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1. Introduction

Throughout this paper, we use the term 2-adic field for a finite field extension of the
2-adic numbers Q2, and all the fields we consider will be 2-adic. Once and for all, fix a
2-adic field K.

Let L/K be a finite field extension. The Galois closure group of L/K is the Galois
group Gal(L/K), where L is the normal closure of L over K. Write ¢ for the set of
isomorphism classes of totally ramified quartic field extensions L/K with vk (dr k) = m,
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such that the Galois closure group of L/K is isomorphic to G. We allow ourselves to
drop either or both of the decorators G and m, with the obvious meanings.

Using his eponymous lemma, Krasner [Kra66, Théoréme 1] found a formula, in terms
of m, for the size of the set %,,. More recently, Sinclair [Sin15] and Pauli-Sinclair [PS15]
gave refinements of Krasner’s formula, enumerating (among other things) the elements
of ¥, that have a prescribed ramification polygon. In a different direction, Wei and Ji
[WJ07] counted the elements of X% and ¥44, without any conditions on discriminant
valuation. In this paper, we combine the flavours of [PS15] and [WJ07] to give new
refinements of Krasner’s result: formulae for the sizes of the sets X¢ | for all m and G.
These results in hand, we prove novel refinements of Serre’s mass formula, which will
have applications in the arithmetic statistics of number fields.

1.1. Outline and key results

Write ex and fx for the absolute ramification index and absolute inertia degree of
K, respectively, and let g be the size 2% of its residue field. In Section 2, we use a result
of Serre to relate

#(25,;1 U 2@4)

to the density of the corresponding Eisenstein polynomials. We then find explicit con-
gruence conditions for this set of Eisenstein polynomials and use them to compute the
required density. Finally, we establish conditions for distinguishing between Y44 and
54 which we use to obtain the following two results:

Theorem 1.1. Suppose that fi is even. Then ¥54 is empty for all m. Moreover, 44 s
nonempty if and only if m is an even integer with 4 < m < 6ex + 2. In that case, we
have

ypa _ [305 @ -1 #3 m
Tl =) i3 tm

Theorem 1.2. Suppose that fx is odd.

o The set Ei‘l is nonempty if and only if m € 2Z \ 6Z and 4 < m < 6ex + 2. In that

case, we have
#E = ¥ (g - 1).

o The set 44 is nonempty if and only if m is a multiple of 6 and 6 < m < 6ex. In
that case, we have

1 m_
#E o = g-qm 2(¢* - 1).
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The case V; was addressed by Tunnell in [Tun78]. We repackage his result in Section 3
as the following theorem:

Theorem 1.3. If V2 is nonempty, then m is an even integer with 6 < m < 6e + 2. For
all such m, we have

m—4 | m - 2 -
#35Ve = 2(q—1)q 2 (q Lol + Lgjm - qT) — In<ter s ¢t

’"’;ﬂ)_

The bulk of our work goes into the Cy4 case. In [CDOO05], Cohen, Diaz y Diaz, and
Olivier obtain asymptotic formulae for the number of C4-extensions of a number field. We
adapt their methods to compute the size of ¥4, Our formula depends on the discriminant
valuation

di—1) = v (dr(y=1)/K)
which is an even integer by Lemma 4.20.

Theorem 1.4. If X5 is nonempty, then either m = 8ex + 3 or m is an even integer
with 8 < m < 8eg. For even m with 8 < m < 8ek, the number #E%‘ is the sum of the
following four quantities:

3m—14
ls<m<sex—2 Lm=3 (mod 5) *2¢° 1© (g —1).
Liegtagmese+2 242 K 7%(q — D
m eK _
Lsex+3<m<8er Lm=2¢x (mod3)'2¢  © 1(1+]1m§8e;<—3d(71))(Q*lf]lmzsex—sd(,l)%)-

Lio<me<sey - 2(q — 1)(qLT8 =1 — gmaxd =525 —ex}=2),

- N

We also have

dg¥r if —1 € K*2,
#E%K+3 =< 2¢%x  if K(v/—1)/K is quadratic and totally ramified,
0 if K(v-1)/K is quadratic and unramified.

Finally, in Section 5, we compute the number of towers of two quadratic extensions
L/E/K with vk (dr k) = m and express this number in terms of #3Ca #3Va and
#3D1 Rearranging, we obtain:

Theorem 1.5. If ©P+ is nonempty, then one of the following holds:
1. m is an even integer with 6 < m < 8ex + 2.

2. m=1 (mod 4) and dex +5 <m < 8ex + 1.
3. m=8ex + 3.
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For even m with 6 < m < 8ex + 2, we have
#It=2(¢—1)q%?
X (]lm24eK+4 ¢+ Li<ges - (q

1 3
— —#2C _ Zunls
ST im' — 5 Em

min{0,ex+1—-[27} _ — min{[dej,eK}>)

q

For m =1 (mod 4) with 4ex +5 < m < 8ex + 1, we have

m

#500 =2(g — DT O - Syl

If m = 8ek + 3, then
D 3e L, «c
HE = 27K — 5#28§K+3.
Theorems 1.3 and 1.4 make these expressions completely explicit.
1.2. Application: refinements of Serre’s mass formula

Our main application is to prove refinements of Serre’s mass formula. Define the mass
of a set S of field extensions L/K to be

~ Aut(L/K))~!
s) =y & qw((df,m” :
LesS

This quantity was first studied by Serre, who proved his famous “mass formula” [Ser78,
Theorem 2]. In [Bha(7], Bhargava generalised Serre’s formula to sets of étale algebras over
K and developed the so-called “Malle-Bhargava heuristics” which predict the asymp-
totic number of degree n number fields with Galois closure group S,,, when ordered by
discriminant. Essentially, Bhargava predicts that the probability of a “randomly select-
ed” such number field having a prescribed local completion is proportional to the mass
of that local completion.

Bhargava, Shankar, and Wang proved these heuristics for n = 2,3,4,5 in [BSW15,
Theorem 2], replacing degree n number fields by degree n extensions of an arbitrary
base number field. Recently, in [A1b23], Alberts extended the Malle-Bhargava heuristics,
replacing S,, with more general classes of Galois closure groups. Aside from the mass’s
general importance in arithmetic statistics, the original motivation for our refinements
comes from our earlier preprint [Mon22]; our formula for the local masses at primes
p lying over 2 (called my, in [Mon22]) is woefully inexplicit, and we intend to use
the formulae in this paper to remedy that shortcoming. Similarly, upcoming work of
Newton—Varma uses a modified version of Corollary 1.9, and more generally we expect
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our refined mass formulae to be useful for obtaining explicit masses when counting S4-
quartic extensions with local conditions.

We find explicit formulae for m(X¢) for each G, which we now state. The proofs are
deferred to later sections of the paper.

Corollary 1.6. If fx is even, then
m(S%) =0,
and

q4eK —1

oAy L
m(EA)—g(q—l)'qél—_l

g der =3 (3(]3 +¢*+q+ 3).

Corollary 1.7. Suppose that fx is odd. Then

3
- ¢ +1 -3 —der—3
mxsy =+ = — g tex =3y
(274) S S—— (q )
and
1 1

~ 2.44 _ . . —2 —deg —2 .
m(E7) = 3 211 (¢ )

Corollary 1.8. We have

_ -1 de -1 3ex -1
m(x") = qT (q_4eK_3'(](14771'(3q3+q2+q+3)—3q_36K_3'(1113771'((124-1))

Corollary 1.9. The mass m(X%) is the sum of the following nine quantities:
1.

1 (¢— 1 —q"F))
2 g’ —1 '
2. b g P31 — q*L%KJ).
3. (q — 1)(q75L€TKJ*8K*1 _ qu(_l)fﬁerl)
]ld(,1)<€}< : q5 1 .
4. 1 et B
5 'ld(,l)ZQ'q 6 K+gd(_1) 6(q72)
5. (q — 1)(qu(—1)_65K—6 _ q—GeK—1>
5 la_yy>a- :

2 ¢® -1
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6. 1 e
Tey>s - §(q —1)¢ 7 £)-1
T | -7 1)(ab 4 3 1
x (Q(q 2 )ég :qu A ) 14 Do, (672 + q‘3)).
7 L 1 (¢=D(g+D(¢ " —qg7%x)
ez 5 e )
8. 1 5 | ek
—54 K21 g . ?J)'

9. q—GeK—3 if—l c KXQ,

1q %« =3 if K(v/=1)/K is quadratic and totally ramified,

0 otherwise.

Corollary 1.10. We have the following formula for m(XP4), which is made completely
explicit by Corollaries 1.8 and 1.9.

1

m(EP) = ——
&™) @ H+q+1

g g 4 7)) — (D) = 3m(EY).
1.8. Correctness of results

Using MAGMA [BCP97] and the LMFDB [LMFDB], we have verified Theo-
rems 1.1-1.5 and Corollaries 1.6-1.10 for all extensions K/Qy of degree at most 3.
Whenever e < 10 and fx < 10, we have also checked numerically the deduction of
Corollaries 1.6-1.10 from Theorems 1.1-1.5. Our code is available at https://github.com/
Sebastian-Monnet /Mass-Formula-Checks.

1.4. Indez of notation
We fix the following notation.

1. For a 2-adic field F', write:
(a) Op for its ring of integers.
(b) mp for a uniformiser of Op.
(¢) pp for the maximal ideal of Op.
(d) Fg for the residue field Op/pp.
(e) g for the cardinality of Fp.
f) ep for the absolute ramification index e(F/Q2).
(g) fr for the inertia degree f(F/Q2).
(h) vp for the unique 2-adic valuation on F, normalised such that vp(np) = 1.
(i) Ul(f) for the group 1 + p% in the unit filtration, where i > 0.
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G U 1(?0) for the unit group Of.

