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We introduce a random matrix model for the stationary covariance of multivariate Ornstein-
Uhlenbeck processes with heterogeneous temperatures, where the covariance is constrained by the
Sylvester-Lyapunov equation. Using the replica method, we compute the spectral density of the
equal-time covariance matrix characterizing the stationary states, demonstrating that this model
undergoes a transition between stable and unstable states. In the stable regime, the spectral density
has a finite and positive support, whereas negative eigenvalues emerge in the unstable regime. We
determine the critical line separating these regimes and show that the spectral density exhibits a
power-law tail at marginal stability, with an exponent independent of the temperature distribution.
Additionally, we compute the spectral density of the lagged covariance matrix characterizing the
stationary states of linear transformations of the original dynamical variables. Our random-matrix
model is potentially interesting to understand the spectral properties of empirical correlation ma-
trices appearing in the study of complex systems.

I. INTRODUCTION

The history and success of random matrix theory
demonstrate that diverse data sets, regardless of their
origin, can display universal patterns in their spectral
decomposition [1]. Random matrix theory has been ap-
plied to various fields, including quantum physics [2, 3],
climate time series [4], functional MRI [5] and financial
data [6, 7]. The underlying interactions in large complex
systems – such as neural networks, ecosystems, and stock
markets [8–10] – are typically inferred from the empirical
covariances among the system’s states. Random matrix
theory plays a pivotal role in the problem of estimat-
ing the covariance matrix from noisy data obtained from
high-dimensional dynamical systems [11–13].

The dynamical variables describing complex systems
evolve in time according to nonlinear differential equa-
tions [14]. The stability of fixed-points is crucial to un-
derstand the behavior of these systems [15, 16]. For
example, a stable ecosystem is often associated with
a stable fixed-point [17, 18], where species abundances
exhibit small fluctuations around their average values
[19, 20]. However, as model parameters change, stable
fixed-points can become unstable [18, 21, 22], leading to
a variety of dynamical behaviors, including chaos and pe-
riodic oscillations [14, 20, 23, 24]. A popular conjecture
suggests that complex systems have adapted to operate
at marginal stability [25–28], i.e., near the critical point
of the stability transition. In this situation, large fluctu-
ations of the dynamical variables result in power-law dis-
tributions of various quantities. For instance, economic
models show power-law fluctuations in prices and firm
sizes [27], models of ecosystems display a power-law sin-
gularity in their power-spectrum [19], and neuronal ac-
tivity distributions exhibit power-law tails [26]. Despite
the importance of the covariance matrix as an experimen-

tally accessible quantity, a systematic analysis of how its
spectral properties behave across the stability transition
has remained elusive.

Random matrix theory provides benchmark models for
empirical covariance matrices [7], allowing to distinguish
between eigenvalues representing pure randomness from
those reflecting genuine correlations within the system
[12, 29, 30]. Random-matrix models of covariance matri-
ces rely on ad hoc assumptions for the statistics of the
matrix entries [7, 30–35]. The most prominent example is
the so-called Wishart ensemble [36], where the covariance
matrix is constructed by multiplying a pair of rectangu-
lar matrices with Gaussian-distributed entries. The main
advantage of the Wishart ensemble is that many spec-
tral properties can be analytically computed [12, 37–40].
However, a significant drawback is that this model does
not account for the interactions within the system, mak-
ing it unsuitable for studying how the stability transition
affects the spectral properties of the covariance matrix.

In general, there is no direct relationship between the
covariance matrix and the interactions in complex sys-
tems due to the nonlinearity of the dynamics. However, if
the dynamical equations can be linearized near the stabil-
ity transition [41], the dynamics simplify to a multivari-
ate Ornstein-Uhlenbeck process (MVOU) [42, 43]. In this
linear regime, the stationary covariance matrix satisfies
the Sylvester-Lyapunov equation [44, 45], which depends
solely on the diffusion and interaction matrices defining
the process. This framework opens the possibility of in-
troducing covariance matrix ensembles that explicitly ac-
count for interactions, potentially improving our under-
standing of stability transitions through the analysis of
the covariance spectrum.

Building on previous work [46], we introduce an en-
semble of covariance matrices derived from the station-
ary states of reversible MVOU processes, where each
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random matrix instance is a solution of the Sylvester-
Lyapunov equation. Thus, this ensemble incorporates
the constraints imposed by the Sylvester-Lyapunov equa-
tion, resulting in a model where the covariance matrix
is determined by the interaction and diffusion matrices.
By considering fully-connected Gaussian interactions and
a diagonal diffusion matrix, with elements representing
the local temperatures of the dynamical variables, we
study how the temperature distribution influences the
spectrum of the covariance across the stability transition.

Using the replica method of disordered systems [47],
we derive analytic results for the spectral densities of
both the equal-time covariance matrix and the lagged co-
variance matrix, with the latter resulting from a generic
linear transformation of the original dynamical process.
These results enable a systematic investigation of how
the stability transition impacts the spectral density. In
the stable regime, the eigenvalues are positive and the
spectral density ρS(λ) of the equal-time covariance S is
supported on a finite interval, while the unstable phase
is marked by the appearance of negative eigenvalues. At
marginal stability, all eigenvalues remain positive and
ρS(λ) exhibits a power-law tail ρS(λ) ∝ λ−5/2, with an
exponent independent of the temperature distribution.
This finding suggests that the power-law decay of ρS(λ)
is an universal property of complex systems at marginal
stability.

