Spectral Analysis of Pseudo-Differential
Operators with Discontinuous Symbols

ALEXEY DERKACH

Submitted to University College London (UCL) in partial
fulfilment of the requirements for the award of the degree of
Doctor of Philosophy.

Supervised by
Prof. A. V. Sobolev

Department of Mathematics
University College London

June 2024



Declaration

I, Alexey Derkach, confirm that the work presented in this thesis is my
own. Where information has been derived from other sources, I confirm
that this has been indicated in the thesis.



Abstract

The spectral theory of Pseudo-Differential Operators (WDOs) with smooth
symbols is quite mature. Many aspects are well studied including asymp-
totic formulae of eigenvalues (see [4], [9], [14] and the references therein).
There are two types of results: those for unbounded ¥DOs (e.g. [14])
and those for compact WDOs [4]. We focus on the latter ones.

There are significantly more results for associated operators, for the case
when the symbol of a ¥DO is smooth, or when WDOs are defined on
modulation spaces. However, considerably less is known about the cases

with discontinuous symbols, even for the simplest type of discontinuity.

This work is devoted to spectral properties of compact ¥DOs Op)* (o)
with a certain type of symbols, namely Weyl symbols with jump disconti-
nuity. These symbols are considered indicator functions ¢ = x of given
bounded regions A in phase space.

The general goal is to understand how the rate of eigenvalues decay de-

pends on the geometry of the boundary JA.



Impact Statement

The main impact of the dissertation is to Time-Frequency analysis where
UDOs of Weyl’s type are intensively studied. The operators we con-
sider in this work (those with symbols/signals equal to indicator func-
tions Yy, i.e. concentrated in a localised domain A in the time-frequency
plane/phase space) are of interest to Signal Processing theory. For in-
stance, the asymptotic decay of eigen/singular values of such W¥DOs
(called time—frequency localisation operators in corresponding applied lit-
erature) determines the characteristics of time-frequency filters (see [7],
[11)).

In quantum mechanics, finding the exact upper and lower bounds of
quasi-probability integrals leads to estimates of the maximal and
minimal eigenvalues of the corresponding DO and is also of interest to
many researchers (see [21]). In 1988 Flandrin [7] conjectured that under

some conditions the quasi-probability integral does not exceed 1.

However, this conjecture was recently rejected by Delourme, Duyckaerts
and Lerner 2], and an explicit counterexample was provided. This re-
quired to study a bounded non-compact WDO (along with its eigenvalues)
with signal concentrated on the first quarter of the time-frequency space.
In the thesis we focus on the asymptotic behaviour of eigenvalues of an
operator similar to that in [2] but naturally adjusted to be compact. The
result of the study is an asymptotic formula for the case when the
signal is concentrated on an angular domain (see Chapter [|), as well as
asymptotic estimates when we extend the domain to any polygonal re-
gion.

To achieve this, we develop some auxiliary techniques (see Chapter [3)),
which can be presented as an independent result in time-frequency theory

and the second main result of the dissertation.
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Chapter 1

Introduction

1.1 General notations

PART A.

X

o2

Co ()

W3 (Q)

(f.9)
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inner product on L*(Q) space
Japanese brackets on R?
smooth cut-off function
domain of an operator A
closure of an operator A
adjoint operator

deficiency indices of

a symmetric operator A

Section , p.

Definition

3.2.6

Section , p.

Definition

4.1.2




1.1. GENERAL NOTATIONS

#(A, A)

#(\ V5 (a,b))

ni(A, O') = ni(A)

= e

1L (RY),

[N PR

(L) (R)

- Mgy

spectral counting function of a

lower semibounded operator A

counting function of

one-dimensional Schrodinger

operator on (a,b) with potential V

spectral counting functions of a

compact DO with symbol o
number of singular values of a
self-adjoint compact operator A

exceeding \

positive (negative) eigenvalues of

a self-adjoint compact operator T'

singular values of a compact

operator T’

weak-{" quasi-normed space

and weak-[7 quasi-norm

weak lattice quasi-normed space

and weak lattice quasi-norm

lattice quasi-normed space

and lattice quasi-norm

Schatten operator ideal class

weak-Schatten operator class

Weidl quasi-normed space

Fourier and inverse Fourier

transform

Section , p.

Section , p.

Definition

2.1.1
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Section , p.

Section , p.

Section , p.

Definition

Definition
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Section @, p.
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1.1. GENERAL NOTATIONS 10

Opi(p) pseudo-differential operator with Part B, p
amplitude p

Opzv(a) pseudo-differential operator with Part B, p
symbol o of Weyl’s type

PART B. PSEUDO-DIFFERENTIAL OPERATORS AND DIFFERENTIAL NO-
TATIONS

We use the following notation for the pseudo-differential operator on
L2(R%) with amplitude p = p(x,y, &)

o)) = (55) [[ | ety uiviayde (111

If in addition p(x,y, &) = 0(%, E), we use the notation

OpY (7) = OpY (8. £)) i= 0p3 (7 (252, €)).

and p is called symbol of Weyl’s type.

Notations F and F~! stand for the Fourier transform and the inverse

Fourier transform, respectively, defined by

1
21

1

FHO = (52 -

) [ fetdn FOO = (5 ) [ T

To specify the arguments in the Fourier transform of functions of the

type f = f(x,y), where x,y € R we define

Feoel[(x,y)] == 9(&,y),

where

g&y) = <%)§ » f(t,y)e "®edt.

Notations Fy ¢, Fp

¢x are defined accordingly.

Note, that if the amplitude p = p(x, &) (in this case p is called symbol),

Opi(p)u(x) = Fe o [p(x, &) Fye[uly)] ].

Consider a multivariable function f : R? — R.

10



1.1. GENERAL NOTATIONS 11

The gradient of f(x) = f(x1, 9, ..., 24) is denoted by

Vf = (8x1f7 8x2f7 x) 8xdf)a
where we use a short notation for the partial derivative,

of

O f =2, j=1,2..4d.
v oz, 7

To describe the control of the partial derivatives the following notation

[V f] = >

0<j1,52,--,ja<m
Jitj2+...+ja=m

is used

. . . 2
o020 f| .

For functions with more than one multidimensional variable, e.g. if f =

f(x,€): R x R — R, consider the following notations
Vil = (00, f(%,8), 00, (%, ), .., O, f (%, £)),
vﬁf = (8$1f(xv €)> afzf(xv €)> ) 8§df(x, E))a

Vivef| = >

0§]1 7j27"'7.jd§m7 0<t: 7t2""7td§k
Jitie+...+ja=m, ti+tao+.. +tg=k

2

OO 0800 0.0 f(x,€)

PART C. ASYMPTOTIC NOTATIONS

Big-O and little-o notation.

Let (g(z; A)) acq be a parametric family (indexed by A C R™) of real
valued functions g(z; A) on 2 C R.

We use the notation

g(x; A) = O(f(x; A)),

if g(x; A) = b(x; A) f(x; A), where for any fixed parameters (ay, as, ..., ) =
A the function b(x) = b(z; A) is a bounded function on €.
Notation O(fx; A) is defined similarly.

REMARK. Mostly, in the thesis we use notation O(f(z)) or O(fx), i.e. it
is clear what stands for the variable x (index k) and what stands for the
parameter a;.

Few exceptions, like s;(T") = O(k™P), always have the form of a log-power

function with a parameter in the power, e.g. fr = k“ log™(k + 1).

11



1.1. GENERAL NOTATIONS 12

The notation o(f(z)), x — o, o € RU{oo}, stands for a(z) f(x), where
alz) = 0, x — .

If f is a parameterised function, o(f(z;A)) = a(x;A)f(x; A), where
a(x;A) — 0, z — o for any fixed A.

Notations o(f,), o(fn; A), n — oo are defined similarly.

Domination of functions.

Let (f(x; A))AeA and (g(x; A))AeAbe two parametric families (indexed
by A C R™) of real valued functions on Q C R
Let Ay = (i, iy, -y ai,), 1 < ip < i < ... < iy < m, be a list of some

parameters of A = (a1, ag, ..., ay).

Notation f(x;A) <, g(x;A) is used if

If(x;A)] < Callg(xA)|, xe€Q, AcA,

where Cu, depends on A, = (a,, a4y, ...a;,) only (does not depend on x
and other parameters a;, j & {i1,42,...,%:}).

f(x;A) < g(x; A) means that there exists C' > 0 such that

f(xA) < Clg(x;A)], xeQ, AcA

For sequences (fn)nezd, (gn)neze the notations fn S,  gn and fu < gn

are defined similarly.

REMARK. Mostly, in the thesis A C R™ for some m, i.e. a; are real

numbers. However, sometimes parameter a; might stand for a set (e.g.

W _3 . .
st(OpY (xa)) <, k™1 in the proof of Corollary [3.2.4) or for a function
(e.g. sk(Th) Sma k™ in Corollary |3.2.7)).

Equivalence of functions.

Two real valued functions f and g are equivalent,

f(x) ~ g(x), & = 29 € RU o0, if lim,,_,p, £ = 1.

12



1.2. MOTIVATION 13

1.2 Motivation

The study of time-frequency localisation operators Op)” (xa) (¥DO with
Weyl symbol o(t,£) = xa(t,§), A C R, x Re) helps to investigate signal
energy concentration in Signal Processing. The operator establishes the
following connection with the quasi-probability distribution function, the
Wigner function W (-,-) (see [8]), by

O ) = [ [t W e e = [ [ W)t oara
(1.2.1)
The properties of the quasi-probability integral are important for

the signal energy distribution [7]. Unlike classical mechanics where the
value of the integral of the standard probability density function is always
between 0 and 1 (inclusive), in quantum mechanics the integration of

W (-,-) may give a result which is negative or greater than 1.

Flandrin conjectured 7] that for any convex domain A the integral (|1.2.1))

does not exceed 1 for any normalised v = u.

However, Delourme, Duyckaerts and Lerner in [2] rejected the hypothe-
sis by finding an eigenfunction of Opsy (xa) where A = {t > 0,& > 0} C
R; x R¢ is the first quarter in the phase space, corresponding to the max-
imal eigenvalue of the operator.

While in [2] Flandrin’s conjecture was invalidated via numerical argu-

ments, later Lerner in [12] provided a theoretical proof.

It turns out the bounds of the integral (1.2.1]) coincide with the minimal

and maximal eigenvalues of Opyy(x4).

For some domains A (namely, concave cones on the phase space), Lerner
described the extreme values of the spectrum (see [12, Ch. 7]) and

made hypotheses about more general cases of convex regions.

13



1.2. MOTIVATION 14

The symbol of the main operator we consider in this work is the function
studied by Lerner, X ¢>0}, multiplied by a function a(t,§) € C°(R?),
i.e. a smooth compactly supported function. Unlike Lerner’s work [12]
where the norm of the bounded non-compact operator Opyw(X{t¢>0)
is studied, we focus on the asymptotic behaviour of eigenvalues of the

compact operator Op)" (a(t, E)X{te0})-

The main goal of this work is to obtain asymptotic formulae and estimates
for the eigenvalues of operators when the signal is concentrated on a
polygonal domain and to develop tools for obtaining such formulae. In
particular, if A represents a bounded angular region in the phase space,

we prove that the k™" positive (negative) eigenvalue
1 _
A= el "log(k +1)(1+0(1)) (1.2.2)

Splitting an arbitrary polygon A into triangles, we can obtain a weaker
result, \¥ = O(k~'log(k+1)). However, may be no longer be true
for any n—sided polygonal, since the method (to obtain an asymptotic
formula) introduced in Chapter [5| can be applied to signals the "main

part” of which is the indicator function of an angular region only.

Generally, considering a compact operator Op;’ (ax) on L%(R), we notice
that the rate of decay of eigenvalues depends on the curvature of the
boundary OA.

If the boundary can be described by a straight line (i.e. we consider
symbol a - xx where A is a set {(¢,&)|{ < c1t + ¢}, the rate of decay is
O(k™1). For a polygonal boundary the rate does not exceed Q(%).
The "angles in the boundary” slow down the decay comparing with the
case mentioned above, and it is not established yet if this estimate is
sharp.

Finally, when the curvature of the boundary becomes non-zero at least
at some points, the decay slows down even more and can reach ckk_%
where ¢, € [t1,t3] C (0,00) for annular regions [13, Prop. 10]. Ra-
manathan and Topiwala [13, Th. 9] proved the estimate O(k~1) for
any C'-boundary.

The following paragraph describes existing methods and tools to estimate
singular values of compact WDOs (which implies the same estimates in
a self-adjoint case) and compares them with the toolkit proposed in this

work.

14



1.3. REVIEW OF EXISTING METHODS 15

1.3 Review of existing methods

Considering compact integral operators, there is a variety of methods to
estimate their singular values. One of the simplest approaches is to use
Hilbert-Schmidt (H-S) norms for appropriate operators, i.e. when the
kernel K is an L2-integrable function with | K||Z, = >_ s2, where s,, are
singular values of the operator arranged in a non-increasing order (i.e.
81 > 89 > ... > s, > 0). This gives the estimate for the n' singular
value s, of the kind s, = o(n~"/?||K||;2). Unfortunately, this method
might give a rather rough estimate. However, sometimes it is convenient
to split the operator into several complementary parts, the “main body”
and the “remainder”. While the techniques used for the “main” part
differ, an appropriate estimate for the remainder part (usually it is an
operator with a kernel which is either discontinuous or has an unbounded
support) may be obtained with the help of the H-S norm, which might

give the best possible estimate particularly for the remainder part.

Another approach is to approximate the operator using a sequence of
finite rank operators and Satz IIT of Weyl’s paper [20]. This provides an

estimate of the form
nl/QSn < HK - Kn||L27

where { K} are kernels of the operators in the approximation sequence
(i.e. Rank K,, <n).

An advanced version of this approach was used in [13] where the authors
successfully applied the technique to the case when the symbol is the
indicator function supported on a domain with a smooth boundary.

It turns out (see [13, Th. 9]) that if the boundary of the region A
has a piecewise C'—boundary, then the k™ eigenvalue can be estimated
i o= Q(k‘_%). The estimate is sharp when the boundary consists of
radial circles. However, it can be strengthened for some other regions.
Unfortunately, the finite rank approximation does not provide precise
estimates for other symbols (when the symbol is an indicator of a domain
other than an annular region). The approximation can be enhanced if
the uniform grid for the main part (which Ramanathan and Topiwala
used) is replaced with a more advanced one, for instance, the gradient
grid. Although this may provide a better result, it still does not give the

precise estimate we expect.

Rewriting the WDO as an integral operator in an equivalent (in some
sense) form can reduce the question to the case of smooth symbols where
relevant techniques are available (see [18], [4]). If the kernel K is sup-

ported on a compact set €2, the degree [ of its smoothness defines the

15



1.3. REVIEW OF EXISTING METHODS 16

order of the estimate [4, Ch.11, §8, Th.4, p.273],

3 1
— . 2 2 -0 —_—
Sp = CQ,l(/Q [ K ( ,y)||W21(Q)dy> O(nﬁl).

For kernels with unbounded support one can use other estimates, which
require certain regularity conditions of the symbol. In Section [3.2] we ex-
tend this estimate to a wider class of kernels (see Theorem [3.2.3). This

completely covers the result of Ramanathan and Topiwala in [13] as we

will see in Corollary

Belonging to trace-ideal operator classes (Schatten classes S,, S, ) (see
Section [2] for notations) immediately implies polynomial estimates of the
type sp, S n.

Some spectral estimates for YDOs with smooth symbols are obtained in
[18, Th. 2.5 - 2.7].

Sometimes the symbol o = (¢, ) is not necessarily smooth but belongs
to LP(R4 x RY) class.
In this case the following estimate holds (see [10, Th 2.2])

10p1(9) lls0 < Collolly,

where %—1— % =1,pel,2].
However, the best estimate provided by this theorem is 6(n~2) when
p = 2 and the operator is Hilbert-Schmidt.

We focus on the case when the variables are separated,
ie. o(x,&) = f(x)g(&), where f and g belong to some specific functional

spaces. There are several known results.

For instance, if p > 2, f € L?(RY) and g € L2 (R?), the weak-LP—space,
the Cwikel (see [5]) theorem holds,

10P1(f D5y < Co - 1Fllo - [|9lpuo-

Birman and Solomyak introduced a special lattice-norm class 17(L7)(R?)
to cover the case 0 < p < 2 (see [3, Th. 11.1]) and obtained the

estimate

10p3(f9)ls, < Cp - 1 Fll2p - 9|2, (1.3.1)
where f, g € I’(L*)(R?) (see Chapter [3| for notations).

Simon in [15, Th. 4.6] extended the result above on so called weak-

lattice quasi-normed spaces (however restricting the interval of values

16



1.4. MAIN RESULTS 17

p). If one of the functions (for example, g) belongs to a weak quasi-
normed space, 17*°(L?)(R?), then the following weak operator norm esti-

mate holds

1OPT(f 9800 < Cp - 1 fll2p - lgll2.p.005 (1.3.2)
where f € IP(L*)(RY), g € I"®*(L*)(RY), p € (1,2).
In this work we obtain a new result (Theorem [3.3.1]), which covers Si-
mon’s result (see Remark[3.3.2), and extend the estimate above to a wider
interval, p € (0,2), and for a wider class of functions, namely, when both
f and ¢ belong to possibly different weak-lattice quasi-normed spaces
17°(LY)(R?) and 1>°°(L9)(R?), respectively. Unlike Simon’s estimate
, the operator is no longer in S, (i.e. the estimate is weaker)
in the case when 3 = v, (i.e. when f and g both belong to the same
weak-lattice space). To describe the asymptotic behaviour of the opera-
tor singular values, we consider Weidl operator classes ¥ ¢, introduced in

Chapter [2] In the next paragraph we compare the obtained result with
the Simon’s estimate (1.3.2)) in more details.

There is a spectral asymptotic formula for some types of YDOs obtained
by Dauge and Robert in [6]. However, his method and computations are
quite cumbersome. What we achieve below obeys his results, however
requires much simpler derivations. A different method is introduced,

which is independent from the approach of Dauge and Robert.

1.4 Main results

The main result refers to the Weyl discontinuous symbol of a special type

(indicator of an angular region) and can briefly be represented as

1 log(k+1
3 (OB (e cen () = 12 D (1451 (1)

where ¢ € R and a(-,-) € C5°(R?).

The ¥DO Op}jv(x{(&t) |e<et, t>0y0(t,€)) is the main operator studied in
this work.