Given an extension E/F' of 2-adic fields, write:

(a) dg,r for its discriminant ideal.

(b) e(E/F) for its ramification index.

(¢) f(E/F) for its inertia degree.

K: A fixed 2-adic field.

q: Shorthand for qg.

3: The set of isomorphism classes of totally ramified quartic extensions L/K.
L: For an extension L/K of K, write L for the normal closure of L over K.
For a group G € {S4, A4, D4, V4, Cy} and positive integer m, write:

(a) ©¢:={L e ¥:Gal(L/K) = G}.

(b) Xy :={L € X :vk(dr/x) =m}.

(c) ¢ =%, N%C.

d(—1): The discriminant valuation v (dg(/=1)/k)-

m(S): For S C X, the mass of S is

_ Aut(L/K))™!
m(S) = Z i qu((dL//K))) ’

LeS
$1-Aut and B1-Aut: The sets $44 U X% and ©17A" 0%, respectively.
P: The set of monic, quartic Eisenstein polynomials in K[X].
Ly: For f € P, write Ly for the field extension K[X]/(f) of K.
Py, P% and PS: For G € {S,, Ay, Dy, Vy,Cy}, define P,,, P, and PS to be the sets
of f € P such that Ly is in X,,, »¢, and X¢ respectively.
Pl=Aut and Pl-Aut: The sets of f € P such that Ly € $174% and Ly € $L-Aut,
respectively.
w: Haar measure on O}, normalised so that pu(O%) = 1.
vr: Given an extension L/K, such that 7 is a uniformiser of L, we write v, for the
2-adic valuation on L, normalised so that v, () = 1.
T,,,: For even integers 4 < m < 6ex +2, this is the set of ag+a1 X +as X2 +as X3+ X*
in P such that

{UK(CLl) =7, vk(a) > %, wvk(az) > 7%, ifm=0 (mod4),
>

vic(ar) = 282 vg(ag) > 2, vg(ag) = 252, ifm=2 (mod 4).

R: System of representatives for (O /px)™.
g}“): When m is a multiple of 6 with 6 < m < 6ex and we have u € R and f € P,,,
define

g(X) = F(X 47+ un®),

bgu): The X? coefficient of ¢{").
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21. ps € K: Shorthand for “K contains three distinct cube roots of unity”.
22. Let F be a 2-adic field. Write:
(a) Exty,p for the set of isomorphism classes of quadratic extensions of F'.
(b) Exty/p,, (respectively Exty/p <,,,) for the set of E' € Exty/p such that we have
vp(dg/p) = m (respectively vp(dg/p) < m).
23. Let E/K be a quadratic extension. Write:
(a) Extg/ bf( for the set of L € Exty, 5 such that the Galois closure group of L/K is
isomorphic to G.
(b) ExtQG/ é( m, (respectively Extg;/ EK <m,) for the set of L € Ext
vp(dr ) = ma (respectively vg(dr /p) < ma).
24. Ext;/cl“wn1 (respectively Ext;%“(’ Sml): Set of Cy-extendable quadratic extensions
E/K such that vk (dg, k) = m1 (respectively vk (dg k) < my).
25. Next(m1): Function explicitly defined in Definition 4.1.
26. NC4(my, msy): Function explicitly defined in Definition 4.3.
27. a/2z? =1 (mod p&): Given a p-adic field F, a nonnegative integer I, and elements

a,x € F, this means that x # 0 and

G/K

/B such that

vp(a/z? —1) > 1.
28. Spyk . For an extension F/K and an integer 1 <t < vp(2), we define
Spire=1{u € K*/K*?:u/z? =1 (mod p%) for some x € F*}.
For t = 0, define
Spro ={u€ K*/K*?:vp(u) is even}.

29. Let A be a subgroup of K*/K*2. Then write:
(a) K(VA)=K({Va:[a] € 4}).
(b) O# = O NNm K (VA).
(€) S3/ks = Skyace N (Nm K (VA)/K*?), where 0 < ¢ < ek
(d) Eth‘/K,gml for the set of E' € Exty/x <, With A C Nm E.
(e) (O /pZ)* for the image of the map Op — (O /p2t)*.
f) AA=An (U;(Qt)KX2/KX2), where 0 <t < eg.

30. Ext;/)IL(: For G € {V4,Cy, Dy} and L € X9, this is the set of E € Ext,, i such that
there exists a K-morphism F — L.

31. Twistx (L/E): For G € {V4,Cy, D4}, L € ¢, and E € Exty]k, this is the set of
L’ € Ext, /& such that there is a K-isomorphism L — L', where L is viewed as an
extension of E via the unique embedding E < L.

32. Tow,,: The set of pairs (F, L), where L/FE /K is a tower of totally ramified quadratic
extensions and vk (dr k) = m.

33. ®,,: The forgetful map Tow,, — %,,, taking (F, L) to the extension L of K.
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2. The cases G = Sy and G = Ay

Throughout this paper, all Eisenstein polynomials are taken to be monic. Write P
for the set of quartic Eisenstein polynomials in K[X]. For f € P, let Ly be the field
K[X]/(f), which is a totally ramified quartic extension of K. Given a finite group G, let
PC€ be the set of f € P such that Ly/K has Galois closure group isomorphic to G. For
any integer m, let P,, be the set of f € P such that vK(de/K) = m, or equivalently
such that vg (disc(f)) = m. For each G, write PG for the intersection P N P,,. Write
P1=Au and PL-A% as shorthand! for P9t U P41 and Pt U P4 respectively. Similarly,
write X1TAU and BI-Aut for 1394 U B4 and Y91 U $A4 respectively.

The quartic Eisenstein polynomials in K[X] embed naturally into O% via

X4 —+ CL3X3 + a2X2 —+ alX —+ ag — (ag,CLQ,CLl,ao).

Write p for the Haar measure on 0%, normalised such that (0% ) = 1. We will apply
this Haar measure to sets of Eisenstein polynomials, viewed as subsets of Of via the
embedding described above.

Lemma 2.1. Let G € {S4, A4} let m be a positive integer. We have

Proof. This follows easily from [Ser78, Equation 13].

! The 1 — Aut refers to the fact that # Aut(L/K) = 1 if and only if L € £5 U x4+,
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2.1. Congruence conditions for P}=Aut

In [Lbe09, Theorem 2.9], Lbekkouri gives congruence conditions for a quartic Eisen-
stein polynomial f(X) € Q2[X] to define a Galois extension. We extend his methods to
Eisenstein polynomials over arbitrary 2-adic base fields, to obtain congruence conditions
for the set PL=24 which we will state in Lemma 2.4 and Corollary 2.7.

It should be noted that Lbekkouri’s statement of [Lbe09, Theorem 2.9] is incorrect.
In items (2i) and (2ii), both instances of “ag+ as” should read “ag+ 2”. This typo is first
introduced in the statement of Proposition 2.8 and is carried over into Theorem 2.9.

For f € P, we will always denote the coefficients of f by

f(X)= X" +a3X3+axX? + a1 X + ag.

Whenever we refer to the coefficients a;, the choice of f will be clear. Let mp = X + (f)
be the natural uniformiser of L;. We will always drop the subscript and denote 7y by ,
since our choice of f will be clear. Write v, for the 2-adic valuation on L¢, normalised
such that v, (7) = 1. Fix an algebraic closure K of Ly, and let

O'ilLf—>F, 1=1,2,3,4

be the four embeddings of L¢, where oy is the identity embedding. For elements a of
algebraic extensions of K, we will write vk («) as shorthand for Uk (a), where vk is the
unique extension of v to the algebraic closure K of K.

Lemma 2.2. For all f € P'=A" the three valuations
UK(O-i(Tr) _ﬂ-)’ Z:2a374
are equal.

Proof. Suppose that f € P and the quantities vi (o;(7) — m) are not all equal for the
values 7 = 2, 3, 4. Reordering the o; if necessary, we have

vk (02(m) — ) # vk (o3(m) — )
for i = 3,4. The cubic polynomial X ' f(X + 7) € L¢[X] has roots
oi(m)—m, i=2,3,4.

The minimal polynomial of o5(7) — 7 over Ly therefore divides X ! f(X + 7), and all
its roots have the same valuation, so

oo(m) —m € Ly,

and therefore f has at least two roots in Ly, so f ¢ P1=Aut,
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For each even integer 4 < m < 6eg + 2, define T}, to be the set of f € P such that

. vi(az) > 5, ifm =0 (mod 4),

m—2

vi(ar) =5, vk(az) >
mt2 , vkl(az) ="7=, ifm=2 (mod4).

m
6
vi(a1) > ™=, vk(az) >

Lemma 2.3. The following two statements are true:

1. Let m be an even integer with 4 < m < 6ex + 2 and let f € P,,. Then f € T, if
and only if

v (oi(m) — ) = %

fori=234.
2. Let m be a positive integer. If P,lrjA“t is nonempty then m is even, 4 < m < bex +2,
and P}{Aut CcT,,.

Proof. Let f € P, for any positive integer m, not necessarily even. Define the polynomial
9(X) == X" f(X + ),
and write g(X) = Zf:o b; X' for b; € Ly. It is easy to see that

bo = Qi —|—27ra2 —|—37r2a3 +47T3,
b1 = as 4+ 3magz -|-67T27
by = az + 4m.