The paper is organized as follows. In section II, we
introduce reversible MVOU processes and derive general
solutions for the covariance and lagged covariance matri-
ces as functions of coupling strengths and temperatures.
Section III defines the specific ensembles of covariance
matrices. In Section IV, we present analytic results for
the spectral densities of the covariance matrices for ar-
bitrary temperature distributions. Section V provides
numerical results for specific temperature distributions,
confirming our theoretical predictions and illustrating the
behavior of the spectral density of the equal-time covari-
ance across the stability transition. Finally, the last sec-
tion summarizes our results and indicates possible direc-
tions of future research. The paper includes an appendix
detailing the replica calculations of the spectral densities.

II. MULTIVARIATE ORNSTEIN-UHLENBECK
PROCESSES

We consider N dynamical variables X1(t), . . . , XN (t)
that may represent the abundances of different species
in an ecosystem, the neuronal activities in the brain,
or the stock prices of a financial system. The degrees
of freedom X(t) = (X1(t), . . . , XN (t))T evolve in time
according to a multivariate Ornstein-Uhlenbeck process
(MVOU), which is represented by the coupled system of
stochastic differential equations

dX = −AXdt+ η
√
dt, (1)

where ηi(t) is a Gaussian noise with zero mean and co-
variance

〈ηi(t)ηj(t′)〉η = 2Dijδ(t− t′). (2)

The element Aij of matrix A quantifies the influence of
Xj(t) on Xi(t), while the element Dij of the symmet-
ric positive-definite matrix D controls the covariance be-
tween ηi(t) and ηj(t). The coupling matrix A and the
diffusion matrix D completely specify the model. The
Gaussian noise variables η1(t), . . . , ηN (t) account for en-
vironmental random perturbations.

The central object of our interest is the two-time co-
variance matrix S(s, t) of the dynamical variables. The
elements of this N ×N matrix are given by

Sij(s, t) = 〈Xi(s)Xj(t)〉η, (3)

where 〈. . . 〉η denotes the ensemble average over the Gaus-
sian noise. Equation (1) converges to a stable stationary
solution provided the real parts of all eigenvalues of A
are positive [42]. In this case, the joint distribution of
X1(t), . . . , XN (t) evolves to a multivariate Gaussian dis-
tribution characterized by the equal-time covariance ma-
trix S, whose elements read

Sij = lim
t→∞
〈Xi(t)Xj(t)〉η. (4)

In addition, one can show that, in the stationary regime,
the matrices S, A and D fulfill the relation [44]

AS + SAT = 2D, (5)

known as the Sylvester-Lyapunov equation. One of the
aims of our work is to introduce a random-matrix ensem-
ble for the covariance matrix S which incorporates the
above constraint.

Here we focus on MVOU processes that satisfy the
Onsager reversibility conditions [44], expressed in matrix
form as follows

AD = DAT . (6)

The reversibility constraint imposes a strong interdepen-
dence between the elements of the coupling and diffusion
matrices. For systems that fulfill Eq. (6), the Sylvester-
Lyapunov equation admits the general solution

S = A−1D. (7)

Thus, in order to put forward a random-matrix ensemble
for S, we just need to sampleA andD subject to Eq. (6),
since the constraint imposed by the Sylvester-Lyapunov
equation is automatically fulfilled by Eq. (7). We point
out that S and D are symmetric matrices, while A is
not necessarily symmetric.

In reversible systems, we can also extract information
about the lagged covariance in the stationary regime. Let
Rij(t, s) be the two-time response function

Rij(t, s) =
δ〈Xi(t)〉η
δhj(s)

, (8)
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where hj(s) is a time-dependent external field that lin-
early couples to Xj(s) in Eq. (1). In the stationary
regime, both Rij(t, s) and Sij(t, s) are invariant under
time-translation, i.e., Rij(t, s) = Rij(τ) and Sij(t, s) =
Sij(τ), with τ = t − s ≥ 0. The quantity Sij(τ) is the
lagged covariance between Xi(t) and Xj(t + τ) in the
stationary regime. In terms of the N ×N matrices R(τ)
and S(τ), one can show that [44]

R(τ) = exp (−τA), (9)

and

S(τ) = exp (−τA)S. (10)

For reversible MVOU processes, S(τ) is a symmetric ma-
trix. Although Eq. (10) provides an interesting expres-
sion for the lagged covariance S(τ), S andA do not share
the same eigenvectors. Thus, even if we know the eigen-
values of S and A, Eq. (10) does not give access to the
spectrum of S(τ).

Since MVOU processes are described by linear equa-
tions, one can make a change of dynamical variables and
derive a more useful expression for the lagged covariance
matrix in the transformed system. Let X ′ = B−1X be
the new vector of dynamical variables, with B an arbi-
trary matrix. Multiplying Eq. (1) on the left byB−1 and
using the decomposition D = BBT of positive-definite
matrices, one can show that X ′ fulfills

dX ′ = −A′X ′dt+ η′
√
dt, (11)

where the new coupling matrix A′ and the covariance
matrix D′ associated to η′ are, respectively, given by
A′ = B−1AB and D′ = I, with I denoting the identity
matrix. From the reversibility condition, Eq. (6), we
conclude that A′ is symmetric. In addition, by inverting
the relation between A′ and A, it is straightforward to
verify that

A = DJ , (12)

where J = (BT )−1A′B−1 is a symmetric matrix. Hence,
the coupling matrix A of reversible MVOU processes can
be always decomposed as a product between the noise co-
variance D and a symmetric matrix J . The reversibility
condition is automatically fulfilled by the matrix decom-
position of Eq. (12).