The estimate is not a Schatten-wise estimate. While Schatten
operator classes S, . provide polynomial estimates O(k~'/7), the main
operator eigenvalues asymtotics can be described more precisely using

Weidl operator classes S, consisting of the operators with singular val-
ues decay rate Q(k;_% log_%(k + 1)) (see Definition in Section .

The spectral analysis of this operator requires some preliminary work and
some techniques for operators of the form Op{(f(z)g(&)). As mentioned

17



1.4. MAIN RESULTS 18

before, this was investigated in [4] and [15]. However these results are
not enough and we need to generalise them on a wider class of functions
f, g, the lattice (quasi-)normed spaces 1”»*>°(L?)(R) introduced in Chapter
Bl

In Theorem [3.3.1] we consider symbols which admit separation of vari-

ables.

If V1,72 € (07 2)7 Y= maX{’Yla 72}7 p(Xayag) = f(X)g(E)
where f € 1°(L?)(RY), g € 1">>°(L?)(RY), then

_1. 1 .
sk(Op1(p)) < Cok ™7 10g™ (k + 1) - [ 200 * 19ll2005 1 71 = 72,

and

a _1 .
Sk(opl<p)) S C’Yl,"/Qk v Hf”2,'yl,oo : HgH2,’yg,oov lf 4! ?é Y2-

Taking f and g equal to @ or (t)7! = t++1 we obtain

st(Opi(fg)) = O(k™"log(k + 1))

We call each of these four operators Op{(fg) the model operator.
It turns out the spectral analysis of the operator Op)" (xp) where P refers

to a polygon in the phase space (along with the main operator), can be
reduced (see Chapter , Section to the model operator.

Theorem [3.3.1] is an independent result and can be considered as the

secong main result of the work.

According to Remarkthis theorem covers Simon’s result and
generalises it for p = v € (0, 1] and also for the case when functions f
and g belong to different weak-lattice spaces.

The idea used in [15, Th. 4.6] repeats Cwikel’s approach (see [5, p.3])
of splitting the support of the symbol into two parts (split into dyadic
cubes each), which are described by inequalities

fu(@)gr(§) > R (corresponding to the ”big” values of the symbol) and
fo(®)gr(€) < R (corresponding to the ”small” values of the symbol),
where f,,, g; are the corresponding norms of f, g on the n'* and k** dyadic
cube, respectively.

For the "big” part, Simon uses the trace norm (|| - ||s,) estimate, which
might not exist in case p € (0,1]). For the "small” part the Hilbert-
Schmidt norm (|| - [|s,) estimate is used, which diverges when both func-
tions lie in a weak-lattice space.

Unlike Simon’s idea, we split the support in a different way. Instead of

18



1.5. HOW THE PAPER IS STRUCTURED 19

the "hyperbolic partition” we split separately function f and function g
into fr_, fre and gr_, gry, respectively, where subscript R— refers to
the "big” values and R+ to the small ones.

It turns out that for such "rectangular” partition the Hilbert-Schmidt
estimate gives a more precise result. Moreover, for the ”big” part we use
S;—norm estimate, ¢ < v, following , which, in case v < 1, gives
a more precise result than the trace-norm estimate in [15, Th. 4.6].
The combination of the smart partition and appropriately chosen auxil-
iary facts is the key ingredient leading to stronger results than the existing

ones.

1.5 How the paper is structured

In Chapter [2 we introduce notations of Weidl operator classes and state
the general result of the perturbation theory, Theorem which al-
lows to state asymptotic formulae for the operators we study reducing

them to the model operators with a known asymptotic formula.

Chapter |3| consists of some generalisations of known results with focus
on Theorem [3.3.1] and Theorem B.3.14

Theorem describes the case when the symbol p(x,€&) = f(x)g(€),
where f € 1"°(L?)(R?), g € 172°°(L2)(RY) for some 1,7, € (0,2). It
turns out that the ”"weakest decaying function” dictates the estimate for
the singular value, i.e. s S 40 k_%, where v = max{vy1, 72} and 71 # 7s.
Otherwise, when f and g have the same "rate of decay” (i.e. 71 =72 = 7)
s Sy k7 log7 (14 k).

In Theorem [3.3.14] we prove an auxiliary result of the reduction process.
Under certain restriction, the DO with the Weyl symbol

p(x,y,€) = a(*3X)b(€) belongs to the same trace-ideal class as the one
with the symbol p(x, &) = a(x)b(£).

The model operators we appeal to, Op)* ((£)=2(&)™1), Op)¥ (¢(#)t~1{¢)~h)
ete, are introduced in Remark [3.3.16]

Chapter 4] describes the theory of self-adjoint operators of a specific type
in terms of operator decoupling. These results help to establish asymp-
totic formulae for the model operator (see Chapter , Section .

The main chapter, Chapter , consists of the reduction process (from

the main operator ([5.0.1) to the model operator Op)"(¢(t)t~'(¢)~1))
in terms of obtaining an asymptotic estimate (Lemma and The-

orem [5.1.9) Using two different approaches (Dauge-Robert formula and

19



1.5. HOW THE PAPER IS STRUCTURED 20

Birman-Schwinger principle), we obtain the asymptotic formula ((1.2.2)
in Sections and respectively.

20



Chapter 2

Weidl classes and

asymptotical formulae

2.1 Notations and auxiliary results

We denote the positive and negative eigenvalues of a compact self-adjoint

operator T by

N> >N

Vv
\Y,
o
\Y,
I
>
|
Vv
I
&7
Vv
Vv
I
27

counted with their multiplicities.

Consider a self-adjoint compact pseudo-differential operator T = Op)’ (o)

with real valued Weyl symbol o.

We introduce the spectral counting and volume functions as follows.

Definition 2.1.1. Spectral counting functions n, ,n_ of a compact pseudo-

differential operator Op)* () are defined by
ne(A) =ne(N; o) = ‘{k| + 2\ > )\}‘

Definition 2.1.2. Spectral volume function V, : [0,00) — [0,00) of a

compact pseudo-differential operator is defined by
Vi) = Vi(hio) = - / dtde
+(A) = V(A 0) = :

(2m)% ) Lo(t.)>

We focus on V,,n, functions, but the same results hold for the V_,n_

analogues.

Due to [6, Th. (1.3)] under some assumptions about the symbol o
ny(A o) =Vi(o)(1+0(1), A—0+. (2.1.1)

21



2.1. NOTATIONS AND AUXILIARY RESULTS 22

Definition 2.1.3. Symbol o satisfying (2.1.1) is called "Weyl asymp-
totics symbol” (see [9, §9, p.67]).

The following lemma is an auxiliary result describing the connection be-
tween the asymptotic expansion of the counting function n4(\) of the
operator Op¥v(0) and the sequence of its eigenvalues, /\f.

Note that ny(\;) = k. Hence, for any Weyl asymptotics symbol
Vi) = k(1+3(1), k— o0 (2.1.2)

A natural question is whether we can invert the formula below and under

what restrictions one can consider A\ ~ V().

Lemma 2.1.4. Let f : (0,00) — (0,00) be a differential function satis-
fying

f@) G
f@) @

for some constant Cy; > 0 and for all x > 0.

(2.1.3)

Moreover, let (Bk)k>1 be a sequence of positive numbers such that B, — oo

and
f(Be) = k(1+0(1)), k— oo.

Then
Br=fH k)1 +0(1), k— oo,

where f~1 is the inverse function of f.

Proof. Since f(x) > 0 for all z > 0, we deduce f'(x) > 0 from ([2.1.3).
Thus, f is a strictly increasing function which has a differentiable inverse

f~! with (f_l)/(k) = % > 0 for any k and z such that k = f(z) > 0.

Moreover, the inverse function f~! also obeys (2.1.3) but with another

constant. Indeed,

Thus,

< (2.1.4)
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where kg € (k,k +0(k)) (without loss of generality we assume that
o(k) > 0)

It remains to prove that - (k) (f _1),(/§0) is a bounded function. Indeed,
using the Mean value theorem for log(f~") and -

k —1\/ k f_l(ko)
0< N (ko) < :
Fii U)W < =g T,
_ Lk s (ko)) —loa(s 1 (k)
h k+5(k)
S COpteleost M0N0kt < ot < ot 2 opte) - o),

where t € (k, ko).

Remark 2.1.5. The statement of the lemma is also true for

[+ (dy,00) = (da,00), dy,ds > 0. Condition (2.1.3) for f(z) = Vi (1) is
a consequence of condition (T) in |6, p.93] for V()\) A= %

Theorem 2.1.6. If function f(z) = Vi (1;0) satisfies and o is
a Weyl asymptotics symbol, then

A=V k)1 +0(1), k— oco.

Proof. Since f~1(k) = (k taking B, = /\1+ — 00,k — o0, using
2.1.2), lemma |2.1.4 imphes the asymptotics By = ;= (k)(1+0(1)) which
+

leads to the result. O

Ezample. Log-power functions (see |9, §9, p.65]). It appears that V., (\) =
—C - A"%log A\, A € (0,1) with a,C > 0 satisfies (2.1.3)).
Indeed, V+(%) = (- z%logx. Hence, for x > 1

1
xlogx

Vi(z) Ca-z*'logz+Cx* ! a N
x

Vi(x) C-ztlogx

a
>4
~Y

A

However, there is no explicit formula for V- ! Instead we can obtain an

asymptotic expression of log A in terms of V.
log V; (A\) = log C' —alog(\) +loglog(A\) ™' = —alog A(1+0(1)), A — 0+,

or equivalently

log V+ ()\)

log\ = — - (1+70(1)).

Therefore,

a1 V+()\) _a Vi(d) —
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Expressing A = V[ !(¢) as the inverse function of t = V. ()\),

C\: (logtya
_1 f— — . — . o
v (t)—<a> ( t ) (1+3(1)).
Thus, finally, due to Theorem [2.1.6

i~ (9 () ke

Remark 2.1.7. In the case when V, does not satisfy , sometimes
the main part of the asymptotic expansion of V., might obey . In
this case the statement of the theorem is still true.

Indeed, if V(1) = ‘~/+(%)(1+5(1)) x — 00 and V+( ) obey , then,
since k = ny(\f) ~ Vi (\) ~ Vi (\)), condition also holds. We
apply Theorem to the function V (%) to obtain

In the example above the function V, ()), the inverse of function

1 1
\7; Y(k) = (%) .. (%) * is asymptotically equivalent to

Vi(A)=—C-A""log X as A — 0+.

2.2 Weidl operator classes

We denote by {sx(T") }r>1 the set of singular values of a compact operator
T arranged in a non-increasing order counted with multiplicities, i.e.
s(T) =N (VT'T), s1(T) > s2(T) > ...

First recall the Schatten operator class S,, p > 0, the collection of all

compact operators 7" with {sx(T)}r>1 € [P. The Schatten quasi-norm

(norm for p > 1) || - ||s, is defined as follows
oo 1
ITlls, = st (D)}l = (3 sh(T))
k=1

ITNlse = {st(T) Hioo = 51.(T) = [|IT'].

Belonging to a Schatten class S, provides a trace-class estimate Y, | sp (1) <

C, and, as a consequence of this, s(T") = 5(/{75).
Indeed, since {sj(T") }x>1 is a decreasing sequence, and the series Y~ sh(T)
converges, the part of its remainder 3 2" 1 50(T) =0, n— oo. There-

fore,
2n

nsh (1) < Y SU(T) =a().

k=n+1

24



2.2. WEIDL OPERATOR CLASSES 25

Hence, b (T) = o(n~!), which implies s3(T) = B(k‘*%) for both odd and
even indices k.
An important generalisation of the Schatten operator class is the quasi-

normed space S, ; where the norm is defined by

1
q_1 q
SRk SUT)) Y g€ (0,00)

ITls,., = I{sx(T)}Hlpq := ( =l ¢
sup, k7sg(T), q = oc.
We focus on the space S, o, (the weak-Schatten class). For any compact
operator T' in this space we obtain a pointwise polynomial estimate of
the form s4(T) = O (k7).

Since || - ||s, ., is not a norm, the standard triangle inequality does not

P,00

hold. However, we can state a weaker result, the quasi-triangle inequality

stated in the Proposition below (see [3, Lemma 1.1]).

Proposition 2.2.1. For any p € (0,1) and a finite or countable set of

T, € Sp oo
p
|2n], seXimlg, .

where C'= C(p) does not depend on the number of T,.
Moreover, if TT, = O for any m # k, then the inequality holds for
p € (0,2).

The full set of relationships between Schatten and weak-Schatten oper-
ator classes, the triangle and quasi-triangle inequalities for their norms

and quasi-norms respectively can be found in [3, §1].

Next, we generalise the weak-Schatten class S, o, by introducing a non-

polynomial scale of estimates.

Let’s introduce a certain class of functions f, the class B, satisfying
e f:]0,00) = [0,00)
e f(0)=0, f(1) =1,lim,0 f(z) =0
e f is increasing and concave

All functions in this class obey

Lemma 2.2.2. If f € B, then f(n+1) ~ f(n), i.e. limnﬁw% =1,

and f is a subadditive function, i.e.

f(n+m) < f(n)+ f(m) for any n,m > 0.

25
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Proof. Since, f is an increasing concave function, the function F(x) =
W, m > 0, is decreasing. Thus, for any n,m >0 F(n) < F(0),
which is equivalent to f(n +m) < f(n) + f(m).

Due to the monotonicity and subadditivity f(n) < f(n+1) < f(n)+f(1).
Thus, 1 < L) <14 S0 51 5 0. Therefore, lim,_,o 2000 =

f(n) f(n) (n)
1. [l

For f € B and for a positive parameter v > 0 we recall the following

operator class (see |19, p.119])
Definition 2.2.3.

1
Yt~ = {T—compact operator|sup s (1) f(k)* < oo}
k
The notations of two important examples of X, considered in the work

are below. If f(z) =z, then ¥;, =S, . If f(z) = 15)1%22 : (bg(fﬂ) —1),
then Xy, =S,

Definition 2.2.4. For a compact operator T" the spectral counting func-

tions n is defined by
n(AT) == {klse(T) = A}

Lemma 2.2.5. For any compact operator T and any f € B
the upper limit limsup,_,o, f(n(s;T))s? exists if and only if there exists

limsup,_,, f(k)sy. Moreover, the values of the limits are the same.

Remark 2.2.6. The statement is also true if we replace s with )\f.

Proof. If limsup,_,q, f(n(s;T))s” exists, then for any sequence z; — 0
(including z = s3,) limsup,,_, ., f(n(zg; T))x) = limsup,_,q, f(n(s;T))s".

Since n(sy; T) = k, limsup,,_,, f(k)s) = limsup,_,q, f(n(s;T))s".

Let limsupy_,, f(k)s] = D.
Take any s € (0, s1). There exists such n that s € [s,41,5,). Since f is

an increasing function,

fnt1)s) = f(n(sns; T))sy 2 87 f(n(s;T)) = sp1f(n(sn; T)) = f(n)s,
(2.2.1)

Since f(n+1) ~ f(n),

lim f(n+1)s) = lim f(n)s) = lim f(n)s),; = D.

n—o0 n—o0 n—o0

Now, applying the squeeze theorem in (2.2.1)), we obtain

lim f(n(s;7T))s” = D.

n—0o0

26
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Let’s introduce the following seven functionals on this operator class.

Definition 2.2.7. [19, (1.3), (1.4)]
Tl = sup f(k)s(T),

D (T) =limsup f(n(s;T)(s))s” = limsup f(k)s],

s—0+ k—o0
— . . . ’y — . . ’y
dr(T) hsrgéilff(n(s,T)(s))s h’gr_l)glff(k)sk,

AT, (T) = limsup f(ns(s; T)(s))s” = limsup f(k)(X;)",

s—0+ k—o0

5}%V(T) = liminf f(n(s;T)(s))s” = liminf f(k)(\f).

s—0+ k—o00

Remark 2.2.8. Due to Lemma [2.2.5] the functionals are well defined. The
functional | - |7, describes the estimates of the singular values

s
Sk‘(T) < 1
f(k)~

for any k.

The functionals Dy, dy (A}L‘ﬂ, 5}?) help to describe the asymptotic for-

mula of singular values (eigenvalues) as k — oo,

A
si(T) = —+ - (1 +3(1)), where dy, < Ay, < Dy, < [Tz,
f(k)~
+ Bk — + +
f k/l ; b b

While Schatten operator class provides the polynomial scale {k~/ 7},
and corresponding estimates O(k~'/7) for the k™ singular value, Weidl
operator classes give more precise scales {f(k)~'/7}, for the estimates

using slowly increasing functions f € B.

Definition 2.2.9. To describe the rate of eigenvalues decay it is conve-

nient to use the following functionals, which are quasi-norms,
L 1
1T, =T}, = sup fr(k)se(T), feB.

In particular,

IT|s, = (bi>isu (L - 1)% (T)
Sy I —log2 i log(1 + k) M

REMARK. If f(z) =z, |- ||Em = ||Sa,,oo

27
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Definition 2.2.10. 3;.:= {T € 5., | Dy, = 0}.

The following theorem is a triangle inequality analogue for the functionals

introduced above.

Theorem 2.2.11. [19, (1.7)] If Ty, T5 € ¥4, where f € B, then
Dy Ty + To) 77 < Dy, (T1) 74 + Dy (Ty) o1
Proof. We use the following inequality (see [4, Ch. 11, §1, (17), p.245])
n(s; T+ To) <n(0s;Th) +n((1—0)s;Ty), 6 € (0,1).

Thus, using the properties of the functions in class B (monotonicity and

Lemma [223),
fn(s;Th +12)) < f(n(0s: T1) + n((1 = 0)s; T2))
< f(n(0s;Th) + f(n((1 - 0)s; T2), 6 €(0,1).
Hence, multiplying by s?,

(s0)7f(n(Bs; Th)) | (s(1 = 0))PF(n((1 = 0)s; T5)
ov (1— o |

s”- f(n(s;Th + 1)) <
Taking lim sup,_,,, we obtain

Dip(Ty +To) <OPDsp(Th) + (1 — 0) "Dy (T2).

Then, taking infge(o,1), we obtain the result.

]

Remark 2.2.12. The statement of the Theorem [2.2.11]is also true for the

functionals A]jcfp, 5}; and djp.

