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ABSTRACT

Context. Recent statistical deconvolution methods have produced extended kinematical maps in a range of heliocentric distances that
are a factor of two to three larger than those analysed in Gaia Collaboration (2018, A&A, 616, A11) based on the same data.
Aims. In this paper, we use such maps to derive the rotation curve both in the Galactic plane and in off-plane regions and to analyse
the density distribution.
Methods. By assuming stationary equilibrium and axisymmetry, we used the Jeans equation to derive the rotation curve. Then we
fit it with density models that include both dark matter and predictions of the MOND (Modified Newtonian dynamics) theory. Since
the Milky Way exhibits deviations from axisymmetry and equilibrium, we also considered corrections to the Jeans equation. To
compute such corrections, we ran N-body experiments of mock disk galaxies where the departure from equilibrium becomes larger
as a function of the distance from the centre.
Results. The rotation curve in the outer disk of the Milky Way that is constructed with the Jeans equation exhibits very low dependence
on R and z and it is well-fitted both by dark matter halo and MOND models. The application of the Jeans equation for deriving the
rotation curve, in the case of the systems that deviate from equilibrium and axisymmetry, introduces systematic errors that grow as a
function of the amplitude of the average radial velocity. In the case of the Milky Way, we can observe that the amplitude of the radial
velocity reaches ∼10% that of the azimuthal one at R ≈ 20 kpc. Based on this condition, using the rotation curve obtained from the
Jeans equation to calculate the mass may overestimate its measurement.

Key words. Galaxy: disk – Galaxy: kinematics and dynamics

1. Introduction
Substantial progress has been made in the study of the Milky
Way rotation curve thanks to the application of a novel range
of methods. Inside the solar circle, the tangent-point method has
been applied by measuring spectral profiles of the HI and CO
line emissions (Burton & Gordon 1978). Another approach con-
siders the radial velocity of an object, which requires that its dis-
tance be measured independently, for example, by trigonomet-
ric or spectroscopic determinations. For this purpose, there is a
variety of objects that can be adopted, such as OB stars and their
associated molecular clouds (Blitz et al. 1982), the thickness of
the HI layer (Merrifield 1992), the red giant branch and red
clump (Bovy et al. 2012; Huang et al. 2016), classical Cepheids
(Pont et al. 1997; Mróz et al. 2019), and a number of others.
Rotation velocities can also be determined by measuring proper
motions: when these are provided by Very Long Baseline Inter-
ferometry (VLBI) techniques, the rotation curve can be deter-
mined with high accuracy (Honma et al. 2019). The combination
of proper motions from USNO-B1 observations with the Two
? LAMOST fellow.

Micron All Sky Survey (2MASS) photometric data has also been
used to determine the rotation curve (López-Corredoira 2014).
A powerful tool for measuring the rotation curve of the Milky
Way is the VLBI Experiment for Radio Astrometry (VERA),
which uses trigonometric determinations of three-dimensional
positions and velocities of individual maser sources (Reid et al.
2009; Honma et al. 2015).

An significant study was carried by Bhattacharjee et al.
(2014) to construct the rotation curve of the Milky Way from
∼0.2 kpc to ∼200 kpc by using a variety of disk and non-disk
tracers. In analysing the velocity anisotropy parameter, they also
estimated a lower limit for the Milky Way mass. Their work was
continued by Bajkova & Bobylev (2017), who combined circu-
lar velocities of masers at low distances with the rotation curve
of Bhattacharjee et al. (2014) and fit the result using a number
of models, varying, in particular, the dark matter halo, where
they refine parameters for six different models. A comparison of
some of our fit parameters with the results of Bajkova & Bobylev
(2017) is given in Sect. 5. An excellent review of the current sta-
tus of the study of the rotation curve of the Milky Way is given
in Sofue (2020).
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Today, the Gaia mission of the European Space Agency
(Gaia Collaboration 2016) provides a new possibility for study-
ing the Milky Way with unprecedented accuracy thanks to data
that offers the most accurate information about our Galaxy to
date. Indeed, the Gaia data offer very precise determinations of
position, proper motions, radial velocity measurements, and dis-
tance for millions of stars, although the errors of distance mea-
surements increase with the distance from the observer.

In this paper, we present a systematical analysis of the Milky
Way rotation curves derived by means of different methods and
by using the Second Data Release (DR2) of the Gaia mission
(Gaia Collaboration 2018a). To calculate the rotation curve, we
use the Jeans equation that relates the circular velocity to obser-
vational quantities, such as the Galactocentric radial and tangen-
tial velocities, along with their respective dispersions. To do so,
we must assume that the gravitational potential of Milky Way is
axisymmetric and that the Galaxy is in a steady state configu-
ration. In addition, by using numerical N-body experiments of
simple disk models, we try to quantify the effect of the devia-
tions from the equilibrium configuration on the determination of
the rotation curve through the Jeans equation.

