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Abstract

In this thesis, we study theoretically the angular distributions of electron escape

and the process of molecular dissociation during the interaction between diatomic

molecules and intense laser pulses in the ultraviolet and X-ray range. We start by

demonstrating theoretically a one-to-one mapping between the direction of electron

ionization and the phase delay between a linearly-polarized vacuum ultraviolet and

a circularly-polarized infrared laser pulse for the N2 molecule. We compute the

dipole matrix element to transition from an initial bound state to the continuum us-

ing quantum mechanical techniques. Following the release of the electron in the

infrared pulse, we evolve classical trajectories. Neglecting the Coulomb potential

and accounting for quantum interference, we compute the distribution of the direc-

tion and magnitude of the final electron momentum. We then streak single-photon

ionization processes, driven by an X-ray pulse, in open-shell molecules. We obtain

continuum molecular wavefunctions while accounting for the singlet or triplet total

spin symmetry of the molecular ion. After ionization, we streak the electron dynam-

ics using a circular infrared pulse. For a high intensity infrared pulse, we achieve

control of the angle of escape of the ionizing electron. For a low intensity infrared

pulse, we obtain final electron momenta distributions on the plane of the infrared

pulse and compare them to the angular patterns of electron escape solely due to the

X-ray pulse. Finally, we study the interaction between molecular oxygen, O2, and

an extreme ultraviolet pulse. We compute potential energy curves of O2 up to O2+
2 .

We find the dissociation limits of these states and the atomic fragments to which

they dissociate. We use the Velocity Verlet algorithm to account for the nuclear

dynamics. Using Monte Carlo simulations which monitor the nuclear motion and
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electronic structure of the molecule, we obtain kinetic energy release distributions

of the atomic fragments of O2.



Impact Statement

The development of theoretical techniques to model the electronic motion of di-

atomic molecules quantum-mechanically is rare, due to the complexity that arises

from the lack of symmetry in molecular orbitals. In this thesis we do so, and apply

these techniques to various relevant interactions between diatomic molecules and

laser pulses in the ultraviolet (UV) and X-ray range.

In recent years, the experimental advances in developing ultraviolet (UV) and

X-ray pulses from free electron lasers (FEL) make studies of inner-shell ionization

of atoms and molecules timely. An interesting feature of the interaction of intense

laser pulses with matter is that they allow for the removal of an inner-shell electron,

leading to processes such as sequential single-photon ionization and Auger-Meitner

decay. To effectively study the electron dynamics in the time-domain, recent ex-

periments use attosecond spectroscopy with co-timed UV and infrared (IR) pulses.

Known as attosecond streaking, with this procedure it is possible to time-resolve

the photoemission process in atomic and molecular targets.

Most studies analyzing the interaction between diatomic molecules and laser

pulses utilize closed-shell molecules, due to the difficulty that arises dealing with

different spin-states when studying open-shell molecules. Here, we use nitric ox-

ide, NO, to demonstrate the angular streaking technique to study the time-dependent

photoemission in open-shell molecular systems. This work provided the theoretical

basis for an experiment at SLAC measuring photoionization delay times [1], a sub-

ject which is currently a frontier of ultrafast science due to the recent development

of attosecond-duration light pulses.

Setups involving UV and IR pulses can also be used to achieve control of elec-
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tron current. Recently, utilizing IR laser technology allowed for high-velocity elec-

trons to be arranged in almost any geometric form in semiconductors, including ring

currents, relevant for generating solenoidal magnetic fields. These high-velocity

electrons, which generate high magnetic fields, were produced using coherent con-

trol. Coherent control is a powerful tool with applications in a wide range of areas

such as quantum optics, attosecond metrology, optoelectronics and laser cooling.

In response to this, using nitrogen, N2, we theoretically demonstrate that control of

electron currents is possible using a combination of vacuum ultraviolet (VUV) and

IR pulses.

Finally, due to the high photon energy of UV and X-ray radiation, phenomena

such as multi-electron ionization and molecular dissociation are possible. As a re-

sult of these experiments, one obtains the distributions of the kinetic energy release

(KER) of the atomic fragments resulting from molecular dissociation. As a result

of the multiple ionization sequences leading to a dissociation pathway, the kinetic

energy spectra as a function of photon energy for a certain dissociation pathway is

diverse. Identifying the ionization sequences leading to molecular dissociation is

crucial for understanding experimental results in physical, chemical and biological

processes taking place when molecules interact with intense laser pulses. In order to

do this, one must model both electronic and nuclear motion of the molecule. Using

a hybrid quantum-classical technique we have developed, we produce KER distri-

butions of O2 when an extreme ultraviolet (XUV) pulse is applied to the molecule.
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Chapter 1

Introduction

The development of sub-femtosecond ultraviolet (UV) and X-ray pulses, either

from free-electron lasers (FEL) [5] or from high-harmonic generation [6], has revo-

lutionized our ability to study electron dynamics in the time-domain. For example,

using attosecond spectroscopy with co-timed UV and infrared (IR) pulses, it is pos-

sible to time-resolve the photoemission process in atomic [7], molecular [8], and

solid-state targets [9, 10]. This technique is known as attosecond streaking [11].

These streaking experiments are typically performed with IR pulses of low inten-

sity. A low-intensity IR pulse can be used to image electron dynamics and is also

of relevance to time delays in single-electron ionization [12–14]. At low intensities

the ponderomotive energy, due to the IR pulse, is lower than the kinetic energy of

the electron when released in the continuum by an XUV pulse. However, as we

will demonstrate in this thesis, at higher intensities the properties of the IR field

dominate the final electron momentum, following ejection from an XUV pulse, re-

sulting in the control of electron motion by the IR field. [2]. Recently, there has

been substantial effort to extend the streaking methodology to X-ray free-electron

laser (XFEL) sources, which provide a source of high intensity X-ray pulses, for the

purpose of characterizing the temporal structure of the X-ray pulse [15–18]. This in-

cludes the development of angular streaking, which employs a circularly-polarized

IR laser field [19–22]. Similar to studies using table-top sources, XFEL streaking

has been extended to study the time-dependent emission pattern of core-excited

and core-ionized systems undergoing the Auger-Meitner-Meitner decay process
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[22, 23], providing insight into electron coherence and entanglement.

One of the interesting features of the interaction of X-ray pulses with matter

is that they allow for the removal of an inner-shell electron that subsequently leads

to a cascade of multi-electron processes. Namely, it can lead to sequential single-

photon ionization processes, as well as Auger-Meitner processes. The latter involve

the creation of an inner-shell hole by single-photon ionization, and the subsequent

filling of this hole by a valence electron. During this transition of the electron, en-

ergy is released, which is taken up by another valence-shell electron, leading to the

ionization of the latter electron. Studying the interplay of single-photon ionization

and Auger-Meitner processes in molecules is a challenging task due to the many

electrons involved in these interactions.

To study the interplay of photoionization and Auger-Meitner processes in

molecules and to compute ion yields, we need to compute accurate singe-photon

ionization cross sections and Auger-Meitner rates. In order to do so, we need to

compute accurate continuum wavefunctions. The latter is a complicated task due to

the fact that one has to account for the interplay of electronic and nuclear motion.

As a result, the continuum molecular orbitals employed in other studies, which are

used to compute single-photon ionization cross sections and Auger-Meitner rates,

are expressed as a combination of atomic continuum wavefunctions [24–28]. Such

an approximation is only accurate for very high photon energies. In contrast, in our

studies we employ accurate continuum molecular wavefunctions [29].

Here, we also formulate the partial single-photon ionization cross section as a

function of the polar and azimuthal angles of ejection of the photo-electron. The

polar angle is the angle between the ejected electron and the axis of polarization

of the XUV pulse. We describe the ionization of an inner-shell electron due to the

XUV pulse using state-of-the-art quantum mechanical methods and computational

tools. We aslo describe the steering and/or control that the IR pulse imposes on

the ejected electron using classical propagation. We account for interference ef-

fects by computing the classical action for each trajectory. This hybrid quantum

and classical treatment of ionization processes in the presence of XUV+IR pulses
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is a powerful tool for theoretical studies that will complement current and future

experiments. In this thesis, we demonstrate our hybrid formalism in the context of

the diatomic molecules N2 and NO.

In chapter 3, we theoretically demonstrate that control of electron currents gen-

erated at roughly 100 nm is possible. As in the attosecond streak camera [30], we

achieve control by varying the phase delay between a linearly-polarized VUV pulse

and a streaking circularly-polarized IR pulse. Generating large and controllable

THz magnetic fields is of fundamental importance. For instance, such fields control

the direction of magnetization in magnetic devices and, when a maximum speed

of magnetic switching is reached, they control the onset of magnetic disorder [31].

Thus, THz magnetic fields have a wide range of applications in optoelectronic de-

vices used for information processing. Such fields can currently be produced by

the Stanford Linear Accelerator (SLAC) electron beam. However, while important,

these fields are a relatively low-tech application of a state-of-the-art accelerator.

Devising optical techniques for generating THz magnetic fields with sufficient spa-

tial and temporal precision to be useful for small devices is a frontier of ultrafast

science. Recently, utilizing visible and infrared (IR) laser technology allowed for

high-velocity electrons to be arranged in almost any geometric form in semicon-

ductors [32–35]. Such forms include a line current, as in SLAC, and a ring current,

relevant for generating solenoidal magnetic fields. These high-velocity electrons,

which generate high magnetic fields, were produced using coherent control. Co-

herent control is a powerful tool with applications in a wide range of areas such as

quantum optics and metrology [36–38], attosecond metrology [39, 40], optoelec-

tronics [41] and laser cooling [42, 43].

In chapter 4, we demonstrate the extension of the angular-streaking technique

[19, 22, 44, 45] to study the time-dependent photoemission in open-shell molecular

systems. Most studies of imaging or controlling single-electron ionization insti-

gated by FEL pulses involve closed-shell molecules [29, 46–48], as they are eas-

ier to study compared to open-shell molecules. Indeed, following ionization, for

closed-shell molecules, the final molecular ion is in a doublet spin state. For open-
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shell molecules, the final molecular ion is in a singlet or triplet spin state, that is, the

total spin of the open-shell orbital and the orbital where the electron ionizes from is

zero or one [49]. We focus only on single-photon ionization processes in diatomic

molecules involving an inner-shell electron. The transition of an electron from a

bound molecular state to a continuum molecular state takes place due to an intense,

ultra-short extreme ultraviolet (XUV) pulse. We choose a laser pulse of this form

to ensure that ionization occurs on the attosecond time-scale. Once the electron

transitions to the continuum, we employ a weak infrared (IR) circular laser pulse in

order to steer (not ionize) the escaping electron. Our goal is to understand the two-

dimensional momentum patterns obtained from the interaction of the molecule with

the XUV+IR pulse. The reason is that such studies are relevant to state-of-the-art

experiments concerning the interaction of molecules with XUV+IR pulses currently

taking place, for instance, at SLAC in Stanford [22]. One goal of these experiments

is to use the IR pulses in order to time the delay in the ionization of electrons from

different inner-shell molecular orbitals.

Experiments have also utilised FELs, such as FLASH in Hamburg [50, 51], to

produce intense XUV pulses. The high photon energy of XUV radiation results in

phenomena such as multi-electron ionization and dissociation in molecules. A large

number of ionization sequences can contribute to a certain dissociation pathway in

strongly-driven molecules. This results in a plethora of features in the sum of the

kinetic energies of the atomic fragments, i.e. the kinetic energy release (KER),

as a function of photon energy of the atomic fragments resulting from molecular

dissociation [52, 53]. Hence, using advanced theoretical models to identify the

ionization sequences leading to molecular dissociation is crucial for understanding

experimental results in physical, chemical and biological processes taking place

when molecules interact with XUV pulses [54–58].

In chapter 5, we formulate a hybrid quantum-classical theoretical model to

address the interaction of molecules with intense pulses of high photon energy. We

focus on the formation of two O+ atomic fragments in coincidence resulting from

the interaction of O2 with an XUV pulse with photon energy ranging from 20 eV to
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42 eV. We demonstrate that the theoretically obtained kinetic-energy release spectra

as a function of the photon energy for the O+ + O+ dissociation pathway are in very

good agreement with experimental results.



Chapter 2

Theory of the interaction of

molecules with free-electron lasers

2.1 Electronic Structure of Molecules

2.1.1 Born-Oppenheimer approximation

The time-independent Hamiltonian of a molecular system [59] is given by

Ĥ =−∑
α

1
2mα

∇∇∇
2
α −∑

i

1
2

∇∇∇
2
i −∑

α

∑
i

Zα

riα
+∑

α

∑
β>α

ZαZβ

rαβ

+∑
j

∑
i> j

1
ri j

, (2.1)

where i and j refer to the electrons, α and β refer to the nuclei, mα is the mass

of nuclei α , Zα the atomic number (charge) of nuclei α , ri j the distance between

electrons i and j, riα the distance between electron i and nucleus α and rαβ the

internuclear distance between nuclei α and β . We assume the nuclei and electrons

to be point masses and use atomic units. In Eq. (2.1), the first term is the kinetic

energy operator of the nuclei and the second term is the kinetic energy operator of

the electrons. The third, fourth and fifth terms in Eq. (2.1) are the electron-nucleus,

nucleus-nucleus and electron-electron potential energies, respectively. The wave

functions ψ and energies E of a molecule can be found by solving the Schrödinger

equation, given by

Ĥψ(ri,rα) = Eψ(ri,rα), (2.2)
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where ri,rα are the electronic and nuclear coordinates, respectively. Since the nu-

clei are far heavier than the electrons (mα >> me where me is the mass of an elec-

tron), the electrons move much faster than the nuclei. The Born-Oppenheimer ap-

proximation [60] uses this fact by regarding the nuclei as fixed during the motion

of the electrons. Using this approximation allows us to omit the kinetic energy

operator of the nuclei. Furthermore, since the nuclei are fixed in space, the nucleus-

nucleus potential energy will be a constant. It can be proven that the omission of a

constant term from the Hamiltonian does not affect the wave functions. Hence, we

obtain the following Schrödinger equation for electronic motion

Ĥelψel(ri;rα) = Eelψel(ri;rα), (2.3)

where Eel = Eel(rα) is the purely electronic energy and

Ĥel =−∑
i

1
2

∇∇∇
2
i −∑

α

∑
i

Zα

riα
+∑

j
∑
i> j

1
ri j

. (2.4)

Note that the electronic wavefunctions ψel only depend parametrically on the nu-

clear coordinates, and we solve the electronic Schrödinger equation for each pos-

sible nuclear configuration with internuclear distance rαβ . The total energy of the

system under the Born-Oppenheimer approximation is

U = Eel +∑
α

∑
β>α

ZαZβ

rαβ

. (2.5)

In order to solve the electronic Schrödinger equation, we will utilise the variational

principle and the Hartree-Fock (HF) method.

2.1.2 Hartree-Fock method

We will use the Hartree-Fock (HF) method to solve the electronic Schrödinger equa-

tion in Eq. (2.3). The HF method is a particular case of the Variational method

where we assume that the N-electron wave function is represented by a Slater de-

terminant, Φ, of spin-orbitals. The following derivation is taken from Ref. [61].

We begin by assuming an N-electron atom or molecule in its ground state, with the



2.1. Electronic Structure of Molecules 29

non-relativistic electronic Hamiltonian from Eq. (2.3). We separate the Hamiltonian

into two terms

Ĥel = Ĥ1 + Ĥ2, (2.6)

where

Ĥ1 =
N

∑
i=1

ĥi, ĥi =−
1
2

∇∇∇r2
i −

nuc.

∑
α

Zα

riα
, riα = |ri−Rα |

Ĥ2 =
N

∑
i< j=1

1
ri j

, ri j =
∣∣ri− r j

∣∣. (2.7)

By the variational method [61] we know the ground state energy E0 satisfies

E0 ≤ E[Φ] = 〈Φ| Ĥ |Φ〉 , (2.8)

where Φ is our normalised trial function. The HF method supposes that this trial

function is a Slater determinant, i.e.

Φ(q1, . . . ,qN) =
1√
N!

∣∣∣∣∣∣∣∣∣
φ1(q1) φ2(q1) . . . φN(q1)

...
...

...
...

φ1(qN) φ2(qN) . . . φN(qN)

∣∣∣∣∣∣∣∣∣ , (2.9)

where the φi(q) are spin-orbitals. A spin-orbital is a one-particle wavefunction tak-

ing both the position and spin of a particle as its parameters, represented by q.

The subscripts i = 1,2, . . . ,N represent N sets of the four quantum numbers (the

Principal quantum number n, the Azimuthal/ Orbital angular momentum quantum

number l, the Magnetic quantum number ml and the Spin quantum number s). The

spin-orbitals are orthonormal

〈
φ j
∣∣φi
〉
=
∫

φ
∗
j (q)φi(q)dq = δi j. (2.10)
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We can rewrite the Slater determinant as

Φ(q1, . . . ,qN) =
1√
N! ∑

P
(−1)PP̂φ1(q1) . . .φN(qN)

=
√

N!ÂΦH ,

(2.11)

where P̂ permutes the spin and position coordinates of a pair of electrons, the sym-

bol (−1)P is equal to 1 when P̂ is an even permutation and −1 when P̂ is an odd

permutation, and the sum is over all permutations P̂. The Hartree wave function,

ΦH , is simply the product of the spin-orbitals

ΦH(q1, . . . ,qN) = φ1(q1) . . .φN(qN). (2.12)

The antisymmetrisation operator, Â, is equal to

Â =
1

N! ∑
P
(−1)PP̂. (2.13)

It can be shown that the operator Â is a projection operator and Hermitian. Further-

more, the Hamiltonians Ĥ1 and Ĥ2 are invariant under permutations of the electron

coordinates. Namely,

Â2 = Â

[Ĥ1, Â] = [Ĥ2, Â] = 0.
(2.14)

In order to utilise the variational principle, let us calculate the expectation values of

Ĥ1 and Ĥ2. Using the properties above, we have

〈Φ| Ĥ1 |Φ〉= N!〈ΦH | ÂĤ1Â |ΦH〉

= N!〈ΦH | Ĥ1Â2 |ΦH〉

= N!〈ΦH | Ĥ1Â |ΦH〉 .

(2.15)
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Hence, using the definition of Â, the fact that Ĥ1 is the sum of one-body operators

and the orthonormality of the spin-orbitals, we have the following

〈Φ| Ĥ1 |Φ〉=
N

∑
i=1

∑
P
(−1)P 〈ΦH | ĥiP̂ |ΦH〉

=
N

∑
i=1
〈ΦH | ĥi |ΦH〉

=
N

∑
i=1
〈φi(qi)| ĥi |φi(qi)〉 .

(2.16)

Similarly to Eq. (2.15), for 〈Φ| Ĥ2 |Φ〉 we have

〈Φ| Ĥ2 |Φ〉= N!〈ΦH | Ĥ2Â |ΦH〉 . (2.17)

If P̂i j is an operator which switches the coordinates of electrons i and j, then we

have the following

〈Φ| Ĥ2 |Φ〉=
N

∑
i< j

∑
P
(−1)P 〈ΦH |

1
ri j

P̂ |ΦH〉

=
N

∑
i< j
〈ΦH |

1
ri j

(1− P̂i j) |ΦH〉

=
N

∑
i< j

[
〈
φi(qi)φ j(q j)

∣∣ 1
ri j

∣∣φi(qi)φ j(q j)
〉

−
〈
φi(qi)φ j(q j)

∣∣ 1
ri j

∣∣φ j(qi)φi(q j)
〉
]

=
1
2

N

∑
i=1

N

∑
j=1

[
〈
φi(qi)φ j(q j)

∣∣ 1
ri j

∣∣φi(qi)φ j(q j)
〉

−
〈
φi(qi)φ j(q j)

∣∣ 1
ri j

∣∣φ j(qi)φi(q j)
〉
].

(2.18)

Using the variational principle [61] for Φ, we have

δ 〈Φ| Ĥ |Φ〉−∑
i

Eiδ 〈φi|φi〉= 0. (2.19)
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Now we can substitute our equations for 〈Φ| Ĥ1 |Φ〉 and 〈Φ| Ĥ2 |Φ〉 into this and

apply the chain rule

N

∑
i=1

(
〈δφi(qi)| ĥi |φi(qi)〉+ 〈φi(qi)| ĥi |δφi(qi)〉

+
1
2

N

∑
j=1

[
〈
δφi(qi)φ j(q j)

∣∣ 1
ri j

∣∣φi(qi)φ j(q j)
〉
+
〈
φi(qi)δφ j(q j)

∣∣ 1
ri j

∣∣φi(qi)φ j(q j)
〉

+
〈
φi(qi)φ j(q j)

∣∣ 1
ri j

∣∣δφi(qi)φ j(q j)
〉
+
〈
φi(qi)φ j(q j)

∣∣ 1
ri j

∣∣φi(qi)δφ j(q j)
〉
]

− 1
2

N

∑
j=1

[
〈
δφi(qi)φ j(q j)

∣∣ 1
ri j

∣∣φ j(qi)φi(q j)
〉
+
〈
φi(qi)δφ j(q j)

∣∣ 1
ri j

∣∣φ j(qi)φi(q j)
〉

+
〈
φi(qi)φ j(q j)

∣∣ 1
ri j

∣∣δφ j(qi)φi(q j)
〉
+
〈
φi(qi)φ j(q j)

∣∣ 1
ri j

∣∣φ j(qi)δφi(q j)
〉
]

−Ei 〈δφi(qi)|φi(qi)〉−Ei 〈φi(qi)|δφi(qi)〉
)

= 0.

(2.20)

One can show Eq. (2.20) can be simplified to

N

∑
i=1

(
〈δφi(qi)| ĥi |φi(qi)〉+

N

∑
j=1

〈
δφi(qi)φ j(q j)

∣∣ 1
ri j

∣∣φi(qi)φ j(q j)
〉

−
N

∑
j=1

〈
δφi(qi)φ j(q j)

∣∣ 1
ri j

∣∣φ j(qi)φi(q j)
〉
−Ei 〈δφi(qi)|φi(qi)〉

)
= 0.

(2.21)

Following the procedure outlined in the variational method in Ref. [61], for electron

i we have the following integro-differential equation

[
− 1

2
∇∇∇r2

i −∑
α

Zα

riα

]
φi(qi)+

[
∑

j

∫
φ
∗
j (q j)

1
ri j

φ j(q j)dq j

]
φi(qi)

−∑
j

[∫
φ
∗
j (q j)

1
ri j

φi(q j)dq j

]
φ j(qi) = Eiφi(qi),

(2.22)



2.1. Electronic Structure of Molecules 33

where i, j = 1, . . . ,N. These are the Hartree-Fock Equations. The spin-orbitals

can be rewritten in terms of their spatial and spin components

φi(qi) = φi(ri)χ 1
2 ,m

i
s
, (2.23)

where the spin functions are orthonormal, i.e.
〈

χ 1
2 ,m

i
s

∣∣∣χ 1
2 ,m

j
s

〉
= δmi

s,m
j
s
. We can then

translate the HF equations to space wavefunctions and obtain the following form

− 1
2

∇∇∇r2
i φi(ri)−

nuc.

∑
α

Zα

riα
φi(ri)+∑

j

∫
φ
∗
j (r j)

1
ri j

φ j(r j)dr jφi(ri)

−∑
j

∫
φ
∗
j (r j)

1
ri j

φi(r j)dr jφ j(ri) = Eiφi(ri).

(2.24)

We will use the HF equations to calculate the continuum wavefunctions of elec-

trons which have escaped to the continuum via photoionization or Auger-Meitner

decay. When solving for continuum electrons, we will solve the HF equations in

terms of orbitals, rather than spin-orbitals. To do this we will take spin symmetries

into account through the use of direct and exchange coefficients, labelled ai and bi,

respectively. The HF equations then take the following form

− 1
2

∇∇∇r2
i φi(ri)−

nuc.

∑
α

Zα

riα
φi(ri)+

orb.

∑
j

a j

∫
φ
∗
j (r j)

1
ri j

φ j(r j)dr jφi(ri)

−
orb.

∑
j

b j

∫
φ
∗
j (r j)

1
ri j

φi(r j)dr jφ j(ri) = Eiφi(ri),

(2.25)

where φi(r) now refers to an orbital wavefunction. The direct coefficients ai are

simply the occupancy of the orbital i in the final state of the molecule. However, the

values of the exchange coefficients bi are not immediately obvious. In later sections

we explain how to derive them depending on the transition and spin state we are

dealing with.

2.1.3 CASSCF method

We will also utilise more accurate techniques to calculate atomic energies and po-

tential energy curves (PECs). While the HF method only uses a single Slater de-
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terminant, the multi-configuration self-consistent field (MCSCF) method [62] uses

a linear combination of Slater determinants in order to account for electron excita-

tions. In the MCSCF method, virtual orbitals are included in the active space. If

all possible electronic configurations within the active space are included in the cal-

culation, this is known as the complete active space self-consistent field (CASSCF)

[63]. The coefficients of the Slater determinants and the active space orbitals are

optimized to obtain the total electronic wavefunction with the lowest possible en-

ergy. Note that when performing CASSCF calculations, we initially perform a HF

calculation of the ground state, which is used as an input to the CASSCF method.

2.1.4 MRCI method

In some cases, we can also utilise a further, more accurate technique called the mul-

tireference configuration interaction (MRCI) method [64–66]. While the CASSCF

method includes all possible excitations only among active orbitals, the MRCI

method allows single and double excitations from all active orbitals to all orbitals.

This improves the description of the electron-electron repulsion [67]. When per-

forming MRCI calculations, we first perform a CASSCF calculation to be used as

an input to the MRCI method.

2.1.5 Single-center expansion

In order to simplify our calculations, we utilise the single-center expansion (SCE)

method. In the SCE method, multi-centered molecular orbitals, φi(r), and con-

tinuum wavefunctions with energy ε , φε(r), are expressed as an expansion over

spherical harmonics Ylm(θ ,φ)

φi(r) = ∑
lm

Pi,lm(r)Ylm(θ ,φ)

r

φε(r) = ∑
lm

Pε,lm(r)Ylm(θ ,φ)

r
,

(2.26)

where l and m are the angular momentum and magnetic quantum numbers, respec-

tively. Spherical harmonics are analytical functions which form an orthonormal ba-

sis for the set of functions defined on the surface of a sphere. Projecting the angular
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part of the wavefunction using analytic functions means we are only left to solve for

the function Plm(r) with one spatial variable, namely r. Thus, we have simplified

our system by reducing it from a multi-centred problem in three dimensions to a

single-centered problem in one dimension. The Plm(r) are known as single-center

coefficients (SCC). Let us multiply both sides of the molecular orbital expression in

Eq. (2.26) by Y ∗l′m′(θ ,φ) and integrate over the solid angle dΩ = sinθdθdφ

∫
dΩY ∗l′m′(θ ,φ)φi(r) = ∑

lm

Pi,lm(r)
r

∫
dΩY ∗l′m′(θ ,φ)Ylm(θ ,φ). (2.27)

Using the orthonormality of spherical harmonics [68], this is equal to

∫
dΩY ∗l′m′(θ ,φ)φi(r) = ∑

lm

Pi,lm(r)
r

δll′δmm′. (2.28)

Finally, if we sum over the Kronecker delta functions we are left with

Pi,l′m′(r) = r
∫

dΩY ∗l′m′(θ ,φ)φi(r). (2.29)

Note that the SCE is an infinite sum over l and m. However, when either of these

quantum numbers is conserved, this quantum number is a good quantum number

and the summation collapses to a single value. In the case of atoms, both l and m

are good quantum numbers. In the case of diatomic molecules, only m is a good

quantum number. In this work, where we deal exclusively with diatomic molecules,

we will use a single value of m and truncate the infinite sum over l to a suitable lmax

where a sufficient level of convergence is reached.

2.2 Bound orbitals

2.2.1 Electron configuration of molecules

Molecular orbitals, formed by the linear combination of atomic orbitals, can be

classified as either bonding or antibonding orbitals. A bonding orbital is a molecu-

lar orbital where the constructive interference of atomic orbitals increases electron

density between nuclei, stabilizing the molecule and lowering its energy. Typically,
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bonding orbitals are elongated along the internuclear axis. An antibonding orbital

results from destructive interference, reducing electron density between the nuclei,

destabilizing the molecule, and raising its energy. Antibonding orbitals are char-

acterized by regions of higher electron density away from the internuclear region.

Often an antibonding molecular orbital is designated by the superscript ∗.

If the orbital wavefunction satisfies ψ(−r) = ψ(r), the function is classified as

gerade or even parity, and the orbital designation is given a subscript g. If

ψ(−r) = −ψ(r), the function is classified as ungerade or odd parity, and the or-

bital designation is given a subscript u. Note that this parity classification only ap-

plies to homonuclear molecules, since they have inversion symmetry with respect

to the centre of mass. For heteronuclear molecules, there is no inversion symmetry.

For homonuclear diatomic molecules, the most likely order in which the molecular

orbitals are filled is

1σg < 1σu < 2σg < 2σu < 3σg ∼ 1πu < 1πg < 3σu, (2.30)

where the relative order of the 3σg and 1πu orbitals depend on which other molec-

ular orbitals are occupied. For heteronuclear molecules the most likely order is

1σ < 2σ < 3σ < 4σ < 5σ ∼ 1π < 2π < 6σ . (2.31)

Note that we have only given the order of the first eight molecular orbitals, as these

are the orbitals that are relevant to the molecules considered in this thesis. The

representation of a molecular state can be given using spectroscopic notation. States

of a molecule written in spectroscopic notation are of the following form

2S+1
Λ
(+/−)
g/u , (2.32)

where 2S+1 is the spin multiplicity, Λ is the projection of the orbital angular mo-

mentum along the internuclear axis and g/u the symmetry or parity with respect to

inversion through a centre of symmetry. For Σ states only, we have an extra charac-
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teristic: the reflection symmetry along an arbitrary plane containing the internuclear

axis. The choice of symmetry planes is arbitrary. When an orbital is symmetric, it

is labelled +. When an orbital is antisymmetric, it is labelled -. The spectroscopic

notation of Σ states is then given as follows

2S+1
Σ
(+/−)
g/u . (2.33)

Note that occasionally a letter or number will prefix a state’s spectroscopic notation.

This will indicate the energy of a state which possesses the same symmetry and

multiplicity as other states. For example, an “X” will indicate that a state is the

ground state of that ion.

2.2.2 Gaussian-type orbitals

We calculate the bound orbital wavefunctions used in our calculations using the

quantum-chemistry package MOLPRO [69]. MOLPRO outputs these wavefunc-

tions in the form of Gaussian-type orbitals (GTOs), centered around each atom of

the molecule. In Cartesian coordinates, primitive Gaussians can be written in the

following form

Gn(x,y,z; lx, ly, lz,αn)=Nn
lxlylzd(x−xc)

lx(y−yc)
ly(z−zc)

lze−αn[(x−xc)
2+(y−yc)

2+(z−zc)
2],

(2.34)

where (xc,yc,zc) is the position of atom n and Nn
lxlylz is a normalization constant

given by

Nn
lxlylz =

(
2αn

π

) 3
4
[
(8αn)

lx+ly+lz l!m!n!
(2lx)!(2ly)!(2lz)!

