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Impact Statement

The Birch and Swinnerton-Dyer conjecture is one of the seven Millennium
Prize Problems with significant implications for number theory and arithmetic
geometry.

A major focus of this thesis is the parity conjecture which is a direct
consequence of this conjecture. While considerable progress has been made
for elliptic curves, much less is known in higher dimensions. A key result of
this thesis is the development of a method for studying parities of ranks of
Jacobians using local data. Such expressions are significant in number theory;,
as most progress towards the parity conjecture proceeds via the derivation
of a local formula. Notably, in a joint work, we provide a local formula for
arbitrary Jacobians, which could be a crucial first step toward proving the
parity conjecture for Jacobians.

Another key focus of this thesis is the Tate-Shafarevich group, which poses
a significant challenge in resolving the Birch and Swinnerton-Dyer conjecture.
We provide a positive answer to a conjecture by Stein concerning the possible
orders of this group, shedding some light on this group’s enigmatic nature.

Beyond academia, this work has potential implications in cryptography, a
field that draws on the arithmetic of elliptic curves and, increasingly, higher-
dimensional abelian varieties. Although our main focus is not on such appli-
cations, the methods developed here may be relevant to ongoing research in

this area.



Abstract

The calculation of the rank of an abelian variety over a number field is a
central, yet notoriously difficult, problem in number theory, intimately tied to
the Birch and Swinnerton-Dyer conjecture.

In this work, we study two main aspects of this conjecture: the parity
conjecture and the Tate-Shafarevich group. For the former, we investigate
parities of ranks by using Galois covers of curves, isogenies and certain relations
between permutation representations; for the latter, we use Galois extensions
and isogenies to give a positive answer to a conjecture by Stein regarding the

possible orders of Tate-Shafarevich groups of abelian varieties.
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Chapter 1

Introduction

A central problem in number theory is determining the set of rational solutions
to polynomial equations. While this proves to be relatively straightforward for
linear and quadratic polynomials, finding rational points on cubic equations
requires a deeper theoretical approach.

This pursuit leads to the study of elliptic curves. In contrast to lower-
degree cases, the rational points on an elliptic curve form a finitely generated

abelian group, as established by the Mordell-Weil theorem.

Theorem 1.1 (Mordell-Weil). Let E be an elliptic curve over a number field
K. Then the group E(K) of K-rational points on E is finitely generated.

1.1 Birch and Swinnerton-Dyer and parities of

ranks

The rank of E/K, defined as rk(E/K) := rankz(F(K)), is its main arithmetic
invariant, though its computation is notoriously difficult. At the core of this
problem lies the Birch and Swinnerton—Dyer conjecture, which relates the rank

to the behaviour of a fundamental object associated with E /K, namely its

Hasse-Weil L-function denoted L(E/K, s).

Conjecture 1.2 (Birch-Swinnerton-Dyer). Let E be an elliptic curve over a
number field K of discriminant Ax. Assume that L(E/K,s) extends to an

analytic function on C. Then the following hold:
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1. tk(E/K) = ordso1 L(E /K, s),

2. the Tate-Shafarevich group I(E/K) is finite, and the leading coefficient
of LLE/K,s) at s =1 is

[II(E/K)| - Reg(E/K) - C(E/K)

‘E<K)tor5‘2' V ’AK‘ ’

BSD(E/K) :=

where Reg(E/K) is the requlator, C(E/K) the product of Tamagawa numbers
(including real and complex periods) and E(K )i is the torsion subgroup of

E(K), see §2.5

We can then define a completed L-function L*(E/K,s) by multiplying
L(E/K,s) by a finite number of elementary factors. The Hasse-Weil conjec-

ture predicts that that this satisfies a functional equation
L*(E/K,s)=w(F/K)L*(E/K,2 — s),

where w(E/K) € {£1}. The vanishing assertion made by the Birch and

Swinnerton-Dyer conjecture combines with this to give the parity conjecture.

Conjecture 1.3 (Parity conjecture). Let E be an elliptic curve over a number
field K. Then,
()™ = w(B/K),

and w(E/K) is the global root number of E /K.

Variants of the parity conjecture are widespread in the literature. Appli-
cations include solving Hilbert’s tenth problem [61] and proving the Birch and
Swinnerton-Dyer conjecture for a positive proportion of elliptic curves defined
over Q [5].

These works rely crucially on studying the global root number w(E/K).
This is defined independently of the L-function as a product over all places of
its local root numbers, [[, w(E/K,), where the latter are purely local invari-

ants defined in terms of the underlying local Galois representations.
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Therefore, the parity conjecture predicts the following local-to-global ex-

pression:

<_1)rk(E/K) = H wy(E/Ky).

The main advantage of this lies in the relative ease of calculating local invari-
ants, a sharp contrast to the difficulty of determining the rank. Specifically, in
the case of elliptic curves, local root numbers have been classified at all places.
The majority of this classification is found in [30, Theorem 3.1]. To be precise,

we have

—1, if F has split multiplicative reduction or v|oco,
w(E/K,) =

1, if £ has good or non-split multiplicative reduction.

Therefore, if E/K is semistable, then w(E/K) = (—1)""" where n
(resp., m) is the number of places with split multiplicative reduction (resp.,

archimedean places).

Example 1.4. Let E/Q be the elliptic curve with Weierstrass equation
y?* +y=a®—12? Then, E/Q has split multiplicative reduction at 11 and

good reduction otherwise. Therefore,
w(E/Q) = w(E/Qu) - w(E/R) = (-1)* = 1.

Consider K, an imaginary quadratic extension of QQ in which 11 splits, say, into

vy and ve. Then, E'/K has split multiplicative reduction at vy, ve. Therefore,
w(E/K) = w(E/K,,) - w(E/K,,) w(E/C) = (-1)° = ~1.

Assuming the parity conjecture, we expect that rk(F/Q) < rk(F/K) and
therefore a point of infinite order in E(K).
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1.2 Our approach: Galois covers

Our work focuses on curves equipped with automorphisms, or equivalently field
extensions of function fields. Recall there is a bijective correspondence between
function fields over K (finitely generated extensions of K of transcendence
degree one) and (smooth, projective) curves over K. This is established by
the map X — K (X) which sends X to its function field.

Under this equivalence, a Galois extension of function fields corresponds
to a Galois cover of curves f : X — X/G, where G is the Galois group.
In addition, the function field of the quotient curve X/G coincides with the
field of G-invariant functions K(X)%, while the inclusion K(X)¢ — K(X)
corresponds to the cover f: X — X/G.

This approach has proven particularly useful in the case where Gal(F'/K)
acts on the function field F'(X) of the base change of a curve X/K to F. In
particular, this approach is found in various parity conjecture results including
[31, 133, 55 [70]. For example, [31] shows the parity conjecture for elliptic curves
over number fields follows from the finiteness of the Tate-Shafarevich group
by studying an elliptic curve E : y* = f(x) over its 2-torsion field K(E[2]).

This generically forms the following Ss3-extension of K:

E/K(E[2])

/ \E /M

E/L 53

AN

E/K

Here, M = Klz|/(f(z)) and L = K(y/Discf(x)) are the respective cubic

and quadratic extensions of K.

Example 1.5 (Hyperelliptic curve with extra involution). Let X be a hy-
perelliptic curve with affine equation y* = f(?). Then, its function field
K(X) = K(t,y)/(y* — f(t?)) has a Cy x Cy action given o : (t,y) — (t, —y)
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and 7 : (t,y) — (—t,y). It follows that
K(X) =K(t), KX)7=K(yt?), KX)° =K(yt).

Let x = t? and z = yt. The quotient of X by (o) is a curve of genus 0
parametrised by ¢, while the quotients by (7) and (o7) are Y; : y* = f(z) and
Y, : 2% = xf(x), respectively. This leads to the following extension of function

fields with the corresponding covers on the right:

K(yt) X {y?
K(t) K(z,2) Vi {y? = f(2)} P! Yy : {2 = zf(x)}

/
N7 AN

K(z) p!

= f(t*)}

Example 1.6 (Elliptic curve with rational p-torsion). Let E/K be the elliptic
curve y? = z® + ax + b. Therefore, K(E) = K(z,y)/(y? — (2® + ax + 1)).
Suppose that E has a K-rational point P of order p. Then K(F) has a
finite action by the dihedral group D, induced by the translation morphism
Q — Q + P and the hyperelliptic involution (z,y) — (z,—y). Write £’ for
the target of the isogeny £ — E/(P). By Vélu’s formulae, there are functions
u,v € K(x,y)/(y* — f(z)) for which E' = {v?* = g(u)}. We acquire the

following Galois diagram:

K(z,y)

K(u,v) \ ) E/ \Pl
L/ NV

K(u)

We conclude this section with the following technical remark.
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Remark 1.7. Throughout this thesis, our notion of a curve is somewhat
broader than is perhaps standard. Specifically, we adhere to Convention [2.1]
which does not require curves to be geometrically connected. With this con-

vention in place, we can treat Galois diagrams involving base-change, such as

those in §1.2] as Galois covers of curves. See §§2.1} [2.2] for more details.

1.3 Arithmetic of Jacobians

A key component of our work involves studying the induced action of a finite
group G on Jacy, the Jacobian variety of X, and associated G-representations.
We show that many fundamental properties of rational points, f-adic repre-

sentations and Tate—-Shafarevich groups extend from the case of base-change.

Notation 1.8. We write (,) to denote the standard inner product on charac-
ters/representations of a finite group G. In order to compare characters, we
fix arbitrary embeddings Q, C C for all primes.

For a prime ¢, we write Vy(Jacx) = Ty(Jacx) ®z, Qr, where Ty(Jacx) :=
lim Jacx [("] denotes the integral (-adic Tate module of Jacx.

Proposition 1.9 (cf. Theorem [3.1). Let X/K be a curve over a number field
and G a finite subgroup of K-automorphisms of X. Then, rational points and

{-adic Tate modules satisfy “Galois descent”:

1. (Jacx(K) ® Q)¢ = Jacy/q(K) ® Q,

[

2. For any prime {, Vi(Jacx)? = V,(Jacx/c),
Moreover, if Il(Jacx) is finite, then so is Hl(Jacx,q).

Example 1.10. We consider Example with Cy x Cy = (0, 7). There are
four irreducible representations Cy x Cy — {£1}, and these are determined by

the images of o, 7. Let v, x be the irreducible representations determined by

by (1) =1,¢(0) = —1 and x(0) = x(7) = 1.
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Consider the decomposition Jacx (K) @ Q = 1% @ ¢ @ x®¢ @ (¢ ® x) P4
Using Proposition [1.9(1) with G = Cy x Cy,

a = (1, Jacx (K) ® Q) = dim(Jacx (K) ® Q)¢ "L 1k (Jace (K)) = 0.
A similar computation with G = () gives
. o) Prop. [L.
0+ b= (Ind%, 1, Jacx (K) @ Q) = dim(Jacx (K) @ Q)@ "LV 1k (Jacy,).

Thus, b = rk(Jacy,). In particular, Jacy(K) ® Q = ¢®kUacvy) g y@rklJacy,),
By arguing similarly, but applying Proposition (2) instead, we find that for

any prime fj w<JaCX) o ¢®2dimJacy1 e X@QdimJacYQ‘

Example 1.11. We consider Example [I.6] The irreducible representations
of D, over Q are 1 (trivial), 7 (sign) and a (p — 1)-dimensional p. As in
Example [[.10] we decompose F(K)® Q = 1%¢ ¢ 7% @ p®°.

By applying Proposition [[.9(1) with G = D,,, we get a = rk(Jacp) = 0.
Repeating the calculation with respect to C, and Cy we deduce that b = rk(E)
and ¢ = 0. Therefore, E(K) ® Q = 7®*()_ An identical argument shows that

V,(E) = 792 for any prime /.

1.4 The Tate—Shafarevich group up to squares

The Tate-Shafarevich group is a fundamental object in the study of ratio-
nal points on abelian varieties. Despite its central role, many foundational
questions about III(A/K) remain unresolved. Paramount among these is the
Tate—Shafarevich conjecture which asserts its finiteness. Although proven in
specific cases [48, Corollary 14.3], [52] §4], the conjecture remains largely open.

Its asserted finiteness has significant implications for the Birch and
Swinnerton-Dyer conjecture. In particular, Dokchitser—Dokchitser [31] show
that the Tate-Shafarevich conjecture implies the parity conjecture for elliptic
curves over number fields, while Kato-Trihan [47] prove that it implies the

Birch and Swinnerton-Dyer conjecture for abelian varieties over function fields
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over finite fields.

A natural question arises: assuming the finiteness of IIT(A/K), what can
be said about its size? The Cassels-Tate pairing sheds light on this question,
as it imposes significant constraints on the structure of the Tate-Shafarevich
group. This pairing was originally defined by Cassels for elliptic curves, later

extended to abelian varieties by Tate to give a bilinear pairing
(Vor: II(A/K) x II(AY/K) — Q/Z,

where AY is the dual abelian variety. When A = E is an elliptic curve, Cassels
shows that this pairing is alternating under the natural identification of E with
its dual EVY [12]. In addition, Cassels shows that when IHI(E/K) is finite, the
pairing is also non-degenerate which implies that the order of III(E/K) must
be a perfect square (if finite).

The work of Flach [36] establishes the slightly weaker antisymmetric con-
dition (z,y) = —(y, z) for higher dimensional principally polarised abelian va-
rieties. Tate notes that when III(A/K) is finite, the pairing is non-degenerate
[86] from which we can deduce that if A is principally polarised (i.e., has a
polarisation of degree one), then |[III(A/K)| can only be a square or twice a
square (again, if finite).

Building upon this, Poonen—Stoll [75] give a criterion for deducing if
|III(A/K)| is of square order when A is a principally polarised abelian variety.
This purely depends on the vanishing of (£, £) ot for an element & € III(A/K)[2]
canonically associated to A. They then use their criterion to present the first
examples of abelian varieties for which the order of their Tate-Shafarevich

groups is twice a square [75], Proposition 27].

1.4.1 Tate—Shafarevich groups of non-square order

The next natural question is whether there exists an abelian variety A for
which |III(A)| is neither a square nor twice a square. By drawing upon Mazur’s

notion of visibility, Stein [84] shows that for odd p < 25000, there exists an
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abelian variety A/Q with |III(A/Q)| = p mod Q*%. Additionally, Keil [49]
gives explicit examples of abelian surfaces where the Tate—Shafarevich group
is of order m times a square with m € {2,3,5,6,7,10,13, 14}.

Motivated by this, Stein conjectures that every square-free natural number
appears as the square-free part of |III(A/Q)| for some abelian variety A/Q.

We give a positive answer to this conjecture.

Theorem 1.12 (Corollary|7.14). For every square-free natural number n, there
exists an abelian variety A/Q with finite Tate—Shafarevich group of order nm?

for some integer m > 1.

The proof of this result relies on the isogeny decomposition of a Weil—
restriction of an elliptic curve. Using a formula of Cassels-Tate (see
below), we relate the order of the Tate—Shafarevich group to Birch-Swinnerton-
Dyer invariants. This, combined with known results on L-functions and the
Birch—Swinnerton-Dyer conjecture, leads to the main result. Similar ideas are
also used in [81] to construct geometrically simple abelian varieties A,/Q with
non-trivial ITT(A,/Q)[p]. A similar result is found in [37], where geometrically
simple abelian varieties over Q are constructed with arbitrarily large p-torsion

in their Tate-Shafarevich groups.

1.5 Brauer relations and isogenies

A significant aspect of our work focuses on isogenies arising from Brauer re-
lations. These are Z-linear combinations of subgroups of a finite group G,
say©@=> . H,—) y H J’», corresponding to permutation representation isomor-

phisms

D alc/m) = Plc/ ;).

Applications of Brauer relations are significant in both number theory
and geometry. In particular, Brauer and Kuroda were the first to consider
these to study certain relations among class groups of number fields [8], [56].

Other applications include [2, 22] for studying relations among invariants of
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number fields, [28, B0] for investigating parities of ranks and [3] for studying

Riemannian manifolds.

Our work relies on a formalism originating in the work of Kani-Rosen
[46] for constructing isogenies from Brauer relations. This finds applications

in several works including [10, [17, 28§].

Theorem 1.13 ([46, Theorem 2]). Let X/K be a curve defined over a number
field, G a finite subgroup of Autg(X) and © = ) H; — Zj HY a Brauer

relation for G. Then, there exists an isogeny

HJaCX/H§ — HJaCx/Hi.
J 7

Example 1.14. (5 x C5 has a Brauer relation
U =CY+ O+ C5 — 20y x Cy — {e}.
By applying Theorem to Example [L.5], we get an isogeny
Jacy — Jacy; x Jacy,,

where X : y? = f(t?),Y] : 4*> = f(z) and Y, : 22 = xf(x). In particular, when
f is a square-free cubic polynomial, this recovers the classical result that the
Jacobian of the genus 2 curve y? = f(t?) is isogenous to a product of two

elliptic curves.

Example 1.15. D, has a Brauer relation
C"‘) = Cp + 202 - {6} — 2Dp
Therefore, by applying Theorem to Example [1.6] we get an isogeny

E — E.
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This recovers the classical fact that, if £ has a K-rational point P of order p,

then there exists an isogeny E — E/(P).

1.5.1 Uniform results for isogenies

We use a refined version of the Kani-Rosen construction, given in Theorem [5.3]
below, based on pseudo Brauer relations. These are introduced in Chapter [4]
and they extend the notion of Brauer relations.

We show that this refinement provides a powerful framework for inducing
isogenies between Jacobians and for revisiting and reconstructing a wide range
of classical isogenies. This idea stems from de Smit—Edixhoven [21], who veri-
fied that an isogeny between modular Jacobians arises from a Brauer relation
for PGLy(FF,). This was originally derived by Chen [16] using the Selberg trace
formula.

Adding on, in Examples we show that we can use Brauer rela-
tions to reconstruct cyclic isogenies between elliptic curves and isogenies be-
tween Jacobians of genus 2 curves and products of elliptic curves. Theorem [6.4]
below shows that we obtain the following isogenies using suitable pseudo

Brauer relations (with certain assumptions in (3)—(5)):
1. Isogenies between elliptic curves,
. K(V/d) . .
2. Isogenies Jacy x Jacxa — Resy " "'Jacy, where X/K is a hyperelliptic

curve, X% is its quadratic twist by d € K*, and Resg(\/&) denotes Weil-
restriction from K(vd) to K,

3. Richelot isogenies between Jacobians of genus 2 curves,
4. Isogenies from Jacobians of genus 2 curves to products of elliptic curves,

5. Isogenies Jacxy — Jacy X Jacy, where X is a curve that admits an
unramified double cover to a trigonal curve Y, and Jacy is the associated

Prym,

6. Isogenies between products of Weil-restrictions, [], Resf(HiJaCY —

U

H'
[1, Resk ’Jacy, where Y is a curve over K, F/K is a Galois extension
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and ) H; — ) Hj is a Brauer relation for the Galois group Gal(F'/K)
(see [60, Lemma 2.4]).

While establishing this result, we also address a question posed by Kuhn
[57] regarding split genus 2 Jacobians. Specifically, for a genus 2 curve Y with
a non-constant map ¢ : Y — E to an elliptic curve, the Jacobian of Y is
isogenous to the product of two elliptic curves, E and E. Kuhn notes that it
is neither obvious nor always true that F is uniquely determined, posing the
problem of determining E. To address this, Kuhn constructs E as a quotient
of Jacy.

In our work, we use Galois theory to provide a canonical choice for E,

identifying it as the Jacobian of a quotient curve under certain assumptions

on the cover ¢, see §6.6.3|

1.6 Parities of ranks and Selmer groups

Thus far, we have focused on two arithmetic invariants of an elliptic curve: the
Mordell-Weil group F(K) and the Tate-Shafarevich group II(F/K). How-
ever, extracting information about these groups separately can be challenging
without assuming the finiteness of HI(E/K).

As a result, it is often more convenient to work with Selmer groups, which
are constructed from both of these. In particular, all progress towards the
parity conjecture usually proceeds through a weaker version known as the p-
parity conjecture formulated in terms of Selmer ranks.

For a fixed prime p, we write X,(F) := Homzp(lig Selyn(E/K),Q,/Z,)
to denote the dual p>-Selmer group. Then, the p>-Selmer rank is defined as

rk,(E/K) = dimg, (X,(E/K) ®z, Q,).

This satisfies rk,(E/K) = 1k(E/K) +6,(E/K), where §,(E/K) is determined
by the decomposition II(E/K)[p™®] = (Q,/Z,)%F/K) x (finite p-group) into

its divisible and reduced parts.
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Conjecture 1.16 (p-parity conjecture). Let E/K be an elliptic curve defined
over a number field K and p a fixed prime. Then,

(—1)" ) = w(B/K).

We note that under the assumption that the Tate-Shafarevich group is
finite, the p-parity conjecture is equivalent to the parity conjecture. Without
a priori knowledge for this group however, this equivalence can fail, and these

conjectures may even be inequivalent for different primes.

For elliptic curves over Q, the p-parity conjecture is known for all p by the
work of Dokchitser-Dokchitser [30]. This builds on works by Birch-Stephens
[7, Greenberg [43], Guo [44], Kramer [54], Monsky [69], Nekovar [71] and
Kim [50]. The p-parity conjecture was later extended to totally real fields by
Nekovar [72], [73], [74], excluding some cases of potential complex multipli-
cation when p = 2. These cases were later completed in [42]. For elliptic
curves over number fields admitting a p-isogeny, the p-parity conjecture was
proven by Dokchitser—Dokchitser in [27], [31] with some very mild assumptions
on p. These exceptional cases were later dealt with in [I5]. Additionally, the
2-parity conjecture for an elliptic curve F/K over a quadratic extension of K

was proven by Kramer—Tunnell [55] and Dokchitser—Dokchitser [31].

