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Impact Statement

The Birch and Swinnerton-Dyer conjecture is one of the seven Millennium

Prize Problems with significant implications for number theory and arithmetic

geometry.

A major focus of this thesis is the parity conjecture which is a direct

consequence of this conjecture. While considerable progress has been made

for elliptic curves, much less is known in higher dimensions. A key result of

this thesis is the development of a method for studying parities of ranks of

Jacobians using local data. Such expressions are significant in number theory,

as most progress towards the parity conjecture proceeds via the derivation

of a local formula. Notably, in a joint work, we provide a local formula for

arbitrary Jacobians, which could be a crucial first step toward proving the

parity conjecture for Jacobians.

Another key focus of this thesis is the Tate–Shafarevich group, which poses

a significant challenge in resolving the Birch and Swinnerton-Dyer conjecture.

We provide a positive answer to a conjecture by Stein concerning the possible

orders of this group, shedding some light on this group’s enigmatic nature.

Beyond academia, this work has potential implications in cryptography, a

field that draws on the arithmetic of elliptic curves and, increasingly, higher-

dimensional abelian varieties. Although our main focus is not on such appli-

cations, the methods developed here may be relevant to ongoing research in

this area.



Abstract

The calculation of the rank of an abelian variety over a number field is a

central, yet notoriously difficult, problem in number theory, intimately tied to

the Birch and Swinnerton-Dyer conjecture.

In this work, we study two main aspects of this conjecture: the parity

conjecture and the Tate–Shafarevich group. For the former, we investigate

parities of ranks by using Galois covers of curves, isogenies and certain relations

between permutation representations; for the latter, we use Galois extensions

and isogenies to give a positive answer to a conjecture by Stein regarding the

possible orders of Tate–Shafarevich groups of abelian varieties.
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Chapter 1

Introduction

A central problem in number theory is determining the set of rational solutions

to polynomial equations. While this proves to be relatively straightforward for

linear and quadratic polynomials, finding rational points on cubic equations

requires a deeper theoretical approach.

This pursuit leads to the study of elliptic curves. In contrast to lower-

degree cases, the rational points on an elliptic curve form a finitely generated

abelian group, as established by the Mordell–Weil theorem.

Theorem 1.1 (Mordell–Weil). Let E be an elliptic curve over a number field

K. Then the group E(K) of K-rational points on E is finitely generated.

1.1 Birch and Swinnerton-Dyer and parities of

ranks

The rank of E/K, defined as rk(E/K) := rankZ(E(K)), is its main arithmetic

invariant, though its computation is notoriously difficult. At the core of this

problem lies the Birch and Swinnerton–Dyer conjecture, which relates the rank

to the behaviour of a fundamental object associated with E/K, namely its

Hasse–Weil L-function denoted L(E/K, s).

Conjecture 1.2 (Birch–Swinnerton-Dyer). Let E be an elliptic curve over a

number field K of discriminant ∆K. Assume that L(E/K, s) extends to an

analytic function on C. Then the following hold:
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1. rk(E/K) = ords=1L(E/K, s),

2. the Tate–Shafarevich group X(E/K) is finite, and the leading coefficient

of L(E/K, s) at s = 1 is

BSD(E/K) :=
|X(E/K)| · Reg(E/K) · C(E/K)

|E(K)tors|2 ·
√
|∆K |

,

where Reg(E/K) is the regulator, C(E/K) the product of Tamagawa numbers

(including real and complex periods) and E(K)tors is the torsion subgroup of

E(K), see §2.3.

We can then define a completed L-function L∗(E/K, s) by multiplying

L(E/K, s) by a finite number of elementary factors. The Hasse–Weil conjec-

ture predicts that that this satisfies a functional equation

L∗(E/K, s) = w(E/K)L∗(E/K, 2− s),

where w(E/K) ∈ {±1}. The vanishing assertion made by the Birch and

Swinnerton-Dyer conjecture combines with this to give the parity conjecture.

Conjecture 1.3 (Parity conjecture). Let E be an elliptic curve over a number

field K. Then,

(−1)rk(E/K) = w(E/K),

and w(E/K) is the global root number of E/K.

Variants of the parity conjecture are widespread in the literature. Appli-

cations include solving Hilbert’s tenth problem [61] and proving the Birch and

Swinnerton-Dyer conjecture for a positive proportion of elliptic curves defined

over Q [5].

These works rely crucially on studying the global root number w(E/K).

This is defined independently of the L-function as a product over all places of

its local root numbers,
∏

v w(E/Kv), where the latter are purely local invari-

ants defined in terms of the underlying local Galois representations.
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Therefore, the parity conjecture predicts the following local-to-global ex-

pression:

(−1)rk(E/K) =
∏
v

wv(E/Kv).

The main advantage of this lies in the relative ease of calculating local invari-

ants, a sharp contrast to the difficulty of determining the rank. Specifically, in

the case of elliptic curves, local root numbers have been classified at all places.

The majority of this classification is found in [30, Theorem 3.1]. To be precise,

we have

w(E/Kv) =

−1, if E has split multiplicative reduction or v|∞,

1, if E has good or non-split multiplicative reduction.

Therefore, if E/K is semistable, then w(E/K) = (−1)n+m, where n

(resp., m) is the number of places with split multiplicative reduction (resp.,

archimedean places).

Example 1.4. Let E/Q be the elliptic curve with Weierstrass equation

y2 + y = x3 − x2. Then, E/Q has split multiplicative reduction at 11 and

good reduction otherwise. Therefore,

w(E/Q) = w(E/Q11) · w(E/R) = (−1)2 = 1.

Consider K, an imaginary quadratic extension of Q in which 11 splits, say, into

v1 and v2. Then, E/K has split multiplicative reduction at v1, v2. Therefore,

w(E/K) = w(E/Kv1) · w(E/Kv2) · w(E/C) = (−1)3 = −1.

Assuming the parity conjecture, we expect that rk(E/Q) < rk(E/K) and

therefore a point of infinite order in E(K).
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1.2 Our approach: Galois covers

Our work focuses on curves equipped with automorphisms, or equivalently field

extensions of function fields. Recall there is a bijective correspondence between

function fields over K (finitely generated extensions of K of transcendence

degree one) and (smooth, projective) curves over K. This is established by

the map X 7→ K(X) which sends X to its function field.

Under this equivalence, a Galois extension of function fields corresponds

to a Galois cover of curves f : X → X/G, where G is the Galois group.

In addition, the function field of the quotient curve X/G coincides with the

field of G-invariant functions K(X)G, while the inclusion K(X)G ↪−→ K(X)

corresponds to the cover f : X → X/G.

This approach has proven particularly useful in the case where Gal(F/K)

acts on the function field F (X) of the base change of a curve X/K to F . In

particular, this approach is found in various parity conjecture results including

[31, 33, 55, 70]. For example, [31] shows the parity conjecture for elliptic curves

over number fields follows from the finiteness of the Tate–Shafarevich group

by studying an elliptic curve E : y2 = f(x) over its 2-torsion field K(E[2]).

This generically forms the following S3-extension of K:

E/K

E/L
E/M

E/K(E[2])

S3

Here, M = K[x]/(f(x)) and L = K(
√

Discf(x)) are the respective cubic

and quadratic extensions of K.

Example 1.5 (Hyperelliptic curve with extra involution). Let X be a hy-

perelliptic curve with affine equation y2 = f(t2). Then, its function field

K(X) = K(t, y)/(y2 − f(t2)) has a C2 × C2 action given σ : (t, y) 7→ (t,−y)
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and τ : (t, y) 7→ (−t, y). It follows that

K(X)⟨σ⟩ = K(t), K(X)⟨τ⟩ = K(y, t2), K(X)⟨στ⟩ = K(t2, yt).

Let x = t2 and z = yt. The quotient of X by ⟨σ⟩ is a curve of genus 0

parametrised by t, while the quotients by ⟨τ⟩ and ⟨στ⟩ are Y1 : y2 = f(x) and

Y2 : z
2 = xf(x), respectively. This leads to the following extension of function

fields with the corresponding covers on the right:

K(x)

K(x, z)K(y, x) K(t)

K(X) = K(y, t)

P1

Y2 : {z2 = xf(x)}Y1 : {y2 = f(x)} P1

X : {y2 = f(t2)}

Example 1.6 (Elliptic curve with rational p-torsion). Let E/K be the elliptic

curve y2 = x3 + ax+ b. Therefore, K(E) ∼= K(x, y)/(y2 − (x3 + ax+ b)).

Suppose that E has a K-rational point P of order p. Then K(E) has a

finite action by the dihedral group Dp induced by the translation morphism

Q 7→ Q + P and the hyperelliptic involution (x, y) 7→ (x,−y). Write E ′ for

the target of the isogeny E → E/⟨P ⟩. By Vélu’s formulae, there are functions

u, v ∈ K(x, y)/(y2 − f(x)) for which E ′ = {v2 = g(u)}. We acquire the

following Galois diagram:

K(u)

K(u, v)
K(x)

K(x, y)

P1

E ′
P1

E

We conclude this section with the following technical remark.



1.3. Arithmetic of Jacobians 14

Remark 1.7. Throughout this thesis, our notion of a curve is somewhat

broader than is perhaps standard. Specifically, we adhere to Convention 2.1,

which does not require curves to be geometrically connected. With this con-

vention in place, we can treat Galois diagrams involving base-change, such as

those in §1.2, as Galois covers of curves. See §§2.1- 2.2 for more details.

1.3 Arithmetic of Jacobians

A key component of our work involves studying the induced action of a finite

group G on JacX , the Jacobian variety of X, and associated G-representations.

We show that many fundamental properties of rational points, ℓ-adic repre-

sentations and Tate–Shafarevich groups extend from the case of base-change.

Notation 1.8. We write ⟨, ⟩ to denote the standard inner product on charac-

ters/representations of a finite group G. In order to compare characters, we

fix arbitrary embeddings Q̄ℓ ⊆ C for all primes.

For a prime ℓ, we write Vℓ(JacX) = Tℓ(JacX) ⊗Zℓ
Qℓ, where Tℓ(JacX) :=

lim←− JacX [ℓ
n] denotes the integral ℓ-adic Tate module of JacX .

Proposition 1.9 (cf. Theorem 3.1). Let X/K be a curve over a number field

and G a finite subgroup of K-automorphisms of X. Then, rational points and

ℓ-adic Tate modules satisfy “Galois descent”:

1. (JacX(K)⊗Q)G ∼= JacX/G(K)⊗Q,

2. For any prime ℓ, Vℓ(JacX)
G ∼= Vℓ(JacX/G),

Moreover, if X(JacX) is finite, then so is X(JacX/G).

Example 1.10. We consider Example 1.5 with C2 × C2 = ⟨σ, τ⟩. There are

four irreducible representations C2×C2 → {±1}, and these are determined by

the images of σ, τ . Let ψ, χ be the irreducible representations determined by

by ψ(τ) = 1, ψ(σ) = −1 and χ(σ) = χ(τ) = −1.
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Consider the decomposition JacX(K)⊗Q ∼= 1⊕a ⊕ ψ⊕b ⊕ χ⊕c ⊕ (ψ ⊗ χ)⊕d.

Using Proposition 1.9(1) with G = C2 × C2,

a = ⟨1, JacX(K)⊗Q⟩ = dim(JacX(K)⊗Q)G
Prop. 1.9(1)

= rk(JacP1(K)) = 0.

A similar computation with G = ⟨τ⟩ gives

a+ b = ⟨IndG⟨τ⟩1, JacX(K)⊗Q⟩ = dim(JacX(K)⊗Q)⟨σ⟩
Prop. 1.9(1)

= rk(JacY1).

Thus, b = rk(JacY1). In particular, JacX(K)⊗Q ∼= ψ⊕rk(JacY1 ) ⊕ χ⊕rk(JacY2 ).

By arguing similarly, but applying Proposition 1.9(2) instead, we find that for

any prime ℓ, Vℓ(JacX) ∼= ψ⊕2dimJacY1 ⊕ χ⊕2dimJacY2 .

Example 1.11. We consider Example 1.6. The irreducible representations

of Dp over Q are 1 (trivial), τ (sign) and a (p − 1)-dimensional ρ. As in

Example 1.10, we decompose E(K)⊗Q ∼= 1⊕a ⊕ τ⊕b ⊕ ρ⊕c.

By applying Proposition 1.9(1) with G = Dp, we get a = rk(JacP1) = 0.

Repeating the calculation with respect to Cp and C2 we deduce that b = rk(E)

and c = 0. Therefore, E(K)⊗Q ∼= τ⊕rk(E). An identical argument shows that

Vℓ(E) ∼= τ⊕2 for any prime ℓ.

1.4 The Tate–Shafarevich group up to squares

The Tate–Shafarevich group is a fundamental object in the study of ratio-

nal points on abelian varieties. Despite its central role, many foundational

questions about X(A/K) remain unresolved. Paramount among these is the

Tate–Shafarevich conjecture which asserts its finiteness. Although proven in

specific cases [48, Corollary 14.3], [52, §4], the conjecture remains largely open.

Its asserted finiteness has significant implications for the Birch and

Swinnerton-Dyer conjecture. In particular, Dokchitser–Dokchitser [31] show

that the Tate–Shafarevich conjecture implies the parity conjecture for elliptic

curves over number fields, while Kato–Trihan [47] prove that it implies the

Birch and Swinnerton-Dyer conjecture for abelian varieties over function fields
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over finite fields.

A natural question arises: assuming the finiteness of X(A/K), what can

be said about its size? The Cassels–Tate pairing sheds light on this question,

as it imposes significant constraints on the structure of the Tate–Shafarevich

group. This pairing was originally defined by Cassels for elliptic curves, later

extended to abelian varieties by Tate to give a bilinear pairing

⟨, ⟩CT : X(A/K)×X(A∨/K)→ Q/Z,

where A∨ is the dual abelian variety. When A = E is an elliptic curve, Cassels

shows that this pairing is alternating under the natural identification of E with

its dual E∨ [12]. In addition, Cassels shows that when X(E/K) is finite, the

pairing is also non-degenerate which implies that the order of X(E/K) must

be a perfect square (if finite).

The work of Flach [36] establishes the slightly weaker antisymmetric con-

dition ⟨x, y⟩ = −⟨y, x⟩ for higher dimensional principally polarised abelian va-

rieties. Tate notes that when X(A/K) is finite, the pairing is non-degenerate

[86] from which we can deduce that if A is principally polarised (i.e., has a

polarisation of degree one), then |X(A/K)| can only be a square or twice a

square (again, if finite).

Building upon this, Poonen–Stoll [75] give a criterion for deducing if

|X(A/K)| is of square order when A is a principally polarised abelian variety.

This purely depends on the vanishing of ⟨ξ, ξ⟩CT for an element ξ ∈X(A/K)[2]

canonically associated to A. They then use their criterion to present the first

examples of abelian varieties for which the order of their Tate–Shafarevich

groups is twice a square [75, Proposition 27].

1.4.1 Tate–Shafarevich groups of non-square order

The next natural question is whether there exists an abelian variety A for

which |X(A)| is neither a square nor twice a square. By drawing upon Mazur’s

notion of visibility, Stein [84] shows that for odd p ≤ 25000, there exists an
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abelian variety A/Q with |X(A/Q)| ≡ p mod Q×2. Additionally, Keil [49]

gives explicit examples of abelian surfaces where the Tate–Shafarevich group

is of order m times a square with m ∈ {2, 3, 5, 6, 7, 10, 13, 14}.

Motivated by this, Stein conjectures that every square-free natural number

appears as the square-free part of |X(A/Q)| for some abelian variety A/Q.

We give a positive answer to this conjecture.

Theorem 1.12 (Corollary 7.14). For every square-free natural number n, there

exists an abelian variety A/Q with finite Tate–Shafarevich group of order nm2

for some integer m ≥ 1.

The proof of this result relies on the isogeny decomposition of a Weil–

restriction of an elliptic curve. Using a formula of Cassels–Tate (see (1.1)

below), we relate the order of the Tate–Shafarevich group to Birch–Swinnerton-

Dyer invariants. This, combined with known results on L-functions and the

Birch–Swinnerton-Dyer conjecture, leads to the main result. Similar ideas are

also used in [81] to construct geometrically simple abelian varieties Ap/Q with

non-trivial X(Ap/Q)[p]. A similar result is found in [37], where geometrically

simple abelian varieties over Q are constructed with arbitrarily large p-torsion

in their Tate–Shafarevich groups.

1.5 Brauer relations and isogenies

A significant aspect of our work focuses on isogenies arising from Brauer re-

lations. These are Z-linear combinations of subgroups of a finite group G,

say Θ =
∑

iHi−
∑

j H
′
j, corresponding to permutation representation isomor-

phisms ⊕
i

Q[G/Hi] ∼=
⊕
j

Q[G/H ′
j].

Applications of Brauer relations are significant in both number theory

and geometry. In particular, Brauer and Kuroda were the first to consider

these to study certain relations among class groups of number fields [8, 56].

Other applications include [2, 22] for studying relations among invariants of
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number fields, [28, 30] for investigating parities of ranks and [3] for studying

Riemannian manifolds.

Our work relies on a formalism originating in the work of Kani–Rosen

[46] for constructing isogenies from Brauer relations. This finds applications

in several works including [10, 17, 28].

Theorem 1.13 ([46, Theorem 2]). Let X/K be a curve defined over a number

field, G a finite subgroup of AutK(X) and Θ =
∑

iHi −
∑

j H
′
j a Brauer

relation for G. Then, there exists an isogeny

∏
j

JacX/H′
j
→

∏
i

JacX/Hi
.

Example 1.14. C2 × C2 has a Brauer relation

Ψ = Ca
2 + Cb

2 + Cc
2 − 2C2 × C2 − {e}.

By applying Theorem 1.13 to Example 1.5, we get an isogeny

JacX → JacY1 × JacY2 ,

where X : y2 = f(t2), Y1 : y
2 = f(x) and Y2 : z

2 = xf(x). In particular, when

f is a square-free cubic polynomial, this recovers the classical result that the

Jacobian of the genus 2 curve y2 = f(t2) is isogenous to a product of two

elliptic curves.

Example 1.15. Dp has a Brauer relation

Θ = Cp + 2C2 − {e} − 2Dp.

Therefore, by applying Theorem 1.13 to Example 1.6, we get an isogeny

E → E ′.
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This recovers the classical fact that, if E has a K-rational point P of order p,

then there exists an isogeny E → E/⟨P ⟩.

1.5.1 Uniform results for isogenies

We use a refined version of the Kani–Rosen construction, given in Theorem 5.3

below, based on pseudo Brauer relations. These are introduced in Chapter 4,

and they extend the notion of Brauer relations.

We show that this refinement provides a powerful framework for inducing

isogenies between Jacobians and for revisiting and reconstructing a wide range

of classical isogenies. This idea stems from de Smit–Edixhoven [21], who veri-

fied that an isogeny between modular Jacobians arises from a Brauer relation

for PGL2(Fp). This was originally derived by Chen [16] using the Selberg trace

formula.

Adding on, in Examples 1.14–1.15 we show that we can use Brauer rela-

tions to reconstruct cyclic isogenies between elliptic curves and isogenies be-

tween Jacobians of genus 2 curves and products of elliptic curves. Theorem 6.4

below shows that we obtain the following isogenies using suitable pseudo

Brauer relations (with certain assumptions in (3)–(5)):

1. Isogenies between elliptic curves,

2. Isogenies JacX × JacXd → Res
K(

√
d)

K JacX , where X/K is a hyperelliptic

curve, Xd is its quadratic twist by d ∈ K×, and Res
K(

√
d)

K denotes Weil-

restriction from K(
√
d) to K,

3. Richelot isogenies between Jacobians of genus 2 curves,

4. Isogenies from Jacobians of genus 2 curves to products of elliptic curves,

5. Isogenies JacX → JacY × JacZ , where X is a curve that admits an

unramified double cover to a trigonal curve Y , and JacZ is the associated

Prym,

6. Isogenies between products of Weil-restrictions,
∏

iRes
FHi

K JacY →∏
iRes

F
H′
j

K JacY , where Y is a curve over K, F/K is a Galois extension



1.6. Parities of ranks and Selmer groups 20

and
∑
Hi −

∑
H ′
j is a Brauer relation for the Galois group Gal(F/K)

(see [60, Lemma 2.4]).

While establishing this result, we also address a question posed by Kuhn

[57] regarding split genus 2 Jacobians. Specifically, for a genus 2 curve Y with

a non-constant map ϕ : Y → E to an elliptic curve, the Jacobian of Y is

isogenous to the product of two elliptic curves, E and Ẽ. Kuhn notes that it

is neither obvious nor always true that Ẽ is uniquely determined, posing the

problem of determining Ẽ. To address this, Kuhn constructs Ẽ as a quotient

of JacY .

In our work, we use Galois theory to provide a canonical choice for Ẽ,

identifying it as the Jacobian of a quotient curve under certain assumptions

on the cover ϕ, see §6.6.3.

1.6 Parities of ranks and Selmer groups

Thus far, we have focused on two arithmetic invariants of an elliptic curve: the

Mordell–Weil group E(K) and the Tate–Shafarevich group X(E/K). How-

ever, extracting information about these groups separately can be challenging

without assuming the finiteness of X(E/K).

As a result, it is often more convenient to work with Selmer groups, which

are constructed from both of these. In particular, all progress towards the

parity conjecture usually proceeds through a weaker version known as the p-

parity conjecture formulated in terms of Selmer ranks.

For a fixed prime p, we write Xp(E) := HomZp(lim−→ Selpn(E/K),Qp/Zp)

to denote the dual p∞-Selmer group. Then, the p∞-Selmer rank is defined as

rkp(E/K) = dimQp(Xp(E/K)⊗Zp Qp).

This satisfies rkp(E/K) = rk(E/K)+ δp(E/K), where δp(E/K) is determined

by the decomposition X(E/K)[p∞] ∼= (Qp/Zp)δp(E/K) × (finite p-group) into

its divisible and reduced parts.
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Conjecture 1.16 (p-parity conjecture). Let E/K be an elliptic curve defined

over a number field K and p a fixed prime. Then,

(−1)rkp(E/K) = w(E/K).

We note that under the assumption that the Tate–Shafarevich group is

finite, the p-parity conjecture is equivalent to the parity conjecture. Without

a priori knowledge for this group however, this equivalence can fail, and these

conjectures may even be inequivalent for different primes.

For elliptic curves over Q, the p-parity conjecture is known for all p by the

work of Dokchitser–Dokchitser [30]. This builds on works by Birch–Stephens

[7], Greenberg [43], Guo [44], Kramer [54], Monsky [69], Nekovář [71] and

Kim [50]. The p-parity conjecture was later extended to totally real fields by

Nekovář [72], [73], [74], excluding some cases of potential complex multipli-

cation when p = 2. These cases were later completed in [42]. For elliptic

curves over number fields admitting a p-isogeny, the p-parity conjecture was

proven by Dokchitser–Dokchitser in [27], [31] with some very mild assumptions

on p. These exceptional cases were later dealt with in [15]. Additionally, the

2-parity conjecture for an elliptic curve E/K over a quadratic extension of K

was proven by Kramer–Tunnell [55] and Dokchitser–Dokchitser [31].

1.6.1 BSD and the parity conjecture for abelian varieties

We will frequently consider parities of ranks of abelian varieties that are not

elliptic curves. Most of the preceding discussion on rank parities (§§1.1 & 1.6)

extends seamlessly to higher-dimensional cases.

To be precise, we can replace “E/K, an elliptic curve” with “A/K, an

abelian variety” in the statements of Theorem 1.1 and Conjectures 1.2, 1.3,

and 1.16 with the only exception being that BSD(E/K) is replaced with

BSD(A/K) :=
|X(A/K)| · Reg(A/K) · C(A/K)

|A(K)tors| · |A∨(K)tors| ·
√
|∆K |

dim(A)
(†)



1.6. Parities of ranks and Selmer groups 22

in Conjecture 1.2(2).

Parity-related problems for abelian varieties prove to be far more challeng-

ing. The most general result is by Coates–Fukaya–Kato–Sujatha [19], where

the authors prove the p-parity conjecture for any abelian variety with a suitable

p-power degree isogeny when p is an odd prime. For p = 2, V. Dokchitser–

Maistret [33] prove the 2-parity conjecture for a broad class of semistable

abelian surfaces. In addition, Morgan [70] proves the 2-parity conjecture for

Jacobians of hyperelliptic curves over quadratic extensions with mild assump-

tions.

1.6.2 Parity of ranks through local expressions

Most parity-related results, including [19, 30, 31, 33, 42, 62, 70], rely crucially

on the derivation of an expression of the form

rkp(A) =
∑

v place of K

Λv mod 2,

where Λv is an explicit local invariant. The idea of such local-to-global ex-

pressions was first introduced by Birch [6, pp. 110] who noted that for an

elliptic curve E with a p-isogeny E → E ′, “the parity of g (the rank of E) is

determined by the Tamagawa ratio”. Cassels later formalised this observation

[14, Theorem 1.1] with the local formula

rkp(E/K) ≡
∑

v place of K

ordp
Cv(E,ω)

Cv(E ′, ω′)
mod 2, (††)

where Cv denotes the Tamagawa number contribution as in §2.3.1. This for-

mula is widely discussed in the literature, including works by Fisher [38, Ap-

pendix], Monsky [69, Corollary 2.8] and Dokchitser–Dokchitser [31, Theorem

5.2], [30, Remark 4.4]. Consequently, Kramer [54, Theorem 1] shows that if

K ⊂ F is a quadratic extension and E/K an elliptic curve, then

rk2(E/F ) ≡
∑

v place of K

dimF2

(
E(Kv)/NormF ′

v/KvE(Fv′)
)

mod 2,
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where v′ is any place of F above v.