] 1
2

. (2.35)

The coefficients d and αn are primitive and exponent coefficients, respectively. The

values lx, ly and lz represent the three components of the angular momentum. The

sum of these values tells us the type of orbital, i.e. lx + ly + lz = 0 for an s atomic

orbital, lx + ly + lz = 1 for a p atomic orbital, lx + ly + lz = 2 for a d atomic orbital

and so on. There is one possible primitive Gaussian such that lx + ly + lz = 0, three

primitive Gaussians such that lx + ly + lz = 1 and so on. A linear combination of

primitive Gaussians with the same symmetry forms a contracted Gaussian of the
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form

χ
n
j (x,y,z) = ∑

lx+ly+lz=k
wn

jkGn(x,y,z, lx, ly, lz,αn), (2.36)

where k is the symmetry of the orbital and wn
jk are known as the contraction coef-

ficients. A basis of contracted Gaussians are placed on each nuclei making up the

component atoms of the molecule,

ψ
n
i (x,y,z) = ∑

j
cn

i jχ
n
j (x,y,z), (2.37)

where cn
i j are the orbital coefficients for atom n. Finally, the total wavefunction of

the molecular orbital i is the sum of these atomic orbital wavefunctions

φi(x,y,z) =
nuc.

∑
n

ψ
n
i (x,y,z). (2.38)

When using MOLPRO, one must specify the basis set to be used in the calculations.

The basis set determines the primitive, exponent and contraction coefficients. MOL-

PRO then produces the orbital coefficients using a method such as HF or CASSCF.

2.3 Continuum orbitals
From the HF equation in Eq. (2.25), to find the wavefunction of an electron which

has escaped to the continuum we solve the following equation

− 1
2

∇∇∇
2
φε(r)−

nuc.

∑
α

Zα

|r−Rα |
φε(r)+

orb.

∑
i

ai

∫
dr′

φ∗i (r′)φi(r′)
|r− r′|

φε(r)

−
orb.

∑
i

bi

∫
dr′

φ∗i (r′)φε(r′)
|r− r′|

φi(r) = εφε(r).
(2.39)

The first term in Eq. (2.39) is the kinetic energy of the continuum electron, the

second is the electron-nuclei interaction, the third describes the coulomb potential

the continuum electron feels from the bound electrons and the fourth is the exchange
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interaction. Substituting the SCEs from Eq. (2.26) into Eq. (2.39) gives

− 1
2

∇∇∇
2
(

∑
l′m′

Pε,l′m′(r)
r

Yl′m′(θ ,φ)
)
−

nuc.

∑
α

Zα

|r−Rα |

(
∑
l′m′

Pε,l′m′(r)
r

Yl′m′(θ ,φ)
)

+
orb.

∑
i

ai

∫
dr′

φ∗i (r′)φi(r′)
|r− r′|

(
∑
l′m′

Pε,l′m′(r)
r

Yl′m′(θ ,φ)
)

−
orb.

∑
i

bi

∫
dr′

φ∗i (r′)φε(r′)
|r− r′|

(
∑

l3m3

Pi,l3m3(r)
r

Yl3m3(θ ,φ)
)
= εφε(r).

(2.40)

Using the following definition of the Laplacian and properties of spherical harmon-

ics

∇∇∇
2 f (r) =

1
r2

∂

∂ r

(
r2 ∂ f

∂ r

)

r2
∇∇∇

2Ylm =−l(l +1)Ylm,

(2.41)

the kinetic energy term becomes

− 1
2

∇∇∇
2
(

∑
l′m′

Pε,l′m′(r)
r

Yl′m′(θ ,φ)
)

=−1
2 ∑

l′m′

[
∇∇∇

2

(
Pε,l′m′(r)

r

)
Yl′m′(θ ,φ)+

Pε,l′m′(r)
r

∇∇∇
2Yl′m′(θ ,φ)

]

=−1
2 ∑

l′m′

[
1
r2

d
dr

(
−Pε,l′m′(r)+ r

d
dr

Pε,l′m′(r)
)

Yl′m′(θ ,φ)−
1
r3 l′(l′+1)Pε,l′m′(r)Yl′m′(θ ,φ)

]

=−1
2 ∑

l′m′

[(
− 1

r2
d
dr

Pε,l′m′(r)+
1
r2

d
dr

Pε,l′m′(r)+
1
r

d2

dr2 Pε,l′m′(r)
)

Yl′m′(θ ,φ)

− 1
r3 l′(l′+1)Pε,l′m′(r)Yl′m′(θ ,φ)

]

=
1
r ∑

l′m′

[
− 1

2
d2

dr2 +
l′(l′+1)

2r2

]
Pε,l′m′(r)Yl′m′(θ ,φ).

(2.42)
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We multiply by r to obtain the following

∑
l′m′

[(
− 1

2
d2

dr2 +
l′(l′+1)

2r2 − ε +
nuc.

∑
α

−Zα

|r−Rα |

+
orb.

∑
i

ai

∫
dr′

φ∗i (r′)φi(r′)
|r− r′|

)
Pε,l′m′(r)Yl′m′(θ ,φ)

−
orb.

∑
i

bi

∫
dr′

φ∗i (r′)φε(r′)
|r− r′| ∑

l3m3

Pi,l3m3(r)Yl3m3(θ ,φ)

]
= 0.

(2.43)

Spherical harmonics are orthonormal, i.e.

∫
Y ∗lm(θ ,φ)Yl′m′(θ ,φ)dΩ = δll′δmm′, (2.44)

where dΩ= sinθdθdφ . Multiplying Eq. (2.43) by the complex-conjugate spherical

harmonic, Y ∗lm(θ ,φ), and integrating over the solid angle gives

∫
Y ∗lm(θ ,φ)∑

l′m′

[(
− 1

2
d2

dr2 +
l′(l′+1)

2r2 − ε +
nuc.

∑
α

−Zα

|r−Rα |

+
orb.

∑
i

ai

∫
dr′

φ∗i (r′)φi(r′)
|r− r′|

)
Pε,l′m′(r)Yl′m′(θ ,φ)

−
orb.

∑
i

bi

∫
dr′

φ∗i (r′)φε(r′)
|r− r′| ∑

l3m3

Pi,l3m3(r)Yl3m3(θ ,φ)

]
dΩ = 0.

(2.45)

For convenience from here onwards we map bi→−bi so that the exchange term is

positive. Using Eq. (2.44) and abbreviating each term gives

∑
l′m′

[(
− d2

dr2 +
l′(l′+1)

r2 −2ε

)
δll′δmm′+2V ne

lm,l′m′(r)+2Jee
lm,l′m′(r)

]
Pε,l′m′(r)

+2Xlm[P̄ε ](r) = 0.

(2.46)

We will look separately at each of these abbreviated terms. We introduce two for-

mulas which are used in the derivations that follow. Firstly, the Laplace multipole
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expansion [68] (see Appendix A) is given by

1
|r− r′|

= ∑
kq

4π

2k+1
rk
<

rk+1
>

Ykq(θ ,φ)Y ∗kq(θ
′,φ ′), (2.47)

where r< = min(r,r′) and r> = max(r,r′). The other equation we require is the

Wigner-3j representation of the integral of a triple product of spherical harmonics

[68] (see Appendix B)

∫
Ylm(θ ,φ)Ykq(θ ,φ)Yl′m′(θ ,φ)dΩ =

√
(2l +1)(2k+1)(2l′+1)

4π

×

 l k l′

0 0 0

 l k l′

m q m′

 .

(2.48)

2.3.1 Electron-nuclei interaction

The fourth term in Eq. (2.46) is

V ne
lm,l′m′(r) =

∫
Y ∗lm(θ ,φ)

nuc.

∑
α

−Zα

|r−Rα |
Yl′m′(θ ,φ)dΩ, (2.49)

which describes the Coulombic interaction between the nuclei and continuum elec-

tron. Substituting Eq. (2.47) into this gives

V ne
lm,l′m′(r) =

∫
Y ∗lm(θ ,φ)

nuc.

∑
α

−Zα

(
∑
kq

4π

2k+1
rk
<

rk+1
>

Ykq(θ ,φ)Y ∗kq(θα ,φα)
)

Yl′m′(θ ,φ)dΩ

=
nuc.

∑
α

−Zα ∑
kq

4π

2k+1
rk
<

rk+1
>

Y ∗kq(θα ,φα)
∫

Y ∗lm(θ ,φ)Ykq(θ ,φ)Yl′m′(θ ,φ)dΩ.

(2.50)



2.3. Continuum orbitals 42

Then using Eq. (2.48) and the property of spherical harmonics that Y ∗lm(θ ,φ) =

(−1)mYl−m(θ ,φ) we have

V ne
lm,l′m′(r) =

nuc.

∑
α

−Zα(−1)m
√

(2l +1)(2l′+1)

×∑
kq

√
(2k+1)

4π

 l k l′

0 0 0

 l k l′

−m q m′

 4π

2k+1
rk
<

rk+1
>

Y ∗kq(θα ,φα)

=
nuc.

∑
α

−Zα(−1)m
√

(2l +1)(2l′+1)∑
kq

 l k l′

0 0 0

 l k l′

−m q m′


×
√

4π

2k+1
rk
<

rk+1
>

Y ∗kq(θα ,φα).

(2.51)

Note that for diatomic molecules, since the projection of the angular momentum is

a good quantum number, we have that m′ = m. Hence, from the second Wigner-3j

symbol, q = m−m′ = 0. For a homonuclear molecule, given q = 0 we have for one

nucleus
√

4π

2k+1Y ∗k0(0,0) = 1 and for the other nucleus
√

4π

2k+1Y ∗k0(π,0) = (−1)k.

Hence, the sum of these two terms in Eq. (2.51) is zero unless k is even. That is, k

takes only even values.

2.3.2 Direct interaction

The fifth term in Eq. (2.46) is

Jee
lm,l′m′(r) =

∫
Y ∗lm(θ ,φ)

orb.

∑
i

ai

∫
dr′

φ∗i (r′)φi(r′)
|r− r′|

Yl′m′(θ ,φ)dΩ. (2.52)
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Again using Eq. (2.46) and expanding the orbitals by Eq. (2.26) gives

Jee
lm,l′m′(r) =

∫
Y ∗lm(θ ,φ)

orb.

∑
i

ai

×
∫

dr′
(

∑
l2m2

P∗i,l2m2
(r′)Y ∗l2m2

(θ ′,φ ′)

r′

)(
∑

l3m3

Pi,l3m3(r
′)Yl3m3(θ

′,φ ′)

r′

)
×
(
∑
kq

4π

2k+1
rk
<

rk+1
>

Ykq(θ ,φ)Y ∗kq(θ
′,φ ′)

)
Yl′m′(θ ,φ)dΩ

=
∫

Y ∗lm(θ ,φ)
orb.

∑
i

ai

∫ 2π

0

∫
π

0

∫
∞

0

(
∑

l2m2

P∗i,l2m2
(r′)Y ∗l2m2

(θ ′,φ ′)

r′

)
×
(

∑
l3m3

Pi,l3m3(r
′)Yl3m3(θ

′,φ ′)

r′

)
(r′)2 sinθ

′dr′dθ
′dφ
′

×
(
∑
kq

4π

2k+1
rk
<

rk+1
>

Ykq(θ ,φ)Y ∗kq(θ
′,φ ′)

)
Yl′m′(θ ,φ)dΩ

=
orb.

∑
i

ai ∑
l2m2

∑
l3m3

∑
kq

4π

2k+1

∫
Y ∗l2m2

(θ ′,φ ′)Ykq(θ
′,φ ′)Yl3m3(θ

′,φ ′)dΩ
′

×
∫

Y ∗lm(θ ,φ)Y
∗
kq(θ ,φ)Yl′m′(θ ,φ)dΩ

∫
∞

0

rk
<

rk+1
>

P∗i,l2m2
(r′)Pi,l3m3(r

′)dr′,

(2.53)

where dΩ′ = sinθ ′dθ ′φ ′ and we have utilised a property of the addition theorem of

spherical harmonics, namely

∑
kq

Ykq(θ ,φ)Y ∗kq(θ
′,φ ′) = ∑

kq
Y ∗kq(θ ,φ)Ykq(θ

′,φ ′). (2.54)

Again, using Eq. (2.48) and the following property of spherical harmonics

Y ∗lm(θ ,φ) = (−1)mYl−m(θ ,φ), (2.55)
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we have the following

Jee
lm,l′m′(r) =

orb.

∑
i

ai ∑
l2m2

∑
l3m3

∑
kq

4π

2k+1
(−1)m+m2+q

×
√

(2l2 +1)(2k+1)(2l3 +1)
4π

l2 k l3

0 0 0

 l2 k l3

−m2 q m3


×
√

(2l +1)(2k+1)(2l′+1)
4π

 l k l′

0 0 0

 l k l′

−m −q m′


×
∫

∞

0

rk
<

rk+1
>

P∗i,l2m2
(r′)Pi,l3m3(r

′)dr′

=
orb.

∑
i

ai ∑
l2m2

∑
l3m3

∑
kq
(−1)m+m2+q

√
(2l +1)(2l′+1)(2l2 +1)(2l3 +1)

×

l2 k l3

0 0 0

 l2 k l3

−m2 q m3

 l k l′

0 0 0

 l k l′

−m −q m′


×
∫

∞

0

rk
<

rk+1
>

P∗i,l2m2
(r′)Pi,l3m3(r

′)dr′.

(2.56)

Wigner-3j symbols have the following symmetry relations l k l′

m q m′

= (−1)(l+k+l′)

 l k l′

−m −q −m′


 l k l′

m q m′

= (−1)(l+k+l′)

k l l′

q m m′

 .

(2.57)
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So the direct interaction becomes

Jee
lm,l′m′(r) =

orb.

∑
i

ai ∑
l2m2

∑
l3m3

∑
kq
(−1)m′+m2

√
(2l +1)(2l′+1)(2l2 +1)(2l3 +1)

×

l2 k l3

0 0 0

 l2 k l3

−m2 q m3

l′ k l

0 0 0

 l′ k l

−m′ q m


×
∫

∞

0

rk
<

rk+1
>

P∗i,l2m2
(r′)Pi,l3m3(r

′)dr′,

(2.58)

where we have used the fact that −m′+ q+m = 0 (the sum of the bottom row of

a Wigner-3j must equal zero). Similarly to the electron-nuclei interaction, since

the projection of the angular momentum is a good quantum number, we have that

m′ = m, m2 = m3 and q = m2−m3 = 0. In addition, the Wigner-3j

l2 k l3

0 0 0


in Eq. (2.58) is non-zero only when l2 + k+ l3 is even. Also, l2 and l3 are quan-

tum numbers corresponding to a certain bound orbital. However, for homonuclear

molecules there is inversion symmetry and hence the l2 and l3 are either even or

odd. As a result, k is even.

2.3.3 Exchange interaction

The final term in Eq. (2.46) is

Xlm[P̄ε ](r) =
∫

Y ∗lm(θ ,φ)∑
l′m′

orb.

∑
i

bi

∫
dr′

φ∗i (r′)φε(r′)
|r− r′| ∑

l3m3

Pi,l3m3(r)Yl3m3(θ ,φ)dΩ.

(2.59)

This term describes a quantum mechanical effect which occurs between indistin-

guishable particles of the same spin. Again using Eq. (2.47) and expanding the
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orbitals we have

Xlm[P̄ε ](r) = ∑
l′m′

orb.

∑
i

bi ∑
l2m2,l3m3,kq

∫
Y ∗lm(θ ,φ)

×
∫

dr′
4π

2k+1
rk
<

rk+1
>

Ykq(θ ,φ)Y ∗kq(θ
′,φ ′)

×
(P∗i,l2m2

(r′)Y ∗l2m2
(θ ′,φ ′)

r′

)(Pε,l′m′(r′)Yl′m′(θ
′,φ ′)

r′

)
×Pi,l3m3(r)Yl3m3(θ ,φ)dΩ

= ∑
l′m′

orb.

∑
i

bi ∑
l2m2,l3m3,kq

4π

2k+1

∫
Y ∗lm(θ ,φ)Ykq(θ ,φ)Yl3m3(θ ,φ)dΩ

×
∫

Y ∗l2m2
(θ ′,φ ′)Y ∗kq(θ

′,φ ′)Yl′m′(θ
′,φ ′)dΩ

′

×
∫

∞

0

rk
<

rk+1
>

P∗i,l2m2
(r′)Pε,l′m′(r

′)dr′Pi,l3m3(r)

= ∑
l′m′

orb.

∑
i

bi ∑
l2m2,l3m3,kq

4π

2k+1

∫
Y ∗lm(θ ,φ)Y

∗
kq(θ ,φ)Yl3m3(θ ,φ)dΩ

×
∫

Y ∗l2m2
(θ ′,φ ′)Ykq(θ

′,φ ′)Yl′m′(θ
′,φ ′)dΩ

′

×
∫

∞

0

rk
<

rk+1
>

P∗i,l2m2
(r′)Pε,l′m′(r

′)dr′Pi,l3m3(r),

(2.60)

where dΩ′ = sinθ ′dθ ′φ ′ and again we have used the addition theorem of spherical

harmonics. Then using the same techniques as for the direct interaction (properties

of spherical harmonics and Wigner-3j symbols) we have

Xlm[P̄ε ](r) = = ∑
l′m′

orb.

∑
i

bi ∑
l2m2

∑
l3m3

∑
kq
(−1)m2+m3

√
(2l +1)(2l′+1)(2l2 +1)(2l3 +1)

×

l2 k l′

0 0 0

 l2 k l′

−m2 q m′

l3 k l

0 0 0

 l3 k l

−m3 q m


×
∫

∞

0

rk
<

rk+1
>

P∗i,l2m2
(r′)Pε,l′m′(r

′)dr′Pi,l3m3(r).

(2.61)

From the Wigner-3j symbols in Eq. (2.61), q = m2−m′ = m3−m. For diatomic

molecules, the projection of the angular momentum is a good quantum number and
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hence m′ = m and m2 = m3. From the Wigner-3j symbol

l3 k l

0 0 0

 in Eq. (2.61),

we see that this is non-zero if l3+k+ l is even. Since l3 and l are quantum numbers

of the bound and continuum orbital, l+ l3 can be even or odd. Hence, k can be even

or odd.

2.3.4 Matrix form of the differential equation

Firstly, we rearrange Eq. (2.46)

d2Pε,lm(r)
dr2 = ∑

l′m′

[( l′(l′+1)
2r2 −2ε

)
δll′δmm′

+2V ne
lm,l′m′(r)+2Jee

lm,l′m′(r)

]
Pε,l′m′(r)+2Xlm[P̄ε ](r).

(2.62)

We define the solution vector P̄ = {Plm}. The exchange vector, X̄ , is defined as

X̄ = {Xlm}= 2Xlm[P̄ε ](r), (2.63)

and the matrix, M̂, as

M̂ = {Mlm,l′m′}=
( l′(l′+1)

2r2 −2ε

)
δll′δmm′+2V ne

lm,l′m′(r)+2Jee
lm,l′m′(r). (2.64)

Then, Eq. (2.62) can be simplified to the following second order differential equa-

tion
d2P̄
dr2 = M̂P̄+ X̄ . (2.65)

2.3.5 Asymptotics and normalization

In order to solve the HF equations, we need to understand the boundary conditions.

The constraints on our integro-differential matrix equation are the following bound-

ary conditions

Pε,lm(r→ 0)→ 0, (2.66)
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for all l,m. Furthermore, the continuum radial functions should satisfy the normal-

ization condition

〈
PLM

ε1

∣∣PLM
ε2

〉
=
∫

∞

0
dr∑

lm
P∗LM

ε1,lm(r)P
LM
ε2,lm(r)

= δ (ε1− ε2).

(2.67)

We add the additional superscript LM to discern the different energy degenerate

solutions. One can show that the continuum radial functions satisfy the following

asymptotic condition [70]

PLM
ε,lm(r→ ∞)→FL(r;k)δl,Lδm,M +GL(r;k)Rlm,LM, (2.68)

where k =
√

2ε and FL(r;k), GL(r;k) are energy normalized regular and irregular

Coulomb functions, respectively, see Refs. [71, 72]. The regular Coulomb func-

tion corresponds to the solution of a point charge. The irregular Coulomb function

corresponds to the distortion of the solution from that of a single point charge. The

latter is present in a molecule since there is no spherical symmetry. The elements of

the hermitian reaction matrix, Rl′m′,L′M′ , reflect the deviation from the solution cor-

responding to a single point charge. Substituting the asymptotic form in Eq. (2.68)

into the inner product of the solution vector and using orthogonality of the Coulomb

functions, we have

〈
PLM

ε1

∣∣∣PL′M′
ε2

〉
=
∫

∞

0
dr∑

lm
P∗LM

ε1,lm(r)P
L′M′
ε2,lm(r)

=
∫

∞

0
dr∑

lm
(F∗L′(r;k1)δl,Lδm,M +G∗L(r;k1)Rlm,LM)

× (FL′(r;k2)δl,L′δm,M′+GL(r;k2)Rlm,L′M′)

= δ (ε1− ε2)

(
δ

L
L′δ

M
M′+∑

lm
RLM

lm RL′M′
lm

)
.

(2.69)
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The energy normalized solutions, PLM
ε,lm(r), can be obtained from the unnormalized

radial functions PLM
ε,lm(r) using the following transformations

PL′′M′′
ε,lm (r) = cosφL′′M′′ ∑

L′M′
UL′M′,L′′M′′P

L′M′
ε,lm (r) (2.70)

PLM
ε,lm(r) = ∑

L′′M′′
e−iφL′′M′′ULM,L′′M′′P

L′′M′′
ε,lm (r), (2.71)

where the phaseshifts φLM and matrix ULM,L′M′ are found by solving the eigenvalue

problem

∑
L′M′

Rlm,L′M′UL′M′,LM = tanφLMUlm,LM. (2.72)

In order to illustrate that the eigenvalues of the reaction matrix R̂ have the form of

tanφLM, we obtain the eigenvalues of R̂ for the much simpler atomic case. This is

is significantly simpler than a molecule because the L channels do not mix. In the

atomic case, the asymptotic form of the wavefunction that satisfies the incoming

wave boundary conditions is of the form [73]

Ψlm(r′;k)→ (
1

πk
)

1
2

1
2ir
× [eixl −S∗l (k)e

−ixl ]Ylm(r̂′), (2.73)

where

xl = kr− 1
2

lπ− Z
k

log(2kr)+σl (2.74)

σl = argΓ(l +1− Z
k
). (2.75)

and Z is the net charge on the ion core. The scattering amplitude, Sl , can be re-

lated to the scattering phaseshift, φl , by Sl = exp(2iφl). Expanding Eq. (2.73) and

substituting for Sl , one can easily show

eixl −S∗l (k)e
−ixl = i(1+S∗l )(sinxl− i

1−S∗l
1+S∗l

cosxl)→ sinxl + tanφl cosxl. (2.76)
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Now, we relate sinxl and cosxl with the Coulomb functions Fl and Gl . We do so

using Ref. [71], where we find that when r→ ∞ we have

Gl(r;k)+ iFl(r;k)→ exp(xl). (2.77)

From the above it is clear that the asymptotic form ofFl coincides with sinxl and the

asymptotic form of Gl coincides with cosxl . Hence, the eigenvalues of the reaction

matrix R̂ are indeed tanφl for the atom case.

2.3.6 Grid points

The integro-differential matrix equation in Eq. (2.65) becomes singular at r = 0 (the

centrifugal term becomes singular) and at the positions of the nuclei (the electro-

static attraction of the nuclei becomes singular). These singularities are dealt with

by increasing the density of grid points at these positions and lowering the density

of grid points where the effective potential is small. We do this by mapping the grid

r to the grid ρ , where

ρ(r) = αr+β ln(r)+
nuc.

∑
i

arctan
Ri− r

γi
, (2.78)

for positive constants α,β and γi. The new renormalized solution is

Flm(ρ) =

√
dρ(r)

dr
Plm(r) =

√
ρ ′Plm(r). (2.79)
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The double differential of the renormalized solution is

d2Flm(ρ)

dρ2 =
d

dρ

(
dFlm(ρ)

dr
dr
dρ

)
=

d
dρ

[
d
dr

(√
ρ ′Plm(r)

)
1
ρ ′

]

=
1
ρ ′

d
dr

[
1
2

1

(ρ ′)
3
2

ρ
′′Plm(r)+

1√
ρ ′

d
dr

Plm(r)

]

=
1
ρ ′

[
− 3

4
1

(ρ ′)
5
2
(ρ ′′)2Plm(r)+

1
2

1

(ρ ′)
3
2

ρ
′′′Plm(r)

+
1
2

1

(ρ ′)
3
2

ρ
′′ d

dr
Plm(r)−

1
2

1

(ρ ′)
3
2

ρ
′′ d

dr
Plm(r)+

1√
ρ ′

d2

dr2 Plm(r)

]

=
1

(ρ ′)2

[
1
2

ρ ′′′

ρ ′
− 3

4
(ρ ′′)2

(ρ ′)2

]
Flm(ρ)+

1

(ρ ′)
3
2

d2

dr2 Plm(r).

(2.80)

Hence, the differential equation becomes

d2Fε,lm(ρ)

dρ2 =
1

(ρ ′)2 ∑
l′m′

[( l′(l′+1)
r(ρ)2 −2ε

)
δll′δmm′+2V ne

lm,l′m′(r(ρ))

+2Jee
lm,l′m′(r(ρ))+

(
1
2

ρ ′′′

ρ ′
− 3

4
(ρ ′′)2

(ρ ′)2

)
δll′δmm′

]
Fε,l′m′(ρ)

+
1

(ρ ′)2 2Xlm[F̄ε ](ρ).

(2.81)

This is equivalent to the following in matrix form

d2F̄
dr2 =

1
(ρ ′)2

[
M̂ρ F̄ + X̄ρ

]
, (2.82)
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where

F̄ = {Flm}

M̂ρ = {Mρ

lm,l′m′}

=
( l′(l′+1)

2r(ρ)2 −2ε

)
δll′δmm′+2V ne

lm,l′m′(r(ρ))+2Jee
lm,l′m′(r(ρ))

+

(
1
2

ρ ′′′

ρ ′
− 3

4
(ρ ′′)2

(ρ ′)2

)
δll′δmm′

X̄ρ = {Xρ

lm}

= 2Xlm[F̄ε ](ρ).

(2.83)

2.3.7 Coupling differential equations

While it is possible to solve Eq. (2.82) for F̄ , we would encounter a few key issues.

Since the system of equations we wish to solve contains terms which depend on the

solution, the method in which we solve for F̄ will be iterative. This is computation-

ally intensive since one must recompute integrals which depend on the solution, i.e.

the continuum wavefunction, at every iteration.

In this section, we couple two separate second order differential equations together,

resulting in a single system of second order differential equations. This new system

of equations does not contain any terms which depend on the solution. Hence, the

solution can be found non-iteratively. This method was developed by Demekhin et

al., see Ref. [74]. We begin by defining the function

Yk(P1,P2) = r
∫ rk

<

rk+1
>

P∗1 (r
′)P2(r′)dr′

= r
∫ r

0

(r′)k

rk+1 P∗1 (r
′)P2(r′)dr′+ r

∫
∞

r

rk

(r′)k+1 P∗1 (r
′)P2(r′)dr′.

(2.84)
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We find that the first and second derivatives of Yk(P1,P2) are

d
dr

Yk(P1,P2) =−k
∫ r

0

(r′)k

rk+1 P∗1 (r
′)P2(r′)dr′

+P∗1 (r)P2(r)

+(k+1)
∫

∞

r

rk

(r′)k+1 P∗1 (r
′)P2(r′)dr′

−P∗1 (r)P2(r)

=−k
∫ r

0

(r′)k

rk+1 P∗1 (r
′)P2(r′)dr′

+(k+1)
∫

∞

r

rk

(r′)k+1 P∗1 (r
′)P2(r′)dr′

,
d2

dr2Yk(P1,P2) = k(k+1)
∫ r

0

(r′)k

rk+2 P∗1 (r
′)P2(r′)dr′

− k
r

P∗1 (r)P2(r)

+ k(k+1)
∫

∞

r

rk−1

(r′)k+1 P∗1 (r
′)P2(r′)dr′

− (k+1)
r

P∗1 (r)P2(r)

=
k(k+1)

r2 Yk(P1,P2)−
(2k+1)

r
P∗1 (r)P2(r).

(2.85)

Hence, this function satisfies the following second order differential equation

d2

dr2Yk(P1,P2) =
k(k+1)

r2 Yk(P1,P2)−
(2k+1)

r
P∗1 (r)P2(r). (2.86)

The exchange interaction can now be re-written as

Xlm[P̄ε ](r) = ∑
l′m′

orb.

∑
i

bi ∑
l2m2

∑
l3m3

∑
kq
(−1)m2+m3

√
(2l +1)(2l′+1)(2l2 +1)(2l3 +1)

×

l2 k l′

0 0 0

 l2 k l′

−m2 q m′

l3 k l

0 0 0

 l3 k l

−m3 q m


×

Yk(Pi,l2m2,Pε,l′m′)

r
Pi,l3m3(r),

(2.87)
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or as

Xlm[P̄ε ](r) =
orb.

∑
i

bi ∑
l3m3

∑
kq
(−1)m3

√
(2l +1)(2l3 +1)

×

l3 k l

0 0 0

 l3 k l

−m3 q m


×

Ykq(P̄i, P̄ε)

r
Pi,l3m3(r),

(2.88)

where

Ykq(P̄i, P̄ε) = ∑
l′m′

∑
l2m2

(−1)m2
√

(2l′+1)(2l2 +1)

×

l2 k l′

0 0 0

 l2 k l′

−m2 q m′

Yk(Pi,l2m2 ,Pε,l′m′).

(2.89)

Using Eq. (2.85), Ykq satisfies the following second order differential equation

d2

dr2Ykq(P̄i, P̄ε) =
k(k+1)

r2 Ykq(P̄i, P̄ε)

− (2k+1)
r ∑

l′m′
∑

l2m2

(−1)m2
√

(2l′+1)(2l2 +1)

×

l2 k l′

0 0 0

 l2 k l′

−m2 q m′

P∗i,l2m2
(r)Pε,l′m′(r).

(2.90)

We couple the original second order differential in Eq. (2.65) to the second order

differential equation for Ykq(P̄i, P̄ε) in the following matrix equation

d2P̄
dr2 = M̂P̄, (2.91)

where the solution vector, P̄, is now defined as

P̄ =

 {Plm}

{Ykq(P̄i, P̄ε)}

 . (2.92)
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and the block matrix is given by the following

M̂ =

{Mlm,l′m′} {Mlm,i′k′q′}

{Mikq,l′m′} {Mikq,i′k′q′}

 . (2.93)

The top-left components of M̂ correspond to the non-exchange terms from the HF

equations

{Mlm,l′m′}=

(
l′(l′+1)

r2 −2ε

)
δll′δmm′+2V ne

lm,l′m′(r)+2Jee
lm,l′m′(r). (2.94)

The top-right components of M̂ correspond to the multiplicative factors of

Ykq(P̄i, P̄ε) from the exchange interaction

{Mlm,i′k′q′}=
2bi′

r ∑
l3m3

(−1)m3
√

(2l +1)(2l3 +1)

×

l3 k′ l

0 0 0

 l3 k′ l

−m3 q′ m

Pi′,l3m3(r).

(2.95)

The bottom-left components of M̂ correspond to the multiplicative factors of Pε,l′m′

{Mikq,l′m′}=−
(2k+1)

r ∑
l2m2

(−1)m2
√

(2l′+1)(2l2 +1)

×

l2 k l′

0 0 0

 l2 k l′

−m2 q m′

P∗i,l2m2
(r).