1.6.1 BSD and the parity conjecture for abelian varieties

We will frequently consider parities of ranks of abelian varieties that are not
elliptic curves. Most of the preceding discussion on rank parities (§§1.1] &

extends seamlessly to higher-dimensional cases.

To be precise, we can replace “E/K, an elliptic curve” with “A/K, an
abelian variety” in the statements of Theorem and Conjectures [1.2] [1.3]
and with the only exception being that BSD(E/K) is replaced with

[LI(A/K)| - Reg(A/K) - C(A/K)
LACK ) cons] - [AY (B Vsons| - /TAR

BSD(A/K) =
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in Conjecture [1.2{2).

Parity-related problems for abelian varieties prove to be far more challeng-
ing. The most general result is by Coates—Fukaya—Kato—Sujatha [19], where
the authors prove the p-parity conjecture for any abelian variety with a suitable
p-power degree isogeny when p is an odd prime. For p = 2, V. Dokchitser—
Maistret [33] prove the 2-parity conjecture for a broad class of semistable
abelian surfaces. In addition, Morgan [70] proves the 2-parity conjecture for
Jacobians of hyperelliptic curves over quadratic extensions with mild assump-

tions.

1.6.2 Parity of ranks through local expressions

Most parity-related results, including [19} 30] BT, 33], 42}, 62} [70], rely crucially

on the derivation of an expression of the form

rk,(A) = Z A, mod 2,
v place of K
where A, is an explicit local invariant. The idea of such local-to-global ex-
pressions was first introduced by Birch [0, pp. 110] who noted that for an
elliptic curve F with a p-isogeny F — E’, “the parity of g (the rank of F) is
determined by the Tamagawa ratio”. Cassels later formalised this observation

[14, Theorem 1.1] with the local formula

rk,(E/K) = Z ordp% mod 2, (1)

v place of K
where C, denotes the Tamagawa number contribution as in This for-
mula is widely discussed in the literature, including works by Fisher [38, Ap-
pendix|, Monsky [69, Corollary 2.8] and Dokchitser—Dokchitser [31], Theorem
5.2], [30, Remark 4.4]. Consequently, Kramer [54, Theorem 1] shows that if

K C F is a quadratic extension and E/K an elliptic curve, then

tko(E/F)= > dims, (E(K,)/Normpyx, E(F,)) mod 2,

v place of K
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where v’ is any place of I’ above v.

Both expressions closely resemble the assertion made by the parity conjec-
ture but are independent of the Birch and Swinnerton-Dyer conjecture. This
gives a natural strategy for proving the p-parity conjecture involving verify-
ing compatibility between local root numbers and these local invariants. In
the case of a p-isogeny between elliptic curves, this reduces to checking the

following equality:

Cy(E,w)
[Tw.(B/K) £ (=D eten,

This is verified in [27] (under very mild assumptions) thereby proving the

p-parity conjecture for elliptic curves with a p-isogeny.

The derivation of these expressions usually relies on a result by Cassels
[14] and Tate [87], which proves that the Birch and Swinnerton-Dyer quotient
(f) remains invariant under isogeny. Therefore, if ¢ : A — B is an isogeny of
abelian varieties, and assuming that the Tate-Shafarevich group is finite, we

have the following relation:

Reg(A/K) _ [AK)tors| [AY (K )sors| C(B/K) 11 [IL(B) [p™]]
Reg(B/K) | B(K)ors| |BY (K)iors| C(A/K) '

pldeg(¢)
As an example, consider an elliptic curve E/K with a p-isogeny E — FE'.
Then, both III(E/K)[p>] and TII(E’/ K)[p>] are of square order [12] (if finite)
which gives
Reg(E/K) H
Reg(E'/K) Cy E’
(Here and below, [J denotes a square of a rational number). A computation

with heights shows that the ratio of regulators is p*™*(¥/5) . 0 which gives the

following expression

rk(E/K) = Zo de )) mod 2,
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which agrees the formula of Birch ().

1.6.3 A machine for computing parities of ranks

We develop a mechanism which automates the derivation of local expressions

using Brauer relations. A crucial input for this is the following result.

Theorem 1.17 (Corollary 3.11)). Let X be a curve defined over a number
field and G be a finite subgroup of automorphisms of X. For every prime p,

X,(Jacy) is a self-dual G-representation.

At the heart of all this is the theory of “regulator constants”. This
associates to a Brauer relation © and a prime p, a set Seg, of self-dual G-
representations. The following theorem shows we can control the multiplicities

of these representations in Selmer groups in terms of local data.

Theorem 1.18 (Theorem [5.7)). Let X/K be a curve defined over a number
field, G a finite subgroup of Autk(X), © a Brauer relation for G and p a

prime. Suppose that Q' (Jacy) is self-dual as a G-representation. Then,

3 W: Y ordyAe(X/K,) mod 2,

PESe p v place of K

where Ag(X/K,) is the local invariant of Definition and Se, is the set
of representations from Definition [{.18

Remark 1.19. The self-duality assumption on Q!(Jacy) is automatically sat-
isfied if all representations of G are self-dual (e.g. if G is a symmetric or
dihedral group) or if K has a real place (in which case Q2!(Jacy) is realisable

over R) .

For the purposes of the introduction, the precise definition for Ag is not
important; the key point is that it is a purely local arithmetic invariant. To

give an idea, let us mention that when v|p,

(] A
ANo(X/K,) = 1L; co(Jacxym,) - (powers of 2 and p),

Hj cv(JacX/H]/,)
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where ¢, denotes the Tamagawa number at v.
Adding on, the determination of the set Sg , is a problem in finite group
representation theory. In particular, in the case of Examples Sep 1s

given as follows:

Example G Brauer relation p| Sep
1.5 CoxCy | U=C8+Co+C5—20y, x Cy —{e} | 2| {,x}
1.6 D, © =C,+2C, —{e} — 2D, p| {7}

where ¢, y and 7 are the representations from Examples [[.IOHI.T1]

Theorem [1.18] readily recovers the formula of Birch—Cassels derived in
§1.6.2, For simplicity, we assume that E has rational p-torsion (see Theorem
6.17)(2) for the general case). By Example [1.15] the p-isogeny £ — E’ comes
from the Brauer relation © = C), 4+ 2Cy — {e} —2D,, for D,. Therefore, by

applying Theorem [1.18] we get the following expression:
Ex. [11] Thm.
tky(E/K) =T X (B) ) ordyAe(B/K,) mod 2 (f11)

Adding on, in the case of Example|l1.5], Theorem [1.18| applied with respect
to U and with p = 2 gives rko(Jacx/K) = ), ordsAy(X/K,) mod 2.
Q)

We give a generalisation of this formula to arbitrary primes in §6.6, in

agreement with [19, Theorem 2.3].

Example 1.20. Consider E/Q : y* +y = 2° + 22 — 10z + 10 with conductor
123 = 3 - 41. This is 5-isogenous to E'/Q : Y2 +Y = X3 4+ X? + 20X — 890.
We now compute the parity of the 5*-Selmer rank rks;(£/Q) by using

Ae(E/Qr) and (f 1 1))
Finite places: By Theorem W(Z’)),

_ |coker(¢ : E(Q) — E'(Qy))|

Mo/ = Taty @) - Br@)

where |z|, denotes the normalised absolute value of x. In this case,

coker
or%ﬁ = ords ;5((5,//%)) mod 2 (see [78, Lemma 3.8 & pp. 92] for ¢ # 5,
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and combine [78, Lemma 3.8] with |27, §6] for ¢ = 5). By Tate’s algorithm,
E has reduction types I; at £ = 3 and I5 at £ = 41, while E’ has I5 at { = 3
and I at ¢ = 41. Therefore, ordsAg(F/Qy) = 1 mod 2 when ¢ = 3,5,41, and
0 mod 2 otherwise.

Infinite place: We now consider

_|coker(¢: E(R) — E'(R))|
Ae(E/R) = ker(¢ : E(R) — E'(R))|

Since deg(¢) = 5, |coker|g| = 1. In addition, |ker|g| = 5, as (2,1) € ker(¢).
Therefore, ordsAg(E/R) = 0 mod 2.
By (7 T 1), we deduce that rks(E/Q) = (1+ 14 1) =1 mod 2.

[sogenies have been extensively used to derive formulae for the parities of

ranks in terms of local data. This includes all of those listed in §1.5.1}
1. Birch—Cassels ([14, Theorem 1.1], cf. §1.6.2)),

2. Kramer for X elliptic [54, Theorem 1] and Morgan for X hyperelliptic
[70, Theorem 1.6],

3. V. Dokchitser-Maistret [33, Theorem 3.2],

4. Coates-Fukaya-Kato-Sujatha if p # 2 [19, Theorem 2.3], Green—
Maistret if p = 2 [42] Theorem 2.4],

5. Docking [25, Theorem 3.4],

6. Mazur-Rubin for dihedral groups [62, Theorem A] and Dokchitser—
Dokchitser [30, Theorem 1.14] for arbitrary Galois groups.

We show that Theorem [1.1§| provides a means for deriving local formulae for

all of these rank expressions in a uniform way, see Theorem [6.6] below.

1.6.4 Parity of ranks of Jacobians

In a joint work with V. Dokchitser, Green, Morgan, we use this framework to

define local constants warignm (X/K,) that determine the parity of the rank of
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arbitrary Jacobians Jacy. These is an arithmetic analogue of the local root
number w(Jacy/K,) and are constructed using Brauer relations and the local

invariant Ag.

Theorem 1.21 ([32, Theorem 7.3(i)]). Suppose that the Tate—Shafarevich
group I s finite for the Jacobians of all curves over number fields. Then

for all curves X/ K

(—1)kacx) — H Warithm (X /K.
v place of K
We do not address questions regarding the compatibility of these constant
Waritn (X/K,) with local root numbers w(X/K,) in general. Nonetheless, we
use these to give a new proof of the parity conjecture for elliptic curves. (A
similar result is given in [31, Theorem 1.2] with different assumptions on the

Tate-—Shafarevich group).

Theorem 1.22 ([32, Theorem 6.1]). Let E : y*> = 23 + ax + b be an elliptic
curve over a number field K with a # 0. Let E' be the elliptic curve with an
affine model y* = 23 — 27bx? — 27a3x. If II(E/K) has finite 3-primary part
and II(E'/K) has finite 2- and 3-primary parts, then the parity conjecture
holds for E/K.

1.7 Structure of the thesis

This thesis is organised as follows.

In Chapter [2, we provide preliminaries that will be useful for this work.
In particular, we focus on curves and their Jacobians, establish relevant con-
ventions, and present foundational results for studying their arithmetic.

In Chapter |3 we focus on curves equipped with automorphisms and asso-
ciated G-representations. These include ¢-adic Tate modules Vy(Jacy), Selmer
groups X,(Jacx) and rational points Jacx(K) ® Q. The main results of this
chapter are summarised in Theorem [3.1]

Chapters [4] and [5] are dedicated to proving Theorem [I.18]
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In Chapter [4] we define pseudo Brauer relations and their regulator con-
stants. These extend the notion of regulator constants of Brauer relations
found in [28)].

Chapter [f focuses on proving Theorem [1.18] We first use the construction
detailed in Appendix [A] to present a method for constructing isogenies from
pseudo Brauer relations (Theorem [5.3). Next, we introduce Ag(X/K), an
explicit invariant associated with curves over local fields K. Along the way, we
briefly discuss versions of Theorem that involve different local invariants.

In Chapter [0} we apply pseudo Brauer relations and regulator constants
to reconstruct classical isogenies using Theorem and derive known local
expressions for Selmer rank parities with Theorem [1.18|in a uniform way.

In Chapter [7| we address a question of Stein concerning the order of the
Tate—Shafarevich group III(A/Q). Our main result is Theorem [1.12]

In Appendix [A] we describe an explicit construction of homomorphisms
between Jacobians, derived from certain G-equivariant maps between permu-

tation modules.

1.8 Notation

We write K for a number field and v for one of its places. We write L for any

field and KC for a local field of characteristic 0.

X a curve (see Convention )

Jacy the Jacobian variety of X

X/H quotient of X defined over L by a finite group H < Auty(X)

X,(A) Homz, (lim Selyn (A), Qy/Zy) © Qp, the dual p**-Selmer group

rk, A the p>-Selmer rank of A, that is dimg, X, (A)

Vi(A) Tiv(A) ® Qp, where Ty(A) is the integral ¢-adic Tate module

Q'(A) the L-vector space of regular differentials on A defined over a
field L

c(A) the Tamagawa number of A defined over a non-archimedean

local field
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the normalised absolute value on K (resp. K,), extended to K
(resp. K,)
the inner product of characters of G-representations

H-invariant vectors, for H < @) of a G-

Co(V) computed with the bases By, Bs, see Definition

the dual (resp.

representation p

a (pseudo) Brauer relation, see Definition

regulator constant for V, see Definition

set of computable combinations of representations encoding reg-

ulator constants, see Definition m

an explicit local invariant of X, see Definition |5.24

the dihedral group of order 2n

the trivial representation



Chapter 2

Background

The majority of this chapter is dedicated to providing definitions and estab-
lishing conventions for curves and their Jacobians. We note that the results in
§42.1.1H2.1.2 are mostly standard. Additionally, the results presented in
and are available in a joint paper with Morgan [53], whose contributions
are greatly appreciated.

In the final section, we provide definitions for the Birch and Swinnerton-

Dyer invariants appearing in Conjecture [1.2{2).

2.1 Curves and their function fields

Throughout this chapter, K will be a field of characteristic 0.

2.1.1 Definitions and conventions

By a curve X /K, we mean a K-variety which is pure of dimension one, that is
all of its irreducible components are of dimension one. In addition, we adhere

to the following convention.

Convention 2.1. Curves are assumed to be smooth, proper and connected but

are not assumed to be geometrically connected.

The reason for considering curves which can fail to be geometrically con-
nected is that they appear naturally in the context of Galois covers of curves;

see Example |2.11]
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2.1.2 Function fields

We will use the following equivalence between curves over K and function
fields. By a function field F' over K, we mean a field extension F'/K such that
F is a finite algebraic extension of K (z) for some x € F that is transcendental

over K.

Theorem 2.2 ([83, Tag 0BY1]). The map which sends a curve X/K to its

function field K(X) induces a contravariant equivalence of categories:
1. K-curves and non-constant K-morphisms,

2. finitely generated field extensions F/K of transcendence degree one and

K-algebra homomorphisms.

Example 2.3. Let E/K be an elliptic curve given by the Weierstrass equa-
tion y* = f(z) for f € Klx] a square-free cubic. Then, its function field
K (E) is isomorphic to K(z,y)/(y*— f(z)). The field inclusion K (z) < K(F)
corresponds by Theorem to the map F — P! determined by (z,y) — z.

Remark 2.4. We note that when we give a curve by affine equations, we will

always mean the (unique) smooth, projective curve birational to it.

The field of constants K' of F/K is the algebraic closure K in F, that
is K' = FN K. The curve X/K afforded by Theorem is geometrically
connected if and only if K’ = K, see [58, Chapter 3, Cor. 2.14(d)].

If, on the other hand, K’ # K, then F is also a function field over K’;
indeed, the same x from above is still transcendental over K', and F/K'(x) is
a finite extension. Therefore, by first viewing F' as a function field over K’,

then over K, we can associate to it the following using Theorem 2.2}
1. a geometrically connected curve X'/K’,
2. a curve X/K satisfying Convention [2.1]

In this case, X is simply X’ viewed as a curve over K.
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Notation 2.5. Let X'/K’ be the geometrically connected associated to a
function field F'/K. We write X}, to denote the curve obtained from X’ by
forgetting the K’-structure, i.e. the K-scheme given by X’ equipped with the
structure map X’ — Spec(K’) — Spec(K).

2.1.2.1 Automorphisms on curves.

Definition 2.6. We say that f: X — Y is a cover of curves if it is a non-
constant K-morphism. The degree of f, denoted deg(f), is defined to be the
degree of the field extension K(X)/K(Y) afforded by Theorem [2.2]

We say that a cover f : X — Y is Galois if the field extension K (X)/K(Y)
is Galois in the field-theoretic sense. We also say that f : X — Y is a G-Galois
cover when the Galois group of K(X)/K(Y) is isomorphic to G.

In the case of a G-Galois cover f : X — Y the group G acts on the
function field K(X) via K-automorphisms. By Theorem [2.2] we deduce that
G is a subgroup of K-automorphisms on X. We can then consider the field
of G-invariant functions K(X)% By construction, this coincides with the
function field of the quotient curve X/G and so K(X)¢ = K(X/G). The
function field inclusion K(X)¢ < K(X) corresponds to the quotient map

m: X — X/G. Consequently, we get the following commutative diagrams:

K(X)% —— K(X) X/G " X
ﬁ / Nl !
K(Y) Y

Example 2.7. Let E/K be an elliptic curve with Weierstrass model y? = f(x)
for f € KJz|, a square-free cubic. Then, the involution hg : (x,y) — (z, —y)
acts on E. In particular, after identifying K(E) = K(x,y)/(y* — f(z)), the
field of invariant functions K (E)%"#) = K(x,4?) = K(x). It follows that the

quotient curve is of genus 0 with parameter x.



2.1. Curves and their function fields 33

Example 2.8. Let f(z) € K[z] be a square-free polynomial and K(v/d) a
quadratic extension. We let y = /f(z), t = v/d and z = yt. Consider the
following bi-quadratic extension of K (x) with its corresponding cover of curves

on the right.

K(2,t,y) X {y? = fa), £ = d)

K(z,y) K(z,1) K(z,2) {v* = f(2)} p! {2 = df ()}

/

Then, Cy x Cy acts on K(xz,t,y) by separately inverting ¢ and y. By
Theorem [2.2} this gives two involutions on X : {y? = f(z),t? = d}, namely

g1 (t7y7$) = (—t,y,x) and g2 : (t,y,.’ll') = (t7 _y,l')

Then, K(X)¥) = K(y,2)/(y* — f(2)) and K(X)9192) = K(x, 2)/(z* - df (x)),
while K (X)) and K (X)9192) are isomorphic to K (x,v/d) and K (x) respec-
tively. Following Notation , X agrees with X' 5 where X'/K(\/d)
is the hyperelliptic curve with affine model 3*> = f(x). Therefore, X is not

geometrically connected in this case. Similarly, the quotient of X by (go) is
1
IPJK(\/&)/K‘

2.1.2.2 Galois closure. We let f: X — Y be a cover of curves. By Theo-
rem [2.2] this corresponds to a finite and separable field extension K(X)/K(Y).
As with any such extension, we can then consider the Galois closure of K (X)

over K(Y).

Definition 2.9. We let f : X — Y be a cover of curves, and we let F//K(Y)
be the Galois closure of K(X)/K(Y) in the field-theoretic sense. We then
define the Galois closure of f: X — Y to be the cover g : Z — Y afforded by
the function field extension F//K(Y).
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We note that if Gal(K(X)/K(Y)) = G, then by construction G acts on
the function field K (Z) via K-automorphisms. By Theorem [2.2] this induces

a G-action on Z via K-automorphisms.

Example 2.10. Let E be an elliptic curve over a number field Q given by
E:y*=a%+ax+bwitha#0. Welet f: E — P! be the degree 3 cover of
P! determined by (z,y) — .

The condition a # 0 ensures that h(y) = Disc(x® + ax + b — y?) =
—27y* 4+ 54by? — (4a®+27b?) has no repeated roots. In particular, Q(y, z)/Q(y)
is non-Galois and its Galois closure is an S3-extension of Q(y) obtained by ad-
joining A := \/@ to Q(y,z). It has the following field diagram, with the

corresponding covers of curves given on the right.

Qy, z,A)
CN \
Qy,
(v, A)
\Q(y)/ \

Here D and B are the curves given by the affine equations A? = h(y) and
by {y* = f(x), A? = h(y)} respectively. By construction, S3 acts on B via

K-automorphisms.

We note that all curves appearing in the Galois diagram of Example
are geometrically connected. We highlight that this is not always the case;
geometrically disconnected curves can arise when considering the Galois closure
of covers f : X — Y, even if X and Y are themselves geometrically connected.

We consider the following modification of Example [2.10}

Example 2.11. Let E/Q be an elliptic curve over a number field Q given by
E:y*=2%+0b, and we let f: E — P! be the map determined by (z,y) — v.
It follows that h(y) = Disc(z® + b — y?) = —27(y* — b)>. Then, the

Galois closure of f : E — P! is an Ss-extension of Q(y) obtained by adjoining
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A = y/h(y) to Q(y,z). Since £/—-3 = m, we acquire the following

function field extension with the corresponding cover appearing on the right:

Y, x, C3)

Q( B
S \ yd \
Q(y, x) E
\ Q(y, ¢3) \ D
S S
Q(y) P!

The field of constant functions in Q(D) is Q((3), and so D has two geo-
metric components defined over Q((3). The same conclusion holds for B.
In this case, B is given by Eg(c,)/q, i-e., the product £ xg Q((3) viewed

as a curve over Q (see Notation . Similarly, D is I%(Ca) Q-

2.1.3 Generalisation to disconnected curves

We end this section by briefly mentioning a generalisation of the above results
to curves that are (smooth, proper but) not assumed to be connected. These
emerge by considering curves of Convention after base-change. In partic-
ular, let X'/K’ and X/K be as in Notation 2.5, and write L for the Galois
closure of K'/K. Then,

X XKL:X;(//K XKL%JX/ XK K’ XKL%/X/ XK (K/®KL)

It follows that X Xk L is a disjoint union of [K’ : KJ]-many copies of X’ X g+ L.
Motivated by this observation, in a joint work [53] with Morgan, we study
the arithmetic of curves (and their Jacobians) that are (smooth, proper but)
not assumed to be connected. For convenience, let us call these general curves.
Under these assumptions, a general curve X /K admits a decomposition X =
LJ; X; as a disjoint union of curves {X;/K}; which satisfy Convention [2.1]
The curves—fields equivalence of Theorem extends to one involving
general curves and certain finite étale algebras [53, Proposition 1.1(3)] (in this

case, this is simply a product of function fields over K).
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To illustrate this, let us consider the base change of the curves appearing
in the S3 diagram of Example to Q7. Then, the (normalisation of the)
discriminant curve D : A% = —27(y? — b)? is not irreducible over Q7. In this
case, its corresponding ‘function field’ Q7(y, A) (defined in the sense of [53] No-
tation 2.14]) is the Q;-algebra Q7 (y)[A]/ (A% +27) = Q;(y) x Q7(y). By using
the equivalence between general curves—¢étale algebras [53), Proposition 1.1(3)],
we deduce that D/Qy is given as a disjoint union P! ITP!. The corresponding

covers over Q and QQ; are as follows:

E/Q (3) ENE
S
E:{y*=x —|—b} E:{y*=2°+10}
PH/Q(¢) P! I1 P!
e e
P! P!
Case 1: over Q Case 2: over Q5

Most results mentioned in will apply to general curves, and we will
highlight instances where such generalisations are possible. However, to avoid
obscuring the main ideas, we have chosen to primarily focus on curves of
Convention and only use general curves when absolutely necessary (for

example in §2.2.0.3[and §2.3.2)).