Both expressions closely resemble the assertion made by the parity conjec-

ture but are independent of the Birch and Swinnerton-Dyer conjecture. This

gives a natural strategy for proving the p-parity conjecture involving verify-

ing compatibility between local root numbers and these local invariants. In

the case of a p-isogeny between elliptic curves, this reduces to checking the

following equality:

∏
v

wv(E/K)
?
=

∏
v

(−1)ordp
Cv(E,ω)

Cv(E′,ω′) .

This is verified in [27] (under very mild assumptions) thereby proving the

p-parity conjecture for elliptic curves with a p-isogeny.

The derivation of these expressions usually relies on a result by Cassels

[14] and Tate [87], which proves that the Birch and Swinnerton-Dyer quotient

(†) remains invariant under isogeny. Therefore, if ϕ : A → B is an isogeny of

abelian varieties, and assuming that the Tate–Shafarevich group is finite, we

have the following relation:

Reg(A/K)

Reg(B/K)
=
|A(K)tors| |A∨(K)tors|C(B/K)

|B(K)tors| |B∨(K)tors|C(A/K)

∏
p|deg(ϕ)

|X(B)[p∞]|
|X(A)[p∞]|

. (1.1)

As an example, consider an elliptic curve E/K with a p-isogeny E → E ′.

Then, both X(E/K)[p∞] and X(E ′/K)[p∞] are of square order [12] (if finite)

which gives
Reg(E/K)

Reg(E ′/K)
=

∏
v

Cv(E,ω)

Cv(E ′, ω′)
·□.

(Here and below, □ denotes a square of a rational number). A computation

with heights shows that the ratio of regulators is prk(E/K) ·□ which gives the

following expression

rk(E/K) ≡
∑
v

ordp
Cv(E,ω)

Cv(E ′, ω′)
mod 2,
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which agrees the formula of Birch (††).

1.6.3 A machine for computing parities of ranks

We develop a mechanism which automates the derivation of local expressions

using Brauer relations. A crucial input for this is the following result.

Theorem 1.17 (Corollary 3.11). Let X be a curve defined over a number

field and G be a finite subgroup of automorphisms of X. For every prime p,

Xp(JacX) is a self-dual G-representation.

At the heart of all this is the theory of “regulator constants”. This

associates to a Brauer relation Θ and a prime p, a set SΘ,p of self-dual G-

representations. The following theorem shows we can control the multiplicities

of these representations in Selmer groups in terms of local data.

Theorem 1.18 (Theorem 5.7). Let X/K be a curve defined over a number

field, G a finite subgroup of AutK(X), Θ a Brauer relation for G and p a

prime. Suppose that Ω1(JacX) is self-dual as a G-representation. Then,

∑
ρ∈SΘ,p

⟨ρ,Xp(JacX)⟩
⟨ρ, ρ⟩

=
∑

v place of K

ordpΛΘ(X/Kv) mod 2,

where ΛΘ(X/Kv) is the local invariant of Definition 5.24, and SΘ,p is the set

of representations from Definition 4.18.

Remark 1.19. The self-duality assumption on Ω1(JacX) is automatically sat-

isfied if all representations of G are self-dual (e.g. if G is a symmetric or

dihedral group) or if K has a real place (in which case Ω1(JacX) is realisable

over R) .

For the purposes of the introduction, the precise definition for ΛΘ is not

important; the key point is that it is a purely local arithmetic invariant. To

give an idea, let us mention that when v|p,

ΛΘ(X/Kv) =

∏
i cv(JacX/Hi

)∏
j cv(JacX/H′

j
)
· (powers of 2 and p),
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where cv denotes the Tamagawa number at v.

Adding on, the determination of the set SΘ,p is a problem in finite group

representation theory. In particular, in the case of Examples 1.5–1.6, SΘ,p is

given as follows:

Example G Brauer relation p SΘ,p

1.5 C2 × C2 Ψ = Ca
2 + Cb

2 + Cc
2 − 2C2 × C2 − {e} 2 {ψ, χ}

1.6 Dp Θ = Cp + 2C2 − {e} − 2Dp p {τ}

where ψ, χ and τ are the representations from Examples 1.10–1.11.

Theorem 1.18 readily recovers the formula of Birch–Cassels derived in

§1.6.2. For simplicity, we assume that E has rational p-torsion (see Theorem

6.17(2) for the general case). By Example 1.15, the p-isogeny E → E ′ comes

from the Brauer relation Θ = Cp + 2C2 − {e} − 2Dp for Dp. Therefore, by

applying Theorem 1.18, we get the following expression:

rkp(E/K)
Ex. 1.11
= ⟨τ,Xp(E)⟩

Thm. 1.18
=

∑
v

ordpΛΘ(E/Kv) mod 2 († † †)

Adding on, in the case of Example 1.5, Theorem 1.18 applied with respect

to Ψ and with p = 2 gives rk2(JacX/K) ≡
∑

v ord2ΛΨ(X/Kv) mod 2.

We give a generalisation of this formula to arbitrary primes in §6.6, in

agreement with [19, Theorem 2.3].

Example 1.20. Consider E/Q : y2 + y = x3 + x2 − 10x+ 10 with conductor

123 = 3 · 41. This is 5-isogenous to E ′/Q : Y 2 + Y = X3 +X2 + 20X − 890.

We now compute the parity of the 5∞-Selmer rank rk5(E/Q) by using

ΛΘ(E/Qℓ) and († † †).

Finite places: By Theorem 5.25(3),

ΛΘ(E/Qℓ) =
|coker(ϕ : E(Qℓ)→ E ′(Qℓ))|
|ker(ϕ : E(Qℓ)→ E ′(Qℓ))|

· |5|ℓ.

where |x|ℓ denotes the normalised absolute value of x. In this case,

ord5
|coker|Qℓ

|
|ker|Qℓ

| = ord5
cℓ(E/Q)
cℓ(E′/Q)

mod 2 (see [78, Lemma 3.8 & pp. 92] for ℓ ̸= 5,
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and combine [78, Lemma 3.8] with [27, §6] for ℓ = 5). By Tate’s algorithm,

E has reduction types I1 at ℓ = 3 and I5 at ℓ = 41, while E ′ has I5 at ℓ = 3

and I1 at ℓ = 41. Therefore, ord5ΛΘ(E/Qℓ) = 1 mod 2 when ℓ = 3, 5, 41, and

0 mod 2 otherwise.

Infinite place: We now consider

ΛΘ(E/R) =
|coker(ϕ : E(R)→ E ′(R))|
|ker(ϕ : E(R)→ E ′(R))|

· 5.

Since deg(ϕ) = 5, |coker|R| = 1. In addition, |ker|R| = 5, as (2, 1) ∈ ker(ϕ).

Therefore, ord5ΛΘ(E/R) = 0 mod 2.

By († † †), we deduce that rk5(E/Q) ≡ (1 + 1 + 1) ≡ 1 mod 2.

Isogenies have been extensively used to derive formulae for the parities of

ranks in terms of local data. This includes all of those listed in §1.5.1:

1. Birch–Cassels ([14, Theorem 1.1], cf. §1.6.2),

2. Kramer for X elliptic [54, Theorem 1] and Morgan for X hyperelliptic

[70, Theorem 1.6],

3. V. Dokchitser–Maistret [33, Theorem 3.2],

4. Coates–Fukaya–Kato–Sujatha if p ̸= 2 [19, Theorem 2.3], Green–

Maistret if p = 2 [42, Theorem 2.4],

5. Docking [25, Theorem 3.4],

6. Mazur–Rubin for dihedral groups [62, Theorem A] and Dokchitser–

Dokchitser [30, Theorem 1.14] for arbitrary Galois groups.

We show that Theorem 1.18 provides a means for deriving local formulae for

all of these rank expressions in a uniform way, see Theorem 6.6 below.

1.6.4 Parity of ranks of Jacobians

In a joint work with V. Dokchitser, Green, Morgan, we use this framework to

define local constants warithm(X/Kv) that determine the parity of the rank of
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arbitrary Jacobians JacX . These is an arithmetic analogue of the local root

number w(JacX/Kv) and are constructed using Brauer relations and the local

invariant ΛΘ.

Theorem 1.21 ([32, Theorem 7.3(i)]). Suppose that the Tate–Shafarevich

group X is finite for the Jacobians of all curves over number fields. Then

for all curves X/K

(−1)rk(JacX) =
∏

v place of K

warithm(X/Kv).

We do not address questions regarding the compatibility of these constant

warith(X/Kv) with local root numbers w(X/Kv) in general. Nonetheless, we

use these to give a new proof of the parity conjecture for elliptic curves. (A

similar result is given in [31, Theorem 1.2] with different assumptions on the

Tate-–Shafarevich group).

Theorem 1.22 ([32, Theorem 6.1]). Let E : y2 = x3 + ax + b be an elliptic

curve over a number field K with a ̸= 0. Let E ′ be the elliptic curve with an

affine model y2 = x3 − 27bx2 − 27a3x. If X(E/K) has finite 3-primary part

and X(E ′/K) has finite 2- and 3-primary parts, then the parity conjecture

holds for E/K.

1.7 Structure of the thesis

This thesis is organised as follows.

In Chapter 2, we provide preliminaries that will be useful for this work.

In particular, we focus on curves and their Jacobians, establish relevant con-

ventions, and present foundational results for studying their arithmetic.

In Chapter 3, we focus on curves equipped with automorphisms and asso-

ciated G-representations. These include ℓ-adic Tate modules Vℓ(JacX), Selmer

groups Xp(JacX) and rational points JacX(K) ⊗ Q. The main results of this

chapter are summarised in Theorem 3.1.

Chapters 4 and 5 are dedicated to proving Theorem 1.18.
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In Chapter 4, we define pseudo Brauer relations and their regulator con-

stants. These extend the notion of regulator constants of Brauer relations

found in [28].

Chapter 5 focuses on proving Theorem 1.18. We first use the construction

detailed in Appendix A to present a method for constructing isogenies from

pseudo Brauer relations (Theorem 5.3). Next, we introduce ΛΘ(X/K), an

explicit invariant associated with curves over local fields K. Along the way, we

briefly discuss versions of Theorem 1.18 that involve different local invariants.

In Chapter 6, we apply pseudo Brauer relations and regulator constants

to reconstruct classical isogenies using Theorem 5.3 and derive known local

expressions for Selmer rank parities with Theorem 1.18 in a uniform way.

In Chapter 7, we address a question of Stein concerning the order of the

Tate–Shafarevich group X(A/Q). Our main result is Theorem 1.12.

In Appendix A, we describe an explicit construction of homomorphisms

between Jacobians, derived from certain G-equivariant maps between permu-

tation modules.

1.8 Notation

We write K for a number field and v for one of its places. We write L for any

field and K for a local field of characteristic 0.

X a curve (see Convention 2.1)

JacX the Jacobian variety of X

X/H quotient of X defined over L by a finite group H ≤ AutL(X)

Xp(A) HomZp(lim−→ Selpn(A),Qp/Zp)⊗Qp, the dual p∞-Selmer group

rkpA the p∞-Selmer rank of A, that is dimQpXp(A)

Vℓ(A) Tℓ(A)⊗Qℓ, where Tℓ(A) is the integral ℓ-adic Tate module

Ω1(A) the L-vector space of regular differentials on A defined over a

field L

c(A) the Tamagawa number of A defined over a non-archimedean

local field
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| · |K, | · |v the normalised absolute value on K (resp. Kv), extended to K

(resp. Kv)

⟨·, ·⟩ the inner product of characters of G-representations

ρ∗, ρH the dual (resp. H-invariant vectors, for H ≤ G) of a G-

representation ρ

Θ a (pseudo) Brauer relation, see Definition 4.1

CΘ(V) regulator constant for V , see Definition 4.9

CB1,B2

Θ (V) CΘ(V) computed with the bases B1, B2, see Definition 4.9

SΘ,p set of computable combinations of representations encoding reg-

ulator constants, see Definition 4.18

ΛΘ(X/K) an explicit local invariant of X, see Definition 5.24

Dn the dihedral group of order 2n

1 the trivial representation



Chapter 2

Background

The majority of this chapter is dedicated to providing definitions and estab-

lishing conventions for curves and their Jacobians. We note that the results in

§§2.1.1–2.1.2 are mostly standard. Additionally, the results presented in §2.1.3

and §2.2 are available in a joint paper with Morgan [53], whose contributions

are greatly appreciated.

In the final section, we provide definitions for the Birch and Swinnerton-

Dyer invariants appearing in Conjecture 1.2(2).

2.1 Curves and their function fields

Throughout this chapter, K will be a field of characteristic 0.

2.1.1 Definitions and conventions

By a curve X/K, we mean a K-variety which is pure of dimension one, that is

all of its irreducible components are of dimension one. In addition, we adhere

to the following convention.

Convention 2.1. Curves are assumed to be smooth, proper and connected but

are not assumed to be geometrically connected.

The reason for considering curves which can fail to be geometrically con-

nected is that they appear naturally in the context of Galois covers of curves;

see Example 2.11.
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2.1.2 Function fields

We will use the following equivalence between curves over K and function

fields. By a function field F over K, we mean a field extension F/K such that

F is a finite algebraic extension of K(x) for some x ∈ F that is transcendental

over K.

Theorem 2.2 ([83, Tag 0BY1]). The map which sends a curve X/K to its

function field K(X) induces a contravariant equivalence of categories:

1. K-curves and non-constant K-morphisms,

2. finitely generated field extensions F/K of transcendence degree one and

K-algebra homomorphisms.

Example 2.3. Let E/K be an elliptic curve given by the Weierstrass equa-

tion y2 = f(x) for f ∈ K[x] a square-free cubic. Then, its function field

K(E) is isomorphic to K(x, y)/(y2−f(x)). The field inclusion K(x) ↪→ K(E)

corresponds by Theorem 2.2 to the map E → P1 determined by (x, y) 7→ x.

Remark 2.4. We note that when we give a curve by affine equations, we will

always mean the (unique) smooth, projective curve birational to it.

The field of constants K ′ of F/K is the algebraic closure K in F , that

is K ′ = F ∩ K. The curve X/K afforded by Theorem 2.2 is geometrically

connected if and only if K ′ = K, see [58, Chapter 3, Cor. 2.14(d)].

If, on the other hand, K ′ ̸= K, then F is also a function field over K ′;

indeed, the same x from above is still transcendental over K ′, and F/K ′(x) is

a finite extension. Therefore, by first viewing F as a function field over K ′,

then over K, we can associate to it the following using Theorem 2.2:

1. a geometrically connected curve X ′/K ′,

2. a curve X/K satisfying Convention 2.1.

In this case, X is simply X ′ viewed as a curve over K.
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Notation 2.5. Let X ′/K ′ be the geometrically connected associated to a

function field F/K. We write X ′
K′/K to denote the curve obtained from X ′ by

forgetting the K ′-structure, i.e. the K-scheme given by X ′ equipped with the

structure map X ′ → Spec(K ′)→ Spec(K).

2.1.2.1 Automorphisms on curves.

Definition 2.6. We say that f : X → Y is a cover of curves if it is a non-

constant K-morphism. The degree of f , denoted deg(f), is defined to be the

degree of the field extension K(X)/K(Y ) afforded by Theorem 2.2.

We say that a cover f : X → Y isGalois if the field extensionK(X)/K(Y )

is Galois in the field-theoretic sense. We also say that f : X → Y is a G-Galois

cover when the Galois group of K(X)/K(Y ) is isomorphic to G.

In the case of a G-Galois cover f : X → Y , the group G acts on the

function field K(X) via K-automorphisms. By Theorem 2.2, we deduce that

G is a subgroup of K-automorphisms on X. We can then consider the field

of G-invariant functions K(X)G. By construction, this coincides with the

function field of the quotient curve X/G and so K(X)G = K(X/G). The

function field inclusion K(X)G ↪→ K(X) corresponds to the quotient map

π : X → X/G. Consequently, we get the following commutative diagrams:

K(Y )

K(X)G K(X)

f∗
≃

Y

X/G X
π

≃
f

Example 2.7. Let E/K be an elliptic curve with Weierstrass model y2 = f(x)

for f ∈ K[x], a square-free cubic. Then, the involution hE : (x, y) 7→ (x,−y)

acts on E. In particular, after identifying K(E) ∼= K(x, y)/(y2 − f(x)), the

field of invariant functions K(E)⟨hE⟩ = K(x, y2) ∼= K(x). It follows that the

quotient curve is of genus 0 with parameter x.
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Example 2.8. Let f(x) ∈ K[x] be a square-free polynomial and K(
√
d) a

quadratic extension. We let y =
√
f(x), t =

√
d and z = yt. Consider the

following bi-quadratic extension of K(x) with its corresponding cover of curves

on the right.

F = K(x)

K(x, z)K(x, y) K(x, t)

K(x, t, y)

P1

{z2 = df(x)}{y2 = f(x)} P1

X : {y2 = f(x), t2 = d}

Then, C2 × C2 acts on K(x, t, y) by separately inverting t and y. By

Theorem 2.2, this gives two involutions on X : {y2 = f(x), t2 = d}, namely

g1 : (t, y, x) 7→ (−t, y, x) and g2 : (t, y, x) 7→ (t,−y, x).

Then, K(X)⟨g1⟩ ∼= K(y, x)/(y2 − f(x)) and K(X)⟨g1g2⟩ ∼= K(x, z)/(z2−df(x)),

while K(X)⟨g2⟩ and K(X)⟨g1,g2⟩ are isomorphic to K(x,
√
d) and K(x) respec-

tively. Following Notation 2.5, X agrees with X ′
K(

√
d)/K where X ′/K(

√
d)

is the hyperelliptic curve with affine model y2 = f(x). Therefore, X is not

geometrically connected in this case. Similarly, the quotient of X by ⟨g2⟩ is

P1
K(

√
d)/K

.

2.1.2.2 Galois closure. We let f : X → Y be a cover of curves. By Theo-

rem 2.2, this corresponds to a finite and separable field extensionK(X)/K(Y ).

As with any such extension, we can then consider the Galois closure of K(X)

over K(Y ).

Definition 2.9. We let f : X → Y be a cover of curves, and we let F/K(Y )

be the Galois closure of K(X)/K(Y ) in the field-theoretic sense. We then

define the Galois closure of f : X → Y to be the cover g : Z → Y afforded by

the function field extension F/K(Y ).
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We note that if Gal(K(X)/K(Y )) ∼= G, then by construction G acts on

the function field K(Z) via K-automorphisms. By Theorem 2.2, this induces

a G-action on Z via K-automorphisms.

Example 2.10. Let E be an elliptic curve over a number field Q given by

E : y2 = x3 + ax + b with a ̸= 0. We let f : E → P1 be the degree 3 cover of

P1 determined by (x, y) 7→ y.

The condition a ̸= 0 ensures that h(y) = Disc(x3 + ax + b − y2) =

−27y4+54by2−(4a3+27b2) has no repeated roots. In particular, Q(y, x)/Q(y)

is non-Galois and its Galois closure is an S3-extension of Q(y) obtained by ad-

joining ∆ :=
√
h(y) to Q(y, x). It has the following field diagram, with the

corresponding covers of curves given on the right.

Q(y)

Q(y,∆)

Q(y, x)

Q(y, x,∆)

P1

D

E

B

Here D and B are the curves given by the affine equations ∆2 = h(y) and

by {y2 = f(x), ∆2 = h(y)} respectively. By construction, S3 acts on B via

K-automorphisms.

We note that all curves appearing in the Galois diagram of Example 2.10

are geometrically connected. We highlight that this is not always the case;

geometrically disconnected curves can arise when considering the Galois closure

of covers f : X → Y , even if X and Y are themselves geometrically connected.

We consider the following modification of Example 2.10.

Example 2.11. Let E/Q be an elliptic curve over a number field Q given by

E : y2 = x3 + b, and we let f : E → P1 be the map determined by (x, y) 7→ y.

It follows that h(y) = Disc(x3 + b − y2) = −27(y2 − b)2. Then, the

Galois closure of f : E → P1 is an S3-extension of Q(y) obtained by adjoining
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∆ :=
√
h(y) to Q(y, x). Since ±

√
−3 = ∆

3(y2−b) , we acquire the following

function field extension with the corresponding cover appearing on the right:

Q(y)

Q(y, ζ3)

Q(y, x)

Q(y, x, ζ3)

P1

D

E

B

The field of constant functions in Q(D) is Q(ζ3), and so D has two geo-

metric components defined over Q(ζ3). The same conclusion holds for B.

In this case, B is given by EQ(ζ3)/Q, i.e., the product E ×Q Q(ζ3) viewed

as a curve over Q (see Notation 2.5). Similarly, D is P1
Q(ζ3)/Q.

2.1.3 Generalisation to disconnected curves

We end this section by briefly mentioning a generalisation of the above results

to curves that are (smooth, proper but) not assumed to be connected. These

emerge by considering curves of Convention 2.1 after base-change. In partic-

ular, let X ′/K ′ and X/K be as in Notation 2.5, and write L for the Galois

closure of K ′/K. Then,

X ×K L = X ′
K′/K ×K L ∼= X ′ ×K′ K ′ ×K L ∼= X ′ ×K′ (K ′ ⊗K L).

It follows that X×K L is a disjoint union of [K ′ : K]-many copies of X ′×K′ L.

Motivated by this observation, in a joint work [53] with Morgan, we study

the arithmetic of curves (and their Jacobians) that are (smooth, proper but)

not assumed to be connected. For convenience, let us call these general curves.

Under these assumptions, a general curve X/K admits a decomposition X =⊔
iXi as a disjoint union of curves {Xi/K}i which satisfy Convention 2.1.

The curves–fields equivalence of Theorem 2.2 extends to one involving

general curves and certain finite étale algebras [53, Proposition 1.1(3)] (in this

case, this is simply a product of function fields over K).
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To illustrate this, let us consider the base change of the curves appearing

in the S3 diagram of Example 2.11 to Q7. Then, the (normalisation of the)

discriminant curve D : ∆2 = −27(y2 − b)2 is not irreducible over Q7. In this

case, its corresponding ‘function field’ Q7(y,∆) (defined in the sense of [53, No-

tation 2.14]) is the Q7-algebra Q7(y)[∆]/(∆2+27) ∼= Q7(y)×Q7(y). By using

the equivalence between general curves–étale algebras [53, Proposition 1.1(3)],

we deduce that D/Q7 is given as a disjoint union P1 ⨿ P1. The corresponding

covers over Q and Q7 are as follows:

P1

P1/Q(ζ3)

E : {y2 = x3 + b}

E/Q(ζ3)

Case 1: over Q
P1

P1 ⨿ P1

E : {y2 = x3 + b}

E ⨿ E

Case 2: over Q7

Most results mentioned in §2.2 will apply to general curves, and we will

highlight instances where such generalisations are possible. However, to avoid

obscuring the main ideas, we have chosen to primarily focus on curves of

Convention 2.1 and only use general curves when absolutely necessary (for

example in §2.2.0.3 and §2.3.2).

2.2 Jacobians of curves

We now turn our focus from curves X/K to their Jacobians, denoted JacX .

The theory of Jacobians of geometrically connected curves is classical; see

[67] for a thorough treatment. We now explain how this generalises to curves

satisfying Convention 2.1.

By definition, we will write JacX to denote the identity component of

the relative Picard functor of X/K, i.e., the functor of line bundles whose

restriction to each geometric component of X has degree 0. As detailed in

[51, Remark 5.6], JacX is an abelian variety overK whenX is a curve following

Convention 2.1.
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As in §2.1.2, to any X/K satisfying Convention 2.1, we can associate a

geometrically connected curve X ′/K ′ such that X = X ′
K′/K (see Notation 2.5).

Lemma 2.12. As abelian varieties over K,

JacX ∼= ResK
′

K JacX′ ,

where ResK
′

K denotes the Weil-restriction of scalars from K ′ to K. In particu-

lar, JacX is principally polarised.

Proof. The first claim follows from [53, Lemma 3.7]. The second claim is

immediate as Jacobians of geometrically connected curves are known to be

principally polarised [67, p. 24], and Weil-restrictions of principally polarised

abelian varieties are themselves principally polarised [24, Prop. 2].

Remark 2.13. This lemma extends to the general curves discussed in §2.1.3;

see [53, Lemma 3.7] for the full generalisation.

2.2.0.1 Induced maps between Jacobians. In this subsection, we provide

a description forK-points on JacX , their group structure, and how they behave

under pullback f ∗, and pushforward f∗ maps. We first consider the case where

X is geometrically connected.

2.2.0.2 Geometrically connected curves. We let X/K be a geometrically

connected curve and K a characteristic 0 field. A divisor D on X is a Z-linear

combination

D =
∑

P∈X(K)

npP,

where nP = 0 for all but finitely many P . The degree of D is
∑

P nP . The set

of divisors forms an abelian group under addition denoted Div(X). We write

Div0(X) to denote the subgroup of divisors of degree 0.