(2.96)

Finally, the bottom-right components of M̂ correspond to the multiplicative factors

of Ykq(P̄i, P̄ε) from the second order differential equation for Ykq(P̄i, P̄ε)

{Mikq,i′k′q′}=
k(k+1)

r2 δkk′δii′δqq′. (2.97)

As in Section 2.3.6, we need to transform the grid from r to ρ . We do so as follows

Ykq(P̄i, F̄ε) =
√

ρ ′Ykq(P̄i, P̄ε). (2.98)
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Using the second order differential equation for Ykq, and the calculation for d2Flm(ρ)
dρ2

from Eq. (2.80), we have

d2Ykq(P̄i, F̄ε)

dρ2 =
1

(ρ ′)2

[
1
2

ρ ′′′

ρ ′
− 3

4
(ρ ′′)2

(ρ ′)2

]
Ykq(P̄i, F̄ε)+

1

(ρ ′)
3
2

d2

dr2Ykq(P̄i, P̄ε)

=
1

(ρ ′)2

[
1
2

ρ ′′′

ρ ′
− 3

4
(ρ ′′)2

(ρ ′)2

]
Ykq(P̄i, F̄ε)+

1

(ρ ′)
3
2

[
k(k+1)

r2 Ykq(P̄i, P̄ε)

− (2k+1)
r(ρ) ∑

l′m′
∑

l2m2

(−1)m2
√

(2l′+1)(2l2 +1)

×

l2 k l′

0 0 0

 l2 k l′

−m2 q m′

P∗i,l2m2
(r(ρ))Pε,l′m′(r(ρ))

]

=
1

(ρ ′)2

[
Ykq(P̄i, F̄ε)

(
k(k+1)

r2(ρ)
+

1
2

ρ ′′′

ρ ′
− 3

4
(ρ ′′)2

(ρ ′)2

)

− (2k+1)
r(ρ) ∑

l′m′
∑

l2m2

(−1)m2
√

(2l′+1)(2l2 +1)

×

l2 k l′

0 0 0

 l2 k l′

−m2 q m′

P∗i,l2m2
(r(ρ))Fε,l′m′(ρ)

]
.

(2.99)

We can write the matrix equation on the ρ grid as

d2F̄
dρ2 = M̂ρ F̄ , (2.100)

where

F̄ =

 {Flm}

{Ykq(P̄i, F̄ε)}

 , (2.101)

M̂ρ =

{Mρ

lm,l′m′} {M
ρ

lm,i′k′q′}

{Mρ

ikq,l′m′} {M
ρ

ikq,i′k′q′}

 , (2.102)
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with block matrix elements as follows

{Mρ

lm,l′m′}=
1

(ρ ′)2

[(
l′(l′+1)

r(ρ)2 −2ε

)
δll′δmm′+2V ne

lm,l′m′(r(ρ))

+2Jee
lm,l′m′(r(ρ))+

(
1
2

ρ ′′′

ρ ′
− 3

4
(ρ ′′)2

(ρ ′)2

)
δll′δmm′

]
,

(2.103)

{Mρ

lm,i′k′q′}=
1

(ρ ′)2
2bi′

r(ρ) ∑
l3m3

(−1)m3
√

(2l +1)(2l3 +1)

×

l3 k′ l

0 0 0

 l3 k′ l

−m3 q′ m

Pi′,l3m3(r(ρ)),

(2.104)

{Mρ

ikq,l′m′}=−
1

(ρ ′)2
(2k+1)

r(ρ) ∑
l2m2

(−1)m2
√

(2l′+1)(2l2 +1)

×

l2 k l′

0 0 0

 l2 k l′

−m2 q m′

P∗i,l2m2
(r(ρ)),

(2.105)

{Mρ

ikq,i′k′q′}=
1

(ρ ′)2

[
k(k+1)

r(ρ)2 +
1
2

ρ ′′′

ρ ′
− 3

4
(ρ ′′)2

(ρ ′)2

]
δkk′δii′δqq′. (2.106)

2.3.8 Numerov method and the Thomas Algorithm

The Numerov method solves differential equations of the form

y′′(r) = g(r)y(r). (2.107)

It relates yn = y(nh),gn = g(nh),n = 1, . . . ,N and the radial step size h for a grid

size N as follows [75]

(
1− h2

12
gn+1

)
yn+1−2

(
1+

5h2

12
gn

)
yn +

(
1− h2

12
gn−1

)
yn−1 = 0. (2.108)

Comparing Eq. (2.100) with the general form of differential equations applicable to

the Numerov method, we have

ân+1F̄n+1− b̂nF̄n + ân−1F̄n−1 = 0, (2.109)
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where

ân = 1− h2

12
M̂ρ

n , (2.110)

b̂n = 2
(
1+

5h2

12
M̂ρ

n

)
. (2.111)

The identity matrix, 1, is of size Nlm +Nikq, where Nlm is the number of l,m com-

binations and Nikq is the number of bound orbitals multiplied by the number of k,q

combinations. This can be written as the following system of linear equations with

a block tridiagonal matrix



−b̂1 â2

â1 −b̂2 â3
. . .

ân−1 −b̂n ân+1
. . .





F̄1

F̄2
...
...
...


=



0

0
...
...

0


. (2.112)

This can be solved using the Tridiagonal Matrix Algorithm, otherwise known as the

Thomas Algorithm [76]. This consists of 2 steps:

1) Forward Sweep First, we define a matrix V̂n in terms of it’s relation between two

sequential values of our solution vector

F̄n = V̂nF̄n+1. (2.113)

Since F̄ is an Nlm +Nikq dimensional vector, V̂ is a (Nlm +Nikq)× (Nlm +Nikq)

matrix. Substituting Eq. (2.113) into the Numerov solution we have

ân−1V̂n−1F̄n− b̂nF̄n + ân+1F̄n+1 = 0. (2.114)

Rearranging gives

F̄n = (b̂n− ân−1V̂n−1)
−1ân+1F̄n+1. (2.115)

Hence, we have

V̂n = (b̂n− ân−1V̂n−1)
−1ân+1. (2.116)
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Using this we can outwards sweep from n = 1 to find V̂n for all points in the grid.

To do this however, we require the value of V̂1. The inner boundary conditions are

given by

V̂1 = V̂2 = V̂ , (2.117)

where

V̂ = (b̂2− â1V̂ )−1â3. (2.118)

We start with V̂ = 0. Then, we solve Eq. (2.118) recursively until it converges to a

value for V̂ .

2) Backward Sweep Once every V̂n is known for every n, F̄n is then found by back

substitution from N to 0 using Eq. (2.113). In order to sweep backwards from F̄N ,

we need to find the asymptotic values of F̄ . For Plm, substituting the asymptotic

boundary conditions from Eq. (2.68) for the edge cases n = N−1,N gives

(PLM
lm )N−1 = (Fl)N−1δlLδmM +(Gl)N−1RLM

lm , (2.119)

which is equivalent to

1√
ρ ′N−1

(FLM
lm )N−1 = (Fl)N−1δlLδmM +(Gl)N−1RLM

lm . (2.120)

Similarly,
1√
ρ ′N

(FLM
lm )N = (Fl)NδlLδmM +(Gl)NRLM

lm . (2.121)

The asymptotic boundary conditions for Ykq(P̄i, P̄ε) are

Ykq(P̄i, P̄ε) = Bikqr−k as r→ ∞, (2.122)

for some constant Bikq. So combining this with the Plm conditions, the boundary

conditions for the solution vector P̄ for a given L,M channel is

P̄ =

{δlLδmMFl(r)+Gl(r)RLM
lm }

{Bikqr−k}

 as r→ ∞. (2.123)



2.3. Continuum orbitals 60

Considering all L,M channels simultaneously, we use a solution vector of matrices

P̄ =

F̂(r)+ Ĝ(r)R̂
r̂(r)B̂

 as r→ ∞, (2.124)

where F̂(r) and Ĝ(r) are diagonal matrices with elements Fl(r) and Gl(r), respec-

tively, B̂ = {Bikq,LM} is a matrix of constants Bikq for each L,M channel and r̂ is a

diagonal matrix with elements r−k. Hence, we have the following relation between

F̄N and F̄N−1

√
ρ ′N−1

F̂N−1(r)+ ĜN−1(r)R̂

r̂N−1B̂

=

{Vlm,Vl′m′}N−1 {Vlm,Vi′k′q′}N−1

{Vikq,Vl′m′}N−1 {Vikq,Vi′k′q′}N−1


×
√

ρ ′N

F̂N(r)+ ĜN(r)R̂

r̂NB̂

 .

(2.125)

Expanding this gives us the following simultaneous equations

√
ρ ′N−1

(
F̂N−1(r)+ ĜN−1(r)R̂

)
=
√

ρ ′N

(
{Vlm,Vl′m′}N−1(F̂N(r)

+ ĜN(r)R̂)+{Vlm,Vi′k′q′}N−1r̂NB̂
)

√
ρ ′N−1r̂N−1B̂ =

√
ρ ′N

(
{Vikq,Vl′m′}N−1(F̂N(r)

+ ĜN(r)R̂)+{Vikq,Vi′k′q′}N−1r̂NB̂
)
.

(2.126)

Rearranging these simultaneous equations gives

R̂ =

(√
ρ ′N−1ĜN−1−

√
ρ ′N{Vlm,Vl′m′}N−1ĜN

)−1

×
(√

ρ ′N{Vlm,Vi′k′q′}N−1r̂NB̂+
√

ρ ′N{Vlm,Vl′m′}N−1F̂N−
√

ρ ′N−1F̂N−1

)
,

(2.127)
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B̂ =

(√
ρ ′N−1r̂N−1−

√
ρ ′N{Vikq,Vi′k′q′}N−1r̂N

)−1

×
(√

ρ ′N{Vikq,Vl′m′}N−1

(
F̂N + ĜNR̂

))
.

(2.128)

By substituting the formula for B̂ into the formula for R̂, we obtain the following

formula for R̂

R̂ =

[√
ρ ′N−1

ρ ′N
ĜN−1−{Vlm,Vl′m′}N−1ĜN

−{Vlm,Vi′k′q′}N−1r̂N

(√
ρ ′N−1

ρ ′N
r̂N−1−{Vikq,Vi′k′q′}N−1r̂N

)−1

×{Vikq,Vl′m′}N−1ĜN

]−1

×

[
{Vlm,Vl′m′}N−1F̂N−

√
ρ ′N−1

ρ ′N
F̂N−1

+{Vlm,Vi′k′q′}N−1r̂N

(√
ρ ′N−1

ρ ′N
r̂N−1−{Vikq,Vi′k′q′}N−1r̂N

)−1

×{Vikq,Vl′m′}N−1F̂N

]
.

(2.129)



2.3. Continuum orbitals 62

Similarly, by substituting the formula for R̂ into the formula for B̂, we obtain the

following formula for B̂

B̂ =

[√
ρ ′N−1

ρ ′N
r̂N−1−{Vikq,Vi′k′q′}N−1r̂N

−{Vikq,Vl′m′}N−1ĜN

(√
ρ ′N−1

ρ ′N
ĜN−1−{Vlm,Vl′m′}N−1ĜN

)−1

×{Vlm,Vi′k′q′}N−1r̂N

]−1

×

[
{Vikq,Vl′m′}N−1F̂N

+{Vikq,Vl′m′}N−1ĜN

(√
ρ ′N−1

ρ ′N
ĜN−1−{Vlm,Vl′m′}N−1ĜN

)−1

×

(
{Vlm,Vl′m′}N−1F̂N−

√
ρ ′N−1

ρ ′N
F̂N−1

)]
.

(2.130)

To summarize, we use this equation above to find B̂, then we substitute this into

Eq. (2.127) to find R̂. After finding B̂ and R̂, we can then find F̄N

F̄N =
√

ρ ′

F̂N + ĜNR̂

r̂NB̂

 . (2.131)

Then, we can find F̄n,n = 0, . . . ,N by back substitution from n = N to n = 0 us-

ing Eq. (2.113). Next, we transform the {Flm} components of F̄n into {Plm} using

Eq. (2.79). Finally, we normalise Plm using Eqs. (2.70) and (2.71).

2.3.9 Direct and Exchange coefficients

Next, we describe how to obtain the coefficients ai and bi in Eq. (2.25). After

applying the variational principle to the electron-electron interaction terms in the

HF method (Ĥ2 in Section 2.1.2), we have

orb.

∑
i

aiJi |φε〉−
orb.

∑
i

biKi |φε〉= ε
ee |φε〉 , (2.132)
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where

Ji |φε〉= 〈φi|
1

r12
|φi〉 |φε〉 ,

Ki |φε〉= 〈φi|
1

r12
|φε〉 |φi〉 .

(2.133)

If an orbital isn’t occupied, then the coefficients ai and bi are zero as there are no

electrons for the electron-electron interaction. In order to determine the ai and bi

coefficients for occupied orbitals, it is sufficient to find them for four limiting cases.

Below we will present the full derivation for only the first limiting case, since the

method for computing the coefficients of the other limiting cases is analogous.

2.3.9.1 First limiting case

For the first limiting case we have a two-electron system, with both electrons ini-

tially occupying a single orbital i and one of these electrons finally being emitted to

the continuum. Spin is conserved and it is equal to zero in the initial and final states.

Therefore, a two-electron wavefunction must be constructed that is anti-symmetric

in spin and anti-symmetric under exchange of electrons. The wavefunction is given

by the sum of the following two Slater determinants

Φ(q1,q2) =
1√
2

(
1√
2!

∣∣∣∣∣∣φ
↑
i (q1) φ

↓
ε (q1)

φ
↑
i (q2) φ

↓
ε (q2)

∣∣∣∣∣∣− 1√
2!

∣∣∣∣∣∣φ
↓
i (q1) φ

↑
ε (q1)

φ
↓
i (q2) φ

↑
ε (q2)

∣∣∣∣∣∣
)
. (2.134)

Expanding this gives

Φ(q1,q2) =
1
2
(φ↑i (q1)φ

↓
ε (q2)−φ

↓
ε (q1)φ

↑
i (q2)−φ

↓
i (q1)φ

↑
ε (q2)+φ

↑
ε (q1)φ

↓
i (q2)).

(2.135)

In Dirac notation this is equivalent to

|Φ〉= 1
2

(∣∣∣φ↑i φ
↓
ε

〉
−
∣∣∣φ↓ε φ

↑
i

〉
−
∣∣∣φ↓i φ

↑
ε

〉
+
∣∣∣φ↑ε φ

↓
i

〉)
. (2.136)
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Evaluating the mean value of 1
r12

gives

〈Φ| 1
r12
|Φ〉= 1

4

(〈
φ
↑
i φ
↓
ε

∣∣∣−〈φ
↓
ε φ
↑
i

∣∣∣−〈φ
↓
i φ
↑
ε

∣∣∣+〈φ
↑
ε φ
↓
i

∣∣∣)
× 1

r12

(∣∣∣φ↑i φ
↓
ε

〉
−
∣∣∣φ↓ε φ

↑
i

〉
−
∣∣∣φ↓i φ

↑
ε

〉
+
∣∣∣φ↑ε φ

↓
i

〉)
=

1
4

(〈
φ
↑
i φ
↓
ε

∣∣∣ 1
r12

∣∣∣φ↑i φ
↓
ε

〉
−
〈

φ
↑
i φ
↓
ε

∣∣∣ 1
r12

∣∣∣φ↓ε φ
↑
i

〉
−
〈

φ
↑
i φ
↓
ε

∣∣∣ 1
r12

∣∣∣φ↓i φ
↑
ε

〉
+
〈

φ
↑
i φ
↓
ε

∣∣∣ 1
r12

∣∣∣φ↑ε φ
↓
i

〉
−
〈

φ
↓
ε φ
↑
i

∣∣∣ 1
r12

∣∣∣φ↑i φ
↓
ε

〉
+
〈

φ
↓
ε φ
↑
i

∣∣∣ 1
r12

∣∣∣φ↓ε φ
↑
i

〉
+
〈

φ
↓
ε φ
↑
i

∣∣∣ 1
r12

∣∣∣φ↓i φ
↑
ε

〉
−
〈

φ
↓
ε φ
↑
i

∣∣∣ 1
r12

∣∣∣φ↑ε φ
↓
i

〉
−
〈

φ
↓
i φ
↑
ε

∣∣∣ 1
r12

∣∣∣φ↑i φ
↓
ε

〉
+
〈

φ
↓
i φ
↑
ε

∣∣∣ 1
r12

∣∣∣φ↓ε φ
↑
i

〉
+
〈

φ
↓
i φ
↑
ε

∣∣∣ 1
r12

∣∣∣φ↓i φ
↑
ε

〉
−
〈

φ
↓
i φ
↑
ε

∣∣∣ 1
r12

∣∣∣φ↑ε φ
↓
i

〉
+
〈

φ
↑
ε φ
↓
i

∣∣∣ 1
r12

∣∣∣φ↑i φ
↓
ε

〉
−
〈

φ
↑
ε φ
↓
i

∣∣∣ 1
r12

∣∣∣φ↓ε φ
↑
i

〉
−
〈

φ
↑
ε φ
↓
i

∣∣∣ 1
r12

∣∣∣φ↓i φ
↑
ε

〉
+
〈

φ
↑
ε φ
↓
i

∣∣∣ 1
r12

∣∣∣φ↑ε φ
↓
i

〉)
.

(2.137)

Using spin orthogonality, Eq. (2.137) takes the form

〈Φ| 1
r12
|Φ〉= 1

4

(
〈φiφε |

1
r12
|φiφε〉+ 〈φiφε |

1
r12
|φεφi〉

+ 〈φεφi|
1

r12
|φεφi〉+ 〈φεφi|

1
r12
|φiφε〉

+ 〈φiφε |
1

r12
|φεφi〉+ 〈φiφε |

1
r12
|φiφε〉

+ 〈φεφi|
1

r12
|φiφε〉+ 〈φεφi|

1
r12
|φεφi〉

)
,

(2.138)

where we now have spatial orbitals. Now using 〈φεφi| 1
r12
|φεφi〉 = 〈φiφε | 1

r12
|φiφε〉,

we have that

ε
ee = 〈Φ| 1

r12
|Φ〉= 〈φiφε |

1
r12
|φiφε〉+ 〈φiφε |

1
r12
|φεφi〉 . (2.139)
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Using the variational principle for the continuum orbital

∂

∂ 〈φε |

(
〈φiφε |

1
r12
|φiφε〉+ 〈φiφε |

1
r12
|φεφi〉

)
=

∂

∂ 〈φε |
(εee 〈φε |φε〉)

⇐⇒ 〈φi|
1

r12
|φi〉 |φε〉+ 〈φi|

1
r12
|φε〉 |φi〉= ε

ee |φε〉 .
(2.140)

So using our definitions for Ji and Ki we have

Jiφε +Kiφε = ε
ee

φε . (2.141)

Hence, in this case we see that ai = 1 and bi =−1. This Slater determinant can also

be used in the case involving two orbitals i and j. Initially, one electron is in orbital

i, while the other is in orbital j, forming a singlet spin state. Then, the electron from

orbital j is emitted to the continuum. If instead the electrons from orbitals i and j

form a triplet state, the wavefunction can be expressed in terms of the following

Φ(q1,q2) =
1√
2

(
1√
2!

∣∣∣∣∣∣φ
↑
i (q1) φ

↓
ε (q1)

φ
↑
i (q2) φ

↓
ε (q2)

∣∣∣∣∣∣+ 1√
2!

∣∣∣∣∣∣φ
↓
i (q1) φ

↑
ε (q1)

φ
↓
i (q2) φ

↑
ε (q2)

∣∣∣∣∣∣
)
. (2.142)

In this case we find that ai = 1 and bi = 1.

2.3.9.2 Second limiting case

The next limiting case involves two orbitals i and j and three electrons. Initially, one

electron is in orbital i and the other two in orbital j. In the final state one electron

from orbital j is emitted to the continuum. A three-electron wavefunction must be

constructed which is anti-symmetric in spin regarding the continuum electron and

the electron in the j orbital and anti-symmetric under exchange of electrons. The

wavefunction for this system can be expressed in terms of the following two Slater
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Determinants

Φ(q1,q2,q3) =
1√
2

(
1√
3!

∣∣∣∣∣∣∣∣∣
φ
↑
i (q1) φ

↓
j (q1) φ

↑
ε (q1)

φ
↑
i (q2) φ

↓
j (q2) φ

↑
ε (q2)

φ
↑
i (q3) φ

↓
j (q3) φ

↑
ε (q3)

∣∣∣∣∣∣∣∣∣
− 1√

3!

∣∣∣∣∣∣∣∣∣
φ
↑
i (q1) φ

↑
j (q1) φ

↓
ε (q1)

φ
↑
i (q2) φ

↑
j (q2) φ

↓
ε (q2)

φ
↑
i (q3) φ

↑
j (q3) φ

↓
ε (q3)

∣∣∣∣∣∣∣∣∣
)
.

(2.143)

In this case we find a j = 1,b j =−1,ai = 1 and bi =
1
2 .

2.3.9.3 Third limiting case

The third limiting case involves two electrons occupying orbital i and two electrons

occupying orbital j in the initial state. In the final state, one electron from orbital j

escapes to the continuum. The wavefunction is given by

Φ(q1,q2,q3) =
1√
2

(
1√
4!

∣∣∣∣∣∣∣∣∣∣∣∣

φ
↑
i (q1) φ

↓
i (q1) φ

↑
j (q1) φ

↓
ε (q1)

φ
↑
i (q2) φ

↓
i (q2) φ

↑
j (q2) φ

↓
ε (q2)

φ
↑
i (q3) φ

↓
i (q3) φ

↑
j (q3) φ

↓
ε (q3)

φ
↑
i (q4) φ

↓
i (q4) φ

↑
j (q4) φ

↓
ε (q4)

∣∣∣∣∣∣∣∣∣∣∣∣

− 1√
4!

∣∣∣∣∣∣∣∣∣∣∣∣

φ
↑
i (q1) φ

↓
i (q1) φ

↓
j (q1) φ

↑
ε (q1)

φ
↑
i (q2) φ

↓
i (q2) φ

↓
j (q2) φ

↑
ε (q2)

φ
↑
i (q3) φ

↓
i (q3) φ

↓
j (q3) φ

↑
ε (q3)

φ
↑
i (q4) φ

↓
i (q4) φ

↓
j (q4) φ

↑
ε (q4)

∣∣∣∣∣∣∣∣∣∣∣∣
)
.

(2.144)

One can find that ai = 2,bi = 1 and a j = 1,b j =−1. Note that, by proceeding as in

the first limiting case, we find that

2Jiφε −Kiφε + J jφε +K jφε = ε
ee

φε . (2.145)

This is equivalent to the sum of the first limiting case and the following single Slater

determinant, consisting of a fully-occupied orbital i and a continuum electron in the
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final state

Φ(q1,q2,q3) =
1√
3!

∣∣∣∣∣∣∣∣∣
φ
↑
i (q1) φ

↓
i (q1) φ

↑
ε (q1)

φ
↑
i (q2) φ

↓
i (q2) φ

↑
ε (q2)

φ
↑
i (q3) φ

↓
i (q3) φ

↑
ε (q3)

∣∣∣∣∣∣∣∣∣ . (2.146)

Indeed, for the Slater determinant above, we find ai = 2 and bi = 1.

2.3.9.4 Fourth limiting case

The final limiting case examines the case where the spin symmetry is between or-

bitals which are not the continuum electron, namely the partially-filled orbitals i and

j. The wavefunction is given by

Φ(q1,q2,q3) =
1√
2

(
1√
3!

∣∣∣∣∣∣∣∣∣
φ
↑
i (q1) φ

↓
j (q1) φ

↑
ε (q1)

φ
↑
i (q2) φ

↓
j (q2) φ

↑
ε (q2)

φ
↑
i (q3) φ

↓
j (q3) φ

↑
ε (q3)

∣∣∣∣∣∣∣∣∣
± 1√

3!

∣∣∣∣∣∣∣∣∣
φ
↓
i (q1) φ

↑
j (q1) φ

↑
ε (q1)

φ
↓
i (q2) φ

↑
j (q2) φ

↑
ε (q2)

φ
↓
i (q3) φ

↑
j (q3) φ

↑
ε (q3)

∣∣∣∣∣∣∣∣∣
)
,

(2.147)

where the + corresponds to triplet-spin symmetry between orbitals i and j and −

corresponds to singlet-spin symmetry. In both cases, one can show that ai = a j = 1

and bi = b j =
1
2 .

2.4 Transitions

2.4.1 Fermi’s golden rule

Fermi’s golden rule is a formula that describes the transition rate (the probability of

a transition per unit time) from an initial energy eigenstate of a quantum system to

a final group of energy eigenstates. Suppose that the system begins in an eigenstate

|i〉 with an unperturbed Hamiltonian H. Then we apply a perturbing Hamiltonian

H ′ to the system. In this instance, we assume H ′ is time-independent. Then Fermi’s

golden rule states that the transition rate from the initial energy eigenstate |i〉 to a
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final state | f 〉 due to this perturbation is given by [77]

Γi→ f = 2π
∣∣〈 f |H ′ |i〉∣∣2. (2.148)

Fermi’s golden rule is applicable to both atomic and molecular systems.

2.4.2 Photoionization

Photoionization is the physical process in which an ion is formed from the inter-

action of a photon with an atom or molecule. An electron absorbs the energy of

the photon and escapes to the continuum. The probability of photoionization occur-

ring is related to the photoionization cross section. The molecular photoionization

cross section of an electron transitioning from a bound molecular orbital φi to a final

continuum orbital φε is given by [77]

σi→ε =
4
3

απ
2
ωNi ∑

M=−1,0,1

∣∣DM
iε
∣∣2 (2.149)

where α is the fine structure constant, Ni is the occupation number of the initial

orbital i, ω is the energy of the photon and M = −1,0,1 is the polarization of the

photon. In the length gauge, the dipole operator is

dL
M = r · n̂ =

√
4π

3
rY1M(θ ,φ), (2.150)

where n̂ is the unit vector of the polarization of the field. In the single centre expan-

sion form, the dipole matrix element then takes the following form

DM
iε = 〈φε |dL

M |φi〉

=
∫

φ
∗
ε (r)

√
4π

3
rY1M(θ ,φ)φi(r)dr

=

√
4π

3 ∑
lm,l′m′

∫
∞

0
drP∗

ε,l′m′(r)rPi,lm(r)
∫

dΩY ∗l′m′(θ ,φ)Ylm(θ ,φ)Y1M(θ ,φ).

(2.151)
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Using spherical harmonic integral identities, this is equal to

DM
iε = ∑

lm,l′m′
(−1)m′

√
(2l +1)(2l′+1)

×

l′ l 1

0 0 0

 l′ l 1

−m′ m M

∫ ∞

0
drP∗

ε,l′m′(r)rPi,lm(r).
(2.152)

From the Wigner-3j symbols we can see how we obtain the l and m numbers for the

continuum orbital. The second Wigner-3j symbol gives −m′+m+M = 0. From

the first Wigner-3j symbol we find that l′+ l + 1 has to be even. In addition, for

homonuclear diatomic molecules the orbitals have even or odd parity. Given the

above, for homonuclear diatomic molecules an electron by single-photon ionization

can transition from a bound to a continuum state with opposite parity.

Using the limiting cases from Section 2.3.9, we can determine the direct and

exchange coefficients for a photoionization transition. Note that here, we only con-

sider photoionization transitions from closed-shell molecules and their ions. Thus,

the spin states between orbitals are not considered here. Depending on the initial

occupancy of the orbital which ionization occurs from, the coefficients are as fol-

lows.

Case A: Orbital from which ionization occurs initially has two electrons. Using

the first limiting case (singlet), for the orbital from which ionization occurs we have

ai = 1,bi =−1. (2.153)

For the orbitals not involved in the photoionization transition:

• Occupancy of the orbital is zero, then ai = bi = 0 (no electrons present).

• Occupancy of the orbital is one, then ai = 1,bi =
1
2 (second limiting case).

• Occupancy of the orbital is two, then ai = 2,bi = 1 (third limiting case).

Case B: Orbital from which ionization occurs initially has one electron. Since

the orbital from which ionization occurs will not be occupied in the final state, we
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have

ai = bi = 0. (2.154)

For the orbitals not involved in the photoionization transition:

• Occupancy of the orbital is zero, then ai = bi = 0 (no electrons present).

• Occupancy of the orbital is one, then ai = 1,bi = 1 (triplet first limiting case).

• Occupancy of the orbital is two, then ai = 2,bi = 1 (third limiting case).

As mentioned as above, here we have only covered the cases when photoionization

occurs in closed-shell molecules. Open-shell molecules present a more challenging

problem due to the singlet/triplet spin state that arises between the open-shell orbital

and the orbital from which ionization occurs. In Chapter 4, we will discuss how to

obtain these direct and exchange coefficients for open-shell molecules.

2.4.3 Auger-Meitner decay

Auger-Meitner decay is a physical process in which a core or inner valence orbital

hole is filled by a valence electron while another valence electron is released to the

continuum. Fig. 2.1 provides an example of an Auger-Meitner decay. These Auger-

Meitner transitions occur after a photoionization transition leaves a vacancy in a

core or inner valence orbital.
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Figure 2.1: Diagram of an Auger-Meitner decay. (a) Photoionization occurs from a core
electron, creating an ion with a core hole. (b) A valence electron drops to
fill this core hole vacancy. The energy released is transferred to another va-
lence electron (either from the same or different valence orbital), which is then
ejected from the atom or molecule to the continuum. (c) The final state of the
atom or molecule has a fully occupied core and two missing valence electrons.

By Fermi’s Golden Rule in Eq. (2.148), the Auger-Meitner rate to transition

from a specific initial state Φinit to a specific final state Φ f in is

Γinit→ f in = 2π|M|2 = 2π
∣∣〈Φ f in

∣∣HI |Φinit〉
∣∣2. (2.155)

Then the total Auger-Meitner rate is

Γ = ∑2πNhNab|M|2 = ∑2πNhNab
∣∣〈Φ f in

∣∣HI |Φinit〉
∣∣2, (2.156)

where Nh is the number of holes in the specified core orbital, ∑ sums over all fi-

nal states and averages over all initial states, and Nab will be defined later. The

electronic Hamiltonian of the system in the second quantisation formalism [78] is

HI = ∑
i j

c†
i c j 〈i|h | j〉+

1
2 ∑

i jkl
c†

i c†
jclck 〈i j| 1

r12
|kl〉 , (2.157)
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where h is sum of the one-electron operators in HI , c†
i is a creation operator on elec-

tron i and c j is an annihilation operator on electron j. The summations correspond

to both bound and continuum electrons. The creation and annihilation operators

follow the following anti-commutator rules

{c†
i ,c j}= c†

i c j + c jc
†
i = δi, j

{ci,c j}= 0

{c†
i ,c

†
j}= 0.

(2.158)

Hence, we have that

〈
Φ f in

∣∣HI |Φinit〉= ∑
i j

〈
Φ f in

∣∣c†
i c j |Φinit〉〈i|h | j〉

+
1
2 ∑

i jkl

〈
Φ f in

∣∣c†
i c†

jclck |Φinit〉〈i j| 1
r12
|kl〉 .

(2.159)

The first term in Eq. (2.159) is zero, due to the electron configurations required for

the initial and final states of an Auger-Meitner process.