This paper is organized as follows: in Sect. 2, we describe
the selection of the data used in this paper and in Sect. 3, we
illustrate the method used to measure the Milky Way’s rotation
curve and present our determinations. In Sect. 4, we explain the
method for calculating the density distribution from the Poisson
equation by using the measured rotation curve. In Sect. 5, we
fit different density models to our determination of the rotation
curve using standard dark matter approaches, that is, by assum-
ing that the Galaxy is embedded in a quasi-spherical halo whose
mass can be then derived on the basis of such an hypothesis.
In Sect. 6, we present our density models based on the Modi-
fied Newtonian Dynamics (MOND) theory. We study in Sect. 7
the deviations from the Jeans equation in out-of-equilibrium sys-
tems. Finally, in Sect. 8, we present our conclusions.

2. Data selection

López-Corredoira & Sylos-Labini (2019, hereafter LS19) have
produced extended kinematic maps of the Milky Way by using
data from the second Gaia data release DR2 (Gaia Collaboration
2018a) and considering stars with measured radial heliocentric
velocities and with parallax error less than 100%. Their total
sample contains 7 103 123 sources. Such objects were observed
by the Radial Velocity Spectrometer (RVS, Cropper et al. 2018),
which collects medium-resolution spectra (spectral resolution
λ

∆λ
≈ 11 700) over the wavelength range of 845–872 nm, cen-

tred on the Calcium triplet region. Radial velocities are averaged
over a 22-month observational time span. Most sources have a
magnitude brighter than 13 in the G filter.

As the parallax error grows with the distance from the
observer, LS19 applied a statistical deconvolution of the paral-
lax errors based on the Lucy’s inversion method (Lucy 1974) to
statistically estimate the distance. In this way, they derived the
extended kinematical maps in the range of Galactocentric dis-
tances up to 20 kpc. We chose this method due to its advantage
over other Bayesian methods (e.g. Astraatmadja & Bailer-Jones
2016; Bailer-Jones et al. 2018) as it does not assume any priors
about the Milky Way density distribution. Any other method,
such as the Lutz-Kelker method (Lutz & Kelker 1973), is not
appropriate here since it would assume a uniform stellar vol-
ume density and a constant ratio σπ/π, where π is the observed
parallax and σπ its standard deviation. For more details on this
topic, see Luri et al. (2018), which gives an extensive analysis of

different methods if inferring distance from the parallax, along
with their respective advantages and disadvantages.

In further detail, the effective temperatures for the sources
with radial velocities that LS19 considered are in the range of
3550 to 6900 K. The uncertainties of the radial velocities are:
0.3 km s−1 at GRVS < 8, 0.6 km s−1 at GRVS = 10, and 1.8 km s−1

at GRVS = 11.75; along with systematic radial velocity errors
of <0.1 km s−1 at GRVS < 9 and 0.5 km s−1 at GRVS = 11.75.
The uncertainties of the parallax are: 0.02–0.04 mas at G < 15,
0.1 mas at G = 17, 0.7 mas at G = 20 and 2 mas at G = 21.
The uncertainties of the proper motion are: 0.07 mas yr−1 at
G < 15, 0.2 mas yr−1 at G = 17, 1.2 mas yr−1 at G = 20 and
3 mas yr−1 at G = 21. For details on radial velocity data pro-
cessing and the properties and validation of the resulting radial
velocity catalogue, see Sartoretti et al. (2018) and Katz et al.
(2019). The set of standard stars that was used to define the zero-
point of the RVS radial velocities is described in Soubiran et al.
(2018). LS19 consider the zero-point bias in the parallaxes of
Gaia DR2, as found by Lindegren et al. (2018), Arenou et al.
(2018), Stassun & Torres (2018), Zinn et al. (2019); however,
they find that the effect of the systematic error in the parallaxes
is negligible, so the maps that we use from their study (LS19,
Figs. 8–12) do not consider the zero-point correction. We
describe the way we use these maps in Sect. 3 to construct the
rotation curves (Fig. 1), however, in Fig. 2, we include the zero-
point correction to demonstrate that the difference is negligible.

3. Rotation curves

From the Gaia DR2 catalogue, we estimate, for each object, the
parallax π, the Galactic coordinates (l, b), the radial velocity vr,
and two proper motions in equatorial coordinates µacosδ and µδ.
For our analysis, we need to know the Galactocentric position of
stars in cylindrical coordinates (R, z,Φ), and the Galactocentric
velocity in cylindrical coordinates (vR, vΦ, vz). The transforma-
tion from these two coordinates systems can be found in LS19.