In the transformed system, since the stationary state
is characterized by the covariance S′ = A′−1, both the
response matrix R′(τ) and the lagged covariance matrix
S′(τ) read

R′(τ) = exp(−τA′),
S′(τ) = exp(−τA′)A′−1. (13)

Therefore, the equal-time covariance S′, the lagged co-
variance S′(τ) and the response R′(τ) share the eigen-
vectors of the transformed coupling matrix A′. Once
we know the eigenvalues of A′, it is straightforward to

determine, for instance, the eigenvalues of the lagged co-
variance S′(τ) as a function of time τ .

Finally, let us understand how S′(τ) and S(τ) are re-
lated. By using the transformation rule A′ = B−1AB,
Eq. (13) can be written as

S′(τ) =

∞∑
n=0

(−τ)n

n!
B−1AnA−1B. (14)

By substituting B = D(BT )−1 in the above equation
and using Eq. (7), we obtain

S(τ) = BS′(τ)BT . (15)

Clearly, the spectral density of S′(τ) does not give direct
access to the spectral density of S(τ), because in general
B and S′(τ) do not share the same eigenvectors. In spite
of that, from the spectra of B and S′(τ), we can derive
bounds on the eigenvalues of S(τ) [48, 49]. In particular,
in appendix B we obtain bounds for the smallest and
largest eigenvalues of S(τ) when D is a diagonal matrix.

III. THE RANDOM-MATRIX ENSEMBLE

We are interested in the spectral properties of the co-
variance S and the lagged covariance S′(τ) that charac-
terize reversible MVOU processes. We will follow the
random-matrix prescription and assume that the cou-
pling strengths are drawn from an ensemble of random
matrices subject to the constraints dictated by Eqs. (6)
and (7).

In the previous section, we have shown that A can be
decomposed as A = DJ , where J is a symmetric matrix
that, in principle, might depend on D. The choice of J
thus defines the random-matrix model for the interaction
matrix A. Here, we consider that J has the generic form

J = µD−1 + g(D)Kg(D), (16)

in which µ > 0,K is a symmetric matrix with real-valued
entries, and g(D) is a matrix function of the diagonal
covariance D, with elements

Dij = Tiδij , (17)

where Ti is the local temperature of the dynamical vari-
able Xi(t). The first term µD−1 in Eq. (16) ensures
that A is positive-definite for sufficiently large µ > 0,
which allows us to control the stability of the dynamics
by varying µ. The second term in Eq. (16) is responsible
for the pairwise interactions among the dynamical vari-
ables. With the purpose of explicitly incorporating the
effect of heterogeneous temperatures in A, this term is
given by a symmetric matrix K deformed by a generic
function g(D) of the diffusion matrix. The interaction
matrix A and its transformed version A′ are thus given
by

A = µI +Dg(D)Kg(D) (18)
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and

A′ = µI +D1/2g(D)Kg(D)D1/2. (19)

The above equations determine the equal-time covariance
and the lagged covariance via Eqs. (7) and (13). By
tuning µ > 0, we ensure that MVOU processes governed
by Eqs. (1) and (11) converge to stationary Gaussian
distributions.

We are now ready to formally define the reversible
random-matrix ensemble that we study in the following
sections. The diagonal elements of K are zero, while the
off-diagonal elements Kij = Kji (i 6= j) are independent
and identically distributed random variables drawn from
a Gaussian distribution with mean zero and variance
1/N . In addition, the local temperatures T1, . . . , TN are
independent and identically distributed variables sam-
pled from p(T ). The coupling matrix A can be seen as
a deformed Wigner matrix, in which a Gaussian random
matrix is multiplied on both sides by a generic function
of the diagonal diffusion matrix D and then added to a
diagonal matrix.

Our primary aim is to compute the spectral density
of S. Substituting Eq. (18) in Eq. (7), we obtain the
covariance

S = (µI +Dg(D)Kg(D))−1D, (20)

and the so-called precision matrix

S−1 = µD−1 + g(D)Kg(D). (21)

The spectral density of S is obtained from the spectral
density of S−1 by a simple change of variables. As we
show below, the spectral density of S can be analytically
computed in the limit N → ∞, which is an appealing
feature of the random-matrix model introduced by Eq.
(16).

IV. SPECTRAL DENSITY OF THE
COVARIANCES MATRICES

In this section, we present analytic results for the spec-
tral densities of both S and S′(τ) in the limit N → ∞.
Before discussing our main results, we introduce some
useful notation. Let {λi(X)}i=1,...,N denote the (real)
eigenvalues of an N × N symmetric random matrix X.
The empirical spectral density of X is defined as

ρX(λ) = lim
N→∞

1

N

N∑
j=1

〈δ (λ− λj(X))〉 , (22)

with 〈. . . 〉 representing the average over the random-
matrix ensemble. Introducing theN×N resolvent matrix

GX(z) = (zI −X)−1 (23)

associated to X, we obtain ρX(λ) from the resolvent as
follows [50]

ρX(λ) = lim
ε→0+

lim
N→∞

1

πN
Im〈TrGX(z)〉, (24)

where z = λ− iε.
In the present work, the randomness stems from both

heterogeneous temperatures T1, . . . , TN and random cou-
plings Kij (see section III). In appendix A, we explain
how to calculate the ensemble average 〈TrGS−1(z)〉 for
the precision matrix S−1 using the replica method [47].
The spectral density of S−1 is given by

