Effects of XX-catalysts on quantum annealing spectra with perturbative crossings
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In adiabatic quantum computation the required run-time to reach a given ground-state fidelity is
dictated by the size of the minimum gap that appears between the ground and first excited state in
the annealing spectrum. In general the presence of avoided level crossings demands an exponential
increase in the annealing time with the system size which has consequences both for the efficiency
of the algorithm and the required qubit coherence times. One promising avenue being explored
to produce more favourable gap scaling is the introduction of non-stoquastic XX-couplings in the
form of a catalyst - of particular interest are catalysts which utilise accessible information about
the optimisation problem in their construction. Here we show extreme sensitivity of the effect of
an XX-catalyst to subtle changes in the encoding of the optimisation problem. In particular, we
observe that a targeted catalyst containing a single coupling can significantly reduce the gap closing
with system size at an avoided level crossing. For slightly different encodings of the same problems
however, these same catalysts result in closing gaps in the annealing spectrum. To understand the
origin of these closing gaps, we study how the evolution of the ground-state vector is altered by the
presence of the catalyst and find that the negative components of the ground-state vector are key
to understanding the response of the gap spectrum. We also consider how and when these closing
gaps could be utilised in diabatic quantum annealing protocols - a promising alternative to adiabatic
quantum annealing in which transitions to higher energy levels are exploited to reduce the run time

of the algorithm.

I. INTRODUCTION

Quantum annealing (QA) is a continuous time quan-
tum algorithm proposed as a means of solving NP
combinatorial optimisation problems faster than can be
achieved classically [1-3]. Being able to solve these kinds
of problems has real world applications ranging from
portfolio optimisation [4] and resource allocation [5-7]
to transport optimisation [8]. In these applications it is
of great interest to be able to find the best solution in
the shortest possible time.

QA proceeds by initialising a quantum system in the
ground-state (GS) of a local transverse field, and evolving
to a Hamiltonian whose ground-state encodes the opti-
mal solution of the problem to be solved. If the evo-
lution proceeds adiabatically, the ground-state of the fi-
nal Hamiltonian is obtained with high probability at the
end of the anneal. How fast the anneal can be carried
out while keeping the system in its ground-state is de-
termined by the adiabatic theorem [9]. In its simplest
form, this states that the total evolution duration must
be inversely proportional to the square of the minimum
energy gap between the ground and first excited states in
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the energy spectrum of the total Hamiltonian. The scal-
ing with the problem size of the annealing time required
to maintain adiabatic evolution thus depends on scaling
of this gap minimum.

Early results that focused on randomly generated in-
stances of the exact-cover problem for small system sizes
suggested that the minimum energy gap scaling may be
polynomial [10], which would allow QA to find the so-
lution efficiently. However subsequent studies have sug-
gested that we can generally expect exponentially closing
gaps in the annealing spectrum resulting from the pres-
ence of first order phase transitions [11-15]. A particular
problem which has been highlighted is the potential for
so called perturbative crossings to form between the low
energy eigenstates of the problem Hamiltonian towards
the end of the anneal [16, 17]. The corresponding energy
gap has been found to be exponentially small with the
Hamming distance between the eigenstates, which can
generally be expected to grow with the system size [16].
Additionally, it was argued in [17] that the probability
of no such crossing forming would decrease exponentially
with the number of states that had energy comparable
to that of the ground-state, suggesting that the likeli-
hood of not encountering such a transition vanishes with
increasing problem size.

Overall, these results confirm the standard assumption
that quantum algorithms such as QA are unlikely to be



able to change the complexity class of NP-hard optimisa-
tion problems [18]. What is more likely is that they will
offer a quantitative improvement to the run-time, even
if the time scaling remains exponential with the problem
size. Indeed, there have already been some promising
results in this regard, with QA showing a quadratic im-
provement in time scaling over simulated annealing for
finding the ground-state of random Ising chains [19] as
well as solving the Max Independent Set (MIS) prob-
lem [20]. However, even if we are not expecting QA to
be a polynomial time algorithm, the exponential scaling
in the annealing time still presents a problem in that it
demands exponentially long qubit coherence times. Co-
herent quantum dynamics were recently demonstrated
on the D-Wave Advantage hardware [21]. Significant
effects of decoherence were however seen for annealing
times greater than a few nanoseconds. Other platforms
may have longer coherence times than this [20]. Without
the error correcting framework that exists for gate based
quantum computation, however, exponentially long an-
nealing runs remain intractable.

It is therefore desirable to move the exponential scal-
ing from the anneal time to another part of the algo-
rithm such that, even if the algorithm as a whole has an
exponential total run time, the length of each annealing
run is sub-exponential and therefore more likely to be
within the coherence lifetime of the hardware. The most
straightforward way to do this is to carry out an exponen-
tial number of anneals with sub-exponential run-time. In
this way, one can still achieve a high probability of mea-
suring the GS overall - even if the final ground-state over-
lap at the end of each individual anneal is exponentially
small as a result of being far from the adiabatic limit.
One way to improve upon this basic approach would be
to find ways to utilise information obtained from each
annealing run to alter the annealing path in some tar-
geted way in order to enhance the final GS overlap of the
subsequent anneals.

A number of works exist in the literature which ex-
amine how different changes to the annealing path affect
the gap spectrum, and therefore the final GS overlap.
These studies typically focus on the inhomogeneous driv-
ing of the transverse field [22-28] or the introduction of
an additional non-monotonic term to the Hamiltonian
referred to as a catalyst [14, 25, 29-36]. In general, the
goal has been to enhance the size of the minimum gap
in the annealing spectrum [14, 22-25, 27, 29, 31-33, 36].
However, a higher GS fidelity can also be obtained by
manipulating the spectrum such that a diabatic anneal
is possible [26, 31, 34]. In this case the goal is to pro-
duce a path through the annealing energy spectrum that
exploits transitions to higher energy states such that the
system subsequently returns to the ground-state. When
this can be achieved, the small energy gaps at which these
transitions happen no longer present bottlenecks to the
algorithm, and if all other gaps in the spectrum close
no faster than polynomially with system size, a poly-
nomial QA run will end with a high overlap with the

ground-state of the problem Hamiltonian. This exploita-
tion of transitions has been shown to result in exponential
speedup for the glued trees problem whose structure re-
sults in a symmetric annealing spectrum that is naturally
amenable to diabatic QA [37].

For the most part, these studies have not attempted
to tailor the path change to the specific problem instance
but rather have been studying the effectiveness of differ-
ent drivers and catalysts in different settings. However
there are some examples in the literature of where prob-
lem specific information is utilised. It was shown in [23]
how knowledge of the local optima could be used to ad-
just the relative strengths of the local X-fields to remove
or weaken perturbative crossings. The same authors
worked this idea into a recursive strategy that utilised
the fact that sub-exponential annealing runs were likely
to return the local optima responsible for the formation
of the perturbative crossings in the spectrum. A more
recent work [34] showed that by coupling local optima to
each other, one can replace a single avoided level cross-
ing with a correlated double avoided level crossing - thus
facilitating a diabatic anneal. Further to this, diagonal
catalysts that bias towards the GS have been found to
result in significant gap enhancement [35]. However, as
the authors note, knowledge of the local optima does not
always give a good indication of where in the state space
the global optimum might be.

There has been significant interest in understanding
if the introduction of XX-couplings could result in more
favourable gap scaling. In particular, there has been a
desire to explore the use of XX-couplings that result in
annealing Hamiltonians that are non-stoquastic. Non-
stoquastic Hamiltonians are those which contain posi-
tive and/or complex off diagonal elements and have been
linked to qualitatively different behaviours to what can
be observed in the stoquastic setting [34, 38]. For the
p-spin [14, 32, 33] and Hopfield models [30], all-to-all
non-stoquastic XX-catalysts have been shown, both ana-
lytically and numerically, to reduce the first order phase
transition to second order. This is in contrast to more
recent results [39] which suggested that non-stoquastic
Hamiltonians will generally have smaller gaps than sto-
quastic ones. Additionally, for the weak-strong cluster
problem, it was found that whether stoquastic or non-
stoquastic XX-couplings removed the phase transition
depended on where the couplings were applied [25]. For
the frustrated Ising ladder it was found that neither sto-
quastic nor non-stoquastic XX-interactions were able to
remove the first order phase transition for their choice
of couplings [40]. The fact that the introduction of XX-
interactions can have such strikingly different results, de-
pending on the system they are being applied to and
which specific couplings are used, suggests that it may be
possible to utilise problem specific information in the con-
struction of such catalysts. Indeed, some light has been
shone on how the effect of particular XX-interactions re-
lates to the couplings they produce between states in the
problem Hamiltonian [33, 41].