We limit the range of vertical distance to |z| < 2.2 kpc as we
find that far off-plane data are affected by larger errors in their
parallax determinations. We investigate the disk beyond the solar
Galactocentric radius, that is, for 8.4 kpc< R < 21.2 kpc.

To determine the rotation curve, we consider the one
component of Jeans equations in cylindrical coordinates
(Binney & Tremaine 1987, Ch. 4.2, 4–29a):

∂(νvR)
∂t

+ ν

 v2
R − v

2
Φ

R
+
∂Φ

∂R

 +
∂(νv2

R)
∂R

+
∂(νvRvZ)

∂z
= 0 , (1)

where R is the Galactocentric radius, vR is the radial velocity, vZ
is the vertical velocity, vΦ is the azimuthal velocity, and ν is the
volume density. The quantity v2 is the average square velocity
for each component that can be written as v2 = σ2 + v2, where σ
is the velocity dispersion. For a detailed calculation of the veloc-
ities and their respective dispersion, see LS19.

The rotational velocity is defined as (Binney & Tremaine
1987)

v2
c(R, z) = R

∂Φ

∂R
. (2)

We use the standard assumption that the volume density can be
written as

ν(R, z) = ρ0e−
R

hR e−
|z|
hz , (3)
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Fig. 1. Panel a: rotation curves at different heights for positive values of z. Panel b: rotation curves at different heights for negative values of z. The
error bars represent the standard deviation.
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Fig. 2. Rotation curves for different values of z including the zero point correction in parallax. Panel a: rotation curves at different heights for
positive values of z. Panel b: rotation curves at different heights for negative values of z. The error bars represent the standard deviation.

where hR is the scale length and hz is the scale height. From
Eqs. (1)–(3) we obtain the rotational velocity as function of R, z,
that is, the rotation curves,

v2
c = vΦ

2
+ σ2

Φ +
(
vR

2
+ σ2

R

) R − hR

hR
− 2RvR

∂vR

∂R

− R
∂σ2

R

∂R
+

R
hz

z
|z|
vRvz − R

∂(vRvz)
∂z

· (4)

We determined the rotation curves for different values of z, in
the direction of the anti-center, in bins of size ∆R = 0.5 kpc and
∆z = 0.2 kpc. For what concerns the scale parameters in Eq. (3),
we chose values of hR = 2.5 kpc and hz = 0.3 kpc (Jurić et al.
2008). Figure 1 shows the results of our fit.

Figure 2 shows the rotation curves, including the zero-point
correction in parallax. The difference from the rotation curves in
Fig. 1 is negligible and we do not consider this correction for the
rest of the analysis. The results for different scale parameters are
almost identical, as we show in Fig. 3. We observe a flat rotation
curve, although it does exhibit some fluctuations. Our rotation
curve in the plane of the Galaxy has a small positive gradient

of 0.54± 0.7(stat.)± 0.5(syst.) km s−1 kpc−1. Recent results have
shown an opposite trend: Eilers et al. (2019) measured rotation
curve for Galactocentric distances 5 kpc ≤ R ≤ 25 kpc by com-
bining spectral data from the Apache Point Observatory Galac-
tic Evolution Experiment (APOGEE, Majewski et al. 2017)
and photometric information from Wide-field Infrared Survey
Explorer (WISE, Wright et al. 2010), 2MASS (Skrutskie et al.
2006), and Gaia DR2, finding a rotation curve with a declin-
ing slope of −1.7 ± 0.1 km s−1 kpc−1, with a systematic uncer-
tainty of 0.46 km s−1 kpc−1. A similar result was obtained by
Mróz et al. (2019), who used classical Cepheids to obtain the
rotation curve of the Milky Way for Galactocentric distances
4 kpc . R . 20 kpc, finding a rotation curve with a small
negative slope of −1.34± 0.21 km s−1 kpc−1. Bhattacharjee et al.
(2014) have also used the Jeans equation, but only for large dis-
tances (R > 20 kpc), which we do not consider in our analysis.
For the disk tracers, they use the tangent point method for small
distances and for higher distances they assume that the tracers
follow nearly circular orbit. The advantage is that their method
is independent from any density model, although it strongly
depends on values of Galactic constants (Sun’s distance from,
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Fig. 3. Rotation curves for different values of the scale parameters. Panel a: rotation curves for different values of hR, for z = 0. Panel b: rotation
curves for different values of hz, for z = 0. The error bars represent the standard deviation.

and circular rotation speed around, the Galactic centre). Nev-
ertheless, their results for rotation curve for various values of
Galactic constants are consistent with our findings. We discuss
these results more in detail in what follows.