Applying the triangle inequality above for T} and T5 — T3, we get
|Dyp(Th) 71 — Dyp(To) 71| < Dy,(Ty — To) 747

Since Dy, (11 — T3) < |1ty — T5|yp, the following corollary (for the func-
tional Dy (-) and for the other five) holds.

Corollary 2.2.13. IfTi,T, € ¥, where f € B, then
_1 1 1 1
A7 (T) 7T = A7 ()77 |, [Dyp(T1) 7T — Dy (o) 747 ],
_1 1 _1 1 1
|07, (1) 77 = 67, (To) 71|, |dpp(T0) 7T = dpp(To) 71| < [T = Tol75)

28
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The following theorem provides a useful result of perturbation theory. It
turns out that the asymptotic formulae are the same for two operators
(T and T,,) which differ from each other by an operator 7, with a higher

rate of its eigenvalues decay.

Theorem 2.2.14. If T' = T, + T,, where T,, € X5,, T, € X,, with
lim, o % =0, f,g € B, then
T €Xsp, Dpp(T) = Dyp(Tn),

T, =T—T, €%y, .

Proof. Using the result above

1Dy ()7 = Dy (T 75 P < Dyp(Ty) = limsup s} (T)g(k) - L5
k g(k)
< D, (1) - Jim % 0.

Remark 2.2.15. The statement of the Theorem is also true for the func-

tionals A;p, (ﬁp and dy,p.

If the asymptotics for singular values of two operators, T} and T5, is the
same, e.g. (f(k))"*(1 +9(1)), the sum T; + T, might have a different
asymptotic formula (g(k))~*(1 +9(1)), f = o(g) (indeed, check T, =
-T7).

However, an important fact about singular values estimation for the sum
of two compact operators 77 and 75, namely, the Ky Fan’s inequality
(see [4, Ch.11, §1, p.3]), may help

Sgn_l(Tl + Tg) S Sn(Tl) + Sn(TQ) (222)

Remark 2.2.16. Note that for any sum of a fixed finite number N, of
operators Ty, k = 1,2,..., N,, with the log-polynomial rate of singular
values decay, i.e. s,(Tx) < Cn~%log’n, where a > 0 and b are two real

constants, we state the same type of estimate, i.e.

No
Sn, < Z Tk) < Cupn, -n " log’n, (2.2.3)
k=1

where C,p n, depends on a, b, N, only.
Indeed, if Sn(Tl), Sn(TQ) S OlOgbn, then SQn(Tl + Tg) S Sgn_l(Tl + Tg) S

na

29
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2C k’g#. Therefore,

b

log® 5 log” n

Sn(Tl + TQ) S C2a+1 S Ca,b

n ne

Note, that a result similar to (2.2.3) (corresponding to a different rate of
decay) might not be true when singular values decay exponentially, i.e.
of s, S, e .

If singular values decay polynomially, we can sometimes state an estimate
for an infinite sum of operators using Proposition [2.2.1}

30



Chapter 3

General estimates for singular
values of YDOs with symbols

of specific form

3.1 Basic concepts and definitions

In this section we introduce the notions for some sequence and function
spaces, which help to specify the WDO’s symbols we use in this work.

We also define the representation

J=Jr-+ [r+

for the functions in these spaces, which helps to split the symbol (and

the UDO) into the main and remainder parts.

Definition 3.1.1. For a number v > 0 the space 17> (sometimes called

the weak-17) is defined as follows

1

1o = {(an)nezd | [ally 00 := sup E - (#{n: lan| > E})” < oo},
E>0
where #{...} stands for the number of elements in a set.

A canonical example of a normalised vector of this space is the sequence
a, = n_%/, n € 7.
Consider here and thereafter the following partition of R? into unit

d—dimensional cubes

R? = LJ C?ny

nczd

where Q, = [0,1)? +n := {z +n| x € [0,1)%}.

31
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Definition 3.1.2. For numbers ¢,y > 0 the weak lattice quasi-norm is

defined as follows

[ Fllanoo = || (1xula)

neZdlly

1

where || - ||, is defined by || f], = <fRd |f(a:)|qu>q and refers to the
standard L?—norm whenever ¢ > 1.

The quasi-normed space of functions with finite quasi-norm || - ||4+,00 i8
denoted by 1"*°(L?)(R%).

Definition 3.1.3. For numbers ¢,y > 0 the lattice quasi-norm is defined

as follows

Y

I£llae = || (I/x@ulle)

neZdlly
1
where | - ||, is defined by ||(an)nczell, = (znezd |an|v) " and refers to

the standard 1”—norm whenever v > 1. The corresponding quasi-normed
space is denoted by 17(L?)(R%).

Properties of lattice quasi-norms

Proposition 3.1.4. For a fived f € ['(LY)(R?), v,q > 0 the quasi-norm
function Ny (+) = ||f||., is well defined and increasing on (0,q).

The quasi-norm function Ny q(-) = || f|l4,. is well defined and decreasing
on (7, 00).

For any § >~ > 0 the following inclusion holds ['"*°(L?)(R%) C P(L?)(RY).

[e]

Proof. Indeed, the Holder inequality with weights 3 and 1 — %,
0 < a < B <q, implies that

1, =3 (/Q () e

where

Both quasi-norms || f||a,, || f|| 5, are finite, since in the same spirit || f||5,, <
[ Fllqr < o0

Note that 9,(-) = || |4, is a decreasing function due to the correspond-

ing property of 1’—(quasi-)norms.

Let f € I"*(LYRY), Le. [|fllgye0 < o0

The number of a, = || fxg.llq € 17 which exceed 25 can be estimated
by |{n]aj > Qk}‘ < 27F - [l(an) 17 00 = 271113 5. 00-

32
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q,7,0 -
Consider the following partition of the positive half line,

Since ‘{n\ag > fI7, o+ € <1, an < || fllgq.00 for all n.

(0,00)= || (22" u(1,00)

—oco<k<—1

to obtain the estimate for || f]|2 ;.

IFl5s= D> Ifxeally+ > 1 xullg

1 x@nllg>1 kSO || Fxqn llg €(2F,26+1]
k+1)-&
DD VS DI DI A
[fxQnllg>1 k<O || fxqQnllg€(2¥,2+1]
k+1)-& _
<A + D 2% s 2
k<0
s k(S-1
<A + 271 £l e - > 2567
k<0
S IS5 + N7 0 < 00 (3.1.1)

[]

Definition 3.1.5. For a function f € 17°°(L%)(R¢), where ¢,y > 0, and

for any positive real number R the following representation
f=fr+ s (3.1.2)

is defined, where

fR—: Z fXan

Ifx@nlla>R~1

fre= > fXxou

IfxQnllg<R™"

Lemma 3.1.6. Let f € 17°°(L9)(R?), where v and q are some positive
numbers. Then for any 3,6 s.t. v > [ >0 and for any R > 1 the quasi-

norms || fr—|lq8 and || fr-|lq~ are finite and the following inequalities hold

™|~

z _1
1/ Nlas < Conllfllamee - R75,

1 1
| fr-llgy < Ov”f”q,%oo(log”(R + 1) + log~ (Hf”qmoo + 1))?

Moreover, if in addition ¢ > 2 > > 0, then || fr+ |2 is finite and

% ~1,1
[frll2 < Myl fllGyoo - B2,
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The constants Cg,, C, and M, are defined in the proof and depend on

parameters [ and vy only.

Proof. Let’s proceed with the first estimate. After the substitution r =
R the inequality can be reduced to a homogeneous one. Indeed, rewrite

the statement as follows

ZHfXQn”3>R71 ||fXQn||qﬁ - Z”fXQan>r'Y ”fXQn”qﬁ

_é o "/ . - .
1l - R 1 fldvee - 7= 8

B
Cﬁﬁ 2

_ Z||r—1fon||g>1 ||7"71fXQn||qB

1771 f 17,00

Due to homogeneity, since the expression above can be expressed as a

function of % = L we can consider ||f|l;400 = 1 by applying new
- R 7 -
variables, f = f - HfH;;OO, R:=R-[fll]

Now, using (R™*, 00) = ||;2, (2" R, 2" R™!] we split the fr_-representation

as follows

fre= Y. fxe.=. > fXQu-

I fx@nllg>R~" k20 || fxQnllq€(@FR71 281 R71]

The number of an, = ||fxo.ll; € 17> which exceed 25 R~ can be esti-

mated by

‘{nm > sz—l}‘ <27 R ||(ap) (3.1.3)

17,00

Thus, for a positive § < v

Ifa-llgs = > 1FxGully

k20 || fxqnllq€(2FR71 2541 R71]

<> 3 20+ RS

k>0 ||fxgnllg€(2kR—1,2k+1.R~1]

<Y o® LR Tk R fr < 27RO 2ME D — 1 RO

q»’Y7oo
k>0 k>0

=

+
i
g

2w

2
2-2

where T, =

In the same spirit we deal with the 3¢ estimate for ¢ > 2. Using Propo-
sition [3.1.4] the monotonicity of the quasi-norm function, we obtain

Ifrells = Ifaclde < Mfrslllo= D lfxq.ll?

[fxQnllg<R™!
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= > 1 xanll?

k20 R-12-(0) < fxqp [ <R-1:27

<y 3 Rt

k20 R-1.2=(+D <] fxqullg<R-1-27*

S Z R*% X 2*% . 2k+1R — 2R2(*%+%) A Z 2/@(17%) _ T,y . R2(7%+%)’

k>0 k>0

+1

20N

2

where T, =
2

-2

S

The 2" estimate cannot be reduced to a homogeneous inequality, how-
ever, we repeat the same estimates as for || fr_| .-
Consider R||f]|7. . > 1 (otherwise fr_ = 0).

q?’yim

Ifr-lll = > £ XQall?

k>0 | fxonllq€(2FR-1 2k+1.R—1]

S Z Z 2k’+1 . R—l

k20 lifxqullg€(@FR71,2F+1.R-1]

Note that the number of an = || fxgullq € 1" which exceed 25 R™7 with

R fII7 00 < 2% is zero due to (3.1.3).

Thus, we can consider k < log,(R||f]|

above. For these values of k£ we use the same estimations as for || fr_| 5

3,7,00) =: kg in the upper bound

to obtain

Il < D) 27FRIfIT e - 25 - R =20 f 1] e D ]

ko>k>0 ko>k>0

= 2|[f1I} - 0ck0 = 2(log 2) | 117, 00 (log B + 7 10g || ll,00)
< 2(10g 2) 7| £17.5.00 (10g B + v 10g (|| fll,00 + 1))

Thus,

I Frllacs < 271082 [ laoc (108 B+ 108 (||l +1) )

Note that since 'y% <2,

2=

(log R +vlog (Il fllgec + 1)) < (2max{log R, v1og([| flloqec +1)})

— 27 max{(log R)7, 77 log" (|| fllgnee + 1)}

< 23 (log R)> + 2" log (| fllgme + 1).
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Therefore,

||fR—||q,7 < C’V(Hf”qmooa()g;(R‘{’ 1)+ ||f||q,’yyoo log” (”f”qmoo + 1))

L 1
The exact formulae for the constans are C, = 2(@) 7, Cgy = Ty, =
PRAR: 25t 2
ﬁlandezw/Wz —.
(2—2w) & 27 -2
O

3.2 Domain boundary. Known and new re-

sults.

Recall that we use the following notation for the ¥DO on L?(R) with
amplitude p = p(z,y, €)

«

Oni(pu(e) = 5 [[ P pla . ulwdyd,
m R2
and we denote its k' singular value (counted with multiplicity) by

Sk = Sk (OPZ (p) ) )

>...>0.

1.e. S1 Z S9 > =
If in addition p(z,y,&) = 0<$2ﬂ, f), we use the notation

OpY (7) = Opl (0 (2. €)) = Opi (o (2. €))

Let’s focus on the case o = ya for some domains A C R? in the phase

space.

As it was mentioned in the Introduction, the rate of singular values
decay depends on the curvature of the boundary 0A. If the bound-
ary can be described by a straight line (see the details in Theorem
3.2.8), the rate of decay is O(k™!). For an angular boundary (when
A ={(t,&)|ert <& < cat}) the rate is 1 - %, and for general polyg-
onal boundary the rate does not exceed O (%) It is not established
yet if this estimate is sharp.

The decay is cpk™1 where ¢ € [ty 5] € (0,00) for annular regions [13,
Prop. 10]. Ramanathan and Topiwala [13, Th. 9] proved the estimate
O(k™1) for any C*-boundary.

In this chapter we give another proof of the estimate O(k~1) using a
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more advanced technique. We rewrite the considered YDO as an in-
tegral operator and study its kernel using known results (see Theorem
. We generalise then this theorem extending domain €2 to the whole
R (see Theorem [3.2.3), which also helps to prove the estimate O(k™!) for
a straight line boundary case.

However, to prove the estimate O(—log ZH) )

when the boundary consists
of angles, we need to apply a completely different approach, which is
presented in Chapter [} In some sense this is an intermediate rate of
decay in terms of comparison with the straight line boundary case and

C'-boundary case and requires Weidl operator class scales instead of
Schatten ones (see Remark [2.2.8)).

First, recall a corollary of the Theorem [4, Ch. 11, §8, Th.4, p.273]

for one-dimensional case.

Theorem 3.2.1. Let si be the k™ singular value of the integral operator

fQ y)dy where Q) is a finite interval and for almost all
y the functzon K( Y ) e Wi(Q) with [, | K(, )||W21(Q)dy < 0.
Then A € Sy, o, where % =141, and the following estimate holds

CQ l 3
I l /H le(Q)dy) .

Corollary 3.2.2. Consider an integral operator A defined on L*(R) by

/ny y)dy,
where kernel K(-,-) € C3°(R?).

Then singular values of A decay superpolynomially, i.e. for any integer

n > 0 there exists such constant C,, that

Ch
A) < —.
si(A) < 5

Let’s extend the theorem above to a wider class of kernels.

Theorem 3.2.3. Consider an integral operator Q defined on L*(R) by

Z/K@MWMy

where kernel K satisfies the following conditions:

supp K C {(z,y)| |z +y| < R} for some R > 0,

1
K (wy)| < Clw =)™, for some C >0, my > -,
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K(-,y) € CY(R) for almost all y,
an
oxm

x Y ’<Cx— y)~ ™, where my < mey.

moreover, E

1<n<l

Ifmy <143, then Q € S1  (i.e. 5,(Q) < C1k™™), where

Ifm; >1+1 2 thenQ€S1 oor
Finally, if m; =1+ 3 5 =m, then Q € S, i.e.

where m:%—i—l.

log(k + 1) "
Sk(Q) <y (T)

The constants C, Cy in the estimates depend on R,C,l, m; and msy only.

REMARK. In this Section we are interested in two cases. The first case
isme =1 =1, m; =0, which corresponds to C*-boundary of the domain
A (see Corollary|3.2.4). The estimate gives s,(Q) = O(k™1).
The second case is my = mg = | = 1 and describes the operators when

the boundary of A is a straight line (see Corollary .

The statement is also true for | = 0 if we conventionally take m; = 0. In
this case we have s(Q) = Q(\/LE), the estimate for singular values which
is true for any Hilbert-Schmidt operator.

For all positive values of | we obtain an asymptotic decay close or equal
to k=271 as in Theorem @

Proof. Consider the flip operator J defined by Ju(z) = u(—=z). Since J
is a unitary operator, s;(Q) = s,(QJ). Rewrite T' = @QJ as follows

(Tu)(e) = (Qu)w) = [ Klap)u(-y)dy = [ Ko, =iy
Define K, (x,y) := K(x, —=y)Xjnnt1](y). Note that since

supp K C {(z,y)| |z +y| < R},

supp K, C {(z,y)| z,y € [n — R,n+ 1+ R]}. Therefore, we can define
the following integral operator on L?*(n — R,n + 1 + R) by

_ / Ko () u(y)dy — / K (2, =) X (9)u(y)dy
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Split the operator T as follows

Tu(-) = Txpsnt() + Y TxXpansruls) = Txpusvul-) + > Tou

In|<N In|<N

Since for almost all y kernel K,,(-,y) € Ch(R?) with ZEa (. y)

= aajzlf ('7 _y)X[n,n+1] (y) for ] = ]-7 27 SERT) l7

o MK, —m
[Kalay) < Clo+9) ™, | F2 (w)| < Cloty) ™.
Thus,
) n+14+R n+1+R 1
Ko < b g / L
e T e M e
< 1
S0 Tty — Rypm
Thus, the integral
/ 1Kal )l iy %n | L &
[n—R,n+1+R)] 7 Wa(n=Rint) ~ [n—R,n+1+R] <7’L +y-— R>2m1
<, (2n — R)™?™

for any y € [n,n 4+ 1].
Thus, due to Theorem [3.2.1

1T o
nlISp,c0 ~1,C,R )

where p = 21%

Now consider three cases mentioned in the statement.

Case 1. Let m; <[+ % Thus, mip = 22;111 < 1.

Now, using quasi-triangle inequality (see Proposition [2.2.1])

H Np Z ||T ||p 00 NlR Z n_mlp KS;D,WLI Nl_mlp

In|< oo [n|<N 0<|n|<N
Hence,

(3.2.1)

s Y1) < | Z

In|<N In|<N

or equivalently

|=

N\ > m
Sk( Z Tn> Sl,R,ml (?) ' N .