2.2 Jacobians of curves

We now turn our focus from curves X/K to their Jacobians, denoted Jacy.
The theory of Jacobians of geometrically connected curves is classical; see
[67] for a thorough treatment. We now explain how this generalises to curves
satisfying Convention [2.1]

By definition, we will write Jacx to denote the identity component of
the relative Picard functor of X/K, i.e., the functor of line bundles whose
restriction to each geometric component of X has degree 0. As detailed in
[51, Remark 5.6], Jacx is an abelian variety over K when X is a curve following

Convention 2.1
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As in §2.1.2| to any X/K satisfying Convention we can associate a
geometrically connected curve X'/K" such that X = X, - (see Notation .

Lemma 2.12. As abelian varieties over K,
!/
Jacy = Resg Jacx,

where Res? denotes the Weil-restriction of scalars from K' to K. In particu-

lar, Jacx 1s principally polarised.

Proof. The first claim follows from [53, Lemma 3.7]. The second claim is
immediate as Jacobians of geometrically connected curves are known to be
principally polarised [67, p. 24|, and Weil-restrictions of principally polarised

abelian varieties are themselves principally polarised [24], Prop. 2]. ]

Remark 2.13. This lemma extends to the general curves discussed in §2.1.3;

see [53, Lemma 3.7] for the full generalisation.

2.2.0.1 Induced maps between Jacobians. In this subsection, we provide
a description for K-points on Jacy, their group structure, and how they behave
under pullback f*, and pushforward f, maps. We first consider the case where
X is geometrically connected.

2.2.0.2 Geometrically connected curves. We let X/K be a geometrically
connected curve and K a characteristic 0 field. A divisor D on X is a Z-linear

combination

D= > n,P

PeX(K)
where np = 0 for all but finitely many P. The degree of D is ), np. The set
of divisors forms an abelian group under addition denoted Div(X). We write
Div’(X) to denote the subgroup of divisors of degree 0.
In addition, we say that a divisor D is principal if there exists a non-zero

f € K(X) such that D = div(f) where

div(f) = ordp(f)P,
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and ordp(f) denotes the order of the function f at the point P. Since
ordp(fg) = ordp(f) + ordp(g), the set of principal divisors form a group

denoted Prin(X). As abelian groups, there exists a canonical identification
Jacx (K) = Div’(X)/Prin(X).

Adding on, given a K-rational cover f : X — Y, we write f, : Jacy — Jacy
and f* : Jacy — Jacy to denote the pushforward and the pullback maps

respectively. These are given on divisors by

for[Pl=[f(P)], and [ [Q— Y exP)P],
)

ef-1(pP

where e;(P) denotes the ramification index of f at P € Y(K).
We write Ax and Ay to denote the canonical principal polarisations on the
geometrically connected curves X and Y as in [67, pp. 24]. It follows that the

pullback and the pushforward are duals of each other in the following sense.

Lemma 2.14. We have f. = \y' o (f*)Y o Ax, where (f*)V denotes the dual

morphism of f*.

Proof. This result is well known. For details, see [53, Lemma 3.1]. O

2.2.0.3 Curves of Convention [2.1] The story is very similar for the curves

of Convention 2.1

We write X = X x g K to denote the base change to the algebraic closure
K. Asin §.1.3) X = ||, X; decomposes as a disjoint union of its (geometric)
connected components X; /K. We get a description for Jacx(K) in terms of
divisors as follows.

We write Div?(X) to denote the set of divisors whose restriction to each
geometric component is a degree 0 divisor. We write K(X) to denote the
function field of X in the sense of [53, Notation 2.14] and Prin(X) for the
subgroup of divisors arising from rational functions f € K(X). In this case,

these are determined by a tuple f = (f;); where f; € K(X;), and so div(f) =
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>, div(fi). To conclude, we have
KX)=][K(X:), Div'(X) = @ Div’(X;), Prin(X) =5 Prin(X;).

It follows that Jacy =[], Jacy,, and as before, we get a canonical identi-
fication

Jacx (K) = Div’(X)/Prin(X).

We write f* to denote the pullback map, and we now define
fe =2 o (fF)V oAy, where Ay and Ay denote the principal polarisations

from [53, Lemma 3.4].

Lemma 2.15. Suppose that f: X — Y is a G-Galois cover. Then,

foof =IGl and fof.=3 o
oeG
Proof. This follows by a direct computation when X and Y are geometrically
connected. For the curves of Convention [2.1) we can reduce to the geometri-

cally connected case; see [53, Proposition 4.1] for details. O

2.3 Birch and Swinnerton-Dyer invariants

In this section, we define the Birch and Swinnerton-Dyer constants appearing

in Conjecture [1.2{2).

2.3.1 Regulators, Tamagawa numbers and periods

Suppose that A is an abelian variety defined over a number field K. Write
{,)nr to denote the Néron—Tate height pairing corresponding to the Poincaré
line bundle on A x AY. Then, let P;,..., P, and Q,...,Q, be a bases for free,
finite index subgroups in the lattices A(K)/A(K )iors and AY(K)/AY (K )iors-
Then, we define the requlator of A/K to be

det ((P;, @)nt),
Reg(A/K) = Uy - Usp ’
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where uy = [A(K)/A(K)iors : D; ZP] and uy = [AY(K) /A (K )iors : D; ZQ;)-
Let A/K be an abelian variety over a local field K of characteristic 0.

Then, when K is a p-adic field with residue field k, we write A to denote
the Néron model of A/Oy, and ® to denote its component group (i.e. the
quotient of the special fibre Ay by its connected component of 0).

The Tamagawa number of A/IKC, denoted ¢(A/K), is defined as the order

|®(k)| of the subgroup of ®(k) consisting of k-rational points. When K = K,
is the completion of a number field at a place v, we will usually write ¢,(A/K)

to denote the Tamagawa number at v.

We write Q'(A/K) for the K-vector space of regulator differentials on
A/K. Then, a non-zero exterior form w on A is any non-zero element of

QImA)(A/K) = /\?i:rrll(A) Q'(A/K). In addition, for a choice of Néron minimal

w

exterior form, wy, on A, we write o € KC* for the constant determined by

w = (£) - wo.

We define
)
c(A/K) - |2 . when K/Q, is finite,
C(A/K,w) = fA(K) |w| when K = R, (2.1)
\Qdim(“‘) Jagoy lw A @] when K =C.

If K is a number field, we write

CA/K)= ] CM/K,w),

v place of K

where w is a non-zero global exterior form on A/K. By the product formula,

this is independent of the choice of global exterior form w.
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2.3.2 Tate—Shafarevich group and deficiency

The Tate-Shafarevich group of an abelian variety A/K over a number field is
defined as

HI(A/K) := ker (Hl(Gal(F/K), A(K)) — H HY(Gal(K,/K,), A(E))) :

where the product is taken over all places v of K.

The work of Poonen—Stoll [75] shows that when A = Jacy, for X a geo-
metrically connected curve, the concept of deficiency controls the size of the
2-primary part of this group, up to rational squares. We now present how this
result extends to the curves of Convention 2.1

For the remainder of this subsection, we have to work with the general
curves mentioned in §2.1.3] The reason for this is that curves of Convention

may become disconnected after base-change.

Definition 2.16 (cf. [53], Definition 5.13). Let IC be a local field of charac-
teristic O.
A geometrically connected curve X/ of genus g is called deficient if it

has no K-rational divisor of degree g — 1. For such X, we define

2 if X is deficient,
prc(X) =
1 otherwise.

Suppose that X/K is a curve satisfying Convention . We write K for
the minimal field of definition of one of its geometric components, X’ say, and
define fuc(X) = puc (X7).

Finally, suppose that X/K is given as a disjoint union | |, X; of curves
X;/K all of which satisfy Convention 2.1 We define puc(X) = [T, puc(X;).

If the field I is clear from context, we will often omit it from the notation.
Further, when K = K, is the completion of a number field K at a place v, we

write 1, (X) in place of pg, (X).
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Proposition 2.17. Let X be a curve satisfying Convention defined over
a number field K. Then,

(Jacx /K)2*][ = J[ #(X) mod Q.
v place of K
Proof. By Lemma , Jacy & Res?JacX/, while Shapiro’s lemma gives
Hlo(JaCX/K) = HIO(JacX//K’). Addlng on, X XK Kv =X’ XKt K’ XK Kv-
Since K' @ K, = Hwh} K], we deduce that X xx K, is given as a disjoint
union | ], (X" x g K7,). By Definition m, fo(X) = [, #w(X'). Therefore,
[75, Cor. 12]

[T w= J] #ex)™E " M0ack/K)2¥] mod Q.

v place of K w place of K’

This gives the required result. O



Chapter 3

Arithmetic of Jacobians

In this chapter, we focus on G-representation arising from G-Galois covers
f + X — Y, including f-adic Tate module V;(Jacy), Mordell-Weil groups
Jacx (K) ®z Q and dual p>*-Selmer groups &), (Jacx).

We implicitly fix arbitrary embeddings Q,, @p — C for every prime. The

following theorem summarises the main results of this chapter.

Theorem 3.1 (Theorems [3.9 & [3.10). Let X be a curve defined over a char-
acteristic 0 field K. Suppose that G is a finite subgroup of Autg(X).

1. For any prime £, the {-adic Tate-module satisfies

Vi(Jacx/q) = Vi(Jacx)C.

In addition, when K is a number field, the following hold.

2. For any prime p, X,(Jacx) is a self-dual G-representation. In addition,

X,(Jacx/q) = Xy(Jacx)©.
3. Jacx,q(K) ®2 Q = (Jacx (K) @ Q).

4. For any prime p, if I (Jacx)[p™] is finite, then I(Jacx,q)[p™] is finite.
In addition, if I (Jacx) is finite, then I (Jacx,q) is also finite.

5. if p is a C[G]-representation satisfying (p, Ve(Jacx) ®q, C) = 0, then

(p, Jacx (K) @z C) = (p, X, (Jacx) ®q, C) =0.
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We prove this result in §§3.2H3.3L  We first illustrate applications
through examples (see Examples for more applications of Theorem

3-1(1)&(3))-

Example 3.2. We revisit Example 2.10l The situation is described by the

following Galois cover with the corresponding groups on the right:

The action of S3 on B induces, by functoriality, an S3-action on rational
points Jacg(K). We can then decompose Jacg(K) ® Q = 19" @ o™ @ p®s
into irreducible representations where 1, €, p denote, respectively, the trivial,
sign and the two-dimensional irreducible representations of Sj.

By applying Theorem [.1(3) with G = S5, we get n = rkJacp = 0.
Repeating this with G = Cy and G = (3, we get tkE = s and rkJacp = m.
To conclude,

JacB(K) &= €®rk(JaCD) P pGBrk(JacE).

Arguing similarly, we get X, (Jacg) & ePJaco @ p®E for any prime p.

Example 3.3. We now revisit Example [2.11] The same computation as in
Example shows that Jacp(K) @ Q = e®:aco @ pPkE By Lemma [2.12]

Jacp & Res@ CS)J acp is trivial, and therefore
Jacg(K) ® Q =2 p®*E,

Similarly, X,(Jacg) = p®™*F for all p.
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3.1 Equivariant Riemann—Hurwitz formula

In the following section, we consider G-Galois covers f : X — Y with the
assumption that Y is geometrically connected. The main result provides an
extension of the equivariant Riemann—Hurwitz formula found, for example, in
[35]. This provides a description of the G-module structure on V;(Jacy) in
terms of permutation modules.

We write F' = K(X) for the function field of a curve X satisfying Conven-
tion and K’ for its field of constant functions (i.e., the maximal algebraic
extension of K in F). As in §2.1.2] we can view F as a function field over K’,
and as such we can associate to it a geometrically connected curve X’ over K’
by Theorem [2.2]

We write H = Gal(F/K'-K(Y')) to denote the subgroup of automorphisms
of F' which fix the subfield K'(Y’). This gives the following diagram:

F

H
G \K "(Y)

/al(K’/K)

K(Y)

Lemma 3.4. H is a subgroup of K'-automorphisms of X'. In addition, we
have an H-Galois cover fr : X' — 'Y of geometrically connected curves defined

over K'.

Proof. By construction, H acts on F' by automorphisms fixing K’.Therefore,
we have an action on X’ by K’-automorphisms by Theorem [2.2] The field of
H-invariants satisfies F' =2 K’(Y). The inclusion F# — F gives the required

cover X' =Y. ]

The action of H on X' induces an action on its Jacobian Jacx//K’. The

following result relates the action of H on X'/K’ to the G-action on X/K.
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Lemma 3.5. We have an isomorphism of Q[G]-modules

Vi(Jacx) = Ind$ Vi, (Jacy). (3.1)
Similarly, we have an isomorphism of K[G]-modules

Q' (Jacy) = Ind$0 (Jacx). (3.2)

Proof. We consider X, the base change of X to K’, along with the induced
action of GG on the set of geometric connected components of Xg+. Since Y is
assumed to be geometrically connected, G acts transitively on this set. Indeed,
the number of orbits under the G-action on the irreducible components of X g

coincides with the number of geometric connected components of the quotient.

Recall that, as always, we write X’ to denote a geometric component of X.
By definition, H coincides (up to conjugacy) with the subgroup of automor-
phisms in G which restrict to automorphisms of the geometric component X'
denoted Stabg(X’) (choosing a different geometric component simply results
in conjugating H by an element in G).

We let wi,...,y, denote a left transversal for H in G, so that
y1(X7), ..., yn(X’) is the collection of the geometric components of X/ As a
result, we can decompose X = | |, ;(X’). Then, we have an isomorphism

of K’'-schemes
n

a:Jacy — HJaCyi(Xr)
i—1

induced by pullback along the inclusions y;(X’) < Xk+. This induces isomor-

phisms

n

Vi(Jacx) = @ Vi(Jacy,xy)  and Q' (Jacx) = Q' (Jacy,(xn),
=1

=1

which give the isomorphisms of representations claimed in the statement once

the G-action is taken into account. O]
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Theorem 3.6. Let f : X — Y be a G-Galois cover of curves and assume
that Y is geometrically connected. Denote by {q,...,q} C Y (K') the branch
points of fir : X' =Y, and for each 1 <i <r, lett; € f5'(q;) be any choice

of preimage q;. Then, for every prime £, the G-representations

Vi(Jacx) and Ind§(1)*? & Ind(, (1)®0 2072 & (B Indg,, ) 1

i=1

are isomorphic after extending scalars to C. (Here Stabg(t;) denotes the sta-

biliser of t; in H ).
Proof. Lemma gives an isomorphism of Q,[G]-representations

Vi(Jacx) = Ind% Vy(Jacy:). (3.3)

To complete the proof we can appeal to the more standard form of equivariant
Riemann—Hurwitz, in which X’ is assumed geometrically connected. Specifi-
cally, by Lemma .4} fz : X' — Y is an H-cover of geometrically connected
curves. It follows from [35, Proposition 1.1] that, after extending scalars to C,

the H-representation V;(Jacx/) ® C is isomorphic to
19? @ Ind{}, 1960072 @ B (Ind {1 © Indf,,, () 1)-
i=1

The result now follows by inducing from H to G and using (3.3)). O

Remark 3.7. Lemma [3.5] and [3.0] generalise to general curves of §2.1.3] For
details, see [53, Lemma 4.6 & Proposition 4.6].

Example 3.8. We consider the Ss-action given in Example [2.11] This fits in

the following Galois diagram:
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Q(¢s)(x,y)

awy N\

QG)(y
/
Qy

To apply Theorem we consider the cubic cover E/Q((3) 2 p /Q(¢3)
determined by (z,y) — x. This is branched at {oo, v/b, —v/b} each with ram-
ification degree 3. By applying Theorem with G = S35, H = (3, r =3 and
Stabg(t;) = C3 for i = 1,2, 3, we deduce that V;(Jacg) = p®?, where p denotes

the two-dimensional irreducible representation of Ss.

3.2 (Galois descent and isotypic components

Recall that we have fixed arbitrary embedding Q,, @p — C.

Theorem 3.9. Let X be a curve defined over a field of characteristic 0, and

suppose that G is a subgroup of K-automorphisms of X.
1. For any prime {, Vi(Jacx/c) = Vi(Jacx),
2. M (Jacx/q) = Q' (Jacx).
In addition, when K is a number field, we also have
3. For any prime p, X,(Jacx/c) = X,(Jacx)?,
4. Jacy)q(K) ®z Q = (Jacx (K) @ Q)%,

5. For any prime p, if I (Jacy)[p™] is finite, then HI(Jacx,q)[p™] is finite.
In addition, if I(Jacx) is finite, then I (Jacx,q) is also finite.

6. if p is a C[G]-representation satisfying (p, Ve(Jacx) ®q, C) = 0, then

(p, Jacx (K) @z C) = (p, X, (Jacx) @q, C) =0.
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Further, if (p, Vi(Jacx) ®@q, C) = 0, then (p, Q' (Jacx @ C) =0 for any
characteristic 0 field K.

Proof. We let m : X — X/G be the quotient map induced by the subgroup
G < Autg(X). Then, mo g = 7 for all ¢ € G and therefore g* o 7* = 7* on
Jacobians. It’s easy to check that ¢* = (g.)™! = (¢71)«, and so G acts trivially
on m*(Jacy,q).

Therefore, the induced map 7* : Vy(Jacx,c) — Vi(Jacx) factors through
Vy(Jacx)®. This gives maps

Tt Ve(Jacx) = Vi(Jacx,g) and 7 : Vi(Jacy/q) — Vi(Jacx)©,

and by Lemma [2.15 their compositions in each direction is equal to the
multiplication-by-|G| map. Therefore, 7* : V,(Jacy/c) — Vi(Jacx)® is an
isomorphism of Qg-vector spaces, which proves (1). Parts (2)—(4) follow in
the same way. For the first assertion in (5), combine parts (3)—(4). The
second assertion in (5) follows from the first. To see this, we note that
7* : Jacx,c — Jacy induces an isomorphism I (Jacx/q)[¢>] = II(Jacx)[q™]
when ¢ 1 |G]|.

For (6), we argue as follows. After fixing an embedding K — C, we have
a G-module isomorphism H;(Jacx(C),Z) ®z Q, = Vi(Jacx) by [I, Exposé
XI, Theorem 4.4]. Therefore, V,(Jacy) has rational character. We denote by
F, the field obtained by extending Q by the values of the characters of p.
Then, a positive power of the representation @UGG&I( F,/Q) p? is realisable over
Q [79, §12.1, Prop. 34] and shares no common constituent with V;(Jacy). It
therefore suffices to consider the case where p is realisable over Q. Denote by
e, the idempotent in Q[G] which projects onto the p-isotypic part. Clearing
denominators, there exists a positive integer n for which ne, lies in Z[G].
Viewed as an endomorphism of Jacy, ne, induces the zero map on Ty(Jacy).

In view of [66, Proposition 12.2], ne, is the zero endomorphism on Jacy, and

therefore induces the zero map on X,(Jacy), Jacx(K) ® Q and Q'(Jacy). O



3.3. Self-duality of Selmer groups 50

3.3 Self-duality of Selmer groups

We let K be a number field. We write (A,\) to denote an abelian va-
riety A/K with a principal polarisation A\. We denote by Aut(A,\) the
group of K-automorphisms ¢g of A preserving the principal polarisation
A, that is ¢¥ = Xog toA™t. The proof of the following result is modelled
on [29, Theorem 2.1].

Theorem 3.10. Let (A, \) be a principally polarised abelian variety, and let G
be a subgroup of Aut(A, ). Then X,(A) is self-dual as a Q,[G]-representation.

Proof. As in [30], given a K-isogeny of abelian varieties f : A — B, we write
Q(f) = #coker(f : A(K)/A(K)tors = B(K)/B(K)tors) - #ker(f : IIT(A)qiy — TI(B)aiv),

where IIlg, denotes the divisible part of II. We decompose X,(A) into

Q,-irreducible representations, and decompose the corresponding Z,-lattice
Xp(A) = Homyg, (hﬂ Selyn (A), Qy/Zy)
into G-stable Z,-sublattices such that

XA) =P X,A)=@PA, and A, @z Q=7
where the 7; are distinct Q,-irreducible representations of G.