4. Density distribution from the Poisson equation

Based on the results obtained for the rotation curve, we pro-
ceed to determine the density distribution in the Milky Way by
considering different approaches. The first one is based on
the Poisson equation in cylindrical coordinates and it assumes
the dependence of the rotation speed with the azimuth to be
negligible:

1
R
∂

∂R

(
R
∂Φ

∂R

)
+
∂2Φ

∂z2 = 4πGρ(R, z)· (5)

The first term on left side can be easily obtained by using Eq. (2).
The second term, on the left side, can be obtained with the same
relation and switching derivatives

∂2

∂z2

(
∂Φ

∂R

)
=

1
R
∂2v2

c

∂z2 ,

∂

∂R

(
∂2Φ

∂z2

)
=

1
R
∂2v2

c

∂z2 ·

By integrating the latter relation we find

∂2Φ

∂z2 = −

∫ Rmax

R

1
R
∂2v2

c

∂z2 dR + Φ(Rmax, z = 0)· (6)

To determine derivatives of vc with respect to R, z, we assume
that v2

c has a linear behaviour of the type

v2
c = a(z)(R − 14) + b(z) , (7)

where clearly a(z) and b(z) must be determined from the data.
We find that a(z) and b(z) can be nicely fitted by parabolas and
therefore, we can write

v2
c(z) =

[
(α + βz2) + (γ + δz2)(R − 14)

]
, (8)

where the numerical values of α, β, γ, δ are estimated from the
data and the values are given below. We use Eqs. (2) and (7) to
express the first term of Eq. (5) as

1
R
∂

∂R

(
R
∂Φ

∂R

)
=

1
R
∂

∂R
(a(z)(R − 14) + b(z))

=
a(z)
R

(9)

By making the derivative of the fit of the rotational velocity
(Eq. (8)) with respect to z, we express Eq. (6) as

∂2Φ

∂z2 = 2βln
(

R
Rmax

)
+ 2δ(R − Rmax)

− 28δln
(

R
Rmax

)
+ Φ(Rmax, z = 0) . (10)

We find that the best fit values for a(z) and b(z) are (see Fig. 4):

a(z) = (−2200 ± 400)z2 + (1000 ± 1000)

b(z) = (11 400 ± 1000)z2 + (53 000 ± 1500) .

In the Galactic plane, the value of a(z) is positive, which means
that in the plane the velocity gradient is positive too: this must be
compensated by density increase. That is clearly non-physical as
we know that in our Galaxy, the density decreases exponentially
in the outwards direction. Therefore, we conclude that we cannot
use the Poisson equation to determine the density analytically.
This problem may be related to large fluctuations present in the
data, as well as by the fact that the system is not in equilibrium,
so it does not satisfy the assumptions of the Jeans equation. We
analyse the effect of the deviations from equilibrium in greater
detail in Sect. 7.

5. Density fit with the dark matter model

Another method to fit the rotation curve data can be done by
making use of known density models. By assuming that the sys-
tem is in equilibrium and made by different mass components,
both the density and the rotational velocity can be expressed as

ρ = ρbulge + ρdisk + ρhalo , (11)

v2
c = v2

c,bulge + v2
c,disk + v2

c,halo , (12)
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Fig. 4. Panel a: fit of a(z). Panel b: fit of b(z) (see Eq. (8)). The error bars represent the standard deviation.

that is, we have decomposed the density and the circular velocity
as the sum of three terms: the bulge, the disk, and the halo. Here,
we examine each of these terms in more detail.

We do not fit the bulge, as we are interested mainly in outer
parts of disk, where contribution of the bulge is negligible: we
use

v2
c,bulge =

GMbulge

R
, (13)

where Mbulge = 2 × 1010 M� (Valenti et al. 2016).
For the disk, by assuming the balance between the gravi-

tational and centrifugal forces at a generic point (r, φ, h) (for a
detailed derivation see Appendix A) we derive:∫ H/2

−H/2

∫ Rmax

Rmin

2
r

 (r̂ + r)(r̂ − r) + ∆h2

[(r̂ − r)2 + ∆h2]
√

(r̂ + r)2 + ∆h2
E(k)

−
1√

(r̂ + r)2 + ∆h2
K(k)

 ν(r̂, ĥ)dr̂dĥ

+ A
vc,disk(r, h)2

r
= 0 , (14)

where K(k), E(k) are complete elliptic integrals of the first and
second kind respectively, and

k2 =
4r̂r

(r̂ + r)2 + ∆h2 , (15)

where ∆h2 = (ĥ − h)2. For the sake of simplicity, we consider
only a thin disk and we approximate ∆h ≈ h. For the density in
Eq. (14) we used the relation:

ν(r̂, ẑ) = ρ0e−r̂/hR e−|ĥ|/hz . (16)

In Eq. (14) the constant A is the Galactic rotation number defined
as

A =
Rg,maxV2

0

GMd,max
, (17)

where Md,max is mass of the disk, for which we use the value
Md,max = 6.5 × 1010 M� (Sofue et al. 2013). Rg,max is the radius
of the disk, which we fix at 25 kpc, V0 is the maximum velocity

corresponding to the flat part of the rotation curve in the data-
set: 257 km s−1 in our case and G is the gravitational constant:
4.302× 10−6 kpc M−1

� (km s)−2. We calculate the fit in the Galac-
tic plane, where ∆h→ 0 and Eq. (14) becomes∫ Rmax

Rmin

[
E(k)
r̂ − r

−
K(k)
r̂ + r

]
ρ0e−r̂/hR r̂dr̂ + A

vc,disk(r)2

2|h|
= 0, (18)

where

k2 =
4rr̂

(r̂ + r)2 . (19)

To fit the dark matter halo, we assume this is well approxi-
mated by the so-called Navarro, Frenk, and White density profile
(Navarro et al. 1997)

ρhalo =
ρ0h

R
Rs

(
1 + R

Rs

)2 , (20)

v2
c,halo(R) =

4πGρ0hR3
s

R

[
log

(
Rs + R

Rs

)
−

R
Rs + R

]
. (21)

We use the least-squares method to find the best values of the
free parameters. As this method requires a long computational
time, we fix some well-known parameters and only fit those that
are not so well determined. First, we fit only data in the Galac-
tic plane, where we fix hR = 2.5 kpc and Rs = 14.8 kpc, which
are the values found by Eilers et al. (2019). For the free param-
eters, we obtain the values ρ0h = 2 × 107 M� kpc−3 and ρ0 =
3.83 × 108 M� kpc−3, with the value of the minimal χ2 = 15.424
for 107 points. We plot this result in Fig. 5a. We see that our rota-
tion curves are well explained by a dominant dark matter halo,
with a minimal contribution from the disc. From these values,
we calculate the mass of the dark matter halo up to 25 kpc to be
Mh = 3.52 × 1011 M�, which is smaller than 7.25 × 1011 M�
found by Eilers et al. (2019), but higher than 2.9 × 1011 M�
found by Bajkova & Bobylev (2017). For the disk, we find Md =
1.41 × 1010 M�, which is lower than values found in the litera-
ture, for example, 6.5× 1010 M� as found by Sofue et al. (2009),
0.95×1011 M� as found by Kafle et al. (2014), or 6.51×1010 M�
as found by Bajkova & Bobylev (2017).

For the off-plane data, we fit rotation curves for different
values of z at the same time, using relation (14), which adds
one more free parameter hz to the fit. Again, to save compu-
tational time, we restricted the number of free parameters and
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Fig. 5. Fit of the rotation curve for only z = 0 using dark matter (left) and the MOND theory (right). The data are binned with bins of size
∆R = 0.5 kpc and ∆z = 0.1 kpc. (a) Dark matter, (b) MOND.
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Fig. 6. Fit of the rotation curve for various values of z using dark matter model. The data is binned with bins of size ∆R = 0.5 kpc and ∆z = 0.1 kpc.
(a) z = 0 kpc, (b) z = 1.0 kpc, (c) z= −1.0 kpc.

fixed hR = 2.5 kpc and Rs = 14.8 kpc. We find hz = 0.3 kpc,
ρ0 = 4.1 × 109 M� kpc−3 and ρ0h = 2.389 × 107 M� kpc−3, with
the value of minimal χ2 = 2510.37 for 4653 points. In Fig. 6, we
plot the fit for various values of z. We see that in all cases, the
dark matter halo is strongly dominant and the contribution from
the disk is less important, which is as expected from rotational
velocity that does not change with vertical distance.

This result is in agreement with result of Eilers et al. (2019),
who also fitted their rotation curve with a similar model. They
also find a dominant dark matter halo, with free parameter
ρ0h = 1.06 × 107 M� kpc−3. However, we disagree with result
from Jałocha et al. (2010), who found that the gross mass distri-
bution in our Galaxy is disk-like, without the need for a halo.
Jałocha et al. (2010) obtained their result based on modelling
vertical gradient of azimuthal velocity, assuming the quasi-
circular orbit approximation, and relating vc to vφ directly from
the balance condition of the radial component of gravitational
and inertial force. We guess that the difference between our
results comes from the fact that Jałocha et al. (2010) did not take
the Jeans equations into account when deriving rotational veloc-
ity. Indeed, in this latter work, assuming quasi-circular orbits vφ
was directly related to vc to obtain vφ = r

R vc.