In this work, we aim to further add to the understand-
ing of how different catalyst Hamiltonians affect the an-
nealing spectrum. Specifically, we examine the effect of
a targeted XX-catalyst, inspired by ideas introduced in
[33, 34, 41], and chosen to enhance the minimum gap size
at a perturbative crossing. Using the maximum weighted
independent set (MWIS) problem to construct our an-
nealing instances, we show that the effect of this catalyst
is strongly dependent on arbitrary small changes to the
parameters of the problem Hamiltonian which alter the
severity of the exponential scaling associated with the
perturbative crossing that forms in the original spectrum.
In particular we observe that, when applied to a setting
where the exponential closing of the gap minimum is com-
paratively milder, the catalyst is able to produce signif-
icant gap enhancement, ¢.e: an increase in the gap size
from its value when no catalyst is applied. When applied
to a setting where the gap scaling associated with the per-
turbative crossing is stronger however, this same catalyst
results in closing gaps in the annealing spectrum. More
specifically, we observe that as we increase the strength
of the catalyst, we first observe a closing of the gap at
the perturbative crossing followed by the formation of an
additional gap minimum earlier in the anneal.

We structure this paper as follows. We first introduce
our annealing problem setting in Section II. The struc-
ture of the annealing Hamiltonian and the catalyst term
is described in Section ITA. In Section IIB we describe
our process for creating MWIS problems and its relation-
ship with the theory of perturbative crossings. In Section
I C we demonstrate how the MWIS problem parameters
can be tuned to produce such a perturbative crossing,
and also how they affect the scaling of the minimum en-
ergy gap against system size. With the problem setting
established we then, in Section III, examine the effects
of introducing targeted non-stoquastic XX-catalysts. We
describe our choice of catalyst and show, in Section IIT A,
that for parameter settings which result in a perturbative
crossing with weaker associated gap scaling, the catalyst
is able to drastically reduce the gap closing rate with sys-
tem size. We then, in Section III B, apply the same cata-
lysts to problems for which the perturbative crossing has
a stronger associated gap scaling, and in this setting, we
show that the effectiveness of the catalyst in enhancing
the minimum gap size is drastically reduced. It is in this
setting that we observe the aforementioned closing gaps
in the annealing spectrum. In order to shed some light on
the source of these closing gaps, as well as why the effect
of the catalyst differs in these two settings, we examine
how the evolution of the ground-state vector is affected
by the presence of the catalyst. We also present results
for intermediate parameter settings in Section IIIC. Fi-
nally, in Section IV, we discuss the implications of our
results with regards to where we expect these catalysts
to be useful, how information from short annealing runs
could be utilised in their construction, and also how these
catalysts may be able to be extended to more complex
and general graph structures.

II. PROBLEM SETTING

We are interested in examining the effects of XX-
couplings on perturbative crossings - a type of avoided
level crossing (AC) that can form towards the end of the
anneal between problem states that are close in energy.
In particular, we wish to compare the effects of the same
XX-coupling on perturbative crossings with different as-
sociated gap scaling. We construct a scalable instance of
the MWIS problem that allows us to easily adjust key
properties of the problem Hamiltonian that are respon-
sible for the formation of such crossings. The MWIS
problem is a natural choice due to (a) the free parame-
ters present in the encoding of the problem into an Ising
Hamiltonian and (b) the ease with which we can change
the energies of the states which are one bit flip apart from
each other. (The importance of this will become clear in
Section IIB.) The MWIS problem is also NP-complete
meaning that any other problem in NP can be mapped
on to it [42].

A. Hamiltonian

Our annealing Hamiltonian takes the form
H(s)=(1—-s)Hg+s(1 —s)H.+ sH,, (1)

where Hg, H. and H,, are independent of s and denote the
driver, catalyst and problem Hamiltonians respectively.
The dimensionless annealing parameter, s, is varied from
0 to 1 over the course of the anneal such that H(s) evolves
from H(0) = Hy to H(1) = H,. We consider the anneal
in a static setting and so it is not necessary to specify
how s is varied with time except to say that it increases
monotonically such that the same part of the annealing
spectrum is not crossed more than once. We refer to the
eigenstates of the total Hamiltonian as the instantaneous
eigenstates and denote them and their corresponding en-
ergies as

H(s)[Ea(s)) = Ea(s) |Ea(s)) - (2)

The states are labelled starting from a = 0 in order of
increasing energy. Similarly we denote the problem eigen-
states and their energies as

Hp ‘Ea> =E, |Ea> : (3)

Since the problem Hamiltonian is diagonal in the com-
putational basis, the set of problem states {|E,)} is sim-
ply the computational basis with the states labelled by
energy. Our choice of driver is the conventional homoge-
neous local X-field,

Hy=— ngv (4)
=1

where n is the total number of qubits and o’ denotes the
Pauli-X operator on the ith qubit. Its ground-state is the
equal superposition over all computational basis states.



It serves us at this point to introduce the notion of
stoquasticity. A stoquastic Hamiltonian, by its simplest
definition, is one whose off-diagonal elements are all real
and non-positive. The annealing Hamiltonian, as we have
introduced it so far, is an example of a stoquastic Hamil-
tonian. Any Hamiltonian containing a non-zero num-
ber of positive and/or complex off-diagonal elements is
considered non-stoquastic. There has been much discus-
sion in the literature regarding the importance of non-
stoquasticity in QA [34, 38, 43]. This discussion includes
its relationship to complexity theory, universal quantum
computation, the Monte-Carlo sign problem and the in-
troduction of negative vector components to the instan-
taneous GS. In some cases, the term “non-stoquastic”
has been reserved for Hamiltonians for which there is no
possible rotation into a stoquastic form. However, de-
termining whether or not such a rotation exists is, in
general, NP-hard [44]. In this work, we use the term
“non-stoquastic” simply to describe the off-diagonal ele-
ments of a Hamiltonian in the basis we are working in.

Let us now introduce our catalyst Hamiltonian. This
Hamiltonian contains a single XX-coupling between two
qubits, ¢ and j, and can thus be written,

H. = Jyzoi07. (5)
The catalyst strength, J,., is always chosen to be positive
such that the total Hamiltonian is non-stoquastic for s #
0,1. Tts magnitude can be tuned to adjust the strength
of the catalyst relative to Hy and H,. We discuss the
selection of a suitable ¢ and j at the start of section III.

We now go on to describe the motivation for and con-
struction of our problem Hamiltonians.

B. Problem Graph

Our problem instances are constructed to produce an-
nealing spectra with perturbative crossings - a well un-
derstood bottleneck in QA that can arise when excited
states of the problem Hamiltonian have an energy com-
parable to that of its ground-state [16, 17]. Their pres-
ence can be understood by treating the driver Hy as a
perturbation to the problem H,, and looking at the en-
ergy corrections to the problem eigenstates. Rather than
performing this perturbative analysis for specific prob-
lem instances, this understanding can be reached through
looking at the general form of the perturbations to the
low energy eigenstates of H,,. We briefly outline this tech-
nique before going on to describe our problem instances
- more precise descriptions of how these ACs form can be
found in [16, 17].

