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Nomenclature

Abbreviation

ACC Adaptive Cruise Control

ARIMA Auto Regressive Integrated Moving Average Model

AT-DMPC Adaptive Tube-based Distributed Model Predictive Control

BPNN Back Propagation Neural Network

CACC Cooperative Adaptive Cruise Control

CAV Connected and Autonomous Vehicle

CNN Convolutional Neural Network

DMPC Distributed Model Predictive Control

EV Electric Vehicle

GCN Graph Convolutional Network

HDV Human Driven Vehicle

HIL Hardware-in-the-Loop

IDM Intelligent Driver Model

ISMC Integral Sliding Mode Control

ISS Input-to-State Stability
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LEC Learning-based Ecological Car-following strategy

LSTM Long Short-Term Memory

MAH Multi-Head Attention Mechanism

MFST Macro-micro Fused Spatial-temporal Transformer

MPC Model Predictive Control

OCP Optimization Control Problem

PF Predecessor-Follower

PLF Predecessor-Leader Following

PMSM Permanent Magnet Synchronous Motor

RBF-NN Radial Basis Function Neural Network

SMC Sliding Mode Control

STT Spatial-Temporal Transformer

TPLF Two Predecessor-Leader Following

Notation

Cd , C f Air drag and rolling resistance coefficients

d, w Modeling uncertainty and measurement noise

E, ∆t Kinetic energy and time headway of vehicle

g Gravity constant

m Vehicle mass

P Vehicle power

p, v Position and velocity of vehicle
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r Tire radius

T , ξ Input torque and virtual input

x, u, y Actual state, input and output

xa, ua Assumed state and input

x̂, ŷ Estimated state and output

x̄, ū Nominal state and input

x∗, u∗ Optimal state and input

∆T Discrete input torque change rate

∆s Sampling distance interval

ηm Motor efficiency

ηt Transmission efficiency of the powertrain

θ Road slope angle

E , δ Normalized kinetic energy and time headway of vehicle

T , ζ Normalized input torque and virtual input

ω Motor angular velocity

R, R≥0 The real and the non-negative real sets of numbers

| a | The absolute value of the number a ∈ R

|| x ||2 The Euclidian norm of the vector x ∈ Rn

|| x ||∞ The infinity norm of the vector x ∈ Rn

A[i, j] The (i, j)th entry of the matrix A ∈ Rn×n

max(x) The maximum entry of the vector x ∈ Rn
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min(x) The minimum entry of the vector x ∈ Rn

⊕ The Minkowski sum of sets W⊕V= {x+ y | x ∈W,y ∈ V}

⊖ The Minkowski difference of sets W⊖V= {x | x⊕V⊆W}



Abstract

Urbanization and the steady increase in vehicle numbers are pushing trans-

portation to its limits, resulting in congestion, higher emissions and energy con-

sumption, and safety issues. These have promoted legislation and technologies

for cleaner, safer and more efficient transport. Connected and autonomous vehi-

cle (CAV) technology is set to play a major role in the ongoing transport revolution.

This thesis focuses on the control design for various CAV control problems with

a particular emphasis on model predictive control (MPC). MPC is notable for its

ability to effectively handle strict constraints on controls and states, such as power-

train limits, collision avoidance constraints and traffic regulation constraints while

achieving near-optimal performance according to an objective function specified by

the designer.

The first part of this thesis focuses on developing a robust car-following strat-

egy for a single CAV, which achieves the best trade-off between performance opti-

mality and computational efficiency through a novel MPC design. Next, the prob-

lem is extended to a platooning problem which involves multiple CAVs in the one-

dimensional space. A distributed robust MPC algorithm is designed for platoon

formation control. The final part of the thesis focuses on the coordination of mul-

tiple vehicles within a two-dimensional space. A hierarchical planning and control

framework is developed to solve this, where the motion planner is based on the ar-

tificial potential field method, and the control layer employs distributed MPC. Nu-

merical results of all proposed methods are given with comprehensive comparisons

with state-of-the-art methods.



Impact Statement

In recent years, the number of global vehicles has been growing rapidly, which

expands at a rate around 10% per annum according to the data reported by authori-

tative organizations [1,2]. This increase has significant implications for road safety,

as well as growing energy consumption and contributing to higher emissions. To

address the aforementioned problems, the ‘Electric’ and ‘Autonomous’ developing

trend proposed by automotive industry leaders such as Waymo, Tesla, Argo AI,

Cruise, Baidu, Uber, and others [3–6] represents a reasonable and forward-thinking

solution.

With the continuous advancements in technologies such as data collection and

fusion, localization and navigation, decision-making and control, and environmen-

tal perception, electric connected and autonomous vehicles are anticipated to be-

come available to humans in the near future [7–9]. To accelerate the implementation

of autonomous driving, this thesis focuses on the properties required for practical

applications, such as real-time computation capability, robustness against uncertain-

ties, controller optimality and feasibility, and so on. Moreover, the hardware-in-the-

loop and the vehicle on-road experiments are designed and conducted to validate the

practical applicability.
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Chapter 1

Introduction

1.1 Background

With the accelerated pace of urban development in recent years, the number of

on-road vehicles has been continuously increasing, reaching approximately 1.446

billion in 2024 [2]. This trend results in severe congestion, energy consumption, and

road hazards. To tackle these issues, the concept of ‘Connected and Autonomous

Vehicle’ (CAV) has been proposed and promoted by research organizations and

automobile industries, which has the potential to alleviate the underlying problems.

The development about CAV related technologies can be dated back to the

Program on Advanced Technology for the Highway [11] at the University of Cal-

ifornia, Berkeley in the 1990s. With the continuous advancement of technolo-

gies [12, 13], various strategies for CAV have been explored, which include op-

timal control [14–17], learning-based method [18–21], model predictive control

(MPC) [22–24] and heuristic algorithm [25, 26]. Different algorithms brings dis-

tinct advantages, and in particular, MPC-based schemes turn out to be one of the

most preferable control solutions [27] for their capability of handling the control

and state constraints, which are ubiquitous in the autonomous driving, such as pow-

ertrain limits, collision avoidance constraints and traffic regulation constraints.

In the context of environmental pollution, powertrain electrification is widely

recognized as a beneficial solution, as it reduces emissions resulting from fuel com-

bustion. Based on the UK government roadmap [28], electric vehicles are con-
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sidered as one of the final goals in transport electrification and decarbonisation by

2050. From a report of Goldman Sachs in 2022 [29], the proportion of the electri-

fied vehicles of the whole global automobile market will rise from 3% in 2020 to

15% in 2025 and then 32% and 58% in 2030 and 2040, respectively.

1.2 Challenges and Contributions
According to the literature in CAV control (a detailed review is given in Chap-

ter 2), to solve a series of issues resulting from urbanization and the rising number

of vehicles (as illustrated in Fig. 1.1), MPC-based strategies for CAVs are designed

and proposed in this study. To be specified, three different scenarios are considered,

including ecological car-following, heterogeneous CAV platooning and multi-CAV

coordination in two-dimensional scenario.

Objectives

Driving ComfortTransportation Efficiency Ecological Factors

Throughput Safety
Incremental 

Input Torque

Energy 

Consumption
EmissionCongestion

Figure 1.1: Objectives achieved in this thesis.

1.2.1 Research Challenges

In recent decades, the development and deployment of CAV technologies have

been accompanied by many challenges. Some current approaches are not based on

optimization, relying instead on methods such as PID [30, 31], sliding mode con-

trol [32,33] and heuristic algorithms [34,35]. However, most optimal control-based

methods require nonlinear optimization [36,37], which demands substantial compu-

tational resources and is therefore impractical for real-time applications. In complex
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transportation scenarios, certain unrealistic assumptions are made, such as using the

IDM [38, 39] to simulate the car-following behavior of HDVs. Furthermore, many

studies only focus on road safety [40,41] while neglecting vehicle energy consump-

tion. This oversight is critical as people are facing the problem of increasing energy

consumption due to the rising vehicle number [42, 43]. Additionally, some works

remain purely theoretical and do not incorporate the design of corresponding HIL

or vehicle on-road experiments for validation.

1.2.2 Aims and Contributions

In order to address the aforementioned research challenges, the aims of the

proposed thesis are introduced in this subsection. Firstly, a novel distributed MPC

algorithm is developed, ensuring theoretical guarantees such as recursive feasibility

and Lyapunov stability. To ensure the practical capability of the CAV controller,

the original nonlinear problem has been reformulated into a lossless convex form

based on fairly accurate vehicle and powertrain models. Additionally, a learning-

in-the-loop speed forecasting approach is employed, which accounts for the impact

of traffic conditions on CAV control. Considering road safety, an improved APF

planning strategy is developed and integrated with an MPC controller that incor-

porates safety constraints, enabling collision avoidance in unknown environments.

Finally, the hardware-in-the-loop experiment and the on-road vehicle experiment

are designed in order to verify the practical applicability of the proposed methods

in different scenarios.

1.3 Thesis Outline
The remainder of this paper is structured as follows. In Chapter 2, the funda-

mental concepts about MPC and the related works concerning the MPC-based CAV

control are introduced to facilitate a comprehensive understanding. Chapter 3 pro-

poses a spatial-temporal transformer-based car-following strategy. Through a spa-

tial domain modeling approach, the original nonlinear problem is reformulated into

a lossless convex form, enabling real-time computation of the developed controller.

The validity of this reformation is guaranteed by a parameter tuning guide. Mean-
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while, the error between the predicted trajectory and the actual trajectory is handled

by the robust MPC in the control layer. In Chapter 4, the single car-following prob-

lem is extended to a CAV platooning problems where considering heterogeneity.

Theoretical analysis of recursive feasibility and Lyapunov asymptotic stability are

demonstrated. Moreover, hardware-in-the-loop experiment results are presented. A

planning-and-tracking framework is developed in Chapter 5 in order to achieve col-

lision avoidance and reconfiguration for CAVs in unknown environments. The up-

per layer motion planning is based on an improved artificial potential field method,

which can ensure the boundedness of the resulting speed profile. In the control

layer, obstacle avoidance is guaranteed by incorporating safety constraints into the

MPC controller. Additionally, the strategy is highlighted for its advantages in com-

parison with another state-of-the-art algorithm. Finally, Chapter 6 concludes this

study and further discusses the future works.

1.4 Publication List
During the period of pursuing the degree of Doctor of Philosophy, the publica-

tions of the author are listed as follows:

Journal Papers:

1. Sun, H., Li, B., Zhang, H., Dai, L., Fedele, G., Zhuang, W. and Chen, B.,

2024. Ecological Electric Vehicle Platooning: An Adaptive Tube-based Dis-

tributed Model Predictive Control Approach. IEEE Transactions on Trans-

portation Electrification. (Accept)

2. Sun, H., Dai, L., Fedele, G. and Chen, B., 2024. A Convex and Robust

Distributed Model Predictive Control for Heterogeneous Vehicle Platoons.

European Journal of Control. (Accept)

3. Li, B., Zhuang, W., Zhang, H., Sun, H., Liu, H., Zhang, J., Yin, G. and Chen,

B., 2023. Traffic-aware Ecological Cruising Control for Connected Electric

Vehicle. IEEE Transactions on Transportation Electrification. (Accept)

4. Sun, H., Li, S., Li, B., Chen, M., Zhang, S., Zhuang, W., Yin, G. and Chen,
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B., 2024. Spatial-Temporal Transformer-based Ecological Car-Following

Strategy for Connected Electric Vehicles in Dynamic Environment. Energy.

(Under Review)

Conference Papers:

1. Sun, H., Hu, J., Dai, L. and Chen, B., 2024. A Multi-Agent Path Planning

Strategy with Reconfigurable Topology in Unknown Environments. In 2024

IEEE 20th International Conference on Automation Science and Engineering

(CASE). IEEE. (Accept)

2. Sun, H., Dai, L. and Chen, B., 2022. Tube-based distributed model predictive

control for heterogeneous vehicle platoons via convex optimization. In 2022

IEEE 25th International Conference on Intelligent Transportation Systems

(ITSC). IEEE. (Accept)



Chapter 2

Fundamental Concepts and Related

Works

2.1 Motivations of MPC

The concept of Model Predictive Control (MPC) derives from optimal control

theory, which employs the mathematical model of a system to forecast its future

behavior. Based on these predictions, MPC optimizes control decisions to achieve

predefined objectives. MPC-based strategies are widely regarded as one of the most

preferable solutions for CAV control due to their ability to effectively manage both

control and state constraints inherent in vehicle control, such as powertrain input,

collision avoidance and traffic regulation limits.

2.2 Basics of MPC

The vehicle dynamic system can be modeled in the form of nonlinear differ-

ence equations as follows:

x(k+1) = f (x(k),u(k)) (2.1)

where k is the discrete time index. x(k) ∈ Rn, u(k) ∈ Rm and f : Rn×Rm → Rn

denotes the state, the input and the transition relationship. Constraints of the afore-
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mentioned system (2.1) are defined as

X= {x(k) ∈ Rn : x≤ x(k)≤ x̄} (2.2a)

U= {u(k) ∈ Rm : u≤ u(k)≤ ū} (2.2b)

where X ⊂ Rn is the admissible state set and U ⊂ Rm is the admissible input set,

which are both compact and time-invariant. In the context of CAV control, the state

x(k) could partially involve the two-dimensional position vectors px(k) and py(k),

the velocity v(k) and the speed angle β (k) depending on different scenarios. For

instance, the state vector can be defined as x(k) = [p(k),v(k)]⊤ when considering

longitudinal platoon control problem.

For such systems, the control law that exhibits the best closed-loop properties

is the solution to the following finite horizon constrained optimal control problem

(MPC).

OCP 1

min
u(k)

JNp(x(k),u(k)) =
Np−1

∑
j=0

l(x( j|k),u( j|k))+Vf (x(Np|k)) (2.3a)

s.t. for j = 0,1,2, . . . ,Np−1

x( j+1|k) = f (x( j|k),u( j|k)) (2.3b)

x( j|k) ∈ X (2.3c)

u( j|k) ∈ U (2.3d)

x(Np|k) ∈ X f (2.3e)

x(0|k) = x(k) (2.3f)

where (2.3a) is the objective function, where l(x( j|k),u( j|k)) denotes the stage cost

and Vf (x(Np|k)) denotes the terminal cost. x(: |k) and u(: |k) are the optimization

state and input, respectively. Let (xdes,udes) represent the optimal equilibrium, sat-

isfying f (xdes,udes) = xdes, and choose the terminal set X f such that xdes ∈X f ⊂X.

Moreover, l(xdes,udes) = 0 and Vf (x)≥ 0 are commonly assumed.
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Figure 2.1: MPC application in vehicle control system.

Figure 2.1 presents the MPC application corresponding to vehicle control sys-

tem. At step k, optimal solutions u∗(k) = {u∗(0|k),u∗(1|k), ...,u∗(Np− 1|k)} are

obtained through solving the finite receding horizon problem 2.3, and only the ini-

tial input u∗(0|k) is applied to the dynamic system (2.1). After taking the updated

measurements, the MPC algorithm is operated repeatedly at step k + 1. The de-

scribed process can be illustrated in Figure 2.2

Figure 2.2: MPC application in vehicle control system.

Moreover, the application of MPC is not limited to a specific system. MPC

can be implemented in any control system that permits real-time computation, typi-

cally depending on the horizon length and the complexity of the proposed problem.



2.3. Closed-loop Properties of MPC 26

The MPC setup can be adapted to a wide range of scenarios, such as the objective

function, the dynamic model, the predictive horizon length, and the terminal con-

straint employed. The MPC-based optimization problems are normally formulated

as quadratic or linear forms in order to find solutions within an interval step. In

addition, for hybrid or nonlinear models, the MPC problems can be reformulated as

a mixed-integer quadratic program, or as a nonlinear program.

2.3 Closed-loop Properties of MPC
Due to the finite predictive horizon, the recursive feasibility and stability of

the MPC-based system can be guaranteed. In the following, we will discuss how

terminal conditions can be employed to ensure the stability and optimality of a

nominal MPC through set-valued analysis. For the purpose of further analysis, the

following definitions are introduced.

Definition 2.3.1 (Feasible control input). The control input u is considered feasible

if the resulting state x satisfies constraints (2.3b) to (2.3f).

UNp(x) = {u | (2.3b)− (2.3f) hold} (2.4)

Definition 2.3.2 (Np-step controllability set). The Np-step controllability set XNp

fulfills:

XNp = {x |UNp(x) ̸= /0} (2.5)

The recursive feasibility, a key porperty of MPC, is defined based on Defini-

tions 2.3.1 and 2.3.2.

Definition 2.3.3 (Recursive feasibility). Give any x(k) ∈ XNp , we have x(k+ 1) =

f (x(k),u(k)) remains in XNp .

The recursive feasibility property ensures that x(k) exists for every initial state

x(0|k) ∈ XNp , and that x(k) remains within XNp . To ensure the closed-loop stabil-

ity of the MPC algorithm (2.3), we rely on the following assumption, which was

established as a standard for stabilizing MPC by [44].
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Assumption 2.3.1 A terminal control law κ f (·): X f → U exists, such that for x ∈

X f :

a). X f is positive invariant under the terminal control law κ f (·): x(k + 1) =

f (x(k),u(k)) ∈ X f ,∀x(k) ∈ X f .

b). Vf (·) is a local Lyapunov function with respect to the terminal state x(Np|k),

which satisfies JNp(x(k+1),u(k+1))≤ JNp(x(k),u(k)).

Now, all the necessary ingredients are introduced to characterize the MPC sta-

bility as follows:

Theorem 2.3.1 (Asymptotic stability and positive invariance [44]). First,

under Assumption 2.3.1, there exist K∞ class functions α1, α2 such that

l(x(k),u(k)) ≥ α1(|x(k)|) and Vf (x(k)) ≤ α2(|x(k)|) with the optimal value func-

tion J∗Np
(x(k),u(k)). Then, the Np-step controllability set XNp is strong positively

invariant for the MPC problem (2.3). Moreover, the dynamic system introduced in

(2.3b) is asymptotic stable with the region of X f centered at the desired state.

Furthermore, we can see that increasing the predictive horizon Np will enlarge

the range of invariant set X f based on Definitions 2.3.1 and 2.3.2.

2.4 MPC with Linear System and Quadratic Cost

Function
Linear dynamic models with quadratic cost function are one of the most im-

portant formulations in MPC. A finite predictive horizon MPC problem can be for-

mulated by replacing (2.3a) and (2.3b) with a linear discrete-time prediction model

x( j+1|k) = Ax( j|k)+Bu( j|k) (2.6)

and the quadratic cost function

l(x( j|k),u( j|k)) = x( j|k)⊤Qx( j|k)+u( j|k)⊤Ru( j|k), (2.7)

Vf (x(Np|k)) = x(Np|k)⊤Px(Np|k) (2.8)
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on the basis of the general MPC problem (2.3). The matrices Q, R and P are sym-

metric, where Q ≥ 0 and P ≥ 0 are n× n symmetric real matrices and R > 0 is an

m×m symmetric real matrix. Without considering the state and the input constraints

(2.3c) and (2.3d), the problem is similar to the linear quadratic regulator (LQR) but

is solved over a finite horizon Np instead of an infinite horizon. Once the constraints

(2.3c) and (2.3d) are taken into consideration, the unique optimal feedback control

law determined by the discrete-time Algebraic Riccati equation in the context of the

LQR framework no longer holds. In most on-road vehicle control cases, the speed

and input torque are constrained by both traffic regulations and physical limits of

the powertrain. These constraints impose upper and lower bounds. Ensuring com-

pliance with these constraints is importance, as failure to do so could lead to severe

results.

In the view of the quadratic cost function (2.6), the jth state in the k-step pre-

dictive horizon can be denoted as x( j|k) = A jx(k)+∑
j−1
n=0 AnBu( j−1−n|k), and the

MPC problem can be formulated as a QP [45] with the initial state x(0|k) = x(k).