We now construct a self-isogeny of A with a specified action on the sub-
lattices A,, of X,(A). For an irreducible Q,[G]-representation 7 satisfying

(1, X,) > 0, the operator dim(7) " ., Tr(7(9))g~" € Z,[G] kills every irre-

geG

ducible G-constituent 7’ of X, not isomorphic to 7, and acts by multiplication

by (7,7) - |G| on every constituent of A, which is isomorphic to 7. We define

2z = |G| {r,7)+ (p—1) - dim(7) - ZTI“(T(Q))Q_I € Z,|G].

geG
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Elements in a small neighbourhood U of z, in Z,[G] act via multiplication by
p- |G| - (1,7) composed with some isomorphism on A,, and via multiplication
by |G| (7, T) composed with some isomorphism on A,, when 7; # 7. Similarly,
there’s a corresponding neighbourhood U, of z,«, where 7* is the dual repre-
sentation. Since the inversion map g — ¢g~' is continuous in Q,[G] and maps

2y t0 2, we can find o = 37, 7,9 € Z[G] N U, such that -, z,g7" lies in

geG

U,~. We write ¢, to denote the endomorphism of A determined by o. Since G
is a subgroup of Aut(A,\), then > e z,g~" corresponds to the dual isogeny

¢.. By considering their induced actions on the A, we deduce that
Q(6,) = (IGI-r, ) SAp™ 50 and Q) = (|G- (7))o g A
Since (7, 7) = (7%, 7) and Q(¢,) = Q(¢y) (see [30, Theorem 4.3]), we deduce

that n, = n,«, as required. O

Corollary 3.11. Let G be a finite subgroup of Auty(X). Then X,(Jacx) is a

self-dual Q,|G]-representation.

Proof. Since gY = Ay o (g*) o \x, it suffices to show that g* = (g,)~*. It is
easy to see that g, o g* = 1, which gives the required result. O



Chapter 4

Pseudo Brauer relations and

regulator constants

In this chapter, we define pseudo Brauer relations and their regulator con-
stants, extending the notion of regulator constants for Brauer relations consid-
ered in [28]. We will see that most key properties are retained in this expanded

framework.

4.1 Pseudo Brauer relations

Throughout this section, L is a field of characteristic 0 with a fixed embedding
L — C, (G is a finite group, H is a set of representatives of the subgroups of
G up to conjugacy and (,) is the standard inner product on characters. All

representations are assumed to be finite dimensional.

Definition 4.1. Let V be an L[G]-representation. We say that an element
©=>,H — > ;H; € Z[H] is a pseudo Brauer relation relative to V) if there
are C[G]-representations p; and pa, satisfying (p1, V) = (p2, V) = 0, such that

pL® @C[G/Hi] ~ 0, @ EBC[G/H}]-

Remark 4.2. The choice of representatives in H will be immaterial in prac-
tice (see Remark for a thorough discussion). When specific choices are
required, these will be explicitly stated.
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Remark 4.3. When V = L[G], we necessarily have p; = py = 0. In this case,
Definition {4.1] coincides with the existing notion of a Brauer relation, see for

example [28] §1.ii].

Example 4.4. © = C3+2C;—{e}—255 is a Brauer relation for S5. Indeed, let
1 (trivial), e (sign) and p (standard) be the set of irreducible representations

of S3. It follows that

;

1, H = S;,

]1@6, H:C&
ClSs/H] =

]]-@p7 HZCQa

[ LT@edp® H={e},

which gives the required Brauer relation.

Example 4.5. ¥ = C¢ + CY + C5 — 20y x Cy — {e} is a Brauer relation for
Cy x Cy where C} denote the proper subgroups of Cy x Cy.

To see this, let ¢; : Cy x Cy — {£1} be the non-trivial one-dimensional
character determined by ¢;(C%) = 1. Then, it follows that C[(Cy x Cy)/C%] =
1@ e, C[Cy x Co) =1 @ e, ey, D e.. This gives the required Brauer relation.

Example 4.6. = = C, — {e} is a pseudo Brauer relation relative to the trivial

representation 1 of the cyclic group C,,.

The set of all pseudo Brauer relations relative to )V forms an abelian
subgroup of Z[#H]. In Examples |4.314.6] it is easy to see that this is free of
rank 1 generated by ©, ¥ and = respectively. In general, the rank of this group

is as follows.

Proposition 4.7. Let V be an L|G| representation and let Irrg(G) be the set

of isomorphism classes of irreducible representations of G over Q. Then,

rkz PBR(V) = |{conj. classes of non-cyclic H < G}|+|{p € Irrg(G) : {p,V) = 0},
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where PBR(V) C Z[H] denotes the subgroup of pseudo Brauer relations

relative to V.

Proof. Denote by BR C Z[H] the subgroup of Brauer relations. It’s well
known that the rank of BR is equal to the number of conjugacy classes of non-
cyclic subgroups of G. Indeed, denoting by R(G) the rational representation
ring, we have a natural linear map o : QH] — R(G) ® Q sending ) . n;H; to
> niIndgl_]l. The kernel of a is BR®Q, the dimension of R(G)®Q is equal to
the number of conjugacy classes of cyclic subgroups of G by [79, §13.1, Cor. 1],
and « is surjective by the induction theorem [79, §13.1, Theorem 30].

The restriction of a to PBR(V)®Q is readily seen to have image contained
in the subspace of R(G) ® Q spanned by irreducible rational representations p
with (p,V) = 0. To complete the proof we need to show that, conversely, any
such p lies in the image of a. This, again, is a consequence of the induction

theorem [79, §13.1, Theorem 30]. ]

4.2 Regulator constants

In this section, we define regulator constants of pseudo Brauer relations.

Notation 4.8. Let © = >, H; — > . H; € Z[H] be a pseudo Brauer rela-
tion relative to a self-dual L|G]-representation V. Given a non-degenerate,

G-invariant, L-bilinear pairing ((,)) on V, we denote by (,); the pairing

1
()1 = @ VA {(,) on the vector space GBVH",

and define the pairing (, ), on €P; Vi similarly. Given a basis B = {v;} for
P, Vi, we denote by (B, B); the matrix with (i, j)th entry (v;, v;)1, and define
(B',B'); for a basis B' of (P, Vi similarly. By [28, Lemma 2.15], both (, ),

and (, ), are non-degenerate.

Definition 4.9. Let © = >, H; — >, H} € Z[H] be a pseudo Brauer relation

relative to a self-dual L|G]-representation V, and let ((,)) be a non-degenerate,
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G-invariant, L-bilinear pairing on ) taking values in some field extension L'

of L. Given bases B for @, V" and B’ for @, Vi we define

o det(B, B>1

= B, B), L

e (V)
We then define the regulator constant of V relative to O, denoted Co(V),
to be the class of CS’B/(V) in L' /L*? for any choice of bases B, B’ (the result

being independent of this choice).

Remark 4.10. By Theorem , the quantity CS’B,(V) is non-zero and inde-
pendent of the choice of pairing. Therefore, by choosing an L-valued pairing
on V we deduce that CS’B/ (V) e L*.

In addition, its class CS’B,(V) in L*/L*? is independent of the choice of
bases B, B’. This is seen by the transformation rule A — MY AM for matrices
of bilinear forms A with respect to the change of basis matrix M (where MY
denotes the transposed matrix).

In particular, by choosing diagonal bases for @; Vi and @jVH§, then

B IT; det(\hlri\«?)”VHi)

Co(V) = ™~
V) L det gy (D)

where det(ﬁl_l«, WVH) € L™ /L*? denotes det(ﬁ«ei, e;))) evaluated in any
L-basis {e;} for Vi (and similarly for V7). By convention, we take an empty

determinant to be 1.

Example 4.11. Consider the Brauer relation © = C5 + 2Cy — {e} — 253
from Example [£.4 We let p denote the two-dimensional Ss-representation
determined by V = {(z1, zs, 23)| Yo, #; = 0} C Q* with the Ss-action given
by g - (21,72, 23) = (Tg(1); Tg(2), Tg(3))-

Then, v; = (1,—1,0), v = (0,1, —1) form a basis for V' and a G-invariant
inner product ((,)) on V with respect to this basis is given by the following

matrix:
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Let’s suppose that Cy = ((1,2)). Then, p’ is 0-dimensional when H = C3, Ss

and one-dimensional spanned by v; + 2vy when H = C5. Therefore,

(1) - (Svr + 205, 01 + 205))°

det E ﬂ (1)

Now consider € = det(p), the 1-dimensional sign representation of S3. Then,

Co(p) = =3 mod Q%%

€M is 0-dimensional when H = O, S5, while Cy acts trivially on e. Therefore,
by choosing any non-trivial pairing on € (for example, ((v,v)) = 1 for v any

non-zero vector in €), we deduce

%' (1)2 X2
Col(e) = 3 ;=3 mod Q.
1o
It’s also easy to show that
Lo(Ly2
Co(l) = ? ? 2 3
1 (5)

Therefore, the regulator constants for the irreducible S3-representations are:

1]e|p
Co|3|3]|3

Example 4.12. Consider the Brauer relation ¥ = C$+C5+C5—2Cy x Cy—{e}
from Example [1.5| Let ((,)) be any non-zero pairing on 1. Then,

_ (%) _ X2
= —) =2 mod Q*°.
In addition, let €, be the non-trivial, irreducible character of Cyx Cy determined
by €,(CS) = 1. Tt follows that
(3)-(1)- (1)
Cyleq) = 2> =2 mod Q.
(12 (1)

An identical calculation shows that Cy(€,) = Cy(€.) = 2, where €, €, are the

remaining, non-trivial irreducible representations of Cy x Cj.



4.2. Regulator constants 57

To summarise, the regulator constants for the irreducible representations

of Cy x Cy are as follows:

Co|2|2]2]2

Example 4.13. Consider the pseudo Brauer relation = = C, — {e} relative

to 1 from Example [4.6] It follows that

Therefore, C=(1) = p mod Q2.

Many properties of regulator constants associated to Brauer relations
[28, §2.ii] continue to hold for the pseudo Brauer relations of Definition 4.9

Specifically, we have the following:

Theorem 4.14. Let L be a field of characteristic 0, G be a finite group and
V. V1, Vs be finite dimensional self-dual L|G]-representations. Then,

1. given a pseudo Brauer relation © relative to V, Co(V) is independent of

the choice of pairing {(,)), and takes values in L*/L*?,

2. giwen pseudo Brauer relations ©1 and ©y relative to V, we have

6914-@2 (V> = C@1 (V) 692 (V)v

3. if © is a pseudo Brauer relation relative to both Vi and Vs, then

C@(V1 & Vz) - C@(Vl)C@(V2>

In particular, if V = @, V" is a decomposition into self-dual L|G]-
representations, then Co(V) =[], Co(Vi)™.

Remark 4.15. We note that Cg is compatible with extension of scalars: if

M/L is a field extension, then Co(V) = Co(V @1 M) in M*/M*% On the



4.2. Regulator constants 58

other hand, if V descends to a K|[G]-representation W for a subfield K C L,
then W is unique up to K[G]-isomorphism. In particular, we can associate to
V a well-defined regulator constant Co(W) € K*/K*?. We will often omit W
from the notation and simply view Co()V) as an element of K*/K*? without

comment.

Theorem is a generalisation of [28, Theorem 2.17 & Corollary 2.18].
In addition, the following result generalises |28, Corollary 2.25 & Lemma 2.26].
Recall that a G-representation V is said to be symplectic if its space admits a

non-degenerate alternating and G-invariant pairing.

Lemma 4.16. Let © = Y, H; — >, H} be a pseudo Brauer relation relative
to V. If either

1. 'V is symplectic, or
2. (V, LIG/H)) = (V, LIG/H')) = 0 for all i, j,
then Co(V) = 1 mod L*2.
Proof. See [28, Corollary 2.25, Lemma 2.26]. O
We use this to show that Co (V) can be taken to be a positive real number.

Lemma 4.17. Let © be a pseudo Brauer relation relative to a self-dual L|G]-
representation V. Then, there exists a positive real number in the same class
as Co(V) in L*/L*?. (Recall that we fized an embedding L — C at the start
of the section.)

Proof. Write V = 1)1 @ 1) where 11 (resp. 1)) is an orthogonal (resp. sym-
plectic) respresentation. Then Cg(V) = Co(¢1)Co(2) = Co(1)1) by Theorem
4.14)(3) and Lemma [4.16[1). Now t; is realisable over R, say on a real vec-
tor space W, which necessarily admits a positive definite G-invariant pairing
(take the average, over g € G, of any inner product). The associated pairings
{(,)1,(,)2 (as in Notation are then positive definite. Computing Ceo (W)
with respect to these pairings we obtain a positive real number. By Remark

4.15| this gives the result. O
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4.3 Computable sets of representations

We now introduce a special set of representations in the case L = Q,. For an
analogous formulation in terms of a special class of representations, denoted

Top, see [32), §3.3].

Definition 4.18. Let © be a pseudo Brauer relation relative to a self-dual
Q,|G]-representation V. Consider the set Ry of all Q,-irreducible representa-

tions which are self-dual and satisfy (7,)) > 0. Then, we define
Sep(V)={r € Ry | ord,Co(T) =1 mod 2}.

When there is no confusion, we will simply write Sg , to denote this set.

Any self-dual representation V' admits a decomposition of the form
Y = @TeRV 7" @ p, where p satisfies p ® @p = g@ o for 0 # o*. The

set Se, computes the parity of ord,Ce (V) in the following sense.

Lemma 4.19. We have ord,Ce(V) =3 s, w mod 2.

p TvT>
Proof. As in [28, proof of Cor. 2.25], p ® @p admits a non-degenerate alter-
nating and G-invariant pairing, and using [28, proof of Thm. 2.24], we deduce

that p does too. Therefore, Co(p) = 1 by Lemma [4.16(1). Then,

Thm. [LT1(3) Lem.
ord,Ce(V) = Z n,ord,Ce(7)+ord,Co(p) Def B Z n, mod 2.
TER, TESe,p
Since n, = ?:TT; , the result follows. ]

Example 4.20. The following table gives the computable sets Sg , in the case
of Examples For details, see Examples 4.13]

v G S p Sep
Q[G] S3 C3 + 205 — {e} — 253 3 {L,¢,p}
QG]|| CoaxCy | CI+CE+C5—2C, x Cy —{e} | 2 | {1,¢e4, 6 6}

1 Cy Cp —{e} p {1}
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4.4 Alternative definition of regulator constants

The following reinterpretation of regulator constants is based on expositions,
in the case of Brauer relations, given in [2, §3] and [29, Lemma 3.2]. We begin

with some notation.

Notation 4.21. Let M be a Z[G]-module (below we will take M =V to be
a self-dual L[G]-representation, but this greater generality will be useful in

Chapters [546)). For each subgroup H of G we have an isomorphism
Homg(Z[G/H], M) —» M*" (%)

given by evaluating homomorphisms at the trivial coset. Given subgroups
Hy,....H, and H{,...,H], of G, define G-sets S = ||\, G/H; and 5" =
L=, G/Hj. Taking Z[S] and Z[S'] to be the corresponding permutation mod-

ules, (%) induces isomorphisms

Homg(Z[S], M) = @ M™ and Home(Z[S], M) = P M"™.
i J

Consequently, given ® € Homg(Z[S], Z[S]), the map from Homg(Z[S'], M) to

Homg(Z[S], M) sending f to f o ® induces a homomorphism
e B Y < DU
j i

The G-module Z[S] (resp. Z[S’]) is canonically self-dual, via the pairing
making the elements of S (resp. S’) an orthonormal basis. Given ® €
Home (Z[S], Z]S']) we denote by ®V the corresponding dual homomorphism
oY Z[S'] — Z[S].

Definition 4.22. Let © = >, H;—>_; H} € Z[H] be a pseudo Brauer relation
relative to a self-dual L|G]-representation V. We say that a Z[G]-module
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homomorphism © : P, Z[G/ H;] — D, Z|G/Hj] realises © if the induced map
v @V @
j i

is an isomorphism.

Remark 4.23. If © = 3, H; — 3. Hj is a Brauer relation (see Remark [4.3)),
then a G-map realising it is a G-injection ® : P, Z|G/H,] — @, Z|G/ H}] with

finite cokernel.

Example 4.24. We consider © = C5 + 2Cy — {e} — 255, the Brauer rela-
tion for S3 from Example[d.d. ~ We fix generators g,h for S3 so that
Ss = (g, h|g®> = h* = hghg = ¢). Let 0 denote the injective Sz-module homo-

morphism

0 : Z[Ss/(g)lyr ® Z[Ss/{W)]y2 & Z[Ss/(h)lys — Z[Ss]v1 & Ly & Zas

determined by y; — (e + g + ¢°)x1 + x3, Y2 = (e + h)xy + 19, and

ys — (e + h)gxy. With respect to the bases {y1, hy1, Y2, 9y2, 9°Y2, Y3, 9y3, 9°Ys}

and {x1, gr1, g?x1, hxy, hgzry, hg?x1, 1o, 23}, 0 is given by the following matrix.

| olRr R — O OO O
Ok O o o~k O
O~ O R O, OO

OO O = O O = O
OO DD O = = O O
IO —= O O OO

OSlRO O = OO -

oo O O = =

This matrix has full rank. Therefore, 0 realises © = C3 + 2Cy — {e} — 2.5;.

Example 4.25. We consider ¥ = C¢ + C% + C5 — 2C, x Cy — {e}, the Brauer

relation for Cy x Cy from Example We fix generators o, 7 for it so that

2

Cy x Cy = {(0,7|0? = 7% = 0707 = €). Let ¢ denote the injective G-module
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homomorphism

b Z[G (N @ ZIG/()]ys @ ZIG(om)ys — Zay & Ly @ Z[Glas

determined by y; — z1+ (e40)xs, yo — xo+(e+7)x3, y3 = (1+07)x3. With
respect to the bases {y1,7y1, Y2, 0Y2, y3, 0ys} and {x1, x9, x3, 023, 723, 0TT3},

1 is given by the following matrix.

1 170 0}]0 O
0O o1 170 O
1 0] 1 0O0]1 O
1 00 10 1
0O 1}]1 00 1
0o 170 11 O

This matrix has full rank. Therefore, 1) realises .

Example 4.26. Consider = = C, — {e}, the pseudo Brauer relation relative
to 1 from Example , and let g be a generator for C,. We let £ : Z — Z[C))]
be the map determined by 1 +— Zf;& ¢*. Then, the induced map &* : 1 — 1

is the multiplication-by-p map. Therefore, £ realises = = C, — {e}

Lemma 4.27. Let © = Y, H; — >, H} be a pseudo Brauer relation relative
to an L|G]-representation V. Then, there exists a G-module homomorphism ®

realising ©.

Proof. By Definition .1, we can find CG-representations pi,ps such that
p1 @ D, C[G/H;] is isomorphic to py & B; C[G/H]]. We may assume that
p1 and ps have no common irreducible constituents ensuring that both py, po
are realisable over Q. We can then find free Z|G]-modules V; and V3 such that

Vi ®z C = p; and Vo ®7 C = py, and a G-module homomorphism
¢:Vie @PzZIG/H] — Vo & P ZIG/H))
i J

with finite kernel and cokernel. Denoting by ¢ and 7 the inclusion/projection

in/out of the permutation modules, one checks that ® = 7w o ¢ o ¢ realises the
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pseudo Brauer relation ©. O

Notation 4.28. Given finite dimensional L-vector spaces V, W, with bases
By = {v;}i, B = {w;}, respectively, and given an L-linear map 7 : V — W,
we write [T]g? to denote the matrix of T relative to B; and By. Similarly to
Notation [4.8 given a pairing ((,)) between V and W, we denote by (B, Ba))
the matrix with (4, j)th entry ((v;, w;)).

The following proposition (along with Corollary gives the promised
alternative description of regulator constants.

We highlight that, while we have not yet shown that CS’B/(V) is inde-
pendent of the choice of pairing ((,)) made in its definition, the proof of the
proposition applies regardless of the choice made. As a by-product, this will

prove the sought independence.

Proposition 4.29. Let © = 3, H; — >, H; be a pseudo Brauer relation rel-
ative to a self-dual L|G]-representation V. For any G-module homomorphism
® realising ©, we have

BB vy det[(@Y)]E
Co™ (V) = det[®*]5,

where B, B are bases for @, V¥, @j PH; respectively.

Proof. Fix a non-degenerate G-invariant pairing ((,)) on V. We follow the
proof of [29, Lemma 3.2]. For a finite G-set T' we define the pairing (, )r on
Home (Z[T], V) by setting

(o, fo)r = ﬁ SR, L)

teT

Take S =| |;G/H; and 8" = | |; G/H}. After identifying Homg(Z[S], V) with
@, V¥ as in Notation 4.21 the pairing (, ) identifies with the pairing (,); of
Notation Similarly, the pairing (,)s identifies with the pairing (,)2. A

straightforward computation then shows that ®* and (®¥)* are adjoint for the



4.4. Alternative definition of regulator constants 64

pairings (, )1 and (, )5 (see [2, Theorem 3.2] for details). We now compute

_ det(B,B); _ det(B,®*B');  det[(®V)]F det[(®V)"]F -
~ det(B, B'), det[®*]8,  det((®V)*B,B)s  det[®*]B,

Given a G-map ® realising © and a basis B for @, V¥, we write &V for

the basis for P, VH; obtained by applying (®¥)* (cf. Notation [4.21)) to the

basis vectors in B.

Corollary 4.30. Let © be a pseudo Brauer relation relative to a self-dual
L|G]-representation V. Then

1

B,®VB .
Co™ (V) = det(®VD)*’

In particular, CS’@VB(V) is independent of B.
Proof. Immediate from Proposition O

We can now prove Theorem [4.14]

Proof of Theorem[[.14 Parts (2) and (3) follow readily from part (1). To
prove (1), pick some ® realising the pseudo Brauer relation © (this always
exists by Lemma [4.27), and pick a pairing ((,)) as in the definition of Cg (V).
The proof of Proposition then shows that

Co(V) = det(®V®)* mod L2

Since the right hand side is an element of L* which is independent of ((, )), the

result follows. O]

Remark 4.31. The choice of representatives in ‘H made at the start of this
section does not affect the above results in any meaningful way. For instance,
if © = >, H; — ) ;H; € Z[H] is a pseudo Brauer relation relative to V,
and we set M; = g;H;g; ", M] = g/H/g/"" for some g;,g, € G, then we have
canonical isomorphisms @, Vi ~ @,V and @, Z[G/M;| ~ @, Z|G/H,)
given by (z;) = (giws) and (y;M;) — (yigiH;) respectively. Similarly for H.