In[<N

39



3.2. DOMAIN BOUNDARY. KNOWN AND NEW RESULTS. 40

The Hilbert-Schmidt estimate for N > R gives

= [1K(, =y) x> vl2@2)

2

ksi(TXy>n) < H YT,

[n|>N

< /oo /ZI+R 1 d d < /OO 1 d < N7(2m271)
T a9 aray o oY S .
“In Jyor (x+y)rme " v 2y — R)¥me "

Thus,
< S
Sk(TX|z|>N) ~NCR k72 - N 2,

Finally, using Ky Fan inequality (2.2.2]) for N > R

5211(Q) = 5201 (1) < 5t (Taion) 481 ( D Th) Sy KN 4RTFNINT,
[n|<N

To optimize this estimate we choose N such that
Er N ™ = k3 N2t
1/p—1/2

N = k1/r- nél-s-mQ 1/2 — kl-s-mgl my
Fmally, due to Remark [2.2.16|

1 (/p=1/2)(1/p—1/mq) mj —mg(2l+1) 1_1, 2mg—1

- T/p— 172 — 2 2l — 273 T
5k<Q> ISC,R,ml,mQ,l k™ pk /p—mitmo—1/2 — L2mg—mp)+2l — k= mg—my+

Case 2. Let mip > 1. The quasi-triangle inequality (3.2.1)) rewrites as

follows

| 3 =,

In[<N

S ZHT proowzn Z n="r < Z n="P = Chpm, -

[n|<N 0<|n|<N 0<|n|<oo

Therefore, repeating the same argument,
NS
Sk(Q) = 5k<T) SC,R,ml,WQ,l SIf( Z Tn) +Sk(TX|=’B|>N) SO,I,R kv kT2 NTm e,
In|]<N
The optimal choice of N satisfies k™v = k~3 N~™2%3 which leads to
_1 (1
Sk(Q) gc,l,ml,mg,R k™r =k (2+l)'

Case 3. Let mip = 1. Then ( gives

HZ

In|<N

S, log N
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Thus, taking N s.t. k7 = k=3 N-m2+3,

Sk(Q) = Sk(T) SC,R,mlmm Sk( Z T") +Skz(TX|x|>N) Sc,l,R ki;(log N)E+k_%N_m2+%

In|<N

1
— k7 ((log N)» +1) S (k:‘1 log(k + 1)) = k™ log™ (k + 1),

~Yym1i,mg,p

]

An important consequence of Theorem [3.2.3] is Ramanathan and Topi-
wala’s result describing a pseudo-differentiable operator whose symbol is

nothing but an indicator function of a region with a smooth boundary.

Corollary 3.2.4. (15, Th. 9] Consider operator

1 o r+y
W _ i£(z—y)
OnY(w)uta) = 5= [ e (S ulwni
where o(t,€) = xa(t,&) s.t. Q is a region in R? with piece-wise C'—
boundary. Then
Opy'(0) € S,

o0

Proof. First, consider the case when the region ) can be expressed as

follows
Q={(t,&) | alt) << p(t), t € [T1,Ts]} (3.2.2)

with a, 8 € C'(Th, Tz), supp a,supp 3 C [T, To).
Using Fubini’s theorem the operator with symbol xq(¢,&) can be repre-

sented as an integral operator

OnY (xau(e) = 5 [ e (€ ulw)aya

where kernel

K(a.y) = icten (o(222) ea(z2)) (3= '(ffj) —a()

Indeed, |K(z,y)| < ﬁ and |K.(z,y)| < C. Therefore, applying The-
orem for my = 0, my = [ = 1 we obtain the following upper bound

for the k** singular value

mq—mo(2041) 3
Sk 50 k2(mag—m)+2l — 72

A general domain € with a piece-wise C'—boundary can be split by a
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finite number of €2; such that each of them after a rotation (if necessary)
satisfies the property (3.2.2)).
Since the estimate s,(Opy" (xq,)) ,SQJ_ k=1 is polynomial, using Ky Fan’s
inequality and Remark we conclude s;(Op)Y (xa)) <, k4.

[

Remark 3.2.5. It turns out that the degree of smoothness of the boundary
2 does not make any impact on the estimate in the suggested method.
Indeed, taking region  with C'—boundary and applying Theorem m
for m; = —l + 1, my = 1 we obtain again
Sk S k0 = k71,

Definition 3.2.6. By cut-off function (5(t) with parameter ¢ we un-
derstand any even C*°(R?)—function such that (5(t) = xjy>s, Whenever
[t| € (6,6 + 1) for some positive 0.

Without loss of generality consider ||(s]| = 1. If the value of § does not

matter, we use the notation () := (i (t).

Corollary 3.2.7. Consider a compact operator T,, (m > 1) on L*(R)
defined by

_ [y
Tula) = [ Lol +y)ul)dy.

where a € C§°(R).

Then Ty € S+ (ice. sp(Tn) S0 K7)

Proof. Indeed, applying Theorem for mo =my; =m and any [ > m
we obtain the result. O

The following theorem describes the case when the ”discontinuous part”

of the domain boundary is a straight line.

Theorem 3.2.8. Assume n = n(t,&) € C(R?), xa = xa(t,§), where
A={(t,8)| £ <at+b}. Then

Op(xan) € St

Proof. Since shifts and rotations of region A on the phase space reduce
UDO to a unitary equivalent operator (see [8, Ch.2, Prop. 2.13], [11, Th.
6, p.3327]), without loss of generality we can assume that a = 1,b = 0
and supp 7 € R, x R,. The kernel K of the operator can be expressed
as follows

6i£(m_y)XA<x ki y,é*)n(x i y)clf

2WK@;M::/‘ ! .

R
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zt+y

x+ y> 2 it(a—y) . (x + y>( ;. 22y > 1
— . d¢ = — —-1)- :
77( 2 /0 ‘ ¢ AN © T —y

Let ((t) := (1(t) be a cut-off function on R. Decompose the kernel K as

follows

K(z,y) = S(z,y) + T(z,y),

where

7 r+y P2 .2 1
S(x, :__( )( (x y)_1>.—. 1—C(x—
(z,9) 51 o) e =) (z+y)(1=((x—y))
is a C*-function (consider &=t =1+ ¢+ %—,2 +... € C*) supported on a

bounded region Q = {(z,y)| |x + y| < const} N {(z,y)| |z —y| < 1} and

C(z —y)n(ﬂy)-

U a%y?
T(:L",?/)Z——<e“' 2 —1)-

27 T—y 2
Applying Corollary and Corollary we obtain
S €MNys0Sy 00, 1T E S0,
which completes the proof. O

Discontinuous kernel

There are some results for the case when the kernel is not a smooth

function.
For instance, [4, Ch. 11, §8, Th. 6] implies A;, A; € ﬂp>0 Sp,00, Where

Alu(‘x) _/RX{QC<$0}K(J:7y)u<y)dya AQU(I) _/RX{y<yo}K(x7y)u<y>dy

are integral operators defined on L? with kernel K (-,-) € C§°(R?). How-

ever, generally one can state a significantly weaker result about operator
Aqu(z) —/K(fv,y)xQ(%y)U(y)dy,
R

where  is an arbitrarily bounded region in R? with C'-boundary and
function K(x,y) € C*(R?).

Splitting the operator into the "main” and ”remainder” parts (in the
same spirit as in Theorem , one can show

AQ c m Sp,oo,

p>1

i.e. unlike A; or Ay (which have the superpolynomial rate of singular
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values decay, i.e. sp(A;) S, k77 for any p > 0), the singular values of Ag
satisfy
sp(Ag) <, k71 for any € > 0.

For some cases when ©Q = {x +y > 0} (the main operator is
reduced to this case in Chapter [5]), the estimate might be O(k~*log(k +
1)). For the operator this estimate is sharp. This is the case when
the polynomial scale provided by Schatten operator classes gives a rough
estimate O(k~'"¢), while the Weidl class Xy, f(z) = C(
exactly the precise result (see Remark [2.2.8)).

log(gleer) B 1) giVGS

44



3.3. AUXILIARY RESULTS. OVERVIEW AND PROOFS. 45

3.3 Auxiliary results. Overview and proofs.

Consider the pseudo-differential operator on the L?(RY) space
a a4 ia(x—y)-&
Onpux) = (52) [[ ey uiy)dedy.
™ R2d

The results of the section are represented by the estimates of the operator
norms with the amplitude p of the form p(x,y, &) = a(x,y)b(§) for some
suitable functions a and b (i.e. when the frequency variable ¢ is separated
from others).

Two main theorems are Theorem where functions a = a(x) and
b = b(&) belong to a lattice quasi-norm spaces, and Theoremwhich

helps to reduce the Weyl symbol oy = a(23¥)b(€) to the one of the form

o = a(x)b(8).

Theorem 3.3.1. Let v1,7v € (0,2), v = max{y,72} and p(x,y,&) =
f(x)g(€), where f € 1>(L*)(RY), g € >(L*)(RY).
If y1 = 72, then Opi(p) € S, and

10Dt s, < - I fllorioo - 1920
If 71 # 72, then Opi(p) € Sy and
100} @[5, . < Corma [z 0 - 9112700
Proof. Without loss of generality we might consider
[fll2.00 = l9ll27.00 = 1.

We denote fn(x) = fxg.(x) and gn(§) = 9x0.(&)-

Due to Proposition and (3.11) f € (L) (RY) C 1*(L*)(R?) =

L*(R?). Moreover, ||flla = [|fllz2 = Cs. A similar result holds for
g € LA(RY), ie. ||gll2 = Cs,.

PArT A.
Consider the first case, 73 = 75 = 7.

Idea of the proof

The idea of the proof is to split (with the help of the the decomposi-
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tion (3.1.2)) for functions in 1"°°(L?)(R?)) the operator as follows

Opi(f) = > (Opi(fagn-) + OPi(fagns) ) + OB}(fr-9).

[ fall3>R"

Then we estimate the singular values of operators Op{(fngr_) using
(1.3.1). The singular values of the operators Op}(fugr+), OpI(fr+9)
are estimated with the help of Hilbert-Schmidt norm. Finally, Remark
helps to combine the mentioned estimates.

Let’s proceed with the details.

Step 1. s,(Opi(fagr-)) estimate

Take any g € (0,7). Then, using Lemma for f,g € 1"°°(L*)(R?) we

obtain the following estimates

| fr-llog: lgn-ll2g <, R0, (3.3.1)
||fR ||2 v ||gR ||2’y S,y (108;(R+ )); (332)
1R+ ll2; [lgr+ll2 <, R™*3, (3.3.3)
where R > 1 and
fR— = Z fn7 fR-i- = Z fn7
[ fnll3>R1 [ fall3<R-1
gr- = Z On, JGR+ = Z n-
lgnllz>R~1 lgnll3<R-1
Using ((1.3.1)), the Birman-Solomyak estimate, we obtain
||Op?(fngR,)||Sq Sq an”Q,q ' ”9}27”27,1 57 RE_?”anZq‘
Hence, for any k and R
K551 (OD2(fagn ) Sow B3 || fully, = B2l
and thus,
11
1 a R q 7
k7 sk (Opi(fagr_)) <, % anH2 (3.3.4)
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Step 2. sk(Opi(fugrs)) estimate

Using the Hilbert-Schmidt estimate and ((3.3.3]), we obtain

ksi(OD;(fagr,)) <Y 570D (fagr,)) = Il fa(X)gr. ()12 @axre

1—-2
= [l fall3 - Ngr. 115 <, lfall - B

Therefore,

(SIS
2=

k> 56(0p2 (fagr, ) S, I fall2 - (%) (3.3.5)

Step 3. sp(Opi(fr-g)) estimate

Combining (3.3.4)) and (3.3.5]) together and using Fan’s inequality (2.2.2)),

k7 5051 (OD2(fng9)) < k7 51(OP3(fagr_)) + k7 51 (0D} (fagr., )

1

S a2 ((%) Ty (%) ) (3.3.6)

Taking R = k we obtain
1 a
1OPT(Fng)ll00 = sup k751 (Op1(fng)) 5. (I Fnlle-

Since Op}(fng) and Op{(fmg) satisfy

Op3(fg) OP;(fmg) = OP}(f9) X@uXamOPi(fg) =0

for any n # m, using the quasi-triangle inequality for v < 2 (see Propo-

sition 2:21) and (33.2)

v

|ovi(fr-9)

|owi(si-9)

o= Y omithe)

[ falls >k

Y
Sy,00 ¥,00 Sy,00

S D ovitagle

[ fnlls >k

S D Il =13, S, log(k + 1),

[ fallz >k
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Thus,

-

5+(ODi(f_9)) = (OB 9)) <. (@) (337)

Step 4. s(Opi(fr+g)) estimate and final result

Applying the Hilbert-Schmidt estimate again, with the help of (3.3.3))

we obtain

ksy (0D} (freg)) = ksi(OD}(fre9)) <D 570D} (frsrg))

_2
= ||fk+g||iQ(Rd><Rd) = ||fk+||§ | HQHg <, T

Hence, .
1(0pi(fr9)) = 51(OBi(fir9)) <, 1 (33.5)

Finally, (3.3.7) and (3.3.8)) and Ky Fan’s inequality (2.2.2)) imply

log(k + 1))7_{_ 1

s21-1(0pP1(f9)) < s(Opi(fr-9))+sk(Opi(fr+9)) <, ( . P

.
< log(k + 1) .
Iy k:

ParT B.

Now, let’s consider the case 71 > 7, (the reasoning when v; < 75 is

absolutely similar)

We split the operator as follows

Opi(fg) = Opi(fr-gr-) + OPi(fr1gr-) + ODPI(f9R+).

Apply (1.3.1), the Birman-Solomyak estimate for Opj(fzr-gr-) and ||-||s,-
norm, where ¢ € (y2,7) C (0,2):

1008 (g, S, 1=y, - l9r_ll2g:

Proposition implies 1™>*°(L?)(R%) C 19(L*)(R9). Thus, |lgr_|l2q <
llgll2, = C,. Using (3.3.1)) we obtain

1

kasi(Opi(fr-9gr_)) 571,11 R o',

In the same spirit as in the previous case we estimate sx(Op](fr+9r—))
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and Op}(fgrs) using the Hilbert-Schmidt estimate
ks (O3 (fregr-)) < ) st (0Pt (frrgn-)) = | frrgr-IIT2erpe,
t

1-= 1—2
= [l faells - lor-l3 S, B -lgll3 S0y B

and

kst (Opi(fars)) <> st(Opi(fgns))

1—2 1—2

= f9rslEeaxmay = 12 Ngnrel2 S, B2 - IfIR S,y B2

Combining all of the above and using Fan’s inequality (2.2.2)), we finally

obtain

s3k—2(0p1(f9)) < sk(Opi(fr-9gr-)) + sk (ODI(fr+9R-)) + 5K(ODPT(f9R+))

Taking R = k completes the proof.

Q=

]

Remark 3.3.2. 1f in addition f € 17(L?)(R?), i.e. f belongs to a strong
lattice-normed space, then the estimate (3.3.7)) can be strengthened. In-
deed, in this case || fr—||24 < || f]l2y < 00 and (3.3.7) can be rewritten as
follows

1

sk(Op1(fr-9)) <, (@) ' < ko

Repeating the remaining part of the proof we obtain the Simon’s estimate
(1.3.2)), Opi(fg) € S,, but for a wider interval of parameter vy values,
(0,2).

For the next result, Theorem (about the connection between the
initial operator and the one with the corresponding Weyl symbol), we
need some auxiliary tools.

The following two propositions correspond to some theorems in [1§]
which describe the estimates when a particular control of the amplitude

p(x,y,&) is considered.
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Proposition 3.3.3 (Theorem 2.6 in (18] for w(x,y) = ¥ and hy = hy = 1).
Suppose that q € (0,1], F,, € 19(L')(R??) where

Fu(w.&p)= > [VEVEp(W. &), n=[d-¢ "] +1.
k,t=0
Then
10Dy (P)lls, < Coll Fu()l1q

where Cy depends on q only.

_ 1 1
(0?7 (xty)3

derivatives belongs to 19'(R?) for any ¢ > % Thus, Op&ﬁ*) €

(x+y)3
ﬂq>%Sq.

EXAMPLE. The amplitude p(x,y, &) along with all its

Proposition 3.3.4 (Theorem 2.51in [18|form = 0,7 = [ and hy = hy = 1).
Suppose that q € (0,1], P, € 19(L')(R3*?), where

n

P.(x,y,&p) = Y IVEVip(x,y, &), n=1[d-¢""]+ 1.
k,t=0

Then
0P (P)lls, < CyllPu(p)|l1q-

The following lemma describes the estimate for a general case of the

symbol of the form a(x,y)b(&) under some control of a and b.

Lemma 3.3.5. Consider p(x,y,&) = a(x,y)b(§), where
a€ C®R*@), bel™>LH)RY), 0 <y <2,

IVeVyal € P(LYHY(R?*) for some B € (0,7)N(0,1]
and t,m =0,1,...,n = [dB" ]+ 1.

Moreover, suppose that for some positive number M, at least one of the

following two conditions holds

@) supllats + s = sup [ laty +s.5)Pdy)” < M,

(#6)  suplla(-;s +-)|l12re = sup </ la(x,x + S)|2dx>§ < M,.
Then
OBi(p) € s 5:(OBD) < iy (Dt ML) - Bl K

20
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where Dy, = maXg<m t<n

IV Vyal

and Cg~.q depends on [3,v,d only.
1718
Proof. Without loss of generality consider
M, = sup||a(s + -, ‘)HLQ(Rd) < 0.
S

Let’s split our operator as follows

Opi(p) = Opi(a-br-) + Opi(a - bry)

Proposition for operator Op{(a - bg_) implies

[Opy (@ br )1 < Ca- | S 12Tt o (|
0<m,t<n ’
=G| 32 1vEvsat|] eI

0<m,t<n

Using monotonicity of lattice quasi-norm function and Lemma [3.1.6 we

obtain

@

R— 1/8— R— 2'yoo‘ 1_;'
br-[17 5 < lIbr-1I55 < C5., - [1bI3

The quasi-triangle inequality implies

| > vl < 30 |Iveviacol|;

1
0<m,t<n ’ 0<m,t< B

B
< (s, - max H|V?V§,Q|HM

0<m,t<n

Hence,

18

2

B
ks (Opy (- br-)) < Crpa D] - max |92V al|

o<m

or equivalently
1

B
vmvtayH ( ) R

st(Op1(a-br-)) < Ca - [Plls00 - X

(3.3.9)
Without loss of generality let’s consider condition (7).
Let’s rewrite Op{(a - bgy) as an integral operator.
O (abnsutx) = ()" [[ 9%ty )b (€)uly)deay
™ R2d

d
2

- (3)

/R afy) - (F g (x — y)uly)dy.
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where F~! stands for the inverse Fourier transform.

Now, the Hilbert-Schmidt estimates provides

ks2(Opy (a-brs)) < [0S (abrs |2 < / a0, 3)2|(F~bre ) (x—y) Padxdy

- / a(y +8.9) - |(Fbry)(s)Pdyds

< 1 bm@F - (suw [ laty +s.5)dy ) ds

_2
< M7 || F oralls = M2 - brell3 < CF - MZ |3, 00 - BT

2,y,00

Therefore,

R\ 2z 7 _1
s(Op3(a-brs) <G Mo+ (1) b3, B3 (33.10)
Without loss of generality let’s consider ||b]2,4,00 7 0.
Taking R = k- [|b]|5] o, in (3.3.9), (3.3.10) and using Fan’s inequality
(2.2.2)) we obtain

s2k-1(Opi(a - b)) < s,(Opi(a - br-)) + sx(Opi(a - b))

1

R B
!v;”VZa|Hw- (;) R

R
+C’7'Ma'HbH22,%OO. (E) R

yv::v;a\Hw +C, - Ma) Ny

X
S O,&%d ’ ||b||2ﬁ,’y,00 : 0<H71nat}in

= [bllyoe (Ciova - macx

Remark 3.3.6. In the case § = € (0, 1] we can state

a log(k +1 i
Sk(Opl(p)) < C%d' (Da + Ma> ’ ||b||2,%oo ) (#) .