In addition, we say that a divisor D is principal if there exists a non-zero

f ∈ K(X) such that D = div(f) where

div(f) =
∑
P

ordP (f)P,
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and ordP (f) denotes the order of the function f at the point P . Since

ordP (fg) = ordP (f) + ordP (g), the set of principal divisors form a group

denoted Prin(X). As abelian groups, there exists a canonical identification

JacX(K) = Div0(X)/Prin(X).

Adding on, given a K-rational cover f : X → Y , we write f∗ : JacX → JacY

and f ∗ : JacY → JacX to denote the pushforward and the pullback maps

respectively. These are given on divisors by

f∗ : [P ] 7→ [f(P )], and f ∗ : [Q] 7→
∑

Q∈f−1(P )

ef (P )[P ],

where ef (P ) denotes the ramification index of f at P ∈ Y (K).

We write λX and λY to denote the canonical principal polarisations on the

geometrically connected curves X and Y as in [67, pp. 24]. It follows that the

pullback and the pushforward are duals of each other in the following sense.

Lemma 2.14. We have f∗ = λ−1
Y ◦ (f ∗)∨ ◦ λX , where (f ∗)∨ denotes the dual

morphism of f ∗.

Proof. This result is well known. For details, see [53, Lemma 3.1].

2.2.0.3 Curves of Convention 2.1. The story is very similar for the curves

of Convention 2.1.

We write X = X×KK to denote the base change to the algebraic closure

K. As in §2.1.3, X =
⊔
iXi decomposes as a disjoint union of its (geometric)

connected components Xi/K. We get a description for JacX(K) in terms of

divisors as follows.

We write Div0(X) to denote the set of divisors whose restriction to each

geometric component is a degree 0 divisor. We write K(X) to denote the

function field of X in the sense of [53, Notation 2.14] and Prin(X) for the

subgroup of divisors arising from rational functions f ∈ K(X). In this case,

these are determined by a tuple f = (fi)i where fi ∈ K(Xi), and so div(f) =
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i div(fi). To conclude, we have

K(X) ∼=
∏
i

K(Xi), Div0(X) =
⊕
i

Div0(Xi), Prin(X) =
⊕
i

Prin(Xi).

It follows that JacX
∼=

∏
i JacXi

, and as before, we get a canonical identi-

fication

JacX(K) = Div0(X)/Prin(X).

We write f ∗ to denote the pullback map, and we now define

f∗ = λ−1
Y ◦ (f ∗)∨ ◦ λX , where λX and λY denote the principal polarisations

from [53, Lemma 3.4].

Lemma 2.15. Suppose that f : X → Y is a G-Galois cover. Then,

f∗ ◦ f ∗ = |G| and f ∗ ◦ f∗ =
∑
σ∈G

σ∗.

Proof. This follows by a direct computation when X and Y are geometrically

connected. For the curves of Convention 2.1, we can reduce to the geometri-

cally connected case; see [53, Proposition 4.1] for details.

2.3 Birch and Swinnerton-Dyer invariants

In this section, we define the Birch and Swinnerton-Dyer constants appearing

in Conjecture 1.2(2).

2.3.1 Regulators, Tamagawa numbers and periods

Suppose that A is an abelian variety defined over a number field K. Write

⟨, ⟩NT to denote the Néron–Tate height pairing corresponding to the Poincaré

line bundle on A×A∨. Then, let P1, . . . , Pr and Q1, . . . , Qr be a bases for free,

finite index subgroups in the lattices A(K)/A(K)tors and A∨(K)/A∨(K)tors.

Then, we define the regulator of A/K to be

Reg(A/K) =

∣∣∣det (⟨Pi, Qj⟩NT)i,j

∣∣∣
u1 · u2

,
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where u1 = [A(K)/A(K)tors :
⊕

i ZPi] and u2 = [A∨(K)/A∨(K)tors :
⊕

j ZQj].

Let A/K be an abelian variety over a local field K of characteristic 0.

Then, when K is a p-adic field with residue field k, we write A to denote

the Néron model of A/OK, and Φ to denote its component group (i.e. the

quotient of the special fibre Ak by its connected component of 0).

The Tamagawa number of A/K, denoted c(A/K), is defined as the order

|Φ(k)| of the subgroup of Φ(k) consisting of k-rational points. When K = Kv

is the completion of a number field at a place v, we will usually write cv(A/K)

to denote the Tamagawa number at v.

We write Ω1(A/K) for the K-vector space of regulator differentials on

A/K. Then, a non-zero exterior form w on A is any non-zero element of

Ωdim(A)(A/K) :=
∧dim(A)
i=1 Ω1(A/K). In addition, for a choice of Néron minimal

exterior form, ω0, on A, we write ω
ω0
∈ K× for the constant determined by

ω = ( ω
ω0
) · ω0.

We define

C(A/K, ω) :=


c(A/K) ·

∣∣∣ ωω0

∣∣∣
K

when K/Qp is finite,∫
A(K)
|ω| when K = R,

2dim(A)
∫
A(K)
|ω ∧ ω| when K = C.

(2.1)

If K is a number field, we write

C(A/K) :=
∏

v place of K

C(A/Kv, ω),

where ω is a non-zero global exterior form on A/K. By the product formula,

this is independent of the choice of global exterior form ω.
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2.3.2 Tate–Shafarevich group and deficiency

The Tate–Shafarevich group of an abelian variety A/K over a number field is

defined as

X(A/K) := ker

(
H1(Gal(K/K), A(K))→

∏
v

H1(Gal(Kv/Kv), A(Kv))

)
,

where the product is taken over all places v of K.

The work of Poonen–Stoll [75] shows that when A = JacX , for X a geo-

metrically connected curve, the concept of deficiency controls the size of the

2-primary part of this group, up to rational squares. We now present how this

result extends to the curves of Convention 2.1.

For the remainder of this subsection, we have to work with the general

curves mentioned in §2.1.3. The reason for this is that curves of Convention

2.1 may become disconnected after base-change.

Definition 2.16 (cf. [53], Definition 5.13). Let K be a local field of charac-

teristic 0.

A geometrically connected curve X/K of genus g is called deficient if it

has no K-rational divisor of degree g − 1. For such X, we define

µK(X) =

2 if X is deficient,

1 otherwise.

Suppose that X/K is a curve satisfying Convention 2.1. We write K′ for

the minimal field of definition of one of its geometric components, X ′ say, and

define µK(X) = µK′(X ′).

Finally, suppose that X/K is given as a disjoint union
⊔
iXi of curves

Xi/K all of which satisfy Convention 2.1. We define µK(X) =
∏

i µK(Xi).

If the field K is clear from context, we will often omit it from the notation.

Further, when K = Kv is the completion of a number field K at a place v, we

write µv(X) in place of µKv(X).
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Proposition 2.17. Let X be a curve satisfying Convention 2.1 defined over

a number field K. Then,

|X0(JacX/K)[2∞]| =
∏

v place of K

µv(X) mod Q×2.

Proof. By Lemma 2.12, JacX ∼= ResK
′

K JacX′ , while Shapiro’s lemma gives

X0(JacX/K) ∼= X0(JacX′/K ′). Adding on, X ×K Kv = X ′ ×K′ K ′ ×K Kv.

Since K ′ ⊗K Kv =
∏

w|vK
′
w, we deduce that X ×K Kv is given as a disjoint

union
⊔
w|v(X

′×K′K ′
w). By Definition 2.16, µv(X) =

∏
w|v µw(X

′). Therefore,

∏
v place of K

µv(X) =
∏

w place of K′

µw(X
′)

[75, Cor. 12]
≡ |X0(JacX′/K ′)[2∞]| mod Q×2.

This gives the required result.



Chapter 3

Arithmetic of Jacobians

In this chapter, we focus on G-representation arising from G-Galois covers

f : X → Y , including ℓ-adic Tate module Vℓ(JacX), Mordell–Weil groups

JacX(K)⊗Z Q and dual p∞-Selmer groups Xp(JacX).

We implicitly fix arbitrary embeddings Qℓ,Qp ↪−→ C for every prime. The

following theorem summarises the main results of this chapter.

Theorem 3.1 (Theorems 3.9 & 3.10). Let X be a curve defined over a char-

acteristic 0 field K. Suppose that G is a finite subgroup of AutK(X).

1. For any prime ℓ, the ℓ-adic Tate-module satisfies

Vℓ(JacX/G) ∼= Vℓ(JacX)
G.

In addition, when K is a number field, the following hold.

2. For any prime p, Xp(JacX) is a self-dual G-representation. In addition,

Xp(JacX/G) ∼= Xp(JacX)G.

3. JacX/G(K)⊗Z Q ∼= (JacX(K)⊗Q)G.

4. For any prime p, if X(JacX)[p
∞] is finite, then X(JacX/G)[p

∞] is finite.

In addition, if X(JacX) is finite, then X(JacX/G) is also finite.

5. if ρ is a C[G]-representation satisfying ⟨ρ, Vℓ(JacX)⊗Qℓ
C⟩ = 0, then

⟨ρ, JacX(K)⊗Z C⟩ = ⟨ρ,Xp(JacX)⊗Qp C⟩ = 0.
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We prove this result in §§3.2–3.3. We first illustrate applications

through examples (see Examples 1.10–1.11 for more applications of Theorem

3.1(1)&(3)).

Example 3.2. We revisit Example 2.10. The situation is described by the

following Galois cover with the corresponding groups on the right:

P1

D

E

B

S3

C3

C2

{e}

The action of S3 on B induces, by functoriality, an S3-action on rational

points JacB(K). We can then decompose JacB(K) ⊗ Q ∼= 1⊕n ⊕ ϵ⊕m ⊕ ρ⊕s

into irreducible representations where 1, ϵ, ρ denote, respectively, the trivial,

sign and the two-dimensional irreducible representations of S3.

By applying Theorem 3.1(3) with G = S3, we get n = rkJacP1 = 0.

Repeating this with G = C2 and G = C3, we get rkE = s and rkJacD = m.

To conclude,

JacB(K) ∼= ϵ⊕rk(JacD) ⊕ ρ⊕rk(JacE).

Arguing similarly, we get Xp(JacB) ∼= ϵ⊕rkpJacD ⊕ ρ⊕rkpE for any prime p.

Example 3.3. We now revisit Example 2.11. The same computation as in

Example 3.2 shows that JacB(K) ⊗ Q ∼= ϵ⊕rkJacD ⊕ ρ⊕rkE. By Lemma 2.12,

JacD ∼= Res
Q(ζ3)
Q JacP1 is trivial, and therefore

JacB(K)⊗Q ∼= ρ⊕rkE.

Similarly, Xp(JacB) ∼= ρ⊕rkpE for all p.
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3.1 Equivariant Riemann–Hurwitz formula

In the following section, we consider G-Galois covers f : X → Y with the

assumption that Y is geometrically connected. The main result provides an

extension of the equivariant Riemann–Hurwitz formula found, for example, in

[35]. This provides a description of the G-module structure on Vℓ(JacX) in

terms of permutation modules.

We write F = K(X) for the function field of a curve X satisfying Conven-

tion 2.1, and K ′ for its field of constant functions (i.e., the maximal algebraic

extension of K in F ). As in §2.1.2, we can view F as a function field over K ′,

and as such we can associate to it a geometrically connected curve X ′ over K ′

by Theorem 2.2.

We writeH = Gal(F/K ′·K(Y )) to denote the subgroup of automorphisms

of F which fix the subfield K ′(Y ). This gives the following diagram:

K(Y )

F

Gal(K′/K)

K ′(Y )G

H

Lemma 3.4. H is a subgroup of K ′-automorphisms of X ′. In addition, we

have an H-Galois cover fH : X ′ → Y of geometrically connected curves defined

over K ′.

Proof. By construction, H acts on F by automorphisms fixing K ′.Therefore,

we have an action on X ′ by K ′-automorphisms by Theorem 2.2. The field of

H-invariants satisfies FH ∼= K ′(Y ). The inclusion FH ↪−→ F gives the required

cover X ′ → Y .

The action of H on X ′ induces an action on its Jacobian JacX′/K ′. The

following result relates the action of H on X ′/K ′ to the G-action on X/K.
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Lemma 3.5. We have an isomorphism of Qℓ[G]-modules

Vℓ(JacX) ∼= IndGHVℓ(JacX′). (3.1)

Similarly, we have an isomorphism of K[G]-modules

Ω1(JacX) ∼= IndGHΩ
1(JacX′). (3.2)

Proof. We consider XK′ , the base change of X to K ′, along with the induced

action of G on the set of geometric connected components of XK′ . Since Y is

assumed to be geometrically connected, G acts transitively on this set. Indeed,

the number of orbits under the G-action on the irreducible components of XK′

coincides with the number of geometric connected components of the quotient.

Recall that, as always, we write X ′ to denote a geometric component of X.

By definition, H coincides (up to conjugacy) with the subgroup of automor-

phisms in G which restrict to automorphisms of the geometric component X ′

denoted StabG(X
′) (choosing a different geometric component simply results

in conjugating H by an element in G).

We let y1, ..., yn denote a left transversal for H in G, so that

y1(X
′), ..., yn(X

′) is the collection of the geometric components of XK′ . As a

result, we can decompose XK′ =
⊔n
i=1 yi(X

′). Then, we have an isomorphism

of K ′-schemes

α : JacX
∼−→

n∏
i=1

Jacyi(X′)

induced by pullback along the inclusions yi(X
′) ↪→ XK′ . This induces isomor-

phisms

Vℓ(JacX) ∼=
n⊕
i=1

Vℓ(Jacyi(X′)) and Ω1(JacX) ∼=
n⊕
i=1

Ω1(Jacyi(X′)),

which give the isomorphisms of representations claimed in the statement once

the G-action is taken into account.
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Theorem 3.6. Let f : X → Y be a G-Galois cover of curves and assume

that Y is geometrically connected. Denote by {q1, . . . , qr} ⊆ Y (K ′) the branch

points of fH : X ′ → Y , and for each 1 ≤ i ≤ r, let ti ∈ f−1
H (qi) be any choice

of preimage qi. Then, for every prime ℓ, the G-representations

Vℓ(JacX) and IndGH(1)
⊕2 ⊕ IndG{e}(1)

⊕(r+2g(Y )−2) ⊖
r⊕
i=1

IndGStabH(ti)
1

are isomorphic after extending scalars to C. (Here StabH(ti) denotes the sta-

biliser of ti in H).

Proof. Lemma 3.5 gives an isomorphism of Qℓ[G]-representations

Vℓ(JacX) ∼= IndGHVℓ(JacX′). (3.3)

To complete the proof we can appeal to the more standard form of equivariant

Riemann–Hurwitz, in which X ′ is assumed geometrically connected. Specifi-

cally, by Lemma 3.4, fH : X ′ → Y is an H-cover of geometrically connected

curves. It follows from [35, Proposition 1.1] that, after extending scalars to C,

the H-representation Vℓ(JacX′)⊗ C is isomorphic to

1⊕2 ⊕ IndH{e}1
⊕(2g(Y )−2) ⊕

r⊕
i=1

(
IndH{e}1⊖ IndHStabH(ti)

1
)
.

The result now follows by inducing from H to G and using (3.3).

Remark 3.7. Lemma 3.5 and 3.6 generalise to general curves of §2.1.3. For

details, see [53, Lemma 4.6 & Proposition 4.6].

Example 3.8. We consider the S3-action given in Example 2.11. This fits in

the following Galois diagram:
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Q(y)

Q(ζ3)(y)

Q(x, y)

Q(ζ3)(x, y)

To apply Theorem 3.6, we consider the cubic cover E/Q(ζ3)
3→ P1/Q(ζ3)

determined by (x, y)→ x. This is branched at {∞,
√
b,−
√
b} each with ram-

ification degree 3. By applying Theorem 3.6 with G = S3, H = C3, r = 3 and

StabH(ti) = C3 for i = 1, 2, 3, we deduce that Vℓ(JacB) ∼= ρ⊕2, where ρ denotes

the two-dimensional irreducible representation of S3.

3.2 Galois descent and isotypic components

Recall that we have fixed arbitrary embedding Qℓ,Qp ↪→ C.

Theorem 3.9. Let X be a curve defined over a field of characteristic 0, and

suppose that G is a subgroup of K-automorphisms of X.

1. For any prime ℓ, Vℓ(JacX/G) ∼= Vℓ(JacX)
G,

2. Ω1(JacX/G) ∼= Ω1(JacX)
G.

In addition, when K is a number field, we also have

3. For any prime p, Xp(JacX/G) ∼= Xp(JacX)G,

4. JacX/G(K)⊗Z Q ∼= (JacX(K)⊗Q)G,

5. For any prime p, if X(JacX)[p
∞] is finite, then X(JacX/G)[p

∞] is finite.

In addition, if X(JacX) is finite, then X(JacX/G) is also finite.

6. if ρ is a C[G]-representation satisfying ⟨ρ, Vℓ(JacX)⊗Qℓ
C⟩ = 0, then

⟨ρ, JacX(K)⊗Z C⟩ = ⟨ρ,Xp(JacX)⊗Qp C⟩ = 0.
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Further, if ⟨ρ, Vℓ(JacX)⊗Qℓ
C⟩ = 0, then ⟨ρ,Ω1(JacX ⊗K C⟩ = 0 for any

characteristic 0 field K.

Proof. We let π : X → X/G be the quotient map induced by the subgroup

G ≤ AutK(X). Then, π ◦ g = π for all g ∈ G and therefore g∗ ◦ π∗ = π∗ on

Jacobians. It’s easy to check that g∗ = (g∗)
−1 = (g−1)∗, and so G acts trivially

on π∗(JacX/G).

Therefore, the induced map π∗ : Vℓ(JacX/G) → Vℓ(JacX) factors through

Vℓ(JacX)
G. This gives maps

π∗ : Vℓ(JacX)
G → Vℓ(JacX/G) and π∗ : Vℓ(JacX/G)→ Vℓ(JacX)

G,

and by Lemma 2.15, their compositions in each direction is equal to the

multiplication-by-|G| map. Therefore, π∗ : Vℓ(JacX/G) → Vℓ(JacX)
G is an

isomorphism of Qℓ-vector spaces, which proves (1). Parts (2)–(4) follow in

the same way. For the first assertion in (5), combine parts (3)–(4). The

second assertion in (5) follows from the first. To see this, we note that

π∗ : JacX/G → JacX induces an isomorphism X(JacX/G)[q
∞] ∼= X(JacX)[q

∞]

when q ∤ |G|.

For (6), we argue as follows. After fixing an embedding K ↪→ C, we have

a G-module isomorphism H1(JacX(C),Z) ⊗Z Qℓ
∼= Vℓ(JacX) by [1, Exposé

XI, Theorem 4.4]. Therefore, Vℓ(JacX) has rational character. We denote by

Fρ the field obtained by extending Q by the values of the characters of ρ.

Then, a positive power of the representation
⊕

σ∈Gal(Fρ/Q) ρ
σ is realisable over

Q [79, §12.1, Prop. 34] and shares no common constituent with Vℓ(JacX). It

therefore suffices to consider the case where ρ is realisable over Q. Denote by

eρ the idempotent in Q[G] which projects onto the ρ-isotypic part. Clearing

denominators, there exists a positive integer n for which neρ lies in Z[G].

Viewed as an endomorphism of JacX , neρ induces the zero map on Tℓ(JacX).

In view of [66, Proposition 12.2], neρ is the zero endomorphism on JacX , and

therefore induces the zero map on Xp(JacX), JacX(K)⊗Q and Ω1(JacX).
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3.3 Self-duality of Selmer groups

We let K be a number field. We write (A, λ) to denote an abelian va-

riety A/K with a principal polarisation λ. We denote by Aut(A, λ) the

group of K-automorphisms g of A preserving the principal polarisation

λ, that is g∨ = λ ◦ g−1 ◦ λ−1. The proof of the following result is modelled

on [29, Theorem 2.1].

Theorem 3.10. Let (A, λ) be a principally polarised abelian variety, and let G

be a subgroup of Aut(A, λ). Then Xp(A) is self-dual as a Qp[G]-representation.

Proof. As in [30], given a K-isogeny of abelian varieties f : A→ B, we write

Q(f) = #coker(f : A(K)/A(K)tors → B(K)/B(K)tors) ·#ker(f : X(A)div →X(B)div),

where Xdiv denotes the divisible part of X. We decompose Xp(A) into

Qp-irreducible representations, and decompose the corresponding Zp-lattice

Xp(A) = HomZp(lim−→
n

Selpn(A),Qp/Zp)

into G-stable Zp-sublattices such that

Xp(A) ∼=
⊕
i

τ
nτi
i , Xp(A) ∼=

⊕
i

Λτi and Λτi ⊗Zp Qp
∼= τ

nτi
i ,

where the τi are distinct Qp-irreducible representations of G.

We now construct a self-isogeny of A with a specified action on the sub-

lattices Λτi of Xp(A). For an irreducible Qp[G]-representation τ satisfying

⟨τ,Xp⟩ > 0, the operator dim(τ)
∑

g∈GTr(τ(g))g−1 ∈ Zp[G] kills every irre-

ducible G-constituent τ ′ of Xp not isomorphic to τ , and acts by multiplication

by ⟨τ, τ⟩ · |G| on every constituent of Xp which is isomorphic to τ . We define

zτ := |G| · ⟨τ, τ⟩+ (p− 1) · dim(τ) ·
∑
g∈G

Tr(τ(g))g−1 ∈ Zp[G].
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Elements in a small neighbourhood Uτ of zτ in Zp[G] act via multiplication by

p · |G| · ⟨τ, τ⟩ composed with some isomorphism on Λτ , and via multiplication

by |G| · ⟨τ, τ⟩ composed with some isomorphism on Λτi when τi ̸= τ . Similarly,

there’s a corresponding neighbourhood Uτ∗ of zτ∗ , where τ
∗ is the dual repre-

sentation. Since the inversion map g 7→ g−1 is continuous in Qp[G] and maps

zτ to zτ∗ , we can find σ =
∑

g∈G xgg ∈ Z[G]∩Uτ such that
∑

g∈G xgg
−1 lies in

Uτ∗ . We write ϕσ to denote the endomorphism of A determined by σ. Since G

is a subgroup of Aut(A, λ), then
∑

g∈G xgg
−1 corresponds to the dual isogeny

ϕ∨
σ . By considering their induced actions on the Λτi , we deduce that

Q(ϕσ) = (|G|·⟨τ, τ⟩)rkpA·pnτ dim(τ) and Q(ϕ∨
σ) = (|G|·⟨τ ∗, τ ∗⟩)rkpA·pnτ∗ dim(τ∗).

Since ⟨τ, τ⟩ = ⟨τ ∗, τ ∗⟩ and Q(ϕσ) = Q(ϕ∨
σ) (see [30, Theorem 4.3]), we deduce

that nτ = nτ∗ , as required.

Corollary 3.11. Let G be a finite subgroup of AutK(X). Then Xp(JacX) is a

self-dual Qp[G]-representation.

Proof. Since g∨∗ = λ−1
X ◦ (g∗) ◦ λX , it suffices to show that g∗ = (g∗)

−1. It is

easy to see that g∗ ◦ g∗ = 1, which gives the required result.



Chapter 4

Pseudo Brauer relations and

regulator constants

In this chapter, we define pseudo Brauer relations and their regulator con-

stants, extending the notion of regulator constants for Brauer relations consid-

ered in [28]. We will see that most key properties are retained in this expanded

framework.

4.1 Pseudo Brauer relations

Throughout this section, L is a field of characteristic 0 with a fixed embedding

L ↪→ C, G is a finite group, H is a set of representatives of the subgroups of

G up to conjugacy and ⟨, ⟩ is the standard inner product on characters. All

representations are assumed to be finite dimensional.

Definition 4.1. Let V be an L[G]-representation. We say that an element

Θ =
∑

iHi −
∑

j H
′
j ∈ Z[H] is a pseudo Brauer relation relative to V if there

are C[G]-representations ρ1 and ρ2, satisfying ⟨ρ1,V⟩ = ⟨ρ2,V⟩ = 0, such that

ρ1 ⊕
⊕
i

C[G/Hi] ∼= ρ2 ⊕
⊕
j

C[G/H ′
j].

Remark 4.2. The choice of representatives in H will be immaterial in prac-

tice (see Remark 4.31 for a thorough discussion). When specific choices are

required, these will be explicitly stated.



4.1. Pseudo Brauer relations 53

Remark 4.3. When V = L[G], we necessarily have ρ1 = ρ2 = 0. In this case,

Definition 4.1 coincides with the existing notion of a Brauer relation, see for

example [28, §1.ii].

Example 4.4. Θ = C3+2C2−{e}−2S3 is a Brauer relation for S3. Indeed, let

1 (trivial), ϵ (sign) and ρ (standard) be the set of irreducible representations

of S3. It follows that

C[S3/H] ∼=



1, H = S3,

1⊕ ϵ, H = C3,

1⊕ ρ, H = C2,

1⊕ ϵ⊕ ρ⊕2, H = {e},

which gives the required Brauer relation.

Example 4.5. Ψ = Ca
2 + Cb

2 + Cc
2 − 2C2 × C2 − {e} is a Brauer relation for

C2 × C2 where Ci
2 denote the proper subgroups of C2 × C2.