4.4. Alternative definition of regulator constants 65

We conclude that the calculation of a regulator constant from Definition [4.9
and the notion of realising a pseudo Brauer relation from Definition [4.22] are
consistent even after a change from © to ©' =), M; — Zj M. In addition, a
change from © to © does not affect Proposition or Corollary



Chapter 5

Rank parity from pseudo

Brauer relations

In this chapter, we apply regulator constants and pseudo Brauer relations to
study parities of ranks of Jacobians.

We first present a formalism which associates to a pseudo Brauer relation
relative to the f-adic Tate module an isogeny, see Theorem In particular,
we show that if ® is a G-map realising this pseudo Brauer relation, then the
induced homomorphism fg given in Definition is an isogeny.

We then use the induced isogeny to give a definition of a purely local
arithmetic invariant Ag and a method for studying Selmer rank parities of

Jacobians in terms of these local invariants, see Theorem [5.7]

5.1 Isogenies from pseudo Brauer relations

We let X be a curve defined over a characteristic 0 field K, and let G be a
finite subgroup of Autg(X).

Definition 5.1. We say that © is a pseudo Brauer relation for G and X if ©
is a pseudo Brauer relation relative to V(Jacx) in the sense of Definition .

When there is no ambiguity, we call these pseudo Brauer relations for X.

Remark 5.2. Having fixed an embedding K — C, we have a Q/[G]-module
isomorphism

Hy(Jacx(C),Z) ® Q; = Vy(Jacx)
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for every prime ¢ [ Exposé XI, Theorem 4.4]. Therefore the notion of a

pseudo Brauer relation for X is independent of /.

Theorem 5.3. Let X be a curve over a field K of characteristic 0, and G be
a finite subgroup of Auty (X). Let >, Hi— >, H} be a pseudo Brauer relation
for X realised by ® (in the sense of Definition . Then, the following hold:

1. The induced homomorphism

fq;. : HJaCX/Hé‘ — HJaCX/Hi
J %

afforded by Theorem is a K-isogeny.

2. If ®' realises a pseudo Brauer relation Zj Hj =%, H! for X, then the
composition ®'® realises Y, H; — >, H}! and foro = fofor.

3. The dual homomorphism ®V (as in Notation realises the pseudo
Brauer relation Y, Hi — >, H; for X, and we have fov = (fp)" where
(fa)¥ denotes the dual of fe with respect to the canonical principal po-

larisations.

Proof. For (1), we first show that Vi(fs) : [; Ve(Jacx/m) — [I; Ve(Jacxm,)
agrees with the pull-back map ®* : [, Vi(Jacx)™i — T, Vi(Jacx)™ of No-
tation after identifying Vi(n};) @ Vi(Jacy/n) — Vi(Jacx)” using The-
orem (1) By additivity, it suffices to prove this in the case where ® is
a map Z|G/H|] — Z[G/H'|. A direct consequence of Lemma is that
T fe = (1:)7r}"{,. Applying V;(—) to this composition gives rise to a commuta-

tive diagram

Vi(f
Vi(Jacx,m) SCEL Ve(Jacx/n)

Vl(ﬂ';{/)l

W(JaCx)H/ ., Vg(JacX)H

IR
N
>
=

%

R

It therefore follows that V;( fg) agrees with ®*. Since ® realises ©, then the
induced map @ : [[; Vi(Jacx)™i — [T, Vi(Jacx)™ is an isomorphism. Since

this agrees with V;(fs), claim (1) follows from Faltings’ isogeny theorem.
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For (2), it is clear that ®'® realises the pseudo Brauer relation ), H; —
> . HY, while the equality feoo = fofo follows from Theorem [A.1[(1). The
duality assertion of (3) follows from Theorem |A.1|(2). O

Example 5.4. We consider Example with © = C5+2C; — {e} — 2853, the
Brauer relation for Ss from Example £.4. We also fix generators g, h so that
Ss = (g, h|g®> = h* = hghg = e). We then have the following Galois cover with

the corresponding lattice of subgroups on the right:

B
E/ \ <h>/

\
NN

Let 6 denote the injective Ss-module homomorphism from Example [4.24]
By Theorem [5.3] there are isogenies

fo:Jacg > E x E x Jacp and fov = f) : E x E x Jacp — Jacp.
Explicitly, the isogenies associated to # and 6V are given by
fo=(Tgs,TEe 0 g, mps)  and  (fy)' =g+ g oy + ),
where 7 : B — E, mp : B — D denote the quotient maps.
Example 5.5. We consider Example [1.5| with ¥ = C¢ + C% + C§ — 20, x Cy —

{e}, the Brauer relation for Cy x Cs from Example[£.5] Then, the Galois cover

is as follows:
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/ i \ o
Vi P! Ys (1)

AN

P

Theorem associates an isogeny fy : Jacx — Jacy; x Jacy, to the
homomorphism 1 from Example Explicitly, fy = (714, m2x), with the
dual isogeny given by fl\; =mf + 5, where m; : X — Y; and mo : X — Y5 are

the natural quotient maps.

The next result concerns the degree of the induced isogeny of Theorem [(.3l
Recall that a G-representation V is said to be orthogonal if its space admits a

non-degenerate symmetric bilinear form invariant under G.

Proposition 5.6. Suppose that Q'(Jacy) is a self-dual G-representation. Fiz
any basis By for QN ([, Jacx;m,) and let @B, be the basis for Q1 (I[; Jacx/m)
obtained by applying (®V)* to the basis vectors in By.

1. We have
G5 (0 (Jaex)) = (o).

2. If Q' (Jacy) is orthogonal, then

Co- "B (Jacx)) ™t = deg(fs)-

3. For any G-maps ®,, ®y realising ©, deg(fs,)/deg(fs,) lies in Q*2.
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Proof. For (1), we compute

Cor. 30 &
CE B (@ (Jaex)) ™ T det (@) | V([ Jacxsm)
[53. Lem. 4.2 t(f@\/cb | Vil HJacX/H )
[661 Prop. 12.9 deg(fova)
Thm. [5.3] (2),(3) deg(f@)

For (2), the G-representation Q'(Jacy) is realisable over R [79, §13.2, Thm.
31], say on an R-vector space Wg. By evaluating Cg" PO (Jacy)) with
respect to an R-basis By for [[,(Wg)", Lemma combined with Theorem
4.14(1) tell us that Cgl’q)VBl(Ql(Jacx)) is a positive real number. Since the
equality in (1) holds for any B;, we obtain the result. For (3), note that
Q' (Jacx)®? is realisable over Q by [53, Lemma 5.10(2)]. It follows from [76,
Theorem 32.15] that there exist infinitely many distinct quadratic extensions
L/Q such that Q'(Jacy) is realisable over L. For each such, we deduce from
part (1) and Theorem 4.14(1) that j:jzg(fq)l) € L*2. This is only possible if

g(f@g)

deg( f‘1>1 X 2
deg( f. Q o

5.2 Local formulae for Selmer rank parities

The main result of this section is the following.

Theorem 5.7. Let X be a curve over a number field K and G be a finite
subgroup of Auty(X). Let © be a pseudo Brauer relation for X, and suppose
that Q' (Jacy) is a self-dual G-representation. Then

ord,Ce(&X,(Jacx)) = Z ord,Ae(X/K,) mod 2,
v place of K
where the local invariant Ao (X/K,) is as in Definition |5.24. In particular, we

have

Z W Z ord, Ae(X/K,) mod 2,

TESe,p v place of K
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where Se,, s the set from Definition considered with respect to X,(Jacy).
Given a K-rational isogeny fp : Hj JacX/H; — [I; Jacx/m,, we write

fo(K,) to denote the induced map on K,-rational points. In order to prove

Theorem [5.7, we begin by defining the following local invariant

_ #cokerfo(K,) 1, pmo(X/H;)
A@’¢<X/KU> o #kerfq>(Kv) ‘ Hj ,U/U(X/H]/)7

where ® is a G-map realising © and p, encodes whether a curve is deficient
at a place v (see Definition . We prove an analogue of the above formula
(see Theorem with Ag ¢ in place of Ag. Unfortunately, Ao ¢ depends on
the choice of ®. We remove this dependence (see Lemma [5.17((1)) in the case

when Q'(Jacy) is self-dual by introducing a revised invariant

Xo(X/Ky) = Noo(X/K,) - |/ deg(fa)],-

The drawback now is that ordp:\@ = 0, %, 1or % mod 2. We finally fix this
(see Theorem [5.25(1)) by defining

No(X/K,) = do(X/Ky) - |y/CE(! (Jacx))

where C& € N denotes the square-free part of deg(fs), calculated with respect
to any ®. We caution that whilst Ae is multiplicative in ©, in general Ag is

not.

Remark 5.8. When K, /Q, is a finite extension and p # 2 or ¢, we will addi-
tionally show (see Theorem [5.25(3)) that

IL co(Jacx/m,)
Ordp A@(X/KU) = Ordp H c (JaCX;H/>,
jv J

where ¢,(A) denotes the Tamagawa number of an abelian variety A/K,, see

§2.3.1 Lemma gives an analogue of this formula for arbitrary prime p.

Remark 5.9. By Theorem [3.1(2), &,(Jacx) is a self-dual G-representation
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for all p, and any pseudo Brauer relation for X is a pseudo Brauer relation
relative to &, (Jacx). Thus, the left-hand side of the formula in Theorem
is well-defined.

Remark 5.10. In Theorem we consider the base change of X/K to all
completions K, alongside the base-changed action of G on X/K,. We note
that X /K, may not remain connected after base change (see proof of Propo-
sition for example). Consequently, the framework of general curves dis-
cussed in and detailed in [53] is essential for studying parities of Selmer

ranks using Theorem 5.7

5.2.1 A local formula in \g ¢(X/K)

Here we prove an analogue of Theorem [5.7] obtained by replacing Ag with the
local invariant A\g . As in §2.3.1 we use the following notation for Tamagawa

numbers and real/complex periods.

Notation 5.11. For an abelian variety A over a local field K of characteristic

0, and choice of non-zero exterior form w on A, we write

c(A) - w/w when K/Q, is finite,

C(A,w) = Jawo @] when K = R,

\Zdim(A) fA(K) lw A @l when K =C.

Here w/w® € K* is such that w = (w/w?) - W°, where w’ is a Néron exterior

form on A.

Definition 5.12. Let K be a local field of characteristic 0, X/IC be a curve, G
be a finite subgroup of Autx(X) and © =3, H; — >, H; be a pseudo Brauer
relation for X. Fix bases By, By for Q'([[; Jacx/m;,), Q'(I]; Jacx, ) and write
w(By), w(By) for the exterior forms given by the wedge product of the elements

in By, By respectively. We define

NGB (XK =

C(I1; Jacxn,, w(B1))  II, n(X/H,)
C(I1; Jacx/my, w(B2))  II; m(X/Hj)
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where C' is given in Notation and g is as in Definition [2.16
Given a G-map ® realising ©, write ®VB; for the basis obtained by ap-
plying (®Y)* to the elements of B; (cf. Notation 4.21)). We additionally define

hoo(X/K) = AB"Br (X /K).

We write fe(K) for the map on K-points induced by the isogeny fg.

Lemma 5.13. We have

_ speokerfo(K) T n(X/H)
Yol M) = e () T, nOX/H)

In particular, Ao o(X/K) € Q* and is independent of the choice of By.

Proof. By applying [53, Remark 4.29] with F' = Q!(—), and taking exterior
powers, we deduce that fiw(B;) = w(®VB) (alternatively, argue as in the

proof of Theorem [5.3|(1)). As in the proof of [65, Theorem 7.3], we have

O(HZ JaCx/Hi, W(Bl>) _ #COkGI’fq; (]C)
C(1; Jacxym;, w(®VB1)) #ker fo(KC)

giving the required result. O]

Theorem 5.14. Let X be a curve over a number field K and G be a finite
subgroup of Autk(X). Let © be a pseudo Brauer relation for X, ® a G-map

realising © and p a prime. Then,

ord,Ce(X,(Jacx)) = Z ordye.e(X/K,) mod 2.

v place of K

Proof. For a K-isogeny f : A — B, we write
Q(f) = #coker(f : A(K)/A(K)tors = B(K)/B(K )tors) - #ker(f : II(A)aiv — II(B)aiv),

where Ilg4;, denotes the divisible part of III. Thus, if f is a self-isogeny of A,
then ord,Q(f) = ord,det(f|X,(A)) (see for example [29, §2]). We let B; be
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a global basis for Q'([]; Jacx,u,/K) and write w(8;) for the exterior form on
I, Jacx,m,/ K obtained by taking the wedge product of elements in By, and
similarly for w(®"B;). As in the proof of Lemma w(®VBy) = faw(B1)

and so

Q(f@) [301 Th:m. 4.3] HU C'U(Hz JacX/Hi, W(Bl)) ‘ Hz #Hlo(JaCx/Hl)[Qoo]
Q(f3) B IL, Co(I1; Jacxmy, few(Br))  T1; #1o(Jacx,m)[2>]

Prop. &
Lem. [5.13

= [[ros(X/K,) mod Q<

where C,, (A, w) denotes C'(A,w) for A/K,. Adding on, by Theorem [5.3(2)—(3),

Q(fa)
Qf3)

= Q(fa)Q(fy) = Qfefs) = Qfefev) = Q(fove) mod Q%

Putting everything together, we get

OI‘de/\@@(X/Kv) = ordp det (fcpvq) | XP(HJacX/Hi))

63l Lem. 4.28]

= ord, det ((®"®)* | XP(HJacX/HZ.))

Cor 30 ord,Ce(X,(Jacx)) mod 2

This completes the proof. O

5.2.2 The local invariant \g(X/K)

Assuming that Q'(Jacy) is a self-dual K[G]-representation, we now define a

revised version of the local invariant A\g o.

Definition 5.15. Let K be a local field of characteristic 0, X/K be a curve,
G be a finite subgroup of Autg(X) and © =}, H; — >, H} be a pseudo
Brauer relation for X. Fix bases By, By for Q([[; Jacx/m,), QN ([1; Jacx/m).

Assuming that Q!(Jacy) is self-dual as a K[G]-representation, we define

A5 (X/K)
[\ Je8 @1 (aex))|

Ao (X/K) =

Y
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where CB1 B2 s the regulator constant evaluated with respect to By, By as in

Definition 4.9

Remark 5.16. By Theorem (6), any pseudo Brauer relation © for X is
also a pseudo Brauer relation relative to Q!(Jacy). Thus, Cg"®*(Q'(Jacy)) is

well-defined.
Lemma 5.17. Suppose that Q'(Jacx) is a self-dual K|G]-representation.

1. do(X/K) is independent of the bases By, Bs.

2. o(X/K) is independent of how © is expressed as a formal linear combi-

nation of conjugacy classes of subgroups of G. That s, for all subgroups
H of G,
X@(X/IC) = 5\@+(H—H)(X//C)-

3. Given pseudo Brauer relations ©1, Os for X,

;\914-92 (X/}C) = 5‘@1 (X/,C);\@b (X/IC)

4. For every G-map ® realising O,

coker fs (X/H;)
Ae(/) = LT Ty Vel

Proof. (1) holds since, using Notation m,

ABB (x k) ldet([Id]2) | BB () (Jacy))  det([Id]3)°
Bo B

)\gl,82(X/lc) |det([ ] 2)|IC and Cgth(Ql(JaCX)) N det([ld]éz)g-

For (2), given a basis By for Q'(Jacy/y), we write B) = By U By for the
corresponding basis for Q' (][, Jacx/u, x Jacy/y). Similarly, we write By =
By U By. Evaluating ;\@+(H_H)(X/IC) with respect to B}, B, and Ae(X/K)
with respect to By, B, gives the desired equality, which holds for any choice
of bases by (1). (3) follows in the same way as (2). (4) follows from part (1),

Lemma and Proposition [5.6(1). O
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Theorem 5.18. With the same set up as in Theorem[5.14), and supposing that

O'(Jacx) is a self-dual K[G]-representation, we have

ord,Co(X,(Jacx)) = Y ordyde(X/K,) mod 2Z,

v place of K

where we extend ord, to Q(/p) so that ord,\e(X/K,) € 1.

Proof. Let ® be any G-map realising ©. By Lemma m(4), Xo(X/K,) =
Xoo(X/K)- |deg(ﬁp)|3}/2 for all v independently of ®. Since [], |deg(fs)], = 1,

we deduce that

ord, H Xo(X/K,) = ord, H Noo(X/K,) e ord,Ce(X,(Jacx)) mod 2.

]

Although Ae(X/K) is independent of the underlying bases of differentials,

it is difficult to work with in practice since it may not be rational.

5.2.3 The invariant Ag(X/K) and a local formula

Here we detail how Ag is obtained from the local invariant Ag (X /K) introduced
in Definition [5.15| This involves introducing a correction term which we will
denote by C&f. We show that Ag is rational and conclude the section by proving

Theorem B.71

Definition 5.19. Let L be a field of characteristic 0, X/L be a curve,
G be a finite subgroup of Auty(X) and © be a pseudo Brauer relation for
X realised by a G-map ®. Assuming that Q!(Jacy) is self-dual as an L[G]-

representation, we define C&(2!(Jacx)) to be the square-free integer equivalent

to deg(fs) mod Q*2. This is independent of ® by Proposition [5.6]3).

Example 5.20. We revisit f, : Jacx — Jacy, x Jacy, from Example 5.5 A

direct computation shows that ffy = [2]jacy, from which we deduce that
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deg(fy) = 29 where g = dim(Jacy). In this case, it follows that

. 2, if g is odd,
Cy (2 (Jacy)) =

1, if g is even.

When the G-representation '(Jacx) is realisable over Q, we view

Co(N!(Jacy)) as an element of Q*/Q*? via Remark [4.15]

Lemma 5.21. Suppose that Q'(Jacy) is realisable over Q. Then,
C(Q'(Jacx)) = Co(Q'(Jacx)) mod Q2.

Proof. Let ® be any G-map realising ©. Then, up to rational squares, we have

. Prop. 2) v Thm. 1)
C(Q (Jacy)) = deg(fs) PR BB (Jacy)) T E 0o (! (Jacy)).
This completes the proof. O

Remark 5.22. By [53 Lemma 5.10(2)], if £ = R or if we are considering
the base-change of a curve defined over a number field with a real place, then
Q!(Jacy) is realizable over Q. The same holds if all representations of G
are realizable over Q (e.g., if G = S, or G = Cy x (y). This conclusion
also applies if G = D,, the dihedral group of order 2p, because Q'(Jacy) has
rational character by [53] Lemma 5.10(2)], and all D,-representations with
rational character are realizable over Q. Consequently, Lemma [5.21] usually

suffices for applications.

Example 5.23. We revisit fy : Jacg — E x E xJacp from Example[5.4] where
E :y? = 23+ ax +bis an elliptic curve. Arguing as in Example we deduce
that Q'(Jacp) = p @ ¢®4imUaco)  where ¢ (sign) and p (2-dim) are the non-
trivial irreducible representations of Ss. From Example [£.11], we deduce that
Co (') = 31+dimUacn) - Ag observed in Example [3.3] dim(Jacp) = 0 when the
Weierstrass coefficient a = 0, while Example shows that dim(Jacp) =1
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when a # 0. It follows that

1, ifa#0,
CH(Q (Jacy)) =
3, ifa=0.

Definition 5.24. Let K be a local field of characteristic 0, X/K be a curve,
G be a finite subgroup of Autx(X) and © = >, H; — > . H} be a pseudo
Brauer relation for X. Fix bases By, By for QN([[; Jacxm,), Q'(]; Jacx/m)
and write w(By), w(Bs) for the exterior forms given by the wedge product of
the elements in By, By respectively. Assuming that Q'(Jacy) is self-dual as a

K[G]-representation, we define

_ Ol Jacxym,w(Br)) 1, p(X/H;) C(Q (Jacy))
Rt C(I1; Jacx/my, w(B2))  T1; n(X/Hj) ‘\/CBI 52 (1 (Jacx))

K
For the definitions of C, u, C5""* and C, see Notation and Definitions
-, n and [5 - In particular, Ag(X/K) = Ao(X/K) - |CE(Q (Jacy)) ,16/2.

Theorem 5.25. Let X be a curve over a local field K of characteristic 0, and
G be a finite subgroup of Autxc(X). Let© = 3, H;— >, Hj be a pseudo Brauer
relation for X, and suppose that Q'(Jacy) is a self-dual K[G]-representation.
Then, the following hold.

1. No(X/K) is a rational number independent of By, Bs.

2. Ao(X/K) is independent of how © is expressed as a formal linear combi-
nation of conjugacy classes of subgroups of G. That is, for any subgroup
H of G,
Ae(X/K) = Aet—m)(X/K).