ρS−1(λ) =
1

π
lim
ε→0+

Im

 ∞∫
0

dT
p(T )(

z − µ
T − g2(T )q

)
 , (25)

where the replica-symmetric order-parameter q fulfills
the self-consistent equation

q =

∞∫
0

dT
p(T )g2(T )(

z − µ
T − g2(T )q

) . (26)

Therefore, once we specify the function g(T ) and the dis-
tribution p(T ) of heterogeneous temperatures, we can
solve the fixed-point Eq. (26) and determine ρS−1(λ).
Given that λi(S) = 1/λi(S

−1) (i = 1, . . . , N), the spec-
tral density ρS(λ) of the stationary covariance matrix S
follows from

ρS(λ) =
1

λ2
ρS−1(1/λ). (27)

Clearly, to determine ρS(λ), we must solve Eq. (26) at
z = 1/λ− iε.

Comparing Eqs. (19) and (21), we note that A′ and
S−1 have a similar form. Hence, the replica method in
appendix A can be applied in an analogous way to deter-
mine the spectral density ρA′(λ) of the transformed in-
teraction matrix A′. The final outcome for ρA′(λ) reads

ρA′(λ) =
1

π
lim
ε→0+

Im

 ∞∫
0

dT
p(T )

(z − µ− Tg2(T )q)

 , (28)

where q solves the equation

q =

∞∫
0

dT
p(T )Tg2(T )

(z − µ− Tg2(T )q)
. (29)

According to Eq. (13), the function ρA′(λ) deter-
mines the spectral density ρS′(τ)(λ) of the lagged co-
variance matrix S′(τ). Indeed, since λj(S

′(τ)) =

e−τλj(A
′)/λj(A

′) (j = 1, . . . , N), we find the relation

ρS′(τ)(λ) =
λ′

λ (1 + τλ′)
ρA′(λ

′), (30)

where λ′ = λ′(λ) is determined from the solutions of the
fixed-point equation

e−τλ
′

= λλ′. (31)
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V. RESULTS

In this section, we discuss our results for the spectral
density of both lagged and stationary covariance matrices
obtained from Eqs. (27) and (30). In order to solve the
equations for the spectral densities, we need to specify the
function g(T ) and the distribution p(T ) of temperatures.
Here, we choose g(T ) = T−α, with α ∈ [0, 1], and the
entries of the coupling matrices A and A′ assume the
form

Aij = µδij + T 1−α
i KijT

−α
j , (32)

A′ij = µδij + T
1
2−α
i KijT

1
2−α
j . (33)

The matrix A is asymmetric, with Aij representing the
interaction strength or influence of Xj(t) on Xi(t). The
exponent α shapes the role of the local temperatures on
the pairwise interactions. For instance, when α = 1, Aij
is weighted by 1/Tj , which means that a variable Xj(t)
with a high temperature Tj will have a weak influence on
the rest of the system.

We are also interested in the stability of MVOU pro-
cesses. The dynamics of Eq. (1) evolves to stable station-
ary states if all eigenvalues of the precision matrix S−1

are non-negative [44, 45]. If we order these eigenvalues as
λ1(S−1) < λ2(S−1) < · · · < λN (S−1), MVOU processes
are stable provided λ1(S−1) ≥ 0. Therefore, the lower
spectral edge of ρS−1(λ) determines whether the system
is stable in the limit N →∞. At marginal stability, the
lower spectral edge of ρS−1(λ) touches zero, and the de-
cay of ρS(λ) for large λ is obtained from the functional
behavior of ρS−1(λ) as λ→ 0+ (see Eq. (27)).

We can also characterize the stability of MVOU pro-
cesses in terms of the macroscopic parameter

m(t) = lim
N→∞

1

N

N∑
i=1

〈Xi(t)〉η . (34)

For a stable MVOU process (λ1(S−1) ≥ 0), m(t) relaxes
to the trivial fixed-point m = 0. Conversely, for an un-
stable MVOU process, m(t) diverges. Below, we present
results for an homogeneous temperature and two cases
of heterogeneous temperatures: a bimodal and a uniform
distribution p(T ).

A. Homogeneous temperatures

Let us consider the analytically solvable case of a ho-
mogeneous temperature [45, 51], where Ti = T ∀ i. Sub-
stituting p(T ′) = δ(T ′ − T ) in Eq. (26) and solving the
resulting quadratic equation for q, we obtain

q =
1

2g2(T )

(
z − µ

T
+

√(µ
T
− z
)2

− Λ2

)
, (35)

with Λ = 2g2(T ). Inserting this result into Eq. (25) and
taking the limit ε→ 0+, we derive the Wigner semicircle

law for the spectral density of the precision matrix,

ρS−1(λ) =


2

πΛ2

√
Λ2 −

(µ
T
− λ
)2

if λ ∈ (λ−, λ+) ,

0 otherwise,
(36)

where the spectral edges read λ± = µ
T ± Λ. For stable

MVOU processes, where λ− > 0, the spectral density of
S is given by

ρS(λ) =


2

πΛ2λ2

√
Λ2 −

(
µ

T
− 1

λ

)2

if λ ∈
(
λ−1

+ , λ−1
−
)
,

0 otherwise.
(37)

The above expression, which follows from Eqs. (27) and
(36), has been derived in previous works [45, 51].