To see this, let ϵi : C2 × C2 → {±1} be the non-trivial one-dimensional

character determined by ϵi(C
i
2) = 1. Then, it follows that C[(C2 × C2)/C

i
2]
∼=

1⊕ ϵi, C[C2 × C2] ∼= 1⊕ ϵa ⊕ ϵb ⊕ ϵc. This gives the required Brauer relation.

Example 4.6. Ξ = Cp−{e} is a pseudo Brauer relation relative to the trivial

representation 1 of the cyclic group Cp.

The set of all pseudo Brauer relations relative to V forms an abelian

subgroup of Z[H]. In Examples 4.3-4.6, it is easy to see that this is free of

rank 1 generated by Θ,Ψ and Ξ respectively. In general, the rank of this group

is as follows.

Proposition 4.7. Let V be an L[G] representation and let IrrQ(G) be the set

of isomorphism classes of irreducible representations of G over Q. Then,

rkZPBR(V) = |{conj. classes of non-cyclic H ≤ G}|+|{ρ ∈ IrrQ(G) : ⟨ρ,V⟩ = 0}|,
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where PBR(V) ⊆ Z[H] denotes the subgroup of pseudo Brauer relations

relative to V.

Proof. Denote by BR ⊆ Z[H] the subgroup of Brauer relations. It’s well

known that the rank of BR is equal to the number of conjugacy classes of non-

cyclic subgroups of G. Indeed, denoting by R(G) the rational representation

ring, we have a natural linear map α : Q[H]→ R(G)⊗Q sending
∑

i niHi to∑
i niInd

G
Hi
1. The kernel of α is BR⊗Q, the dimension of R(G)⊗Q is equal to

the number of conjugacy classes of cyclic subgroups of G by [79, §13.1, Cor. 1],

and α is surjective by the induction theorem [79, §13.1, Theorem 30].

The restriction of α to PBR(V)⊗Q is readily seen to have image contained

in the subspace of R(G)⊗Q spanned by irreducible rational representations ρ

with ⟨ρ,V⟩ = 0. To complete the proof we need to show that, conversely, any

such ρ lies in the image of α. This, again, is a consequence of the induction

theorem [79, §13.1, Theorem 30].

4.2 Regulator constants

In this section, we define regulator constants of pseudo Brauer relations.

Notation 4.8. Let Θ =
∑

iHi −
∑

j H
′
j ∈ Z[H] be a pseudo Brauer rela-

tion relative to a self-dual L[G]-representation V . Given a non-degenerate,

G-invariant, L-bilinear pairing ⟨⟨, ⟩⟩ on V , we denote by ⟨, ⟩1 the pairing

⟨, ⟩1 =
⊕
i

1

|Hi|
⟨⟨, ⟩⟩ on the vector space

⊕
i

VHi ,

and define the pairing ⟨, ⟩2 on
⊕

j V
H′

j similarly. Given a basis B = {vi} for⊕
i VHi , we denote by ⟨B,B⟩1 the matrix with (i, j)th entry ⟨vi, vj⟩1, and define

⟨B′,B′⟩2 for a basis B′ of
⊕

j V
H′

j similarly. By [28, Lemma 2.15], both ⟨, ⟩1
and ⟨, ⟩2 are non-degenerate.

Definition 4.9. Let Θ =
∑

iHi−
∑

j H
′
j ∈ Z[H] be a pseudo Brauer relation

relative to a self-dual L[G]-representation V , and let ⟨⟨, ⟩⟩ be a non-degenerate,
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G-invariant, L-bilinear pairing on V taking values in some field extension L′

of L. Given bases B for
⊕

i VHi and B′ for
⊕

j V
H′

j , we define

CB,B
′

Θ (V) = det⟨B,B⟩1
det⟨B′,B′⟩2

∈ L′×.

We then define the regulator constant of V relative to Θ, denoted CΘ(V),

to be the class of CB,B
′

Θ (V) in L′×/L×2 for any choice of bases B, B′ (the result

being independent of this choice).

Remark 4.10. By Theorem 4.14, the quantity CB,B
′

Θ (V) is non-zero and inde-

pendent of the choice of pairing. Therefore, by choosing an L-valued pairing

on V we deduce that CB,B
′

Θ (V) ∈ L×.

In addition, its class CB,B
′

Θ (V) in L×/L×2 is independent of the choice of

bases B,B′. This is seen by the transformation rule A 7→M∨AM for matrices

of bilinear forms A with respect to the change of basis matrix M (where M∨

denotes the transposed matrix).

In particular, by choosing diagonal bases for ⊕iVHi and ⊕jVH
′
j , then

CΘ(V) =
∏

i det
(

1
|Hi|⟨⟨, ⟩⟩|V

Hi
)∏

j det
(

1
|H′

j |
⟨⟨, ⟩⟩|VH′

j
) ,

where det
(

1
|Hi|⟨⟨, ⟩⟩|V

Hi
)
∈ L′×/L×2 denotes det( 1

|Hi|⟨⟨ei, ej⟩⟩) evaluated in any

L-basis {ei} for VHi (and similarly for VH′
j). By convention, we take an empty

determinant to be 1.

Example 4.11. Consider the Brauer relation Θ = C3 + 2C2 − {e} − 2S3

from Example 4.4. We let ρ denote the two-dimensional S3-representation

determined by V = {(x1, x2, x3)|
∑3

i=1 xi = 0} ⊆ Q3 with the S3-action given

by g · (x1, x2, x3) = (xg(1), xg(2), xg(3)).

Then, v1 = (1,−1, 0), v2 = (0, 1,−1) form a basis for V and a G-invariant

inner product ⟨⟨, ⟩⟩ on V with respect to this basis is given by the following

matrix: [
2 1

1 2

]
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Let’s suppose that C2 = ⟨(1, 2)⟩. Then, ρH is 0-dimensional when H = C3, S3

and one-dimensional spanned by v1 + 2v2 when H = C2. Therefore,

CΘ(ρ) =
(1) ·

(
1
2
⟨⟨v1 + 2v2, v1 + 2v2⟩⟩

)2
det

[
2 1

1 2

]
· (1)2

= 3 mod Q×2.

Now consider ϵ = det(ρ), the 1-dimensional sign representation of S3. Then,

ϵH is 0-dimensional when H = C2, S3, while C3 acts trivially on ϵ. Therefore,

by choosing any non-trivial pairing on ϵ (for example, ⟨⟨v, v⟩⟩ = 1 for v any

non-zero vector in ϵ), we deduce

CΘ(ϵ) =
1
3
· (1)2

1
1
· (1)2

= 3 mod Q×2.

It’s also easy to show that

CΘ(1) =
1
3
· (1

2
)2

1
1
· (1

6
)2

= 3.

Therefore, the regulator constants for the irreducible S3-representations are:

1 ϵ ρ
CΘ 3 3 3

Example 4.12. Consider the Brauer relation Ψ = Ca
2+C

b
2+C

c
2−2C2×C2−{e}

from Example 4.5. Let ⟨⟨, ⟩⟩ be any non-zero pairing on 1. Then,

CΨ(1) =
(1
2
) · (1

2
) · (1

2
)

(1
4
)2 · (1

1
)

= 2 mod Q×2.

In addition, let ϵa be the non-trivial, irreducible character of C2×C2 determined

by ϵa(C
a
2 ) = 1. It follows that

CΨ(ϵa) =
(1
2
) · (1) · (1)
(1)2 · (1

1
)

= 2 mod Q×2.

An identical calculation shows that CΨ(ϵb) = CΨ(ϵc) = 2, where ϵb, ϵc are the

remaining, non-trivial irreducible representations of C2 × C2.
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To summarise, the regulator constants for the irreducible representations

of C2 × C2 are as follows:

1 ϵa ϵb ϵc
CΘ 2 2 2 2

Example 4.13. Consider the pseudo Brauer relation Ξ = Cp − {e} relative

to 1 from Example 4.6. It follows that

CΞ(1) =
(1
p
)

(1)
=

1

p
.

Therefore, CΞ(1) = p mod Q×2.

Many properties of regulator constants associated to Brauer relations

[28, §2.ii] continue to hold for the pseudo Brauer relations of Definition 4.9.

Specifically, we have the following:

Theorem 4.14. Let L be a field of characteristic 0, G be a finite group and

V ,V1,V2 be finite dimensional self-dual L[G]-representations. Then,

1. given a pseudo Brauer relation Θ relative to V, CΘ(V) is independent of

the choice of pairing ⟨⟨, ⟩⟩, and takes values in L×/L×2,

2. given pseudo Brauer relations Θ1 and Θ2 relative to V, we have

CΘ1+Θ2(V) = CΘ1(V) CΘ2(V),

3. if Θ is a pseudo Brauer relation relative to both V1 and V2, then

CΘ(V1 ⊕ V2) = CΘ(V1)CΘ(V2).

In particular, if V ∼=
⊕

i V
ni
i is a decomposition into self-dual L[G]-

representations, then CΘ(V) =
∏

i CΘ(Vi)ni .

Remark 4.15. We note that CΘ is compatible with extension of scalars: if

M/L is a field extension, then CΘ(V) = CΘ(V ⊗L M) in M×/M×2. On the
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other hand, if V descends to a K[G]-representation W for a subfield K ⊆ L,

then W is unique up to K[G]-isomorphism. In particular, we can associate to

V a well-defined regulator constant CΘ(W) ∈ K×/K×2. We will often omit W

from the notation and simply view CΘ(V) as an element of K×/K×2 without

comment.

Theorem 4.14 is a generalisation of [28, Theorem 2.17 & Corollary 2.18].

In addition, the following result generalises [28, Corollary 2.25 & Lemma 2.26].

Recall that a G-representation V is said to be symplectic if its space admits a

non-degenerate alternating and G-invariant pairing.

Lemma 4.16. Let Θ =
∑

iHi −
∑

j H
′
j be a pseudo Brauer relation relative

to V. If either

1. V is symplectic, or

2. ⟨V , L[G/Hi]⟩ = ⟨V , L[G/H ′
j]⟩ = 0 for all i, j,

then CΘ(V) ≡ 1 mod L×2.

Proof. See [28, Corollary 2.25, Lemma 2.26].

We use this to show that CΘ(V) can be taken to be a positive real number.

Lemma 4.17. Let Θ be a pseudo Brauer relation relative to a self-dual L[G]-

representation V. Then, there exists a positive real number in the same class

as CΘ(V) in L×/L×2. (Recall that we fixed an embedding L ↪→ C at the start

of the section.)

Proof. Write V ∼= ψ1 ⊕ ψ2 where ψ1 (resp. ψ2) is an orthogonal (resp. sym-

plectic) respresentation. Then CΘ(V) = CΘ(ψ1)CΘ(ψ2) = CΘ(ψ1) by Theorem

4.14(3) and Lemma 4.16(1). Now ψ1 is realisable over R, say on a real vec-

tor space W , which necessarily admits a positive definite G-invariant pairing

(take the average, over g ∈ G, of any inner product). The associated pairings

⟨, ⟩1, ⟨, ⟩2 (as in Notation 4.8) are then positive definite. Computing CΘ(W)

with respect to these pairings we obtain a positive real number. By Remark

4.15, this gives the result.
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4.3 Computable sets of representations

We now introduce a special set of representations in the case L = Qp. For an

analogous formulation in terms of a special class of representations, denoted

τΘ,p, see [32, §3.3].

Definition 4.18. Let Θ be a pseudo Brauer relation relative to a self-dual

Qp[G]-representation V . Consider the set RV of all Qp-irreducible representa-

tions which are self-dual and satisfy ⟨τ,V⟩ > 0. Then, we define

SΘ,p(V) = {τ ∈ RV | ordpCΘ(τ) ≡ 1 mod 2}.

When there is no confusion, we will simply write SΘ,p to denote this set.

Any self-dual representation V admits a decomposition of the form

V ∼=
⊕

τ∈RV
τnτ ⊕ ρ, where ρ satisfies ρ ⊗ Qp

∼= σ ⊕ σ∗ for σ ̸= σ∗. The

set SΘ,p computes the parity of ordpCΘ(V) in the following sense.

Lemma 4.19. We have ordpCΘ(V) ≡
∑

τ∈SΘ,p

⟨V,τ⟩
⟨τ,τ⟩ mod 2.

Proof. As in [28, proof of Cor. 2.25], ρ ⊗ Qp admits a non-degenerate alter-

nating and G-invariant pairing, and using [28, proof of Thm. 2.24], we deduce

that ρ does too. Therefore, CΘ(ρ) = 1 by Lemma 4.16(1). Then,

ordpCΘ(V)
Thm. 4.14(3)
≡

∑
τ∈Rv

nτordpCΘ(τ)+ordpCΘ(ρ)
Lem. 4.16(1)
Def. 4.18≡

∑
τ∈SΘ,p

nτ mod 2.

Since nτ =
⟨V,τ⟩
⟨τ,τ⟩ , the result follows.

Example 4.20. The following table gives the computable sets SΘ,p in the case

of Examples 4.4–4.6. For details, see Examples 4.11–4.13.

V G Θ p SΘ,p

Q[G] S3 C3 + 2C2 − {e} − 2S3 3 {1, ϵ, ρ}

Q[G] C2 × C2 Ca
2 + Cb

2 + Cc
2 − 2C2 × C2 − {e} 2 {1, ϵa, ϵb, ϵc}

1 Cp Cp − {e} p {1}
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4.4 Alternative definition of regulator constants

The following reinterpretation of regulator constants is based on expositions,

in the case of Brauer relations, given in [2, §3] and [29, Lemma 3.2]. We begin

with some notation.

Notation 4.21. Let M be a Z[G]-module (below we will take M = V to be

a self-dual L[G]-representation, but this greater generality will be useful in

Chapters 5&6). For each subgroup H of G we have an isomorphism

HomG(Z[G/H],M)
∼−→MH (∗)

given by evaluating homomorphisms at the trivial coset. Given subgroups

H1, . . . , Hn and H ′
1, . . . , H

′
m of G, define G-sets S =

⊔n
i=1G/Hi and S ′ =⊔m

j=1G/H
′
j. Taking Z[S] and Z[S ′] to be the corresponding permutation mod-

ules, (∗) induces isomorphisms

HomG(Z[S],M) ∼=
⊕
i

MHi and HomG(Z[S ′],M) ∼=
⊕
j

MH′
j .

Consequently, given Φ ∈ HomG(Z[S],Z[S ′]), the map from HomG(Z[S ′],M) to

HomG(Z[S],M) sending f to f ◦ Φ induces a homomorphism

Φ∗ :
⊕
j

MH′
j →

⊕
i

MHi .

The G-module Z[S] (resp. Z[S ′]) is canonically self-dual, via the pairing

making the elements of S (resp. S ′) an orthonormal basis. Given Φ ∈

HomG(Z[S],Z[S ′]) we denote by Φ∨ the corresponding dual homomorphism

Φ∨ : Z[S ′]→ Z[S].

Definition 4.22. Let Θ =
∑

iHi−
∑

j H
′
j ∈ Z[H] be a pseudo Brauer relation

relative to a self-dual L[G]-representation V . We say that a Z[G]-module
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homomorphism Φ :
⊕

i Z[G/Hi]→
⊕

j Z[G/H ′
j] realises Θ if the induced map

Φ∗ :
⊕
j

VH′
j →

⊕
i

VHi

is an isomorphism.

Remark 4.23. If Θ =
∑

iHi −
∑

j H
′
j is a Brauer relation (see Remark 4.3),

then a G-map realising it is a G-injection Φ :
⊕

i Z[G/Hi]→
⊕

j Z[G/H ′
j] with

finite cokernel.

Example 4.24. We consider Θ = C3 + 2C2 − {e} − 2S3, the Brauer rela-

tion for S3 from Example 4.4. We fix generators g, h for S3 so that

S3 = ⟨g, h|g3 = h2 = hghg = e⟩. Let θ denote the injective S3-module homo-

morphism

θ : Z[S3/⟨g⟩]y1 ⊕ Z[S3/⟨h⟩]y2 ⊕ Z[S3/⟨h⟩]y3 → Z[S3]x1 ⊕ Zx2 ⊕ Zx3

determined by y1 7→ (e + g + g2)x1 + x3, y2 7→ (e + h)x1 + x2, and

y3 7→ (e+ h)gx1. With respect to the bases {y1, hy1, y2, gy2, g2y2, y3, gy3, g2y3}

and {x1, gx1, g2x1, hx1, hgx1, hg2x1, x2, x3}, θ is given by the following matrix.



1 0 1 0 0 0 0 1

1 0 0 1 0 1 0 0

1 0 0 0 1 0 1 0

0 1 1 0 0 0 1 0

0 1 0 0 1 1 0 0

0 1 0 1 0 0 0 1

0 0 1 1 1 0 0 0

1 1 0 0 0 0 0 0


This matrix has full rank. Therefore, θ realises Θ = C3 + 2C2 − {e} − 2S3.

Example 4.25. We consider Ψ = Ca
2 + Cb

2 + Cc
2 − 2C2 × C2 − {e}, the Brauer

relation for C2 × C2 from Example 4.5. We fix generators σ, τ for it so that

C2 × C2 = ⟨σ, τ |σ2 = τ 2 = στστ = e⟩. Let ψ denote the injective G-module
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homomorphism

ψ : Z[G/⟨σ⟩]y1 ⊕ Z[G/⟨τ⟩]y2 ⊕ Z[G/⟨στ⟩]y3 → Zx1 ⊕ Zx2 ⊕ Z[G]x3

determined by y1 7→ x1+(e+σ)x3, y2 7→ x2+(e+τ)x3, y3 7→ (1+στ)x3.With

respect to the bases {y1, τy1, y2, σy2, y3, σy3} and {x1, x2, x3, σx3, τx3, στx3},

ψ is given by the following matrix.



1 1 0 0 0 0

0 0 1 1 0 0

1 0 1 0 1 0

1 0 0 1 0 1

0 1 1 0 0 1

0 1 0 1 1 0


This matrix has full rank. Therefore, ψ realises Ψ.

Example 4.26. Consider Ξ = Cp − {e}, the pseudo Brauer relation relative

to 1 from Example 4.6, and let g be a generator for Cp. We let ξ : Z→ Z[Cp]

be the map determined by 1 7→
∑p−1

i=0 g
i. Then, the induced map ξ∗ : 1 → 1

is the multiplication-by-p map. Therefore, ξ realises Ξ = Cp − {e}

Lemma 4.27. Let Θ =
∑

iHi −
∑

j H
′
j be a pseudo Brauer relation relative

to an L[G]-representation V. Then, there exists a G-module homomorphism Φ

realising Θ.

Proof. By Definition 4.1, we can find CG-representations ρ1, ρ2 such that

ρ1 ⊕
⊕

iC[G/Hi] is isomorphic to ρ2 ⊕
⊕

j C[G/H ′
j]. We may assume that

ρ1 and ρ2 have no common irreducible constituents ensuring that both ρ1, ρ2

are realisable over Q. We can then find free Z[G]-modules V1 and V2 such that

V1 ⊗Z C ∼= ρ1 and V2 ⊗Z C ∼= ρ2, and a G-module homomorphism

ϕ : V1 ⊕
⊕
i

Z[G/Hi]→ V2 ⊕
⊕
j

Z[G/H ′
j]

with finite kernel and cokernel. Denoting by ι and π the inclusion/projection

in/out of the permutation modules, one checks that Φ = π ◦ ϕ ◦ ι realises the



4.4. Alternative definition of regulator constants 63

pseudo Brauer relation Θ.

Notation 4.28. Given finite dimensional L-vector spaces V,W , with bases

B1 = {vi}i,B2 = {wj}j respectively, and given an L-linear map T : V → W ,

we write [T ]B2
B1

to denote the matrix of T relative to B1 and B2. Similarly to

Notation 4.8, given a pairing ⟨⟨, ⟩⟩ between V and W , we denote by ⟨⟨B1,B2⟩⟩

the matrix with (i, j)th entry ⟨⟨vi, wj⟩⟩.

The following proposition (along with Corollary 4.30) gives the promised

alternative description of regulator constants.

We highlight that, while we have not yet shown that CB,B
′

Θ (V) is inde-

pendent of the choice of pairing ⟨⟨, ⟩⟩ made in its definition, the proof of the

proposition applies regardless of the choice made. As a by-product, this will

prove the sought independence.

Proposition 4.29. Let Θ =
∑

iHi −
∑

j H
′
j be a pseudo Brauer relation rel-

ative to a self-dual L[G]-representation V. For any G-module homomorphism

Φ realising Θ, we have

CB,B
′

Θ (V) = det[(Φ∨)∗]B
′

B
det[Φ∗]BB′

where B, B′ are bases for
⊕

i VHi,
⊕

j V
H′

j respectively.

Proof. Fix a non-degenerate G-invariant pairing ⟨⟨, ⟩⟩ on V . We follow the

proof of [29, Lemma 3.2]. For a finite G-set T we define the pairing (, )T on

HomG(Z[T ],V) by setting

(f1, f2)T =
1

|G|
∑
t∈T

⟨⟨f1(t), f2(t)⟩⟩.

Take S =
⊔
iG/Hi and S

′ =
⊔
j G/H

′
j. After identifying HomG(Z[S],V) with⊕

i VHi as in Notation 4.21, the pairing (, )S identifies with the pairing ⟨, ⟩1 of

Notation 4.8. Similarly, the pairing (, )S′ identifies with the pairing ⟨, ⟩2. A

straightforward computation then shows that Φ∗ and (Φ∨)∗ are adjoint for the
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pairings ⟨, ⟩1 and ⟨, ⟩2 (see [2, Theorem 3.2] for details). We now compute

CB,B
′

Θ (V) = det⟨B,B⟩1
det⟨B′,B′⟩2

=
det⟨B,Φ∗B′⟩1
det[Φ∗]BB′

· det[(Φ∨)∗]B
′

B
det⟨(Φ∨)∗B,B′⟩2

=
det[(Φ∨)∗]B

′
B

det[Φ∗]BB′
.

Given a G-map Φ realising Θ and a basis B for
⊕

i VHi , we write Φ∨B for

the basis for
⊕

j V
H′

j obtained by applying (Φ∨)∗ (cf. Notation 4.21) to the

basis vectors in B.

Corollary 4.30. Let Θ be a pseudo Brauer relation relative to a self-dual

L[G]-representation V. Then

CB,Φ
∨B

Θ (V) = 1

det(Φ∨Φ)∗
.

In particular, CB,Φ
∨B

Θ (V) is independent of B.

Proof. Immediate from Proposition 4.29.

We can now prove Theorem 4.14.

Proof of Theorem 4.14. Parts (2) and (3) follow readily from part (1). To

prove (1), pick some Φ realising the pseudo Brauer relation Θ (this always

exists by Lemma 4.27), and pick a pairing ⟨⟨, ⟩⟩ as in the definition of CΘ(V).

The proof of Proposition 4.29 then shows that

CΘ(V) ≡ det(Φ∨Φ)∗ mod L×2.

Since the right hand side is an element of L× which is independent of ⟨⟨, ⟩⟩, the

result follows.

Remark 4.31. The choice of representatives in H made at the start of this

section does not affect the above results in any meaningful way. For instance,

if Θ =
∑

iHi −
∑

j H
′
j ∈ Z[H] is a pseudo Brauer relation relative to V ,

and we set Mi = giHig
−1
i , M ′

i = g′iH
′
ig

′−1
i for some gi, g

′
i ∈ G, then we have

canonical isomorphisms
⊕

i VHi ≃
⊕

i VMi and
⊕

i Z[G/Mi] ≃
⊕

i Z[G/Hi]

given by (xi) 7→ (gixi) and (yiMi) 7→ (yigiHi) respectively. Similarly for H ′
j.
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We conclude that the calculation of a regulator constant from Definition 4.9

and the notion of realising a pseudo Brauer relation from Definition 4.22 are

consistent even after a change from Θ to Θ′ =
∑

iMi−
∑

jM
′
j. In addition, a

change from Θ to Θ′ does not affect Proposition 4.29 or Corollary 4.30.



Chapter 5

Rank parity from pseudo

Brauer relations

In this chapter, we apply regulator constants and pseudo Brauer relations to

study parities of ranks of Jacobians.

We first present a formalism which associates to a pseudo Brauer relation

relative to the ℓ-adic Tate module an isogeny, see Theorem 5.3. In particular,

we show that if Φ is a G-map realising this pseudo Brauer relation, then the

induced homomorphism fΦ given in Definition A.5 is an isogeny.

We then use the induced isogeny to give a definition of a purely local

arithmetic invariant ΛΘ and a method for studying Selmer rank parities of

Jacobians in terms of these local invariants, see Theorem 5.7.

5.1 Isogenies from pseudo Brauer relations

We let X be a curve defined over a characteristic 0 field K, and let G be a

finite subgroup of AutK(X).

Definition 5.1. We say that Θ is a pseudo Brauer relation for G and X if Θ

is a pseudo Brauer relation relative to Vℓ(JacX) in the sense of Definition 4.1.

When there is no ambiguity, we call these pseudo Brauer relations for X.