6. Density fit with the MOND model

We tried to fit our results using the MOND theory, without invok-
ing the presence of a heavy dark matter halo. To this purpose
we have recalculated the expressions for the disk and the bulge,

using relations from MOND (Milgrom 1983):

aM =
aN

µ( aM
a0

)
, (22)

where

µ

(
aM

a0

)
=

√√
1

1 +
(

a0
aM

)2 , (23)

with the value of a0 = 1.2 × 10−10 ms−2 (Scarpa et al. 2006).
Solving Eq. (22) analytically yields

aM =

√
1
2

a2
N +

√
1
4

a4
N + a2

Na2
0 . (24)

Equation (22) is indeed an approximation, which does not
exactly stray from a spherical symmetric mass distribution. The
exact solution may be analysed in the context for Bekenstein-
Milgrom MOND theory derived from the modification of clas-
sical Newtonian dynamics (Brada & Milgrom 1995). However,
the difference between the approximation of Eq. (22) and the
exact solution is small, so we neglect it here.

For the fit, we only used the disk and the bulge components.
In Fig. 5b, we plot the result of the fit for the Galactic plane,
nicely matching the observed value. For the free parameters, we
found ρ0 = 7.49× 108 M� kpc−3 and hR = 4.8 kpc. The values of
minimal χ2 is χ2 = 15.776 for 107 points, which is similar to the
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Fig. 7. Fit of the rotation curve for various values of z using the MOND theory. The data are binned with bins of size ∆R = 0.5 kpc and ∆z = 0.1 kpc.
(a) z = 0 kpc, (b) z = 1.0 kpc, (c) z = −1.0 kpc.

value for Newtonian fit. The mass of the disk up to 25 kpc found
with these parameters is Md = 2.77 × 1010 M� which is almost
two times higher than that obtained with the dark matter model.

We tried to fit the off-plane rotation curve with the same
approach. Again, we fit data for all z with models for all z at
the same time. Thus, we find: ρ0 = 9.15 × 109 M� kpc−3 and
hR = 5.0 kpc. We fixed the value of scale-height to hz = 0.3 kpc.
The obtained value of minimal χ2 = 2677.58 for 4653 points,
which is comparable with the Newtonian case. In Fig. 7, we
plot the results of the fit with MOND for different values of z.
We see that off-plane, the fit is satisfying and there is no pref-
erence for the dark matter model over the MOND model. How-
ever, our result contradicts that of Lisanti et al. (2019), who also
used Milky Way observables to compare the differences between
dark matter and MOND theories. They performed a Bayesian
likelihood analysis to compare the predictions of the model with
the observed quantities. They find that the dark matter model
is preferred, as MOND-like theories struggle to simultaneously
explain both the rotational velocity and vertical motion of nearby
stars in the Milky Way.

7. Corrections to the Jeans equation

So far, we used the Jeans equation to determine the rotation
curve of the Milky Way and its density profile. We recall that
the basic assumptions of the Jeans equation are that the sys-
tem is collisionless, axisymmetric, and in equilibrium. While
the first condition represents a reasonable working hypothe-
sis since collisional effects take place on much longer time
scales than those that astrophysically relevant, the recent Gaia
data have shown that the Milky Way is not in a station-
ary situation as there are large-scale gradients in all compo-
nents of the velocity field and there are clear deviations from
axisymmetry (Gaia Collaboration 2018b; Wang et al. 2018;
López-Corredoira & Sylos-Labini 2019; Wang et al. 2020). The
dynamical origin of such features represents an open prob-
lem that has been explored by several authors (Antoja et al.
2018; Binney & Schönrich 2018). For instance, it has been con-
cluded that the Galactic disk is still dynamically young and
was last perturbed less than 1 Gyr ago, therefore modelling it
as axisymmetric and in equilibrium is incorrect (Antoja et al.
2018). The problem of reliability with regard to the Jeans equa-
tion was also studied by Haines et al. (2019), who analysed an
N-body simulation of a stellar disk which had been perturbed by
the recent passage of a dwarf galaxy and studied the surface den-
sity of the system based on the Jeans equation. They found that
the Jeans equation gives reasonable results in over-dense regions,
but fails in under-dense regions. Thus, the development of non-

equilibrium methods for estimating the dynamical matter density
locally and in the outer disk is necessary.