Provided matrices A and B for the linear dynamic model (2.6) are stabilizable, and

then cost function J(x(k),u(k)) is convex and the optimal control u∗(k) is piecewise

linear, with both being continuous within XNp . As such, there is always a unique

solution u∗(k) to such a QP.

Theorem 2.4.1 (Existence of the optimal solution [45]). Based on a linear dy-

namic model (2.6) and quadratic costs (2.7) and (2.8), J∗Np
is a convex, piecewise

linear-quadratic function, and u∗(k) is also piecewise linear. Both J∗Np
and u∗(k)

are continuous within XNp .

2.5 Robust MPC for Time-varying Additive Distur-

bances
A general case based on linear dynamic models with a time-varying distur-

bance is expressed as follows:

x(k+1) = Ax(k)+Bu(k)+w(k) (2.9)
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where x(k) ∈ Rn and u(k) ∈ Rm are the state and input as same in the previous sub-

section. w(k)∈Rn denotes an unknown time-varying additive disturbance. In order

to design effective robust MPC algorithms, it is necessary to assume the disturbance

w(k) belongs to a bounded set W.

Definition 2.5.1 (Robust invariant set). If for any x(k) ∈X, it holds that x(k+1) =

f (x(k),Kx(k))+w(k)∈X for all w(k)∈W, where K denotes a state feedback gain.

In other words, X remains positively invariant under any disturbance w(k) ∈W.

In this subsection, we explore a robust MPC approach based on [46], which

involves optimizing feedback policies u( j|k) = K(x( j|k)− x̄( j|k))+ c( j|k), where

c( j|k) is a constant and K is a fixed matrix chosen during controller design that de-

fines stabilizing state feedback control. This feedback ensures that the actual state

x(k + j) remains close to the nominal prediction x̄( j|k) despite unknown distur-

bances. While literature offers methods for linear systems that optimize more com-

plicated feedback policies [47], tube MPC is conceptually straightforward, enables

online optimization comparable to linear MPC in complexity, and can be readily

extended to address complexities such as parameter uncertainty and nonlinear dy-

namics.

Substituting the feedback policy into the dynamic model (2.9)

x( j+1|k) = Ax( j|k)+B(K(x( j|k)− x̄( j|k))+ c( j|k))+w( j|k). (2.10)

Define the uncertain part e( j|k) between predicted state x( j|k) and the nominal state

x̄( j|k) as e( j|k) = x( j|k)− x̄( j|k), then

x̄( j+1|k)+e( j+1|k) = Ax̄( j|k)+Bc( j|k)+Ae( j|k)+BKe( j|k)+w( j|k). (2.11)

Next, we decompose (2.11) into the ‘known’ part and ‘unknown’ part below

x̄( j+1|k) = Ax̄( j|k)+Bc( j|k) (2.12)

e( j+1|k) = Ae( j|k)+BKe( j|k)+w( j|k) (2.13)
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The nominal state x̄( j|k) evolves according to the undisturbed nominal system

with the constant c( j|k), and the unknown e( j|k) evolves based on the design of

the feedback control gain K. Considering a robust invariant set S, if e(0|k) ∈ S,

then e( j|k) will also belong to S, which implies the actual state x( j|k) will remain

close to the nominal prediction x̄( j|k). Given that e( j|k) ∈ S, the state and input

constraints x( j|k) ∈ X and u( j|k) ∈ U will be satisfied if x̄( j|k)+ e( j|k) ∈ X and

c( j|k)+Ke( j|k) ∈ U for all e( j|k) ∈ S or equivalently

x̄( j|k) ∈ X⊖S, c( j|k) ∈ U⊖KS (2.14)

where ⊕ and ⊖ represent the Minkowski sum and difference of sets respectively.

The proposed robust MPC optimization problem can be resulted in:

OCP 2

min
c(k)

JNp(x̄(k),c(k)) =
Np−1

∑
j=0

l(x̄( j|k),c( j|k))+Vf (x̄(Np|k)) (2.15a)

s.t. for j = 0,1,2, . . . ,Np−1

x̄( j+1|k) = Ax̄( j|k)+Bc( j|k) (2.15b)

x̄(0|k) ∈ x(k)⊕S (2.15c)

x̄( j|k) ∈ X⊖S (2.15d)

c( j|k) ∈ U⊖KS (2.15e)

x̄(Np|k) ∈ X f ⊖S (2.15f)

where x̄(: |k) and c(: |k) are the nominal state and the control sequence, respectively.

It is noteworthy that the initial condition for the nominal predicted state x̄(0|k) must

satisfy the constraint (2.15c) in order to avoid the infeasibility at the initial step.

This robust MPC formulation satisfies similar recursive feasibility and closed-loop

stability properties as the linear case. For a rigorous analysis, including more robust

results on exponential stability, readers are referred to [46]. Next, we will provide a

brief outline of the proofs for these properties.
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If the OCP 2 (2.15) is feasible at step k, we can formulate a sub-optimal solu-

tion for the k+ 1 step, where x̂(: |k+ 1) = {x̄(1|k), x̄(2|k), ..., x̄(Np|k),κ f (x̄(Np|k)}

with κ f (x) = (A+BK)x and ĉ(: |k+1) = {c(1|k),c(2|k), ...,c(Np−1|k),Kx̄(Np|k)}

can also satisfy constraints (2.15b) to (2.15f). By induction method, we can infer

that if it is feasible at the step k = 0, it is also feasible for all k, and the resulting

state and input constraints will be satisfied in closed-loop.

Theorem 2.5.1 (Recursive feasibility of robust MPC). For the dynamic system (2.9)

with uncertainty w(s) controlled by u(k) = u∗(0|k), the OCP 2 (2.15) can guarantee

feasibility for all iteration k = 0,1, ...,∞ if it is feasible at the initial step k = 0, and

x(k) ∈ X, u(k) ∈ U in closed-loop operation.

Based on the objective function JNp(x̄(k),c(k)) in (2.15a), if Vf (x) satisfies

l(x,u)+Vf ( f (x,κ f (x))) ≥ Vf (x) then if x̄(0|k) ̸= 0 and l(x,u) is positive definite,

we will have

JNp(x̄(k),c(k)) =
Np−1

∑
j=0

l(x̄( j|k),c( j|k))+Vf (x̄(Np|k))

>
Np−1

∑
j=1

l(x̄( j|k),c( j|k))+Vf (x̄(Np|k))

≥
Np

∑
j=1

l(x̄( j|k),c( j|k))+Vf (x̄(Np|k+1))

≥ JNp(x̄(k+1),c(k+1))

(2.16)

where the first inequality holds because l(x̄(0|k),c(0|k)) is positive, and the second

inequality holds because l(x,u)+Vf ( f (x,κ f (x))) ≥ Vf (x). The third inequality is

valid because the optimal solution of (2.15) will always have a lower cost than

the constructed solution, which are feasible but probably sub-optimal for the same

problem.

As demonstrated, if JNp(x̄(k+1),c(k+1))≤ JNp(x̄(k),c(k)), and if this objec-

tive function is positive definite in x̄(0|k), then it serves as a Lyapunov function for

x̄(0|k), ensuring asymptotic convergence to zero in closed-loop. Thus, x(k) con-

verges within the closed-loop to the set S.
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Theorem 2.5.2 (Asymptotic stability of the robust MPC). According to the robust

MPC algorithm described in (2.15), the uncertain dynamic system (2.9) demon-

strates robust stability and asymptotically converges to the set S in closed-loop.

2.6 MPC-based CAV Control
According to some literature [48–50], the study of CAV control is commonly

classified into three categories: single CAV car-following scenario, multiple CAVs

platooning scenario, and two-dimensional CAV coordination scenario. The pri-

mary objective in the car-following scenario is to develop a control system for

the ego CAV to achieve a balance between road safety, energy consumption, and

driver comfort. Building upon this, prediction and observer algorithms are typically

employed to estimate the states of preceding vehicles, and robust control methods

are required to address the uncertainties inherent in the ego CAV system. More-

over, real-time computation capacity is also important for practical applicability of

CAVs. Regarding multiple CAVs platooning scenario, further aspects need to be

considered upon the car-following problem, e.g. the heterogeneity from different

types of vehicles and the influence brought from vehicle-to-vehicle (V2V) commu-

nication. ‘Heterogeneity’ pertains to variations in vehicle parameters, differences in

powertrain deployment, and the presence of human-driven vehicles within the CAV

platoon. Additionally, ‘topology’ and ‘delay’ are primary focuses in studies of pla-

tooning V2V communication. In the context of the two-dimensional multi-CAV

coordination, more problems need to be taken into account. Due to a more complex

scenario, such as unknown obstacles, the strategy of following the preceding ve-

hicle may no longer be applicable. Therefore, a safety-guaranteed motion planner

becomes imperative for CAVs in dynamic environments.

2.7 Single CAV Car-following Scenario
CAV powertrain types The automotive industry has undergone significant

transformations over the past century, marked by several key milestones in propul-

sion technology [51–53]. Initially, internal combustion engines (ICE) dominated

the market, providing reliable performance through the combustion of fossil fu-
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els [54–56]. These engines, although efficient for their time, were characterized by

high emissions and a dependence on non-renewable energy sources [57–59].

The next evolutionary step was the introduction of hybrid vehicles, which com-

bined the traditional internal combustion engine with an electric motor [60–62].

This innovation aimed to enhance fuel efficiency and reduce emissions by utilizing

electric power during low-speed and idle conditions [63–66]. Hybrid vehicles, such

as the Toyota Prius [67, 68], demonstrated the potential for greener driving without

sacrificing performance, bridging the gap between ICE vehicles and fully electric

cars.

As environmental concerns and technological advancements progressed, elec-

tric vehicles (EVs) gained prominence [69, 70]. These vehicles rely solely on elec-

tric power, eliminating tailpipe emissions and reducing the overall carbon footprint.

Pioneered by companies like Tesla [71, 72], EVs have become increasingly popu-

lar due to their high efficiency, lower operating costs, and advancements in battery

technology, which have significantly extended driving ranges. The latest innovation

in this evolutionary journey is the in-wheel motor electric vehicle [73–75]. Unlike

traditional EVs that utilize a central motor, in-wheel motor vehicles incorporate

electric motors directly within the wheels. This design offers numerous advantages,

including improved efficiency, better handling, and increased interior space. By

placing the motors in the wheels, these vehicles can achieve more precise control of

each wheel independently, enhancing traction and stability [76–78].

In conclusion, the evolution from internal combustion engines to hybrid and

fully electric vehicles, and now to in-wheel motor electric vehicles, reflects the

industry’s ongoing commitment to improving efficiency, reducing environmental

impact, and enhancing driving experiences. Each step in this journey represents a

significant leap towards a more sustainable and technologically advanced automo-

tive future.

Preceding vehicle state prediction Vehicle state prediction has been

extensively studied over a long period. Various statistical models have been ap-

plied for practical applications, such as Auto Regressive Integrated Moving Aver-
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age (ARIMA) [79, 80] and Markov Chain models [81, 82]. However, these models

are unable to account for the non-linear and long temporal dependencies of traffic

conditions. Neural networks have exhibited better performance in prediction for

vehicle energy management than Markov Chain [83]. Therefore, various networks,

such as Radial basis function neural networks (RBF-NN) [83–85], Back propaga-

tion neural networks (BPNN) [86, 87], have been applied to improve the accuracy

of vehicle speed prediction. The deep learning technologies further enhanced the

vehicle speed prediction performance [88]. To capture the time dependence while

avoiding the gradient explosion problem, the Long Short-term Memory (LSTM)

network has been widely used to predict the speed of electric vehicles [89, 90].

Convolutional Neural Network (CNN) has also been combined with bidirectional

LSTM to capture local temporal features to improve the accuracy of vehicle speed

prediction [91]. As Transformer shows outstanding ability for long temporal se-

quence, [92] proposes an Informer-based speed predictor for the preceding vehicle

while planning the speed of connected vehicles. Although previous studies have

proposed various efficient predictors, their models only focused on the self-temporal

sequence, neglecting the importance of spatial features. As vehicle speed is signif-

icantly affected by the surrounding environment, the macro traffic flow of the road

networks is vital for speed prediction [93]. This type of information not only offers

a more comprehensive understanding of traffic conditions but also captures the spa-

tial correlations between each road segment. Such correlations are invaluable for

enhancing prediction accuracy but seldom be considered in speed predictor design.

Ego CAV robust control In any autonomous system, various system er-

rors, such as modeling uncertainties and measurement noise, are unavoidable. To

handle these errors, H -infinity control [94, 95] and sliding mode control [96, 97]

are the most widely adopted robust control methods. Meanwhile, with the capabil-

ity to directly incorporate hard constraints, many studies have increasingly focused

on employing robust MPC strategies. [98] introduces a learning-based MPC, inte-

grating the Gaussian process model to handle the state estimation errors. Recently,

an ecological and robust control strategy [99] has been proposed for plug-in hybrid
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electric vehicles. This strategy incorporates a deep learning module with advanced

feature fusion technologies to enhance speed prediction. Additionally, a tube-based

value function is integrated into the robust MPC-based control layer, aiming to fur-

ther alleviate system uncertainties.

2.8 Heterogeneous CAVs Platooning Problem

V2V communication topology The inter-vehicle communication graph

plays an important role in the Distributed Model Predictive Control (DMPC) de-

sign. A common assumption invoked to ensure the internal stability properties of a

DMPC is the existence of a spanning tree within the platoon communication graph.

Under such an assumption, a typical class of DMPC algorithm is proposed in [10],

which discusses the conditions ensuring asymptotic stability of vehicle platooning

with respect to several common communication topologies, such as predecessor-

following (PF) [100–103], predecessor-leader following (PLF) [104, 105] and K-

predecessor-leader following [106–109], either directed or undirected. An alterna-

tive DMPC algorithm is introduced in [110], where a bidirectional PF communica-

tion mechanism is utilized to enhance the feasibility as compared to unidirectional

PF during the initial phase when the target of the leader is not known to all fol-

lowers. On the other hand, delay represent another communication issue as data

transmission inevitably introduces time delays under practical conditions due to in-

sufficient bandwidths, over-length platoons, radio interference, etc. In this regard, a

robust DMPC approach using min-max optimization is designed in [111], which is

proven to be robust against communication delays.

Practical capability for CAV platooning Due to the advancement in

sensing and communication technologies and global positioning system (GPS),

DMPC solutions are receiving considerable research interest. They permit each

controller to be deployed locally on each vehicle so that the computational effi-

ciency and overall system resilience can be significantly improved as compared

to centralized approaches [10, 112–115]. However, existing CAVs still face chal-

lenges in handling nonlinear programming due to the limited onboard computa-
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tional resources, especially when energy consumption model is considered. Some

early works [116, 117] only consider highly simplified second-order linear models,

which reduce the computational complexity. Nevertheless, due to the use of the

over-simplified vehicle model, the control solution may not be sufficiently accurate.

Recent research in [118] introduces a feedback linearization method. This approach

compensates for system nonlinearities to align with the characteristics of the origi-

nal system and is applicable for linear DMPC. Nevertheless, the feedback lineariza-

tion scheme is not robust due to the presence of modeling uncertainties. Current

studies about this topic remain limited and warrant further exploration. Therefore,

there is a keen interest in developing robust and real-time implementable algorithms

for platooning.

Complex tasks Existing platooning studies are not only limited to longitu-

dinal formation control, numerous algorithms are developed to address more prac-

tical scenarios. Some researchers focus on lateral motion in overtaking [119–122]

and curving [123–126] problems. A decision-making and control framework for

platoon overtaking maneuvers is proposed in [119]. Using a centralized decision-

making strategy based on game theory, the optimal overtaking timing for the pla-

toon can be determined. In the control layer, a distributed lateral motion controller

is designed for each CAV to avoid collisions. In [120], a hybrid platoon controller

is developed using a three-dimensional coupled model based on sliding mode con-

trol. The finite-step convergence of the proposed controller is also guaranteed with

Lyapunov stability theory. [123] proposes a robust platoon control on curved roads

with consideration of road slopes, external disturbances and communication delays.

The platoon inner stability and string stability can be guaranteed by a Lyapunov-

Krasovskii functional H∞ controller.

There are some platoon related works that also consider vehicle-to-

infrastructure (V2I), such as signal light [127–129] and cloud platform with edge

devices [18, 130, 131]. With the purpose of passing the intersection without stop-

ping, [128] proposes an energy-saving predictive cruise control method based on

neural networking. The employed energy-consumption are trained considering the
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signal phasing and timing (SPaT) data. In [129], a signal-vehicle coupled opti-

mal control approach is developed, where the human driven vehicles (HDVs) in

mixed platoon are taken into account. Through this scheme, the energy consump-

tion and traffic throughput improve progressively with the increase in the number of

CAVs. [130] proposes a mobile edge platoon cloud framework to calculate available

communication bandwidth allocation for CAVs in a platoon, with consideration of

a Stackelberg game theory. Moreover, the consortium blockchain technology is

introduced to ensure the data transaction security.

2.9 Two-dimensional CAV Coordination

Motion planning Motion/path planning (also known as navigation prob-

lem) represents one of the most typical multi-agent system problems, and it ap-

pears in a variety of modern engineering applications including connected and

autonomous vehicles [132–137]. In addition to the traditional methods such as

probabilistic roadmap [135], A* [136], and Dijkstra [137], which are mainly used

for single agent path planning in a globally known environment. Numerous algo-

rithms [134,138–144] have been recently proposed for CAVs including the artificial

potential field (APF) [134, 138–140], model predictive control [141, 142], and re-

inforcement learning [143, 144]. It is noteworthy that due to the limited onboard

computation power, communication and sensing range, and potential transmission

delay [145], most of the available research focuses on distributed or decentralized

coordination schemes, whereas centralized methods are used only in case there ex-

ists an agent or a central coordinator features sufficient communication and compu-

tation resources [146–148].

Collision avoidance in unknown environment Multi-agent collision

avoidance is a research hotspot in CAV control area. Some of them are based on

leader-follower [149–151] approach or swarm intelligence [152,153]. For example,

in [150], a nonlinear consensus control algorithm is developed which can guarantee

the longitudinal string stability of platooning. Additionally, an artificial function-

based lateral motion algorithm is also designed. In [153], an adaptive robust for-
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mation control method is developed for CAV swarm in the two-dimensional envi-

ronment, where the collision avoidance can be ensured through a diffeomorphism

transformation approach. However, these algorithms are limited to the only lead-

ing CAV. In the presence of unknown distributed obstacles, the flexibility of the

platoons or swarms may be sacrificed by yielding more conservative paths.

Recently, some researchers try to solve CAV coordination in dynamic en-

vironments with unknown obstacles through the planning-and-control framework

[134, 154–156]. [155] presents a coordination scheme for CAVs under the satisfac-

tion of collision avoidance constraints. Each swarm has a unique leader capable

of identifying unknown obstacles and establishing a safe tube centered around the

state trajectory. The recursive feasibility and stability of the proposed scheme are

guaranteed. In [154], an integrated controller combining APF and DMPC is intro-

duced for synchronous path planning and motion control. Additionally, to adapt

to complex transportation scenarios, a cooperative switching strategy for CAVs is

proposed, incorporating merge-and-split maneuvers. However, trajectories gener-

ated in real-time based on learning and APF often fail to satisfy the dynamic model

characteristics of CAVs. A multi-agent coordination control law subject to motion

constraints is designed in [157, 158], which defends the practical usefulness of mo-

tion planning algorithms based on single-integrator models.



Chapter 3

Ecological Car-following Strategy for

A Single CAV

3.1 Introduction
A Learning-based Ecological Car-following strategy (LEC) for electric CAVs

is presented in this chapter. The speed of the preceding vehicle is predicted through

a Macro-micro Fused Spatial-temporal Transformer (MFST), while any discrepan-

cies between the actual and predicted states can be addressed in the control layer.