Remark 5.2. Having fixed an embedding K ↪→ C, we have a Qℓ[G]-module

isomorphism

H1(JacX(C),Z)⊗Qℓ
∼= Vℓ(JacX)
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for every prime ℓ [1, Exposé XI, Theorem 4.4]. Therefore the notion of a

pseudo Brauer relation for X is independent of ℓ.

Theorem 5.3. Let X be a curve over a field K of characteristic 0, and G be

a finite subgroup of AutK(X). Let
∑

iHi−
∑

j H
′
j be a pseudo Brauer relation

for X realised by Φ (in the sense of Definition 4.22). Then, the following hold:

1. The induced homomorphism

fΦ :
∏
j

JacX/H′
j
→

∏
i

JacX/Hi

afforded by Theorem A.1 is a K-isogeny.

2. If Φ′ realises a pseudo Brauer relation
∑

j H
′
j −

∑
kH

′′
k for X, then the

composition Φ′Φ realises
∑

iHi −
∑

kH
′′
k and fΦ′Φ = fΦfΦ′ .

3. The dual homomorphism Φ∨ (as in Notation 4.21) realises the pseudo

Brauer relation
∑

j H
′
j −

∑
iHi for X, and we have fΦ∨ = (fΦ)

∨ where

(fΦ)
∨ denotes the dual of fΦ with respect to the canonical principal po-

larisations.

Proof. For (1), we first show that Vℓ(fΦ) :
∏

j Vℓ(JacX/H′
j
) →

∏
i Vℓ(JacX/Hi

)

agrees with the pull-back map Φ∗ :
∏

j Vℓ(JacX)
H′

j →
∏

i Vℓ(JacX)
Hi of No-

tation 4.21 after identifying Vℓ(π
∗
H) : Vℓ(JacX/H)

∼→ Vℓ(JacX)
H using The-

orem 3.9(1). By additivity, it suffices to prove this in the case where Φ is

a map Z[G/H] → Z[G/H ′]. A direct consequence of Lemma A.4 is that

π∗
HfΦ = Φ̃π∗

H′ . Applying Vℓ(−) to this composition gives rise to a commuta-

tive diagram

Vℓ(JacX/H′) Vℓ(JacX/H)

Vℓ(JacX)
H′

Vℓ(JacX)
H

Vℓ(fΦ)

Vℓ(π
∗
H′ ) ∼= Vℓ(π

∗
H) ∼=

Φ∗

It therefore follows that Vℓ(fΦ) agrees with Φ∗. Since Φ realises Θ, then the

induced map Φ∗ :
∏

j Vℓ(JacX)
H′

j →
∏

i Vℓ(JacX)
Hi is an isomorphism. Since

this agrees with Vℓ(fΦ), claim (1) follows from Faltings’ isogeny theorem.
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For (2), it is clear that Φ′Φ realises the pseudo Brauer relation
∑

iHi −∑
kH

′′
k , while the equality fΦ′Φ = fΦfΦ′ follows from Theorem A.1(1). The

duality assertion of (3) follows from Theorem A.1(2).

Example 5.4. We consider Example 2.10 with Θ = C3+2C2−{e}−2S3, the

Brauer relation for S3 from Example 4.4. We also fix generators g, h so that

S3 = ⟨g, h|g3 = h2 = hghg = e⟩. We then have the following Galois cover with

the corresponding lattice of subgroups on the right:

P1

D

E

B

S3

⟨g⟩
⟨h⟩

{e}

Let θ denote the injective S3-module homomorphism from Example 4.24.

By Theorem 5.3, there are isogenies

fθ : JacB → E × E × JacD and fθ∨ = f∨
θ : E × E × JacD → JacB.

Explicitly, the isogenies associated to θ and θ∨ are given by

fθ = (πE∗, πE∗ ◦ g∗, πD∗) and (fθ)
∨ = π∗

E + g∗ ◦ π∗
E + π∗

D,

where πE : B → E, πD : B → D denote the quotient maps.

Example 5.5. We consider Example 1.5 with Ψ = Ca
2 +C

b
2+C

c
2−2C2×C2−

{e}, the Brauer relation for C2×C2 from Example 4.5. Then, the Galois cover

is as follows:
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P1

Y2Y1 P1

X

C2 × C2

⟨στ⟩⟨τ⟩ ⟨σ⟩

{e}

Theorem 5.3 associates an isogeny fψ : JacX → JacY1 × JacY2 to the

homomorphism ψ from Example 4.25. Explicitly, fψ = (π1∗, π2∗), with the

dual isogeny given by f∨
ψ = π∗

1 + π∗
2, where π1 : X → Y1 and π2 : X → Y2 are

the natural quotient maps.

The next result concerns the degree of the induced isogeny of Theorem 5.3.

Recall that a G-representation V is said to be orthogonal if its space admits a

non-degenerate symmetric bilinear form invariant under G.

Proposition 5.6. Suppose that Ω1(JacX) is a self-dual G-representation. Fix

any basis B1 for Ω1(
∏

i JacX/Hi
) and let Φ∨B1 be the basis for Ω1(

∏
j JacX/H′

j
)

obtained by applying (Φ∨)∗ to the basis vectors in B1.

1. We have

CB1,Φ∨B1

Θ (Ω1(JacX))
−1 = ±deg(fΦ).

2. If Ω1(JacX) is orthogonal, then

CB1,Φ∨B1

Θ (Ω1(JacX))
−1 = deg(fΦ).

3. For any G-maps Φ1, Φ2 realising Θ, deg(fΦ1)/deg(fΦ2) lies in Q×2.
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Proof. For (1), we compute

CB1,Φ∨B1

Θ (Ω1(JacX))
−2

Cor. 4.30 &
[53, Lem. 5.10(1)]

= det
(
(Φ∨Φ)∗ | Vℓ(

∏
JacX/Hi

)
)

[53, Lem. 4.28]
= det

(
fΦ∨Φ | Vℓ(

∏
JacX/Hi

)
)

[66, Prop. 12.9]
= deg(fΦ∨Φ)

Thm. 5.3 (2),(3)
= deg(fΦ)

2.

For (2), the G-representation Ω1(JacX) is realisable over R [79, §13.2, Thm.

31], say on an R-vector space WR. By evaluating CB1,Φ∨B1

Θ (Ω1(JacX)) with

respect to an R-basis B1 for
∏

i(WR)
Hi , Lemma 4.17 combined with Theorem

4.14(1) tell us that CB1,Φ∨B1

Θ (Ω1(JacX)) is a positive real number. Since the

equality in (1) holds for any B1, we obtain the result. For (3), note that

Ω1(JacX)
⊕2 is realisable over Q by [53, Lemma 5.10(2)]. It follows from [76,

Theorem 32.15] that there exist infinitely many distinct quadratic extensions

L/Q such that Ω1(JacX) is realisable over L. For each such, we deduce from

part (1) and Theorem 4.14(1) that ±deg(fΦ1
)

deg(fΦ2
)
∈ L×2. This is only possible if

deg(fΦ1
)

deg(fΦ2
)
∈ Q×2.

5.2 Local formulae for Selmer rank parities

The main result of this section is the following.

Theorem 5.7. Let X be a curve over a number field K and G be a finite

subgroup of AutK(X). Let Θ be a pseudo Brauer relation for X, and suppose

that Ω1(JacX) is a self-dual G-representation. Then

ordpCΘ(Xp(JacX)) ≡
∑

v place of K

ordpΛΘ(X/Kv) mod 2,

where the local invariant ΛΘ(X/Kv) is as in Definition 5.24. In particular, we

have ∑
τ∈SΘ,p

⟨Xp(JacX), τ⟩
⟨τ, τ⟩

≡
∑

v place of K

ordp ΛΘ(X/Kv) mod 2,
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where SΘ,p is the set from Definition 4.18 considered with respect to Xp(JacX).

Given a K-rational isogeny fΦ :
∏

j JacX/H′
j
→

∏
i JacX/Hi

, we write

fΦ(Kv) to denote the induced map on Kv-rational points. In order to prove

Theorem 5.7, we begin by defining the following local invariant

λΘ,Φ(X/Kv) =
#cokerfΦ(Kv)

#kerfΦ(Kv)
·
∏

i µv(X/Hi)∏
j µv(X/H

′
j)
,

where Φ is a G-map realising Θ and µv encodes whether a curve is deficient

at a place v (see Definition 2.16). We prove an analogue of the above formula

(see Theorem 5.14) with λΘ,Φ in place of ΛΘ. Unfortunately, λΘ,Φ depends on

the choice of Φ. We remove this dependence (see Lemma 5.17(1)) in the case

when Ω1(JacX) is self-dual by introducing a revised invariant

λ̃Θ(X/Kv) = λΘ,Φ(X/Kv) ·
∣∣√deg(fΦ)

∣∣
v
.

The drawback now is that ordpλ̃Θ ≡ 0, 1
2
, 1 or 3

2
mod 2. We finally fix this

(see Theorem 5.25(1)) by defining

ΛΘ(X/Kv) = λ̃Θ(X/Kv) ·
∣∣∣√CsfΘ(Ω1(JacX))

∣∣∣
v
,

where CsfΘ ∈ N denotes the square-free part of deg(fΦ), calculated with respect

to any Φ. We caution that whilst λ̃Θ is multiplicative in Θ, in general ΛΘ is

not.

Remark 5.8. When Kv/Qℓ is a finite extension and p ̸= 2 or ℓ, we will addi-

tionally show (see Theorem 5.25(3)) that

ordp ΛΘ(X/Kv) = ordp

∏
i cv(JacX/Hi

)∏
j cv(JacX/H′

j
)
,

where cv(A) denotes the Tamagawa number of an abelian variety A/Kv, see

§2.3.1. Lemma 5.27 gives an analogue of this formula for arbitrary prime p.

Remark 5.9. By Theorem 3.1(2), Xp(JacX) is a self-dual G-representation
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for all p, and any pseudo Brauer relation for X is a pseudo Brauer relation

relative to Xp(JacX). Thus, the left-hand side of the formula in Theorem 5.7

is well-defined.

Remark 5.10. In Theorem 5.7, we consider the base change of X/K to all

completions Kv, alongside the base-changed action of G on X/Kv. We note

that X/Kv may not remain connected after base change (see proof of Propo-

sition 2.17 for example). Consequently, the framework of general curves dis-

cussed in §2.1.3 and detailed in [53] is essential for studying parities of Selmer

ranks using Theorem 5.7.

5.2.1 A local formula in λΘ,Φ(X/K)
Here we prove an analogue of Theorem 5.7 obtained by replacing ΛΘ with the

local invariant λΘ,Φ. As in §2.3.1, we use the following notation for Tamagawa

numbers and real/complex periods.

Notation 5.11. For an abelian variety A over a local field K of characteristic

0, and choice of non-zero exterior form ω on A, we write

C(A, ω) =


c(A) · |ω/ω0| when K/Qp is finite,∫
A(K)
|ω| when K = R,

2dim(A)
∫
A(K)
|ω ∧ ω̄| when K = C.

Here ω/ω0 ∈ K× is such that ω = (ω/ω0) · ω0, where ω0 is a Néron exterior

form on A.

Definition 5.12. Let K be a local field of characteristic 0, X/K be a curve, G

be a finite subgroup of AutK(X) and Θ =
∑

iHi−
∑

j H
′
j be a pseudo Brauer

relation for X. Fix bases B1, B2 for Ω1(
∏

i JacX/Hi
), Ω1(

∏
j JacX/H′

j
) and write

ω(B1), ω(B2) for the exterior forms given by the wedge product of the elements

in B1, B2 respectively. We define

λB1,B2

Θ (X/K) =
C(

∏
i JacX/Hi

, ω(B1))
C(

∏
j JacX/H′

j
, ω(B2))

·
∏

i µ(X/Hi)∏
j µ(X/H

′
j)
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where C is given in Notation 5.11 and µ is as in Definition 2.16.

Given a G-map Φ realising Θ, write Φ∨B1 for the basis obtained by ap-

plying (Φ∨)∗ to the elements of B1 (cf. Notation 4.21). We additionally define

λΘ,Φ(X/K) = λB1,Φ∨B1

Θ (X/K).

We write fΦ(K) for the map on K-points induced by the isogeny fΦ.

Lemma 5.13. We have

λΘ,Φ(X/K) =
#cokerfΦ(K)
#kerfΦ(K)

·
∏

i µ(X/Hi)∏
j µ(X/H

′
j)
.

In particular, λΘ,Φ(X/K) ∈ Q× and is independent of the choice of B1.

Proof. By applying [53, Remark 4.29] with F = Ω1(−), and taking exterior

powers, we deduce that f ∗
Φω(B1) = ω(Φ∨B1) (alternatively, argue as in the

proof of Theorem 5.3(1)). As in the proof of [65, Theorem 7.3], we have

C(
∏

i JacX/Hi
, ω(B1))

C(
∏

j JacX/H′
j
, ω(Φ∨B1))

=
#cokerfΦ(K)
#kerfΦ(K)

,

giving the required result.

Theorem 5.14. Let X be a curve over a number field K and G be a finite

subgroup of AutK(X). Let Θ be a pseudo Brauer relation for X, Φ a G-map

realising Θ and p a prime. Then,

ordpCΘ(Xp(JacX)) ≡
∑

v place of K

ordpλΘ,Φ(X/Kv) mod 2.

Proof. For a K-isogeny f : A→ B, we write

Q(f) = #coker(f : A(K)/A(K)tors → B(K)/B(K)tors) ·#ker(f : X(A)div →X(B)div),

where Xdiv denotes the divisible part of X. Thus, if f is a self-isogeny of A,

then ordpQ(f) = ordpdet(f |Xp(A)) (see for example [29, §2]). We let B1 be
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a global basis for Ω1(
∏

i JacX/Hi
/K) and write ω(B1) for the exterior form on∏

i JacX/Hi
/K obtained by taking the wedge product of elements in B1, and

similarly for ω(Φ∨B1). As in the proof of Lemma 5.13, ω(Φ∨B1) = f ∗
Φω(B1)

and so

Q(fΦ)

Q(f∨
Φ)

[30, Thm. 4.3]
≡

∏
v Cv(

∏
i JacX/Hi

, ω(B1))∏
v Cv(

∏
j JacX/H′

j
, f ∗

Φω(B1))
·
∏

i#X0(JacX/Hi
)[2∞]∏

j #X0(JacX/H′
j
)[2∞]

Prop. 2.17 &
Lem. 5.13≡

∏
v

λΘ,Φ(X/Kv) mod Q×2

where Cv(A, ω) denotes C(A, ω) for A/Kv. Adding on, by Theorem 5.3(2)–(3),

Q(fΦ)

Q(f∨
Φ)
≡ Q(fΦ)Q(f

∨
Φ) = Q(fΦf

∨
Φ) = Q(fΦfΦ∨) = Q(fΦ∨Φ) mod Q×2.

Putting everything together, we get

ordp
∏
v

λΘ,Φ(X/Kv) ≡ ordp det
(
fΦ∨Φ | Xp

(∏
i

JacX/Hi

))
[53, Lem. 4.28]
≡ ordp det

(
(Φ∨Φ)∗ | Xp

(∏
i

JacX/Hi

))
Cor. 4.30≡ ordpCΘ(Xp(JacX)) mod 2

This completes the proof.

5.2.2 The local invariant λ̃Θ(X/K)
Assuming that Ω1(JacX) is a self-dual K[G]-representation, we now define a

revised version of the local invariant λΘ,Φ.

Definition 5.15. Let K be a local field of characteristic 0, X/K be a curve,

G be a finite subgroup of AutK(X) and Θ =
∑

iHi −
∑

j H
′
j be a pseudo

Brauer relation for X. Fix bases B1, B2 for Ω1(
∏

i JacX/Hi
), Ω1(

∏
j JacX/H′

j
).

Assuming that Ω1(JacX) is self-dual as a K[G]-representation, we define

λ̃Θ(X/K) =
λB1,B2

Θ (X/K)∣∣∣√CB1,B2

Θ (Ω1(JacX))
∣∣∣
K

,
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where CB1,B2

Θ is the regulator constant evaluated with respect to B1, B2 as in

Definition 4.9.

Remark 5.16. By Theorem 3.9(6), any pseudo Brauer relation Θ for X is

also a pseudo Brauer relation relative to Ω1(JacX). Thus, CB1,B2

Θ (Ω1(JacX)) is

well-defined.

Lemma 5.17. Suppose that Ω1(JacX) is a self-dual K[G]-representation.

1. λ̃Θ(X/K) is independent of the bases B1, B2.

2. λ̃Θ(X/K) is independent of how Θ is expressed as a formal linear combi-

nation of conjugacy classes of subgroups of G. That is, for all subgroups

H of G,

λ̃Θ(X/K) = λ̃Θ+(H−H)(X/K).

3. Given pseudo Brauer relations Θ1, Θ2 for X,

λ̃Θ1+Θ2(X/K) = λ̃Θ1(X/K)λ̃Θ2(X/K).

4. For every G-map Φ realising Θ,

λ̃Θ(X/K) =
#cokerfΦ(K)
#kerfΦ(K)

·
∏

i µ(X/Hi)∏
j µ(X/H

′
j)
·
∣∣√deg(fΦ)

∣∣
K.

Proof. (1) holds since, using Notation 4.28,

λB̃1,B̃2

Θ (X/K)
λB1,B2

Θ (X/K)
=
|det

(
[Id]B1

B̃1

)
|K

|det
(
[Id]B2

B̃2

)
|K

and
CB̃1,B̃2

Θ (Ω1(JacX))

CB1,B2

Θ (Ω1(JacX))
=

det
(
[Id]B1

B̃1

)2
det

(
[Id]B2

B̃2

)2 .
For (2), given a basis BH for Ω1(JacX/H), we write B′

1 = B1 ⊔ BH for the

corresponding basis for Ω1(
∏

i JacX/Hi
× JacX/H). Similarly, we write B′

2 =

B2 ⊔ BH . Evaluating λ̃Θ+(H−H)(X/K) with respect to B′
1, B′

2 and λ̃Θ(X/K)

with respect to B1, B2, gives the desired equality, which holds for any choice

of bases by (1). (3) follows in the same way as (2). (4) follows from part (1),

Lemma 5.13 and Proposition 5.6(1).
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Theorem 5.18. With the same set up as in Theorem 5.14, and supposing that

Ω1(JacX) is a self-dual K[G]-representation, we have

ordpCΘ(Xp(JacX)) ≡
∑

v place of K

ordpλ̃Θ(X/Kv) mod 2Z,

where we extend ordp to Q(
√
p) so that ordpλ̃Θ(X/Kv) ∈ 1

2
Z.

Proof. Let Φ be any G-map realising Θ. By Lemma 5.17(4), λ̃Θ(X/Kv) =

λΘ,Φ(X/K) · |deg(fΦ)|1/2v for all v independently of Φ. Since
∏

v |deg(fΦ)|v = 1,

we deduce that

ordp
∏
v

λ̃Θ(X/Kv) = ordp
∏
v

λΘ,Φ(X/Kv)
Thm. 5.14≡ ordpCΘ(Xp(JacX)) mod 2.

Although λ̃Θ(X/K) is independent of the underlying bases of differentials,

it is difficult to work with in practice since it may not be rational.

5.2.3 The invariant ΛΘ(X/K) and a local formula

Here we detail how ΛΘ is obtained from the local invariant λ̃Θ(X/K) introduced

in Definition 5.15. This involves introducing a correction term which we will

denote by CsfΘ. We show that ΛΘ is rational and conclude the section by proving

Theorem 5.7.

Definition 5.19. Let L be a field of characteristic 0, X/L be a curve,

G be a finite subgroup of AutL(X) and Θ be a pseudo Brauer relation for

X realised by a G-map Φ. Assuming that Ω1(JacX) is self-dual as an L[G]-

representation, we define CsfΘ(Ω1(JacX)) to be the square-free integer equivalent

to deg(fΦ) mod Q×2. This is independent of Φ by Proposition 5.6(3).

Example 5.20. We revisit fψ : JacX → JacY1 × JacY2 from Example 5.5. A

direct computation shows that f∨
ψ fψ = [2]JacX , from which we deduce that
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deg(fψ) = 2g where g = dim(JacX). In this case, it follows that

CsfΨ(Ω1(JacX)) =

2, if g is odd,

1, if g is even.

When the G-representation Ω1(JacX) is realisable over Q, we view

CΘ(Ω1(JacX)) as an element of Q×/Q×2 via Remark 4.15.

Lemma 5.21. Suppose that Ω1(JacX) is realisable over Q. Then,

CsfΘ(Ω1(JacX)) ≡ CΘ(Ω1(JacX)) mod Q×2.

Proof. Let Φ be any G-map realising Θ. Then, up to rational squares, we have

CsfΘ(Ω1(JacX)) ≡ deg(fΦ)
Prop. 5.6(2)
≡ CB,Φ

∨B
Θ (Ω1(JacX))

Thm. 4.14(1)
≡ CΘ(Ω1(JacX)).

This completes the proof.

Remark 5.22. By [53, Lemma 5.10(2)], if K = R or if we are considering

the base-change of a curve defined over a number field with a real place, then

Ω1(JacX) is realizable over Q. The same holds if all representations of G

are realizable over Q (e.g., if G = Sn or G = C2 × C2). This conclusion

also applies if G = Dp, the dihedral group of order 2p, because Ω1(JacX) has

rational character by [53, Lemma 5.10(2)], and all Dp-representations with

rational character are realizable over Q. Consequently, Lemma 5.21 usually

suffices for applications.

Example 5.23. We revisit fθ : JacB → E×E×JacD from Example 5.4, where

E : y2 = x3+ax+ b is an elliptic curve. Arguing as in Example 3.2, we deduce

that Ω1(JacB) ∼= ρ ⊕ ϵ⊕dim(JacD), where ϵ (sign) and ρ (2-dim) are the non-

trivial irreducible representations of S3. From Example 4.11, we deduce that

CΘ(Ω1) = 31+dim(JacD). As observed in Example 3.3, dim(JacD) = 0 when the

Weierstrass coefficient a = 0, while Example 2.10 shows that dim(JacD) = 1
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when a ̸= 0. It follows that

CsfΘ(Ω1(JacB)) =

1, if a ̸= 0,

3, if a = 0.

Definition 5.24. Let K be a local field of characteristic 0, X/K be a curve,

G be a finite subgroup of AutK(X) and Θ =
∑

iHi −
∑

j H
′
j be a pseudo

Brauer relation for X. Fix bases B1, B2 for Ω1(
∏

i JacX/Hi
), Ω1(

∏
j JacX/H′

j
)

and write ω(B1), ω(B2) for the exterior forms given by the wedge product of

the elements in B1, B2 respectively. Assuming that Ω1(JacX) is self-dual as a

K[G]-representation, we define

ΛΘ(X/K) =
C(

∏
i JacX/Hi

, ω(B1))
C(

∏
j JacX/H′

j
, ω(B2))

·
∏

i µ(X/Hi)∏
j µ(X/H

′
j)
·

∣∣∣∣∣
√
CsfΘ(Ω1(JacX))

CB1,B2

Θ (Ω1(JacX))

∣∣∣∣∣
K

.

For the definitions of C, µ, CB1,B2

Θ and CsfΘ, see Notation 5.11 and Definitions

2.16, 4.9 and 5.19. In particular, ΛΘ(X/K) = λ̃Θ(X/K) · |CsfΘ(Ω1(JacX))|1/2K .

Theorem 5.25. Let X be a curve over a local field K of characteristic 0, and

G be a finite subgroup of AutK(X). Let Θ =
∑

iHi−
∑

j H
′
j be a pseudo Brauer

relation for X, and suppose that Ω1(JacX) is a self-dual K[G]-representation.

Then, the following hold.

1. ΛΘ(X/K) is a rational number independent of B1, B2.

2. ΛΘ(X/K) is independent of how Θ is expressed as a formal linear combi-

nation of conjugacy classes of subgroups of G. That is, for any subgroup

H of G,

ΛΘ(X/K) = ΛΘ+(H−H)(X/K).

3. For any G-map Φ realising Θ,

ΛΘ(X/K) =
#cokerfΦ(K)
#kerfΦ(K)

·
∏

i µ(X/Hi)∏
j µ(X/H

′
j)
·
∣∣∣√deg(fΦ) · CsfΘ(Ω1(JacX))

∣∣∣
K
.
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4. If K = C, then ΛΘ(X/C) = CsfΘ(Ω1(JacX)).

Proof. Independence of the bases B1, B2 follows from Lemma 5.17(1).

(2) follows from Lemma 5.17(2), provided we show that CsfΘ = CsfΘ′ where

Θ′ = Θ + (H − H). Let Φ be any G-map realising Θ, and consider

Φ′ := Φ ⊕ id, where id is the identity on Z[G/H]. Then, Φ′ realises Θ′

and fΦ′ = fΦ× id|JacX/H
. Therefore, CsfΘ′ ≡ deg(fΦ′) = deg(fΦ) ≡ CsfΘ mod Q×2,

and so they must be equal. (3) follows from Lemma 5.17(4), and (4) fol-

lows from (3) since cokerfΦ(K) is trivial when K = C. It remains to show

that ΛΘ is rational, to complete the proof of (1). By Proposition 5.6(3),

deg(fΦ) · CsfΘ ∈ Q×2 independently of Φ, and so rationality follows from (3).

We are now able to prove Theorem 5.7.