3. For any G-map ® realising ©,

#coker fo (K)  T[, n(X/H;)
ftker fo(KC) [, p(X/H})

Ao (X/K) = | /aes(ra) - 52 Gacx))|



5.2. Local formulae for Selmer rank parities 79

4. If K =C, then Ao(X/C) = CX(Q(Jacx)).

Proof. Independence of the bases By, B, follows from Lemma m(l)
(2) follows from Lemma m@)7 provided we show that C& = C&, where
© = O+ (H — H). Let & be any G-map realising O, and consider
®’' := & @ id, where id is the identity on Z[G/H|. Then, &' realises ©'
and for = fo X id|jacy,,,; - Therefore, C, = deg(fa) = deg(fs) = C& mod Q*?,
and so they must be equal. (3) follows from Lemma [5.17|(4), and (4) fol-
lows from (3) since cokerfg(K) is trivial when K = C. It remains to show
that Ag is rational, to complete the proof of (1). By Proposition (3),
deg(fs)-C& € Q*? independently of ®, and so rationality follows from (3). [

We are now able to prove Theorem [5.7]

Proof of Theorem[5.7. We note that
Ne(X/Ky) = Noa(X/K,) - |deg(fa) - CS(" (Jacx)) /%

Therefore, [], Ao(X/K,) = [, Ne.a(X/K,) since deg(fs) - C&f € Q*%. By
Theorem [5.25(1), ord,, [T, Ae(X/K,) = >, ord,Ae(X/K,) and the result then
follows by Theorem The second assertion follows from Lemma [{.19 O

Unfortunately, one drawback of the invariant Ag is that it is generally
not multiplicative in © (unlike Ag, see Lemma [5.17(3)). This is the case since

generally C o #C8 - C8

Lemma 5.26. Let ©,01, 0, be pseudo Brauer relations for X. Then,

] A01+02 )(/’C cé)fl-‘-o Ql(.]acx))
© Ao, (X/K)Ae, (X/K) csf (Q(Jacx)) csf (Qt(Jacx))|
K

2. No(X/K)A_e(X/K) = |C5(Q (Jacx))| -

Proof. (1) follows from Lemma [5.17(3). For (2), let ¥ be the trivial pseudo
Brauer relation (i.e. one of the form ), H; — > . H;). Then, Ay(X/K) =
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C(Q'(Jacy)) = 1. By part (1), we get

Ao(X/K)A-o(X/K) = ||/CE(Q! (Jacx))C¥o(2! (Jacx))|

Let ® be any G- map realising ©. Then @V realises —© and C = deg(fs) =
deg(f3) T BA e g(fav) = Cg mod Q2. Since C& and C*y are square-free

integers, they must be equal. O

The following lemma provides a simplification of Ag(X/K) when K is

non-archimedean.

Lemma 5.27. Let IC be a non-archimedean local field of characteristic 0. Let
Ju be the Néron model of Jacx,y over Ok and let B(Ju) be a basis for the
Ox-module Q' (Ju). Letting Ny = ||, B(Tu,) and Na = | |, B(Jw),

Ao (X/K) I, cJacx/m,) - (X /H;) ‘\/ CE(Q (Jacx))

I, c(Uacxm;) - p(X/Hj) CN1 N2(Q1 (Jacy )

K
Proof. For a Néron basis B(Jx), the exterior form w(B(Jx)) on Jacx, g coin-

cides with the exterior form on the Néron model of Jy over Ok. ]



Chapter 6

Applications of pseudo Brauer

relations

In the following chapter, we illustrate applications of pseudo Brauer relations
and their regulator constants introduced in Chapter [f] Our focus will be on

isogenies between Jacobians and local formulae for Selmer rank parities.

6.1 Uniform approach: isogenies and parity

Let X be a curve over a characteristic 0 field K and G a finite subgroup

of Autg(X). By Theorem .3 we can associate to a pseudo Brauer relation

©=>,H;— > ; Hj for X an isogeny

HJaCX/HZ. — HJaCx/H§.
( J

This provides the means for deducing if two Jacobians are isogenous. We
will call isogenies obtained in this way pseudo Brauer verifiable formally de-

fined as follows.

Definition 6.1. We say that a pseudo Brauer relation © = > /" | H;—> ', H
for X verifies an isogeny A — B if there exist isomorphisms A = [ Jacx,/u,
and B & H;zl Jacx, H; as abelian varieties over K. In addition, we say that
an isogeny A — B is pseudo Brauer verifiable if we can find a curve and a

pseudo Brauer relation © for it verifying this isogeny.
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In Examples [1.14H1.15] we showed that certain isogenies between elliptic
curves and between the Jacobian of a genus 2 curve and a product of two
elliptic curves are pseudo Brauer verifiable. The following examples include
previously discussed instances of pseudo Brauer verifiable isogenies from the

literature.

Example 6.2 (Fermat Curves, cf. 46, §5]). Let X, be the Fermat curve with
affine model 2™ + y™ = 1. Let K be any field of characteristic 0 containing
¢ where p/m. Then C,xC, acts on X,, via o(z,y) = ({z,y) and 7(z,y) =
(x,Cpy). Let {C’; P, denote all proper subgroups of C, x C,, and write X, to
m/p)'

i

denote the (normalisation of) the curve with affine model y™ = ™7 (1—z
Then, the Brauer relation {e} +p(C,xCy) =37 Ci for X,, verifies an isogeny
Jacy,, x J acg(m/p—> [T, Jacx:.

Example 6.3 (Modular Jacobians, cf. [21]). Let S be the subgroup of scalar
matrices in GLy(F,) and write Xg to denote the quotient of X(p)/Q, the
classical modular curve classifying elliptic curves with full level p structure,
by S. Then, Xg is endowed with a PGLy(F,)-action. The main result in
[21] shows that the isogeny Jacy ) — Jacx,(y) X Jacyy () between certain

modular Jacobians can be deduced from a Brauer relation for Xg. As a result,

this isogeny is pseudo Brauer verifiable.

6.1.1 TIsogenies from pseudo Brauer relations
In what follows, we show that the above formalism provides a powerful tool for
revisiting and constructing a wide range of classical isogenies. In particular,

we show that each of the following isogenies can be obtained by applying

Theorem to suitable pseudo Brauer relations.

Theorem 6.4 (Propositions[6.8(1), [6.11(1), [6.15(1), [6.17(1),[6.25(1), [6.27(1))-
Let K be a field of characteristic 0. Each of the following isogenies A — A’

are pseudo Brauer verifiable.

1. A= Resg(‘@JaCy and A" = Jacy x Jacya for Y/K a hyperelliptic curve
and Y its quadratic twist by d € K*,
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A is the Jacobian of a genus 2 curve with Gal(K(A[2])/K) a 2-group,

while A’ is the target of a Richelot isogeny,

A = Jacy x Jacy and A’ = Jacy, where Z admits an unramified dou-
ble cover Z — Z, Z is a trigonal curve and the Jacobian of Y is the

associated prym variety Prym(Z/Z),

. A and A" are elliptic curves with a cyclic isogeny of prime degree p,

A = Jacy for'Y a genus 2 curve with a genem’cﬂ cover Y — E to an
elliptic curve E of prime degree p and A' = E x E is a product of two

elliptic curves,

A =1L Resh *Jacy and A’ = [1; Resf(Hj Jacy for'Y a geometrically
connected curve defined over K and © =, Hi—zj H’ a Brauer relation
for G = Gal(F/K).

Remark 6.5. The pseudo Brauer relation © and the automorphism group G

we use to verify the isogenies in Theorem are as follows. For details on the

curve

X and the action of GG, refer the relevant theorem in the table.

Case G © Proposition
(1) Csy x Cy {e} + 2(CyxCy) — C§ — CY — C% 6.8(1)
(2) D, C5 — C3+(C3)" — (C3)" 6.11(1)
(3) Sy C2—Dy— S5+ 8, 6.15(1)
(4) C, 1 Cy, Crm — (Cp x Cy) 6.17(1)
(5) Sp X Cy (Sp—1 x {e}) = (Sp X {e}) = (Sp—2 x C3) 6.25(1)
(6) Gal(F/K) > Hi— Zj H 6.27/(1)

6.1.2 Local formulae from regulator constants

Isogenies have been widely used to derive formulae for the parities of various

ranks

in terms of local data, including those from Theorem [6.4] For a more

detailed discussion of the relevant literature, see §1.6.3] The next results shows

that all these can be derived uniformly using regulator constants.

Isee Definition
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Theorem 6.6 (Propositions[6.8(2), [6.11)2), [6.15(2), [6.17(2), [6.25(2), [6.27](2))-
Let AJ/K be as in Theorem and suppose that K is a number field. For
p =2 1n cases (1)-(3) and for p as in Theorem[6.4 in cases (4)-(5), we have

rk,(A) = Z ord, Ae(X/K,) mod 2,

v place of K

where Ao (X/K,) is the local invariant of Definition[5.24

In addition, in case (6) and for p an arbitrary prime,

F
Z (T,Xp(iesTngaw))_ Z ord,Ae(Yek/K,) mod 2,

TESe p v place of K

where Se, is as in Definition [4.1§ (considered with V = Q[Gal(F/K)]).

6.2 Hyperelliptic curves over K(/d)

In this section, we let Y/K be a hyperelliptic curve, and write L = K (v/d) be

a quadratic extension. We consider the isogeny
ResﬁJaCy — Jacy x Jacyud,

where Y is the quadratic twist of Y by d. We write Y7, for the base change of
Y to L and Y7,k for the corresponding curve over K as in Notation [2.5|

Lemma 6.7. Let Y/K be a hyperelliptic curve with affine model y* = f(z),
and let L = K(\/a) be a quadratic extension of K. Then, the following hold.

1. CyxCy acts on the function field L(Y'). This action fits into the following

Galois diagram with the corresponding subgroups on the right.

K(z,y,Vd) {e}
K(z,y) K(z,Vdy) K(z,Vd) cs ct s

N7 N

K(z) Cy x Oy
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2. Cy x Cy acts on Yy i via K-automorphisms.
3. The quotients satisfy Yy, /Cs =Y and Y,k /Ch = Y

Proof. The proof of (1) is given in Example [2.8] For (2), we note that Cy x Cs
acts on K (z,y,v/d) via K-automorphisms by part (1). Theorem gives a
C5 x Cs-action on Y7,k completing the proof. For (3), we note that K(z,y),
K(z, Vdy) are the function fields of Y and Y respectively. The result follows
by the function field isomorphism K (X/H) = K(X)¥, see [53, Remark 4.2].

[

Proposition 6.8. Let Y/K be a hyperelliptic curve and L/K a quadratic

extension.

1. {e} = C§ — Ch +2(Cy x Cy) — C% is a pseudo Brauer relation for Yy

that verifies an isogeny ReskJacy — Jacy x Jacya.
2. If K is a number field,

rko(Jacy /L) = Z ordy Ag(Yz Kk /K,) mod 2,

v place of K

where © is the pseudo Brauer relation from part (1).

Proof. Since © is a Brauer relation for Cy x C5, then it’s a pseudo Brauer
relation for Y7/x. The Jacobians of the curves corresponding to the function
fields K (z) and K (z,/d) are trivial (for the latter use Lemma .
Therefore, © induces an isogeny Jacy, , — Jacy,x X Jacye . By
Lemma , Jacy, . = ReskJacy completing the proof of (1). For (2),
we let €4, €, : Cy X Cy — {1} be the non-trivial, irreducible representations

satisfying €,(C%) = 1 and (C%) = 1. As in Example [1.10, Xy(Jacy) =

®rko Jach
b

E?erJaCY @ €

. Using Example 4.12] we deduce that Sg 2 = {€,, € }. By

applying Theorem to this © with p = 2, we get the required result. O
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6.3 Richelot Isogeny

In this section, we consider Jacobians of genus 2 curves admitting a Richelot
isogeny. For a detailed discussion on these isogenies, we refer the reader to
[9, 82].

Let C' : y*> = F(x) be a genus two curve where F is a degree 6 polynomial.
The existence of a Richelot isogeny can be determined by the Galois group of
F(z). In particular, if Gal(F) C C3 x S3, then Jacc admits a Richelot isogeny
(assuming the non-vanishing of a constant § @) In what follows, we focus
on the case where the Gal(F) is a subgroup of Dy x Cy C C3 x Ss. Following

[33], we refer to these curves as C2D4 curves.

Definition 6.9 (cf. [33] Definition 1.6]). Let C'/K be a genus 2 curve with an
affine model y? = cf(z), where c € K* and f a degree 6 and monic polynomial.
We say that C' is a C2D4 curve if Gal(f) C Dy x Cy as a permutation group
on 6 roots, in which case the two factors D, and C5 act separately on 4 and 2

roots respectively.

The Galois group specifies a factorisation f(x) = fi(x)fa(z)f3(x) into
three coprime monic quadratics. We can assume f; € K[z] and that {f, fo}
is invariant under Gal(K/K). Since (z,y) — (z,cy) gives an isomorphism
C — {y?> = f(x)}, we can also suppose ¢ = ¢>. This allows us to distribute
the constant term so that cf(z) = Fy(z)Fo(z)F3(x) with Fi(z) = ¢f;(x).

Let {wy,wy}, {ws, wy}, {ws,wg} be the roots of Fy, Fy, F3 respec-
tively. The factorisation cf(x) = Fi(x)Fy(x)F3(x) specifies a subgroup
{0,Tr 9y, T34y, T563  in Jace[2]. The target of the isogeny determined by
this subgroup depends on the vanishing of a constant § € K defined as follows.

For i = 1,2,3, we let Fj(z) = f;o+ fi1x + qa®. Then,

fl,o f1,1 q
0 := det fao fo1 q| € K. (%)

f3,0 f3,1 q
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By [9, Lemma 4.2], the condition § # 0 implies that the target of the isogeny is
a Jacobian of a genus 2 curve (as opposed to a product of two elliptic curves).

In the following lemma, we write T to denote

F — F .
fl’lF1 . _ﬁ’})z(x)7 if fi1# fa1,

—faoF : _
. 71721036)2(1)’ if fi1= faq

It follows that T € K(x), since Gal(K/K) permutes F; ¢+ F, and the cor-
responding coefficients, when F; and F, are not individually defined over K.
In addition, we write C¢, C% for conjugacy classes of non-normal order 2 sub-

groups in Dy.

Lemma 6.10. Let C/K : y*> = Fy(x)Fy(x)F3(x) be a C2D4 curve with & #
0. Then, the Galois closure of C Zpt 3 P!, where the first map is the
hyperelliptic cover (x,y) — x and the second is given by x — T, fits in the

following Galois diagram with the corresponding subgroups on the right.

Xc {e}
VRN RN
C " Ce ct
| | | |
P! w (c3)" (C3)
N NS
IP;I

Dy

In addition, W is a curve of genus zero.

Proof. To distinguish between the two P!’s; we write P. and PL to denote
P! with parameters x and T, respectively. In order to show that the Galois
group is Dy (instead of Cy x (), it suffices to show that the discriminant cover
W 2 PL (|53, Lemma 2.7], [26] §2.2]) of C' = PL 2 PL is non-trivial.

Let {wy, wa}, {ws, ws}, {ws, ws} be the roots of Fy, Fy and Fj respectively.
Keeping track of ramification, we see that the branch locus of C' — P consists

of 4 distinct pOiIltS Tl,T27T3,T4, where T1 = T(U)1> = T(’LUQ),TQ = T(U)3) =
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T(wy), T3 = T(ws) and Ty = T(wg) (It is clear that T'(w;) = T(we) and
T(ws) = T(w,) and easy to check that Ty # T,. To see that T3 # Ty, we note
that T3 = T4 is only possible when § = 0). By [26, Lemma 2.3], the branch
locus of W — PL consists of T3, Ty. Therefore, the Galois group is indeed Dj.

To complete the proof, it suffices to show that W = X /(C2?)" is of genus
0. Since W > PL. is branched at 2 points, the result follows. O

Proposition 6.11. Let C/K : y*> = cf(z) be a C2D4 curve with § # 0.
1. C%—C+(C3) — (C2)* is a pseudo Brauer relation for X¢ that verifies

an isogeny Jacc — Jacer.

2. When K is a number field,

rko(Jace/K) = Z ordy Ae(X¢/K,) mod 2,

v place of K

where © is the pseudo Brauer relation from part (1).

Proof. © = C4—C5+(C3)*—(C2)* is a Brauer relation for Dy. Part (1) follows
by Lemmal[6.10] We let € be the non-trivial 1-dimensional representation of Dy
lifted from the quotient Dy/C, = Cs. By applying the Galois descent result of
Theorem [3.1](2), we deduce that

X2(JaCXC) and e@“@p@fbh%

where p is the irreducible Dj-representation of dimension 2 and a € N. By
Lemma [4.16] Co(e) = 1. It’s also easy to show that Co(p) = 2. Therefore,
Se2 = {p}. Part 2 follows by applying Theorem to this © with p =2. 0O

Remark 6.12. We note that the isogeny ¢ : Jacc — Jace considered in

Proposition |6.11[1) is given by the pullback of X4 2 C followed by the push-

forward Xo — C". It follows that ¢ satisfies ¢¥¢ = [2], and its kernel is given
by {0, T2y, Tiz,a3, Tis61 - By [9, Proposition 4.3], the target of this isogeny
is Jacg,, where Cy is a genus 2 curve constructed from the quadratic factors

Fy, Fy, Fy; see [9, Eqn. (4.5)] for details.
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6.4 Prym varieties of trigonal curves

We let 7 : Z — Z be an unramified double cover of geometrically connected
curves over K. The Prym variety denoted Prym(Z/Z) of m is the abelian
variety given by the connected component of Ker(w,) containing the identity.
The C, action on Z allows us to decompose Jac 7 into its isotypic components

which gives an isogeny
Jac(Z) — Jac(Z) x Prym(Z/Z).

In general, Prym(Z /Z) is not necessarily a Jacobian, but it is principally
polarised. The trigonal construction [26], §2.4] shows that when Z is a trigonal
curve over an algebraically closed field, the Prym variety is the Jacobian of a
tetragonal curve; a generalization for non-algebraically closed fields [11], §2.2]

shows the Prym is a Jacobian after considering a twist of the cover 7 : Z — Z.

Definition 6.13 (cf. [IT, Def. 2.2]). Let 7: Z — Z be a degree 2 cover. We
say that my : Zy — Z is a quadratic twist of 7 by d € K* if there exists an
isomorphism 1 : Z; = Z defined over K (v/d) such that 7y = 7 0 4.

Lemma 6.14. Let Z — Z be an unramified double cover of a trigonal curve
Z. Then, there exists d € K* such that the Galois closure, say X4 — P!, of
Zy 2 7 5P is an Sy-Galois cover. With this choice of d € K*, we have the

following Galois cover with the corresponding subgroups on the right.

Xa {e}
1 % p,
AN

Here Dy = {((1,2), (1324)) and C3 = ((1,2),(3,4)).
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Proof. This claim is essentially given in [I1, §2.2], as we now explain. Let
X — P! be the Galois closure of Z = Z = P!. As detailed therein, X
need not be geometrically connected in which case its geometric components
are defined over a quadratic extension K (\/a) Then, the Galois group of
X — Plis CF x S35 & Cy x Sy (viewed as the group of permutations of
N

x; }). Since X is not geometrically

1 7%

{2} 1<i<s which preserve the pairs {z
connected, then the field of {e} x Sy-invariant functions in its function field
is K (P!, Vd). By construction, we get the following function field extension,

with the corresponding lattice of subgroups of Cs x Sy:

K(Z,/d) {e} x C2

/TN /N

K(Zy) K(Z) K(Z,V/d) Cyx (C3) Hy {e}x Dy

N

K(Z)  gm, va) Hi roxs,

s /

CQXS4

In this diagram, H; and H, are determined, up to conjugacy, by the
subgroups of C§ x S3 = Cy x Sy stabilising {z],z] } and {z{}, respectively.
It follows that H; = Cy x Dy and Hy = D,. By considering the quotient of X
by the subgroup Cy x {e} C Cy x Sy, we obtain an Sy-Galois cover, denoted
X, — P!. By construction, this is the Galois closure of Z; — Z — P!, which
gives the required result.

If, on the other hand, X — P! is a cover of geometrically connected
curves, then after base change to an algebraic closure, we can assume K is
algebraically closed. Then, the required result follows from [26, pp. 73]. In

this case, we can take d = 1. O

Proposition 6.15. Let Z — Z be an unramified double cover of geometrically
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connected curves, and suppose that Z admits a degree 3 cover Z 3P Let

d € K* be as in Lemmal[6.1f Then, the following hold.

1. C2 — Dy — S5+ Sy is a pseudo Brauer relation for X4 that verifies an
isogeny Jacy — Jacz X Prym(Z,/ 7).

2. If K is a number field,

rky(Jacy /K) = Z ordy Ae(X4/K,) mod 2,

v place of K

where © is the pseudo Brauer relation from part (1).

Proof. Since © is a Brauer relation for the group Sy, it’s also a pseudo Brauer
relation for X,. By Lemma Xy/Dy = Z,X4/C3 = Zy, while [IT, Proposi-
tion 2.4] asserts that the Jacobian of Y = X/Ss is isomorphic to Prym(Zy/Z).
This proves (1).

For (2), write o for the standard 3-dimensional irreducible representation
of Sy, 7 for the irreducible 2-dimensional representation of Sy lifted from the
S quotient and set Xy = Xy(Jacy,). After decomposing C[S,/S3] = 1 G o and
C[S4/D4] =1 & 7, we see that

& Lo
<O', X2> = <C[S4/Sg], XQ) - <IL, X2> == I'kQJaCy,

and (1, Xp) = rko(Jacy). Therefore, X, & g®kelacy q porkedacz gy ) wwhere p
is an Sy-representation satisfying (p, o) = (p,7) = (p, 1) = 0. This ensures
that Lemma [4.162) is applicable for p, and therefore Cg(p) = 1. On the
other hand, an elementary computation shows that Co(7) = Co(c) = 2. Thus,

Se2 = {7,0}. Part (2) follows by applying Theorem to © with p=2. O

6.5 Elliptic curves with cyclic isogeny

In this section, we consider cyclic isogenies isogenies F — E’ of elliptic curves

of prime degree p.
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For the rest of this section, we let M be the extension of K generated
by the points in the kernel of this isogeny and 7p the translation-by-P auto-
morphism on F, where P is any non-trivial point in the kernel of this isogeny.

This defines a group homomorphism

Y Gal(M/K) — Aut((7p))
o (Tp = Tps),
which can be seen to be injective. Consequently, Gal(M/K) is cyclic, and we
denote m := [M : K].
We write E); to denote the base change of E to M and E)k for the

corresponding curve over K, see Notation [2.5] We also write £’ for the target
of this isogeny.

Lemma 6.16. Write C,xC,, to denote the semi-direct product (tp) X, Gal(M/K).
The following hold.

1. C, x Cy, acts on the function field M(E). This action fits into the fol-

lowing Galois diagram with the corresponding subgroups on the right.