The proof almost repeats the previous one, except the replacement of

(3-3.9) with

1
. logR\"’
sk(Opi(a-br-)) < Cya- [[bll2q,00 - max 17'( I ) '

Vi'Vyal
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Remark 3.3.7. If in addition |V}'V%a| € 17°°(L')(R?), then

1
log?(k+1)\"
200 | T |

The following two lemmata (along with corollaries) give examples of func-

$1(OP3(p)) < Ca+ (Dt M, ) - [

tions in the lattice quasi-norm spaces we consider in the proof of Theorem

B.3.14

Lemma 3.3.8. If three vectors (1,—1)T, (c1,¢2)T and (c3,c4)” are pair-

wise linearly independent in Q?, then the series

1
Z k s t
e |n — m|¥|cin 4+ cam|®|esn + cam)|
n#m
c1n+cam7£0
c3n—+cam7£0

converges for any k > 1 and s,t > 0, where s+t > 1.

Remark. Vectors (cy,co)” and (c3,cq4)T can be collinear. Vector (1,—1)T
can be replaced with any other Q*-vector preserving linear independence
with each of the other two. We choose (1, —1)T with our further estimates

m mind.

Proof. We can consider that ¢; € Z (otherwise multiply by a common
denominator of all 4 coefficients) After the substitution w =n —m, v =

c1n + cam, we reduce the series to

> :
oot co [WIF V[ A+ cw]
v#£0,w7#0
v4cw#0

where ¢ is a new constant. Without loss of generality consider ¢ > 0.

Z 1 2 n 2
kgys t - Z kgys t Z kgys t
—oo<w,v<00 wr ‘U + C’LU’ v>0,w>0 wru <U + C’LU) v>0,w<0 ‘w‘ v ‘U + C’LU’
v#0,w#0 v+cw#0 v+cw#0
v+cw#0

2 2
< .
S D 3

v,w>0 w<0, cw<u=v+cw

u#0

2 1 2 2
< R
= wk pr Z wF(u — cw)s|u|t+ Z lw[F(u — cw)s[ulf

v>0 v>0 w<0, cw<u<0 w<0<u
S Ay Y
— wk pstt wk(cw _ u)sut
v>0 v>0 w>0, cw>u>0

23
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—const—i—z ( Z cw—usut)

w>0 cw>u>0

To finish the proof we establish the following estimate

]' S
cw;;o low = uyul Sens (logw)
for any fixed ¢ > 0, w > 1.
Indeed, if ¢ > 1 or s > 1, the sum is dominated by convergent series,
> ns0 oy~ Supposet, s < 1. If s =1, then )
Let s < 1. Since t > 1 — s, using the Holder inequality we obtain

ue ch cw—u "Vc,t,s logw

Z m§< Z Cwl—u> ( Z 11) ’Scat»s (logw)s.

17
cw>u>0 cw>u>0 cw>u>0 wu=s

[]

Corollary 3.3.9. For any integer d > 0 and k,s > d define

1 1

, X,y € R%
(x—-y)(x+y)*

fxy) =

For any f € (max{%, 1}-d,1) f,g € I°(L})(R*).

Lemma 3.3.10. For any two linear independent vectors (ci,c2)’ and

(c3,c4)T in R? and any k > 1 the series
Z X{leintcam|<1}
k
(n,m)eZ2 <637”L + C4m>

18 convergent.

Proof. Using the substitution u = ¢;x + ¢y, v = c3x + ¢4y with non-zero

Jacobian determinant, we can estimate

Z X{leinteam|<1} / X{\C12+02y\<1}d dy
]RQ

nyege (ot cam)t RS Jpa {esw + cay)t
n,m

dv
Sk,cl,cz,53,54 / du/ k < &Y
lu|<1 R (V)

Corollary 3.3.11. For any two linear independent vectors (ci,c2)T and
(c3,c4)T in R?, for any k > 1 and 8 € (%, 1)

[]

X{leiz+eay|<1} 4 2
SUATTRVE T 2 1A (LY (R?).
(c3x 4 cay)® (L)E)
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The auxiliary lemma below provides a convenient substitution for the

symbol to avoid singularities after the integration by parts.

Lemma 3.3.12. Let p = p(x,y,€) : R? x R x R — R be an amplitude
satisfying

p(xy,€) =p(§) € C"RY),  lim |Vep(x,y.§)| =0
for any x,y € R and k =0,1,...,m — 1.
Moreover, let

Vep(x, -, )| € L'(R*)

foranyx € R* and k =0,1,...,m — 1.
Then

(1 —id(x— Y)Vs)mp> _

Opi(p) = Opi‘( T

Proof. Integration by parts gives
(=) [ VB ploxy. )€ = ilan—u)? [ plx,y. €
R R

forany k =1,2,....d.
Thus,

/Rd V8 (p — i(x — y)Vep)dE = / eCVp(x,y, €) dE

Rd

—1

B

(l’k - ?/k) /d ei(x_y)£ ) afkp<x7 Yy, £>d€
R

k=1

V(. y,€) d = (x-y)? [ Il y. ) de.
Rd

= (1+|X—y|2)-/

Rd

Therefore,

6i(x—y)£ (1 B Z(X B y)Vg)p(X, Yy, €)
R (x—y)?

ety de = 3

Repeating this reduction m times and applying Fubini’s theorem, we

obtain the statement.

O
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Remark 3.3.13. Using the same approach one can obtain the following

formula in one dimensional case

¢ (1+1i€0,)p ()

§ .
et s =i—-5plap) +1i
/[aoaﬂ pls) d (a0) + €2 (8?2

(€)?

is& (1 + Zfas)2p
+ /[ao . e NGO (s)ds,

where p € C*(R) with p(a;) = p'(a1) =0, k=0, 1.

Finally,

Theorem 3.3.14. Consider functions g = g(s),b = b(§) € C*(RY),
with parameters a > d, v > é satisfying

IVig(s)| S ()™, j=1,2,...0=1(a,7),

|VFb| € 17°°(L*)(RY), k=0,1,2,...,[2a] + 1.

ot ((9(35Y) - 90)0(®) €8,

Remark. This theorem reduces the Weyl symbols oy = g(x+y )b(é’) to

one of the form o = g(x)b(€) when singular values are estimated. Then

Then

we can apply Theorem |3.3.1. The parameter | > max{%, d} + 1.

Proof. Let’s define a(x,y) = g(x+y) — g(x).
Applying Lemma |[3.3.12] after the multiple integration by parts we rep-

resent the kernel of the operator as follows

Op$(ab) = ' (x, y)b(€)uly)dydé

FOVIE <X<X_y>m (1= i(x — y)Ve)"b(&)uly)dyde

where ,
H1<t<d(a7t yt)]k

(x —y)*m

Aj(x,y) =Cj- a(x,y).

Let’s prove that for a fixed m > 2« + 1 each Op?(Aj . 3% b) €S,

checking that all conditions in Lemma [3.3.5| are satisfied.

Let’s estimate |V, V}A;| using the Leibniz rule and the fact that

26
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|zs — Y| <1+ |2 — g|* for any 0 < u < w.

+ |x
VI 5y, Dzt S g ((55) 0 )|
x= y 0<t<r
0<u<k
Note that since M <4/ 1+|xf2_yt‘ < <X\/§y>,
[Ticica(l + [z — i) < (x — y>Z§:0jt _ 1 - 1
(x —y)*m ~ox—yyrm (x—y)ymR T (x—y)m
Therefore,
1 X4y
ry7k uv—t
A S ooy 2 [V(9(55) 90
VaVyAil Sicyia 53w >, [Vivy(9(= g(x)
0<t<r
0<u<k
(t,u)#(0,0)
1 X4y
oy (5~
(x —y)m 2 (x)
1 1 1 X+y
Senr + + ‘ ( >—g e ‘
T ey e I e i KA W R A

The first two terms in the upper bound above belong to 1°(L!)(R??) for
B € (£, min{y,1}). Indeed, since m > 2a+ 1 > d, we can directly apply
Corollary [3.3.9] It remains to estimate the last term.

Representing the difference g(x) — ¢(0) as the line integral, we obtain

1 d
00—l =| [ voa|=]] >~ Ouatxt) -4y

d 1 d ' x| J |
1 =1 | 1 . |z
SZi%i-/ —dtZM-/ Lo 2amlml 4
ok |t = S s 2

Thus, g € L*(R?).

Mean Value Theorem implies the estimate

X+y ly — x|
_ < .
‘g< 2 ) g(x)‘— 2 oa

W(E )

1

. x a-
min 0<t<1 <X + —y2 . >

Sy —x|-

Note that, if |[x —y| < |x], then for any ¢t € (0, 1)

x+%-t‘2\x[—t)

y—X
2

BI=13
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and
1 1 1

wyr?(7) 90 S e

Otherwise, if [x —y| > |x|, then |x — y|™ > |x — y|Z x| and, since
g € L=(RY),

(x —1y>m ‘g<x ;— y> B g(X)‘ Sa‘d (x —1y>7§ <x1>7§

Therefore, since m > 2a+ 1 > 2d + 1, for any x,y € R?

1 X + 1 1 1 1
=yl () | S e R T w

ol

1 1 1 1
Sa,d 2d ’ o + «
(x—y)* (x)* (x—y)*(x)
due to Corollary (3.3.9.

Therefore, D A; = MaXo<r,k<n

— e IP(L")(R™)

|V;V’;Aj|H1 ; < oo, where n = [df~1] + 1.

Moreover, using the same estimates and triangle inequality

My, = sup [|A;(s + -, ) [2wey = sup [|45(s + ¥, ¥) 2 (rey

1 1
<
— Sl;p H <S>2d+1<s + 2y>a + <S>2d+l<s + y>oz
. 1 1 . 1 1
(s)2 (s+y)* (s)*(s+y)*llL2re
1

e s |
su —
~a,d Sp <S>d <S + 2y>a LQ(Rd) <S + y>0£

1
Sea s 1|
~Na,d 1;I)<S>d

< 0
L2(R4)

LQ(Rd)>
1
(y)~

Finally, 8£8ga € 17°°(L?)(R?), which implies the claimed result.

Using the result above ford =1, a =2, v =1, g(t) = @ and B(¢) = &

we obtain

Corollary 3.3.15.

(S 20(5) )\ ¢e)
ol (245 8) e

The obtained result is fully compliant with the asymptotic formula

[6, p. 95, (2.1)’] and is a core tool for proving the main result in Chapter
(see Theorem about an angular domain).
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Model operator

Remark 3.3.16. Since S; o C Sy (recall that T € S; means s;(T) <

~Y

%, see Definition ) this Corollary allows to reformulate the

result of Theorem [3.3.1]in the following way

oﬁ(@%) €S,

The same is true for operators Op;" ({(£)~2(&)~1), OpY¥ (C(t)t~1{&) 1),
Op,Y (¢(2t)t~1(¢)~!) € Sy, which might be considered as model opera-
tors, which we appeal to in Chapter 5]

Indeed,

¢t) 1 ¢(t)c(§) _ ¢(t) & —(§)¢(E) é(t),F(
t (&) t& t &8 t

where F € 13°°(L2).

Thus, by Theorem [3.3.1 Op‘f(%é — %) € Si,00. Similarly,

al_1__ dx)
Opl((l)(@ z<5>> € Si,c. Note that

Lo _cme§) @) b)) cbe)

() {€) t& ({0 &) e t

Thus, Opi({z) =)™, Opi(G(z)z~ 1) ™) € S
Therefore, due to Corollary Op}¥ ((£)=1(&)=1), Op\V (C(H)t (&)™) € S.

The inclusion Op)¥ (¢(2t)t~1(€)~") € S, follows from the fact that %%) -
@ € C§°. Therefore,

Op?(C(Qx) - @> € St (3.3.11)
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Chapter 4

Self-adjoint differential

operators

4.1 Introduction

The spectral analysis of unbounded operators requires quite a different
toolkit compared to the one described in the previous chapter. Some
estimates for the number of eigenvalues of this type of operators are ob-
tained in [17] However, the operators discussed in the [17] are considered
on a finite interval (a,b). Below we discuss some techniques of decou-
pling an unbounded operator defined on R to reduce it to the case of a
finite interval (a, b) applying spectral aspects of the theory of self-adjoint
extensions. The theory of self-adjoint extensions is well-described in [4,
Ch. 10].

We start with the model theorems about the adjoint of the Laplacian
—A defined on the set of functions with Dirichlet boundary conditions
(Lemmata [4.2.1] and [4.2.4] ) and then extent these results. After that

we introduce the machinery which helps to compute the spectral count-

ing functions of the main DO (introduced in Chapter 5| using spectral
results of some specific differential operators (Proposition 4.4.1)).

Notations used

We denote by W3 (Q) the Sobolev space equipped with the norm || f|wz(o) =

1
(Hf”iz(ﬂ) + Hf’Hiz(Q) + Hf”Hiz(Q)> * where f" and f” are weak derivatives
of order 1 and 2, respectively.

Domain, D4, of an operator A is considered as a dense subspace in L2

space.
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WITH DIRICHLET BOUNDARY CONDITIONS 61

Definition 4.1.1. We define operator H, ) := Hy — p, where
d2

Hy=-A=——
0 d$2’

p € L=(R),
the domain of the operator

DH(a,b) = {y’ y e WQQ(C%b)’y(a) = y(b) = 0}7
where a,b € RU{—o0} U {c0}.

REMARK. H,;) is a differential operator corresponding to the differential
expression I(y) = —y” — py.

Spectral counting functions #(-, A),n(-, A), #(-; —p; (a, b))

We use the following notations:

#(X; —p; (a, b)) for the counting function of the one-dimensional Schrédinger

operator Hgp);

Spectral counting function of a lower semibounded operator

#0A) 1= (kM (4) < A}

I

Number of singular values of a self-adjoint compact operator
n(\, A) = ‘{msk(A) > )\}‘.

Definition 4.1.2. Deficiency indices v_(A), vy (A) of a symmetric oper-

ator A are defined as follows
vi(A) := dim Ker (Z* F i]),
where [ denotes the identity operator.

As shown in Corollaries all the results in this chapter (about
the adjoint operators and deficiency indices) are valid for any potential
function p € L*(R), i.e. do not change under small perturbations. Thus,

we consider p = 0.

4.2 Restrictions of differential operators

with Dirichlet boundary conditions

In this section we study the properties of decouplings, differential op-

erators with a wider set of boundary conditions. Being a common re-
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striction, such operators connect two other differential operators (their
extensions), one of which leads to the model operator, while the other

has a well-estimated counting function (see Proposition below)
Let R € (a,b), |al,|b| < co. Consider differential operator T = —A on

a finite interval (a, b) with domain

Dp = {y € W(a,R) ® WF(R,0)| y(a) = y(R) = y(b) = 0, ¥’ € C(a,b) }
Lemma 4.2.1. The adjoint operator T} = —A and

Dy, = {y € Wy (a, R)@W3(R,0)| y(a) = y(b) = 0, y(R—0) = y(R+0) }
Proof. Since for any f,g € Dy the derivative f’ is absolutely continuous

on (a,b), ¢ € L*(a,b) C L*(a,b), we can apply integration by parts and
obtain

(Twf.g) / 1 (6)g )it =

+(f,Trg) = (f, TrY)-

Thus, Tg is symmetric. Let’s find the domain of its adjoint.

The idea of the proof is based on the approach proposed in [1, Ch. 4, p.

163] with some adjustments.

Step 1.

MW(% prove the inclusion

Dy € {y € Wi(a, R)@W3(R,b)| y(a) = y(b) =0, y(R—0) = y(R+0)}.
For any g € Dj, define Thg = ¢g* € L? and consider f = fiX[q,r, where
fi1 € Di with f{(R) = 0. By definition

/ F"(6)g)dt = (Tnf,g) = (f. Thg) = / 1)

Let G, (t) f z)dz+cy. Since G is absolutely continuous, integration

by parts gives
b R R

fgt)dt = [ f()G, ( )dtz—/ F(O)Ge ()t + [(6)Ga (1))

a a

= — ! 't)G., (t)dt = —/aR f’(t)(/at G, (s)ds + (22>/dt

a
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— /aR f”(t)(/at G, (s)ds + 02> dt
—f’(t)(/at Gcl(s)ds> j: /aR f”(t)(/: Gcl(s)ds+02> dt.

/aR 1) - (g(t) + /at G, (s)ds + 62) dt = 0. (4.2.1)

_/at/aw <g(s)—|—/:Gcl(u)du—|—02>ds dw

We claim that f € Dp.
Indeed, f(a) =0 and f"(t) = g(t) + f G, (s)ds + c3 € L2(a, R). Let’s
compute f(R) and f'(R).

Thus,

Take

R s R — 2
f'(R) = / (g(s)—i—/ Ge, (u)du+cz>ds = It7g+It7g*+cl-%+02(R a)
" (R —a)’ (R —a)?
f(R) :/ (Iw7g+lw,g*>dw+01 'T—FCQ'T,
where I,y = [T g(s)ds and I, - = [} [* [" g*(2)dz du ds.

Consider the system of independent linear equatlons f(R)=f(R)=0

which has an unique solution in terms of ¢y, cs.

Now (4.2.1)) can be rewritten

t
t Ge(s)ds+cof| | =0,
s+ [ Gutis e,
Thus, g = —f G, (s)ds + ¢ a.e. on (a,R). This implies ¢'(t) =
f g*(2)dz — ¢; € AC(a, R) C L%(a, R).
D1fferent1at1ng once again we obtain ¢” = —g* € L*(a, R). Thus, X(4,r)9 €

W(a, R), Thg = —g".

Similarly, taking f = fox(ry with appropriate f, € Dpr we obtain
Xirng € WE(R,b), Trg = —g".