We note that ρS(λ) has a bounded support if the
MVOU process is stable (λ− > 0). However, as the
system approaches marginal stability (λ− → 0+), the
support becomes unbounded and the distribution ρS(λ)
develops a power-law tail ρS(λ) ∝ λ−5/2 for large λ. This
means that the variables X1(t), . . . , XN (t) are strongly
correlated at marginal stability. In Fig. 1, we illustrate
the behavior of ρS−1(λ) and ρS(λ) across the stability
transition. By setting λ− = 0, we find the critical value
µc = TΛ at which the system is marginally stable. We
also point out that the shape of ρS(λ) is similar to the
one in [7], with the difference that our results follow from
a random-matrix model for the interaction matrix A,
while in [7] the spectral density of S is derived from the
Wishart random-matrix ensemble.

0 1 2 3 4 5 6
0

0.1

0.2

0.3

λ

ρ
S

−
1
(λ
)

λ−5/2

100 101
10−3

10−2

10−1

100

101

λ

ρ
S
(λ
)

µ = 4
µ = 3
µ = 2

FIG. 1. Spectral density of the precision matrix S−1 (Eq.
(36)) and of the covariance matrix S for stationary MVOU
processes interacting through Eq. (32) with α = 1. The
temperatures are equal to Ti = 1 ∀i. In the stable regime
(µ > 2), the spectral density ρS(λ) is given by Eq. (37), while
it exhibits a power-law tail at marginal stability (µ = 2).

From Eqs. (28) and (29), one can show that ρA′(λ)
also follows the Wigner semicircle law, which yields the
spectral density of the lagged covariance matrix S′(τ) of
the stable MVOU process described by Eq. (11),

ρS′(τ)(λ) =

F (λ, λ′)
√
T 2Λ2 − (µ− λ′)2

if λ ∈ (γ+, γ−)

0 otherwise.

(38)
The function F (λ, λ′) is defined as

F (λ, λ′) =
2λ′

πΛ2T 2λ(1 + τλ′)
, (39)
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while the variable λ′ solves Eq. (31). The upper and
lower spectral edges of ρS′(τ)(λ) are given by

γ± =
exp [−τ (µ± TΛ)]

µ± TΛ
. (40)

The finite and positive support of ρS′(τ)(λ) reflects the
stability of the MVOU process.

0 0.1 0.2 0.3 0.4 0.5 0.6
0

10

20

30

λ

ρ
S

′ (
τ
)
(λ
)

τ = 0

τ = 1/4

τ = 1/2

τ = 3/4
λ−5/2

10−2 10−1 100 101
10−3

10−2

10−1

100

101

λ

ρ
S

′ (
τ
)
(λ
)

FIG. 2. Spectral density ρS′(τ)(λ) of the lagged covariance
matrix S′(τ) for stationary MVOU processes described by
Eq. (11). The coupling matrix is given by Eq. (33), with
α = 1 and a homogeneous temperature Ti = 1 ∀i. The left
panel shows ρS′(τ)(λ) in the stable regime (µ = 3), while
the right panel illustrates the power-law decay of ρS′(τ)(λ) at
marginal stability (µ = 2). The solid lines are obtained from
Eq. (38), while the symbols are numerical diagonalization
results derived from an ensemble of 10 matrices S′(τ) with
N = 104.

As µ → µ+
c , the upper spectral edge γ− diverges, and

ρS′(τ)(λ) decays as ρS′(τ)(λ) ∝ λ−5/2 for large λ. Fig-
ure 2 illustrates the effect of the time-difference τ on the
spectral density ρS′(τ)(λ) for both stable (µ > µc) and
marginally stable (µ = µc) MVOU processes. As τ in-
creases, ρS′(τ)(λ) develops a peak close to λ = 0, corre-
sponding to uncorrelated dynamical variables in the sta-
tionary state. In the marginally stable regime, ρS′(τ)(λ)
also exhibits an excess of modes around zero, but large
correlations among the dynamical variables lead to the
power-law decay in ρS′(τ)(λ). For τ → 0, ρS′(τ)(λ) con-
verges to the spectral density of the equal-time covariance
S′, which characterizes the stationary states of Eq. (11).

B. Bimodal temperature distribution

In this subsection, we present results for the bimodal
distribution of temperatures

pb(T ) = pδ(T − T0) + (1− p)δ(T − T0 − δ), (41)

with T0 > 0 and δ > 0. The parameter p ∈ [0, 1] deter-
mines the fraction of dynamical variables {Xi(t)}i=1,...,N

in the lowest temperature T0. Below, we exploit how
bimodal temperatures impact the stability transition of
MVOU processes and the spectral densities of the covari-
ance matrices.

For heterogeneous temperatures, where the variance of
p(T ) is finite, we obtain the spectral densities of S and
S′(τ) by numerically solving the self-consistent Eqs. (26)
and (29), respectively. In Fig. 3, we compare numerical
diagonalization results with our theoretical findings for

ρS(λ) and ρS′(τ)(λ) in the limit N → ∞. The excellent
agreement between the two approaches validates our the-
oretical predictions. The results in Fig. 3 are for stable
MVOU processes, where ρS(λ) is supported on a finite,
positive interval.

(a)
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FIG. 3. (a) Spectral density ρS(λ) of the covariance matrix S
for stationary MVOU processes interacting through Eq. (32)
with µ = 3 and different values of α. (b) Spectral density
ρS′(τ)(λ) of the lagged covariance matrix S′(τ) for stationary
MVOU processes (see Eq. (11)) interacting through Eq. (33)
with α = 1 and µ = 3. The temperatures in both panels
follow a bimodal distribution with T0 = δ = 1 and p = 1/2
(see Eq. (41)). The solid lines are obtained from the solutions
of Eqs. (26) and (29) with ε = 10−3, while the symbols are
numerical diagonalization results derived from an ensemble of
10 covariance matrices with N = 104.