Since the v, (a;) are all multiples of 4, we have

in{vg(a1),vx(2mas), vr(372%a3), vy (47r3)},
ve(by) = in{vﬂ(ag),v,r(37ra3),vﬁ(67r2)},
v (be) = min{v, (ag), v (4m)}.

The polynomial g(X) € L¢[X] has roots o;(m) — m for i = 2,3, 4. Suppose that
m
cloy(m) —m) = 1

for each 4. Then the Newton polygon of g(X) consists of one line segment (0, m) < (3,0),
S0

m = min{v, (ay), v:(27as), vx (372az), v. (47)},
2 < min{vx (az), vx(3mag), vy (672)}, (%)

% < min{vy(a3), v (47)},
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and for even m this implies membership of 7},,. Reversing the argument, it is easy to see
that for even m with 4 < m < 6eg + 2, every f € T}, has

’UK(O'»L'('/T)_']T):E, 7’:2;374

Thus we have proven (1). Now let f € PL=A% for some positive integer m. Then
Lemma 2.2 implies that

vi (o) — ) = %

for i = 2, 3,4, and we have shown that this implies Equation (x), so

m = min{v,(a1),v.(a2) + dex + 1, v (as) + 2,8ex + 3},
QTm < min{vy(az),dex + 2}.

Since f is Eisenstein, v, (a;) > 4 for each 4, and therefore 4 < m < 6ex + 3. Moreover,

vr(ag) > 277" implies that m < wv;(a2) + 2ex + 1, so m # v(a2) + 4ex + 1. Since
m < 8ex + 3, we obtain

m = min{v,(a1), v, (ag) + 2},

so m is even, so in fact 4 < m < 6egx + 2. Finally, Part (1) of this lemma shows that
f € T, completing the proof of (2).

Lemma 2.4. Let m be an even integer with 4 < m < bex + 2. If m is not a multiple of
3, then PL=Aut =T .

Proof. Lemma 2.3 tells us that PL=A" C T},,, so we just need to show that T},, C PL=Aut,
Let f € T;,,. Lemma 2.3 tells us that

m
vp(oi(m) —m) = 3 1=2,3,4,
so o;(m) & Ly for each 4, since 2 is not an integer, and therefore T}, C PL-Aut,

3

From now on, fix a system of representatives R for (Og /px)*. When 3 | m, for each
u € R and f € P,,, define the polynomial

g(X) = f(X + 7+ ur¥),

and write ggcu)(X) =30, bz(-u)Xi for bgu) € Ly. We will always omit the subscript and
write ¢(*) (X)) for ggcu) (X), leaving f implicit.
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Lemma 2.5. Let m be a multiple of 6 with 4 < m < 6ex +2. Let f € T),, andu € R. We
have:

1. ok (b)) > me2
2. v (b)) > m.
3. v () =m.
4.
>2+1 ifd[m anda + uaga(? + usao% =0 (mod pgﬂ),
UK(b(()u)) > 2 +1 if4fm and a3z + uaga(g%J + u?’aé%J =0 (mod p%{%J+1),
=% otherwise.

Proof. It is easy to see that for each 7 and u, we have

=3 () +urty
‘ 1

where we adopt the convention that ays = 1. Using this formula for the bgu), along with
the congruence conditions defining T;,,, gives us the following three congruences:

b =as (mod 7™H1).

b =ay (mod w5 1)

() — {a1 (mod 7™*1) if m =0 (mod 4),
1 =

3r2az (mod ™) if m =2 (mod 4).

We can read off the first three claims from these congruences. Expanding the formula
for b(()u) and ignoring the high-valuation terms, we obtain

p) = {UGW? + u2agmF +utn T (mod 7 F ) if m =0 (mod 4),
0 =

2m m 4m 4m .
u2aom s +uazms T2 4 utr S (mod 75 L) if m =2 (mod 4).

It follows that vK(béu)) > %, and vK(béu)) > % +1if and only if

a1 +uasm® +udc™ =0 (mod 7)) if m =0 (mod 4),
az +uasm® 2 +udr™ 2 =0 (mod 7™7!) if m =2 (mod 4).
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The result then follows from the fact that,? for any positive integer k, we have

4k

7t = (—ag)*

(mod ¥+ +%=2),

Lemma 2.6. Let 4 < m < 6ex + 2 be a multiple of 6 and let f € T,. Then f ¢ PL-Aut
if and only if qu(béu)) > 2 +1 for some u € R.

Proof. Suppose that f ¢ PL=A% Then f has at least two roots in L ¢- Reordering the
o0; if necessary, we may assume that oo(m) € L. Since f € T, Lemma 2.3 tells us that

vi (o2(m) — ) = {5, 50

w3

oa(m) =m+an

for some @ € (’)ff. Since L¢/K is totally ramified, there is some element u € R with
u =4 (mod =), which means that

v (oa2(m) — 7 —um ) > o

The other three roots of ¢(* all have valuation at least 15, SO

v (b)) > = + 1.

m
3
Suppose conversely that ’UK(b(()u)) > % + 1 for some u € R. Lemma 2.5 tells us that
UK(bgu)) = 7 and vK(bgu)) > %, so considering the Newton polygon of g™ tells us that
it has exactly one root o;(7) — 7 — um’s with

m

Up(og(m) =T —urs ) > — + 1.

wl|3

Therefore we have
oi(m) —m—ur? € Ly,
so 0;(m) € Ly, which means that f ¢ P1—Aut,

Corollary 2.7. Let m be a multiple of 6 with 4 < m < 6ex + 2, and let f € T,,. The
following are equivalent:

1. We have f ¢ PL-Aut,

2 This follows from expanding the binomial on the right-hand side of

(") = ((—a0) + (—a1m — azm® — az7w®))*.
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2. There is some u € R such that

a, + uagaé%J + USQ(E%J =0 (mod p&?“l) if m=0 (mod 4),
as + uaga(g%J + u?’aé%J =0 (mod p%?”l) if m=2 (mod 4).

Proof. This is immediate from Lemmas 2.5 and 2.6.
2.2. Computing the densities

Lemma 2.8. Let m be an even integer with 4 < m < 6ex + 2. Then

2m

w(Tn) = q 5 173(g = 1)2.
Proof. This is easy to see from the definition of T,.
Since Fr = Fyyy, the trace map Try,. /r, : Fx — Fa is given by

TY]FK/]FQ(x) = J,‘+.Z‘2 +... +.Z‘2fK71.

Lemma 2.9. Let o, 3,7 € Fg with o # 0, and let g be the polynomial aX? + BX + v in
Fx[X]. The number of roots of g in Fx is

1 ifp=0,
2 ifB#0 and Tr]FK/FZ(a'y/BQ) =0,
0 if B#0 and Trg, ¥, (av/B%) = 1.

Proof. The case with 5 = 0 is clear, so assume [ # 0. Let u be a root of g in a splitting
au

field over Fg, and let 6 = G Clearly u € Fg if and only if € Fg, which is equivalent
to § 4+ 67 = 0. Since

Gal(Fx/Fa) = {z 2 1i=0,1,..., fx — 1},
it is easy to see that
r]:‘I‘]FK/]F2 (0 + 92) =0+ Qq,

and also that

ay

2

Therefore, u € Fg if and only if Trp, /Fz(%) =0, and the result follows.
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Lemma 2.10. Let n > 0 be an integer and let A\, € p, with pn & p’;(H, Define the map
a:Ok/px — O /pt, e Ae+ pcd.
The following two statements are true:
1. Force (Ok/pk)™, we have

#{c' € (Ok /pK)™ : a(c) = alc)}

1 i = Mp (mod pr),
=<1 if ¢ # X p and Trg, w, % # fx (mod 2),
3 if & # X p and Try, /w, 2 ) = fx (mod 2).

2. We have

g+1+(=1)7K n+1

Y . n
#ima—{w iIAg P,
2+(_1)f1< Zf>\ EpK

Proof. It is easy to see that for ¢, ¢’ € (Ok /pk)™, we have a(c) = a(c') if and only if
/ /\2 / A 2\ —
(c—c)((c) +cc —&-;—}—c):o (mod px).

The first statement then follows from Lemma 2.9. For the second statement, suppose
first that A ¢ pt!. Then there is some ¢ € (O /px)* with a(c) = 0, so

' B 1
#ima = Z . #{c € (Ok/pK)* : ald) = alc)}

CE(OK/pK

=1+(¢—2—-a)+

)

wl e

where

a=#{ce (Ok/pK)*:c*# % and Trp, /F, (%) = fxk  (mod 2)}.

Since A & p’;;rl, the map

(pr/OK)" = (pr/OK)™, cr> ——

is a bijection, so
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= #{u € (Ok/px)* \ {1} : Trp,./F, (u) = fx  (mod 2)}
1

= 2= 3~ (-1)%),

and the result follows. Now suppose that A € p"H Then a(c) = 0 if and only if ¢ = 0,

S0

1
. _ |
#ima +c€((9§/:px)x #{c € (O /p)* : a(d) = alc)}

We have ﬁ =0 (mod pg) for all c € (Ok/pK)*™, so
#{c' € (Ok/px)* s a(d) = ale)} =2+ (-1)7x,
and the result follows.

Lemma 2.11. Let a,b > 0 be integers, and let S be the set of triples (zo,x1,22) € O3
such that the following two conditions hold:

L ovg(zo) =1, vk(z1)=a+b, wvk(r2)>b.
2. There is some u € R such that 1 + uzexf + u3x8+b =0 (mod p‘;jbﬂ),

Then u(S) = 54~ *7*"*(¢ - 1)*(2¢ - 1).