〈
Φ f in

∣∣HI |Φinit〉Auger =
1
2 ∑

i jkl

〈
Φ f in

∣∣c†
i c†

jclck |Φinit〉〈i j| 1
r12
|kl〉 . (2.160)

Let us denote the state 〈
Φ̃ f in

∣∣= 〈Φ f in
∣∣c†

ζ
, (2.161)
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where cζ is an annihilation operator on the continuum electron, ζ . Then,

〈
Φ̃ f in

∣∣cζ c†
i c†

jclck |Φinit〉=
〈
Φ̃ f in

∣∣cζ c†
i c†

jclck |Φinit〉+
〈
Φ̃ f in

∣∣c†
i cζ c†

jclck |Φinit〉

−
〈
Φ̃ f in

∣∣c†
i cζ c†

jclck |Φinit〉

=
〈
Φ̃ f in

∣∣{cζ ,c
†
i }c

†
jclck |Φinit〉−

〈
Φ̃ f in

∣∣c†
i cζ c†

jclck |Φinit〉

= δζ ,i
〈
Φ̃ f in

∣∣c†
jclck |Φinit〉−

〈
Φ̃ f in

∣∣c†
i cζ c†

jclck |Φinit〉

= δζ ,i
〈
Φ̃ f in

∣∣c†
jclck |Φinit〉−

〈
Φ̃ f in

∣∣c†
i cζ c†

jclck |Φinit〉

+
〈
Φ̃ f in

∣∣c†
i c†

jcζ clck |Φinit〉−
〈
Φ̃ f in

∣∣c†
i c†

jcζ clck |Φinit〉

= δζ ,i
〈
Φ̃ f in

∣∣c†
jclck |Φinit〉−

〈
Φ̃ f in

∣∣c†
i {c

†
j ,cζ}clck |Φinit〉

+
〈
Φ̃ f in

∣∣c†
i c†

jcζ clck |Φinit〉 .

(2.162)

Using the following anti-commutator relations of the creation/annihilation operators

〈
Φ̃ f in

∣∣c†
i c†

jcζ clck |Φinit〉=
〈
Φ̃ f in

∣∣c†
i c†

jclckcζ |Φinit〉 , (2.163)

we have that

〈
Φ̃ f in

∣∣cζ c†
i c†

jclck |Φinit〉= δζ ,i
〈
Φ̃ f in

∣∣c†
jclck |Φinit〉−δ j,ζ

〈
Φ̃ f in

∣∣c†
i clck |Φinit〉

+
〈
Φ̃ f in

∣∣c†
i c†

jclckcζ |Φinit〉 ,

(2.164)

where the last term is zero since there is no continuum electron for the operator to

annihilate when the system is in the initial state. Hence,

〈
Φ f in

∣∣HI |Φinit〉Auger =
1
2 ∑

i jkl
(δζ ,i

〈
Φ̃ f in

∣∣c†
jclck |Φinit〉

−δ j,ζ
〈
Φ̃ f in

∣∣c†
i clck |Φinit〉)〈i j| 1

r12
|kl〉

=
1
2 ∑

i jk

〈
Φ̃ f in

∣∣c†
i ckc j |Φinit〉(〈ζ i| 1

r12
| jk〉−〈iζ | 1

r12
| jk〉).

(2.165)
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We can rewrite
∣∣Φ̃ f in

〉
in terms of the initial state

∣∣Φ̃ f in
〉
= c†

s cacb |Φinit〉

=⇒
〈
Φ̃ f in

∣∣= 〈Φinit |c†
bc†

acs,
(2.166)

where a and b are the valence electrons, and s is the electron which fills the core

hole. So

〈
Φ f in

∣∣HI |Φinit〉Auger =
1
2 ∑

i jk
〈Φinit |c†

bc†
acsc

†
i ckc j |Φinit〉

× (〈ζ i| 1
r12
| jk〉−〈iζ | 1

r12
| jk〉).

(2.167)

The operators c†
a or c†

b acting on |Φinit〉will be zero by the Pauli-Exclusion Principle

(since electrons a and b are contained in the initial state). Also, cs acting on |Φinit〉

will be zero, as no electron in state s in this initial state for the operator to annihilate
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(i.e. in the initial state there is a hole in the core orbital). So

〈Φinit |c†
bc†

acsc
†
i ckc j |Φinit〉= 〈Φinit |c†

bc†
acsc

†
i ckc j |Φinit〉+ 〈Φinit |c†

bc†
ac†

i csckc j |Φinit〉

−〈Φinit |c†
bc†

ac†
i csckc j |Φinit〉

= 〈Φinit |c†
bc†

a{cs,c
†
i }ckc j |Φinit〉−〈Φinit |c†

bc†
ac†

i csckc j |Φinit〉

= δs,i 〈Φinit |c†
bc†

ackc j |Φinit〉−〈Φinit |c†
bc†

ac†
i csckc j |Φinit〉︸ ︷︷ ︸
=0

= δs,i 〈Φinit |c†
bc†

ackc j |Φinit〉

= δs,i(〈Φinit |c†
bc†

ackc j |Φinit〉+δs,i 〈Φinit |c†
bckc†

ac j |Φinit〉

−δs,i 〈Φinit |c†
bckc†

ac j |Φinit〉)

= δs,i(〈Φinit |c†
b{c

†
a,ck}c j |Φinit〉−δs,i 〈Φinit |c†

bckc†
ac j |Φinit〉)

= δs,iδa,k 〈Φinit |c†
bc j |Φinit〉−δs,i 〈Φinit |c†

bckc†
ac j |Φinit〉

= δs,iδa,k(〈Φinit |c†
bc j |Φinit〉+ 〈Φinit |c jc

†
b |Φinit〉

−〈Φinit |c jc
†
b |Φinit〉)

−δs,i(〈Φinit |c†
bckc†

ac j |Φinit〉+ 〈Φinit |c†
bckc jc†

a |Φinit〉

−〈Φinit |c†
bckc jc†

a |Φinit〉)

= δs,iδa,k(〈Φinit |{c†
b,c j}|Φinit〉−〈Φinit |c jc

†
b |Φinit〉)

−δs,i(〈Φinit |c†
bck{c†

a,c j}|Φinit〉+ 〈Φinit |c†
bckc jc†

a |Φinit〉)

= δs,iδa,kδb, j 〈Φinit |Φinit〉−δs,iδa,k 〈Φinit |c jc
†
b |Φinit〉︸ ︷︷ ︸

=0

−δs,iδa, j 〈Φinit |c†
bck |Φinit〉+δs,i 〈Φinit |c†

bckc jc†
a |Φinit〉︸ ︷︷ ︸

=0

= δs,iδa,kδb, j 〈Φinit |Φinit〉−δs,iδa, j(〈Φinit |c†
bck |Φinit〉

+ 〈Φinit |ckc†
b |Φinit〉−〈Φinit |ckc†

b |Φinit〉)

= δs,iδa,kδb, j 〈Φinit |Φinit〉

−δs,iδa, j(〈Φinit |{c†
b,ck}|Φinit〉+ 〈Φinit |ckc†

b |Φinit〉︸ ︷︷ ︸
=0

)

= δs,iδa,kδb, j 〈Φinit |Φinit〉︸ ︷︷ ︸
=1

−δs,iδa, jδb,k 〈Φinit |Φinit〉︸ ︷︷ ︸
=1

= δs,iδa,kδb, j−δs,iδa, jδb,k.

(2.168)
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Hence,

〈
Φ f in

∣∣HI |Φinit〉Auger =
1
2 ∑

i jk
(δs,iδa,kδb, j−δs,iδa, jδb,k)

× (〈ζ i| 1
r12
| jk〉−〈iζ | 1

r12
| jk〉)

=
1
2
(〈ζ s| 1

r12
|ba〉−〈ζ s| 1

r12
|ab〉

−〈sζ | 1
r12
|ba〉+ 〈sζ | 1

r12
|ab〉)

=
1
2
(〈ζ s| 1

r12
|ba〉−〈ζ s| 1

r12
|ab〉

−〈ζ s| 1
r12
|ab〉+ 〈ζ s| 1

r12
|ba〉)

= 〈ζ s| 1
r12
|ba〉−〈ζ s| 1

r12
|ab〉 .

(2.169)

The first term is the direct term, and the second term is the exchange term. Let us

consider these individually. We can write the direct term in terms of double integral

〈ζ s| 1
r12
|ba〉= δµζ µbδµsµa

∫
d3r1

∫
d3r2φ

∗
ζ
(r1)φb(r1)

1
r12

φ
∗
s (r2)φa(r2), (2.170)

where e.g. µb is the projection of the spin of electron b. Since the 1
r12

operator

only acts on space, the Kronecker deltas δµζ µb and δµsµa ensure that the spin of the

system is conserved. The continuum electron must have the same spin as one of

the valence electrons, and the core electron should have the same spin as the other

valence electron. Using the SCE and the multipole expansion [68]

1
r12

= ∑
kq

4π

2k+1
rk
<

rk+1
>

Y ∗kq(θ1,φ1)Ykq(θ2,φ2), (2.171)
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we have

〈ζ s| 1
r12
|ba〉= ∑

kqlζ lslbla
mambmsmζ

δµζ µbδµsµa

×
∫

d3r1

∫
d3r2

P∗lζ mζ
(r1)Y ∗lζ mζ

(θ1,φ1)Plbmb(r1)Ylbmb(θ1,φ1)

r2
1

× 4π

2k+1
rk
<

rk+1
>

Y ∗kq(θ1,φ1)Ykq(θ2,φ2)

×
P∗lsms

(r2)Y ∗lsms
(θ2,φ2)Plama(r2)Ylama(θ2,φ2)

r2
2

.

(2.172)

Now using that Y ∗lm = (−1)mYl−m and the relation between spherical harmonics and

Wigner-3j symbols [68]

∫
dΩY ∗LM(θ ,φ)Ykq(θ ,φ)Yl′m′(θ ,φ) = (−1)M

√
(2L+1)(2k+1)(2l′+1)

4π

×

L k l′

0 0 0

 L k l′

−M q m′

 ,

(2.173)

we have

〈ζ s| 1
r12
|ba〉= δµζ µbδµsµa

× ∑
kqlζ lslbla

mambmsmζ

∫
dr1

∫
dr2P∗lζ mζ

(r1)P∗lsms
(r2)

rk
<

rk+1
>

Plama(r2)Plbmb(r1)

× (−1)ms
√

(2ls +1)(2la +1)

ls k la

0 0 0

 ls k la

−ms q ma


× (−1)q+mζ

√
(2lζ +1)(2lb +1)

k lζ lb

0 0 0

 k lζ lb

−q −mζ mb

 .

(2.174)



2.4. Transitions 78

Similarly the exchange term can be written as

〈ζ s| 1
r12
|ab〉= δµζ µaδµsµb

×
∫

d3r1

∫
d3r2

P∗lζ mζ
(r1)Y ∗lζ mζ

(θ1,φ1)Plama(r1)Ylama(θ1,φ1)

r2
1

× 4π

2k+1
rk
<

rk+1
>

Y ∗kq(θ1,φ1)Ykq(θ2,φ2)

×
P∗lsms

(r2)Y ∗lsms
(θ2,φ2)Plbmb(r2)Ylbmb(θ2,φ2)

r2
2

.

(2.175)

Using the same relations as for the Direct term we find

〈ζ s| 1
r12
|ab〉= δµζ µaδµsµb

× ∑
kqlζ lslbla

mambmsmζ

∫
dr1

∫
dr2P∗lζ mζ

(r1)P∗lsms
(r2)

rk
<

rk+1
>

Plama(r1)Plbmb(r2)

× (−1)ms
√

(2ls +1)(2lb +1)

ls k lb

0 0 0

 ls k lb

−ms q mb


× (−1)q+mζ

√
(2lζ +1)(2la +1)

k lζ la

0 0 0

 k lζ la

−q −mζ ma

 .

(2.176)
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Combining the direct and exchange terms gives

〈ζ s| 1
r12
|ba〉−〈ζ s| 1

r12
|ab〉

= δµζ µbδµsµa ∑
kqlζ lslbla

mambmsmζ

∫
dr1

∫
dr2P∗lζ mζ

(r1)P∗lsms
(r2)

rk
<

rk+1
>

Plama(r2)Plbmb(r1)

× (−1)ms
√

(2ls +1)(2la +1)

ls k la

0 0 0

 ls k la

−ms q ma


× (−1)q+mζ

√
(2lζ +1)(2lb +1)

k lζ lb

0 0 0

 k lζ lb

−q −mζ mb


−δµζ µaδµsµb ∑

kqlζ lslbla
mambmsmζ

∫
dr1

∫
dr2P∗lζ mζ

(r1)P∗lsms
(r2)

rk
<

rk+1
>

Plama(r2)Plbmb(r1)

× (−1)ms
√

(2ls +1)(2lb +1)

ls k lb

0 0 0

 ls k lb

−ms q mb


× (−1)q+mζ

√
(2lζ +1)(2la +1)

k lζ la

0 0 0

 k lζ la

−q −mζ ma

 .

(2.177)

Note that similarly to photoionization, the Wigner-3j symbols in this expression ex-

plain how we obtain the l and m numbers of the continuum orbital. From the second

and fourth Wigner-3j symbols, we find that mζ = ma +mb−ms. For homonuclear

molecules, we can determine the parity of the continuum electron using the first and

third Wigner-3j symbols.

The formula for the matrix element in Eq. (2.177) only corresponds to an Auger-

Meitner process for two electrons in specific orbitals, with specific spin, filling a

hole in a particular orbital with particular spin and releasing an electron of specific

spin. In order to find the total Auger-Meitner rate, independent of the spin of the

electrons, we sum over the final states and average over the initial states. The sum-

mation over the final states is due to the possible pathways from a single initial state,

the average over the initial state is because that state is not explicitly defined. In this

case, the initial state has a core hole in a specific orbital with either up or down spin.
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We average over these two possibilities. We also sum over the different combina-

tions of spin for the two valence holes in the final state. This gives an expression

for the total Auger-Meitner transition rate as

Γa,b→s = ∑
µaµbµsµζ

πNhNab ∑
ζ

∣∣∣∣〈ζ s| 1
r12
|ba〉−〈ζ s| 1

r12
|ab〉

∣∣∣∣2, (2.178)

where the µaµbµsµζ summation is over the individual spin projections of each or-

bital involved in the transition. The summation over ζ denotes a summation over the

LM channels of the continuum wavefunction. The weighting factor, Nab, is given

by

Nab =


NaNb
2×2 for valence electrons in different orbitals

Na(Na−1)
2 for valence electrons in the same orbital

, (2.179)

and Na,Nb are the occupancy of the valence orbitals in the initial state. If instead of

summing over the individual spin projections we wish to sum over the total spin, S,

and its projection, MS, we can perform the following transformation

|baµaµb|12〉= ∑
S,MS

|baSMS|12〉〈baSMS|12|baµaµb|12〉

= ∑
S,MS

(SMS|µaµb) |baSMS|12〉 ,
(2.180)

where (SMS|µaµb) are Clebsch–Gordan coefficients. Using symmetry properties of

the Clebsch–Gordan coefficients (see Appendix B), for the exchange term we have

|baSMS|21〉= (−1)S− 1
2−

1
2 |baSMS|12〉 . (2.181)

Using Eqns. (2.180) and (2.181), as well as the orthogonality of the Cleb-
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sch–Gordan coefficients (see Appendix B), Eq. (2.178) can be rewritten as

Γa,b→s = ∑
SMS

πNhNab ∑
ζ

∣∣∣D+(−1)SE
∣∣∣2, (2.182)

where D,E are the direct and exchange terms 〈ζ s| 1
r12
|ba〉 and 〈ζ s| 1

r12
|ab〉, respec-

tively, without the Kronecker-delta functions in Eq. (2.177). The advantage of using

the SMS scheme is that we can obtain the contribution from the singlet and triplet

states separately. For singlet states S = 0 and for triplet states S = 1.

Using the limiting cases from Section 2.3.9, we can determine the direct and ex-

change coefficients for an Auger-Meitner decay. Note that in all cases it is impos-

sible for the core orbital to have 2 electrons initially or 0 electrons in the final state

by definition of a Auger-Meitner process. Similarly, it is also impossible for the

valence orbital(s) to have 2 electrons in the final state. Furthermore, clearly it is the

case that the occupancy of orbitals not involved in the Auger-Meitner process will

be equal in the initial and final states.

Case A: Both valence electrons are from the same orbital. Since the valence

electrons are in the same orbital in the initial state, they form a singlet state. In the

final state, the valence orbital is not occupied. Hence, we have

ai = bi = 0. (2.183)

For the core orbital which is filled by one of the valence electrons in the final state:

• Occupancy of core orbital is initially zero and finally one, then ai = 1,bi =−1

(singlet first limiting case).

• Occupancy of core orbital is initially one and finally two, then ai = 2,bi = 1

(third limiting case).

For orbitals not involved in the Auger-Meitner process:

• Occupancy of orbital is zero, then ai = bi = 0 (no electrons present).

• Occupancy of orbital is one, then ai = 1,bi =
1
2 (second limiting case).
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• Occupancy of orbital is two, then ai = 2,bi = 1 (third limiting case).

Case B: Valence electrons in different orbitals. For the cases below, we denote

i2 as the orbital where ionization occurs, and i1 as the orbital which fills the core

orbital.

Case B1: Both valence orbitals initially have two electrons. Using the first (sin-

glet) and second limiting cases for orbitals i2 and i1, respectively, we have

ai2 = 1,bi2 =−1 ai1 = 1,bi1 =
1
2
. (2.184)

For the core orbital which is filled by one of the valence electrons in orbital i1 in the

final state:

• Occupancy of the core orbital is initially zero and finally one, then ai = 1,bi =

1
2 (second limiting case).

• Occupancy of the core orbital is initially one and finally two, then ai = 2,bi =

1 (third limiting case).

For orbitals not involved in the Auger-Meitner process:

• Occupancy of the orbital is zero, then ai = bi = 0 (no electrons present).

• Occupancy of the orbital is one, then ai = 1,bi =
1
2 (second limiting case).

• Occupancy of the orbital is two, then ai = 2,bi = 1 (third limiting case).

Case B2: Orbital i2 initially has two electrons, orbital i1 has one electron ini-

tially. Using the first (singlet) limiting case for orbital i2 and the fact that orbital i1

will have no electrons in the final state, we have

ai2 = 1,bi2 =−1, ai1 = bi1 = 0. (2.185)

For the core orbital which is filled by the valence electron in orbital i1 in the final

state:
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• Occupancy of the core orbital is initially zero and finally one, then ai = 1,bi =

1
2 (second limiting case).

• Occupancy of the core orbital is initially one and finally two, then ai = 2,bi =

1 (third limiting case).

For orbitals not involved in the Auger-Meitner process:

• Occupancy of the orbital is zero, then ai = bi = 0 (no electrons present).

• Occupancy of the orbital is one, then ai = 1,bi =
1
2 (second limiting case).

• Occupancy of the orbital is two, then ai = 2,bi = 1 (third limiting case).

Case B3: Orbital i2 initially has one electron, orbital i1 has two electrons ini-

tially. Orbital i2 will have no electrons in the final state. For orbital i1, we use the

fourth limiting case. We find that

ai2 = bi2 = 0, ai1 = 1,bi1 =
1
2
. (2.186)

For the core orbital which is filled by one of the valence electrons in orbital i1 in the

final state:

• Occupancy of the core orbital is initially zero and finally one, then ai = 1,bi =

1
2 (fourth limiting case).

• Occupancy of the core orbital is initially one and finally two, then ai = 2,bi =

1 (third limiting case).

For orbitals not involved in the Auger-Meitner process:

• Occupancy of the orbital is zero, then ai = bi = 0 (no electrons present).

• Occupancy of the orbital is one, then ai = 1,bi = −1 for a singlet state with

the continuum orbital (singlet first limiting case), bi = 1 for a triplet state with

the continuum orbital (triplet first limiting case).

• Occupancy of the orbital is two, then ai = 2,bi = 1 (third limiting case).
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Case B4: Both valence orbitals initially have one electron. Since both valence

orbitals will have no electrons in the final state, we have

ai2 = bi2 = 0, ai1 = bi1 = 0. (2.187)

For the core orbital which is filled by the valence electrons in orbital i1 in the final

state:

• Occupancy of the core orbital is initially zero and finally one, then ai = 1,bi =

−1 for a singlet state with the continuum orbital (singlet first limiting case),

bi = 1 for a triplet state with the continuum orbital (triplet first limiting case).

• Occupancy of the core orbital is initially one and finally two, then ai = 2,bi =

1 (third limiting case).

For orbitals not involved in the Auger-Meitner process:

• Occupancy of the orbital is zero, then ai = bi = 0 (no electrons present).

• Occupancy of the orbital is one, then ai = 1,bi = −1 for a singlet state with

the continuum orbital (singlet first limiting case), bi = 1 for a triplet state with

the continuum orbital (triplet first limiting case).

• Occupancy of the orbital is two, then ai = 2,bi = 1 (third limiting case).

2.5 Molecular symmetry
Molecular orbitals possess various forms of symmetry which determine their prop-

erties. For each of type of symmetry there is an associated symmetry operation. A

point group is a group of symmetry operations with the binary operation of applying

the successive operations to the molecule. The elements of a point group are called

irreducible representations. Homonuclear and heteronuclear diatomic molecules are

part of the D∞h and C∞v point groups, respectively. Both of these point groups have

an infinite rotational symmetry around the internuclear axis. The D∞h point group

contains an infinite number of two-fold rotational symmetries perpendicular to the
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internuclear axis and a single reflective symmetry perpendicular to the internuclear

axis. The C∞v point group contains an infinite number of reflective symmetries par-

allel to the internuclear axis. The point group of the molecule puts a restriction on

the values of l and m that are required in the SCE. These restrictions are shown in

Tables 2.1 and 2.2 for D∞h and C∞v, respectively.

l |m|= 0 |m|= 1 |m|= 2 |m|= 3 |m|= 4
0 σg
1 σu πu
2 σg πg δg
3 σu πu δu φu
4 σg πg δg φg γg

Table 2.1: Molecular orbitals in D∞h in terms of the l and m quantum numbers.

l |m|= 0 |m|= 1 |m|= 2 |m|= 3 |m|= 4
0 σ

1 σ π

2 σ π δ

3 σ π δ φ

4 σ π δ φ γ

Table 2.2: Molecular orbitals in C∞v in terms of the l and m quantum numbers.

Quantum-chemistry packages, such as MOLPRO, which we use to calculate

the bound orbital wavefunctions do not support infinite point groups and perform

calculations in lower symmetry point groups. MOLPRO utilises the D2h point group

for homonuclear diatomic molecules and the C2v point group for heteronuclear di-

atomic molecules. In Tables 2.3 and 2.4, we give the correspondence between infi-

nite and finite point groups for homonuclear and heteronuclear molecules, respec-

tively. In some cases, a molecular orbital in the infinite point group is made up of

two degenerate irreducible representations in the finite group. For example, the πu

orbital in the D∞h point group is made up of two degenerate D2h irreducible repre-

sentations, namely B2u and B3u. These two irreducible representations correspond

to the two degenerate orbitals that make up a πu orbital.
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D∞h D2h
σg → Ag
σu → B1u
πg → B3g +B2g
πu → B3u +B2u
δg → B1g +Ag
δu → B1u +Au
φg → B3g +B2g
φu → B3u +B2u
γg → B1g +Ag

Table 2.3: Molecular orbitals in the D∞h point group in terms of the elements of the D2h
point group.

C∞v C2v
σ → A1
π → B1 +B2
δ → A1 +A2
φ → B1 +B2
γ → A1 +A2

Table 2.4: Molecular orbitals in the C∞v point group in terms of the elements of the C2v

point group.

In Tables 2.5 and 2.6, we give the values of l and m for each element of the

D2h and C2v point group, respectively, up to l = 4.

l
m = 0

0 Ag
m =−1 m = 0 m = 1

1 B2u B1u B3u
m =−2 m =−1 m = 0 m = 1 m = 2

2 B1g B2g Ag B3g Ag
m =−3 m =−2 m =−1 m = 0 m = 1 m = 2 m = 3

3 B2u Au B2u B1u B3u B1u B3u
m =−4 m =−3 m =−2 m =−1 m = 0 m = 1 m = 2 m = 3 m = 4

4 Ag B2g B1g B2g Ag B3g Ag B3g Ag

Table 2.5: Elements of the D2h point group in terms of the l and m quantum numbers.
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l
m = 0

0 A1
m =−1 m = 0 m = 1

1 B2 A1 B1
m =−2 m =−1 m = 0 m = 1 m = 2

2 A2 B2 A1 B1 A1
m =−3 m =−2 m =−1 m = 0 m = 1 m = 2 m = 3

3 B2 A2 B2 A1 B1 A1 B1
m =−4 m =−3 m =−2 m =−1 m = 0 m = 1 m = 2 m = 3 m = 4

4 A2 B2 A2 B2 A1 B1 A1 B1 A1

Table 2.6: Elements of the C2v point group in terms of the l and m quantum numbers.



Chapter 3

Mapping the direction of electron

ionization to phase delay between

VUV and IR laser pulses

3.1 Introduction
In this chapter, we theoretically demonstrate that control of electron currents is

possible. As in the attosecond streak camera [30], we achieve control by varying

the phase delay between a linearly-polarized VUV pulse and a circularly-polarized

IR pulse.

We show control of electron motion in the context of the N2 molecule. Our

approach involves, first, releasing the electron at low velocity above the ionization

threshold of an atom or molecule using a VUV pulse. The VUV pulse with duration

significantly smaller than the IR pulse serves to define the space and time origin of

the electron. We consider transitions from an inner or outer valence electron of N2.

Then, the newly released electron is accelerated by a circularly-polarized IR radia-

tion to speeds that are proportional to the field strength and inversely proportional

to frequency. We achieve high-electron velocities by choosing the IR pulse to have

a long wavelength, λ = 2.3 µm, and intensity of up to 5×1013 W/cm2.

Since this current study is theoretical and we are thus not constrained by lab-

oratory restrictions, we study N2 molecules aligned along the linear polarization
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of the VUV pulse. We demonstrate a one-to-one mapping between the direction

of electron escape and the phase delay between the IR and VUV pulses, achieving

excellent control of electron motion.

To show control of electron dynamics, we develop a hybrid quantum-classical

approach. The dipole matrix element to transition from an initial bound state of the

N2 molecule to the continuum is obtained using very accurate quantum mechanical

techniques. The latter involve computing continuum molecular states. We obtain

these states by solving a system of HF equations in the SCE [29]. Also, we derive

in detail and implement in our formulation the dependence of the dipole matrix

element on the angles that determine the direction of electron ionization due to the

VUV pulse.

Following release of the electron in the IR pulse, we neglect the Coulomb

potential and in the context of the SFA evolve classical trajectories, while fully

accounting for quantum interference. The development of the classical aspect of

this hybrid approach is based on previous work in classical techniques describing

ionization in strongly driven systems [79].

3.2 Methods
In what follows, we adopt two coordinate systems, namely the molecular-fixed

frame (MF frame) and the laboratory frame (LAB frame), which we can convert

between in theoretical calculations. The z-axis of the MF frame is along the prin-

cipal axis of the molecule. The z-axis of the LAB frame is along the polarisation

direction of the laser . Both the MF frame and the LAB frame have their origins

at the centre of mass of the molecule. We transform the angular dependence of the

wavefunction from the LAB to the MF frame using the convention adapted from

[80] by [81] and [73]

Yl1,m1(r̂) = ∑
m2

Yl1,m2(r̂
′)Dl1

m2,m1
(R̂), (3.1)

where Dl1
m2m1(R̂) is a Wigner rotation matrix [80], the Yl1m1,Yl1m2 are spherical har-

monics, l1 is the angular momentum quantum numbers and m1,m2 are the magnetic
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Figure 3.1: The following diagram is taken from Ref. [80]. The Euler angles R̂ = (α,β ,γ)
define the transition from the molecular frame to the LAB frame. (a) A rotation
through an angle α about the z axis (b) a rotation through an angle β about the
new y axis, y′ (c) a rotation through an angle γ about the new z axis, z′′.

quantum numbers. Note that the unprimed ~r vector denotes the position of the

electron in the MF frame, while the primed one denotes the LAB frame. The Eu-

ler angles R̂ = (α,β ,γ) define the transition from the LAB frame to the molecular

frame. For the Euler angles, we use the convention adapted by Rose [80] as in Fig.

3.1. Namely, to transition from the LAB to the molecular frame, we perform a ro-

tation through an angle α about the z axis, then a rotation through an angle β about

the new y axis (the y axis after the first rotation) and finally a rotation through an

angle γ about the new z axis (the z axis after the second rotation).

Wigner-D functions are the matrix elements of the rotation operator R =
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e−iαJze−iβJye−iγJz , i.e.

Dl
m′,m(R̂) =D

l
m′,m(α,β ,γ)

=
〈
lm′
∣∣R(α,β ,γ) |lm〉

= e−im′αdl
m′,m(β )e

−imγ ,

(3.2)

where

dl
m′,m(β ) = [(l +m′)!(l−m′)!(l +m)!(l−m)!]

1
2

×
min(l+m,l−m′)

∑
s=max(0,m−m′)

[
(−1)m′−m+s(cos β

2 )
2l+m−m′−2s

(l +m− s)!s!

×
(sin β

2 )
m′−m+2s

(m′−m+ s)!(l−m′− s)!

]
.

(3.3)

Details concerning the efficient computation of the function dl
m′,m are given in Ref.