Specific contributions are summarized as follows:

• A spatial-temporal transformer model is proposed in this study. The micro

and macro traffic information are fused by tailored modules for preceding

vehicle speed prediction, and we obtained the best prediction performance

compared to the baseline methods.

• Following the last point, the proposed LEC strategy can handle the discrepan-

cies between the predicted state and the actual state of the preceding vehicle.

Compared to the conventional robust approach [159], our method can yield

less conservative solutions while maintaining robust/safe behavior. Addition-

ally, the dynamic system is reformulated in the spatial domain to achieve real-

time computation. Moreover, the validity of the reformation is investigated to

provide parameter tuning guides.
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• Through comparison with state-of-the-art algorithms, the advantages of the

LEC strategy are highlighted in terms of computational efficiency and energy

savings. Furthermore, an on-road vehicle experiment is conducted at South-

east University, China, to validate the practical applicability of the proposed

method.

The rest of this chapter is organized as follows. Section 3.2 describes the car-

following strategy and specifies the system models. In Section 3.3, the methodology

of the proposed LEC strategy is introduced. Numerical simulation results are pre-

sented in Section 3.4 and the on-road vehicle experiment is demonstrated in Section

3.5. Finally, the conclusion and the future work are given in Section 3.6.

3.2 Problem Statement
This paper considers an ecological car-following strategy for electric vehicles,

incorporating speed profile forecasting and tracking. The velocity of the preceding

vehicle can be forecasted using the MFST, and a robust learning-in-the-loop MPC

algorithm within the control layer can achieve car-following behavior and address

the discrepancies between the predicted state and the actual state. Furthermore, the

proposed strategy is capable of real-time computation based on a spatial domain

modeling approach. For more details, the vehicle dynamic model and the power

consumption model of the in-wheel motor are introduced, along with reformulation

into convex form in the spatial domain, which is presented as follows:

3.2.1 In-wheel Electric Motor Model

The CAV is driven by two PD18 in-wheel motors, whose power consumption

models can be characterized as follows:

P(t) =


T (t)ω(t)

ηm

(
T (t),ω(t)

) , T (t)≥ 0

T (t)ω(t)ηm
(
T (t),ω(t)

)
, T (t)< 0

(3.1a)

T (t) =
F(t)r

ηt
, (3.1b)

ω(t) =
v(t)ηt

r
(3.1c)
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Figure 3.1: The configuration of the CAV being driven by two PD18.

where ηm
(
T (t),ω(t)

)
represents the motor efficiency which depends on the angu-

lar velocity ω(t) and the input torque T (t). F(t) is the propulsive force supplied by

the motor, ηt denotes the transmission efficiency and r is the radius of the wheel.

Moreover, T (t) ≥ 0 and T (t) < 0 represent the traction and braking processes, re-

spectively. Based on the experimental data of PD18 provided by Protean Electric

Inc, the efficiency map of the employed motor is established as a look-up table as

shown in Fig. 3.2.

In order to improve computational efficiency and enable real-time computation

of the proposed algorithm, we replace the method of obtaining power P(t) through

table lookup with a fitted model for the in-wheel motor. We approximate P(t) in

Fig. 3.2 by a regression technique, and a quadratic fitted model of T (t) and v(t)
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depicted in Fig. 3.2 can be written as follows:

P(t) = aT 2(t)v(t)+bT (t)v(t)+ cv(t) (3.2)

where a, b, c are fitting parameters obtained through the nonlinear least squares

method. As a result, the coefficient of determination R2 exceeds 0.99. Upon trans-

formation from the time domain to the spatial domain, the resultant expression be-

comes:

∫
P(t)dt=

∫ P(s)
v(s)

ds=
∫ (

aT 2(s)+bT (s)+c
)

ds (3.3)

which follows a quadratic form.
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Figure 3.2: Power fitting map of the in-wheel motor.
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Figure 3.3: Power fitting map of the in-wheel motor.

3.2.2 Dynamic Modeling in Spatial Domain

First, we briefly review the time-domain dynamic models as follows:

ṗ(t)=v(t), (3.4a)

v̇(t)=
1
m

(
2

ηt

r
T (t)−Cdv2(t)−mgsinθ(t)−mgC f cosθ(t)

)
(3.4b)

where p, v and T denote the position, velocity, and torque of the CAV, respec-

tively. m is the vehicle mass and g is the gravity constant. ηt
r T represents the

driving/braking force on tires where ηt is the transmission efficiency of the power-

train and r is the tire radius. Cdv2 is the air-drag force and Cd is the aerodynamic

drag coefficient. θ is the road slope, leading to gradient force mgsinθ(t). C f is the

rolling resistance coefficient, and mgC f cosθi represents the tire friction.

Next, to incorporate accurate space-dependent coefficients (such as rolling re-

sistance, road slopes, etc.), time-domain models (3.4) are reformulated into a convex
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Figure 3.4: Schematic framework of the proposed LEC approach.

structure in the spatial domain via

d
ds

=
1
v

d
dt

(3.5)

Herein, the independent variable is transformed from time t to traveled distance s,

d
ds

∆t(s) =
1√

2E(s)/m
− 1√

2E0(s)/m0
, (3.6a)

d
ds

E(s) = 2
ηt

r
T (s)−2

Cd

m
E(s)−mgsinθ(s)−mgC f cosθ(s) (3.6b)

where ∆t = t(s)− t0(s) and E(s) = 1
2mv2(s) denote the time headway and kinetic

energy, respectively. t0 and E0 are the corresponding states of the preceding vehicle.

Furthermore, it is noted that E(s)> 0,∀s to avoid the singularity.

In order to improve the computation efficiency, vehicle dynamic models (3.6)
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are reformulated into a convex form:

d
ds

∆t(s) = ξ (s)− 1
v0(s)

, (3.7a)

d
ds

E(s) = 2
ηt

r
T (s)−2

Cd

m
E(s)−mgsinθ(s)−mgC f cosθ(s), (3.7b)

ξ (s)≥ 1√
2E(s)/m

(3.7c)

where v0 is the velocity of the preceding vehicle, and ξ (s) is a fictitious control

input that is designed for system convexification.

3.3 Learning-based Ecological Car-following Con-

trol Framework
In this section, we introduce the car-following strategy framework illustrated

in Fig. 3.4. Multi-source traffic-related data, including micro vehicle speed, exter-

nal information, and macro traffic flow, are collected and preprocessed to train the

proposed MFST, which is mainly composed of an ensemble of diverse Transformer

variants. At each sampling interval, the forecasted speed profile of the preceding ve-

hicle can be derived based on the measured state and the well-trained MFST. This

resultant profile Ê0(: |s) is then integrated into a robust learning-in-the-loop MPC,

which handles the discrepancies between the actual state and the predicted state.

The proposed strategy is capable of offering real-time solutions while considering a

trade-off among tracking performance, energy consumption, computation efficiency

and driver comfort. Further details can be found in the subsequent subsections.

3.3.1 Macro-micro Fused Spatial-temporal Transformer

The micro speed of CAV is significantly affected by the macro traffic flow,

which exhibits complex temporal and spatial dependencies. To improve the accu-

racy of traffic speed prediction, the speed of the preceding vehicle and three other

types of data are included, namely the topological structure of the road network,

macro traffic conditions, and time-related weather factors. To ensure clarity, we can

divide long roads, such as expressways, into equal sections. This allows for consid-
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eration of traffic conditions at each location. The connections between each section

are then treated as nodes. Let G = (S ,E ,A ) denotes the graph, where S ∈ RN

is the set of nodes, and N is the number of nodes; E is the edge set; A ∈ RN×N is

the adjacent matrix of the road network. The macro traffic conditions are denoted

as X ∈RL×N×D, where L is the length of historical time steps and D is the number

of traffic attribute features, such as average speed, volume, and density. It should be

noted that even though the adjacent matrix is symmetric, the traffic conditions have

direction, therefore, we use the entry ai, j in A to denote the direction from node i

to node j. The external factors, such as road slope, date, weather, etc., are defined

as F ∈ RL×M, where M is the number of external factors.

The main goal is to find a function f (·) that predicts the preceding vehicle

speed Vt+1:t+p = [vt+1,vt+2, . . . ,vt+p] since t-th time step based on historical h time

steps, where p denotes the future time steps. Thus, the speed forecasting task can

be formulated as follows:

Vt+1:t+p = f ([V ,X ,F ]t−h+1:t ,G ) (3.8)

In this study, a spatial-temporal deep learning model MFST is developed to

predict the speed of the preceding vehicle based on micro and macro traffic data.

The micro-data includes the historical speed of the preceding vehicle and exter-

nal factors, and the macro-data includes traffic flow conditions and road network

graph data. We consider the external factors as micro-data because they include

the road number (i.e. the edge number in the graph) on which the preceding vehi-

cle was traveling. To address the long-range temporal correlations, a Transformer

is introduced, as it has demonstrated superior performance in predicting sequential

data. Additionally, recognizing the significance of node information and topologi-

cal structure, we employ Graph Convolutional Networks (GCN) to capture spatial

relationships [160]. As illustrated in Figure 3.5, the proposed MFST comprises four

modules: the Input module, Temporal Transformer (TT), Spatial Transformer (ST),

and Spatial-Temporal Transformer (STT).

(1) The function of the input module is to receive and pre-process data. The
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Figure 3.5: Framework for prediction model.

historical preceding vehicle speed and external factors are fed into a Long Short-

term Memory (LSTM) model, which is then embedded by a fully connected layer.

The external factors include the number of road segments where the preceding ve-

hicle was traveling. Simultaneously, the macro traffic conditions are input into a

GCN layer along with the adjacency matrix, followed by a fully connected layer.
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Through this module, the temporal and spatial features are preliminary embedded,

which can be formulated as follows:

Htemp = Linear(Concat(LST M(F ),LST M(v))) (3.9)

Hspat = Linear(GCN(X ,A )) (3.10)

where Htemp and Hspat are pre-processed temporal and spatial hidden states, respec-

tively.

(2) TT and ST are designed to capture temporal and spatial correlations, re-

spectively. Before being input into the transformer modules, the temporal and spa-

tial hidden states are processed by Positional Encoding to capture the sequence

information. Then, both modules apply a multi-head attention mechanism (MAH),

feed-forward layer (FF), and Add & Norm layer.

The attention mechanism consists of multiple parallel scaled dot-product at-

tention heads. For each head, a linear layer is applied to produce a 3-tuple of keys

K, queries Q, and values V for inputs. Then the attention scores can be calculated

as (3.11a). In the transformer, Multi-Head Attention (MHA) enables the model to

capture different aspects of the input sequence simultaneously, enhancing its ability

to learn complex patterns and dependencies.

Atten = so f tmax(
QK⊤√

dK
)V (3.11a)

MHA(Q,K,V ) =Concat(Atten1, . . . ,Atteni)W O (3.11b)

Where dK is the dimension of the key, Atteni is the i-th attention mechanism

in MHA, and W O is the learnable parameter for the output layer.

The FF layer consists of two fully connected linear layers with a ReLU ac-

tivation in between. Add & Norm (AN) layer functions as the connection, which

applies Layer normalization and residual connections. Therefore, the procedure can
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be formulated as follows:

FFN(Hi) = ReLU(Linear(Hi)W F +biF (3.12a)

AN(Hi) = LayerNorm(Hi +Sublayer(Hi)) (3.12b)

Where Hi is the output of a certain hidden layer, weights W F and biases biF

are learnable parameters, LayerNorm(·) denotes the layer normalization procedure,

and Sublayer(·) denotes the attention mechanism or FF layer.

Therefore, the procedure of Transformer in TT and ST can be formulated as

follows:

Hin = PE(H) (3.13a)

Hmid = AN(MHA(Hin,Hin,Hin)) (3.13b)

Hout = AN(FFN(Hmid)) (3.13c)

To balance the spatial features learned by the transformer and the GCN, an addi-

tional gate mechanism proposed by [161] is applied in ST before output, which can

be formulated as follows:

ρ = sigmoid (Linear (Hout)+Linear(GCN (Hin,A )) (3.14a)

Hout = ρHout +(1−ρ)GCN(Hin) (3.14b)

(3) STT is designed to merge spatial and temporal characteristics. The struc-

ture of STT is similar to TT except that the self-attention mechanism is substituted

by the cross-attention mechanism. Since the dimension of spatial hidden states is

different from that of temporal hidden states, we first extract the target macro states

from the spatial hidden states according to the road number. Specifically, for the

road segment q from node i and j, we select the i-th row and j-th column of hidden

states and add them together, then input them with temporal hidden states into the
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cross-attention mechanism. The formulations are shown as follows:

Hspat
q = Reshape(H[i]spat +H[ j]spat⊤) (3.15a)

H f use
mid = AN(MHA(Htemp,Hspat

q ,Hspat
q ))) (3.15b)

Where Hspat
r denotes the spatial hidden states for road q, Htemp denotes the

hidden states generated by TT, respectively. Reshape(·) denotes the function to

rearrange the dimension to be the same as Htemp.

Finally, the hidden states generated by STT are input to the output layer, which

consists of fully connected layers with ReLu activation functions, then we can ob-

tain the multiple-step predicted speed for preceding vehicles.

3.3.2 Robust Learning-in-the-loop MPC

We first discretize and reformulate the dynamics (3.7), taking into account

system disturbance d(s) ∈ D for further introduction of the robust MPC as follows:

x(s+1) = Ax(s)+Bu(s)+ϒ(s)+d(s) (3.16)

A=

1 0

0 1− 2Cd
m ∆s

, B=

∆s 0

0 2ηt
r ∆s

,
ϒ(s) =

 −1/
(√

2Ê0(s)/m0

)
∆s

−mg
(

sinθ(s)+C f cosθ(s)
)

∆s

.
The state vector x(s) is determined as x(s) = [∆t(s) E(s)]⊤, and x(s) ∈ X rep-

resents the state constraint as:

X =
{

x(s) | ∆tmin ≤ ∆t(s) ≤ ∆tmax,
1
2

mV 2
min ≤ E(s) ≤ 1

2
mV 2

max

}
where {Vmin,Vmax} are the speed limit of CAV. Next, the system disturbance d(s) is

specified, where d[1,1](s) denotes the mismatch between 1/
(√

2E0(s)/m0

)
∆s and

1/
(√

2Ê0(s)/m0

)
∆s, and d[2,1](s) accounts for the modeling uncertainties caused
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by parameter induction (e.g. Cd , C f , etc.). Following this, D is defined as D =

{d(s) ∈ R2 | ||d(s)||∞ ≤ d ∈ R>0}, which is a compact convex set.

Next, the nominal system corresponding to the actual dynamics (3.16) is pre-

sented as follows:

x̄(s+1) = Ax̄(s)+Bū(s)+ϒ(s) (3.17)

where x̄(s) = [∆t̄(s) Ē(s)]⊤ denotes the nominal state and ū(s) = [ξ̄ (s) T̄ (s)]⊤ de-

notes the nominal control input, respectively. Herein, we define the discrepancy

e(s) between the actual state x(s) and the nominal state x̄(s) as

e(s) = x(s)− x̄(s), (3.18)

and the control law can be constructed by

u(s) = ū(s)+Ke(s). (3.19)

Based on (3.16), (3.17), (3.18) and (3.19), the dynamics of e(s) can be governed by:

e(s+1) = (A+BK)e(s)+d(s). (3.20)

Then, E accounts for the robust invariant set of e(s), which can be obtained by:

E=⊕∞
s=0(A+BK)sD (3.21)

Therefore, if the nominal state x̄(s) and the nominal input ū(s) satisfy

x(s) ∈ X⊖E, u(s) ∈ U⊖KE, (3.22)

the satisfaction of x(s) ∈ X and u(s) ∈ U can be guaranteed. Additionally, the

tube size is designed according to the varying forecasted speed of the preced-

ing vehicle, aiming to achieve less conservative results. Before introducing the

design process, we first present the concept of the reachable range of the state

E0(s) ∈ {E
(
Ê0(s)

)
, Ē

(
Ê0(s)

)
} over Np steps, where Np is the length of the predic-
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Figure 3.6: Velocity profile and road slope angle.

tive horizon. These ranges can be determined by applying minimum and maximum

input torque to the system dynamic (3.16) over the prediction horizon, as shown

below:

E
(
Ê0(s)

)
= (1−

2Cd,0

m0
∆s)Np−1Ê0(s)+

Np−2

∑
j=0

(1−
2Cd,0

m0
) j

(
2

ηt,0

r0
T0,min−m0g

(
sinθ(s+ j)+C f cosθ(s+ j)

))
∆s

and

Ē
(
Ê0(s)

)
= (1−

2Cd,0

m0
∆s)Np−1Ê0(s)+

Np−2

∑
j=0

(1−
2Cd,0

m0
) j

(
2

ηt,0

r0
T0,max−m0g

(
sinθ(s+ j)+C f cosθ(s+ j)

))
∆s.

Following this, the tube size can be precomputed offline as follows:

Algorithm 1 Offline design of the tube size

1: Divide {E0,min,E0,max} into n parts and define δ =
E0,max−E0,min

n ;
2: Each subset of {E0,min,E0,max} can be represented by {E(E0,min +

kδ ), Ē(E0,min + kδ )},k∈{0,1,2, ...,n−1};
3: Calculate X̄(k) = X(k)⊖E for each subset through (3.16) to (3.22);

For the sake of the brevity, the tightened sets are rewritten into

x̄(s) ∈ X̄(k), ū(s) ∈ Ū (3.23)
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In summary, the local MPC problem P(s) at step s is formulated as follows:

P(s) :

min
ū

J(s) =
Np−1

∑
j=0

l
(
x̄( j|s), ū( j|s), x̂0(s+ j)

)
(3.24a)

s.t.

x̄( j+1|s) = Ax̄( j|s)+Bū( j|s)+ϒ( j|s) (3.24b)

x̄( j|s) ∈ X̄(k) (3.24c)

ū( j|s) ∈ Ū (3.24d)

(x̄( j|s), ū( j|s)) ∈ X̄(k)× Ū (3.24e)

x̄(0|s) = x(s) (3.24f)

where the stage cost function l
(
x̄( j|s), ū( j|s), x̂0(s+ j)

)
in (3.24a) can be specified:

l =W1|∆t̄( j|s)−∆|+W2|Ē( j|s)− m
m0

Ê0(s+ j)|

+W3|T ( j|s)−h( j|s)|+W4P( j|s)+W5ξ ( j|s).
(3.25)

W1|∆t̄( j|s)− ∆| and W2|Ē( j|s)− m
m0

Ê0( j|s)| are configured to preserve the car-

following performance; W3|T ( j|s)− h( j|s)| is set to improve passenger comfort,

where h( j|s) denotes the equilibrium input torque as

h( j|s)= r
ηt

(2Cd

m
Ê0( j|s)+mg

(
sinθ(s+ j)+C f cosθ(s+ j)

))
(3.26)

W4P( j|s) penalizes energy consumption, where P( j|s) represents the power of in-

wheel motor based on (3.2); The final term W5ξ ( j|s) ensures the validity of the

control solution.

Dynamic equation (3.24b) represents the nominal system introduced in (3.17);

Constraints (3.24c) and (3.24d) are robust state and input constraints, corresponding

to the tube size design; (3.24e) denotes a coupled constraint which enforces system
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convexity as follows:

X̄(k)× Ū=
{
(Ē( j|s), ξ̄ ( j|s)) | ξ̄ ( j|s)≥ 1√

2Ê(s+ j)/m

}
(3.27)

The initial condition of the MPC is specified by (3.24f) which employs the actual

state. Overall, the proposed robust control approach is summarized in Algorithm 2.