Proof. Suppose that, for z; and = in Ok, we have z; = z; (mod p‘”bﬂ) for:=0,1,2.
Then (zg,z1,x2) € S if and only if (xf, 2}, z5) € S, so

#S
u(S) = Bat3b+3’

where S is the set of triples

(i’o,fl,i'g) ((p /pa+b+1) \ (p /paerJrl)) (( a+b/pa+b+1) \ {0}) (p /pa+b+1)

such that there is some u € R with

1 + uZoZy + Wz ‘H'b = 0.

For each Zo € (pr/p% ™)\ (0% /p% 1) and Zp € pb /p% o™, define the map

+b /o atb+1 3-a+b
Qzo.30 : Ok /PK — P57 /0% . U —UTaTy —utTy .

Then
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5— || {70} x (imaz,z, \ {0}) x {@2}.
Zoc(pr /pi P TONG R /P50
TaEpl /oo

Since az,,z,(0) = 0, we always have 0 € im a3, z,, SO
#(imaio,iz \ {O}) = #im Azo,20 — 17
and therefore

#§ = Z (# im Azo, 7 — 1)7

To€(pr /i TN /p5T)
ToEpl /pg ot

Lemma 2.10 tells us that

2q4+(=1K e o b+1 jpatb+1
4 (< if 2o & pg /PR,
mog, z, =
Qiz,z2 g+1+(-1)7K if 7o € b+1/ at+b+1
e HT2E P P

It follows that

#S = —¢* g —1)*(2¢ - 1),

p(8) = 5a~ g~ 1)%(2 ~ 1)

Corollary 2.12. Let 4 < m < 6ex + 2 be a multiple of 6. Then

Cauty 1 _em
(T \ P ) = 207 % 7 4g = 1220 - 1),

Proof. Suppose first that 4 | m. Setting x; = a; for i = 0,1,2 and (a,b) = ({5, %),

Corollary 2.7 tells us that T}, \ PL=4% is the set S from Lemma 2.11, together with the
added congruence condition that vk (az) > 7, so

_Au _m 1 _2m_
(T \ P ™) = () g~ = 2q7 g - 120 - 1),
If 4 t m, then set
(zo,x1,22) := (ag, as,az) (ab)—(m—_Gm)
0y L1, L2) -— (WO, 3, U2/, ) - 12 ' 6 )

and proceed similarly.
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Corollary 2.13. Let 4 <m < 6eg + 2 be an even integer. Then

p(Ph Ay = g 513 (g — 1)2 (1 + Lgjm - (1 ;;q)).

Proof. This is immediate from Corollary 2.12 and Lemma 2.8.

Corollary 2.14. If S1-A1 js nonempty, then m is an even integer with 4 < m < 6ex +2,
and

#yloAut — g8t 1) (1 + Lgjm - (1 ;;q)).

Proof. This is immediate from Lemma 2.1 and Corollary 2.13.
2.8. Distinguishing between Ay and Sy
Write “us € K7 as shorthand for “K contains three distinct cube roots of unity”.

Lemma 2.15. The following three statements are true:
1. (Tower law for discriminant) Let M/L/K be extensions of 2-adic fields. Then

k(dyyk) =M : L) -vi(dpk) + f(L/K) - vr(dayr)-

2. We have us C K if and only if fx is even.
3. If us € K, then K has only one Cs-extension up to isomorphism, namely the un-
ramified extension.

Proof. Claim (1) is [Ser95, Proposition II1.8]. Claim (2) follows from Hensel’s Lemma.
Finally, Claim (3) comes from class field theory, along with the fact that we have
K*/K*3 = 7/37, which follows from [Neul3, Proposition 3.7].

Lemma 2.16. If us C K, then K has no Sy-extensions.
Proof. This is part of [WJ07, Theorem 1.2].

Proof (Proof of Theorem 1.1). By Lemma 2.15 (2), we have us C K, so Lemma 2.16
tells us that ¥4+ = 21-Aut and the result follows by Corollary 2.14.

Lemma 2.17. Let M/F be a Vy-extension of 2-adic fields, and let Ey1, Eo, E3 be its three
quadratic intermediate extensions. Then

w

Fldyyr) = Z vp(dg,/F)-

i=1
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Proof. This follows easily from [Keu23, Theorem 17.50].
Lemma 2.18. Suppose that p3 K and let L € £44. Then 3 | vr(dpK)-

Proof. Let M be a normal closure of L over K, so Gal(M/K) = Ay, and let F = M"%.
The extension F/K is a C3-extension, so it is unramified by Lemma 2.15, Part (3). Since
L/K is totally ramified, we have e(M/K) = 4 and f(M/K) = 3, so Vy is the inertia
group of M/K. Since F//K is unramified, the tower law for discriminant gives

vk (day i) = 3vr(dayr)-

Let E1, Es, E5 be the three intermediate extensions of the Vj-extension M/F'. Since the
three double transpositions in A4 are conjugate, the extensions E;/K are isomorphic, so
they have the same discriminant. By the tower law for discriminant, it follows that the
valuations

UF(dE,i/F)a Z':].,Q,S
are all equal. By Lemma 2.17, we have
3

UF(dM/F) = ZUF(dEi/F) = 3UF(dE1/F)a

i=1
S0
v (dyy) = 9vr(dE, /F).-

Since M/L is unramified, the tower law also gives

vi (dyyr) = 3vk (dr k),
and the result follows.

In the statement and proof of the following lemma, the term “A4-extension” refers to
a Galois extension with Galois group Ay.

Lemma 2.19. Suppose that us ¢ K. Then there is a bijection between 4% and the set of
isomorphism classes of Ay-extensions of K.

Proof. For an A4-quartic extension L/K, let L be the normal closure of L over K. The
map L — L is a well-defined bijection between the set of isomorphism classes of Ay-
quartics and the set of isomorphism classes of Aj-extensions. Therefore, to prove the
lemma, it suffices to show that every As-quartic is totally ramified.
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Let L/K be an Ay-quartic. Then there is an extension M /L such that M/K is an
Ay-extension and L = M*3 for some choice of embedding A3 C A4. Let Gy C Ay be the
inertia group of M /K. Since M+ /K is a C3-extension, it is unramified by Lemma 2.15,
Part (3), and therefore Gy C V4. Since M/K is not cyclic, it is ramified, so #Go > 2.
Since Gy is a normal subgroup of A4, we must have Gy = Vj, so e(M/K) = 4. Since M/L
is a Cs-extension, it is unramified by Lemma 2.15, Part (3), so L/K is totally ramified,
as required.

Lemma 2.20. Suppose that us € K. We have

ZA4 — U El—Aut.

6/m
Proof. By Corollary 2.14 and Lemma 2.18, we have

EA4 g U E?ln—Aut.
m

6|m
Lemma 2.19 and [WJ07, Theorem 1.2] tell us that

quK -1

yAs =
7 3

From Corollary 2.14, we obtain

and the result follows.

Proof (Proof of Theorem 1.2). Lemma 2.15(2) tells us that puz ¢ K. The result then
follows from Corollary 2.14 and Lemma 2.20.

Proof (Proof of Corollary 1.6). Theorem 1.1 tells us that m(X) = 0 and

_ _ra2mq_ 1-2q
mEM) = Y ¢ 1((1—1)(1+116|m'( 3 ))-
4<m<6ex+2 q

The result then follows from a tedious computation, which we omit since it is straight-
forward.
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Proof (Proof of Corollary 1.7). By Theorem 1.2, we have

mEs) = Y glsImTig -,
4<m<bex +2
2|m, 3tm

which can easily be rearranged into the required form. The computation of m(344) is
similar.

3. The case G =V,

Lemma 3.1. Let d € K* \ K*2 and let E = K(Vd). If v (d) is even, then vk (dp/k) is
an even integer with 0 < vk (dp k) < 2ex. If vi(d) is odd, then vk (dg k) = 2ex + 1.

Proof. This is part of the p = 2 case of [Dab01, Theorem 2.4].
Lemma 3.2. If XV is nonempty, then m is an even integer and 6 < m < 6ex + 2.

Proof. Let L € Ex;l, and let E, Fs and E3 be the intermediate quadratic subfields of L.
Let ¢; = vk (dg, /i) for each i, so that

m = ¢, + cg + C3,

by Lemma 2.17. We may write E; = K (v/d;), for d; € K>\ K*?, such that didads € K*2.
Since v (dydads) is even, it follows from Lemma 3.1 that either 0 or 2 of the ¢; are equal
to 2ex + 1, and the rest are even integers with 2 < ¢; < 2ex. The result follows.

Lemma 3.3. [Tun78, Lemma 4.7] Let m be a positive even integer with 2 < m < 6ex +2.
Then

m=4 ( _|m -2 | m=2
#ZZ{‘:2(q—1)q 2 (q LSJ(1+13\m'qT)—]lm§4eK+2'q L7 J)
Proof (Proof of Theorem 1.3). The result follows immediately from Lemmas 3.2 and 3.3.

Proof (Proof of Corollary 1.8). By Lemmas 3.2 and 3.3, we have
WV, 1
A(E) = S(g—1)

m m -2 m m—
><< E q7 ;4*L€J(1+13‘m.q7)_ E qi ;—4*L 42J>7
4<m<6beg +2 4<m<dex+2
m even m even

and it is straightforward to rearrange this expression into the desired form.
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4. The case G = Cy
4.1. Sketch of our approach

Let L/K be a Cy-extension and let E be its unique nontrivial intermediate field.