Writing the perturbed energies as E,()\), we can say
that a crossing occurs between two problem states a and
bif Ep(A) < Eq(A) (b > a) for some A. If this A is small
enough that perturbation theory remains valid, this in-
dicates the formation of an AC towards the end of the
instantaneous gap spectrum. Because the driver Hamil-
tonian couples problem states that are one spin-flip apart,
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the perturbation to the state |E,) is dependent on the set
of states that are within unit Hamming distance of | E,)
- we refer to this set as the neighbourhood of |E,). It
can be shown that the lowest energy problem states will
experience a reduction in energy as a result of the per-
turbation as long as the Hamming distance between any
pair of these states is greater than 1. The rate of this
reduction with respect to A for each state depends on
the energy of the states in its neighbourhood, with lower
energies resulting in a greater reduction. Thus a crossing
can occur between the ground-state and some other prob-
lem state |E,) that is close in energy if the neighbour-
hood around the state |E,) contains lower energy states
than that around the ground-state. The value of A for
which the crossing occurs, and thus whether or not an AC
forms, will depend on the difference in energy between
the two unperturbed problem states, AFy, = E, — Ey,
and how different in energy the neighbourhoods around
them are.

The top row of Figure 1 shows cartoon problem en-
ergy spectra with Ey and its neighbourhood highlighted
in blue and F; and its neighbourhood in orange. (For
clarity we include arrows showing the driver couplings
from |Ep) and |E7) to their respective neighbourhoods.)
Corresponding cartoons illustrating the perturbed ener-
gies are shown below with the magnitude of the driver
increasing from right to left. Figure 1(a) depicts a setting
where |Ey) has a lower energy neighbourhood than |Fy)
such that it receives a greater negative perturbation and
no crossing forms. Figure 1(b) depicts the case where
the neighbourhoods are reversed such that |F1) receives
a greater negative perturbation and the perturbed ener-
gies cross. Figure 1(c) shows a similar scenario but with
a greater AFEy; such that a higher A is needed before the
energies cross. Finally, in Figure 1(d) AFEy; is the same
as in Figure 1(a) but the difference between the energies
of their neighbourhoods is decreased such that the differ-
ence between the gradients of the perturbed energies are
smaller. This also increases the value of A for which the
crossing occurs.

In addition to changing the value of A for which the
crossing occurs, and thus the value of s at which we ob-
serve an AC in the annealing spectrum, AFEy; and the
neighbourhoods around |Ey) and |Ey) also affect the ex-
tent to which the perturbed state vectors |E,(\)) have
evolved away from the problem state vectors |E,) at the
point of the crossing. If the introduction of problem
states, |Ep) # |E,), to the perturbed state, |E,(\)), is
minimal, the overlap between the instantaneous ground-
state before and after the AC will be very small. However
if the perturbed problem states have become more mixed,
then the overlap may be larger. The extent of this over-
lap affects the size of the gap minimum associated with
the AC, with a larger overlap leading to a bigger gap [45].

In order to produce an annealing spectrum with a
perturbative crossing we thus require a problem setting
where Ey and E4 are close in energy and where the neigh-
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FIG. 1: Top: Cartoon problem energy spectra with the ground and first excited state, as well as their neighbourhoods,
highlighted in blue and orange respectively. Bottom: Corresponding cartoons of the perturbed problem energies where the
perturbation is the driver Hamiltonian and the perturbative parameter is A. (a) |Eo) has a lower energy neighbourhood than
|E1) such that no perturbative crossing forms. (b)|E1) has a lower energy neighbourhood than |Ey) such that a perturbative
crossing does form. (c) Similar setting to (b) but with a larger AEp: such that the crossing happens at larger A. (d) Similar
setting to (b) but where the neighbourhoods are closer in energy, reducing the difference between the gradients of the
perturbations, such that the crossing happens at larger .
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FIG. 2: An illustration of our graph structure, as described
in Section IIB, is shown in (a). An example with no = 2 and
n1 = 3 is shown in (b).

bourhood around |F7) contains lower energy states than
that around |Fp). Additionally, if we wish to be able to
adjust the gap size associated with the crossing, we need
to be able to easily tune AFy; and the energy differ-
ences of the neighbourhoods. To achieve this, we utilise
the MWIS problem, which takes as its input an undi-
rected, weighted graph and aims to find the set of ver-
tices with the largest weight for which no two vertices
are connected by an edge. The problems we construct,
as well as the ways we utilise the free parameters in its
Ising Hamiltonian encoding, are inspired by the MWIS
instances used in [41]. We now describe how the MWIS

problem Hamiltonian is constructed before going on to
describe our specific problem setting.

In its Ising formulation, each vertex of the problem
graph is represented by a spin. Each basis state then
represents a set of vertices, with spin up denoting a ver-
tex that is in the set and spin down denoting a vertex that
is not. For instance, the problem state |E,) = [{1141)
corresponds to the set of vertices {2,3,5}. Note that
for this encoding flipping a spin corresponds to either
adding or removing a vertex from the set. The vertex
weights are implemented with local Z-fields and the in-
dependent set condition by introducing an edge penalty.
This penalty is achieved by adding an anti-ferromagnetic
ZZ-coupling, with a strength J,,, between any two qubits
corresponding to vertices connected by an edge. Overall,
the problem Hamiltonian is given by

Hp = Z (Cszz — 211)1)022 + Z

i€{vertices} (i,5)€{edges}

z

J

(6)
where ¢; is the number of edges connected to vertex 14
and w; is the weight on vertex i. The fact that the edge
penalty appears in the local field terms is to account for
the fact that two neighbouring down spins should not be
penalised.

Assuming a high enough J,, is chosen, the energies of
the problem states will form clusters based on how many
edges are contained in the corresponding set of vertices.
The higher the magnitude of J,,, the greater the sepa-
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ration between these clusters. Within the clusters, the
energies of the states will be ordered by the total weight
of the corresponding set, with the highest weighted set
having the lowest energy.

A diagram of the scalable MWIS problem used in this
work is shown in Figure 2(a). It is a complete bipartite
graph with ng vertices in sub-graph Gy and n; vertices in
sub-graph G1. As a result, the graph has two maximally
independent sets giving the MWIS problem on this graph
one global and one local optimum. We allocate a weight
to each sub-graph, Wy and W7y, which we split equally
between the vertices. We give each sub-graph a base
weight of W and then increase the weight on sub-graph
Gy by W such that W7 = W and Wy = W7 + W =
W 4 0W. So long as §W is chosen to be small enough,
this results in the set containing all the vertices in Gy
being the highest weighted independent set and the set
containing all the vertices in GG; being the independent
set with the second highest weight. An example graph
with ng = 2 and ny = 3 is shown in Figure 2(b).

The relative sizes of the sub-graphs dictate the energy
spectra of the neighbourhoods around |Ep) and |E7). Re-
call that flipping one of the spins in |E,) from down to up
corresponds to adding a vertex to the corresponding set
and that flipping a spin from up to down corresponds to
removing a vertex. This means that the neighbourhood
around | Ey) has ng neighbours corresponding to indepen-
dent sets and n; neighbours corresponding to dependent
sets - and vice versa for |Ey). Recalling further that the
states corresponding to independent sets have lower en-
ergies than those corresponding to dependent sets, we
can say that if ny > ng then |F;) has more low energy
neighbours than |Ejp).

Given a particular problem graph, we can use dW
and J,, to tune AFEy; and the differences between the
energies of the neighbourhoods around |Ep) and |Ey).
Roughly speaking, we use dW to adjust AFy; and the
edge penalty, J,,, to change the separation between
the clusters of problem energies associated with differ-
ent numbers of edge violations. In practice however, the
way in which we normalise H), to keep the energy scale
consistent means that both parameters have some effect
on all the energy gaps in the spectrum. We are interested
in how the effect of an XX-catalyst changes depending on
the strength of the AC and so we choose our values of §W
and J,, to adjust the extent to which the problem state
vectors are perturbed before the crossing while keeping
the value of s for which the AC occurs for the 5-vertex
instance (on which we focus our discussion) unchanged.
Further details on our Hamiltonian and how we select
our parameters can be found in Appendix A.

C. Spectral Properties

We now present numerical results corresponding to dif-
ferent parameter settings to confirm that we produce the
desired AC and that we are able to alter its properties

in the way described above. The results that we plot are
the energy gaps between the instantaneous ground and
first excited state, AFEp;(s), as well as the evolution of
the instantaneous ground-state, |Fo(s)). The evolution
of |Ey(s)) we consider in terms of its overlaps with the
problem states - in particular with |Ep) and |F;) since
it is between these two states that we expect a crossing.
Our results are obtained by numerical diagonalisation of
H(s) at different values of s with no catalyst present.