[82], which we also adopt in this work. From (3.1) it follows that one converts from

the MF to the LAB frame as follows

Yl1,m1(r̂
′) = ∑

m2

Yl1,m2(r̂)D
l1∗
m1,m2

(R̂). (3.4)

The momentum eigenstate of the electron ejected in the continuum with momentum

k after absorbing one photon from the XUV laser pulse that is normalized in energy

is given as follows [83], [73], [84]

∣∣∣~k〉= ∑
l1,m1

il1e−iσl1Y ∗l1,m1
(k̂)ψl1,m1(~r;k), (3.5)

where the ~k eigenstate is defined in the MF frame and ψl1m1(~r;k) is an energy

eigenstate normalised in energy, with energy ε = k2

2 . Moreover, σl = σl(k) =

argΓ(l+1− iZ
k ) is the Coulomb phase shift, where Z is the net charge on the molec-

ular ion after the ejection of one electron. Then we obtain the momentum eigenstate
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in the LAB frame after substituting (3.1) into (3.5) as follows

∣∣∣~k′〉= ∑
l1,m1,m2

il1e−iσl1Y ∗l1,m2
(k̂′)Dl1∗

m2,m1
(R̂)ψl1,m1(~r;k). (3.6)

3.2.1 Dipole Matrix element

To calculate photoionization cross sections, we require the dipole matrix elements

multiplied with their conjugate for each polarization of the beam. The electric-

dipole matrix element describes the transition of an electron from an initial state

ψi(~r) to a final state~k′ due to a single photoabsorbtion from an XUV pulse is given

by

DM = DM(~k′) =
〈
~k′
∣∣∣~r′ · n̂′∣∣∣ψi

〉
, (3.7)

where

~r′ · n̂′ =
√

4π

3
r′Y1,M(r̂′), (3.8)

with n̂′ being the polarization unit vector of the electric field, and M taking the

values of 0 for linear polarization and ±1 for right/left circular polarization in the

LAB frame. Substituting Eq. (3.1) into Eq. (3.8) gives

~r′ · n̂′ =
√

4π

3
r∑

m
Y1,m(r̂)D1∗

M,m(R̂), (3.9)

where m =−1,0,1. Next, substituing Eq. (3.9) and Eq. (3.6) into Eq. (3.7) we find

DM = ∑
l1,m1,m2,m

eiσl1 (−i)l1Dl1
m2,m1

(R̂)D1∗
M,m(R̂)Yl1,m2(k̂

′)Dl1,m1,m,i, (3.10)

where

Dl1,m1,m,i =
∫∫∫

d~rψ
∗
l1,m1

(~r;k)

√
4π

3
rY1,m(r̂)ψi(~r). (3.11)

Eq. (3.10) is the most general form of the dipole matrix element for an electron to

be ejected with a~k′ vector in the LAB frame after absorbing a single photon from

the initial state ψi. In what follows, we give the general expression for DMD∗M and

show that averaging this over all molecular orientations, R̂, and integrating over all
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continuum-electron directions, k̂′, yields a value proportional to the total photoion-

ization cross section, see Eq. (2.149). Multiplying Eq. (3.10) with its conjugate, we

have

DMD∗M = ∑
l1m1m2
l2m′1m′2

mm′

ei(σl1−σl2)(−i)l1il2

×Dl1
m2m1

(R̂)Dl2∗
m′2m′1

(R̂)D1∗
Mm(R̂)D1

Mm′(R̂)

×Dl1m1mD∗l2m′1m′Y
∗
l2m′2

(k̂′)Yl1m2(k̂′)

(3.12)

where

Dl1m1m = Dl1m1m(k) =
〈
ψl1m1(~r;k)

∣∣√4π

3
rY1m(r̂) |ψi(~r)〉

D∗l2m′1m′ = D∗l2m′1m′(k) = 〈ψi(~r)|
√

4π

3
rY ∗1m′(r̂)

∣∣∣ψl2m′1
(~r;k)

〉 (3.13)

We will use the following relations of the Wigner rotation matrices [85], spherical

harmonics and Wigner-3j symbols

D†(α,β ,γ) j
pq =D j∗

pq(α,β ,γ) = [D−1(α,β ,γ)] j
pq =D j

pq(−γ,−β ,−α) (3.14)

j

∑
p=− j
D j

pq(α,β ,γ)D j∗
pr(α,β ,γ) = δqr

j

∑
q=− j
D j∗

pq(α,β ,γ)D j
rq(α,β ,γ) = δpr

(3.15)

D j∗
pq = (−1)p−qD j

−p−q (3.16)

D j1
p1q1

(R̂)D j2
p2q2

(R̂) = (−1)−P−Q
∑
JPQ

(2J+1)

×

 j1 j2 J

p1 p2 −P

 j1 j2 J

q1 q2 −Q

DJ
PQ(R̂),

(3.17)

∫
dR̂DL1∗

M1
LM2

L
DJ

M1
J M2

J
=

8π2

2L1 +1
δL1JδM1

LM1
J
δM2

LM2
J

(3.18)
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Yl1m2(k̂′)Y
∗
l1m′2

(k̂′) = (−1)m′2Yl1m2(k̂′)Yl1−m′2
(k̂′)

= (−1)m′2

√
(2l1 +1)(2l2 +1)

4π
∑
LML

(−1)ML
√

2L+1

×

 l1 l2 L

m2 −m′2 −ML

l1 l2 L

0 0 0

YL0(k̂′)

(3.19)

∑
m1m2

(2 j+1)

 j1 j2 j

m1 m2 m

 j1 j2 j′

m1 m2 m′

= δ j j′δmm′ (3.20)

 j1 j2 j

m1 m2 m

= (−1) j1+ j2+ j

 j1 j2 j

−m1 −m2 −m

 (3.21)

Yl0 =

√
2l +1

4π
P0

l (cosθ). (3.22)

Let us consider the four Wigner rotation matrices in Eq. (3.12). We can simplify

them as follows

Dl1
m2m1

(R̂)Dl2∗
m′2m′1

(R̂) =Dl1
m2m1

(R̂)(−1)m′2−m′1Dl2
−m′2−m′1

(R̂)

= (−1)m′2−m′1(−1)−M1
L−M2

L ∑
L1M1

LM2
L

(2L1 +1)

×

 l1 l2 L1

m2 −m′2 −M1
L

 l1 l2 L1

m1 −m′1 −M2
L

DL1
M1

LM2
L
(R̂),

(3.23)

and

D1∗
Mm(R̂)D1

Mm′(R̂) = (−1)M−mD1
−M−m(R̂)D1

Mm′(R̂)

= (−1)M−m(−1)−M1
J−M2

J ∑
JM1

J M2
J

(2J+1)

×

 1 1 J

−M M −M1
J

 1 1 J

−m m′ −M2
J

DJ
M1

J M2
J
(R̂).

(3.24)
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Then, using Eqns. (3.23) and (3.24), as well as the properties of the Wigner-3j

symbols, Eq. (3.12) becomes

DMD∗M = ∑
l1m1m2
l2m′1m′2

mm′

ei(σl1−σl2)(−i)l1il2Dl1m1mD∗l2m′1m′

× ∑
L1J

M1
LM2

L
M1

J M2
J

(2L1 +1)(2J+1)(−1)−m′1(−1)−M1
L−M2

L(−1)M−m(−1)−M1
J−M2

J

×

 l1 l2 L1

m2 −m′2 −M1
L

 l1 l2 L1

m1 −m′1 −M2
L


×

 1 1 J

−M M −M1
J

 1 1 J

−m m′ −M2
J


× ∑

LML

√
2l1 +1

√
2l2 +1

√
2L+1√

4π

 l1 l2 L

m2 −m′2 −ML

l1 l2 L

0 0 0


× (−1)MLYL0(k̂′)DL

M1
LM2

L
(R̂)DJ

M1
J M2

J
(R̂).

(3.25)

Next, we use the following property of Wigner-3j symbols [68]

∑
m2m′2

 l1 l2 L1

m2 −m′2 −M1
L

 l1 l2 L

m2 −m′2 −ML

(2L+1) = δL1Lδ−M1
L−ML

. (3.26)
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Then, we obtain

DMD∗M = ∑
l1m1
l2m′1
mm′

ei(σl1−σl2)(−i)l1il2Dl1m1mD∗l2m′1m′

× ∑
LJ

MLM2
L

M1
J M2

J

√
2L+1(2J+1)(−1)−m′1(−1)−M2

L(−1)M−m(−1)−M1
J−M2

J

×

 l1 l2 L

m1 −m′1 −M2
L

 1 1 J

−M M −M1
J


×

 1 1 J

−m m′ −M2
J

l1 l2 L

0 0 0


×
√

2l1 +1
√

2l2 +1√
4π

YL0(k̂′)DL
MLM2

L
(R̂)DJ

M1
J M2

J
(R̂).

(3.27)

But M2
L = m1−m′1, M1

J = 0 and M2
J = m′−m by properties of Wigner-3j symbols.

Hence, we have

DMD∗M = ∑
l1m1
l2m′1
mm′

ei(σl1−σl2)(−i)l1 il2Dl1m1mD∗l2m′1m′(−1)M(−1)−m1−m′

×∑
LJ
ML

√
(2L+1)(2J+1)

 l1 l2 L

m1 −m′1 m′1−m1

 1 1 J

−M M 0


×

 1 1 J

−m m′ m−m′

l1 l2 L

0 0 0


√

2l1 +1
√

2l2 +1√
4π

YL0(k̂′)DL
ML,m1−m′1

(R̂)DJ
0,m′−m(R̂).

(3.28)

The doubly-differential cross section for a molecular orientation R̂ and continuum-

electron angle k̂ is then given by [86]

d2σi→ε

dR̂dk̂
= 4π

2
αωNiDMD∗M, (3.29)
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where α is the fine structure constant, Ni is the occupation number of the initial

molecular orbital i and ω is the photon energy. Integrating the Wigner rotation

matrices in Eq. (3.28) over R̂, we have

∫
dR̂DL

ML,m1−m′1
(R̂)DJ

0,m′−m(R̂) = (−1)ML−(m1−m′1)
∫

dR̂DL∗
−ML,m′1−m1

(R̂)DJ
0,m′−m(R̂)

= (−1)ML−(m1−m′1)8π
2 1

2L+1
δ0MLδm1−m′1,m

′−mδLJ.

(3.30)

Since
∫

dR̂ = 8π2, when we average over all molecular orientations this 8π2 coeffi-

cient above will cancel. Hence, using Eq. (3.30) we obtain

1
8π2

∫
dR̂DMD∗M = ∑

l1m1
l2m′1
mm′

L

ei(σl1−σl2)il1+l2(−1)l1+m′1−m′Dl1m1mD∗l2m′1m′(−1)M

×

 1 1 L

−m m′ m−m′

l1 l2 L

0 0 0


×

 l1 l2 L

m1 −m′1 m′−m

 1 1 L

−M M 0


×
√

2l1 +1
√

2l2 +1
√

2L+1√
4π

YL0(k̂′).

(3.31)

In order to find the total cross section, we integrate over all possible angles of ejec-

tion of the continuum electron. Using the following property of spherical harmonics

∫
dk̂′YL0 = 2

√
π

∫
dk̂′YL0(k̂′)Y00(k̂′) =

√
4πδL0, (3.32)
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we obtain the following

∫
dk̂′

1
8π2

∫
dR̂DMD∗M = ∑

l1m1
l2m′1
mm′

L

ei(σl1−σl2)il1+l2(−1)l1+m′1−m′Dl1m1mD∗l2m′1m′(−1)M

×

 1 1 L

−m m′ m−m′

l1 l2 L

0 0 0


×

 l1 l2 L

m1 −m′1 m′−m

 1 1 L

−M M 0


×
√

2l1 +1
√

2l2 +1
√

2L+1δL0.

(3.33)

For L = 0, we have the following values and properties of the Wigner-3j symbols

• |l1− l2| ≤ 0 =⇒ l1 = l2.

• il1+l2 = (−1)l1

• m−m′ = 0 =⇒ m′ = m.

• m′1 = m1.

•

 1 1 0

−m m 0

= (−1)1+m
√

3

•

l1 l2 0

0 0 0

=

l1 l1 0

0 0 0

= (−1)l1√
(2l1+1)

•

 l1 l2 0

m1 −m1 0

=

 l1 l1 0

m1 −m1 0

= (−1)l1−m1√
(2l1+1)

•

 1 1 0

−M M 0

= (−1)1+M
√

3

Substituting in these expressions we have

∫
dk̂′

1
8π2

∫
dR̂DMD∗M =

1
3 ∑

l1m1m
Dl1m1mD∗l1m1m. (3.34)
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As expected, Eq. (3.34) is proportional to the total photoionization cross section

given by

σi→ε =
4
3

απ
2
ωNi ∑

m=−1,0,1
∑

l1m1

Dl1m1mD∗l1m1m. (3.35)

For diatomic molecules, Eq. (3.10) simplifies since the magnetic quantum number

is a good number. That is, after integrating the angles in Eq. (3.11), one finds that

m1 = m+mi, where mi is the magnetic quantum number of the bound orbital where

photoionization takes place and m is the polarization of the photon in the MF frame.

Then Eq. (3.10) takes the following form

DM = ∑
l1,m2,m

eiσl1 (−i)l1Dl1
m2,m+mi

(R̂)D1∗
M,m(R̂)Yl1,m2(k̂

′)Dl1,m+mi,m,i. (3.36)

Moreover, when the symmetry axis of the diatomic molecule is parallel to the LAB

frame, Dl1
m2,m+mi

(0̂) = δm2,m+mi and D1∗
M,m(0̂) = δM,m, where 0̂ = (0,0,0), resulting

in M = m and m1 = m2 = M+mi. As a result, the dipole matrix element is given by

DM = ∑
l1

eiσl1 (−i)l1Yl1,M+mi(k̂
′)Dl1,M+mi,M,i. (3.37)

3.2.2 Strong field streaking

To resolve dynamics on ultrashort time scales, we use a combination of an attosec-

ond vaccum ultra-violet (VUV) pulse and a femtosecond infrared (IR) pulse (e.g.

in our case we used two full width at half maximums of 0.5 fs and 100 fs, respec-

tively). The final momentum of the photoelectrons emitted by the XUV pulse is

shifted as a function of the delay time between the XUV and IR pulses. This delay

time can be controlled experimentally. In the velocity gauge, the vector potential of

the IR pulse has the form

AIR(t) =−
EIR

0
ωIR

exp
[
−2log

(
t

τIR

)2]
ε sin(ωIR(t +∆t))

0

cos(ωIR(t +∆t))

 , (3.38)
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where EIR
0 is the amplitude of the field, ωIR the circular frequency, τIR the full

width at half maximum (FWHM) and ε the ellipticity. Note in this case the IR

pulse is a circular field, so ε = 1. In addition, ∆t is the time delay between the

VUV and IR pulses. In what follows, we refer to ωIR∆t as the phase delay φ . As

we can see the vector potential of the IR field begins at t = 0 at the maximum in

the z-direction. We use the strong-field approximation (SFA), meaning we ignore

the Coulomb potential during the propagation of the laser field. So the canonical

momentum due to the presence of the IR field is a conserved quantity.

~k′(tion)−AIR(tion) =~k′(t)−AIR(t) = ~p f . (3.39)

We use the same convention as [87] and [88], where tion is the time at which pho-

toionization occurs and ~p f is the detected momentum (i.e. the final momentum).

Then by the SFA, the amplitude to transition from the wave number~k′ to the final

momentum ~p f due to an IR pulse is given by

a(~p f ) =
∫ t f

ti
dtionEV(tion)DM(~p f +AIR(tion))e−iS, (3.40)

where EV(t) is the electric field of the VUV pulse and the classical action

S =−Iption +
∫ t f

tion

dt ′
(~p f +AIR(t ′))2

2

=
~p f ·~p f

2
t f︸ ︷︷ ︸

diverges

−
~p f ·~p f

2
tion− Iption +

∫ t f

tion

~A(t) · (~A(t)+2~p f )

2
dt,

(3.41)

where Ip is the ionization energy of the orbital i. We can ignore the divergent term

since we will select events that have the same final energy. This means that the

contribution of this term to the phase i.e. exp
(
−i

~p f ·~p f

2
t f

)
, will be the same for

all the events in that particular energy bin. The VUV pulse has an electric field of

the form

EV(t) = EV
0 exp

[
−2log(2)(

t
τV

)2
]

ẑ, (3.42)

where EV
0 is the amplitude of the field, and τV the FWHM.
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Next, we describe how to compute a(~p f ) in Eq. (3.40) for each photon energy

of the VUV pulse. First, we create a two-dimensional grid over the polar angle

θV and azimuthal angle φV that define the direction of ejection of the escaping

electron with momentum ~k′ due to the VUV pulse. For each point of the two-

dimensional grid, we compute fully quantum mechanically DM(~k′), as described

in section 3.2.1. Then, we describe classically the propagation in the IR pulse of

the electron ejected with momentum~k′(tion). Specifically, we choose the ionization

time tion using importance sampling [89] in the time interval [−2.5τV,2.5τV]. For

the probability distribution, we use the amplitude of the VUV pulse EV
0 . For each

classical trajectory, we propagate the electron in the IR laser field from time tion to

time t f . We generate, for each θV grid point, 2×107 classical trajectories.

In addition, we account for the interference of trajectories corresponding to

electrons ejected with different momenta~k′ at different ionization times tion that fi-

nally escape with the same momentum ~p f . To do so, we create a three-dimensional

grid over the cylindrical coordinates p f r,θ , p f y of the final momentum that the elec-

tron acquires due to both the VUV and IR pulses. We note that p f r is the magnitude

of the projection of p f on the plane of the IR pulse, i.e. p f r =
√

p f x2 + p f z2. Also,

θ is the angle of p f r with the z axis, which is also the axis of polarization of the

VUV pulse. We obtain the amplitudeA(~p f ) for each grid point corresponding to an

electron momentum ~p f by adding coherently the amplitudes ai for all trajectories i

with the same ~p f as follows

∣∣A(~p f )
∣∣2 = ∣∣∣∣∣∑i

ai(~p f )

∣∣∣∣∣
2

. (3.43)

Finally, we obtain the probability for an electron to be ejected on the plane x–z plane

of the IR pulse with momentum (p f r,θ) by integrating
∣∣A(~p f )

∣∣2 over the p f y com-

ponent ∣∣A(p f r,θ)
∣∣2 = ∫ d p f y

∣∣A(~p f )
∣∣2. (3.44)
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3.3 Calculation details
The electronic configuration of N2 is (1σ2

g , 1σ2
u , 2σ2

g , 2σ2
u , 3σ2

g , 1π2
ux, 1π2

uy). We

consider single photon absorption by the VUV pulse and subsequent ionization of

an electron initially occupying the 2σg, 3σg or 1πu bound orbital. The 1πux and

1πuy orbitals are energy degenerate and have opposite m quantum number. For

the computations performed in this work, the initial state ψi is given by one of

these three orbitals. We compute the bound states using the HF method with the

quantum-chemistry package MOLPRO [69]. We implement HF by employing the

correlation-consistent polarized triple-zeta basis set (cc-pVTZ) [90]. We find the

equilibrium distance to be equal to 2.08 Å and the ionization energies of the 2σg,

3σg and 1πu orbitals to be equal to 37.7 eV, 16.0 eV and 15.3 eV, respectively, close

to the experimental values reported in [91].

In the SCE of the bound states ψi, see Eq. (2.26), it suffices to truncate the

expansion over the li quantum number up to lmax = 30. For the computation of the

continuum orbitals ψl1,m1 , in the single center expansion we truncate the l1 quantum

number up to lmax = 19.

We take the amplitude and duration of the electric field of the VUV pulse to

be equal to EV
0 = 8.68× 109 V/m (the intensity of the VUV pulse is equal to 1013

W/cm2) and τV = 0.5 fs, respectively. In Fig. 3.2, we plot the electric field of the

VUV pulse. We consider two amplitudes of the IR pulse corresponding to intensity

of either 5×1012 W/cm2 or 5×1013 W/cm2, to roughly identify the strength of the

IR pulse required to achieve control.

The ionization probability due to the VUV pulse is proportional to the photon

flux multiplied by the photoionization cross section. The photon flux is given by

J(t) = 1.554×10−16 EV
0 [W/cm2]

ωV[Hartree]
exp
[
−4log(2)(

t
τV

)2
]
, (3.45)

where ωV is the photon energy of the VUV pulse. We compare this ionization rate

to the rate of ionization via tunnelling due to the IR pulse. To do this, we use the
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Figure 3.2: The electric field of the XUV pulse along the z axis as a function of the FWHM
of the XUV pulse, τV.

Ammosov-Delone- Krainov (ADK) formula for tunnel-ionization, given by [92–94]

ΓADK =

(
1∣∣EIR(t0)

∣∣
)2
√

Z2
2Ip−1

exp
[
−

2(2Ip)
3
2

3
∣∣EIR(t0)

∣∣
]
, (3.46)

where Ip is the ionization energy and
∣∣EIR(t0)

∣∣ is the field strength of the IR laser

pulse at the time of tunnel-ionization. We find that for the outermost valence orbital

of N2, 1πu, with an ionization energy of 15 eV, the ionization rate for the VUV pulse

with an intensity of 1013 W/cm2 and photon energy equal to 16 eV is significantly

larger than the ADK tunnel-ionization rate for an IR pulse with an intensity upper

limit of 5×1013 W/cm2. Hence, for the laser pulses that we utilize in this work, we

can safely ignore tunnelling by the IR pulse.

In our studies, the duration of the IR pulse is τIR = 100 fs and its frequency is

equal to ωIR = 0.020 a.u. (2300 nm). In Fig. 3.3, we plot the vector potential of the

IR pulse for 5×1012 W/cm2. In the two-dimensional grid of the angles of ejection

of the electron due to the VUV pulse in the LAB frame, the polar angle θV ranges

from 0◦ to 180◦ in steps of 1◦, while the azimuthal angle ranges φV from 0◦ to 360◦

in steps of 10◦. For the three-dimensional grid of the final electron momentum in
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Figure 3.3: The vector potential of the IR pulse along the x and z axes, respectively, as a
function of the FWHM of the IR pulse, τIR.

cylindrical coordinates, p f y and p f r vary from −5 a.u. to 5 a.u. and 0 a.u. to 5 a.u.,

respectively, in steps of 0.01 a.u., while the angle θ varies from 0◦ to 360◦ in steps

of 1◦.

We demonstrate that the phase delay between the linearly-polarized VUV pulse

and the circularly-polarized IR pulse determines the direction of the ionizing elec-

tron. We show that best control is achieved when, at the time tion that the electron is

released by the VUV pulse, it has very small energy. That is, the photon energy of

the VUV pulse has to be just above the ionization threshold for the IR pulse to steer

the electron most effectively.

To illustrate this, we plot the probability g(θ) for an electron to escape to the

continuum on the x–z plane of the IR pulse with an angle θ . The latter angle is

measured with respect to the z axis in the LAB frame. Integrating
∣∣A(p f r,θ)

∣∣2 in

Eq. (3.44) over p f r, we find g(θ ) as follows

g(θ) =
∫

d p fr p fr

∣∣A(~p f ,θ)
∣∣2. (3.47)

In our results, we fully account for the energy range of the VUV pulse. That

is, the Fourier transform of the VUV pulse with a full-width half maximum equal to

0.5 fs extends over energies roughly± 4 eV from the central photon energy. Hence,

when considering a VUV pulse with central photon energy equal to, for instance,

23 eV we also consider photon energies in the interval [19, 27] eV in steps of 1 eV.

That is, for each of these energies we obtain the amplitudes ai(~p f ) which we then
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Figure 3.4: Photoionization cross sections for N2 that we obtain (solid black line) compared
with the theoretical results of Semenov et al. [46] (gray solid line) as well as
with the experimental results of Hamnett et al. [95] (dark grey circles). The
single-photon ionization occurs from (a) the 3σg orbital (b) the 1πu orbital.

weight by the value of the Fourier transform at the respective energy. We then add

coherently the amplitudes thus obtained to compute
∣∣A(p f r,θ)

∣∣2 in Eq. (3.44).

3.4 Results
In Fig. 3.4, we compare the total photoionization cross sections from the 3σg and

1πu orbitals obtained in this work using Eq. (2.149) with the experimental results of

Ref.[95], as well as with the theoretical results of Ref. [46].

For ionization from the 1πu orbital, we find excellent agreement in the cross

sections we obtain (Fig. 3.4(b)) with both the theoretical and experimental work.

For ionization from the 3σ orbital, the cross sections we obtain (Fig. 3.4(a)) exhibit

a shape resonance [96] at roughly 32 eV, which is a few eV higher than the reso-

nances obtained in the theoretical work of Semenov et al. [46] and experimental

work of Hamnett et al. [95]. We also find a difference of approximately 2-4 eV

in the peak of our shape resonance compared with the theoretical and experimental
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work. Besides this offset in the location and magnitude of the shape resonance, the

overall shape of the cross section with respect to the photon energy is in very good

agreement with the cross section obtained by Semenov et al. [46] and Hamnett et

al. [95].

In Fig. 3.5, we plot the probability distribution g(θ ) when an electron ionizes

to the continuum from 3σg, an outer valence orbital, with an angle θ with respect to

the z axis on the x–z plane. Since we consider linear polarization of the VUV pulse

which is aligned with the molecular axis, the relevant transition is 3σg→ εσu. The

z axis is both the symmetry axis of the diatomic molecule and the polarization axis

of the VUV pulse. The circular IR pulse is polarized on the x–z plane. We take the

IR pulse to have an intensity of 5×1013 W/cm2. We consider a 17 eV VUV photon

energy, which is 1 eV above the ionization threshold of the 3σg orbital (Fig. 3.5(a)),

and a higher photon energy of 24 eV (Fig. 3.5(b)).

In Fig. 3.5, we vary the phase delay φ between the VUV and IR pulses from 0◦

to 315◦ in steps of 45◦. For each phase delay φ , we find the angle θ that corresponds

to the maximum of g(θ ), i.e. the most probable angle of electron escape on the

x–z plane, θmax. For each φ , we expect that θmax = φ ; we find this to be true when

the electron due to the VUV pulse is released at tion in the IR pulse with very small

excess energy, that is k′(tion) =
√

2(}ω− Ip) is very small. This is seen in Fig. 3.5

where g(θ ) is narrow and centered around θ = θmax = φ when the excess energy is

1 eV (17 eV photon energy), while g(θ ) is wide and in most cases doubly-peaked

for 8 eV excess energy (24 eV photon energy). This finding means that we achieve

a one-to-one mapping between the angle of ionization of the electron and the phase

delay between the two laser pulses. This holds true for small electron energies at

the time the electron is released in the IR pulse.

Hence, we clearly demonstrate control of electron motion for VUV energies

around 20 eV. This is important because these energies are within the range of high-

harmonics generated from solids where one can harness the surface structure that

can be added to solids to focus the VUV light down to the 100 nm scale [97].

In Fig. 3.5, we find that when the electron due to the VUV pulse is released
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at tion in the IR pulse with higher excess energy, there is a double peak structure

in g(θ ), mostly for φ = 90◦,270◦. For instance for φ = 90◦, the momentum that

the electron gains from the IR pulse is equal to −~AIR(tion) and points along the

x axis. In addition, the electron is released due to the VUV pulse at time tion in

the IR pulse along the +z and −z axis with the same probability, since N2 is a

homonuclear molecule. As a result, the final angle of electron escape is smaller

than 90◦ for electrons released along the +z axis and greater than 90◦ for electrons

released along the −z axis.

Similar results are obtained for ionization to the continuum of an electron from

1πu, another outer valence orbital, see Fig. 3.6. In this case, we achieve excellent

control of the angle of electron escape both for 18 eV photon energy (2.7 eV excess

energy) but also for a higher photon energy of 23 eV (7.7 eV excess energy). We

note that 23 eV photons are feasible for solid state high-harmonic generation. In

what follows, we explain the reason for achieving for higher excess energies better

control for the 1πu orbital compared to the 2σg and 3σg orbitals. We find that the

most probable angles of release due only to the VUV pulse are 45◦ and 135◦ for

the 1πu orbital, while they are 0◦ and 180◦ for the 2σg and 3σg orbitals. We refer

to the ~k′ vectors corresponding to these two angles as ~k′1 and ~k′2. To account for

the IR pulse, we add to~k′1 and~k′2 the −~AIR vector. This addition is illustrated in

Fig. 3.7(a) for the 2σg and 3σg orbitals and Fig. 3.7(b) for the 1πu orbital. Compar-

ing Fig. 3.7(a) with Fig. 3.7(b), it is clear that the angle between the two resultant

vectors ~p f ,1, ~p f ,2, which is given by θ2−θ1, is smaller for the 1πu orbital than for

the 2σg and 3σg orbitals. This is the reason that the double peak structure is sig-

nificantly less pronounced for the 1πu orbital compared to the 2σg and 3σg orbitals

for higher excess energies. Indeed, this can be seen by comparing Fig. 3.6(b) with

Fig. 3.5(b) for φ = 90◦ and φ = 270◦.

We further illustrate the one-to-one mapping between the most probable angle

of ejection of the electron, θmax, and the phase delay between the VUV and IR

pulses by plotting θmax as a function of φ in Fig. 3.8. We do so for a transition from

the 3σg and 1πu orbitals when the VUV photon energy is close to the ionization
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Figure 3.5: Probability g(θ) for an electron ionizing from the 3σg orbital due to a linearly-
polarized VUV pulse and accelerated by a circularly-polarized IR pulse to ion-
ize with an angle θ with respect to the z axis on the x–z plane. The IR pulse
is polarized on the x–z plane. The VUV pulse is linearly-polarized along the
molecular axis (z axis). We waterfall plot the probability g(θ) for different
phase delays φ between the VUV and IR pulses. The VUV photon energy is
17 eV (a) and 24 eV (b). The intensity of the IR pulse is 5×1013 W/cm2.

Figure 3.6: Same as Fig. 3.5 but for an electron ionizing from the 1πu orbital. The VUV
photon energy is 18 eV (a) and 23 eV (b).
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Figure 3.7: Schematic diagram for the resultant final momentum ~p f . The vectors~k′1 and
~k′2 are the momentum vectors due to the VUV pulse corresponding to the two
most probable angles of release due to VUV pulse at time tion. The resultant
vectors ~p f ,1 and ~p f ,2 are obtained by~k′1−~AIR and~k′2−~AIR, respectively. The
angles θ1 and θ2 are the polar angles on the x–z plane of the vectors ~p f ,1 and
~p f ,2. The diagram on the left corresponds to the 2σg and 3σg orbitals and on
the right to the 1πu orbital.

threshold, 17 eV and 18 eV, respectively. The values of θmax for all φs lie on the

grey line in Fig. 3.8 that corresponds to θmax = φ . For each φ , we also compute

the standard deviation of the probability distribution g(θ ) and find it to be very

small, see Fig. 3.8. The small spread of the angles θ around φ , for each φ , implies

excellent control of electron motion.

As we have already noted, the Coulomb potential is fully accounted for the

interaction of the N2 molecule with the VUV pulse. We neglect the Coulomb po-

tential only during the propagation inside the IR pulse of the electron released at

time tion. We expect that this approximation will not affect our finding of the one-

to-one mapping between the phase delay φ and the most probable angle of electron

escape θmax. Fully accounting for the Coulomb potential at all stages will most

probably result in a broader distribution g(θ) that still has a peak around θmax = φ .

Moreover, the details of the double peak structure of g(θ) observed for higher pho-

ton energies, see Fig. 3.5(b) for φ = 90◦ and φ = 270◦, depend on the system that

is interacting with the VUV and IR pulses. For instance, a more asymmetric dou-

ble peak structure of g(θ) is expected for a heteronuclear diatomic molecule. The

reason is that the probability for the electron to be released due to the VUV pulse is

different when the electron escapes along one centre versus the other one. Finally,

we note that in this work we assume that the diatomic molecule is perfectly aligned
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Figure 3.8: θmax as a function of the delay φ between the VUV and IR pulses, for an elec-
tron ionizing from the 3σg and 1πu orbital with VUV photon energy equal to
17 eV and 18 eV, respectively. The intensity of the IR pulse is 5×1013 W/cm2.
The vertical bars denote the standard deviation of the probability distribution
g(θ ).

with the VUV laser pulse. In an experiment, the molecule will be aligned along

the VUV pulse with a certain distribution. Accounting for such a distribution is

expected to only slightly change the results presented in this work and to cause a

small increase of the width of the distribution of g(θ ) as a function of θ for different

phase delays. This is the reason we do not include a distribution of alignments in

the current work.

In Fig. 3.9, we demonstrate that, as expected, control of the angle of ionization

of the electron depends on the strength of the IR pulse. We take the intensity of the

IR pulse to be equal to 5×1012 W/cm2, which is an order of magnitude smaller than

the intensity of the IR pulse considered in Fig. 3.5 and Fig. 3.6. We find that for the

weaker IR pulse, the distribution g(θ ) is wide and not centered around θ = φ even

for VUV photon energies close to the ionization threshold, 18 eV and 17 eV for the

transitions from the 1πu and 3σg orbital, respectively. The lack of control is clearly

seen by the doubly peaked structure of g(θ ) for most φ for both transitions.

We now show that control of the angle of electron ionization is also achieved

for electrons ionizing due to the VUV pulse from the 2σg inner valence orbital.
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Figure 3.9: Same as in Fig. 3.5 and Fig. 3.6 but for an intensity of the IR pulse equal to
5×1012 W/cm2.

Figure 3.10: Same as in Fig. 3.5 but for an electron ionizing from the 2σg orbital. The
waterfall plots (a), (b) and (c) correspond to VUV photon energies of 41 eV,
45 eV and 55 eV respectively.

This is demonstrated in Fig. 3.10(a) for photon energy of the VUV pulse equal to

41 eV, which corresponds to the electron having an excess energy of 3.3 eV when

it is released into the IR pulse. However, for photon energies 45 eV and 55 eV, as

for the 3σ orbital at 24 eV VUV photon energy, we find that the distribution g(θ ) is

wide and doubly-peaked for most values of the phase delay φ , see Fig. 3.10(b) and

Fig. 3.10(c). Hence, control is not achieved for these higher excess energies.