For a 2-adic field F, write Ext,,p for the set of isomorphism classes of quadratic
extensions of F. For any real number m, write Exty,p (respectively Ext, / F.<m) for
the set of E' € Exty,p with vp(dg/r) = m (respectively vp(dg/r) < m). For quadratic
extensions E/K and G € {D4,Vy, Cy}, write Extzc/é( for the set of L € Ext,, g such
that L/K has Galois closure group isomorphic to G. Finally, for any real number mso,

. G/K G/K
write EXt2/E,m2 2/ B, <ms

spectively ExtQG//EK N EXtQ/E’SmQ)'

(respectively Ext ) for the intersection Extg; / ; NExty/p m, (Te-

Call a quadratic extension E/K Cy-extendable if there is some quadratic exten-

sion L/E such that L/K is a Cy-extension. For any real number mq, write Extg/cﬁ)ml

(respectively Extg%{ <m,) for the set of Cj-extendable extensions E/K such that

vi (dg/ k) = m1 (respectively vi (dp k) < m1).
Recall that we write d(_1) = vk (dx(/=1)/K)- In the current subsection, we state the
main results, whose proofs are postponed to the later subsections.

Definition 4.1. For even integers mj with 2 < m; < 2e, define

my

Next(ml) = (1 + I]-m1§2eK7d(,1))qT_1(q -1~ 1m1:26K7d(,1)+2)~
For my = 2ex + 1, define
2¢°x  if —1 € K*2,

Nexi(2ex +1) = ¢ ¢°%  if K(y/—1)/K is quadratic and totally ramified,
0 if K(v/—1)/K is quadratic and unramified.

And set Next(mq) = 0 for all other real numbers m;.

Lemma 4.2. If E/K is a totally ramified Cy-extendable extension, then 2 < UK(dE/K) <
2er +1 and vi (dg i) is either even or equal to 2er + 1. For such my, we have

#Eth/C;{,ml = Next(m1).

Definition 4.3. Let m; be an even integer with 2 < m < eg. For each integer mo, define

g™t if mg =3my — 2,
\_WHIWLQJ . qu1+T272J

if 3my; < mo <4deg —my and msy is even
NC4(m1,m2) — ) 9
¢°¥  if mg =4dex —mq + 2,

0 otherwise.
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Suppose that m; = 2ex + 1 or my is even with ex < m; < 2ep. Then define

2¢°%  if mg = my + 2ek,
NCa (m1,m2) _ q 2 1 K
0 otherwise.

Finally, define N Ca (my, mg) = 0 for all other real numbers m; and ms.

Lemma 4.4. Let E be a totally ramified Cy-extendable extension and let my = vk (dE/K).
For all mo, we have
Ca/K
#Ext2/4é’m2 = N%(my,my).

Corollary 4.5. If ¥C* is nonempty, then either m = Sex +3 or m is an even integer with
8 < m < 8ex. For any even integer m, the number #XC* is the sum of the following
four quantities:

m—3

1. Is<m<ser—2-q 5
2.

Next(T+2)'

Z q%_l(q_ 1)Next(m1)'

max{2,m—4er }<m;<min{ " ex}
mi1=m (mod 4)

3. lyegqa<m<ser+2 - % Next(m — dex — 2).
—2
4. 15€K+3§mg88k : 2qEKNext(m 36K)'

Moreover,

dg¥r if —1 € K*2,
#E%K+3 =< 2¢%°x  if K(v/—1)/K is quadratic and totally ramified,
0 if K(V-1)/K is quadratic and unramified.

4.2. Counting Cy-extendable extensions

The aim of this subsection is to prove Lemma 4.2. The paper [CDO05] gives conditions
on d € K* for the extension K(vd)/K to be Cj-extendable. We use these conditions
and adapt the methods of [CDOO05] to parametrise and count Cy-extendable extensions.

Lemma 4.6 (Hecke’s Theorem). Let E be a 2-adic field, let « € E* \ E*?, and let
L = E(ya). If vp(a) is odd, then vg(dy/g) = 2vp(2) + 1. If ve(a) is even, then L/E
is totally ramified if and only if a/x? =1 (mod p?E@)) has no solution x € E. In that

case, we have
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vp(dy/p) = 20p(2) + 1 — KE .,
where
kpo =max{0 <1< 2vp(2):a/z® =1 (mod pk) has a solution in E}.
Proof. This is the special case p = 2 of [Dab01, Theorem 2.4].

Corollary 4.7. Let E, o, and L be as in Lemma /.0, and assume that vg(«) is even. Let
t be an integer with 0 <t < vg(2). Then vp(dy/p) is an even integer and

'UE(dL/E) < 2UE<2) — 2t
if and only if there is some x € E* with a/z* =1 (mod p%).

Proof. This follows from Lemma 4.6, along with the fact® that for 0 < t < vg(2) and

u € O, if u is square modulo p% then it is also square modulo p2Et+1.

Lemma 4.8. Let E = K(\/d) for d € K*\ K*? and let L = E(y/a) for a € EX \ E*2.
The Galois closure group of L/K is

Vi if Ngjk(a) € K*2,
C4 ZfNE/K<Oé) S dKXQ,

D, otherwise.

Proof. Write a = a + bV/d for a,b € K and let § = \/a. Let m(X) be the minimal
polynomial of 6 over K. Let N be a splitting field of m(X) over L. The polynomial
m(X) has roots £60, +¢ for some element ¢ € N.

We claim that L/K is a Vj-extension if and only if fp € K. Suppose that L/K is a
Vi-extension. Since L/K is the splitting field of m(X), there are 0,7 € Gal(L/K) with
o(0) = ¢ and 7(f) = —0. These have order 2, so o(8p) = 7(0p) = Op, and therefore
0 € K. Suppose conversely that 0o € K. Then K(6) = K(y¢), so L is the splitting field
of m(X) over K, and therefore there are 0,7 € Gal(L/K) with ¢(0) = ¢ and 7(0) = —6.
Since fp € K, it is fixed by o, so

Op = wo(p),

and therefore § = o(p), so ¢ has order 2. Clearly 7 has order 2, so Gal(L/K) = Vj.
Let A := % — %. We claim that L/K is a Cy-extension if and only if A € K. Suppose
that L/K is a Cy-extension. Then 6, ¢ € L, so there is a generator o € Gal(L/K) such

3 If u=2? (mod p%), then u/z? = 1+ nily for some y € Op. Taking z € Op with y = 2% (mod pg),
we obtain u/x? = (1 + 742)? (mod p2th).
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that o(0) = ¢. It follows that o(A) = A, so A € K. Suppose conversely that A € K. There
is some element o € Gal(N/K) such that o(f) = . It is easy to see that o2(6) = €@ for
some ¢ € {£1}. Since A € K, we have ¢ = —1, so ¢ has order 4. Clearly 6% + ©? = 2a, so

\_ 202 — 2a,
O

which means that
202 — 2a

- L
v o b

so L/K is Galois and hence Cy with Galois group (o). Finally,

o WP
Ng/k(a)’

and the result follows.
Corollary 4.9. For d € K* \ K*2, the following are equivalent:

1. The extension K(v/d)/K is Cy-extendable.
2. The element d is a sum of two squares in K.
3. The element d is in the norm group of the extension K(v/—1)/K.

Proof. The equivalence of (1) and (2) follows from Lemma 4.8. If —1 € K*2, then (2) and
(3) are equivalent because every element of K can be written as a sum of two squares,

due to the identity
d— (d+1>2+<d—1)2
S\ 2 2v/-1/
If —1 ¢ K*2, then the equivalence of (2) and (3) is trivial.

By symmetry of the quadratic Hilbert symbol, it follows from Corollary 4.9 that we
need to count extensions K (v/d) such that —1 € Nm K (v/d). Our technique for doing
this applies much more generally, to counting K (v/d) such that A C Nm K (v/d), where
A is any subgroup of K*/K*2. Since it does not require much additional theory, we opt
to work at this more natural level of generality.

Let F/K be an extension of 2-adic fields. For 1 <t < vp(2), write

Srya = (UR F** 0 KX) /K<
={ue K*/K*?:u/z> =1 (mod p2%) for some z € F*},

and define
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Sp/ro ={u€ K*/K*?:vp(u) is even}.

For a subgroup A C K*/K*2, let K(v/A) be the extension
K({Va:[o] € A})
of K, write Nm K (v/.A) for its norm group, and define
O# = OX NNm K (VA).

For 0 <t < ek, define the subgroup

SR ke = Sic/rca N (NmK(\/Zl)/K“).
For each my, let Extf‘/Kéml be the set of £ € Exty /<, With A C Nm E.
Lemma 4.10. Let 0 < t < ex and let A C K*/K*? be any subgroup. We have a bijection

SIé/K,t - Eth‘/K,§2eK—2t U{K}, um K(Vu).
Proof. By Corollary 4.7, the map u — K(y/u) gives a well-defined bijection
O /0K — Exty g <o, U{K}.

For u € O% \ OIX<2, we claim that the following two statements are true:

1. K(W/u) € Exté“/K,SQCK if and only if u € S?/K,O'
2. K(Vu) € Exty) g <o¢ o if and only if u € Sk/re s

The first statement follows from symmetry of the quadratic Hilbert symbol, and the
second follows from Corollary 4.7. The result then follows, since

SIJ?/K,t = S}L(l/K,o n SK/KJ‘
For each 0 <t < ek, define the subgroup
(O /pI)" C (Ok /p3)*
to be the image of the map

Oz — (Ox /p)*.
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Lemma 4.11. Let 0 < t < ex and let A C K*/K*? be any subgroup. There is a short
exact sequence

(Ok /pi)*

— 1.
(O /p3)*?