We plot on the top row of figures 3(a)-(c) the energy
difference A FEy; as a function of s. On the bottom row of
figures 3(a)-(c) we show the corresponding evolution of
(Eo(s)| Eo,1). In Figure 3(a) we show the case where ng >
ny for a given set of problem parameters, which results
in the absence of an AC since |Ep) has a lower energy
neighbourhood than |E;). Figure 3(b) shows the case
where n; > ng but with the other problem parameters
(6W and J,.) kept the same as in (a). This now results
in an AC occurring at s = 0.9 since |E;) now has a lower
energy neighbourhood than |Ep). In both (a) and (b),
the MWIS problem parameters are W = 0.01 and J,, =
5.33. Figure 3(c) illustrates the case where n; > ng, but
the MWIS problem parameters have been increased to
oW =0.37 and J,, = 37.5. This results in an increase of
AEy; and enhances the differences between the energies
of the neighbourhoods of |Ey) and |E;). As in Figure
3(c), we observe a gap minimum at s = 0.9 indicative of
an AC.

In the bottom plots of Figures 3(b) and (c¢) we see that
the instantaneous ground-state evolves towards |E7) be-
fore there is a sharp exchange at s = 0.9, after which
|Eo(s)) becomes dominated by |FEy). This exchange, co-
inciding with the gap minimum, is what we expect to
see at a perturbative crossing [46]. This is in contrast to
the bottom plot in Figure 3(a) where the instantaneous
ground-state is seen to evolve smoothly towards |Ep). Fi-
nally, in Figure 3(d), we show the scaling of the gap min-
imum with system size. For the two cases where an AC is
produced we scale the sub-graph sizes as ng = (n — 1)/2
and n; = (n + 1)/2 and for the case where we do not
produce an AC these sizes are reversed. We use, for each
system size, the same values of §W and J,, as for our 5
vertex examples. We see that the minimum gap size does
indeed appear to close exponentially in the cases where
ng < nq - further indicating the presence of an AC.

Figures 3(a)-(d) show that the AC can be manipulated
in the desired way by changing our problem parameters.
First, we are able to control whether or not an AC oc-
curs in the spectrum by changing the relative sizes of
no and ny as intended. Secondly, we are able to adjust
the extent to which the instantaneous states have evolved
away from the problem states at the point of the crossing
by changing 6W and J,,. This alters the scaling of the
minimum gap against system size. We observe that as
0W and J,, are increased for ny > ng, the gap does still
appear to close exponentially, but the scaling has been
‘weakened’, i.e: the scaling exponent is reduced. There-
fore, in the following, we will refer to our two problem



System Size (n)

0.001 0-04'\/
5 0.000 {———, 0.00——
o 0.8975  0.9025 0.875
& i |
=)
) _ NS i
C 0,/
w &
] I

0.8 A 4 4
2 %)
g &)
— 0.6 82 4 i
2 &
)
o 044 B 4
3 (
9D 0.2 J 57(8)/:5 _

N (Eo(s)|Eo)
0.0 1 4 4
0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0

Normalised annealing time (s)

FIG. 3: (a-c) show numerical results for different anneals without the presence of a catalyst. Gap spectra are shown on the
top and the evolution of the instantaneous ground-state vectors are shown on the bottom in terms of their overlaps with the
problem states - the problem ground and first excited state overlaps are highlighted in blue and orange respectively. The
problem parameters are: (a) no =3, n1 =2, W =0.01, J.. =5.33. (b) no =2, ny =3, 6W =0.01, J,, = 5.33 and (c)
no =2, n, =3, 0W =0.37, J,, = 37.5. (d) shows the minimum gap with increasing system size for three different parameter
settings. The grey line corresponds to the parameter settings in (a). The two purple lines correspond to the parameter
settings in (b) and (c) - which are associated with the strong- and weak-gap-scaling settings respectively. For the cases where
an AC is produced the sub-graph sizes are scaled as ng = (n — 1)/2 and n1 = (n + 1)/2. For the case where we do not
produce an AC the sub-graph sizes are reversed. Lines in (d) connecting the data points are a guide to the eye.

parameter settings (which produce an AC) as the weak-
gap-scaling (WGS) and strong-gap-scaling (SGS) cases.
The parameters, 0W and J,,, can be varied smoothly
between, and indeed beyond, the two settings depicted
in Figure 3. These are simply the two settings we use as
illustrative examples.

III. XX-CATALYSTS

With our problem setting established, we now turn to
the effects of introducing an XX-catalyst into the anneal-
ing Hamiltonian. As stated in Section IT A, the catalysts
used in this work contain a single XX-coupling which is
introduced into H(s) with the opposite sign to the driver
and a strength of J,, (equation 5). This results in a non-
stoquastic H(s) for s # 0,1 and as such it is possible for
components of the instantaneous GS vector to become
negative during the anneal. That the relative signs of
these vector components can be key to understanding the
structure of quantum annealing spectra was highlighted
in [34] - and we will see that they also play a crucial role
in our results.

The XX-coupling is applied between a single pair of
vertices in G;. (Permutation symmetry within the sub-

graphs means that there is no need to specify which two
vertices are selected.) The result of this XX term is to
couple |E1) to a state corresponding to an independent
set and |Ep) to a state corresponding to a dependent
set - that is, the catalyst couples |F7) to a state with
significantly lower energy than that to which it couples
|Eop).

This approach can intuitively be thought of as a
counter-approach to giving |Ep) additional low energy
neighbours with a stoquastic catalyst - i.e: one that en-
ters with the same sign as the driver. This stoquastic ap-
proach can be understood through the same arguments
as those made in Section II B regarding the formation of
perturbative crossings and was shown in [41] to enhance
the minimum gap size. There is some numerical evidence
that taking the reverse approach with a non-stoquastic
catalyst (i.e: one that has been introduced with the op-
posite sign to the driver) is able to weaken or remove a
perturbative crossing [33, 34] - although in these exam-
ples the catalysts are specifically coupling together local
optima and so are not a perfect analogy to the work in
[41]). [34] also introduces a subtly different perturbative
argument to explain why such non-stoquastic catalysts
are able to enhance the gap size at an AC. We apply the
same perturbative approach to our setting in Appendix
B in order to further support our choice of XX-coupling.
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FIG. 4: Numerical results for a problem instance with no = 2, ny =3, W = 0.37 and J.. = 37.5 (i.e: the parameters
associated with the WGS). A catalyst is applied between a single pair of vertices in sub-graph Gi. (a) shows the dependence
on catalyst strength of the gap size at the AC, AFo1(sx) (solid purple), the location of the minimum gap, sx (dashed purple),
and the value of s for which (Eo(s)|E1) becomes negative, s_ (dashed grey). The evolution of the instantaneous ground-state

for different catalyst strengths is shown in (b-f). These plots have sx and s_— marked with purple and grey dashed lines

respectively. The catalyst strengths for which we show the evolution are marked on (a) with vertical grey dashed lines.

We briefly note that taking the stoquastic approach
in our problem setting (i.e: introducing a negative XX-
coupling into Gy to give the GS an additional low energy
neighbour) results in the same kind of gap enhancement
seen in [41]. In practice however, identifying such a cou-
pling assumes knowledge of the global optimum. The
catalyst that we examine in this work instead effectively
targets a local optimum in which the algorithm may be-
come trapped - such that partial information about the
problem may allow for its construction. We will discuss
this point further in Section IV.

A. Weak-Gap-Scaling Case

In Figure 4 we present numerical results of varying the
XX catalyst strength .J,, on the annealing problem de-
scribed in Section I1 C, with ng = 2, ny = 3, dW = 0.37
and J,, = 37.5. Recall that, in the catalyst-free case,
these parameter choices result in the comparatively weak
AC shown in Fig 3(c). Figure 4(a) shows the variation
of the location, sy, and size, AEp;1(sx), of the gap mini-
mum with the catalyst strength J,,. Also plotted is the

value of s at which (Ey(s)| E1) becomes negative, s_.
Figures 4(b)-(f) illustrate the behavior of the coefficients
(Eo(s)| Eo,1) at selected values of J,,. It can be seen
that (Eo(s)|E1) can become negative at sufficiently large
values of J,,. We observe that the introduction of the
catalyst results in a clear maximum value of AFEp;(syx) at
Jze = 1.30. The existence of an optimal J,,, rather than
a monotonic improvement, was also observed in other
work [33, 34].