Algorithm 2 The robust learning-in-the-loop MPC approach for ego vehicle
Offline:
a) Find the control gain K via pole-placement method;
b) Select suitable weighting parameters W1,W2,W3,W4,W5 and the prediction

horizon Np for the OCP P;
c) Calculate X̄(k),k ∈ {0,1,2...,n−1} via Algorithm 1;

Online:
1: while 0≤ s < s̄ do
2: Measure current states x0(s) and x(s);
3: Receive x̂0(: |s) from the preceding vehicle;
4: Check to which subset {E(E0,min + kδ ), Ē(E0,min + kδ )} Ê0(s) belongs;
5: Invoke corresponding X̄(k);
6: Set the initial condition (3.24f) of the MPC problem P(s) based on the

measured values x0(s) and x(s);
7: Generate x̂(: |s) through the speed predictor;
8: Solve OCP P(s) and obtain ū(: |s) and x̄(: |s);
9: Apply the control action u(s) = ū(0|s)+Ke(s) with e(s)=x(s)−x̄(0|s) to

the actual system (3.16);
10: s→ s+1;
11: end while

3.4 Simulation
In this section, we showcase the performance of the LEC strategy, focusing on

key aspects such as prediction accuracy, energy consumption, and computational

efficiency. Numerical simulations are conducted to highlight the advantages of the

proposed strategy compared to several state-of-the-art algorithms, which are intro-

duced in Subsection 3.4.1. Relevant parameters for simulations and the on-road

experiment are summarized in Table 3.1.
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Figure 3.7: Prediction results and predicted errors.

Table 3.1: Simulation parameters

Description Symbols Values
Ego vehicle mass m 2000kg

Motor transmission efficiency ηt 0.95
Tire radius r 0.36m

Air-drag coefficient Cd 0.28
Tyre rolling resistance coefficient C f 0.015

Gravity constant g 9.8N/kg
Motor fitting parameters a;b;c 0.01078; 22.23; 67.63

Maximum Torque Tmax 1225Nm
Minimal Torque Tmin −1225Nm

Predictive Horizon Length Np 10
Sampling distance interval ∆s 2m

Desired time headway ∆ 1s
Minimum time headway ∆tmin 0.5s
Maximum time headway ∆tmax 1.5s

3.4.1 Benchmarks

Comparisons with corresponding algorithms are in terms of prediction accu-

racy, computation efficiency, and energy consumption, which are introduced as fol-

lows: Regarding prediction accuracy, we apply several baseline models for com-

parison, including ARIMA, MLP, LSTM [162], GRU [163], and STGCN [164].

Considering the computation time of the LEC strategy, we first set a nonlinear car-

following approach [165] as a benchmark and extend the comparison with a state-

of-the-art real-time algorithm [166]. Concerning energy consumption, the proposed

LEC algorithm initially compares with an Eco-driving benchmark [167] with a feed-

back mechanism and further compares with an IDM-based method [168].
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Figure 3.8: Map of the study area and macro traffic speed data. The data was
collected every second from 150 road segments over one month. The subplot on

the right illustrates the spatiotemporal distribution of traffic speed, with the
horizontal axis representing individual road segments, the vertical axis

representing time, and the color gradient from blue to red indicating an increase in
speed from low to high.

3.4.2 Prediction Accuracy
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Figure 3.9: Velocity and velocity error.

The data for this study was collected from the road network in Jiangning Dis-

trict, Nanjing, China, during the period of June 2020, as shown in Fig. 3.8. The

macro traffic data are collected by vehicle monitoring and tracking systems, which

are counted as 1-second granularity and interpolated at 0.5 km intervals. The adja-

cent matrix is generated according to the road network within the study area. The

micro-level vehicle speed data was obtained from multiple instances of vehicle-

following recordings. Weather data collected from Weather Underground is also

processed to match the dimensions of the micro and macro traffic data.
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In this study, each time step represents 1 second, and 10-second speed data are

input as historical information to predict the future two-step speed. We divided the

dataset into training and test sets in a ratio of 8 to 2 and used it for model training. To

validate the advantage of MFST, the prediction performance is compared based on

various error metrics, including Mean Squared Error (MSE), Root Mean Squared

Error (RMSE), Mean Absolute Error (MAE), and R-square (R2). The results are

summarized in Table 3.2. It can be seen that our proposed method obtains the best

prediction performance.

As car-following control requires finer time granularity, 0.1 seconds in this

study, we applied linear interpolation and sliding median method to process the

predicted speed. To further validate our predictor, we predict the preceding vehicle

speed recorded from a 30 km trip, and the raw speed data and road slope are shown

in Fig. 3.6. The predicted results are shown in Fig. 3.7, in which the lines illustrate

the predicted results of the proposed model along with that of the baseline models

and ground truth, and the heatmap represents the predicted errors (i.e. the difference

between predicted and true values). It is observed that our model presents a better

temporal pattern and fewer errors among all selected models.

Table 3.2: Results of prediction performance

MSE MAE RMSE R2
ARIMA 74.96 8.03 8.66 0.06

MLP 30.26 4.79 5.50 0.15
GRU 22.85 4.04 4.78 0.17

LSTM 10.41 2.73 3.23 0.34
STGCN 7.84 2.38 2.80 0.40
MFST 4.98 1.89 2.23 0.51

3.4.3 Car-following Performance

The car-following performance of the proposed strategy is investigated in this

subsection, and the results are demonstrated in Fig. 3.9. Specifically, the red line de-

notes the speed profile of the preceding vehicle (The same as depicted in Fig. 3.6),

while the blue line illustrates the tracking performance of the ego vehicle. Con-

sidering the data provided above, the tracking error, indicated in orange, does not
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exceed ±0.6 m/s at its maximum. Additionally, the input torque and corresponding

acceleration of the ego vehicle are presented in Fig. 3.10. By employing the control

objective W3|T ( j|s)−h( j|s)|, the acceleration remains within±0.31 m/s2, aligning

with the ‘excellent acceleration’ criterion outlined in [169].
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Figure 3.10: Input torque and acceleration.

Additionally, the effectiveness of robust control is also studied. In Fig. 3.11,

it can be observed that if a nominal MPC without the tightened constraint (3.24c)

is taken into account, the safety constraint is violated at the position 576 m, which

could cause a collision with its preceding vehicle. Note that the scope of safety con-

straint is changing because we present the distance headway instead of the constant

time headway here.
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Figure 3.11: Car-following performance without robust control.
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Figure 3.12: Computation load of different methods: Top-LEC Strategy;
Middle-REACC Algorithm; Bottom-Nonlinear Benchmark.

3.4.4 Computation Efficiency

This subsection investigates the real-time computation capabilities of the pro-

posed strategy. To underscore the computational efficiency of the LEC algorithm,

a nonlinear benchmark [165] and a recently published real-time ecological ACC

(REACC) algorithm [166] are set for comparison. Numerical simulation results are

illustrated in Fig. 3.12, where LEC is in blue, the nonlinear benchmark is in yel-

low and REACC is in orange. Specifically, the average computation time of the
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Figure 3.13: Power and energy consumption.

proposed strategy is 0.006 s per step, with a maximum value of 0.01 s. Taking

into account the length of the spatial sampling interval ∆s = 2 m and Vmax = 40

m/s, the time required for traversing this distance is 0.05 s, meeting the real-time

requirement. In comparison, the average time cost of the nonlinear benchmark is

0.491 s and the average computation time of the REACC is 0.081 s. The proposed

LEC strategy achieves a computation speed 10 times faster than that of REACC,

showcasing significantly enhanced real-time computational capabilities.

3.4.5 Energy Consumption

The energy consumption of the proposed strategy is studied in this subsection,

and its advantages are further emphasized through a comparison with two additional

methods. Simulation results are shown in Fig. 3.13, which employs a feedback

control mechanism [167] in orange and another IDM-based strategy [168] in yel-

low. In detail, owing to the feedback mechanism, the benchmark method places a

higher emphasis on car-following performance, thereby at the expense of energy

consumption. On the other hand, the IDM strategy is based on imitating the behav-

ior of human drivers, favoring gentle speed changes. Compared to the benchmark,

it exhibits greater energy efficiency; however, it is still inferior to the proposed LEC

strategy. This is attributed to maximizing the penalty weight assigned to energy

consumption in the optimization objective of the proposed method while satisfying
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all constraints. Furthermore, the total energy consumption among the three strate-

gies is summarized, where the LEC strategy saves 9.31 % of energy in comparison

to the IDM strategy, and a 13.63% energy savings to the feedback control strategy

(FBC). In detail, energy consumption can be categorized into four types: power-

train loss, tyre friction loss, air-drag loss, and potential energy loss. The proposed

strategy primarily saves energy in powertrain loss by reducing braking and keeping

input torque and vehicle speed in the high-efficiency range.

3.5 On-road Vehicle Experiment
In order to highlight the practical applicability of the proposed strategy, the

on-road experiment is conducted. Due to traffic regulations, the ego vehicle only

tracks the preceding vehicle for a distance of 3.5 km (Speed profile of the preceding

vehicle is introduced in Section 3.4).
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Figure 3.14: On-road vehicle experiment.

As shown in Fig. 3.14, a modified CAV based on a Chery BEV eQ1 [170]

is employed for this experiment. Through integrating the equipped LIDAR, cam-
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era, and Millimeter-wave Radar (MWR), the surrounding environmental data can

be fused and then transformed into the spatial domain. Further combined with the

navigation module consisting of Global Positioning System (GPS) and Inertial Nav-

igation System (INS), the reference trajectory and motion constraints are generated

and applied to the proposed MPC-based controller. Subsequently, the input com-

mands calculated by the built-in LEC algorithm are transmitted to the actuators of

the tested CAV, including brake-by-wire and steering-by-wire (enclosed by the pur-

ple box in Fig. 3.14). The aforementioned experimental modules are built and con-

nected together based on the Robotics Operating System (ROS), which is operating

on Ubuntu 16.04 LTS.

The experimental results are presented in Fig 3.15, recording the velocity

changes, velocity error and spacing distance of the test vehicles. It is noted that

the spacing distance (from the rear of the preceding vehicle to the front of the ego

vehicle) increases gradually due to our control target of maintaining a constant time

headway rather than a constant spacing distance. As the preceding vehicle acceler-

ates, this spacing distance also increases.

3.6 Conclusion
This chapter addresses a car-following problem for connected and autonomous

electric vehicles. Through a spatial-temporal transformer, micro and macro traffic

information are fused for preceding vehicle speed prediction. Resulting errors are

handled by a robust learning-in-the-loop MPC method in the control layer. Mean-

while, the receding horizon optimization problem is reformulated into a convex

form, transforming from the time domain to the spatial domain, which improves

the computation efficiency and enables real-time implementation. The advantages

of the LEC strategy are highlighted in comparison with several state-of-the-art al-

gorithms in terms of prediction accuracy, energy consumption, and computational

efficiency. Moreover, an on-road vehicle experiment is conducted to confirm that

the proposed strategy has the capability for practical applications.
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Figure 3.15: The results of the VIL experiment: Top-Velocity changes;
Middle-Velocity error; Bottom-Spacing distance.



Chapter 4

Heterogeneous CAVs Platooning

Problem

4.1 Introduction
In this chapter, a convex and robust DMPC algorithm is proposed to achieve a

heterogeneous vehicle platoon in the longitudinal direction by considering a time-

varying leader speed with superior optimization efficiency and certified theoretical

properties. The proposed distributed control scheme is based on the PF commu-

nication protocol, which does not impose significant communication demand as

compared to PLF in [171] and the bidirectional topology in [110]. Both process and

measurement disturbances are considered to capture more realistic uncertainties in

practice. The effectiveness of the proposed method and its advantages over the ex-

isting approaches are demonstrated by numerical simulations and comparisons. The

contributions are summarized as follows:

• The traditional nonlinear vehicle platooning problem is reformulated by a

spatial domain modeling approach with respect to vehicle kinetic energy and

the time gap between adjacent vehicles. In this context, coupled state con-

straints for collision avoidance and platoon formation can be decoupled, such

that feasibility and stability guarantees can be justified in a more handy way.

Moreover, space-dependent coefficients, such as the rolling resistance and

road slopes, can be accurately modeled.
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• Following the last point, a convex optimization-based control framework is

developed so that the optimal solution can be efficiently obtained at each

step. Quantitative analysis in terms of computational efficiency is performed

in the simulation section by numerical comparison with a traditional nonlin-

ear DMPC approach. Moreover, the validity of the convex reformulation is

rigorously analyzed.

• In contrast to the existing works that consider only partial disturbances in the

platoon system, both unmodeled motion dynamics, and sensor measurement

disturbances of the position and velocity are considered and addressed in this

chapter by a tube-based DMPC approach. The theoretical analysis reveals

the DMPC parameter tuning criteria by which recursive feasibility and input-

to-state stability (ISS) of the proposed algorithm can be guaranteed when the

velocity of the leader vehicle reaches a steady state.

The remainder of this chapter is organized as follows. The modeling frame-

work and the communication topology are introduced in Section 4.2. In Section

4.3, the methodology of this distributed robust platoon control problem is proposed.

In Section 4.4, theoretical analysis of recursive feasibility, Lyapunov asymptotic

stability and auxiliary variable validation are demonstrated. Simulation results are

presented in Section 4.5. Finally, Section 4.7 concludes this work.

4.2 Problem Statement
As shown in Fig. 4.1, this paper considers a vehicle platoon of N + 1 het-

erogeneous CAVs. Without loss of generality, the leading CAV is indexed by 0

and the followers are index by i ∈N with N = {1,2, · · · ,N}.Vehicle-to-vehicle

(V2V) communication is enabled in the platoon and follows a unidirectional PF in-

formation flow topology by which each vehicle only receives information from the

one immediately ahead. This communication protocol is commonly used in vehi-

cle platooning due to its relatively lower data exchange demand compared to other

topologies.

Next, we will first briefly review the nominal time-domain modeling frame-
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Figure 4.1: A heterogeneous vehicle platoon with the PF communication protocol.

work of the platooning problem, and then a convex reformulation of the problem in

the space domain will be introduced.

4.2.1 The Nominal Modeling Framework in Time domain

The longitudinal dynamics of each following vehicle are described as:

ṡi(t) = vi(t), (4.1a)

v̇i(t) =
1
mi

(
ηt,i

ri
Ti(t)−Cd,iv2

i (t)−migCs,i(t)
)
, i ∈N (4.1b)

where si(t) is the position of vehicle i, vi(t) is the velocity, vehicle mass is denoted

by mi, g is the gravity constant, ηt,i is the final drive ratio, ri is the tire radius, Cd,i is

the aerodynamic drag coefficient, and Ti(t) is the driving/braking torque, acting as

the control input of the follower. Moreover, Cs,i(t) is the synthetic coefficient of the

tire friction and gradient forces

Cs,i(t) =C fi cosθi(t)+ sinθi(t), i ∈N (4.2)

with C fi the rolling resistance coefficient and θi(t) the road slope angle.

The common objective of platoon control in the noise-free scenario requires all

following vehicles to move at the same speed as the leading vehicle while following

the constant time-headway policy between adjacent vehicles [172, 173]:

lim
t→∞
||vi(t)− v0(t)||= 0, (4.3a)

lim
t→∞
||si(t)− si−1(t)−h(t)||= 0, ∀i ∈N (4.3b)
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where v0(t)∈ [vmin,vmax] is the target speed of the leading vehicle, h(t) is the desired

spacing, proportional to speed v0(t). To complete the framework, the following

constraints are also required for safety purposes and for the fulfillment of control

limits

vmin ≤ vi(t)≤ vmax, (4.4a)

hmin ≤ si(t)− si−1(t)≤ hmax, (4.4b)

Ti,min ≤ Ti(t)≤ Ti,max, ∀i ∈N (4.4c)

in which {vmin, vmax}, {hmin, hmax} (proportional to vmin and vmax subject to a con-

stant time headway) and {Ti,min, Ti,max} represent minimum and maximum limits

for the driving speed, headway distance, and individual torque, respectively. As it

can be noticed, the speed and headway distance limits are subject to driving condi-

tions (e.g., highway, rural, etc.), thus identical for all vehicles.

4.2.2 A Convex Modeling Approach

Instead of the commonly used time-domain modeling approach with respect

to the position and velocity of individual vehicles, as given in (4.1)-(4.4), this paper

proposes to use a novel space domain modeling approach with state transforma-

tion to reformulate the platooning system, which 1) permits the control problem to

be formulated as a convex optimization problem for rapid solution search, and 2)

facilitates the design of the DMPC algorithm, as will be elaborated later.

Consider s the independent variable of traveled space (waypoint on the line

of travel). The transformation from time to space domain is accomplished by re-

placing the independent variable t with s via d
ds =

1
v

d
dt . Let Ei(s) = 1

2miv2
i (s) and

∆ti(s) = ti(s)− ti−1(s), ∀i ∈N denote the kinetic energy of vehicle i and its time

headway with respect to the preceding (i− 1)-th vehicle, respectively. In view of

(4.1), the dynamics of both variables in the space domain are governed by the fol-
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lowing differential equations:

d
ds

∆ti(s) =
1√

2Ei(s)/mi
− 1√

2Ei−1(s)/mi−1
, (4.5a)

d
ds

Ei(s) =
ηt,i

ri
Ti(s)−2

Cd,i

mi
Ei(s)−migCs,i(s). (4.5b)

where Ei(s) > 0,∀s to avoid the singularity and it can be enforced by (4.7a) with

vmin > 0. As a consequence, the nominal objectives (4.3) and the constraints (4.4)

can be replaced by:

lim
s→∞
||Ei(s)−

1
2

miv2
0(s)||= 0 (4.6a)

lim
s→∞
||∆ti(s)−∆0||= 0, ∀i ∈N (4.6b)

and

Ei,min ≤ Ei(s)≤ Ei,max, (4.7a)

∆tmin ≤ ∆ti(s)≤ ∆tmax, (4.7b)

Ti,min ≤ Ti(s)≤ Ti,max, ∀i ∈N (4.7c)

where Ei,min =
1
2miv2

min and Ei,max =
1
2miv2

max, ∆0 is the desired time headway be-

tween consecutive vehicles. Note that vmin in the space domain formulation can

only be set to a non-zero constant to prevent singularity issues in (4.5a). 1 Being

Ei(s) > 0, (4.6a) is equivalent to (4.3a). The time headway target (4.6b) and the

constraint (4.7b) are surrogates of the headway distance objective and constraint

given in (4.3b) and (4.4b) with ∆tmin and ∆tmax the minimum and maximum time

headway, respectively. By substituting the coupled state constraints (4.4b) with the

state constraint (4.7b), the uncertainties involved in the information received from

the preceding vehicle can be immediately taken into consideration as the modeling

error in (4.5a).

Now, we have all ingredients to formulate the distributed control problem for

1In the low driving speed scenario (e.g, urban driving), vmin can be set to a sufficiently small
positive constant to avoid sacrificing the generality of the formulation.
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CAV i in the space domain.

OCP 3

min
Ti

Ji(∆ti,Ei,Ti) (4.8a)

s.t. : (4.5), (4.7) (4.8b)

where the cost function Ji(∆ti,Ei,Ti) related to the quadratic control objectives (4.6),

will be designed later in 4.3.2. It is noteworthy that OCP 3 is a non-convex program-

ming problem because of the nonlinear dynamics in (4.5a). In order to improve the

computational efficiency, a convex reformulation of (4.5a) is utilized:

d
ds

∆ti(s) = ξi(s)−
1

vi−1(s)
(4.9a)

ξi(s)≥
1√

2Ei(s)/mi
, i ∈N (4.9b)

where ξi(s) is a fictitious control input. As it can be seen, the nonlinear differential

equation (4.5a) is relaxed by a combination of linear differential equations and a

convex constraint. Consequently, OCP 3 can be convexified, leading to

OCP 4

min
Ti,ξi

Ji(∆ti,Ei,Ti) (4.10a)

s.t. : (4.5b), (4.7), (4.9) (4.10b)

It is worth noting that the validity of the solution of OCP 4 relies on the tightness of

(4.9b), which is addressed later by Proposition 1 in Section 4.4.

4.3 Tube-based Distributed Model Predictive Con-

trol
The main algorithm is introduced in this section. In the first place, the re-

formatted system equations are introduced. Based on that, the tube-based MPC
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algorithm is given inherited from the theoretical framework proposed in [159], then

the local MPC problem is formulated for each following vehicle under a distributed

control mechanism.