A A
1— SK/K’t — SK/K’O —

Proof. This is immediate from the definitions.

Lemma 4.12. For any subgroup A C K*/K*?, we have

#A
0% : 0] = —"2— .
Ok O = S
Proof. Let [a1],...,[a,] € KX /K*? be a minimal set of generators for A, so that

K(VA) = K(Jai,...,\/a).
By class field theory, we have

[K* :NmK(VA) =2" = #A.
It follows that

#A if there exists 2 € Nm(K (v A)) with vk (z) = 1,

O : 0%] =
O+ O] {% -#A  otherwise,

so we need to show that there exists + € Nm(K (v A)) with vk (z) = 1 if and only if
K(vVA)/K is totally ramified. This follows from class field theory, since K (v/.A) contains
the unramified quadratic extension E" /K if and only if

NmK(\/Z) CNmEY={re K*:2|vk(z)}.
For each 0 <t < ey, let
A= AN (USVE*?K7?).

Lemma 4.13. Let 0 < t < ex and let A C K*/K*? be any subgroup. The extension
K(VA)/K is totally ramified if and only if K(/A;)/K is totally ramified.

Proof. Suppose that K (v A)/K is not totally ramified. Then we have [u] € A, where
[u] € K*/K*? is the unique element such that K(y/u)/K is unramified. In that case,
Corollary 4.7 tells us that u € Ay, so K(v/A;)/K is not totally ramified.

Suppose conversely that K(y/A;)/K is not totally ramified. Since A; C A, we have
K(VA;) € K(VA), so K(vA) is not totally ramified.
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Lemma 4.14. Let 0 <t < eg and let A C KX/K><2 be any subgroup. We have
+ 2ex—2
Ot = ORUZH.
Proof. First we claim that
Nm K (y/A) = UL Nm K (VA).

For [a] € Ay, Corollary 4.7 tells us that vi(dx(/a)/x) < 2ex — 2t, so we have the
inclusion UI((ZCK_%) C Nm K (y/a), and therefore

U™ € Nm K (V/Ay).
Since A; C A, class field theory tells us that
Nm K (V. A) € Nm K (v/Ay),
and therefore
U297 Nm K (VA) C Nm K (v/Ay).
Suppose that
UR ™ Nm K (VA) € G C Nm K (v/A4),

for a subgroup G of K*. By class field theory, there is a unique abelian extension L/K
such that Nm L = G. We have

K(V/A) CLCKWA),
L =K(VB)

for some subgroup B < A. Let [8] € B. Since UI(?GK_%) C Nm L C Nm K (v/f), we have
vk (dg(y5)/x) < 2ex — 2t, so Corollary 4.7 tells us that 3 € UI((%)KXQ, and therefore
(8] € A;. It follows that B C Ay, and therefore L C K(y/A;), so G = Nm K(/Ay).
Therefore, as claimed, we have

Nm K (v/A) = UL ) Nm K (VA).
It follows that

Oﬁt — (UI((QerQt) NmK(\/?l)) N OIX(’
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so we need to show that
(U Nm K(VA)) 1 03¢ = U (Nm K (VA) N 0%,
which is an easy exercise in definitions.

Lemma 4.15. Let 1 <t < ey and let A C K*/K*? be any subgroup. There is a short
exact sequence

(Ok /pE)*

— = 1.
(O /p3t)A

10" " =0 —

Proof. Clearly the map ¢ : O — %ﬁ;_: is well-defined and surjective. It follows

from the definitions that
ker ¢ = (’)éU;ft),
so the result follows from Lemma 4.14.
Lemma 4.16. For any subgroup A C K*/K*?, we have
#Aer = FK(VA)/K).

Proof. Lemma 4.6 tells us that U}?‘?K)KXQ/K><2 = {1,[u]}, where K(y/u)/K is the
unique unramified quadratic extension. It follows that

{[1]} otherwise,

A = {{m,[u]} if K (v/u) € K(VA),

and the result follows.
Lemma 4.17. Let 0 <t < ex and let A C K*/K*? be any subgroup. We have

#AEK—t

#iwee =20 T

Proof. It follows from Lemma 4.11 that

#S}?/K,o#(oK/p%)Xz

A —
R = T O R

By [Neul3, Proposition 3.7], we have [0} : O%?] = 2¢°%, so the definition of S?/Ko
gives
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2q°K
#Slé KO0~ TAX . nAT"

SRNCHECH
The result for ¢ = 0 then follows from Lemmas 4.12 and 4.16. Now assume that ¢ > 1.
Lemma 4.15 tells us that

1 (0% : O]

#(Ox/pi)*  #(Ok/pE)<

It follows that

2 [0 0]
(O /9307 Ok /3377 (0K : OF]

#Sﬁ/K,t =

The short exact sequence

][]

tells us that [(Ok /p2l)* : (O /p2t)*?] = ¢. Finally, the result follows from Lemmas 4.12
and 4.13.

Corollary 4.18. Let 0 < m; < 2ex be an even integer and let A C K*/K*? be any
subgroup. Then

#Aml/Q

iy} -1

#EXté/K’Sml = 2qml/2 .
Proof. This is immediate from Lemmas 4.10 and 4.17.
Corollary 4.19. Let my be an even integer with 2 < m; < 2ex. We have
#Ext;%(éml =1+ lmlgzek—d(,l)) Sg™/? 1.
Proof. Let A = ([—1]) € K*/K*2. Corollary 4.9 tells us that

e _ A
EXt2/;{,Sm1 = EXtQ/K,Sml 5

and it follows by Corollary 4.18 that

#Aml/Q
#A

Suppose first that —1 € K*2. Then [—1] = [1], so #A = #A,,, /> = 1, and the result
follows since d(_1) = 0.

Ext) =2¢™/2.

2/K,<m, - L
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Suppose instead that —1 ¢ K*2. Then

#A=2,

and (by Corollary 4.7)

#Aml/Q = 1 + ]1(1(,1)326}(—7?7.17
and the result follows.

Proof (Proof of Lemma 4.2). The first claim follows from the classification of quadratic
extensions in [Tun78, Lemma 4.3]. The result for 2 < m; < 2ek follows from Corol-
lary 4.19. By Lemma 4.6, for any quadratic extension £/K, we have v (dg k) = 2ex +1
if and only if F = K(y/a) for some o € K* with vg () = 1. Assume that this is the
case. Then Corollary 4.9 tells us that E/K is Cy-extendable if and only if « is in the
norm group of K(y/—1)/K, and the result follows by basic class field theory.

Lemma 4.20. The constant d(_1) is an even integer with
€K
den <2,
(-1 = D)
Proof. This follows from Corollary 4.7, along with the trivial fact that
—1=1 (mod p%¥).
4.8. Counting Cy-extensions with a given intermediate field

Lemma 4.21. Let F = K(\/ﬁ) be a totally ramified Cy-extendable extension of K with
mi = Vg (dE/K), and let 0 < mo < deg be an even integer. The following are equivalent:

1. The set Extgfé’};mz is nonempty.

2. There is some 3 € OF such that 3 =1 (mod p3¥* ") and Ng/k(B) € dK*2.
3. We have mg > min{m; + 2ex,3m; — 2}.

Proof. The first two points are equivalent by Corollary 4.7 and Lemma 4.8. The equiv-
alence of (2) and (3) is essentially [CDOO05, Proposition 3.15]. At the start of the proof,
the authors state that their “condition (*)” is equivalent to (2), and the statement of
their proposition is equivalent to (3), where ¢t = 2ex — 2. Their result is stated for
prime ideals of number fields lying over 2, but it is trivial to check that the proof works
for 2-adic fields.
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Lemma 4.22. Let E/K be a totally ramified Cy-extendable extension, and suppose that
Cu/K

0 < mo < dek is an even integer such that Ext2/E <ma

that E(\/w) € Ext%“éémz. Then the map

is nonempty. Let w € E such

KX /KX = Bxty /55, e B(vuw)

is surjective and 2-to-1. Moreover, this map restricts to a surjective 2-to-1 map

C4/K

SE/K 2erc—m2 — EXty g -

Proof. The first claim is [CDO05, Proposition 1.2], and the second claim follows from
Corollary 4.7.

Fix a totally ramified quadratic extension £/K with m; = vk(dg/k), and assume
that my is even. For 0 <t < 2ex — %, define Zg ; by the short exact sequence

1= Sp/ge— KX/K*? = Zg, — 1.
Lemma 4.23. Let E be a totally ramified quadratic extension of K with even discriminant

exponent my = UK(dE/K). Let ms be an even integer with my < mo < 4deg. Then we
have:

1.
"e _mji+mo .
2q'eKT if mg < deg —ma,
#ZE,%Kf”;—z = .
1 if mo > dex —my.
2. mqi+m .
2L ifmy <deg —my,
#SE/K,26K7% = . .
4¢°%  if mg > deg — my.
Proof.
1. For my = 4eg, we have Zg,,, _m2 = 1, so we can assume that m; < mg <

2

der — 2. The claim is then essentially [CDO05, Corollary 3.13]. Under our notation,
Zp, corresponds” to Cohen, Diaz y Diaz, and Olivier’s Zqz:, defined in [CDOO05,
Page 486]. As with Lemma 4.21, the statement in [CDOO05] is for prime ideals of
number fields, but the modifications to the proof are trivial.