As µ decreases, MVOU processes interacting through
Eq. (32) become unstable. Figure 4 shows the stability
diagram (µ, p) for α = 1 and a bimodal temperature dis-
tribution. Since for α = 1 the couplings Aij are weighted
by 1/Tj , the system becomes more stable as p decreases,
due to the larger number of weaker interactions among
the dynamical variables. For the same reason, a larger
temperature difference δ also promotes stability. The sys-
tem is marginally stable at the solid lines, which are de-
termined by the values of (µ, p) where the lower spectral
edge of ρS−1(λ) is zero. The inset in Fig. 4 shows numer-
ical simulations confirming that the macroscopic variable
m(t) relaxes to zero when the system is stable, while it
diverges in the unstable regime.

The lower panels in Fig. 4 show the behavior of the
spectral densities ρS(λ) and ρS−1(λ) across the stability
transition. In the stable regime, ρS(λ) is supported on a
finite interval and it exhibits two maxima, reflecting the
bimodal shape of pb(T ). At marginal stability, we have

numerically confirmed that ρS−1(λ) ∝
√
λ as λ → 0+,

independently of α. This behavior leads to an unbounded
density ρS(λ) with a power-law tail ρS(λ) ∝ λ−5/2 for
large λ.
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FIG. 4. Main panel: stability diagram (µ, p) of stationary
MVOU processes with α = 1 (see Eq. (32)). The tem-
peratures are drawn from the bimodal distribution of Eq.
(41) with T0 = 1. The MVOU process is stable above the
solid lines, unstable below them, and marginally stable at the
lines. The inset displays the dynamics of m(t), Eq. (34), for
p = 1/2, δ = 1, and different µ. These results follow from the
numerical integration of Eq. (1) for an ensemble of N = 103

dynamical variables. Lower panels: spectral densities of the
covariance and precision matrices, S and S−1, across the sta-
bility transition for T0 = δ = 1 and p = 1/2. These results
are obtained from the solutions of Eq. (26) with ε = 10−6.

C. Uniform temperature distribution

In this subsection, we derive results for the uniform
distribution of temperatures

pu(T ) =

{
∆−1 if T ∈ (TM −∆/2, TM + ∆/2) ,

0 otherwise,
(42)

where TM > 0 and ∆ ∈ (0, 2TM ) are, respectively, the
center and the width of pu(T ). In Fig. 5, we compare
our analytic results for ρS(λ) and ρS′(τ)(λ) with numer-
ical diagonalization results of finite covariance matrices
for temperatures drawn from Eq. (42). The results in
Fig. 5 once more confirm the exactness of our theoretical
findings for N →∞.

Figure 6 shows the stability diagram (µ,∆) for station-
ary MVOU processes interacting according to Eq. (32)
with α = 1. The temperatures follow the uniform distri-
bution specified in Eq. (42). As the width ∆ increases to-
wards its maximum 2TM , the system becomes less stable,
due to the growing number of strong pairwise couplings
arising from small temperatures. Additionally, Fig. 6
illustrates the evolution of ρS(λ) and ρS−1(λ) as ∆ in-
creases from the stable regime to the marginal stability
line. The effect of increasing temperature fluctuations
is to broaden the support of the spectral densities. At
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(b)
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FIG. 5. (a) Spectral density ρS(λ) of the covariance matrix S
for stationary MVOU processes interacting through Eq. (32)
with µ = 3 and different α. (b) Spectral density ρS′(τ)(λ)
of the lagged covariance matrix S′(τ) for stationary MVOU
processes (see Eq. (11)) interacting through Eq. (33) with
α = 1 and µ = 3. The temperatures in both panels follow
an uniform distribution with TM = 3/2 and ∆ = 1 (see Eq.
(42)). The solid lines are derived from the solutions of Eqs.
(26) and (29) with ε = 10−3, while the symbols are numer-
ical diagonalization results obtained from an ensemble of 10
covariance matrices with N = 104.

marginal stability, ρS(λ) exhibits once more the power-
law tail ρS(λ) ∝ λ−5/2, due to the functional behavior

ρS−1(λ) ∝
√
λ close to the lower spectral edge λ = 0.

VI. DISCUSSION

We have introduced a random matrix model for co-
variance matrices of reversible multivariate Ornstein-
Uhlenbeck processes (MVOU), in which the ensemble is
constrained by the solutions of the Sylvester-Lyapunov
equation. In contrast to traditional random-matrix en-
sembles of the covariance [7, 31, 32], where the statistics
of the matrix elements is independent of the interactions
and diffusion terms, here the covariance naturally follows
from the distribution of coupling strengths and temper-
atures characterizing MVOU processes, representing an
alternative family of null models for the empirical correla-
tions in stochastic complex systems. In addition, by mak-
ing a linear transformation of the dynamical variables, we
have shown how the lagged covariance matrix becomes a
simple function of the coupling matrix in the transformed
system. Thus, our ensemble enables to study the effect
of random interactions and heterogeneous temperatures
on the spectral density of both the equal-time covariance
and the lagged covariance matrices that characterize the
stationary states of reversible MVOU processes.