We obtain similar results when increasing the system
size. Figure 5(a) compares the gap scaling without the
catalyst (black) and the gap scaling when we use a cat-
alyst with J,, optimized for each system size (purple) -
the inset shows the optimal values of J,, for each sys-
tem size. We see that by using the optimal values we are
able to greatly reduce the severity of the gap scaling with
the optimized scaling appearing to be sub-exponential -
although for these system sizes it is difficult to discern
what the true scaling behaviour is. We also note that
the optimal J,, values appear to quickly tend to a con-
stant value as the system size is increased. As we will go
on to discuss in Section IV, however, it is unclear whether
or not this will extend to larger system sizes.
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Turning our attention to the evolution of the problem
state overlaps (Ey(s)| Eo1) shown in Figures 4(b-f), we
observe that changes in (Ey(s)| Eo,1) are overall less sig-
nificant when AFEjy;(sx) is largest. The relation between
the rate of change of the instantaneous ground-state and
the gap separating it from |E;(s)) is well understood and
expressions explicitly linking them can be found in [47].

B. Strong-Gap-Scaling Case

We now examine the effect of this same catalyst in the
SGS setting, i.e: for the MWIS problems with 6WW = 0.01
and J,, = 5.33. Figure 5(b) shows the scaling of the min-
imum gap in the SGS case as a function of system size
with and without the catalyst in purple and black re-
spectively. As in the WGS case, the value of J,, used for
each n is chosen to maximise the gap enhancement and is
shown in the inset. An important difference when com-
pared to the WGS case is that while we do still observe
some gap enhancement at the AC, the catalyst does not
significantly alter the scaling with system size. This sug-
gests that, unlike in the WGS case, the use of such an XX
catalyst in this situation is of little use for alleviating the
exponential drop-off in fidelity due to the exponentially
closing gap.

Numerical results for the size of the gap minimum at
the AC for the 5-vertex instance at different catalyst
strengths are presented in Figure 6(a). The location of
this gap minimum is denoted as sy as before. We see
that, as for the weaker AC, the gap size does reach a
maximum for an optimum catalyst strength. However,
we now observe a closing of the gap for J,, =~ 0.3. In
addition to this we also observe the formation of a new,

second local gap minimum earlier in the anneal, at a lo-
cation we denote as s,. The dependence of the size of
this new local gap minimum on J,, is shown in Figure
6(b). Note the difference in energy scales between Fig-
ures 6(a) and (b). To illustrate the manifestation of this
second local gap minimum during an anneal, we plot the
evolution of AFy(s) for different catalyst strengths in
Figure 7, which clearly shows the occurrence of a double
local energy minima in the annealing spectrum. As with
the gap minimum at sy, we appear to be able to bring
this gap at s, arbitrarily close to zero by increasingly
fine tuning of J,,, albeit at a different catalyst ampli-
tude. Note that the plots in Figures 6(a)-(b) correspond
to exactly the same setting and that our separating the
results for the two gap minima into different plots is only
for readability of the data.

As in Figure 4(a), Figure 6(a) also shows the loca-
tion of the gap minimum, sy, with a dashed purple line,
and the point at which the sign change in ground-state
vector components occurs, s_, with a dashed grey line.
As J,, increases, the value of s_ decreases which can
be understood by the fact that this change in signs is
associated with the non-stoquasticity introduced by the
catalyst. This argument can be made more explicit using
ideas introduced in [34]. We see that the closing gap is
observed for the J,, value at which s_ = s,. Figure 6(b)
shows the same data but for the additional gap minimum
that forms in the strong-AC setting. As with the previ-
ously discussed gap minimum, this new gap minimum
approaches zero for the J,, value at which s_ = s,,. As-
sociating the closing gaps with values of J,, at which the
minimum gap locations coincide with s_ is however not
sufficient to account for the differing behaviours in the
WGS and SGS settings. In Figure 4(a) from the preced-
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ing section, we see that there is also a value of J,, for
which s_ = sy however no closing of the gap at the AC
is observed.

To better understand the differences in the behavior
between these two regimes we compare how the evolution
of the ground-state vector changes with J,,. Similarly to
the WGS setting, we show the behavior of the overlaps
(Eo(s)| Fo1) at specific values of J,, in Figures 6(c)-(j).
In both the WGS (Figures 4(b)-(f)) and SGS (Figures
6(c)-(j)) cases, we clearly see that the components corre-
sponding to the problem ground and first excited states
take opposite signs at some s given sufficiently large J,.
We note however that, in contrast to the WGS case where
it is always (Eo(s)|E1) that becomes negative, whether
(Eo(s)|Ep) or (Ep(s)|E1) takes a negative value in the
SGS case depends on the value of J,,.

Given that the relative signs that the vector compo-
nents take are consistent with varying J,,, it may be
tempting to think that there is no physical change occur-
ring. However, as one of the vector components changes
sign, the overlap of the instantaneous GS with that prob-
lem state will first go to zero before increasing again. As
such, a change in which vector component flips its sign
will result in a measurable difference in the evolution
of a system following the ground state. Note that in
plotting the instantaneous vector components, we choose
the global sign at each time-step such that any appar-
ent change of sign is indicative of that vector component
going to zero in between those two points. With the pre-
ceding discussion in mind we make some further notes on
the sign behaviour of the GS vector components.

In each plot in Figures 6(c)-(j), sx, sp and s_ are
marked in dark purple, light purple and grey respectively
and the J,, values to which these plots correspond are
marked in Figure 6(a) with vertical dashed grey lines.
Looking at the plots corresponding to J,, = 0 and 0.31,
Figures 6(c) and (d), we see that as we increase J,, to-
wards the value at which AFEy;(syx) vanishes, there is
a sharpening of the change in the vector components
around sy. Then, as s_ passes sy, which happens be-

tween Figures 6(d) and (e), there appears to be a discon-
tinuous change in which overlap crosses zero. After this
point, the change in |Ey(s)) around sy begins to soften
again. Looking at the Figures 6(f)-(j), we see the same
sharpening (up to Jy; = 1.92 in Figure 6(h)) and then
weakening of the rate of change in |Ey(s)) around the
location of the new gap minimum, s,. We also observe
another shift in which vector component crosses zero as
S_ passes sp; this occurs between Figures 6(h)-(i).

This behaviour is in stark contrast to the WGS case
where no distinct changes are observed around the J,,
value where s_ = sy. It is unclear why exactly this
should be the case. However we can comment on some
differences we observe between the two settings. In
the WGS case, the AC has already become significantly
smoothed out for the value of J,, at which s_ = s.. This
is in contrast to the SGS setting where the magnitudes
of | (Eo(s)|Eo) | and | (Eo(s)|E1) | that are exchanged at
the AC are largely unchanged for the J,, value at which
s_ = sx. This is at least partially explained by the fact
that if the initial AC is weaker, we can expect that a
smaller change to the Hamiltonian is required to lift it.
We also note that the catalyst strength for which s_
passes sy is over three times as high as it is for the SGS
case. It may therefore be possible to lift the AC to a
greater extent before reaching the value of J,, for which
S_ = 8.

C. Intermediate Regime

We now present data examining intermediate parame-
ter settings to further understand the changing behaviour
as we move from the SGS to the WGS case. In Figure
8 we plot the J,, values associated with the two closing
gaps for the 5-vertex instance with seven different pa-
rameter settings. The x-axis gives the W used for each
parameter setting. Note however that the edge penalty,
J.., is also changing between each data point, with its
value in each case chosen such that sy = 0.9 without
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the presence of a catalyst. The size of the gap minimum
associated with these parameter settings in the catalyst
free case increases from left to right - varying by around
one order of magnitude. (See the 5-spin results in Figure
3(d) for an indication of the energy scale.) We observe
that the two J,, values approach each other as we ad-
just the parameters to weaken the AC present in the
original annealing spectrum until both values disappear
at 0W = 0.13. Given that the closing gaps are associated
with a change in which vector component changes sign,
one interpretation of these results could be that the lack
of closing gaps in the weak-AC setting is due to the van-
ishing of the J,, range for which the vector component
corresponding to the problem ground-state crosses zero.