Proof of Theorem 5.7. We note that

ΛΘ(X/Kv) = λΘ,Φ(X/Kv) · |deg(fΦ) · CsfΘ(Ω1(JacX))|1/2v .

Therefore,
∏

v ΛΘ(X/Kv) =
∏

v λΘ,Φ(X/Kv) since deg(fΦ) · CsfΘ ∈ Q×2. By

Theorem 5.25(1), ordp
∏

v ΛΘ(X/Kv) =
∑

v ordpΛΘ(X/Kv) and the result then

follows by Theorem 5.14. The second assertion follows from Lemma 4.19.

Unfortunately, one drawback of the invariant ΛΘ is that it is generally

not multiplicative in Θ (unlike λ̃Θ, see Lemma 5.17(3)). This is the case since

generally CsfΘ1+Θ2
̸= CsfΘ1

· CsfΘ2
.

Lemma 5.26. Let Θ,Θ1,Θ2 be pseudo Brauer relations for X. Then,

1.
ΛΘ1+Θ2

(X/K)

ΛΘ1
(X/K)ΛΘ2

(X/K)
=

∣∣∣∣∣
√

Csf
Θ1+Θ2

(Ω1(JacX))

Csf
Θ1

(Ω1(JacX))Csf
Θ2

(Ω1(JacX))

∣∣∣∣∣
K

,

2. ΛΘ(X/K)Λ−Θ(X/K) = |CsfΘ(Ω1(JacX))|K.

Proof. (1) follows from Lemma 5.17(3). For (2), let Ψ be the trivial pseudo

Brauer relation (i.e. one of the form
∑

iHi −
∑

iHi). Then, ΛΨ(X/K) =
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CsfΨ(Ω1(JacX)) = 1. By part (1), we get

ΛΘ(X/K)Λ−Θ(X/K) =
∣∣∣√CsfΘ(Ω1(JacX))Csf−Θ(Ω

1(JacX))
∣∣∣
K
.

Let Φ be any G-map realising Θ. Then Φ∨ realises −Θ and CsfΘ ≡ deg(fΦ) =

deg(f∨
Φ)

Thm. 5.3(3)
= deg(fΦ∨) ≡ Csf−Θ mod Q×2. Since CsfΘ and Csf−Θ are square-free

integers, they must be equal.

The following lemma provides a simplification of ΛΘ(X/K) when K is

non-archimedean.

Lemma 5.27. Let K be a non-archimedean local field of characteristic 0. Let

JH be the Néron model of JacX/H over OK and let B(JH) be a basis for the

OK-module Ω1(JH). Letting N1 =
⊔
i B(JHi

) and N2 =
⊔
j B(JH′

j
),

ΛΘ(X/K) =
∏

i c(JacX/Hi
) · µ(X/Hi)∏

j c(JacX/H′
j
) · µ(X/H ′

j)
·

∣∣∣∣∣
√
CsfΘ(Ω1(JacX))

CN1,N2

Θ (Ω1(JacX))

∣∣∣∣∣
K

.

Proof. For a Néron basis B(JH), the exterior form ω(B(JH)) on JacX/H coin-

cides with the exterior form on the Néron model of JH over OK.



Chapter 6

Applications of pseudo Brauer

relations

In the following chapter, we illustrate applications of pseudo Brauer relations

and their regulator constants introduced in Chapter 5. Our focus will be on

isogenies between Jacobians and local formulae for Selmer rank parities.

6.1 Uniform approach: isogenies and parity

Let X be a curve over a characteristic 0 field K and G a finite subgroup

of AutK(X). By Theorem 5.3, we can associate to a pseudo Brauer relation

Θ =
∑

iHi −
∑

j H
′
j for X an isogeny

∏
i

JacX/Hi
→

∏
j

JacX/H′
j
.

This provides the means for deducing if two Jacobians are isogenous. We

will call isogenies obtained in this way pseudo Brauer verifiable formally de-

fined as follows.

Definition 6.1. We say that a pseudo Brauer relation Θ =
∑m

i=1Hi−
∑r

j=1H
′
j

for X verifies an isogeny A→ B if there exist isomorphisms A ∼=
∏m

i=1 JacX/Hi

and B ∼=
∏r

j=1 JacX/H′
j
as abelian varieties over K. In addition, we say that

an isogeny A → B is pseudo Brauer verifiable if we can find a curve and a

pseudo Brauer relation Θ for it verifying this isogeny.
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In Examples 1.14–1.15, we showed that certain isogenies between elliptic

curves and between the Jacobian of a genus 2 curve and a product of two

elliptic curves are pseudo Brauer verifiable. The following examples include

previously discussed instances of pseudo Brauer verifiable isogenies from the

literature.

Example 6.2 (Fermat Curves, cf. [46, §5]). Let Xm be the Fermat curve with

affine model xm + ym = 1. Let K be any field of characteristic 0 containing

ζp where p|m. Then Cp×Cp acts on Xm via σ(x, y) = (ζpx, y) and τ(x, y) =

(x, ζpy). Let {Ci
p}
p
i=0 denote all proper subgroups of Cp×Cp, and write Xi

′ to

denote the (normalisation of) the curve with affine model ymi = x
im/p
i (1−xm/pi ).

Then, the Brauer relation {e}+p(Cp×Cp)−
∑p

i=0C
i
p for Xm verifies an isogeny

JacXm × JacpXm/p
→

∏p
i=0 JacX′

i
.

Example 6.3 (Modular Jacobians, cf. [21]). Let S be the subgroup of scalar

matrices in GL2(Fp) and write XS to denote the quotient of X(p)/Q, the

classical modular curve classifying elliptic curves with full level p structure,

by S. Then, XS is endowed with a PGL2(Fp)-action. The main result in

[21] shows that the isogeny JacX+
sp(p)
→ JacX0(p) × JacX+

nsp(p)
between certain

modular Jacobians can be deduced from a Brauer relation for XS. As a result,

this isogeny is pseudo Brauer verifiable.

6.1.1 Isogenies from pseudo Brauer relations

In what follows, we show that the above formalism provides a powerful tool for

revisiting and constructing a wide range of classical isogenies. In particular,

we show that each of the following isogenies can be obtained by applying

Theorem 5.3 to suitable pseudo Brauer relations.

Theorem 6.4 (Propositions 6.8(1), 6.11(1), 6.15(1), 6.17(1), 6.25(1), 6.27(1)).

Let K be a field of characteristic 0. Each of the following isogenies A → A′

are pseudo Brauer verifiable.

1. A = Res
K(

√
d)

K JacY and A′ = JacY × JacY d for Y/K a hyperelliptic curve

and Y d its quadratic twist by d ∈ K×,
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2. A is the Jacobian of a genus 2 curve with Gal(K(A[2])/K) a 2-group,

while A′ is the target of a Richelot isogeny,

3. A = JacZ × JacY and A′ = JacZ̃, where Z̃ admits an unramified dou-

ble cover Z̃ → Z, Z is a trigonal curve and the Jacobian of Y is the

associated prym variety Prym(Z̃/Z),

4. A and A′ are elliptic curves with a cyclic isogeny of prime degree p,

5. A = JacY for Y a genus 2 curve with a generic1 cover Y → E to an

elliptic curve E of prime degree p and A′ = E × Ẽ is a product of two

elliptic curves,

6. A =
∏

iRes
FHi

K JacY and A′ =
∏

j Res
F

H′
j

K JacY for Y a geometrically

connected curve defined over K and Θ =
∑

iHi−
∑

j H
′
j a Brauer relation

for G = Gal(F/K).

Remark 6.5. The pseudo Brauer relation Θ and the automorphism group G

we use to verify the isogenies in Theorem 6.4 are as follows. For details on the

curve X and the action of G, refer the relevant theorem in the table.

Case G Θ Proposition

(1) C2 × C2 {e}+ 2(C2×C2)− Ca
2 − Cb

2 − Cc
2 6.8(1)

(2) D4 Ca
2 − Cb

2 + (C2
2)
b − (C2

2)
a 6.11(1)

(3) S4 C2
2 −D4 − S3 + S4 6.15(1)

(4) Cp ⋊ Cm Cm − (Cp ⋊ Cm) 6.17(1)

(5) Sp × C2 (Sp−1 × {e})− (Sp × {e})− (Sp−2 × C2) 6.25(1)

(6) Gal(F/K)
∑

iHi −
∑

j H
′
j 6.27(1)

6.1.2 Local formulae from regulator constants

Isogenies have been widely used to derive formulae for the parities of various

ranks in terms of local data, including those from Theorem 6.4. For a more

detailed discussion of the relevant literature, see §1.6.3. The next results shows

that all these can be derived uniformly using regulator constants.

1see Definition 6.19
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Theorem 6.6 (Propositions 6.8(2), 6.11(2), 6.15(2), 6.17(2), 6.25(2), 6.27(2)).

Let A/K be as in Theorem 6.4, and suppose that K is a number field. For

p = 2 in cases (1)–(3) and for p as in Theorem 6.4 in cases (4)–(5), we have

rkp(A) =
∑

v place of K

ordp ΛΘ(X/Kv) mod 2,

where ΛΘ(X/Kv) is the local invariant of Definition 5.24.

In addition, in case (6) and for p an arbitrary prime,

∑
τ∈SΘ,p

⟨τ,Xp(ResFKJacY )⟩
⟨τ, τ⟩

=
∑

v place of K

ordpΛΘ(YF/K/Kv) mod 2,

where SΘ,p is as in Definition 4.18 (considered with V = Q[Gal(F/K)]).

6.2 Hyperelliptic curves over K(
√
d)

In this section, we let Y/K be a hyperelliptic curve, and write L = K(
√
d) be

a quadratic extension. We consider the isogeny

ResLKJacY → JacY × JacY d ,

where Y d is the quadratic twist of Y by d. We write YL for the base change of

Y to L and YL/K for the corresponding curve over K as in Notation 2.5.

Lemma 6.7. Let Y/K be a hyperelliptic curve with affine model y2 = f(x),

and let L = K(
√
d) be a quadratic extension of K. Then, the following hold.

1. C2×C2 acts on the function field L(Y ). This action fits into the following

Galois diagram with the corresponding subgroups on the right.

K(x)

K(x, y) K(x,
√
dy) K(x,

√
d)

K(x, y,
√
d)

C2 × C2

Ca
2 Cb

2
Cc

2

{e}



6.2. Hyperelliptic curves over K(
√
d) 85

2. C2 × C2 acts on YL/K via K-automorphisms.

3. The quotients satisfy YL/K/C
a
2
∼= Y and YL/K/C

b
2
∼= Y d.

Proof. The proof of (1) is given in Example 2.8. For (2), we note that C2×C2

acts on K(x, y,
√
d) via K-automorphisms by part (1). Theorem 2.2 gives a

C2 × C2-action on YL/K completing the proof. For (3), we note that K(x, y),

K(x,
√
dy) are the function fields of Y and Y d respectively. The result follows

by the function field isomorphism K(X/H) ∼= K(X)H , see [53, Remark 4.2].

Proposition 6.8. Let Y/K be a hyperelliptic curve and L/K a quadratic

extension.

1. {e} − Ca
2 − Cb

2 + 2(C2 × C2) − Cc
2 is a pseudo Brauer relation for YL/K

that verifies an isogeny ResLKJacY → JacY × JacY d.

2. If K is a number field,

rk2(JacY /L) ≡
∑

v place of K

ord2 ΛΘ(YL/K/Kv) mod 2,

where Θ is the pseudo Brauer relation from part (1).

Proof. Since Θ is a Brauer relation for C2 × C2, then it’s a pseudo Brauer

relation for YL/K . The Jacobians of the curves corresponding to the function

fields K(x) and K(x,
√
d) are trivial (for the latter use Lemma 2.12).

Therefore, Θ induces an isogeny JacYL/K
→ JacY/K × JacY d/K . By

Lemma 2.12, JacYL/K
∼= ResLKJacY completing the proof of (1). For (2),

we let ϵa, ϵb : C2 × C2 → {±1} be the non-trivial, irreducible representations

satisfying ϵa(C
a
2 ) = 1 and ϵb(C

b
2) = 1. As in Example 1.10, X2(JacX) ∼=

ϵ⊕rk2JacY
a ⊕ ϵ⊕rk2JacY d

b . Using Example 4.12, we deduce that SΘ,2 = {ϵa, ϵb}. By

applying Theorem 5.7 to this Θ with p = 2, we get the required result.
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6.3 Richelot Isogeny

In this section, we consider Jacobians of genus 2 curves admitting a Richelot

isogeny. For a detailed discussion on these isogenies, we refer the reader to

[9, 82].

Let C : y2 = F (x) be a genus two curve where F is a degree 6 polynomial.

The existence of a Richelot isogeny can be determined by the Galois group of

F (x). In particular, if Gal(F ) ⊆ C3
2 ⋊S3, then JacC admits a Richelot isogeny

(assuming the non-vanishing of a constant δ (⋆)). In what follows, we focus

on the case where the Gal(F ) is a subgroup of D4 × C2 ⊆ C3
2 ⋊ S3. Following

[33], we refer to these curves as C2D4 curves.

Definition 6.9 (cf. [33, Definition 1.6]). Let C/K be a genus 2 curve with an

affine model y2 = cf(x), where c ∈ K× and f a degree 6 and monic polynomial.

We say that C is a C2D4 curve if Gal(f) ⊆ D4 × C2 as a permutation group

on 6 roots, in which case the two factors D4 and C2 act separately on 4 and 2

roots respectively.

The Galois group specifies a factorisation f(x) = f1(x)f2(x)f3(x) into

three coprime monic quadratics. We can assume f3 ∈ K[x] and that {f1, f2}

is invariant under Gal(K/K). Since (x, y) → (x, cy) gives an isomorphism

C → {y2 = c3f(x)}, we can also suppose c = q3. This allows us to distribute

the constant term so that cf(x) = F1(x)F2(x)F3(x) with Fi(x) = qfi(x).

Let {w1, w2}, {w3, w4}, {w5, w6} be the roots of F1, F2, F3 respec-

tively. The factorisation cf(x) = F1(x)F2(x)F3(x) specifies a subgroup

{0, T{1,2}, T{3,4}, T{5,6}} in JacC [2]. The target of the isogeny determined by

this subgroup depends on the vanishing of a constant δ ∈ K defined as follows.

For i = 1, 2, 3, we let Fi(x) = fi,0 + fi,1x+ qx2. Then,

δ := det


f1,0 f1,1 q

f2,0 f2,1 q

f3,0 f3,1 q

 ∈ K. (⋆)
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By [9, Lemma 4.2], the condition δ ̸= 0 implies that the target of the isogeny is

a Jacobian of a genus 2 curve (as opposed to a product of two elliptic curves).

In the following lemma, we write T to denote

T =


f1,1F1(x)−f2,1F2(x)

F2(x)−F1(x)
, if f1,1 ̸= f2,1,

f1,0F1(x)−f2,0F2(x)

F2(x)−F1(x)
, if f1,1 = f2,1.

It follows that T ∈ K(x), since Gal(K/K) permutes F1 ↔ F2 and the cor-

responding coefficients, when F1 and F2 are not individually defined over K.

In addition, we write Ca
2 , C

b
2 for conjugacy classes of non-normal order 2 sub-

groups in D4.

Lemma 6.10. Let C/K : y2 = F1(x)F2(x)F3(x) be a C2D4 curve with δ ̸=

0. Then, the Galois closure of C
2→ P1 2→ P1, where the first map is the

hyperelliptic cover (x, y) 7→ x and the second is given by x 7→ T , fits in the

following Galois diagram with the corresponding subgroups on the right.

P1

P1

C

W

XC

C ′

D4

(C2
2)
a

Ca
2

(C2
2)
b

{e}

Cb
2

In addition, W is a curve of genus zero.

Proof. To distinguish between the two P1’s, we write P1
x and P1

T to denote

P1 with parameters x and T , respectively. In order to show that the Galois

group is D4 (instead of C2 × C2), it suffices to show that the discriminant cover

W
2→ P1

T ([53, Lemma 2.7], [26, §2.2]) of C 2→ P1
x

2→ P1
T is non-trivial.

Let {w1, w2}, {w3, w4}, {w5, w6} be the roots of F1, F2 and F3 respectively.

Keeping track of ramification, we see that the branch locus of C → P1
T consists

of 4 distinct points T1, T2, T3, T4, where T1 = T (w1) = T (w2), T2 = T (w3) =
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T (w4), T3 = T (w5) and T4 = T (w6) (It is clear that T (w1) = T (w2) and

T (w3) = T (w4) and easy to check that T1 ̸= T2. To see that T3 ̸= T4, we note

that T3 = T4 is only possible when δ = 0). By [26, Lemma 2.3], the branch

locus of W → P1
T consists of T3, T4. Therefore, the Galois group is indeed D4.

To complete the proof, it suffices to show that W = XC/(C
2
2)
b is of genus

0. Since W
2→ P1

T is branched at 2 points, the result follows.

Proposition 6.11. Let C/K : y2 = cf(x) be a C2D4 curve with δ ̸= 0.

1. Ca
2 −Cb

2 +(C2
2)
b− (C2

2)
a is a pseudo Brauer relation for XC that verifies

an isogeny JacC → JacC′.

2. When K is a number field,

rk2(JacC/K) =
∑

v place of K

ord2 ΛΘ(XC/Kv) mod 2,

where Θ is the pseudo Brauer relation from part (1).

Proof. Θ = Ca
2−Cb

2+(C2
2)
b−(C2

2)
a is a Brauer relation for D4. Part (1) follows

by Lemma 6.10. We let ϵ be the non-trivial 1-dimensional representation of D4

lifted from the quotient D4/C4
∼= C2. By applying the Galois descent result of

Theorem 3.1(2), we deduce that

X2(JacXC
) and ϵ⊕a ⊕ ρ⊕rk2JacC

where ρ is the irreducible D4-representation of dimension 2 and a ∈ N. By

Lemma 4.16, CΘ(ϵ) = 1. It’s also easy to show that CΘ(ρ) = 2. Therefore,

SΘ,2 = {ρ}. Part 2 follows by applying Theorem 5.7 to this Θ with p = 2.

Remark 6.12. We note that the isogeny ϕ : JacC → JacC′ considered in

Proposition 6.11(1) is given by the pullback of XC
2→ C followed by the push-

forward XC
2→ C ′. It follows that ϕ satisfies ϕ∨ϕ = [2], and its kernel is given

by {0, T{1,2}, T{3,4}, T{5,6}}. By [9, Proposition 4.3], the target of this isogeny

is JacC̃d
, where C̃d is a genus 2 curve constructed from the quadratic factors

F1, F2, F3; see [9, Eqn. (4.5)] for details.
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6.4 Prym varieties of trigonal curves

We let π : Z̃ → Z be an unramified double cover of geometrically connected

curves over K. The Prym variety denoted Prym(Z̃/Z) of π is the abelian

variety given by the connected component of Ker(π∗) containing the identity.

The C2 action on Z̃ allows us to decompose JacZ̃ into its isotypic components

which gives an isogeny

Jac(Z̃)→ Jac(Z)× Prym(Z̃/Z).

In general, Prym(Z̃/Z) is not necessarily a Jacobian, but it is principally

polarised. The trigonal construction [26, §2.4] shows that when Z is a trigonal

curve over an algebraically closed field, the Prym variety is the Jacobian of a

tetragonal curve; a generalization for non-algebraically closed fields [11, §2.2]

shows the Prym is a Jacobian after considering a twist of the cover π : Z̃ → Z.

Definition 6.13 (cf. [11, Def. 2.2]). Let π : Z̃ → Z be a degree 2 cover. We

say that πd : Z̃d → Z is a quadratic twist of π by d ∈ K× if there exists an

isomorphism ψ : Z̃d
∼−→ Z̃ defined over K(

√
d) such that πd = π ◦ ψ.

Lemma 6.14. Let Z̃ → Z be an unramified double cover of a trigonal curve

Z. Then, there exists d ∈ K× such that the Galois closure, say Xd → P1, of

Z̃d
2→ Z

3→ P1 is an S4-Galois cover. With this choice of d ∈ K×, we have the

following Galois cover with the corresponding subgroups on the right.

P1

Y
Z

Xd

Z̃d

S4

S3
D4

{e}

C2
2

Here D4 = ⟨(1, 2), (1324)⟩ and C2
2 = ⟨(1, 2), (3, 4)⟩.
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Proof. This claim is essentially given in [11, §2.2], as we now explain. Let

X → P1 be the Galois closure of Z̃
2→ Z

3→ P1. As detailed therein, X

need not be geometrically connected in which case its geometric components

are defined over a quadratic extension K(
√
d). Then, the Galois group of

X → P1 is C3
2 ⋊ S3

∼= C2 × S4 (viewed as the group of permutations of

{x±i }1≤i≤3 which preserve the pairs {x+i , x−i }). Since X is not geometrically

connected, then the field of {e} × S4-invariant functions in its function field

is K(P1,
√
d). By construction, we get the following function field extension,

with the corresponding lattice of subgroups of C2 × S4:

K(Z̃,
√
d) {e} × C2

2

K(Z,
√
d) {e} ×D4C2 × (C2

2)K(Z̃d) H2K(Z̃)

K(Z) H1 {e} × S4K(P1,
√
d)

K(P1) C2 × S4

In this diagram, H1 and H2 are determined, up to conjugacy, by the

subgroups of C3
2 ⋊ S3

∼= C2 × S4 stabilising {x+1 , x−1 } and {x+1 }, respectively.

It follows that H1
∼= C2 ×D4 and H2

∼= D4. By considering the quotient of X

by the subgroup C2 × {e} ⊆ C2 × S4, we obtain an S4-Galois cover, denoted

Xd → P1. By construction, this is the Galois closure of Z̃d → Z → P1, which

gives the required result.

If, on the other hand, X → P1 is a cover of geometrically connected

curves, then after base change to an algebraic closure, we can assume K is

algebraically closed. Then, the required result follows from [26, pp. 73]. In

this case, we can take d = 1.

Proposition 6.15. Let Z̃ → Z be an unramified double cover of geometrically
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connected curves, and suppose that Z admits a degree 3 cover Z
3→ P1. Let

d ∈ K× be as in Lemma 6.14. Then, the following hold.

1. C2
2 − D4 − S3 + S4 is a pseudo Brauer relation for Xd that verifies an

isogeny JacZ̃d
→ JacZ × Prym(Z̃d/Z).

2. If K is a number field,

rk2(JacZ̃d
/K) ≡

∑
v place of K

ord2 ΛΘ(Xd/Kv) mod 2,

where Θ is the pseudo Brauer relation from part (1).

Proof. Since Θ is a Brauer relation for the group S4, it’s also a pseudo Brauer

relation for Xd. By Lemma 6.14, Xd/D4 = Z,Xd/C
2
2 = Z̃d, while [11, Proposi-

tion 2.4] asserts that the Jacobian of Y = Xd/S3 is isomorphic to Prym(Z̃d/Z).

This proves (1).

For (2), write σ for the standard 3-dimensional irreducible representation

of S4, τ for the irreducible 2-dimensional representation of S4 lifted from the

S3 quotient and set X2 = X2(JacXd
). After decomposing C[S4/S3] = 1⊕σ and

C[S4/D4] = 1⊕ τ , we see that

⟨σ,X2⟩ = ⟨C[S4/S3],X2⟩ − ⟨1,X2⟩
Thm. 3.1(2)
& Lem. 6.14= rk2JacY ,

and ⟨τ,X2⟩ = rk2(JacZ). Therefore, X2
∼= σ⊕rk2JacY ⊕ τ⊕rk2JacZ ⊕ ρ, where ρ

is an S4-representation satisfying ⟨ρ, σ⟩ = ⟨ρ, τ⟩ = ⟨ρ,1⟩ = 0. This ensures

that Lemma 4.16(2) is applicable for ρ, and therefore CΘ(ρ) = 1. On the

other hand, an elementary computation shows that CΘ(τ) = CΘ(σ) = 2. Thus,

SΘ,2 = {τ, σ}. Part (2) follows by applying Theorem 5.7 to Θ with p = 2.

6.5 Elliptic curves with cyclic isogeny

In this section, we consider cyclic isogenies isogenies E → E ′ of elliptic curves

of prime degree p.
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For the rest of this section, we let M be the extension of K generated

by the points in the kernel of this isogeny and τP the translation-by-P auto-

morphism on E, where P is any non-trivial point in the kernel of this isogeny.

This defines a group homomorphism

ψ : Gal(M/K)→ Aut(⟨τP ⟩)

σ 7→ (τP 7→ τPσ),

which can be seen to be injective. Consequently, Gal(M/K) is cyclic, and we

denote m := [M : K].

We write EM to denote the base change of E to M and EM/K for the

corresponding curve over K, see Notation 2.5. We also write E ′ for the target

of this isogeny.

Lemma 6.16. Write Cp⋊Cm to denote the semi-direct product ⟨τP ⟩⋊ψ Gal(M/K).

The following hold.

1. Cp ⋊ Cm acts on the function field M(E). This action fits into the fol-

lowing Galois diagram with the corresponding subgroups on the right.

K(E ′)

M(E ′)
K(E)

M(E)

Cp ⋊ Cm

Cp
Cm

{e}

where Cm and Cp denote the subgroups {e}×Cm and Cp×{e} of Cp⋊Cm
respectively.