Next, we investigate the velocities reached by the electron that is released due

to the VUV pulse and is accelerated by the circular IR pulse. In Fig. 3.11, we plot

the distribution of momenta g(p fr) the electron escapes with on the x–z plane, which

is the plane of polarization of the IR pulse. We do so for an electron ionizing from

the 3σg orbital for a 17 eV photon energy of the VUV pulse. The distribution of
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the magnitude of the projection of the final electron momentum on the x–z plane is

given by

g(p fr) =
∫

dθ p fr

∣∣A(~p f ,θ)
∣∣2. (3.48)

The maximum momentum an electron gains from the IR field is EIR
0 /ω , which

is equal to roughly 1.9 a.u. for the higher IR intensity considered in this work.

The momentum of the electron at the time of release tion is k′ = 0.27 a.u. Hence,

when the phase delay φ between the two pulses is zero, an electron released due to

the VUV pulse along the +z axis at time tion will finally ionize with a momentum

equal to 0.27+1.9=+2.17 a.u. due to both the VUV and IR pulses. An electron

released due to the VUV pulse along the−z axis at time tion will finally escape with

a momentum equal to -0.27+1.9=1.63 a.u. due to both the VUV and IR pulses. This

explains the doubly-peaked distribution of electron momenta in Fig. 3.11, when

φ = 0 and for most φs. The height of both peaks is roughly equal, since N2 is

a homonuclear molecule and the electron has the same probability to be released

along the +z and −z axis at time tion. Moreover, when φ = 90◦, −~AIR(tion) points

along the x axis and hence the resultant electron momentum distribution due to the

VUV and IR pulses is centered around ~AIR(tion) = EIR
0 /ωIR = 1.9 a.u. Thus, we

find that the ionizing electron is steered to a specific direction by the phase delay of

the VUV and IR pulses but it also accelerates to high velocities which are roughly

equal to 2×106 m/s. If we take an even smaller photon energy of the VUV pulse,

the electron momentum distribution (not shown) will be centered around EIR
0 /ωIR

for most φs.

1.5 1.9 2.3
0

10

20

1.5 1.9 2.3
0

4

8

1.5 1.9 2.3 1.5 1.9 2.3 1.5 1.9 2.3
0

10

20

1.5 1.9 2.3
0

4

8

1.5 1.9 2.3 1.5 1.9 2.3

Figure 3.11: Probability for an electron being released from the 3σg orbital due to a
linearly-polarized VUV pulse and being accelerated by a circularly-polarized
IR pulse to a final momentum whose projection on the x–z plane has magni-
tude p f r =

√
p f x

2 + p f z
2. The VUV photon energy is 17eV and the intensity

of the IR pulse is 5×1013 W/cm2.
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3.5 Magnetic field due to a ring current
Finally, we give a rough estimate for the magnetic field resulting from a ring current

generated by a linear VUV pulse of intensity 1013 W/cm2 and pulse duration of 0.5

fs as well as a circular IR field of intensity 5×1013 W/cm2. The number of photons

produced from a laser pulse can be calculated using the following

Nphotons =
IAt
ω

, (3.49)

where I, t,ω are the intensity, pulse duration and photon energy of the laser pulse,

respectively, and A is the cross-sectional area of the beam. For a VUV pulse fo-

cused down to roughly 100 nm with 20 eV photon energy the number of photons

provided in an area of 1002 nm2 is roughly 2×105. Then, the ionized atoms and

thus the number of electrons, Nelectrons, released by the VUV pulse in the IR pulse

is roughly 2×105. We showed that an electron released by a VUV pulse in an IR

pulse accelerates by the IR field to speeds v≈2×106 m/s. The current, J, produced

by these electrons can be calculated using

J =
eNelectronsv

r
, (3.50)

where e is the charge of an electron and r is the length of the conductor. Then, a

current of roughly J = 0.5 A can be created around a ring of length roughly equal

to r = 100 nm. The magnetic field resulting by the ring current is equal to

B =
µ0J
2πr

, (3.51)

which in this case is roughly equal to 1 Tesla. Hence, our concept can be imple-

mented to produce large magnetic fields confined below 100 nm.

3.6 Conclusions
In conclusion, we have demonstrated a one-to-one mapping between the direction

of ionization of an electron and the phase delay between a linearly-polarized VUV
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pulse and a circular IR laser field. An ultra-short VUV pulse focused down to 100

nm or less releases the electron in the circular IR pulse with temporal and spatial

resolution. Following release, the electron is then accelerated to high velocities by

the IR pulse.

We have demonstrated this concept in the context of the N2 molecule. How-

ever, future experiments can employ equally well atoms such as Helium, Argon or

Neon. Selection of an atom for experiments should be partly based on the maximum

IR intensity that can be considered without tunnel ionization of a valence electron.

High IR intensities result in high electron speeds and thus large electron currents.

For instance, the first ionization energy of Helium is higher than the first ionization

energy of N2. Hence, for Helium, intensities of the IR pulse higher than 5×1013

W/cm2 can be considered, while still keeping the rate of ionization of the valence

electron via tunnelling very small. For experiments, selection of an atom should

also be based on transitions from a valence or inner valence shell with a VUV pulse

of around 20 eV photon energy having large cross sections.

The theoretical concept of control of electron motion developed here can be

implemented to create high magnetic fields. In the near future, it should be pos-

sible to generate focused VUV pulses with a corkscrew-like intensity profile [35]

that in conjunction with a circular IR pulse can direct electrons around a ring and

create magnetic fields. However, the concept of controlling the direction of electron

ionization with a VUV and IR pulse we theoretically develop here is general and

not restricted to creating ring currents. For instance, it can also be applicable to

processes in physical chemistry, an area where coherent control emerged as a tool

to steer a system into a particular final state [98]. For instance, controlling the di-

rection of ionization of an electron released from an inner valence or core orbital

can influence from which atomic center a valence electron is removed to fill in the

hole created by the VUV pulse in a process known as interatomic Coulombic decay

[99].



Chapter 4

Streaking single-electron ionization

in open-shell molecules driven by

X-ray pulses

4.1 Introduction
In this chapter, we study single-electron ionization due to single-photon absorption

from the open-shell molecule NO when driven by a linearly-polarized X-ray pulse.

In addition, we streak the electron dynamics with a circularly-polarized IR pulse.

While previous studies have considered streaking ionization from valence orbitals

of NO [100], here we address streaking of single-electron ionization from the core

orbitals 1σ and 2σ . To achieve this, first, we obtain the dipole matrix element for

an electron to ionize following single-photon absorption by an X-ray laser pulse,

as in section 3.2.1. To compute the dipole matrix element, we compute the contin-

uum molecular wavefunctions for open-shell molecules in the Hartree-Fock (HF)

framework. We do so while fully accounting for the singlet or triplet symmetry

of the final molecular ion. As in 3.2.2, we employ the strong-field approximation

[87, 88] to account for the effect of an IR laser pulse on the dynamics of an electron

transitioning from a bound molecular state to the continuum due to an X-ray pulse.

Using a high intensity IR pulse we demonstrate control of electron ionization

triggered by an X-ray pulse in Section 4.4.0.3. That is, we show that there is a
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one-to-one mapping of the angle of electron escape to the phase delay between the

X-ray and IR pulses. We note that a high (low) intensity IR pulse refers to an IR

pulse with ponderomotive energy that is larger (smaller) than the electron energy

following ionization from just the X-ray pulse. Finally, in Section 4.4.0.4, we use

a low intensity IR pulse to streak electron ionization by an X-ray pulse. To do so,

we obtain doubly differential final electron momenta distributions. We find that

several features of these distributions arise from angular patterns of electron ion-

ization solely due to the presence of the X-ray pulse. Such final electron momenta

distributions are relevant to the computation of time delays [12, 14].

4.2 Open-shell molecules
The electronic configuration of Nitric Oxide, NO, is (1σ2, 2σ2, 3σ2, 4σ2, 1π2

x ,

1π2
y , 5σ2, 2π1) . The 1σ orbital is localized on the O atom, and the 2σ orbital is

localized on the N atom. The partially filled 2π orbital in NO leads to singlet and

triplet states when we ionize from an orbital other than the 2π . In our calculations,

the difference between the singlet and triplet cases is the ionization potentials we

calculate and the HF direct/exchange coefficients that we use, see Ref. [49]. These

coefficients are derived from the final state wave functions. The total wavefunction,

Ψ, of NO when there is a singlet state between the 2π orbital and i, the orbital where

photoionization occurs from, can be shown to be the following linear combination

of Slater determinants [49]

Ψ(~r1,~r2, . . . ,~rN) =
1√
2

[∣∣∣{ψ j} j 6=i,2πψ
↑
i ψ
↓
2π

ψ
↑
ε

∣∣∣
−
∣∣∣{ψ j} j 6=i,2πψ

↓
i ψ
↑
2π

ψ
↑
ε

∣∣∣], (4.1)

where~r1,~r2, . . . ,~rN are the positions of the electrons and {ψ j} j 6=i,2π are the wave-

functions of the electrons that are not initially in the orbitals i and 2π . The arrow

notation represents the two possible spin states (s = ±1
2 ). To verify that this is

indeed a singlet state, we apply the spin projection operator Ŝz and the total spin

operator Ŝ2 to the wavefunction Ψ. Since the initial state has only one open shell,
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the total spin and spin projection are 1
2 . Since the Hamiltonian does not depend on

spin, the wavefunction must conserve spin. That is, the total spin and spin projec-

tion in the initial and final states should be equal. Hence, in both the singlet and

triplet states, the operators Ŝz and Ŝ2 should yield 1
2 and 3

4 , respectively. As in Ref.

[101], it can be shown that application of the Ŝz operator to a Slater determinant Φ

is equal to

ŜzΦ = MSΦ

MS =
1
2
(nα −nβ ),

(4.2)

where nα ,nβ are the number of columns with spin up and spin down, respectively.

Similarly, application of the operator Ŝ2 can be shown to be equal to

Ŝ2
Φ =

{
∑
P

P̂αβ +
1
4
[(nα −nβ )

2 +2nα +2nβ ]

}
Φ, (4.3)

where P̂αβ is an operator interchanging opposite α and β spins in Φ and the sum-

mation over P corresponds to all possible interchanges of spin. For instance,

∑
P

P̂αβ

∣∣∣ψ↑1 ψ
↓
2 ψ
↑
3 ψ
↓
4

∣∣∣= ∣∣∣ψ↓1 ψ
↑
2 ψ
↑
3 ψ
↓
4

∣∣∣+ ∣∣∣ψ↑1 ψ
↑
2 ψ
↓
3 ψ
↓
4

∣∣∣
+
∣∣∣ψ↓1 ψ

↓
2 ψ
↑
3 ψ
↑
4

∣∣∣+ ∣∣∣ψ↑1 ψ
↓
2 ψ
↓
3 ψ
↑
4

∣∣∣. (4.4)

Since the orbitals j 6= i,2π are closed, this means that for {ψ j} j 6=i,2π in the Slater

determinants the number of columns with up spin equals the number of columns

with down spin. Hence, it is sufficient to apply the operator Ŝz only to the three-

particle system between the orbitals i, 2π and ε . The eigenvalue for the Ŝz on the

singlet state Ψ is then given by

ŜzΨ =
1√
2
(Ŝz

∣∣∣ψ↑i ψ
↓
2π

ψ
↑
ε

∣∣∣− Ŝz

∣∣∣ψ↓i ψ
↑
2π

ψ
↑
ε

∣∣∣)
=

1√
2
(
1
2
(2−1)

∣∣∣ψ↑i ψ
↓
2π

ψ
↑
ε

∣∣∣− 1
2
(2−1)

∣∣∣ψ↓i ψ
↑
2π

ψ
↑
ε

∣∣∣)
=

1
2

Ψ.

(4.5)
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This is consistent with the total spin of the 2π and i orbitals being 0 and the spin

of the continuum electron being +1
2 . Next, we find eigenvalue of the Ŝ2 operator

when applied to the Ψ singlet state. In order to do this, we utilise two properties

of determinants. Namely, a determinant with two identical columns is equal to

zero and swapping two adjacent columns in a determinant inverts the sign. Then,

since the orbitals j 6= i,2π are closed, interchanging any of the columns {ψ j} j 6=i,2π

in the Slater determinant will either be equal to zero or cancel with the 1
4 [(nα −

nβ )
2 + 2nα + 2nβ ]Φ term. In other words, the only non-zero terms in the Slater

determinants will be those which interchange spins between the i, 2π and ε states.

Hence, it is sufficient to apply the operator Ŝ2 only to the three-particle system

between the orbitals i, 2π and ε . The eigenvalue for the Ŝ2 on the singlet state Ψ is

then given by

Ŝ2
Ψ =

1√
2
(Ŝ2
∣∣∣ψ↑i ψ

↓
2π

ψ
↑
ε

∣∣∣− Ŝ2
∣∣∣ψ↓i ψ

↑
2π

ψ
↑
ε

∣∣∣)
=

1√
2

[∣∣∣ψ↓i ψ
↑
2π

ψ
↑
ε

∣∣∣+ ∣∣∣ψ↑i ψ
↑
2π

ψ
↓
ε

∣∣∣
+

1
4
((2−1)2 +4+2)

∣∣∣ψ↑i ψ
↓
2π

ψ
↑
ε

∣∣∣]
− 1√

2

[∣∣∣ψ↑i ψ
↓
2π

ψ
↑
ε

∣∣∣+ ∣∣∣ψ↑i ψ
↑
2π

ψ
↓
ε

∣∣∣
+

1
4
((2−1)2 +4+2)

∣∣∣ψ↓i ψ
↑
2π

ψ
↑
ε

∣∣∣]
=

3
4

Ψ.

(4.6)

This is consistent with the i and 2π orbitals having total spin equal to 0 and the

continuum electron having total spin +1
2 . In order to find the ai and bi coefficients

for the i and 2π orbitals in the singlet state, it is sufficient to consider the following
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combination of Slater determinants

Ψ(q1,q2,q3) =
1√
2

(
1√
3!

∣∣∣∣∣∣∣∣∣
ψ
↑
i (q1) ψ

↓
2π
(q1) ψ

↑
ε (q1)

ψ
↑
i (q2) ψ

↓
2π
(q2) ψ

↑
ε (q2)

ψ
↑
i (q3) ψ

↓
2π
(q3) ψ

↑
ε (q3)

∣∣∣∣∣∣∣∣∣
− 1√

3!

∣∣∣∣∣∣∣∣∣
ψ
↓
i (q1) ψ

↑
2π
(q1) ψ

↑
ε (q1)

ψ
↓
i (q2) ψ

↑
2π
(q2) ψ

↑
ε (q2)

ψ
↓
i (q3) ψ

↑
2π
(q3) ψ

↑
ε (q3)

∣∣∣∣∣∣∣∣∣
)
.

(4.7)

Using the method outlined in Section 2.3.9, we find the direct coefficients to be

ai = 1 and a2π = 1. The exchange coefficients are found to be bi =
1
2 and b2π = 1

2 .

Then, using the third limiting case in Section 2.3.9, we find a j = 2 and b j = 1 for

j 6= i,2π . The final state wave function leading to a triplet state can be shown to be

Ψ =
1√
6

[
2
∣∣∣{ψ j} j 6=i,2πψ

↑
i ψ
↑
2π

ψ
↓
ε

∣∣∣
−
∣∣∣{ψ j} j 6=i,2πψ

↓
i ψ
↑
2π

ψ
↑
ε

∣∣∣
−
∣∣∣{ψ j} j 6=i,2πψ

↑
i ψ
↓
2π

ψ
↑
ε

∣∣∣].
(4.8)

Similarly to the singlet state, the eigenvalue for the Ŝz on the triplet state Ψ is given

by

ŜzΨ =
1√
6
(2
∣∣∣ψ↑i ψ

↑
2π

ψ
↓
ε

∣∣∣− ∣∣∣ψ↓i ψ
↑
2π

ψ
↑
ε

∣∣∣− ∣∣∣ψ↑i ψ
↓
2π

ψ
↑
ε

∣∣∣)
=

1√
6
(2× 1

2
(2−1)

∣∣∣ψ↑i ψ
↑
2π

ψ
↓
ε

∣∣∣− 1
2
(2−1)

∣∣∣ψ↓i ψ
↑
2π

ψ
↑
ε

∣∣∣
− 1

2
(2−1)

∣∣∣ψ↑i ψ
↓
2π

ψ
↑
ε

∣∣∣)
=

1
2

Ψ,

(4.9)
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and the eigenvalue for the Ŝ2 on the triplet state Ψ is given by

Ŝ2
Ψ =

1√
6
(2
∣∣∣ψ↑i ψ

↑
2π

ψ
↓
ε

∣∣∣− ∣∣∣ψ↓i ψ
↑
2π

ψ
↑
ε

∣∣∣− ∣∣∣ψ↑i ψ
↓
2π

ψ
↑
ε

∣∣∣)
=

1√
6

[
2
∣∣∣ψ↓i ψ

↑
2π

ψ
↑
ε

∣∣∣+2
∣∣∣ψ↑i ψ

↓
2π

ψ
↑
ε

∣∣∣+ 2
4
[(2−1)2 +4+2]

∣∣∣ψ↑i ψ
↑
2π

ψ
↓
ε

∣∣∣
−
∣∣∣ψ↑i ψ

↓
2π

ψ
↑
ε

∣∣∣− ∣∣∣ψ↑i ψ
↑
2π

ψ
↓
ε

∣∣∣− 1
4
[(2−1)2 +4+2]

∣∣∣ψ↓i ψ
↑
2π

ψ
↑
ε

∣∣∣
−
∣∣∣ψ↓i ψ

↑
2π

ψ
↑
ε

∣∣∣− ∣∣∣ψ↑i ψ
↑
2π

ψ
↓
ε

∣∣∣− 1
4
[(2−1)2 +4+2]

∣∣∣ψ↑i ψ
↓
2π

ψ
↑
ε

∣∣∣]
=

1√
6

[
(
14
4
−1−1)

∣∣∣ψ↑i ψ
↑
2π

ψ
↓
ε

∣∣∣+(2− 7
4
−1)

∣∣∣ψ↓i ψ
↑
2π

ψ
↑
ε

∣∣∣
+(2− 7

4
−1)

∣∣∣ψ↑i ψ
↓
2π

ψ
↑
ε

∣∣∣]
=

3
4

Ψ,

(4.10)

as expected. In order to find the ai and bi coefficients for the i and 2π orbitals in the

triplet state, it is sufficient to consider the following wavefunction

Ψ(q1,q2,q3) =
1√
6

(
2√
3!

∣∣∣∣∣∣∣∣∣
ψ
↑
i (q1) ψ

↑
2π
(q1) ψ

↓
ε (q1)

ψ
↑
i (q2) ψ

↑
2π
(q2) ψ

↓
ε (q2)

ψ
↑
i (q3) ψ

↑
2π
(q3) ψ

↓
ε (q3)

∣∣∣∣∣∣∣∣∣
− 1√

3!

∣∣∣∣∣∣∣∣∣
ψ
↓
i (q1) ψ

↑
2π
(q1) ψ

↑
ε (q1)

ψ
↓
i (q2) ψ

↑
2π
(q2) ψ

↑
ε (q2)

ψ
↓
i (q3) ψ

↑
2π
(q3) ψ

↑
ε (q3)

∣∣∣∣∣∣∣∣∣−
1√
3!

∣∣∣∣∣∣∣∣∣
ψ
↑
i (q1) ψ

↓
2π
(q1) ψ

↓
ε (q1)

ψ
↑
i (q2) ψ

↓
2π
(q2) ψ

↓
ε (q2)

ψ
↑
i (q3) ψ

↓
2π
(q3) ψ

↓
ε (q3)

∣∣∣∣∣∣∣∣∣
)
.

(4.11)

Using the same method as for the singlet case, we find that ai = 1,bi =−1
2 ,a2π = 1

and b2π =−1
2 . Again, using the third limiting case in Section 2.3.9, we find a j = 2

and b j = 1 for j 6= i,2π .

4.3 Calculation details
First, we compute the ionization energies of the 1σ , 2σ and 4σ orbitals. We do so

using the CASSCF method [62] in the framework of the quantum-chemistry pack-

age MOLPRO [69]. In MOLPRO, we employ the augmented Dunning correlation
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consistent quadruple valence basis set (aug-cc-pVQZ) [90]. We find the equilib-

rium distance of the ground state of NO to be equal to 1.1508 Å, in agreement with

Ref. [102]. In Table 4.1, we compare the ionization energies we obtain with ex-

perimental results [10, 103]. Table 4.1 shows that our results agree very well with

experimental ones, particularly for the 1σ and 2σ orbitals.

Orbital This work (eV) Experiment (eV)
1σ 1Π 543.5 543.8 [10]
1σ 3Π 543.1 543.3 [10]
2σ 1Π 411.6 411.8 [10]
2σ 3Π 410.2 410.3 [10]
4σ 1Π 23.0 21.8 [103]
4σ 3Π 21.2 21.7 [103]

Table 4.1: Ionization energies of the 1σ , 2σ and 4σ orbitals for NO.

We consider single-photon absorption due to the X-ray pulse from the core or-

bitals 1σ and 2σ , which are localized on the oxygen and nitrogen sides respectively.

We also obtain the single-photon ionization cross section for the valence orbital 4σ .

For the calculation of the photoionization cross section from the 4σ orbital, we use

the bound orbitals of the ground state of NO. However, for ionization from the 1σ

and 2σ orbitals, we use the bound orbitals of the excited state of NO+ with a core

hole in the 1σ or 2σ orbitals, i.e. the final state of the photoionization transition.

The reason is that for ionization from the 1σ or 2σ orbitals the hole state is highly

localized. This causes the electron density of the remaining electrons to adjust to

this new potential. For ionization from the 4σ orbital, the hole is delocalized, so the

effect of orbital relaxation is less noticeable, see Ref. [10, 54, 104].

We compute the bound states using the HF method with the aug-cc-pVQZ ba-

sis set. Moreover, we find that in the SCE, see Eq. (2.26), it suffices to truncate

the expansion over the l quantum numbers up to lmax = 30 for the bound wave-

functions and lmax = 19 for the continuum wavefunctions. This truncation ensures

convergence of the single-photon ionization cross sections. Also, we note that in

the computation of the dipole matrix element in Eq. (3.36) for the 1σ , 2σ and 4σ

states, we use mi = 0.



4.4. Results 122

4.4 Results

4.4.0.1 Photoionization cross sections

In Fig. 4.1, we compare the total photoionization cross sections from the 2σ and

4σ orbitals obtained in this work using Eq. (2.149) with the experimental results of

Refs. [105, 106], as well as with the theoretical results of Refs. [54, 107].

For ionization from the 2σ orbital, the cross sections we obtain for the singlet

and triplet states (Fig. 4.1(a)) exhibit a shape resonance [96] at roughly 417 eV and

418 eV respectively, which are a few eV higher than the resonances obtained in the

theoretical work of Lin et al. [54]. We find that besides this offset in the location

of the shape resonance, the overall shape of the cross section for the singlet state

with respect to the photon energy is in very good agreement with the cross section

obtained by Lin et al. [54]. However, the maximum cross section we obtain for the

triplet state is roughly two times higher than the one obtained by Lin et al. [54]. For

large photon energies, the results we obtain for the singlet and triplet states agree

with Lin et al. [54] as well as with the experimental results [105]. The total cross

section of the singlet plus the triplet states of NO+ obtained in this work is found to

be in close agreement with the theoretical result of Wallace et al. [107]. We note that

the theoretical technique we use to obtain the cross sections is more accurate than

the method employed by Wallace et al. [107] but less accurate than the one used by

Lin et al. [54]. Specifically, the work of Wallace et al. [107] employs the multiple

scattering method (MSM), where the cross section of the singlet and triplet states

differ only by the spin-statistical ratio of 1 : 3. Lin et al. [54] compute the continuum

wavefunctions separately for the singlet and triplet states using the multichannel

Schwinger configuration interaction (MCSCI) method. In our work, we compute

the continuum wavefunctions in the HF framework using different coefficients bi

for the singlet and triplet states, as discussed in Section 4.2. Finally, we multiply

by the spin-statistical ratio 1 : 3 the cross sections of the singlet and triplet states of

NO+. In Fig. 4.1(b), we compare our results for the photoionization cross section

from the 4σ orbital for the triplet state of NO+ with the theoretical result of Wallace

et al. [107] and with the experimental result of Brion et al. [106]. We find that all
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Figure 4.1: Photoionization cross sections for NO (a) from the 2σ orbital (b) from the 4σ

orbital. In 1(a), we compare the results we obtain for the singlet state of NO+

(solid dark grey line) and for the triplet state of NO+ (solid black line) with the
theoretical results of Lin et al. [54] for the singlet (dashed dark grey line) and
triplet (dashed black line) of NO+, as well as with the experimental results of
Hosaka et al. [105] (dark grey diamonds and black squares). The total cross
section we obtain for the singlet plus the triplet state of NO+ (solid light grey
line) is compared with the theoretical results of Wallace et al. [107] (dashed
light grey line). In 1(b), we compare the results we obtain for the triplet state
of NO+ (solid black line) with the theoretical results of Wallace et al. [107]
(dashed black line), as well as with the experimental results of Brion et al.
[106] (black squares). We also show the results we obtain for the singlet state
of NO+ (solid dark grey line).
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results exhibit a shape resonance at roughly 31eV and have similar values for high

photon energies. However, the cross section we obtain for the triplet state of NO+

has a better agreement with the experiment [106] compared to the cross section

obtained by Wallace et al. [107].

4.4.0.2 Photoionization by the X-ray pulse

In what follows, we obtain the differential cross section for an electron to ionize

by single-photon absorption from the O side, 1σ orbital, or the N side, 2σ orbital,

only due to the X-ray laser field. In Fig. 4.2, we plot the absolute value square of

DM(~k′) in Eq. (3.36), which is proportional to the differential cross section. Since

we consider a linearly-polarized X-ray pulse, the polarization of the photon in the

LAB frame M is equal to 0. We do so for two different photon energies, one close

to threshold, i.e. 546 eV for the 1σ and 413 eV for the 2σ orbital and for a photon

energy significantly higher than the ionization threshold, i.e. 623 eV for the 1σ and

490 eV for the 2σ orbital. As expected, we find that for the high photon energies

the electron has significantly higher probability to ionize towards the side where

the electron originally ionizes from. That is, for ionization from the 1σ orbital

the electron mostly escapes towards the O side for a photon energy of 623 eV. For

ionization from the 2σ , the electron mostly ionizes along the N side for a photon

energy of 490 eV. However, for lower photon energies the electron has significant

probability to ionize towards the other side as well, see Figs. 4.2(a) and 4.2(c).
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N O N O

Figure 4.2: Differential cross section for an electron to ionize at a certain angle θX from
((a)-(b)) the 1σ orbital and ((c)-(d)) the 2σ orbital for the triplet state of NO+.

4.4.0.3 Control of electron ionization triggered by an X-ray pulse

Coherent control is an important tool with wide applications in quantum optics and

metrology [36–38], attosecond metrology [39, 40], optoelectronics [41] and laser

cooling [42, 43]. Recent studies [32–35], succeeded in steering the direction of

electron current by controlling the quantum interference of excitation or ionization

pathways resulting from a mid-IR ω pulse and its second harmonic 2ω [32]. Control

of the interference between the two-photon (ω) and single-photon (2ω) pathways

and finally of the direction of electron motion was achieved using as a tool the phase

delay of the two pulses [32].

In this optical technique, the dimensions over which the electron current is

generated are limited to roughly one wavelength of the infrared light that is used to

accelerate the electrons [108], i.e. to a few µm. Using coherent control of one and
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Figure 4.3: For the triplet state of NO+, we waterfall plot the probability g(θ) as a function
of the angle θ of electron escape for different phase delays φ between the X-ray
and IR pulses. The electron ionizes from the 1σ orbital of NO and the intensity
of the circularly-polarized IR pulse is 5×1013 W/cm2. The photon energy of
the X-ray pulse is (a) 544 eV and (b) 546 eV.

two photon processes to reduce to the nm scale the dimensions over which current

is produced requires optically generating ω and 2ω vacuum ultraviolet (VUV) light

beams. This is currently impractical.

In what follows, we theoretically demonstrate that control of electron currents

generated at roughly a few nm is possible. We demonstrate control by varying

the phase delay between a linearly-polarized X-ray pulse and a circularly-polarized

IR pulse, while keeping the orientation of the NO molecule fixed and parallel to

the linear polarization of the X-ray pulse. Specifically, for high intensities of the

IR pulse we find a one-to-one correspondence between the final angle of electron

escape and the phase delay between the X-ray and IR pulses. This has been shown

in Chapter 3 in the context of N2.

We obtain the probability for an electron to escape to the continuum on the

x–z plane of the IR pulse with an angle θ . This angle is measured with respect to

the z axis in the LAB frame. In this section, the NO molecule lies along the z axis.

To obtain the probability for an electron to ionize on the x–z plane with momentum

(p f r,θ), we integrate
∣∣A(~p f )

∣∣2 from Eq. (3.44) over the p f y component

∣∣A(p f r,θ)
∣∣2 = ∫ d p f y

∣∣A(~p f )
∣∣2. (4.12)
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Figure 4.4: Same as Fig. 4.3, but for an electron ionizing from the 2σ orbital of NO. The
X-ray photon energy is (a) 411 eV and (b) 413 eV.
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Figure 4.5: The most probable angle of ejection θmax (black dots) as a function of the delay
φ between the X-ray and IR pulses, for an electron ionizing from the 1σ and
2σ orbitals. The intensity of the IR pulse is 5×1013 W/cm2. The vertical grey
bars denote the standard deviation of the probability distribution g(θ ).
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Then, integrating
∣∣A(p f r,θ)

∣∣2 in Eq. (4.12) over p f r, we find that g(θ ), the proba-

bility for an electron to ionize with angle θ on the x–z plane, is given as follows

g(θ) =
∫

d p fr p fr

∣∣A(p f r,θ)
∣∣2. (4.13)

In Figs. 4.3 and 4.4, we plot the probability g(θ) for a high intensity of the

circularly-polarized IR pulse, equal to 5×1013 W/cm2. Here, the molecular axis

of the NO molecule is parallel to the X-ray pulse. We use the same expression to

describe the vector potential of the IR pulse as in Eq. (3.38) with φ = 0, and the

same expression for the electric field of the X-ray pulse as for the electric field of

the VUV pulse in Eq. (3.42). We consider a photon energy of the IR pulse ωIR equal

to 2300 nm, while the FWHM is τIR = 100 fs. We take the amplitude and duration

of the electric field of the X-ray pulse to be such that the intensity of the X-ray pulse

is 1013 W/cm2 and τX = 0.5 fs. We consider ionization from the 1σ (O side) and

2σ (N side) orbitals for the triplet state of NO+. In our results, we fully account

for the energy range of the X-ray pulse. That is, the Fourier transform of the X-ray

pulse, since the full-width half maximum is equal to 0.5 fs, extends over energies

roughly ± 4 eV from the central photon energy.

In Figs. 4.3(a) and 4.4(a), for photon energies of the X-ray pulse close to the

ionization threshold, such as 544 eV (0.9 eV excess energy) for the 1σ orbital and

411 eV (0.8 eV excess energy) for the 2σ orbital, we show that we achieve control

of the final angle of electron escape. That is, we achieve control when the electron

due to the X-ray pulse is released at tion in the IR pulse with very small momentum

k′(tion) =
√

2(}ω− Ip) compared to the momentum the electron gains from the IR

pulse (0.6 a.u.). For the 544 eV and 411 eV photon energies considered here the

excess momentum of the ionized electron is 0.26 a.u and 0.24 a.u., respectively.

Indeed, Figs. 4.3(a) and 4.4(a) show that for each φ the distribution g(θ) is narrow

and centered around the angle θmax of θ that corresponds to the maximum g(θ),

that is, θmax = φ . This means that there is a one-to-one mapping between the phase

delay φ and the most probable angle of electron escape θmax.