IV. DISCUSSION

An important effect we have observed is that, while
the targeted catalyst was able to suppress the severity
of the gap scaling in the WGS case, it did not result
in the intended suppression to the scaling in the SGS
setting. The resulting spectrum in the latter case, how-
ever, appears amenable to diabatic quantum annealing
(DQA)[26, 34, 48]. Rather than running the algorithm
slowly enough that the system remains in the ground-
state, the system could be allowed to transition into the
first excited state at the first small gap (the new gap
minimum produced by the catalyst) and then back into
the ground-state at the second (the gap minimum cor-
responding to the AC present in the original annealing
spectrum). Simulations of the dynamics of the 5-qubit
problem in a closed-system setting suggest that this is in-
deed possible and results in a significant reduction of the
annealing time required to reach the problem ground-
state with high fidelity. These results are presented in
Appendix C.
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Results for this problem instance without a catalyst can be
found in Figure 3(a).

So far we have only considered the effect of the catalyst
on annealing spectra corresponding to the very simple
MWIS graph shown in Figure 2. This was so we could
examine the differing effects from the catalyst in the most
straightforward setting. However, note that we observe
these closing gaps for more general MWIS instances with
additional local optima such that the problem Hamilto-
nian has more excited states with energy comparable to
that of the ground-state. These instances can be con-
structed in much the same way as the problem graph
shown in Figure 2(a), but with additional sub-graphs
such that we have a complete k-partite graph. The cata-
lysts were applied to instances with up to four sub-graphs
and in each case the coupling was chosen to be within



the sub-graph corresponding to the excited problem state
associated with the AC involving the ground-state. Fur-
ther details on the construction of these more general
instances can be found in Appendix D. For all the ex-
amples examined (where the problem parameters were
chosen to produce a perturbative crossing with strong-
gap-scaling) we observed a closing of the gap at the AC
as well as the formation of an additional gap minimum
between the instantaneous ground and first excited states
- suggesting that the effects from the catalyst described
in Section ITI B may be a more general phenomenon. An
example spectrum with and without a catalyst is shown
in Figure 9. Details on the construction of this problem
instance are given in Appendix D.

We note however that the production of this additional
gap minimum cannot generally be expected to result in a
setting suitable to DQA. For instance, consider the exam-
ple energy spectra presented in Figure 9 where we have
introduced an additional local optimum. Here, the addi-
tional gap minimum results in a setting where the system
is likely to evolve to the second excited state if the an-
neal is run diabatically. We note that if the anneal is run
without a catalyst, the energy spectrum suggests that the
system is likely to evolve to the first excited state - mean-
ing that, in this case, the additional gap minimum not
only fails to help the system reach the ground-state, but
it actually reduces the quality of the solution found. We
therefore suggest that, while the mechanism responsible
for this additional gap minimum may be of interest for
manipulating the gap spectrum, the changes to the gap
spectrum we observe in this work are not, by themselves,
useful for creating a gap spectrum suitable to DQA. How-
ever, as we note towards the end of this section, a simple
extension to this catalyst may be able to produce useful
annealing spectra in a wider variety of settings.

We note that the formation of the additional gap min-
imum that we observe in the SGS case is not intrinsi-
cally linked to the presence of a perturbative crossing in
the original annealing spectrum. We demonstrate this in
Figure 10 which shows results for the gap spectrum and
ground-state evolution when a catalyst is applied to the
setting without an AC shown in Figure 3(a). The catalyst
contains an XX-coupling within Gy such that it couples
|Ep) to a lower energy state than it couples |E;) to. We
suggest that the formation of the new gap minimum may
relate to the existence of a J,, value for which both the
problem ground and first excited state components of the
instantaneous ground-state vector have appreciable mag-
nitudes in the vicinity of s_ such that either component
crossing zero results in a sharp change in the ground-state
vector.

We argue that the reason such a value is observed for
the setting without an AC as well as the strong-AC set-
ting (but not for the weak AC) relates to the magnitudes
of key ground-state vector components in the original an-
nealing spectrum. Effectively, what we are doing with the
introduction of our catalyst is to guide the anneal away
from a particular problem state, which has the effect of
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suppressing the magnitude of the corresponding vector
component in the instantaneous ground-state. For the
two settings with perturbative crossings that we exam-
ined this is the component corresponding to the problem
first excited state and for the setting without a pertur-
bative crossing this is the component corresponding to
the problem ground-state. What the setting without an
AC and the strong-AC setting have in common is that
the magnitude of the component being suppressed by the
catalyst ({Eo(s)| Fo) for the no AC case and (Ey(s)| E1)
for the SGS AC case) approaches 1 in the original anneal-
ing spectrum without a catalyst - as can be seen in Fig-
ures 3(a) and (b). Looking at Figure 3(c), we see that in
the weak-AC setting, the maximum magnitude reached
by the component being suppressed ((Eq(s)| E1)) is only
around 0.45. Thus, the problem state that our catalyst
is guiding the anneal away from reaches greater levels of
suppression for the same J,, values in this setting than
it does in the other two. This goes hand in hand with
our earlier observation that, unlike in the SGS setting,
the AC is already significantly lifted in the WGS setting
for the J,, value at which s, = s_.

It is not yet clear whether the behaviour we observe in
these two settings will scale to larger systems. Regarding
the gap enhancement in the weak-AC setting, the opti-
mal J,, appears to be quickly approaching a constant
- see the inset in Figure 5(a). That being said, the re-
sults we have presented are for very small system sizes
and may not be sufficient to determine the true scaling
behaviour. Our initial investigations into larger systems
has revealed that the response of the spectrum becomes
more complex as we increase the number of spins. For
n 2 25 we start to see the appearance of two further gap
minima in the spectrum (in addition to the effect of the
original gap minimum being enhanced) with some tran-
sitional behaviour starting at n ~ 17. While these ad-
ditional gap minima may not necessarily bottleneck the
algorithm, since they result in a similar diabatic path to
that seen for the SGS setting, it means the gap minimum
is no longer a useful metric to track the enhancement to
the algorithm. Determining whether or not the catalyst
examined here continues to be of use in larger system
sizes, and how the optimal J,, scales, will require an
examination of the dynamics.

Potentially a more fruitful avenue of further work how-
ever may be to apply these catalysts to problem settings
with more general and interesting structures. The way
in which we scale our problem graph in this work is to
increase the number of vertices while keeping the number
of local optima constant. However, in a realistic setting,
one would typically expect the number of local optima
to scale with the problem size [34, 49, 50]. The results
presented here suggest that a single non-stoquastic XX-
coupling may be sufficient to remove one perturbative
crossing if it is chosen to couple the local optimum re-
sponsible for the perturbative crossing to another low
energy state. In a setting with multiple local optima,
several perturbative crossings may have to be removed



before the minimum gap scaling between the ground and
first excited state becomes polynomial. We have begun
investigating whether these catalysts could be extended
to include multiple couplings to target the different per-
turbative crossings in the spectrum - with our initial re-
sults suggesting that a similar reduction to the gap scal-
ing can be achieved in this way. We suggest that an al-
gorithmic approach similar to that in [49] could be devel-
oped, where couplings are introduced and their strengths
adjusted according to the local optima returned by sub-
exponential QA runs. We noted in the introduction to
this paper that quantum algorithms like QA are not ex-
pected to alter the complexity class of a problem. It is
plausible that, if such a process could produce a spectrum
that allowed a sub-exponential annealing run to achieve a
high GS fidelity, it may require exponentially many calls
to the quantum annealer.