M(E

) {e}
M(Ev/ \K(E) Cp/ \C’”
N )/ ~ /

K(F' Cp, x Cpy

where Cy, and C,, denote the subgroups {e} x Cy, and C,x{e} of C,xC,,

respectively.
2. Cp, x Cy, acts on Eyyx via K-automorphisms.

3. The quotients of Eyy/x by Cy, and C, x Cy, are isomorphic to E and E'

respectively.
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Proof. The proof of part (1) can be found in [23, Exercise 7.8.2]. Theorem
gives a C, x Cy,-action on Eyx which proves part (2). Part (3) follows by
combining [53, Remark 4.2] with the Galois diagram appearing in part (1). [

Proposition 6.17. Let E/K be an elliptic curve which admits an isogeny of
prime degree p. Then, the following hold.

1. Cp — C, x Gy, is a pseudo Brauer relation for Eyy g that verifies an

isogeny E — E'.

2. If K is a number field,

rk,(E/K) = Z ord, Ae(En/k/K,) mod 2,

v place of K

where © is the pseudo Brauer relation from part (1).

Proof. For brevity, we write G = C,xC,, and V; = V;(Res}! E). We decompose
C[G/C,] 21 & T. Then,

Thm [3.1)(1

LB gim V() — dim Vi(E') = 0.

(Vp, T) "2 dim V™ — dim V&
This completes the proof of part (1). For part (2), we first prove that
Q! (Resk! E) is self-dual as a G-representation. By Lemma , Q' (Resk! F) =
Indgpﬁl(E v) where the C), action on Q'(E)y) is given by the translation mor-
phism 7p. Since the pushforward (7p), on the Jacobian of E); is trivial,
then Q!(Res}! F) = Indgp]l, which is a self-dual G-representation. Similarly,
Vi(Resy! E) = Indg, 192,

We write X, to denote X,(Res} E). Then, by Theorem (2), we have
rk,(E/K) = (1, X,). Now decompose X, = 19%(E) g . Tt follows that

Thm 2)
(p,C[G/Cy)) = (X, © 19" C[G/C,,]) = dimX ™ — rk,(E) ¢ " B480,

By Lemma [4.16]2), we deduce Ce(p) = 1. By choosing the trivial pairing on
1, we deduce that Cg(1) = 2 = p mod Q*2, and therefore Sg, = {1}. Since

=m =
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Q' (Res) E) is a self-dual G-representation, then Theorem is applicable.
This completes the proof of part (2). ]

6.6 Genus two curves with covers to elliptic

curves

In this section, we consider a genus 2 curve Y/K with a cover ¢ : ¥ — E
of prime degree p to an elliptic curve E/K. As detailed in [39, §1], its Jaco-
bian, Jacy, is isogenous to E x E’ for some complementary elliptic curve E’.
Nonetheless, the complementary elliptic curve E’ is not uniquely determined
by the pair (Y, E), see [80].

This section aims to achieve three distinct goals. Firstly, under some
mild assumptions on the cover ¢ (see Definition , we provide a canonical
choice for the complementary elliptic curve E’. We then prove pseudo Brauer
verifiability for the isogeny Jacy — E x E’. Finally, we use regulator constants
to obtain a local expression for the parity of the p*°-Selmer rank of Jacy /K
when K is a number field.

A central part of our argument is the following commutative diagram

¢

Y —F

p. —2 P!

where 7y and 7g are the natural hyperelliptic covers of Y : {y? = f(z)} and

1

E : {v? = g(u)} respectively, ® is determined by x + u, and P!, P! indicate

the choice of parameters z and v on P!/ K.

6.6.1 Genus two curves with extra involutions

For ease of exposition, we consider the p = 2 case separately. In this case,
Y 2 E is Galois induced by an involution r on Y. In addition, we write

hy to denote the hyperelliptic involution on Y.
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Proposition 6.18. Let ¢ : Y 2 Fbea degree 2 cover from a genus 2 curve

to an elliptic curve. Then, the following hold.

1. Cox Cy = (r, hy) acts on'Y wvia K-automorphisms. This action fits into

a Galois diagram

2. {e} = (r) = (rhy) — (hy) +2(Cy x C3) is a pseudo Brauer relation for'Y

which verifies an isogeny Jacy — E X Jacy/(rhy)-

3. If K is a number field,

rko(Jacy /K) = Z ordy Ao(Y/K,) mod 2,

v place of K

where © is the pseudo Brauer relation from part (2).

Proof. Since hy lies in the centre of Autg(Y) we deduce that r and hy com-
mute. Therefore, (r, hy) = Cy x Cy, and, by assumption, £ = Y/(r). This
proves (1). Parts (2)—(3) follow similarly to Proposition [6.8(1)—(2). O

We note that Proposition [6.18 gives a canonical choice for the complemen-

tary elliptic curve E’ as the Jacobian of Y/(rhy) when p = 2. Proposition [6.25]

below extends this result to any prime p.

6.6.2 Covers to elliptic curves of odd prime degree

We now consider the case where ¢ is a generic odd degree cover.

Definition 6.19 ([57, pp. 44]). We say that a cover ¢ : Y — E to an elliptic

curve E is generic if it is unramified over E[2], i.e., the Weierstrass points of E.



6.6. Genus two curves with covers to elliptic curves 96
For the remainder of this subsection, we impose the following assumption:
Assumption 6.20. All covers ¢ : Y — E are assumed to be generic.

The relevance of this assumption is that it guarantees the Galois groups of
both ® and ¢ are equal to S, (see Proposition [6.21)). Without this assumption,
this may not hold; see, for example, [40, Corollary 3.7(b)].

Proposition 6.21. Let Y/K be a genus 2 curve which admits a generic cover
¢ :Y — E of odd prime degree p. Write Xy — PL to denote the Galois closure
of Y 5 E 5 PL.

1. The cover Xy — PL has Galois group S, x Cy. In addition, Xy is

geometrically connected.

2. This action fits into a Galois diagram with the corresponding subgroups

on the right.

Xy {e}

e 7

Y Sp—l X {6}

Pl Spfl X C(Z\
E \Sp x {e}

]P)l Sp X CQ

u

Proof. Let {uy,us,us,us} be the branch locus of £ — PL ie., u(F[2]), and

u?
suppose that uy = 0o. The ramification locus of @ is given by {uy, us, us, uy, us}

for p > 5 and {uy, ug, uz, us} for p = 3 where us & u(E[2]), see [57, §1]. Also,

1

the ramification is determined by the tuple ((2)%1, (2)%, (2)77, (2)%, (2)")

(i.e., there are 7%1 doubly ramified points above uy, us, us, &> above w4, and

2
a doubly ramified point above us).
We write ® for the base change to K. Then, [68, Corollary 4.10] induces

five involutions (o1, ..., 05) and their cycle types match the ramification over
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(u,...,us). In addition, [4, §4.3] asserts that these involutions generate the
Galois group of ® which must be a transitive subgroup of S,. Since o5 is a 2-
cycle (i.e., a transposition), then the Galois group is all of S, (see [45, I1.4.5b]).
Write Xp1 — P to denote the Galois closure of ® : P — PL. Tt follows that
Xp1 is geometrically connected, and Xp: — P! has Galois group S,.

To show that the Galois group of Xy — PL is S, x Cy, write W := Xp1 /A,
for the discriminant curve of Xp — P! (as in [53, Lemma 2.7]). The fibre of
w3 P! over u; is in bijection with the double coset space (0;)\S,/4, [59,
Remark 3.19]. When p =1 mod 4, 01,095,035 are even permutations, while
04,05 are odd permutations. Thus, the branch locus of W — P! is {uy, us}.
On the other hand, when p = 3 mod 4, the branch locus is {ug, us, us, us}.
Since the branch locus of E — PL is {uy, us, us, us}, it follows that W % E.
By construction, K(Xy) = K(Xp1) - K(F) and K(E) N K(Xp1) = K(u).
Therefore, the Galois group of Xy — P! is S, x (5.

We now show Xy is geometrically connected. Aiming for a contradiction,
suppose it is not. Recall that Xp: is geometrically connected, and so K is alge-
braically closed in K (Xp1). Given that [K(Xy) : K(Xp1)] = 2, if Xy were not
geometrically connected, its geometric components would have to be defined
over a quadratic extension of K, say K (y/m). Therefore, K (u,+/m) is an inter-
mediate field of K (u) C K(Xy). There are three index-2 subgroups in S, x Cs,
namely S, x {e}, A, x Cy and a mixed group determined by the kernel of the
map Cy xS, — {£1} given by (a, b) — sign(a)sign(b). Keeping track of ramifi-
cation, we see that their corresponding branch loci are {uy, ug, ug, us}, {ug, us},
and {uq, ug, uz, us} when p = 1 mod 4, and {uy, ug, us, s}, {uy, us, ug, us}, and
{u4,us} when p = 3 mod 4. Therefore, K(u,/m) cannot be an intermediate
field. This gives part (1).

The Galois diagram given in part (2) is immediate by construction.  [J

The S, x Cy action on Xy induces an S, x Cy action on the (-adic Tate
module V;(Jacy, ). We now find the structure of this representation. We first

fix some notation.
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Notation 6.22. For 1 < i < 5, we define 7; = (0, ¢;) to be any elements in

Sp x Oy, determined up to conjugacy, as follows:

1. The conjugacy classes cl(o;) in S, (determined by their cycle decompo-

sitions) are

p—1

(o) =cl(oy) =cl(o3) = (2) 2, clloy) =(2) 2z, cllos) = (2)"

2. The element g; € C5 is non-trivial for 1 < i < 4 and trivial for ¢ = 5.

Theorem 6.23. Let p an odd prime. Then, for any prime £, and in the
situation of Proposition [6.21], the S, x Cy-representations

5
SpxC: SpxC
Vi(Jacx,) and 1%° @ (Indy7 1)% o @) Tnd 211
1=1

become isomorphic after extending scalars to C.

Proof. Since Xy — P is the Galois closure of ¥ = PL 2 P! then their
branch loci are the same [85, Corollary 3.9.3(b)]. As mentioned in the proof of
Proposition , the branch locus is {uy, ug, ug, ug, us}, and there is a 5-tuple
(T1,...,75) of elements in S, x Cy such that the subgroup (r;) C S, x Cy
is the stabiliser of some point y; € Xy in the fibre of w;. Adding on,
Gal(Xy /Pl) = Gal(Xp /PL) x Gal(E/PL), where Xp — PL is the Galois clo-
sure of ®.

Let z; € Xp1 and p; € E be images of y; under the covers Xy — Xp1 and
Xy — E. Then, the quotient map Gal(Xy /P!) — Gal(Xpi/PL) restricts to
a surjective homomorphism Stabg, «c;,(y;) — Stabg, (;). Similarly, we get a
surjection Stabg,xc,(yi) — Stabc, (p;). It follows that if 7; = (04, 9;) € S, x Co,
then the subgroup (o;) C S, is the stabiliser of z;, and (g;) C Cy is the
stabiliser of p;. Since {uy,us, us, us} is the branch locus of E — P, then g; is
the non-trivial element in Cy for ¢« = 1,2, 3,4, while g5 must be trivial. The
conjugacy class of o; in S, is determined by its cycle type, which in turn is

determined by the ramification structure of Xp — P! at (u;)?_,. By [57, §1],



6.6. Genus two curves with covers to elliptic curves 99

p—1

this is given by the tuple ((2)%, 2)"=,(2)%,(2)"7, (2)'). Therefore, the
elements 7; € S, x Cy appearing in the 5-tuple for Xy — P agree with the
elements given in Notation [6.22]

The result follows from [35, Proposition 1.1], which is applicable since

Xy — P! is a cover of geometrically connected curves by Proposition [6.21 [

6.6.3 Split genus two Jacobians and rank parity

In the following subsection, we provide a canonical choice for the complemen-
tary elliptic curve E’ as the Jacobian of the quotient of Xy by a subgroup
H'. We note that this choice is also specified in [59, Table 4] when p < 7.
Furthermore, [41] shows that this choice remains valid when ¢ is non-generic,
albeit under the assumption that Y, F, and the cover ¢ : Y — E are defined

over an algebraically closed field.

Notation 6.24. View S, x C5 as a subgroup of permutations on {1,...,p+2}
by letting S, x {e} and {e} x Cy act separately on {1,...,p} and {p+1, p+2}.
We write H' to denote the subgroup of S, x Cy generated by

(1,...,p=2),(1,2),(p—Lp)p+1,p+2) p>5,

((2,3)(4,5)) p=3.

As an abstract group, H’' is isomorphic to S,_o X Cs.

We then take ' := Jacy,,mr. With respect to this choice, we prove

pseudo Brauer verifiability for Jacy — F x F'.

Proposition 6.25. Let Y/K be a genus 2 curve which admits a generic cover
¢:Y — E of prime degree p.
1. (Sp—1 x{e}) — (S, x {e}) — H' is a pseudo Brauer relation for Xy that

verifies an isogeny Jacy — E x FE'.

2. If K is a number field,

rk,(Jacy /K) = Z ord,Ao(Xy/K,) mod 2,

v place of K
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where © is the pseudo Brauer relation from part (1).

Proof. The case where p = 2 follows from Proposition [6.18f We now suppose
that p > 3.

For brevity, write V; for V,(Jacy, ) ® C and 11y for the permutation rep-
resentations Indi”x@]l. Let € and o be the 1-dimensional sign and (p — 1)
dimensional standard representations lifted from the C5 and S)-quotients re-

spectively. By decomposing into irreducible representations, we get

1ITs,xtey =1De, Its, 1xc, =1@0, W5, _x(e; =1 DD oD (0 ®¢)
We also see that
(c@e, 1Th) = (11s,_ xqep —ITs, 1 xco — Ig,xey + 1, 1) =3—-2—14+1 =1,

where the last equality follows from (11x, 11x) = [H\(S, x C2)/K|. We can
therefore decompose 11Ty = (0 ® €) @ x, for some S, x Cy-representation x.

Then, the multiplicities of 1, €, 0, 0 ® € and x in V, are as follows:

l|le|lo|o®e|x
Vel 012 2 10

o

To find the multiplicities of 1, €, o, c®e in V;, combine Theorem (1) with
Proposition [6.21]2). For the last entry, we instead show that (Vi 11s) = 2.
With 7; as in Notation and for p > 3, we deduce (using Burnside’s orbit-

counting lemma for example) that

(p2_1)7 7::172737

N

(W, W) = [(T)\(Sp x Co)/H'| = § L(p2 —3), i=4,

N |#—=

p?—3p+3, i=5.

Therefore, (Vi 1tsr) "5 2 4 3(p) (p — 1) = X0, [(7)\(S, x Cs)/H'| = 2,
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as required. Therefore, we have an isomorphism of G-representations

XD Its, i x{e} = 1Ts,x(e} & 11w & 0,

and so (S,-1 x {e}) — (S, x {e}) — H' is a pseudo Brauer relation for Xy. In
view of Proposition [6.21] this verifies an isogeny Jacy — E x E’ completing
the proof of (1).

We write &, to denote &, (Jacx, ). Then, the corresponding multiplicities

in this case are as follows:

1 € o| o®e | X
X, | 0] rky(E) rk,(E') | 0

=}

This follows from Theorem [3.1(2) for €,0 ® ¢ and Theorem [3.1|(5) for
1,0,x. We deduce

Xp ~ 6ﬂa,rkp(E) D (0_ ® €)®rkp(El) ® 3

where p is a representation satisfying (p, 11, x¢}) = (p, 1Ta) = 0. By
Lemma [4.16]2), we deduce that Cg(p) = 1 and therefore So, C {e,0 ® €}

We now show that Cg(€) = Co(0 ® €) = p. By choosing the trivial pairing
1

on €, we get Co(e) = 2572 = p, since the space of H'-invariant vectors is zero.
Pl

Therefore, € € Seg .

For 0 ® €, we fix a basis {ej,...,e,} for CP. Then, ¢ ® € is given by
the subspace spanned by v; = e;41 — ey for i = 1,...,p — 1 with (p1,p2) €
Sy x Cy acting via (p1, p2) - v; = sgn(pa)(€p,i+1) — €p1(1)). A non-degenerate
and S, x Cy-invariant pairing on o ® € is defined by setting the diagonal entries
((vi,v;)) = 2 and the off-diagonal entries ((v;,v;)) = 1. Suppose that the S,_;
factor in S,_; x {e} stabilises 1. Then for H € {S,_1 x {e}, S, x {e}, H'},
the space of H-invariant vectors is one dimensional spanned by u; = Zf:_ll Vi,

zero and one dimensional spanned by us = v,_9 —v,_1 respectively. Therefore,
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(u1,uq)) = p(p — 1), while ((ug, us)) = 2. Putting everything together,

) Remark [4.10] (p—ll)! <<u17 U1>>
€ —

Colo® =p.
o m«umw»

It follows that Se, = {€,0 ® €}. Therefore, part (2) follows from Theorem
.7 O

Remark 6.26. We note that covers Y — E of genus 2 curves to elliptic curves
occur in pairs (¢,1). In particular, if ¢ : Y — E is a cover of prime degree p,
then there exists a complementary cover ¢ : Y — E of the same degree, where
E is an elliptic curve. Therefore, Proposition and Proposition are
applicable when either ¢ or ¢ is generic, interchanging ¢ with ¢ and E with
E when needed.

6.7 Products of Weil-restrictions

Let Y be a geometrically connected curve defined over a field K of character-

istic 0. In the following section, we consider isogenies

H Res KHiJ acy — H Resf;[j Jacy
i j
induced from Brauer relations -, H; — >, H for a Galois group Gal(F'/K).
These isogenies can be derived using the framework of [60, Lemma 2.4] and
[64, §2]- see [30, Theorem 2.3] for details.
In the following result, we write Y for the base-change of Y to F' and

Yr/k for the corresponding curve over K as in Notation .

Proposition 6.27. Let Y/ K be a geometrically connected curve, F/K a Galois
extension and © =3, H; — >, H} a Brauer relation for Gal(F/K).

1. >3, H; — > H} is a pseudo Brauer relation for Yr/k that verifies an

. H; H,
isogeny ], Resie 'Jacy — []; Resi " Jacy.
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2. If K is a number field and p an arbitrary prime,

F
Z (Xp(ReSKJaCY),T>: Z ord,Ae(Yr/k/K,) mod 2,

TESe,p <T’ T> v place of K

where © is the pseudo Brauer relation from part (1).

Proof. We let K(Y) be the function field of Y, and we consider the Galois
extension F(Y)/K(Y). Then, the action of G := Gal(F/K) on F(Y) is given
the action of the Galois group on F, the constant functions in F(Y). Using
Theorem , this induces a G-action on Yp/x by K-automorphisms. Since
F(Y)" = FH(Y), then the Jacobian of the quotient of Yp/x by H < G is
Resk (Jacy) by Lemma . Part (1) follows by combining this observation
with the fact that any Brauer relation for the group G is automatically a
pseudo Brauer relation for Yp k. Write g(Y) to denote the genus of Y. By
Lemma , Q! (ResjcJacy) = Ind{,,1%8). This is self-dual and therefore
Theorem is applicable. This completes the proof of part (2). ]



Chapter 7

Abelian varieties with
prescribed Tate—Shafarevich

group orders up to squares

In the following chapter, we prove the following result.

Theorem 7.1 (=Corollary [7.14)). For every square-free natural number m,
there exists an abelian variety A/Q with finite Tate—Shafarevich group of order

ms? for some integer s > 1.

7.1 The square-free part of the Tate—Shafarevich

group

Our proof relies on breaking down the Weil-restriction of scalars of an abelian
variety up to isogeny followed by an application of a formula of Cassels—Tate
(already discussed in §1.6.2). This allows us to express the size of the Tate—
Shafarevich group, up to rational squares, in terms of Birch and Swinnerton-

Dyer constants defined in

7.1.1 Cassels—Tate formula

For the remainder of this chapter, we use the following notation.
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Notation 7.2. Given a K-rational isogeny ¢ : A; — Ay, we write

Q(¢) =[coker(¢ : Ay (K) /A1 (K )tors = A2(K) /A2 (K )tors)|
x|ker(¢ : (A1 /K )qiy — HI(Ay/K)aiv)|,

where I4;, denotes the divisible part of III. We write 111y = I1I/I11 4.
For an abelian variety A/K with a fixed non-zero global exterior form w,

we denote the Birch-Swinnerton-Dyer periods by

Qc(A,w) = 2dim’4/ lw AT, Qr(A,w) = / |lw| .
A(C) A(R)

We write Q(A/K,w) =[], 2k, (A,w) where K, = R (resp., C) if v is real

v]oo
(resp., complex). In addition, for a non-archimedean place v, we let w%w
be a Néron minimal exterior form on A, ¢,(A/K) be the Tamagawa number
at v and C(A/K,w) = [ co(A/K)|w/wh [0 In particular, C(A/K) =
C(A/K)Q(A/K) where C(A/K) is as in §2.3.1] Finally, we write A" to denote

the dual abelian variety, ¢¥ for the dual isogeny and [J for the square of a

rational number.

The following is a version of the Cassels—Tate formula, expressed in terms

of Selmer groups.

Theorem 7.3 (cf. [30, Theorem 4.3]). Let ¢ : Ay — Ay be a K-rational
isogeny. Then, for any non-zero global exterior forms wy, and ws on A; and
A27

Q(¢Y) _ [Aa(K)uors| | A3 (K)

_ tors‘ (Al/szl) Q(Al/K;wl) |IH0(A1/K)[pOO]|
Q(¢) |A1(K)tors| |A}/(K)tors‘

(Az/K,wy) A2/ K, w2) (A2/K)[p>]|

C
¢ pldeg(¢) I

Given a field extension L/K, we write ¢ for the base change of ¢ to
L. The following proposition shows that for a carefully chosen L and working

modulo squares, the Cassels—Tate formula simplifies.