2. The second claim follows from the first, together with the definition of Zg;, and
[Neul3, Proposition 3.7].

4 In [CDOO05], here are the locations of the relevant definitions: Z¢> is defined on Page 486; Qx (€?) is
defined on Page 479; € is defined on Page 478; T is defined on Page 478; the angle brackets (T') denote the
monoid of ideals generated by T - this can be inferred from the proof of Lemma 1.6.
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Corollary 4.24. Let E/K be a totally ramified Cy-extendable extension such that the
discriminant valuation mq = vK(dE/K) is even. Let mo < 4eg be an even integer and
write ng := min{m + 2ex,3my — 2}. Then we have

0 if ma < ny,

c mytm '
#Ethféngmz =44l e if ng < mg <deg —my,

2¢°%  if mg > max{dex —my +2,n9}.

Proof. Lemma 4.21 deals with the case mo < ng. Let ng < mo < 4eg. By Lemma 4.21,

the set ExtC*/K

o/ B, <ms is nonempty, so Lemma 4.22 tells us that

Cu/K

1
3'%EXt2/E’§m2 = §#SE/K,26K—%7

and the result follows from Lemma 4.23.

Proof (Proof of Lemma /.4 ). By [Tun78, Lemma 4.3], either m; = 2ex + 1 or my is even
with 2 < m; < 2eg. The case where m; is even follows easily from Corollary 4.24. For the
case with m; odd, suppose that m; = 2ex + 1. Then by Lemma 4.6 we have E = K (v/d)
for d € K* with vg(d) = 1. By Lemma 4.8, each Cy-extension L/K extending E has
L = E(y/a) for some o € E* with vg(Ng/k(a)) odd. It follows that vg(a) is odd, so
vp(dr g) = 4ex + 1 by Lemma 4.6. Therefore,

C4/K
2/E

C4/K

Ext 2/E dex+1°

= Ext
so the result follows from Lemma 4.22.

Proof (Proof of Corollary 4.5). Suppose that L/K is a Cy-extension with intermediate
quadratic field E. By the tower law for discriminant, we have

vr(dp/k) = 2vk(dg/k) + f(E/K) -ve(dL/E)-

So if L € %%+ with m; = vk (dg/x) and my = vg(dp /), then m = 2m; + ma, and
Lemmas 4.2 and 4.4 tell us that either (my,ms) = (2ex + 1,4ex + 1) or my and ms are
both even with 2 < m; < 2ex and 4 < mq < 4eg. It follows that either m is even with
8 <m <8k or m = 8ex + 3. If m = 8ex + 3, then the result follows from Lemmas 4.2
and 4.4.

Now consider the case where 8 < m < 8ex and m is even. For positive integers
my and mg, write E%‘th for the set of totally ramified Cy-extensions L/K such that
vk (dg k) = m1 and vg(dr p) = me. By the discussion above, we have

C.
#21?14 = Z #Emi,m—le‘

2<m1<2ek
mi even
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Let 2 < my < 2ek be even. By Lemmas 4.2 and 4.4, whenever Neyi(m1) # 0 we have

gm—lifmy m+2 and m; < ey,
#Emhm - qim T gl 2J if m —4ex <mp <min{%, ek},
mz q¢¥ ifm; =m—4dexg —2 and m; < ek,

2¢°%  if e < my1 < 2ex and mlz%,

0 otherwise.

e if m; = 242 and 8 <m < Sex — 2,

qu 7] —qu Eal if m —4ex <mp <min{%, ex},
=q¢°¥ ifmy=m—4dex —2and dex +4 <m < beg + 2,

m—2ex
3

2¢°% it my = and bex < m < 8eg,

0 otherwise.

To finish the proof, we just need to observe that

L=

q

[momi-2 | {qmélmll(q —1) if m; =m (mod 4),
_q =

0 if my Zm (mod 4).

Proof (Proof of Theorem 1./). The possible values of m come from Corollary 4.5. The
result for m = 8ex + 3 is immediate from Corollary 4.5. Now consider the case where m
is even and 8 < m < 8eg. The first, third, and fourth items of Corollary 4.5 respectively
are equal to
1. Is<m<sex—2 Lm=3 (mod 5) 4 P (14 Lm<i0es —5d—1y—2)(@— 1= Lin=10e s —5d_1)+8)-
2. Laegtasm<sert2 42 214 Ln<oer—dy+2)(@ =1 = Limn=er —d_y)+4)-

m-+4de
3. Isert3<m<ser Lm=2ex (mod3)2¢ & (1+Lm<ser—3d 1) ) (@—1Tm=sex —3d_1)+6)-

Lemma 4.20 turns these into the first three points of Theorem 1.4. It remains to compute
the value of

Z qmlml_l(q_ ]-)Next(m1)~

max{2,m—4er }<mi<min{ % ex}
mi1=m (mod 4)

For such mq, we have

2q (q 1) if m; <2ep — d(_l),
Next(ml): qufl(q—Q) if mq :26[(-d(,1)‘|‘2,
¢ Yg—1) ifmy >2ex —d_) +4

Lemma 4.20 tells us that 2ex — d(_1) +2 > ef, so the sum is actually
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> 2" 2 (g - 1)

max{2,m—4er }<mi<min{ " ex}
mi1=m (mod 4)

For integers [ and wu, the substitution m; = —m + 4k makes it easy to see that
b+1 a
m—+m q — q
Z q * = llgu I E—)
q—1
1<mi<u

mi1=m (mod 4)

where a = [Z] and b = [ZF“|. In this case, we have | = max{2,m — 4ex} and
u = min{eg, %}, which gives

m+2 m . om+texg 3m
a= fmaX{T,E —ex}], b= me{T’ﬁ}J'

Finally, it is easy to see that [ < u if and only if 10 < m < beg. In that case, we have
b=32], so

L1+ _ gMmax{2f2, 2 —ex}]

L
m4my q
Z ¢ =lio<m<sex - ;

max{2,m—4er }<mi<min{ex, %}
mi1=m (mod 4)

q—1

and the result follows.

Proof (Proof of Corollary 1.9). Theorem 1.4 and Lemma 4.20 tell us that the mass is
the sum of the following quantities:
1.

1 _Tm+14

5 Z g (¢g—1).
8<m<bex—2
m=8 (mod 10)

2. 1 .
LY e,

deg+4<m<beg+2
m even

e > e,

56K+3§mS86K73d(,1)
m=2ek (mod 6)

1 _ 5 _
L2 g a St H (g~ 2)

depr —5m
5 3 ¢ v Hg-1).

8€K73d(_1)+12§mS86K
m=2ex (mod 6)
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1 _ _m
Sla-Dat > gl
10<m<5ek
m even

10<m<5ek
m even

g e =3 if —1 ¢ K2,
1g7%x=3 if K(y/=1)/K is quadratic and totally ramified,
0

otherwise.
We address these one by one.

1. Making the substitution m = 10k + 8, we have

eK
_ 7m414 1-— L]77LTJ
E ¢ 0 =legze — 7,
8§m§5€1(—2
m=8 (mod 10)

so the contribution to the mass is

Ly la=10-g )
9 k=2 q -1 ’

and we can omit the indicator function since ex = 1 gives 1 — q_7LeTKJ =0.
2. Making the substitution m = 2k, it is easy to see that

Z qu = 16;(22 : g

deg+4<m<beg+2
m even

5 +2
—2ex—1 _ q—L%j

?

q—1

so the contribution is

Lo (gtens LRy _ L mseems(q _ LK),
2 2
where we omit the indicator function since ex = 1 gives ¢72¢x 1 — q_LwJ =0.

3. (a) The substitution m = 2ex + 6k gives

5

q_SLeTKJ 6K _ qzd(*l)_fieK

dep —5m
E q 6 = ]]‘d(—l)<CK 5 1 )
5€K+3§mS88K73d(,1) q

m=2ek (mod 6)

so the contribution is
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(q— 1)(q 3L I men—1 — g3din—Gex—1)
]ld(,l)<e;< : .

¢ -1
(b) This is already in closed form.
(¢) The substitution m = 2ex + 6k gives
deg—5m q3di-n—6ex—5 _ g—bex
) ¢ ¢ =lacyza 1
8er —3d(_1)+12<m<8ek q
m=2exk (mod 6)
Therefore, the contribution is
]_ (q _ 1)(q%d(_1)—66}<—6 _ qfﬁerl)
3 La_yy>a- F -1 .
4. (a) We need to compute
LSZKJ
Z q o) — Z q—f%T
10<m<5ek k=5
m even
For an integer b > 1, it is easy to see that
5b _ _
iy (= T+ A+t | g
Z = ¢ —1 +q

If ek is even, then we have

Te
B (=" )N+ F P g+l re
—]1@;(>2' q7_1 +q 2 .

If ex is odd, then we have

5eKJ S

P q—f%T :( q_r%w)—&-q [z. 5!’K 81 tq r%,%]
k=5 k=5

-6 _ 1-7-2K71 R S BT | R
C 1 ((q q 35(1_161 T +q )Jrqq.xT

+ q_7.%_2 + q_7.%_3) )

In other words, the sum ZL 2 q_(%w is equal to
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—6 _ 1-T|2K|\(.6 4 3
q q )" +q¢"+q"+q+1) _gex _g _
ﬂeKZQ'(( )q(7 1 )+q (L fJ(1+]12)(6K(q 2+q 3)))7
and therefore we have a contribution of

1 @ "= NGO+ + P +q+1)
Lerz2-5(0—1) 7 —1

+q VI (14 Dy (072 +07%)).