Let’s rewrite (Trf,g) = (f,Thg) for f € Dg, g € Wi(a, R) ® WZ(R,b)

using integration by parts separately on each of the segments [a, R] and

[R,b].
(Tif.q) = / P (6)g D)t — / (gDt

7, - [ s - [ o

=—f’(R)—g(R—_0)—f()()+f( )9(@) + I (R)g(R + 0) + (£. Thg)
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= ([, Trg)-

Therefore,
F(R)g(R—0)+ f'(b)g(b) = f'(a)g(a) + f(R)g(R +0).

Taking f such that f'(R) = 0 we obtain f'(b)g(b) = f'(a)g(a). If in
addition f’(b) = 1, f’(a) = 0, then g(b) = 0. Similarly, when f'(a) =
1, f'(b) = 0, g(a) = 0.

Finally, f'(R)g(R — 0) = f'(R)g(R +0). Thus, if f'(R) =1, g(R—0) =
g(R + 0), which completes the proof for the inclusion

Dy, € {y € W3 (a, R)&WS (R, b)| y(a) = y(b) =0, y(R—0) = y(R+0) }.

Step 2.

Conversely, if g € {y € Wi(a, R)®WE(R,b)| y(a) = y(b) =0, y(R—0) =
y(R+0) }, f € Dg, the integration by parts twice gives

(Tif.q) = / £ (6 g0t — /R 7 (6 gDt

- / (g0t /R oraor

— F(R—0)g(B—0)+ f'(R+0)g(R10) / FOF Dt = (f Tg).

b
=—f7 - /g
R

Thus, g € D}, and we obtain the inverse inclusion.

]

Remark 4.2.2. There is another way to prove Thg = —g” by using the

definitions of Sobolev space and generalized derivatives.

For any f € C3°(a, R) C Dg and g € D5,

R L R
- / (g0t = (Tuf,g) = (f. Tig) = / FOF Dt

where g* = Thyg.
Therefore, —g*, the L2—function, is the 2"? weak derivative of the func-

tion g on (—oo, R) by definition, i.e. —¢” = T}g on (a, R).

Lemma 4.2.3. The deficiency indices v4(Tg) = 1.

Proof. First, let’s prove that Ty is closed. Since Dg and D}, are dense in
L2, T} exists and Tr = T* (see [4, Ch.3, §3, p.70, Th.7]). The inclusion
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Tk O Ty holds, as for any operator. Thus, it is sufficient to explain why
Tr =Ty C T

Let’s f € Dy, g € D3 (the domain of 7). Since Tp C T}, T3 C TY,
and thus, f(a) = f(b) = g(a) = g(b) = 0. Moreover, we can define
f(R) := f(R—0) = f(R+0) and similarly g(R) := g(R—0) = g(R+0).
Now, after the integration by parts on (a, R) and (R,b), as previously,
the condition (T} f, g) = (f, Tx"g) becomes

R o b _
+fg i +fg

a

~f'7

R
a

I RCral

- / (gDt = — 7

=—f(R)- (¢(R+0) =g (R=0)) +g(R) - (f(R+0) - f'(R—0))

- [ segma = [ g

Thus, for any f € Dy,

F(R) - (¢(R+0) =g (R—0)) = g(R)- (f(R+0) — f(R-0)).

Now, taking f such that f(R) = f'(R+0) =0, f/(R—0) =1 we obtain
g(R) = 0. Taking f with f(R) =1 we get

g(R+0)—g(R—-0)=g(R)- (f(R+0) - f(R—-0)=0.
Therefore, g € D which proves the inclusion D3 C Dp.

Let’s find the deficiency indices. Since, T is a closed operator,
v_(Tgr) = dim Ker (T}, + i) = dim{y € Dy| v" = iy}
In Wi(a, R) ® WZ(R,b) the equation y” = iy has solution of the form

Y= cX@re" + X@ere ™ + aXmne™ + caxmpe

where £\ are square roots of ¢ (®RA > 0). Thus, the conditions y(a) =
y(b) = 0, y(R — 0) = y(R + 0) form a system of 3 linear independent
equations

c1eM + cpe™ M = ()

c3e’ + e =0

(c1 —e3)eM + (ca — ca)e M =0
which has a one-dimensional space of solutions in terms of (¢y, ¢a, 3, ¢4).
Therefore, v_(Tx) = 1. Similarly, v, (Tg) = 1.

[
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The lemmata above can be extended to the case a = —o0, b =

Consider differential operator T = —A with

Dr = {y € W(—00, R) & W3(R,00)| y(R) =0, y' € C(R) }

Lemma 4.2.4. The operator Tx is symmetric, the adjoint operator T, is

defined by the same expression, i.e. T} = —/A, and its domain is defined

by
Dy = {y € W3(~00, R) ® W3 (R, 00)| y(R — 0) = y(R+0) }.

Proof. The first part of the proof repeats Lemma [4.4.4]

Step 1.

Recall that for f, g € Dg the derivatives f’ and ¢’ are absolutely continu-
ous. Moreover, f,g, f', ¢, f",¢" € L*(R), thus (due to the same argument
as in [4, Ch.4, §8, Lemma 1, p.120]),

lim f(z) = lim f'(z)= lim ¢'(z) = lim g(z)=0 (4.2.2)

Thus, we can apply integration by parts

(Trf,9) / f'(@) =

Thus, T is symmetric. Let’s find the domain of its adjoint.

+(f,Trg) = (f, Trg)-

—00

Step 2.

Let’s prove the inclusion D}, C {y € W3 (—o0, R)®W3 (R, 00)| y(R—0) =
y(R+0)}.
For any f € C3°(—o0, R) C Dg and g € Dj,

R L R
- / F(0g0dt = (Tuf.g) = (. Tig) = / FOF Dt

where g* = T}3g.

Therefore, —g*, the L2—function, is the 2"? weak derivative of the func-
tion g on (—oo, R) by definition, i.e. ¢" = —Tjg on (—o0, R).

The existence of ¢ € L?(—oco, R) immediately follows from the equiva-

lence of the Sobolev space norms (see [16, Ch. 1, §112]). However, we

prove this directly.

We claim the existence of ¢’ in the weak sense and that this is an

L2—function.
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Indeed, since g,g” € L*(R), their Fourier transforms, F(g), F(g")(¢) =
—E2F (&) € L2(R), i.e.

[iF@©rd [ 1g1F@) P <o
R R
Additionally, since 2|¢]? < 1+ |€]4,

[1ePIF @@ e < .

Therefore £F(g) € L?(R). Denote h = F~1(i€F(g)) € L*(R).
For any ¢ € C{°(R) by the Plancherel theorem

(9,9") = (F(9), F(¢) = (F(9),isF(¢)) = —(i&F (9), F(¢)) = —(h, b)),

which by definition means that A is the 15 weak derivative of function g.

In the same spirit we deal with functions g defined on (R, c0).

The remaining part of the proof repeats the proof of Lemma 4.2.1}
Let’s rewrite (Trf,g) = (f,Thg) for f € Dg, g € Wi(—o0,R) &
W2(R, o) using integration by parts separately on each of the intervals
(—o0, R) and (R, o0).

(Tuf,g) = /f” dt—/ (1)

- / oo / NOraor

Since f and g satisfy (4.2.2)) and f(R—0) = f(R+0) =0,

Due to f/(R—0) = f'(R+0) = f'(R)

= —f'(R)g(R+0)

ra| =rwgmE-0. s
Therefore,
(Trf,9) = —f'(R)g(R—0) + f(R)g(R+0) + (f,Trg) = (f, Trg)-

Therefore,
f(R)g(R—0) = f(R)g(R+0).
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Thus, if f/(R) =1, then g(R—0) = g(R+ 0), which completes the proof

for the inclusion
Dj, € {y € W3(—o0, R) ® W3 (R, 00)| y(R—0) =y(R+0) }.

Step 3.
Now let g € {y € Wi(—o0, R) ® WZ(R, )| y(R — 0) = y(R+0) } and
f € Dg.

The integration by parts twice on the intervals (—oo, R) and (—R, o0)

(Trf. g) / P (g0t — / " P
/ F()g )t~ / Fg @)

Sinceg(R—O):g(R+0),f(R—0 = f(R+0) =0, f(R-0) =
f'(R+0) = f'(R), and due to (4.2.2) the expression above equals

gives

- [ rwga = (5. 130).

Thus, g € D}, and we obtain the other inclusion {y € W3(—o0, R) &
W3 (R, 00)] y(R = 0) = y(R+0)} € Dj.

Lemma 4.2.5. The deficiency indices v+(Tg) = 1.

Proof. The proof repeats the proof of Lemma [4.2.3]
In W}(—o0, R) ® WZ(R,00) the equation y” = iy has two independent

solutions, one per each half-line (—oo, R) and (R, c0):
fi(z) = Cle/\xX(foo,R)y fo(z) = CQB_MX(R,ooy

where R(A\) > 0
Since fi(R—0) = fo(R+0),

AR + CQ@iAR =0.

Therefore, it has a one-dimensional space of solutions in terms of (cy, ¢z).
Hence, v_(Tg) = 1. Similarly, v, (Tg) = 1.
m
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Definition 4.2.6. For R > 0 define operator L := —A on domain

and operator

L% := —A on domain {y| y € WZ(—R, R) ,y(+R) = 0}.

A similar operator is considered later, in Proposition [4.4.1] the only dif-
ference being that now we consider the whole real number line R. The
following result explains why Lr = —A (unlike operators Tx discussed

above) is a self-adjoint operator.

Lemma 4.2.7. The operator Lr = —A defined on the domain Dpg is
self-adjoint.

Proof. Note that for f,g € Dpg the derivatives f’ and ¢’ are absolutely
continuous. Moreover, f, g, f'. ¢, f",g" € L*(R), thus,

(due to the same argument as in [4, Ch.4, §8, Lemma 1, p.120]), lim|g o f(2) =
limig oo f/(2) = lim|g o0 ¢/ (2) = limyg| 00 () = 0.

We claim that Lg is symmetric operator. Indeed, integration by parts

twice for f,g € Dg gives
~(Lafg) = [ £(05@

— [ g [ RCroe /R " gt

+f'g| - fd
R

—R .
— fq

— 00

n / 07+ / NiCrors /R OO

, R R
= fy B B

—R , )
+ /g
—00 R

~fq
R R

— /OO f(t)g"(t)dt = —(f, Lrg).

Let’s prove that there exists 2" weak derivative f” on each of the three
intervals, (—oo, —R), (=R, R) and (R, c0).
Take any f € C5°(—o0, R) C Dg and g € Dy (the domain of the adjoint

operator)

R o R
- / F(0g0dt = (Lnf.g) = (f. Lyg) = / F(OF D,

where g* = Ljg.
Therefore, —g*, the L2—function, is the 2"? weak derivative of the func-

tion g on (—oo, R) by definition, i.e. ¢" = —L}g on (—o0, R).
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In the same spirit ¢” = —L5g on (—R, R) and on (R, c0).
The existence of ¢ € L*(—oo, R) immediately follows from the equiva-

lence of the Sobolev space norms (see [Smi64, p.331]).

Therefore, D, C W3(—o00, —R) ® W}(—R, R) ® WZ(R, ).

Since, Lg is symmetric, Dr C D%. It remains to prove that Dy C Dp.
Indeed, for any f € Dg, g € D}, repeat integration by parts:

—(Lrf,9) / f” dt / f” dt+/ f”
" /R oG

— _ R __|oo o0
-7 (I I W IO
—JR-0g(-R-0)+ 13| - (40RO + [ 7D

_ / " H gD
Thus,

(=R = 0)g(=R = 0) + f'(R — 0)g(R — 0) = f'(-=R + 0)g(—R + 0) —
f'(R+0)g(R+0)=0.
For a fixed f denote

fhi=f(=R=0), fo=f(-R+0), fr=f(R-0), fi=/[f(R+0)
(4.2.3)

Function f’ need not be continuous at points R and —R. Therefore, for

any four values f;, ¢« = 1,2,3,4, one can find a proper function f € Dg
satisfying .

Now, taking f such that f; =1, fo = f3 = f4 = 0, we obtain g(—R—0) =
0. Similarly, one can prove g(—R+0) = g(R—0) = g(R+0) = 0, which
implies that D} C Dpg. Therefore, Lg is a self-adjoint operator.

]

Definition 4.2.8. The decoupling of Lg is the operator L, = —A on

domain

y(£R) =0, y' (xR - 0) =y (£R+0) }

Remark 4.2.9. For the operator L}, we can obtain a similar result (as in
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previous Lemma [4.2.4)), i.e. the domain of its adjoint
Dyy" = {y € W3(—00,—R) & W3 (R, R) & W3 (R, 00|

y(=R+0) =y(-=R—-0), y(R+0) =y(R—-0)}
with vy (LG) = 2.

Indeed, if a function y € W3 (—o00, —R)®WE(—R, R)®&W3 (R, 0o) satisfies
y" =iy, then

Yy = ClX(foo,fR]eAx + C2X(7R,R)€_/\x + C3X(7R,R)€M + C4X[R,oo)€_)\xa

where £+ are square roots of ¢ (RA > 0). In other words there are four
independent solutions: one per each half-line (—oo, —R) and (R, 00), two
one the finite interval (—R, R).

Thus, (c1, cs,c3,c4) must obey the following system of 2 linear indepen-

dent linear equations

Y(—R —0) = cre ™ = e + cze M = y(—R +0)
Y(R—0) = cye ™ = cpe M + c3eM = y(R - 0)

which has exactly 2 independent solutions in terms of (¢1, o, 3, c4).

Remark 4.2.10. We single out two operators, Lr and H(_ ) + p which
are two self-adjoint extensions of the operator L%. This helps to com-
pute the spectral counting function of corresponding operators using the
theory of self-adjoint extensions (Proposition [5.3.5])

Before the description of the reduction procedure in Chapter [5 we need

to state some auxiliary results.

4.3 Small perturbations of DO

Let’s recall the notion of operator domination.

Definition 4.3.1. (see [4, Ch.3, §4.1]) Let T" and S be two operators
defined on a Hilbert space H with the domains Dy and Dg, respectively,
s. t. Dr C Dg.

S is said to be dominated by T if there exist such constants a,b > 0 that

ISFII < alTfll+0ollfll, ¥f e Dr

If in addition there exists a < 1 satisfying the estimate above, we say

that S is strongly dominated by T

Clearly, for any function p € L°(R) the multiplication operator p defined
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on L2 is strictly dominated by any other operator defined on L? with any
constant a € [0,1) and b = sup |p|.

The following three propositions ( [4, Ch.3, §4, Th. 2, 3, p.74 ] and [4,
Ch.4, §1, Th.9, p.100]) help to describe the basic properties of the DO
perturbations.

It turns out that closeness, self-adjointness and deficiency indices are

stable under strongly dominated perturbations.

Proposition 4.3.2. Let T be a closed operator with the domain Dy and
S be strongly dominated by T'. Then T + S defined on Dr is closed

Proposition 4.3.3. Let T be closed and densely defined. Suppose S
and S* are strongly dominated by T' and T™ respectively. Then operators
(T'+ S)* and T* have the same domain and

(T+S) =T+ 5"

Corollary 4.3.4. If T is a self-adjoint operator, then for any p € L>(R)
the operator T' — p is self-adjoint as well. In particular, Lr — p is a self-

adjoint operator.

Proposition 4.3.5. Let S and T be symmetric operators. Suppose T is
closed with the domain Dt and S is strongly dominated by T. Then the

symmetric operator S + T is closed on Dy and
V:t(T> = l/:|:<S + T)

Corollary 4.3.6. If p = gV € L>(R), then the operator L —p is closed

and
Vi(Liz —p) = Vi(L%) = 2.

4.4 Schrodinger operators with Dirichlet

boundary conditions

In this section we consider two Schrédinger operators with Dirichlet
boundary conditions, which form an essential part of the reduction pro-
cess.

The following result (see [17, Th. 6.4., p.31] ) helps to estimate the
counting function #(\; —p; (—R, R)) of a Schrédinger operator —A — p
on a finite interval with Dirichlet boundary conditions f(—R) = f(R) =0
(i.e. we cinsider operator L% — p). We adapt the theorem for our needs

and state the result in a suitable form.
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Proposition 4.4.1. Let p € C'(R) be a non-negative function, and let
R > 0. Then for any A € R one has

#(N—pi (~R,R)) — - ot

()
< /<_R,R> )

™ J(-R,R
64/ |A] +1
OV p
T

We will see in Chapter |5 that this result corresponds to the Weyl asymp-
totics, (2.1.1), where the spectral counting function #(-) is approxi-
mated by the spectral volume function V(%) which is exactly equal
to % f(_:w) /p(t)dt. The exact correspondence is provided by Birman-
Schwinger principle, Theorem in Section [5.3]

Corollary 4.4.2. Suppose for all x the potential p(x) = gV () satisfies

the following conditions
Ci(z)™* < V(z) < Cof) ™,

|V,<l’)| < Co<x>—(cx/2+1+e)
where Cy, C1,Co, e >0, a > 2,

Then for R = gi the counting function
#(_/\7 —D; <_R7 R)) - #(_/\7 L% - p) Satisﬁes

Coarg?(140(1)) < #(=A, Ly — p) < Cang?(1+0(1)), if a > 2,

C 1
g ~g2logg (140(1)) < #(—=\, L% —p)
< \/7?_2 .g7logg (1+0(1), ifa =2,

where Cy,; (depends on « only) are positive constants. All asymptotic

estimates above are considered when g — 0.

If p(x) = g{x) 2, .e. if Cy = Cy =1, then

#(-1;—p; (<R, B) = —g logg (1+0(1)).

Proof. First, we have to estimate the "main part” of the formula, the
integral % f(_ RR)V p(t)dt, and then "the error term” consisting of two

parts, the integral ﬁ f(_R R) ]%)(i)'ldt, and the summand %ﬁ R = C’gé.

We will see that the error term is significantly less than the main part

for o > 2, however, it has the same order when « € (0, 2).
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Let’s go through the details.

VG- vi [ @ i< V0 < VG g JRCRE

(7R’R

where
g2logg(1 +9(1)), a =2
Cag%, a € (2,00)

R
VIRCRUS
0
To estimate the remainder we use the asymptotic properties of p’ and p.

/ ‘p,<t>’ —dt < / Cog<t>—a/2_1_5 dt < Ra/?—e — 91/2—6/04‘
(-R,R) (—R,R)

p(t)+1  — Cig{t)— " Co,Croene

The following two estimates

g2 logg £ (O(g27%) + C - R) = g7 logg(1 + (1)),
C’ag%j:(Q(g%_i)—I—C-R) = Cog? log g(1+40(1)) where R = g = B(g%), a> 2

finish the proof.