In order to test the effects of the deviations from a station-
ary configuration and axisymmetry on the Jeans equation, we
consider N-body simulations of mock galactic systems that are
not completely in an equilibrium configuration. The evolution
of these systems was discussed in details in Benhaiem et al.
(2017, 2019); Sylos Labini et al. (in prep.). We consider, here-
after, one of these systems, consisting of a thin, rotating, self-
gravitating disk embedded in an ellipsoidal dark matter halo with
an isotropic velocity dispersion. The inner regions of this sys-
tem are very close to a stationary configuration, while the outer
regions are progressively out-of-equilibrium. The signature of
such a situation is represented by the behaviour of the radial
velocity averaged in shells: at small distances from the centre
this is close to zero, while at large enough distances, it becomes
positive: the amplitude grows with the distance from the centre.

The circular velocity from the Jeans equation is

v2
c,J = vΦ

2
− vR

2
(
1 +

∂lnν
∂lnR

+
∂lnvR

2

∂lnR

)
, (25)

where we neglect the cross-term vRvφ, as it’s contribution to the
final result is negligible (∼1%) (Eilers et al. 2019). By defini-
tion, the circular velocity can be computed from the gravitational
force:

v2
c,F = RFR =

∣∣∣F · R∣∣∣ , (26)

where F is the gravitational force acting of the particles con-
tained in the two-dimensional corona at a distance, R, and thick-
ness, ∆R (where R is the cylindrical coordinate). Thus, we com-
pute the gravitational force acting of the ith particle as

Fi = G
N∑

j=1

m jmi
(ri − r j)
|ri − r j|

3 , (27)

where mi is the mass of the ith particle and we compute its aver-
age in a corona. If axisymmetry and stationary equilibrium are
established, then vc,F = vc,J: the difference between these two
quantities thus depends on the deviations from the assumptions
underlying the Jeans equation. In the Fig. 8, we plot the ratio:

Θ =
vc,J

vc,F
(28)

as a function of

ζ =
|vR|

|vφ|
· (29)
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Fig. 8. Ratio of the circular velocity from the Jeans equation and from
the force (i.e. Eq. (28)) as a function of the ratio between the average
radial velocity and the azimuthal velocity (see Eq. (29)). Black and red
circles correspond to the system evolved up to 3/9 Gyr, respectively.

When the radial velocity is small, that is, ζ � 1, then Θ ≈ 1,
whereas when the radial velocity becomes larger than 10% of
the azimuthal one, then Θ becomes larger than one. In the Milky
Way, ζ ≈ 0.1 at R ≈ 20 kpc, as found by LS19. We note that in
Fig. 8, we have reported the behaviour for two different times,
that is, 3 and 9 Gyr; indeed, as the external regions are out-of-
equilibrium they continue to evolve over time, while the inner
regions are quasi stationary.

We conclude that the Jeans equation is reliable when the
radial velocity is smaller than 10% of the azimuthal one, oth-
erwise corrections to the Jeans equation become necessary. In
particular, we find that the estimation of the circular velocity
though the Jeans equation gives an overestimation with respect
to the estimation of the circular velocity through the force. This
implies that by using vc,J to compute the mass through the
relation,

MJ(r) =
v2

c,J × r

G
, (30)

the real mass is overestimated by a factor that is proportional to
Θ2.

8. Conclusions

In this paper, we study the rotation curve of the Milky Way from
the extended kinematic maps of Gaia-DR2. We calculated the
rotation curve in plane and in off-plane regions, using the Jeans
equation. Our results show that the rotation curve in the outer
disk has very little dependence on R and z.

We fitted the rotation curve using models with dark matter
halo or MOND, using the least-squares method. We find that a
model based on dark matter fits the data very well, and the results
are in good agreement with other works. For the dark matter
model, we obtain the minimal χ2 = 15.424 for 107 points in the
plane and χ2 = 2510.37 for 4653 points off plane. The MOND
model in the plane gives χ2 = 15.776 for 107 points, which is
comparable with the dark matter model. Off-plane the results are
similar as well, with χ2 = 2677.58 for 4653 points, which fits
the data similarly to the dark matter model.