(b) We need to evaluate

Sex Sek
L 2 J —3k+1 26K —3k+1 L 2 J
qmax{]—T],—k—eK} — Zq[ 51 + Z q—k—ek.
k=5 k=5 k=2ex+1
We have
2e — —3e
ZK f=skrly _ o (> +9) (g ° =g %)
q - €K23 : 3 1 )
k=5 A

so the first half of the sum gives a contribution of

a=Dlg+ (" —g )

1
—]leKzZ'i P -1

We also have

LSeQK J

—3ex
ke q —q
§ q hex = Lleg>2"
qg—1
k=2ex+1

5
*L%J*EK

so we also get a contribution of

1

—5la

—3ex—2

— g,

5. The case G = Dy
For G € {Vy,Cy, Dy} and L € XY, let
Exty /g := {E € Exty, : 3K-morphism E — L}.

—L

Let L€ X% and E € Ext, /. There is a unique embedding £ < L, so we may naturally
view L as an extension of E. We define a K -twist of L/E to be an element of the set

Twistx (L/FE) = {L' € Exty/p : 3K-isomorphism L'~ L}
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Lemma 5.1. Let G € {V4,Cy4, Dy}. The following two statements are true:
1. For L € ¥%, we have

1 ’LfGG {C4,D4},

#Exty k=
RT3 G =V

2. For L€ X% and E € Ext;IL(, we have

# Twist g (L/E) = {1 TG {0 Va),
2 if G = Dy.

Proof. Claim (1) is obvious. For Claim (2), write F = K(v/d) and L = E(y/a), where
d € K and a € E. Let L' € Twistg(L/FE). Then there exists some K-isomorphism
¢ : E(y/a) = L'. We will view E as a subset of both extensions L and L', even though
L and L' are not necessarily inside the same algebraic closure of F.

The element ¢(y/a) € L' has the same minimal polynomial over K as \/a € L, so
either I/ = E(\/a) or L' = E(y/@), where @ is the conjugate of a over K. It is easy to
see that both these choices for L’ are in Twistx (L/E), so

Twistx (L/E) = {E(va), E(Va)}.
By elementary Galois theory, we have E(y/a) % E(v/@) over E if and only if G = Dy.

For an integer m, define an m-tower to be a pair (E,L), where E € Ext,, ;- and
L € Exty,p, such that L/K is a totally ramified extension with vk (dy, k) = m. Write
Tow,, for the set of m-towers. There is a natural surjection

®,, : Tow,, - XS uxVauxls (E L) L.

Lemma 5.2. Let G € {C4,Vy, Dy}, let m be an integer, and let Ly € X . The fibre
®, 1(Lo) has size

1 ifG=Cy,
2 if G =Dy,
3 ifG ="V,

Proof. It is easy to see that

o' (Lo) = {(E,L) : E € Exty/", L € Twistx (Lo/E)},

and the result follows from Lemma 5.1.
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Corollary 5.3. For every integer m, we have
#3804 42 #3504 3. 43Vs = #Tow,,.
Proof. This is immediate from Lemma 5.2.
Lemma 5.4. If Tow,, is nonempty, then one of the following three statements is true:
1. m is an even integer with 6 < m < 8ex + 2.
2. m=1 (mod 4) and dex +5 < m < 8ex + 1.
3. m=8ex + 3.

For even m with 6 < m < 8eg + 2, we have

#Tow,, = 4(q — l)q%_2

min{0,ex+1—-[1} _ — min{ngzj,eK})) )

X (Lm>derta - 4 S + Lin<ser - (4 q

For m =1 (mod 4) with dex +5 < m < 8ex + 1, we have

m—1
1

#Tow,, = 4(q — 1)g°<
We also have

#Towse, 5 = 4g°°%.
Proof. Let m be an integer such that Tow,, is nonempty. Let (F,L) € Tow,,, and
let my = vk(dg/kx) and my = vp(dy/g), so that m = 2m; + my by the tower law
for discriminant. By [Tun78, Lemma 4.3], either m; is even with 2 < m; < 2eg, or
mp = 2ex + 1. Similarly, either my is even with 2 < mgy < 4eg, or mg = deg + 1. If mo
is even, then m is even and 6 < m < 8ex + 2. If my = 4ex + 1 and m; is even, then
m =1 (mod 4) and 4dex + 5 < m < 8ex + 1. Finally, if m; and msy are both odd, then
m = 8ek + 3. Now that we have identified the possibilities, we can enumerate Tow,, in
each case.

Suppose first that m is even with 6 < m < 8ey + 2. Then each (F,L) € Tow,, has
me even, so #Tow,, is the sum of the following two quantities:

1.
E E #Exby ) 5 m—om, -
max{2, 3 —2ex }<mi<min{ P —1,2ex } E€Ext, .
my even il
2.
Iim>depc+4a- E #EXby g m—der—2-
EcExt

2/K,2ep+1
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By [Tun78, Lemma 4.3], the first of these quantities is equal to

momi g
#EXty B m—om, = Z 4(¢—1)%
max{2,% —2ex }<mi<min{ % —1,2ex }
my even
=4(q—1)%q% 2 Z g "
ql—a _ q—b

=4(g—1)2%¢7 72 1,<p -
(¢—=1)q bt

= lo<m<sex - 4(a—1)g% *(¢" " —q "),

where

a := max{1, [%1 —ex}, b:= min{LmTJJ,eK}.

l—a

For m = 2,4 we have ¢ — ¢ % =0, so we may drop the “6 < m” from the indicator

function, giving

#EXtQ/E,m—le = ]lmfgek : 4(11 - 1)q%72(q17a - qu)'
Similarly, the second quantity is equal to

7—eK 2

Trm>dex+4 - 4((1 - 1)

and we obtain the desired expression for #Tow,,. Now suppose that m = 1 (mod 4)
and 4ex +5 < m < 8ex + 1. Then each (E,L) € Tow,, has ms = 4dex + 1 and
m—1

my = 5= — 2eg, so [Tun78, Lemma 4.3] gives us

#Tow,, = Z #EXt) /g dere 11

EGExtQ/KY mT_l Cege

=4(q—1)q

Finally, if m = 8ex + 3, then each (E, L) € Tow,, has m; = 2ex + 1 and mo = deg + 1,
SO

#Tow,, = Z #EXto /g ger 11

E‘GExtQ/KTZCKJrl

— 4q3eK

)

by [Tun78, Lemma 4.3].

Proof (Proof of Theorem 1.5). This is immediate from Corollary 5.3 and Lemma 5.4.
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Lemma 5.5. We have

1

q2 + q + 1 (qf?)EKf?) + q736K71 + q72)'

i Z qim#TOWm =

Proof. Lemma 5.4 tells us that i 72 m 4 ""#Tow,, is the sum of the following four quan-
tities:

m

LY deptasm<sen+2(q —1)g~ 2 7ex 2,
m even
2. S 6<meser (q — 1)gmind0ex =151} =5 =2,
m cT/cnK . -
3. — Y e<meser (¢ — 1)g= & ~2-min{l ™5 Lex}
m even a1 .
4. Z4€K+5Sm§851{+1(q — 1)qex+f7 .
m=1 (mod 4)
5. (]_SGK_3-

We can simplify this as the sum of the following quantities:

q—1)g 2 Ziekz—ejﬁ "

a) (¢—1)g 2 - Sint? gt

b) (q—1)gex~ zi”;wq M1,
a) —(¢—1)gex=2. 3% a7
b) (q—l) Z2€Kq Lsk 1

\sex—2 . N“2ex 3k
q ) Zk: ex+1 q .
—5€K—3

—~

1
2

—~

3

—~

—

4.
9.

L)

We put the pieces together to obtain the contributions to the final sum:

e (1) and (3)(a) cancel to give a contribution of

(q—1)(g 53— g3ex3),

o (2)(a) simplifies to a contribution of

q—4 —2ex —4
e We have
4€K
_rsk qg+1, 5. _ _
Z q’—g]: 371<q 3ex—3 q66K>7
k=2ex+3 q

so (2)(b) gives a contribution of

q+1 “2c—4 _ _—Bex—1
————( q )-
¢ +q+1
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o We have

2ei

_3k—1 qg+1, _ 3¢
dgbl= (472 = ¢' %),
k=3

¢ -1

so (3)(b) gives a contribution of

qg+1

_—( -4 —1—36}{)'

o We have

@?+qg+1

2ek —3ex _ q76eK

Z qf?)k:q o 7

k=er+1

so (4) gives a contribution of

q2

+q+1

]' (q726K72 _

756}(72).

q

o Finally, (5) obviously gives a contribution of

q75eK73.

So far, we have shown that % Yo @ " # Towy, is the sum of the following six quantities:

(A) (g —1)(gPex 3 — g 3ex3).

(B) q* —g72ex %,

(C) q+1 ( —2ex—4 __ —56K—1)
q2+q+11 q q :

(D) qi?iqjtl (612_4 _2q—3@;<5—1).2

(E) grpgrrle ™" — g7 )

(F) g>er=?

The sum of (C'), (D) and (E) is

q—2€1(—4 _ q—

Bex—2 g+1 “Bex—1 _ —4
T —q),

so we have shown that )" ¢~ "#Tow,, is the sum of the following four quantities:

L (q—1)(gPex =3 — g 3K 3,
2. q74 _ q72eK74.

3. q72eK74 _ q75eK72 + q+1
4. q

°+q+1

(7=t —q7%).
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It is easy to check that this sum simplifies to

1

P (q73ex 3 g g3ex =1 4 g72),

so we are done.

Proof (Proof of Corollary 1.10). This follows easily from Corollary 5.3, Lemma 5.5, and

the definition of mass.

Data availability

No data was used for the research described in the article.
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