However, as we increase the photon energy of the X-ray pulse and hence the
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excess energy of the electron released due to the X-ray pulse at tion in the IR pulse,

Figs. 4.3(b) (2.9 eV excess energy) and 4.4(b) (2.8 eV excess energy) show that

the distributions of g(θ) become more wide. Hence, for higher photon energies,

we do not control the final angle of electron escape as well as for smaller photon

energies. Quite interestingly, for high photon energies the distributions of g(θ)

preserve features of the angular patterns of ionization in the presence of just the

X-ray pulse. This is clearly seen for φ = 90◦,270◦ for a transition from the 1σ

orbital when the X-ray energy is 543 eV (Fig. 4.3(b)) as well as for a transition

from the 2σ orbital when the photon energy is 413 eV (Fig. 4.4(b)). Indeed, in

Fig. 4.3(b), for φ = 90◦,270◦, we find that g(θ) has a double peak structure. The

momentum gain of the ionizing electron from the IR pulse points along the +x axis

for φ = 90◦, while it points along the -x axis for φ = 270◦. Hence, the higher

probability of an electron to be ejected along the O side just in the presence of the

X-ray pulse, see Fig. 4.2(a), gives rise to the higher valued peak at θ < 90◦ for

φ = 90◦ and at θ > 90◦ for φ = 270◦. For the transition from the 2σ orbital in Fig.

4.4(b), we observe a reversed pattern of the higher value peak of g(θ). This is due

to an electron having a higher probability to be ejected along the N side just in the

presence of the X-ray pulse, see Fig. 4.2(c).

In addition, we better illustrate in Fig. 4.5 the one-to-one mapping between

θmax and the phase delay φ between the X-ray and IR pulses by plotting θmax−φ

as a function of φ . We do so for the transitions from the 1σ and 2σ orbitals for

the same photon energies of the X-ray pulses as the ones considered in Figs. 4.3

and 4.4. For smaller photon energies of the X-ray pulse, we find that for each φ

the values of θmax− φ are close to zero, i.e. they lie close to the black horizontal

line at zero in Fig. 4.5. Furthermore, for each φ , the standard deviation of θ with

respect to the probability distribution g(θ ) is smaller for the lower photon energies.

This is seen by the shorter (smaller range in degrees) error bars for the smaller

photon energies (grey bars) compared to the longer error bars for the larger photon

energies (black bars). The difference between smaller and larger photon energies

is especially evident for the transition from the 2σ orbital, since a 2 eV increase in
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the photon energy of the X-ray pulse is relatively larger for the 2σ orbital that has a

lower threshold energy. The small spread of the angles θ around θmax, for each φ ,

means we achieve excellent control of electron motion.

On a final note, in the framework of the SFA considered in this work after the

electron is released in the IR pulse due to the X-ray pulse, it is evident that the

electron motion is completely determined by the IR pulse if the electron is released

in the IR pulse with zero excess energy. In this case the final momentum of the

electron is completely determined by the vector potential at the time of ionization

which forms an angle φ with the z axis and thus the final angle of electron ejection

θ is equal to φ . In this section we have demonstrated that we achieve control of

electron motion with the IR pulse for a range of photon energies of the X-ray pulse

above the threshold energy for a given transition.

4.4.0.4 Streaking of electron ionization by an IR pulse

In the following, we obtain doubly differential final electron momenta distributions

for low intensities of the circularly-polarized IR pulse. We show that many of the

features of these doubly differential electron distributions correspond to angular

patterns of electron ionization just in the presence of the X-ray pulse.

We plot the final electron momenta distributions on the x–z plane of the IR

pulse for an electron ionizing from the 1σ (Fig. 4.6) and the 2σ (Fig. 4.7) orbitals

for the triplet state of NO+. To obtain the probability for an electron to escape

with final momentum components p f x and p f z regardless of the component p f y,

we perform the following integration

∣∣A(p f x, p f z)
∣∣2 = ∫ d p f y

∣∣A(~p f )
∣∣2. (4.14)

In Figs. 4.6 and 4.7, we plot
∣∣A(p f x, p f z)

∣∣2, that is the doubly differential

probability for an electron to ionize on the x–z plane with final momenta (p f x, p f z),

for a low intensity of the circularly-polarized IR pulse equal to 5×1012 W/cm2. The

photon energy and FWHM of the IR pulse are ωIR = 2300 nm and τIR = 100 fs.

The amplitude and duration of the electric field of the X-ray pulse are such that the
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intensity of the X-ray pulse is equal to 1013 W/cm2 and τX = 0.5 fs. Here, unlike

section IIID, there is no phase delay between the X-ray and IR pulse, i.e. φ = 0. We

obtain these momenta distributions when the NO molecule is on the x–z plane for

various orientations θmol with respect to the z axis. The angle θmol corresponds to

the angle β in Euler angles notation, see Section 3.2. We vary the angle θmol from

0 to π in steps of π

4 .

We take the photon energies of the X-ray pulse to be equal to 561 eV for the

1σ orbital (Fig. 4.6) and 428 eV for the 2σ orbital (Fig. 4.7), which is roughly 18

eV above their respective ionization thresholds. Hence, at the time tion, the electron

ionizes due to the X-ray pulse with momentum roughly equal to 1.15 a.u. Since the

X-ray pulse is taken to have a short duration, the times of ionization that we sample

are close to the center of the IR pulse. Hence from Eq. (3.38), the momentum gain

of the ionizing electron from the IR pulse is equal to −AIR(tion) = −AIR(≈ 0) =
EIR

0
ωIR

= 0.60 a.u. From Eq. (3.39), we thus find that the maximum and minimum final

momentum of the electron is 1.75 a.u. and -0.55 a.u., respectively. Indeed, these

maximum and minimum values of the momentum are seen in the right columns of

Figs. 4.6 and 4.7 for p fx ≈ 0.

Next, we show that the momenta distributions obtained from the X-ray+IR

pulses in the right columns of Figs. 4.6 and 4.7 exhibit features consistent with

the angular pattern of ionization solely due to the X-ray pulse. We show this by

pairing each color plot of
∣∣A(p f x, p f z)

∣∣2 (right column of Figs. 4.6 and 4.7) with

the respective polar plot of
∣∣∣D0(~k′)

∣∣∣2 (left column of Figs. 4.6 and 4.7). We note

that in the polar plots, we plot the projection of
∣∣∣D0(~k′)

∣∣∣2 on the x-z plane, i.e.

we integrate over the angle φX , in order to better compare with the color plots of∣∣A(p f x, p f z)
∣∣2. Starting with the molecular orientation θmol = 0, we observe that

the high probability lobe towards the O side in Fig. 4.6(b1) corresponds to the

high probability lobe in Fig. 4.6(a1). The smaller lobes in Fig. 4.6(a1) that are

located at angles different to 0◦ and 180◦, are shifted compared to Fig. 4.6(b1)

due to the momentum gain along the z axis from the IR pulse. This is true for

all angles θmol considered in Figs. 4.6 and 4.7. For the molecular orientations
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Figure 4.6: For the triplet state of NO+ for ionization from the 1σ orbital and a photon
energy of the X-ray pulse equal to 561 eV, on the left column, we polar plot∣∣∣D0(~k′)

∣∣∣2 and project on the x-z plane, i.e. we integrate over all angles φX . On

the right column, we plot the doubly differential probability
∣∣A(p f x, p f z)

∣∣2 for
an electron to escape on the plane of the circularly-polarized IR pulse, which is
the x-z plane. The color plots are divided by their respective maximum differ-
ential probability to give the same relative scale for all color plots. The intensity
of the circularly-polarized IR pulse is equal to 5×1012 W/cm2. The phase delay
between the X-ray and IR pulses, φ , is equal to 0◦. The right and left column
plots are obtained for the NO molecule being on the x–z plane with an angle
θmol , measured with respect to the z axis, ranging from 0 to π in steps of π

4 .
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Figure 4.7: Same as Fig. 4.6, but for ionization from the 2σ orbital with a photon energy
of the X-ray pulse equal to 428 eV.



4.5. Conclusions 134

θmol = 0, π

4 ,
3π

4 ,π , we see that a significant probability in the color plots of Figs.

4.6 and 4.7 corresponds to a large probability for the electron to ionize along the

O side for ionization from the 1σ orbital and along the N side for ionization from

the 2σ orbital, see the corresponding large lobes in the polar plots. However, this

is not the case for θmol =
π

2 . In Figs. 4.6(b3) and 4.7(b3), we see that when the

molecule is perpendicular to the X-ray pulse the electron does not escape along the

molecular axis. In this latter case, the electron escapes with larger probability at

angles roughly equal to 120◦ with respect to the O (N) side for ionization from the

1σ (2σ ) orbital. These smaller probability lobes are present for all angles θmol .

Overall, comparing the doubly differential plots of
∣∣A(p f x, p f z)

∣∣2 with the po-

lar plots of
∣∣∣D0(~k′)

∣∣∣2 we find that, for small intensities of the IR pulse, most features

in the former plots correspond to angular patterns of ionization in the presence of

just the X-ray pulse. This is the reason why doubly differential plots of an electron

to ionize with momenta (p f x, p f z) are used to extract photoionization time delays

[12].

Finally, we note again that the Coulomb potential is fully accounted for the

interaction of the NO molecule with the X-ray pulse. We neglect the Coulomb

potential only during the propagation inside the IR pulse of the electron released at

time tion. We expect that this approximation will not affect our findings concerning

control and streaking of the electron motion. Fully accounting for the Coulomb

potential at all stages will most probably result in broader distributions g(θ), for

the high intensity IR case, and doubly differential probability
∣∣A(p f x, p f z)

∣∣2 for the

low intensity IR case.

4.5 Conclusions
In conclusion, we have shown how to obtain continuum molecular wavefunctions

for open-shell molecules in the Hartree-Fock framework. We have obtained these

wavefunctions when the total spin symmetry of the open-shell orbital and the orbital

where the electron ionizes from is singlet or triplet. Using these continuum wave-

functions, we have obtained dipole matrix elements for ionization of an electron
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due to a linearly-polarized X-ray pulse.

Following ionization from the X-ray pulse, we have investigated the effects

on final electron escape when we streak with a circularly-polarized infrared pulse.

These effects depend on the intensity of the streaking infrared pulse. For a high

intensity, we have shown that we control the angle of an electron escaping to the

continuum. This control is achieved by varying the phase delay between the ioniz-

ing X-ray pulse and the infrared pulse. When the photon energy of the X-ray pulse

is very close to the ionization threshold, a one-to-one mapping between the phase

delay and the final angle of electron escape is achieved. For a low intensity, we have

shown that the momentum distributions on the plane of the infrared pulse roughly

image the angular electron escape patterns resulting by the X-ray pulse. The in-

formation obtained from the latter momentum distributions is of use to computing

photoionization time delays.



Chapter 5

Formation of singly ionized oxygen

atoms from O2 driven by XUV

pulses: a toolkit for the break-up of

FEL-driven diatomics

5.1 Introduction
In this chapter, we formulate a hybrid quantum-classical theoretical model to ad-

dress the interaction of molecules with intense laser pulses while accounting for the

nuclear dynamics of the molecule. We will use this model to simulate the interaction

between O2 and an XUV pulse.

Molecular oxygen, O2, is of great interest due to its significance in biology

and atmospheric chemistry. Specifically, oxygen is the key component in both the

metabolic processes of all living organisms and the ozone layer which shields us

from the Sun’s ultraviolet radiation [109–112]. There has already been a number of

studies on singly and doubly ionized O2, for instance see Refs. [113–115].

Our hybrid quantum-classical model allows us to identify the ionization se-

quences that lead to the formation of the two O+ fragments. Namely, for photon

energies from 20 eV to 42 eV, up to two sequential single-photon ionization pro-

cesses can take place starting from the ground state of O2. The electronic configu-
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ration of the ground state of O2 (X3Σ−g ) is given by (1σ2
g , 1σ2

u , 2σ2
g , 2σ2

u , 3σ2
g , 1π2

ux,

1π2
uy, 1π1

gx, 1π1
gy), with the two open πg orbitals resulting in a triplet spin state. These

single-photon ionization processes include the removal of valence or inner-valence

electrons from the ground state and singly excited states of O2. The different ioniza-

tion sequences result from the different O+
2 states the molecule transitions to after

the removal of the first electron as well as the different O2+
2 states the molecule

transitions to after the escape of the second electron. For each sequence, we also

identify the times and the inter-nuclear distance when ionization takes place. This

detailed analysis allows us to relate specific features of the KER spectra for the O+

+ O+ dissociation pathway with certain ionization sequences. We also investigate

the dependence of the KER features and their connection to ionization sequences

on pulse duration and intensity.

The hybrid model we develop in this work consists of employing state-of-the-

art quantum-mechanical computations for describing electron escape to the contin-

uum. At the same time, we allow the nuclei to move using classical equations of mo-

tion. However, in these classical equations of motion the force between the nuclei is

provided by employing accurate quantum-mechanically obtained potential-energy

curves (PECs). Specifically, in order to calculate the necessary ionization cross sec-

tions for our theoretical calculations, we utilise state-of-the-art ab-initio quantum-

mechanical techniques [3]. Namely, we compute the continuum wavefunction of

the escaping electron using molecular orbital wavefunctions obtained in the HF

framework [29]. Most other studies do not provide such accurate molecular wave-

functions and instead use approximations that employ linear combination of atomic

orbitals. Also, to provide the force in the classical equations that account for the

motion of the nuclei, we obtain accurate PECs of the various states of O2 and singly

and doubly ionized O2 by using advanced quantum-mechanical techniques in the

framework of the quantum-chemistry package MOLPRO [67, 69, 116]. Computing

PECs of these various states is not an easy task due to the open-shell configuration

of O2, especially in the cases where an electron is removed from an inner-valence

orbital.



5.2. Theoretical method 138

In Section 5.2, we discuss our theoretical methods for describing the interac-

tion of a diatomic molecule, in this work O2, with an XUV pulse. Then, in Section

5.3, we discuss our results for the KER of the two O+ fragments. In particular, we

consider both a low- and high-intensity XUV pulse in the photon-energy range from

20 eV to 42 eV. We identify the key features of the KER distributions, as well as the

ionization sequences that lead to the obtained spectra.

5.2 Theoretical method
In what follows, we formulate a hybrid quantum-classical model to describe the in-

teraction of a diatomic molecule, in this work O2, with an XUV pulse. This model

adapts the Born-Oppenheimer approximation [60] in order to separate the nuclear

from the electronic motion in the driven molecule. We model the ionization of elec-

trons quantum mechanically, as described in Section 2. We account for the motion

of the nuclei and compute the velocities of the atomic fragments using the classical

equations of motion of the two-body system, see Section 5.2.1. In Section 5.2.2,

we describe how we use the Velocity-Verlet algorithm to calculate the internuclear

distance and momentum at each time step. The force in these classical equations

is computed via the PECs of up to doubly ionized Oxygen, which are obtained us-

ing advanced quantum-chemistry techniques, see Section 5.2.3. In Section 5.2.6,

we describe how we sample the initial conditions for the nuclei using the Wigner

distribution for the Morse oscillator. Both electron escape and nuclear motion are

incorporated in a Monte-Carlo simulation described in Section 5.2.7. In Section

5.2.4, we outline the criteria we use to identify the time in the Monte-Carlo simula-

tion when the molecule dissociates transitioning to two atomic fragments interacting

with an XUV pulse.

5.2.1 Two-body equations for nuclear motion

In classical mechanics the Lagrangian of a two-body system with potential energy

U(rrr) is given by

L =
1
2

m1ẋxx2
1 +

1
2

m2ẋxx2
2−U(rrr), (5.1)
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where m1,m2 and ẋxx1, ẋxx2 are the masses and velocities of the two bodies, respectively.

In our case, the two bodies are the nuclei of the diatomic molecule. The potential is

a function of the difference between the position vectors of the nuclei, namely the

difference vector rrr = xxx1−x2. The internuclear distance of the molecule is r = |rrr|.

The center of mass, RRR, of the molecule is defined as

RRR =
m1

m1 +m2
xxx1 +

m2

m1 +m2
xxx2

=
µ

m2
xxx1 +

µ

m1
xxx2,

(5.2)

where µ = m1m2
m1+m2

is the reduced mass of the molecule. The Lagrangian in Eq. (5.1)

can be rewritten in terms of the center of mass velocity, ṘRR, and the relative velocity

between the nuclei, ṙ as follows [117]

L =
1
2
(m1 +m2)ṘRR

2
+

1
2

µ ṙrr2−U(r). (5.3)

By Newton’s second and third law, the force between the nuclei is given by

F =−dU
dr

. (5.4)

The position and velocities of the nuclei can be expressed in terms of rrr and the

reduced mass as follows

xxx1 =
µ

m1
rrr =⇒ ẋxx1 =

µ

m1
ṙrr

xxx2 =−
µ

m2
rrr =⇒ ẋxx2 =−

µ

m2
ṙrr.

(5.5)

5.2.2 Algorithm for propagating the nuclei in time

Next, we explain how we obtain the velocities of the nuclei ẋxx1 and ẋxx2. Eq. (5.5)

shows that to obtain the final velocities, we need to track the internuclear distance,

r, and the relative velocity, vvv = ṙrr, as a function of time. To do so, we employ the

Velocity-Verlet algorithm [118]. This algorithm calculates recursively the internu-
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clear distance and the magnitude of the relative velocity at each time step as follows

rn+1 = rn + vn∆t +
1

2µ
Fn(∆t)2

vn+1 = vn +
1

2µ
(Fn+1 +Fn)(∆t),

(5.6)

where ∆t is the time step of the propagation and Fn is the force at each time step

given by

Fn =−
dU(rn)

dr

Fn+1 =−
dU(rn+1)

dr
,

(5.7)

where U(rn) is the potential energy at the end of the nth time step, while U(rn+1) is

the potential energy at the end of the (n+1)th time step. To obtain the potential U(r),

we compute the PECs of the singly and doubly ionized states of O2. We describe

how to do so in the next section. Hence, obtaining v at each time step allows us,

through Eq. (5.5), to compute the magnitudes of the velocities ẋ1 and ẋ2 of the two

atomic fragments.

5.2.3 Computation of potential-energy curves

Next, we describe the computation of the PECs of O2 up to O2+
2 ionic states. We

perform these calculations for all singly and doubly ionized states of O2 that are

energetically accessible by absorption of a single photon with energy varying from

20 eV to 42 eV. This range of photon energies suffices to ionize electrons from all

outer-valence orbitals and the inner-valence orbital 2σg. As a result, we can access

and thus compute the PECs of eighteen states which are comprised of the ground

state of O2, five O+
2 and twelve O2+

2 states.

First, we employ the HF method in MOLPRO to obtain, as a function of dis-

tance, the bound orbitals of O2 in its ground state. We use these orbitals as input in

the subsequent computation of the PECs employing the CASSCF method [62, 63].

In the current work, in a similar fashion to the one followed in Ref. [67] for the

N2 molecule, we consider 12 active orbitals. These orbitals include the nine occu-
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pied ones in the ground state of O2, which are given by 1σg, 1σu, 2σg, 2σu, 3σg,

1πux, 1πuy, 1πgx, 1πgy and the three virtual orbitals 3σu, 4σg and 4σu. Lastly, to

obtain even more accurate PECs, using as input the bound orbitals obtained with

the CASSCF method, we next employ the MRCI method [64–66]. In our current

computations, while the CASSCF method includes all possible excitations among

only the 12 active orbitals, the MRCI method allows single and double excitations

from all active orbitals to all orbitals. The MRCI method produces more accurate

PECs compared to CASSCF by improving the description of the electron-electron

repulsion [67, 119].

To compute the PECs, we employ the augmented Dunning correlation consis-

tent quadruple valence basis set (aug-cc-pVQZ) [90]. For the states of singly and

doubly ionized O2 where at least one electron is missing from the inner valence or-

bitals 2σg, there are several other states with the same symmetry and lower energy

besides the desired state. This leads to variational collapse [120], where MOLPRO

computes the lowest-energy state with the same symmetry as the desired state. We

address this issue during the calculations of the PECs with the CASSCF and MRCI

methods by employing the state-averaging technique in MOLPRO. This technique

ensures that MOLPRO computes a sufficient number of states with the same sym-

metry as a function of the internuclear distance. We identify the desired state by

selecting the state that has the desired electronic configuration at the equilibrium

distance of the ground state of the O2 molecule. We find the equilibrium distance

to be equal to re = 1.205 Å = 2.28 a.u., in agreement with Refs. [121, 122]. As

in Ref. [67], to obtain the PECs of all states with electrons missing from outer-

valence orbitals, we optimize all orbitals at the same time. We obtain the PECs for

sixteen states using the MRCI states, while for the states O+
2 (

4Σ−g ) and O2+
2 (3Σ−g ),

we could not achieve convergence using the MRCI method and hence obtained the

PECs using the CASSCF method.

In Fig. 5.1, we compare the PECs we obtained using the method outlined

above (black solid lines) with the theoretical PECs obtained in Refs. [52, 123, 124]

(gray-dashed lines). The PECs obtained from the literature also utilise the MRCI
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method. In Refs. [52, 123, 124], the PECs for O+
2 (

4Σ−g ), O2+
2 (5Πg) and both of the

O2+
2 (3Σ−g ) states are not obtained, hence the lack of comparison in Fig. 5.1, with our

PECs for these states. To produce smooth PECs, we compute the potential energy

of the states at internuclear distances in steps of 0.05 Å = 0.094 a.u. Fig. 5.1 shows

that we find an excellent agreement for our computations of the PECs with the ones

obtained in Refs. [52, 123, 124].

In the first row of Fig. 5.1, we plot the PECs of the neutral ground state and the

singly ionized states of O2. These states possess a potential well and do not exhibit

any repulsive behaviour, with the exception of the O+
2 (

4Σ−g ) state. In the second and

third rows of Fig. 5.1, we plot the PECs of the doubly ionized states of O2. Due to

the increased electrostatic repulsion between the ions, all of the O2+
2 states exhibit

repulsive behaviour. Note that only the O2+
2 (X1Σ+

g ), O2+
2 (B3Πg) and O2+

2 (W 3∆u)

states possess a potential well. However, the potential well of the O2+
2 (W 3∆u) state

in particular is very shallow. To further verify the accuracy of the PECs we obtain

in this work, we compare the atomic fragments resulting from the dissociation of

each molecular state with the atomic fragments obtained in the literature [52, 125].

Next, we describe how to determine these atomic fragments.

5.2.4 Dissociation of molecular states

To describe the interaction of O2 with an XUV pulse, we use the Monte-Carlo tech-

nique described in Section 5.2.7. If dissociation does take place, we need to specify

the time during propagation when the diatomic molecule dissociates to two atomic

fragments. We take this time to be when the energy of each molecular state, i.e. the

PEC, converges to 99% of each asymptotic value, known as the dissociation energy.

From this time onwards, we perform Monte-Carlo simulations for the interaction

of each of the two individual atomic fragments with the pulse. We calculate the

dissociation energy for each molecular state by computing the potential energy at

an internuclear distance equal to 104 Å.

Once we compute the dissociation energy of each molecular state of O2 up to

O2+
2 , we identify the atomic fragments resulting from the dissociation of each of

these states. To do so, for each molecular state, we take all possible combinations
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Figure 5.1: Potential-energy curves of O2, O+
2 and O2+

2 obtained using the techniques out-
lined in Section 5.2.3 (black-solid line), compared with the PECs obtained in
Refs. [52, 123, 124] (gray-dashed lines).

of atomic fragments that sum to the same net charge as the molecular state under

consideration. For all these combinations, we compute the sum of the energies of

the atomic fragments and identify the one that matches the dissociation energy of

the molecule.

In Table 5.1, we list all the O and O+ atomic states, as well as their electronic

configurations, that appear in the literature [52, 125] as the atomic fragments for the

energetically accessible states of O2, O+
2 and O2+

2 in the current work. The atomic

states in Table 5.1 are given using spectroscopic notation, i.e. in the form 2S+1L,

where S is the total spin of the system and L is the total orbital angular momentum

of the system, found by summing up the projections of the angular momentum of

each orbital. The spin multiplicity and total orbital angular momentum of the atomic

states in Table 5.1 follow from Hund’s rules [126]. Namely, Hund’s first rule tells us

that the term with maximum spin multiplicity has the lowest energy. Hence, this is

why the spin multiplicities for the O(3P) and O(4S) states are 3 and 4, respectively.

Furthermore, Hund’s second rules states that the term with the largest total orbital

angular momentum is lowest in energy. This is why, for example, the ground state
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Atomic state Configuration (1s, 2s, 2px, 2py, 2pz)
O(3P) 22211
O(1D) 22202
O+(4S) 22111
O+(2D) 22201
O+(2P) 22210

Table 5.1: Atomic states of O and O+ which were found to be the atomic fragments of the
molecular states considered in this work.

of atomic oxygen is a P state and not, for instance, the S state with configuration

22112.

In Table 5.2, we provide the dissociation energies of the energetically accessi-

ble molecular states in the current work, which we compare with dissociation ener-

gies from the literature [52, 125], and find them to be in very good agreement. For

the sixteen states for which we were able to calculate their PECs using the MRCI

method, we find a 1-2% difference in the dissociation energies with respect to the

literature. For the PECs where we were able to utilize only the CASSCF method,

we find larger deviations of 7% and 19%. This is due to the difference in the tech-

niques used. Moreover, in Table 5.2 we list the atomic fragments each molecular

state dissociates to, according to Refs. [52, 125]. Using the sum of the energies of

the atomic fragments, which we computed with the MRCI method, we have verified

that these are indeed the final atomic fragments for each molecular state.

5.2.5 Algorithm for propagating atomic fragments

In this work, we only consider up to O2+
2 ionic states. Using the criterion that we use

for dissociation, outlined in Section 5.2.4, we find that in the photon energy range

20 eV to 42 eV, the largest internuclear distance at which one of the accessible O+
2

states converges to 99 % of its dissociation energy is 5.2 a.u. For internuclear dis-

tances larger than this, we transition from molecules to atoms and utilise atomic

transition rates. Hence, we only require molecular transition rates up to an internu-

clear distance of 5.2 a.u. The advantage of using the dissociation criterion outlined

in Section 5.2.4 is that after this internuclear distance, the rate of change of the

PECs is very small. In other words, the interaction potential between the atoms is
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Molecular state Atomic fragments
Sum of energies of atomic fragments
Our work (eV) Other work (eV)

O2(X3Σ−g ) O(3P)+O(3P) 5.0 5.0 [52]
O+

2 (X
2Πg) O+(4S)+O(3P) 18.5 18.8 [52]

O+
2 (a

4Πu) O+(4S)+O(3P) 18.5 18.8 [52]
O+

2 (b
4Σ−g ) O+(4S)+O(1D) 20.5 20.7 [52]

O+
2 (c

4Σ−u ) O+(4S)+O(1D) 20.5 20.7 [52]
O+

2 (
4Σ−g ) O+(2P)+O(3P) 22.3* 23.8 [125]

O2+
2 (X1Σ+

g ) O+(4S)+O+(4S) 31.6 32.4 [52]
O2+

2 (A3Σ+
u ) O+(4S)+O+(4S) 31.6 32.4 [52]

O2+
2 (15Σ+

g ) O+(4S)+O+(4S) 31.6 32.4 [52]
O2+

2 (B3Πg) O+(4S)+O+(2D) 35.0 35.7 [52]
O2+

2 (C3Πu) O+(4S)+O+(2D) 35.0 35.7 [52]
O2+

2 (15Πu) O+(4S)+O+(2D) 35.0 35.7 [52]
O2+

2 (W 3∆u) O+(4S)+O+(2D) 35.0 35.7 [52]
O2+

2 (5Πg) O+(4S)+O+(2D) 35.0 35.7 [52]
O2+

2 (15Σ−u ) O+(4S)+O+(2D) 35.0 35.7 [52]
O2+

2 (3Σ−g ) O+(4S)+O+(2D) 35.0 35.7 [52]
O2+

2 (23Σ−g ) O+(4S)+O+(2P) 36.6 37.3 [52]
O2+

2 (3Σ−g ) O+(2D)+O+(2D) 48.1* 39.0 [52]

Table 5.2: Atomic fragments resulting from the dissociation of O2, O+
2 and O2+

2 . We also
provide the dissociation energy relevant to these atomic fragments, and com-
pare with dissociation energies from Refs. [52, 125], denoted as other work.
The * denotes states calculated using only the CASSCF method due to lack of
convergence of the MRCI method, as mentioned in Section 5.2.3.

negligible. Hence, we take the final velocities of the atomic fragments at the end

of the propagation to be equal to the velocities of the atomic fragments when the

internuclear distance reaches 5.2 a.u.

However, when considering interactions with higher photon energies, we will

access higher ionic states. The criterion for the PECs of higher ionic states to con-

verge to 99 % of their dissociation energies is satisfied at very large, and increasing

with charge, internuclear distances. For example, we find that internuclear distances

for O2+
2 states are larger than 95 a.u. when they satisfy the above mentioned crite-

rion. This implies that we would have to compute molecular photoionization cross

sections and Auger-Meitner rates up to 95 a.u., which is computationally intense.

Hence, for larger photon energies we find the final velocities of the atomic frag-

ments in a different way. For this method, instead of feeding into the Monte Carlo
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simulation the internuclear distance that satisfies the above mentioned convergence

criterion for each molecular state, we consider the same internuclear distance for

all molecular states where we transition from molecular to atomic interactions with

the laser pulse. This internuclear distance will be chosen as the one where the PECs

converge to a purely Coulomb repulsion interaction between the resulting atomic

fragments. This method significantly reduces the number of molecular transition

rates we would have to compute. However, it also means that we have to account

for the repulsion of the atomic fragments, which results in different final veloci-

ties for the atomic fragments compared to the ones they have at the time when we

transition from a molecule to atoms in the Monte Carlo simulations. To do so, we

continue to propagate in time the nuclear dynamics as follows:

1. First, from the time when we transition from molecules to atoms until the end

of the Monte Carlo simulation, we record all transitions that occur and the

time at which they occur for each one of the atoms. In this way, we obtain the

charge of each of the atoms as a function of time.

2. We combine the arrays of transition times of both atoms together and arrange

these times in ascending order. Then, for each of these times, we find the

product of the charges of the atoms at that time. Using this information, we

apply the Velocity-Verlet algorithm. We use ∆t as a time step and update it to

the time difference between the next transition time in the ordered array and

the current time if this time step is smaller than ∆t.

5.2.6 Sampling the initial conditions of the nuclei

In the Monte-Carlo technique, at time step n = 0, we need to specify the initial

internuclear distance, r0, and relative momentum of the nuclei, p0 = µv0. To avoid

importance sampling of both r0 and p0 at the same time, which requires the use

of a 2-dimensional distribution, we use an approximation and sample r0 and p0 as

follows. First, for the internuclear distance, we employ importance sampling [89]

with the distribution given by the square of the Morse wavefunction [127] for the

ground state of neutral O2. The Morse potential is widely recognised as a good
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approximation for potentials of diatomic molecules [128]. The Morse potential is

given by

UM(r) = De[(1− e−β |r−re|)2−1], (5.8)

where De is the dissociation energy of the ground state of O2, which is equal to 5

eV. The coefficient β is related to the frequency of vibration of the nuclei, ωe, by

the following expression

ωe = β

√
2De

µ
, (5.9)

where µ is the reduced mass of the molecule. Using NIST, we assign ωe to be equal

to 1580.16 cm−1 [129]. Using Eq. (5.9) and the values we obtain for De, µ and

ωe, we compute β and find it to be equal to 1.27. The Morse wavefunction of the

ground state of neutral O2 [127] is given by

ψ j,0(r) = N j,0e−ξ/2
ξ

jL2 j
0 (ξ )

N j,0 =
β j

Γ(2 j+1)

ξ = (2 j+1)e−β |r−re|,

(5.10)

where L2 j
0 is an associated Laguerre polynomial [130] and Γ is the Gamma function.