We also considered the corrections to the Jeans equation
in non-equilibrium and non-axisymmetric systems. Indeed, the
Jeans equation assumes that the system is axisymmetric and in
equilibrium, which is not the case of the Milky Way. For this

reason, we consider N-body simulations of galaxies and cal-
culated the rotational velocity by using the Jeans equation vc,J
and by computing the gradient of the gravitational potential vc,F .
We find that the two ways of calculating the rotational veloc-
ity are in good agreement as long as the ratio, ζ, between the
modulus of the radial velocity and of the azimuthal velocity is
smaller than ∼ 10%. When ζ becomes larger than this value,
then vc,J > vc,F and, thus, we overestimate the Galactic mass if
we use the rotational velocity computed through the Jeans equa-
tion. For the case of the Milky Way, it was found in LS19 that
ζ ≈ 0.1 at R ≈ 20 kpc: this implies that at a larger galactocen-
tric distance, using the Jeans equation leads to an overestimation
the mass of the Milky Way. The Gaia DR3 will clarify whether
in the range of distances 20 < R < 30 kpc, such corrections
may become large enough to change our view of the Galaxy as
a quasi-equilibrium system, thus altering its estimated mass.
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Appendix A: Derivation of the integral of the thin
disk

To derive the rotation curve of a disk in 3D, we derive the
equation for balance between the gravitational and the centrifu-
gal force. We consider two points with the coordinates P(r, θ, z)
and Q(r̂, θ̂, ẑ). The distance between these two points can be
expressed as (r̂2−r2−2rr̂ cos θ̂+∆h2)1/2 and the vector projection
as (r̂ cos θ̂−r), where ∆h is the difference in heights ∆h = (ĥ−h).
The Newtonian gravitational force on the point P from a body
consisting of points Q distributed with a mass density ρ̂(r̂, ĥ) can
be expressed as an integral over these points:

FX =
GMg

R2
g

∫ H/2

−H/2

∫ 2π

0

∫ 1

0

r̂ cos θ̂ − r
(r̂2 + r2 − 2r̂r cos θ̂ + ∆h2)3/2

· ρ̂(r̂, ĥ)r̂dr̂dθ̂dĥ . (A.1)

The centrifugal force can be written simply as

Fc =
V2

R
=

V2
0

Rg

v(r, h)2

r
· (A.2)

Here, we made all the variables dimensionless by measuring the
distances in units of the outermost galactic radius Rg, mass den-
sity ρ̂ in units of Mg/R3

g, where Mg is the total galactic mass
and velocities in units of the characteristic velocity V0. So the
balance between the gravitational and centrifugal force yields∫ H/2

−H/2

∫ 2π

0

∫ 1

0

r̂ cos θ̂ − r
(r̂2 − r2 − 2rr̂ cos θ̂ + ∆h2)3/2

ρ̂(r̂, ĥ)r̂dr̂dθ̂dĥ

+ A
v(r, h)2

r
= 0 , (A.3)

where A is the galactic rotation number

A =
RgV2

0

GMg
· (A.4)

We get rid of θ̂ dependency by simplifying the integral

I(r, r̂,∆h) =

∫ 2π

0

r̂ cos θ̂ − r
(r̂2 − r2 − 2rr̂ cos θ̂ + ∆h2)3/2

dθ̂ (A.5)

using complete elliptic integrals of first and second kind.
Gradshteyn et al. (2007, pages 179 & 182) give the solution to
these integrals

I1 =

∫
dx

(a − b cos x)1/2 =
2

√
a + b

F(δ, k) ; (A.6)

I3 =

∫
dx

(a − b cos x)3/2 =
2

(a − b)
√

a + b
E(δ, k) , (A.7)

where

x ∈ [0, π]; sin δ =

√
(a + b)(1 − cos Φ)

2(a − b cos Φ)
; (A.8)

k =

√
2b

a + b
; a > b > 0; Φ ∈ [0, π] . (A.9)

F(δ, k) and E(δ, k) are the incomplete elliptic integrals of the first
and second kind

F(δ, k) =

∫ δ

0

dφ√
1 − k2 sin2 φ

;

E(δ, k) =

∫ δ

0

√
1 − k2 sin2 φdφ . (A.10)

For the angle δ = π/2, we obtain complete elliptic integrals that
we can rewrite by substituting t = sin φ as

K(k) ≡ F
(
π

2
, k

)
=

∫ 1

0

dt√
(1 − t2)(1 − k2t2)

;

E(k) ≡ E
(
π

2
, k

)
=

∫ 1

0

√
1 − k2t2

1 − t2 dt. (A.11)

When we plug our values:

a = r2 + r̂2 + ∆h2; b = 2rr̂ (A.12)

to the Eq. (A.3), we get Eq. (14):

∫ H/2

−H/2

∫ Rmax

Rmin

2
r

 (r̂ + r)(r̂ − r) + ∆h2

[(r̂ − r)2 + ∆h2]
√

(r̂ + r)2 + ∆h2
E(k)

−
1√

(r̂ + r)2 + ∆h2
K(k)

 ρ0e−r̂/hR e−|h|/hz r̂ dr̂dh

+ A
vc,disk(r, h)2

r
= 0 .
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