Building on the replica method of spin-glass theory
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FIG. 6. Main panel: stability diagram (µ,∆) of stationary
MVOU processes with α = 1 (see Eq. (32)). The tem-
peratures follow the uniform distribution of Eq. (42). The
symbols identify points of the stability transition, while the
solid lines are a guide to the eye. The vertical dashed lines
mark the maximum value ∆ = 2TM . The MVOU process is
stable above the transition points, unstable below them, and
marginally stable at the points. Lower panels: spectral densi-
ties of the covariance and precision matrices, S and S−1, for
TM = 2, µ = 1.2, and increasing values of ∆. These results
are obtained from the solutions of Eq. (26) with ε = 10−6.

[47], we have derived an exact equation for the spec-
tral density of the equal-time covariance matrix of the
stationary states. We have shown that the stationary
states undergo a transition between stability and insta-
bility, which manifests itself on the shape of the spec-
tral density. In the stable regime, all eigenvalues of
the covariance are positive and its spectral density is
bounded, while negative eigenvalues emerge in the unsta-
ble phase. Interestingly, at marginal stability, the spec-
tral density ρS(λ) becomes unbounded, decaying as a
power-law ρS(λ) ∝ λ−5/2 for large eigenvalues. The ex-
ponent of the power-law tail is independent of the details
defining the model, such as the distribution of tempera-
tures, indicating an universal behavior of the covariance
at marginal stability. Based on the spectral properties of
the covariance matrix, we have derived phase diagrams
that illustrate how temperature fluctuations influence the
stability of the system.

The flexibility of the model introduced here allows
to explore how more structured interactions in MVOU
processes influence the spectral density of the covari-
ance matrix. An important question in this context is
whether the general features of the spectral density across
the stability transition remain valid in the more realis-
tic scenario of sparse interactions [50]. Additionally, to
establish the power-law decay as a robust property of
the covariance spectral density, it is crucial to under-

stand how both the breakdown of Onsager reversibility
and the nonlinearity in the dynamics of complex systems
[20, 23, 24] affect the spectral properties of the covari-
ance at marginal stability. Finally, we highlight that our
random-matrix ensemble offers an alternative null model
for the empirical covariance of complex systems. We hope
this will stimulate comparisons between our theoretical
predictions and empirical data.
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Appendix A: Replica method for the spectral
density of the precision matrix

In this appendix, we explain how to employ the replica
method of disordered systems to obtain an analytic ex-
pression for the spectral density of the precision matrix
S−1 in the limit N → ∞. The derivation of the spec-
tral density of the transformed matrix A′ is completely
analogous, and here we will state only the final result.

Let us introduce the N ×N resolvent matrix of S−1,

GS−1(z) = (zI − S−1)−1, (A1)

where I is the identity matrix and z = λ − iε, with the
regularizer ε > 0. The precision matrix is defined in Eq.
(21). The empirical spectral density of S−1 follows from

ρS−1(λ) = lim
ε→0+

lim
N→∞

1

πN
Im 〈TrGS−1(z)〉 , (A2)

with 〈. . . 〉 denoting the ensemble average over the tem-
peratures T1, . . . , TN and the off-diagonal entries of K.
The latter follow a Gaussian distribution with mean zero
and variance 1/N .

To proceed further, we map the problem of comput-
ing the ensemble average 〈TrGS−1(z)〉 into a statistical
mechanics calculation [52]. By using the identity

TrGS−1(z) = −2
∂

∂z
ln
[
det
(
zI − S−1

)]−1/2
, (A3)

and representing
[
det
(
z − S−1

)]−1/2
as a Gaussian in-

tegral over real variables φ = (φ1, . . . φN )T , we rewrite
the above expression as

TrGS−1(z) = −2
∂

∂z
lnZ(z), (A4)

where

Z(z) =

∞∫
−∞

(
N∏
j=1

dφj

)
exp

[
− i

2
φT
(
zI − S−1

)
φ

]
(A5)
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is the partition function associated to the random-matrix
model. Thus, the problem of computing the ensemble av-
erage 〈TrGS−1(z)〉 boils down to calculate the averaged
free-energy 〈lnZ(z)〉.

To calculate the average over the random-matrix en-
semble, we use the replica method [47], which is based
on the following identity

〈lnZ(z)〉 = lim
n→0

1

n
ln〈Zn(z)〉. (A6)

The strategy is to compute first the average 〈Zn(z)〉 for
a positive integer n, and then reconstruct 〈lnZ(z)〉 by
taking the limit n → 0, according to Eq. (A6). By
substituting Eq. (21) in Eq. (A5) and then performing
the average of the replicated partition function Zn(z)
over the Gaussian distributed off-diagonal elements Kij ,
we obtain

〈Zn(z)〉 '

〈(
N∏
j=1

dφj

)
exp

[
− i

2

N∑
i=1

(
z − µ

Ti

)
φ2
i

]

× exp

[
− N

4

n∑
α,β=1

(
1

N

N∑
i=1

g2(Ti)φ
α
i φ

β
i

)2 ]〉
T1,...,TN

,

(A7)

where φi = (φ1
i , . . . , φ

n
i )T is the n-dimensional vector in

the replica space, and 〈. . . 〉T1,...,TN represents the average
over the temperatures T1, . . . , TN . We have neglected
terms of O(N0) in the exponent of Eq. (A7), since these
are subleading contributions in the limit N →∞. Using
the Hubbard-Stratonovich transformation,