4.3.1 Tube-based MPC

For sake of introducing the MPC-based algorithm and taking into account

system uncertainties, such as modeling error and measurement noise, in a unified

framework, the system differential equations (4.5b) and (4.9a) are discretized and

rewritten in a normalized form as follows:

xi(k+1) = Aixi(k)+Biui(k)+ γi(k)+di(k)

yi(k) =Cxi(k)+wi(k), i ∈N
(4.11)

Ai=

1 0

0 1− 2Cd,i
mi

∆s

, Bi=

∆s 0

0 ηt,i
ri

∆s

,C=

1 0

0 1

,
γi(k) =

− fi
(
Êi−1(k)

)
∆s

−migCs,i(k)
Emax

∆s


where k = 0,1, . . . , k̄, ∆s∈R>0 denotes the sampling distance interval and k̄∆s is

the total length of the mission. The normalized state vector of ∆ti and Ei is defined

as xi(k)≜ [δi(k) Ei(k)]⊤ ∈ Xi with δi(k)≜
∆ti(k)
∆tmax

,Ei(k)≜
Ei(k)
Emax

and Emax ≜ 1
2m̄v2

max,

in which m̄ ≥ maxi∈N mi. Note that m̄ can be conservatively designed without the

global information about all vehicles’ mass. Then, it holds that

Xi ≜

{
xi |

∆tmin

∆tmax
≤ δi(k)≤ 1,

Ei,min

Emax
≤ Ei(k)≤ 1

}
.

Similarly, the normalized input is denoted by ui ≜ [ζi(k) Ti(k)]⊤ ∈ Ui, where

ζi(k) ≜
ξi(k)
∆tmax

, Ti(k) ≜
Ti(k)
Emax

and Ui ≜ {ui |
Ti,min
Emax
≤ Ti(k) ≤

Ti,max
Emax
}. After the nor-

malization, Xi×Ui involving (4.9b) becomes ζi(k)≥ fi(Ei(k)), where the function
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fi(·) : R>0→ R>0 is defined as:

fi(Ei)≜ 1/(∆tmax
√

2EmaxEi/mi). (4.12)

The normalized measurement yi of δi and Ei obtained by the ith vehicle’s onboard

sensors (eg, front radar and speedometer). γi(k)[1,1] represents external information

of the preceding vehicle i− 1. In particular, Êi−1(k) is an estimate of Ei−1(k) ob-

tained and shared by the preceding vehicle i−1 at step k−1, which will be defined

later on in Section 4.3.2.

On the other hand, γi(k)[2,1] embodies the impact of the drag caused by road

slope. Owing to the space domain model, space varying coefficient Cs,i(k) can

be easily incorporated to capture different road conditions, therefore enabling a

less conservative disturbance bound in the robust control framework compared to

the traditional time-domain scheme. Next, the system uncertainties are defined,

di(k) ∈ Di is the normalized modeling uncertainty and wi(k) ∈Wi represents the

normalized measurement noise. Herein, Di and Wi are two compact convex sets de-

fined by Di = {di(k)∈R2 | ||di(k)||∞≤di∈R>0} and Wi = {wi(k)∈R2 | ||wi(k)||∞≤

wi∈R>0}. As it can be noticed, di(k) accounts for the mismatch between the es-

timate fi
(
Êi−1(k)

)
∆s and fi

(
Ei−1(k)

)
∆s that is constructed by the accurate infor-

mation from the preceding vehicle (the only source of the disturbance appears in

the dynamic equation of δi) as well as the unmodeled nonlinearities (e.g. headway-

dependent air drag coefficients), while sensor measurement noises of the time head-

way and velocities are taken into account by wi. Consider δ0 ≜ ∆0/∆tmax the target

gap and mi,0E0(k) the target kinetic energy of vehicle i with mi, j ≜ mi/m j, j ̸= i.

The control objective in the presence of uncertainties is defined by

lim
k→∞
||xi(k)− x∗i,des(k)||= σi (4.13)

where x∗i,des(k) ≜ [δ0 mi,0E0(k)]⊤, and σi is an invariant set with respect to the

system uncertainties.

The following assumption will be used throughout the paper.
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Assumption 4.3.1 fi(·), ∀i ∈ N in the system equation (4.11) is Lipschitz in Xi

with a constant κi.

Next, we define the nominal unperturbed system of (4.11), which will be in-

strumental for the tube-MPC design, introduced later on in this Section

x̄i(k+1) = Aix̄i(k)+Biūi(k)+ γi(k) (4.14a)

ȳi(k) =Cx̄i(k) (4.14b)

where x̄i(k)≜ [δ̄i(k) Ēi(k)]⊤ is the nominal state, ūi(k)≜ [ζ̄i(k) T̄i(k)]⊤ is the nom-

inal control input and ȳi(k) is the nominal output.

By applying the Luenberger observer, the state of the actual system (4.11) can

be estimated by:

x̂i(k+1) = Aix̂i(k)+Biui(k)+ γi(k)+Li(yi(k)− ŷi(k))

ŷi(k) =Cx̂i(k) (4.15)

where Li is the observer gain, designed individually for each vehicle, such that

Ai−LiC is stable. Considering the state estimation error x̃i = xi− x̂i, its dynamics

are governed by:

x̃i(k+1) = (Ai−LiC)x̃i(k)+(di(k)−Liwi(k)) (4.16)

In addition, the term di(k)−Liwi(k) is bounded by a set Ω̃i, expressed as

Ω̃i ≜ Di⊕ (−LiWi) (4.17)

Furthermore, the robust invariant set S̃i of x̃ with respect to the process and mea-

surement disturbances can be obtained by

S̃i =⊕∞
k=0(Ai−LiC)k

Ω̃i . (4.18)

Consider ei(k) = x̂i(k)− x̄i(k) the mismatch between the observer state and the
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nominal system. Then the control law is constructed by

ui(k) = ūi(k)+Kiei(k) (4.19)

where ūi(k) is determined by solving a nominal MPC problem subject to (4.14)

and tightened state and input constraints, defined later on in (4.21), and Ki is the

prespecified feedback control gain, which stabilize Ai+BiKi. By applying (4.19) to

(4.15), we obtain

x̂i(k + 1) = Ax̂i(k) + Biui(k) + BiKiei(k) + γi(k) + LiCx̃i(k) + Liwi(k)

In virtue of the nominal system (4.14), the dynamics of the tracking error ei(k) is

given by

ei(k+1) = (Ai +BiKi)ei(k)+(LiCx̃i(k)+Liwi(k))

where the uncertainties term LiCx̃i(k)+Liwi(k) is confined by

Ωi ≜ LiCS̃i⊕LiWi .

Similar to (4.18), the robust invariant set S̃i of ei follows

Si =⊕∞
k=0(Ai +BiKi)

k
Ωi (4.20)

According to [159, 174], to ensure the satisfaction of the original state and control

constraints, xi(k)∈Xi and ui(k)∈Ui, in the presence of the perturbations, tightened

state and input constraints

xi ∈ Xi⊖ (S̃i⊕Si), ui ∈ Ui⊖KiSi. (4.21)

are enforced in place of the originals when solving the MPC problem (see (4.26)

that will be introduced later in 4.3.2) In the following, for the sake of the brevity,
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we let

X̄i ≜ Xi⊖ (S̃i⊕Si), Ūi ≜ Ui⊖KiSi (4.22)

4.3.2 Distributed Platoon Control Framework

Consider Np the prediction horizon for each local MPC. To introduce the

DMPC framework, let us define x∗i ( j|k) ≜ [δ ∗i ( j|k) E ∗i ( j|k)]⊤ and u∗i ( j|k) ≜

[ζ ∗i ( j|k) T ∗
i ( j|k)]⊤ the optimal state and input trajectory, respectively. The opti-

mal trajectories are obtained by iteratively solving each local MPC problem (see

Pi(k) defined in (4.26)). In addition, define xa
i ( j|k) ≜ [δ a

i ( j|k) E a
i ( j|k)]⊤ and

ua
i ( j|k) ≜ [ζ a

i ( j|k) T a
i ( j|k)]⊤ respectively the assumed state and control trajec-

tory, which are shared with the neighboring vehicle by the PF communication.

Finally, consider xi,des( j|k) ≜ [δ0 Ei,des( j|k)]⊤ the desired state trajectory. Specif-

ically, Ei,des( j|k) is set to as Ei,des( j|k) = mi,i−1E
a
i−1( j|k). The kth step assumed

trajectories (xa
i (: |k),ua

i (: |k)) are constructed by using the (k− 1)th step optimal

solution as follows:

ua
i ( j|k) = u∗i ( j+1|k−1), ∀ j ∈ {0,1, ...,Np−2} (4.23)

which yields

xa
i ( j|k) = x∗i ( j+1|k−1), ∀ j ∈ {0,1, ...,Np−1} (4.24)

Moreover, ua
i (Np−1|k) is designed to render

xa
i (Np|k) = Aixa

i (Np−1|k)+Biua
i (Np−1|k)+γi(Np−1|k) = xi,des(Np|k). (4.25)

The existence of such a feasible ua
i (Np−1|k) is characterized by Assumption 4.4.2

given in Section 4.4.1.

Considering the control objectives defined in (4.13), we formulate the local
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MPC problem Pi(k) for each vehicle i ∈N , at step k, as

Pi(k) :

min
ūi

Ji(x̄i(: |k), ūi(: |k),xa
i (: |k),xi,des(: |k))

=
Np−1

∑
j=0

li(x̄i( j|k), ūi( j|k),xa
i ( j|k),xi,des( j|k))+

Np−2

∑
j=0

Wi,5|ζ̄i( j|k)− fi(Ēi( j|k))|

(4.26a)

s.t. for j = 0,1,2, . . . ,Np−1

x̄i( j+1|k) = Aix̄i( j|k)+Biūi( j|k)+ γi( j|k) (4.26b)

x̄i( j|k) ∈ X̆i(k) (4.26c)

ūi( j|k) ∈ Ūi (4.26d)

(x̄i( j|k), ūi( j|k)) ∈ X̆i(k)× Ūi (4.26e)

x̄i(0|k) = yi(k) (4.26f)

x̄i(Np|k) ∈ X f ,i (4.26g)

where (4.26a) is the cost function that will be specified later in (4.31). (4.26b)

represents the nominal system introduced in (4.14), where the estimate Êi−1( j|k) in

γi( j|k) is defined by

Êi−1( j|k)=

E a
i−1(Np|k), if xa

i−1(Np|k)=xa
i−1(Np|k−1),

E a
i−1( j|k), if xa

i−1(Np|k) ̸=xa
i−1(Np|k−1),

∀ j ∈ {0,1, ...,Np} . (4.27)

As it can be noticed, Êi−1( j|k) is frozen at E a
i−1(Np|k) if the terminal step of the

preceding vehicle’s assumed trajectory (i.e., desired trajectory owing to (4.25)) re-

mains the same for two consecutive steps, which usually happens when the leader

vehicle reaches a steady state speed. Conversely, if xa
i−1(Np|k) ̸= xa

i−1(Np|k− 1)

(which implies i− 1th vehicle’s desired speed is time-varying), time-varying esti-

mate Êi−1( j|k) is employed to enable the ith vehicle to keep up with the preceding

vehicle.



4.3. Tube-based Distributed Model Predictive Control 76

The state and input constraints are taken into account by (4.26c), (4.26d) and

(4.26e). Specifically, X̆i(k) in (4.26c) is defined by X̆i(k) = X̄i⊖Hi(k), where Hi(k)

is a set to further shrink the feasible set of the state to cope with the disturbances

introduced at the initialization phase. It is designed as

Hi(k) = (k̄− k)H̄i (4.28)

where H̄i ≜ {(ε1,ε2) ∈ R2 | ε1 ≤ w̄i + d̄i, ε2 ≤ ε̄} with ε̄ ≜ (w̄i + d̄i)+Npκi(w̄i +

d̄i)∆s. Moreover, k̄ represents the total number of steps in the mission, where k̄∆s

corresponds to the total travel distance. The feasible set of the control input, Ūi, in

(4.26d) is given in (4.22). In view of (4.9b), the coupled constraint (4.26e) repre-

sents

X̆i(k)× Ūi ≜ {(Ē , ζ̄i) | ζ̄i( j|k)≥ fi(Ēi( j|k))} (4.29)

The initial and terminal constraints of the MPC are specified by (4.26f) and (4.26g),

respectively. In particular, the terminal set X f ,i is defined as

X f ,i≜{x̄i(Np|k) | |Ēi(Np|k)−mi,i−1E
a
i−1(Np|k)| ≤ w̄i + d̄i,

|δ̄i(Np|k)−δ0| ≤ ε̄} (4.30)

which ensures the state trajectory enters a terminal set and xi,des(Np|k) ∈ X f ,i ⊆

X̄i⊖Hi. The design of Hi(k) and X f ,i will be elaborated in Section 4.4.1. Finally,

the stage cost function li(x̄i( j|k), ūi( j|k),xa
i ( j|k),xi,des( j|k)) is defined by

li ≜Wi,1|δ̄i( j|k)−δ
a
i ( j|k)|+Wi,2|Ēi( j|k)−E a

i ( j|k)|

+Wi,3|δ̄i( j|k)−δ0|+Wi,4|Ēi( j|k)i−mi,i−1E
a
i−1( j|k)|

(4.31)

where Wi,1,Wi,2 ∈ R>0 penalize the differences between the optimal and assumed

states and Wi,3,Wi,4 ∈R>0 are utilized to penalize the deviation of the optimal states

from their desired trajectories. In addition, Wi,5 ∈ R>0 in (4.26a) is used to ensure

the tightness of the inequality condition in (4.29), thus the validity of the control

solution, as will be discussed in Proposition 1.
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Overall, the proposed convex and tube-based DMPC algorithm is summarized

in Algorithm 3.

Algorithm 3 The local convex and tube-based DMPC algorithm for vehicle i ∈N
Offline:
a) Find the observer and control gains Li and Ki;
b) Determine the tightened constraints (4.26c) and (4.26d), which are introduced

in Section 4.3.1;
c) Select suitable weighting parameters Wi,1, Wi,2, Wi,3, Wi,4, Wi,5 and the prediction

horizon Np for the Pi in line with (4.36) and (4.43);
e) Find an initial feasible assumed trajectory xa

i (: |0).

Online:
1: while 0≤ k < k̄ do
2: Measure the current state yi(k);
3: Obtain the state estimate x̂i(k) by (4.15);
4: Set the initial condition (4.26f) of the MPC problem Pi(k) based on the

measured values;
5: Receive xa

i−1(: |k) and ua
i−1(: |k) from the preceding vehicle i−1;

6: if xa
i−1(Np|k) = xa

i−1(Np|k−1) then
7: Solve Pi(k) with Êi−1(: |k) = E a

i−1(Np|k)
8: else if xa

i−1(Np|k) ̸= xa
i−1(Np|k−1) then

9: Solve Pi(k) with Êi−1(: |k) = E a
i−1(: |k)

10: end if
11: Obtain u∗i (: |k) and x∗i (: |k);
12: Construct xa

i (: |k) and ua
i (: |k) by (4.23)-(4.25) and send the assumed

trajectories to vehicle i+1;
13: Apply the control action ui(k)=u∗i (0|k)+Kiei(k) with ei(k)= x̂i(k)−x∗i (0|k)

to the actual system (4.11);
14: k← k+1;
15: end while

Remark 4.3.1 From (4.27), the construction of Êi−1 influences d̄i (via d̄2 [1,1](k))

and therefore the design of the tube-based MPC. In particular, d̄i [1,1](k) denotes the

maximum discrepancy between fi
(
Ei−1(k)

)
∆s and fi

(
Êi−1(k)

)
∆s, which is ( 1

vmin
−

1
vmax

) ∆s
∆tmax

. For instance, considering the parameter choices given in Case study 1

of Simulation Section (see Table 4.1 and Table 4.2), the resulting upper bound of

|di [1,1](k)| after normalization is 0.033.
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4.4 Theoretical Analysis
In this section, recursive feasibility and Lyapunov stability of Algorithm 3 are

discussed, and rigorously proved under the case that the leading vehicle is driven at

a constant speed v0(k) = v̄0,∀k ≥ k1.

4.4.1 Recursive Feasibility and Legitimate of Solutions

According to the PF communication graph, it can be shown that xi,des(Np|k) =

x∗i,des, ∀k≥ k1+N, and therefore only the first condition of (4.27) is employed. Note

that the dependence of x∗i,des(k) on k is dropped for clarity since x∗i,des(k) is constant

for all k ≥ k1 +N. Following assumptions are needed to proceed with the analysis.

Assumption 4.4.1 All local MPC problems Pi(k),∀i ∈ N are feasible for k ≤

k1 +N.

Assumption 4.4.2 The condition X f ,i ⊆Ξi holds for all k≥ k1+N with Ξi the one-

step predecessor state set, which can be steered to xi,des(Np|k) by a feasible control

action ua
i (Np−1|k) under (4.26b):

Ξi ≜ {x̄(Np−1|k) |∃ūi(Np−1|k) fulfills (4.26d)

and (4.26e) : x̄(Np|k) = xi,des(Np|k)}.

As it can be noticed, the initial feasible assumption in Assumption 4.4.1 is

commonly used in DMPC framework with unidirectional topologies [10,105]. This

can be addressed by a centralized optimization method or by a trial-and-error ap-

proach [175] in the distributed fashion, which have been extensively discussed in

the literature. Furthermore, Assumption 4.4.2 characterizes the size of Ūi (in terms

of the disturbance d̄i, w̄i) required to ensures that there exists a feasible ua
i (Np−1|k)

so that (4.25) can be achieved. Since d̄i is a K function with respect to the radius

of the admissible velocity set Vi−1 of vi−1 (see 4.3.1), Assumption 4.4.2 can be vali-

dated for a given platoon system by gradually tightening the admissible velocity set

Vi (vi ∈ Vi,∀i∈ {0}∪N ) as i→ 0. In other words, ensuring that Vi−1⊂ Vi,∀i∈N

leads to gradually enlarged admissible control (torque) sets as i→ N.



4.4. Theoretical Analysis 79

Theorem 4.4.1 Under Assumptions 4.3.1, 4.4.1 and 4.4.2, Algorithm 3 is recur-

sively feasible for all followers.

Proof: Suppose at any step k > k1 +N, there is a solution (x∗i (: |k),u∗i (: |k))

for Pi(k) satisfying all constraints (4.26b)-(4.26g). In the following, to deal with

the coupled state-control constraint (4.26e), the two control ūi(: |k+1) = [ζ̄i(: |k+

1) T̄i(: |k+ 1)]⊤ and two state x̄i(: |k+ 1) = [δ̄i(: |k+ 1) Ēi(: |k+ 1)]⊤ sequences

will be analyzed separately. Consider a candidate torque sequence constructed by

T̄i(: |k + 1) = T a
i (: |k + 1) for Pi(k + 1). It is immediate to show that T a

i (0 :

Np− 2|k+ 1) satisfies the constraint (4.26d), and according to Assumption 4.4.2,

T a
i (Np−1|k+1) is also feasible. Due to the impact of the disturbances wi(k+1)

and di(k+1) introduced when Ēi(0|k+1) is initialized (see (4.26f)), the predicted

state trajectory Ēi(: |k+1) produced by T a
i (: |k+1) is different from the assumed

state trajectory E a
i (: |k+1). Let

ε1(: |k+1)≜ Ēi(: |k+1)−E a
i (: |k+1).