Lemma 7.4. Let L/K be a quadratic extension in which all bad primes of

A1 /K, Ay/K and all primes of K dividing deg(¢) split. In addition, suppose
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that deg(¢) is a square. Then,

Qor) _ [Aa(L)tors| [Ag (L)tors| o (As/L)[p™]]

Qo) 1A (Dol [AV (D] AL I/ pe)] ™04

p|deg(s)

Proof. By the product formula, the constant C'(A; /L, w;)Q(A;/L,w;) is inde-

pendent of wy. We consider the expression from Theorem with w; = ¢*ws.

C(A1/Lwy)

C(As /L) that

By our assumptions on L/K, the only terms in the product
are not obviously contributing a rational square are the complex places of L
lying above real places of K and the non-archimedean places of L that do
not divide deg(¢). As in the proof of [65, Theorem 7.3], when w is com-
plex, Qc(A1, ¢*ws)/Qc(Az, ws) = deg(¢p) = O. In addition, by [78, pp. 12],

[(¢*wa/wh, )/ (w2 /WY, )] = 1 whenever w is a place of L not dividing deg(¢).

C(A1/Lw1) Q(A1/Lwi)
? C(Az/Lyws) QA2/Lwa)

To conclude = [ giving the required result. O

7.1.2 An isogeny decomposition for the Weil-restriction

In what follows, we let A/K be a principally polarised abelian variety defined
over a number field K. We let p be an odd prime, F'//K a cyclic extension of
degree p and Resk A the Weil-restriction of scalars from F' to K. For brevity, we
write B = Resk A. This is an F//K-twist of AP, and the product polarisation on

AP descends to a principal polarisation on B/K. Then, there are K-morphisms
1:A— B, Tr: B — A.

These are the inclusion and the trace map respectively.

After identifying the base change Br = AP as principally polarised abelian
varieties, the base changed morphisms ir and Trg coincide with the diagonal
inclusion and the summation map respectively. In addition, writingi¥ : B — A
for the dual of i (having suppressed the canonical principal polarisations on
both sides), we have i¥ = Tr. Finally, we write Y to denote the kernel of the
trace map. This is an abelian variety defined over K and is an F/K-twist of

AP~1 (see [84], Proposition 2.4]).
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Lemma 7.5. Let ¢ : Y x A — B be given by (x,y) — x +i(y). Then, ¢ is a
K -rational isogeny with ker(¢) = Alp].

Proof. Tt suffices to show ker(¢) = Alp]. After base change to K, we identify
Y7 = AP~1 and B = AP. Then, on K-points ¢ is given by (z1,...,7, 1,y) —
(y+z1, ..., y+Tp1,y— 2?;11 x;). Thus, restricting the projection Y x A — A

to ker(¢) allows us to deduce that ker(¢) = A[p). O

7.1.3 An expression for |[III(Y/L)| modulo squares

We continue to write F'/K to denote a cyclic, degree p extension.

Lemma 7.6. Let L/K be a number field extension such that L& F is a field.
Then, the following hold.

1. For all odd primes q # p, [ (Y/L)[q*]| = O.
2. If, in addition, A is an elliptic curve, |Iy(Y/L)[2*]| = C.

Proof. By Lemma [7.5 deg(¢) = p?™ ™). When ¢ # p, this isogeny induces
an isomorphism IITy(A/L)[¢™] x Iy(Y/L)[¢™] = Wly(B/L)[g*>]. Since both
A and B are principally polarised, then III5(A/L)[¢>] and II1y(B/L)[¢*°] are
of square order for all odd ¢ [75, Theorem 8]. This proves (1). Further, by
[20, Proposition A.5.2], B = Resf@)KFA, and by combining [64, pp. 178(a)]
with Shapiro’s Lemma, II(B/L)[2°°] = Ulg(A/L @5 F)[2°°]. Therefore, if A
is an elliptic curve, both ITIy(A/L)[2*°] and II(B/L)[2*] are of square order
by [12]. Claim (2) follows. O

As in we write rk,(A/K) for the Z,-corank of the p>®-Selmer group
Selyee (A/K) = lim _ Selpn (A/K). This coincides with the Mordell-Weil rank
of A plus the multiplicity of Q,/Z, in its Tate-Shafarevich group.

Proposition 7.7. Let L/K be a quadratic extension in which all bad primes
of A/K and all primes dividing either deg(¢) = p* ™) or the relative dis-
criminant A(F/K) split. Then, the following hold.
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1. Up to rational squares,

|mo(Y/L)[pooH — Q(¢L> ’Y(L>[p00” mod .

Q(ep) [YV(L)[p=]|

2. If, in addition, 1k,(A/L) = rk,(A/L @k F), then

Y (L)|p*™
(/)] = 0 DT mod o
Proof. Let v be a place of bad reduction of B/K. By [64, Proposition 1],
v is either a place of bad reduction of A/K or v|A(F/K). Therefore,
all bad primes of B/K split in L. Since A/K is principally polarised,
|A(L)tors] = |AY(L)sors| and |IIo(A/L)[p>]| = O. The same holds for B. Since
deg(¢) is a power of p (see Lemma [7.5), part (1) follows from Lemma [7.4l
For part (2), it suffices to show that if rk,(A/L) = rk,(A/L @k F), then
Q(o1)/Q(pY) = p™»A/L) . O, After suppressing the principal polarisations
A = AV, B = BY, we view ¢¥ as a morphism B — A x YV. Therefore,
Q(o1)/Q(d)) = Q(p) o : AXY — Ax YY) mod . Since the the degree
of ¢V o¢ is a power of p, we have III(A x Y/L)4iv[¢®°] = (A x YV/L)aiv[¢]
when ¢ # p. From this, we deduce ker(¢fo¢y | llg;y,) = ker(¢yopy, | Mg [p™]).
Since B = Rest®<FA (see [20, Proposition A.5.2]), then by combining
[64, pp. 178(a)] with Shapiro’s Lemma gives Selyec(B/L) = Selyc (A/L @k F).
Since rk,(A/L) = 1k,(A/L @k F), then rk,(Y/L) = rk,(YY/L) = 0. As a
result, Q(¢} o ¢r) coincides with Q(i} oiy), where we view i} oy, as an endo-
morphism of A;. Using the description of i and " from §7.1.2] iV 0 i = [p]a.
This gives the required result. [

7.2 Tate—Shafarevich group of non-square or-

der

We retain all the notation from §7.1] In addition, we fix the following.

Notation 7.8. We write K, to denote the cyclotomic Z,-extension of Q, K,



7.2. Tate-Shafarevich group of non-square order 109

for the n' layer of this extension with K, = Q. For d a positive, square-free

integer, we let L, = K,, - Q(v/—d).

In this section, we will restrict our attention to the case where A = E
is an elliptic curve, and K and F' are consecutive layers of the p-cyclotomic
tower. Therefore, Y (defined as the kernel of the trace map as in , is an
abelian variety defined over K of dimension p — 1.

We first prove a lemma involving torsion on Y and Y.

Lemma 7.9. Let E be an elliptic curve defined over Q. For any n > 0 and
any prime p > 11, both Y (L,)[p>] and Y (L,)[p>] are trivial.

Proof. As abelian varieties over L, 1, both Y and YV are isomorphic to EP~.
It therefore suffices to show that FE(L,.1)[p>] is trivial for p > 11. Let
E_4 be the quadratic twist of £ by —d. Then, there exists a map
E(Lyy1) = E(Kpi1) X E_g(K,4+1) whose kernel and cokernel are 2-groups.

Then, for any odd prime p, this induces an isomorphism

E(Ln1)[p™] = E(Kp1)[p*] X E_a(Kni1)[p™].

By [18, Theorem 1.1], E(K)[p>®] = E(Q)[p*>] (similarly for E_,;) for any
p > 5. If p > 11, Mazur’s theorem [63, Theorem 2] asserts that E(Q)[p>] and
E_4(Q)[p*] are both trivial. Therefore, E(L,1)[p*] is trivial. O

Central to our argument is a combination of an analytic result of Rohrlich

with a theorem by Kato, which we now recall.

Theorem 7.10 ([77], [48]). Suppose that E is an elliptic curve defined over

Q with good reduction at p. Then, there exists an integer n > 0 such that
1. L(E,x,1) # 0 for every non-trivial character x of Gal(K,+1/Kp),
2. 1k, (E/K,) =1k, (E/Kpiq).

The following result is a formal consequence of this theorem.
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Theorem 7.11. Let E/Q be an elliptic curve which has good reduction at
p. In addition, suppose that p splits in Ly = Q(v/—d). Then, there exists a

positive integer n such that
1. ordse1 L(E/Ly,s) = ords—1 L(E /L1, s),
2. II(Y/L,) is finite,
3. vk, (E/Lp+1) =1k, (E/Ly,).

Proof. As E is defined over Q, Resf{;E is isogenous to F X E_; giving an

equality of L-functions
L(E/L,,s)=L(E/K,,s)L(E_q/K,,s).

Since p splits in Ly, both E and E_; have good reduction at p. By Rohrlich
[77, pp. 409], the sequence {ords—;L(E/K,,s)}n>1 stabilises (similarly for
E_4). It follows that for n > 1 sufficiently large, we have ords—1 L(E/L,,s) =
ords—1 L(E/Ly41,s). This proves (1).

Part (2) is a consequence of a result by Kato [48], as we now explain.
Following the author’s notation, for an abelian group G, a character 7 € @,
and a G-module M, we let M(™ = {z € M | I, - x = 0} where I, C Z[G]
denotes the kernel of the map Z[G] — C* induced by 7. We apply this to
G = Gal(L,1/Q) X Z/2p" "' Z. For brevity, we write H = Gal(L,;1/L,) =
Z/pZ. Further, the composition i o Tr from is equal to Ny :==> .y h
viewed as an L,-endomorphism of B/L,,. It follows that the composition Y <
B ™ B is the zero map, which in turn gives a homomorphism HI(Y/L,) —
ker(Ng | III(E/Ly,+1)) with finite kernel. To see this, we look at the short

exact sequence of abelian varieties

0-Y B EO.
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Taking Galois cohomology gives an exact sequence
0 — E(L,)/Normy" "' E(Ly11) — H'(L,,Y) — H'(L,, B).

Since pE(L,) C NorméZ“E(LnH) and E(L,,)/pE(L,) is finite by the Mordell-
Weil theorem, then E(L,)/ NorméZ“E (Lyy1) must be finite too. As a result,
the induced map II(Y/L,) — ker(Ny | III(E/L,1)) has finite kernel. Thus,
it suffices to show that ker(Ny | HI(E/L,41)) is finite. Let 7 (resp., ¢) be a
primitive character (resp., character of order p"™!) of G. In addition, we have

a short exact sequencd]
0— II(E/L,1)™ = ker(Ng | I(E/Lyy1)) — MI(E/ L, )™ (%)
Adding on, by Artin formalism,

L(E/Lyy1,8) = L(E/Ly, s) [ [ L(E/ L. x. 5)-

er
x#id

By part (1), there exists n > 1 such that L(E/L,, x,1) = L(E/Q,Ind%x, 1) # 0
where x is a non-trivial character of H. It follows that L(E/Q,7,1) # 0 and
L(E/Q,,1) # 0. By [48, Corollary 14.3], III(E/L, 1) and TI(E/L, 1))
in |(x)| are both finite . This completes the proof of (2).

For part (3), the results of Kato and Rohrlich from above show that for
the choice of n as in (1), then rk,(E/K,) = rk,(E/K,+1) and tk,(E_4/K,,) =
tk,(E_4/Kpy1). In addition, for all n > 0, rk,(E/L,) = rk,(E/K,) +
rk,(E_4/K,). The result follows.

U

Theorem 7.12. Letp > 11 be a prime. Then, there exists an abelian extension

L/Q and an abelian variety Y/L such that |ILL(Y/L)| = p-O.

Proof. We let E/Q be an elliptic curve defined over Q and suppose that p is a

1To see this, we note that as an element in Z[G) = Z[t]/(t2P""" —1), we can factorise Ny =

P 1(t2p )8 = Popnti(t) - Dputr(t), where Popnt1(t) and @,n+1(t) are the corresponding
cyclotomic polynomials.
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prime of good reduction. We let d be a positive integer such that p and all bad
primes of £/Q split in Q(v/—d). For the remainder of this proof, we fix n as in
Theorem[7.11]so that rk,(E/Ly.1) = rk,(E/L,) and IIL(Y/L,) are both finite.
In view of Lemma [7.6(1)-(2), |IL(Y/L,)| = |Iy(Y/L,)[p>]| - O. Combining
this with Proposition (2) (applied with K = K,,, F = K,,1,L = L,) and
Lemma [7.9] we get

II(Y/L,)| = p™*®/E») mod . (%)

Since F is defined over Q, its global root number w(E/Q(v/—d)) = —1. This
is because the only contribution in the root number computation comes from

the unique archimedean place of Q(v/—d). Therefore,

r — T r B [30, Thm 1.4]
(—1) kp(E/Q(V=d)) _ (—1) ke (B/ @tk (B-a/Q) = w(E/Q)w(E_q/Q).

Since Res%(‘/jd)E is isogenous to Ex E_4, we deduce that w(E/Q)w(E_;/Q) =
w(E/Q(v/—d)) and therefore rk,(E/Q(v/—d)) = 1 mod 2. Since the parity

of p>-Selmer ranks remains unchanged in odd degree Galois extensions [30,
Corollary 4.15], rk,(E/L,) = rk,(E/Q(v—d)) = 1 mod 2. Combining this
with gives the required result. O]

Theorem 7.13. Let p be a prime. Then, there exists an abelian variety Y'/Q
such that |III(Y'/Q)| = p - 0.

Proof. For p > 11, we consider Y’ = ReséY where Y/L is the abelian variety
from Theorem Since HI(Y’/Q) = II(Y/L) (combine Shapiro’s lemma
with [64, pp. 178(a)]), the result follows. For p < 7, see [75] and [84]. O

Corollary 7.14. For every positive square-free integer m, there exists an

abelian variety defined over Q with finite Tate—-Shafarevich group of order m-[J.

Proof. Given abelian varieties A; and As, II(A; x Ag) = III(A;) x III(A,).
The result follows from Theorem [7.13] ]
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Remark 7.15. This chapter extends the main result of [84], where the author
considers the isogeny decomposition of a Weil-restriction Reng — Y x E of
an elliptic curve £/Q with F'/Q a cyclic degree p extension. The author then
shows that the parities of ord, |III(Y/Q)| and rk(£/Q) are the same under the
assumption that L(Y/Q, 1) # 0. This principle is also reflected in our work
through Proposition [7.7)(2).

This non-vanishing assertion is then verified numerically for a specific
elliptic curve and odd primes below 25000. Our approach differs by consid-
ering higher-degree cyclic extensions of Q and applying an analytic result of
Rohrlich, which establishes a similar condition unconjecturally, thus allowing

us to obtain an unconditional result.



Appendix A

Homomorphisms between

Jacobians from G-maps

In this appendix, we describe a method for constructing homomorphisms be-
tween products of Jacobians starting from G-equivariant maps between permu-
tation modules. In particular, letting Hy, ..., H,, and Hi, ..., H] be subgroups
of G, we show that a G-map

m n

¢ : Pzc/H] — PLG/H)

i=1 j=1

induces a homomorphism
fo: H JaCX/HJ/_ — H Jacx,m,,
J 1

which satisfies a number of desired properties.

This formalism originates from the work of Kani—Rosen [46], where the au-
thors show that certain relations between permutation characters, now known
as Brauer relations (see Definition and Remark give rise to isoge-
nies between Jacobians, though an exact description of this morphism is not
given. Subsequently, the work of de Smit-Edixhoven [2I] constructs the in-
duced isogeny, though only in the isogeny category of abelian varieties. A sim-

ilar construction can be found in the work of Chen [I7, Lemma 3.3], though
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the homomorphism afforded by this lemma doesn’t quite satisfy the desired
properties of Theorem [A.1]
The following theorem, along with all subsequent results in this appendix,

is due to A. Morgan and can be found in the joint work [53, §4.3].

Theorem A.1. Let X be a curve over a field K of characteristic 0, and let G
be a finite subgroup of Auty(X). Let

©: (PZG/H] — DLIG/H).  (Hi H} < G)
i J
be a G-equivariant homomorphism. Then, there exists a K-homomorphism

fo: HJ&CX/HJ/_ — HJaCX/Hi
j i
which satisfies:

1. f<I>’<I> = f@f@’;

2. fov = (fa)".

(Here, and below, (fs)Y denotes the dual homomorphism of fo with re-

spect to the canonical principal polarisations, while ®V denotes the dual

homomrophism of Notation |4.21].)

A.1 Construction of fg

In view of the natural inclusion and projection maps in and out of permutation

modules, we can assume that ® is of the form
¢ : Z|G/H] — Z|G/H'].

We let >, mgg be any lift of ®(H) (that is, ® evaluated at the trivial coset)

to Z[G], @ := 3~ . myg« the induced endomorphism on Jacy and 7z and 7z

the natural quotient maps X — X/H, X — X/H'.
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In the following lemma, we write J acgl to denote the group variety given

by the H'-stable points of Jacy, and (Jack )° for its connected component.
Lemma A.2. The following hold:
1. The image of %, is contained in (Jack )0

2. The restriction of ® to (Jaci)? is independent of the lift chosen for ®(H)
in Z|G].

3. The image of the restriction ® to (Jact)? is contained in (Jacth)O.

Proof. For (1), we note that 7y o h = mg for all h € H’, and therefore
i = h* oy, Since h* = (h,)~! = (h™1),, we deduce that H' acts trivially
on 7%, (Jacx) and so 7%, (Jacx) C Jacf'. Since m%, (Jacy) is connected (since
Jacy is too), then the result follows. Claim (2) follows since H' acts trivially
on (Jacf')?. Claim (3) follows since the image of an H’-stable point under ®
is point which is fixed by H. Therefore, the image of the restriction of ® to

0

(Jact)0 lies in Jackl. Since (Jacf')? is connected, the result follows. O

In view of Lemma [A.2] we can construct a homomorphism between Jaco-

bians a(®) : Jacx,g — Jacx,g determined by the composition:

a(P) = (JaCX/H/ ML (Jack)® 2, (Jack)® LN JaCX/H) .
Remark A.3. Since H' acts trivially on (Jac )?, then the restriction of the
endomorphism & = > gec Myggs of Jacx to (J acl)0 is independent of the choice
of lift for ®(H) to Z|G]. As a result, the definition of a(®) is independent of
specific lift chosen for ®(H).

Lemma A.4. Jacx,y[|H|] € Ker(a(®)).

Proof. 1t suffices to prove this claim after base-change to an algebraic closure
K, so we assume K = K. Suppose that |H|Z = div(n) for some n €
K(X/H') = K(X)"', and that & = > gec MgGs. Consider ¢ = [ 5 g(n)™.
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Since n € K(X)"', it follows that ¢ € K(X)¥ = K(X/H). A direct compu-
tation then shows that div(¢) = a(®)(Z), from which the claim follows. [

In view of Lemma [A.4] we deduce that a(®) factors through the
multiplication-by-| H| map; that is a(®) = |H|fe. This allows us to define

fo = I_I}IIO‘((I)) as the associated intermediate map.

Definition A.5. Let ® : Z[G/H] — Z|G/H'] be a G-equivariant map. We
define fg : Jacx/p — Jacx g to be the K-homomorphism ﬁa(@).

More generally, if ® : P, Z[G/H;] — D,Z[G/H]] is a G-equivariant
homomorphism, then composing with the inclusions and projections in and
out of permutation modules give rise to a collection of G-equivariant maps

®;; : Z|G/H;] — Z|G/Hj]. We then define fo : []; Jacx/n — [, Jacx/m, to

be the K-homomorphism associated to the collection (fs,;)i,;-

Proof of Theorem[5.3 Existence follows by Lemmal[A.4] By additivity, it suf-
fices to prove the desired properties in the case where the G-map is of the form
¢ : Z|G/H] — Z|G/H']. Claim (1) follows by a direct computation; Indeed,
letting @ : Z[G/H'] — Z|G/H], we deduce

A @)a(®') = (mrr). @y (1)) @7

H.

Since (I;'T('E lands in (Jact)? by Lemma [A.2] we deduce that 7%, (7). (which

agrees with ), -,/ h, in view of Lemma [2.15)) is the multiplication-by-|H'| map

in the above composition. From this, we deduce
a(®)a(P) = |H'|(7g)d&'ms = |H'|(75) D' Oy, = |H'|a(D'®).

Dividing both sides |H| - |H'| (which is allowed in view of Lemma gives
fofor = fere completing the proof of (1).

To prove claim (2), we use the description Homg(Z|G/H], Z|G/H/]) =
Z[H\G/H/| as a Hecke algebra. In particular, for a double coset HgH', we
define @y, : Z|G/H] — Z|G/H'] to be the homomorphism determined by
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Pugn (H) = X uen/mngnrg— wgH'. 1t thus suffices to prove claim (2) in the
case where ® = @y pr.

A direct calculation shows that, for any g € G, we have
q)ggH’ — CDH’g*lH- (Al)

Writing Ng = ), .y h € Z[G], we note that in Z[G] we have the identity

Z ugNy = Z t= Z Nyguw. (A.2)

ueH/HNgH' g—1! teHgH' weH'/H'Ng—1Hg
From (A.2) we see that >,y t is a lift of [H'|®pen (H) to Z[G]. In partic-
ular, writing v = >,y g t, we have

| H|[H' [ {4,100 = (Trr)s 07 0 Ty

Dualising gives

|HHH/‘]C¢\5/HQH, = (g )e 0y’ 0Ty

Since vV = 3 cpm(tT ) = Diemgapts and Yo apt is a lift of
|H|®pg-14(H') to Z|G] (see (A.2) we see that), we deduce that

‘H“H”f(;/HgH/ = a('H’@H/g—lH) == ’H’O{(@H/g—lH)

Dividing by |H||H'| (which is allowed in view of Lemma |A.4)), we deduce that
foy = Jo,0,-1,,- The result follows from (A.I)). O
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