Returning to the SGS setting, it also remains to be
seen whether or not there continues to exist a regime
where we observe the closing gaps and where the cata-
lyst does not reduce the gap scaling as we move to larger
problems. By exploiting permutation symmetries in the
problem [33] we have been able to begin preliminary in-
vestigations into graphs with up to 70 vertices and have
confirmed the existence of the additional closing gaps
up to these system sizes. Something it may be benefi-
cial to investigate is how the boundary between the two
regimes changes with respect to different problem pa-
rameters with increasing system size. With regards to
the existence of additional local optima, we have so far
confirmed the behaviour we associated with the strong-
gap-scaling for graphs with up to five local optima. As
with the WGS setting, our preliminary results have also
suggested that a recursive strategy may be of use in which
an XX-coupling in introduced to target each perturbative
crossing in the spectrum. The result in this case is a spec-
trum with a diabatic route to the GS - rather than an
enhanced gap minimum.

Finally, we note that while our investigation has made
use of the MWIS problem, there is no reason to think
these findings should not extend to other problem set-
tings. Crucially, the motivation behind the catalyst, and
our further discussion of its effects, have hinged on the
structure of the problem spectrum - rather than specific
features of the MWIS problem. We would therefore ex-
pect to see similar results for any setting where an XX-
term can be introduced to couple a local optimum respon-
sible for a perturbative crossing to another low energy
state. Further to this, we suggest that catalysts contain-
ing higher order X couplings, or couplings of a different
form (e.g: YY, XY etc...), could also be understood in
this way - with the effect that they have on the annealing
spectrum being tied to the couplings which they create
between states in the problem spectrum.
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V. CONCLUSION

We have examined the effects of specific XX-catalysts
on annealing spectra corresponding to small instances of
the MWIS problem. In particular, we have examined
how the effect of a targeted non-stoquastic XX-coupling,
chosen to enhance the gap size at a perturbative crossing,
differs depending on the nature of the AC that is present
in the spectrum. We found that the response of the gap
spectra to the introduction of the catalyst was highly
sensitive to subtle changes in the encoding of the problem
which affected the scaling of the gap at the AC with
system size

More specifically, we found that for parameter settings
that resulted in a AC with milder (but still exponen-
tial) gap scaling, the catalyst resulted in an enhancement
of the gap minimum, and that if an optimized catalyst
strength was used for each system size, the gap scaling
could be significantly improved. We then applied the
same catalysts to the case where we chose our problem
parameters to produce an AC with a stronger gap scal-
ing and found that, while some gap enhancement was
possible, the catalyst was not able to provide the same
improvement in scaling. In addition, we found that in
this setting the catalyst could result in the closing of the
gap at the AC, as well as the production of an additional
gap minimum in the spectrum, if introduced with partic-
ular magnitudes. We determined that these magnitudes
were the ones for which the s value at which the gap min-
imum occurred was the same as that for which the sign
of key ground-state vector components changed.

These results suggest that the catalysts we examine
here may be less successful in suppressing the gap scaling
at an AC when the original gap scaling is less favourable.
More generally, they show that small changes to the prob-
lem parameters can result in the same catalyst having
strikingly different effects indicating that great care is
required when designing a catalyst.

With regards to the creation of the new gap minimum,
we found that the resultant spectrum allowed a higher
GS fidelity to be reached for shorter run times as a re-
sult of diabatic transitions. We noted however that the
introduction of the additional gap minimum could not
generally be expected to produce such a spectrum and
so was not, by itself, a strategy for creating spectra suit-
able for DQA.

As well as helping the guide the development of QA al-
gorithms, these findings may also have relevance for other
NISQ-era quantum algorithms such as the Quantum Ap-
proximate Optimisation Algorithm (QAOA) [51] which
can be thought of as a trotterised QA. Coherence times
limit QAOA to shallow circuit depths in much the same
way that individual annealing runs are limited to short
duration. Hamiltonians that reduce the required run-
time in QA may also be a useful tool in helping QAOA
reach higher GS fidelities for smaller circuit depths.
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Appendix A: MWIS problem parameters

The MWIS problem Hamiltonian is given by

H, = Z (cidzz — 2w;)of + Z

i€{vertices} (i,5)€{edges}

z

z
J:2070;

(A1)
where ¢; is the number of edges connected to vertex i,
w; is the weight on vertex ¢, and J,, is the edge penalty.
As discussed in Section IIB, our problem instances are
on complete bipartite graphs where we label our two dis-
connected sub-graphs as Gy and G - as shown in Fig 2.
We allocate a total weight of 1 to G; and a total weight
of 1 + 6W to Gy. This weight is split evenly between
the vertices in each sub-graph. To get a clearer picture
of what parameters we can change to define our problem
instances within this structure, we can re-write equation



Al as
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where ng and n; are the number of vertices in Gy and
G respectively. For a particular problem graph defined
by ng and ny, the free parameters are then éW and J,,.

So that we do not change the energy scale of the prob-
lem Hamiltonian when we adjust the values of éWW and
J.», but rather just the relative gaps between differ-
ent energy levels, we normalise the parameters that go
into equation Al. For a set of un-normalized parame-
ter values (6W', J..) that define the problem instance,
we first calculate the un-normalized vertex weights as
wi = (1+0W’")/ng for i € Gy and w; = 1/n;y for i € G.
The normalized parameters that enter equation Al are
then obtained as

/
w; = Fgcale X K X wy,

/
Jzz = Escale x K x Jzz

where Ficale sets the energy scale in relation to the driver
and K is a normalisation factor given by

ng + Ny
4(TLO X ni X J;z - ].)

K =

This factor is the reciprocal of the energy gap between
the ground and highest excited state of H,, as it would be
with the un-normalized parameters. The expression has
been obtained by using equation A2 to obtain exact ex-
pressions for these two energies in terms of the sub-graph
sizes and the un-normalized edge penalty and weight dif-
ference.

We choose our problem parameters with reference to
our five vertex instance (ng = 2 and n; = 3) since this
is the instance for which we present data for the whole
anneal rather than just the minimum gap values. Our dif-
ferent parameter sets (6W’, J.,) are chosen by first select-
ing 6W’ and then, through trial and error, adjusting the
un-normalized J., so that in the annealing spectrum to
corresponding to the normalized problem Hamiltonian,
sx = 0.9 for our 5-vertex example. Note that the values
for 6W and J., quoted in the body of this work are in
fact the un-normalized values 6W’ and J,.

Appendix B: Perturbative introduction of the
catalyst

This section follows a perturbative argument made in
[34] which offers some insight into why the catalysts used
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in this work result in gap enhancement at the perturba-
tive crossings in our systems. Unlike the perturbative ar-
gument outlined in Section II B, in which H, was taken
to be the initial Hamiltonian, here we consider the effect
of introducing the catalyst as a perturbation to the total
Hamiltonian for a given s. That is, we take the initial
Hamiltonian to be H(s) = (1 — s)Hq + sH, and then
write our perturbed Hamiltonian as

H(s,p) = H(s) + pH..

To first order, the perturbed energies are then

Ei(s,p) = Ei(s) + p (Ei(s)| He | Ei(s)

= Ei(s) +2ulex ) (Ei(s)|E)) (ExlEi(s)) (B1)
(4:F)€Cae

where we have used C,, to denote the set of pairs of prob-
lem states that are coupled by the single XX-coupling
included in the catalyst.

We are then interested in what happens to the instan-
taneous ground and first excited states (¢ = 0, 1) around
the point of the perturbative crossing, sy. In order to use
equation B1 to gain some insight as to the effect of the
catalyst we can consider the perturbative argument from
Section I1 B to reason what problem states will dominate
the two instantaneous states prior to the introduction of
the catalyst - i.e: for H(s,u = 0). We know that for
s > Sx, |Ep) will make up a large part of |Eg(s)) and
that |Eq) will make up a large part of |Ei(s)). As for
what other problem states will have a reasonable pres-
ence in |Ey 1(s)), we know from perturbation theory that
the introduction of the driver will introduce states with a
weight that depends on their energy difference and Ham-
ming distance from the state being perturbed - i.e: from
|Eo1). We thus reason that for s > sx, |Ey(s)) is oc-
cupied by problem states corresponding to sub-sets of
Gy and that |E;(s)) is occupied by problem states corre-
sponding to sub-sets of G;. That is, they are occupied by
states corresponding to independent sets (i.e: low energy
states such that the energy differences between them and
Ep,1 are small) that are closest in Hamming weight to the
two respective problem states. We denote these sets of
problem states as P’

We wish to examine the effect of the catalyst at points
in the anneal shortly before and after the AC. Following
the notation in [34], we denote these points as s; and s}
respectively. From the above, we can write

[Eo(s9)) = > (Eo(s)|E) |Ei) = |Eo)g™

i€ pSXt

where we are not interested in the specific values of
(Eo(s)|E;). Note that the subscript inside the ket refers
to the instantaneous ground-state while the subscript
outside the ket refers to the set of states P§**. Similarly,
we can write

|E1(s$)) ~ |E)T
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FIG. 11: Evolution of the instantaneous ground-state (a) and first excited state (b) around the location of the perturbative
crossing in an anneal corresponding to a problem instance with no = 3, n1 =4, §W = 0.01 and J,, = 5.33. The instantaneous
states are represented in terms of their overlaps with the problem states and these are colour coded with respect to which of
the sets introduced in Appendix B they are in. Overlaps with problem states in PS** and Pf** and plotted in blue and orange
respectively and overlaps with problem states that are in neither are plotted in light grey. The insets show the same data over

a smaller range of the state overlaps so that the overlaps with smaller contributions are visible.