It is clear that

ε1( j+1|k+1) = ai,2ε1( j|k+1), ∀ j ∈ {0,1, ...,Np−1}

with ai,2 = Ai [2,2], which in turn implies

ε1( j+1|k+1) = a j+1
i,2 ε1(0|k+1), j ∈ {0,1, ...,Np−1}

with ε1(0|k+1) = ai,2wi(k+1)+di(k+1). Due to the fact that |ai,2|< 1, we have

|ε1( j|k+1)| ≤ |ε1(0|k+1)|= |ai,2wi(k+1)+di(k+1)|

≤ w̄i + d̄i, ∀ j ∈ {0,1, ...,Np}. (4.32)
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Now, we construct

ζ̄i( j|k+1) = fi(Ēi( j|k+1)), ∀ j ∈ {0,1, ...,Np−2}

that follows the equality of (4.29) to ensure the legitimate of the candidate solution.

Thanks to Assumption 4.3.1, we have

|ζ̄i( j|k+1)−ζ
a
i ( j|k+1)|= | fi(Ēi( j|k+1))− fi(E

a
i ( j|k+1))|

≤ κi|Ēi( j|k+1)−E a
i ( j|k+1))| ≤ κi(w̄i + d̄i).

Therefore, the equality condition in (4.29) holds for ζ̄i(0 : Np−2|k+1), while the

feasibility of ζ a
i (Np−1|k+1) in terms of (4.26e) (without ensuring the tightness of

(4.29)) is guaranteed by Assumption 4.4.2. Let

ε2(: |k+1)≜ δ̄i(: |k+1)−δ
a
i (: |k+1).

Then, by following the same steps carried out for ε1(: |k+1), it can be shown

that for all j ∈ {0,1, ...,Np−1}, it holds that

ε2( j + 1|k + 1) = ai,1ε2( j|k + 1) + (ζ̄i( j|k + 1) − ζ
a
i ( j|k + 1))∆s.

As ai,1 = Ai [1,1] = 1, it holds that

|ε2( j+1|k+1)| ≤ a j+1
i,1 (w̄i + d̄i)+

j

∑
i=0

ai
i,1κi(w̄i + d̄i)∆s

= (w̄i + d̄i)+( j+1)κi(w̄i + d̄i)∆s

≤ (w̄i + d̄i)+Npκi(w̄i + d̄i)∆s

(4.33)

In view of (4.32) and (4.33), provided that the kth step solution is inside the feasible

region X̄i⊖Hi(k), x̄i(: |k+1) must be bounded by the enlarged set X̄i⊖Hi(k+1)

with Hi(k) defined in (4.28), as required by (4.26c). Moreover, considering (4.25),

the terminal constraint (4.26g) of x̄i(Np|k+1) is also fulfilled. Therefore, the (k+1)
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step solution (driven by T a
i (: |k+1)) is feasible.

The analysis can be applied to all steps k > k1+N. Hence, it can be concluded

by induction that if Assumption 4.4.1 holds, the proposed algorithm is recursively

feasible, and it applies to any vehicle i ∈N .

Remark 4.4.1 The enlarged set Hi (see (4.28)) parameterized by k̄ may be too

conservative in practice. To reduce the conservativeness, one may set Hi(k) = (z−

k)H̄i with z = k+1,k+2 . . . , k̄−1 and reset the algorithm when the set X̄i⊖Hi(k)

can not be enlarged any more when Hi(k) = /0. The reset can be performed with

reinitialized Hi(k) = (z−k)H̄i, z > k from the vehicle where the infeasibility occurs

towards the Nth vehicle in a sequential manner.

Theorem 4.4.1 demonstrates the existence of a feasible and legitimate solu-

tion, except for the last step, where the tightness of (4.29) cannot be guaranteed.

However, this does not affect the validity of the closed-loop control solution un-

less a valid MPC solution (with a guaranteed equality condition of (4.29)) cannot

be found for consecutive Np steps. In such a case, a sequential reset of the DMPC

algorithm will be invoked as with 4.4.1. Next, we show that the optimal solution of

the finite-horizon optimization problem Pi(k) tends to find the equality condition

of (4.29).

Given the (k−1)th step optimal solution (x∗i (: |k−1),u∗i (: |k−1)) of Pi(k−1)

and the measurement yi(k) (which determines the initial condition of Pi(k)), first

consider a feasible solutions of Pi(k), denoted by (δ c
i (: |k),E c

i (: |k),ζ c
i (: |k),T c

i (:

|k)) by which the equality condition ζ c
i ( j|k)= fi(E c

i ( j|k)), ∀ j ∈ {0,1, ...,Np− 1}

in (4.29) holds. Then under the same (x∗i (: |k− 1),u∗i (: |k− 1)) and yi(k), it is

possible to construct an alternative solution
(
δ̆i(: |k), Ĕi(: |k), ζ̆i(: |k),T̆i(: |k)

)
with

δ̆i(0|k) = δ c
i (0|k), T̆i(: |k) = T c

i (: |k) and Ĕi(: |k) = E c
i (: |k) whereas the tightness

of (4.29) does not hold

ζ̆i( j|k) = fi(Ĕi( j|k))+∆ζi( j|k), ∆ζi( j|k) ∈ R>0
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which implies

∆ζi( j|k) = ζ̆i( j|k)−ζ
c
i ( j|k), ∀ j ∈ {0,1, ...,Np−2}. (4.34)

In view of (4.11) and (4.34), the dynamics of δi in both scenarios follow

δ
c
i ( j+1|k)=δ

c
i ( j|k)+

(
ζ

c
i ( j|k)− fi

(
Êi−1

))
∆s (4.35a)

δ̆i( j+1|k) = δ̆i( j|k)+
(

ζ
c
i ( j|k)+∆ζi( j|k)− fi

(
Êi−1

))
∆s (4.35b)

The main result is characterized by the following proposition.

Proposition 1 Given the two feasible solutions (δ c
i (: |k),E c

i (: |k),ζ c
i (: |k),T c

i (: |k))

and
(
δ̆i(: |k), Ĕi(: |k), ζ̆i(: |k),T̆i(: |k)

)
defined above, if the weights of the DMPC

objective function (4.31) are chosen such that

Wi,5 ≥ (Np−1)∆s(Wi,1 +Wi,3) (4.36)

the optimal solution of Pi(k), ∀k ∈ {0,1, ..., k̄} always finds (δ c
i (: |k),E c

i (: |k),ζ c
i (:

|k),T c
i (: |k)) with guaranteed equality condition of (4.29).

Proof: Let Jc
i (k) and J̆i(k) denote the cost in both solution cases. Their differ-

ence follows

Jc
i (k)− J̆i(k)=

Np−1

∑
j=0

li
(
xc

i ( j|k),uc
i ( j|k),xa

i ( j|k),xi,des( j|k)
)

+
Np−2

∑
j=0

Wi,5|ζ c
i ( j|k)− fi(E

c
i ( j|k))|

−
(Np−1

∑
j=0

li
(
x̆i( j|k), ŭi( j|k),xa

i ( j|k),xi,des( j|k)
)

+
Np−2

∑
j=0

Wi,5|ζ̆i( j|k)− fi(Ĕi( j|k))|
)

(4.37)
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After some rearrangements, we obtain

Jc
i (k)− J̆i(k)=

Np−1

∑
j=0

(
Wi,1

(
|δ c

i ( j|k)−δ
a
i ( j|k)|− |δ̆i( j|k)

−δ
a
i ( j|k)|

)
+Wi,3

(
|δ c

i ( j|k)−δ0|−|δ̆i( j|k)−δ0|
))

−
Np−2

∑
j=0

Wi,5∆ζi( j|k)

(4.38)

where the assumed and desired trajectories are identical in both scenarios as they

are predefined based on the (k− 1)th step solution. By the triangle inequality and

the identity δ̆i(0|k) = δ c
i (0|k), it holds that

Jc
i (k)−J̆i(k)≤

Np−1

∑
j=1

(
Wi,1

(
|δ̆i( j|k)−δ

c
i ( j|k)|

)
+Wi,3

(
|δ̆i( j|k)−δ

c
i ( j|k)|

))
−

Np−2

∑
j=0

Wi,5∆ζi( j|k)

(4.39)

By subtracting (4.35a) from (4.35b), we obtain

δ̆i( j+1|k)−δ
c
i ( j+1|k)

=
(
δ̆i( j|k)−δ

c
i ( j|k)

)
+∆ζi( j|k)∆s

(4.40)

which, by induction, leads to

δ̆i( j+1|k)−δ
c
i ( j+1|k) =

j

∑
n=0

∆ζi(n|k)∆s. (4.41)
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Substituting (4.41) into (4.39), it yields

Jc
i (k)−J̆i(k)≤

Np−1

∑
j=1

(
Wi,1

j−1

∑
n=0

∆ζi(n|k)∆s

+Wi,3

j−1

∑
n=0

∆ζi(n|k)∆s
)
−Wi,5

Np−2

∑
j=0

∆ζi( j|k)

= ∆s(Wi,1 +Wi,3)
Np−1

∑
j=1

j−1

∑
n=0

∆ζi(n|k)−Wi,5

Np−2

∑
j=0

∆ζi( j|k)

≤(Np−1)∆s(Wi,1 +Wi,3)
Np−2

∑
j=0

∆ζi( j|k)−Wi,5

Np−2

∑
j=0

∆ζi( j|k)

(4.42)

Given the condition (4.36), (4.42) further implies that Jc
i (k)− J̆i(k)≤ 0, thus ending

the proof.

Remark 4.4.2 Note that 1 does not ensure a legitimate solution to be found. The

proposed algorithm may still find a solution where the equality condition of (4.29)

is not satisfied within a finite horizon due to the non-strict convexity. In such a

case, a legitimate solution (except the last step) can be constructed a posteriori by

following the analysis given in 4.4.1.

4.4.2 Robustness Analysis

Based on Theorem 4.4.1, this subsection will focus on the Lyapunov stability

of the proposed DMPC scheme.

Theorem 4.4.2 Under Assumptions 4.3.1, 4.4.1 and 4.4.2, given the Algorithm 3

for Pi(k), if the weighting parameters are designed such that

Wi,2 ≥Wi+1,4mi+1,i, (4.43)

the tracking error xi(k)− x∗i,des of the perturbed system (4.11) is ISS with respect to

the disturbances di(k) and wi(k).

Proof: Without considering the uncertainties di(k) and wi(k), the terminal

constraint (4.26g) of Pi(k) turns out to x̄i(Np|k) = xi,des(Np|k), which ensures
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x∗i (Np|k)= x∗i,des, ∀k≥ k1+N, i∈N . Given ua
i (: |k+1) and xa

i (: |k+1) constructed

by (4.23) - (4.25), it is straightforward to show they are feasible for Pi(k+ 1). In

particular, (4.25) is achieved by employing

T a
i (Np−1|k+1)=

ri

ηt,i

(
2Cd,i

mi
(E a

i (Np−1|k+1)+migCs,i

)
ζ

a
i (Np−1|k+1)= fi(E

a
i (Np−1|k+1))

which yields xa
i (Np|k+ 1) = xa

i (Np−1|k+ 1) = x∗i (Np|k) = x∗i,des. From 4.4.1 and

4.4.2, ζ a
i ( j|k+1) = fi(E a

i ( j|k+1)) holds for all j ∈ {0,1, ...,Np−2}. By substitut-

ing the optimal solution (x∗i (: |k+1),u∗i (: |k+1)), the corresponding cost function

J∗i (k+1) can be rewritten as

J∗i (k+1) =
Np−1

∑
j=0

(
Wi,1|δ ∗i ( j|k+1)−δ

a
i ( j|k+1)|

+Wi,2|E ∗i ( j|k+1)−E a
i ( j|k+1)|+Wi,3|δ ∗i ( j|k+1)−δ0|

+Wi,4|E ∗i ( j|k+1)−mi,i−1E
a
i−1( j|k+1)|

)
≤

Np−1

∑
j=0

(
Wi,1|δ a

i ( j|k+1)−δ
a
i ( j|k+1)|

+Wi,2|E a
i ( j|k+1)−E a

i ( j|k+1)|+Wi,3|δ a
i ( j|k+1)−δ0|

+Wi,4|E a
i ( j|k+1)−mi,i−1E

a
i−1( j|k+1)|

)

(4.44)

which can be reduced to

J∗i (k+1)≤
Np−1

∑
j=0

(
Wi,3|δ a

i ( j|k+1)−δ0|

+Wi,4|E a
i ( j|k+1)−mi,i−1E

a
i−1( j|k+1)|

)
(4.45)
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For the sake of further analysis, let us rewrite (4.45) as

J∗i (k+1)≤
Np

∑
j=1

(
Wi,3|δ ∗i ( j|k)−δ0|

+Wi,4|E ∗i ( j|k)−mi,i−1E
∗
i−1( j|k)|

)
=

Np−1

∑
j=1

(
Wi,3|δ ∗i ( j|k)−δ0|

+Wi,4|E ∗i ( j|k)−mi,i−1E
∗
i−1( j|k)|

)
(4.46)

Subtracting J∗i (k) from J∗i (k+1),

J∗i (k+1)− J∗i (k)≤

−
(

Wi,1|δ ∗i (0|k)−δ
a
i (0|k)|+Wi,2|E ∗i (0|k)−E a

i (0|k)|

+Wi,3|δ ∗i (0|k)−δ0|+Wi,4|E ∗i (0|k)−mi,i−1E
a
i−1(0|k)|

)
+

Np−1

∑
j=1

(
Wi,3|δ ∗i ( j|k)−δ0|+Wi,4|E ∗i ( j|k)−mi,i−1E

∗
i−1( j|k)|

)
−

Np−1

∑
j=1

(
Wi,1|δ ∗i ( j|k)−δ

a
i ( j|k)|+Wi,2|E ∗i ( j|k)−E a

i ( j|k)|

+Wi,3|δ ∗i ( j|k)−δ0|+Wi,4|E ∗i ( j|k)−mi,i−1E
a
i−1( j|k)|

)

(4.47)

By applying the triangle inequality, (4.47) can be reduced to

J∗i (k+1)− J∗i (k)≤

−
(

Wi,1|δ ∗i (0|k)−δ
a
i (0|k)|+Wi,2|E ∗i (0|k)−E a

i (0|k)|

+Wi,3|δ ∗i (0|k)−δ0|+Wi,4|E ∗i (0|k)−mi,i−1E
a
i−1(0|k)|

)
−

Np−1

∑
j=1

(
Wi,1|δ ∗i ( j|k)−δ

a
i ( j|k)|+Wi,2|E ∗i ( j|k)−E a

i ( j|k)|

−Wi,4mi,i−1|E ∗i−1( j|k)−E a
i−1( j|k)|

)
(4.48)

Let us consider the sum of all local cost functions J∗i (k), ∀i ∈ N as a candidate
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Lyapunov function: J∗
Σ
(k) = ∑

N
i=1 J∗i (k) In view of (4.48), it can be shown that

J∗Σ(k+1)− J∗Σ(k) =
N

∑
i=1

(
J∗i (k+1)− J∗i (k)

)
≤−

N

∑
i=1

(
Wi,1|δ ∗i (0|k)−δ

a
i (0|k)|+Wi,2|E ∗i (0|k)−E a

i (0|k)|

+Wi,3|δ ∗i (0|k)−δ0|+Wi,4|E ∗i (0|k)−mi,i−1E
a
i−1(0|k)|

)
−

N

∑
i=1

Np−1

∑
j=1

(
Wi,1|δ ∗i ( j|k)−δ

a
i ( j|k)|+Wi,2|E ∗i ( j|k)−E a

i ( j|k)|

−Wi,4mi,i−1|E ∗i−1( j|k)−E a
i−1( j|k)|

)

(4.49)

Due to the fact that W1,4m1,0|E ∗0 ( j|k)−E a
0 ( j|k)|= 0, we have

J∗Σ(k+1)− J∗Σ(k)

≤−
N

∑
i=1

(
Wi,1|δ ∗i (0|k)−δ

a
i (0|k)|+Wi,2|E ∗i (0|k)−E a

i (0|k)|

+Wi,3|δ ∗i (0|k)−δ0|+Wi,4|E ∗i (0|k)−mi,i−1E
a
i−1(0|k)|

)
−

N

∑
i=1

Np−1

∑
j=1

Wi,1|δ ∗i ( j|k)−δ
a
i ( j|k)|−

Np

∑
j=1

φN,2|E ∗N( j|k)−E a
N( j|k)|

−
N−1

∑
i=1

Np−1

∑
j=1

(Wi,2−Wi,4mi,i−1)|E ∗i ( j|k)−E a
i ( j|k)|

(4.50)

According to (4.43), J∗
Σ
(k+ 1)− J∗

Σ
(k) ≤ 0, which further implies the asymp-

totic convergence of tracking error of each vehicle x̄i(k)− xi,des(k),∀i ∈ N . As

the leader information is accessible to Vehicle 1, that is x1,des = [δ0 m1,0E0(k)]⊤, it

further implies that

x̄i(k)− x∗i,des→ 0,k→ ∞, ∀i ∈N .

As xi(k)− x̄i(k) = x̃i(k)+ ei(k) and x̃i(k) and ei(k) are ISS (see (4.16)-(4.20)), it

is immediate to show that the tracking error xi(k)− x∗i,des in the presence of distur-

bances and measurement noise is also ISS and it will converge to a robust invariable

set S̃i⊕Si.
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Remark 4.4.3 The proposed method is based on unidirectional PF topology, which

demands less communication compared to other topologies, such as PLF, two

predecessor-leader following (TPLF) topologies and other bidirectional counter-

parts. The proposed control solution can be extended to cope with those graphs

[10, 176]. If the leader information is immediately available to all followers (e.g.,

PLF and TPLF), it is usually more straightforward to design a DMPC algorithm

by replacing the desired state of the preceding vehicle mi,i−1E
a
i−1( j|k) in the local

MPC problem (4.26) with the state mi,0E0 of the leading vehicle.

4.5 Simulation
Two case studies are carried out in this section. In the first case study, a nu-

merical example will first be investigated to show the effectiveness of the proposed

algorithm, and then the significance of tube-based DMPC in dealing with system

uncertainties by comparing it with the nominal DMPC algorithm. Finally, the pro-

posed method is benchmarked against an existing nominal DMPC-based platooning

method [10] in terms of computational efficiency. Case study 2 focuses on a more

realistic scenario, where the leader is requested to follow an experimental speed

profile. The proposed method demonstrates its ability to maintain platoon forma-

tion in this scenario, highlighting its applicability to more practical time-varying

velocity scenarios.

In both examples, we consider a vehicle platoon that contains one leading ve-

hicle and four following vehicles. Each individual vehicle exchanges information

with its neighbors through a PF communication topology. In Table 4.1, the parame-

ters of platoon vehicles are given, which reflect the heterogeneity entailed in vehicle

mass mi, air drag coefficient Cd,i, wheel radius ri and the driving/braking torque lim-

its Ti,min, Ti,max. Other common parameters of the vehicle and the DMPC algorithm

are included in Table 4.2. Note that a constant tyre rolling resistance coefficient,

C fi , is employed as a simple example. This tube-based DMPC problem is solved

by Yalmip [177] with the convex solver Mosek [178] in Matlab environment. The

specifications of the PC are Intel Core i5 2.3GHz CPU with 8GB of RAM.
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Table 4.1: Heterogeneous vehicle parameters

Vehicle
Index

mi
[kg]

Cd,i
[N · s2 ·m−2]

ri
[m]

Ti,min
[N ·m]

Ti,max
[N ·m]

0 1035.7 0.35 0.30 -350 350
1 1178.7 0.37 0.33 -410 410
2 1257.6 0.37 0.33 -450 450
3 1349.1 0.39 0.35 -480 480
4 1434.0 0.41 0.38 -510 510

Table 4.2: Rest of the parameters

Description Symbols Values
Tyre rolling resistance coefficient C fi 0.01

Final drive ratio ηt,i 3
Gravity constant g 9.8N/kg

Predictive Horizon Length Np 20
Sampling distance interval ∆s 2m

Desired time headway δ0 1s
Minimum time headway ∆tmin 0.5s
Maximum time headway ∆tmax 1.5s

4.5.1 Step Function-type Leader Speed

Consider the velocity trajectory of the leading vehicle, as shown in Fig. 4.2.