2. Cp ⋊ Cm acts on EM/K via K-automorphisms.

3. The quotients of EM/K by Cm and Cp ⋊Cm are isomorphic to E and E ′

respectively.
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Proof. The proof of part (1) can be found in [23, Exercise 7.8.2]. Theorem 2.2

gives a Cp ⋊ Cm-action on EM/K which proves part (2). Part (3) follows by

combining [53, Remark 4.2] with the Galois diagram appearing in part (1).

Proposition 6.17. Let E/K be an elliptic curve which admits an isogeny of

prime degree p. Then, the following hold.

1. Cm − Cp ⋊ Cm is a pseudo Brauer relation for EM/K that verifies an

isogeny E → E ′.

2. If K is a number field,

rkp(E/K) =
∑

v place of K

ordp ΛΘ(EM/K/Kv) mod 2,

where Θ is the pseudo Brauer relation from part (1).

Proof. For brevity, we writeG = Cp⋊Cm and Vℓ = Vℓ(Res
M
KE). We decompose

C[G/Cm] ∼= 1⊕ T . Then,

⟨Vℓ, T ⟩
Frob.rec.
= dim V Cm

ℓ − dim V G
ℓ

Thm 3.1(1)
& Lem. 6.16(3)

= dim Vℓ(E)− dim Vℓ(E
′) = 0.

This completes the proof of part (1). For part (2), we first prove that

Ω1(ResMKE) is self-dual as a G-representation. By Lemma 3.5, Ω1(ResMKE)
∼=

IndGCp
Ω1(EM) where the Cp action on Ω1(EM) is given by the translation mor-

phism τP . Since the pushforward (τP )∗ on the Jacobian of EM is trivial,

then Ω1(ResMKE)
∼= IndGCp

1, which is a self-dual G-representation. Similarly,

Vℓ(Res
M
KE)

∼= IndGCp
1⊕2.

We write Xp to denote Xp(ResMKE). Then, by Theorem 3.1(2), we have

rkp(E/K) = ⟨1,Xp⟩. Now decompose Xp ∼= 1⊕rkp(E) ⊕ ρ. It follows that

⟨ρ,C[G/Cm]⟩ = ⟨Xp ⊖ 1⊕rkp(E),C[G/Cm]⟩ = dimXCm
p − rkp(E)

Thm 3.1(2)
& Lem. 6.16= 0.

By Lemma 4.16(2), we deduce CΘ(ρ) = 1. By choosing the trivial pairing on

1, we deduce that CΘ(1) ≡ m
pm
≡ p mod Q×2, and therefore SΘ,p = {1}. Since
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Ω1(ResMKE) is a self-dual G-representation, then Theorem 5.7 is applicable.

This completes the proof of part (2).

6.6 Genus two curves with covers to elliptic

curves

In this section, we consider a genus 2 curve Y/K with a cover ϕ : Y → E

of prime degree p to an elliptic curve E/K. As detailed in [39, §1], its Jaco-

bian, JacY , is isogenous to E × E ′ for some complementary elliptic curve E ′.

Nonetheless, the complementary elliptic curve E ′ is not uniquely determined

by the pair (Y,E), see [80].

This section aims to achieve three distinct goals. Firstly, under some

mild assumptions on the cover ϕ (see Definition 6.19), we provide a canonical

choice for the complementary elliptic curve E ′. We then prove pseudo Brauer

verifiability for the isogeny JacY → E×E ′. Finally, we use regulator constants

to obtain a local expression for the parity of the p∞-Selmer rank of JacY /K

when K is a number field.

A central part of our argument is the following commutative diagram

P1
x

Y

P1
u

E
ϕ

Φ

πEπY

where πY and πE are the natural hyperelliptic covers of Y : {y2 = f(x)} and

E : {v2 = g(u)} respectively, Φ is determined by x 7→ u, and P1
x, P1

u indicate

the choice of parameters x and u on P1/K.

6.6.1 Genus two curves with extra involutions

For ease of exposition, we consider the p = 2 case separately. In this case,

ϕ : Y
2→ E is Galois induced by an involution r on Y . In addition, we write

hY to denote the hyperelliptic involution on Y .
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Proposition 6.18. Let ϕ : Y
2→ E be a degree 2 cover from a genus 2 curve

to an elliptic curve. Then, the following hold.

1. C2×C2
∼= ⟨r, hY ⟩ acts on Y via K-automorphisms. This action fits into

a Galois diagram

P1 = Y/⟨r, hy⟩

E = Y/⟨r⟩ Y/⟨rhY ⟩ P1 = Y/⟨hY ⟩

Y

πE

ϕ πY

Φ

2. {e}− ⟨r⟩ − ⟨rhY ⟩ − ⟨hY ⟩+2(C2×C2) is a pseudo Brauer relation for Y

which verifies an isogeny JacY → E × JacY/⟨rhY ⟩.

3. If K is a number field,

rk2(JacY /K) ≡
∑

v place of K

ord2 ΛΘ(Y/Kv) mod 2,

where Θ is the pseudo Brauer relation from part (2).

Proof. Since hY lies in the centre of AutK(Y ) we deduce that r and hY com-

mute. Therefore, ⟨r, hY ⟩ ∼= C2 × C2, and, by assumption, E = Y/⟨r⟩. This

proves (1). Parts (2)–(3) follow similarly to Proposition 6.8(1)–(2).

We note that Proposition 6.18 gives a canonical choice for the complemen-

tary elliptic curve E ′ as the Jacobian of Y/⟨rhY ⟩ when p = 2. Proposition 6.25

below extends this result to any prime p.

6.6.2 Covers to elliptic curves of odd prime degree

We now consider the case where ϕ is a generic odd degree cover.

Definition 6.19 ([57, pp. 44]). We say that a cover ϕ : Y → E to an elliptic

curve E is generic if it is unramified over E[2], i.e., the Weierstrass points of E.
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For the remainder of this subsection, we impose the following assumption:

Assumption 6.20. All covers ϕ : Y → E are assumed to be generic.

The relevance of this assumption is that it guarantees the Galois groups of

both Φ and ϕ are equal to Sp (see Proposition 6.21). Without this assumption,

this may not hold; see, for example, [40, Corollary 3.7(b)].

Proposition 6.21. Let Y/K be a genus 2 curve which admits a generic cover

ϕ : Y → E of odd prime degree p. Write XY → P1
u to denote the Galois closure

of Y
p→ E

2→ P1
u.

1. The cover XY → P1
u has Galois group Sp × C2. In addition, XY is

geometrically connected.

2. This action fits into a Galois diagram with the corresponding subgroups

on the right.

P1
u

Y

E

XY

P1
x

Sp × C2

Sp−1 × {e}

Sp × {e}

{e}

Sp−1 × C2

Proof. Let {u1, u2, u3, u4} be the branch locus of E → P1
u, i.e., u(E[2]), and

suppose that u4 =∞. The ramification locus of Φ is given by {u1, u2, u3, u4, u5}

for p ≥ 5 and {u1, u2, u3, u5} for p = 3 where u5 ̸∈ u(E[2]), see [57, §1]. Also,

the ramification is determined by the tuple
(
(2)

p−1
2 , (2)

p−1
2 , (2)

p−1
2 , (2)

p−3
2 , (2)1

)
(i.e., there are p−1

2
doubly ramified points above u1, u2, u3,

p−3
2

above u4, and

a doubly ramified point above u5).

We write Φ for the base change to K. Then, [68, Corollary 4.10] induces

five involutions (σ1, . . . , σ5) and their cycle types match the ramification over
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(u1, . . . , u5). In addition, [4, §4.3] asserts that these involutions generate the

Galois group of Φ which must be a transitive subgroup of Sp. Since σ5 is a 2-

cycle (i.e., a transposition), then the Galois group is all of Sp (see [45, II.4.5b]).

Write XP1 → P1
u to denote the Galois closure of Φ : P1

x → P1
u. It follows that

XP1 is geometrically connected, and XP1 → P1
u has Galois group Sp.

To show that the Galois group of XY → P1
u is Sp×C2, writeW := XP1/Ap

for the discriminant curve of XP1 → P1
u (as in [53, Lemma 2.7]). The fibre of

W
2→ P1

u over ui is in bijection with the double coset space ⟨σi⟩\Sp/Ap [59,

Remark 3.19]. When p ≡ 1 mod 4, σ1, σ2, σ3 are even permutations, while

σ4, σ5 are odd permutations. Thus, the branch locus of W → P1
u is {u4, u5}.

On the other hand, when p ≡ 3 mod 4, the branch locus is {u1, u2, u3, u5}.

Since the branch locus of E → P1
u is {u1, u2, u3, u4}, it follows that W ̸∼= E.

By construction, K(XY ) = K(XP1) · K(E) and K(E) ∩ K(XP1) = K(u).

Therefore, the Galois group of XY → P1
u is Sp × C2.

We now show XY is geometrically connected. Aiming for a contradiction,

suppose it is not. Recall that XP1 is geometrically connected, and so K is alge-

braically closed in K(XP1). Given that [K(XY ) : K(XP1)] = 2, if XY were not

geometrically connected, its geometric components would have to be defined

over a quadratic extension ofK, sayK(
√
m). Therefore, K(u,

√
m) is an inter-

mediate field of K(u) ⊆ K(XY ). There are three index-2 subgroups in Sp×C2,

namely Sp × {e}, Ap ×C2 and a mixed group determined by the kernel of the

map C2×Sp → {±1} given by (a, b) 7→ sign(a)sign(b). Keeping track of ramifi-

cation, we see that their corresponding branch loci are {u1, u2, u3, u4}, {u4, u5},

and {u1, u2, u3, u5} when p ≡ 1 mod 4, and {u1, u2, u3, u4}, {u1, u2, u3, u5}, and

{u4, u5} when p ≡ 3 mod 4. Therefore, K(u,
√
m) cannot be an intermediate

field. This gives part (1).

The Galois diagram given in part (2) is immediate by construction.

The Sp × C2 action on XY induces an Sp × C2 action on the ℓ-adic Tate

module Vℓ(JacXY
). We now find the structure of this representation. We first

fix some notation.
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Notation 6.22. For 1 ≤ i ≤ 5, we define τi = (σi, gi) to be any elements in

Sp × C2, determined up to conjugacy, as follows:

1. The conjugacy classes cl(σi) in Sp (determined by their cycle decompo-

sitions) are

cl(σ1) = cl(σ2) = cl(σ3) = (2)
p−1
2 , cl(σ4) = (2)

p−3
2 , cl(σ5) = (2)1.

2. The element gi ∈ C2 is non-trivial for 1 ≤ i ≤ 4 and trivial for i = 5.

Theorem 6.23. Let p an odd prime. Then, for any prime ℓ, and in the

situation of Proposition 6.21, the Sp × C2-representations

Vℓ(JacXY
) and 1⊕2 ⊕ (Ind

Sp×C2

{e} 1)⊕3 ⊖
5⊕
i=1

Ind
Sp×C2

⟨τi⟩ 1

become isomorphic after extending scalars to C.

Proof. Since XY → P1
u is the Galois closure of Y

2→ P1
x

p→ P1
u, then their

branch loci are the same [85, Corollary 3.9.3(b)]. As mentioned in the proof of

Proposition 6.21, the branch locus is {u1, u2, u3, u4, u5}, and there is a 5-tuple

(τ1, . . . , τ5) of elements in Sp × C2 such that the subgroup ⟨τi⟩ ⊆ Sp × C2

is the stabiliser of some point yi ∈ XY in the fibre of ui. Adding on,

Gal(XY /P1
u)
∼= Gal(XP1/P1

u)×Gal(E/P1
u), where XP1 → P1

u is the Galois clo-

sure of Φ.

Let xi ∈ XP1 and pi ∈ E be images of yi under the covers XY → XP1 and

XY → E. Then, the quotient map Gal(XY /P1
u) → Gal(XP1/P1

u) restricts to

a surjective homomorphism StabSp×C2(yi) → StabSp(xi). Similarly, we get a

surjection StabSp×C2(yi)→ StabC2(pi). It follows that if τi = (σi, gi) ∈ Sp×C2,

then the subgroup ⟨σi⟩ ⊆ Sp is the stabiliser of xi, and ⟨gi⟩ ⊆ C2 is the

stabiliser of pi. Since {u1, u2, u3, u4} is the branch locus of E → P1
u, then gi is

the non-trivial element in C2 for i = 1, 2, 3, 4, while g5 must be trivial. The

conjugacy class of σi in Sp is determined by its cycle type, which in turn is

determined by the ramification structure of XP1 → P1
u at (ui)

5
i=1. By [57, §1],
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this is given by the tuple
(
(2)

p−1
2 , (2)

p−1
2 , (2)

p−1
2 , (2)

p−3
2 , (2)1

)
. Therefore, the

elements τi ∈ Sp × C2 appearing in the 5-tuple for XY → P1
u agree with the

elements given in Notation 6.22.

The result follows from [35, Proposition 1.1], which is applicable since

XY → P1 is a cover of geometrically connected curves by Proposition 6.21.

6.6.3 Split genus two Jacobians and rank parity

In the following subsection, we provide a canonical choice for the complemen-

tary elliptic curve E ′ as the Jacobian of the quotient of XY by a subgroup

H ′. We note that this choice is also specified in [59, Table 4] when p ≤ 7.

Furthermore, [41] shows that this choice remains valid when ϕ is non-generic,

albeit under the assumption that Y , E, and the cover ϕ : Y → E are defined

over an algebraically closed field.

Notation 6.24. View Sp×C2 as a subgroup of permutations on {1, . . . , p+2}

by letting Sp×{e} and {e}×C2 act separately on {1, . . . , p} and {p+1, p+2}.

We write H ′ to denote the subgroup of Sp × C2 generated by

H ′ =

⟨(1, . . . , p− 2), (1, 2), (p− 1, p)(p+ 1, p+ 2)⟩ p ≥ 5,

⟨(2, 3)(4, 5)⟩ p = 3.

As an abstract group, H ′ is isomorphic to Sp−2 × C2.

We then take E ′ := JacXY /H′ . With respect to this choice, we prove

pseudo Brauer verifiability for JacY → E × E ′.

Proposition 6.25. Let Y/K be a genus 2 curve which admits a generic cover

ϕ : Y → E of prime degree p.

1. (Sp−1 × {e})− (Sp × {e})−H ′ is a pseudo Brauer relation for XY that

verifies an isogeny JacY → E × E ′.

2. If K is a number field,

rkp(JacY /K) =
∑

v place of K

ordpΛΘ(XY /Kv) mod 2,
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where Θ is the pseudo Brauer relation from part (1).

Proof. The case where p = 2 follows from Proposition 6.18. We now suppose

that p ≥ 3.

For brevity, write Vℓ for Vℓ(JacXY
)⊗C and 1↑H for the permutation rep-

resentations Ind
Sp×C2

H 1. Let ϵ and σ be the 1-dimensional sign and (p− 1)

dimensional standard representations lifted from the C2 and Sp-quotients re-

spectively. By decomposing into irreducible representations, we get

1↑Sp×{e} = 1⊕ ϵ, 1↑Sp−1×C2 = 1⊕ σ, 1↑Sp−1×{e} = 1⊕ ϵ⊕ σ ⊕ (σ ⊗ ϵ)

We also see that

⟨σ⊗ϵ,1↑H′⟩ = ⟨1↑Sp−1×{e}−1↑Sp−1×C2−1↑Sp×{e}+1,1↑H′⟩ = 3−2−1+1 = 1,

where the last equality follows from ⟨1↑H ,1↑K⟩ = |H\(Sp × C2)/K|. We can

therefore decompose 1↑H′ = (σ ⊗ ϵ) ⊕ χ, for some Sp × C2-representation χ.

Then, the multiplicities of 1, ϵ, σ, σ ⊗ ϵ and χ in Vℓ are as follows:

1 ϵ σ σ ⊗ ϵ χ
Vℓ 0 2 0 2 0

To find the multiplicities of 1, ϵ, σ, σ⊗ϵ in Vℓ, combine Theorem 3.1(1) with

Proposition 6.21(2). For the last entry, we instead show that ⟨Vℓ,1↑H′⟩ = 2.

With τi as in Notation 6.22 and for p ≥ 3, we deduce (using Burnside’s orbit-

counting lemma for example) that

⟨1↑⟨τi⟩,1↑H′⟩ = |⟨τi⟩\(Sp × C2)/H
′| =


1
2
(p2 − 1), i = 1, 2, 3,

1
2
(p2 − 3), i = 4,

p2 − 3p+ 3, i = 5.

Therefore, ⟨Vℓ,1↑H′⟩ Thm. 6.23
= 2 + 3(p)(p− 1)−

∑5
i=1 |⟨τi⟩\(Sp × C2)/H

′| = 2,
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as required. Therefore, we have an isomorphism of G-representations

χ⊕ 1↑Sp−1×{e} ∼= 1↑Sp×{e} ⊕ 1↑H′ ⊕ σ,

and so (Sp−1 × {e})− (Sp × {e})−H ′ is a pseudo Brauer relation for XY . In

view of Proposition 6.21, this verifies an isogeny JacY → E × E ′ completing

the proof of (1).

We write Xp to denote Xp(JacXY
). Then, the corresponding multiplicities

in this case are as follows:

1 ϵ σ σ ⊗ ϵ χ
Xp 0 rkp(E) 0 rkp(E

′) 0

This follows from Theorem 3.1(2) for ϵ, σ ⊗ ϵ and Theorem 3.1(5) for

1, σ, χ. We deduce

Xp ∼= ϵ⊕rkp(E) ⊕ (σ ⊗ ϵ)⊕rkp(E′) ⊕ ρ,

where ρ is a representation satisfying ⟨ρ,1↑Sp−1×{e}⟩ = ⟨ρ,1↑H′⟩ = 0. By

Lemma 4.16(2), we deduce that CΘ(ρ) = 1 and therefore SΘ,p ⊆ {ϵ, σ ⊗ ϵ}.

We now show that CΘ(ϵ) = CΘ(σ⊗ ϵ) = p. By choosing the trivial pairing

on ϵ, we get CΘ(ϵ) =
1

(p−1)!
1
p!

= p, since the space of H ′-invariant vectors is zero.

Therefore, ϵ ∈ SΘ,p.

For σ ⊗ ϵ, we fix a basis {e1, . . . , ep} for Cp. Then, σ ⊗ ϵ is given by

the subspace spanned by vi = ei+1 − e1 for i = 1, . . . , p − 1 with (ρ1, ρ2) ∈

Sp × C2 acting via (ρ1, ρ2) · vi = sgn(ρ2)(eρ1(i+1) − eρ1(1)). A non-degenerate

and Sp×C2-invariant pairing on σ⊗ϵ is defined by setting the diagonal entries

⟨⟨vi, vi⟩⟩ = 2 and the off-diagonal entries ⟨⟨vi, vj⟩⟩ = 1. Suppose that the Sp−1

factor in Sp−1 × {e} stabilises 1. Then for H ∈ {Sp−1 × {e}, Sp × {e}, H ′},

the space of H-invariant vectors is one dimensional spanned by u1 =
∑p−1

i=1 vi,

zero and one dimensional spanned by u2 = vp−2−vp−1 respectively. Therefore,
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⟨⟨u1, u1⟩⟩ = p(p− 1), while ⟨⟨u2, u2⟩⟩ = 2. Putting everything together,

CΘ(σ ⊗ ϵ)
Remark 4.10

=

1
(p−1)!

⟨⟨u1, u1⟩⟩
1

2(p−2)!
⟨⟨u2, u2⟩⟩

= p.

It follows that SΘ,p = {ϵ, σ ⊗ ϵ}. Therefore, part (2) follows from Theorem

5.7.

Remark 6.26. We note that covers Y → E of genus 2 curves to elliptic curves

occur in pairs (ϕ, ψ). In particular, if ϕ : Y → E is a cover of prime degree p,

then there exists a complementary cover ψ : Y → Ẽ of the same degree, where

Ẽ is an elliptic curve. Therefore, Proposition 6.21 and Proposition 6.25 are

applicable when either ϕ or ψ is generic, interchanging ϕ with ψ and E with

Ẽ when needed.

6.7 Products of Weil-restrictions

Let Y be a geometrically connected curve defined over a field K of character-

istic 0. In the following section, we consider isogenies

∏
i

ResF
Hi

K JacY →
∏
j

ResF
Hj

K JacY

induced from Brauer relations
∑

iHi −
∑

j H
′
j for a Galois group Gal(F/K).

These isogenies can be derived using the framework of [60, Lemma 2.4] and

[64, §2]- see [30, Theorem 2.3] for details.

In the following result, we write YF for the base-change of Y to F and

YF/K for the corresponding curve over K as in Notation 2.5.

Proposition 6.27. Let Y/K be a geometrically connected curve, F/K a Galois

extension and Θ =
∑

iHi −
∑

j H
′
j a Brauer relation for Gal(F/K).

1.
∑

iHi −
∑

j H
′
j is a pseudo Brauer relation for YF/K that verifies an

isogeny
∏

iRes
FHi

K JacY →
∏

j Res
F

H′
j

K JacY .



6.7. Products of Weil-restrictions 103

2. If K is a number field and p an arbitrary prime,

∑
τ∈SΘ,p

⟨Xp(ResFKJacY ), τ⟩
⟨τ, τ⟩

=
∑

v place of K

ordpΛΘ(YF/K/Kv) mod 2,

where Θ is the pseudo Brauer relation from part (1).

Proof. We let K(Y ) be the function field of Y , and we consider the Galois

extension F (Y )/K(Y ). Then, the action of G := Gal(F/K) on F (Y ) is given

the action of the Galois group on F , the constant functions in F (Y ). Using

Theorem 2.2, this induces a G-action on YF/K by K-automorphisms. Since

F (Y )H = FH(Y ), then the Jacobian of the quotient of YF/K by H ≤ G is

ResF
H

K (JacY ) by Lemma 2.12. Part (1) follows by combining this observation

with the fact that any Brauer relation for the group G is automatically a

pseudo Brauer relation for YF/K . Write g(Y ) to denote the genus of Y . By

Lemma 3.5, Ω1(ResFKJacY )
∼= IndG{e}1

⊕g(Y ). This is self-dual and therefore

Theorem 5.7 is applicable. This completes the proof of part (2).



Chapter 7

Abelian varieties with

prescribed Tate–Shafarevich

group orders up to squares

In the following chapter, we prove the following result.

Theorem 7.1 (=Corollary 7.14). For every square-free natural number m,

there exists an abelian variety A/Q with finite Tate–Shafarevich group of order

ms2 for some integer s ≥ 1.

7.1 The square-free part of the Tate–Shafarevich

group

Our proof relies on breaking down the Weil-restriction of scalars of an abelian

variety up to isogeny followed by an application of a formula of Cassels–Tate

(already discussed in §1.6.2). This allows us to express the size of the Tate–

Shafarevich group, up to rational squares, in terms of Birch and Swinnerton-

Dyer constants defined in §2.3.

7.1.1 Cassels–Tate formula

For the remainder of this chapter, we use the following notation.
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Notation 7.2. Given a K-rational isogeny ϕ : A1 → A2, we write

Q(ϕ) =|coker(ϕ : A1(K)/A1(K)tors → A2(K)/A2(K)tors)|

×|ker(ϕ : X(A1/K)div →X(A2/K)div)|,

where Xdiv denotes the divisible part of X. We write X0 = X/Xdiv.

For an abelian variety A/K with a fixed non-zero global exterior form ω,

we denote the Birch–Swinnerton-Dyer periods by

ΩC(A, ω) = 2dimA
∫
A(C)
|ω ∧ ω| , ΩR(A, ω) =

∫
A(R)
|ω| .

We write Ω(A/K, ω) =
∏

v|∞ ΩKv(A, ω) where Kv = R (resp., C) if v is real

(resp., complex). In addition, for a non-archimedean place v, we let w0
A,v

be a Néron minimal exterior form on A, cv(A/K) be the Tamagawa number

at v and C̃(A/K, ω) =
∏

v∤∞ cv(A/K)|ω/ω0
A,v|v. In particular, C(A/K) =

C̃(A/K)Ω(A/K) where C(A/K) is as in §2.3.1. Finally, we write A∨ to denote

the dual abelian variety, ϕ∨ for the dual isogeny and □ for the square of a

rational number.

The following is a version of the Cassels–Tate formula, expressed in terms

of Selmer groups.

Theorem 7.3 (cf. [30, Theorem 4.3]). Let ϕ : A1 → A2 be a K-rational

isogeny. Then, for any non-zero global exterior forms ω1 and ω2 on A1 and

A2,

Q(ϕ∨)

Q(ϕ)
=
|A2(K)tors|
|A1(K)tors|

|A∨
2 (K)tors|

|A∨
1 (K)tors|

C̃(A1/K, ω1)

C̃(A2/K, ω2)

Ω(A1/K, ω1)

Ω(A2/K, ω2)

∏
p|deg(ϕ)

|X0(A1/K)[p∞]|
|X0(A2/K)[p∞]|

.

Given a field extension L/K, we write ϕL for the base change of ϕ to

L. The following proposition shows that for a carefully chosen L and working

modulo squares, the Cassels–Tate formula simplifies.