FIG. 12: Cartoons illustrating the arguments made in Appendix B regarding how the introduction of our choice of catalyst
would perturb the instantaneous energy levels around the perturbative crossing. (a) depicts an avoided level crossing in which
the ground-state goes from being dominated by the set of problem states Pf** to the set of problem states PS*! while the first

excited state goes from being dominated by P$** to PE*t. The two coloured dotted lines illustrate the exchange in problem

states between the instantaneous ground and first excited states and the solid black lines illustrate the energies of the two
instantaneous states. (b) then depicts the effect of the catalyst as argued in Appendix B. That is, there is no effect on a state
consisting of P$** while a state consisting of PP** will experience an increase in energy. The cartoon illustrates why we expect
this to move the crossing earlier in the anneal.

At the AC, the two instantaneous states exchange their
properties and so we can further write

|Bo(s3)) = | Bo)7™

|B1(s5) = [Ba)g™

We support our assumptions about the makeup of the
instantaneous states around the AC with numerical re-
sults shown in Figure 11. These results correspond to a
problem instance with ng = 3, ny = 4, §W = 0.01 and
J.» = 5.33. Figures 11(a) and (b) show the evolution
of the instantaneous ground and first excited state re-

spectively around the location of the perturbative cross-
ing. Plotted in blue are the overlaps of the instantaneous
states with the problem states in P$*' and in orange we
show the overlaps with the problem states in Pf**. The
rest are plotted in grey. These results are in agreement
with our predictions.

We now consider what the perturbation in equation
ext

B1 looks like when the state being perturbed is |Ep 1),

or [Eo1)T™". Due to the fact that the XX-coupling we
introduce is between two spins in G, all the states in
P&** are coupled by the catalyst to states corresponding
to dependent sets. That is there are no pairs of states in
C,, for which both states have a significant presence in



|E0’1>gm. As a result, (Eo’1|8xt H. |E0,1>8Xt = 0. Thus,
Bo(s) 1) ~ Eo(s}) and By (s5. 1) ~ Ey(55).

On the other hand, there are pairs of states in C,,. for
which both states have a significant presence in |E071>‘;Xt
Let us first consider what this means for Eq(sy,u). Be-
cause H(s) is stoquastic, the ground-state vector com-
ponents, (Ey(s)|F;), must all be positive meaning that
all the terms in the sum in equation Bl are also pos-
itive. Thus, for J,, > 0 (as is the case in our set-
ting), Eo(sy,p) > Eo(sg). We now consider the per-
turbed energy FEi(s;,u). In this case, the individual
vector components cannot be guaranteed to be posi-
tive since the first excited state can have both positive
and negative vector components. However we can use
an observation made in [34], regarding the behaviour
of the vector components of two instantaneous states
at an AC, to argue that sign((Eo(s)|E;) (Eo(s)|E;)) =
sign((E1(s)|E;) (E1(s)|E;)). Thus, we can also say that
all the terms in the sum will be positive and that
Ey(s{, 1) > Er(sY).

In order to make a rigorous case for this enhancing the
minimum gap size at the AC, further ideas from [34] must
be introduced. However, some intuition as to why the
gap size increases can be had by considering the cartoons
shown in Figure 12. Figure 12(a) depicts the kind of AC
described above where the instantaneous ground-state
goes from |Ep)$™ to |Eo)o™" while the instantaneous first
excited state goes from |E1)5" to |E1);*". The dashed

lines illustrate the |E0,1>8’f1t states (which can also be
thought of as the perturbed states obtained when intro-
ducing the driver perturbatively to the problem Hamilto-
nian as in Section IIB) and the solid black lines show the
two instantaneous energy levels. Above we have argued
that [Ep1)" is increased by the introduction of the cat-
alyst while |E071>8Xt is unchanged. Figure 12(b) depicts
the effect of introducing the catalyst. We can see that
the result is to move the AC to a lower value of s.. Thus
the strength of the driver Hamiltonian will be greater at
the point of the crossing and the vectors will be more
mixed - thus resulting in a greater overlap between the
instantaneous ground-state before and after the crossing
and so a larger gap size. We note that the decrease in
Sx is also consistent with our numerical results in Section
111

Appendix C: Diabatic Anneal on the 5-vertex Graph

We present here numerical results for the dynamics of
an anneal on the 5-vertex problem instance in the SGS
setting. These results are obtained using closed system
spin models and the evolution of the system is presented
in terms of its overlap with the instantaneous ground and
first excited states. Since we have not specified a true
energy scale we cannot discuss the evolution with respect
to an actual annealing time but only in relation to the
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FIG. 13: Results showing the dynamics of an anneal to a
problem graph with ng =2, n; = 3, 6W = 0.01 and
Jz» = 5.33 in a closed system setting. This evolution is
presented in terms of the system’s overlap with the
instantaneous ground and first excited states in blue and
orange respectively. The total annealing time used is
Tanneal = 1000 in comparison to the local driver fields being
introduced with a magnitude of 1. (a) shows the results
without a catalyst and (b) shows the results using a catalyst
with Jze = 1.92.

magnitude with which we introduce our Hamiltonian.

The annealing time used in these simulations was 1000,
in relation to the local driver fields being introduced with
a magnitude of 1. Figure 13(a) shows the evolution with-
out a catalyst and we see that for this annealing time the
system has a negligible overlap with the problem ground-
state at the end of the anneal after transitioning into the
first excited state at the avoided level crossing. Figure
13(b) shows the results when a catalyst is introduced with
Jze = 1.92, such that another small gap in the spectrum
is produced. We observe that in this case the system ends
the anneal with a near unity overlap with the problem
ground-state as a result of transitioning into the first ex-
cited state at the first small gap and then back into the
ground-state at the second.

We stress that these results are for a very specific sys-
tem where only one perturbative crossing is present. The
results presented in Figure 13 show that the spectrum in
Figure 7(c) does provide a diabatic path that allows the
GS to be reached for shorter run times. However, as we
discuss in Section IV, we do not expect the creation of
the additional gap minimum to always produce such a
spectrum.

Appendix D: Introducing additional local optima

We describe here how our problem graph can be gen-
eralised to include additional local optima. This can be
done straightforwardly by adding further sub-graphs for
each additional local optima to produce a complete k-
partite graph. That is we have k sub-graphs where each
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FIG. 14: An illustration of tri-partite graph constructed as described in Appendix D is shown in (a). An example with
no = 2, n1 = 4 and ny = 3 is shown in (b). This is the example corresponding to the annealing spectra in Figure 9.

vertex in every sub-graph is connected to every vertex
in every other sub-graph and there are no connections
within the sub-graphs themselves. Each local optimum
then corresponds to picking all the vertices from one of
the sub-graphs. As with our bipartite graphs, each sub-
graph G, is given n, vertices which determines the en-
ergy spectrum of the neighbourhood of the corresponding

problem state. It is also given a total weight, W, which
is shared out equally between its vertices such that each
vertex in G, has a weight of W, /n,. A general tri-partite
graph is shown in Figure 14(a) and a specific example is
shown in Figure 14(b). However, more sub-graphs can
be added.



