Y to be a hypersurface of Y with the divisorial log structure
D induced by the divisorial log structure D. More concretely, Y C Y is the strict
transform of the toric divisor Yg_,(-1,-1,1) € Y& under the blowup Bl : Y — Y¢, and
D c D is the strict transform of the toric boundary of Yg_,(-1,-1,1)- We see that Y is
a smooth del Pezzo surface of degree seven, and D is a union of three lines on it.
The toric model of (Y, D) is induced by the toric model of (Y, H) — the toric variety
is YR o(-1,-1,1) = P? and the locus of the blowup is Hn YR.(~1,-1,1), which consists

of two points: each on the interior of one of the toric boundary components of P2.
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1+t Eaxt i

1+ t‘ECy‘l

Figure 5.3: The wall structure ¢’, with the three slabs shown in bold.

The result of [21, Theorem 4.6] therefore also applies to the wall structure (E;, ; we

conclude that Uy has smooth generic fibre. O

Remark 5.1.4. The algebra R(E,) is calculated by Gross-Hacking-Keel-Kontsevich
in [22, Example 8.31]. Since €, is finite, we may consider Uy to be a family over Al
with generic fibre isomorphic to the complement of five lines in a smooth del Pezzo

surface of degree five.

Notation 5.1.5. The monoid maps (¢ and 1, defined in Construction induce

ring homomorphisms

Ly R;gs —R¥ and 15: R — R¥ (5.7)

where Rj;gs is the ring R®*® associated to Q;gs, and similarly for Rzgs and R, We

denote the three families, previously denoted by X, by X_, ff_f and X_g.

Lemma 5.1.6. Consider the pullback families L}%_f and L*g%_g over Spec R®°, and the

morphisms

*

f

X
/ \ (5.8)
Xy Iy

L fg.

defined in Proposition |4.2.15, These morphisms are birational over Spec R,

Proof. The three families in (5.8) are all projective schemes over Spec R%". By the

Stein factorization theorem, therefore, each of the two morphisms is a composition
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7t o p of a proper morphism p with connected fibres and a finite morphism 7. We
claim that the finite morphism 7 is of degree one. Since being of fixed degree is an
open condition, it suffices to show the existence of a point in L’}X_f and L’é?ﬁ_g with
fibre in X.. equal to a single point.

The central fibre of Spec R(Dfc,¢) is a union of eight irreducible components,
seven of which are smooth toric varieties. Each of these toric varieties is iso-
morphic to Spec K[C(Z)], where K = (RZ®°/me8®), C is one of the ten domains of
linearity of the piecewise linear function @ on Bf,e, and C(Z) denotes the inte-
gral points of C. (The seven domains of linearity that we consider here arise from
the seven chambers in Figure 4.5/ which are not in the lower left quadrant.) Let
us consider C = C; + C,, where C; = Cone((0,0,1,0),(0,-1,1,0),(1,-1,1,0)) and
Cs = Cone((0,0,0,1),(0,-1,0,1),(1,-1,0,1)). The restrictions of the maps
to the component of the central fibre defined by C are induced by the inclusions

Ct, Cs — C:

SpecK[C(Z)]

/ \ (5.9)

Spec K[C+(Z)] Spec K[Cs(Z)].

The GIT quotients of these three affine toric varieties by G, (as specified in the
proof of Proposition , are all isomorphic to P2. More specifically, the GIT
quotients are realised as Spec K[C(Z)]/G?2, = P%(, Spec K[Cs(Z)]/G?, = P%( and
Spec K[C(Z)]/G?, = A C ]P%< X ]P%(, where the morphisms of descend to the

projections
2 o P2
A c Py xPy
/ K (5.10)
2 2
Py Py-
Hence both morphisms in (5.8) are generically of degree one. O

5.2 The main result

Definition 5.2.1. Let 7 denote the generic point of Speck|[¢ ], and denote the generic
fibre of a family 3 — Speck[[t]] by 3,. We will say that a one-parameter family
y : Speck[[t] — Spec R®8° is general if the generic fibre (y*g)n is smooth for each of
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the three families ¥ — Spec R8* given by X, L}X_f and L*g%_g.

Note that almost all one-parameter families y are general. The main result of

this thesis is:

Theorem 5.2.2. For a general one-parameter family y : Speck[[t] — Spec R°8, the
morphisms of induce a diagram

),
/ \ (5.11)

), (),

where the bottom left corner is isomorphic to Pﬁ(( oy the other two entries in the diagram are

2, and both leftward-pointing maps are the blowup in a point on the

isomorphic to Bl Pk(( by

boundary.
Theorem follows immediately from the two lemmas below.

Lemma 5.2.3. For a general one-parameter family y : Speck[[t] — Spec R®8%, the generic

2
k()"

fibre (y*t}%_f) is isomorphic to P
n
Proof. The generic fibre (y*t}f{_f) is a smooth del Pezzo surface. Since the Brauer
n
group of k((t)) is trivial for k of characteristic zero, it suffices to prove that this del
Pezzo surface has degree nine; cf. [23, Example 6.0.2]. Consider the diagram of
rings
egs _ f Begs
R ;o R
T (5.12)
R R,
The family L’}X_f — Spec R°8 arises by pullback from a family % — SpecR”,
because all the wall functions of i (a (DO - H f))) lie in R”. Consider the pullback
of 2 to Spec R* via the lower horizontal map in (5.12). It suffices to show that fibres
of this family have degree nine — since the degree is constant on fibres, we compute
the degree of the central fibre. The central fibre is the union of toric varieties with

moment polytopes as pictured in Figure This is also the central fibre of a

Mumford degeneration with general fibre P2, and hence has degree nine. O
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Figure 5.4: The moment polytopes of the toric varieties whose union forms the central
fibre of the pullback of 20 to Spec R¥.

Lemma 5.2.4. For a general one-parameter family y : Speck[[t] — Spec R°8, both the

2
k()"

generic fibres (7/*36_~) and (y*t}%_g) are isomorphic to Bl P
n n

Proof. As above, both generic fibres are smooth del Pezzo surfaces. It suffices to

prove that these del Pezzo surfaces have degree eight, since any such del Pezzo

surface is either P! x P! or Bl P? and furthermore:

. (y*%_w) admits a birational morphism toP2 = and hence cannotbe isomorphic
n

k()
1 1 .
to Py 4y X Py

. (y*[*g%_g) receives a birational morphism from (y*i) = Bl P2 d
n n

() M

. . 1 1
hence cannot be isomorphic to ]P’k(( 5 X Pk(( "

Here we used Lemma

To see that these del Pezzo surfaces have degree eight, we argue exactly as
above, computing the degree of the central fibres of families over Spec R¥. These
central fibres are once again unions of toric varieties, which also occur as central
fibres of Mumford degenerations — this time of Bly P2. They therefore have degree

eight. O
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