Lemma 7.4. Let L/K be a quadratic extension in which all bad primes of

A1/K,A2/K and all primes of K dividing deg(ϕ) split. In addition, suppose
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that deg(ϕ) is a square. Then,

Q(ϕ∨
L)

Q(ϕL)
=
|A2(L)tors|
|A1(L)tors|

|A∨
2 (L)tors|

|A∨
1 (L)tors|

∏
p|deg(ϕ)

|X0(A1/L)[p
∞]|

|X0(A2/L)[p∞]|
mod □.

Proof. By the product formula, the constant C̃(A1/L, ω1)Ω(A1/L, ω1) is inde-

pendent of ω1. We consider the expression from Theorem 7.3 with ω1 = ϕ∗ω2.

By our assumptions on L/K, the only terms in the product C(A1/L,ω1)
C(A2/L,ω2)

that

are not obviously contributing a rational square are the complex places of L

lying above real places of K and the non-archimedean places of L that do

not divide deg(ϕ). As in the proof of [65, Theorem 7.3], when w is com-

plex, ΩC(A1, ϕ
∗ω2)/ΩC(A2, ω2) = deg(ϕ) = □. In addition, by [78, pp. 12],

|(ϕ∗ω2/ω
0
A1,w

)
/
(ω2/ω

0
A2,w

)|w = 1 whenever w is a place of L not dividing deg(ϕ).

To conclude, C̃(A1/L,ω1)

C̃(A2/L,ω2)

Ω(A1/L,ω1)
Ω(A2/L,ω2)

= □ giving the required result.

7.1.2 An isogeny decomposition for the Weil-restriction

In what follows, we let A/K be a principally polarised abelian variety defined

over a number field K. We let p be an odd prime, F/K a cyclic extension of

degree p and ResFKA the Weil-restriction of scalars from F toK. For brevity, we

write B = ResFKA. This is an F/K-twist of Ap, and the product polarisation on

Ap descends to a principal polarisation on B/K. Then, there areK-morphisms

i : A→ B, Tr : B → A.

These are the inclusion and the trace map respectively.

After identifying the base change BF = Ap as principally polarised abelian

varieties, the base changed morphisms iF and TrF coincide with the diagonal

inclusion and the summation map respectively. In addition, writing i∨ : B → A

for the dual of i (having suppressed the canonical principal polarisations on

both sides), we have i∨ = Tr. Finally, we write Y to denote the kernel of the

trace map. This is an abelian variety defined over K and is an F/K-twist of

Ap−1 (see [84, Proposition 2.4]).
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Lemma 7.5. Let ϕ : Y × A→ B be given by (x, y) 7→ x+ i(y). Then, ϕ is a

K-rational isogeny with ker(ϕ) ∼= A[p].

Proof. It suffices to show ker(ϕ) ∼= A[p]. After base change to K, we identify

YK = Ap−1 and BK = Ap. Then, on K-points ϕ is given by (x1, . . . , xp−1, y) 7→

(y+x1, . . . , y+xp−1, y−
∑p−1

i=1 xi). Thus, restricting the projection Y ×A→ A

to ker(ϕ) allows us to deduce that ker(ϕ) ∼= A[p].

7.1.3 An expression for |X(Y/L)| modulo squares

We continue to write F/K to denote a cyclic, degree p extension.

Lemma 7.6. Let L/K be a number field extension such that L⊗K F is a field.

Then, the following hold.

1. For all odd primes q ̸= p, |X0(Y/L)[q
∞]| = □.

2. If, in addition, A is an elliptic curve, |X0(Y/L)[2
∞]| = □.

Proof. By Lemma 7.5, deg(ϕ) = p2dim(A). When q ̸= p, this isogeny induces

an isomorphism X0(A/L)[q
∞]×X0(Y/L)[q

∞]
∼→X0(B/L)[q

∞]. Since both

A and B are principally polarised, then X0(A/L)[q
∞] and X0(B/L)[q

∞] are

of square order for all odd q [75, Theorem 8]. This proves (1). Further, by

[20, Proposition A.5.2], BL
∼= ResL⊗KF

L A, and by combining [64, pp. 178(a)]

with Shapiro’s Lemma, X0(B/L)[2
∞] ∼= X0(A/L⊗K F )[2∞]. Therefore, if A

is an elliptic curve, both X0(A/L)[2
∞] and X0(B/L)[2

∞] are of square order

by [12]. Claim (2) follows.

As in §1.8, we write rkp(A/K) for the Zp-corank of the p∞-Selmer group

Selp∞(A/K) := lim−→n≥1
Selpn(A/K). This coincides with the Mordell–Weil rank

of A plus the multiplicity of Qp/Zp in its Tate–Shafarevich group.

Proposition 7.7. Let L/K be a quadratic extension in which all bad primes

of A/K and all primes dividing either deg(ϕ) = p2dim(A) or the relative dis-

criminant ∆(F/K) split. Then, the following hold.
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1. Up to rational squares,

|X0(Y/L)[p
∞]| ≡ Q(ϕL)

Q(ϕ∨
L)

|Y (L)[p∞]|
|Y ∨(L)[p∞]|

mod □.

2. If, in addition, rkp(A/L) = rkp(A/L⊗K F ), then

|X0(Y/L)[p
∞]| ≡ prkp(A/L)

|Y (L)[p∞]|
|Y ∨(L)[p∞]|

mod □.

Proof. Let v be a place of bad reduction of B/K. By [64, Proposition 1],

v is either a place of bad reduction of A/K or v|∆(F/K). Therefore,

all bad primes of B/K split in L. Since A/K is principally polarised,

|A(L)tors| = |A∨(L)tors| and |X0(A/L)[p
∞]| = □. The same holds for B. Since

deg(ϕ) is a power of p (see Lemma 7.5), part (1) follows from Lemma 7.4.

For part (2), it suffices to show that if rkp(A/L) = rkp(A/L ⊗K F ), then

Q(ϕL)/Q(ϕ
∨
L) = prkp(A/L) · □. After suppressing the principal polarisations

A = A∨, B = B∨, we view ϕ∨ as a morphism B → A × Y ∨. Therefore,

Q(ϕL)/Q(ϕ
∨
L) ≡ Q(ϕ∨

L ◦ ϕL : A× Y → A× Y ∨) mod □. Since the the degree

of ϕ∨◦ϕ is a power of p, we have X(A× Y/L)div[q∞]
∼→X(A× Y ∨/L)div[q

∞]

when q ̸= p. From this, we deduce ker(ϕ∨
L◦ϕL |Xdiv) = ker(ϕ∨

L◦ϕL |Xdiv[p
∞]).

Since BL
∼= ResL⊗KF

L A (see [20, Proposition A.5.2]), then by combining

[64, pp. 178(a)] with Shapiro’s Lemma gives Selp∞(B/L) ∼= Selp∞(A/L⊗K F ).

Since rkp(A/L) = rkp(A/L ⊗K F ), then rkp(Y/L) = rkp(Y
∨/L) = 0. As a

result, Q(ϕ∨
L ◦ ϕL) coincides with Q(i∨L ◦ iL), where we view i∨L ◦ iL as an endo-

morphism of AL. Using the description of i and i∨ from §7.1.2, i∨ ◦ i = [p]A.

This gives the required result.

7.2 Tate–Shafarevich group of non-square or-

der

We retain all the notation from §7.1. In addition, we fix the following.

Notation 7.8. We write K∞ to denote the cyclotomic Zp-extension of Q, Kn



7.2. Tate–Shafarevich group of non-square order 109

for the nth layer of this extension with K0 = Q. For d a positive, square-free

integer, we let Ln = Kn ·Q(
√
−d).

In this section, we will restrict our attention to the case where A = E

is an elliptic curve, and K and F are consecutive layers of the p-cyclotomic

tower. Therefore, Y (defined as the kernel of the trace map as in §7.1.2), is an

abelian variety defined over K of dimension p− 1.

We first prove a lemma involving torsion on Y and Y ∨.

Lemma 7.9. Let E be an elliptic curve defined over Q. For any n ≥ 0 and

any prime p ≥ 11, both Y (Ln)[p
∞] and Y ∨(Ln)[p

∞] are trivial.

Proof. As abelian varieties over Ln+1, both Y and Y ∨ are isomorphic to Ep−1.

It therefore suffices to show that E(Ln+1)[p
∞] is trivial for p ≥ 11. Let

E−d be the quadratic twist of E by −d. Then, there exists a map

E(Ln+1)→ E(Kn+1)× E−d(Kn+1) whose kernel and cokernel are 2-groups.

Then, for any odd prime p, this induces an isomorphism

E(Ln+1)[p
∞]

∼→ E(Kn+1)[p
∞]× E−d(Kn+1)[p

∞].

By [18, Theorem 1.1], E(K∞)[p∞] = E(Q)[p∞] (similarly for E−d) for any

p ≥ 5. If p ≥ 11, Mazur’s theorem [63, Theorem 2] asserts that E(Q)[p∞] and

E−d(Q)[p∞] are both trivial. Therefore, E(Ln+1)[p
∞] is trivial.

Central to our argument is a combination of an analytic result of Rohrlich

with a theorem by Kato, which we now recall.

Theorem 7.10 ([77], [48]). Suppose that E is an elliptic curve defined over

Q with good reduction at p. Then, there exists an integer n ≥ 0 such that

1. L(E,χ, 1) ̸= 0 for every non-trivial character χ of Gal(Kn+1/Kn),

2. rkp(E/Kn) = rkp(E/Kn+1).

The following result is a formal consequence of this theorem.
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Theorem 7.11. Let E/Q be an elliptic curve which has good reduction at

p. In addition, suppose that p splits in L0 = Q(
√
−d). Then, there exists a

positive integer n such that

1. ords=1L(E/Ln, s) = ords=1L(E/Ln+1, s),

2. X(Y/Ln) is finite,

3. rkp(E/Ln+1) = rkp(E/Ln).

Proof. As E is defined over Q, ResLn
Kn
E is isogenous to E × E−d giving an

equality of L-functions

L(E/Ln, s) = L(E/Kn, s)L(E−d/Kn, s).

Since p splits in L0, both E and E−d have good reduction at p. By Rohrlich

[77, pp. 409], the sequence {ords=1L(E/Kn, s)}n≥1 stabilises (similarly for

E−d). It follows that for n ≥ 1 sufficiently large, we have ords=1L(E/Ln, s) =

ords=1L(E/Ln+1, s). This proves (1).

Part (2) is a consequence of a result by Kato [48], as we now explain.

Following the author’s notation, for an abelian group G, a character τ ∈ Ĝ,

and a G-module M , we let M (τ) = {x ∈ M | Iτ · x = 0} where Iτ ⊆ Z[G]

denotes the kernel of the map Z[G] → C× induced by τ . We apply this to

G = Gal(Ln+1/Q) ∼= Z/2pn+1Z. For brevity, we write H = Gal(Ln+1/Ln) ∼=

Z/pZ. Further, the composition i ◦ Tr from §7.1.2 is equal to NH :=
∑

h∈H h

viewed as an Ln-endomorphism of B/Ln. It follows that the composition Y ↪→

B
NH→ B is the zero map, which in turn gives a homomorphism X(Y/Ln) →

ker(NH | X(E/Ln+1)) with finite kernel. To see this, we look at the short

exact sequence of abelian varieties

0→ Y → B
Tr−→ E → 0.



7.2. Tate–Shafarevich group of non-square order 111

Taking Galois cohomology gives an exact sequence

0→ E(Ln)/Norm
Ln+1

Ln
E(Ln+1)→ H1(Ln, Y )→ H1(Ln, B).

Since pE(Ln) ⊆ Norm
Ln+1

Ln
E(Ln+1) and E(Ln)/pE(Ln) is finite by the Mordell–

Weil theorem, then E(Ln)/Norm
Ln+1

Ln
E(Ln+1) must be finite too. As a result,

the induced map X(Y/Ln)→ ker(NH |X(E/Ln+1)) has finite kernel. Thus,

it suffices to show that ker(NH | X(E/Ln+1)) is finite. Let τ (resp., ψ) be a

primitive character (resp., character of order pn+1) of G. In addition, we have

a short exact sequence1

0→X(E/Ln+1)
(τ) → ker(NH |X(E/Ln+1))→X(E/Ln+1)

(ψ) (⋆)

Adding on, by Artin formalism,

L(E/Ln+1, s) = L(E/Ln, s)
∏
χ∈Ĥ
χ ̸=id

L(E/Ln, χ, s).

By part (1), there exists n ≥ 1 such that L(E/Ln, χ, 1) = L(E/Q, IndGHχ, 1) ̸= 0

where χ is a non-trivial character of H. It follows that L(E/Q, τ, 1) ̸= 0 and

L(E/Q, ψ, 1) ̸= 0. By [48, Corollary 14.3], X(E/Ln+1)
(τ) and X(E/Ln+1)

(ψ)

in (⋆) are both finite . This completes the proof of (2).

For part (3), the results of Kato and Rohrlich from above show that for

the choice of n as in (1), then rkp(E/Kn) = rkp(E/Kn+1) and rkp(E−d/Kn) =

rkp(E−d/Kn+1). In addition, for all n ≥ 0, rkp(E/Ln) = rkp(E/Kn) +

rkp(E−d/Kn). The result follows.

Theorem 7.12. Let p ≥ 11 be a prime. Then, there exists an abelian extension

L/Q and an abelian variety Y/L such that |X(Y/L)| = p ·□.

Proof. We let E/Q be an elliptic curve defined over Q and suppose that p is a

1To see this, we note that as an element in Z[G] ∼= Z[t]/(t2pn+1−1), we can factorise NH =∑p−1
i=1 (t

2pn

)i = Φ2pn+1(t) · Φpn+1(t), where Φ2pn+1(t) and Φpn+1(t) are the corresponding
cyclotomic polynomials.
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prime of good reduction. We let d be a positive integer such that p and all bad

primes of E/Q split in Q(
√
−d). For the remainder of this proof, we fix n as in

Theorem 7.11 so that rkp(E/Ln+1) = rkp(E/Ln) and X(Y/Ln) are both finite.

In view of Lemma 7.6(1)-(2), |X(Y/Ln)| = |X0(Y/Ln)[p
∞]| · □. Combining

this with Proposition 7.7(2) (applied with K = Kn, F = Kn+1, L = Ln) and

Lemma 7.9, we get

|X(Y/Ln)| ≡ prkp(E/Ln) mod □. (∗)

Since E is defined over Q, its global root number ω(E/Q(
√
−d)) = −1. This

is because the only contribution in the root number computation comes from

the unique archimedean place of Q(
√
−d). Therefore,

(−1)rkp(E/Q(
√
−d)) = (−1)rkp(E/Q)+rkp(E−d/Q) [30, Thm 1.4]

= w(E/Q)w(E−d/Q).

Since Res
Q(

√
−d)

Q E is isogenous to E×E−d, we deduce that w(E/Q)w(E−d/Q) =

w(E/Q(
√
−d)) and therefore rkp(E/Q(

√
−d)) ≡ 1 mod 2. Since the parity

of p∞-Selmer ranks remains unchanged in odd degree Galois extensions [30,

Corollary 4.15], rkp(E/Ln) ≡ rkp(E/Q(
√
−d)) ≡ 1 mod 2. Combining this

with (∗) gives the required result.

Theorem 7.13. Let p be a prime. Then, there exists an abelian variety Y ′/Q

such that |X(Y ′/Q)| = p ·□.

Proof. For p ≥ 11, we consider Y ′ = ResLQY where Y/L is the abelian variety

from Theorem 7.12. Since X(Y ′/Q) ∼= X(Y/L) (combine Shapiro’s lemma

with [64, pp. 178(a)]), the result follows. For p ≤ 7, see [75] and [84].

Corollary 7.14. For every positive square-free integer m, there exists an

abelian variety defined over Q with finite Tate–Shafarevich group of order m·□.

Proof. Given abelian varieties A1 and A2, X(A1 × A2) ∼= X(A1) ×X(A2).

The result follows from Theorem 7.13.
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Remark 7.15. This chapter extends the main result of [84], where the author

considers the isogeny decomposition of a Weil-restriction ResFQE → Y × E of

an elliptic curve E/Q with F/Q a cyclic degree p extension. The author then

shows that the parities of ordp |X(Y/Q)| and rk(E/Q) are the same under the

assumption that L(Y/Q, 1) ̸= 0. This principle is also reflected in our work

through Proposition 7.7(2).

This non-vanishing assertion is then verified numerically for a specific

elliptic curve and odd primes below 25000. Our approach differs by consid-

ering higher-degree cyclic extensions of Q and applying an analytic result of

Rohrlich, which establishes a similar condition unconjecturally, thus allowing

us to obtain an unconditional result.



Appendix A

Homomorphisms between

Jacobians from G-maps

In this appendix, we describe a method for constructing homomorphisms be-

tween products of Jacobians starting from G-equivariant maps between permu-

tation modules. In particular, lettingH1, . . . , Hm andH ′
1, . . . , H

′
n be subgroups

of G, we show that a G-map

Φ :
m⊕
i=1

Z[G/Hi]→
n⊕
j=1

Z[G/H ′
j]

induces a homomorphism

fΦ :
∏
j

JacX/H′
j
→

∏
i

JacX/Hi
,

which satisfies a number of desired properties.

This formalism originates from the work of Kani–Rosen [46], where the au-

thors show that certain relations between permutation characters, now known

as Brauer relations (see Definition 4.1 and Remark 4.3) give rise to isoge-

nies between Jacobians, though an exact description of this morphism is not

given. Subsequently, the work of de Smit–Edixhoven [21] constructs the in-

duced isogeny, though only in the isogeny category of abelian varieties. A sim-

ilar construction can be found in the work of Chen [17, Lemma 3.3], though
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the homomorphism afforded by this lemma doesn’t quite satisfy the desired

properties of Theorem A.1.

The following theorem, along with all subsequent results in this appendix,

is due to A. Morgan and can be found in the joint work [53, §4.3].

Theorem A.1. Let X be a curve over a field K of characteristic 0, and let G

be a finite subgroup of AutK(X). Let

Φ :
⊕
i

Z[G/Hi]→
⊕
j

Z[G/H ′
j], (Hi, H

′
j ≤ G)

be a G-equivariant homomorphism. Then, there exists a K-homomorphism

fΦ :
∏
j

JacX/H′
j
→

∏
i

JacX/Hi

which satisfies:

1. fΦ′Φ = fΦfΦ′,

2. fΦ∨ = (fΦ)
∨.

(Here, and below, (fΦ)
∨ denotes the dual homomorphism of fΦ with re-

spect to the canonical principal polarisations, while Φ∨ denotes the dual

homomrophism of Notation 4.21.)

A.1 Construction of fΦ

In view of the natural inclusion and projection maps in and out of permutation

modules, we can assume that Φ is of the form

Φ : Z[G/H]→ Z[G/H ′].

We let
∑

g∈Gmgg be any lift of Φ(H) (that is, Φ evaluated at the trivial coset)

to Z[G], Φ̃ :=
∑

g∈Gmgg∗ the induced endomorphism on JacX and πH and πH′

the natural quotient maps X → X/H, X → X/H ′.
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In the following lemma, we write JacH
′

X to denote the group variety given

by the H ′-stable points of JacX , and (JacH
′

X )0 for its connected component.

Lemma A.2. The following hold:

1. The image of π∗
H′ is contained in (JacH

′

X )0.

2. The restriction of Φ̃ to (JacH
′

X )0 is independent of the lift chosen for Φ(H)

in Z[G].

3. The image of the restriction Φ̃ to (JacH
′

X )0 is contained in (JacHX)
0.

Proof. For (1), we note that πH′ ◦ h = πH′ for all h ∈ H ′, and therefore

π∗
H′ = h∗ ◦ π∗

H′ . Since h∗ = (h∗)
−1 = (h−1)∗, we deduce that H ′ acts trivially

on π∗
H′(JacX) and so π∗

H′(JacX) ⊆ JacH
′

X . Since π
∗
H′(JacX) is connected (since

JacX is too), then the result follows. Claim (2) follows since H ′ acts trivially

on (JacH
′

X )0. Claim (3) follows since the image of an H ′-stable point under Φ̃

is point which is fixed by H. Therefore, the image of the restriction of Φ̃ to

(JacH
′

X )0 lies in JacHX . Since (JacH
′

X )0 is connected, the result follows.

In view of Lemma A.2, we can construct a homomorphism between Jaco-

bians α(Φ) : JacX/H′ → JacX/H determined by the composition:

α(Φ) :=

(
JacX/H′

π∗
H′−−→ (JacH

′

X )0
Φ̃−→ (JacHX)

0 (πH)∗−−−→ JacX/H

)
.

Remark A.3. Since H ′ acts trivially on (JacH
′

X )0, then the restriction of the

endomorphism Φ̃ =
∑

g∈Gmgg∗ of JacX to (JacH
′

X )0 is independent of the choice

of lift for Φ(H) to Z[G]. As a result, the definition of α(Φ) is independent of

specific lift chosen for Φ(H).

Lemma A.4. JacX/H′ [|H|] ⊆ Ker(α(Φ)).

Proof. It suffices to prove this claim after base-change to an algebraic closure

K, so we assume K = K. Suppose that |H|Z = div(η) for some η ∈

K(X/H ′) = K(X)H
′
, and that Φ̃ =

∑
g∈Gmgg∗. Consider ζ =

∏
g∈G g(η)

mg .
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Since η ∈ K(X)H
′
, it follows that ζ ∈ K(X)H = K(X/H). A direct compu-

tation then shows that div(ζ) = α(Φ)(Z), from which the claim follows.

In view of Lemma A.4, we deduce that α(Φ) factors through the

multiplication-by-|H| map; that is α(Φ) = |H|fΦ. This allows us to define

fΦ = 1
|H|α(Φ) as the associated intermediate map.

Definition A.5. Let Φ : Z[G/H] → Z[G/H ′] be a G-equivariant map. We

define fΦ : JacX/H′ → JacX/H to be the K-homomorphism 1
|H|α(Φ).

More generally, if Φ :
⊕

i Z[G/Hi] →
⊕

j Z[G/H ′
j] is a G-equivariant

homomorphism, then composing with the inclusions and projections in and

out of permutation modules give rise to a collection of G-equivariant maps

Φij : Z[G/Hi] → Z[G/H ′
j]. We then define fΦ :

∏
j JacX/H′

j
→

∏
i JacX/Hi

to

be the K-homomorphism associated to the collection (fΦij
)i,j.

Proof of Theorem 5.3. Existence follows by Lemma A.4. By additivity, it suf-

fices to prove the desired properties in the case where the G-map is of the form

Φ : Z[G/H] → Z[G/H ′]. Claim (1) follows by a direct computation; Indeed,

letting Φ′ : Z[G/H ′]→ Z[G/H̃], we deduce

α(Φ)α(Φ′) = (πH)∗Φ̃(π
∗
H′(πH′)∗)Φ̃′π∗

H̃
.

Since Φ̃′π∗
H̃
lands in (JacH

′

X )0 by Lemma A.2, we deduce that π∗
H′(πH′)∗ (which

agrees with
∑

h∈H′ h∗ in view of Lemma 2.15) is the multiplication-by-|H ′| map

in the above composition. From this, we deduce

α(Φ)α(Φ′) = |H ′|(πH)∗Φ̃Φ̃′π∗
H̃
= |H ′|(πH)∗Φ̃′Φπ∗

H̃
= |H ′|α(Φ′Φ).

Dividing both sides |H| · |H ′| (which is allowed in view of Lemma A.4) gives

fΦfΦ′ = fΦ′Φ completing the proof of (1).

To prove claim (2), we use the description HomG(Z[G/H],Z[G/H′]) ∼=

Z[H\G/H′] as a Hecke algebra. In particular, for a double coset HgH ′, we

define ΦHgH′ : Z[G/H] → Z[G/H ′] to be the homomorphism determined by
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ΦHgH′(H) =
∑

u∈H/H∩gH′g−1 ugH ′. It thus suffices to prove claim (2) in the

case where Φ = ΦHgH′ .

A direct calculation shows that, for any g ∈ G, we have

Φ∨
HgH′ = ΦH′g−1H . (A.1)

Writing NH =
∑

h∈H h ∈ Z[G], we note that in Z[G] we have the identity

∑
u∈H/H∩gH′g−1

ugNH′ =
∑

t∈HgH′

t =
∑

w∈H′/H′∩g−1Hg

NHgw. (A.2)

From (A.2) we see that
∑

t∈HgH′ t is a lift of |H ′|ΦHgH′(H) to Z[G]. In partic-

ular, writing γ =
∑

t∈HgH′ t∗, we have

|H||H ′|fϕHgH′ = (πH)∗ ◦ γ ◦ π∗
H′ .

Dualising gives

|H||H ′|f∨
ϕHgH′ = (πH′)∗ ◦ γ∨ ◦ π∗

H .

Since γ∨ =
∑

t∈HgH′(t−1)∗ =
∑

t∈H′g−1H t∗ and
∑

t∈H′g−1H t is a lift of

|H|ΦH′g−1H(H
′) to Z[G] (see (A.2) we see that), we deduce that

|H||H ′|f∨
ϕHgH′ = α(|H|ΦH′g−1H) = |H|α(ΦH′g−1H).

Dividing by |H||H ′| (which is allowed in view of Lemma A.4), we deduce that

f∨
ΦHgH′ = fΦH′g−1H

. The result follows from (A.1).
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