Assuming the speed limits are set to vmin = 20 m/s and vmax = 40 m/s. In addition,

the process and measurement disturbances added to the dynamic equations of all

followers are subject to |di| ≤ 0.035 and |wi| ≤ 0.02, ∀i∈N . Then, the uncertainty

bounds d̄i = 0.035 and w̄i = 0.02,∀i ∈N are exploited for the design of the tube-

based DMPC. Finally, the platoon is initialized by the conditions given in Table

4.3.

The results are shown in Figs. 4.2-4.4, which verify the effectiveness of the

proposed control solution. More specifically, the velocity profiles and the resulting

tracking error signals are shown in Fig. 4.2, demonstrated in the time domain for

illustrative purposes. Since our control objective (4.13) is to maintain a constant

time headway in the spatial domain, the resulting plots differ from other time do-

main control methods [10,110] after spatial domain to time domain transformation.

The simulation shows that the control signals of all follower vehicles exhibit similar
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Figure 4.2: Top: The velocity performance of all vehicles. Bottom: The velocity
tracking performance of all followers.

behavior, and therefore for clarity of the figure, only the input torque and the tube of

Vehicle 1 are presented in Figs. 4.3. The chattering behavior primarily results from

the uncertainties and may be attenuated by including the dynamics of the torque in

the vehicle system model (4.11). Finally, it can be observed from Fig. 4.4 that the

time headway tracking errors are robustly bounded around the desired values (with

no validation against the safety limits) in the presence of the uncertainties.

Then, the proposed tube-based DMPC algorithm is compared with the nominal

DMPC in the form of (4.26) but without the tightening of the feasibility sets (4.26c)

(4.26d) and the terminal constraint (4.26g). From Fig. 4.5, it can be observed that
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Table 4.3: Vehicle initial conditions in Case study 1

Vehicle
Index

Initial time
ti(0) [s]

Initial Time Headway
∆ti(0) [s]

Initial speed
vi(0) [m/s]

0 0 - 23
1 1.1 1.1 23
2 2 0.9 22
3 3.1 1.1 23
4 4 0.9 24

0 5 10 15 20 25 30 35

Time [s]

-200

-150

-100

-50

0

50

100

150

200

T
o

rq
u

e
 [

N
·m

]

Vehicle 1

Figure 4.3: The input torque of Vehicle 1 in the platoon.

under the same simulation condition shown in Figs. 4.2 to 4.4, the time headway tra-

jectory of the Vehicle 4 violates the state constraint at the position s = 342m, which

may cause rear-end collisions in practice. It is noteworthy that the tightening of the

feasibility entailed in the tube-based MPC inevitably introduces conservativeness,

and may eventually become infeasible when the bound of uncertainty increases. In

this context, we also take Vehicle 4 as an example to study the maximum uncertainty

that can be tolerant. It is found that the proposed algorithm can tolerate normalized

uncertainties up to d̄i = 0.07 or w̄i = 0.07, which corresponds to a velocity uncer-

tainty of ±2.8 m/s and a distance headway uncertainty of ±8.4 m after converting

to time domain.

Further simulation is performed to show the computational efficiency of the

proposed convex and robust DMPC as compared to [10], which proposes a non-
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Figure 4.4: The time headway profiles of all followers.

convex DMPC algorithm. In order to conduct a fair comparison, we set identical

parameters from Table 4.1 and Table 4.2. Additionally, the same cost function and

weighting coefficients utilized in [10] are employed. The computational efficiency

of the proposed method is evaluated in Fig. 4.6 by comparing to a traditional non-

linear DMPC-based method [10] that is solved by IPOPT. As it can be seen, the

individual DMPC average running time of each step is 8.5× 10−3 s. Considering

the distance step size and vmax = 40 m/s, the minimum time duration over a dis-

tance step ∆s is 0.05 s, which is greater than the computation time and therefore

reflects the real-time applicability of the proposed algorithm. In contrast, when the

non-convex DMPC algorithm is implemented, the average time consumption of all
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Figure 4.5: The time headway of Vehicle 4 obtained by a nominal MPC.

vehicles is above 0.4 s, considerably more time-consuming compared to the pro-

posed method (approximately 50 times slower on average). The results show the

merit of the convex modeling framework.
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0.006

0.008

0.01

0.012

0.014

0.016

C
o
m

p
u
ta

ti
o
n
al

 t
im

e 
[s

]

Vehicle 1 Vehicle 2 Vehicle 3 Vehicle 4
0

0.2

0.4

0.6

0.8

1

1.2

1.4

Figure 4.6: Left: Computation time of the proposed convex and robust DMPC
algorithm. Right: Computation time of the nonlinear DMPC algorithm in [10].
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4.5.2 Time-varying Leader Speed

Figure 4.7: A 18.5km rural route in the UK.

In this subsection, we further examine the performance of the proposed method

under the condition of continuously changing leader speed, which is taken from an

experimental speed profile collected on a rural route in the UK (18.5 km in total,

see Fig. 4.7). The road slope angle θi(s) is collected from Google Maps. The initial

conditions of all vehicles are set uniformly as ∆ti(0) = 1 s and vi(0) = 0.91 m/s for

all i ∈N .

The velocity tracking performance is illustrated in Fig. 4.8. The proposed

algorithm exhibits highly accurate tracking performance with a maximum error of

±4.7 m/s throughout the mission. As an example, the torque of Vehicle 1 is plotted

in Fig. 4.9. Similar to Case Study 1, the profile remains noisy despite the respect

of the control constraints. Furthermore, the time headway tracking performance of

followers is shown in Fig. 4.10. Despite the increased complexity of the realistic

driving cycle compared to the reference speed profile in Case Study 1, all followers

can still maintain their time headway within the safe region with minimal tracking

error attributed to system uncertainties.
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Figure 4.8: Top: The velocity performance of all vehicles during rural driving cy-
cles. Bottom: The velocity tracking performance of all followers during the experi-
mental driving profile.
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Figure 4.9: The input torque of Vehicle 1 during the experimental driving profile.

Figure 4.10: The time headway profiles during the experimental driving profile.
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4.6 Experiment
For the purpose of practical application, more optimization objectives, such as

energy consumption and driver comfort, should be taken into account on the basis

of (4.31). The updated stage cost function li(x̄i( j|s), ūi( j|s),xa
i−1( j|s)) is specified

as follows:

li ≜Wi,1|∆t̄i( j|s)−∆|+Wi,2|Ēi( j|s)−mi,i−1Ea
i−1( j|s)|

+Wi,3|Ti( j|s)−hi( j|s)|+Wi,4Pi( j|s)+Wi,5ξi( j|s) (4.51)

Wi,1|∆t̄i( j|s)−∆| and Wi,2|Ēi( j|s)−mi,i−1Ea
i−1( j|s)| are set to maintain the platoon

formation, where mi, j ≜ mi/m j, j ̸= i. ; Wi,3|Ti( j|s)−hi( j|s)| is utilized to improve

passenger comfort, where hi( j|s) = ri
ηt,i

(
2Cd,i

mi
Ea

i ( j|s)+migCs,i(s+ j)). The expres-

sion of hi( j|s) represents the torque required to counterbalance the external aero-

dynamic drag and tire friction forces; Wi,4Pi( j|s) penalizes energy consumption,

where Pi( j|s) represents motor power; and Wi,5ξi( j|s) guarantees the convexifica-

tion of the problem. In this subsection, the proposed algorithm is denoted as an

ecological adaptive tube-based distributed model predictive control (AT-DMPC).

4.6.1 Energy Consumption

This section investigates the energy consumption of the proposed method

against the IDM strategy [168], the CACC method [167] and the ISMC algorithm

[179]. First, simulation is conducted for the electric vehicle platoon utilizing the

ecological AT-DMPC approach, operating on a real-world 18.5 km rural road in the

UK. Fig. 4.11(a) demonstrates the motor power of each CAV throughout the entire

route. Next, we investigate the energy consumption about CAVs with benchmarked

CACC controllers. In order to track the preceding vehicle, the feedback mecha-

nism in the benchmark method leads to drastic perturbations in the input torque,

resulting in the significant energy wastes. Further comparisons are made against an

ISMC algorithm, which maintains platoon formation and handles system uncertain-

ties via introducing a sliding mode surface. However, the chattering problem caused

by sliding mode control results in additional energy consumption. Following this,
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comparisons are made to the IDM-based strategy, which favors gentle acceleration

changes similar to those of human drivers. Nevertheless, the energy efficiency is

still worse than the proposed AT-DMPC. Among the aforementioned four methods,

the ecological AT-DMPC approach exhibits the best energy efficiency. The reason

is that we penalize the motor power as much as possible in the objective function, as

long as it satisfies the requirements of platoon formation control and driving com-

fort. The power profiles of AT-DMPC, IDM, ISMC and CACC discussed above

are respectively presented in Figs. 4.11(a), 4.11(b), 4.11(c) and 4.11(d), while the

total energy consumption is depicted in Fig. 4.12. In summary, provided similar

tracking performance of all methods, the AT-DMPC demonstrates a 9.5% energy

savings compared to the IDM strategy, a 11.3% energy savings compared to the

ISMC algorithm and a 16.5% energy savings compared to the CACC benchmark.

(a) AT-DMPC Approach (b) IDM Strategy

(c) ISMC Algorithm (d) CACC Method

Figure 4.11: Motor power requested by different methods.
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Figure 4.12: The energy consumption comparison among four algorithms.

4.6.2 Driver Comfort

Due to the control objective Wi,3|Ti( j|s)−hi( j|s)| in (4.51), the acceleration re-

mains smooth and within ±1.1 m/s2 in 4.13, which meets the commonly acknowl-

edged comfort acceleration limits [169]. Furthermore, other formation maintenance

performance are also demonstrated in Figs. 4.14(a),4.14(b),4.14(c),4.14(d).

4.6.3 Hardware-in-Loop Experiment

This case verifies the effectiveness of the ecological AT-DMPC approach

through a HIL experiment conducted at Tsinghua University, China. In a prede-

termined highway scenario, a virtual leading vehicle is generated to exhibit notable

variations in speed prior to the 30-second mark, maintaining a constant velocity

thereafter. Specifically, the speed profile is modeled as:

v0(t) =

 30+5sin(πt
10), 0 s≤ t < 30 s

30, 30 s≤ t < 40 s
(4.52)
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Figure 4.13: The acceleration of all followers during the experimental driving
profile.
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Figure 4.14: The tracking performance of the proposed ecological AT-DMPC ap-
proach.

The HIL testing platform is composed of the NI real-time computer (RTPC),
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Figure 4.15: Hardware-in-the-loop experiment.

the rapid control prototype (RCP), the controller area network (CAN) bus, the power

supply and the HIL host computer. The host computer is installed with NI VeriS-

tand software which manages input and output signals from RTPC, RCP and CAN

in real-time. The experimental setup is illustrated in Fig. 4.15, which demon-

strates that, with the exception of the controller for Vehicle 3 stored in the RCP,

all other environmental aspects are simulated in real-time by the RTPC. The results

are presented in Figs. 4.16(a) and 4.16(b), indicating that the ecological AT-DMPC

approach can function in real-time for practical applications.

4.7 Conclusion

This paper deals with robust vehicle platooning control of heterogeneous CAVs

by a convex and tube-based DMPC algorithm, which is able to cope with measure-

ment and modeling uncertainties under PF communication topology. The overall

problem is formulated in the space domain rather than using the conventional time
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Figure 4.16: Vehicle state profiles in HIL experiment.

domain models, and in this context, the resulting receding horizon optimal con-

trol problems can be suitably relaxed as a convex problem, which enables a rapid

optimal solution search, which is the key to practical implementation. The relax-

ation is proved to be valid and non-conservative. The proposed framework also

enables coupled state constraints for collision avoidance to be taken into considera-

tion for safety guarantees. Both the recursive feasibility and Lyapunov stability are

addressed at the steady state velocity of the leader vehicle.

The performance of the proposed method is simulated on a rural route in the

UK, where the road slope and friction coefficient are incorporated accurately. En-

ergy consumption is investigated, which achieves 9.5%, 11.3% and 16.5% savings

against the IDM strategy, the ISMC algorithm and the CACC method, respectively.

Additional simulations focus on assessing computational efficiency, which is com-
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pared with a benchmark non-convex method and another state-of-the-art REACC

algorithm. HIL experiments are also conducted in order to confirm that the ecolog-

ical AT-DMPC approach has the capability for practical applications.



Chapter 5

Two-dimensional Multi-CAV

Coordination

5.1 Introduction
Connected and autonomous vehicle (CAV) control approaches proposed in

Chapters 3 and 4 focus on one-dimensional vehicle control subject to longitudi-

nal dynamics only, which falls short in many complex and realistic scenarios. For

example, to account for platoon reconfiguration and collision avoidance, vehicles

have to be properly controlled over a two-dimensional space. To handle this, a com-

mon approach is to employ a two-layer solution respectively for trajectory planning

and control/tracking [132, 154, 180]. While the control layer can simply follow the

DMPC algorithm proposed in previous chapters, this chapter focuses specifically

on path planning. A novel motion planning algorithm based on Artificial Poten-

tial Field (APF) is designed with capability of flexible reconfigurable formation of

mobile agents. This feature turns out to useful for multi-CAV coordination in prac-

tice, especially when dealing with obstacles. Contributions of this motion planning

strategy are summarized as follows:

• A novel APF-based path planning algorithm is designed with capability of

flexible reconfigurable formation. As such, CAVs may be split into several

sub-groups to accomplish complex tasks. Specifically, topology reconfigu-

ration is reactivated in the event of newly detected obstacles, and thus the
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overall scheme offers great flexibility in tackling unknown obstacles.

• Following the last point, the proposed APF algorithm ensures the bounded-

ness of the resulting velocity trajectory, which can be beneficial for lower

layer trajectory tracking. The convergence of the algorithm is analyzed under

the framework of the Lyapunov-like theory.

5.2 Problem Statement

𝛼𝑖(𝑡)

𝛿𝑖(𝑡)

𝛽𝑖(𝑡)
𝑙𝑖,𝑓

𝑣𝑖(𝑡)

𝑐𝑔𝑖  (𝑝𝑖)

𝐿𝑖

𝑙𝑖,𝑟
𝑟𝑖

Figure 5.1: Vehicle kinematic bicycle model.

Consider a group of N CAVs in a two-dimensional space which are initially

confined in a swarm with the radius of Rc, and are requested to travel from their

initial positions to the predefined target positions without crashing into each other

or the obstacles. In Fig 5.1, the motion of each agent is governed by the vehicle
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kinematic bicycle model [181]:

ṡi,x(t) = vi(t)cos
(
αi(t)+βi(t)

)
,

ṡi,y(t) = vi(t)sin
(
αi(t)+βi(t)

)
,

α̇i(t) =
vi(t) tanδi(t)cosβi(t)

Li
,

v̇i(t) = ai(t),

δ̇i(t) = ωi(t), ∀i ∈ A

(5.1)

where si(t) = [si,x(t) si,y(t)]⊤ denotes the center of gravity position (cg) of i-th CAV,

A ≜ {1,2, . . . ,N}. As shown in Fig 5.1, Li = lr,i + l f ,i, where l f ,i is the distance

between the front wheel and cg and lr,i is the distance between the rear wheel and

cg. αi(t) represents the heading angle, and vi(t) and ωi(t) are the velocity and the

angular velocity, respectively. βi(t) = arctan
( lr,i tan(δi(t))

Li

)
is the slip angle, where

δi(t) denotes the steering angle. Finally, ai(t) is the CAV acceleration. For each

CAV i, a collision avoidance range B(pi(t),ri) is constructed, where pi(t) always

coincides with cgi and ri is the maximum distance between the CAV profile and cgi.

There are M static obstacles in the environment, which are unknown until they

are visible to the CAVs. As shown in Fig. 5.2, let Rv > 0 be the radius of the

visual range (based on all onboard radars or cameras of the CAV i). The sensing

range can be expressed as B(pi(t),Rv). Furthermore, the following assumption is

introduced to address the collision avoidance against the obstacles in the unknown

environment [155, 182].

Assumption 5.2.1 All obstacles are convex polygons with a sequence of detected

obstacle contour points {po
l (1), po

l (2), ..., po
l (n)}, which are denoted by the red

crosses in Fig. 5.2.

The objective of the proposed approach is to regulate all CAVs so that they

can safely converge to a pre-set structure in the steady state by reconfigurable CAV
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Figure 5.2: A demonstration of the collision avoidance constraints.

formations, such that

lim
t→∞
||si(t)− (p∗+∆i)||= 0, ∀i ∈ A (5.2)

||si(t)− p j(t)|| ≥ di j,min, ∀ j ∈ Ni(t), ∀t ≥ 0 (5.3)

||si(t)− po
l (n)|| ≥ do

il,min, ∀l ∈Oi(t), ∀t ≥ 0 (5.4)

where p∗ denotes the center of the target swarm B(p∗,Rc) whose radius is also Rc.

D= {∆i | i = 1,2, ...,N} is a set related to the target formation, where ∆i represents

a vector indicating a fixed offset from p∗. During the initialization stage, p∗ and

∆i are given to corresponding agent i, respectively. di j,min = ri + r j + dsa f e is the

minimal distance between neighboring CAVs (see Fig. 5.2), where ri, r j ∈ R>0 are

the radii of CAVs i and j, respectively, and dsa f e ∈ R>0 is the collision avoidance

distance between CAVs. Similarly, the minimum distance between an agent and

an obstacle, do
il,min ∈ R>0, follows do

il,min = ri + dsa f e. In addition, Ni(t) denotes

the time-varying neighboring set of agent i with Ni(0) = A\{i}, and Oi(t) ⊆ O

collects the indices of all obstacles detected by agent i at time t (the set O includes

all obstacles).
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5.3 Methodology
To solve the problem proposed in Section 5.2, a hierarchical strategy for plan-

ning and control is designed. The upper layer employs a two-dimensional single in-

tegrator model to generate collision-avoidance trajectories, while the control layer

implements an DMPC-based controller that tracks the trajectory, considering the

vehicle bicycle model (5.1).

5.3.1 Path Planning Approach with Reconfigurable Topology

In this section, an APF-based path planning algorithm is designed to find the

trajectories of all CAVs subject to collision avoidance. The trajectory can be formu-

lated based on the following two-dimensional single integrator model:

ṗi(t)=

ṗi,x(t)

ṗi,y(t)

= ϑi(t) (5.5)

In line with the nominal APF algorithm, we propose the control law ϑi(t) for the

state pi(t) as

ϑi(t)=∇Ui,att
(

pi(t)
)
+∇Ua

i,rep
(

pi(t)
)
+∇Uo

i,rep
(

pi(t)
)

(5.6)

where Ui,att
(

pi(t)
)

: R2→ R is the attractive potential field, Ua
i,rep

(
pi(t)

)
: R2→ R

and Uo
i,rep

(
pi(t)

)
: R2 → R are the repulsive potential field against neighbouring

CAVs and obstacles, respectively. ∇Ui,att
(

pi(t)
)
, ∇Ua

i,rep
(

pi(t)
)

and ∇Uo
i,rep

(
pi(t)

)
are the gradients with respect to pi(t). More specifically, the attractive potential

field follows

Ui,att(pi(t)) =

1
2

katt ||pi(t)− (p∗+∆i)||2
( Rc

R∗i (t)

)
: pi(t) ∈B(p∗,Rc)

Rckatt ||pi(t)− p∗||− 1
2

kattRcR∗i (t)

: pi(t) /∈B(p∗,Rc)

(5.7)
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Figure 5.3: Schematic diagram about normalized radius R∗i (t) design.

where katt > 0 is an adjustable intensity parameter of the attractive potential field.

Furthermore, R∗i (t) ∈ R>0 is a normalizing distance introduced to ensure conver-

gence of an agent at the target position after entering the target range B(p∗,Rc).