√
πN exp

−N
4

(
1

N

N∑
i=1

g2(Ti)φ
α
i φ

β
i

)2
 =

∫
dqαβ exp

(
−
q2
αβ

N
+
iqαβ
N

N∑
i=1

g2(Ti)φ
α
i φ

β
i

)
, (A8)

we introduce the order-parameters {qαβ}α,β=1,...,N ,
which enables to decouple the variables φ1, . . . ,φN at
different sites. Additionally, by rescaling qαβ as qαβ →
Nqαβ , we can rewrite Eq. (A7) as follows

〈Zn(z)〉 '
∫  n∏

α,β=1

dqαβ

 e−NΦ({qαβ}), (A9)

where

Φ({qαβ}) =

n∑
α,β=1

q2
αβ − ln

〈∫
dφ eHT (φ)

〉
T

. (A10)

The function HT (φ),

HT (φ) = − i
2

(
z − µ

T

)
φ2 + ig2(T )

n∑
α,β=1

qαβφ
αφβ ,

(A11)

can be interpreted as an effective single-site Hamiltonian.
When writing Eq. (A9), we have ignored constants that
do not contribute to 〈Zn(z)〉 in the limit N →∞.

We can now evaluate the integral in Eq. (A9) using
the saddle-point method. In the limit N → ∞, 〈Zn(z)〉
is asymptotically given by

〈Zn(z)〉 ∼ e−NΦ({qαβ}), (A12)

where the order-parameters {qαβ}α,β=1,...,N fulfill the
saddle-point equations

qαβ =
i

2

〈
g2(T )

∫
dφφαφβeHT (φ)

〉
T〈∫

dφ eHT (φ)
〉
T

. (A13)

The above equation is obtained by imposing the station-
arity condition ∂Φ

∂qαβ
= 0 on Φ({qαβ}). Combining Eq.

(A12) with Eqs. (A2) and (A6), we obtain an expression
for the spectral density in terms of Φ({qαβ}), that is

ρS−1(λ) =
2

π
lim
ε→0+

Im

[
∂

∂z
lim
n→0

Φ({qαβ})
]
. (A14)

Finally, we simplify the saddle-point equations by making
the diagonal replica symmetric ansatz

qαβ =
q

2
δαβ (q ∈ C). (A15)

Inserting the above assumption into Eqs. (A13) and
(A14) and taking the limit n → 0, we arrive at the fi-
nal expression for the spectral density

ρS−1(λ) =
1

π
lim
ε→0+

Im

〈
1

z − µ
T − g2(T )q

〉
T

(A16)

where q solves the fixed-point equation

q =

〈
g2(T )

z − µ
T − g2(T )q

〉
T

. (A17)

The application of the replica method to determine the
spectral density ρA′(λ) of the transformed coupling ma-
trix A′ unfolds in a similar way. By comparing Eqs. (19)
and (21), it is straightforward to conclude that ρA′(λ) is
given by

ρA′(λ) =
1

π
lim
ε→0+

Im

〈
1

z − µ− Tg2(T )q

〉
T

, (A18)

where q fulfills the equation

q =

〈
Tg2(T )

z − µ− Tg2(T )q

〉
T

. (A19)

Appendix B: Bounds on the largest and smallest
eigenvalues of the lagged covariance

The introduction of a rescaled system with trans-
formed interaction matrix A′ and transformed lagged co-
variance S′(τ) provides a set of relations that we cannot
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simply derive in the original basis. In section V, we ob-
tain the full spectrum of S′(τ) for any τ , which allows
us to set a few bounds on the eigenvalues of the origi-
nal lagged covariance S(τ), thanks to Eq. (15). In fact,
given two positive-definite invertible matrices [48, 49], P
and Q, the following inequalities hold

λmax(P )λmin(Q) ≤ λmax(PQ) ≤ λmax(P )λmax(Q),
(B1)

λmin(P )λmin(Q) ≤ λmin(PQ) ≤ λmin(P )λmax(Q),
(B2)

where λmax and λmin denote, respectively, the largest and
the smallest eigenvalue of the corresponding matrices. In

our case, as the diffusion matrix is given by Dij = Tiδij ,
we can apply the above relationships to Eq. (15) and
obtain bounds for the spectrum of S(τ),

T 2
minλmax(S′(τ)) ≤ λmax(S(τ)) ≤ T 2

maxλmax(S′(τ)),
(B3)

T 2
minλmin(S′(τ)) ≤ λmin(S(τ)) ≤ T 2

maxλmin(S′(τ)),
(B4)

where Tmax and Tmin are the largest and smallest temper-
atures, respectively. Further bounds can be also obtained
for the intermediate eigenvalues [48].
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[5] J. Kwapień, S. Drożdż, and A. A. Ioannides, “Temporal
correlations versus noise in the correlation matrix formal-
ism: an example of the brain auditory response,” Physi-
cal Review E 62, 5557 (2000).

[6] V. Plerou, P. Gopikrishnan, B. Rosenow, L. A. N. Ama-
ral, and H. E. Stanley, “Universal and nonuniversal prop-
erties of cross correlations in financial time series,” Phys-
ical review letters 83, 1471 (1999).

[7] L. Laloux, P. Cizeau, J. Bouchaud, and M. Potters,
“Noise dressing of financial correlation matrices,” Phys.
Rev. Lett. 83, 1467–1470 (1999).

[8] D. Song, M. Tumminello, W. Zhou, and R. N. Mantegna,
“Evolution of worldwide stock markets, correlation struc-
ture, and correlation-based graphs,” Phys. Rev. E 84,
026108 (2011).

[9] L. Sandoval and I. P. Franca, “Correlation of financial
markets in times of crisis,” Physica A: Statistical Me-
chanics and its Applications 391, 187–208 (2012).
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