The quantum number j is related to the dissociation energy through

De =
β 2

2µ
( j+

1
2
)2. (5.11)

Given De, µ and β , we solve for j. Next, after obtaining with importance sampling

r0, we use this r0 as input to the Wigner function of the ground state of neutral O2,

which is given by

W (ψ j,0|r, p) =
2

πΓ(2 j)
ξ

2 jK−2ip/β (ξ ), (5.12)

where K−2ip/β (ξ ) is the modified Bessel function of the third kind [130]. We sam-

ple the initial relative momentum p0 by employing importance sampling with the

Wigner function in Eq. (5.12) at r = r0. In Fig. 5.2, we plot the distributions of the
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Morse wavefunction squared,
∣∣ψ j,0(r)

∣∣2, and the Wigner function, W (ψ j,0|r, p), for

the ground state of O2. For any given r0, the cut of the Wigner function at r0 is a

function of p0 centred around 0 a.u., i.e. centred around the nuclei being at rest.

5.2.7 Monte-Carlo technique

In what follows, we outline the steps involved in the Monte-Carlo technique that

describes the interaction between the O2 molecule and the XUV pulse.

For each event in the Monte-Carlo simulation, we start in the ground state of O2

with an internuclear distance and relative momentum resulting from the sampling

described in Section 5.2.6. We choose the default time step to be ∆t = 0.01 fs, as we

found convergence in our results at this granularity. For a given photon energy, at

the start of a time step, we identify all the electronic transitions that are energetically

accessible for a given photon energy from the molecular or atomic state α at this

time to a state i at the end of this time step. In order to determine which transition

occurs in this time step, we calculate the transition rates for each single-photon

ionization and Auger-Meitner process. The transition rates are given by

ωαi(t) = σαiJ(t) Photoionization

ωαi(t) = Γαi Auger-Meitner decay,
(5.13)

where ωαi is the transition rate from the initial state α to the final state i, σαi is the

photoionization cross section for this transition, given by Eq. (2.149) and Γαi is the

Auger-Meitner rate, given by Eq. (2.178). The photon flux, J, at time t is given by

J(t) =
I
ω

exp

(
−4log2

(
t
τ

)2
)
, (5.14)

where I,ω,τ are the max intensity, photon energy and FWHM of the laser pulse, re-

spectively. Note that we calculate these rates both for the molecular ions and for the

atomic fragments that result from dissociation of the molecule due to the interac-

tion with the XUV pulse. The molecular transition rates depend on the internuclear

distance. The population of the molecular and atomic states follow an exponential
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Figure 5.2: Distributions used in importance sampling. Top: distribution of the internuclear
distance using the square of the Morse wavefunction for the ground state of
O2. Bottom: distribution of the internuclear distance and the relative momenta
using the Wigner function for the ground state of O2. For each r0 obtained
using the distribution in Fig. 5.2(a), we sample p0 using the distribution that is
given by a cut of the Wigner function at r0 in Fig. 5.2(b).
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decay law [27], i.e.

P = P0e−ωαit , (5.15)

where P,P0 are the populations of molecular and atomic states at times t and at the

start of a given time step, respectively. Hence, selecting a random value of P such

that P
P0
≤ 1, the corresponding time for this transition for a given time step is given

by

tαi(t) =−
log P

P0

ωαi
. (5.16)

At the start of each time step, we compute the times tαi for all transitions from the

state α to energetically allowed states i. We identify the smallest time tαi, which

corresponds to the most probable transition at a given time step. If this time is

greater than the default time step of 0.01 fs, no electronic transition takes place and

the time increases by the default time step of 0.01 fs. If tαi is smaller than the default

time step, then the time increases by tαi and the transition to state i takes place.

For a given time step, we propagate the nuclei, as described in Section 5.2.2,

using as the potential U(rn) and U(rn+1), the potential of the state α at the distances

corresponding to the start and the end of this time step, respectively. If a transition

occurs, this time step is tαi, otherwise it is the default one, equal to 0.01 fs.

Finally, at each time step we check if dissociation occurs at the corresponding

internuclear distance using the criteria outlined in Section 5.2.4. If dissociation

does occur, from this time on in the Monte-Carlo simulation, we account for the

interactions of the resulting atomic fragments with the XUV pulse.

5.3 Results
In what follows, we present and discuss our results for the KER distributions of the

atomic fragments in the O+ + O+ dissociation pathway of O2 interacting with an

XUV pulse. Here, the photon energy of the laser pulse ranges between 20 eV and 42

eV in increments of 1 eV. In this photon energy range, we find that Auger-Meitner

transitions are very rare and the transitions that occur are predominantly single-

photon ionization processes. At each photon energy, we propagate in time 5×106
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Monte-Carlo events. Concerning the XUV pulse, we consider laser intensities of

5× 1012 W/cm2 and 5× 1014 W/cm2 and full-width-at-half-maximum (FWHM)

pulse durations of 50 fs and 100 fs. For each Monte-Carlo event, we propagate in

time starting 500 fs before the peak of the laser pulse and ending 1000 fs afterwards.

We have checked that our results converge when using these initial and final limits

in the time propagation. At the end of the time propagation, we collect the events

leading to the formation of the O+ + O+ pathway. For each of these events, we

record the sequence of single-photon ionization processes. That is, we record the

initial and final states involved in a photoionization transition, as well as the times

and internuclear distances at which this transition occurs. We also record the final

velocities of the two O+ fragments and calculate the sum of the kinetic energies of

the atomic fragments to compare with the experimental results.

First, in Section 5.3.1 we discuss the probability out of all Monte-Carlo events

to obtain the O+ + O+ pathway as a function of photon energy. Then, in Section

5.3.2, we plot the KER distribution of the two O+ fragments for all O+ + O+ events

as a function of photon energy. We compare our theoretical results to the experi-

mental KER distribution and identify the main ionization sequences that lead to the

formation of the O+ + O+ pathway. In Section 5.3.3, we plot the KER distribution

for a higher intensity of the laser pulse in order to understand the effect of intensity

on the kinetic-energy spectra of the O+ fragments. Finally, in Section 5.3.4, we plot

the distribution of internuclear distances at which single-photon ionization occurs.

We use this distribution, as well as the various sequences of ionization processes, in

order to explain the main features of the KER distribution.

Note that in our theoretical calculations, we do not include excited states of

O+
2 and O2+

2 . For the photon energies we consider in this work, it is energeti-

cally allowed to transition from the ground state of O2 to excited states of O+
2 and

also to transition from O+
2 states to excited states of O2+

2 . However, such transi-

tions involve the calculation of matrix elements where in the final state there is a

simultaneous one-electron excitation and one-electron ionization. For instance, to

transition to the excited state O+
2 ( f 4Πg) from the ground state of O2 would involve
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the ionization of an electron from a πu orbital and the excitation of another electron

from a πu to a πg orbital. Hence, the accurate computation of such matrix elements

is only possible when electron-electron correlation is included in the description

of the wavefunctions. This is not accounted for in our current formulation, where

we utilise Hartree-Fock wavefunctions. Moreover, the reason that it is a reason-

able approximation to not include these excited states is that from the O+
2 excited

states, one could transition to non-excited states of O2+
2 by single-photon absorp-

tion. However, in our calculations, we do get these same non-excited states of O2+
2

by transitions from non-excited states of O+
2 . Finally, the O2+

2 excited states, acces-

sible by the photon energies in this calculation, tunnel to non-excited states of O2+
2

due to coupling effects between states. These final non-excited states of O2+
2 we do

access in our calculation, resulting in similar KER spectra as in the experiment.

5.3.1 Probability of the O+ + O+ dissociation pathway for

different pulse durations

In Fig. 5.3, we plot, out of all Monte-Carlo events, the probability of the O2, O+
2 and

O2+
2 , i.e. of the non-dissociating pathways, as well as of the O+ + O+ dissociation

pathway as a function of photon energy. We use a laser-pulse intensity of 5×

1012 W/cm2 and FWHM durations of 50 fs and 100 fs. We find that it is more

probable to obtain the O+ + O+ pathway for a FWHM of 100 fs versus a 50 fs one.

This is expected, since for a longer laser pulse there is more of a chance to absorb

photons. This is also consistent with the probability of O2+
2 being higher, while the

probability for O2 is lower for 100 fs. We also find that for both pulse durations, the

probability of the O+ + O+ pathway is very small for small photon energies, it peaks

at roughly 30 eV photon energy and then decreases with increasing photon energy.

For small photon energies, the probability of the O+ + O+ pathway is small, even

though the probability of O+
2 formation is large, since no transition is allowed from

O+
2 to O2+

2 . For larger photon energies, the probability of the O+ + O+ pathway

decreases since the single-photon ionization cross sections for transitioning from O2

to O+
2 states decrease or remain constant for these photon energies. This is shown

in Fig. 5.4, where for photon energies above 30 eV for transitions to the O+
2 states
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X2Πg and a4Πu the cross sections decrease, while they remain flat for transitions to

the states b4Σ−g and c4Σ−u .
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Figure 5.3: Probability, out of all Monte-Carlo events, of the (a) O2, (b) O+
2 , (c) O2+

2 path-
ways and of the (d) O+ + O+ dissociation pathway as a function of photon
energy. The intensity of the laser pulse is 5×1012 W/cm2 and the FWHM are
50 fs and 100 fs.
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Figure 5.4: Photoionization cross sections to transition from O2 to O+
2 at the equilibrium

distance of O2, re = 2.28 a.u., as a function of photon energy.

5.3.2 KER distribution and the main ionization sequences

In Fig. 5.5(a), we plot the sum of the kinetic energies of the atomic fragments of

the O+ + O+ dissociation pathway as a function of the photon energy. At each

photon energy, the KER distribution is normalized to 1, i.e. we divide by all O+

+ O+ events at this photon energy. For our simulations, we use a weak laser-pulse

intensity of 5×1012 W/cm2 and a FWHM of 100 fs in order to closely resemble the

parameters of the laser pulses used in the experiment. We compare our theoretical

results for the KER distribution, shown in Fig. 5.5(a), with the experimental ones

shown in Fig. 5.5(b). We find that our theoretical results reproduce well most of

the features in the experimental KER distribution. That is, the KER distribution

peaks at 5 eV for 20 eV photon energy, increases with increasing photon energy,

reaching 8 eV at 25 eV photon energy. From 25 eV photon energy onwards, we

observe numerous peaks in the kinetic-energy spectra, ranging from 7 eV to 13 eV.

These peaks in the spectra remain mostly constant from 25 eV until 42 eV photon
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Figure 5.5: Kinetic-energy-release spectra of the O+ + O+ pathway as a function of photon
energy. (a) Theoretical results obtained in the current work using a laser-pulse
intensity equal to 5× 1012 W/cm2 and FWHM of 100 fs. (b) Experimental
results, for more information on the set-up see Refs. [113, 114].
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energy, giving rise to the straight lines that we see in Fig. 5.5(a) and Fig. 5.5(b).

However, our theoretical results do not reproduce the experimental KER peak at

approximately 11 eV. It is possible that this is due to the exclusion of the excited

states in our calculations.

To explain the features of the KER distribution of the O+ + O+ pathway, in

Table 5.3, we identify the main ionization sequences leading to the formation of

two O+ fragments. Each ionization sequence involves a single-photon ionization

leading to a transition from the ground state of O2, i.e. the O2(X3Σ−g ) state, to

a O+
2 state and a subsequent single-photon ionization leading to a transition from

an O+
2 state to an O2+

2 state. The difference between these sequences are the O+
2

and O2+
2 states involved in the photoionization transitions. After transitioning to an

O2+
2 state, as described in Section 5.2.4, this state dissociates to two O+ fragments,

shown in Table 5.2. As shown in Fig. 5.1, the PECs of all the O2+
2 states involved in

the ionization sequences 1 through 8 in Table 5.3 are repulsive due to the Coulomb

potential of the atomic ions. As a result, during time propagation the internuclear

distance increases rapidly leading to the formation of two O+ fragments. For addi-

tional clarity, in Fig. 5.6, we schematically depict the two single-photon ionization

transitions involved for the ionization sequences 1,2,3.

As mentioned earlier, we do not include excited states of O2+
2 , such as the

11Πg, 11∆u, 11Σ−u and B3Σ−u states. However, these states are coupled to non-

excited states of O2+
2 , namely the C3Πu, 15Σ+

g and 15Πu states, all three of which

are the final O2+
2 states for some of the eight ionization sequences in Table 5.3.

This is the reason the theoretical KER distribution in Fig. 5.5(a) still reproduces the

features that appear in the experimental distribution in Fig. 5.5(b).

5.3.3 KER dependence on intensity of the laser pulse

In what follows, we investigate how the KER distribution of the O+ + O+ pathway

changes with the laser-pulse intensity. In Fig. 5.7, we plot the KER distribution for a

laser-pulse intensity of 5×1014 W/cm2, while in Fig. 5.5(a) the laser-pulse intensity

is smaller and equal to 5×1012 W/cm2. Comparing the KER distribution in Fig. 5.7

with Fig. 5.5(a), we find that the KER distribution for each photon energy from 20
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Ionization Sequence
1 O2→ O+

2 (a
4Πu)→ O2+

2 (15Σ+
g )

2 O2→ O+
2 (a

4Πu)→ O2+
2 (A3Σ+

u )

3 O2→ O+
2 (c

4Σ−u )→ O2+
2 (C3Πu)

4 O2→ O+
2 (a

4Πu)→ O2+
2 (W 3∆u)

5 O2→ O+
2 (b

4Σ−g )→ O2+
2 (15Πu)

6 O2→ O+
2 (a

4Πu)→ O2+
2 (15Πu)

7 O2→ O+
2 (X

2Πg)→ O2+
2 (W 3∆u)

8 O2→ O+
2 (X

2Πg)→ O2+
2 (A3Σ+

u )

Table 5.3: Main ionization sequences leading to the formation of the O+ + O+ dissociation
pathway. These eight ionization sequences account for almost all O+ + O+

events.

Figure 5.6: Schematic depiction of the two single-photon ionization transitions, first, from
the ground state to an O+

2 state and, then, from the O+
2 state to an O2+

2 state for
ionization sequences 1,2,3.

eV to 25 eV is broader for the lower intensity. From 25 eV photon energy onwards,

the KER distributions are similar in Fig. 5.7 and Fig. 5.5(a). To explain the wider

KER distributions for small photon energies for the lower intensity, in Fig. 5.8,

we plot the probabilities of each of the eight ionization sequences as a function of

photon energy. We find that for photon energies roughly up to 25 eV, only sequences

1 and 2 contribute to the O+ + O+ pathway. For the higher intensity, sequence 2
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Figure 5.7: Same as Fig. 5.5(a) with a laser intensity of 5×1014 W/cm2.

contributes more, while for the lower intensity both sequences contribute roughly

equally. The contribution of one versus two ionization sequences is consistent with

a narrower KER distribution for the higher intensity. For 25 eV photon energy

onwards, we find that almost all ionization sequences contribute roughly the same

for both intensities, resulting in similar KER distributions for these photon energies

for both intensities.

5.3.4 Main features of the KER distribution

In this section, we associate the main features of the KER distribution as a func-

tion of photon energy with the ionization sequences. Plotting the KER distribution

of each sequence individually (not shown), we are able to assign features from the

overall KER distribution to specific sequences. This correspondence is shown in

Fig. 5.9, for the KER distribution of the O+ + O+ pathway for the laser-pulse inten-

sity of 5×1012 W/cm2 and FWHM of 100 fs. For photon energies from 20 eV to 25

eV, the centre of the KER distributions changes almost linearly from 5 eV to 9 eV.



5.3. Results 160

20 25 30 35 40

0

20

40

60

80

100
Sequence 1

Sequence 2

Sequence 3

Sequence 4

Sequence 5

Sequence 6

Sequence 7

Sequence 8

20 25 30 35 40

0

20

40

60

80

100
Sequence 1

Sequence 2

Sequence 3

Sequence 4

Sequence 5

Sequence 6

Sequence 7

Sequence 8

Figure 5.8: Probability, computed out of all O+ + O+ events, of each of the 8 main ioniza-
tion sequences leading to the formation of the O+ + O+ pathway, as a function
of the photon energy. The FWHM of the laser pulse is 100 fs and the laser
intensity is (a) 5×1012 W/cm2 (b) 5×1014 W/cm2.
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Figure 5.9: Annotated kinetic-energy release spectra of the atomic fragments in the O+ +
O+ dissociation pathway, associating different ionization sequences to different
features. The laser-pulse intensity is equal to 5×1012 W/cm2 and the FWHM
is equal to 100 fs.

This is due to the ionization sequences 1 and 2, as we have previously mentioned in

Section 5.3.3. Another aspect of the KER distributions is an almost linear increase

from 9 eV to 11 eV between 25 eV and 28 eV photon energy. We find that this KER

feature is due to the ionization sequences 1 and 5. Also, for photon energies higher

than 25 eV, we see a series of constant lines in the kinetic-energy spectra. The line

corresponding to the highest kinetic energy of 13 eV is due to sequence 3, while the

line corresponding to the lowest kinetic energy of 7 eV is due to sequence 4. The

sequences 1, 5, 6, 7 and 8 equally contribute to the broad spectra between 8 eV and

11 eV kinetic energy.

To explain the features of Fig. 5.9, in Fig. 5.10, we plot the distributions of

the internuclear distances when each of the two single-photon ionization transitions

occur for ionization sequence 1. The reason we focus on this sequence is that we

obtain similar results for all eight sequences. In Fig. 5.10, for the first ionization

process, we see that the distribution of internuclear distances is narrower for small

compared to larger photon energies. The reason is that as we increase the photon

energy the first ionization step from the ground O2 state to the single ionized O+
2

state is energetically accessible at more internuclear distances. In addition, we find
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Figure 5.10: For ionization sequence 1, distributions of internuclear distances when the first
single-photon ionization (left column) and second single-photon ionization
(right column) take place.

that for all photon energies, the distribution of internuclear distances are centred

around the equilibrium distance of O2, which is re = 2.28 a.u. For the second ion-

ization transition, we find that the distribution of internuclear distances is narrower

for small photon energies compared to photon energies above 25 eV. Also, the sec-

ond ionization transition takes place at large internuclear distances, around 4.5 a.u.,

for 20 eV photon energy, decreasing to roughly 3 a.u. at 26 eV photon energy.

For photon energies above 26 eV, the distribution of internuclear distances doesn’t

change and is centred around small internuclear distances of roughly 2.5 a.u. The

reason is that for small photon energies, a transition from an O+
2 state to an O2+

2

state is only allowed for larger distances, note from Fig. 5.1 the energy difference

between the PECs of O+
2 (a

4Πu) and O2+
2 (15Σ+

g ) involved in sequence 1.

For photon energies between 20 eV and 25 eV, the decrease of the internu-

clear distance in the second ionization step is consistent with the linear increase in

the centre of the KER distribution in Fig. 5.9. Indeed, in Fig. 5.1, we see that at

larger internuclear distances the PEC of the O2+
2 (15Σ+

g ) state involved in sequence

1 is shallower and hence the derivative of the PEC, which is the repulsive force,

is smaller leading to a smaller velocity gain of the two O+ fragments at dissocia-

tion. Also, the spectral lines remaining constant for photon energies higher than 25

eV is consistent with the width of the distribution of internuclear distances being
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the same for higher photon energies in Fig. 5.10. The value of the sum of the fi-

nal kinetic energies of the O+ atomic fragments, and hence the kinetic energy each

spectral line corresponds to, depends on the slope of the PECs of the O2+
2 states at

the internuclear distance when the second ionization transition takes place.

5.4 Conclusions
We have presented a hybrid quantum-classical technique to account for both the

electronic structure and electron escape as well as the nuclear dynamics of a di-

atomic molecule during its interaction with an XUV laser pulse. In our technique,

we treat quantum mechanically the electronic structure and ionization as well as the

single-photon ionization and Auger-Meitner processes. In addition, we compute,

with accurate quantum-chemistry methods, the potential-energy curves for molecu-

lar ion states of O2 up to O2+
2 . We then use these potential-energy curves to compute

the force between the two nuclei and classically account for the final velocities of

the atomic fragments. Both the quantum and classical aspects of our techniques

are incorporated in a stochastic Monte-Carlo calculation that accounts for the in-

teraction of an O2 molecule with an XUV pulse. The accuracy of our technique is

demonstrated by comparing the sum of the kinetic energies of the two O+ atomic

fragments in the O+ + O+ pathway as a function of photon energy with experimen-

tal results. We find very good agreement with experiment. Moreover, we are able to

associate the main features of the kinetic-energy release distribution as a function

of photon energy for the O+ + O+ pathway to the main ionization sequences lead-

ing to this pathway. Our technique is general and can be applied to any diatomic

molecule.



Chapter 6

Conclusions

In this dissertation, we explored the interactions of molecules with intense laser

pulses in the ultraviolet and X-ray range. In order to study the phenomena that occur

during single-photon ionization and Auger-Meitner decay, we computed continuum

wavefunctions in the Hartree-Fock framework. When performing our calculations,

we used parameters for the laser pulses such that we were able to compare our

results with experiment and other theoretical work, thus allowing us to verify our

methods.

First, we theoretically modelled angular streaking using a combination of a

linearly-polarized UV or X-ray laser pulse and a circularly-polarized IR pulse. We

developed a hybrid quantum-classical method to achieve this. In the first step, we

computed the dipole matrix element to transition from an initial bound state to a

continuum state due to a UV or X-ray laser pulse. To do this, we obtain the con-

tinuum wavefunction quantum-mechanically by solving a system of Hartree-Fock

equations. Following ionization, we then solved classically for the trajectory of

the continuum electron when it is exposed to an IR pulse using the strong field ap-

proximation. We applied this hybrid technique to the diatomic molecules N2 and

NO.

For N2, we were able to demonstrate a one-to-one mapping between the direc-

tion of ionization of an electron and the phase delay between a linearly-polarized

vacuum ultraviolet pulse and a circularly-polarized IR laser field. We were able to

display this control of the ionizing electron for ionization from three orbitals of N2,
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namely 2σg, 3σg and 1πu using photon energies of 41 eV, 17 eV and 16 eV, re-

spectively. We found that we achieved a greater degree of control when the photon

energy was smaller and the intensity of the IR pulse was higher. We also verified the

accuracy of our continuum wavefunctions by comparing our photoionization cross

sections with the literature. Finally, from these findings we showed that production

of large magnetic fields, roughly equal to 1 Tesla, is possible using a VUV pulse

below 100 nm.

Using NO as a case study, we were able to demonstrate our methods for

computing continuum wavefunctions and model angular streaking for open-shell

molecules. We utilised an X-ray pulse with photon energies sufficient to ionize the

core orbitals of NO, namely 1σ and 2σ . We considered both singlet and triplet spin

spin symmetries. Again we verified the accuracy of our continuum wavefunctions

by comparing our photoionization cross sections with the literature. We showed

that control of electron current was also possible in open-shell molecules, and fur-

thermore for electrons ionized from core orbitals. Similarly to N2, we found using

a high intensity IR pulse resulting in better control of the ionizing electron. We also

investigated the effects on final electron escape when we streak with an IR pulse

by comparing the doubly differential probabilities for an electron to escape on the

plane of the IR pulse with the angular distributions of the ionizing electron due

solely to the X-ray pulse. We found that using a low intensity IR pulse allows us to

preserve the angular escape patterns resulting from the X-ray pulse.

Finally, we developed techniques to simulate the interaction between diatomic

molecules and intense laser pulses, incorporating both the quantum and classical

aspects of molecular dynamics. Specifically, we computed transition rates for pho-

toionization and Auger-Meitner decay using our quantum mechanical methods,

while modelling nuclear dynamics with classical techniques. These components

were integrated within a stochastic Monte-Carlo framework, enabling us to track

the molecular dissociation into atomic fragments and follow the dynamics of these

fragments throughout the simulation. Applying these methods to the interaction

between O2 and an XUV pulse, we observed excellent agreement between our sim-
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ulated final velocities of the dissociated atomic fragments and experimental results.

We note that we have only considered sequential ionization processes in this

work where only a single electron escapes to the continuum. Furthermore, in this

thesis we have only considered interactions involving diatomic molecules. How-

ever, in future work our models could be used for polyatomic molecules consisting

of more than two atoms.



Appendix A

Laplace multipole expansion

The law of cosines states

c2 = a2 +b2−2abcosγ, (A.1)

where a,b,c are sides of a triangle and γ is the angle between a and b. Then

∣∣r− r′
∣∣= r2 +(r′)2−2rr′ cosγ

=⇒ 1
|r− r′|

=
1

r
√

1+h2−2hcosγ
,

(A.2)

where h = r′
r . The Legendre polynomials can be defined as the coefficients in the

expansion of the function

1√
1−2xt + t2

=
∞

∑
n=0

Pn(t)tn. (A.3)

Hence in our case we have

1
|r− r′|

=
1
r

∞

∑
l=0

hlPl(cosγ). (A.4)

The spherical harmonic addition theorem states

Pl(cosγ) =
4π

2l +1

l

∑
m=−l

(−1)mY−m
l (θ ,φ)Y m

l (θ ′,φ ′). (A.5)
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Hence, we have

1
|r− r′|

=
1
r

∞

∑
l=0

4π

2l +1
hl

l

∑
m=−l

(−1)mY−m
l (θ ,φ)Y m

l (θ ′,φ ′)

= ∑
lm

4π

2l +1
rl
<

rl+1
>

Ylm(θ ,φ)Y ∗lm(θ
′,φ ′),

(A.6)

where r< = min(r,r′) and r> = max(r,r′) and we have used the fact that

Y m∗
l (θ ,φ) = (−1)mY−m

l (θ ,φ). This is known as the Laplace multipole expansion.



Appendix B

Clebsh-Gordan and Wigner-3j

symbols

B.1 Clebsh-Gordan Coefficients
Suppose J1,J2 are commutable angular momentum operators. For example, they

could be the angular momentum operators for two different particles or the respec-

tive orbital and spin angular momentum operators for a single particle. Let ψ j1m1

be the simultaneous eigenfunctions of J2
1 and J1z, and similarly ψ j2m2 for J2

2 and J2z.

Then the simultaneous eigenfunctions of J2
1, J1z, J2

2 and J2z satisfy

ψ j1m1, j2m2 = ψ j1m1×ψ j2m2. (B.1)

There are (2 j1 +1)(2 j2 +1) of such functions. The eigenfunctions of J = J1 +J2

satisfy

J2
Φ

jm
j1, j2 = j( j+1)}2

Φ
jm
j1, j2

JzΦ
jm
j1, j2 = m}Φ

jm
j1, j2,

(B.2)

for − j ≤ m ≤ j and j = | j1− j2|, | j1− j2|+ 1, . . . , j1 + j2. Then we have the fol-

lowing relation

Φ
jm
j1, j2 = ∑

m1,m2

〈 j1 j2m1m2| jm〉ψ j1m1, j2m2. (B.3)
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The 〈 j1 j2m1m2| jm〉 are known as the Clebsh-Gordan coefficients. They satisfy

the following orthonormality relations

∑
m1,m2

〈 j1 j2m1m2| jm〉
〈

j1 j2m1m2
∣∣ j′m′〉= δ j j′δmm′

∑
m1,m2

〈 j1 j2m1m2| jm〉
〈

j1 j2m′1m′2
∣∣ jm〉= δm1m′1

δm2m′2
,

(B.4)

and the following symmetry properties

〈 j1 j2m1m2| jm〉= (−1) j1+ j2− j 〈 j2 j1m2m1| jm〉

= (−1) j1+ j2− j 〈 j1 j2−m1−m2| j−m〉 .
(B.5)

It can be shown that the product of spherical harmonic functions can be written as

Y m1
l1

(θ ,φ)Y m2
l2

(θ ,φ) =
l1+l2

∑
l=|l1−l2|

l

∑
m=−l

√
(2l1 +1)(2l2 +1)

4π(2l +1)

×〈l1l200|l0〉〈l1l2m1m2|lm〉Y m
l (θ ,φ).

(B.6)

Using this, the orthonormality of spherical harmonic functions and the fact that

Y−m
l (θ ,φ) = (−1)mY ∗ml (θ ,φ), we have the following identity

∫
Y m1

l1
(θ ,φ)Y m2

l2
(θ ,φ)Y m3

l3
(θ ,φ)dΩ = (−1)m3

√
(2l1 +1)(2l2 +1)

4π(2l3 +1)

×〈l1l200|l30〉〈l1l2m1m2|l3−m3〉Y m
l (θ ,φ).

(B.7)

B.2 Wigner-3j Symbols
Wigner-3j symbols are an alternative to Clebsh-Gordan coefficients, given by l1 l2 l3

m1 m2 m3

=
(−1) j1− j2−m3
√

2 j3 +1
〈 j1m1 j2m2| j3−m3〉 . (B.8)



B.2. Wigner-3j Symbols 171

A Wigner-3j symbol is zero unless all of the following conditions are satisfied:

mi ∈ {− ji,− ji +1, . . . , ji} for i = 1,2,3

m1 +m2 +m3 = 0

| j1− j2| ≤ j3 ≤ j1 + j2

j1 + j2 + j3 is an integer.

(B.9)

By Eq. (B.8), they follow the symmetry properties l1 l2 l3

m1 m2 m3

= (−1)(l1+l2+l3)

 l1 l2 l3

−m1 −m2 −m3


 l1 l2 l3

m1 m2 m3

= (−1)(l1+l2+l3)

 l1 l2 l3

m2 m1 m3

 .

(B.10)

We can rewrite the integral of the three spherical harmonic functions in terms of

Wigner-3j symbols [68]

∫
Y m1

l1
(θ ,φ)Y m2

l2
(θ ,φ)Y m3

l2
(θ ,φ)dΩ =

√
(2l1 +1)(2l2 +1)(2l3 +1)

4π

×

l1 l2 l3

0 0 0

 l1 l2 l3

m1 m2 m3

 .

(B.11)
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M. Köpke, M. Körfer, W. Kook, B. Krause, O. Krebs, S. Kreis, F. Krivan,

J. Kuhlmann, M. Kuhlmann, G. Kube, T. Laarmann, C. Lechner, S. Led-

erer, A. Leuschner, D. Liebertz, J. Liebing, A. Liedtke, L. Lilje, T. Lim-

http://dx.doi.org/ 10.1038/nphoton.2007.76
http://dx.doi.org/ 10.1038/nphoton.2007.76


BIBLIOGRAPHY 179

berg, D. Lipka, B. Liu, B. Lorbeer, K. Ludwig, H. Mahn, G. Marinkovic,

C. Martens, F. Marutzky, M. Maslocv, D. Meissner, N. Mildner, V. Miltchev,

S. Molnar, D. Mross, F. Müller, R. Neumann, P. Neumann, D. Nölle, F. Obier,

M. Pelzer, H.-B. Peters, K. Petersen, A. Petrosyan, G. Petrosyan, L. Pet-

rosyan, V. Petrosyan, A. Petrov, S. Pfeiffer, A. Piotrowski, Z. Pisarov,

T. Plath, P. Pototzki, M. J. Prandolini, J. Prenting, G. Priebe, B. Racky,

T. Ramm, K. Rehlich, R. Riedel, M. Roggli, M. Röhling, J. Rönsch-
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