As shown in Fig. 5.3, it is defined as R∗i (t) = ||p∗−Qi(t)||, where Qi(t) is the in-

tersection with the circumscribed circle of B(p∗,Rc) and the directed line segment
−−−−→
p∗pi(t). The gradient of Ui,att(pi(t)) follows

∇Ui,att
(

pi(t)
)
=

katt
(

pi(t)− (p∗+∆i)
)( Rc

R∗i (t)

)
: pi(t) ∈B(p∗,Rc)

Rckatt
(

pi(t)− p∗
)

||pi(t)− p∗||
: pi(t) /∈B(p∗,Rc)

(5.8)
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As it can be noticed, when pi(t) is outside the target range B(p∗,Rc), ∇Ui,att in-

troduces a constant attractive control that drives pi(t) towards p∗. In case that pi(t)

is inside the circle, it holds that ∇Ui,att
(

pi(t)
)
= 0 when ||pi(t)−

(
p∗+∆i

)
|| = 0.

Furthermore, it can be verified that Ui,att
(

pi(t)
)

and ∇Ui,att
(

pi(t)
)

are continuous at

the switching boundary, i.e., the two segments of the piece-wise function are iden-

tical when ||pi(t)− p∗|| = R∗i (t). As illustrated in Figure. 5.3, when the agent i is

located on the boundary of B(p∗,Rc), it holds that pi(t)− (p∗+∆i) = R∗i (t) and

pi(t)− p∗ = Rc. These conditions ensure the continuity of ∇Ui,att(pi(t)).

Next, the two repulsive potential functions are designed as follows to avoid

collisions against other CAVs and obstacles during the mission

Ua
i,rep(pi(t)) =

∑
j∈Ni(t)

(
Ψ

2(di j,min−di j,max)
d2

i j(t)−
Ψdi j,max

di j,min−di j,max
di j(t)

+
Ψd2

i j,max

2(di j,min−di j,max)

)
: di j(t)≤ di j,max

0 : di j(t)> di j,max

(5.9)

where di j(t) = ||pi(t)− p j(t)|| denotes the distance between agent i and agent j. Ψ

is the pre-set threshold for the repulsive field and di j,max = ri + r j +dmax with dmax

the designed maximum distance interval to activate the repulsive field.

∇Ua
i,rep(pi(t)) =
∑

j∈Ni(t)

(
Ψ

di j,min−di j,max
di j(t)−

Ψdi j,max

di j,min−di j,max

)
∇di j(t)

: di j(t)≤ di j,max

0 : di j(t)> di j,max

(5.10)

where ∇di j(t) =
pi(t)−p j(t)
||pi(t)−p j(t)|| . The repulsive potential function (5.9) is continuous

and linearly dependent on the interval between CAVs. The motivation is to circum-

vent unbounded gradient as with the existing APF algorithms where the repulsive

force is proportional to the reciprocal of the interval. By analogy, ∇Uo
i,rep

(
pi(t)

)
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with respect to obstacles can be constructed following the same form of (5.10), but

replacing the index j ∈Ni with l ∈Oi(t). It is worth noting that Oi(t) can be shared

with all neighboring CAVs to avoid mutual occlusion. As obstacles are not avail-

able at the beginning, generation of the trajectory pi(t) by reproducing ui(t) using

the proposed APF algorithm will be necessary during the mission.

Furthermore, the maximum magnitude of the repulsive control is achieved

when di j(t)= di j,min, which yields max{||∇Ui,rep(pi(t))||}= ||Ψ|| in view of (5.10).

Combining with the bounded attractive input (5.8), the resulting control law (5.6)

can be bounded by design, which greatly facilitates tracking of the generated trajec-

tories [157]. On the other hand, di j,max is the maximum distance to activate the re-

pulsive field (5.9), therefore, agent i only connects with CAVs with di j(t)≤ di j,max.

As illustrated in Fig. 5.4, there is no connection between agent 2 and agent 4 due to

the distance d24(t) being longer than d24,max. At the next time instant, positions of

CAVs shift, resulting in an evolution in the topology change which is shown in the

figure.

Figure 5.4: Schematic diagram about topology changes of the connected CAVs.

Remark 5.3.1 To prevent CAVs from falling into a deadlock, a small perturbation

can be introduced to the APF control law (5.6) to enforce CAVs escaping from

deadlock [183].
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5.3.2 Distributed Model Predictive Control for Each CAV

To track the trajectory generated by the proposed path planning Algorithm

(5.1), a DMPC controller is introduced in this section, which can be defined as

follows:

OCP 5

min
si(t)

Ji(t) =
Np−1

∑
k=0
||si(k|t)− pi(k|t)|| (5.11a)

s.t. for k = 1,2, . . . ,Np−1

si(k+1|t) = si(k|t)+ fi
(
xi(k|t),ui(k|t)

)
∆t (5.11b)

si(k|t) ∈ Ci j
(
si(t),s j(t)

)
(5.11c)

xi,np(k|t) ∈ Xi (5.11d)

ui(k|t) ∈ Ui (5.11e)

xi(0|t) = xi(t) (5.11f)

si(Np|t) ∈B
(

pi(Np|t),di,ter
)

(5.11g)

where xi(t) = [si(t),vi(t),αi(t),δi(t)]⊤ denotes the system state, xi,np(t) =

[vi(t),αi(t),δi(t)]⊤ denotes the non-position state and ui(t) = [ai(t),ωi(t)]⊤ de-

notes the system control input. Moreover, (5.11a) represents the vehicle kinematic

bicycle model (5.1) after discretization. (5.11b) is a coupled position constraint

which is utilized for collision avoidance. Other non-position constraints are intro-

duced in (5.11d). (5.11e) denotes the system input constraint including acceleration

and angular velocity of CAV. The initial and terminal constraints of the MPC are

specified by (5.11f) and (5.11g). Overall, the proposed algorithm is summarized in

Algorithm 4 below.
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Algorithm 4 The planning-and-control CAV coordination strategy
Online:

1: Measure the current state xi(t);
2: if si(t) = p∗+∆i then
3: CAV i stops;
4: else if si(t) ̸= p∗+∆i then
5: Set the initial condition (5.11f) of the MPC problem (5.11) based on the

measured value xi(t)
6: Measure the positions of all neighboring CAVs and obstacles;
7: Generate reference trajectory pi(: |t) based on the proposed path planning

algorithm 5.3.1
8: Solve OCP 5 and obtain optimal solution u∗i (: |t);
9: Apply the control action ui(t) = u∗i (0|t) to the actual system (5.1);

10: end if
11: t← t +∆t;
12: Back to step 1;

Assumption 5.3.1 Each coupled state constraint Ci j
(
si(t),s j(t)

)
for collision

avoidance can be converted into corresponding consistency constraint:

Ci j
(
si(t),s j(t)

)
⇒B

(
pi(t),di,sa f e

)
& B

(
p j(t),d j,sa f e

)
where related concepts can be found in [184, 185].

Remark 5.3.2 Considering the circular boundary of CAVs shown in Figure 5.1, the

control strategy proposed in this chapter exhibits limitations in scenarios where the

road is narrow and the size of the CAV is comparatively large.

5.4 Theoretical Analysis
To ensure the effectiveness of the proposed algorithm, this section provides a

mathematical analysis to show that all agents can be driven toward the target trajec-

tory by the proposed APF-based algorithm. The following assumption is needed to

proceed with the analysis.

Assumption 5.4.1 The individual target formation p∗i +∆i is set such that the con-

dition ||∆i−∆ j|| ≥ di j,max,∀i, j ∈ A is satisfied.
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Assumption 5.4.2 There exists a time T such that for all t > T , the environment is

free of obstacles, and thus, the repulsive forces are no longer considered.

The purpose of Assumption 5.4.1 is to ensure that the repulsive potential func-

tion is inactive when all CAVs form the desired formation. This can be achieved

by a proper design of dmax. Assumption 5.4.2 implies that obstacles are separated

from target range B(p∗,Rc) in steady state so that targets can be reached without

activating the repulsive potential function imposed by obstacles.

Theorem 5.4.1 Under Assumptions 5.2.1, 5.4.1 and 5.4.2, given the agent kine-

matic model (5.1) and the APF-based control law (5.6), CAVs can form the pre-

defined desired formation, pi(t)→ p∗+∆i, ∀i ∈ A when t→ ∞.

Proof: Define the tracking error of an agent i

ei(t) = pi(t)− (p∗+∆i), ∀i ∈ A (5.12)

By applying (5.12) to (5.7)-(5.10), Ui,att , Ua
i,rep , ∇Ui,att and ∇Ua

i,rep can be repre-

sented as functions of ei(t) rather than pi(t). Then, in view of (5.6), it can be shown

that

ėi(t) = ṗi(t)− (ṗ∗+ ∆̇i)

= ∇Ui,att
(

pi(t)
)
+∇Ua

i,rep
(

pi(t)
)
.

(5.13)

It is noted that the repulsive potential functions introduced are ignored according to

Assumption 5.4.2.

Consider the Lyapunov candidate with respect to e(t)= [e1(t)⊤,e2(t)⊤, . . . ,eN(t)⊤]⊤

V (e(t)) = ∑
i∈A

1
2

ei(t)⊤ei(t) (5.14)

where V (e(t)) as shown above is always positive definite. In addition, V (0) = 0

as Ui,att = 0 when ei = 0 and Ua
i,rep = 0 when ei = e j = 0 (due to the fact that both

CAVs are at the target positions provided di j(t)> di j,max). The derivative of V along
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the system trajectory is

V̇ (e(t)) = ∑
i∈A

(
ei(t)⊤ėi(t)

)
= ∑

i∈A
ei(t)⊤

(
∇Ui,att

(
pi(t)

)
+∇Ua

i,rep
(

pi(t)
)) (5.15)

The summation of the repulsive field gradients equals zero, and the gradient of

attractive field always opposes the direction of ei(t). Therefore, V̇ (e(t)) < 0, in-

dicating that the proposed MAS is asymptotically stable and pi(t)→ p∗+∆i, t →

∞, i ∈ A.

5.5 Simulation
The numerical example is carried out in this section to verify the effective-

ness of the proposed algorithm. Consider a MAS of ten CAVs, which are randomly

placed within the swarm B([0,0],Rc) at the initial step. The final target is to achieve

a desired triangular formation at the steady state. Table 5.1 summarizes the initial

positions and dimensions of all CAVs, while the chosen parameters for swarm di-

mension and the parameters of the APF algorithm are provided in Table 5.2. Sim-

ulation results are shown in Fig. 5.5. The CAVs can be driven to form the desired

formation within B(p∗,Rc) and avoid all three obstacles in the environments dur-

ing the mission by topology reconfiguration - splitting into multiple swarms and

merging back when necessary.

Table 5.1: Initial Positions and Agent Radii

Agent 1 2 3 4 5 6 7 8 9 10
pi,x(0) 13.6 54.3 -53.0 41.4 -25.9 7.7 -44.9 -51.3 -15.6 -0.2
pi,y(0) -49.3 -41.0 -12.1 8.5 -30.7 51.4 22.6 -50.1 31.5 2.8
ri[m] 2.60 4.25 3.58 4.91 3.61 2.38 2.12 4.52 3.84 3.81

Moreover, in order to highlight the advantages of the proposed algorithm, a

state-of-the-art swarm-based APF control algorithm [186] is set as benchmark in

the same simulation environment. In contrast to the proposed method, the method

in [186] requests all CAVs to remain in a swarm by following a predefined virtual
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(b) t = 40s
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(d) t = 92s
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(e) t = 110s
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(f) t = 200s

Figure 5.5: Episodes of the generated trajectories by the proposed method, where
the coordinate unit is ‘meter’. (a) CAVs’ initial positions are randomly generated
in the initial range B([0,0],Rc). (b) t = 40s, the diamond obstacle appears and
enforces the CAVs to re-generate the trajectories. (c) t = 80s, CAVs pass over the
first obstacle and start to tackle the hexagonal obstacle and the triangle obstacle via
topology reconfiguration. (d) t = 92s, the proposed strategy enables all CAVs to
make use of the small space between obstacles. (e) t = 110s, CAVs completely pass
all obstacles. (f) t = 200s, CAVs reach the target swarm range B(p∗,Rc) and form
the pre-defined formation. It is worth noting that the obstacles in the figure can be
regarded as buildings in the real world.
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(a) Tracking error ||pi(t)−
(

p∗+∆i
)
|| of the proposed algorithm.

(b) Tracking error ||pi(t)− p∗|| of the benchmark.

Figure 5.6: The Sub-figure (a) illustrates the tracking error ||pi(t)−
(

p∗+∆i
)
|| of

the proposed algorithm; The Sub-figure (b) shows the tracking error ||pi(t)− p∗||
of the benchmark.
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Table 5.2: Parameters about APF model and swarm size

Description Symbols Values
Intensity parameter katt 0.08

External circle radius of swarm Rc 80m
Max repulsive field gradient Ψ −65m/s

Safe distance dsa f e 2m
Max distance for repulsion activation dmax 10m

leader (illustrated by the red circle labeled as “v”). The comparison results are

shown in Fig. 5.6(a). In details, Fig. 5.6(a) demonstrates how the tracking errors

converge under the control of the proposed algorithm. As it can be noticed, CAVs

form the pre-determined structure in B(p∗,Rc), taking 200 seconds. Meanwhile,

the result of the benchmark method is illustrated in Fig. 5.6 (b). Due to the CAVs

being confined to a fixed area, they are unable to pass through the obstacles from

both sides, resulting in a longer convergence time of 241 seconds. Additionally, as

shown in Fig. 5.7, agent 1, agent 6 and agent 9 are forced to leave the swarm to

avoid collisions owing to limited space. Due to the repulsive force applied at the

outer edge of the swarm by the benchmark, once an agent leaves, it cannot rejoin the

swarm. Such an issue might be addressed by refining the reference, which, however,

is challenging in the presence of initially unknown obstacles, and the flexibility

introduced by the proposed algorithm can circumvent the challenge.

5.6 Conclusion
This paper investigates a two-dimensional space coordination problem for mul-

tiple CAVs in a constrained environment. A reconfigurable distributed path plan-

ning approach is designed using the concept of the artificial potential field. Instead

of confining all CAVs within a swarm, the proposed algorithm allows the swarm

of CAVs to split into multiple groups or merge into a single swarm to cope with

the emerging obstacles for enhanced flexibility during the task. The convergence

of the algorithm is proved by using the Lyapunov theory. Numerical results ver-

ify the effectiveness of the proposed method and the benefit of enabling topology

reconfiguration.
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Figure 5.7: Path planning following a fixed swarm configuration subject to the given
virtual leader denoted by ‘v’. CAVs are pushed out of the swarm in event of a large
obstacle.



Chapter 6

Conclusion and Future Works

6.1 Conclusion

With the increasing number of vehicles, it is important for humans to address

and mitigate issues related to energy consumption, environmental pollution, and

traffic accidents, where advanced CAV technologies are widely considered as a

promising solution to improve traffic conditions in the near future. In this thesis,

MPC-based CAV controllers are designed with consideration of safety, robustness,

energy consumption, and computational efficiency in different scenarios, such as the

car-following case, the vehicles platooning case, and the multiple vehicles coordi-

nation case. Moreover, numerical simulations, Hardware-in-the-loop experiments,

and vehicle on-road experiments are employed to validate effectiveness of the pro-

posed strategies.

Single CAV car-following scenario: In Chapter 3, a learning-based ecological car-

following strategy for CAVs is designed. Leveraging advanced vehicle-to-vehicle

and vehicle-to-infrastructure technologies, CAVs on roads can receive updated traf-

fic flow information and predict the speed profile of the preceding vehicle using a

macro-micro fused spatial-temporal transformer. To handle the discrepancies be-

tween the predicted and actual speeds of the preceding vehicle and achieve less

conservative results, a robust learning-in-the-loop model predictive control algo-

rithm has been developed. Furthermore, to enable real-time computation for prac-

tical applications, the system models are transformed from the time domain to the
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spatial domain, integrating a fictitious control input design for system convexifica-

tion. Finally, a comprehensive assessment of the proposed strategy is conducted

through numerical simulations and on-road vehicle experiments.

Heterogeneous CAVs platooning scenario: Chapter 4 addresses the platooning

problem of heterogeneous CAVs with consideration of a time-varying leader speed

and multi-dimensional uncertainties that include modeling uncertainties and local

measurement disturbances. Then, a convex and tube-based distributed model pre-

dictive control algorithm (DMPC) utilizing a predecessor-following communication

topology is designed with certified theoretical properties, which can be boiled down

to DMPC parameter tuning criteria. Finally, numerical simulations and hardware-

in-the-loop experiments are conducted to assess the performance of the proposed

method relative to several state-of-the-art algorithms.

Two-dimensional multi-CAV coordination: A two-dimensional space planning-

and-control strategy is proposed in Chapter 5, which can achieve safety-guaranteed

motion in an unknown constrained environment. By considering the sensing range

and CAV dimension, a group of artificial potential field functions are designed aim-

ing at enabling CAVs reconfiguration (e.g., split and merge) for reinforced flexibil-

ity. A distributed MPC algorithm is then developed to achieve formation tracking

while avoiding any potential collisions. Theoretical analysis using the Lyapunov

theory is given to guarantee the performance of the system. Finally, numerical sim-

ulations are carried out to verify the effectiveness of the proposed algorithm and its

superiority against conventional methods.

6.2 Future Works

In the future, some details not discussed in this thesis will be further expanded

upon. In terms of problem setup, traffic lights will be integrated into the urban

scenario. Additionally, the steering and overtaking behaviors of vehicles will also

be considered. Regarding communication, a switching topology framework and

the associated information transmission delays will be explored. As for safety-

critical control used for collision avoidance among CAVs, additional methods such
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as control barrier functions and Hamilton-Jacobi reachability analysis theories will

be studied.
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[186] Giuseppe Franzè, Giuseppe Fedele, Antonio Bono, and Luigi D’Alfonso.

Reference tracking for multiagent systems using model predictive control.

IEEE Transactions on Control Systems Technology, 31(4):1884–1891, 2022.


	Introduction
	Background
	Challenges and Contributions
	Research Challenges
	Aims and Contributions

	Thesis Outline
	Publication List

	Fundamental Concepts and Related Works
	Motivations of MPC
	Basics of MPC
	Closed-loop Properties of MPC
	MPC with Linear System and Quadratic Cost Function
	Robust MPC for Time-varying Additive Disturbances
	MPC-based CAV Control
	Single CAV Car-following Scenario
	Heterogeneous CAVs Platooning Problem
	Two-dimensional CAV Coordination

	Ecological Car-following Strategy for A Single CAV
	Introduction
	Problem Statement
	In-wheel Electric Motor Model
	Dynamic Modeling in Spatial Domain

	Learning-based Ecological Car-following Control Framework
	Macro-micro Fused Spatial-temporal Transformer
	Robust Learning-in-the-loop MPC

	Simulation
	Benchmarks
	Prediction Accuracy
	Car-following Performance
	Computation Efficiency
	Energy Consumption

	On-road Vehicle Experiment
	Conclusion

	Heterogeneous CAVs Platooning Problem
	Introduction
	Problem Statement
	The Nominal Modeling Framework in Time domain
	A Convex Modeling Approach

	Tube-based Distributed Model Predictive Control
	Tube-based MPC
	Distributed Platoon Control Framework

	Theoretical Analysis
	Recursive Feasibility and Legitimate of Solutions
	Robustness Analysis

	Simulation
	Step Function-type Leader Speed
	Time-varying Leader Speed

	Experiment
	Energy Consumption
	Driver Comfort
	Hardware-in-Loop Experiment

	Conclusion

	Two-dimensional Multi-CAV Coordination
	Introduction
	Problem Statement
	Methodology
	Path Planning Approach with Reconfigurable Topology
	Distributed Model Predictive Control for Each CAV

	Theoretical Analysis
	Simulation
	Conclusion

	Conclusion and Future Works
	Conclusion
	Future Works

	Bibliography