Remark 4.4.3. The asymptotic formula

(-1 —p; (R, B) = —g* logg (1+0(1))

still holds for V(x) = C(;;)2 ~ ﬁ, x — o0o. The same estimates in the

proof of the Corollary can be applied.

It turns out that for a convenient potential function p the two operators
mentioned above, L%, —p and Ly — p, have "almost” the same number of
eigenvalues (for a proper potential p), since Lg — p can be decomposed
in the orthogonal sum Lr —p = H_o —r) ® H_gr,r) ® H(g,), Namely,

the following lemma holds.

Lemma 4.4.4. Let R = gé, p=g- <$1>a orp=g- C(;Sf), a > 0. Then

#(=1,Lr —p) = #(=1, L — p).

Proof. Note that #(—1; —p; (—o00,—R)) = #(—1; —p; (=R, >)) = 0.
Indeed, consider z > R = gi. Then —p > —I. Since —A > 0, the
operator —A — p + I > 0. Hence, all eigenvalues of this operator are
positive.

Since every f € Dpg can be represented as the orthogonal sum f = f; +

fo + f3, where f; = fX(—oo,—R)u fo= fX(—R,R) and f3 = fX(R,oo)7 there is
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one-to-one correspondence between the eigenfunctions (and eigenvalues)
of the operator Lg and the eigenfunctions (and eigenvalues) of

H(—oo,—R) D H(—R,R) @D H(R,oo)‘ Hence,
#(=1,Lr —p) = #(=1, L — p)

+ #(=1;—p; (=00, —R)) + #(—1; —p; (=R, 00)) = #(—1, L% — p).
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Chapter 5

Weyl discontinuous symbol.
Asymptotic estimates and

formulae.

In this Chapter we analyse the case when the signal is concentrated on
an angular domain of the phase space.

Consider the following operator

1 .

OpY (0)u() = o / / e o (LY uly)dyde  (5.01)
27 R2 2

where symbol o(t, ) = xq01(1) - Xqe<err (£, €) - a(t,§), a € C°(R x R)

with supp a C [~ R, R}? and ¢ € R.

We will see below (Remark [5.1.7)) that the spectral properties of the op-

erator do not depend on ¢, thus we can consider ¢ = 0, i.e. we can reduce

the angular region to a region with a right angle. To estimate singular
values of (5.0.1)) we implement the following approach.

We reduce to a different pseudo-differential operator with a smooth
slowly decaying symbol & using the process described in Theorem [5.1.3
For this type of symbols we have a toolkit described in Section [3.3] Cor-
rectly splitting the symbol and the kernel of the operator (the process
is described in detail in Lemma and Theorem we obtain the
main part of the operator, which is unitarily equivalent to the operator
@Opi‘(%@)%). Then we apply Theorem [3.3.1| to obtain the asymp-
totic estimate O(log(k +1)k~1). The remainder part belongs to the class
S1 00-

UDO with symbol Q‘T@)% has the same asymptotic decay of singular val-

ues as VDO with symbol ﬁ Therefore, both symbols can be used

3)
as the main part of the symbol partition. However, the multiple C‘sT(t)
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containing the cut-off function (5 (the parameter 6 = 2R as we will see
below) provides some essential properties of the operator kernel (see Ex-
ample making the spectrum symmetric.

At the end of the Chapter we derive the asymptotic formula for the eigen-

values of ([5.0.1)).

The Chapter is structured as follows. Section [5.1| contains some aux-
iliary facts (Lemma about spectrum symmetry and Theorem m
about symbol reassembling), which help to proceed with the process of
splitting the model operator in such a way that the main part of this
partition is a self-adjoint compact operator T} (see Theorem with
a symmetric spectrum, and, thus, has the same asymptotic estimates for
its eigenvalues as for its singular values.

In the last two sections we derive the asymptotic formula using
two different methods. In Section [5.2| we use the Weyl asymptotic law
described in Chapter 2l In Section [5.3] we use the results of Chapter
and the Birman-Schwinger principle to reduce the asymptotic formulae
for DO (of a special type) to the one for the model WDO.
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5.1 Eigenvalues and asymptotic estimates.

To estimate the eigenvalues of the operator we split it in such
a way that ”"the main part” has symmetric (with respect to the origin)
spectrum, and thus, the estimates for positive eigenvalues \{ > A\ >
.. Af >0 (as well as for negative, —\] < —)\; < ... —\; <0) are the
same as for the singular values.

The auxiliary lemma below describes a general case of an operator having

symmetric point spectrum.

Lemma 5.1.1. Let W be a linear space which can be expressed as a direct
sum W =Wy @ Wy, LetT be a linear operator on this space such that
TWy C Wy and TWy C Wy

Then the point spectrum of T is a symmetric set, i.e. if X is an eigenvalue
of T, then —\ is its eigenvalue as well. Moreover, the eigenvalues \, —\

of finite multiplicity have the same algebraic and geometric multiplicity.

Proof. Let V) be the eigenspace corresponding to the eigenvalue A. Take
any v € V). If v admits the following decomposition, v = vy + v where
v; € W, then

Tvy +Tve =Tv = v = Avg + Ay,

Since Tvi,v9 € Wy and Tvg, v1 € W,
Tvi = Mg,  Tvy = vy,
Therefore,
T(vy —vg) = Tvy — Tvy = Avg — g = —A(vg — vg),

Hence, u = v; — vy is an eigenvector corresponding to the eigenvalue —\.
If V_, is the corresponding eigenspace, then linear map S : V), — V_,
defined by S(v) = S(v1 + v9) = v1 — vy is a bijection, which implies that
eigenspaces are of the same dimension.

Now let’s prove that algebraic multiplicities coincide as well. It is suf-
ficient to show that for any integer n > 0 the linear map S defined as
previously (by S(v) = S(v1 +v2) = v1 — v9) is a bijective correspondence
between subspaces Ker(T'— AI)" and Ker(T' + A)™. This implies the

equality of algebraic multiplicities, since in this case
dim Ker(T — AI)" = dim Ker(T + A\ )".
Proceed by induction. If n = 1, then
v +ve €Ker(T—AN)=V), <= vy —wvp € V_ =Ker(T + )
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as previously shown.

Let the statement be true for some n = k.
Consider v = v; + vy € Ker(T — AI)**! where v; € W;. Note that

0= (T — Ay = (T — AXD)*(T — X ) (vy + v)

== (T — )\[)k(TUQ — )\Ul + TU1 — )\1) == (T — )\[)k(ul + UQ),

where u; = Tvg — Avy € Wy and uy = Ty — dvg € Wy .
Using the induction step, this implies that

Uy — Ug € Ker(T + )\[)k,
which means
0= (T + X)*(ug —uy) = (T 4+ X)*(Tvy — Ay — Ty + Avy)

= (T 4+ XDM(T 4+ X)) (vy —v3) = (T + X)) (v1 — vy).
Hence, v = vy — vy € Ker(T + AI)*1,
[
Example 5.1.2. Consider the following L?*(R) — L?(R) integral opera-

tor

(Tu)@) = [ K(e.g)ulw)d,
R
where kernel K (x,y) satisfies

suppK C {(z,y)| xy < 0} (5.1.1)

If Tu = Au for some function u # 0, then there exists a function v # 0
such that Tv = —Av (i.e. T has symmetric point spectrum with respect

to the origin). Moreover, A and —\ have the same multiplicity.

Proof. Take Wy = {f € L2(R) | supp f C (00,01}, Wy = {f €
L%(R) | supp f € [0,00)} and apply Lemma[5.1.1]
[l

An important technique presented in the theorem below describes the
main idea of the reduction process. We "reassemble” the symbol o such
that the new symbol ¢ is more convenient to work with in terms of

spectral estimates.

Theorem 5.1.3. If symbol o = o(t,€&) € L*(R?), then

1 .
Op)Y (o) = / K(m il y,x—y)u(y)dy, where K(\, ) = —/e’”ra()\,r)dr.
R 2 2m
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Moreover,
Op;"' ()P = Op;" (),

where Pu(x) = u(—x) is the flip operator and

) 1 )
a(t, &) = /e‘”fK(g,Qt)ds = ;// e (s, r)drds.

Let T be an integral operator defined by Tu(z) = [, K ”y T — y)u(y)dy
on L?(R) where K has support in [a,b] X R, K( ) eC ( ), OVK(A,-) €
LYR) for any X € [a,b],u € R and m = 0,1,2. Then

si(T) = s (op‘{v(&)).

REMARK. Since P is a unitary operator, Sy <Op¥v(0)> = Sg (Op}}v(&)).

Proof. Let’s represent the pseudo-differential operator in the form of an

integral operator. First, consider o € C§°(R?). Due to Fubini’s theorem

OnY(w)uta) = 5=+ [ [ (S e Jutwdyde
// emwe $+y,£>d£U( )dy—AK<x;y,x—y)U(y)dy,
where kernel K(\, 1) = 5= [ e#0(), s)ds € C=(R?).

Let Pu(y) = u(—y) be the flip operator. Since this is a unitary operator,
Sk (OpW(J)) = S (OpYV(J)P). Hence, we can proceed with the latter
one.

Using the Fourier inversion theorem,
K1) = 5 [[ro €DK (L, p)dtd€, we obtain

OnY (o) Pute) = | K (*5 2 a+ y)ulu)dy

=5 | (e w (Gt gty = [ [ Fla€mpasutyan

where F(z,&,y) = (2m)~! [, e~ t)§K< T+ y)dt If we can inter-

change the order of integration, then

// (@ &dguln)dy = [ [ P&t

[ R (o)
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:om( / *“SK(Q x+y)dt) () = Op)Y (6)u(x),

which leads to the statement of the theorem.

It is sufficient to prove

J[ e sputnisay = [[ Feg gty

for v € C§°(R) (on the Schwartz space) and then continuously extend
the identity to L*(R).

Since for any p supp K(-, ) € supp o(+, ) C [a,b] for some a,b € R,
due to Corollary |F(z,y,9)] <, (y)72(€)72 for any z. Hence,
F(z,-,-) € LY(R?) for any x, and we can apply Fubini’s theorem to

change the order of integration. Therefore,

5 (0pY (9)) = 51 (0P} ().

Any o € L? can be approximated by a sequence of smooth symbols

o, € C§°. Due to Plancherel theorem

i - // (%3

//|K)\u|d,ud)\——//|f (1) [2dpd
— o= [ 1o Pddx = -l

Thus, convergence o, — o in Ly implies the convergence
Op,'(c,) — Op)¥(c) in the Hilbert-Schmidt norm, which implies the

convergence in the operator norm. Note that o, — ¢ in L? also implies

2
dxdy

y,x‘i‘y y7x+y>

JopY @I, = |5 (%5

0, — 0. Indeed, since
5(1.6) = 2P e[ F o0 0] (5. 21) | t.0),
due to the Plancherel theorem
|6y — |2 = 2||on, — ||z — 0.

Therefore,
Op,"(6) — Op,"(5),

which finishes the proof. O
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Recall the main operator (/5.0.1))

Onoyute) = 5 [ 5o (T, €)uty)aig

:27T

with o(t,&) = x>0} (t) - Xqe<ery (1, €) - a(t, &), where

a € C§°(R x R) with supp a C [—R, R)*.

The initial symbol ¢ is discontinuous but compactly supported. Since the
kernel of the operator Op)'(c) is a discontinuous function, we cannot
apply Theorems [3.2.1] directly. Instead, we can reduce symbol
o to a new equivalent one (in terms of spectral analysis), symbol &, via
Theorem[5.1.3] It turns out that the new symbol & is no longer compactly
supported; however, it is a smooth function with a low rate of decay. The
tools introduced in Section help to estimate singular values for such
type of symbols.

To estimate the eigenvalues of the model operator we split symbol
U(x_;yf) =01(2,y,&) + 02(x,y,§), where

o1 =C((r—y)o, o= (1—-C((x—y))o, J=2R (5.1.2)

The first symbol oy is supported outside the strip {|z —y| > ¢}, thus, we
do not deal with the singularities when analysing the functions like x%y
(for example, if we integrate by parts). Conversely, the other symbol,
09, allows to apply specific estimates since x and y are relatively close to

each other.

We need this split to emphasise the main part of the symbol ¢ which
corresponds to the operator Opj(cy). This operator, in turn, can be
decomposed into a sum of two operators, 11 + 15, s.t. 17 has a kernel
supported on {zy < 0} (see Example[5.1.2)) and, thus, a symmetric spec-
trum (which implies the same rate of decay for eigenalues as for singular
values, which is O(k™' log k) as we will see below). The operator T along
with Op{(o2) are the remainder terms, which have a faster rate of singu-
lar values decay, which is O(k™1).

As follows from Theorem the spectral properties of the main op-
erator Op\fv(a) are the same as the spectral properties of its main part

T,, in the representation
Oop, (o) = T, + 1o,

where Tm = T1 c 81 and Tr = TQ + Op?(O’g) < Sl,oo~

The lemmata below explain this in detail.
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Lemma 5.1.4.
OPT(Ul) =T+ 15,

where T} is a self-adjoint compact operator with a symmetric (with respect
to the origin) spectrum satisfying and defined by

‘ ce?y?)  Cop(r — y)a(Zhy, dziy)
Thu(z) = o RX{ac+y20} etz " —(y2 2 )u(y)dy,

Opi(01),T1 €Sy, Ts € St -

Proof. Step 1.
Due to Theorem m the kernel K (IT“’, T — y) of the operator Op{(o)

is represented by

1 .
KO ) = 2 xpuor - Go(40) / ¢ - a(), €)de

27 (—o0,cA]

C()

= ——X{)\>O}€'u )\ZZ]aja )\ C)\)

(u)
o > NaCWHE (513

where § = 2R, F(-,u) € C3°(R) and ‘3&0{2F(x\,u)| < Cpp - pF=t for any
[,k>0.

Indeed, the integration by parts N times (the number N will be defined
later) when p # 0 gives

/ e - a(N, €)d¢ = WZN“&J AN
(—o0,cA]

7=0

N
+Z—N/ N a (N, €)de.
K J=ReN

Taking F'(\, i)

above, since

=t f[ Rex € .9 a (X, €)d€ we obtain the result claimed

3§F(-,u) Sa,c,k,N Mk_l'

Therefore, we may split operator Op{(co;) into the sum T} + Ts, where
T} is defined in the statement of the theorem, T5 is an integral operator
defined by

Tou(z Z/ xﬂ/ T — >U(y)dy,

where

N : Golp
Kj(A p) = —§X{A>0}€ “%a(k,c/\)%,

j=1,2..,N—1,
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KN()\MLL) = X{)\EO}F()UM) Z(]/\U[L)

Step 2.
Note that for any compact operator T s, (wlng) = S (T), if |wy(x)| =
lwa(y)] = 1 for almost all x and y, since operators T and w;Tws are

unitarily equivalent (see [3, §1.6])
2

=

 ca? .
Thus, taking wy(z) = €'z and ws(y) = e~ 2, we may consider up to

unitary equivalence

x +y cx + cy) Cs(x — y)u(y)dy.

T = T4 T )
1u(z /X{ +y>0}a 5 p—

Using the remark to Theorem we get s,(17) = sg(Opi(d1)), where

G(t,€) = /eiséKo(g,zt)ds,

with

)
Kohi) = —goxgssor -ah ) S

Applying Remark [3.3.13| for [ag, a1] = [0, 2R]

¢ (1+4i€0\) Ky
€2 (&2

/ e Ko(s/2,2t) ds = @'iKo(o, 2t) +i
[0,2R]

G (0.2t

6155(1""25@\) < — G(t) 1 G(t) Ri(§)
+/[m] e 8/ 20)ds = By 25 257 T

where Ry = 20 9k R, € L°(R) for any k > 0.

a7

Since <5 ) € 1"°(R), using Theorems |3.3.1| and |3.3.14| we get

ops (2ol +9) 1 Gty R

Tty @)681’ Opl( Tty '<€>2>€Sl’°°'

Hence, the main part of the model operator is unitarily equivalent to a
new ¥DO,
T1 >~ Op?(&l) S 81.

Step 3.

Similarly estimate the singular values of operators with kernels K, j =
1,..., N —1 (which decay faster than K as functions of x). Each of them

can be reduced to

a Cg(ZE—f—y)R](f) k. oo
Op1<($+y)j - )eglm, O"R, € L*(R).
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Slightly differently we deal with the kernel Ky, since F'(\, i) might not
allow the separation of variables A\ and p. Reduce to Op{(Gy), where
due to Remark 3.3.13

_, & FO2060) & (1+iE0)F
(€)? tN (€)2 (£)?

t e (1H0€0\)°F
+€6t—](v)/[02m€ 5—( <Z§>4/\) (s/2,2t)ds.

(0,2t) - Go(t)

tN

&N<t7 5)

Since |O¥F(s/2,2t)] < th=1,

~a,c,k,N

) CLAM 1 AW 1 A1)
W)=y e e oy

where A, Ay, 0§ As(t,-) € L™(R), [0fAs(-,€)] < tk+1. Therefore,

~va,c,k,N

using Proposition [3.3.3| with ¢ = 1,n = 2

w( 1 As(t,§)
Op) (W—WV )es
for N > 5. Indeed, in this case |9} (A2(t, &){t)™™)| Sporn BN <
(t)~2 € LY(R), k = 0,1,2.

Since OpW(%’?;&) + @ﬁ%) € S1.00, Tn € S1 o

Note that since supp a € [—R, R]?, the kernel of T; satisfies .
Indeed, |z + y| < 2R along with |z — y| > 2R imply zy < 0. Thus, the

spectrum of the operator is symmetric.

O

Remark 5.1.5.
Examples of the boundary 02 when the method is applicable.

In Section we discussed the case with smooth boundary (which gives
estimate O(k~1)). A natural question is whether we can consider a
curved angular area, i.e. o(t,&) = o7(t,€) = xp=01(t) - xge<r@n(t,§) -
a(t, &) where f is a smooth function.

It turns out that the method applied above is applicable only for linear
functions f (and for the standard angular region). Indeed, as it was
shown in the proof, the reduction of the main operator to a suitable

unitarily equivalent one requires the identity of the form

TS — (iG1@)6iC2 ) — By () Fy(y),
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which is equivalent to

r+y
2

(= )f(57) = Gi(@) + Galy) (5.1.4)

for some functions G; and Go

Lemma 5.1.6. Representation is equivalent to f(t) = cit + ¢

for some constants ¢y, cs.

Proof. Definitely, f(t) = ¢t + ¢y admits the representation. To prove the
G;(22)
2

other direction of the statement we denote H;(z) = . This implies
(x —y)f(z+y) = Hi(z) + Ha(y).

Taking y = = we obtain Hy(x) = —Hs(z) =: H(x).
Thus, for any real ¢, s the following holds

(s—t)f(s+t)=H(s)— H(t).
Take ¢t = 0 and obtain H(s) = sf(s) + H(0). Thus,
(5 = 1) (s +1) = s/(5) — £(0).

Thus,
(s =2)f(s) = (s = 1)f(s = 1) = f(1),

or equivalently

fs) =22 pts 1) - L
Repeating this formula s — 1 times (for s,s — 1,5 — 2, ...,2), obtain
o= 0l et
_s=ly o fO6-1)  fM6-1)  f1) _
e EAS At Ul sy oy Sl po T e By
s—1 1

= (f2)=f(1))s+2f(1)=f(2)

]

Remark 5.1.7. Since we consider f(t) = ct and the singular values esti-
mate does not depend on ¢, we can take ¢ = 0 and consider the quadrant

{t > 0,£ <0} in the main operator description.
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Lemma 5.1.8.
Opi(oq) € S1,005

where o9 s defined in .

Proof. To obtain the estimate Op{(o2) € S;,0, We proceed in the same
way as in the Lemma [5.1.4] except we do not decompose the kernel
K (X, p) of the operator Opj(os) as in (5.1.3). Note that the kernel K is
compactly supported on R2.

Thus, we reduce the symbol o5 to the symbol 5 (the operators Op{(dq) >~
Opi(0oy) are unitarily equivalent), where due to Remark

€ K260 ;¢ (1)K
GEE €

t e (14+0€0))°K
+C§t_](\7)/[02R]6 5%(3/2,21&)(&

Therefore, since supp K (-,-) € [0,2R] x [-2R, 2R),

A(D) | Ait) | A(t€)
© e T (o7

where A, A; € C°(R), [9]"0tAs(+, )| € L>*(R?). Therefore, using Propo-

sition with ¢ > 3

o) <N

1
2

G(t)

tN

02(t,€) = (O 2t)

&2<t7 f) =

Theorems and (3.3.14] imply

OpW(%) € Si00, OpW(

]

Since all the auxiliary results have been derived, we can decompose the

model operator as follows.

Theorem 5.1.9. The operator can be decomposed as follows
opY(o) =T, + T, €Sy,

where T, € S «, the main part of the representation, T,,, is a self-adjoint
compact operator with a symmetric (with respect to the origin) spectrum
defined by

i) Gr(T — ) —y,”
Tm“('x) - T 5~ / X{z+y>0}" e e 2 ( 2 ) (y>dy € 81
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and is unitarily equivalent to Op)' (&), where

o(t, &) =

a(0,0) Gr(2t) 1 Gr(2t) 1
A t & i t Q< )

Remark 5.1.10. For the spectral estimates due to (3.3.11)) the cut-off
function (3r(2t) can be replaced with (og(t).

Remark 5.1.11. Let A, B, C be 3 non-collinear points on the (¢, £)—plane
and ZABC be the interior of the corresponding angle on the phase space.
Define ¢ := tan (<IABC — %) Since singular values of an operator are

invariant under translations and rotations (see [8, Ch.2, Lemma 2.14],
[11, Th. 6, p.3327]),

s6(0py (C(t, )x2a8c)) = si(ODY (C(t, ) xiz0e<et)) = O (K log(k + 1)),

where ((t,€),{(t,€) € C3*(R?) and ((t,€) = ((t1, &), where (t1,&) are

new variables (after the substitution which shifts the angular region
ZABC to the angular region {(¢,€) |t > 0,& < ct}).

Remark 5.1.12. Since T} is a self-adjoint operator satisfying (5.1.1]), due
to Example [5.1.2

A7 (0D (30)) = At (09 () = s (OpY ) — 0B,

Remark 5.1.13. The estimate for the eigenvalues of the model operator
can be obtained even in the case when the point spectrum is not sym-

metric. We appeal to the following fact.

Proposition 5.1.14. (4, Ch.11, §5, Th.5, p.260] For any compact operator
T and p >0

k k
STIMDP <Y s (T, k=12,
r=1 r=1

where {\.(T) },>1 is the sequence of eigenvalues of T enumerated (counted

with their multiplicity) so that {|\.(T)|} is a non-increasing sequence.

Let’s apply this Proposition for our operator. If 0 < p < 1, then for
k>1

k k
EINEODY (@) < max { 3TN OB (), D 1A, (OpY (o)}

r=1

k k k log k
P log? r log? x s _
E < E < — pt—pt
<sr Op)Y (o > <. i /1 e dx /0 tPe'Pdt

r=1 r=1
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log k
tPet—nt log k
= — p/ e Pt <, (log(k + 1))P - k'
I—p 0 0
Thus,
NEOpY (o) <, R L),

Note that due to the Proposition for any compact operator T', the esti-
mate si(7) S k7P (log(k + 1))P2, p; > 0, implies A\e(7T") < k77 (log(k +
1))P=.

5.2 Asymptotic formula via Dauge-Robert
result

Recall that the main operator (5.0.1)) can be decomposed (see Theorem

5.1.9) as follows
Opy (o) =Ty, + T,

where T),, ~ T" are unitarily equivalent,

0,0 0,0
7= “Oope) = Wloprcatie ) e s,
and
T. €8 .

Using tools from Chapter [2 we state

Theorem 5.2.1. The following asymptotic formula holds

o) - 4 (2

as k — oo.

Proof. Let’s compute the spectral volume function V. (see Definition

2.1.2) directly.

a(0,0)
47

a(0,0)
)\.
Y

2V ( e ™) = dtde

/2>t>1; CE=1(g)"1>A

+ / dtde¢.
t>2; 7))~ 1>A

The first integral can be estimated as follows

1 1
/ dtdgg/ dtdé < [ —1< <.
2>t>1; C(H)t—1{E) 1> 2>t>1; (€) 1> A A
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For the second integral, we have ﬁ > % > A, thus, [£| € [0, \/ & -1 ]
and

Vor—!l [wox 9 Vol 1
/ dtdé = 2/ / dtd§ = — —d£
t>2; t-1(€) 1>\ 0 0 A Jo VE+1
2 /1 1 2 1 _
Therefore,
a(0,0) . a(0,0) I 11, 1 1
) — 2. oo = -
V+< 47 A 47 (e ) T A 08 A +Q()\>’ A= 0+

Finally, the volume spectral function for the main operator

! ) = CL<O’O>Jclogx +0(x), x— (5.2.1)

V. (—; 0
7 2
Using Remark and the example of log-power function for

Theorem [2.1.6]

a(0,0) log k
A2k

A (Th) = Af (opYV((})) - (1+3(1), k— oo.

Since Op;" (o) — T;, € Si.00, due to Theorem [2.2.14

a(0,0) log k
Ar? k

A (0pY (9) = N (Th) = (1+0(1), k- oo.

The same result holds for negative eigenvalues since the spectrum is

symmetric. O

5.3 Asymptotic formula via reduction to
model VDO from DO

In this paragraph we reduce the study of the spectral counting function
of the model pseudo-differential operator to the analysis of differential
operators (DO) using the Birman-Schwinger principle. The reduction
process leads to a Schrodinger operator with negative potential defined

on a real number line R.
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Let’s start with some preliminary results. The following lemmata repre-
sent DO and DO-related operators in the DO form.

Proposition 5.3.1. [/, Ch.8, §5, p.198]
Let a,, € C, 0 <m < M and D be a differential operator defined by

Du = Z am-ldxmu

Then

D=F'( Y ang")F=0pi( X ang"),

M>m>0 M>m>0

where Y(§) = 3y sms0 @m&™ denotes the multiplication operator.

Lemma 5.3.2. Operator (Hy + 1)"2 defined on W2(R) admits the fol-
lowing representation

(Ho+1)"2 = Opi((6) )
Proof. Due to Proposition [5.3.1

(Ho+ 1) =F &+ 1)F =0pi (& +1).

Note that
2
(FVETIF) = FETIFF Ve IF
= F e IVEeHIF=F ¢+ 1)F=Hy+ I

Therefore,

(Hy+1)2 = F'\/E&+1F.
Moreover,

1 1
FIWEeHIFF ' —me—F=F W@+ 1l——F=F 'F=1

/52 + 1 /52 + 1

Hence,
1 1
(Ho + I)_5 =F '———F
NS

Finally,

1 1 : 1 1
(o +-1) Sute) = = [ e itpte = Opi( =),
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Remark 5.3.3. The following representation holds
(Ho+ )72V (Ho+ 1)"% = (Ho+ 1) 2V2VE(Hy + 1)72 = A™A,

where

A= Op}(V(2)2(§) 7).

The main part of the reduction process is based on the following principle.
It turns out that the counting function of a specific pseudo-differential
operator coincides with the counting function of a certain lower semi-

bounded differential operator. Namely,

Theorem 5.3.4. ("Birman-Schwinger principle’ )

#(—=1,Hy —gV) = n(%,opi‘(%—vggm)».

Proof. Note that (see [4, Ch.9, §2, Th.6, p.213]) for any self-adjoint com-

pact operator 7" and any number A\ > 0
n(\, T) = max{dim M|M is a subspace of functions ¢ in L?(R)

with (T¢,9) > A - [|[¢]*}

and for any any self-adjoint and lower semibounded operator L and for

any number pu < 0

#(p, L) = max{dim M|M is a subspace of functions ¢ in Dy,

with (L, ) < p- [[¢]|*}.
Define

m; = max{dim M;|M, is a subspace of functions v in WZ(R)
mo = max{dim M;| M, is a subspace of functions v in (Ho—i—f)%(W;(R))
) 1
with (—Bi, ) < —guwuz},

where operator B = (Ho+I)"2V (Ho+1)"2 can be expressed as a product

A*A with A =+/V - Op?(\/;?) due to Remark [5.3.3]

We claim that m; = mas.

Indeed, if » € M; (where M; is some subspace in the definition of m;),
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then —||v]|*> > ((Ho — gV )%, %), which is equivalent to

(gVp, ) > (Ho + I)p,00) = ((Ho + I)3¢, (Ho + 1)),

Let w = (Ho + I)24p € (Hy + 1)z (WE(R)).
Then, plugging ¢ = (Hy + I)’%w in the estimate above, we obtain

(w,w) = ((Hy + D)2, (Hy + )29y < (gV (Ho + 1) 2w, (Hy + I) "2 w)
= (g(Ho+ I)"2V (Ho + I) 2w, w) = (gBw, w),

Therefore,
1
(=Bw,w) < ——|w|]®
g

and w = (Hy + )29 € M, (some subspace defined in the definition of
ms). Moreover, since (Hy+I)2 is invertible operator, the maximal num-
ber of linearly independent functions w satisfying (—Bw,w) < —§||w||2
is not less than the number of linearly independent functions v € M;.

Thus, mo > my.

Conversely, if w € M,, then define 1) = (Hy+1) 2w € W2(R). It follows
that

—[[el* > (Ho — gV)¥, )

and ¢ € M;. Similarly, since (Hy + ])_% is invertible, m; > msy.

Hence,

N[

)

#(-1, Ho + gV) = = ma = (= < ~(Ho + ) HV (o + 1)

where A is defined in Remark [(5.3.3]

Common restriction of 2 self-adjoint operators

The motivation to study different lower semibounded operators in Chap-
ter 4] comes from the fact that they might have a common restriction.
In this case one can infer some information about the spectral counting

functions of these operators.

It turns out that the two self-adjoint extensions of a common closed sym-
metric operator have counting functions, which differ by a finite number.

Namely, the following theorem holds
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Proposition 5.3.5. (/4, Ch. 9, §3, Lemmata 2, 3, p.214-215]) Let Ay
be a closed symmetric operator with discrete spectrum and finite equal
deficiency indices v4(Ag) = n. Let A = A*, B = B* be two its self-
adjoint extensions. Then for A € p(A) N p(B) (where p(-) stands for the
resolvent set of an operator) the quantity rank((A—XI)~'—(B—XI)~') =
r s finite and

#O0,A) = #O B <7 <.

In this paragraph consider

) _ Gl

x? x?

V(x) .
Since V' € L*°(R), the operator p = gV is dominated by —A, and we can
apply the results from Chapter [4] to obtain the estimate for the counting
;ﬁ‘}), which is in the same Weidl
operator class as the main operator ((5.0.1)).

function of the model operator Opi‘(

The following reasoning helps to establish the connection between the
model operator and the operator whose spectral counting function has
been estimated.

We consider a suitable Schrodinger operator H(_. ) with the same
counting function (see Theorem [5.3.4), which we try to estimate with
the same upper bound as for #(—1; —p; (a,b)) (Corollary and Re-
mark For this purpose, we take the decoupling Lg, whose counting
function equals to #(—1; —p; (— R, R)) and try to find a suitable common
restriction of H(_o ooy and L — p (the operator Lf, — p), since due to
Proposition this means that their counting functions differ by a

constant number.

This reasoning leads us to the result, which is the theorem below

Theorem 5.3.6.
n(Op(C(t)t’1<£)’1),x’1) = %xlogm +0(z), x— oc.

Remark 5.3.7. This is in line with the result (5.2.1). Indeed,

w(Op(c ) ) ~ v (D) + v ()

x
2

~ —xlogx, v — 0.
T
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Thus,

n<a(070) Op(((t)t_1(§>_1),x_1> ~ Lxlogx, T — 00.

272
Therefore,

a(0,0) log k
212k

so(“C0p e =

yp (I1+0(1)), k— oc.

a(0,0) log k
4n2 k0

Finally, sop = )\,jfE ~ k — oo which repeats the result of

Theorem [£.2.11

Proof. Take p = gV = ¢ - %, R = /g and A = —1. The operators
H(_x,x) and Lg are self-adjoint extensions of the operator L% — gV.
Thus, due to Proposition [5.3.5 and Corollary

#(=15—p; (—00,00)) = #(~1, L) | < v (L — gV) =2

Lemma implies #(—1, Lg) = #(—1, L%).
Using Theorem [5.3.4] we obtain

n(Op1 (COE (&) 1),977) = #(~1, Hy — gV)
= #(—Li—pi (=00, 00)) € (#(~1,L%) = 2. #(~1, L) +2).

Remark for a = 2 implies

1
#(=1.L75) = —Vglogg +O(vg), g— 0

which finishes the proof.

5.4 Additional remarks and conclusion

In this Section we describe two corollaries of the main result, Theorem
0. 1.9

Let’s see how the asymptotic formulae change in the case of the angular
boundary, if one of its sides becomes smooth (in terms of the properties
of the corresponding smooth function a), i.e. the boundary of the domain

is described by a straight line.

Recall the main result of the previous Chapter. If we impose some ad-
ditional conditions on function a, namely, if symbol o(t,&) := x>0 () -
Xqe<0} (&) - a(t,§), where a € Cg°(Ry x R), i.e. supp a C [¢, R] x [-R, R]
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for some positive numbers €, R, then Op)¥(c) € S w.

Indeed, in this case a(0,0) = 0 and the following representation (Theorem
5.1.9)) of the main part of the symbol o holds

- . a(O, 0) CQR(Qt) 1 CQR(2t) 1
=T gt )
 Gnl(2t) 1
— Rt Q<<§>2>

Due to Theorem Op,"(¢) along with Op}"(5) € S, which con-
firms the result of Theorem [3.2.8

The following theorem states that the estimate k~!log(k + 1) holds for

any polygonal region.
Theorem 5.4.1. Let Q) = A1 A,... A, be the interior of an n—sided poly-
gon on the (t,&)-phase space. Then

OPYV(XQ) €S;.

Proof. First we prove the statement for any triangle A = A; A3 Az, then
split the polygon 2 into n — 2 triangles, €2 = U1§j§n72 A;, using Remark

P21 and (@23)

se(0pY (xe) S Y sk(0pY (xa,)) S,

1<j<n—2

-, kM og(k +1).

To prove the theorem for the triangle A, we introduce a smooth function
a € C°(R?) s.t. a = 1 on the interior of triangle A, |a] < 1 outside the
interior of A (see Fig. below).

Split symbol y, as follows (Fig. [5.2))

XA = AX2A Az Ag — AX{t<ia a,} + aX/ByA1By + QX /By AsBy»

where 4, 4, is the line passing through A; and As.

XA = XA1A243

A, A,
A a(tf§)\=1
A As Ay Ay
By \ By //
B/z \Bzz /0 < r'(f»f)xl

a(t,§) =0

Figure 5.1: symbol y, and function a = a(t, )
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442 442 AZ

a(t/&)\=1 a(t/e)\=1 n%) =1
A Ay Ay As
/ /

Ay Az
/ \ / / \
/n <a(t,€) <\1 0 < a(t, &) Q1 /U <a(t.€) <\l

AX /A As Ay AXB A By T AXByA3By

AX{t<la, a4}

Figure 5.2: functions ax, 4, 4,45, @X/ByA; By + AX/ByAsB, a0d AX{t<la, a,}

Theorem implies OP}N(CLX4A1A2A3), Op}N(aXZBu‘th) and Op\lN(aXZBzAszzl) €
S,. Theorem gives Op\fv(@X{tglAlA?’}) € St 00

Finally, due to Theorem [2.2.14] Op}¥(xa) € S.
O

In conclusion, we notice that for asymptotic estimates sometimes we
treat YDO as an integral operator and study the properties of its kernel
to apply corresponding tools (Section , sometimes we "reassemble”
the symbol in such a way that a new symbol satisfies conditions of The-

orems |3.3.1], and continue to deal with a new WDO.

Splitting the kernel or the symbol into parts and applying Ky Fan’s in-
equality, we can obtain asymptotic estimates for eigen/singular values,
However, it is impossible to use the same approach to obtain an asymp-
totic formula if the parts have the same order of s-numbers decay, and
there is no way to apply the results of perturbation theory, Theorem
That is why, if the boundary is a broken line and has at least
2 angles (e.g. the boundary is a triangle/polygon), the contribution of
each angle to the main term of the asymptotic formula is ﬁ lolf * Adding
these parts might compensate the main terms, thus, we are not sure if
the estimate O(k~!log(k + 1)) is sharp.
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